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Cotangent Schubert Calculus in Grassmannians

David Christopher Oetjen

(ABSTRACT)

We find formulas for the Segre-MacPherson classes of Schubert cells in T-equivariant coho-
mology and the motivic Segre classes of Schubert cells in T-equivariant K-theory. In doing so
we look at the pushforward of the projection map from the Bott-Samelson (Kempf-Laksov)
desingularization to the Grassmannian. We find that the Segre-MacPherson classes are sta-
ble under pullbacks of maps embedding a Grassmannian into a bigger Grassmannian. We
also express these formulas using certain Demazure-Lusztig operators that have previously

been used to study these classes.



Cotangent Schubert Calculus in Grassmannians

David Christopher Oetjen

(GENERAL AUDIENCE ABSTRACT)

Schubert calculus was first introduced in the nineteenth century as a way to answer cer-
tain questions in enumerative geometry. These computations relied on the multiplication of
Schubert classes in the cohomology ring of Grassmannians, which parameterize k-dimensional
linear subspaces of a vector space. More recently Schubert calculus has been broadened to
refer to computations in generalized cohomology theories, such as (equivariant) K-theory.
In this dissertation, we study Segre-MacPherson classes and motivic Segre classes of Schu-
bert cells in Grassmannians. Segre-MacPherson classes are related to Chern-Schwartz-
MacPherson classes, which are a generalization to singular spaces of the total Chern class
of the tangent bundle. Motivic Segre classes are similarly related to motivic Chern classes,
which are a K-theory analogue of Chern-Schwartz-MacPherson classes.

This dissertation also studies the relationship between Schubert varieties and their Bott-
Samelson desingularizations, specifically their (T-equivariant) cohomology and K-theory
rings. Since equivariant cohomology (or K-theory) classes can be represented by polynomi-
als, we can represent the Segre-MacPherson (or motivic Segre) classes as rational functions.
Furthermore, we use certain operators that act on such polynomials (or rational functions)

to find formulas for the rational function representatives of the aforementioned classes.



Contents

1 Introduction

1.1

1.2

Results . . . . o

Examples . . . . . .

2 Preliminaries

2.1

2.2

2.3

24

2.5

2.6

3 The

3.1

3.2

3.3

3.4

3.5

Equivariant Cohomology . . . . . . . . . . . ...
Equivariant K-Theory . . . . . . . . . . ... .. ... ..
Schubert Cells and Varieties . . . . . . . . . .. ... ... ... ... ... .
Bott-Samelson Varieties . . . . . . . . ...
Chern-Schwartz-MacPherson and Segre-MacPherson Classes . . . . . . . ..

Motivic Chern and Motivic Segre Classes . . . . . . . . . . . ... ... ...

Pushforward from the Bott-Samelson Variety to the Grassmannian
The Pushforward in Equivariant Cohomology . . . . . . . ... .. .. ...
Factorial Schur Functions . . . . . . .. .. ... ... 0.
The Straightening Rule in Cohomology . . . . . . .. ... . ... ... ...
The Pushforward in Equivariant K-Theory . . . . . . . .. ... .. ... ..

Factorial Grothendieck Polynomials . . . . . . . .. .. ... ... ... ...

v

10

10

12

14

15

16

17

19



3.6 The Straightening Rule in K-Theory . . . . .. ... ... ... ... ....

4 Stability of Segre-MacPherson Classes Under Pullbacks

5 Segre-MacPherson Classes in the Grassmannian

6 Motivic Segre Classes in Grassmannians

7 Divided Difference Operators
7.1 Pushforward Formula (Cohomology) . . . . .. ... ... ... .......
7.2 Pushforward Formula (K-Theory) . . . . . ... ... ... ... ... ...,
7.3 Segre-MacPherson Classes . . . . . . . . . . . ... ...

7.4 Motivic Segre Classes . . . . . . . . . . .

Bibliography

42

48

53

58

o8

62

66

73

83



Chapter 1

Introduction

The Chern-Schwartz-MacPherson (CSM) class of a variety is a way to extend the idea of
the total Chern class of the tangent bundle to singular spaces. Specifically, it is defined for
singular spaces and coincides with the total Chern class of the tangent bundle for smooth
spaces. To calculate these classes in the Grassmannian, we first calculate them in a desingu-
larization and push the classes forward using the functoriality properties of CSM classes. As
a result, we also look at the pushforward from the desingularization into the Grassmannian.
Once we have the CSM class, we can use it to calculate a class dual to the CSM class known

as the Segre-MacPherson (SM) class.

There is also a similar story in K-theory, where the analogous class is the motivic Chern
class, with its dual class the motivic Segre class. We use the same desingularization and also

analyze the pushforward in K-theory.

Topics related to CSM classes and motivic Chern classes have been studied by many people.
In [3], Aluffi and Mihalcea find formulas for expressing the CSM classes of Schubert cells in
the Grassmannian as a linear combination of Schubert classes. The Bott-Samelson varieties
they use are the same kind used here, and this dissertation uses many techniques similar to
theirs to expand their work to calculating SM classes in T-equivariant cohomology. They
have also studied CSM classes for generalized flag manifolds, of which Grassmannians are a

special case, in [2].
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In addition to that, they, along with Schiirmann and Su, proved some results for CSM and
SM classes in generalized flag manifolds, including positivity for CSM classes in [4] and

positivity for SM classes in [5].

In [14], Feher and Rimanyi found formulas for the CSM and SM classes of matrix Schubert
cells. Their formula for SM classes of matrix Schubert cells coincides with the formula in
this dissertation for the non-equivariant SM class of Schubert cells in the Grassmannian, as
noted at the end of Chapter 5. One motivation for this research was to recover this formula

from the point of view of SM classes of Schubert cells in Grassmannians.

Feher and Rimanyi, along with Weber, also studied motivic Chern classes. In [15], they
find formulas for the motivic Chern classes of Schubert cells in partial flag varieties and for

matrix Schubert cells.

Aluffi, Mihalcea, Schiirmann, and Su also studied motivic Chern classes in [6] and [29] for

generalized flag varieties.

In [23], Knutson and Zinn-Justin find combinatorial formulas for the products of motivic
Segre classes in partial flag manifolds. Due to the way classes multiply in T-equivariant K-
theory, certain coefficients in the multiplication formulas are also the localizations of motivic
Segre classes. These can also be obtained from results in this dissertation by applying Lemma

3.4.1 to Theorem 6.0.2.

In [30], Mihalcea, Naruse, and Su use divided difference operators in order to study CSM
classes, SM classes, motivic Chern, and motivic Segre classes in generalized flag manifolds.
In this dissertation, we use some of these operators to express formulas for SM classes and

motivic Segre classes.
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1.1 Results

Let A = (A1, ..., Ax) be a partition, meaning A\; > A; for ¢ < j and \; € Zs for 1 < i < k.
Let N € Nand n = N + k. We denote by Q* C Gr(k,n) the Schubert variety corresponding
to A as defined in section 2.3. Let 7 : V* — Q* be the Bott-Samelson desingularization
defined in section 2.4. In the desingularization, which is a subvariety of F¢(1, ..., k;n), there
are line bundles £; over V* whose fibers over a point are S;/S;_;, where (S; C ... C S) is
the partial flag that is the point in the partial flag variety. In the Grassmannian, there is a
tautological sub-bundle denoted by S whose fiber is S C C”, the k-dimensional subspace of
C" corresponding to a point in Gr(k,n). In cohomology, we use z; = ¢;(L)) to express classes
in the T-equivariant cohomology ring of V* and the Chern roots z; satisfying Hle( l+x;) =
¢(S8Y) to express classes in the cohomology ring of Gr(k,n). In T-equivariant cohomology we
use the equivariant Chern classes, so z; = ¢! (£;) and [f_, (1+x;) = ¢7(SY). In T-equivariant
cohomology, there are also the equivariant parameters t;, which are given by t; = ¢I'(C;),
where C; = (e;), where e; is the standard unit vector in C". In K-theory we use Z; = A_1(L;)
for classes in V*. In the Grassmannian we use X; which satisfy Hle X; = A4(S). In T-

equivariant K-theory, there are equivariant parameters 7T}, which are given by T; = AL, (CY).

In Chapter 3, we examine the pushforwards 7, : H:(V?) — H%(Gr(k,n)) and 7, : KT(V?) —

K*(Gr(k,n)). In T-equivariant cohomology we have:

Theorem 1.1.1. Let f € Z[zy, ..., z][t1, ..., ] represent a class in H3(V?). Then

e (f (25 Z (H H xu;;)—i_t] ) [z w(l),...,mw(k);t)>.

— X
weS, \i=1 j= H—l Tw “’J))

In T-equivariant K-theory we have:
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Theorem 1.1.2. Let F € Z[Z,, ..., Z][T1, ..., T}] represent a class in K7(V?). Then

m(F(Z;T))
- w Xw 7 T'—i - Xw 7 T‘—i
- 52 (T I U R el )
weS; \i=1 j=i+1 w(i) w(j)

When these are applied to specific polynomials, the result are the factorial Schur functions
in cohomology (Theorem 3.2.1) and the factorial Grothendieck polynomials in K-theory
(Theorem 3.5.2).

Then we calculate the Segre-MacPherson classes in cohomology and the motivic Chern classes

in K-theory.

Theorem 1.1.3. For a partition A = (A, ..., \g) and N > Aq, the T-equivariant SM class of
the Schubert cell in Gr(k, N + k) is

k—i+X\; k+1—i4X;

(M) = <ﬁ< I i+t 1:[1 —1+Zli+tj>£[f[ (1+2—2)0 [W])

=1 j=k+1—i
Theorem 1.1.4. For a partition A = (Aq,..., A\x) with A\; < N, the T-equivariant motivic

Segre class of the Schubert cell Q* in Gr(k, N + k) is:

mSyT(Q)"O — Gr(k,N +k)) =
T4 ( k it HJ =i+l /\Z(ﬁv ®£’> >

G+ylLiecy, ) I a-Lec) :
H A H UL AL(CY @ L))

We also prove the stability of the SM class under pullbacks of embeddings of Grassmannians
inside of bigger Grassmannians. This stability allows us to express SM classes in an inverse

limit of cohomology rings of Grassmannians as k — co and N — oc.
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We can also express the previous formulas in terms of divided difference operators that have

been used to study CSM, SM, motivic Chern, and motivic Segre classes in [30].

In cohomology we use the BGG operator

f_Si(f)

Ty — Tiy1

9(f) =

defined for polynomials f € Z[xy, ...z, and where s; € Sy is the simple reflection that swaps

7 and i + 1. We also use the related operator T; = 0; + s;, meaning

In K-theory we use the Demazure operator

(1 - Xi+1)f - (1 - Xi)si(f)
Xi — Xin

5z‘(f) = ai((l - Xi+1)f) =

defined for polynomials f € Z[X},...X,] and the related operator T;(f) = 6;(1 +y%)f) -

f, meaning

(0 =-Xi)f+y( = X5)f (1= Xy)si(f) +y(1 — Xipa)si(f)
)= X, — Xin - X; — Xit -7

All of the operators satisfy the braid relations, so the definitions extend to permutations
w = 8;;...5, by Oy = 0;,...0;,. These operators may be realized as generators of certain
versions of Hecke algebras and they satisfy the quadratic relations 9? = 0, 6? = §;, T? = 1id,
and (7; + id)(T; + y) = 0. When these operators are applied in a certain way to specific

polynomials, we can obtain the same formulas for the Segre-MacPherson classes and the

motivic Segre classes.
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Theorem 1.1.5. For a partition A = (Ay,..., \x) with \; < N, the T-equivariant Segre-

MacPherson class of the Schubert cell in Gr(k, N + k) is given by

A0y 1= (s + t))
Q Z T (H Hk+1—i+/\i > )

weSk i=1 j=1 (1 +x; + t])

Theorem 1.1.6. For a partition A = (Aq,..., A\x) with A\; < N, the T-equivariant motivic

Segre class of the Schubert cell in Gr(k, N + k) is given by

mS, (° — Gr(k, N + k))

k k—itX; X+T XT)
S (I Y e

wWE S

k  k+1—i+);

I TI (X +T; — XiT5)
ooy 1y =X =T+ XT)

j=1
These formulas are in terms of Chern roots (in cohomology) of the tautological sub-bundle or
their K-theoretic analogue, but another way of expressing these classes is using the Schubert
basis, which consists of the fundamental classes of the Schubert varieties. The factorial
Schur functions (cohomology) and factorial Grothendieck polynomials (K-theory) give a
correspondence between the basis of symmetric functions in x; or X; and the Schubert
basis, but because these formulas are in terms of rational functions, it is difficult to make
the transition. However equivariant localization provides another way to translate from

polynomials to Schubert classes.



1.2. EXAMPLES 7

1.2 Examples

In Gr(2,4), the Segre-MacPherson class of the Schubert cell for the partition (1,0) is given

by Theorem 1.1.3:

(21 +t2)(1 4+ 21 — 22) )

T [o
San (2—°) = m,
suil ) ((1+21+t1)(1+zl+t2)(1+z1+t3)(1+z2+t1)

Using Theorem 1.1.1, we can calculate the pushforward:

(1‘1 + tl)(l’l + tz)(l +x — LEQ)

stw(@7°) =
(1 +x + tl)(l +x + t2>(1 +x1 + tg)(l + 29 + t1)<ZC1 - .CCQ)
_ (2 4+ t1)(z2 + t2)(1 + 29 — 1)
(I+zo+t1)(14+ao+to)(1+ a2+ t3) (1 + 21 + 1) (@1 — 22)
Then to get the localizations, we plug in x; = —f;;y,,, ,, and so expressing a class x €

H7(Gr(2,4)) as

K= (’1’9)7 /ih:‘v ’%|B? K;h:l:‘? KH:" K|Bﬂ)’

we have
T ;0o tyg — 13 b1 — 13
sq(2—°) =10, , ,
su(277) ( Lty —ty" (14t —t3)(1+ 1t —to)
to —ty b —ty

(I4ty—t))(1+t3—tg) (L4t —tg)(1+t3 —ta)(1+t — 1)’
(to —t3)(1+to —tg) (1 + 1t —t3) + (t1 — tq)
(T4t —t3)(1+t; —ta) (14t —t3)(1 + t2 — t4)) '

Then using the localizations of the Schubert classes, we can find a linear combination of
Schubert classes that will match these localizations. Doing so amounts to solving a linear
system over rational functions in ¢, ...,ts. Since [QY|, = 0 if X £ pu, the system is lower

triangular and can be solved by forward substitution.
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If
%Mmuﬂzcwﬂf+qj@WFHﬂmaT+QIMFQT+%¥Mﬁ%T+%EWH%?

we can find the constants ¢, by localizing both sides of the equation at A provided we have
already found the constants ¢, for < X. The localizations for the Schubert varieties are
usually found through interpolation conditions, but we can also find [Q*]|, by plugging in

T; = —titp,,, , to the factorial Schur function s, (z|t).

Then we have ¢y = 0 since s5,(Q2°)]g = 0. Since sy(z[t) = 21 4 x5 + t1 + t5, we have

@:%Mmmb:<h_@)( 1): 1
Q7| L4ty —t3) \ta — 15 14ty —t5

With this, we can find CH from the equation

ngmﬂO)E = @[QD]TE + chHJTrH.

. (o ] o (t1—to) (t1—t3) (2+t1—t3)
With ng(Q )lH — Q2 ]T|H = (1+t1—tz)(11-s-t13—t3)(11—s-t23—t3) and
o

]T’H = (t; — ta)(t; — t3), we have

~ 24+t —
H 0+t -ttt —t)(I+t—ts)

In a similar fashion,

2—|—t2—t4
L4t —tg)(1+t3 —tg)(1+ta — t3)

T
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B 54 6(t1 — tq) + 3(ta — t3) + 2(t1 — t4)* + 2(t1 — ta) (2 — t3)
= (14t —to) (1 4+t —t3) (14 t1 — tg) (1 4 to — t3) (1 4 t2 — t4)(1 +t3 — t4)
(ty — t3) (2 — tq) + (t1 — t3)(t1 — t4)(ta — t4)
(T4t —ta)(1+ty —t3) (L4t —tg) (1 + o —t3) (1 +ta — ta)(1 +t3 —t4)’

+

and

B —(342(t1 — tg) + (t2 — t3) + (t1 — t3)(t2 — t4))
CHE‘ N (L4t —to)(L+t1 —t3) (1 4+t —tg)(L+to —t3)(1 +to — tg) (1 +t3 —t4)

Here we can observe that the signs of the coefficients alternate sign (specifically (—1)"\‘"”'%
is positive), and polynomials that appear in ¢ always come in pairs of the form ¢; — ¢; for
1 < j. We can also set t; = 0 to recover the coefficients for the Segre-MacPherson class in

(non-equivariant) cohomology. Doing that for the other partitions in Gr(2,4) gives:

sta(Q2°) = [QY - [97] + {QH] + 0] - 2[9531 + [9531,
s§M<QH°> = [QH] — 2[9531 + 2[9531,

O-Hey = (o] - 2[@53] + 2[9531,

SgM( =

g (QBj’°) = [QHH] - 3[953]

@) - o

Ssm

, and



Chapter 2

Preliminaries

We first recall some facts about equivariant cohomology and K-theory, some definitions
for the Grassmannian and the Bott-Samelson (Kempf-Laksov) desingularization, and some

background on Chern-Schwartz-MacPherson classes and motivic Chern classes.

2.1 Equivariant Cohomology

Let X be a complex algebraic variety with a left G-action for G an algebraic group, the

G-equivariant cohomology of X is given by
H:(X) = H*(EG x“ X),

where EG is a contractible space with a free right G-action, and EG x¢ X = EG x X /(e -
g,x) ~ (e,g - x). For more information, refer to [7] and the references therein, but for our

purposes here I will just list the needed facts.

In our case the group is T' = (C*)", the group of invertible diagonal n x n matrices acting
on C™ in the usual way, with this action extending to Grassmannians by acting on the
subspaces. The T-equivariant cohomology of a point is H(pt) = Z[t1, ..., t,], where t1, ..., t,
are the generators of the weight lattice of T, and H75(X) is an Hj.(pt)-algebra for all spaces

X mentioned in this paper.

10



2.1. EQuivaArRiANT COHOMOLOGY 11

Given a space X and a closed, irreducible subvariety Y C X invariant under the 7T-action,
there is an equivariant fundamental class [Y] € Ho*"™®)(X) associated to Y. Also for
any equivariant, proper morphism f : X — Y there is a pushforward f, : HH(X) —
HFAmO)=dmX) vy “and for any equivariant morphism, there is a pullback f* : Hi(Y) —
H3(X). In particular for birational morphisms, the pushforward satisfies 7, ([Y]) = [7(Y)].

Also for any vector bundle E on a space X, there is an equivariant total Chern class ¢! (E) €

H:(X) which satisfies 7*(cT(E)) = ¢T (7*(E)), where 7*(E) is the pullback bundle.

The inclusion map from the set of fixed points X7 into X is equivariant, and so the map
induces a pullback map on the equivariant cohomology ¢* : H:(X) — H3:(XT). If there are

finitely many fixed points, then
H(X") 2= @pexr Hy(z),

since the points will be disconnected from each other. In smooth varieties with finitely many
fixed points and finitely many one-dimensional orbits, this map is injective [19, Theorem
1.2.2], and so a class can be identified uniquely by its image under this map. For each
x € X7 the inclusion is equivariant and so induces a pullback map. The image of a class

under this map is known as the localization of the class at x and is denoted

L (k) = Kla.

For a closed subvariety Y C X and fixed point z € X7, we have that [Y]|, = 0 whenever
x ¢ Y. Furthermore, the fundamental classes of the fixed points generate the cohomology

in the localization of the ring at Z[ty, ..., t,]. In particular, any class can be expressed as

]
= 2 b

zeXT x
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2.2 Equivariant K-Theory

We recall some basic facts about K-theory, using [10] as a reference. The Grothendieck ring
K°(X) is generated by equivalence classes of vector bundles subject to the relation that

whenever there is an exact sequence
0— FE, — Ey — FE3— 0,

the classes of those vector bundles satisfy [F1] + [F3] = [E2]. The multiplication of classes
is given by the class of the tensor product of the vector bundles. In smooth varieties,
a coherent sheaf can be resolved by finitely many vector bundles, and so the class of a
coherent sheaf can be expressed in K°(X) as an alternating sum classes of vector bundles.
Any morphism of schemes f : X — Y induces a pullback map f* : K°(Y) — KY(X) by
f*([E]) = [f*E]. Since any vector bundle has a sheaf of sections, it can be seen as a sheaf, and
so a pushforward can be defined for any proper morphism f: X — Y, f, : K%(X) — K°(Y)
by fo([E]) = > ;50(—1)[R f(E)]. There is also a projection formula f.((f*@)-8) = a- f.8

[10, Section 3.3]. Given a vector bundle V', the A, class of V' is given by

A(V) = IV

p=>0
This has the property that for any exact sequence of vector bundles

0—=Vi—= Vo = V3 =0,

we have that A, (V2) = A, (V1)A,(V5) [20].

For equivariant K-theory, the equivariant Grothendieck ring K (X) is instead generated by
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equivalence classes of equivariant vector bundles or equivariant coherent sheaves. For equiv-
ariant morphisms, there are similarly pushforward and pullbacks maps on the equivariant

Grothendieck rings [12, Chapter 5.2].

Like in cohomology, for each T-fixed point # € X7, the inclusion map ¢, : {#} — X induces
a pullback map on equivariant K-theory ¢! : Ky(X) — Kp(z). For a € Kp(X), define
the localization of « at the fixed point = as a|, = ¢i(a). The equivariant K-theory of a
point is the representation ring of 7', which is isomorphic to the Laurent polynomial ring
ZleF ... e*tn+r] where e are the characters corresponding to a basis of the Lie algebra of
T and e’ = [C,,] [12, 5.2.1]. When there are finitely many fixed points, the localization map
v Kp(X) = Kp(XT) = @,exr K7 () is injective by the localization theorem, see [31], so a
class can be determined by its localizations. As a result, since the structure sheaf of a fixed
point is only supported on that fixed point, we can express any x € K7(X) in terms of the

structure sheaves of the fixed points by

_ Kla
©= 2 o,

zeXT

For a smooth point € X, we have [O,]|, = A_1(T;X). Then since 1.([O,]) = [Or(w)], we

can use this to calculate the localizations of the pushforward of a class:
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2.3 Schubert Cells and Varieties

The Grassmannian of k-planes in C™ is the set of linear subspaces of C":
Gr(k,n) ={S C C": dim(S) = k}.
There is a tautological sequence of vector bundles
0—-8S—->C"— 9 —0,

where the fiber of the tautological sub-bundle S at some point S € Gr(k,n) is the vector
space S, and the fiber of the tautlogical quotient bundle Q is the quotient C"/S. Given a
partition A = (A; > ... > A\, > 0), and N > Ay, there is a Schubert cell QM of codimension

k
Al = >° A; in the Grassmannian Gr(k, N + k) defined by
i=1
{S S Gr(k, N + k?) . dlm(S N FN+i—/\i) = ’L,dlm(S N FN—i—i—l—)\i) =17 — 1, 1 S 1 S k}

For some complete flag F} C ... C Fyig, dim(F;) =i for 1 <i < N + k. For our purposes,
we use the opposite flag, F; = (ep, ..., en41-4). The closure of the Schubert cell Q*° is the

Schubert variety Q*, which is the disjoint union of Schubert cells

O ={S € Gr(k, N+ k) : dim(S N Fyyion,) > 4,1 <i <k} = [ ] 0%
B=A

The equivariant fundamental classes of the Schubert Varieties form a Hj(pt)-basis for the

equivariant cohomology ring of the Grassmannian.
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2.4 Bott-Samelson Varieties

There is also a corresponding Bott-Samelson variety, first used by Kempf and Laksov in [22],

in the partial flag manifold FI(1,...,k; N + k),

V)\ = {Sl C...C Sk . dlm(SZ) == Z,Sz Q FN+1’7)\“ 1 S 1 S ]{Z}

Define a map = : FI(1,...k; N + k) — Gr(k,N + k) by w(S; C ... C Sg) = Sk. By the
conditions S; C Sk, dim(S;) = i, and S; C Fy4_»,, we have dim(Sx N Fxvyi—»,) > 4, and
so (V}) C Q* Then for any S € Q*, define S/ = SN Fy.;_y,. By the Schubert variety
conditions, dim(S}) > 4, and so there exist subspaces S; C S/ such that dim(S;) = 4. Then
Sy C...C S, eV*and 7(Sy, ..., S¢) = S. With this, 7(V*) = Q* In addition, for S € Q°,
there is a unique S; C ... C S such that 7(S; C ... C Si) = S, specifically S; = SN Fyiia,,
since dim(S;) = 7 in this case by the conditions on Q*°. So then 7(V}) = Q*, and 7 is an

isomorphism when restricted to 7=1(Q*°).

Next we recall that V* can be constructed as a tower of projective bundles, so it is smooth.
Furthermore 7 is a birational morphism when restricted to V*, so V? is a desingularization
of Q*. This construction is similar to the one in [3] but uses different conventions. For this
denote by F; by the trivial bundle whose fiber is F; over the relevant space. Start by defining

V7 :=P(Fny1_y,) with tautological sequence

0— O(—l) = ,Cl — FN-H—/\i — Q1 — 0.

Then for 2 < i < k, define the projective bundle

p: V=V,
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as follows: Take the bundles £ and Q) on V;}, for 1 < j <i—1, then define
V3 = P((Fsin/ Fnvici-r,) ® Q_y)
with tautological sequence
0= Li = (Fnsion/FNtic1-r,) ® Q) — Q; = 0,

and then define

Q; = p"(Q;) and L; = p*(L])
for 1 < j <i—1. Then define V* = Vi‘.

With this, for a point (S; C ... C Sk) € V2, the fiber of the bundle Q; at the point is

Fnyi—x,/Si and the fiber of £; is 5;/S;_; for 1 <i < k, using Sy = {0}.

2.5 Chern-Schwartz-MacPherson and Segre-MacPherson

Classes

With X being an algebraic variety over C, denote by F(X) the group of constructible
functions on X:

I(X) = {chﬂwz ZTLGN,CZ‘ EZ,WZ‘ QX},

i=1

where the W; are locally closed subvarieties of X and 1y is the characteristic function of
W, meaning lly(p) = 1if p € W and Iy (p) = 0 if p ¢ W. Given a morphism, f: X — Y,
one can define a pushforward f, : F(X) — F(Y) as done on page 7 of [2]. This makes F

a covariant functor, and MacPherson [27] proved a conjecture by Deligne and Grothendieck
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stating that there is a natural transformation ¢, : 7 — H, such that if X is non-singular,
then ¢, (1l x) = ¢(Tx) N [X]. With this, we can assign a homology class to a locally closed
subvariety W by csm(W) = c.(Ily). This class coincides with a class defined by Schwartz

[32, 33] and so it is called the Chern-Schwartz-MacPherson class.

There is also the Segre-MacPherson class for a constructible subset Y of a smooth variety
X:
SSM(Y, X) == C(TX‘y)_l N C*(]ly),

as defined on the top of page 2 of [5]. For this paper, we will use ssm(Y) = ssm(Y, X)), where

X is assumed to be a Grassmannian.

For calculating the CSM classes of Schubert cells, we use the fact that for a nonsingular
variety X and an open subvariety W C X such that X\W is a simple normal crossing

divisor with components D;, the CSM class of W is

(W) = =S5y )

[L:(1+ Di)

from [2, Equation (21)].

2.6 Motivic Chern and Motivic Segre Classes

Let Ko(var/X) denote the Grothendieck group of complex algebraic varieties over X, which

is generated by isomorphism classes of algebraic morphisms Y — X with relations

Y- X]|=[Z— X]+[Y\Z — X]
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for Z C Y a closed subvariety. The motivic Chern class is given by a transformation
mC, : Ko(var/X) — K°X)[y|] as defined by [9]. Then [15] and [6, Theorem 4.2] proved

that this definition extends to equivariant K-theory.

Theorem 2.6.1. Let X be a quasi-projective, non-singular, complex algebraic variety with
an action of the torus 7'. There exists a unique natural transformation mC,, : Kr(var/X) —

Kr(X)[y] satisfying the following properties:

1. It is functorial with respect to T-equivariant proper morphisms of non-singular, quasi-

projective varieties.

2. It satisfies the normalization condition

mCy [idx : X — X] = X\ (T§) € Kr(X)[y]

The motivic Chern class is given by [28, Proposition 2.2]:
Proposition 2.6.2. Let X be a smooth, complex, algebraic variety, with D C X a simple

normal crossing divisor, and i : U = X\ D — X the inclusion of the open complement. Then

mCy([i : U — X]) = [Ox(=D) ® A, (Qx (log D))] € Ko(X)[y]-

The motivic Chern class is analogous to the CSM class in homology, and there is a motivic
Segre class, analogous to the SM class, obtained by dividing the motivic Chern class by the

Ay class of the cotangent bundle:

mCy (Y — X)
Ay(T%)

mS,(Y — X) =



Chapter 3

The Pushforward from the
Bott-Samelson Variety to the

Grassmannian

In this chapter we calculate the class of V* as a subvariety of V? in T-equivariant cohomology
and K-theory, calculate the pushforward of the map 7 : V? — Gr(k, N + k) for any coho-
mology class in V?, and then show that applying that pushforward to the class of V? gives
the factorial Schur functions (in cohomology) and the factorial Grothendieck polynomials (in
K-theory) in certain variables. We also give straightening rules in cohomology and K-theory
which give relationships between the formula for values of A which are not partitions and for

values of A that are partitions.

3.1 The Pushforward in Equivariant Cohomology

In this section we calculate the class of V* as a subvariety of V? (Lemma 3.1.1) as well as
the localizations of the pushforward of any class (Lemma 3.1.2). This leads to calculating

the pushforward of any class (Lemma 3.1.3).

The equivariant cohomology ring of V? is generated over Hz(pt) by the first Chern classes

19
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of the dual line bundles LY

7

which we denote by z; = ¢/'(LY) for 1 < i < k. As a result,
any class in H:(V?) can be expressed as a polynomial in Z[t1, ..., tx4x][21, ..., 2). One useful

thing to know for calculating pushforwards is that

(V) = [,

since V* maps birationally onto Q* under 7. The following lemma expresses [V?] as a

polynomial in the z;’s:

Lemma 3.1.1. For a partition A = (A > ... > A\;) with N > Ay,

=T T G+ t)n v

Proof. We proceed by induction on n in V2. The base case n = 0 is a point, which cannot

have nonempty, proper subvarieties, so this holds trivially. The induction hypothesis is that

n  k—i+\;
VAl =11 II G+t e Hi (V).
i=1 j=k+1—1i

If we denote by S; the vector bundle on any subvariety of FI(1,...,n; N + k) whose fiber
is S;, where FI(1,...n;N + k) = {(S; € ... € S,) : dim(S;) = i}, then by the con-
struction of V*, we have that Vy, | = P(Fyin+1-a,.,/Sn) as a projective bundle over V.
Then for N = (Af,..., \n,0,...,0), we have that as a projective bundle over V7, V;\L'H =
P(Fntnt1/Sn). In particular, V7, | is a sub-bundle of V), | over the same base space. As a
result, from [16, B.5.6] (for details, see the proof of Lemma 3.4.2), there is a regular section
of Fnsnt1/FNtnti-anss @ L, over VX, whose zero locus is V*. As a result

ken—14An i1
(Vo] = elop(FNmst [ FNanst-nnn @ Ly1) = H (21 +1;) € HE(V))0).

j=k—n
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Now since both V? 4+ and V?L;l are projectivizations of the bundle Fyi,41/S, over their

respective base spaces V?L and V?, the induction hypothesis implies that

n  k—n+X\;
I
V/\

nril H H (zi+1;) € Hp(V) ).

i=1 j=k+1-n

Then pushing forward along the inclusion maps ¢; : V2, ; — VX, and 5 : V¥, — A% 41

gives
[V:\H-l] N [V?H-l] = (52)*([V;\z+1] Wn+1])
= (t2)x ()« (Vo] N Vi) N V)
k*’n71+)\n+1
= (t2)« ( II Gw+t)n WQH])
j=k—n
n k—i+\; k—n—14Xn41
= (H 11 (Zv:+fj)> II G+t
i=1 k4+1—i k—n
n+1k—i+X\;
=11 II G+
i=1 kt1—i
This completes the induction step and so completes the proof. [

In order to look at the pushforward of classes in V?, we use the fact that for any x € Hx(V?),

We also know that 7. ([z]) = [7(x)], and so

For a smooth point € X, we have [z]|, = ¢, (T X), the Euler class of the tangent space
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at z. Then localizing this at some fixed point y € (Gr(k, N + k))T gives

= 5 el

i (z)=y

In the Grassmannian, the fixed points are given by the spans of k vectors in the standard

basis:

ex = (€iyy ey € )

where for a partition A, i; = 7 + Agp1—;. In V?, the fixed points are flags containing vectors

in the standard basis and can be parameterized by a partition A and a permutation w € Sj:

erw = ((eiw(1)>, <€iu,(1)7 eiw<2>>7 s <eiw(1>= - eiw(k)».

For certain combinations of A and w, S; SZ Fn; for some 1 < i < k, meaning ey, ¢ %
so those are not fixed points in V?. With these definitions, m(exw) = ey for all appropriate
w € Sy, and all A < (N*). Now since z; = ¢ (L)), we have that

%l

exw — Vlw()”

With this, we are able to calculate localizations:

Lemma 3.1.2. Given a polynomial f(zq,...,2x) € Z[t1,...,tn1k][21, -, 2n], Tepresenting a
class in H:(V?) and a partition A < (N¥), the localization of m,(f) at the fixed point

corresponding to A in Gr(k, N + k) is

T (f (21, oy 2k) N [Vﬁ])|eA = Z (H H (Sj_i:tiwm))> f(_tiw<1),...,—tiw<k)),

w(j) tiw(zo)

where i; = j + A1 for 1 < j <k,
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Proof. Since the localizations of the fixed points are given by the Euler class of the tangent
bundle, we look at the tangent bundle in each space. The tangent bundle in the Grassman-
nian is given by Tarw vk = S ® Q, where S is the tautological sub-bundle and @ is the
tautological quotient bundle. To find the localization of the Euler class of this, we look at
the tangent space at a fixed point A and see how T acts on it. In particular, we know that
the Chern roots of S|, are given by —¢;, for 1 < j < k, and the Chern roots of Q are given

by t; for j # i, for any 1 < p < k. With this, we have

exlles = (S @ Q)l., = [T It — 1

icJ j¢J
where J = {j + A1 : 1 < j < k}.

The tangent bundle in V? is given by Ty = ®F_ (LY ® Q,), since it is a tower of projective
bundles and the relative tangent bundle for p : V¢ — V? is £Y ® Q; (see [16, B.5.8]). At
some fixed point ey, = (S, ..., S), we have that Lile, , = 5;/Si_1 and Qile, , = Fni/S;.

As a result, we have that

[6)\,11)”6)\’“, - Cz;p(@i?:l(ﬁ;/ ® Ql e)\ w H H w(z)

=1 jeJ;

where J; = {j : k+1—1 < j < N+ EP\{iwy), 1 < j < i}, and as before i; = j + A\pp1-5.
Here note that .J; must have exactly IV elements, meaning that k +1 —17 < 7,5y < N +k for
all 1 < j <1 is required for this formula to be correct. This condition is equivalent to the
condition that S; C Fy,,, though, which is the condition required for ey, to be in V. so

this will be correct for all valid combinations of w and .
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To better cancel out terms, we can rewrite the product in [e,]]., as

€x

[6/\]|€>\ = H H (tj o tiwu))?

i=1 jeJy

since 4,(;) will run across all of the indices for the basis vectors in S, and .J;, was defined to

be all the other basis vectors. With this, we have that

k
[6)\”8)\ _ HjEJk\Ji (tj - tiw(i))

[6>\7w”5)\7w i=1 HjEJi\Jk (t] - tzw(z))

To simplify this further, we can specialize to the case where \ satisfies the condition that
exw 18 in V? for all w € S, which in particular means that i; satisfies k <1i; < N +k for all
1 <7<k Asaresult, Jp\J; = {1,....k — i} and J\Ji = {iwk), - fw(i+1) ). With this, we

have that

[ex]es ﬁ ﬁ (tj—i = tiye) |

[e)\yw]lek,w i=1 j=i+1 (tiw(j) - tlw(z))

With this formula, it happens that if ey, ¢ V?, the numerator vanishes. In particular,
exw ¢ VP exactly when there exists an 1 < i < k such that w(i) < k4 1 —4. In such a case,
the product Hf:l w1(tj—i — i, ) vanishes because the ¢;_; ranges from 1 to k — 4, which is

the possible range for w(i). As a result, we can take the sum over all permutations w € Sk,

even if ey, ¢ V?, and it will still be correct.
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Then we have

r(f ) AP = 3 k[eﬁﬂ—tw o —tingy)

ex, wEVQ) )\7w] ’ek’w
)
- Z H t )f(_tiwu)’“'?_tiw(k))
GAwEV‘Dl 1j= H—l w(J) (i)

- Z H H __ u}()) f(_tiw(lw'“’_tiw(k))'

weSy i=1 j= H—l w(]) ti w(z))

If we define x4, ..,z to be the Chern roots of the dual to the tautological sub-bundle, SV,

in the Grassmannian, then for any symmetric polynomial p(z1, ...,xx) € H5(Gr(k, N + k)),

p(‘rlv "'al‘k)|e>\ = p(_tin ceey _tzk)a

where i; = 7 + A\y1—j for 1 < j < k. As a result we can modify the localization for-

mula from the above section to express m,(f(z1, ..., zx) N [V?]) as a symmetric polynomial in

Z[tl, ceny tN-‘,—k:] [{Bl, ceey .Tk]ski

Lemma 3.1.3. Given a polynomial f(z1,..., zx;t) € Z[t1, ..., tn1k)[215 -5 Zn),

W*(f(Zl,...,Zk;t) [ Z (H H x:} l;ii:( )))))) f(xw(1),...,xw(k);t).

weSE \t=1 j=i+1

Proof. By localizing both sides of the equation at any fixed point, Lemma 3.1.2 gives the
same localizations. Since the two classes give the same localization at every fixed point, they

are the same class by injectivity of the localization map [19, Theorem 1.2.2]. O

Note that while the expression contains fractions, it is a polynomial. This can be seen by
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the fact that for any w € Sy,

H H Tyw(s) — Tuw(j)) = sgn(w 1:[ H (x; — xj) = sgn(w) H (x; — ).

=1 j=i+1 i=1 j=i+1 1<i<j<k

As a result the expression becomes

H a:ix Z Sgn (H H J Z—f—ZEwZ )f(xw(l),...,xw(k)).

1<i<j<k "' J wesy, i=1 j=i+1

Since the numerator is an alternating sum over S, it is a skew-symmetric polynomial, which
means that specializing x; = z; for any ¢ # j results in 0. This implies x; — x; divides it.
As a result, the denominator divides the numerator, and so the expression is a polynomial,

which will be symmetric because it is the quotient of two skew-symmetric polynomials.

3.2 Factorial Schur Functions

In this section we will use the results of the previous section to show that the factorial Schur
functions represent the Schubert classes (Theorem 3.2.1. Specifically, this is the new method
by which we re-prove the result that factorial Schur functions represent the equivariant

Schubert classes in Grassmannians.

The factorial Schur function is given by [26, eq. (6.3), (6.4)]:

det((z:]a)* %% )1 <; <,

8)\<J]|CL) = HZ<] (ZL‘ x]) )

where § = (k — 1,k —2,...,1,0), a is a sequence (a;);ez, and (z;|a)™ = [[[L, (z; + a;). For
our purposes, in place of the sequence a we use the sequence t = (¢;), with t; = 0 for i <0

and i > N + k + 1 and the usual ¢; = ¢ ({e;)).
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We can recover the factorial Schur functions by pushing forward the class of V*:

Theorem 3.2.1. For any partition A < (N*),
(] = 7 (VN [V']) = sa(z]t).

Proof. From the fact that 7 is a surjective, birational morphism, 7, ([V*] N [V?]) = [Q].

Then from Lemma 3.1.1, we have that
ko k—it\

M=11 11 G+t

i=1 k4+1—1

Then we rewrite Hf:iﬂ(tj_i + Tw()) = Hf;i (t; + Tw()), which gives that
kok—i k—itX; ko k=it
(HHt”wz >H T & +ze) =11 II &+ zuw)
i=1 j=1 i=1 j=kt1—i =1 j=1

As a result, plugging [ = Hle Hf ,’:ﬁ (2 +t;) into Lemma 3.1.3 and simplifying gives

k  k—it+); k k—i+\;
~(] I] G+t)nv’)) = H ngn w) [T T] & +2wa)-
i=1 j=k+1—i 1<i<j<k Li J wesy, i=1 j=1

Then using Hk N @y + 1)) = (Ta) [ 1) = (200 )TN, we obtain

k—i+\; 1 k

5 i

H [I Groynvh= I ——>_ sen(w) [
i=1 j=k+1—i 1<i<j<k =" J wesy, i=1

By the definition of the determinant det(A) =} g sgn(w) I, uw(i),i, We have

k—i+X\;

H H N +t V‘D]) det(( |t) Aj+d; )1<z]<k o 8)\<J]|t)

i=1 j=k+1—i H1§i<j§kz(xl ;)
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3.3 The Straightening Rule in Cohomology

The formula for factorial Schur functions is expressed in terms of A\ where X is a partition,
but the formula can still apply for sequences that are not partitions. The following is a way

to express the formula for non-partition sequences in terms of partitions.

Corollary 3.3.1 (The straightening rule). For any sequence of nonnegative integers pu =

(Mlv ) Mk)v let
k k—itp
pu(zt) =1 ] =+t
i=1 j=k+1—i
Then

1. If p1 is a partition, then 7, (p,(2,t) N [V?]) = s, (zt).

2. If p is not a partition and the values p; + k& — 4 are all distinct, then there exists a
permutation w and a partition A such that A+ 8 = (fw@) + dw(1)s - k) + Ow(k) ), and

T (pu(z, ) N [V']) = sgn(w)sx(]t).

3. If 4 is not a partition and the values p; + k — ¢ are not all distinct, then 7, (p,(z,t) N
[V9]) = 0.

Proof. Claim (1) is Theorem 3.2.1. By the same process, we have that for any sequence p,

et ((wilt)" ) cicn
Tl t) 0 VY]) = S =
1<i<j<k\"i J

From the properties of the determinant, applying a permutation w to the columns of the

matrix ((z;]t)"+%),<; j< will multiply the determinant of sgn(w). In particular, if A+ =
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w(p + §), then

det((2]t)"7% )1 i j<r = sgn(w)det( (] £) )1 i j<h-

If such a permutation w and a partition \ exist, this proves claim (2). Assuming the values
;i + 0; are all distinct, they can be arranged in descending order, and as a result there
exists a permutation w such that (ftw) + w), s lwk) + dwk)) is in descending order.
Therefore fuys) + dwi@y = fwi+1) + Owirny + 1, and as a result ju,u) + Owe) — (K — 1) >
Ps(i+1) + Ow(it1) — (B — (i 4+ 1)). So then A = (A1, ..., A\p) with A\j = i) + 0wy — (K —4) for
1 <4 < kis a partition and A; + 6; = ftw(s) + dw(), as required. For claim (3), note that if
two values of p; + d; are not distinct, then two columns in the matrix are identical, which

implies the determinant is 0. [

Claims (2) and (3) together are known as the straightening rule.

Examples 3.3.2.

L. m(pa2)(z t)N[V?)) = 0, since in this case u = (1,2), and p+6 = (1+1,2+0) = (2,2),

which does not have distinct parts.

2. T(poa2)(z,t) N [VY])) = —sq1)(x| — t), since in this case p = (0,2) and p + 6 =
(0,2) + (1,0) = (1,2), which can be permuted into A + d = (2,1), which results in
A=(2,1) = (1,0) = (1,1). Since the permutation required to do this is odd, there is

a minus sign.
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3.4 The Pushforward in Equivariant K-Theory

This section calculates the class of the structure sheaf of V* on V? (Lemma 3.4.3) as well as

the localizations of the pushforward of any class (Lemma 3.4.1).

In the Bott-Samelson varieties, the fixed points are

Exw — <<6iw(1)>7 <€7§u,(1)7 eiw(2)>7 e <eiw(1)7 ) eiw(k)>)7

where i; = j 4+ A\41-;, for appropriate pairs (A, w), where A = (A, ..., \x) is a partition
with Ay < N and w € Si. In Gr(k, N + k), the fixed points are ey = (e;,, ..., e;, ), where
i; = J + Agy1—j. Under the map 7 : Vv — Gr(k,N + k), m(exw) = ey for all w € Sy
such that ey ,, € V?. Then, similarly to what was done in Lemma 3.1.2, using the fact that

(O ]ley = At (T5,Gx(k, N+ k) and [0, ]|, , = A1 (25, V7). we obtain

EN,w
Lemma 3.4.1. Given a Laurent polynomial in the L;’s,
(Lt ...,Ekﬂ; et € Z[e*, ., e[ L L £fl]

representing a class in Kp(V?) and a partition A < (N¥), the localization of 7,(f) at the

fixed point ey in Gr(k, N + k) is

k-1 & ti ot
Z 1—etw® 777 . ,
U e = ((H H ((1 _ oliw —tiw(ﬁ))) FleTwm, L eFrhum; 6it))

wESy i=1 j=i+1

for ij = j + )\k+1,]’.

Proof. Since [O,]le, = A_1(T.(Gr(k, N + k))) and [Oc, ,Jle,. = A-1(T (V?)), we have

€x EXw
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that
[OCAH@\ _ HiEJ ngEJ )\_1(((:,51. ® Cl\f/])

[OBA,w] |e)\,w B Hle HjEJi Afl(Ctiw(i) @ (C;é) ’

where J = {i; : 1 < j<k}and Jy={j : k+1—-1 < j < N+EN{iwy),1 <J <0}

with 7; = j 4+ Ag11—;, as in the proof of Lemma 3.1.2. Then with the same cancellations and

simplifications from the proof of Lemma 3.1.2, we obtain

\Y

OQ H H Cu <>®(th)
v .
[ eAw exw i=1 j= z+1 (G, (>®(Ct"w(j>)

Then from the fact that A_1(C,, ® C})) =1 — [C,, ® C}] = 1 — €7, we obtain

Oe)\ |e>\ H H 1 — etiw(')itj_i)
iw(j))'

[ 8/\w 6)\w = 1] Z+1 1—6 w(z
Then we have

[Oe,\] ’6/\ f(eiFtiwu) ) eees ethi“’(k) ; eit)

e)\,w] |ek,w

AL L L= Y [

e, wGVw

—t._
— e tw() I
— Z H H 1 6 — .))f<€:th‘w(1)’ . e:':tiw(k) ; eit)

bw(i) ” w(j)
exnw cVy? i=1 j= 7,+1 6

k-1 k

t._.
_ Z H H ]. —6 G (i)~ 1) f(e$tiw(1) €$tlw(k) ej:t)
) JREER)

wesy, iml j= H—l e (i) w(J)

To calculate [Oya], we need to use some facts from [16, Appendix B] that can be summarized

as the following Lemma.

Lemma 3.4.2. Let X be a projective variety with p : £, F' — X vector bundles and £ C F'.
Then for the quotient bundle G = F'/E, [Opr)] = A_1((Opr)(1) @ p*(G))Y) € Kr(P(F))
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Proof. From the tautological sequence on P(F), there is a vector bundle map Opp)(—1) —
p*F. When composed with the quotient map p*F — p*G, this becomes a map Opp)(—1) —
p*G, and this map is the 0 map exactly when the fiber of Opp)(—1) is included in the
fiber of p*E, which happens when = € P(E) C P(F). This map corresponds to a section
s € Hom(Opr)(—1),p*(G)) = Opr)(1) ® p*G. This section is regular and its zero locus is
Z(s) =P(F) [16, B.5.6]. Then by [16, B.3.4, (*)], there is an exact sequence

This implies

[Op() Z Op(r)(1) @ p"G)"] =

Then solving for [Op(g] gives

Op(p)] = Z(—l)i[/\i(oﬂm(l) D p"G)’] = A1((Oer) (1) @ p°G)Y).

Lemma 3.4.3. For a partition A = (Ay, ..., \y) with \; < NV,

ko k—itX
Onl =] ] a-[i®cy) ek (V).
i=1 j=k+1—1i

Proof. We proceed by induction on n in V2. The base case, n=0, is a point, which cannot

have nonempty, proper subvarieties, so this holds trivially. Suppose

n  k—itX;
Onl=11 1] (-Liecy)eKkn(V)).
i=1 j=k+1—1

Recall V2 = {(S4,...,S,) : dim(S;) = 4,5; C Fnyi_n,}, and VQH = P(Fntnt1-r,. /(L1 @
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. ® L)), where Fyini1-a,., is the vector bundle on V) whose fiber is Fiy,i1-a

n+1 n+1?

and L; is the vector bundle whose fiber is S;/S;_1. Then for X = (Ay,...,\,,0), we

have that V2., = P(Fninii-n /(L1 ® .. ® L)) and V2o, = P(Fnjnii /(L1 @ ... @

L,). Since Fninti-rni/(L1 @ ... @ Ly) € Fnins1/(L1 @ ... ® L,) with quotient G =

FN+nt1/FN+n+1-2np, by Lemma 3.4.2, we have [Oypy || = A1((G® £;,4)Y) € Kr(V)L ).

Since Fnn+1/FNint1-ans1s = (ENtht1—(N-4nt1)s s EN+h—(N+ntl-Ans1)), UhiS means
k—n—14+An41

0w )= ] Q-CleL,.

j=k—n

Then since V2 C V? and both V;\l;l and V? 41 are projectivizations of the bundle £ =

Ftni1/(L1 @ ... ® L,) over the previous spaces, VA, C V9

V§\1/+1 =P(E) — V?H-l =P(E)

| |

% 2 %

Furthermore, [V, ] = p*([V}]) € Kr(V?_,), where p : V?_, — V? is the projection map.

. . ’ ’
Now for the inclusion maps ¢ : Vo, — V3, and ¢ : V)| — V?LH, we have ¢ = 15 0 14,

where ¢ : V} — V? is the inclusion map, and so we have

L([Owy 1) = t24(11,([Ow 1))

n+1
k—n—14+Xp4+1
= L2,*([OVQ;I]L§( H (1-C{ ®Lnt1)))
j=k—n

n  k—itX\; k—n—14Xp4+1

= <H H 1-[Li® Ctv]]) € KT(VE)L)) H (1- (Ctvj ® Lny1)
i=1 j=k+1—i j=k—n

n+1l k—i+\;

_ H H (1-1[L;® Ctvj]) c KT(V?LH),

i=1 j=k+1—i
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from the induction hypothesis. This completes the induction step, and so completes the

proof. [

3.5 Factorial Grothendieck Polynomials

This section establishes the correspondence between the classes of vector bundles and the
variables used in polynomials, uses that correspondence to express the pushforward of
any class in terms of polynomials (Lemma 3.5.1), uses that to show that the factorial

Grothendieck polynomials represent Schubert classes (Theorem 3.5.2).

Grothendieck polynomials represent the classes of the structure sheaves of Schubert varieties
in flag varieties [25]. They are defined recursively using divided difference operators. The
symmetric group S, acts on the polynomial ring Z[X7, ..., X;;] by permuting the variables:
w(f(X1,....X5)) = f(Xuway, - Xuww))- With s; € S, being the simple reflection which maps
1toi+1,741 to i, and fixes all other elements, define the operators 0;,9; for 1 <7 <n-—1
by

(f) = —){,__8)& )1 5

z(f) :ai<<1_Xi+1)f)' (3-1)
Then for wg € S, being the longest permutation, given by wg(i) =n+1—1i for 1 <i <n,
the Grothendieck polynomial for wy is G, (X) = X7 ' X5 72... X} |. Then the Grothendieck
polynomials for other w € S,, are defined recursively by 6;G,(X) = Gus, (X) for ws; < w in
the Bruhat order. The equivariant version of these, double Grothendieck polynomials, use
two sets of variables, X1, ..., X, and T1, ..., T,,, and start with G} (X, T) =[], <, (X; + T; —

X,Tj;), then are recursively defined with the same operators as before, with the permutations

acting trivially on the T variables [24, 25]. Note that GL(X,0) = G,,(X) for all w € S,,.

When w € S, is k-Grassmannian, meaning w(i) > w(i + 1) for all i # k, it corresponds to
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the partition
A= (wk)—kwk-1)—k+1,...,w(l) —1),

and G (X,T) is given by [21]:

det((X;|T) Aith=i(] — X
H1§i<j§k(Xl X;) 7

Gy (X, T) =

where (X;|T)" = [[i_,(Xi + Tj — XiT}).

To realize the polynomials geometrically, define X; such that A_(S) = Hle X;, and T; as
T; = 1—[C/]. In the Bott-Samelson variety, we define Z; = 1 — [£;] for 1 < < k. Then, as

a K-theory analog to Lemma 3.1.3, we have:

Lemma 3.5.1. For a polynomial f(Z,T) € Z[Z, ..., Zy; 11, ..., T,] for n = N + k with the

above definitions of Z; and T},

+Tg i = X Tj—
m.(f(Z,T)) 2:0111 o »u_gawl>ﬂxmwwxwmﬂ-

weSE \i1=1 j=i+1

Proof. Since S|., = (ei,,...,e;,) for i; = j + Agpq1—; for 1 < j <k, we have that

k k
[TedeAa(S)e = [J(1 = 7).
Jj=1 j=1

As a result, we can say Xj|., = 1 —e"s. Now since Tj = 1 — [Cy ], we have Tj[e, =1 —e™".

With this,

(X + Ty~ X Ty ley = (1= €0 4 (1= e770) = (1 = M0 )(1 = e715)

fy 1 — et’w(t) _tj_i.
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So then the localization of the right side of the equation at a fixed point e, is given by

Xy + Tji — Xu@Tj-i)
_ f(lew--wak;T”e
5 (IT T 25 2 ) st

weSy, \i=1 j=i+tl
k-1 K t; it
1 — e w@ ¢ |
- Z <H H ( iz L —t; ) )f(l_etlw(l),...,l—e w(k) 1_6 t)
wGSk =1 j:ZJrl (1 — e w(i) w(]))

Using the identification Z; = 1 —[£;], we have that f(Z,T) = f(1—[L4],..., 1 —[Ly],1—e7").

As a result, we can apply Lemma 3.4.1 to the left side of the equation and obtain

e bw (i) w(j)

T (f(Z,T))ey = Y (

wES

k—1 k e
1 — Yw (1) J—t . .
H H 6 —t )>> f(l — etl’w(U7 e 1— et’w(k>; 1— e—t)‘

1=1 j=

So then the localizations match at every fixed point and so by the injectivity of the localiza-

tion map, the two classes are the same. O

Since the factorial Grothendieck polynomials represent the classes of the structure sheaves of
the corresponding Schubert varieties, we can recover the factorial Grothendieck polynomials

as the pushforward of V?.

Theorem 3.5.2. For a partition A = (Aq, ..., \x) with corresponding k-Grassmannian per-
mutation w given by w(i) =i + Agr1—; for 1 < i < k and the remaining values arranged in
ascending order,

[Or] = m.([Own]) = G4, (X3 T).

Proof. Because Q* has only rational singularities and 7 : V} — Q* is a desingularization, we
have that 7.([Oys]) = [Ogx]. Using Lemma 3.4.3, since 1 - [£; @ C) ] = 1 - (1-Z;)(1-1T}) =
Zi +T; — ZT};, we have

k k—i+X;

r([0n) = (] 1] Z+1 - 21y).

1=1 k+1—1i
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Then applying Lemma 3.5.1, we have

T ([O])
k=1 k k—i+Ai
(Xuw@y +Tj-i — Xw T, ’
— o+ T — Xuwi)T))
S (IO (I T 0
. TP 1 _ (1=Xw()) X
Making the simplification X ) 0Xag) T — 0-Ku)=(=Xuw) = Xem-Xoo, yields

T ([On]) =
k=1 k
<H H (1 Xw(]))(Xw(z) +71] i Xw(z),I'g—z))
weS), \i=1 j=i+1 Xu(i) = Xu()
ko k—itX
(H I Kuiy+7-x ()T)>
i=1 j=k+1—1
Reindexing the products to put the (X, + 7 — X T;) terms together, we have
T ([Ov])
k=1 k 1 k k- z+)\
wes, \i=1 j=it1 rw@) = Sw()) i1 e
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Further,
k=1 k
H H (1- J) H (1 _Xw(a)>
i=1 j=it1 1<i<j<k
k
= H(l X (J)) -
j=2
k
= H(l — Xw(z))lfl
=1
Lastly,

k k—itX; k

H H (Xw(z) + 7} - Xw(z)ﬂ) = H(Xw(z)|T>k—l+)\2

i=1 j=1 =1

Putting all of these together gives

T ([Own]) = ( H X ) Z sgn(w H (X | T2 (1 = X))

1<i<j<k weSy, i=1
Since det(a; ;) = ), cs, sen(w) Hle Quw(i),i, this becomes

det((X;|T)MHE=I(1 — X;)I71)
H1§i<j§k:(Xi - Xj) 7

T ([Oya]) =

which matches the factorial Grothendieck polynomial. O

3.6 The Straightening Rule in K-Theory

This allows us to deal with P\(Z,T) when A is a partition, but if A is a composition, there is
a straightening rule to express the pushforward as a combination of pushforwards of P,(Z,T)
for partitions p. This was proved in the non-equivariant case by Buch [11, Lemma 3.2] and

in the equivariant case by Gourbounov and Korff [18, Corollary 2.4].
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Corollary 3.6.1. For any composition A = (A, ..., Ag), let

k  k—i+);
rzn)=1] [I @+1 -2z1)).
i=1 j=k+1—i

Then if A is a partition with corresponding k-Grassmannian permutation w, m.(P\(Z,T)) =

GL(X,T). If X is not a partition, then

i Air1—1
m.(P\(Z,T)) = Zﬂ MW*@ »(Z,T)) — i ﬂm(p »(Z,T))
’ 1— T)\i+1+k*i a ’ 1— T/\z‘+1+k*i : ’

J=Xit+1 J=XAi+1

in K7(Gr(k,n)), where ) = (A1, ..., Xig1, 7, .., Ae) and v0) = (A, .., Xigq — 1,4, ..., ) for

any 1 <i <k.

Proof. The claim about partitions is Theorem 3.5.2. The other claim boils down to a direct
computation with the determinantal formulae. For simplicity, we will look at the compu-
tation for partitions with two parts (since the statement only involves switching two parts,

the rest of it stays constant). It centers around the identity

T (Plap) (2, T))

1 —Toio 1 —Toio

= Tu(Plar16)(Z,T)) + ——7—T(Ppar1y(Z,T)) — Tu(Po-1,041)(Z,T)).
1—Th 1 =Ty

Aitk=t ip the determinant,

The indices on the T variables here depend on the power (X|T)
and in this simplified case we have k = 2 and ¢ = 1. Therefore when applying this to the
general situation, it would need to be T, 11x—; and Ty, k_; instead of 1,5 and T,,;. By

successively applying this, the result is obtained. The claim is equivalent to

(1 = Tor1)Tu(Plap)(Z, 1)) + (1 = Tog2)mu(Po-1,041)(Z,T))

— (1= o)™ (Plasi (2, 1)) + (1 = Turo) (P (Z,T)).
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Ni+2—j i
From Theorem 3.5.2, we have m,(Px, 1) (Z,T)) = det((X|T) ;{i);z(lei)] ) and so by multi-

plying through by the common denominator the identity is equivalent to

(1 = Tos) (X2 7)™ (X T)°(1 = Xa) — (X0 |T)"(X,|T)* (1 — X1))
+ (1 = To2) (X0 T)° (X )1 = @) — (Xu|T)*H(Xo|T)°(1 = X1))
= (1= Tp) (X0 T)* " (X2|T)°(1 = Xo) — (Xu|T)*(Xs|T)* (1 = X1))

+ (1= Top2) (X[ T)FH X T) (1 = Xa) — (X0 |T) (XL T)H (1 = X)),

For notational simplicity, we will use Gr(a, b) = (X1|T)*™(Xo|T)°(1—Xo)— (X1 |T)° (X T)* 1 (1—

X1), which makes the left side of the equation

(1 — Tb+1)GT(CL, b) + (1 - Ta+2>GT(b - ]_,CL + ].)

= GT(CL, b) - Tb+1GT(a, b) + GT(b - 1, a + 1) - Ta+2GT(b - ]_, a + 1)
Expanding yields

(X3 |T)*H(Xo| T)" — X (X3 |T) " (Xo| T)"
— (X4|T)"(Xo| )" + X3 (X4 |T)*(Xo| )" — Ty41 G (a, b)
+ (X |T)" (X |T)*H = Xo (X0 |T)"(X,|T)

— (X1|T)* (XL T)" + X1 (X |T)* (X |T)" — TyyoGr(b— 1,0+ 1).

Now since X; = (X; + 1T — X,;T;) — T;(1 — X;), after some cancellations this simplifies to

— (X3 |T)*" (X TP + Tod (Xq | T) (X |T)* (1 — Xa)
+ (X)X | 7)™ = Ty (X0 |T)*(Xa|T)* (1 = X1) = Thia Gir(a, b)
— (X1 |T)"(X|T)* ™ + Ty (X4 |T) (X2 T)* T (1 — Xa)

+ (X1 T) 2 (Xa|T)" = Togo(X0|T)H(Xa|T)"(1 = X1) = TopaGr(b — 1,0 + 1)
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Then we have Tb+1GT(a, b) = Tb+1((X1|T)a+1(X2|T)b<1 - Xg) - (X1|T>b(X2|T)a+1(1 — Xl))
and TpeoGr(b — 1,a + 1) = Topo (X1 T)P(Xa| 7)™ (1 — X)) — (X,|T)* (X, T)(1 — X)),

so these terms cancel and the left side of the equation becomes

—(XT)" (X T)" 4+ (X T)" (X T)™ = (X|T)" (X T)™ + (X |T)" (X, T)"

A similar process on the other side gives that the right side of the claim is also equal to this.

So then the claim holds, and as a result the proof is complete. O



Chapter 4

Stability of Segre-MacPherson Classes
Under Pullbacks

In this chapter we embed Grassmannians into larger Grassmannians and show the Segre-

MacPherson classes are stable under pullbacks of these embeddings (Theorem 4.0.4).

For Ny > Nj and ky > ky, Gr(ky, N1 + k1) can be embedded into Gr(ks, No + ks) by repeated

applications of embeddings of the form
ty: Gr(k,N + k) - Gr(k+1,N+ (k+1)) and 5 : Gr(k, N + k) — Gr(k, (N + 1) + k).
To define ¢;, embed CV** into CNT++! by
(1, ooy TNyk) > (T1y ooy T4k, 0),
then for a subspace V' € Gr(k, N + k), define
u(V) =V & (en+r+1),

where V is considered as a subspace of CVYT#*+! by the above embedding and en, i1 =

(0,...,0,1) is the standard basis vector.

42
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With the embedding ¢ : CN** — CN**+1 given by

Wxy, oy xyir) = (0,21, oo, TNak),

for a subspace V' € Gr(k, N + k) define

For later proofs in this section, we will need to use two different kinds of Schubert cells:
QM and QF. The Schubert varieties will always be defined in terms of the opposite flag
F; = {enjri1-is - enik). For a partition A, Q*° is the same as defined in section 1 and has

codimension |A|, while Q5 has dimension |\| and is defined as follows:

DN ={5€Gr(k,N+Fk):dim(SNF\,,, i) =15,dim(SNF,,, i) =1i—1,1<0 <k}

Lemma 4.0.1. With the above definitions, for a paritition A\ = (Ay,..., \x) with A\; < N,
and the map ¢; : Gr(k, N + k) - Gr(k+ 1, N + k + 1),

a1 (Qi) - Q;:

where on the right, QS is the Schubert cell in Gr(k+1, N+k+1) for the partition (A1, ..., Ag, 0).

Proof. Denote by (Ey, ..., Exyx) the opposite flag in CN** and by (F1, ..., Fyir41) the oppo-
site flag in CNT#+1. Suppose S € Q3 C Gr(k, N+k). Then dim(SNE),,, ,4;) =ifor1 <i <

k. Now observe that Fj 1 = E; ® (enjry1) for 1 <i <k, since (€(niht1)—(it1)s o) EN+h41) =
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(eNth—is - €N+k) D (enthy1). Then
u(S) N v = (S ® (enare1) N (B y+-1) D (enr1))
=(5N E/\k+lf(i71)+(i_1)) © (eNthi1)-

Therefore dim(e1(S) N F,,, 4i) = ((—1)+1=dfor 2<i< k41 Fori=1, A\py1 =0,
and so the condition is dim(¢;(S) N Fy) = 1, which holds because (S @ (eyirr1) N F1) = Fi.
Therefore ¢1(S) € Q). Then ¢1(Q3) C Q5.

Now suppose S € Qf C Gr(k+ 1, N + k + 1). Therefore dim(S N F,,,, ,+i) = i, and since
ag+1 = 0, the condition when ¢ = 1 gives dim(S N F}) = 1, which implies F; C S. Then the

dimension of S’ = SN CN** is k and 1,(S") = S. Now since E; = Fj;; N CN*E,
SN E)‘k+1—1+i = (S N F)\k+27(i+1)+(i+1)) N (CN—HC.

So then dim(S'N By = dim(S N Fy,,, ,, +i+1) —1 =i+ 1—1=1, meaning S’ € 2}, and so
S € 11(93), meaning QS C ¢1(€23). Therefore ¢1(€23) = Q5. O

Lemma 4.0.2. For a partition A = (Aq, ..., Ay) with Ay < N, and the map 5 : Gr(k, N+k) —
Gr(k,N +1+k),
L2<Q())\> = Qia

where on the right, Q3 is the Schubert cell in Gr(k, N + 1 + k) for the partition A.

Proof. With E; and F; denoting the same thing they did in the proof for the previous lemma,

suppose S € Q) C Gr(k, N + k). In this case we have ((E;) = F;, and so

L2<S) N F)\k+1—i+i = L(S) N L(El) = L(S A E)\k+1—i+i)‘
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Therefore dim(15(S) N Fy,,, ,4i) = dim(S N E),,, ,4+i) = i because ¢ is an embedding and so

preserves dimension. So then 5(S) € Q3.

Now suppose S € Qf C Gr(k, N + 1+ k). Since \; < N, the Schubert variety condition for
i =k is dim(SNF,, &) = k, which implies S C F,, i because S is k-dimensional. Therefore
S C Fy.k, which mean that S C ((CN**), and so every element of S is in the image of ¢,

which means S is in the image of t5. Since i is injective, there is a unique S’ such that

12(S") = S. Then since
dim(S' N Ey,.,, ,4i) = dim(e(S" N Ey,,, ,4i) =dim(S N P, i) =1,

S" € Qy, and so S € 12(£23). Therefore 12(£23) = 5. O

Lemma 4.0.3. For a partition A = (A, ..., A\x) with A\; < N and the maps
t1:Gr(k,N+k)— Gr(k+1,N+k+1) and ts: Gr(k,N + k) — Gr(k, N + 1 + k),

we have

LT (SSM(Q/\’O)> = SSM(Q)\’O) and L;(SSM(Q/\’O» = SSM(Q)\’O).

Proof. [4, Theorem 9.4] implies that

Gr(k,N)

for any partitions A\, u < (N¥). Since the Schubert classes form a basis of the cohomology

ring, these conditions are sufficient to determine the SSM class of the Schubert cell. Now
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for A < (N*), we have

/ en(22) N () = / (esn(0)) N ssar( ).
Gr(k,N+k) Gr(k+1,N+k+1)

By functoriality,

11 (esm(§2)) = esm(e1(€2;)),

and so

/ csa(92) 1 6} (s50 () = / csat(22) N ssu(25°) = 6,
Gr(k,N+k) Gr(k+1,N+k+1)

for all u < (N*) by Lemma 4.0.1. In a similar fashion by Lemma 4.0.2,

/ CSM(QZ) N L;(SSM(QA’O) = / CSM(QZ) N SSM(QA’O) = 5#>\‘
Gr(k,N+k) Gr(k,N+1+k)

Since these conditions uniquely determine the SSM classes, this gives that ¢}(sgu(QM)) =

SSM(Q’\’O) and L;(SSM<Q)‘7°)> — SSM(Q/\,O)' .

These embeddings ¢; and ¢y can be composed with each other to increase £ or N by more
than one, and it should be noted that the maps commute. For example, when map-
ping Gr(2,4) to Gr(3,6), t; 0ty = 13 0¢;. In particular, each map takes some V C C*
spanned by (1, e, 23, 24) and (yi1, Y2, ys,ys) to the space spanned by (0,x1,z2, x3,24,0),

(Ovylay27y37y470)7 and (07070,0,07 1) in Cﬁ.

Theorem 4.0.4. For ki, ks, Ny, Ny € N with k; < kg and N; < N,, the embedding ¢/ :

Gr(ky, N1 + k1) — Gr(ks, No + ko) constructed by composing copies of ¢; and ¢ satisfies

L/*<SSM(Q)\,O)) — SSM(Q)\,O)
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for all A < (NF1).

Proof. The mapping is composed of several steps, and at each step, the SSM class is preserved

by Lemma 4.0.3. O



Chapter 5

Segre-MacPherson Classes in the

Grassmannian

In this chapter we use the properties of the Chern-Schwartz-MacPherson class to calculate
it for Schubert cells in the Grassmannian and by extension calculate the Segre-MacPherson
class in T-equivariant cohomology (Theorem 5.0.1). Then we use this to calculate the class
in ordinary cohomology to note the similarity between this result and a result of Feher and

Rimanyi from [14].

By [3, Proposition 2.10], the complement in V* of the preimage of the Schubert cell under 7
is a simple normal crossing divisor whose components are D; for 1 < i < k, and so the CSM

class of the Schubert cell embedded in V* is

cH(TV?)

B ChA Y, 21}
[Tie,(1+Dy)

esm(mH QM) =

Then pushing this forward into the Schubert variety we obtain

L () = 7, (% N WA]).

f:l(l + Di

Then dividing by the total Chern class of the tangent bundle, the SSM class of the Schubert

48
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cell is

T Aoy 1 - CT(TV/\) A
ssul(2) = I (TGr(k,N + k)) *<Hf:1(1 + D) 2l ])'

To simplify this, we use
k

TV =] (&) @ Q)

i=1
and TGr(k, N+k) = SY®Q, where S is the tautological sub-bundle and Q is the tautological
quotient bundle on Gr(k, N + k). We also have 7*(S) = J; and 7*(Q) = Q. Then with the

projection formula, we obtain

) = . (A= (0 9) ).

(Hf:l(l + D;))ct (T, @ Q.

Using the exact sequence
0= T = Fnyimr, > Qi =0

and tensoring it by LY, we obtain

(LY © Fnyion,)
(T LY)

CT(ﬁ}/ ® Q;) =

Then using ¢’ (J;) = H;Zl c"(L;) along with the previous formula gives

(I, (L) @ P VAT I ML) @ £)) WAJ)
)

5T A0 =, :
() <(Hf_1<1 + D)L, (LY @ Far)) T T, €7 (LY © £

This simplifies to

Hf:l H§=i+1 (LY @ Lj)

sa (V) =7, 1)
su(27) (Hfl(l + D) (LY @ (Fnsr\FNyi-x)) . ])
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In the nonequivariant case, D; = z; by [3, Proposition 2.10]. To find D; in the equivariant
case, we use the fact that the divisor is not supported on the fixed point corresponding to
the preimage of the Schubert cell, which is given by S;/S;-1 = Fnii-r,/FNri-r—1. As a
result, we have that zi|em = —t(N4k+1)—(N+i-\) = —trs1-itr,, Where w € Sy is the longest
permutation. Therefore

Di = zi + thg1-i,-

Then using the definition of the z;’s and the fact that the Chern roots of F; are t nyk, ..., EN+r+1—5,

we have

H51Hf z+1(1+zi_ ) all /\])
T (L 2+t ) [T ™M (1 + 20+ 1)) '

Bu(@) = .
Then using Lemma 3.1.1 and simplifying some, we obtain:

Theorem 5.0.1. For a partition A = (A, ..., \x) and N > Aq, the T-equivariant SM class of

the Schubert cell in Gr(k, N + k) is

k k—i+X; k+1—i+N; k k
(@) = (H( [T G IT o) I 0+ w@]).
i=1 j=k+1—1 j=1 + T 2 i=1 j=i+1

This, in addition to Lemma 3.1.2 gives that the localization of the SM class is:

k k—i+A; k-+1—itX; 1 k

/\o

s (2 Z H ( H (t; = tiyg) H 141t —¢t H (L + iy = tiw<i>)> '
wES), i=1 \j=k+1—i j=1 J tw(i) j=ij41

where i; = j + ppy1—; for 1 < 5 <k, and

kook _
-1L11 5 e
=1 j=1

w(J) —t bw (i)
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Using this formula along with knowledge of the localizations of the equivariant Schubert
classes, the SM classes can be expanded in terms of the Schubert basis. Some examples are

below.

Examples 5.0.2. In Gr(2,4) we have:

ST (QBI,O) — [QBI]T
SM (14+t; —tg)(1+t3 —tg) (1 + 1t —ty)
QH}T 342ty —t) + (to —t3) + (11 — t3)(ta — t4)
— ] (L4t —ta) (T4 t3 —ta) (L + bt —to) (L + Lo — t3) (L + to — ta) (L +t1 — t3)

[
(1 + 1y — t4)(1 + t3 — t4)
[QBI]T 2+ (tl — t4)
(L+ty—tg)(1+tg —tg)(L+t; —to) (1 + 81 — ty)

[QH}]T 2+ (tl _ t4)

(1+t —t3)(L+te —ta)(L+t3 —ta)(1+t1 —to)(1 4+t — ta)

-y =

SSM(

By plugging in t; = 0, we can obtain the SM class in ordinary cohomology:

SSM(Q)\’O) = T ((H (1+ k+1 i+ A > H H (142 — [VQ])

=1 =1 j=1+1

Then because 14z —z; = 1 when 7 = j, we have [, H?_Z.H(ljtzi—zj) = Hle IT,-,65(1+
z; — zj). Furthermore, Hle(l + z;)kHL HJ 1= (1 + 2;), which means the previous

formula is equivalent to

oo )if2)

1= j=11i=1

Then we can construct a system of Grassmannians and their desingularizations V? with the

embeddings from Chapter 4 with maps ¢1 5 : Gr(ky, Ny + k1) = Gr(ke, No + ko) with ky < ko
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and N1 < N,. These embeddings extend to embeddings ¢ : V@(lﬁ, ki+Np) — Vw(k’g, ko+ Ns).
Then cohomology classes can be pulled back along these embeddings by mapping z; — z;
for 1 < ky and z; — 0 for k1 + 1 <1 < k. This will create an inverse system of cohomology
rings over V?. Then the inverse limit of these cohomology rings can be taken as k — oo and
as N — oco. The formula for the SM class still applies, and then with £ now meaning the

number of nonzero parts of A\, we can define

oon (00 ) i)

=1

to be the limit of the SM classes of Q*° in Gr(k,N + k) as k — oo and N — oo. Here
the pushforward m, is also a limit of pushforwards and is given by extending the formula in

Lemma 3.1.3 to infinitely many variables and setting ¢; = 0. By Theorem 3.2.1, this map

k
zlz

will take a monomial z* = [] % to the corresponding Schur function sy(z), applying
the straightening rule (Corollary 3.3.1) if A is not a partition. This formula happens to
exactly match Definition 8.2 from [14], which investigates Segre-MacPherson classes of matrix
Schubert cells. Because of this, the coefficients ¢, in the expansion of s, into Schur functions
are the coefficients for the expansion of the Segre-MacPherson class of the Schubert cell
into Schubert classes. Since it has been proven in [5, Corollary 4.2] that those coefficients

alternate (that (—1)/=M¢, is positive), Feher and Rimanyi’s conjecture [14, Conjecture 8.4]

is proven to be true.



Chapter 6

Motivic Segre Classes in

Grassmannians

In this chapter we use the properties of the motivic Chern class to calculate it for Schubert
cells in Grassmannians and by extension calculate the motivic Segre class in T-equivariant

K-theory (Theorem 6.0.2). Then we use that to calculate the classes in ordinary K-theory.

As with the CSM class, we use the fact that the complement of the preimage of the Schubert
cell in the Bott-Samelson variety is a simple normal crossing divisor, so we can get the
motivic Chern class in the Grassmannian by calculating it in the Bott-Samelson variety and
pushing forward because of functoriality. Using the exact sequence, see, for example, [1,

beginning of section 2]
0— Q% — Q%(log D) = ®0p, — 0,

and Proposition 2.6.2, we have

mCy (71 () = V*) = [Ox(=D) ® A} (% (log D))]
k (6.1)
= [0x(=D)] - A (2%) [TA) (On,).

i=1

53
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Since QY is the cotangent bundle, we have
k
A (k) = T[T (8o Q).

i=1

Using the exact sequences
0= T = Fryin, =9/ —0

and tensoring by L; gives

A (Frpion ® L) Hj‘\fkil—iﬂi )‘Z(Ctvj ® L;)

Ay (L@ Q) = NI OL) . AL ® L) (6.2)
Now for Op,, we use the exact sequence
0— Ox(—D;) = Ox — Op, — 0,
regarding Ox(—D;) as the ideal sheaf. Then
A (Op,) = \(Ox) (6.3)

-~ M(Ox(=Dy))

Vv

fopaies,” WO also have,

From doing this in cohomology, we know that Ox(—D;) = £; ® C

since D is a simple normal crossing divisor with components D;, that

k k

Ox(-D)] =] [lox(=D)] = ]I ®Cy,, ., - (6.4)

i=1 i=1
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Plugging equations (6.2), (6.3), and (6.4) into equation (6.1), we have

mC'yT(W_l(Q)"O) — V) =

ﬁ[ﬁ' 2 CY ] )\;]F(OVA) H;yzzlil—im )\Z((szj ® L) (6.5)
1 i bt 1—it; )\Z;(/:fz ® (Cl\f/lc+1—i+/\i) H;:l )\g(ﬁy X El)

Since we have a method to calculate the pushforward from V? into Gr(k, N + k), the best

way to get from V* to Gr(k, N + k) is to first go to V.

Applying Lemma 3.4.3 to equation (6), using the fact that £; and (C;Z_ on V* are pullbacks

of those bundles in V? for all i and j, we obtain:

Proposition 6.0.1. For A = (\q, ..., \x) a partition with A\; < N, the equivariant motivic

Chern class of the Schubert cell is

mCy (° — Gr(k,N + k)) =

s AMLieC, L) T AT (LY ® L)

Now to get the motivic Segre class, we need to divide by the /\5 class of the cotangent bundle
of the Grassmannian. Since 7 (T'Gr(k, N +k)") = Jr ® Q) the projection formula gives us

that

mS, (Y < Gr(k,N +k)) =, (mCy(ﬂl(QA"’) — W))

Ay (Te ® Q)

Then using the exact sequence

0T = Frsw— QL —0
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and tensoring by LY, we have

k N+k T Y

H Ay (Li® CY)
A (e ® Q) = :
y( k k) E H )\T(ﬁz‘@ﬁ}/)

J=1""y

because J = @le L;. Bringing everything together, we obtain:

Theorem 6.0.2. For a partition A = (\y,..., A\x) with Ay < N, the T-equivariant motivic

Segre class of the Schubert cell QM in Gr(k, N + k) is:

mS, (W = Gr(k, N + k)) =

. [y [T AT (LY ® L)
V. j z+1 Y ¢
" <H<1+y>w #Cinl 1l 0-lethpeite o )

i=1 j=k+1—i

To get the class in ordinary cohomology, the bundles (C;/j become trivial bundles, and the

result is

mS, (N — Gr(k, N + k)) =

s (ﬁ(1+y)[£i](1— 1) [T (1 + (L)) @ [Ez]))).

k+1—i+\;
i=1 H3+1 . 1+ y[L;]

Using the variables Z; = 1 — [£;] gives

mS, (N — Gr(k, N + k)) =

: zN : 1- 7
" (H(l 0= 2 e 11 (1401 Z)> |

=1 j=i+1 J

Then because 1 + yl Zl = 14y when ¢ = 7, we have

ﬁ(1+y) ﬁ (1+yi_?) :ﬁﬁ(l%—yi:?)

i=1 j=i+1 j=1i=1
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Furthermore,
k

1 L 1
Nam=—zyp= -l

i=1 7j=11i=1

We also have that

1+y(1—2) (I+y(l—2Z)(1-2Z2))

These together give that

= ) k ko J 1-Z;+y(1-2;)
mSy (2 — Gr(k, N +Fk)) W<H 1+y1— AHH( +y1—Zz))(1—ZJ))>'

=1 7j=11=1

Then taking £ — oo in a similar manner as in the end of Chapter 5, we would get a K-theory

analogue of the § function from [14, Definition 8.2].



Chapter 7

Divided Difference Operators

There are several divided difference operators that are defined for the cohomology and K-
theory of the full flag manifold G/B, but they can be defined algebraically on polynomials
and used anywhere. In each of the following sections, one such operator will be defined and

then used to express a formula from previous chapters.

7.1 Pushforward Formula (Cohomology)

We can express the pushforward in cohomology using the operators defined in [8]. Alge-

braically they are defined for 1 <i <k — 1 by

f—si(f)

Ty — Tiy1

9(f) =

for a polynomial f € Z[xy,...,zx]. For any permutation w € Sy with reduced word decom-
position w = s;,...s;,, we define 9,, = 0;,...0;,. We first establish some computations with

the operator.
Lemma 7.1.1. Let f,g € Z|xy, ...x]

1. If f is symmetric in the variables z; and z;,1, 0;(fg) = f0:(g).

58
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2. Fori>q+1,

) 1\ 1
- Lg — Li B (xq - xi)(%—l — ;)

Proof. 1. This follows directly from the definition. If f is symmetric in x; and z;,1, then

si(f) = f, and so

0(fg) = fg—sifg) _ fg— fsi(g) _ fg—Si(g) = fai(g).

Ti — Tjp1 Tj — Tiy1 Ti — Tit1

2. Since i > ¢+ 1, s4_1(x;) = x;. Then by the definition we calculate

1 1 1 1
aqfl = — S¢—1
Ty — X4 Lg—1 — Lyq Ty — X4 Tg — X4

o)

(g — i) (g1 — ;)

]

Lemma 7.1.2. For a polynomial f € Z[x1,...z;], with wy being the longest permutation in

Sy defined by wo(i) =k+1—ifor 1 <i<k

() = Zw(f I1 f%)‘

weSy 1<i<j<k ~*

Proof. We proceed by induction on k. The base case could be considered as k = 1, which
holds trivially because in S; the only element is the identity. To make the induction step,

we embed S; into Siy1 by taking the permutation w € Sy and defining a permutation in

Sk41 by defining w(k + 1) = k + 1. With this, w[()kﬂ) € Sky1 can be expressed as 51...skw(()k),

where w(()k) € Sy is the longest permutation in Sy. As a result, for the induction step, we
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apply 0;...0x to both sides of the equation

9, (f) = > w (f 11 xigj)

weS), 1<i<j<k

For convenience we denote the right side of the previous equation by g. Then we are required

to show that

et = ¥ w(o-).

wESk_H

To show this, we use descending induction on ¢ to show that
k41 k 1
Oy---0k(g S;...Sk — |,
Z (g Tj— $k+1>

where s;...sp = id when i = k + 1. The base case is when ¢ = k, which holds by definition

hig)=—F 15 <L) ,

Tk — Th+1 T — Tk41

Then for the induction step, we use the fact that g is symmetric in the variables x; to xy.

We have by the induction hypothesis that
k41 k
Og-1:-0u(9) = D41 <Z (gH T — xk+1>) ‘
1=q 7j=1

For the terms in the sum with i > ¢ + 1, we have s;...s5(g) is symmetric with respect to
x4—1 and x, because g is symmetric in the first £ variables, and so applying the permutation

s;...8, will not affect the symmetry of the first s;_; variables. So then we have for i > ¢+ 1,

k
1 1
( Hiﬂﬂ_fg’““) ( jglxj_z’““) ! Tqg = T




7.1. PusHFoRWARD FormMuLA (COHOMOLOGY) 61

by part (1) of Lemma 7.1.1. Then applying part (2) of Lemma 7.1.1 yields

k
S;...S = ;.. )
Y ' <9H% —xk+1> (gynlxﬂ xk“)

Then applying the definition to the i = ¢ term gives

k
1 1
Sg...8 —84..-8 _
—ie k(QH%_ka) Tg—1 — T4 k(ng]_ka)

J=q
k
1 1
— Sq 18,1 Sk gH
Tg—1 — Lyq Tj — Th+1
Jj=q
k
1
!
. r;, — T
j=q— J k+1

Putting these together gives

k41 k 1
Oyg—1.--0k(g) = Z S;...Sk (g H —) .
1 J

r; — T
i—q— i—g—1 "7 k+1

This completes the induction step on ¢, which completes the induction step on k, completing

the proof. n

With this we are able to show that the pushforward formula (Lemma 3.1.3) can be expressed

in terms of these divided difference operators:
Proposition 7.1.3. For f € Z[z, ..., z][t1, ..., tn+k], we have

T ([(251)) = Ouwo (ps f (3 1)),
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where wg € S}, is the longest permutation and ps = Hi-:ll Hf;i (x; + ).

Proof. Apply Lemma 3.1.3 on the left side of the equation and Lemma 7.1.2 to the right

side of the equation. The result on both sides is the same. O

7.2 Pushforward Formula (K-Theory)

In K-theory, the applicable operator is the Demazure operator [13]. Algebraically they are

defined for 1 <i <k —1 by

(1= Xip1)f —s((1 = Xipa)f)
Xi — Xipa

6:(f) =

for a polynomial f € Z[Xj,...,X;]. Similarly to cohomology, operators are defined for

permutations w € Si by 0,(f) = 0;,...0;,(f) if w = s;,...s;, is a reduced decomposition. As

L

before, we get some computations out of the way first.

Lemma 7.2.1. Let f,g € Z[ X}, ..., Xk].

1. If f is symmetric in the variables X; and X;.1, 6;(fg) = fdi(g).

2. Forv>q+1,

by (%) - s );))(())( =l

Proof. 1. If f is symmetric in X; and X, then s;(f) = f. From the definition,

_ (1= Xip1)fg —s:((1 = Xi41) f9)
Xi — Xin

(1= Xiy1)g —si((1 — Xi41)g)
X — Xin1

= fdi(g).



7.2. PusHFORWARD ForRMULA (K-THEORY) 63

2. Since i > g+ 1, s,-1(X;) = X;. Then applying the definition gives

5 <1—XZ-): 1 <(1—XZ~)(1—XQ)_S ((1—Xi)(1—Xq))>
T\X, - X)) X, - X, X, - X, ot X, - X;
_ 1 - X; < (1- Xq)(Xq—l - Xi) _ (1- Xq—l)(Xq - Xi) >
C X = X WX~ X)) (X = X)) (X1 — X0) (X, — X))
1—X; ([ Xy —Xi— X, Xoo1 + X, X — Xy + X + X, X1 — X1 X
qul - Xq < (qul - Xi)(Xq - Xi) )
1= X (X, (1= X) = X,(1- X))
X - X, ( (Xg-1 — Xi)(Xg — Xi) )
_ (1-X;)
B (qul - Xi)(Xq - X@)

Lemma 7.2.2. For a polynomial f € Z[Xj, ..., X§], with wy being the longest permutation
in Sy defined by wy(i) =k +1—ifor 1 <i <k,

5w0(f)zzw<f P Xl—X>

wESy

Proof. We proceed by induction on k, using the fact that wékH) = sl...skw(()k). The base case

k =1 holds trivially, so it required to show that

51...5k<2w<f II ;;jéj))z > w<f 11 ;iﬁé)

wESk 1<i<j<k wWESk41 1<i<j<k+1 "

For convenience, let g = > o w <f [Ticicj<n %) To compute d;...0x(g), we proceed
— —_ 1 J



64 CHAPTER 7. DIvIDED DIFFERENCE OPERATORS

by descending induction on ¢ to show

k+1

1 — Xpp1
5 5 1 )
k(9 ZS Sk (gHX Xk-',—l)
where s;...sp = id when ¢ = k + 1. The case where ¢ = k holds by definition:

1-X 1-X
519(9) _ ( k+1)g + s ( k-i-l)g '
Xk — Xk+1 Xk - Xk+1

For the induction step, we apply the definition to the ¢+ = ¢ term in the sum:

J=4q
k
oo (255 (1422
= Sq.--Sk <9j:1il 1j_—XXk:1)

For the terms in the sum with i > ¢ + 1, we use the symmetry of g and part (1) of Lemma

7.2.1 to get

k k+1
1 — Xgi1 1-X; 1-X;
s (9H X X> = o9 (.H m) (5%

j=q¢+1 7
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Then applying part (2) of Lemma 7.2.1 we have

k+1 k+1
1 — Xgi - 1 — Xpq1 (1 — Xl)z
Oq-18i-:-8k <g II X; — Xk+1> =SSk (gjzlll X; — X (Xg-1 — Xi)(Xy — X5)

( ﬁ 1_Xk+1>
]qu Xkt1

Then applying these results to the entire sum yields

kt1 e 1-X
vt = 3 (o [T 1)

i=q—1

This completes the induction step on ¢, and so we have that as ¢ — 1
k+1 k
1 — Xy
S;-.Sk | g .
IR Eos

Then from the fact that [T"_, 4= X’““ is symmetric in X to Xj, and 321! 5.5y, (Pwes, w(f)) =

i=1 X — Xt
z:wesk+1 w(f), we have

Or...0k(g) = Z w (f H %) .

WESkK+1 1<i<j<k+1

This completes the induction step on k and the proof. Il

With this we are able to show that the pushforward formula (Lemma 3.5.1) can be expressed

in terms of the divided difference operators.

Proposition 7.2.3. For f € Z[Z,, ..., Z;|[11, ..., Tn k), we have

T (f(Z;T)) = 0uo (Psf(X;T)),
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where Ps = Hi:ll Hf;i (Xi +T; — X;Tj).

Proof. Apply Lemma 3.5.1 to the left side of the equation and Lemma 7.2.2 to the right side

of the equation. The result on both sides is the same. O

7.3 Segre-MacPherson Classes

In a similar way, we can express Segre-MacPherson classes in terms of a divided difference
operator. The operator first appeared in [17] in the context of degenerate Hecke algebras.
Later these operators were used to study Chern-Schwartz-MacPherson classes, e.g. [2], [4],
[30]. Here we use T; = 0; + s;, and so expanding that definition we have

f—si(f)

Zi — Tiy1

Ti(f) = +5i(f).

As before, this definition applies to permutations w by T, = T;,..T;, if w = s;,...s;,. We

0"

first do some computations.

Lemma 7.3.1. Let f,g € Z[xq, ..., xg].

1. If f is symmetric in the variables x; and z;.1, T;(fg) = fTi(g).

2. Fori>p+1,

P Lp — Ly N (xp — 25)(wp1 — fCi)'

Proof. 1. If f is symmetric in z; and x;, 1, then s;(f) = f. Then

_ fg—si(fg)

Ti — Tit1

() T si(fg) = f (9‘—(” i si<g>) _ 1),

T — Tiy1



7.3. SEGRE-MACPHERSON CLASSES 67
2. Since i > p+1, s,-1(x;) = x;. Then

1 1 1 1 1
Tp_1 = — Sp—1 + Sp—1
Tp — X4 Tp—1 — Tp \Tp — T4 Tp — IT; Tp — X4

_ 1 <(xp_1 — ;) — (z, — :EJ) N 1
Tp1 = ap \ (2p1 — i) (2 — 24) Tp-1 = T;

- 1 L1
(Tp — i) (Tp1 — i) Tp1 —
1+ Tp — I;

(zp — @) (Tp1 — ;)

Lemma 7.3.2. For f € Z[x,...z,),

S n-Yufs T 500,

T
wESk wESy 1<i<j<k v

Proof. We proceed by induction on k. The base case holds trivially when £ = 1, since both

sides are the identity in that case. To complete the induction step, we use the fact that

A+ T+ ..+ T Te) > Tulf) = D Tulf).

wESy wESK 41

Then we are required to prove

(14 T+ o+ T T) Y w (f 11 %)

wESk 1<i<j<k v J

:Zw(f H %)

WESK41 1<i<j<k+1

For convenience we define g =37 ¢ w < fT<icj<n Lo > Then to complete the induc-

Ti—x;
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tion step we show

k+1 k
l+z,—x
(14T +..7,..Tx)(g9) = Z Si...Sk (gH x]—]“‘l>
i=q j=1

§ — Tk+1

by descending induction on ¢, where s;...sp = id when ¢ = k+1. The case case holds trivially

for ¢ = k + 1, since the identity is the identity. To do the induction step, we show

AR F 1+ T
| — Tt
T,.. Ti(g) = E S;...Sk <ng]—+)
i=p Jj=p

j — Tk41
k+1 k
1 —|— ZEj — xk—l—l
- Z Si--Sk | 9 H o — T
i=p+1 j=pt1 3T kAL

using descending induction on p. Again the base case holds trivially when p = k 4+ 1. To do
the induction step, we apply 7,,_; to the induction hypothesis. Since the operator is linear,
we apply it term-by-term in the two sums. We apply the operator to the i = p term in the

first sum to get

k k
1+x; — 2 1 1+2; — 2
T, 15,...5k | g J = sp.sk | g | ———

. Ty — T .
j=p h j=p
k
1 1 —f— ZL’j — mk—f—l
+Sp_1 —...5k gH—
Tp—1 — Tp i=p Tj — Th+1
k
1 + {L‘j — l‘k+1
+ Sp—1---Sk | G 7 .
j=p J k+1

Tp Tp—1—Tk41 —1—Tk+1 Tp—1—Tk41

Then from the fact that x%% = Sp...Sk <;> and that -—*— +g = s S
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. 1 11— . . .
(and in reverse also that & — gl ) we simplify this to
Tp—1—Tk+1 Tp—1—Tk+1

k k
1+ZL"—ZEk 14z, — Tk 1+I—l’k
Ty_15p...5k <ngJ—+1> = Sp_1...Sk (g p—1 +1 H j +1

; i — Tk+1 Tp—1 — Tk+1 5 Tj— Tk+1
j=p + p = +

k
+s Sk g1+$p_1—$k+1H1+ZEj—ZEk+1
Do
Tp—1 — Thk+1 i=p Tj — Tkt1

k
1 o
o (QHM>

; Tj — Tk+1
j=p +

k
14+2;,—x
= Sp—1---Sk (g H j—k—’—l>

jep-1 T T Tk

k
l1+z,— 2
+ Sp...Sg (g H J—kﬂ>

=1 Tj — T4

k
1 o
. <gHM> |

; Tj — Tk+1
j=p +

Then for the ¢ > p + 1 terms in the first sum, we have that because ¢ is symmetric in the
first k variables, s;...s;g is symmetric in the first i — 1 variables, and so using part (1) of

Lemma 7.3.1 gives

k
14z, — T
Tp—15i...5k <9H3—H>

. r; — T
j=p 7 ket
k
1 +x; — xp4a 1+x, -z
s |0 1L =202 ) T (20
j=p+1 7 k1 p ’

Now since 1;:3_“ = 1 -+ 1, we use part (2) of Lemma 7.3.1 with the fact that 7;(1) =

T Tp—2T
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0;(1) + s;(1) =04 1 =1 to obtain

1+, — Tk
p 15;.--Sk <9H ! H)

— Tk+1
k
1+xj—xk+1 1+$q—Ii
R H T, —x (v — ) (Tg_1 — ;)
j=p+1 J k+1 q 7 qg—1 i
k
1+ Lj — Th+1
+8;...5t | g _
r; — T
j=p+1 J k+1

Then applying symmetry to the terms in the second sum, we see that the whole thing is

symmetric in x,_; and x,, and so

k k
1 ;— 1 _
Tp—15i~-~3k (g | | M) = S;...5k <g | | +'33'] $k+1> ‘

i1 TP T Ten i1 T Te

Then combining these terms gives

k
14z — Tk+1 1+$‘—xk+1
Ty 15;.. Sl Al N S s
p-1% <<9H §— Tk41 ) <9H Tj — Tp

Jj=p+1
1+, —2x 1
o 7 k+1
= S;...Sk (gH  — " -
J=p J k+1 p—1 7
k
1+ Tj — Tky1
+ 8.5k | 9 —_—
T; — X
j=p+1 J k+1
k
1+ Tj — Tky1
— SiSk gH o — T
j=p J k+1

= S;...Sk

— s s f[1+$j—$k+1 1+$p_1—l’i_1
Bk 9 . Tj — Tyl Tp—1— T
J=p
k
].+.T — Ty

Tj — Ty

Tj — Tpt1

k
1 _
. (QHM>
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Then combining this result with the result for the ¢ = p term in the first sum gives

E+1 k 4+ —
Th—1 (Zsi...sk <gH]—kH)
i=p

: T;— T
j=p J k+1
k+1 k
I+ x; — o4
— S;... Sk | g #
i=p+1 j=pi1 I kt+1
k
L+ — oy
= Sp-1--5k | 9 H o — T
j=p—1 J k+1
k
I+x; — 24
s |9 [T ===
j=p—1 7 k+1

k+1 Eoy b - $k+1)
= S-Sk | g _
) ( 11

r; — T
Z:pfl ':p—l J k+1
k+1 k
L+ — xpp
— Si... Skl g # .
i=p j=p J k+1

This completes the induction step on p, which along with the induction hypothesis on g gives



72 CHAPTER 7. DIvIDED DIFFERENCE OPERATORS

that

k+1 k
1+2z,—2

’ r; —X
i=q j=q¢ k1
k+1 k
1+ X Tha1
+ E Si-Sk | g H
r; —X
i=q—1 Jj=q—1 J k+1
k+1 k
1+ Tj — Th+1
- E Si... Skl g H #
i=q j=q¢ 7 h
k+1 k
1+ Tj — Th+1
= E Si... Skl g H #
i—q—1 j=q-1 J k+1

This in turn completes the induction step on ¢q. Then taking ¢ — 1 we obtain

S ()= siosk <9HM>

— X
’u)GSk+1 =1 7j=1 k+1

Fo(e( )

x _
weSy 1<i<j<k+1 v

SR

LT Xy —
WESK41 1<i<j<k+1

This completes the induction on k£ and therefore the proof. [

Using this along with Theorem 5.0.1 allows us to express Segre-MacPherson classes in terms

of the operators T,,.

Theorem 7.3.3. For a partition A = (Ay,..., \x) with \; < N, the T-equivariant Segre-

MacPherson class of the Schubert cell in Gr(k, N + k) is given by

. [ @+ ty)
Q)\ Z T <H k-‘rlj—i-i-/\' .

weSy el | ARG O U P o 7)
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Proof. Starting with Theorem 5.0.1, we have

k k—i+\; k+1—i+X\; k
sT (M) =, (H ( II G+t 11 1+++tj .H (142 — zﬂ) N W“’])

i=1 \j=k+1—i j=1 =i+1

Applying Lemma 3.1.3 to this yields

k k—i+A;
12 (i + £5) 1+ —x;
Ao\ _ =1 J [
s () = Z w (H Hk+l]fi+)\i H — ik

weSy i=1 11j=1 L+ +t) G T

Then applying Lemma 7.3.2 to the right side of the claim gives the same result as above,

which is equal to the left side. [

7.4 Motivic Segre Classes

For motivic Segre classes, the operator is the Demazure-Lusztig operator from [6], given by

Ti(f) = 6:((1 + y%)f) — f. Using the definition of §; this becomes

Ti(f) =

(1-Xip)f+y(—Xp)f L <(1 — Xip)f +y(1 - Xi)f) g
Xi — X ' Xi— Xin .

Similarly to with the other operators, for a permutation w with reduced word decomposition
w = S;,...8;,, the operator T, is defined as 7, = T;,...7;,. As usual, we do some preliminary

computations:

Lemma 7.4.1. Let f,g € Z[ X, ... X].

1. If f is symmetric in X; and X;11, Ti(fg) = fTi(9).



74 CHAPTER 7. DIvIDED DIFFERENCE OPERATORS

2. Fori>p+1,

(1-X;)+y(1 - Xp)
Tpil ( Xp - X; )
(1 —X3) +y(1— X)) (1 - Xi) +y(1 — Xp1)
(Xp — Xi)(Xp-1 — Xi)
(1-X;)+y(1-X,)
(Xp - XZ)

Proof. 1. If f is symmetric in X; and X1, then s;(f) = f. Then

1-X;

T f9) = 8(1+ yp =) f9) = fo = F8((1+ yp—=)a) ~ fo = £T3(0)

using part (1) of Lemma 7.2.1.

2. Since i > p+1, s,_1(X;) = X;. Then by definition,

(1-X;)+y(l-X,)
7;71 ( Xp - Xi )
(1 —Xp) +y(1 — X ))((1 - X)) +y(1 — Xp))
(Xp - Xi)(prl - Xp)
L (((1 —Xp) +y(1 — Xp ) (1 — X5) +y(1 - Xp)))
P (Xp - Xi)<Xp71 - Xp)
(1-X;)+ ?J(l - Xp)
X, —X;
(1-X,)(1—X) +y((1 - X)) + (1 — X, )1 - Xi)) +97(1 — X)) (1 — X1
(Xp - Xi)(Xp—l - Xp)
(1— X, )1 = Xi) +y((1 - Xp1)* + (1 - Xp)(1 - X3) + (1 = X)) (1 — Xp1)
(Xp—l - Xi)(Xp—l - Xp)

Then combining the fractions with a common denominator, the expression becomes
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1
(Xp — Xi)(Xp1 — Xi)(X X,) (<1 - Xp)(1

- (1= Xp—l)(l - Xi)(Xp - Xi) +y(1— Xp)2<Xp—1 - Xi)
+y(1 - Xp—l)(l - Xi)(Xp—l - Xi) —y(1— Xp—1)2(Xp — Xj)

—y(l— Xp)<1 - Xi)(Xp —Xi) + 92(1 - Xp)(l - Xp—l)(Xp—l -

(1 - Xi) + ?/(1 - Xp)
X, —Xi ’

— (1= X,) (1= X, 1)(X, — X)) =

then expanding and refactoring, the expression becomes

1

X, — X)Xy = X) (X1 = Xy) (- xx

p—1 Xp)

y((Xp—l - Xp)[(l - Xpo—l —2X; + Xi(Xp + Xp—l))+

= Xi)(Xp-1 — Xi)

(1 - X,)(l - Xp - Xp—l + Xz)] + 92(1 - Xp)(l - Xp—1>(Xp—1 - Xp)>

_ ¥ )

p

~

Then with some further simplications, we have

(Xp — Xl)(lX 1 -X;) ((1 — X)) +y[(1 - X)(1 - X))+

(1—-X)(1 = Xp1) = (X, — Xi) (X1 — X)) +9°(1 — X,)(1 - qu))

(1 - Xz') + ?J(l - Xp)
X, — X
(1 =X) +y( = X)) (A= X;) +y(l — Xp1))

- (X, — X)(X, 1 — X,) -

5



76 CHAPTER 7. DIvIDED DIFFERENCE OPERATORS

Lemma 7.4.2. Given a polynomial f € Z[Xq, ..., X|, we have

§jnm=§jw@ 1T Yo x ).

weSy, weSy, 1<i<j<k J
Proof. We proceed by induction on k. The base case is k£ = 1, which holds trivially.

So assume that

weSy weSy 1<i<j<k X 9

}:7Mﬂ——§:w(f I 1- Xf+m1 Xl)
Tw

We apply (1+ T+ Te—1Tr + ...+ T1...T) to both sides to get > (f) on the left side.

MGSk+1
Using
(1 - X)) +y(1 - X)
- yufs Ny
weSy, 1<i<j<k v J

for convenience, we are required to show that

k+1 k
(1= Xp1) +y(1 — X))
I+ T+ + T Te)(g Zsz sk<g£[1 X, X :

where s;...s; is the identity permutation when i = k + 1. We accomplish this by descending
induction on ¢ to show

k+1

A+Te+...+T5..Te)(9) = ZSZ .S); (gH L= Xip1) —|—y(1—X)>'

Xj— Xip

Then as ¢ — 1, we get the required result. To show this, we again use descending induction
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on p to show

Xj — Xpp1
k k

—iﬁy%g (1= Xi) +y(1 — X))
. ‘ . X — Xkt

Then as p — g, the result is obtained.

ﬁa—xwwwu—&v

To show this, we look at 7,-1(7,...Tx(g)). Since the operators are linear, we look at things
term-by-term. For the i = p term in the first sum (which does not have a counterpart in the

second sum), we apply the definition for 7,1 to get

k
(1-X +y(l-X;
Trotsprst (gn o >)
j=p k+1

(=X +y(l - X, f[1—XH1+yu—XJ
Xp—l - Xp J=p X Xk+1

k
(1_Xp)+y(1_Xp1 (1= Xp1) +y(1 - X)
+ Spfl < Xp_l . Xp sp Sk | g H X Xk+1

Jj=

k
(1= Xpi1) +y(1 = X))
— Sp...Sk | g .
’ ’“( E Xj — X

Applying (sp...85) "t = Sg...sp tO (I_X)"():i(_l;(fp’l) yields

(1-Xp) +y( =X, i) — 5.5k ((1_Xk+1)+?/(1_Xp1)>
Xp—l - Xp P Xp—l - Xk’—i—l
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As a result, we can simplify the previous expression to

Tp—15p...Sk <9 H R L Xj))

Jj=p Xj — Xent
k
(1 — Xpy1) +y(1 = Xj)
= S,...S
s (gjzpn_l L) 0

= X)) Fy(1— X))
I e

J
k
(1 — Xppr) +y(1 — Xj)
— Sp...S .

For the other terms, we recognize that since g is symmetric in the first & variables, s;...s.(g)

is symmetric in the first ¢ — 1 variables, and so Tp_1(S;...sk(f9)) = Si-..56(9) Tp=1(Si---5x([f))

(Hk (1*Xk+l)+y(1*Xj))

for any polynomial f aslong as 7 > p+1. Then in the product s;...sy iep s owe

only the j = p term will include X, or X,_; for ¢« > p + 1, so the others can be pulled out

and we have

1 — Xpy1) +y(1 = X;)
—154---Sk (gH X Xk+1

= S;...Sk (g H (1 - Xk'H) + y(l B X])) 7;_1 ((1 — Xz) + y(l _ Xp)) |

Jopt Xj — Xgp1 X

p— Xi

Now we apply part (2) of Lemma 7.4.1 to calculate this.

(1=Xg41)+y(1-X;)

Then for the other sum, the terms are —s;...sx(g H;?:pﬂ o o

) for i > p—+1. None

of these include X, or X,,_; anywhere, and so they are symmetric in those variables and so
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T,—1 of these terms is just these terms times 7,_1(1). We have

1-X 1—X,_ 1-X 1—X,_
Tp—l(l): ( p)+y( P 1>+3i(( p)+y( p 1)
Xpo1— X, Xpo1 — X,
(Xp—l - Xp) + ?/(Xp - Xp—l)

—1=-y.
Xp1 = Xp /

Then using these results, we have

k41 k

(1—Xpp) +y(l—Xj))
T, i
p—1 (iz;s Sk <9H X; — Xpoa

j
— kjri sise | g ﬁ (1 = Xi1) +y(1 - Xj)
A i---Sk - Xj _Xk+1
k

(1—Xp1) +y(l —Xj)
J

f1<1—xﬂa+ya—X»>

+ Sp—15p...Sk | 9
p p ( ; Xj _Xk+1

i—p—1

k
1= X)) +y(1 = X))
— Sp...Sk (gH Xj — Xk+1

J
k41 oo (g ﬁ (1—Xp1)+y(l—Xj)
i---Sk ' Xj — Xk+1

y(1 — Xp) (1 = Xp1) +y(1 = X))
Xp = X)) (Xp-1 — Xgs1)

(—y)

N, %<gf1<1—xmn+yu—xw>
1 j=p+1 Xj = X

+1 +1
1-X 1-X,;
&m%<911( et) +y(1 - X))
1 J

i=p— =p—1 Xj = X

k k

- T 0= X)) +y(1 = X))
- E Si..Sk | g )

- L. X; — X

1=p J=p

)1

- Y

79
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This completes the induction step, proving that

k1
1= X)) +y(1 = X))
ZSZ o (gH Xj— Xis

Using this gives

ﬁ — Xp1) +y(1 — Xj)
- Xj— Xps1

k+1 k1 k+1
Zﬁﬁ(g) = ZZsi...sk <

p=1 p=1 i=p Jj=p
_§ % — (Q ﬁ (1—Xk+1)+y(1—Xj)>
p=1 i=p+1 j=p+1 Xj = X1
k+1 k
:ZS' s H (1= Xpp1) +y(1 = X))
. ie-Sk 1 X Xk+1 .

Then by the definition of g we have

AR 1— X 1- X
I

k+1 k
B (1—X;)+ (1 - Xe1) +y(1 - X5)
— Z D sispw (f ( H X, — X] H X, — Xpia
i=1 weSk 1<i<j<k i=1
(1= X)) +y(1 - X)
WESK41 1<i<j<k
This completes the proof. [

Using this we can express the Motivic Segre class in terms of this operator.

Theorem 7.4.3. For a partition A = (Aq,..., A\x) with A\; < N, the T-equivariant motivic
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Segre class of the Schubert cell in Gr(k, N + k) is given by
mS, (W° — Gr(k, N + k))

k k—it+); X+T XT)
:27@(1—! H 1+y(1— X, — T; + X,T5)

wESk

k  k+1—i+X;

I TI (X + T — XT5)
pale L+y(1-X; = T; + XiT))

J=1

Proof. Starting with Theorem 6.0.2, we have

mSy (W — Gr(k, N + k)) =

k k*i‘i’/\i H )\T(E\/ ® ,C)
X 1+ )L ®CY 1-[L,CY i=itl’y .
T (]1( y)l feit six ]JL[H( [ d)m+11 TNI(CY @ )

Then using the variables Z; = 1 — [£;] and T; = 1 — [C;/] this becomes

K
T (H(l +y) (1 = Zi = Tivr-ivn, + ZiThi1-i1a,)

i=1
G LN+ T - 4T) ' -7
H k+1—i+; H 1+y1_Z, ’
[L5 ™0 4+y(= Zi- T+ 41))

i=1 11j=1 j=i+1 J

Now applying Lemma 3.5.1 gives

mS, (M — Gr(k, N + k)) =

k
> w ((H(l +y) (1= Xi — Thpa—in + XiTk-‘rl—i-&-)\z‘))

wWES =1
ﬁ H’“ N(X 4T — XiT)
P H’““ TN+ y(1 - X = Ty 4 X,Ty))

(1 (o) (2))
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Simplifying (1 + yi:;(]) ( ;__);]) gives % Then we use the fact that

(1+y) (1 —Xi = Thg1—ien, + XiThr1-itn,)
=[14+y(1 = X; = Thr1—itn, + XiThr1-i2,]

— [Xi + Tepr1—ivn; — XiThq1—itn,]

to simplify things. Then applying Lemma 7.4.2 to the right side of the claim yields the same
thing. [
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