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Maurizio Paschero

ABSTRACT

A rather thorough and novel buckling analysis of an axially-loaded orthotropic circular
cylindrical shell is formulated. The analysis assumes prebuckling rotations are negligible
and uses a unique re-defining of the orthotropic material properties in terms of a so-called
geometric mean isotropic (GMI) material. Closed-form expressions for the buckling stress in
terms of cylinder geometry and orthotropic material properties are presented, the particular
closed form depending on the specific character of the orthotropic material relative to the
GMI material. With the formulation, the specific character of the buckling deformations -
e.g., axisymmetric or nonaxisymmetric, the number of axial and circumferential waves - can
be established. By using the maximum radius of curvature of an elliptical cross section in
this formulation, the analysis is used to demonstrate the detrimental effects of an elliptical
cross section on axial buckling capacity when compared to a circular cross section with the
same circumference. Using the circumferentially-varying radius of curvature of an elliptical
cross section, the analysis is then further used as the basis for developing two methods for
improving the axial buckling capacity of elliptical cylinders. The first approach involves
varying the wall thickness of an isotropic elliptical cylinder with circumferential position.
Uniformly stable elliptical cross sections which preserve the same critical stress, critical
load, or volume of an axially loaded circular cylinder of the same circumference are designed
with the formulation. The second approach involves maintaining a uniform wall thickness
but varying the orthotropic material properties with circumferential position. This approach
is applied to a cylindrical lattice structure where it is assumed that the ribs are dense enough
to be able to describe the lattice structure by means of an equivalent homogenized material.
The orthotropic properties of the homogenized material are varied by varying the lattice rib
angle with circumferential position. Considerable recovery of the axial buckling capacity of
the variable-rib-angle design elliptical cylinder compared to the same cylinder constructed in
isogrid fashion is demonstrated. In fact, recovery relative to an isogrid circular cylinder of the



same circumference is demonstrated. For both approaches confirming finite element models
are used to verify the findings. The two different approaches are compared, and finally the
two approaches are recognized as special cases of a more general design philosophy.
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Chapter 1

Literature review and overview of the

dissertation

1.1 Introduction

Among the many aspects of interest in the study of structures, stability plays a fun-
damental role. Thin-walled shells are particularly susceptible to a loss of stability. In some
cases this loss of stability causes the structure to collapse. Consequently, it is of unquestion-
able importance to have a full understanding of the stability behavior of shells in order to
produce suitable designs for practical purposes. A thin-walled cylinder is a prime example
of a structure for which stability is an important consideration. Most cylindrical structures
are constructed with a circular cross section because of the efficiency of the circular shape
in reacting, for example, to internal and external pressure, and to torsional, bending, and
axial loads. Therefore, much has been written regarding the stability of cylinders subjected
to a variety of loads. A glance at the recent book by Jones [1] illustrates this point by way

of the long list of references on the topic.

Cylinders with noncircular cross sections, on the other hand, are not so common. Ac-
cordingly, there is considerably less written about their stability, or for that matter, any
other aspect of their structural response. Yet, there are applications where a noncircular

cross section may be required because it provides a measurable advantage relative to a circu-



lar cross section. For example, blended-wing-body aircraft design could take advantage of a
noncircular fuselage cross section to provide a flatter underbody and a smoother shape that
could enhance aerodynamic performance. Likewise, submersible vehicles with noncircular
cross sections may prove to have an advantage. From a different perspective, it may be that
geometric constraints would dictate a noncircular design for tankage. Unfortunately, for a
given circumference, length, and thickness, and therefore weight, relative to a cylinder with
a circular cross section a cylinder with a noncircular cross section cannot support the same
level of load, for a variety of loading types. The primary objective of this dissertation is to
investigate two specific concepts designed to overcome this disadvantage. An axial loading

is considered, but the concepts have broad implications.

To follow is a brief review of studies concerning the stability of shells. Particular atten-
tion will be devoted to cylindrical shells having a noncircular cross-section. Both isotropic
and anisotropic composite materials will be considered. A section will be devoted to the
literature on stiffened and lattice structures, as one of the concepts investigated in this
dissertation to improve the load capacity of noncircular cylinders will address noncircular
lattice cylinders. Finally, more specific details of the objectives of the work discussed in this

dissertation will be given, and an overview of this document will be presented.

1.2 Classical theory of elastic stability of shells

The unstable behavior of shell-like structures has been experimentally observed since
the XIX™ century in tubes under external pressure [2]. Even though a rough theoretical
background was given in that century [3], a more general and complete theory for the stability
of shells was developed only in the XX century. The first studies on stability of shells
assumed a membrane state and no kind of imperfection. Based on those hypotheses it was
determined that instability resulted in small, often localized, superposed bending [4, 5, 6, 7]
deformation. Experimental works, that were carried out in the 1920s in order to validate
those theories, resulted in much lower values for the critical load than the one theoretically
predicted. Consequently, new approaches were proposed in order to find better agreement

with the experimental results. Nonlinear equations, which were able to describe the pre- and



postbucking state of a shell, were derived by Donnell [8], Marguerre [9], and Mushtari [10].
Karman and Tsien applied those equations to the study of cylindrical shells subjected to
compressive load in the axial direction [11]. They found unstable behavior up to a certain
minimum load, followed by a stable region. This lower bound for the load was called the
lower critical load. The lower critical load was considered for a while a good estimation of
the instability of shells suitable to be used for design purposes [12]. The classical critical
load was further investigated, attributing to the imperfections of the material the drop of the
experimentally-found critical load with respect to the theoretical one. General consideration
on the effect of imperfections on the estimation of the critical load were performed by Koiter
[13] and Budiansky [14]. The set of nonlinear equations taking into account imperfections
were derived in [8], even though effective solutions were given some years later in [15, 16].
Those studies seem to highlight that the classical critical load becomes meaningful in the limit
for vanishing imperfections. More precisely, it seemed to be proven that any imperfection
results in a drop of the critical load. A set of experiments conducted mainly by Tennyson
using the photoelasticity phenomenon and high speed cameras [17, 18, 19] found reasonable
agreement with the theory. More precisely, the critical buckling loads were found to agree
within 10 — 14% of the classical value, or within a few percent of the reduced buckling load

when taking into account the clamped end constraint.

1.3 Stability of noncircular cylindrical shells

In this section a brief review of the literature on the noncircular cylindrical shells will
be given. Isotropic and fiber-reinforced composite materials will be treated in two different
subsections. The main difference between a circular cylinder and a noncircular one is that
while the curvature of the first one is constant in the circumferential direction, the curvature
of the second one generally changes point by point in the circumferential direction. Usually
the curvature is described by means of the radius of curvature R that for a noncircular
cylinder becomes a function of a parameter which describes the variation of the cross-sectional
geometry. A common choice is to use as a parameter the curvilinear abscissa s, which has the
geometrical meaning of the length of the arc spanned moving around the the circumference

from a reference point to another point. Other parameter choices can be made. A common



technique to represent a variable curvature is to expand it in a Fourier series of the form

st) - Rio <1 + iak cos (4?5» (1.1)

where C' is the circumference of the cyinder. It should be noted that the factor Ry in

(1.1) can be interpreted as the radius of curvature of a circular cylinder having an equivalent
circumference, while the coefficients a;, take into account the correction needed to produce the
actual noncircular shape. Equation (1.1) was initially introduced by Marguerre to describe
an elliptical cross section [20], but it can be used for any section having two orthogonal axes of
symmetry. The convergence of (1.1) for an elliptical cross section was investigated in [21, 22].
In [23, 24] and [25] only two terms in the expansion (1.1) were used in order to describe a
closed oval cylindrical shell. The nonlinear governing equations needed to investigate the
stability behavior of isotropic and anisotropic noncircular cylindrical shells were derived in
21, 22, 26, 27, 28]. A model taking into account the effect of the transverse shear deformation
was derived in [28, 29], while a theory that accounts for both transverse normal and transverse
shear deformations was proposed in [30, 31]. Finally, three-dimensional elasticity models were

developed in [32].

1.3.1 Stability of isotropic noncircular cylindrical shells

The majority of the earlier works on the stability of noncircular cylindrical shells were
concerned with isotropic materials due to the simplicity of their constitutive equations rel-
ative to those for anisotropic materials. The necessity to deal with simpler equations also
motivated the first investigators to assume in most of those works a membrane prebuckling
deformation state. Moreover, in order to avoid the influence of the boundary conditions on
the stability of the structure, they assumed infinitely-long cylinders. As a result of the latter
assumption, the prebuckling rotations of boundary conditions were not included, thus avoid-
ing the complications of localized bending effects at the ends of the cylinder. The first work
that investigated the stability of a noncircular cylinder seems to be [33], where pure overall
bending was considered. As mentioned in the previous section, after a long debate most of

the researchers agreed that the large discrepancy between the classical critical load and the



one experimentally-found could be attributed to the imperfections of the shells. This obser-
vation was historically one of the main reasons that brought researchers to study noncircular
cross section cylindrical shells; they were in fact used to model geometric imperfections on
circular shells. As mentioned before, Marguerre was the first one to express the curvature of
a noncircular section having biaxial symmetry as a trigonometric series [20]. This approach
implements the idea of considering a noncircular cross-section as a perturbation of a circu-
lar one, another interpretation of (1.1). Kempner and Chen [26, 34] used the Marguerre’s
technique to develop a geometrically nonlinear analysis of an oval cylinder under axial load
based on a variational approach. They consider an infinitely-long cylinder and modeled the
variable curvature with a two-term Fourier series using (1.1). Numerical results were derived
through the Ritz method. The main results of their work can be summarized by saying
that the bucking phenomenon on a noncircular shell starts from the region having minimum
curvature, i.e., the location where the shell is flatter. This result can be expressed in a neater
way by saying that the critical load of a thin shell having a noncircular section approaches
that of a circular section having a radius equal to the maximum radius of curvature found
spanning the whole noncircular circumference. A direct consequence of this behavior is that
the more the eccentricity of a section increases, the more the critical load decreases rela-
tive to the circular case. Another interesting result found by Kempner and Chen is that
although the critical load of a noncircular cylindrical shell decreases with respect to that of a
circular section having the same circumferential length, the postbuckling stiffness of an oval
section is larger than the stiffness of a circular one. This increased stiffness is due to the
regions of high curvature at the ends of the major radius not participating in the buckling
deformations and thus able to continue to support load. Further theoretical studies on the
postbuckling of noncircular cylindrical shells [35, 36] highlight that the more the eccentricity
of the section increases, the more the snap-though phenomenon, which occurs when the axial
load exceeds the critical value, is moderated. Experimental results found good agreement
with the theoretical predictions. More accurate analysis, including more nonlinear terms
in the strain-displacement relations, was performed in [37], where the buckling behavior of
axially compressed elliptical cones and cylinders, for both the perfect and imperfect cases,
were studied. In [38] the effect of the introduction of clamped boundary conditions on the

stability of isotropic noncircular cylinders was studied in order to account for nonmembrane



prebuckling deformations. The correction due to the effects of the clamped boundaries on
the critical load predicted by theories based on infinite-length cylinders has been found to
be moderate for low eccentricity cross sections. Theoretical predictions were confirmed by

experimental results [39].

1.3.2 Stability of noncircular composite cylindrical shells

The studies of the stability of noncircular composite shells are much more recent than
the studies of isotropic shells. An early contribution in this direction is found in [40], where
the instability under axial compression of oval symmetric and antisymmetric cross-ply lami-
nated cylinders was studied using the Donnell-Mustari-Vlasov (so-called DMV) shallow-shell
theory, which will be briefly discussed in Chapter 2. The results of this study provided evi-
dence that for the antisymmetric laminates they considered the bending-extension coupling
decreased quite rapidly as the number of layers increased. A similar approach was used
in [27] in order to show that the stability performance of symmetric cross-ply noncircular
infinite-length cylinders are quite insensitive to imperfections for a wide range of eccentrici-
ties. An analysis taking into account the most general boundary conditions was performed
in [41, 42] using a Galerkin approach based on a Marguerre-like series expansion of the radius
of curvature. In this work it was shown that the coupling between axial and circumferential
modes becomes more relevant as the eccentricity increases. It was also shown that noncir-
cular laminated composite shells are less sensitive to imperfection relative to circular ones.
This behavior becomes more evident as the eccentricity increases. In [28, 29] a Love-type
parabolic shear deformation shell theory was applied to a noncircular laminated shell. The
buckling load of a cross-ply laminated cylinder under axial compression was derived through
the Galerkin method. The results of this work showed that taking into account shear defor-
mations produces a more conservative estimation of the buckling load. It was also observed
that the effect of transverse shear deformations decreases as the eccentricity increases. In
more recent years a formulation taking into account transverse normal and transverse shear
deformations was proposed in [30, 31]. In this work a trigonometric series expansions of the
displacements, including higher order terms, was assumed. Generalized variables associated

with zig-zag functions were included in the model. The solutions obtained through a finite el-



ement approach showed that the coupling between axial and circumferential modes increased
as the eccentricity increased, as was found in [41, 42]. Recently Sun [43] investigated the
effects of the fiber orientation on the stability of an elliptical [£6,0,0]s composite cylinder.
A procedure to vary the angle 6 around the circumference was proposed and numerically
validated. An improvement of the axial load capability up to 30% relative to an elliptical

cylinder with quasi-isotropic laminate was obtained.

1.4 Stability of cylindrical stiffened shells

The introduction of properly spaced stiffeners can be used to increase the stability
performance of a cylindrical shell and lower its weight. In a cylindrical shell the longitudinal
stiffeners are usually referred to as stringers, while the circumferential ones are referred to
as ribs. The usefulness of stiffeners can be understood by realizing that the global bending
stiffness of the shell is significantly increased. The danger of local buckling, typical of thin
shells, is avoided by the use of properly spaced reinforcements. The first contributions to
the optimal design of stiffened cylindrical shells go back to the late 1940s. Pure bending
of a cylindrical shell was discussed in [44, 45]. The so-called optimum design was achieved
by equating the global and the local buckling loads, a so-called simultaneous mode design.
Modal interaction was not considered. The literature on the stability of stiffened cylindrical
shells is quite large. Here the most relevant contributions investigating the stability of
reinforced shells under compressive axial load will be discussed. In [46] an analysis of perfect
shells with rectangular cross section stiffeners under axial compressive load was reported. In
[47] the effect of the eccentricity on longitudinal and circumferential stiffeners was considered.
In [48] the use of different material combinations was investigated. In [49] the optimal shape
of stiffeners was discussed. In [50] experimental investigations of stiffened cylinders under
axial compression was discussed. In [51, 52] the influence of imperfections on the stability of
stiffened cylindrical shells under compressive load was discussed. The influence of the shape
of the cross section of the stiffeners was considered in [53]. In [54] the influence of boundary
conditions on the buckling of stiffened cylindrical shells was investigated. The stiffener
eccentricity effect on the initial postbuckling behavior of stringer- or ring-stiffened laminated

composite circular cylindrical shells subjected to axial compression was investigated in [55]



using the general Koiter’s theory. It was found that, in every case studied, external stiffening
was more efficient than internal stiffening. Moreover, it was highlighted that the buckling and
initial postbuckling behavior of stiffened laminated cylinders were significantly influenced by
the laminate configuration. In [56] the nonaxisymmetric buckling of stiffened shells was
investigated through both static and dynamic analyses. Recently, there has been an interest
in stiffening of shell structures using a so-called lattice approach, also referred to as isogrid

stiffening. With this approach, as illustrated in Fig. 1.1, a network of beam-like elements

Figure 1.1: Examples of isogrid lattice structure

are joined to form a lattice with a triangle as the basis. The isogrid concept is based on the
included angle between the ribs of each triangle being 60°. With this rib angle the inplane
elastic behavior of the lattice is the same in all directions, hence the prefix ”iso”. The cross-
sectional dimensions and elastic properties of the ribs, as well as the overall dimension of
the basic triangle, control the properties of the lattice structure. The lattice structure can
actually be sandwiched between two thin layers of material to form a sandwich structure
with the lattice as a core. Lattice-based cylinders have been shown to be quite efficient in
resisting axial buckling. A generalization of isogrid structure can be obtained by allowing
the included angle between the ribs to assume values different from 60°. This relaxation of
geometry produces a structure which does not exhibit isotropic behavior. For this reason

these structures are usually referred to as anisogrid lattice structures. An example of an



anisogrid lattice is shown in Fig. 1.2. In [57] a combined analytical and experimental study

Figure 1.2: Example of anisogrid lattice structure

on buckling and postbuckling of an isogrid stiffened shell is reported. In [58] the basic
design concepts and industrial design fabrication methods of anisogrid lattice structures are
presented, together with experimental testing and serial development methodologies in the
former Soviet Union. Analogous progress in the fabrication, analysis, and design methods
of anisogrid stiffened structures achieved mostly in the United states is reported in [59, 60].
There are disadvantages to lattice structures that have slowed their development, not the
least of which is the difficulty in fabricating such structures, particularly the verticies of
the triangles. Repair of a lattice structure is also an issue, though it can be argued that a

lattice-stiffened structure is more damage tolerant than a conventionally-stiffened structure.

1.5 Overview of the dissertation

As has been discussed, after considerable debate most researchers agreed that classical
critical load becomes meaningful in the limit of vanishing imperfections. Moreover, classical
results of thin shell theory showed how the load capability of a circular cylinder under axial
compression decreases as soon as any eccentricity is assigned to the cross section. As Sun [43]
has shown, it is possible to improve the axial load capability of fiber-reinforced composite
cylinders with elliptical cross-section by varying the fiber orientation with the circumferential
position. But, what can be done for an elliptical cylinder made using an isotropic material?
About the only possible solution is to vary wall thickness with circumferential position. But

how should the thickness be varied with circumferential position? And considering a lattice



structure in the form of an elliptical cylinder, it may be that rib angles other than 60°
lead to improved axial load capability. This is potentially true if the rib angle is allowed
to vary with circumferential position, much like Sun [43] allowed the fiber angle to vary
with circumferential position. Again, there is the question of determining the rule by which
the rib angle varies with circumferential position. The purpose of this dissertation is to
investigate both concepts, and develop the rules. However, these two problems are not
investigated as unrelated problems. Rather they are investigated as variations of the same

concept, specifically, the same design philosophy.

This dissertation actually presents three important and new developments. Specifically,
as a tool for improving the axial buckling capacity of elliptical isotropic and lattice cylinders,
and as a prelude to those two studies, a buckling analysis of circular orthotropic cylinders is
developed using a rather unique viewpoint. The viewpoint, which is based on the definition
of a so-called Geometric Mean Isotropic (GMI) material, results in simple expressions for the
axial buckling capacity of circular orthotropic cylinders, the expression being valid depending
on the character of the orthtropic material relative to the GMI material. The approach
also presents several methods to determine the character of the buckling deformations as a
function of material orthotropy, including the case of multiple buckling deformation patterns

for the same buckling load. Therefore, the objectives of the proposed research are to

1. Develop a buckling analysis for circular orthotropic cylinders

2. Develop an approach for improving the axial buckling capacity of an isotropic elliptical

cylinder by varying the thickness of the cylinder wall with circumferential location

3. Develop a lattice geometry that varies with circumferential position so as to improve

the axial load capability of an elliptical lattice cylinder

For the third objective only the lattice network is addressed. No attached thin layers are
considered. As the geometry of the lattice structure is to be varied with circumferential
location, it is important to understand the behavior of the lattice network itself. Considering
a variable geometry lattice with attached thin layers, say, composite layers, within which the
fiber angles could also vary with position is considered a very complex problem, one beyond

the scope of the present study.
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A brief overview of the present dissertation in given below:

e In Chapter 2 is presented the theory of surfaces as it applies to cylindrical shells,
the kinematic relations, and assumed constitutive behavior for Donnell-Mustari-Vlasov
(DMV) shell theory as it is used here. The governing equilibrium equations and bound-
ary conditions, as well as the stability equations and accompanying boundary conditions

are presented.

e In Chapter 3 the buckling analysis of orthotropic cylinders subjected to an axial load
is developed. This is the first objective of this study. The Geometic Mean Isotropic
material is defined, the polynomial expressions which determine the buckling load are
closely examined, simple expressions for the buckling load are derived, and the buckling

deformation pattern is analysed.

e In Chapter 4 the representation of a lattice structure as an equivalent orthotropic
material is used with the analysis developed in Ch. 3. The axial buckling behavior of
a circular lattice cylinder is expressed in terms of the rib angle, which in this Chapter
is assumed constant with circumferential position. It is shown that there is a rib angle
for which the buckling load is a maximum, and over a range of rib angles the buckling

deformations are axisymmetric.

e In Chapter 5 is defined the geometry and nomenclature of elliptical cylinders. The loss
of axial load capacity of an isotropic elliptical cylinder relative to a circular cylinder
of the same circumference, length, and wall thickness is quantified. The theoretical
analysis is numerically validated for aluminum and isogrid cylinder. A philosophical
view of the approaches proposed to improve the axial load capacity of an isotropic

cylinder and a lattice cylinder is presented.

e In Chapter 6 is proposed the variation of wall thickness with circumferential position of
an isotropic cylinder to mitigate the loss of capacity relative to a circular cylinder. This
is the second objective of this study. An analytical treatment of the problem is used to
quantify the results for three different designs of wall thickness variation, all of which
show improved capacity. The improvements are verified by way of a finite-element

analysis of the same designs.
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e In Chapter 7 is investigated the use of a variable geometry lattice, by virtue of varying
the rib angle, to improve the axial buckling behavior of an elliptical lattice cylinder
having the same circunference of a constant geometry circular lattice cylinder. A semi-
analytical treatment of the problem is used to quantify the results for one design of rib
angle variation. The improvement is verified by way of a finite-element analysis of the
same design. The design is performed assuming the lattice structure is dense enough
to be smeared. Once the variation of the rib angle with circumferetnial position is

determined, a procedure to obtain the variable geometry grid is studied.

e In Chapter 8 are summarized the key findings and conclusions of the study and a
comparison between the two complementary approaches proposed in Chapters 6 and 7

is given. Recommendations for future work are presented.
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Chapter 2

Fundamental equations of

quasi-shallow shells

2.1 Introduction

In this Chapter the basic principles, relations, and equations for developing a shell
theory in the context of the assumptions of the Donnell-Mushtari-Vlasov shell theory are
presented to serve as a reference. The material in this Chapter is not new, but it is included

for completeness.

2.2 Geometry of surfaces

Consider a Cartesian reference coordinate system X; ¢ =1,2,3 and a smooth surface
embedded in the three-dimensional space, as shown in Fig. 2.1. The coordinates of each

point P belonging to the surface are given by the following vector equation
I'(.Tl, .I'Q) = X1 (l’l, 1’2)1 —+ Xg(ﬂ?l, .I'Q)j —+ Xg(ﬂ?l, .TQ)IA{ (21)

where i, j and k are the unit vectors of the Cartesian reference, while x1, x5 are two generic

parameters used to describe the geometry of the surface. The parameters x; and xo can
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Figure 2.1: Geometry of the reference surface

be interpreted as a two-dimensional system of curvilinear coordinates lying on the surface.
When each coordinate line, obtained by setting x; = const, is perpendicular point by point to
the other coordinate line, obtained by setting xo = const, the curvilinear coordinates x; and
xo will be referred to as orthogonal curvilinear coordinates. In the following only orthogonal
coordinate system will be taken under consideration. Consider now a second point P’ in the
immediate vicinity of the point P. The increment of the radius vector r(xi,xs) from the

point P to the generic point P’ can be expressed as

Or(xl,zg)dxl N Or (1, x2)

al'l 01'2 dl’g (22)

dr(xy,z9) =

For convenience of notation special symbols will be use to indicate the partial derivative of
the vector r(xy,zy) with respect to the curvilinear coordinates z; and z3. The following
notation will be adopted

or (1, x2)

81’1

Or (w1, x2)

851,’2 = AQ($1,$2)£2($1,$2) (23)

= A1($1,$2)f1($€1,$2)
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where Aj(z1,x2) and Ay(xy, z2) are scalar quantities equal to the modulus of the increment
dr(x1, z5) along the x; and 5 direction, while f:l(:zl, x9) and fg(xl, x9) are vectorial quantities
representing the the unit vector tangent to the x; and x5 coordinate axes, respectively. The
scalar quantities A;(z1,x2) and As(xq,z5) are usually referred to as Lamé’s parameters. It
should be noted that, due to the orthogonality of the curvilinear coordinates x; and x5, the

scalar product between ’El(xl, x9) and fg(scl, x9) vanishes. Symbolically,

~ ~

tl(l'l,l’g) . tg(l'l,l’g) =0 (24)

It is useful to introduce a third unit vector forming an orthogonal triad with the two tan-
gent vectors ti(x1,xs) and to(zy,z5). This unit vector, representing the outward normal
to the surface, can be defined through the cross product between t(x1, z2) and to(zy, z3).
Symbolically,

~

fl(.flfl,xg) = {31(51717252) /\tg(l‘l,l’g) (25)
Based on (2.5) the two following relations are verified

~ ~

fl(l’l,l’g) . tl(l’l,l’g) =0 fl(l’l,l’g) . tg(l’l,l’g) =0 (26)

For convenience of notation the explicit dependence on z; and x5 of all the quantities of
interest will be omitted in what follows. The infinitesimal arc length ds joining the points
P and P’ will be equal to the modulus of the increment dr. For convenience of notation the

quantity ds* will be taken into consideration. Using (2.4)
ds* = |dr|* = dr - dr = A3dx? + A3da) (2.7)

Equation (2.7) is usually referred to as the first fundamental quadratic form of a surface.
The two principal curvatures of the surface will be referred to as k; and k3. They can
be defined as the inverse of the radius of curvature R; and R, along the two orthogonal
coordinate directions x; and x5. It can be proven that it is always possible to describe a
smooth surface by means of a set of orthogonal coordinates by choosing those coordinates to
coincide with the direction of the principal curvatures, or conversely, the curvatures along a

set of orthogonal coordinates are the principal curvatures. Based on the Frenet’s formulas
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it can be seen that the curvature of the surface, along the x; direction, coincides with the
modulus of the vector defined as the partial derivative of the unit vector t; with respect to
s1, where s; is the arc length along the x; direction. This vector has the same direction as
the unit normal to the surface n, even if it has opposite orientation. Consequently the sign

of its modulus must be changed. By setting dxs = 0 in (2.7) the relation becomes
dSl = Aldl’l (28)

Based on these arguments, the curvature x; along the coordinate line x; can be obtained by
taking the scalar product between the partial derivative of the unit vector t; with respect to

infinitesimal arc length ds; and the normal unit vector with the sign changed. In symbols

1 oty 1 O°r
-~ —_p. - . 2.9

& Rl n 081 A% <n 8:):%) ( )
Similarly the curvature ko along the z5 coordinate line can be defined as

1 Loty 1 [ O
= = (0 5) (210

Before closing this section it should be noted that the Lamé coefficients A; and A, and
the principal radii of curvature R; and R, can not be chosen arbitrarily. In fact they are

related by the so called Gauss-Codazzi equations. The compatibility equations are

O JA_ 104 0 1Ay 104 (2.11)
01'2 Rl N Rg 81’2 8:171 R2 N Rl 8:171 ’
81’2 R2 81’2 81’1 Rl 81’1 N R1R2 ’

2.3 Nomenclature and basic assumptions

The following nomenclature will be adopted.

€11 » elongation strain along the x1-direction

€99 P elongation strain along the xo-direction
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€33 »  elongation strain along the x3-direction

€12 P shear strain in the x1-xo plane

€13 P shear strain in the x1-x3 plane

€23 P shear strain in the x9-x3 plane

e}, » elongation strain on the reference surface along the x1-direction
€y » elongation strain on the reference surface along the xo-direction
)y > shear strain on the reference surface

/{?1 » change in curvature on the reference surface along the x1-direction
/{82 » change in curvature on the reference surface along the xo-direction
ks »  change in twist curvature on the reference surface

Uy » tangential displacement along the x1-direction

U9 » tangential displacement along the xo-direction

us » normal displacement

uy » tangential displacement of the reference surface along the x1-direction
uy » tangential displacement of the reference surface along the xo-direction
ud » normal displacement of the reference surface

T11 »  normal stress on the x1-plane in the x1-direction

To9 B normal stress on the xo-plane in the xo-direction

733 B normal stress on the x3-plane in the x3-direction

Ti2  ®» normal stress on the x1-plane in the xo-direction

713  ®» normal stress on the x1-plane in the x3-direction

To3 B normal stress on the xo-plane in the x3-direction

N, »  force resultant on the reference surface along the x1-direction

N, »  force resultant on the reference surface along the x2-direction
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NY, »  force resultant on the reference surface in the x1-z2 plane
MY » moment resultant on the reference surface along the x1-direction
MY, » moment resultant on the reference surface along the x2-direction

MY, » moment resultant on the reference surface in the x1-xo plane

The theory of quasi-shallow shells can be derived when appropriate assumptions are
postulated. Consequently, it can be successfully applicable only when these fundamental

hypotheses are verified. The fundamental assumptions of this theory are listed below:

1. The maximum ratio between the thickness and the radius of curvature is negligible

compared with unity.

2. Straight lines perpendicular to the reference surface in the undeformed configuration re-
main straight and perpendicular to the reference surface in the deformed configuration.

Moreover their length is unchanged.

3. The magnitudes of the tangential displacement fields v and u$ are much smaller than
the thickness of the shell, while the magnitude of the transverse displacement field u3

is comparable with the thickness of the shell.

4. The transverse normal stress 733 is small enough to be negligible.

2.4 Kinematic relations

Under the hypotheses stated in section 2.3 the inplane strains can be expressed as a

function of the inplane displacements as follows

1o 1 09A uWd 1/ 1 0ud\’
0 1 1.0 3 3
1 I (i 2.13
‘u Al 81’1 + A1A2 81’2 42 + Rl + 2 (Al 82[‘1) ( a)
10u) 1 04 w11 0ud\”
0 2 2.0 3 3
_ b Uz L L ous 2.13b
€22 Ag 81’2 + A1A2 81’1 “ R2 2 (Ag 82[‘2) ( 3 )
A 0 [ud Ay 0 [u) 1 ould 1 oud
o A1 Y | 22 Y (22 diet:] s}
‘12 _A2 81’2 [A1:| * Al 825‘1 [A2:| * (Al 82[‘1) (Ag 825‘2) (213C>

18



By virtue of the assumption 2 in the previous subsection, the displacements of a point at a

distance x3 from the reference surface can be expressed as

1 Ouf
1 Ouf
uz =u (2.14c)

Replacing the quantities uY, u3 and ) of (2.13) with the quantities u;, uy and uz given in

(2.14), the relations between the strains at a distance x3 from the reference surface to the

displacements of the reference surface can be found. They are

€11 =€0, + w3k, (2.15a)
€22 =€)y + T3k (2.15b)
€12 =€Jy + 13K, (2.15¢)
where
1 0 [1 0oul 1 0A, [ 1 0u
0 3 1 3
S — — — 23 2.16
1 Al 81’1 [Al 0:)31} AlAg 01'2 (Ag 81’2) ( a)
1 0 [1 0oul 1 0Ay (1 0ul
0 3 2 3
__ 1 e _ allider 2.16b
22 A2 81’2 [AQ 01'2:| AlAg 0:)31 (Al 81’1) ( )
2 2ud 1 0A 9 1 0A 9
/{(1)2 _ a U3 —I— a 1 aU/3 + 8 2 aU/3 (216C)

B AlAg 81’181’2 A%AQ 81’2 0:)31 AlA% 0:)31 01'2

It should be noted that in this derivation the changes in the geometry along the normal
direction to the reference surfaces are completely neglected, i.e., the Lamé coefficient and
the radii of curvature are assumed to be independent of the x3-coordinate. This assumption

is a consequence of the hypothesis (1) stated in the previous subsection.
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2.5 Constitutive equations

It will be assumed a linear constitutive behavior as stated by the Hooke’s law is ap-
plicable. By virtue of hypothesis (4), the point-wise constitutive equation of an anisotropic

material can be expressed as follows

T11 Qn Q12 Q13 €11
T22 = Qa1 Q2 Q2 €22 (2-17)
T12 Q31 Q32 Q33 €12

where the (Js are referred to as the reduced stiffnesses. It is often convenient to give an
alternative form of the constitutive equation that involves only quantities related to the
midsurface. This can be done by defining the system of force and moment resultants of the

stresses integrated through the thickness h. These forces and moments are defined as follows

0 0
2 2
0 — 0 —
N22 - / ) T29 dl’g M22 = / ) T22 :L'gdxg (218)
_h _h
0 2 0 2

Substituting (2.15) in (2.17), the result in (2.18), and performing integration through the
thickness the alternative form of the constitutive equation can be obtained. The alternative

form is given in (2.19).

N9, An Az Az | Bu Bz Bis et
N9, Ag1 Az Asz | Bu By Bas €52
NY, _ | A A Ay | By Bsy B €1 (2.19)
MY, Bu Biz Biz|Du Dig Dig K
M3, By1 Bay Bas | Dar Day Dog K
MY, Bsi B3y Bz | Dsi D3y Dsg K

where

h h h

5 5 5
Aij = Qijdrs By = Qijrzdrs Dyj = Qijrsdrs i,j=1,2,3 (2.20)

[Ny
[Ny
[Ny
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The matrix relating the inplane force and moment resultants to the inplane strains and
curvatures is usually referred to as the classical laminate matrix, or the ABD matrix. The
latter name highlights the internal structure of the constitutive matrix. In fact, it can be
thought of as a block matrix having three fundamental blocks representing three different
kinds of constitutive behavior. The A matrix takes into account pure extensional behavior,
the D matrix takes into account pure bending behavior, while the B matrix takes into
account the coupling between extensional and bending behavior. In general all the entries of
the matrix are nontrivial. There exist special cases for which some of the entries in each of
the A, B, and D matrices vanish. For example, if the shell has material properties that are
symmetric with respect to the reference surface, all entries in the B matrix vanish. Other
possible simplifications of the constitutive relation can be obtained considering materials
having particular symmetries. Very important cases of materials having special symmetries
are the orthotropic and the isotropic materials. The form assumed by the general plane-
stress costitutive equations (2.17) for these two classes of material will be given in the two

following subsections.

2.5.1 Orthotropic materials

A material is said to be orthotropic when it has different properties in orthogonal di-
rections. When the principal directions of the material are chosen to be coincident with the
principal directions of the shell, constitutive equations (2.17) simplify. In fact, in this situ-
ation both the reduced stiffnesses ()13 and ()23 vanish, reducing the number of independent
constants of the material from six to four. Sometimes, in order to model an orthotropic
material in state of plane-stress, it is convenient to introduce the five alternative constitutive
constants Ey, Ey, 149, 11, and G1s, usually referred to as engineering properties. Only four
of these constants are independent because vo1 E7 = v19FE5. The reduced stiffnesses and the

engineering properties are related by the following equations:

Ey
= 2.21
Qu T (2.21a)
E,
= 2.21b
Q22 1 — vyav ( )
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E
Ly = (2.21c)

1 — viav0

Q33 =G12 (2.21d)

2.5.2 Isotropic materials

A material is said to be isotropic when it has the same properties in all directions. In
this situation the constitutive equations (2.17) simplify even more. In fact, in this situation
both the reduced stiffnesses Q13 and (o3 also vanish. Moreover, ()17 = Q22 and Q33 =
(@11 — Q12)/2, reducing the number of independent constants of the material from six to
two. Sometimes, in order to model an isotropic material in a state of plane-stress it is
convenient to introduce the two alternative constitutive constants E and v, usully referred
to as engineering properties. The reduced stiffnesses and the engineering properties are

related by the following equations:

Qu =Qa = 1 _EVQ (2.22a)
E

Q12 zﬁ (2.22b)

@33 :%(Qll — Q) = ﬁ (2.22¢)

2.6 Governing equilibrium and stability equations

Once the kinematic and the constitutive equations are specified, a convenient way to
derive the governing equations is to postulate the total potential energy of the system and
then use a variational approach. This technique has the invaluable advantage to automati-
cally produce a set of boundary conditions consistent with the specified assumptions. Due
to the basic assumption 2, the shear strains through the thickness €3 and €3 are zero and

consequently, the corresponding stresses 713 and 7,3 can not be determined by means of the
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constitutive relations. By the way, when considering a Newtonian rather then an energy ap-
proach, those stresses can not be ignored because they are needed for the static equilibrium.
From the energy perspective, another way to express this concept is to say that the shear
stresses 113 and Te3 contribute nothing to the total potential energy of the shell. Based on
these arguments, it should be clear that the derivation of the boundary conditions consistent
with the theory of shallow shells is not trivial at all. As said before, the use of a variational
method automatically solves this problem. In the following all the kinematic and the static
quantities will be referred to the reference surface, so the superscript ”0” will be omitted for

brevity of notation.

Assuming that the whole reference surface is spanned when z; € [z7, 2] and =, €

[z5, 73] ,the strain energy U of the shell can be expressed as follows

+ +
1 Ty Ty
=3 / / (N11€11 + Nag€an + Nigero + Myi k11 + Magkas + Migki2) Ay Asdadzy (2.23)
Lo

Consider two opposite compressive forces acting on the boundary in the x; direction. More
precisely, a force Nj| is applied at 2o = x5 and a force N; is applied at o = x,. Under

these circumstances the work W done by external forces can be expressed as follows

we [ (-

The total potential energy II of the shell can be expressed as follows

+N1_1u1

xg:m;

) Avdz, (2.24)

N=U-W (2.25)

Substituting (2.13), (2.16), and (2.19) in (2.23), and (2.23) and (2.24) in (2.25), and taking
the first variation of II, the Euler-Lagrange equations in terms of the force and moment
resultants and the displacements can be derived together with the consistent boundary con-
ditions. The Euler-Lagrange equations, which constitute equilibrium equations for the shell,

in their most fundamental form are given by

0 0 0A 0A
8:)31[A2N11] oy [A1Nyo| — 012N +8—1N12 0 (2.26a)
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a%[Ale] + a%[AW”] - %Nn + g—ffzvm =0 (2.26b)

N :Aila%[AQMH]} + a% {A%a%mle]} _ a% [ALQ%MH} _ (2.26¢)
- 2

e e 2] 2 (G + 3w v e ™) * o |y n0e] ) +

The consistent boundary conditions are different for each edge of the shell. Specifically, the

boundary conditions to be prescribed at z; = x| are

either Nj; = —Nj; or Suq specified
either Ny =0 or ou specified
12 2 p (2.27)
either Ni3=0 or ous specified
either M;; =0 or 0 (g—;i’) specified
The boundary conditions to be prescribed at x; = x] are
either N;; =—-N;; or OUs specified
either N3 =0 or ou specified
12 1 p (2.28)
either Ni3=0 or ous specified
either M;; =0 or 0 <g—;i) specified
The boundary conditions to be prescribed at zo = z; and z = xj are
either Ngs =0 or ouy specified
either N3 =0 or ou specified
12 2 p (2.29)
either No3 =0 or ous specified
either My =0 or ¢ (g—gg) specified
where
1 8A2 8A1 1 8M11 0U3 1 8M12 0U3
Niz = —M —M — — — 12 Nijg—=
13 A1A2 (8:171 1 + 01'2 12) + Al < 0:)31 * 1 0:)31 + Ag 01'2 12 01'2
(2.30a)
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1 0A 0A 1 [OM. 0 1 oM 0
Noyg = —— ( Moy + =2 M, ) 1 ( = +N22ﬁ) + (2 = +N12ﬁ)
2

A1 Ay \ Oy Oy O drs) AL\ Omy Oy
(2.30b)
Finally, the boundary condition to be prescribed at each corner is
either My =0 or duz specified (2.31)

The boundary conditions given above are valid for a shell open with respect to both directions
x1 and xo. If a shell closed in the x5 direction is considered, the set of boundary conditions
(2.29) must be replaced with a set of conditions stating the continuity of kinematic fields. It
should be remarked once again that while the force quantities doing work on the transversal
displacement ug are not determinable through the constitutive relation, these quantities,
indicated above with N3 and Nas, are related to the resultant force and moment resultants
through the the nontrivial expressions (2.30). Equation (2.26) represents the geometrically
nonlinear equilibrium equations of Donnell-Mushtari-Vlasov shell theory applied to cylinders.
The buckling equations for the Donnell-Mushtari-Vlasov theory can be derived by means of
the Trefftz criterion, i.e., by imposing the stationarity of the second variation of the total

potential energy II. The following buckling equations are obtained:

a%[AQaNH] + a%[AlaNm] ZAQ Ny + gAlcSng =0 (2.32a)
8%[A15N22] " 8%1[“425%] %421 O+ (aaAf 0Nz =0 (2.32b)
2 [ na] [ 2 [Lan] - w
2 ] o2 (2 [ 8] 2 ).
a% :5N11jj g“j + 5N12§ ot Nllﬁ? 81 [dus] + Ny 882 [5ug]} +

81 _5N22§ 7 5N12j; guj Ny 88 (O3] +N12j: 881[%3]} _

s (T4 172) =0

where the buckling variables are denoted with a ¢. In (2.32) the buckling variables and
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the prebuckling variables are coupled. More precisely, it can be seen that the prebuckling
rotations are involved in the stability equation. The boundary conditions to be prescribed

at x1 = z7 and x; = z{ are

either dN;; =0 or 5%uy specified
either N3 =0 or 5%y specified

(2.33)
either N3 =0 or 5%us specified
either 6M;; =0 or §2 (g—g;) specified
The boundary conditions to be prescribed at zo = z; and z = xj are
either Ny, =0 or 5%y specified
either dNjp; =0 or  6%u specified
12 2 p (2.34)
either 0Ny3 =0 or  6%ug specified
either My =0 or §2 (g—g;) specified
Finally, the boundary condition to be prescribed at each corner is
either 0Ms =0 or &%us specified (2.35)

These basic relations and equations will be used in the subsequent chapters dealing with

bucklin of cylindrical shells. The next chapter addresses orthotropic circular cylinders.
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Chapter 3

Axial buckling behavior of orthotropic

circular cylinders

3.1 Introduction

In this Chapter the exact solution of the classical axial buckling stress equation for a cir-
cular orthotropic cylinder will be given and an expression for the critical axial stress resultant
will be derived as a function of the ABD matrix coefficients and the axial and circumferen-
tial wave numbers m and n. Then, assuming the orthotropic material to be homogeneous
through the thickness, an expression for the critical axial stress as a function of the ) matrix
coefficients and the axial and circumferential wave numbers m and n will be derived. Start-
ing from this expression, the axial and the circumferential wave numbers will be treated as
real variables and, using calculus, the analytical minimum of the function will be evaluated.
Following this approach a closed form for a lower bound for the axial buckling stress will be
derived. A similar procedure has been used in [61] for an orthotropic cylinder and in [62]
for an isotropic cylinder. Both those authors partially obtained the same results. The main
advantage of the derivation presented in this Chapter must be found in the notation used
that allows a general formulation of the problem and gives a simple procedure to determine
the pattern of deformation based only on the knowledge of the constitutive properties of

the orthotropic material, allowing a more complete understanding of the buckling behaviour
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of an orthotropic circular cylinder based on a novel useful mechanical interpretation of the
found results. Moreover, the proposed approach furnishes a mathematical explanation of
the high density of close eigenvalues associated with different buckled shapes for the case of

isotropic circular cylinder.

3.2 Exact solution of the classical buckling equations for a circular

cylindrical shell

In this section an analytical solution of the buckling equation (2.32) will be evaluated
under several specific assumptions. More precisely, it will be assumed that the applied
axial prebuckling load is distributed uniformly axially and circumferentially, and prebuckling
rotations can be ignored. The stability equations obtained under these assumptions are
usually referred to as classical buckling equations. The exact solution of the classical buckling
equations will be presented for an axially-loaded simply-supported circular cylindrical shell
made of an orthotropic material. The geometry of a circular cylindrical shell of radius R
and length L is specified by the following relations based on the definitions of the previous
Chapter:

1 1 1

Substituting (3.1) in (2.26) and assuming N to be the prebuckling axial stress resultant,

resulting from the axial prebuckling load, the classical buckling equations become

0

10
0 10
0> 2 0 1 o2 SN, 0>
53 0Mos] + = n [0Mg] + 5 7 [0Mog] — Re" + N o [6uf] = 0 (3.2¢)

In order to enforce the simply supported boundary conditions, the following relation must

be fulfilled at both x =0 and x = L

ONye =0  Suy=0 M, =0  duj=0 (3.3)
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The material will be assumed to be orthotropic and symmetric with respect to the mid-
surface, consequently, the only nontrivial elements of its ABD matrix are A1y, As, A1a, Ass,
D11, Doy, D15 and Ds3. In virtue of the fact that Aj3 = Agz = Big = Baz = D13 = Da3 =0
it is possible to evaluate the exact solution of the differential eigenvalue problem stated by

.2) an . y assuming the displacement fields vy, uy and us In the following form:
3.2 d(3.3) b ' he displ fields u, u3 and uJ in the following f

ul =U, cos (%x) cos(nb) (3.4a)
uy =Uy sin (%x) sin(nd) (3.4Db)
uy =Us sin (%x) cos(nd) (3.4¢)

where Uy, Uy, and Uz are amplitude coefficients to be determined. It should be noted that
as usual in eigenvalue problems only the ratio between these coefficients can be determined.
Equations (3.2) can be expressed as functions of the displacement amplitudes Uy, Us, and Us
by chain substitution of the constitutive equations through the thickness (2.19), the strain-
displacement relations (2.13), and the assumed displacements (3.4). The results of the
substitutions lead to a linear system of three homogeneous equations in the three unknowns
Uy, Uy, and Us. In order to obtain a nontrivial solution the coefficient matrix must be
singular, i.e., its determinant must vanish. It should be noted that the coefficient matrix

depends on the axial load N, so the critical load can be defined as the lowest value of Nt

Tz

that renders the coefficient matrix singular. Performing the needed calculation, the critical

load can be found to be

L\? T yo T3 s — Ty T2 — Too T2
N, = (N) = mi = T 23 13 3.5
(Nea)., %333{<7rm) < B T T — 15 (3:5)

where T;; ¢,7 = 1,2,3 are the elements of the coefficient matrix of the linear system. They

are defined as

Ty =Ay (%)2 + Ag (%)2 (3.6a)
Ty =(A1g + Asz) (%) (%) (3.6Db)
Tis :% (%) (3.6¢)
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Tpy =As3 (%)2 + Ago (%)2 (3.6d)
Ty Z% <%) (3.6e)
i =01 ()" + 2D+ 105 (5) (8) 4 0 () 44 (%) 60

3.3 Nondimensionalization and notation

In this section the wave numbers m and n will be assumed to be real in order to
perform analytical minimization of (3.5). First of all, a suitable notation will be introduced
in order to make (3.5) and (3.6) more convenient for analytical manipulation. To that end,

the following nondimensional parameters will be introduced:

n— % A= 0 (3.7)
The parameter 1 measures the thinness of the shell, while the parameter A measures the
aspect ratio of the cylinder, i.e., the ratio between the half-circumference and the length.
Of course n and A must be both positive. When the orthotropic material is homogeneous
through the thickness h, the A and the D coefficients in (3.5) can be expressed in terms of
the reduced stiffnesses by means of the following simple equations

B3

Aj = hQy; D;; = 1

Qij Z,j - 1,2,3 (38)

Moreover, in this case the critical stress can be exactly found by dividing the critical axial
stress resultant by the shell thickness (i.e., 0. = N../h). Substituting (3.8) in (3.5) and
dividing by h the following expression is found

N, 1 tiotistog — t11t2. — toot?
Opp = = min {—2 (tgg 4 2127158 Plltes 22 13)} (3.9)
: m2\2

t11tag — 3y

where

tll :T11R2 = Q11>\2m2 —+ Q33n2 (310&)
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tiy =to = T1aR? = (Q12 + Qs3) Amn (3.10b)
tis =tz1 = TisR® = Qrdm (3.10¢)
ton =ThaR* = Q33A\>m* + Qoon” (3.10d)
tag =t3y = T3 R* = Quon (3.10e)
tay =T33 R* = 117—; (QuA'm* + 2 (Q12 + 2Q33) *m*n® + Qaon™) + Q2o (3.10f)

For convenience, an isotropic material having constitutive constants equal to the geo-
metric mean of the constitutive constants of the given orthotropic material will be introduced

as follows:

E VEE;
E=\EE = G= N i
m v = \/Viavn 20 +v)  2(1+ /Viavmr) (3.11)

An isotropic material defined through the constitutive constants (3.11) will be referred to
in the following as the geometric mean isotropic (GMI) material associated with the given
orthotropic material. The essential requirement for the stiffness matrix to be positive definite

produces the following constraint equation for the constitutive constant of the GMI material:
E>0 1-1<0 G>0 (3.12)

Moreover, two nondimensional parameters will be introduced:

El G!12

. = _= 1
€12 £, g12 G (3 3)

The parameter e;s measures the level of orthotropy between the two principal directions,
whereas the parameter g;o measures how much the actual shear modulus G5 differs from
the shear modulus G of the associated GMI material defined in (3.11). The requirement for
the stiffness matrix to be positive definite produces the condition that both e;5 and g2 must
be positive. In the following, orthotropic materials having 0 < g2 < 1, g1o = 1, and g5 > 1
will be referred to as under shear-GMI, shear-GMI, and over shear-GMI, respectively. Also,
instead of the usual constants E;, F», 115 and G2, the orthotropic material will be described

through the four parameters F, v, 1o, and g15. The relations among the standard and actual
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parameters are

E v g2

- = Gig = ——F— 3.14
@ V12 €12V Va1 \/@ 12 2(1+V) ( )

E1 = \/612E E2 =

Based on (3.14) it should be noted that when both e;s and g15 are equal to unity, the

orthotropic material becomes isotropic and coincident with the associated GMI material.

Substituting (3.14) in (2.21) and the results in (3.10), the exact solution of the clas-
sical buckling equation for an orthotropic axially-loaded simply-supported circular cylinder

homogeneous through the thickness can be written as

. posn® + paem’n® + paomn® + pamn® 4 peym®n’® + pgem®
O = ming F (3.15)

Qam®n* 4+ quam*n? + ggom

m,n

where the p and ¢ coefficients are functions of the previously-introduced dimensionless pa-

rameters 7, v, g12 and the nondimensional parameter v defined as

Y= )\\4/ €12 (316)

It is useful to remark that E and v are purely constitutive parameters, 7 is a pure geometric
parameter, while 7 is a mixed parameter in the general case of an orthotropic material
and becomes purely geometric (i.e., A) in the case of an isotropic material. The p and ¢

coefficients are given by

Pos =g127° (3.17a)
pag =272n? ((1 +g5,) +v(l — gf2)) (3.17b)
Pao =12g127* (1 = 1?) (3.17¢)
pas =27'1° (3g12 + 2v(1 — gy) + 20°(1 — g7,)%) (3.17d)
Pe2 =275n? ((1 +g5y) +v(l — g%z)) (3.17e)
Pso =71’ 912 (3.17f)
g1 =127%g12(1 — %) (3.17g)
qi2 =247 (1 = ) (1 + v(1 — g12)) (3.17h)
g0 =127°g12(1 — %) (3.171)
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It should be noted that the constant £ appears only as a factor in the critical stress expression
(3.15) and does not appear in the coefficients p and ¢. In order to find the critical stress
and the eigenmode associated with that stress, (3.15) must be evaluated for a considerably
large number of values of the integers m and n. It should be noted that this operation is
time consuming and does not guarantee that the needed minimum belongs to the set of
spanned values of m and n, even if this set is large. In this work it will be shown how it
is possible to find a closed-form expression for a lower bound of the critical axial stress of
an orthotropic circular cylinder. Moreover, it will be shown how a qualitative prediction of
the buckling shape (i.e., axisymmetric or not) can be made based only on the value of the
parameter g5 defined in 3.13. In the following, the integer values m and n will be considered
as real variables, and consequently the stress will be considered a real function of the two

real variables m and n defined as

o(mn) = E ( (3.18)

Posn® 4 pagm®n® + pyom® + paym*n® + peam®n® 4 psgm®
qoam?n? + qam*n? + ggom’

where the p and ¢ coefficients are given again by (3.17). The classical problem of finding the

pair of integer values (m,n) such that (3.15) is minimum is replaced here by the problem of

finding the minimum of the real function (3.18) in D, defined as follows
D :={(m,n) € R* :m > 0,n > 0} (3.19)

The definition of the set D is based on few arguments. First, it should be noted that the
origin is a singular point for (3.18) and consequently must be excluded by D. Second, as
mentioned previously, the variables m and n are associated with the number of half and full
waves in the axial and circumferential directions, respectively, and can not assume negative
values. Finally, m = 0 must be discarded because it is associated with the trivial solution,

while n = 0 can be included as it is associated with axisymmetric deformations.
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3.4 Stationary points

In order to establish if (3.18) admits a minimum in D, its stationary points must be

evaluated. The stationary condition can be expressed as

do(m,n) 0
P nT,n) (3.20)
TR

on

Performing the needed calculation, (3.20) can be rearranged to give

Pml(m, )ng(m, n) =0

' (3.21)
Poi(m,n)P(m,n) =0

where Py,1(m,n), Ppa(m,n), P,i(m,n), and P,3(m,n) are polynomial functions of the two
real variables m and n. More precisely, P,,1(m,n) and P,;(m,n) are quite simple and are

given by

Poi(m,n) =n* — 4*m? (3.22a)

Pi(m,n) =n (3.22b)

It should be noted that the equation P,,;(m,n) = 0 corresponds in the Cartesian plane
m, n to a pair of specular lines through the origin having slope +7, while the equation
P,1(m,n) = 0 simply represents the m axis. By contrast, the polynomials P,,5(m,n) and

P,2(m,n) are more complicated. They are tenth-degree polynomials having the form
010n™® + agem®n® 4 auem®n® + aem®n? + agem® + agum®n® + agom®n? 4+ aom!® (3.23)

The « coefficients of the P,,2(m,n) and P,2(m,n) polynomials will be indicated with the

superscript m and n, respectively. They are

G0 =911 (3.24a)
aby =g127° % (4 + g12) + 4v(1 — g12)) (3.24b)
s =29"0% (2 + 2012 + g1a) + 20(1 — 612)(2 + g12) + 20%(1 — g1,)?) (3.24c)
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ajy = — 1277 (1 = v?) (3.24d

)
agy = — 12¢77°(1 = v*) (3.24e)
agy =29°0% (2 + 2012 + g1) + 20(1 = g12) (2 + g12) + 207 (1 — g1,)%) (3.24f)
ags =g127°n” (4 + g12) + 4v(1 — g12)) (3.24g)

o =iy’ (3.24h)

g =grall’ (3.24i)
aby =g127° 1% ((4+ gia) + V(1 — g12) (4 + g12)) (3.24j)
allg =27’ ((2 +3912) +2v(1 — g12) (2 + 12 + g52) + 20°(1 — g12)*(1 + 912)> (3.24k)
afy = — 12¢%74(1 = v*) (3.241)
agy = —129127°(1 = v*) (1 — v(1 — g12)) (3.24m)
agy =270 (g12(4 + g15) + V(1 — g12)(2+ 6912 + g35) + 207 (1 — g12)*(2 + g12)+  (3.24n)

+2V3(1 - 912)3)

agy =g127°1° (5912 + 4w (1 — giy) + 47 (1 — g12)?) (3.240)
oo =977 0 (912 + v(1 — g12)) (3.24p)

Looking at (3.23) it can be noted that all powers of the variables m and n appearing in the
polynomials P,,2(m,n) and P,s(m,n) are even. This guarantees that the associated curves
will be symmetric with respect to both the m and n axes. Moreover the absence of a constant
term guarantees the relations P,,» = 0 and P, = 0 to pass through the origin (m,n) = (0,0).
That said, despite the domain definition of (3.19), because of several symmetry arguments
that are useful for illustrating specific points, m and n will be allowed to assume positive
and negative values. The domain defined in (3.19) will be enforced after these points are

made.

Based on (3.21), it can be noted that the problem under study admits four different
types of stationary points. The four types are defined in Tab. 3.1. The stationary points
of type-1, -2, and -3 involve at least one of the polynomials P,,; and P,; defined in (3.22).
These polynomials are of low degree, consequently the equations P,,; = 0 and P,; = 0 can

be easily solved for the variable n. By substituting the solutions for n into the remaining
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Type | Pi =0 | Py1=0]| Ppo=0]| Ppo=0
1 True True False False
2 True False False True
3 False True True False
4 False False True True

Table 3.1: Definition of four different types of stationary points

equation, identified as True in the definition of the stationary point given in Tab. 3.1, the
intersection of the two curves can be obtained. The coordinates of the stationary points

associated with type-1, -2, and -3 are listed in Tab. 3.2. Looking at Tab. 3.2 it can be

Type m n
1 0 0
92 1 3912(1 — 1/2) 3912(1 — 1/2)
+— +
¥\ (1 + g12) +v(1 — g12)) n((1+g12) + v(1 — g12))
3 j:l 21/3(1 — v?) 0
Y n

Table 3.2: Value of m and n for three types of stationary points

noted that there exists a single solution for a type-1 stationary point, four solutions for a
type-2 stationary point symmetrical with respect to both the m and the n axes, and two
solutions for a type-3 stationary point symmetrical with respect to the n axis, for a total
of seven stationary points. The position of the stationary point of type-1, -2, and -3 in the
plane (m,n) is shown in Fig. 3.1. The two straight lines n = +ym are even shown in the
figure to highlight the fact that the stationary point of type-2 moves on these lines when g9
is varied from zero to infinity. More precisely, all four stationary points of type-2 coincide
with the origin when g5 = 0. As soon as gj5 is increased they move away from the origin
following the two lines n = £vym until they reach the maximum value of their coordinates,
namely (+3/3/(7v/27), £/3/(v20)), for g = (14 )/(1 — v). When giz > (1+)/(1 - v)
they reverse their direction and move back towards the origin on the same lines. Conversely,

the coordinates of the stationary points of type-1 and -3 are independent of g5.

Type-4 stationary points are much more complicated to study. As previously remarked,

both polynomial equations P, = 0 and P, = 0 are symmetric with respect to both the m
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Figure 3.1: Stationary points of type-1 (grey), -2 (black), and-3 (white)

and n axes. Moreover, they pass through the origin, which means the origin is always an
intersection point. In order to detect any potential nontrivial intersection points between the
two equations P,,2 = 0 and P, = 0, the intersections between each of them and a generic
straight line through the origin will be compared. More precisely, each potential nontrivial
intersection between a straight line through the origin with slope k, i.e., n = km, where k

will be allowed to vary from zero to infinity, and the equations P, = 0 and P,5 = 0 can be

defined as

Qm(k) = {(m,n) e R*\ {(0,0)} : Pno =0,n =km} (3.25a)
Qn(k) = {(m,n) € R*\ {(0,0)} : Ppo = 0,n = km} (3.25b)

The quantities Q,,(k) and @, (k) define the set of nontrivial pairs (m,n) in common with
the straight line through the origin and the polynomial equations P, = 0 and P,; = 0,
respectively, as the slope k of the line changes. If P, = 0 and P2 = 0 have a nontrivial
intersection, then there must exist a value of slope kg such that Q,, (ko) NQ, (ko) # @. If such
a value of kg occurs, a type-4 stationary point exists. Performing the needed calculations,

i.e., substituting n = km into the equations P,,» = 0 and P,5 = 0 and solving for m, the
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following expression for Q,,(k) and @, (k) can be found

Qm (k) =(m,n) = (m,km) = m(1,k) = +£g(k)(1, k) (3.26a)
Qn(k) =(m,n) = (m,km) =m(1, k) = +g(k)f(k)(1, k) (3.26Db)

where

2g124/3(1 — v?)
k)= 3.27a
s 7\/77(912/%4 +272(1+v(1 — g12))k* + g127?) (3:27a)

) gk + (1 +v(l — gio))
7 ‘\/912<k2 229 + o1 = 912))) (3:270)

With the above notation it is seen that g(k) is actually the value of the m-coordinate of the
generic point belonging to the set Q,,(k) for a given slope k. Similarly, g(k)f(k) is actually
the value of the m-coordinate of the generic point belonging to the set @, (k) for a given
slope k. Looking at (3.26) it can be seen that, due to their plus-minus nature, for each
value of the slope k there exist only two intersections symmetric with respect to the origin.
The plus-minus nature is a consequence of the symmetry of the two equations P,,» = 0 and
P,5 = 0 with respect to both the m and n axes. Taking the limit of g(k) and f(k) for k
approaching infinity (i.e., the n axis) it can be seen that the intersections of the straight line
with both the equations P,,» = 0 and P, = 0 approach the origin, as stated by the following
equations

limg(k) =0 lim f(k) =1 (3.28)

k—o00 k—o0
The relations in (3.28) mean that both the loci P, = 0 and P,5 = 0 are tangent to the n
axis at the origin. Similarly, it can be seen that when the slope of the straight line equals

zero (i.e., k = 0, the m axis) the following relations are obtained:

2

_ < — 2 _ 4 1+V(1_912)
9(0) = p 3(1—v?)  f(0) \/912

(g12 +v(1 — g12))

(3.29)

Looking at (3.29) it can be seen that g(0), representing the nontrivial intersection between

P2 = 0 and the m axis, is always a positive quantity when the parameters n and v are varied
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in their range of definition (i.e., n > 0 and v? < 1), meaning that this intersection with the
m axis always exists. Moreover, it can be proven that g(k) is limited for each & > 0, and
according to (3.29) tends to zero as k — oo. Similarly, it can be proven that the quantity
kg(k) representing the n coordinate of the intersection point is equal to zero for k = 0, is
limited for each k£ > 0, and tends to zero as k — oo. Based on the these arguments, it can
be stated that P,,» = 0 forms two closed loops, symmetric with respect to the n axis, where
they are tangent at the origin, one loop to the other loop and each one with the n axis (See
Fig. 3.2). Moreover, each loop is symmetric with respect to the m axis and intersects it only
at the origin and at a second location that is independent of the parameter g;5. These loops
are plotted as black lines in Figs. 3.2 (a), (b), and (c) for various ranges of the parameter g5,
the measure of the shear deviation of the orthotropic material from the GMI material (see
(3.14)). To provide some insight into the findings at this point, it should be remarked that
an intersection of the loop with the m axis (n = 0), other than the trivial intersection, could
represent axisymetric buckling deformations (see (3.4)). By contrast, it can be seen that
9(0) f(0), representing the nontrivial intersection between P,; = 0 and the m axis, is defined
only when the function f(k) assumes real values (i.e., only when the argument of the root in
(3.29) is positive). It can be seen that when 0 < g15 < (1+v)/v, f(k) is defined and P,5 = 0
forms two closed loops symmetric with respect to both the m and n axes, and tangent to the
n axis at the the origin (see gray line of Fig. 3.2 (a)), when g5 = (1 +v)/v, f(0) =0 and
P, = 0 splits into two petals, both of them tangent to the m axis at the origin (see grey line
Fig. 3.2 (b)), when g5 > (1 +v)/v, f(k) is not defined for k* < (—*(1 + v(1 — g12))/ 12,
meaning there is no intersection between P, = 0 and the straight line through the origin

when its slope is in the range k% < (=7*(1 + v(1 — g12))/g12 (see grey line of Fig. 3.2 (c)

where the limit straight lines k = £+/(—2(1 + v(1 — g12))/g12 are shown dashed).

The previous arguments furnish a qualitative description of the two equations P,,, = 0
and P,s = 0, but do not give any information about the existence of stationarity points of
type-4 defined as the potential intersections between the two equations P,,» = 0 and P, = 0.
In order to detect any possible intersection between P,,, = 0 and P,5 = 0, the coordinates
of the intersection between the straight line and P,,, = 0 and P,5 = 0, respectively, must
be compared. Looking at (3.25) it can be seen that the nontrivial intersection between the

equations P2 = 0 and P,» = 0 and the straight line through the origin are proportional to
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Figure 3.2: Curves associated with the polynomial P2 = 0 (black line) and P2 = 0 (gray line),
limit lines k = £/(—2(1 + v(1 — g12))/g12, dashed in (c): v =2, n =0.01
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each other through the function f(k). Consequently Q,,(k) and @, (k) can be equal for a
given k = kg if and only if f(ko) = 1. It easy to see from (3.27) that the equation f(k) =1
is independent of k. This means that there does not exist any value of the slope ky such
that the polynomials equations P, = 0 and P, = 0 have a single point in common, or
equivalently, the function f(k) doesn’t intersect the unit value in a single point for any value
ko, but approaches the unit value only when k approaches infinity (see (3.28)), producing
the trivial intersection. For convenience, a new function ¢(gje,v) will be defined as the

numerator of (f(k)* —1)/4?), i.e.,
D(gro,v) = —g5(1 —v) = 2vgia + (v + 1) (3.30)

It can be proved that (3.30) satisfies the following implications

P(g10,v) < 0= f(k) < 1 (3.31a)
®(g1a,v) =0 = f(k) =1 (3.31b)
®(gi,v) > 0= f(k) > 1 (3.31c)

Based on (3.31) it can be understood that the sign of the function ®(gi2,v) controls the
behavior of the two relations P2 = 0 and P,s = 0. More precisely when ®(g12,v) < 0 each
of the two loops of P,5 = 0 is completely inside the corresponding loop of P,,2 = 0, having in
common only the origin where all loops are tangent to the n axis (see Fig. 3.3 (¢), Pnua =0
in black, P2 = 0 in gray). Conversely, when ®(g;2,7) > 0 each of the two loops of P2 =0
is completely inside the corresponding loop of P,5 = 0, having in common the origin only
where all loops are tangent to the n axis (see Fig. 3.3 (a), P2 = 0 in black P, = 0 in gray).
The roots of the function ¢(gi2,v) have an important meaning. Although according to the
characteristics illustrated in Figs. 3.3 (a) and (c) the functions P,,; = 0 and P,; = 0 can
never intersect each other at just a single nontrivial point, they can intersect at an infinite
number of points, i.e., the two polynomials P,,» and P,s can be coincident. This situation

occurs when the two constitutive parameter v and g5 are related by

v=+1 v+1
= = 1 =
o —1 (912)1 ) (912)2 o —1

(I)(glg, I/) =0 = gi12 = (332)
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Figure 3.3: Curves associated with the polynomial P,,» = 0 (black line) and P,, = 0 (gray line):
v=2,17=0.01
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Looking at (3.13) it can be seen that the root (g12); is associated with a shear-GMI material.
The root (g12)2 must be discarded because it violates the requirement that the stiffness matrix
be positive definite (see (3.12)). The relations P,,; = 0 and P, = 0 corresponding to the
root (gi2); are illustrated in Fig. 3.3(b). Substituting the admissible root g2 = (g12)1 = 1
in (3.24) and the results in (3.23), the two polynomials P, and P, become coincident,
or equivalently they intersect each other at an infinite number of points. These degenerate
intersections result in degenerate stationarity points of type-4. The condition necessary to

have type-4 stationarity points can be rewritten in the following form:

P = Py = (n* +~*m?) (nn4 + 29 nm?n? + ytgm* + 292/3(1 — V2)m2> (3.33)
<\/7_)n2 +y2ymm? 4+ V2y/3(1 - 1/2)m) <\/7_)n2 + 42 ymm? —V2y/3(1 - y2)m> =0

Looking at (3.33) it can be noted that the first two factors of P,,» and P, are always positive
quantities and can never vanish, while both the third and the fourth factors can be zero.
These two factors represent the equations of two identical ellipses tangent to the n axis at
the origin as shown in Fig. 3.3 (b). The minor radius a, the major radius b and the ratio

b/a for these identical ellipses are given by

=7 (3.34)

All the previous arguments can be summarized by saying that there does not exist a nontrivial
stationary point of type-4 except when the orthotropic material is shear-GMI (i.e., G5 = G
or gio = 1). When this happens, there are an infinite number of stationary points that lie

on two coincident ellipses that are tangent to the n axis at the origin.

According with the statement of the problem, given at the end of the previous section,
which requires the stationary points to belong to the set D (see (3.19)), any stationary points
that do not belong to D must be discarded. It can be seen that among all the stationary
points of type-1, -2, and -3 of Tab. 3.2, only two of them belong to D. More precisely,
the stationary point of type-2 having both positive coordinates, which will be referred to
in the following as P, = (mg,ns), and the stationary points of type-3 having positive m

coordinates, which will be referred to in the following as Py = (mg,0) are in D. Regarding
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tyype-4 stationary points: it should be noted that only the points belonging to the upper
branch of the right ellipse of Fig. 3.3(b) (without the origin) lie in the domain D and
consequently can be accepted as stationary points for the problem under study. All the

stationary points of interest can be taken into consideration by defining the following set
Py(t) := (my(t),nqa(t)) = {(m,n) : m = a(1+ cos(t)),n = bsin(t),0 <t < 7} (3.35)

where the equation of an ellipse in terms of the parameter ¢ can be recognized. It should be
noted that when ¢g;2 = 1 both the stationary points of type-2 and -3 belong to Py(t). More
precisely, when g5 = 1 it can be seen that P, = Py(7/2) and P, = P4(0). This result can be
expressed by saying that when g5 = 1 all possible stationary points lie on the branch of the
ellipse defined by (3.35). It should be further remarked that while the stationary points of
types -2 and -3 are defined for each positive value of g5, the degenerate nontrivial stationary
points of type-4 exist only for g;o = 1. The stationary points in D for g1 = 1 are shown

in Fig. 3.4. Before closing this section, a few comments can be made on the stationary

100 - T ]
2

Sl 4 |

c 07 o

ﬁ 3
_5} ]
10, . ]
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m

Figure 3.4: Stationary points in D for g1o = 1, with type indicated

point of type-1. According with the assumed displacement (3.4), the pair (m,n) = (0,0) is
associated with the deformation state u? = Uy, u3 = 0, and u3 = 0, which corresponds to a

compression of the membrane prebuckling state, i.e., the configuration from which adjacent
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equilibrium states are sought. This configuration is equipotential to each buckled shape and

and consequently is always a solution.

3.5 Classification of the stationary points

In the previous section three different types of nontrivial stationary points have been
highlighted. In this section Hesse’s matrix associated with the stress function (3.18) will be
evaluated for each of these nontrivial stationary points in order to classify them as minima,
maxima, or saddles. As known from real analysis, a given function admits a maximum
at a stationary point when Hesse’s matrix, evaluated in this point, is negative definite.
Conversely, a given function admits a minimum at a stationary point when Hesse’s matrix
evaluated at the stationary point is positive definite. Finally, if Hesse’s matrix is neither
positive nor negative definite when it is evaluated at a stationary point, it admits both
negative and positive eigenvalues, resulting in a saddle point. Hesse’s matrix associated

with (3.18) is given by

P?c(m,n) 0%c(m,n)

_ om? om0
H(m,n) = s dh n) 8% (m.n) (3.36)
onom on?

Evaluating (3.36) for the stationary point of type-2 (see Tab. 3.2) the following matrix is

obtained
2En? (1 - —y(1 -
Hy = H(ma,m) = = | =9 1 = gua) (3.37)
(1—v2) —y(1 —g12) (3+2v) + g12(1 —2v)
According with the Sylvester criterion (3.37) is positive definite when
H >0 1— >0
(H2)u = (1=912) = O<gp<l (3.38)

det(Hg) >0 (I)(glg, I/) >0

45



Similarly, (3.37) is negative definite when

(HQ)H <0 N (1 — 912) <0

= never (3.39)
det(Hy) >0 ®(g12,v) >0

Equation (3.38) states that stationary point of type-2 is the local minimum when 0 < g5 <
1. Similarly, (3.39) states that stationary point of type-2 can never be a local maximum.
Consequently, it is a saddle point when ¢;5 > 1. It is interesting to note that the sign of
det(Hs) (i-e., the sign of the product of the two eigenvalues of (3.37)) is coincident with the
sign of ®(gy2,v) defined by (3.30). This means that the nature of the stationary point of
type-2 is intimately related with the behavior of the two polynomials P,,5 and P,;. When
g12 = 1, det(Hy) = 0 meaning that one of the two eigenvalues of Hs is zero. The second
eigenvalue is positive, resulting in Hy being positive semi-definite. This characteristic is
associated with a function that is flat in one direction. That coincides with the fact that
with g12 = 1 the stationary point of type-2 is on the ellipse defined by (3.35), as noted in

the previous section.

Evaluating (3.36) for the stationary point of type-3 (see Tab. 3.2), the following matrix

is obtained

2E7]2 ’}/2 0
Hy= Hims,0) = 55— | @(g,v) (3.40)
2012

Since (3.40) is diagonal, it is positive definite when

H >0 always
(Hs) = Y = g>1 (3.41)

(H3)ypy >0 —®(g12,v) >0
Since (H3),, > 0 for each g1 > 0, (3.40) can never be negative definite, and consequently the
stationary point of type-3 can never be a maximum. Consequently, when ®(g12,v) > 0, i.e.,
when 0 < g2 < 1, the second eigenvalue of (3.40) becomes negative and the stationary point
of type-3 becomes a saddle point. Again the sign of (Hj3)so (i.e., the sign of one eigenvalue of
(3.40)) is related to the sign of ® (g2, ) defined by (3.30). The stationarity point of type-3
is a minimum when Hj is positive definite. This happens when ®(g12,7) < 0, i.e., when the

loops of the equation P,5 = 0 are inside of the loops of the equation P,,» = 0. Similarly,
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the stationarity point of type-3 is a saddle point when ®(gia,v) > 0, i.e., when the loops
of the equation P,,» = 0 are inside of the loops of the equation P, = 0. When ¢ = 1,
det(H3) = 0, meaning that one of the two eigenvalues of Hj is zero. The second eigenvalue
is positive, resulting in H3 being positive semi-definite. This can be again interpreted as the
function being flat in one direction for g;o = 1. That is true because the stationary point of

type-3 is on the ellipse defined by (3.35), as mentioned in the previous section.

Finally, evaluating (3.36) for the stationary points of type-4 (see (3.35)), the following

matrix is obtained

 H(ma(f).n _ 2En? 72 cos®(t) sect(t/2) 2 cos(t) sec?(t/2) tan(t/2)
Hy(t) = H(my(t), na(t)) 3(1—1v?) 27 cos(t) sec?(t/2) tan(t/2) Atan?(t/2)
(3.42)

Looking at (3.42) it is easy to realize that det(H,(t)) = 0. This means that one of the two
eigenvalues of (3.42) is always zero. Therefore, the stationary point is a curve instead of a

point. The second eigenvalue is given by

k(1) = 3(2%’7;) (f cos?(£) sec’ (%) + 4 tan? (%)) (3.43)

where the subscript L denotes the fact that the nonzero eigenvalue is associated with a
direction perpendicular to the zero eigenvalue, i.e., perpendicular to the flat direction. It
can be noted that (3.43) is positive for each 0 < ¢ < 7, meaning that (3.42) is positive
semi-definite on each point of the set Py(t) defined in (3.35), and consequently, the critical

ellipse is a degenerate minimum.

All the results previously obtained are summarized in Tab. 3.3. Looking at Tab. 3.3 it

Type | 0<gi1a<1]| gio=1 gi2 > 1
2 Minimum | DegMin Saddle
3 Saddle DegMin | Minimum
4 Notexist | DegMin | Notexist

Table 3.3: Classification of the stationary points versus gio

can be easy realized that for each value of the parameter g5 there is only a local minimum
for (3.18). This guarantees that the local minimum is the global minimum of the function

(3.18). Moreover three different behaviors can be found when the dimensionless parameter
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g12 is varied between zero and infinity.

1.

For 0 < g2 < 1 the global minimum of the function is at the stationary point of
type-2 (see Fig. 3.5 part (a)). The orthotropic material is associated with an under
shear-GMI material. The deformations associated with stationary point of type-2 are

nonaxisymmetric.

For g15 = 1 the global minimum of the function is at the degenerate stationarity points
of type-4 (see Fig. 3.5 part (b)). The orthotropic material is associated with a shear-
GMI material. The deformations associated with stationary point of type-2 are in

general nonaxisymmetric, but can be occasionally axisymmetric.

For g2 > 1 the global minimum of the function is at the stationary points of type-3
(see Fig. 3.5 part (c)). The orthotropic material is associated with an over shear-GMI

material. The deformations associated with stationary point of type-3 are axisymmet-

10

3.6

Figure 3.5: Classification of stationary points in D

Closed-forms for the buckling load of an orthotropic circular

cylinder

In this section closed-forms for the buckling load of an orthotropic simply-supported

circular cylinder homogeneous through the thickness will be obtained by evaluating the stress
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relation (3.18) at the stationary point where the function assumes the global minimum. As
remarked at the end of the previous section, all the three types of non-trivial stationary
points can result in the global minimum of the function (3.18), depending on the value of
the parameter gj5. Based on these arguments, the minimum of the stress relation (3.18)

becomes a function of the parameter g5 and can be defined as follows

nE\/gi2

for 0<gpp<1

3(1 — 12
or >1
3(1 — y2) f 912

Looking at (3.44), a few comments can be made. First, it should be noted that station-
ary points of type-3 and -4 (g2 > 1) admit as a minimum the same value. Moreover, it
is interesting to note that this value coincides exactly with the expression for the classical
buckling load of a homogeneous isotropic circular cylinder where the Young’s modulus and
the Poisson’s ratio of the isotropic material are replaced with the corresponding constitutive
constants of the GMI material associated with the given orthotropic material (see (3.11)).
This value is independent of the shear modulus. Conversely, the value of the minimum asso-
ciated with stationary point of type-2 (0 < gi2 < 1) is scaled by the quantity /g2, meaning
that the minimum stress for a under shear-GMI orthotropic material becomes dependent on
the shear modulus, and approaches zero as the shear modulus approaches zero. It is also
interesting to note that approaching the origin from the point belonging to the stationarity

point of type-4 produces the following results

lim o (ma(t), na(t))) = ——12

lim N (3.45)

Based on (3.45) it can be seen that its limit value is independent from ¢;2 and coincident
with the value that the function assumes in Pj, namely the second equation of (3.44). This
means that even if (3.18) cannot be evaluated at the origin (because it is a singular point),
there exist points in the immediate neighborhood of the origin having a stress very close to
the minimum value that (3.18) can assume for gio > 1. This fact does not affect the previous
arguments on the minimum of the function, but it can be important when an estimation

of the deformed shape associated with the minimum stress is needed. In fact, it should be
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noted that (3.44) is the exact solution of the original problem (3.15) only if the coordinates
of the stationary points listed in Tab. 3.2 assume integer values. When the values of m and
n are not integers, the solution of (3.15) will be slightly bigger than the values estimated by

(3.44), which is a lower bound for the critical stress.

3.7 Prediction of the deformed buckling shape

The deformed shape of the circular cylinder, associated with the lower critical stress, is
well defined when the integer pair (m, n):, corresponding to the solution of (3.15) is known.
When the coordinates of the minimum of (3.18) belong to IN? for g5 # 1, or there exists at
least one value t, of the parameter ¢ such that P,(ty) € IN? for g1 = 1, then the pair (m,n)
associated with Py, Py(to), and P is the pair (m,n),;; minimizing (3.15) for 0 < gi» < 1,
g12 = 1, and g1o > 1, respectively. When the coordinates of the stationary points are not
integer values it is impossible to make a certain prediction of the deformed shape. However

a few considerations can be made:

For 0 < g12 < 1 the minimum of (3.18) is located by P,. As discussed in the previous
section, in this case there do not exist any other locations where the function (3.18) assumes
values close to the minimum, so it is reasonable to expect the pair of integers (m,n)mn
minimizing (3.15) to be in the immediate neighborhood of P,. Consequently, the four points
in the immediate neighborhood of Ps, i.e., the four pairs of integers (m,n) closest to P,
should be checked as candidates for the solution of (3.15). For a generic real pair (m,n) the

set of the four integer pairs closest to the real pair can be defined as follows

P(m,n) = ([m],[n]) U ([m], [n]) U([m], [n]) U (lm],[n]) (3.46)

Based on (3.46) the rule of thumb for predicting the integer pair (m, 1), minimizing (3.15)

can be expressed as follows
(M, N)min, = (M,n) € P(ma,n2) : min{c(m,n)} (3.47)

A simpler, but less accurate, prediction of the buckled shape can be based exclusively on the
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estimation of the closer integer value to the real stationary point (i.e., ignoring the curvature

of o(m,n)). This approach brings the following equation

(my ) min = ([me — 1/2], [ng — 1/2]) (3.48)

For g12 > 1 the minimum of (3.18) is located by P;. As discussed in the previous section,
in this case the function (3.18) evaluated at the points on the critical ellipse defined by Pj(¢)
for t — 7 assumes values close to the minimum. So, in general, it is not reasonable to expect
the pair of integers (m,n)m; minimizing (3.15) to be in the immediate neighborhood of
P5. In this regard, (3.43), which represents the nontrivial eigenvalue of (3.42), can be used
to make a few comments. Since (3.42) is symmetric, it admits two orthogonal eigenvectors.
Moreover, the eigenvector associated with the trivial eigenvalue must be tangent to the ellipse
defined by Pj(t) in each location. Consequently (3.43) represents the curvature of (3.18) on
Py(t) in the direction orthogonal to the ellipse, for g1 = 1. This quantity can be used to
estimate the tendency of the stress relation (3.18) to increase in value in the direction normal
to the ellipse as the parameter ¢t varies. Taking the limit

lim k) (t) =00 (3.49)

t—m

It is seen that when the ellipse approaches the origin, i.e., when ¢t — 7, the curvature in
the direction orthogonal to the ellipse defined by Py(t) tends to infinity. This means that
even if for the point on the ellipse in the immediate neighborhood of the origin the value of
the stress given by (3.18) is very close to the minimum value assumed in P;, the evaluation
of (3.18) on the points close to the ellipse results in large increments in the stress with
respect to the minimum values assumed in P3;. These arguments, of course, don’t guarantee
that it is impossible to find the pair of integers (m, n)m:, minimizing (3.15) in the immediate
neighborhood of the origin, but they make this circumstance very improbable. Consequently,
it is reasonable to check as a potential candidate for (m, n):, the two integer points in the

neighborhood of Pj.

(m, n)min = (Mm,n) € P(mg,0) : min{o(m,n)} (3.50)

m,n
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A simpler, but less accurate, prediction of the buckled shape can be based exclusively
on the estimation of the closer integer value to the real stationary point (i.e. ignoring the

curvature of o(m,n)). This approach brings the following equation

(m, n)min = (Jmz —1/2],0) (3.51)

When g5 = 1, i.e., when the orthotropic material is shear-GMI, the minimum is no
loger a single point, but rather the minimum is the branch of an ellipse defined by Pj(t) (see
(3.35)) and locating the closest integer values becomes a hard task. The relevant branch of
the ellipse is shown in Fig. 3.6 together with the grid of integer values for v = 2, n = 0.01,
and v = 0.3. Looking at this figure, it is easily realized that there are many integer pairs
(m,n) quite close to the real minimum lying on the ellipse. This sophisticated behavior is not
a purely theoretical issue. In fact, it is the case for isotropic materials. The understanding of
Fig. 3.6 makes clear why a slight variation in the geometry of the shear-GMI cylinder may
result in a completely different buckled shape, even if the variation in the buckling load is only
slight. In fact, based on (3.34), it is seen that the geometry of the critical ellipse is controlled
by the geometry and material properties of the cylinder through the parameters n and .
Even a small variation of these parameters may result in completely different intersection
between the ellipse and the grid of integers. In order to find the pair (m,n);, minimizing
(3.15), a few considerations can be made looking again at the orthogonal curvature of (3.18)
all around the elliptical minimum. It seems reasonable that there is a higher probability
finding the pair (m,n)m:, minimizing (3.15) close to the region of the ellipse where x; is
small. Equation (3.43) depends on 7 (i.e., the aspect ratio of the critical ellipse, (3.34)),
consequently, the value of the parameter ¢ = t,,;, for which the orthogonal curvature is a
minimum is also dependent on . Performing the needed calculation, the following expression

is found for ¢,y

0 for O<7<\/§

bnin = 2(v2 —1 3.52
2 arcsin <L> for v >+2 ( )
Y

The value of t = t,,,;, from (3.52) is plotted in Fig. 3.7. Looking at Fig. 3.7 it can be noted

52



10

m

Figure 3.6: Critical ellipse for v = 2, n = 0.01, and v = 0.3

that when 0 < v < v/2 the region of the ellipse with the smallest orthogonal curvature is
located at t,,;, = 0 (i.e., at the nontrivial intersection with the m axis). As noted before, this
location coincides with P3 when g1o = 1. Similarly when v > 5, the region of the ellipse with
the smallest orthogonal curvature is located very close to t,,;, = m/2, approaching P, when
v — o0o. Finally, when v/2 < 7 < 5 (see gray band in Fig. 3.7) the value of t,,, increases
rapidly from zero to 7/2. More precisely, for ¥ = /2, t,;, jumps almost instantaneously
from zero to about 7/4. This translates into the fact that for v = /2 the orthogonal
curvature to the ellipse is almost constant for 0 < ¢ < /4, while the transition between 7/4
and /2 is less rapid. It should be noted that based on practical values of A due to cylinder
geometry and material properties (see (3.16)), the previous arguments simply state that the
pair (m, 1), minimizing (3.15) has a high probability of being in the neighborhood of the
quarter of ellipse spanned by 0 < t < 7/2. This fact explains why homogeneous isotropic
circular cylinders tend to buckle with a high wave number in the axial direction. By the

way, as can be seen from Fig. 3.6, most likely the elliptical minimum passes through or
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Figure 3.7: Location of minimum curvature vs v: v =2, n=0.01, v =0.3

very close to some integer pair. Consequently, even if in the neighborhood of that pair the
orthogonal curvature is not minimum, the pair (m,n);, has a high probability of being
located there. Based on the previous arguments, it is necessary to check all the integer pairs
in the vicinity of the critical ellipse as potential candidates for the pair (m, n),,;, minimizing
(3.15). The use of the critical ellipse concept dramatically reduces the integer pairs to check
and consequently the computational time needed, and most importantly, guarantees finding
the right pair in the spanned set. In fact, the pair (m,n),;, minimizing (3.15) must satisfy

the following relation

(M, M) min € {(m,n) € N? : m < [2a],n < [b]} (3.53)

Using more sophisticated arguments for the case g;» = 1, an analytical technique to
determine the pair (m,n),.:, as a function of the parameter v and 1 can be derived. As
shown previously the critical ellipse must be tangent in the origin to the n axis, so there are
only two degrees of freedom left for defining the ellipse. One of these degrees of freedom can
be used to require that the ellipse pass through a given integer pair (mg, ng), for example, if

it is desirable to have a particular buckling deformation pattern. This procedure allows for
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establishment of a relation between the parameters v and 7 that produce this deformation

pattern given by
) m2~2
(7, mo, m9) = 7 = o1 (3.54)

VI20 =) (n§ +my?)?

In Fig. 3.8 are plotted the curves (3.54) for mg = 1,2,...,10 and ng = 0,1,...,10. Each

curve is associated with an integer pair (mg,ng), shown in a few cases as a label. Looking
at these labels it is easy to realize that the relations (3.54) become closer to the 7 axis as m
increases, and become closer to the v axis as n increases. Consequently, all the curves are

located between the 7) axis, the v axis, and the curve associated with the pair (1,0). Based

0.5,
0.4+
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0.3/ (59
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Figure 3.8: 7(y,mq, ng) versus ~ for different pairs (mg, ng)

on Fig. 3.8 a few more considerations can be made. First, it should be noted that the curve
(7, mo, ng) represents all points of the plane 7, 7 such that (3.44) is the exact solution of
(3.15) for the given pair (mqg,ng). Second, it should be noted that the values of 7 and A
defined by the intersection of two relations given by (3.54) for two different values of mq
and ng correspond to special geometry having two different eigenfunctions associated with

a single eigenvalue. The pair (v, 7) forcing the ellipse to pass through the two integer pairs



(mq,nq) and (mg, ng) is given by

man? —mung 3 — a2
7= 2 2 il =mima(mi —ma)—55——5— (3.55)

Similarly it can be proven that the critical ellipse can be forced to pass by three integer pairs

when they are chosen using the following rule
mi = Mg + M3, ny = 0, Ngo = N3 (356)

Using (3.56), the pair (,7) needed to force the critical ellipse to pass through the three
integer pairs (my,ny), (mg,ny), and (mg,ng) (constrained by the relations (3.56)) can be
evaluated. The pair is given by

na

v = = "35>

mains

(3.57)

If the cylinder is designed using (3.57) it admits three buckled shapes associated with the
same eigenvalue. More precisely, two shapes are nonaxisymmetric and have an equal number
of waves in the circumferential direction. The other shape is axisymmetric with the number
of waves in the axial direction equal to the sum of the waves in the axial direction of the two

nonaxisymmetric shapes.

It is interesting to show how the dependence of the integer pair (m, 1), minimizing
(3.15), on the parameters v and 7 can be predicted using Fig. 3.8. More precisely, the (v, 7)
plane can be partitioned in tiles associated with all the possible deformation patterns of the
cylinder. In the following, an algorithm using Fig. 3.8 as a starting point will be proposed in
order to produce the needed partition. Before starting to describe the proposed algorithm it
is useful to introduce some notation. Each closed region of the plane (v, 7)) will be referred to
as a tile. Each tile is defined by portions of relations 7(-y, mg, ng) referred to in the following
as sides of the tile. The points where two (or three) different relations 7(y, mg, no) intersect
will be referred to as corners. At each corner four (or six) different tiles meet. Among those
four (or six) tiles, one tile will be referred to as the opposite of an another tile if it is possible

to move from one tile to the other moving on a straight line through the corner. Moreover

o6



if this line through the corner joining the two opposite tiles can be vertical, they will be
referred to as vertically-opposite. The algorithm needed to obtain the partition is described

below:

1. Find all the corners.

2. For each corner select the two closest relations 7(vy, mg, ng) met moving vertically up
and down, respectively. Then for each corner find the two middle points between it

and the top and bottom relation, respectively.

3. For each corner join the two midpoints closest to the corner of the two vertically-

opposite tiles with a vertical segment.

4. For each corner join the two midpoints closest to the corner of each remaining pair of

opposite tiles with the mean of the two relation 7(7y, mg, ng) defining the corner (i.e.,

1/2(7?(’% mu, nl) + 77(% ma, n2)))

5. For each midpoint of each tile that is not already joined with three other midpoints, join
it with the closest similar midpoints of the same tile with the mean of the two relations

(7, mo, o) defining the opposite side of the tile in the between the two midpoints.

6. Remove all relations 7(y, mg, ng).

The procedure described above is shown in Fig. 3.9 step-by-step for a small region of the
plane (v,7). The construction points and lines added at each step are drawn in different
colors to highlight the constructive procedure. At the end of step 5 each portion of the
dashed lines, representing the relations 7(y, mg, ng), are trapped in a single tile. This means
that all the region of the (v, 7) plane inside the tile is associated with the same deformation
pattern, defined by the trapped relations. As seen, there exist more tiles associated with the
same integer pair (m,n)m,. All those tiles have a corner in common. In order to validate
the found results, the partition obtained in Fig. 3.9 will be compared with the solution of
(3.15) evaluated on the same region of the (,7) plane. The results obtained are shown in
Fig. 3.10. More precisely, in Fig. 3.10 part (a) is repeated the partition constructed in Fig.
3.9 with the addition of labels indicating the deformation pattern associated with each tile.
In Fig. 3.10 part (b) is shown the results of the solution of equation (3.15) in a grid of 300 x

300 points. Each color corresponds to a deformation pattern, so that tiles having same color
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are associated with the same pair (m, n),;,. Comparing the two parts of Fig. 3.10, it is seen

that the constructive procedure proposed accurately predicts the pair (m, n),;, minimizing

(3.15) in the whole region. Although the proposed theory is quite complicated, it furnishes

a quantitative explanation of the apparently random way in which an axially loaded circular

cylinder buckles, allowing for the design of a cylindrical shell that will buckle following a

deformation pattern specified a priori. Moreover, it should be noted that the deformation

chart, shown in Fig. 3.10 for a subregion of the (v, 7) plane, must be evaluated only once

because it is valid in general. Of course the previous statements are true with respect to the

classical buckling equation used to derive the present theory.

The discussion in the next chapter will focus on a specific application of the analysis

developed in this chapter.
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Chapter 4

Axial buckling behavior of anisogrid

circular cylinders

4.1 Introduction

In this Chapter the general results found in the previous Chapter will be applied to
the study of a circular lattice cylinder. The lattice structure is assumed to be constituted
from a system of helical ribs, the included angle not necessarly being 30°. As mentioned in
Chapter 1, those kind of structures are usually referred to as anisogrid structures. When the
ribs are dense enough, the lattice can be described through a set of homogenized equivalent
constitutive equations. Those homogenized constitutive equations will be derived in the next
section for an anisogrid lattice made of a single layer of helical and circumferential ribs. Under
these specifications the lattice can be modeled as an orthotropic material having engineering
properties depending on the rib angle. The expressions for the engineering properties as a
function of the rib angle will be derived. Those expressions will be used in Sec. 4.3, together
with the theory developed in the previous Chapter, to study the axial buckling behaviour of

an anisogrid circular cylinder.
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4.2 Homogenized constitutive equations for an anisogrid structure

In this section the homogenized constitutive constants of an equivalent orthoropic ma-
terial, used to model an anisogrid structure, i.e., a regular system of densely arranged ribs,
will be derived as a function of the geometry and the constitutive properties of the ribs. A
representative anisogrid contruction is illustrated in Fig. 4.1, where relevant quantities are
labeled. More precisely, the thickness of the lattice layer is referred to with the usual symbol
h, the widths of helical and circumferential ribs are referred to with the symbols, d; and
d., respectively, and the spacings between two adjacent helical and circumferential ribs are
referred to with the symbols, a; and a., respectively. Finally the angle between the helical

ribs and the axial x;-direction is referred to with the symbol ¢. When the cross section

Figure 4.1: Lattice structure

of a rib is not rectangular, its cross-sectional area will be indicated with the symbol S. In
this circumstace the equivalent width of the rib can be expressed as S/h. Only a specular
system of helical ribs will be taken into consideration, which means that for each set of
ribs having orientation +¢, there exists a complementary set of ribs having orientation —¢,
except for circumferential or axial ribs (i.e., ¢ = /2 or ¢ = 0 in Fig. 4.1). The anisogrid
construction shown in Fig. 4.1 is a portion of a lattice structure with a specular set of ribs

having orientation ¢ and a set of ribs aligned with the circumferential x5-direction. It should
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be noted that for a lattice structure all the ribs lie in the same layer. This circumstance
causes the reduced stiffnesses coupling extensional and shear deformations to vanish (i.e.,
Q13 = Qo3 = Q31 = Q32 = 0, (2.17)). This means that a lattice construction can be consid-
ered as a single layer which behaves as an orthotropic material. According to [61], a lattice
layer of specular ribs having arbitrary cross section and forming an angle ¢ with the coor-
dinate line z1 (see Fig. 4.1) can be considered as a continuum layer having the equivalent

reduced stiffness given by

Qu —fhi cos’ () (4.1a)
Q=2 sin'(0) (1.10)
Q2 = Qa1 = o o (0) in(0) (4.10)
Qs =22 cos(0) in(0) (4.14)

where FE, is the Young’s modulus in the principal direction of a single rib, that is modeled
locally as a beam. The cross-section area of a system of helical ribs must be doubled to
take into account both the +¢ and the —¢ ribs. If more then one system of specular ribs is
present in the lattice layer, it can be considered as an homogeneous layer having the following

equivalent properties

_ 1 - (Er):S cos*(¢; a
Qu = A ; (an); (&) (4.2a)
1 ~ (B)iSi sin? (¢
Qa2 = A ; (an); (¢4) (4.2b)
Q2= Qo = %Zl (szl cos®(¢;) sin®(¢;) (4.2¢)
_ 1 ~ (E)iSi cos?(¢;) sin’(;
Q33 - h Zz:; (ah)i (¢z) (¢z) (4'2d)

where m is the number of systems of specular ribs, (E,); is the Young’s modulus in the
principal direction of the " system of specular ribs, S; is the cross-section area of the 5
system of specular ribs, (ay,); is the spacing between two adjacent ribs of the it system of

specular ribs, and h is the thickness of the layer. The equivalent reduced stiffnesss of a lattice

62



layer including a system of specular rectangular cross section ribs forming an angle ¢ with
the x;-direction and a system of rectangular cross section ribs in the zy-direction (see Fig.

4.1) are given below

Edh

Qu =2 cos*(¢) (4.3a)

O —2E 1 4 B (4.3b)
Erdh 2 22

Q12 =Qa1 =2 cos(¢) sin”(¢) (4.3¢)

Oss _zE rh o (¢) sin?(¢) (4.3d)

In order to improve the local buckling capabilities, the length of each unsupported
segment of a rib in the grid must be made as short as possible. One approach to achieve
this condition is obtained by attaching the circumferential ribs at the middle point between
two adjacent joints of helical ribs, as shown in Fig. 4.1. It should be noted that this special
geometry of the grid produces the following constraint equation between the distances ay,

and a, ap, = 2a.sin(¢g) (4.4)

Assuming all the ribs to have the same width (i.e., d, = d.), a dimensionless parameter

taking into account the rib density can be defined as follow

60 =d./a. (4.5)

Substituting (4.4) and (4.5) in (4.3) results in equivalent reduced stiffness which can be

written as »
cos* (¢

Qu =E.0 sin(0) (4.6a)

Q22 =E,0(sin’(¢) + 1) (4.6b)

Q12 =Qo1 = E,6 cos®(¢) sin(¢) (4.6¢)

Q33 =E,6 cos’(¢) sin(¢) (4.6d)

Using (4.6), the equivalent engineering properties of the homogenized orthotropic material

can be obtained as
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B =Qu- 22 _p; (—COSB(@ COW)) (4.72)

QQQ N 1 + sin3(¢)
2
Ey =Qa — Q—i = L0 (4.7b)
_ Qi cos?(¢)sin(¢)
V12 “0n  1+sin(0) (4.7¢)
Vo :% = tan?(9) (4.7d)
G2 =Q33 = E,6 cos®(¢) sin(¢) (4.7¢)

4.3 Axial buckling behavior of an anisogrid circular cylinder

In this section the equivalent engineering properties for an anisogrid lattice, derived in
the previous section, will be substituted into the general theory developed in Chapter 3 in
order to predict the axial buckling behavior of an anisogrid circular cylinder as a function
of the angle of the helical ribs, ¢. First, using (3.11) and (4.7) it is possible to define the

constitutive properties of the associated GMI material as a function of the rib angle ¢ as

E=\EE, = ET(S\/M (4.82)

1 + sin®(¢)
B B sin®(¢)
V=V =2\ Tr g () (4.8b)
B cos®(9)
G 00 E.$ (4.8¢)

2 (sin2(¢) +4/1+ sin4(¢)>

Similarly, the dimensionless parameters ej5 and g9, defined in (3.13), can be specialized for

an anisogrid structure as

By cos®(¢) cot(o)
B, 1+4sin’(9)

e =22 = 25in(0) (s(0) + fsin(o) +5in'(0) ) (1.90)

€12 (49&)

As shown in (3.44), the axial buckling stress of an orthotropic cylinder can assume two

different values, depending on the value of the parameter g;5. More precisely, when 0 <
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g12 < 1, the cylinder deforms in a nonaxisymmetric fashion and the buckling stress becomes
dependent on the shear modulus, while when g;5 > 1 the cylinder deforms in an axisymmetric
fashion and the axial buckling stress does not depend on the shear modulus. The range of

validity of each solution can be expressed as a function of the rib anlge ¢ as

0<g12<1=0<¢p<m/6 g2 >1=>7/6< ¢ <m/2 (4.10)

Consequently, using (3.44), (4.8), (4.9), and (4.10), the axial buckling stress of an anisogrid

circular cylinder can be expressed as a function of the rib angle ¢ as follows

E,.6n cos®(9) \/§ (sin2(¢) + /sin() + sin4(<j>)> for 0<op<Z
Umzn(¢) - g 5 COS2(¢) - _ (411)
VTR for G=0ss

When ¢ = 7/6 the anisogrid medium becomes isotropic (usually referred to as isogrid) with
Young’s modulus E,.6 and Poisson’s ratio 1/3 (see (4.7)) and (4.11) assumes the following
value.

1 E

2V2 30— (1/3))

A few comments can be made regarding (4.11). First, it is seen that the value of the

(4.12)

critical stress depends on the rib width, spacing, and constitutive property only through a
multiplicative factor E,.¢, coinciding with the Young’s modulus of the homogenized structure
in the isogrid case. Consequently, the rib angle is the main parameter controlling the stability
properties of the structure. Second, it can be easily verified using (4.11) that 0,,,(0) =
Omin(m/2) = 0. This behaviour is due to the loss of accuracy of the homogenized model in
the vicinity of the boundaries of the range of variation of the angle ¢. In fact, according
with (4.7), it is seen that G13 = 0 at ¢ = 0 and E; = 0 at ¢ = 7/2. These singular values

result in the axial buckling stress vanishing.

It is useful to define a dimensionless version of the axial buckling stress (4.11). A

convenient choice is to normalize (4.11) by the isogrid value defined in (4.12). Performing

65



the needed calculation results in

Umin(¢)

(¢)\/S ¢) 4+ \/sin(¢) +sin*(¢) for 0< ¢ <Z
Gmin(T/6) :

5.cos°(9)
sin(¢)

\_/

| l\DOOI W~

Jor §<o<3

(4.13)
It is important to note that (4.13) depends only on the rib angle ¢. Equation (4.13) is
plotted in in Fig. 4.2 in solid bold line. The extensions of the two functions defining (4.13)

=

N
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INE N
wIix

|

N
NI[x

=

Figure 4.2: Normalized axial buckling stress versus rib angle ¢: solid line, (4.13) within range of ¢;
dashed line, (4.13) outside range of ¢

out of their respective ranges of validity are plotted as dashed lines to highlight the fact
that the solution switches from the nonaxisymmetric branch, associated with the under
shear-GMI material (0 < ¢ < 7/6), to the axisymmetric branch, associated with the over
shear-GMI(7/6 < ¢ < 7/2), at ¢ = 7/6, where the lattice becomes shear-GMI. Looking at
Fig. 4.2 it is seen that (4.13) admits a maximum in the under shear-GMI region, where the
anisogrid cylinder deforms in a nonaxisymmetric pattern. This maximum can be found to be
at Ppest = 25.46°. It is useful to remark that this value of ¢ is independent of the geometry
(i.e., ) and the elastic modulus (i.e., E,.) of the ribs.

In order to validate the derived closed-forms, results obtained using them will be

compared with the exact solution obtained by spanning (3.15) for m = 1,2,...,200 and
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n = 1,2,...,50. The calculation will be performed using the geometric and constitutive

properties given in Tab. 4.1.

n |v| ¢ | E-[Pd]
0.01]2]0.1]130x 107

Table 4.1: Geometric and constitutive properties of the anisogrid cylinder used for calculations

In order to compare (4.13) with (3.15), the value of (3.15) at ¢ = 7/6 must be evaluated.
This value is given in Tab. 4.2 together with the value from (4.12). As seen from Tab. 4.2 the
value predicted by (4.12) is in good agreement with the exact solution of (3.15). Moreover,
as expected, the value predicted by (4.12) is slightly less than the exact one (3.15). Using

5 Eq. (4.12) Eq. (3.15)
Omin [Pa] m | n Ocr [Pal
7/6 | 7.96084 x 107 | 9 | 1 | 7.96085 x 107

Table 4.2: Comparison between (4.12) and (3.15) solved for ¢ = /6

the value given in Tab. 4.2, a qualitative comparison between (3.15) and (4.13) is shown
in Fig. 4.3, where the solid line represents (4.13) and the dots represent the solution of
(3.15) at different values of the rib angle ¢ normalized with respect to the isogrid value given
previously (i.e., o..(7/6) = 7.96085 x 10" Pa ). Each dot is labeled with the pair of integers
minimizing (3.15) for the corresponding values of ¢. A few comments can be made based on
Fig. 4.3. First, it is seen that (4.13) predicts accurately the solution of (3.15) over the whole
range of the rib angle ¢. Second, looking at the (m,n) labels it can be seen that the three
different behaviours associated with the under shear-GMI, shear-GMI, and over shear-GMI
material are confirmed. In fact, as predicted, the deformations associated with the under
shear-GMI region are nonaxisymmetric (i.e., n # 0), the deformation associated with the over
shear-GMI region are axisymmetric (i.e., n = 0), while the deformations associated with the
shear-GMI case are, in general, independent from other regions. A quantitative comparison
between the critical axial stress, estimated by (3.15) and normalized with respect to the
isogrid critical stress, and the minimum stress estimated by (4.13) is given in Tab. 4.3 for
the same values of ¢ given in Fig. 4.3 belonging to the under shear-GMI region. Looking
at Tab. 4.3 it is seen that, as expected, (4.13) always gives an under-prediction of the true

axial buckling stress given by (3.15), according with (4.13) to be a lower bound for (3.15).
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Figure 4.3: Normalized axial buckling stress versus rib angle ¢: solid line (4.13); dots (3.15) with
(m,n) producing minimum

o) 7/60 | «/30 | w/20 | «/15 | w/12 | w/10 | 7w/60 | 2w/15 | 37w/20
Eq. (3.15) | 0.6593 | 0.7730 | 0.8529 | 0.9078 | 0.9490 | 0.9874 | 1.0036 | 1.0109 | 1.0106
Eq. (4.13) | 0.6398 | 0.7626 | 0.8437 | 0.9032 | 0.9475 | 0.9794 | 1.0001 | 1.0103 | 1.0102

Table 4.3: Comparison between (3.15) and (4.13) in the under shear-GMI region

Similarly in Tab. 4.4, a comparison between (3.15) and (4.13) is given for a few samples

belonging to the over shear-GMI region (see Fig. 4.3). All the comments made for Tab. 4.3

o) w/5 | Tw/30 | 4x/15 | 3x/10 | «/3 | 117/30 | 2x/5 | 13w/30 | 7w /15
Eq. (3.15) | 0.8049 | 0.6376 | 0.4897 | 0.3621 | 0.2533 | 0.1633 | 0.0923 | 0.0412 | 0.0103
Eq. (4.13) | 0.8049 | 0.6365 | 0.4897 | 0.3621 | 0.2533 | 0.1632 | 0.0923 | 0.0412 | 0.0103

Table 4.4: Comparison between (3.15) and (4.13) in the over shear-GMI region

apply to Tab. 4.4 even if the prediction given by (4.13) seems to be more accurate in the

over shear-GMI region.

The shear-GMI case (i.e., ¢ = 7/6) needs some extra comments. In fact, as seen in the
previous Chapter, for this value the minimum of (4.13) lies on an ellipse in the (m,n) plane.

The two radii of the critical ellipse can be evaluated by substituting (4.8) and (4.9) in (3.34).
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Performing the needed calculation, the following expressions are found

1 ,/2 1 Qﬁ
a=—4/2=4518 b=—4/2=9.036 4.14
vv/m V3 NAE (4.14)

The ellipse obtained using (4.14) is shown in Fig. 4.4. The critical ellipse does not pass
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Figure 4.4: Critical ellipse associated with the isogrid case. Closest integer pairs encircled

through any integer pair, so (4.13) is not the exact solution for the problem under exami-
nation. By the way, looking at Fig. 4.4 it is seen that the pair (9, 1) minimizing (3.15) for
¢ = /6 (see Tab. 4.2) corresponds to one of the integer pairs that are close to the critical
ellipse (encircled in Fig. 4.4), in line with the theoretical prediction. From Fig. 4.4 it is seen
that a slight variation of the ellipse geometry can cause the curve to pass exactly through
some integer pairs, and consequently force (4.12) to be the exact solution of (3.15). The
geometry of the ellipse can be controlled through the parameters n and . As seen previously
(see (3.44) and (4.11)), the critical stress depends on the parameter 7, but it is independent
of the parameter v that appears in the derived theory only as the aspect ratio of the critical

ellipse. Consequently, the geometry of the critical ellipse in Fig. 4.4 can be modified by
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varying the parameter + without changing the critical stress of the cylinder. The proper
value of 7y needed to force the critical ellipse to pass through the pair of integers (mg, ng) is

given by the following expression

b4+ \/b? — n?
o= LEVE TG (4.15

where b is given by (4.14). As seen from Tab. 4.5 the critical ellipse can be forced to pass
through nine of the integer pairs encircled in Fig. 4.4 by varying the parameter v within

+5% from its nominal value (i.e., v = 2 in Tab. 4.1). Needless to say, for totality of the

mo | no Y0 A% - Eq' <?;clr5[)Pa]
9 4 |1.90427 | —4.7865% | 9 | 4 | 7.96084 107
9 3 | 1.95106 | —2.4470% | 9 | 3 | 7.96084 107
) 9 | 1.96841 | —1.5795% | 5 | 9 | 7.96084 107
8 6 | 1.97406 | —1.2970% | 8 | 6 | 7.96084 107
9 2 | 1.98310 | —0.8450% | 9 | 2 | 7.96084 107
9 1 | 2.00184 | +0.0920% | 9 | 1 | 7.96084 107
9 0 | 2.00800 | +0.4000% | 9 | 0 | 7.96084 107
4 9 |2.05750 | +2.8750% | 4 | 9 | 7.96084 10"
8 5 | 2.07033 | +3.5165% | 8 | 5 | 7.96084 107

Table 4.5: Solution of (3.15) for nine variations of A

cases shown in Tab. 4.5 the axial buckling stress estimated using (3.15) exactly coincides
with the one obtained using the close form (4.12). The results of Tab. 4.5 are visualized
in Fig. 4.5, where the 7(vy,mg, ng) relations for the the nine integer pairs listed in Tab.
4.5 are shown as solid lines and 7y = n/(y/12(1 — v?)) = 0.00306186 is shown as a dashed
line. The intersection points having coordinates (7o, y0), which represents the intersection
between the 7(y, mg, ng) relations and 7y, are shown as dots. As expected, the abscissa of
each intersection coincides with one of the two roots of (4.15), as can be easily realized
comparing Fig. 4.5 with Tab.4.5. The second root of (4.15) is still a valid solution but does

not belong to the range shown in Fig. 4.5, i.e., 5% with respect to the nominal value v = 2.

If the requirement of having (4.12) be the exact solution of (3.15) is relaxed, a few more
considerations can be made using the partition of the (v,7) plane derived in the previous

Chapter. In Fig. 4.6 the partition is shown together with the line 1) = 7y and a dot repre-
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Figure 4.5: Visualization of the ~ values needed to force the critical ellipse to pass through nine
integer pairs

senting the nominal geometry of the cylinder (see Tab. 4.1). As seen, the partition correctly
predicts the cylinder will buckle following the deformation pattern (9,1), and highlights the
fact that a very slight decrease in the parameter v (less than 0.06%) results in a cylinder
that buckles with a deformation pattern of (5,9) instead of (9,1). Moving continuously on
the line 7 = 7, in the 5% range of variation thirteen different tiles of the partition are
crossed. It is interesting to note that four of these tiles are associated with the integer pair
(5,9) and two with the pair (4,9), so the different integer pairs intercepted in the range
of variation of £5% are still nine, as shown in Tab. 4.5. The presence of multiple tiles
associated with the same integer pair produces the cylinder that buckles with the same de-
formation pattern in multiple disjoint ranges of the parameter v, alternated with different
ranges within which the buckled shapes are different. More precisely, from Fig. 4.6 it is
seen that continuously varying the parameter v from 1.9 to 2.1 the following deformation
pattern are produced (9,4) < (5,9) < (9,3) < (5,9) < (8,6) < (5,9) < (9,2) < (5,9)
— (9,1) < (9,0) < (4,9) < (8,5) <> (4,9). As seen from Fig. 4.6 the length of each
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range is different and could be even very small. For example, the range associated with the
deformation pattern (8,6) is 1.97345 < v < 1.97484 and a really small positive or negative
variation of the cylinder geometry produces the cylinder that buckles following the pattern

(5,9). An alternative way to highlight the sophisticated behaviour of an axially loaded
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1

Figure 4.6: Tiles intercepted varying v of +5% and keeping 7 constant

shear-GMI circular cylinder is to plot o.. versus v. When the parameter v is thought as
a variable, o.. can be interpreted as the minimum among a set of functions of + obtained
by spanning the wave numbers m and n among integers (see (3.15)). In Fig. 4.7 the nine
functions associated with the nine integer pairs of interest, normalized with respect to i,
(see (4.12)), are plotted together. The minimum profile, which represents o, versus 7y is
highlighted with a bold line. Moreover, a dashed line is plotted at unity to represent the
normalized value of 0,,;,(7/6). Looking at Fig. 4.7, it is understood why in the partition
of the (,n) plane there appear multiple tiles associated with the pairs (5,9) and (4,9) al-
ternating with the remaining ones. In fact, as seen from Fig. 4.7, different portions of the

curves associated with these two integer pairs serve as minimum in different ranges of ~.
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Figure 4.7: Normalized o, versus =

Moreover, from the figure it is seen that the nine values of 7 listed in Tab. 4.5 and visualized
in Fig. 4.5 correspond to those values (of ) for which each of the nine functions associated
with each of the nine pairs assumes its minimum. These minima, in the totality of the case
of interest, are equal to the lower bound o,,;,(7/6). As seen previously, these points are the
values of v for which the critical ellipse passes through the corresponding integer pair and
consequently (4.12) is the exact solution of (3.15). Similarly the range of v for which each
of the nine functions serves as a minimum corresponds to the ranges of the different crossed

tiles in Fig. 4.6, as can be easily verified comparing the two figures.

This example shows how, for a shear-GMI medium, a slight change in the cylinder
geometry can produce completely different buckled shapes without producing any change in
the axial buckling stress. Moreover both axisymmetric and nonaxisymmetric deformations
can be produced. It should be finally noted that, due to the plus-minus nature of (4.15), for
each integer pair there exist two different geometries having the same buckled shape and the
same axial buckling stress. For the axisymmetric solution (i.e., n = 0) the second possible

geometry is given by A = 0, i.e., an infinitely long cylinder.

In order to predict how the buckled shape of the anisogrid cylinder depends on the rib
angle ¢ in the under and over shear-GMI regions, the coordinates of the stationary points as a

function of ¢ must be determined. As shown in Chapter 3, for the over shear-GMI region the
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global minimum is located at the stationary point of type-2 having coordinates (ms, ny), and
for the over shear-GMI region at the stationary point of type-3 having coordinates (msg,0).
Substituting (4.8) and (4.9) in the general equation of the stationary point of type-2 and -3

given in Tab. 3.2 results in the following expressions

1 {/5in(d) + s () i‘/ 6 sin(¢) (sm ) + y/sin(¢) + sin’ gb))

) — (4.16)
V1 cos(¢) \/\/1 +sin3(¢) + 34/sin’(¢)
] </6 sin(¢) (sm + \/Sln ) + sin* ¢)>
() - L (4.16b)
Vi \/\/1 +sin’(¢) + 34/sin’(¢)
ma(6) 1 /12sin(¢) (4.16¢)

Ty cos(9)

The results obtained using (3.48) in order to predict the integers pair m and n minimizing
(3.15) in the under shear-GMI region are shown in Figs. 4.8 (a) and (b), respectively. More
precisely: ma(¢) and ns(¢) (see (4.16)) are shown in dashed line; (3.48), i.e., [ma(¢) — 1/2]
and [ng(¢) — 1/2], are shown in solid line; and the exact solution of (3.15) is shown as

dots for the same values of ¢ shown in Tab. 4.3. Looking at Fig. 4.8 it is seen that (3.48)
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Figure 4.8: Comparison among (3.48), solid line; continuous solution (4.16), dashed line; and (3.15),
dots, in the under shear-GMI region

correctly predicts the m value in the totality of the cases. Conversely, the value of n is not

predicted correctly in two cases, namely ¢ = 7/30 and ¢ = 7/10, encircled in Fig. 4.8 (b).
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It is easy to realize that the incorrect prediction is due to the proximity of ¢ = 7/30 and
¢ = /10 to the discontinuities of [ns(¢) —1/2]. Performing the needed calculation it can be
shown that using (3.47) instead of (3.48) to predict the pair (m,n) the incorrect predictions
are avoided. Similarly, the results obtained using (3.51) in order to predict the integer pair

(m, 0) minimizing (3.15) in the over shear-GMI region are shown in Fig. 4.9. More precisely:

18f
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12;

10
T T iz ax 3n big
6 5 30 15 10 3

¢

Figure 4.9: Comparison among (3.51), solid line; continuous solution (4.16), dashed line; and (3.15),
dots, in a portion of the over shear-GMI region

ms(¢) (see (4.16)) is shown in dashed line; (3.51), i.e., [m3(¢) — 1/2], is shown in solid line;
and the exact solution of (3.15) is shown as dots. Due to the very large range of variability
of ms(¢) (see labels in Fig. 4.3), only a portion of the over shear-GMI region is shown in
Fig. 4.9. Looking at Fig. 4.9 it is seen that (3.51) correctly predicts the m value in the
totality of the cases shown in the figure. Performing the needed calculation, it can be shown

that (3.51) correctly predicts the m value in the whole over shear-GMI range.

This chapter has presented a comprehensive analysis of the buckling behavior of aniso-
grid circular cylinders, assuming the lattice structure can be homogenized as an equivalent
orthotropic material. Chapter 7 will make use of the findings in this chapter as applied to
elliptical anisogrid cylinders. The next chapter provides an introduction to elliptical cylin-

ders.
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Chapter 5

Introduction to elliptical cylindrical

shells

5.1 Introduction

In the previous chapters the stability of a cylindrical shell having a circular cross section
has been investigated, resulting in a general theory describing the buckling behavior of an
axially loaded orthotropic circular cylinder. As seen, the simple geometry of a circular
cross section allows for the solution of the stability equation and the derivation of useful
closed-form expressions. Furthermore, as reported in Chapter 1, the studies on noncircular
cylinders have shown that the introduction of even a small imperfection in the circular
cross section results in a deterioration of the stability performances. Both of those aspects
contribute to the historical orientation to design cylindrical structures with circular cross
sections. A few examples of structures containing circular cylindrical shells are shown in
Fig. 5.1 However, noncircular cross section shells can introduce valuable advantages in the
design of certain structures. An interesting example of this concept can be found in the most
recent studies on aerodynamics. Those studies show how a noncircular fuselage blended with
the wings will result in the entire aircraft which generates lift and minimizes drag, thereby
increasing fuel economy. A comparison between the traditional tube-and-wings design and

this futuristic design, usually referred to as blended wing body (BWB), is shown in Fig. 5.2.
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Figure 5.1: Examples of structures constructed of circular cylindrical shells

Elliptical cross-section

Circular cross-section

Figure 5.2: Comparison between traditional aircraft and BWB design
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Another obvious advantage related to the use of an elliptical fuselage must be found in the
unprecedent space availability within the center body of the structure that can be fruitfully
earmarked to the efficient accommodation of large numbers of passengers and payload. On
the other hand, the use of an elliptical fuselage comes with important structural inefficiencies.
In fact, while for a traditional fuselage with a circular cross section a thin skin layer is able
to carry internal pressure efficiently via hoop tension, for a noncircular fuselage cross section
internal pressure loads also induce large bending stresses. Moreover, the structure is also
loaded with further bending and compression loads due to aerodynamic and gravitational

forces.

The BWB example highlights how the study of the improvement of the structural per-
firmance of an elliptical cylindrical shell is not only an interesting theoretical problem, but

could even be of practical and economical interest.

5.2 Buckling behaviour of an elliptical cylinder

In this section a more detailed explanation of the deterioration of the stability perfor-
mances of a noncircular section will be given. Initially, a circular cylinder will be considered.
Then, keeping the circumference constant, an eccentricity e, will be assigned to the cross
section. Finally the stability performances of the two shells will be compared in order to
establish the dependence of the degeneration of structural properties with the assigned ec-

centricity.

Consider a circular cylindrical shell with radius R., constant thickness h., and length L..
Suppose the given circular cross section is made elliptical by assigning to it an eccentricity
e, but the circumference is kept the same as the original circular cylinder, namely 27 R.. An
elliptical cross section can be described parametrically using the parameter ¢ by the radius
vector v(t) defined by

v(t) = (acos(t), bsin(t)) t €[0,2m) (5.1)

where, as illustrated in Fig. 5.3, a and b are the major and the minor radii of the cross

section of the midsurface and, as shown, n(t), R(t), and h(t) are the unit normal, the radius

78



of curvature, and the thickness of the cross section, which, for generality and later use in
subsequent sections and chapters, is assumed to vary with circumferential position. The arc

length in the circumferential direction is measured by the parameter s.

A

h(t)

h(t)/ 2

t=t/2  n(t)

V(t) Vout (t)

Vin(t)

midsurface

t=3n/2> e
a

Figure 5.3: Cross section of midsurface of elliptical cylinder

The eccentricity of an ellipse e is defined as

iE o

It should be noted that e = 0 when a = b, the ellipse degenerating to a circle. Similarly, e = 1
when b = 0, the ellipse degenerating to a flat panel. Based on these arguments, it should be
clear that in order to have an ellipse the following relation must be fulfilled: 0 < e < 1. All
the expressions involving the eccentricity derived in the following are meaningful only for

this range of values. Using the parametrization (5.1), the unit normal can be expressed as

n

(1) = ( b cos(t) asin(t)

| te0,2r 5.3
\/a2 sin?(t) + b2 cos?(t) \/a2 sin?(t) + b2 cos2(t)> €| ) 53

Using (5.3), an analytical expression for the outer and the inner surface of a variable thickness
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ellipse can be obtained by adding and subtracting, respectively, a quantity h(t)/2 along the
normal direction from the midsurface, as shown in Fig. 5.3. The radius vectors describing

the cross sections of those surfaces can be written as follows:

Vout(t) = v(t) + —=n(t) Vin(t) = v(t) — —=n(¢) (5.4)

The radius of curvature of the elliptical cross section can be expressed as a function of the

parameter t as

N

R(t) — (b% cos?(t) j;ba2 sin?(t)) te [0,2n) (5.5)

The major radius a and the minor radius b of an ellipse having an assigned eccentricity e

and the same circumference as the original circular cylinder are given by

R. o R, 2
a= £02) b= 5(62)\/1 i (5.6)

where £(.) is the normalized complete elliptical function of second kind defined by

5@%:%A§w1—kaﬁwyw (5.7)

It should be noted that when the assigned eccentricity eq = 0 (i.e., the circular case), (5.6)

gives correctly a = R, and b = R,, while when ey = 1 (i.e., the flat plate case), (5.6) gives
correctly a = mR./2 and b = 0.

The radius of curvature R(t) of an ellipse having the same circumference as the original

circle and an assigned eccentricity ey can be obtained by substituting (5.6) in (5.5), that is,

R@%F:R3¢“_%mﬂm3 t € [0,27) (5.8)

E(e? 1— el
The minimum and the maximum radii of curvature are given by the following relations:

R,
&(eg)

R. 1
E(e5) /1 — €2

Roin = R(0) = o< (1 - €2) Ruae = R(r/2) = (5.9)

The prebuckling deformed shape of a circular cylinder at the buckling load level, simply
supported at both its ends and of constant wall thickness, is shown in Fig. 5.4 (a). The
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results in Fig. 5.4 (a) were computed using the commercially-available finite element code
ABAQUS® [63], considering a linear elastic analysis, and including geometrically nonlinear
stress-displacement relations. Details of finite-element analysis will be presented shortly.
Looking at the picture it is quite evident that the deformations of this shell are axially
symmetric and all circumferential locations of the cylinder equally contribute to the stability

of the structure Similarly, the prebuckling deformed shapes of the elliptical cylinders with

(d)

Figure 5.4: Deformed shape of an axially-loaded simply-supported cylindrical shell with constant
wall thickness: (a) circular cross section (b) elliptical cross section, eg = 0.50 (c) elliptical cross
section, eg = 0.70 (d) elliptical cross section, ey = 0.85.

the same constant wall thickness as the circular cylinder and obtained by assigning the
eccentricities ey = 0.50, eg = 0.70, and ey = 0.85 to the original circular cross section are

illustrated in parts (b), (c), and (d) of Fig. 5.4, respectively. From this figure is evident that
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the deformations occur mainly at the flatter locations of the elliptical cross section, while
the more curved portions are practically undeformed. The flatter portions correspond to the
locations of the cross-section having maximum radius of curvature. This behaviour can be
interpreted keeping in mind that, as seen in Chapter 3, the axial buckling load of a circular
cylinder depends on the inverse of the radius of curvature that, for a circular cylinder, is the
same at all circumferential locations. Conversely, for an elliptical cross section the radius
of curvature becomes a function of circumferential location, being maximum at the flatter
regions, and consequently, even the critical stress becomes different for each circumferential
location, being minimum in the flatter regions. Based on these arguments it can be seen that
the axial buckling load of an elliptical cylindrical shell can still be predicted using (3.44) if
the parameter 7 is defined as h/ R4, This statement is equivalent to asserting that the axial
buckling behaviour of an elliptical cylinder is coincident with the one of a circular cylinder
having radius equal to the maximum radius of curvature that the ellipse assumes all around
its circumference. This circle is usually referred to as the maximum osculating circle. In Fig.
5.5 an ellipse having eccentricity e = 0.7 is shown in solid line together with its maximum

osculating circle, shown in dashed line.

Figure 5.5: Maximum osculating circle of an ellipse having e = 0.7.
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Based on this idea, using (5.9), the ratio between the buckling stress of a constant
thickness elliptical (CTE) cylinder, obtained by assigning an eccentricity ey to the original
constant thickness circular (CTC) cylinder, and the original CTC cylinder is predicted to be

OCTE R, 9 5
= =E&(e 1—e 5.10
vore T (€0)/ 0 (5.10)

It should be noted that the ratio of the buckling stresses between the two cylinders depends

only on the assigned eccentricity eg. In Fig. 5.6 the ratio in (5.10) is plotted vs. the assigned

1.0

o ©
o ©

=
~

ocTe/ocTC

0.0 0.2 0.4 0.6 0.8 1.0

Figure 5.6: Comparison between the buckling stress of elliptical and original circular cylinders.

eccentricity eg. As seen, the buckling stress of a CTE cylinder decreases considerably with
increasing eccentricity. For example, about 20% of the stress level is lost when an eccentricity
of 0.50 is assigned to the original CTC cylinder. Similarly about 40% of the stress level is
lost for eg = 0.70 and about 60% for ey = 0.85.

5.3 Numerical validation of the developed analysis

Since the developed analysis was based on a rather simple premise (i.e., the elliptical

cross section is treated as its maximum osculating circle and prebuckling rotations are ne-
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glected) (5.10) will be compared with a finite-element analysis performed using ABAQUS.
The finite-element mesh employs 81 equispaced nodes in the axial direction and 168 equis-
paced nodes in the circumferential direction, for a total of 13,440 elements. A S4R four-node
shell element from the ABAQUS library is used. This element uses thick-shell theory as
the shell thickness increases and becomes a Kirchhoff thin-shell element as the thickness
decreases. Geometrically nonlinear prebuckling analysis will be employed, and the results
for simply-supported boundary conditions will be considered. The buckling condition will
be identified by applying to one end of each cylinder the smallest axial compressive displace-
ment that causes the tangent stiffness matrix of the numerical analysis to become singular.
The stress state for this condition, in particular, the axial stress level, will be considered
the buckling stress. The quantities of interest at this level of displacement will be com-
pared with the respective analytical predictions for three values of assigned eccentricities,
eg = 0.50, 0.70, and 0.85, as discussed in Fig. 5.6, and two cylinder sizes in order to check
the generality of (5.10). So-called small and large circular cylinders with the geometrical
dimensions listed in Tab. 5.1 will be considered as the original CTC cylinders for the two

sizes. In addition to the increased overall size of the large cylinder, the large cylinder is more

R, L. he
small | 0.1m | 0.32m | 1.12mm
large | 0.5m | 1.60m | 2.24mm

Table 5.1: Geometrical properties used in the calculations

flexible than the small cylinder in terms of wall thickness to radius ratio, i.e., the wall of the
large cylinder is thinner relative to the radius. The mesh described above was used for both
cylinder sizes. Moreover, two different isotropic materials will be taken into consideration,
namely aluminum and an isogrid lattice structure. The constitutive properties of these ma-

terial are listed in Tab. 5.2. For reasons that will be clear in the following two chapters, the

E[GPa] | v
Aluminum 70 0.3
Isogrid 13 1/3

Table 5.2: Constitutive properties used in the calculations

circular and elliptical aluminum cylinders will be referred to in the following as the CTC and

CTE cylinders, respectively. The circular isogrid cylinder and the elliptical isogrid cylinder
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will be referred to in the following as the CGC and CGE cylinders, respectively. The G in

the notation stands for Geometry, meaning the rib angle of the lattice 1.

Using (5.6), the major and the minor radii a and b for the three different values of the
eccentricity eg can be evaluated for both small and large cylinders. These values are listed

in Tab. 5.3, along with the ratios of the minor to major radii.

small large
a b a b b/a
0.50 | 0.1070 | 0.0927 | 0.5350 | 0.4635 | 0.87
0.70 | 0.1159 | 0.0827 | 0.5795 | 0.4135 | 0.71
0.85 | 0.1279 | 0.0674 | 0.6395 | 0.3370 | 0.53

€0

Table 5.3: Tabulation of relevant quantities for three values of eccentricity

In Fig. 5.7 (a) and (b) the axial stress at the buckling condition as computed by
ABAQUS for the CTC and CTE cylinders for all the eccentricity values under consideration
for the small and the large cylinders, and normalized by the critical stress of the CTC, are
plotted versus the normalized circumferential location s/27R. (see Fig. 5.3) for simply-

supported boundary conditions. Looking at this figure, it is first observed that the finite-
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s/2nRe s/2nRc
(a) small (b) large

Figure 5.7: Circumferential variation of axial stress at the buckling condition for small and large
CTC and CTE cylinders and three values of eccentricity

element analysis predicts that axial stress for CTE cylinders varies with circumferential

position. The degree of the variation depends on the assigned eccentricity eq and the size

In Chapter 7 the rib angle (i.e., the Geometry) of an elliptical lattice cylinder will be allowed to vary with
circumferential position, and the notation VGE will be used. Hence the notation CGE for the case being discussed
presently, where the rib angle is fixed for all circumferential locations at ¢ = /6.
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of the cylinder. The variation is less for the large cylinder, due to lower value of the ratio
h/R. For the CTE cylinder, most of the variation occurs in the flatter portions of the cross
section, s/(27R.) = 0.25,0.75, where the stress level is equal to the buckling stress. In
Tab. 5.4 both the circumferentially-averaged magnitude and the circumferentially-averaged
normalized magnitude of the axial stress of the CTE cylinders at the buckling condition as
computed from the finite element results of Fig. 5.7 are reported for all the eccentricity values
of interest for both small and large cylinders. In the same table the ratio of buckling stress
for the CTE cylinder relative to the CTC cylinder, ocrgp/ocrc, predicted in the developed
analysis by (5.10) and Fig. 5.6 is reported. Although the finite-element calculations show the
axial stress in the CTE cylinders to vary somewhat with circumferential position, considering
the average axial buckling stress from the finite-element calculations for the CTE cylinders
in that ratio, i.e., ore/ocre, it is seen from the table that the analytic predictions of (5.10)
are no more than 6% different than the finite-element calculations of that ratio. Similarly, the
buckling loads computed by the finite-element model for small and large CTE cylinders for
the three eccentricity values are reported in Tab. 5.5. Both the absolute and the normalized

values are given.

oore, [MPa) Gore/ocTe

small | large | small | large | Eq. (5.10)
0.50 | 352.59 | 140.21 | 0.8567 | 0.8404 0.8090
0.70 | 274.03 | 107.61 | 0.6659 | 0.6550 0.6163
0.85 | 186.58 | 72.65 | 0.4534 | 0.4355 0.4118

€0

Table 5.4: Circumferentially-averaged axial stress for isotropic cylinders at the buckling condition

Porg, [N] Poere/Porc
small | large | small | large | Eq.(5.10)
0.50 | 248121 | 986705 | 0.8567 | 0.8404 0.8090
0.70 | 192842 | 757300 | 0.6659 | 0.6550 0.6163
0.85 | 131298 | 511286 | 0.4534 | 0.4355 0.4118

€0

Table 5.5: Axial load at the buckling condition of isotropic cylinders for three values of eccentricities

In Fig. 5.8 (a) and (b) the axial stress at the buckling condition as computed by
ABAQUS for the CGC and CGE cylinders for all the eccentricity values under consid-
eration for the small and the large cylinders, and normalized by the critical stress of the

CGC, are plotted versus the normalized circumferential location s/27 R, (see Fig. 5.3) for
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simply-supported boundary conditions.
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Figure 5.8: Circumferential variation of axial stress at the buckling condition for small and large
CGC and CGE cylinders and three values of eccentricity

that all the comments made regarding CTE and CTC cylinders apply as well as to CGE
and CGC cylinders. In Tab. 5.6 both the circumferentially-averaged magnitude and the
circumferentially-averaged normalized magnitude of the axial stress of the CGE cylinders
at the buckling condition as computed from the finite element results of Fig. 5.8 are re-
ported for all the eccentricity values of interest for both small and large cylinders. In the
same table the ratio of buckling stress for the CGE cylinder relative to the CGC cylinder,
occe/ocae, predicted in the developed analysis by (5.10) and Fig. 5.6 is reported. Al-
though the finite-element calculations show the axial stress in the CGE cylinders to vary
somewhat with circumferential position, considering the average axial buckling stress from
the finite-element calculations for the CTE cylinders in that ratio, i.e., Gcgr/0cac, it is seen
from the table that the analytic predictions of (5.10) are no more than 6% different than
the finite-element calculations of that ratio. Similarly, the buckling loads computed by the

finite-element model for small and large CGE cylinders for the three eccentricity values are

reported in Tab. 5.7. Both the absolute and the normalized values are given. From Tabs.
¢ |_7CCE: [MPa] ocGe/ocae
small | large | small | large | Eq. (5.10)
0.50 | 65.757 | 26.168 | 0.8508 | 0.8559 0.8090
0.70 | 51.213 | 20.124 | 0.6626 | 0.6583 0.6163
0.85 | 34.981 | 13.560 | 0.4526 | 0.4435 0.4118

Table 5.6: Circumferentially-averaged axial stress for isogrid cylinders at the buckling condition
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Pegr, [N] Poge/Poce
small | large | small | large | Eq. (5.10)
0.50 | 46274 | 184148 | 0.8508 | 0.8559 0.8090
0.70 | 36039 | 141618 | 0.6626 | 0.6583 0.6163
0.85 | 24061 | 95425 | 0.4526 | 0.4435 0.4118

€0

Table 5.7: Axial load at the buckling condition of isogrid cylinders for three values of eccentricities

5.5 and 5.7 it can be noted that the buckling load of a CTE and CGE cylinder decreases
considerably with respect to the CTC and CGC cylinders, respectively, as the eccentricity
increases. The ratios Porg/Pore and Pogr/Poao are described quite accurately by (5.10).
From the results reported in this section it can be concluded that the use of the maximum
radius of curvature of an isotropic or isogrid elliptical cylinder in the equation for the critical
stress of an isotropic circular cylinder (i.e., (3.44) with g;o = 1) results in a good estimation

of the buckling load of the elliptical cylinders.

5.4 The factory analogy: Two improvement strategies

In this section two different techniques to improve the axial load capability of an el-
liptical cylindrical shell will be proposed. As mentioned in the previous section, while com-
menting on Fig. 5.4, for the circle all locations around the circumference equally resist
deformations of the shell, while for an ellipse the more curved regions resist deformations
more than the flatter regions. This behavior can be interpreted by saying that the load
capability of an elliptical section is dependent on the circumferential location, due to the
continuously changing curvature. When the cylinder is axially loaded, the flatter portions
reach their critical stress before than any other locations around the circumference, and
consequently control the bucking of the shell. It should be noted that all the remaining
portions of the elliptical shell never reach their critical stress. Those arguments furnish an
explanation of the reason why the elliptical shells deform at the flatter regions only. This
interpretation agrees with the well-accepted results that the buckling is a local phenomenon

governed by the local stiffness and stress level of the structure.

The deterioration of the buckling capacity of the original CTC (CGC) cylinder after

a given eccentricity ey is assigned to its cross section provides motivation to improve the
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buckling capacity of the elliptical cylinder and hopefully restore the capacity to that of the
original CTC (CGC) cylinder. Two different strategies can be designed by using a striking
analogy. Suppose that in a factory each employee has exactly the same skills as the other
employees, so each can carry out the same amount of work before being too stressed to
be productive. This would be a perfect factory. A circular section behaves exactly in this
way. Unfortunately, real life is far from perfect and each employee is capable of carrying a
different amount of work. Now if each task assigned to each different employee is crucial
for the functioning of the factory, it should be quite easy to understand that the production
of the factory is determined by the employee having the least skills. This is exactly what
happens in an elliptical cylindrical shell, the flattest portion of the cross section having the
least ability to resist buckling. At this point, in the factory, the human resources director has
two options to make the factory more productive. The director can try to make the factory
as perfect as possible by assigning a longer shift to the worst employees and a shorter one
to the more productive workers, thereby trying to make the actual amount of work of each
employee the same. This technique will be referred to in the following as the worst works
more (WWM) approach. A different technique is to take cognizance of the imperfection of
the world and try to distribute the work amount among the employees, taking into account
the skills of each of them, i.e., giving a bigger charge to the more skilled employees and a
lower charge to the less skilled ones. This technique will be referred to in the following as the
best works more (BWM) approach. In the next two chapters the implementation of both
the WWM and the BWM approaches will be investigated to improving the axial buckling
capacity of an elliptical cylinder. In Chapter 6 it will be described how it is possible to tailor
the thickness of an elliptical cylindrical shell constructed of a homogeneous isotropic material
in order to force all the portions of the cylinder to reach their critical stress level at the same
value of applied axial displacement, the result being the critical is stress independent of
circumferential position (i.e., the WWM approach). In Chapter 7 it will be described how
it is possible to tailor the material properties of an elliptical cylindrical shell, constructed
of nonhomogeneous orthotropic material and having uniform thickness, in order to force all
portions of the cylinder to reach their critical stress level at the same value of applied axial
displacement, being the critical stress dependent on circumferential position (i.e., the BWM

approach).
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5.5 Nondimensionalization and notation

Based on the previous arguments, it is clear that when a variable thickness elliptical
cylinder made of nonhomogeneous orthotropic material is taken into consideration, both the
parameter 7 and the constitutive properties defining the critical stress (see (3.44)) become
functions of the circumferential position and the assigned eccentricity of the elliptical cross
section. This means that for each assigned eccentricity each different portion of the resulting
elliptical cylinder becomes unstable for a different level of stress. Using the parameter
t, previously introduced in (5.1), to parametrize the quantities of interest, the local critical
stress for a nonhomogeneous orthotropic elliptical cylinder having variable thickness obtained

by assigning an eccentricity eq to a circular cross section can be written using (3.44) as follows

C(t7 60)@@, 60)

oer(t, €0) = e ( p(t, eo)

) Ei(t, eo) (5.11)

where 1. = h./R. (see (3.7)) and Ei(t,eq) is the Young’s modulus in the axial direction.
The three functions in parenthesis are dimensionless. More precisely, ¢(t, ep) depends only

on constitutive properties and is defined by

g12(t, €o)
Vtel0,2m): 0 < gia(t,en) <1
o(t, ep) = \/3612(t’ €0 (11 — vt e0)) (5.12)

Vtel0,2m): gia(t,e0) > 1

\/3612(t, 60)(1 — 1/2(t, 60))

whereas p(t, eg) depends only on the radius of curvature of ellipse and using (5.8) is defined

by

and ((t,ep) depends only on the thickness and is defined by

h(t, 60)
he

C(t,e0) = t €[0,2m) (5.14)

From the definition (5.13) it is immediately seen that p(¢,0) = 1. Similarly, from the
definition (5.14) it is immediately seen that when the thickness of the elliptical cylinder

is uniform with circumferential position and equal to the thickness of the original circular
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cylinder h., then ((¢,0) = 1.

Based on the previous arguments, it seems reasonable to assume that the critcal stress
of a nonhomogeneous orthotropic elliptical cylinder, obtained by assigning an eccentricity
eg to a circular cylinder and having the thickness varying with circumferential location, is
determined by its weakest location around the circumference. Symbolically this concept can

be expressed as

Oer(€0) = Me ( min {(M) E(t, 60)}) (5.15)

0<t<2m p(t, eo)

As implied, in Chapter 6, to follow, (5.15) will be used to develop approaches to tailor,
with circumferential position, the wall thickness of an elliptical cylinder constructed of an
orthotropic material so as to improve its axial buckling capability. In Chapter 7 (5.15) will
be used to tailor, with circumferential position, the orthotropic material properties of an

elliptical cylinder with a constant wall thickness so as to improve its axial buckling capability.
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Chapter 6

Variable thickness elliptical
cylindrical shells: a WWM approach

6.1 Introduction

In Chapter 5 it was mentioned that the equation (3.44) for the buckling stress of a
homogeneous orthotropic circular cylinder with a constant wall thickness provides a good
approximation for the buckling stress of a constant-wall-thickness elliptical cross section
when the radius of the circle is replaced with the radius of the maximum osculating circle.
As seen, this techique is based on the idea of assuming the axial buckling behavior of an
elliptical cylinder is identical to the axial buckling behavior of a circular cylinder having the
radius equal to the maximum radius of curvature of the elliptical cross section. As shown in
Tab. 5.4 the predictions based on this assumption are in good agreement with finite-element
predictions. However, as shown in Fig. 5.4, elliptical cylinders deform mainly at the flatter
regions, while circular cylinders deform in a axisymmetric fashion. As mentioned previously
this behavior can be explained by recognizing that, due to the continuously varying curvature,
each portion of the elliptical cross section reaches its critial level of stress for a different value
of the applied axial displacement. When an axial displacement is applied to a homogeneous
elliptical cylinder with constant wall thickness, the induced stress is roughly constant around

the circumferential direction (see Fig. 5.7) and the flatter regions of the cross section reach
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their critical level of stress before any other portions of the cross section, which are working
at a lower stress level than their critical one. This behavior compromises the performance
of the entire structure. The WWM approach, introduced at the end of Chapter 5, is based
on the idea of forcing each location of the cross section to have the same critical stress. This
approach can be implemented by tailoring the thickness of the elliptical cylinder in such a
fashion so as to balance the effects of the continuously-varying curvature on the ability to

resist buckling.

6.2 Three variable-thickness elliptical cylindrical shell designs

When a variable thickness elliptical cylinder made of a homogeneus orthotropic material
is taken into consideration, both the Young’s modulus in the axial direction Fi(t,eq) and
the function ¢(t,ey) become independent of the circumferential position and the assigned

eccentricity (i.e., E1(t,eq) = Ey and ¢(t, eg) = ¢) and (5.15) assumes the following form:

olen) = e iy {00 (6.1)

o<t<2r | p(t, ep)

To circumvent there being any location around the circumference of a noncircular cylin-
der where there is indeed a minimum, it will be further assumed that a variable-thickness

homogeneous elliptical cylindrical shell can be designed with the condition

= constant 0<t<2rm (6.2)

It would seem that the fulfillment of (6.2) should guarantee that the cylinder does not
have a weaker (in the sense of local buckling) circumferential location that compromises
the performance of the whole cylinder. Consequently, the entire elliptical cylinder should be
involved in the deformation, increasing the axial load performance of the structure. The cross
sectional shapes which result in the entire cylinder having the same buckling behavior are
referred to as "shapes of uniform stability” that are discussed briefly in a book by Gajewski
and Zyczkowski [64]. The choice of the constant in (6.2) will be addressed in different ways
here, depending on the details of the specific objective to be achieved. In the following
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section, three different designs of a variable-thickness elliptical cylindrical shell based on
three different choices of the constant in (6.2) will be proposed. It is quite easy to realize
that the only way to make ((t,e0)/p(t,eq) = constant all around the circumference is to
choose

C(t,e0) = acp(t, eq) vt € [0,27) (6.3)

where a, is a positive scalar quantity. The design of the variable thickness elliptical (VTE)
cylinder is complete once the value of the constant a; in (6.3) is specified. In the present
development the constant a¢ will be chosen in three different ways, resulting in three different

VTE cylinder designs:

1. to require the buckling stress oy g of the VTE cylinder to be the same, point-by-point
around the circumference, as the buckling stress ocrc of the original CTC cylinder

2. to require the buckling load Py g of the VTE cylinder to be the same as the buckling
load Pore of the CTC cylinder

3. to require the cross-sectional area Ayrg of the VTE cylinder to be the same as the

cross-sectional area Acre of the CTC cylinder

With the cylinders all the same length, requiring the cross-sectional areas to be identical
guarantees that the volume, and consequently the weight, of the VTE cylinders is the same
as the weight of the original CTC cylinder. Imposing conditions such as one of the three
above is necessary because (6.2) is simply a statement regarding two geometric variables.
The statement does not guarantee that the axial buckling stress in the VTE cylinder is the
same as the axial buckling stress in the original CTC cylinder, nor does it guarantee that the
cross-sectional area of the variable thickness wall is the same, or that the axial buckling load,
which is directly related to both the axial buckling stress and the cross-sectional area, is the
same. Conditions other than (6.2) are necessary to guarantee equality, in some sense, of the
VTE and the original CTC cylinder. In order to design the VTE cylinders it is necessary
to determine how the three ratios oyre/ocrc, Pvre/Pere, and Ayrp/Acre depend on the
selection of the constant a.. Based on the previous arguments (5.15) can be specialized

for both CTC cylinder and VTE cylinder made of an homogeneous orthotropic material by
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means of the following expressions:

ocrc =n.Erp (6.4a)

ovre =n.Erpa; (6.4Db)

Dividing the two equations in (6.4) results in

OVTE

=« 6.5
L (6.5)

Using (5.4) and (6.3) Ayrg/Acrc can be analytically evaluated to give

— acg’(eo) (6.6)

where
1 8 — 8e3 + 3¢

9(60) = 5(63) 3 /71 — 6%

Equation (6.7) is plotted in Fig. 6.1. It can be noted that g(ey) is always greater than

(6.7)

one. More precisely, it is very close to the unity when 0 < eq < 0.6, then increases very

quickly and tends to infinity for eq approaching one. The ratio Pyrg/Porc can be evaluated

2.0 -
1.8
1.6/
(@]

1.4/

1.2/

1.0

00 02 04 06 08 10
Figure 6.1: Variation of g(eg) with eq
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by simply multiplying (6.5) and (6.6) term by term, using the fact that each of the three

designs requires the stress to be constant around the circumference. As a result,

Pyre __ OVTE Ayrg

ey ey OK2 2 (& 68
Pere  ocre Acre 9 (o) (6:8)

Using (6.5), (6.8) and (6.6) the value of the constant a; needed to design a VTE cylinder
having the same buckling stress, the same buckling load, or the same cross-sectional area,
hereafter known simply as same-stress, same-load, and same-area designs, of the original
CTC cylinder can be determined. These values of a, are listed in Tab.6.1 together with the
normalized thickness ((t, eg) for the three designs of interest. These dimensionless functions
are plotted in Fig. 6.2 for ey = 0.70 together with the unit value representing the normalized

thickness of the CTE cylinder, which has the same thickness as the CTC cylinder. Looking

design o C(t,e0)
same-stress 1 p(t,eo)
same-load | 1/g(eg) | p(t,eo)/g(eo)
same-area | 1/g%(eq) | p(t,e0)/g%(eo0)

Table 6.1: Values of o, for the three designs of interest

at Fig. 6.2 it should be noted that all the VTE designs allocate a larger thickness to the most
flat regions of the ellipse (see Fig. 5.3, ¢t = 7/2 and ¢ = 37/2). Moreover, it can be seen that
the thickness profiles associated with the three different VTE designs never intersect each
other. This means that for each value of the parameter ¢, the thickness of the same-stress
design is larger than the thickness of the same-load design, which, in turn, is larger than the
thickness of the same-area design. More precisely, it should be realized that the thickness of
the same-load design is exactly the geometric mean between the thickness of the same-stress

design and the same-area design.

For the sake of completeness it should be noted that once the parameter 7. associated
with the original CTC cylinder is given, it is not possible to construct either a CTE cylinder
or a VTE cylinder with an assigned eccentricity greater than a critical, or maximum, value
without forcing the two opposite sides of the cross section to penetrate each other. This
critical value of eccentricity is dependent on which of the three particular designs is being

considered. More precisely, the critical eccentricity for each possible design can be defined
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Figure 6.2: Variation of the normalized thickness with the circumferential location for ey = 0.7

by equating the parameter 7. with a dimensionless function depending only on the assigned
eccentricity eg. The value of the eccentricity fulfilling the equality is the maximum eccen-
tricity that can be assigned to the original CTC cylinder cross section. This value will be
referred to as the critical eccentricity and will be labeled by the symbol e... The functions
determining the critical eccentricity for each possible design are listed in Tab. 6.2 and are

plotted in Fig. 6.3. Examination of Fig. 6.3 shows that when 7. = 2 it is impossible to

CTE 2(1 —e2)/E(ed)
VTE, same-stress 2(1 —€)
VTE, same-load | 2(1 —e2)g(eo)
VTE, same-area | 2(1 — e2)g*(eo)

Table 6.2: Dimensionless functions determining the critical eccentricity for the three designs

assign any eccentricity to the original circular cylindrical shell for any of the three designs.
This geometric constraint can be explained referring to Fig. 5.3. From this figure it can
be observed that when 7. = 2 the cylindrical shell becomes a solid cylinder of radius 2R,.
Another relevant point to be noted in Fig. 6.3 is that when the ratio 7. approaches zero,
the critical eccentricity approaches one for all the possible designs. This means that if the
thickness of the original circular cylinder approaches zero, then it can be deformed until it

becomes a flat plate. Based on these arguments, for the original CTC cylinder, the following
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Figure 6.3: Critical eccentricity versus 7.

constraint must be fulfilled:

0<n <2 (6.9)

For most cylindrical shells this condition is not a problem. It should also be noted from Fig.
6.3 that the relations for the three different VTE designs never intersect each other. This
happens because the thicknesses of the three VTE cylinders are proportional to each other,
as can be seen from Fig. 6.2 and Tab. 6.1. More precisely, the same-load design relation is
bounded by the more restrictive same-stress design and the less restrictive same-area design.
This means that if it is possible to construct the same-stress VI'E cylinder for a given value
of n. and an assigned eccentricity eg, then it is possible to construct the same-load and
the same-area VTE cylinders for the same assigned eccentricity value. It should be finally
noted that the relation for the CTE cylinder intersects both the same-load and the same-
area relations, but does not intersect the same-stress relation. The physical interpretation
of the critical eccentricity is illustrated in Fig. 6.4, where the cross sections for the critical
eccentricity are plotted for 7. = 0.15 and the points of penetration are encircled. This ratio
is quite large compared with the ones normally used in practical construction, but it has
been chosen to emphasize the critical shape of the cross section. Looking at Fig. 6.4 it can

be noted that while the singular penetration behavior for all three VTE cylinder designs
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(a) CTE (b) VTE same-stress

(c) VTE same-load (d) VTE same-area

Figure 6.4: Cross sections for critical eccentricity, 1. = 0.15, points of penetrations encircled

occurs at the flatter portion of the cross section, for the CTE cylinder design penetration
occurs at the more curved portion. The intersections in Fig. 6.3 of the relations for the
same-load VTE cylinder and the CTE cylinder, and of the relations for the same-area VTE
cylinder and the CTE cylinder simply mean that there exists particular values of 7. such
that the singular behavior of the two cylinders corresponding to the two intersecting curves
happens for the same value of the assigned eccentricity ey. Referring to Fig. 6.3, it can
be seen that when 7, is small, as happens for most of the cases of practical interest, the
critical eccentricities are very close to unity. Moreover, when the eccentricity approaches the
critical value, the walls of the VTE cylinder become so thick that some of the assumptions
embedded in the shell theory (see Fig. 6.4) are no longer valid. Based on those arguments,
it can be concluded that the critical eccentricity is a pure geometric limit, free of practical

interest.

Before closing this section, it is interesting to make a comparison among the values
that the three ratios oyrg/ocre, Pvre/Pore, and Ayrp/Acre assume in each of the three
designs of interest. These comparisons are summarized in Tab. 6.3. Keeping in mind that

g(eg) is always greater than the unity, it should be noted that:

1. the same-stress design produces for the VTE cylinder a buckling load and a cross-
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design ovre/ocrc | Pvre/Perc | Avre/Acrc
same-stress 1 g*(eo) g*(eo)
same-load 1/g(eo) 1 g(eo)
same-area 1/9°(eo) 1/9°(eo) 1

Table 6.3: Values of three key ratios for the three designs of interest

sectional area larger than for the original CTC cylinder

2. the same-load design produces for the VTE cylinder a lower buckling stress and a larger
cross-sectional area than for the original CTC cylinder

3. the same-area design produces for the VTE cylinder a lower buckling stress and buckling

load that for the original CTC cylinder

All the ratios in Tab. 6.3 vary monotonically with the eccentricity through the dimensionless

function g(ep).

Finally, it is useful to explicitly derive analytical expressions for the axial stress resultant
N. The axial stress resultant is defined as the integral of the axial stress through the thickness
of the cylinder wall, and here is the product of the axial stress and the cylinder thickness. In
Tab. 6.4 analytical expressions for the ratio Nyrg/Nore between the axial stress resultants
of the VTE cylinder and the original CTC cylinder are given for all the three designs. These
expressions are obtained multiplying member by member the last column of Tab. 6.1 and

the first column of Tab. 6.3

design Nyre/Ncre
same-stress p(t, eo)

same-load | p(t, 60)/92 (eo)

same-area | p(t, 60)/94(60)

Table 6.4: Analytical expressions for axial stress resultant ratios for the three designs of interest

6.3 Numerical validation of the proposed designs

In this section the three VTE cylinder designs proposed in the previous section will
be further studied using numerical results computed with the general-purpose finite-element

code ABAQUS. In particular, the results from ABAQU S will be compared with the results
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from the developed analysis. Since the developed analysis was based on a rather simple
premise, which did not consider prebuckling rotations or stresses other than the axial stress,
such comparisons will be informative. Geometrically nonlinear prebuckling analysis will be
employed, and the results for simply-supported boundary conditions will be considered. The
buckling condition will be identified by applying to one end of each cylinder the smallest
axial compressive displacement that causes the tangent stiffness matrix of the numerical
analysis to become singular. The stress state for this condition, in particular, the axial
stress level, will be considered as the buckling stress. The quantities of interest at this level
of displacement will be compared with the respective analytical predictions for three values
of assigned eccentricities (eg = 0.50, 0.70, 0.85) and for aluminum cylinders of two sizes (see

Tab. 5.1) in order to check the generality of the findings of the previous section.

The thickness of each element will be assumed constant and equal to the thickness that
the analytical function (6.3) assumes at the middle point of the element. In Fig. 6.5 a
comparison between the actual area of a generic sector of the cross section associated with
an element (black) and the area used in the numerical calculations (light grey) is shown.

The superposition of the two different areas is filled in dark grey. As the number of nodes

mesh element

Figure 6.5: Comparison between the actual area and the numerical area of a sector of cross section

M in the circumferential direction increases, and consequently the circumferential length of
each element decreases, the error in the representation of the cylinder cross-sectional area
decreases. Specifically, the ratio between the cross-sectional area of the mesh for the VTE

cylinder Ayrg and the cross-sectional area for the mesh for the original CTC cylinder Acre
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can be expressed as follow

where t; is the solution of the transcendental equation

[ (-5

dt 2) M

Avre 1 <
= h(t
Acre  Mh, ; (

i)

1=1.M

(6.10)

(6.11)

In Tab. 6.5, 6.6 and 6.7 the values that 6.10 assumes for M = 12, M = 42 and M = 168

M =12 M =42

M = 168

€0 small large small large

small large

9% (eo)

0.50 | 1.02225 | 1.02225 | 1.02321 | 1.02321 | 1.02329 | 1.02329

1.02329

0.70 | 1.03096 | 1.12230 | 1.12758 | 1.12758 | 1.12803 | 1.12803

1.12806

0.85 | 1.04310 | 1.44769 | 1.46792 | 1.46792 | 1.46959 | 1.46959

1.46970

Table 6.5: Convergence of the area associated with the mesh for the same-stress design

€o

M =168

small large small large

small large

g(eo)

0.50 | 1.01055 | 1.01055 | 1.01149 | 1.01149 | 1.01157 | 1.01157

1.01158

0.70 | 1.01916 | 1.05668 | 1.06165 | 1.06165 | 1.06207 | 1.06207

1.06210

0.85 | 1.03116 | 1.19416 | 1.21084 | 1.21084 | 1.21222 | 1.21222

1.21231

Table 6.6: Convergence of the area associated with the mesh for the same-load design

€o

M =168

small large small large

small large

1

0.50 | 0.99898 | 0.99898 | 0.99991 | 0.99992 | 0.99999 | 0.99999

1.00000

0.70 | 1.00749 | 0.99490 | 0.99957 | 0.99957 | 0.99997 | 0.99997

1.00000

0.85 | 1.01935 | 0.98503 | 0.99879 | 0.99879 | 0.99992 | 0.99992

1.00000

Table 6.7: Convergence of the area associated with the mesh for the same-area design

for the same-stress, -load , -area designs, respectively, and the three eccentricities of interest

are shown. In the last column of the tables the theoretical value is given (see Tab. 6.3, last

column). For the same-stress, -load, and -area designs, it can be seen that for M = 168 the

ratio Ayre/Acrc converges to the theoretical value with less than 1% error. The accuracy

slowly degenerates as the eccentricity increases.

6.3.1 Same-stress design

In Fig. 6.6 the circumferential variation of the axial stress at the buckling condition

from the finite-element results for the simply-supported VTE cylinders for the same-stress
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design are shown. Results for small and large cylinders with the three levels of eccentricity
are illustrated. In each sub-figure the axial stresses, normalized by the critical stress of a CTC
cylinder, as a function of normalized circumferential location are plotted. Each sub-figure
includes the axial stress at the buckling condition for the VTE cylinder as predicted by the
developed analysis (horizontal straight line), and the axial stress for the same VTE cylinder
and the axial stress for the CTE cylinder at the buckling condition as computed by the finite-
element model. The latter relations are repeated from Fig. 5.7. Looking at Fig. 6.6, it is
first observed that the finite-element analysis predicts that axial stress for the VTE cylinders
varies with circumferential position, as is the case for the CTE cylinder, but in contrast to
the uniform stress state of the analytic calculation. The degree of variation depends again
on the assigned eccentricity eq and the size of the cylinder. In general, the variation is less
for the large cylinder and lower values of eccentricity. It appears that the developed analysis
provides a reasonable estimate of the performance of the VTE cylinder. This is definitely the
case for eg = 0.50 and in an average sense for ¢y = 0.70. For e = 0.85 the developed analysis
over-predicts average of the finite-element model by about 5% for small and 2% for large
cylinders. Furthermore, a 5% variation of axial stress around the circumference of the small
cylinders is predicted by the finite-element model for ey = 0.85. For the large cylinders with
eo = 0.85 the variation is less. Further quantitative comparisons regarding the stresses are
made in Tab. 6.8 for simply-supported cylinders with the tabulation of key ratios of average
axial stresses at the buckling condition. For all cases the ratio between oy rg and oore is
very close to unit value, emphasizing the fact that the buckling stress of the original circular
cylinder is, essentially, fully recovered. Recall from Tab. 6.3 that, according to the developed
analysis, the ratio oyrg/ocrce is of unit value for the same-stress design. Since with the
developed analysis the stress does not vary with circumferential position, oy rg/ocrc is also

of unit value. For comparison, this unit value is included in the last column of Tab. 6.8. The

GvTE/OCTE GvrE/0CTC
small | large | small | large 1
0.50 | 1.1715 | 1.1894 | 1.0036 | 0.9996 | 1.0000
0.70 | 1.5003 | 1.5504 | 0.9990 | 1.0001 | 1.0000
0.85 | 2.0903 | 2.2641 | 0.9489 | 0.9860 | 1.0000

€0

Table 6.8: Comparison among key stress ratios of VI'E and CTE cylinders at the buckling condition,
same-stress design
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ratio between Gy g and Gorg is a measure of the gain obtained by tailoring the thickness
of the elliptical cylinder. As seen, this gain varies from about 17% for a small cylinder with
eo = 0.50 to more that 100% for a large cylinder with eq = 0.85. A comparison of load ratios
at the buckling condition is presented in Tab. 6.9 for the simply-supported cylinders. As

Pyre/Pore Pyre/Porc
small | large | small | large | g°(eo)
0.50 | 1.1988 | 1.2170 | 1.0271 | 1.0228 | 1.0233
0.70 | 1.6935 | 1.7480 | 1.1277 | 1.1275 | 1.1281
0.85 | 3.0990 | 3.3261 | 1.4050 | 1.4485 | 1.4697

€0

Table 6.9: Comparison among key buckling load ratios of VTE and CTE cylinders at the buckling
condition, same-stress design

observed, the critical load of the VTE cylinder increases with respect to the CTC cylinder
as the eccentricity increases. It is also seen that the ratio Pyrgr/Pcorc is described quite
accurately by g?(eg), as predicted in Tab. 6.3. The ratio Pyrr/Porc is a measure of the
gain in axial load capability of the elliptical cylinder relative to the original circular cylinder
due to the tailoring of the thickness of the elliptical cylinder. As seen, the ratio is above one,
so there is clearly a gain relative to the original circular cylinder. The ratio Pyrg/Porg is a
measure of the gain obtained by tailoring the thickness of the elliptical cylinder relative to
keeping the thickness of the elliptical cylinder uniform. This gain varies from about 20% for
the small cylinder with ey = 0.50 to more than 200% for the large cylinder with eq = 0.85.
It should be remarked that with the same-stress design the improvement in the buckling
capacity of the VTE cylinder is due in part to an increment in cross-sectional area, also
related to g?(eg) (see Tabs. 6.3). However, the distribution of the area, i.e., varying the
thickness with circumferential location, has a major role in the improvement in buckling
capability. This is evident by realizing that while the ratio Pyrg/Porg shows over a 200%
gain for both the small and the large cylinders with eq = 0.85 (i.e., Pyrgr/Pore = 3.3261),
the area has increased by only 47% (i.e., Ayre/Acre = 1.4697, see Tabs. 6.3).

The variation of the axial stress resultant, N, with circumferential location at the buck-
ling condition as predicted by the finite-element analysis is shown in Fig. 6.7. The resultants
for small and large simply-supported VTE and CTE cylinders for the three values of eccen-
tricity are shown. The analytical prediction from Tab. 6.4 for the VTE cylinder is also

illustrated in the figures. The stress resultants are normalized by the stress resultant for
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the CTC cylinder, Nore. For the purpose of discussion, the stress resultant for the CTC
cylinder, Nore, is included and is the horizontal line at unity. At first glance, it is clear
from Fig. 6.7 that, importantly, the prediction of the N vs. s relation by the developed
analysis is almost indistinguishable from the finite-element calculations for all cases. Looking
at more detail, it is observed that while the stress resultant for the CTE cylinder, Norg, is
nearly uniform around the circumference, and always less than that for the CTC cylinder,
the stress resultant for the VTE cylinder, Nyrg, has considerable amplitude modulation,
being largest in the flatter regions of the elliptical cross section in all cases. This follows
because the amplitude of N should be proportional to the thickness of the shell due to the
proposed design that forces the stress to be uniform with circumferential location. It should
be noted that Ny intersects Nore where the radius of curvature of the ellipse is equal to
the radius of original circle, R.. The area under the relationship for N vs. s is the total axial
load. From a qualitative inspection of Fig. 6.7, it is quite evident that for each case the area
under the Norp relation is less than the area under the other two. Moreover, the average
value of Nyrp (not shown in the figure) seems to have a positive offset relative to Nere,
particularly for large values of eccentricities and, for sure, relative to Norg. Consequently,
as has been pointed out in previous tables, the axial buckling load of the VTE cylinder is

greater than the axial buckling load of the CTE cylinder.

6.3.2 Same-load design

Comparing Fig. 6.8 with Fig. 6.6 and Fig. 6.9 with Fig. 6.7, it is seen that the overall
characteristics of the stress and stress resultant variation with circumferential location for
the same-load designs are similar to the characteristics of those responses for the same-stress
designs. Additionally, the correlations between the stresses and stress resultants for the same-
load design VTE cylinders as predicted by the developed analysis and the like response for
the same-load design VTE cylinders as predicted by the finite-element model are generally
good, but with less correlation in the stress levels for both small and large cylinders for the
case of eccentricity eqg = 0.85. There are, however, differences between the same-load designs
and the same-stress designs. The most obvious difference between designs in the variations

of stress with circumferential location, Figs. 6.8 and 6.6, is that the normalized stress levels
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Figure 6.7: Comparison among the stress resultants at the buckling condition for small and large
VTE and CTE cylinders for different eccentricities, same-stress design
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for the same-load design VTE cylinders, as predicted by both the developed analysis and
the finite-element model, are lower than those for the same-stress design. The same is true
of the stress resultant levels of the same-load design, Fig. 6.9, as compared with those of
the same-stress design, Fig. 6.7. This trend is particularly evident for the case of large
eccentricities, where in Fig. 6.8 for both small and large same-load design VTE cylinders
with eg = 0.85 the normalized stress level is near 0.8, as opposed to a value near unity for
both small and large same-stress design VTE cylinders with eccentricity e; = 0.85 in Fig.
6.6. Likewise, for both small and large cylinders with eccentricity ey = 0.85, the peak loads
of the normalized stress resultants for the same-stress designs in Fig. 6.7 are close 2.5 for
both small and large cylinders, while for the same-load designs in Fig. 6.9, the peak levels
are about 1.7. A review of Tab. 6.9 reveals that for the same-stress design the ratio of
Pyre/Peore is greater than unity, and increases with increasing eccentricity, meaning that
the buckling load of the VTE cylinder is greater than the buckling load of the original CTC
cylinder. For this ratio to be unity, as is required for the same-load design, meaning that the
buckling loads are the same, does not require as high a stress level for the VTE cylinders.
Hence the lower levels of stress and stress resultants for the same-load design. The lower
stress levels for the same-load design are reflected in all the stress ratios of Tab. 6.10 as
compared to those of Tab. 6.8, and the load ratios of Tab. 6.11 as compared to those of
Tab. 6.9.

Regarding the lower level of stress for the same-load design, it is seen from Tab. 6.3 that
the ratio oyrg/ocre is given by 1/g(eg) in the developed analysis. Since g(eg) is greater
than one, the lower value of oyrg/ocrc for the same-load design must be expected. The
value of 1/g(ep) is given in Tab. 6.10 and it is observed that it correlates well with the value

of Gyre/ocrc as computed by the finite-element analysis.

ovre/ocTE ovre/ocrc
small | large | small | large | 1/g(eo)
0.50 | 1.1591 | 1.1770 | 0.9930 | 0.9891 | 0.9886
0.70 | 1.4143 | 1.4622 | 0.9417 | 0.9432 | 0.9415
0.85 | 1.7472 | 1.8773 | 0.7921 | 0.8175 | 0.8249

€0

Table 6.10: Comparison among key stress ratios of VITE and CTE cylinders at the buckling condi-
tion, same-load design
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Figure 6.9: Comparison among the axial stress resultants at the buckling condition for small and
large VTE and CTE cylinders for different eccentricities, same-load design
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Pyre/Pore Pyre/Porc
small | large | small | large 1
0.50 | 1.1726 | 1.1904 | 1.0046 | 1.0005 | 1.0000
0.70 | 1.5029 | 1.5521 | 1.0007 | 1.0012 | 1.0000
0.85 | 2.1285 | 2.2736 | 0.9650 | 0.9901 | 1.0000

€0

Table 6.11: Comparison among key load ratios of VI'E and CTE cylinders at the buckling condition,
same-load design

The ratios oyrg/dcre and Pyrgp/Perp in Tabs. 6.10 and 6.11, respectively, again
reflect the gain in varying the thickness of the cylinder wall with circumferential position in
the elliptical cylinders. Some of this gain is due to an increment of area, as given by the values
of g(eg) (see Tabs. 6.3), but again, most of the gain must be attributed to the redistribution
of material by varying the thickness with circumferential location. For example, for eg = 0.85
the buckling load for the large VTE cylinder is over 100% greater then the buckling load for
the large CTE cylinder, (i.e. Pyrg/Porg = 2.2736), while the area increase is only 21%.

6.3.3 Same-area design

The variations of the normalized stresses and stress resultants as a function of circum-
ferential location for the same-area design VTE cylinders are illustrated in Figs. 6.10 and
6.11, respectively. Tables 6.12 and 6.13 provide information similar to Tables 6.8 and 6.10,
and 6.9 and 6.11 for the same-stress and same-load designs, respectively. By comparing
Fig. 6.10 with Figs. 6.6 and 6.8, it is observed that for both small and large cylinders with
eg = 0.85, for example, the normalized stress level around the circumference for the VTE
cylinders has decreased from about unity for the same-stress designs, to about 0.8 for the
same-load designs, to just below 0.7 for the same-area designs. Likewise, by comparing Fig.
6.11 with Figs. 6.7, and 6.9, it is observed that the peak value of the stress resultant for
both small and large VTE cylinders with ¢y = 0.85 has decreased from about 2.5 for the
same-stress designs, to about 1.7 for the same-load designs, to about 1.2 for the same-area
designs. The correlation between the predictions of the developed analysis and the finite-
element model are again quite good for eccentricities ¢; = 0.50 and eqg = 0.70, with less
agreement for the case of ¢y = 0.85. The lower overall stress level for the same-area designs,

compared to the other two designs, is reflected in data of Tabs. 6.12 and 6.13 as compared

111



o jocTc
o

o

o [ocTc
o

o

o jocTc

1.0/
8l 008
S
6 ® 06
VTE-analytic CTE VTE VTE-analytic CTE VTE
0.4
0.0 0.2 04 0.6 0.8 1.0 0.0 0.2 04 06 0.8 10
s/2nRc s/2nRc
eop = 0.50 small ep = 0.50 large
et = T e et et = T T et 1.0f == - e emnmnm e e |
8l 008
(@]
-------------- e | S
6 " "’ ® 06
VTE-analytic CTE VTE VTE-analytic CTE VTE
0.4 0.4l
0.0 0.2 0.4 06 0.8 1.0 0.0 0.2 04 06 0.8 1.0
s/27Re /27Re
eop = 0.70 small eo = 0.70 large
10) e e — L0 oo e T e e
0.8l o 0.8
=)
0.6 06
VTE-analytic CTE VTE VTE-analytic CTE VTE
o4 T T 0.4 T T e
0.0 0.2 04 0.6 0.8 1.0 0.0 0.2 04 06 0.8 10
s/2nRc s/2nRc

eo = 0.85 small ep = 0.85 large

Figure 6.10: Comparison among the stresses at the buckling condition for small and large VTE
and CTE cylinders for different eccentricities, same-area design
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Figure 6.11: Comparison among the axial stress resultants at the buckling condition for small and
large VTE and CTE cylinders for different eccentricities, same-area design
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to entries of Tabs. 6.8 and 6.9 and Tabs. 6.10 and 6.11 for all three values of eccentricity.
From Tab. 6.3 the ratios oyrg/ocrc are given by 1/g%(eg). The values of 1/g%(eg) are given
in Tab. 6.12 and 6.13 and it is seen that the ratios dyrg/ocre and Pyrgp/Porce from the
finite-element calculations and the value of 1/¢%(eqy) correlate well. Furthermore, the fact
that the ratio Pyrg/Porg is greater than unity for all three values of eccentricity and both
small and large cylinders for the same-area VTE designs unequivocally verifies the gain in
redistributing the area in the elliptical cylinders. Specifically, from Tab. 6.13, for the large
same-area design VTE cylinders, there is an increment of about 56% in the buckling load
compared to the CTE cylinder for eg = 0.85. However, unlike the same-stress design VTE
cylinders where the ratio Pyrg/Pore is greater than unity for all cases, meaning the same-
stress design VTE cylinders have buckling loads greater than original CTC cylinders, and
unlike the same-load design VTE cylinders where the ratio Pyrg/Porc is forced to be unity,
meaning the same-load design VTE cylinders have buckling load equal to CTC cylinders, for
the same-area design VTE cylinders the ratio Pyrgp/Porce is less than unity, meaning that
the same-area design VTE cylinders have buckling loads less than those of the original CTC

cylinders.

GVTE/TCTE GvTE/0CTC
small | large | small | large | 1/¢°(eq)
0.50 | 1.1414 | 1.1618 | 0.9779 | 0.9764 | 0.9772
0.70 | 1.3356 | 1.3781 | 0.8893 | 0.8889 | 0.8865
0.85 | 1.4644 | 1.5593 | 0.6639 | 0.6790 | 0.6804

€0

Table 6.12: Comparison among key stress ratios of VITE and CTE cylinders at the buckling condi-
tion, same-area design

Pyre/Pors Pyrg/Porc
small | large | small | large | 1/¢%(eo)

0.50 | 1.1415 | 1.1616 | 0.9779 | 0.9762 | 0.9772
0.70 | 1.3361 | 1.3773 | 0.8896 | 0.8884 | 0.8865
0.85 | 1.4685 | 1.5570 | 0.6658 | 0.6781 | 0.6804

€0

Table 6.13: Comparison among key load ratios of VTE and CTE cylinders at the buckling condition,
same-area design

This completes the discussion of the WWM approach to improving the axial buckling
capability of elliptical cylinders. By a number of measures, gains in capability were demon-

strated and attention now turns to consideration of the BWM approach.
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Chapter 7

Variable geometry elliptical anisogrid

cylindrical shells: a BWM approach

7.1 Introduction

In Chapter 5 it was mentioned that the equation (3.44) for the buckling stress of a
homogeneous orthotropic circular cylinder with a uniform wall thickness provides a good
approximation for the buckling stress of an elliptical cylinder when the radius of the circle is
replaced with the radius of the maximum osculating circle. As seen, this techique is based
on the idea of assuming the axial buckling behavior of an elliptical cylinder is identical to
the axial buckling behavior of a circular cylinder having the radius equal to the maximum
radius of curvature af the elliptical cross section. As shown in Tab. 5.4 the predictions based
on this assumption are in good agreement with finite-element predictions, which included
prebuckling rotation effects. However, as shown in Fig. 5.4, elliptical cylinders deform
mainly at the flatter regions, while circular cylinders deform in an axisymmetric fashion.
As mentioned, this behavior can be explained by recognizing that, due to the continuously
varying curvature, each portion of the elliptical cylinder reaches the critial level of stress for
a different value of applied axial displacement. When an axial displacement is applied to
a constant thickness homogeneous elliptical cylinder, the induced stress is roughly constant

around the circunferential direction (see Fig. 5.7). The flatter regions reach their critical
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level of stress before any other portions of the cylinder, which are working at a lower stress
level than the their critical level. This behavior compromises the performance of the entire
structure. The BWM approach, introduced at the end of Chapter 5, is based on the idea
of forcing each part of the cylinder cross section to work at its best. This approach can
be implemented by tailoring the material properties of the orthotropic material in such a
fashion as to force the actual stress, produced by an assigned axial displacement, to be equal

to the critical level of stress point by point for all circumferential locations.

7.2 Variable-material property elliptical cylindrical shell design

When a constant thickness elliptical cylinder made of a nonhomogeneus orthotropic
material is taken into consideration, the function ((t,ep) becomes independent of both the
circumferential position and the assigned eccenticity, and is equal in value to unity (i.e.,

((t,eg) = ¢ =1) and (5.15) assumes the following form

outen) = (i {(BE) e }) ()

To circumvent there being any location around the circumference of a noncircular cylinder

where the actual level of stress, produced by a uniform axial srain €y, is different from the
critical level of stress for that location, it will be further assumed that a variable material

property elliptical cylindrical shell can be designed with the condition

oer(t,e0) = o(t,e0) = Ei(t, e9)eo vt € [0, 2m) (7.2)

Equation (7.2) stipulates that the actual stress distribution o (¢, eg) produced in the cylinder
by the application of a uniform axial strain ¢ is required to be equal, point-by-point around
the circumference, to the critical stress level that each point can support. An alternative
way to describe this approach is by stating that, point-by-point, each location around the
circumference of the variable material property elliptical cylinder is required to behave as a
circular cylinder having radius equal to the local radius of curvature of the ellipse and with

the local material properties of the ellipse. The latter interpretation is visualized in Fig. 7.1,
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Figure 7.1: Local approximation of the ellipse with its osculating circles

where the profile of an ellipse having eq = 0.70 is dashed, the four osculating circles obtained
fort =0,t=m/6,t=m/3, and t = w/2, are shown, and the first quadrant of the ellipse
obtained by joining the proper portions of those circles is shown as a bold line. It should
be remarked that although both the WWM aproach and the BWM approach require the
stress to be equal to the critical stress point by point, with the first approach the cylinder
is designed with the purpose of making its critical stress independent of the circumferential
location, while with the second approach the cylinder is designed with the purpose of having
the actual stress distribution equal point by point to the critical stress that is a function of
the circumferential location. Substituting (7.1) in (7.2) and eliminating E (¢, ey) from both

sides, the design condition can be written in the following form:

Qp(ta 60)
p(t,e,)

C

=€ = @t e) = aup(t, eo) Vt € [0, 27) (7.3)

where o, = €/n. is a positive scalar quantity. The design of the variable material property
elliptical cylinder is complete once the value of the constant o, in (7.3) is specified. Here

the constant c, will be selected so the value of axial strain that produces the buckling in
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the variable material property elliptical cylinder will be the same value that produces the
buckling in the original circular cylinder. Only this choice of a, will be addressed in this

Chapter, though other choices can be made.

7.3 Variable-geometry elliptical anisogrid cylindrical shell design

Theoretically speaking, once the function (¢, eg) is known, it is obvious how the variable
thickness design, proposed in the previous Chapter, can be implemented. Conversely, for the
variable material property design, although the function ¢(t, ey) is known, it is not obvious
how to implement material property tailoring. In Chapter 4 in Fig. 4.3 it was shown how
the buckling behavior of a constant geometry circular (CGC) anisogrid cylinder depends on
the rib angle ¢ '. In the present section this knowledge will be used to specialize (7.3) in
order to design a variable geometry elliptical (VGE) anisogrid cylinder for implementing the

BWM approach.

In order to proceed, the terms appearing in (7.3) (i.e., ay, ¢(t,e)) must be specified.
First of all, it is necessary to establish the rib angle for the original CGC anisogrid cylinder
that will be assigned an eccentricity ey and with which the buckling load of the VGE cylinder
can be compared. The most reasonable choice seems to be ¢ = 30° (i.e., an isogrid cylinder),
the behavior of which has been already investigated in Chapter 5. The applied strain e
that produces the axial buckling of the original CGC isogrid cylinder can be estimated using

(4.12), namely,
1 3 € 1 3
o= 2\[2 YT 2V2 (7:4)

Second, the function ¢(t,ep) can be specialized for an anisogrid structure by substituting

(4.8) and (4.9) into (5.12). The following expression is obtained:

1 + sin 3(cb) \/_ (31n4(¢>) +/sin’ () + sin8(¢>)> 0<o<%

oolt.ean) =4 | g V3

cos?(9)

(7.5)
3 ~ sin(9) r<¢<3

where, for brevity of notation, the dependence of the function on the circumferential location

! As stated, in the notation CGC, the G standing for geometry refers to rib angle.
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and the assigned eccentricity through the rib angle (i.e., ¢(t,¢eg)) is highlighted on the left
side of the equation only. The function (7.5) is plotted in Fig. 7.2. Based on Fig. 7.2, a few

1000 2
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¢ é
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Figure 7.2: p vs. ¢: (a) 0<dp <m/2, (b) 0 < ¢ <7/3

comments can be made regarding (7.5). First, as expected, the function exibits an inflection
point at ¢ = /6 due to the junction of the axisymmetric and the nonaxisymmetric branches
at this value of ¢ (see part (b) of the figure). Second, the function monotonically increases
from zero to infinity (see part (a) of the figure) when the rib angle ¢ is varied between
zero, i.e., axial ribs, and 7/2, i.e., circumferential ribs. Based on this argument, keeping in
mind that when the assigned eccentricity is varied in its admissible range (i.e., 0 < ey < 1),
the function p(t,e) assumes only positive values and it is realized that (7.3) is solvable.
Substituting (7.4), (7.5), and (5.8) in (7.3) the rib angle as a function of the circumferential

position for each assigned eccentricity can be found. It is given by

O(t,e0) =" <252€g) \/ 3(1 ;(igfoesg2)(t))3) vt € [0,27) (7.6)

Unfortunately, due to the transcendental nature of (7.5) the inverse function ¢~'(.) cannot
be analytically evaluated, except for the two limit cases (i.e., ¢ = 0 and eqg = 1). More

precisely, setting ey = 0 in (7.6) the following relation is obtained

6(t,0) = ! (% g) :% t € [0,2n) (7.7)
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Looking at Fig. 7.2 part (b) it is immediately seen that the solution of (7.7) is ¢ = 7/6.
Equation (7.7) simply means that (7.3) correctly predicts that if no eccentricity is assigned
to the original CGC isogrid cylinder, then no adjustment to the rib angle is necessary. The
second analytically solvable case can be studied taking the limit of (7.6) for ey approaching

unity. The result is

as(t,l):eliinlaﬁ(t,eo):limso*( ! \/3(1_6%‘3052(”)3>= DRI ay)

ep—1 25(6%) 2(1 - 6(2)) otherwise

VB

Equation (7.8) means that when the original cylinder is squeezed into a flat panel, the ribs
should be made circumferential at each point except the two edges, where the ribs should be
axial. Of course these limiting cases have only a purely theoretical interest and should not be
taken into consideration for practical implementaton. Other than these two limiting cases, a
numerical solution must be employed. For convenience of notation (7.6) will be solved on a
grid of 168 points corresponding to equispaced locations around the cylinder circumference.
(See the discussion in Sec. 5.3 regarding the finite-element model employed and (6.11)). The
numerical solution of (7.6) is shown in Fig. 7.3, as a function of normalized arc length, for

different values of assigned eccentricity.

% ﬁ ﬁ ﬁ ey = 0.99999999 ﬂ
ey = 0.999
% L
<
% L
O h . . . | . . . | . . | . . . | . . . !
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Figure 7.3: Rib angle vs. normalized circumferential position for different eccentricities
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A few comments can be made regarding Fig. 7.3. First, it can be noted that, as
expected, the function ¢(t,eg) gradually varies between the two limiting functions ¢(¢,0)
(see (7.7)) and ¢(t,1) (see (7.8)). More precisely, the variation is quite smooth when the
assigned eccentricity is lower than about ey = 0.9 and changes very fast when 0.9 < eg <
1. Second, the flatter regions of the ellipse, i.e., the regions around s/2wR. = 0.25 and
s/2m R, = 0.75, are associated with rib angle values greater than ¢ = /6, which correspond
to a softer axial modulus than in the original CGC isogrid cylinder. Moreover, as seen in
Chapter 4, rib angles greater than ¢ = 7/6 correspond to an over shear-GMI material and
an axisymmetric buckled shape. Conversely, the more curved regions of the ellipse, i.e., the
regions around s/27R. = 0 and s/27R. = 0.5, are associated with rib angles lower than
¢ = /6. This corresponds to a stiffer axial modulus than in the original CGC isogrid
cylinder. Moreover, as seen in Chapter 4, rib angles lower than ¢ = 7 /6 correspond to under
shear-GMI material and a nonaxisymmetric buckled shape. Finally, it is seen from the
figure that the more the eccentricity increases the more the over shear-GMI regions enlarge,
bordering the under shear-GMI regions at the more curved locations. According with the
previous arguments, the present theory predicts the VGE anisogrid cylinder to buckle with an
axisymmetric pattern in the flatter regions, which tend to enlarge as eccentricity approaches
unity, and a nonaxisymmetric pattern in the curved regions, which tend to shrink the more
the eccentricity approaches unity. More precisely, the border between the over shear-GMI
region and the under shear-GMI region is located where the radius of curvature of the VGE
anisogrid cylinder is equal to the radius of the original CGC isogrid cylinder. For this location

the material is shear-GMI.

Once the function ¢(t, ey) is known, the axial stress, as a function of the circumferential
location, can be easily determined. In fact, it can be noted that when the rib angle is tailored
using ¢(t, eg), by definition the strain level at the buckling condition is constant all around
the cylinder circumference and consequently the following expression can be written for a

VGE anisogrid cylinder:

OVGE = E1(¢(t, 60))60 t e [O, 271') (79)

Similarly, using (7.7) and (4.7) the axial buckling stress of the original CGC isogrid cylinder
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can be determined to be
ocac = E1(¢(t,0))eg = Eq(m/6)eg = E,deg t €[0,2m) (7.10)

Dividing (7.9) by (7.10), the following expression is obtained:

ovee  Ei(¢(t e0))eo cos* (p(t, eo)

)
ocae E,d¢ ~ sin(o(t, e0)) + sin* (¢(t, eo))

t e0,27) (7.11)

Equation (7.11) states that the ratio oygr/0cce can be estimated by means of the ratio
between the axial Young’s modulus of the VGE anisogrid cylinder and the axial Young’s
modulus of the original CGC isogrid cylinder. This ratio is independent of the constitutive
and geometric properties of the cylinder other than the rib angle as a function of the circum-
ferential position (i.e., ¢(t,ep)). Moreover, the ratio is coincident with the function ejo(¢)
defined in (4.9). Since the material is homogeneous through the thickness, which is constant
around circumference, (7.11) can be also used to predict the ratio between the axial stress
resultants of the VGE anisogrid cylinder and the CGC isogrid cylinder. Symbolically that

ratio is
Nvee  ovee

Noce . ocec = e12(o(t, eo)) t €[0,2m) (7.12)

The ratio between the load capacity of the VGE anisogrid cylinder and the load capacity
of the CGC isogrid cylinder can be estimated by integrating (7.12) around the cylinder

circumference to give

Pyer ™ Nyer 2
= dt = / 612(¢(t, 60))dt t e [0, 27'(') (713)
Peae o Necac 0

It should be noted that (7.13) depends only on the assigned eccentricity ey. Equation (7.13)
is plotted in Fig. 7.4. Looking at Fig. 7.4 it is seen that the VGE anisogrid cylinder is not
able to completely recover the the axial buckling load of the original CGC isogrid cylinder.
Despite that, it can be seen that the VGE anisogrid cylinder is able to recover more than
90% of the original axial buckling load when the assigned eccentricity is less that about 0.75,
and more than 80% of the original axial buckling load when the assigned eccentricity is less
that about 0.95. When the assigned eccentricity is more than 0.95, the axial buckling load

performance of the VGE anigogrid cylinder decays quickly and reaches zero for eg = 1. As
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Figure 7.4: Ratio Pygr/Poge versus assigned eccentricity

seen in Chapter 5 (see Fig. 5.6), for a VGE isogrid cylinder about 20% of the original axial
buckling load is lost when an eccentricity of approximatly 0.5 is assigned to the circular cross

section.

The volume of the lattice construction can be estimated multiplying the total length
of the ribs in the cylinder by the cross-sectional area of one rib. It can be easily realized
that for an assigned eccentricity of ey all the helical ribs have equal length [;,. Moreover, the
length of circumferential ribs I, is independent of the eccentricity and is equal to the cylinder
circumference, namely 27 R.. Consequently, considering n;,, to be the total number of helical

ribs and n, the total number of circumferential ribs, the total length [, of all the ribs is

ltotal = nhlh + nclc (714)

Due to the constraint equation (4.4) that produces the grid structure shown in Fig. 4.1, the
total number of helical ribs must be equal to the total number of circumferential ribs, i.e.,
ny = ne. Moreover, n. must be an even number. Denoting by x(s, eq) the axial position of

a point along a helical rib, measured from the one end of the cylinder, as a function of the
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circumferential position, for an assigned eccentricity, the following relation can be written:

0z (s, eq)

A cot(o(s, ep)) (7.15)

Using (7.15), the infinitesimal length of each helical rib can be written as

B 0z (s, ep) 2 . ds
= s (P gy e 716)

The total length of each helical rib can be obtained integrating (7.16) around the circumfer-

ence as

27 R, ds
= e 10

Keeping in mind that n. = nj, the ratio between the volume of the VGE anisogrid cylinder

and the volume of the original CGC isogrid cylinder can be estimated using (7.14) as

ds

27 R
2R, + / 45 )
VWeor _ L+ (h)vee _ 0 sin(p(s, e0)) _ 1 (1 N 1 /2 Re ds )
Veae e+ (In)cae arfle s 3 2mR. Jo  sin(é(s,ep))
2t R, +
0

sin(7/6)

(7.18)
Equation (7.18) is plotted in Fig. 7.5. Looking at Fig. 7.5 it is seen that the volume of the
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Figure 7.5: Ratio Vygr/Voge vs. assigned eccentricity
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VGE anisogrid cylinder is less than the volume of the original CGC cylinder for all values of
eccentricity. For practical values of eccentricity, the volume is about 5% less, an interesting
finding. When the assigned eccentricity approaches unity, the ratio (7.18) approaches 2/3.
This behavior can be understood by realizing that in the CGC isogrid cylinder each helical
rib is two times longer than a circumferential rib, while in the VGE anisogrid cylinder with
eo = 1 the helical ribs becomes horizontal and coincident in length with circumferential ribs.
Consequently, when the assigned eccentricity is varied from zero to unity, one-third of the

total length is lost.

The previous arguments highlight that the tailoring of the rib angle with circumferential
location based on (7.3) does not produce significative chances in the volume of the material
in the cylinder. Moreover, these slight changes are always negative. Of course, considering
a lattice construction made of homogeneus material, (7.18) also gives an estimation of the

weight ratio between the CGC cylinder and the CGE cylinder.

7.4 Design of the grid of the variable-geometry anisogrid cylinder

The tailoring of the rib angle with circumferential location has been achieved in the
previous section by treating the lattice as a nonhomogeneous orthotropic material. In this
section it will be shown how the actual grid geometry of the lattice structure can be obtained
by the knowledge of the function ¢(s,eg). This operation is not obvious because it involves
many geometric compatibility issues. To avoid unnecessary complications, the cylinder will
be unrolled onto the plane (z/27 R, s/27 R.), where, consistent with notation of the previous
section, x/2m R, represents the axial position on a helical rib measured from one end of
the cylinder and normalized by the cylinder circumference, while s/2wR. represents the
circumferential arc length on a helical rib measured as shown in Fig. 5.3 and normalized by
the circumference. The function x(s, eg) can be obtained by integrating (7.15) in s. Denoting
by X(ep) for a given eccentricity ey the axial position of the point on a generic helical rib

reached by moving along the rib while making one revolution around the circumference, i.e.,
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X/2nR;

X(eg) = z(27R,, ep), the following relation can be written:

27w Re 833‘(8, 60) 27w R¢
X = — ds = t , d
(eo) /0 s /0 cot(op(s, eg))ds

o (7.19)

Stated differently, (7.19) is the furthest axial position from one end of the cylinder reached
by moving along a generic rib while make one revolution around the circumference. In Fig.
7.6 part (a) are shown the helical ribs unrolled in the plane (s/27R¢, z/27R..) for different
eccentricities. As seen from Fig. 7.6 part (a) the axial position furthest from one end of the
cylinder, X (eg)/27R,, has a maximum for ey = 0 equal to v/3 and decreases the more the
eccentricity increases until it becomes zero for ey = 1. The understanding of Fig. 7.6 part (a)
makes clear why the length of the helical ribs varies from two times the circumferential length

to one time the circumferential length, as stated in the previous section. The maximum axial
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Figure 7.6: (a) Unrolled rib for different eccentricities, (b) sectioned rib for eg = 0 , (b) sectioned
rib for eg = 0.85

86 02 04 06 05 18

position X (eg) for one revolution of the circumference is fixed once the function ¢(s, ey) has
been determined. The maxiumum axial position cannot be changed. Unfortunately, X (eg)
may not coincide with the required length of cylinder for a particular application, meaning
that once the full length of helical rib has been rolled into a cylindrical shape, it reaches

the axial position X (eg) that could likely be different than any specific required length of
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cylinder. Stated differently, only very specific lengths of cylinders can be constructed with
lattice construction. This inconvenience can, however, be easily resolved by realizing that the
function ¢(s, eg) allocates a specific rib angle to each circumferential location, independently
from the axial position of the ribs in the cylinder. This means that the helical ribs can be
shifted axially without compromising the homogenized model of the lattice used to estimate
the function ¢(s,eg). Based on these arguments, the helical ribs can be cut and shifted
axially each time a rib reaches the required length. This procedure is illustrated in Fig. 7.6
parts (b) and (c) for eg = 0 and ey = 0.85, respectively. In the following this technique will
be referred to as the “cut and shift” procedure. Unfortunately, this procedure is not enough
to guarantee geometric compatibility within the lattice. In fact, in order to form the grid
structure shown in Fig. 4.1 into a cylinder, it is necessary that the maximum axial position
of the last section of rib on the left of Fig. 7.6 parts (b) and (c) be equal to an integer
multiple of the quantity 2a. (where a, is the spacing between two adjacent circumferential
ribs). Otherwise, when the grid is rolled to form a cylinder the grid will be not continuous
at the junction points. This requirement makes it generally impossible to construct a lattice
cylinder of any particular required length. What is necessary is a slight adjustment that
depends on the eccenticity and the number of ribs included in the structure. Once the
number of circumferential ribs n. to include in the lattice construction is known, the length
L closest to the desired value L. and capable of guaranteeing geometrical compatibility of
the left side with the right side of the cut and shift construction in Fig. 7.6 can be evaluated

by means of the following expression:

Leo.ne) = 5 {n;();()e Oz 1} (7:20)
2L, 2

Subtituting (7.19) in (7.20) and performing the needed calculations, it can be observed that
the length adjustment needed to guarantee geometric compatibility is quite moderate for all
eccentricity values. The latter statement is proven in Fig. 7.7, where the length L(eg, n.)
normalized by the desired length L. is plotted vs. the assigned eccenticity ey for n. = 30.
As seen, the magnitude of the adjustment is about £1%.

According with the grid structure shown in Fig. 4.1, the entire grid can be obtained by
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Figure 7.7: Ratio L/L. versus assigned eccentricity for n. = 30

attaching n./2 (since n, must be even, n./2 is always an integer) basic strips of axial length

2a. one to another, where a. is the spacing between circumferential ribs defined as

L c
ac(eg, ne) = %. (7.21)

The fundamental strip can be obtained with the four steps listed below and illustrated in Fig.
7.8 for ¢y = 0.85 and n. = 30, where different colors are used to highlight the construction

procedure:

1. Consider a strip of circumferential dimension 27 R, and axial dimension 2a. as shown

in Fig. 7.8 part (a);

2. Consider one helical rib which has one end attached to the lower left corner of the strip
and apply the cut and shift procedure (see Fig. 7.6) to the rib, moving up and to the
right along the rib, as shown in Fig. 7.8 part (b);

3. Consider a second helical rib, which has one end attached to the lower right of the strip
and apply the cut and shift procedure (see Fig. 7.6) to the rib, moving up and to the
left along the rib in Fig. 7.8 part (c);
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4. Add two circumferential ribs (i.e., two horizontal lines) having axial position a./2 and

3a./2, respectively, as shown in Fig. 7.8 part(d)

—————————————————————————————————————————————————————————————————————————————————————————————————

(a) step 1

e svsssdiiiiiiiiiiisesosssssiii

(c) step 3
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(d) step 4
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(e) complete fundamental strip

Figure 7.8: Constructive procedure to build a fundamental strip ey = 0.85, n. = 30

Looking at Fig. 7.8 part (e) it is seen that a fundamental strip contains two entire circun-
ferential ribs and two entire helical ribs. The latter statement is true because, due to the
adjustment of the cylinder length (7.20), the cut and shift procedure applied to a strip hav-
ing axial dimension 2a, results in the maximum axial position of the last section of helical
rib to be exacly 2a.. This fact makes even clearer the reason why the volume estimation
given in (7.18) is meaningful. As previously mentioned, the entire grid can be obtained by
adding n./2 fundamental strips, one adjacent to another. The grids obtained for eq = 0,
eg = 0.50, ¢y = 0.70, and ey = 0.85 are shown in Figs. 7.9, 7.10, 7.11, and 7.12, respectively.
As seen from these figures, the variable geometry of the grid becomes more evident as the
eccentricity increases. The variable geometry produces an increased density of the helical
ribs in the more curved regions of the ellipse. The distance between the ribs becomes narrow
and narrow as the eccentricity increases. Conversely, the density of the ribs is decreased
in the flatter regions of the ellipse and the distance between ribs becomes wider and wider

as the eccentricity increases. This variable geometry leads to a circumferentially-uniform
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Figure 7.11: Unrolled grid for eg = 0.70
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Figure 7.12: Unrolled grid for ey = 0.85

131



critical strain level, but the axial modulus of the cylinder is modulated so as to produce a

higher stress level in the more curved regions.

7.5 Numerical validation of the proposed design

In this section the VGE cylinder design proposed in section 7.2 will be further studied
using numerical results computed with the general-purpose finite-element code ABAQUS. In
particular, the results from ABAQU S will be compared with the results from the developed
analysis. Since the developed analysis was based on a rather simple premise, which did
not consider prebuckling rotations or stresses other than the axial stress, such comparisons
will be informative. Geometrically nonlinear prebuckling analysis will be employed, and the
results for simply-supported boundary conditions will be considered. The buckling condition
will be identified by applying to one end of each cylinder the smallest axial compressive
displacement that causes the tangent stiffness matrix of the numerical analysis to become
singular. The stress state for this condition, in particular, the axial stress level, will be
considered the buckling stress. The quantities of interest at this level of displacement will be
compared with the respective analytical predictions for three values of assigned eccentricities
(eo = 0.50, 0.70, 0.85) and for anisogrid cylinders of two sizes (see Tab. 5.1) in order to
check the generality of the findings of section 7.2.

In Fig. 7.13 the circumferential variation of the axial stress at the buckling condition
from the finite-element results for the simply-supported VGE anisogrid cylinders and CGE
anisogrid cylinders are shown. Results for small and large cylinders with the three levels of
eccentricity are illustrated. In each sub-figure the axial stresses, normalized by the critical
stress of a CGC isogrid cylinder, as a function of normalized circumferential location, are
plotted. Since the material is homogeneous through the thickness, which is uniform with
circumferential location, the axial stress ratio is also the axial stress resultant ratio. The
analytical prediction (7.11) ((7.12)) for the ratio oy gr/ocae (Nvar/Neoae) is also illustrated
in the figures. For the purpose of discussion, the stress (stress resultant) for the CGC isogrid
cylinder, ocae (Noae), is included and is the horizontal line at unity. At first glance it

is clear from Fig. 7.13 that, importantly, the prediction of the o (N) vs. s relation by
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Figure 7.13: Comparison among the axial stresses and axial stress resultants at the buckling con-
dition for small and large VGE and CGE cylinders for different eccentricities
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the developed analysis is very close to the finite-element calculations for all cases. Looking
at more detail, it is observed that while the stress (stress resultant) for the CGE isogrid
cylinder, ocge (Nogr), is nearly uniform around the circumference, and always less than
the CGC isogrid cylinder, the stress (stress resultant) for the VGE cylinder, oyor (Nver),
has considerable amplitude modulation, being largest in the more curved regions of the
elliptical cross section in all cases (s/2mR. = 0,0.5). This follows because the amplitude
of o (N) should be proportional to the Young’s modulus in the axial direction due to the
proposed design that forces the stress to be equal to the critical stress for each circumferential
location. It should be noted that oygr (Nyvgr) intersects ooge (Nege) where the radius
of curvature of the ellipse is equal to the radius of original circle, R.. The area under the

relationship for IV vs. s is the total axial load.

From a qualitative inspection of Fig. 7.13, it is quite evident that for each case the
area under the Ngogp relation is less than the area under the other two, meaning that the
tailoring of the rib angle with circumferential position results in an increase of the axial
buckling capability of a VGE anisogrid cylinder with respect to a CGE isogrid cylinder. A
quantitative comparison among key buckling load ratios of VGE, CGE, and CGC cylinder at
the buckling condition, as computed from finite-element analyses and as predicted is given

in Tab. 7.1. Looking at Tab. 7.1, a few comments can be made. First, it is seen that (7.13)

Pyge/Poce Pyae/Poae
small | large | small | large | Eq. 7.13
0.50 | 1.1403 | 1.1562 | 0.9702 | 0.9900 | 0.9582
0.70 | 1.4275 | 1.4583 | 0.9459 | 0.9599 | 0.9185
0.85 | 1.9738 | 2.0638 | 0.8934 | 0.9154 | 0.8751

€0

Table 7.1: Comparison among key load ratios of VGE, CGE, and CGC cylinders at the buckling
condition

slightly underestimates the load gain obtained by tailoring the rib angle in the VGE design.
The underestimation is in the range of about 1 —3% for the small cylinders and about 3 —5%
for the large cylinders. Second, even if rib angle tailoring is unable to completly restore the
axial buckling load of a CGE isogrid cylinder to the axial buckling load of a CGC isogrid
cylinder, tailoring results in a relevant increase in the buckling performace, the increase being
dependent on the assigned eccentricity. More precisely, the finite-element analyses predict

the load increment to vary from about 15% for ey = 0.50 to about 100% for ¢y = 0.85. Based
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on Fig. 7.5 it can be seen that the load increase is accompanied by a decrease of the weight

of the lattice cylinder.

This completes the discussion of the BWM approach to improving the axial buckling
capability of elliptical cylinders. Gains relative to an isogrid elliptical cylinder were demon-
strated and a near-restoration of the performance of an isogrid circular cylinder were illus-
trated. The next chapter summarizes the analytical developments and findings of the entire

study.
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Chapter 8

WWM versus BWM: Comparison and

conclusions

8.1 Introduction

In Chapters 6 and 7 the WWM and the BWM approaches have been, respectively, im-
plemented. The goal of the two approaches has been to mitigate the disadvantages of having
the radius of curvature of a noncircular cylinder vary with circumferential position. The
WWDM approach has been implemented by tailoring the thickness of the elliptical cylinder
with the circumferential position, whereas the BWM approach has been implemented by
tailoring the material properties of an orthotropic material with circumferential position. As
seen, both approaches result in the actual level of stress produced by an uniform assigned
axial strain to be equal point by point to the critical level of stress of each specific circumfer-
ential location. The main difference between the two approaches is that while for the WWM
approach the critical stress distribution is made independent of the circumferential position,
for the BWM approach the critical stress distribution is a function of the circumferential

position.

In the first part of this chapter the WWM and BWM approaches, independently studied
in Chapters 6 and 7, respectively, will be compared. The similarities in the two approaches

will be discussed through a parallel step-by-step derivation of the two designs. In the last
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part of this chapter the important conclusions from the dissertation will be summarized and

a few interesting opportunities for future investigation will be highlighted.

8.2 WWDM approach versus BWM approach

In order to highlight the similarities and the differences with respect to the implementation
of WWM and BWM approaches, a step-by-step parallel derivation of the two complemen-
tary approaches will be presented. As seen in Chapters 6 and 7, both the WWM and BWM
approaches are based on (5.15). In Tab. 8.1 a step-by-step parallel comparison of the special-

Step WWM (VIE) BWM (VGE)
1 QD(t, 60) =¥, El(t7 60) = El C(t7 60) = C =1
C(t7 60)> <(70(t7 60)>
2 Oer(t,e0) = NepF oor(t,eq) =nCE1(, e
(t,e0) = nepEn <p<t,60) (t,e0) = ncCE(t, o) ot o)
3 oer(t,eo) = Ereg = constant oer(t,eq) = Eq(t, ep)en
C(t760)> (@(t760)>
4 c - c -
e <P(t7 €o) 0 et p(t,eo)
5 C(t7 60) = afp(t7 60) QD(t, 60) = Oégop(t, 60)
6 e = 0 _% o, = © _%
T e e T e

Table 8.1: Parallel step-by-step derivation of WWM and BWM designs

ization of (5.15) for the WWM and BWM approaches, starting from the basic assumption

of the two derivations, is outlined. A few comments can be made for each step:

step 1 For the VTE designs the orthotropic material used to design the cylinder is considered
homogeneous and the thickness is assumed variable. This assumption affects two terms
of (5.15), namely, the axial modulus E(t,e) and the dimensionless function ¢(¢, eg).
Both of these quantities become independent of circumferential position and assigned
eccentricity. Conversely, for the VGE design the orthotropic material used to design the

cylinder is considered nonhomogeneous and the thickness is assumed constant. This
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step 2

step 3

step 4

step 5

step 6

assumption affects only one term of (5.15), namely, the dimensionless function (¢, eg)

that becomes identical to unity.

Including the symbol (, even if it is identical to unity, the critical stress function
expression obtained by enforcing the assumptions of step 1 in (5.15) can be made

exactly complementary.

When the critical stress is made equal to the actual stress produced by an assigned
strain €y, the main difference between WWM and BWM is revealed automatically. In
fact, due to the assumptions made in step 1 for the VTE designs, the actual stress, and
consequently the critical stress, must be uniform with circumferential position due the
the homogeneity of the material. Conversely, the equivalence between the actual stress
and the critical stress is weaker in the VGE design i.e., the equivalence is realized point
by point but different points can have different stress levels, and consequently different
critical stress levels. A more physical way to understand the difference between the two
approaches is to say that the tailoring of the thickness with circumferential position
affects the critical stress but does not affect the actual level of stress (it affects the stress
resultant only), whereas the tailoring of the material properties affects simultaneously

both the critical stress and the actual level of stress.

Again, including the symbol (, even if it is identical to the unity, the critical stress
function expression obtained enforcing step 2 condition can be made exactly comple-
mentary. Moreover, the structure of the equation indicates that the terms in bracket

must be constant.

The design conditions for VTE and VGE can be made again exactly complementary.
More precisely, for the VTE designs the thickness is tailored by means of the func-
tion ((¢,eg) in order to compensate for the continuously changing curvature of the
ellipse, whereas for the VGE design the material properties are tailored by means of
the function (¢, ep) in order to compensate for the continuously changing curvature
of the ellipse. The tailoring of the function ¢(¢, eq) produces a modulation of the axial

modulus Fi(t, eq), which, in turn, produces a modulation of the actual level of stress.

The meaning of the proportionality constant is different in the two approaches. In
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fact, for the VTE designs the constant o, can be interpreted as the ratio between
the assigned axial strain ¢y and the axial strain e, that causes buckling in the original
circular cylinder. Instead, for the VGE design the constant a,, can be interpreted as
the ratio between the assigned axial strain ¢, and the parameter 7. defining the original
circular cylinder geometry. This asymmetry can be motivated by realizing that while
the function ((¢,e9) = 1 for constant thickness cylinder, the function (¢, e9) # 1 for
homogeneous material, meaning that for a homogeneous material the axial strain which
produces the critical stress is dependent on material properties. This difference apart, it
should be noted that neither the VTE nor the VGE designs are completely specified by
the design condition given at step 2. Each design is complete only when the constants of
proportionality a. or «,, are specified. Based on the previous interpretation, specifying
the proportionality constant is the same as choosing the assigned axial strain ¢, for
which the cylinder will reach the crucial level of stress simultaneously at each point

around the circumference.

Based on the previous arguments it is clear that both VITE and VGE designs can be
seen as complementary implementations of a unique design philosophy. What seems to be
really important is that the term in brackets in (5.15) needs to be constant in order to force
the stress produced by an uniform axial strain to be equal point by point to the critical
level of stress at each specific location of the cylinder. The latter concept can be expressed

symbolically through the following expression

—g(t’ co)p(t o)) _ constan
() = cnstan 5

The complete understanding of (8.1) makes clear that a mixed approach can be implemented

by choosing the function ((t, eg) and ¢(t, eg) with the following rule

C(t,e0) = acpr(t,e0)  @(t,e0) = appa(t, eo) (8.2)

where the following constraint must be fulfilled

p1(t, eo)pa(t, e0) = pl(t, o) (8.3)
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and a¢ and a,, are arbitrary positive constants that can be physically interpreted as

€o
OZCOK@ = 7]_
C

(8.4)

In Tab. 8.2 are reported the values assumed by o, oy, pi(t,e9), and pa(t, e) for the three
VTE designs and for the VGE design. An understanding of Tab. 8.2 makes evident that

VTE same-stress | VTE same-load | VTE same-area | VGE
1 1 1 1
«
¢ g(eo) g*(eo)
1 /3
o 1 1 1 I e
v 2V 2
pl(t,e(]) p(t,eo) p(t,eo) p(t7 60) 1
pQ(tveO) 1 1 1 p(t7 60)

Table 8.2: Specification of the a¢, ay, pi(t,eq), and pa(t,eg) for the three VTE designs and the
VGE design

the four designs proposed in this dissertation are but a few possible choices among infinitely
many possibilities. All the choices are made here with the spirit of restoring one of the
relevant measures of performance of the original circular structure, namely the critical stress
with the VTE same-stress design, the critical load with the VTE same-load design, the
weight with the VTE same-area design, and the critical strain with the VGE design, but

other choices can be made.

The value assumed by relevant measures of performance in the four proposed designs,
normalized by corresponding quantities for the original circular cylinder, will be summarized
and compared in Tab. 8.3. In order to specify measures for both VITE and VGE designs
together, the labels CXC and VXE will be adopted where the character ‘X’ stands for ‘T’
or ‘G’ depending on the particular design philosophy. In Tab. 8.3 are reported the values
assumed for the measures of interest for the three VTE designs and the VGE design. More
precisely, the critical axial strain, the critical axial stress, the critical axial stress resultant,
the critical axial load, the volume, and the critical axial load per unit of volume are tabulated.

The latter quantity will be referred to as the specific critical axial load and will be used in
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the following to make an objective comparison among different designs.

VTE same-stress | VI'E same-load | VITE same-area VGE

€0 1 1

b 1 1

€ g(ep) g?(eo)
OVXE 1 1
oCxe ! g(eo) 7o) e12(o(s, o))
NvxE p(t,eo) p(t, eo)

t
NCXC p( ) 60) 92(60) 94(60) 612(¢(87 60))
Pyxg 1 27 R,
P g 1 ey | eratots.conis
VWxE 9 1 1 mRe g
1 (1 - =

Vexce g(eo) g(eo) 3 < * 27TRC/0 sin(¢(s, e9))
P 27 R,

VXE 1 1 / e12(o(s, ep))ds
Pexc 1 0
WxE g(eo) g% (eo) L/ N 1 /2ch ds
Vexc 3 2R, Jo sin(¢(s,ep))

Table 8.3: Comparison among relevant normalized quantities for four different designs

In Fig. 8.1 is shown a comparison among the normalized axial stress resultants at the
buckling level as predicted by the developed analysis (see Tab. 8.3) for the four different
designs and for two different eccentricities, namely ey = 0.70 and ey = 0.85. Looking at Fig.
8.1 a few comments can be made. First, all the VTE designs allocate a greater portion of the
load to the flatter regions of the elliptical cylinder, whereas the VGE design allocates a greater
portion of the load to the more curved regions. This is the consequence of the complementary
nature of the WWM and the BWM approaches, where in this contest the ability to ‘work’
is identified with the curvature of the shell. Second, the VTE same-stress design and the
VGE design intersect unity (i.e., CXC) at the same axial location. As mentioned earlier,
these locations correspond exactly to those circumferential locations which have the same
curvature as the original CXC cylinder. This fact is not true for the other two VTE designs,
namely, same-load and same-stress designs. Based on these arguments it can be stated that
VTE same-stress and VGE designs are exactly complementary to each other. In fact, for

each circumferential location if the normalized axial stress resultant associated with the VTE
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3.0 VGE same-stress  same-load same-area | 3.0 VGE same-stress  same-load same-area

(a) eg = 0.70 (b) eg = 0.85

Figure 8.1: Comparison among normalized stress resultants for different designs

same-stress design is greater than unity, then the normalized axial stress resultant associated
with the VGE design is lower than unity. Stated differently, the circumferential locations
supporting the majority of the load are exactly complementary in the two designs. This
behaviour is due to the fact that both the VTE same-stress and VGE designs reach their
own level of critical stress for the same value of assigned strain (see first row of Tab. 8.3).
Finally, it can be noted that for all the three VTE designs the curvatures of the positive and
negative peaks are similar, whereas in the VGE design the positive peaks are sharper than

the negative peaks.

Another objective comparison among different designs can be made using the critical
load per unit of weight as defined in the last row of Tab. 8.3. The relations corresponding
to the four designs are plotted in Fig. 8.2 vs. assigned eccentricity. As seen from Fig. 8.2,
only the VTE same-stress design has the same specific load capability as the original circular
cylinder. All the remaining designs experience a deterioration of the specific load capability
as the assigned eccentricity increases. It is interesting to note that for eccentricity values
lower than about 0.70 the specific load capability of a VTE same-load design is greater than
the VGE design. Conversely, when 0.70 < ey < 1 the VGE design has a better specific load
capability than VTE same-load design. Similar comments can be made for the comparison
between VTE same-area and VGE designs, where the breaking point is at ey ~ 0.55 instead
of at eg ~ 0.70.
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Figure 8.2: Comparison among critical load per unit of weight for different designs

Before closing this section the prebuckling deformations of small simply-supported VTE
same-stress and VGE design cylinders will be compared among themselves and with the
prebuckling deformations of CXE cylinders. These deformations are illustrated in Figs. 8.3,
8.4, and 8.5 and a few comments can be made by comparing figures. First, it is seen that
while for the CXE cylinders shown in Fig. 5.4 the deformations are mainly localized within
the flatter regions, for the both the VITE and the VGE cylinders the deformations involve
the entire circumference. Moreover, as happens for the CXC cylinders, the prebuckling
rotations are confined to boundary layers localized at the two ends of the shell. More
precisely, the prebuckling rotation boundary layer in the VTE same-stress design cylinders
have a modulated length proportional to the local radius of curvature of the ellipse (i.e., the
boundary layer width is wider in the flatter regions where the radius of curvature is larger,
and more narrow in the more curved regions where the radius of curvature is smaller). The
prebuckling rotation boundary layer in the VGE design cylinders seems to have a uniform
width around the circumference. Another remarkable difference among VTE same-stress and
VGE designs prebuckling deformed shapes is the deformation in the more curved regions. As
seen from the figures in the VTE design the deformation of the more curved region increases
as the assigned eccentricity increases due to the decreasing thickness at those locations.

Conversely, for the VGE design the deformation of the more curved region decreases as the
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(a) eo=0.50 (b) eo=0.70 (¢) ey =0.85

Figure 8.3: Deformed prebuckling shape of axially-loaded simply-supported small CXE cylinders.

(a) ey =0.50 (b) €9 =0.70 (¢) e =0.85

Figure 8.4: Deformed prebuckling shape of an axially-loaded simply-supported small VTE cylinders
for same-stress design.

(a) ep=0.50 (b) eo=0.70 (¢) ey =0.85

Figure 8.5: Deformed prebuckling shape of an axially-loaded simply-supported small VGE cylinder.

144



assigned eccentricity increases due to the increasing of the material’s axial stiffness at those
locations. The prebuckling deformed shapes associated with the same-load and -area designs
(not shown here) are qualitatively similar to those of the same-stress design shown in Fig.
8.4. The only difference that can be found is in the amplitude of the deformation that results
because the same-stress design allows a larger displacement before reaching the critical stress

at the buckling condition as compared to the same-load and -area designs.

8.3 Concluding remarks

The buckling load analysis of a circular cylinder made of orthotropic material is studied
here in depth. The analyses is based on quasi-shallow shell theory and prebuckling rotations
are ignored in the stability equations. The concept of geometric mean isotropic (GMI) ma-
terial associated with an orthotropic material is introduced and fruitfully used in order to
give an novel mechanical interpretation to the axial buckling behaviour of an orthotropic cir-
cular cylinder. The dimensionless parameter g5 defined as a combination of the engineering
properties of the orthotropic material is introduced. It is shown that the estimation of this
parameter is sufficient to predict the qualitative axial buckling deformation behavior of the
cylinder. No other calculations are needed. Closed-form expressions for a lower bound of the
buckling load of an orthotropic circular cylinder are given. A mathematical explanation of
the apparently random pattern of deformation of an isotropic circular cylinder is given and
a procedure to obtain a chart to allow prediction of the deformation pattern of the cylinder
once its geometry is known. This chart is general and needs to be constructed only one time.

In Fig. 3.10 is shown a small portion of this chart.

The general notions developed for orthotropic circular cylinder are used to investigate
the axial buckling behavior of an anisogrid lattice structure as a function of rib angles,
assuming the lattice grid is dense enough to be modelled as a smeared orthotropic material.
The closed-forms for the estimation of the buckling load as a function of the rib angle are
given. It is shown that there exists an optimal rib angle for which the buckling load of an
anisogrid cylinder is a maximum. This rib angle is independent of the material properties,

rib density, and cylinder geometry.
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Elliptical cylinders are introduced as the continuous deformation of a circular cylinder.
The deformation is assumed to preserve the circumferential length. The deterioration of the
axial buckling capability is analytically estimated as a function of the eccentricity assigned
to the original circle, which is chosen as a comparison basis. The analytical expression is
based on a rather simple assumption. More precisely, the elliptical cylinder is considered
as a circular cylinder having radius equal to the maximum radius of curvature of the el-
lipse. The developed theory is validated using a finite-element model that includes a more
accurate consideration of the cylindrical shell, i.e., the actual elliptical geometry is used and
prebuckling rotations are included. Even if the absolute values of buckling load predicted by
finite-element model are slightly smaller than the ones predicted with the developed analysis,

normalized quantities are estimated with a error no larger than 6%.

Based on an analogy two philosophical approaches to the improvement of the buckling
performance of an elliptical cylinder are proposed. In the first approach the axial buckling
capability of the elliptical cylinder, made of homogeneous orthotropic material, is improved
by tailoring the thickness with circumferential position. Three different designs are pro-
posed. The first design is devoted to restoring the axial buckling stress to the level of the
original circle. The second design is devoted to restoring the axial buckling load to the value
of the original circle. The third design is devoted to maintaining the cylinder volume equal
to the that of the original circle. A purely analytical treatment is given and the analyti-
cal expressions for relevant load-related quantities are derived and compared for all three
designs. Since the theory is based on a rather simple assumption, a finite-element model,
including more accurate consideration of the variable thickness elliptical shell, is produced.
The predictions based on the developed analysis are found to be in good agreement with the

finite element analysis.

In the second approach the axial buckling capability of the elliptical cylinders having
constant thickness is improved by tailoring the material properties with circumferential po-
sition. The actual implementation of the material tailoring is performed by changing the rib
angle of an anisogrid cylinder with circumferential position. Semi-analytical expressions for
all the relevant load-related quantities are derived. Since the theory is also based on rather

simple assumption, a finite-element model including a more accurate consideration of the

146



variable geometry elliptical anisogrid cylindrical shell is produced. The predictions based on
the developed analysis are found to be in good agreement with the finite-element analysis.
The problem of designing the actual grid structure of a variable geometry elliptical anisogrid
cylinder, once the variation of the rib angle with circumferential position is known, is studied
and completely solved. Finally, it is shown that both approaches can be viewed as two spe-
cific complementary designs of a much more general design philosophy. More precisely, the
main assumption at the base of the design philosophy is that the closed-forms (3.44) derived
for a circular orthotropic cylinder can be still used for a noncircular cross section, obtained
by a continuous deformation of a circular cross section, which has material properties and
local thickness varying with the circumferential position if the minimum value the stress
assumes all around the circumference is kept as the critical stress of the whole cylinder. This
assumption has been formalized in (5.15), which is a simple relation derived from (3.44), by
assuming both the thickness and material properties to be function of the circumferential
position. This equation is applicable to noncircular cylinders and predicts a loss of load
capability for an elliptical cylinder with the same circumference and wall thickness as the

circular cylinder (see (5.10)).

Equation (5.15) has been used as to develop three designs to increase the axial load
capability of elliptical cylinder by considering a variable wall thickness. In fact, (5.15) has
been used to specify the variation of wall thickness with circumferential position for the
elliptical cylinder. Numerical results for the same-stress, same-load, and same-area designs
developed with (5.15) as a guideline have been computed and compared to results obtained
for a finite-element model considering prebuckling rotations of these three designs. There
are some differences between the finite-element results and the predictions based on (5.15).
However, designing the variation of the wall thickness using finite elements is a cumbersome
and time-consuming approach. In that context, (5.15) does well. Moreover, the results
obtained using (5.15) are good enough that conclusions can be drawn regarding trade-offs
in the designs. For example, and continuing with an earlier example, according to Fig.
5.6, which is based on (5.10) of the developed analysis, a simply-supported CTE cylinder
with ey = 0.70 retains only 62% of the buckling load of the original CTC cylinder. This is
verified by the finite-element calculations in Tab.5.5, where a buckling load retention of 66%

rather than 62% is computed by the finite-element analysis for the small cylinders. Both the
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developed analysis, i.e., 1/g%(eg), and the finite element calculations for the small cylinder
illustrate that the same-area VTE design for the case of eg = 0.70 in Tab. 6.13 retains 89%
of the buckling load of the CTC cylinder. This translates into better than a 30% increase in
buckling load of the VTE cylinder compared to the CTE cylinder, i.e., Pyrg/Porg. Since
the developed analysis correlates so well with the finite element calculations, the developed
analysis can then be used to quickly conclude that the buckling load of the small VTE
cylinder can be made to retain 100% of the buckling load of the CTC cylinder by using
the same-load design (see Tab. 6.11, Pyrg/Pere = 1.0007) if a 6% increase in weight (i.e.,
9(0.70) = 1.0621) can be tolerated. If even more weight can be tolerated, Tab. 6.9 can
be used to show that significant increases in buckling loads can be realized for the case of

eo = 0.70 with only slightly more than a 12% increase in weight (i.e., ¢>(0.70) = 1.181).

Finally (5.15) has been used to develop a design to increase the axial load capability of
elliptical cylinder by considering a nonhomogeneous material properties. In fact, (5.15) has
been used to specify the variation of rib angle with circumferential position for the elliptical
lattice cylinder. Numerical results for the developed design with (5.15) as a guideline have
been computed and compared to results obtained for a finite-element model considering
prebuckling rotations of this design. There are some differences between the finite-element
results and the predictions based on (5.15). However, designing the variation of rib angle
using finite elements would be quite a chore. In that context, (5.15) does well. Moreover,
the results obtained using (5.15) are good enough that conclusions can be drawn regarding
trade-offs in the designs. For example, and continuing with an earlier example, according
to Fig. 5.6, which is based on (5.10) of the developed analysis, a simply-supported CGE
cylinder with eq = 0.70 retains only 62% of the buckling load of the original CGC cylinder.
This is verified by the finite element calculations in Tab.5.7, where a buckling load retention
of 66% rather than 62% is computed by the finite-element model for the small cylinders.
Both the developed analysis, i.e., (7.13), and the finite-element calculations for the small
cylinder illustrate that the VGE design for the case of ¢y = 0.70 in Tab. 7.1 retains 94% of
the buckling load of the CTC cylinder. This translates into better than a 40% increase in
buckling load of the VGE cylinder compared to the CGE cylinder, i.e., Pyggp/Pogg. Since
the developed analysis correlates well with the finite-element calculations, the developed

analysis can then be used to quickly estimate the axial buckling load improvement of a VGE
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anisogrid cylinder with respect to the axial buckling load of the CGC isogrid cylinder.

8.4 Future prespective

There are a number of issues to consider for future investigations of the variable wall
thickness designs. The role of imperfections is always an important issue with cylindri-
cal structures. That is no less the case here, particularly imperfections at circumferential
locations were the walls are thinner. A study of the postbuckling behavior would also be im-
portant. For all cases considered here the stresses at buckling were less than the compressive
yield of many aluminum alloys, particularly for the large cylinder. Therefore, snap-through

and other large elastic deformations associated with postbuckling would be of interest.

Another relevant aspect to be explored in future investigations is the study of a variable
geometry elliptical lattice cylinder joined with a skin layer or sandwiched in the between two
skin layers. The skin layers could be made of composite material where the fiber angle is, in

turn, also tailored with circumferential position.

As previously mentioned the four designs presented in this dissertation can be seen as
special cases of a more general design philosophy. In the framework of this general theory
many other different designs can be investigated and even noncircular cross sections different

from an an ellipse can be taken into consideration.
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