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(ABSTRACT)

A parametric identification procedure is proposed that combines the method of multiple
scales and higher-order statistics to efficiently and accurately model nonlinear systems. A
theoretical background for the method of multiple scales and higher-order statistics is given.
Validation of the procedure is performed through applying it to numerical simulations of
two nonlinear systems. The results show how the procedure can successfully characterize
the system damping and nonlinearities and determine the corresponding parameters. The
procedure is then applied to experimental measurements from two structural systems, a
cantilevered beam and a three-beam frame. The results show that quadratic damping should
be accounted for in both systems. Moreover, for the three-beam frame, the parametric
excitation is much more important than the direct excitation. To show the flexibility of
the procedure, numerical simulations of ship motion under parametric excitation are used
to determine nonlinear parameters govening the relation between pitch, heave, and roll
motions. The results show a high level of agreement between the numerical simulation

and the mathematical model with the identified parameters.
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Chapter 1

Introduction

Accurate modeling of the response of nonlinear systems is important for the reliable predic-
tion and control of that response. In such modeling, one seeks to identify and quantify the
relevant physical phenomena that govern the response of a system. Such identification is
usually performed in one of two ways: nonparametric or parametric. Nonparametric identifi-
cation techniques seek to quantify the dynamics of a system without making any assumptions
about the dynamics. The identification is then the quantification of the dynamics in some
general fashion, such as in a polynomial or Volterra series. Parametric identification tech-
niques, on the other hand, begin with an assumed model of the system dynamics. System
identification is then the quantification of the parameters defining the model. Many of these
techniques are well documented (Benedittini et al, 1995; Broersen, 1974; Distefano et al,
1975; Masri, 1994; Masri et al, 1979; Udwadia et al, 1981). Many prediction, simulation,
and control schemes are designed to observe or modify specific characteristics of a system.

Because parametric identification techniques develop models that are based on observed
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characteristics of a system, they are directly compatible with these prediction, simulation
and control schemes. Thus, in this work, we will focus on a new procedure for parametric
identification of damping and nonlinear characteristics of nonlinear systems.

Defining and quantifying a parametric model for nonlinear systems can be a complicated
task. Nonlinear behavior in a system is often mistaken for linear behavior. A system may
contain several nonlinearities, some of which may not participate in the behavior of interest.
Thus, attempting to define a parametric model for only the relevant dynamics of a system
is efficient compared to modeling the entire system. Nayfeh (1985) proposed an approach
that exploits nonlinear resonances in a system to model its relevant dynamics which, in
that case, are the dynamics participating in its nonlinear resonances. A model is assumed
based on the possible nonlinearities existing in the system. An approximate solution is then
determined for the model using a perturbation technique, such as the method of multiple
scales (Nayfeh, 1981; Nayfeh and Mook, 1979). Such a solution models the amplitude and
phase modulations of only the modes involved in the resonance of interest. If measured,
these modulations can be used to identify the relevant parameters. Moreover, identification
of parameters for different resonances may be combined to identify the parameters governing
the entire model.

In comparison with amplitude measurements, phase measurements are much more dif-
ficult to obtain. Time- and frequency-domain analyses are often employed to quantify the
phase characteristics of a system, whereas a number of tools are readily available for the
instantaneous quantification of the amplitude characteristics of a system. Nayfeh (1985)

proposed modifications to his approach such that phase measurements would not be re-
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quired for parameter identification. Hajj et al. (1993) showed how higher-order spectral
moments, namely the bispectrum, can be used to obtain phase relations between different
frequency components.

The bispectrum has become a popular tool in studying nonlinear systems, and outlines of
the uses of higher-order statistics are available (Brillinger, 1994 and 1965). Some examples
of its uses are: characterization of sleep states in rats and the onset of seizures in humans,
both involving quadratic phase coupling of brain waves, by analyzing electroencephalograms
(Ning et al, 1990 and 1991; Shils, 1995); the internal tide off the Southern California coast
(Williams, 1985); transition of plane mixing layers (Hajj et al, 1992, 1993, 1997); sheared,
thin liquid films (Jurman, 1990); transition of plane wakes (Hajj et al, 1994); confined jets
(Henry et al, 1994); transitional flow (Miksad et al, 1982) and (Ritz et al, 1988); turbulence
ingestion in propellers (Scharpf, 1993); aeroelastic phenomena (Stearman et al, 1992); or-
thogonal cutting (Berger et al, 1996); and chaotic systems (Miles et al, 1992; Pezeshki et
al, 1990; Pezeshki et al, 1992). Yet, none of these or other applications involves the use
of bispectral phase measeurements for use in system parameter identification. We should
stress here that higher-order statistics have been employed for system identification where
the input is Gaussian (Jin, 1993); the modeling is based on Volterra functions (Collis, 1996;
Cho et al, 1994); or the input is not assumed to be known (Giannakis et al, 1989). These
system-identification studies, however, are not compatible with the goals of this work be-
cause they are based on nonparametric methods. Furthermore, Nayfeh’s approach is based
on known inputs, which may often be non-Gaussian. There is one study by Hajj, Nayfeh, and

Popovic that has used higher-order statistics while adopting Nayfeh’s approach to identify
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a parametrically excited three-beam frame (Hajj et al, 1995).

It is our intent in this work to develop a parametric identification technique that com-
bines Nayfeh'’s perturbation-technique approach with the phase detection and measurement
capabilities offered by higher-order statistics. This new identification approach will then
efficiently provide a model that accurately describes a nonlinear system while lending in-
sight into the dynamics of the system. This technique should then facilitate transition into

development of prediction, simulation, and control strategies.

Thesis Outline

This thesis makes a progression from theory to validation and application of the proposed
parameter identification technique. In Chapter 2, we discuss the theoretical foundations.
A representative single-degree-of-freedom nonlinear system is chosen for the development
and use of the technique for the majority of this thesis. A summary is given for Nayfeh’s
identification approach. A discussion on higher-order spectral moments and their ability to
quantify phase information in nonlinear systems is given. The proposed methodology, which
combines Nayfeh’s approach and higher-order statistics for nonlinear system identification,
is then outlined.

Chapter 3 discusses two hypothetical nonlinear systems used to validate the technique.
The first system considers a case containing geometric and inertial nonlinearities and linear
damping under direct and parametric excitations. The second system considers a similar

case with the addition of quadratic damping. The proposed identification technique is ap-
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plied to recover the parameters in these systems. New simulations, based on the identified
parameters, are then compared to the original simulations for the accuracy and validation
of the new technique.

In Chapter 4, the technique is applied to identify the parameters that govern the vi-
brations in two different structural systems. The first system is a parametrically excited
cantilvered beam. The second system is a parametrically excited three-beam frame. For
both of these systems, experiments are carried out to observe the excitation and response
of the system. Parametric identification is then performed to characterize the damping and
identify the parameters in these systems. Numerical simulations, based on the identified
parameters, are then compared with the experimental data to measure the accuracy of the
identified model in describing the system.

Chapter 5 discusses a modification of the technique and its application to a parametric
roll instability of a ship. This instability is described by a multiple-degree-of-freedom model.

Again the proposed technique is applied to identify the parameters in this model.



Chapter 2

Theoretical Foundations for Proposed

Identification Procedure

In this chapter, the theoretical foundations for the proposed parametric identification tech-
nique are given. Our procedure is based on the ideas of exploiting nonlinear resonances
(Nayfeh, 1985) and using spectral moments at different orders to obtain amplitude and phase
measurements (Hajj et al, 1993, 1997). As we will show in Chapters 3-5, the substitution
of these measurements into approximate solutions that exploit the nonlinear resonances will

allow us to characterize the governing forces and quanitify their corresponding parameters.
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2.1 Nonlinear Systems Under Direct and Parametric

Excitation

Nonlinear systems are usually modeled with a set of nonlinear equations that may be
algebraic, functional, differential, or integral in nature. Nonlinear system models may also
involve combinations of these equations. These models depend on given parameters that, in
turn, depend on the physical phenomena under consideration. For instance, in describing
free and forced oscillations of single-degree-of-freedom nonlinear systems, two traditional
models are usually considered. One model is the Duffing equation (Nayfeh, 1981) and has
the form

2

d
d—;;+6u+au3:0 (2.1)

where the effects of the restoring forces are modeled with the linear stiffness parameter ¢
and cubic stiffness parameter . Another model is Mathieu’s equation (Nayfeh, 1981) which
has the form

d*u

gz T (0 +2ecoswt)u =0 (2.2)

Similar to the Duffing equation, this ordinary-differential equation models harmonically
forced oscillations of single-degree-of-freedom systems with a linear restoring force. In this
case, the linear stiffness parameter is also 6. The amplitude and frequency of the excitation
are represented by 2¢ and w, respectively. This excitation is known as a parametric excitation
because it appears as a time-varying coefficient of u in the differential equation.

Both the Duffing and Mathieu equations can be expanded to model systems with other
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types of excitation, restoring, or nonconservative forces. A more general nonlinear single-
degree-of-freedom system is a variant of the Duffing and Mathieu oscillators that includes
velocity-dependent damping forces, polynomial and differential-polynomial nonlinearities,

and direct and parametric excitations. Such a system is given by

du

dt

d*u 9 du du
P U200 — + po—

du\’
2 3 au
7 7 + aou” + azu +6< ) u

dt

= fcos(Qt + 1) + 2 fucos(Qt + 1) (2.3)

In this equation, the linear restoring force is given by w?u, where w is the linear undamped
natural frequency of the system. Quadratic and cubic geometric and inertial restoring forces
are modeled by asu?, azu®, and §(du/dt)?u, respectively. These nonlinear restoring forces
may model physical phenomena, such as hardening or softening springs and inertial forces.
Linear and quadratic damping forces are modeled by pidu/dt and psdu/dt|du/dt|. The
quadratic damping term may model physical phenomena, such as structural or fluid drag
in the system. Note that other types of damping forces could have been modeled (Nayfeh
and Mook, 1979). The direct and parametric excitations are harmonic and their effects are
modeled using the parameters 7; and 75, respectively. The forcing parameters f, €2, and
T. model the forcing amplitude, frequency, and phase, respectively. While this differential
equation does not model all types of quadratic or cubic restoring forces or other types of
damping or excitation forces, it sufficiently models systems in many engineering applications.
In this chapter, we explain how to obtain an approximate solution of such a system and how

its parameters and solution can be obtained from experimental or numerical data.
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2.2 Approximate Solutions for Nonlinear Systems With

the Method of Multiple Scales

It is usually impossible to obtain an exact solution of a nonlinear system that includes
all or even some of the terms of Eq. ( 3). More often, one has to resort to approximate
approaches to predict characteristics, such as stability of the nonlinear system. To do this, a
variety of perturbation or dynamical systems methods have been employed. In considering
steady-state oscillations of our system, we limit our study to weakly nonlinear systems where
the damping, nonlinear restoring, and forcing terms are sufficiently small. This implies that
these forces are balanced such that they interact with each other. We then base our solutions
on the method of multiple scales. This method is used to study modulated effects to the

steady-state of the system rather than global changes in the system.

2.2.1 Scaling and Expansions

To consider the balance between forces in the system, we scale the nonlinearities and exci-
tation sources accordingly. We choose to follow the scaling guidelines outlined by Nayfeh

(1981) and Nayfeh and Mook (1979). This results in

d? d d
£ + w?u + 262/L1—u + 62,u2—u

du du\’
72 i e + eanu® 4+ Eazu’ + €26 (—) u

dt dt

= eny fcos(QU + 7.) + Enpfucos(Ut +1.) (2.4)

Here, we consider the case {2 &~ 2w. The scaling parameter € represents the level to which

the nonlinearity has an effect on the system. In this system, we scale the direct excitation
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to the same level as the quadratic restoring force. The parametric excitation is scaled to a
lower level along with damping, cubic geometric and inertial nonlinearities. In considering
the balance among these forces, we scale the quadratic nonlinearities and direct excitation
so that they appear at lower order.

An approximate solution for the response of the system, given in Eq. (2.4), can be
obtained by using the method of multiple scales (Nayfeh, 1981; Nayfeh and Mook, 1979).
To differentiate between slow and fast-varying effects on the system, we use the scaling

parameter ¢ and replace the time ¢ with independent variables 7},, such that
T, =€t n=20,1,2,--- (2.5)

In this sense, T, represents a fast time scale and T, Ts, T3, - - - represent slow time scales.
Our ordinary-differential equation now becomes a partial-differential equation, with u being
a function of the new time scales. The first- and second-derivative operators with respect to
t are then given by

d dl, & dI & dT, 9 ,
S0 2t Y 2 Y =D D Do+ one 2.
dt — dt 6T0Jr dt 8T1+ dt aTQJr oteitelht (2:6)

d2
az (Do + €Dy + €Dy + -+ +)> = D§ + €D} + 2eDo D + 2¢Dg Dy + - - - (2.7)

The expression D; refers to the i-th partial derivative with respect to 7;. Moreover, we

expand the generalized coordinate u using the scaling parameter, €, as
U(t, 6) = U()(T(), Tl, TZ) —+ EUI(TU, Tl; TQ) —+ EZUZ(TU, TI; TZ) + .- (28)

In this manner, we are assuming a series solution for u of Eq. (2.4) based on functions that

have scaled levels of influence on the total response of the system. The primary portion
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of the response is found in uy. The perturbation u; serves as a small adjustment to the
response, the perturbation uy serves as an even smaller adjustment to the response, and so
on. Substituting Eqs. (2.6)-(2.8) into Eq. (2.4) and considering terms up to order €*, we
obtain
(Dg —+ GD% —+ 2€D0D1 + 26DOD2)(U0 + €uy + 62U2) + w2(u0 + €uy + €2U2)
+ 2€2 11y Doug + € 1o Doto| Doug| + €aua (g + €uy)? + € asud + €26ug(Doug)?
= e f cos(2wTy + 0Ty + 7) + €2 na fug cos(QTy + 7o) (2.9)
This partial-differential equation can be simplified and separated into coefficients of like
powers of €. Again, considering terms up to order €2, we obtain
O(€") : D2ug + w?ug = 0 (2.10)
0(61) . Dgul + w2u1 = —2DOD1U0 — Oégug + 7’]1f COS(QTO + ’/"e) (211)
0(62) . D(%U/Q + W2U2 = —D%UU — 2DOD1U1 — 2DOD2U0 — QMIDUUO
—/L2D0U0|D0U0| — 20(2U0’LL1 — Oégug — (5U0(D0U0)2

+12 fug cos(Q2Ty + 7) (2.12)

where O(e') denotes the power of € under consideration.

2.2.2 Solvability Conditions Over 7} and 75 and Uniform Second-
Order Expansion for u(t)

The solution of the system of equations given by Eqgs. (2.10)—(2.12) is obtained by substituting

the solutions of the lower-order equations in € into the higher-order equations in €. First,
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the solution for ug is obtained from Eq. (2.10) and then substituted into Eq. (2.11). The
solution for u, is then obtained from Eq. (2.11) and finally substituted into Eq. (2.12). This
yields an approximate solution of the system that is accurate to second order.

Following this procedure, we express the solution of Eq. (2.10) in the form
1 .
Uy = §a(T1’ TZ)eZ[ﬂ(Tl,Tz)erTo] + cc
= A(Ty, Ty)e™™ + cc (2.13)
where A = %ae’ﬂ, A, a, and ( are functions of 77 and T5, and cc represents the complex
conjugate of the preceding terms. In this sense a and [ represent the amplitude and phase

of the response.

Substituting the solution for ug from Eq. (2.13) into each term in Eq. (2.11), we obtain

—2DogDyuy = —2iwA'e™T0 + cc

—a2ug = —p A%e?T0 _ i, AA + cc
mfeos(2uwly+oly + 1) = %mfeim%”e) + cc (2.14)
Then, we rewrite Eq. (2.11) as
Diuy + wuy = —2iwA’e™T0 — ay A% — qy AA + %nlfei(QT”Te) +cc (2.15)

As discussed earlier, we consider the case when the excitation frequency () is near twice the

natural frequency w of the system. This relationship is expressed as
Q=2w+éo (2.16)

where o is a frequency-detuning parameter, which is scaled at €2 to indicate the extremely

small difference between the excitation frequency and twice the natural frequency of the
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system. To ensure a uniform expansion for u, we need to prevent the occurence of secular
terms, or terms which cause series divergence. In doing so, we arrive at a compatibility
or solvability condition to obtain a uniform solution. This condition requires setting the

coefficients of e*™7T0 in Eq. (2.15) equal to zero; that is,
—2iwA’ =0 (2.17)

Note that satisfying Eq. (2.17) automatically satisfies its complex conjugate. It follows from
Eq. (2.17) that 0A/0(T;) = 0 or A = A(T5); that is, @ and  are functions of only the fastest
scale Ty. From Egs. (2.15) and (2.17) and ignoring the homogeneous solution, we obtain a

particular solution for u; as

1 : ay — mf :
— A2 2iwTy 2 AA — 1(2wTo+0Tr+7e)
T T2 2[w? — (2w + €20)?] ‘ o
1 , — 1 ,
~ @@214262“‘]110 _ %AA _ @nler(2WTO+UT2+TS) _|_ ce (218)

The approximation in Eq. (2.18) is made considering the greater importance of w7y in
comparison to o7T5.
Substituting the solutions for uy and u; into each of the right-hand side terms of Eq. (2.12)

yields the following:

—D?ug =0 (2.19)
—2DyDyuy =0 (2.20)
—2DgDyuy = —2iwA'e™ T + cc (2.21)
—2111 Dyug = —2iwpg Ae™ T + cc (2.22)

—p2Doug| Doug| = —pp > gae™ ™

n=—oo
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= —ppg1e™™ + NST + cc (2.23)

1

27 . . .
—2—/ (iwAe“T — jwAe™T0)|jw Ae™T0
7 Jo

where gn =
—iwAe T |emmTod(WTy) (2.24)
. o 1 .
—2augu; = —2a( Ae™T0 + Ae”“’To)[ﬁagAZGQWTO
w

Q2 — 1 1(2wTo+oTa+7e)
AT g e

= [—%S—%AQZ +4a3AYA + %m fAHoToTe] i To
+NST + cc (2.25)
—azud = —3a3A%Ae™™ + NST + cc (2.26)
—6ug(Doug)* = cm(Ae“"TO + Ze*i“’To)(iwAei“’To _ ine*i“’T‘))z
= —6(—w’A"A + 2w + 047 A)e™™ + NST + cc  (2.27)
ne fugcos(2wTy + 0Ty + 1) = %772f(AeiWTo + Ao o) [i2eTotoTs47e)

_|_e—i(2wT0 +oT> -I-Te)]

1 .
=3 fAeWTotolate) L NST 4 cc (2.28)

In the above equations, NST denotes terms that do not produce secular terms. By substi-

tution into Eq. (2.12), we obtain

10 _
D2uy + wotty = [~2iw A" — 2iwp A — pogy + (Eag — 3a3 — 6w?)A%A
1 1. — . .
+(§771 + §)fAel(”T2+Te)]e’“T° + NST + cc (2.29)

Again, to prevent divergence and obtain a uniform solution, we eliminate the secular terms
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by setting the coefficients of e*70 equal to zero; that is,

10 _
—2iwA" — 2iwp A — ppgy + (Eag — 3a3 — dw?)A%A
1 1

(o + 3[R —

3 2

Note that satisfying Eq. (2.30) automatically satisfies its complex conjuate.

By substituting for A and A from Eq. (2.13) into Eq. (2.30), we obtain
. / -l : 4. 2 2 3 i
—iw(ad + aiff’) —iwpa — 3 2w a + aea® +nefae” =0
m

where

O = EaQ — 8&3 — géw
10{27’]1 1

y=0ly+ 71, —203

(2.30)

(2.31)

(2.32)
(2.33)

(2.34)

The parameters «, and 7, in Eqgs. (2.32)—(2.33) represent effective nonlinear restoring and

forcing parameters, respectively. Separating Eq. (2.31) into imaginary and real parts and

eliminating 3 using Eq. (2.34), we have

4
—wa —wpa — 3—,u2w2a2 +nefasiny =0
T

1
an(a — ') + aa® + n.facosy =0

These equations can be rewritten as

4
wa' = —wpa — 3—u2w2a2 + nefasiny
T

1,1 ;
QweY = §awa+aea + nefacosy

(2.35)

(2.36)

(2.37)

(2.38)
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The relationships described in Egs. (2.37) and (2.38) represent the slow modulation of the
amplitude and phase of the response

Combining Eqs. (2.8), (2.13), and (2.18) and substituting the expressions for A and A
from Eq. (2.13) and 3 from Eq. (2.34), we arrive at the following approximate solution for
u(t):

U — laeéi(QH—Te—’Y)_'_e[ Q2 a2l Qt+me—y) _ Q2 o Ui fei(Qt+Te)]+CC (2.39)

1207 42" 7 Gw?
The relationships described in Egs. (2.37)—(2.39) form a uniform second-order solution of
the differential equation for the case 2 ~ 2w.

Nayfeh (1985) proposed a series of experiments that exploit nonlinear resonances and
approximate solutions for the identification of the damping and nonlinear parameters of
nonlinear systems. In that work, values of the excitation and response amplitudes are sub-
stituted into Eqgs. (2.37)—(2.38) to obtain the parameters. Fahey and Nayfeh (1998) applied
that methodology to determine the parameters governing a system that models the nonlin-
ear response of a three-beam frame. In this work we extend the methodology proposed by
Nayfeh (1985) and use measured values for the amplitudes as well as the phase quantity v to
determine the parameters. The results will show that, by determining this phase quantity,

not only can we estimate the parameters, but we can also characterize them.
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2.3 Amplitude and Phase Measurements Using Spec-

tral Moments

One of the most useful tools in time-series analysis has been the power spectrum. In esti-
mating the power spectrum, one considers the time series as a superposition of frequency
components. The power spectrum then gives the distribution of power among these compo-
nents. Such estimates have been the cornerstone in the development and analysis of many
physical phenomena. Yet, because the power spectrum suppresses phase relationships be-
tween frequency components, it can only be used to investigate linear mechanisms. To obtain
information regarding nonlinearities in discrete-time deterministic and stochastic processes,
one needs estimates of higher-order spectra (Hajj et al, 1997). One particular higher-order
spectral quantity that has become widely used is the bispectrum. The bispectrum has been
applied in studying deviations from Gaussianity of a process and quadratic phase coupling
(see Chapter 1). In this section, spectral moments are defined and their properties are

discussed.

2.3.1 Power Spectra and Linear Coherence

For a continuous process x(t), the Fourier transform X (f) is defined as
X(f) = / (t)e 2iftdy (2.40)

For the k-th ensemble of a discrete process xp(nts) of length T', where the process takes

on values at the time nt, for the time step t;, where t; is the sampling time and n =
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N s ’

where the frequencies take on values every [Af = 1/T with a frequency step of Af and
[ =0,1,2,...,N — 1. In general, the Fourier transform of a process is a complex-valued

function. For a real-valued time series, this function has symmetry over frequency in that
X (1) = X® (=) (2.42)

This symmetry relationship allows for the reduction in the domain over which the Fourier
transform needs to be calculated.

The power spectral-density function, or power spectrum, is commonly used in the frequency-
domain analysis of a random process. For the k-th ensemble of a discrete, stationary, real-

valued zero-mean process x(t5), the power spectral-density function P,.(l) is given by

. 2 M 2 N
Pm[l]:M];\X}’“’[l]\ =125 1
1 M (k) 2 N
:Mz\XT Ul [=0 or - (2.43)

m
I

where M is the total number of ensembles. There are two important properties of the power
spectrum First, f’m[l] is only an estimate of the power spectrum. Second, the value of the
power spectrum at a certain frequency is equal to the square of the rms amplitude of the
corresponding frequency component in the time-varying process. Note that the factor of
two is included because [ and the power spectral-density function are defined for positive

frequency values only. Figure 2.1 shows a time history for a time series, which consists of
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Figure 2.1:  Sample time history of z(¢) and its corresponding power spec-

trum.
the frequency components at 2 Hz and 7 Hz, and its corresponding power spectrum. It is
clear how the power spectrum is a useful tool for observing the frequency composition of
a signal. One thing to keep in mind is that the power spectrum is a real-valued function.
Thus, it contains only magnitude information and suppresses all phase information about
the frequency components.

Similar to the definition of the power spectrum, one can define the cross-power spectrum

between two time series z(t) and y(t) by

S0 2 S | 5 By N
Pl =2 30 |x iy | (=125 -1
k=1
1 & *(k N
= X2y =0 or (2.44)
k=1

Note that the cross-power spectrum is a complex-valued function. The phase of the cross-
power spectrum quantifies the phase difference between the same frequency components in

x(t) and y(t). If, as shown schematically in Fig. 2.2, the phase of the cross-power spectrum
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Figure 2.2:  Cross-power spectrum between z(¢) and y(t) at a certain fre-
quency, measured for four ensembles. Frequency components between z(t)
and y(¢) are (a) not phase related; (b) phase related.

vector has a small variance over many time records, or ensembles, the magnitude of the
cross-power spectrum at that frequency is relatively large and the phase of the cross-power
spectrum is a relatively accurate estimate of the phase difference between the appropriate
frequency components in z(t) and y(t). On the other hand, if the vector varies randomly over
many records, the magnitude of the cross-power spectrum is relatively low and the phase
estimate does not carry much meaning.

The linear coherence 7, (I) which is defined as

[Py (D) [*

(2.45)

is a normalization of the cross-power spectrum. It can be shown by Schwartz inequality that
the linear coherence 7§m(l) is bounded by zero and one. Thus, if the frequency components
of xz(t) and y(¢) at frequency f are not linearly coupled in phase, the linear coherence
will be equal to zero. If the frequency components of z(t) and y(t) at frequency f are
linearly coupled, the linear coherence will be equal to one. If the linear coupling between

the frequency components of x(¢) and y(¢) at frequency f is partial, the linear coherence will
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Figure 2.3: Time histories for the signals () (solid) and y(¢) (dotted) defined
in Eqs. (2.46)-(2.47). Here, f, =3 Hz and f, =5 Hz.

have a value between zero and one. To demonstrate this argument, we consider two signals

x(t) and y(t), which are constructed from

z(t) = acos(wet + 0,) + beos(wyt + 60y) + n4(t) (2.46)
y(t) = ccos(wat + 0.) + d cos(wpt + b4) + na(2) (2.47)
where
0,,0,, and 6, random (2.48)
and
0, =0,+a (2.49)

Low-level Gaussian noise n;(t) is added to each signal. The phase relationships in Eqs. (2.48)-
(2.49) indicate that 6, and 6, are chosen from two independent random sets, while 6, which is
chosen from a random set, always differs from 6; by a. Figures 2.3-2.5 shows time histories of
the two signals, their power spectra, and their linear coherence. The power spectra shown in
Fig. 2.4 shows that both signals z(t) and y(t) are composed of two frequency components at
frequencies f, = w,/2m and f, = w,/27. However, no information on the phase relationship

can be obtained. In contrast, the phase relationships are captured in the linear coherence



CHAPTER 2. FOUNDATIONS FOR PROPOSED IDENTIFICATION PROCEDURE 22

Frequency (Hz)

Figure 2.4: Power spectra for the signals z(¢) (solid) and y(¢) (dotted) defined
in Eqs. (2.46)—(2.47). Here, f, = 3 Hz and f, = 5 Hz.

Frequency (Hz)

Figure 2.5: Linear coherence for the signals z(¢) and y(t) defined in
Eqs. (2.46)—(2.47). Here, f, =3 Hz and f, = 5 Hz.

between the two signals (Fig. 2.5) where the linear coherence is near zero at f, and near
one at f,. The linear coherence function then confirms and quantifies the linear coupling

between the two signals at wy,.

2.3.2 Higher-Order Spectral Moments

As discussed in the previous section, the power spectrum allows for quantification of the
frequency content of a signal, and the linear coherence allows for the detection of linear
coupling and quantification of phase differences between the same frequency component in
two signals. In order to detect nonlinear coupling and measure the phase relationship among

different frequency components, one needs to use higher-order spectral moments, such as the
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f

f1

Figure 2.6: Smallest unique domain S of the auto-bispectral-density func-
tion.
auto- and cross-bispectrum (Kim and Powers, 1979; Hajj et al, 1997).
For a discrete, stationary, real-valued, zero-mean process zr(ts), the auto-bispectral-

density function is estimated as
: _ L )y e ) 12
Basally, 1) = 57 3 [X57 [0+ L)X )50 1] (2.50)
k=1

with Xék)[l] defined previously. The bispectrum of a signal is a two-dimensional function of
frequency. For real-valued signals, one could use the symmetry relationship from Eq. (2.42),
to show that the auto-bispectrum needs to be defined only over a domain such as the one
shown in Fig. 2.6. Because this domain only includes positive values of f;, and because the
auto-bispectrum is calculated for frequency components at fi, fo, and f; + fo, this domain
is defined as the sum region of the bispectrum. Because the bispectrum is calculated using
three Fourier transforms, the bispectrum will generally be complex-valued.

In averaging over many ensembles, the magnitude of the auto-bispectrum will be deter-
mined by the presence of a phase relationship among sets of the frequency components at f,
fa, and f; + fo. If there is a random phase relationship among these three components, the

auto-bispectrum will average to a very small value. Should there be any phase relationship
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among these frequency components, the corresponding auto-bispectral value will have a large
magnitude. The auto-bispectrum is able to detect nonlinear phase coupling among different
frequency components of a signal because of this phase-preserving effect. Furthermore, the
auto-bispectrum detects quadratic phase coupling, since this function detects the effects of
two components and their quadratic relation to a third component. Similarly to the linear
coherence function, the auto-bispectrum can be normalized to quantify the level of quadratic

coupling in a signal. The normalized quantity is called the auto-bicoherence and is defined

as
Bl’ZL’l’ l 7l ?
b:%:v:v(llv l2) = | g . 2)| 3 (251)
ENIX (L)X (L) 1B[X (I + 1) []
where E'[...] denotes the expected value. If there is no phase relationship among the fre-

quency components at fi, fo, and f; + fo, the corresponding value of the auto-bicoherence
will be near zero. If there is a phase relationship among the frequency components at fi, fo,
and f; + f5, then the corresponding value of the auto-bicoherence will be near unity. Values
of the auto-bicoherence between zero and one indicate partial quadratic coupling.

To demonstrate these relations, we consider a similar example to that of Kim and Powers

(1979) and consider a signal z(¢) defined by

z(t) = acos(wit + 01) + bcos(wat + Os) + ¢ cos[(wy + wa)t + 65
+ 2ccos(wit + 0 + ay) cos(wat + O + ) + n(t) (2.52)
This signal contains frequency components at wy = 27 f1, wy = 27 fo, w1 + we = 27 (f1 + fa),

and w; —wy = 27(f; — f2). The sum component has two sources: one is independent (the

third term on the right-hand side of Eq. (2.52) and the other results from the fourth term
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Figure 2.7: Time history of z(¢) as defined in Eq. (2.52).

Frequency (Hz)

Figure 2.8: Power spectrum of z(¢) as defined in Eq. (2.52).

on the right-hand side of Eq. (2.52) . Note also that the contributions of these sources are
equal. The difference component results only from the fourth term on the right-hand side
of Eq. (2.52) . The computed time history, power spectrum, and auto-bicoherence for x(t)
are shown in Figs. 2.7-2.9. As shown in Fig. 2.8, the power spectrum serves as a tool for
identifying the frequency content of a signal. However, the power spectrum is not capable of
detecting the quadratic nature of the frequency components and their phase coupling with
the components of the signal.

The auto-bicoherence of x(t), as shown in Fig. 2.9, contains a high peak of 0.99 at (wy,
wy —wy). This peak indicates almost total phase coupling among the frequency components

at wy — wy, wy, and (we — wy) + w1 = we. This high level of coupling indicates that the
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Auto-Bicoherence

Figure 2.9: Auto-bicoherence of x(t) as defined in Eq. (2.52). Here, f; = 3.75
Hz and f; =5 Hz.

component at wy — wy is entirely generated from the difference portion of the signal which is
the case. Furthermore, the components at w; and wy are related in phase to the difference

component at (wy — wy). From observing Eq. (2.52), this phase relationship should be

92 — 91 — [(92 + Oéz) — (91 + &1)] = (1 — Qy (253)

Since the auto-bispectrum preserves phase information in a signal with quadratically phase-
coupled components, the phase of the auto-bispectrum at (w;, wy — wq) equals the phase
of the component at w, minus the phase of the component at w; minus the phase of the
component at wy — wy, which equals a; — ay, as predicted in Eq. (2.53).

The auto-bicoherence of z(t), as shown in Fig. 2.9, also contains a peak of 0.47 at (ws,
wi). This indicates partial coupling among the components at w; and wy and the sum portion
of the signal at w; + wy. The value of 0.47, which is near 0.5, indicates an equal contribution
from the two sources, which is the case. Any variance away from these ideal peak values is

attributed to imperfections in the random number generator used to obtain the phases. The
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phase relationship among the components and the sum portion of the signal is
[(92 + &2) + (91 + &1)] — 92 — 91 = + (5] (254)

Because of the independent component at w; + wo, the phase of the corresponding auto-
bispectrum will not be equal to the phase predicted by Eq. (2.54).

As demonstrated in this example, the auto-bispectrum and auto-bicoherence functions
are useful tools for detecting and quantifying quadratic coupling and corresponding phase
relationships in a signal.

As discussed in the previous section, the auto-bispectrum and auto-bicoherence allow for
detection of nonlinear coupling and quantification of relations among frequency components
in a signal. For systems where multiple signals are considered, these objectives can be
achieved by using the cross-spectral moments (Hajj et al, 1997). For two signals z(t) and

y(t), their cross-bispectral density function is estimated as
: _ LSy SCIR I
Byuallilo) = 27 3 Y291l + 1) X [ X ]| (2.55)
k=1

with X:(pk)[l] defined previously. The cross-bispectrum provides a measure of the nonlinear
relation among frequency components at f; and f, in () and their sum frequency component
fi + f2 in y(t). Like the auto-bispectrum, the cross-bispectrum of signals x(¢) and y(¢) is a
two-dimensional function in frequency. For real-valued signals, the symmetry relationships
from Eq. (2.42) show that only a part of the two-dimensional frequency domain needs to
be considered to determine the cross-bispectrum among all frequencies between two signals
(Fig. 2.10). Because this domain includes positive and negative values for fo, this domain is

divided into a sum region S and a difference region D. The sum region contains information
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Figure 2.10: Smallest unique domain S and D of the cross-bispectral density

function.
about nonlinear coupling among components at f; and f; in x(¢) and their sum f; + f, in
y(t). The difference region contains information for phase relationships among components
at fi and — f5 in 2(¢) and their difference f; — f5 in y(¢). Future reference to these frequency
relationships will be in the form of f;, fo, and f; + fo, rather than references to both sum and
difference relationships. The characteristics of the cross-bispectrum are otherwise similar to
those of the auto-bispectrum.

Because the cross-bispectrum is calculated using three Fourier transforms, the cross-
bispectrum will also be, in general, complex-valued. In averaging over many ensembles, the
magnitude of the cross-bispectrum will also be determined by the presence of a phase rela-
tionship among sets of the frequency components at fi, fo, and f; + fo. If there is a random
phase relationship among the three components, the cross-bispectrum will average to a very
small value. Should there be any phase relationship among these frequency components, the

corresponding cross-bispectral value will have a large magnitude. The cross-bispectrum is
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then able to detect nonlinear phase coupling among different frequency components in two
signals because of its phase-preserving effect. Similarly to the auto-bicoherence function, one
can define a normalized cross-bispectrum to quantify the level of quadratic coupling in two

signals. This normalized value is called the cross-bicoherence and is defined as

|Bym(f1, f2)|2
X)X F)PIENY (fu+ f2)I]

If there is no phase relationship among frequency components at f;, fo in z(¢) and the
frequency component at f; + fo in y(¢), the corresponding value of the cross-bicoherence
will be near zero. If there is a phase relationship among these frequency components, the
corresponding value of the cross-bicoherence will be near unity. Values of cross-bicoherence
between zero and one indicate partial quadratic coupling.

To demonstrate this, we consider two signals x(t) and y(t) given by

z(t) = acos(2mwit + 61) + ccos[27m (wy + wa)t + b3]
+ 2ccos(2mwit + 01 + ) cos(2mwat + Oy + ag) + ng(t) (2.57)

y(t) = beos(2mwat + 63) + ny (1) (2.58)

The sum component in z(t) has two sources: one is independent (the second term on the
right-hand side of Eq. (2.57) and the other results from the third term on the right-hand
side of Eq. (2.57 ). Note also that the contributions of these sources are equal. The difference
component in z(t) results only from the third term on the right-hand side of Eq. (2.57 ).
The computed time histories, power spectra, linear coherence, auto-bicoherence, and cross-

bicoherence for z(t) and y(t) are shown in Figs. 2.11-2.16. As shown in Fig. 2.12, the power
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Figure 2.11: Time histories of z(¢) and y(t) as defined in Eqgs. (2.58)—(2.57).
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Figure 2.12: Power spectra of z:(¢) and y(t) as defined in Eqgs. (2.58)—(2.57).

spectrum serves as a tool for identifying the frequency content of a signal. However, the power
spectrum is not capable of detecting the quadratic nature of the frequency components and
their phase couplings.

As shown in Fig. 2.13, the linear coherence does not detect any linear coupling between
x(t) and y(t), which is expected. Using only the power spectra and linear coherence, one
cannot determine if the two signals are independent or correlated. As shown in Figs. 2.14—
2.15, the auto-bicoherence for either z(t) or y(t) indicates that there is no quadratic coupling

among frequency components in either signal. However, the cross-bicoherence between x(t)



CHAPTER 2. FOUNDATIONS FOR PROPOSED IDENTIFICATION PROCEDURE 31

Frequency (Hz)

Figure 2.13: Linear coherence between x(t) and y(t) as defined in Eqgs. (2.58)—
(2.57).
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Figure 2.14: Auto-bicoherence of z(¢) as defined in Eq. (2.58). Here, w; = 3.75
Hz and wy = 5 Hz.
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Figure 2.15:  Auto-bicoherence of y(t) as defined in Eq. (2.57). Here, w; = 3.75
Hz and wy = 5 Hz.
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Figure 2.16: Cross-bicoherence between z(t) and y(t) as defined in

Eqs. (2.58)—(2.57). Here, w; = 3.75 Hz and wy = 5 Hz.

and y(t), shown in Fig. 2.16, contains a high peak of 0.99 at (wi, wy — wy). This indicates
almost total phase coupling among frequency components at w; and wy — wy in x(¢) and a
frequency component at (wy —w;) +w; = wy in y(t). Based on Eq. (2.58), the component at
wy —wy in x(t) is entirely generated as a difference component. Furthermore, the component
at wy in z(t) and the component at w, in () are related in phase to this difference component.
This models a situation where components in a multiple-degree-of-freedom system combine
in a quadratic fashion. This also models an input-output situation where a component
of excitation y(t) interacts with a component of response x(t) to quadratically form new
response components. From observing Eqs. (2.58)—(2.57), the phase relationship among wy,

woy, and wy — wy should be

Oy — 01 — [(02 + 2) — (01 + 1) = 1 — g (2.59)
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Since the cross-bispectrum preserves phase information between two quadratically coupled
signals, the phase of the cross-bispectrum at (w;, ws —w1) equals the phase of the component
in y(¢) at we minus the phases of the components in x(¢) at w; and at wy — wy, which equals
a1 — g, as predicted in Eq. (2.59).

The cross-bicoherence between z(t) and y(t) also contains a peak of 0.47 at (wy, wy). This
indicates partial coupling among the components at w; in z(¢) and at wy in y(¢) and the
sum component in x(t) at w; + we. The reason for this partial coupling is the independent
component ¢ cos[2m(wy + ws)t + 5] in x(t), which has no phase relation to the other compo-
nents. Because this independent component is equal in magnitude to the sum component,
which does share a phase relationship with the other linear components, the corresponding
cross-bicoherence peaks at almost 0.5. The small variance away from these ideal peak values
is attributed to imperfections in the random number generator used to compute z(t) and
y(t). The phase relationship among the components in z(¢) at w; and in y(t) at wy and the

sum component in z(t) is

(0 +ag) + (61 +aq)] — 0y — 0) = a1 + g (2.60)

Because of the independent component in z(t) at w; + wq, the phase of the corresponding
cross-bispectrum will not be equal to the phase predicted by Eq. (2.60).

As demonstrated in this example, the cross-bispectrum and cross-bicoherence functions
are useful tools for detecting and quantifying quadratic coupling and corresponding phase
relationships among frequency components in two signals. Note that it is impossible to

reconstruct these phase relationships with the power spectra, which does not preserve phase
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information, or the cross-power spectrum or linear coherence, which only detect linear phase
coupling among components at the same frequency. Only the auto- and cross-bispectrum
allow for the detection and quantification of phase coupling among frequency components of

signals.

2.4 Proposed Nonlinear System Identification Method-

ology

We have been considering a parametric resonance of a nonlinear system that models the
interaction between direct and parametric harmonic excitation with linear and nonlinear
restoring, inertial, and damping forces. For the purposes of prediction and control of this
system, an accurate model must be developed that fully quantifies the system dynamics.
Accurate modeling requires estimates of the damping parameters p;, the linear natural fre-
quency w, the nonlinear geometric restoring force parameters «;, the inertial nonlinearity
parameter ¢, and the excitation parameters 7;. Application of the method of multiple scales
in Section 2.2 yields a uniform second-order exansion for the solution u(t) of the system
and its corresponding amplitude and phase modulation equations. From these equations,
nonlinear phenomena such as static and dynamics bifurcations can be determined for the
system. In these equations, the governing parameters are similar to the parameters found in
the original differential equation except that both the excitation and the geometric/inertial

nonlinearity parameters have been combined into effective excitation and nonlinearity pa-
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rameters. This is possible because the resulting system dynamics are affected in the same
way from either individual types of excitation or individual types of nonlinear restoring
forces. In Section 2.3 we showed how the system response amplitudes and phases can be
measured using higher-order spectral moments. Thus, based on the approximate solution
and the spectral analysis measurements, one should be able to perform system identifica-
tion. In the rest of this chapter, we combine these analyses to provide a methodology for

the parameter identification.

2.4.1 Linear System Identification

For the purpose of system identification, information concerning the excitation and response
measurements or simulations are assumed to be given. We propose a semi-inverse method
for identification of the system parameters. Because many linear identification techniques
are well estabilished and commonly available, they will be employed to identify as many of
the linear system parameters as possible prior to nonlinear system identification.

The linear parameters in the system defined in Eq. (2.4) are the natural frequency w
and damping parameter ;. Both of these can be identified through obsevations of the free
response of the system. A typical free-response time history is shown in Fig. 2.17. The free
response of a system is dominated by the linear parameters of the system. In considering
weak nonlinearities, the dominance of the linear restoring and damping forces allows for
independent identification of the linear system parameters. Because the free response is a

damped free response, the level of exponential decay, or the logarithmic decrement, provides
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Figure 2.17: Typical time history for a free-response signal x(t).

an estimate of the linear damping. For linearly damped oscillatory systems, the relationships
among the natural frequency w, damped frequency wy, linear damping parameter p;, and

damping ratio ¢ are given by

=G (2.61)

wg =wy/1—¢? (2.62)

Combining these equations yields the following relationship among the natural frequency,

the damped frequency, and the damping parameter:

w = /w3 + pu? (2.63)

From observations of many free responses over longer periods of time, the natural frequency
and linear damping of a system can be accurately determined. For all of the following
systems to be identified in this work, linear system identification is assumed to be performed

using the techniques discussed in this section, unless otherwise stated.
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2.4.2 Nonlinear Phase Relationship

For the system defined in Eq. (2.4), we recall that the phase relationship from Eq. (2.34)

between the excitation phase 7, and the response phase (3 is given by
v = ot + 1, — 20 (2.64)

The phase quantity v represents a phase difference between the phase of the excitation at the
excitation frequency €2 and twice the phase of the response at half the excitation frequency,
or /2. Note that the system response is synchronized to half the excitation frequency
instead of its linear frequency w. The nonlinearity adjusts the frequency of the steady-state
response to one-half that of the excitation.

Note that simply taking the Fourier transforms of the two signals and adding the phases
corresponding to the appropriate frequency components will not provide . The relationship
expressed by v describes a phase difference that exists over time; because the Fourier trans-
forms of the two signals represent averages over time, combining them in this post-processing
manner loses this relationship. One must compute this nonlinear phase quantity for each
ensemble and then take the average over all of the ensembles. We can represent Eq. (2.64)
in the form

1

v =T1(Q) — 27’,«(59) (2.65)

which is the phase of the cross-bispectrum between the excitation and response signals at

(2/2,/2). Using the notation from Section 2.3.2, we can express this phase relationship as

1.1
Y= ZBem«(gg, 59) (266)
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where e stands for excitation and r stands for response. In this sense, 7 measures the phase
coupling between the excitation and the resulting response at half the excitation frequency.

This phase relationship can also be expressed as

7= [0 = (@] + [7(2) - 27 (50) (2.67)

Using the notation from Sections 2.3.1-2.3.2, we can express the relationship in Eq. (2.67)
as

1 1
7= LPa(Q) + LB (52, 59) (2.68)

In this way, 7 is the sum of the phase of the cross-power spectrum at Q, /P,.(€2), and the
phase of the response auto-bispectrum at (£2/2,Q2/2), /B,,,(£2/2,€/2). While this involves
lower-order tools such as the cross-power spectrum, this relationship can only be useful if
there is a frequency component in the response at the excitation frequency 2. If there
is no significant component at €2, then the magnitudes of the cross-power spectrum and

auto-bispectrum will be too small for accurate estimates of these phases.

2.4.3 Nonlinear System Identification

In considering the steady-state oscillations of the system, the amplitude and phase cease to

vary with time, and the amplitude and phase modulation equations become

4
—wa — 3—u2w2a2 +nefasiny =0 (2.69)
T

1
w0 + .0’ + n.facosy =0 (2.70)



CHAPTER 2. FOUNDATIONS FOR PROPOSED IDENTIFICATION PROCEDURE 39

Rearranging these equations, one obtains

Te . H1
a=———fsiny— 2.71
T .
9 Ne lwo
=k - =2 2.72
=~ foosy - 52 (2.72)

Equations (2.71)—(2.72) are linear relationships between a and fsinvy and a? and f cos.
This suggests that identification of the nonlinear system parameters could be performed by
observing these linear relationships in the system. This identification is to be performed
assuming that measurements are taken for the excitation magnitude f and frequency (2
and response amplitude a. This nonlinear identification also assumes that the damping
parameter 1 has been identified through linear identification techniques. Furthermore, 7
must be calculated to build these relationships between a and fsiny and a? and f cos+.
As discussed in Section 2.4.2, v can be calculated using higher-order spectra. The re-
sponse amplitude a can then be plotted versus fsin~y to obtain 1, and us. The response

2 can be plotted versus fcosy to obtain a, and o. Linear curve fits

amplitude squared a
for these experimentally generated plots can then be compared with Eqgs. (2.71) and (2.72)
to identify ae, 7e, 2, and w. The natural frequency w can be identified here as well as in
the linear system identification because nonlinear systems are usually highly sensitive to the
detuning ¢. FErrors in the calculations will be minimized using as few parameters as pos-
sible during the nonlinear system identification, and the easiest parameter to identify with
confidence is the linear damping .

Figures 2.18 and 2.19 show typical experimentally-obtained plots of a vs fsin~y and a?

vs fcosvy. The curve fits shown in Figs. 2.18 and 2.19 are in the form
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f siny

Figure 2.18: A typical plot of a vs fsin+y for a system with all of the nonlin-
earities considered in Section 2.2.1. The linear curve fit shown is in the form
a = cfsiny+ c.

f cosy

Figure 2.19: A typical plot of a® vs fcosy for a system with all of the
nonlinearities considered in Section 2.2.1. The linear curve fit shown is in the
form a® = c3f cosy + ¢4.
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a=cifsiny+c (2.73)
a® =c3fcosy + ¢y (2.74)
Comparing the curve fits in Eqgs. (2.73) and (2.74) with the steady-state modulation equations
(2.71) and (2.72), we obtain the following solution for the parameters:

G

¢ = 3es (Qcocs — 2¢1c4p11) (2.75)
o = —262—501%(90203 — 2¢1¢4/07) (2.76)
H2 = 2902337T5352104u1 (2.77)

w:%—?gzl (2.78)

From these linear curve fits, direct nonlinear system identification can be performed.

While this methodology has been presented for cases with quadratic damping and non-
linear restoring forces, it can be extended to identify systems with other types of damping
and nonlinear restoring forces. For example, consider our nonlinear system with only linear

damping. In this case, the steady-state amplitude equation becomes

w1

e

fsiny = (2.79)

which suggests a constant value for fsin~y. Solving Eqgs. (2.74) and (2.79) yields the param-

eters

1
.= —— (2 -2 2.80
Ul 26303( C3Cs Caflr) ( )
e = —L(chcg, — 2¢411) (2.81)
2c3c?
Q
W= o (2.82)

2 C3Cx
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As another example, consider our nonlinear system with linear and quadratic damping

but without nonlinear restoring forces. The steady-state phase equation then becomes

wo
= —— 2.83
feosy=—5 - (2.83)

which suggests a constant value for f cos~y. Solving Eqgs. (2.73) and (2.83) yields the param-

eters

G

e = —Q(QCZ —+ 20106/L1) (284)
2c35
3T
_ 2.85
H2 QQCQ —+ 40106/1/1 ( )
Q  cicsin
= — 2.86
w 5 + o ( )

The nonlinearities modeled by Eq. (2.4) consist of quadratic damping and quadratic and
cubic restoring forces. The nonlinear identification process described in this section involves
fitting variations of a vs fsinvy and a? vs fcosvy with only polynomials. Other types of
damping or nonlinear restoring forces can be modeled and identified in a manner similar to
that described in this section, especially if their effects on the steady-state amplitude and
phase are polynomial in nature. In these cases, the variations of a vs fsin~y and a? vs f cos~y

can also be described using polynomials.

2.4.4 Methodology Summary

Combining the method of multiple scales and higher-order spectral analysis techniques, we
presented a methodology for linear and nonlinear system identification of systems modeled

by Eq. (2.4). This methodology is outlined as follows:
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Step 1: Measure the excitation magnitude and frequency and the response am-

plitude over a range of observed steady-state oscillations.

Step 2: Identify the linear damping parameter ji; using conventional linear sys-

tem identification techniques.

Step 3: Calculate the nonlinear phase difference v using the bispectrum.

Step 4: Plot the experimentally measured a vs f sin v and characterize the damp-
ing in the system.

Step 5: Plot the experimentally measured a®> vs fcosvy and characterize the

restoring forces in the system.

Step 6: Using the method of multiple scales, determine the steady-state ampli-

tude and phase equations for the nonlinear model.

Step 7: Based on the assumed types of damping and nonlinear restoring forces,

perform nonlinear system identification.

Note that all of the relevant steady-state system dynamics are quantified in Eqs. (2.71)
and (2.72). To determine the relationships between the excitation amplitude or frequency
and the steady-state response amplitude, one can eliminate v in these equations and obtain
a single equation that can be used to solve for a from selected combinations of f and o.
Some system identification techniques have been developed that perform this elimination of
v (Fahey et al, 1998; Nayfeh, 1985). These techniques exploit jump phenomena or system
bifurcations to capture and identify the various nonlinear parameters. However, the advan-

tage of preserving v in the identification process is that it provides the types of damping and



CHAPTER 2. FOUNDATIONS FOR PROPOSED IDENTIFICATION PROCEDURE 44

nonlinear restoring forces involved in the system. Furthermore, provided that measurements
of v are available, the system identification methodology outlined above makes use of alge-
braic relationships in the steady-state modulation equations, which are highly inexpensive

to generate in terms of the number of computations.



Chapter 3

Numerical Simulations

In this chapter, numerical simulations are carried out to show the effectiveness of the method-
ology proposed in Chapter 2 for nonlinear system identification. These numerical simulations
are carried out for two different types of damping. These cases are modeled only with cubic
nonlinearities and parametric excitation because the general effect of geometric nonlinear-
ities and excitation can be combined into effective nonlinearity and excitation parameters,

as described in Chapter 2.

45



CHAPTER 3. NUMERICAL SIMULATIONS 46

Table 3.1: Parameters used to simulate the system modeled in Eq. (3.1) with
linear damping, cubic geometric nonlinearities, and parametric excitation.

Parameter Selected Value

w 5.5 Hz
Qs 333.33
2 60
1 0.3

3.1 Case 1: Case of Linear Damping

3.1.1 Parameter Selection and Numerical Simulations

In this case, we consider a system with linear damping only, cubic geometric nonlinearities,
and parametric excitation. This system is given by

d*u

dt?

d
+ w?u + 262/L1d—? + Eazu® = 2ny fucos(Qt +7,) (3.1)

where values for the system parameters are listed in Table 3.1. Solutions to Eq. (3.1) were
obtained using the method of multiple scales. Time histories for the solution to Eq. (3.1) were
obtained using a Runge-Kutta 4th-order integration routine with a time step of 0.000985
seconds. The simulation length is 500 seconds. In the numerical integration, the scaling
parameter € is set equal to unity, and all of the other parameters are set equal to zero. To
induce a principal parametric resonance, we chose values for the excitation frequency near
twice the natural frequency w of the system. The excitation phase 7, is set equal to zero. For

certain ranges in the excitation frequency and amplitude, a principal parametric response
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Freguency (H2)

Figure 3.1: Variation of the response amplitude with the excitation amplitude

and frequency for the system modeled in Eq. (3.1) with the parameters defined

in Table 3.1.
was observed, meaning that nontrivial steady-state oscillations at a frequency close to the
natural frequency w were observed.

A plot of the response amplitude as a function of the excitation amplitude and frequency
is shown in Fig. 3.1. These amplitudes were determined using the method of multiple scales.
The excitation frequency ranges from 10.6 to 12.196 Hz and the excitation amplitude ranges
from 0.5 to 2.0 units. The resulting response amplitudes were observed to be between 0 and
1.12 units. For the identification, we set the excitation frequency at 2 = 11.1 Hz and the

excitation amplitude from 1.1 to 2. The force-response curve for this data is shown in Fig. 3.2

and representative time histories of the excitation and response are shown in Fig. 3.3.

3.1.2 Parameter Identification using Simulated Data

Parameter identification is performed using only the data runs corresponding to the force-

response curve shown in Fig. 3.2. The identification is performed according to the following
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Figure 3.2: The force-response curve of the system modeled in Eq. (3.1) with
the parameters defined in Table 3.1.
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Figure 3.3: Representative time histories for the system modeled in Eq. (3.1)
with the parameters defined in Table 3.1.
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Figure 3.4: A representative free response for the system modeled in Eq. (3.1)
with the parameters defined in Table 3.1.

steps. First, identification of the linear parameters is performed. Second, bispectrum esti-
mates are used to quantify the nonlinear phase relationships. Third, phase measurements
are substituted into the approximate solution for identification of the nonlinear parameters.
Finally, the resulting identified parameters are compared with the original system parameters

in Table 3.1.

Linear System Identification

The linear damping parameter pu; is identified from the free response of the system. The
other system parameters are identified by exploiting nonlinear resonances as discussed in
the previous chapter. Setting the excitation amplitude equal to zero, we calculated the free
response shown in Fig. 3.4. Based on the log-decrement methodology, the linear damping
parameter p is estimated to be 0.3 Hz. This estimate is in agreement with the value given

in Table 3.1.
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Figure 3.5: Representative power spectra of the excitation (dotted) and re-
sponse (solid) for the system modeled in Eq. (3.1) with the parameters defined

in Table 3.1.
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Figure 3.6: A representative linear coherence for the system modeled in
Eq. (3.1) with the parameters defined in Table 3.1.

Frequency-Domain Analysis and Nonlinear Phase Relationships

The first step in our analysis is to obtain an estimate of the power spectra, which is shown
in Fig. 3.5. This figure shows that the excitation consists of a single component at 11.1
Hz and that the response consists of a single component at 5.55 Hz. The analysis was per-
formed by averaging 64 records, each consisting of 256 samples. Because the excitation- and
response-frequency components are different, the linear coherence between the two, as shown
in Fig. 3.6, is near zero over all frequencies. This indicates that there is no linear relationship
between the excitation and response. This points to a nonlinear mechanism for the energy
transfer from the excitation to the response of the system. Moreover, because the excitation

is composed of a single-linear-frequency component, the excitation auto-bicoherence should
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Auto-Bicoherence

Figure 3.7: A representative auto-bicoherence of the response for the system
modeled in Eq. (3.1) with the parameters defined in Table 3.1.

also be zero over the entire two-dimensional frequency domain. Because the response is also
composed of a single-frequency component (the parametric response), the response auto-
bicoherence, as shown in Fig. 3.7, is also zero over the entire two-dimensional frequency
domain. To detect any quadratic phase coupling between the excitation and response, we
calculated the cross-bicoherence. As shown in Fig. 3.8, a high peak in the cross-bicoherence
is detected at (5.55 Hz, 5.55 Hz) which indicates coupling between the excitation at 11.1
Hz and the response at 5.55 Hz. The results of the frequency-domain analysis for all of
the runs shown in Fig. 3.2 are summarized in Table 3.2. This table includes estimates of
the excitation amplitude, the response amplitude, the cross-bicoherence at (5.55 Hz, 5.55
Hz), and the phase of the cross-bispectrum at (5.55 Hz, 5.55 Hz). The high values of the
cross-bicoherence indicate that the variance of the measured phase ZBW(%Q, %Q) is very

small and could thus be used as a good estimate of y as defined in Eq. (2.66).
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Table 3.2: Frequency-domain analysis summary for the system modeled in
Eq. (3.1) with the parameters defined in Table 3.1.

fooa B2.(50,10) /B..(50,10)

err 2

deg
1.1 0.4346 0.999 41.1
1.2 0.4514 0.999 37.2
1.3 0.4681 0.999 34.2
1.4 0.4827 0.999 31.8
1.5 0.4965 0.999 29.6
1.6 0.5100 0.999 27.7
1.7 0.5233 0.999 26.1
1.8 0.5354 0.999 24.7
1.9 0.5477 0.999 23.3

2.0 0.5590 0.999 22.2
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Cross-Bicoherence

Figure 3.8: A representative cross-bicoherence for the system modeled in
Eq. (3.1) with the parameters defined in Table 3.1.

Damping and Nonlinear Parameter Identification

To characterize and identify the damping and nonlinear parameters, we examined the order
of the polynomial relationships between a and fsin~y and a? and fcosy. Using the values
of f, a, and ~ from Table 3.2, we plot in Figs. 3.9 and 3.10 a vs fsin~y and a? vs fcos?.

The results show that fsin~y is not dependent on @ and that fcos~y varies linearly with
a®. The constant value observed for fsin~ indicates the presence of only linear damping, as
discussed in Section 2.4.3. Furthermore, the linear relationship observed in the variation of
a® with f cos~y indicates the presence of nonlinear restoring forces, which is also discussed in

Section 2.4.3. Computing a linear curve fit for each of these relationships yields

fsiny = 0.7410 (3.2)
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Figure 3.9: A plot of a versus f sin v for the system modeled in Eq. (3.1) with
the parameters defined in Table 3.1.

0.4

0.3

0.2

0.1 :
0 1 2
fcosy

Figure 3.10: A plot of a® versus f cos~y for the system modeled in Eq. (3.1)
with the parameters defined in Table 3.1.



CHAPTER 3. NUMERICAL SIMULATIONS %)

Table 3.3: Identified parameters for the system modeled in Eq. (3.1) with lin-
ear damping only, cubic geometric nonlinearities, and parametric excitation.

Parameter Identified Value Actual Value Percent Error

w 5.5029 Hz 5.5 0.0535
3 308 333 -7.58
2 56 60 -6.68
m 0.3 0.3 0.0
and
a® = 0.1212f cosy + 0.0885 (3.3)

Comparing these linear curve fits with the steady-state equations listed in Eqs. (2.72)-(2.79),
and solving for the parameters using Eqs. (2.80)—(2.82), we identified and quantified the
nonlinear parameters. As shown in Table 3.3, the identified nonlinear parameters are within
seven percent of the actual values.

We should note here that the estimates of these parameters can vary significantly with
small variations of . For instance, a two-degree change in the measurement of ~ could
correspond to a five percent change in the computed values of a3 and 7,. Errors in the
measurement, of v may arise from the simulated system being slightly away from steady
state, using a finite-time step in the simulations, using a finite-record length in the frequency-
domain analysis, or averaging a finite number of samples. These errors may be reduced
through longer simulations with a smaller time step and longer records with more samples

considered during the frequency-domain analysis.
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Figure 3.11: Representative comparison between time histories computed us-
ing the acual (solid) and identified (dashed) parameters for the system modeled
in Eq. (3.1) with all of the defined nonlinearities.

Comparison between Actual and Identified Parameters

To determine the accuracy of the model with the identified parameters, we performed simula-
tions with the newly identified parameters and made comparisons with the actual simulated
time histories. This comparison is shown in Fig. 3.11. The results show that the estimated
parameters can very satisfactorily predict the response of a parametrically excited system

with only linear damping and nonlinear restoring forces.

3.2 Case 2: Case of Linear and Quadratic Damping

3.2.1 Parameter Selection and Numerical Simulations

To check the power of the proposed methodology in characterizing damping, we considered a
nonlinear system with linear and quadratic parameters p; and ps, respectively. This system
is given by

d2u+ 2, 4 262 du_i_2 du
- w U € — € -
dt2 Foge T P

du 9
—| + € azu

dt

3

= e’y fucos(Qt +1,.) (3.4)
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Table 3.4: Parameter used to simulate the system modeled in Eq. (3.4) with
all of the defined nonlinearities.

Parameter Selected Value

w 5.5 Hz
a3 333.33
2 60
1 0.3
Lho 0.04

where values for the system parameters are given in Table 3.4. Solutions to Eq. (3.4) were
obtained using the method of multiple scales. Time histories for the solution of Eq. (3.4) were
obtained using a Runge-Kutta 4th-order integration routine with a time step of 0.000985
seconds. The simulation length is 500 seconds. In the numerical simulation, the scaling
parameter € is set equal to unity. To induce a principal parametric resonance, we chose
values for the excitation frequency near twice the natural frequency w of the system. For
certain ranges in excitation frequency and amplitude, a principal parametric response was
observed, meaning that nontrivial steady-state oscillations at a frequency close to the natural
frequency w were observed.

A plot of the response amplitude as a function of the excitation amplitude and frequency
is shown in Fig. 3.12. These amplitudes were determined using the method of multiple
scales. This plot covers a range of excitation frequencies from 10.6 to 12.196 Hz and a
range of excitation amplitudes from 0.5 to 2.0 units. The resulting response amplitudes

were observed to be between 0 and 0.96 units. The simulated set of experimental data to
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Figure 3.12: The response amplitude as a function of the excitation amplitude

and frequency for the system modeled in Eq. (3.4) with the parameters defined

in Table 3.4.
be used for parametric identification is chosen from the domain of excitation amplitude and
frequency shown in Fig.3.12. The excitation frequency is set at {2 = 11.1 Hz, the excitation
phase is set at 7. = 0 rad, and the excitation amplitude is varied from 1.1 to 2 units. A

corresponding force-response curve is shown in Fig. 3.13 and representative time histories of

the excitation and response are shown in Fig. 3.14.

3.2.2 Parameter Identification using Simulated Data

The linear damping parameter j; is identified from the free response of the system. Setting
the excitation amplitude equal to zero, we calculated the free response of the system shown
in Fig. 3.15. Measuring the exponential decay of this free response yields a rate given by
e~03! which gives a linear damping parameter of 4; = 0.3 Hz, which is in agreement with

the value of p; listed in Table 3.4.

A frequency-domain analysis, similar to that discussed in Section 3.1.2, is performed by
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Figure 3.13: The force-response curve for the system modeled in Eq. (3.4)
with the parameters whose parameters are defined in Table 3.4.
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Figure 3.14: Representative time histories for the system modeled in Eq. (3.4)
with the parameters defined in Table 3.4.

99



CHAPTER 3. NUMERICAL SIMULATIONS 60

0.75 T T T T

u(t)
o

-0.75 :
0

Time (S)

Figure 3.15: A representative free response for the system modeled in Eq. (3.4)
with the parameters defined in Table 3.4.

averaging 64 samples of length 256. The results of the frequency-domain analysis, which
includes the excitation and response amplitudes, cross-bicoherence, and phase of the cross-
bispectrum at (5.55 Hz, 5.55 Hz) are shown in Table 3.5. The phase quantity ZBW(%Q, %Q) is
equivalent to the nonlinear phase difference vy as defined in Eq. (2.66); it is calculated at each
excitation/response level. As discussed above, the damping and nonlinear characteristics
are determined from the order of the polynomial relationships between a and fsin~y and
a®? and fcos~y. Plots of a versus fsinvy and a? versus fcosy are computed and shown in
Figs. 3.16-3.17. The results clearly show linear relationships between a and fsin~v and a?
and fcos~y. The linear relationship observed between a and f siny indicates the presence of
both linear and quadratic damping, as discussed in Section 2.4.3. Furthermore, the linear

relationship observed in a?

and f cos~ indicates the presence of nonlinear restoring forces,
which is also discussed in Section 2.4.3.

Computing a linear curve fit for each of these relationships yields

a = 0.6304f siny — 0.39858 (3.5)
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Table 3.5: Frequency-domain analysis summary for the system modeled in
Eq. (3.4) with the parameters defined in Table 3.4.

foooa B.(G9L) /B..(20,10)

err 2

deg
1.1 0.2933 0.999 92
1.2 0.3441 0.999 79
1.3 0.3778 0.999 71
1.4 0.4036 0.999 65
1.5 0.4253 0.999 61
1.6 0.4450 0.999 o7
1.7 0.4632 0.999 23
1.8 0.4794 0.999 ol
1.9 0.4951 0.999 48
2.0 0.5093 0.999 47

0.6

© 0.4

0'21 1.25 1.5

f siny

Figure 3.16: Plot of a versus f sin+y for the system modeled in Eq. (3.4) with
the parameters defined in Table 3.4.
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Figure 3.17:  Plot of a? versus fcos~y for the system modeled in Eq. (3.4)
with the parameters defined in Table 3.4.

and

a® = 0.1217f cosy + 0.0911 (3.6)

Comparing these curve fits with the steady-state equations listed in Eqs. (2.71) and (2.72) and
solving for the parameters using Eqs. (2.75)—(2.78), we obtained the nonlinear parameters.
A summary of these parameters is given in Table 3.6. The identified nonlinear parameters
are within 8 and 30% of the actual values. We should note that a two-degree change in the
measurement of v roughly corresponds to a 5% change in the computed values for a3 and
ne and a 30% change in the computed value for u,. Certainly, the effects of this error on the
simulation are determed by the relative importance of the linear and quadratic damping.
Again, errors in the estimates of 7 may arise from the simulations being slightly away
from steady state, using a finite-time step in the simulations, using a finite FFT length in

the frequency-domain analysis, or averaging a finite number of samples. These errors may
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Table 3.6: Identified parameters for the system modeled in Eq. (3.4) with all
of the defined nonlinearities.

Parameter Identified Value Actual Value Percent Error

w 5.4935 5.5 -0.12
o3 358 333 7.57
2 65 60 8.33
" 0.3 0.3 0.0
1o 0.0513 0.04 28.3
1 : : :
I 05 1 15 2
Time (s)

Figure 3.18: Representative comparison between time histories computed
using the actual (solid) and identified (dashed) parameters for the system
modeled in Eq. (3.4) with all of the defined nonlinearities.

be reduced through longer simulations with a smaller time step and longer FFT lengths with
more samples considered during the frequency-domain analysis. To determine the goodness
of the identified parameters, we performed simulations with these parameters. The new
simulation time histories are compared with the actual simulation time histories in Fig. 3.18.
The results show that the proposed methodology, despite the relatively large error in s,
is very successful in identifying the parameters for a parametrically excited system with
linear and quadratic damping and nonlinear restoring forces. The relative insensitivity to

po is most likely because podu/dt|du/dt| is much smaller than pydu/dt. This difference in
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magnitude is due to the magnitude of du/dt being smaller than one and the value of p5 being
smaller than the value of ;;. In such a case, these identified parameters are sufficient for
modeling, prediction, or control of this system around the range of the excitation frequency

and amplitude considered during the identification.



Chapter 4

Identification of Nonlinear Structural

Systems

In this chapter, system identification is performed for two mechanical systems. The first is
a parametrically excited cantilevered beam. The second is a parametrically excited three-
beam frame. Experiments are carried out to observe nontrivial steady-steady oscillations.
Identification, based on the methodology outlined in Section 2.4.4 and tested in Chapter 3,
is performed for each system using the experimental observations. Time-history comparisons
are made between the experiment and analysis to validate the methodology and quantify

the accuracy of the identified parameters.

65
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P(t) = R+ Pi(t)

> X

Figure 4.1: A fixed-free beam under axial load.

4.1 Experiment 1: Parametrically Excited Cantilevered

Beam

4.1.1 Analytical Model

In this experiment, we consider a cantilevered beam of length [ under an axial load P(t), as
shown in Fig. 4.1. For this axial load, the base axial load is P, and the time-varying axial
load is P;(t). Following Nayfeh and Mook (1979), we model the response of the beam with
the differential equation

0w 0*w Otw

where w is the transverse displacement, p is the beam density, A is the cross-sectional area,

E is Young’s modulus, and [ is the area moment of inertia about the z-axis. A series solution
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to this differential equation is given by

w(xvt) - Zum(t)¢m(x) (42)

where ¢,, are the eigenfunctions of

" +pod” —ktop =0 (4.3)
where
P
P= 7 (4.4)
A 4
by, = (4.5)

with w,, being the eigenvalue of the m-th mode of the beam. The appropriate boundary

conditions for the setup shown in Fig. 4.1 are

p=¢'=0 at x=0 (4.6)

d)” — ¢III — 0 at T = l (47)

These boundary conditions correspond to a zero deflection and slope at the fixed end and
zero moment and shear at the free end.

Substitution of this series solution into Eq. (4.1) yields

Pi(t)

"
_ 1.
A U Py, = 0 (4.8)

> (il 4 W) G +

m

Exploiting the orthogonality properties of the ¢,,, multiplying by ¢,, and integrating the
results from x = 0 to x = [ yields

Pi(t
11(4) 3 famtim =0 forn=1,23 ..., N-2,N-1, N (4.9)
pA T

.. 2
Up, + Wy Uy +
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where
Jo pndlda
Jo $3da

When the excitation consists of a single frequency and does not activate any combination

resonance, the modes will be uncoupled. For the first mode, we let n = 1 and m = 1, assume

that Py, = 0, drop the subscripts, and obtain

) P(t) Jio¢"de
i+ whut =7 T s =0 (4.11)

If P(t) is restricted to be harmonic of the form P(t) = fcos(Qt + 77), where f, Q, and 77

are the excitation amplitude, frequency, and phase, respectively, Eq. (4.11) yields

i + w’u = nfucos(Qt + 1) (4.12)
where
]' f[] d)d)”dl‘ (4 13)
pA fo Pdx ‘

and 7 can be considered to be a forcing parameter for the beam. Equation (4.12) has the
same form as the Mathieu equation considered in Section 2.1. Because of this similarity, we
will model the more general problem of the parametrically forced fixed-free, or cantilevered,

beam by

du
dt

du du du

du\?
dt2+wu+2,u1d —l—,uzdt + + azu’ +5<dt> U

= nfucos(U + 1) (4.14)

Equation (4.14) accounts for linear and quadratic damping, geometric and inertial nonlin-

earities, and parametric excitation, all of which are frequently encountered in real systems



CHAPTER 4. IDENTIFICATION OF NONLINEAR STRUCTURAL SYSTEMS 69

involving beams: the damping terms model viscous and form drag; the geometric nonlinear-
ity terms model nonlinear stiffness; and the parametric excitation term models loads similar

to P(t), as shown in Fig. 4.1.

4.1.2 Experimental Setup and Results

A detailed description of the experimental setup is given by Oueini et al (1998). The assembly
consists of a steel beam attached to a steel mounting plate. The width and thickness of the
beam are 1.905 and 0.0825 ¢m, respectively. The length of the beam is 20.8 ¢m as measured
between the top of the beam and the top of the mounting plate. The first natural frequency
of the beam is 10.8 Hz, as measured from its free response. The excitation source is a
modal shaker attached to the base of the mounting plate. The excitation is measured using
an accelerometer mounted to the mounting plate. The response is measured using a single
strain gage mounted approximately 2.54 cm above the mounting plate.

To exploit the principal parametric resonance in the beam, we set the frequency of the
excitation at 21.7 Hz, which is near twice the first natural frequency of the beam. The
amplitude of the acceleration of the excitation is varied between 1.46 and 2.04 V, where 1
Volt corresponds to approximately 9.81 m/s? of acceleration. The corresponding steady-
state response amplitudes are 0.116 and 0.297 V, respectively. For the discussion of this
experiment, the units for all of the parameters and measurements are considered to be
normalized with Volts. In Fig. 4.2, we show the response amplitude as a function of the

excitation amplitude. In Figs. 4.3 and 4.4, we show time histories of the extreme excitation
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Figure 4.2: A force-response curve for the cantilevered beam experiment.

and response observed during the experiment.

4.1.3 Linear System Identification and Frequency-Domain Anal-
ysis

As described in Section 2.4.1, a free response of the beam was observed to identify the
linear damping. The exponential decay measured from this free response yielded a value of
iy = 0.0703 Hz.

For the following frequency-domain analysis, all of the spectral estimates are computed
using 256 samples per segment. Segment averaging is employed to reduce the variance of
these moments, and a Hanning window is used to reduce leakage. The time lag induced by
the data acquisition system is removed when appropriate. In Fig. 4.5-4.6, we show plots of

the power spectra of the extreme excitation and response measured during the experiment.



CHAPTER 4. IDENTIFICATION OF NONLINEAR STRUCTURAL SYSTEMS 71

Excitation (V)
o N

|
N

T

]

o
(4]

Response (V)
o

1 15 2
Time (s)

|
o
a

o
o
o

Figure 4.3: Time histories of the minimum excitation and response measured
during the cantilevered beam experiment.
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Figure 4.4: Time histories of the maximum excitation and response measured
during the cantilevered beam experiments.
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Figure 4.5: Power spectra of the minimum excitation (dashed) and response
(solid) measured during the cantilevered beam experiment.
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Frequency (Hz)

Figure 4.6: Power spectra of the maximum excitation (dashed) and response
(solid) measured during the cantilevered beam experiment.

These spectra indicate a signal to noise ratio of at least 50 dB. The main frequency component
in the excitation is observed to be at 21.7 Hz. Harmonics of the excitation signal are also
present. The main frequency component in the response is observed to be at 10.85 Hz. Its
harmonics are also present.

In Figs. 4.7 and 4.8, we show plots of the linear coherence between the extreme excitation
and response observed during the experiment. The low level of linear coherence at 10.85 Hz
indicates that the response at 10.85 Hz is not linearly related to an excitation component
at 10.85 Hz. While nonzero, the peak at 21.7 Hz is not significantly high enough to indi-
cate a direct interaction mechanism between the excitation and response at the excitation

frequency. The response at 21.7 Hz is also extremely small, removing any significance of
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Figure 4.7: Linear coherence for the minimum excitation and response mea-
sured during the cantilevered beam experiment.
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Figure 4.8: Linear coherence for the maximum excitation and response mea-
sured during the cantilevered beam experiment.

the linear coherence at that frequency. The other nonzero values of the linear coherence are
also insignificant because there are no excitation or response components of importance at
frequencies other than 10.85 or 21.7 Hz. In addition, errors in the linear coherence may arise
from considering a finite number of segments.

In Figs. 4.9 and 4.10, we show plots of the cross-bicoherence between the extreme ex-
citation and response observed during the experiment. High cross-bicoherence is measured
between components with frequencies at (10.85 Hz, 10.85 Hz). This implies coupling between
the frequency component of the excitation (21.7 Hz) with the frequency component of the
response (10.85 Hz). Because high peaks are found in the cross-bicoherence between the

excitation and response, the phase of the cross-bispectrum can be used as an estimate of the
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Cross Bicoherence

Figure 4.9: Cross-bicoherence between the minimum excitation and response
measured during the cantilevered beam experiment.

Cross-Bicoherence

Figure 4.10:  Cross-bicoherence between the maximum excitation and re-
sponse measured during the cantilevered beam experiment.
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Table 4.1:  Summary of the frequency-domain analysis for the cantilevered
beam experiment: f; = 3 and f, = Q.

F ar ’ng(ﬁ) ngy(fQ) b:%:v:v(fl;fl) bzx:v(flafl) Y

Vv V deg
1.46 0.116  0.0036 0.371 0.331 0.978 99.8
1.55 0.149 0.0223 0.118 0.113 0.989 105.8
1.66 0.188  0.0030 0.454 0.447 0.995 109.9
1.74 0.216  0.0002 0.548 0.543 0.997 113.1
1.84 0.239 0.0107 0.350 0.353 0.996 115.5
1.94 0.277  0.0082 0.281 0.283 0.997 117.9
2.04 0.297 0.0529 0.413 0.416 0.996 120.6

nonlinear phase quantity v. A summary of the results of the frequency-domain analysis is

given in Table 4.1.3.

4.1.4 Nonlinear System Identification

Having measured f, a, and v from time- and frequency-domain analyses, we proceed to non-
linear system identification based on the methodology outlined in Section 2.4.3. As shown
in the previous chapter, the polynomial relationships between a and fsin~y and between
a? and fcosvy will determine the types of damping and nonlinearities found in the system.
These polynomial relationships also allow for direct nonlinear system parameter identifica-

tion. Plots of a versus fsinvy and a? versus fcos~y are shown in Figs. 4.11-4.12.  The

results show that the relationship between a and f sin+y is linear. According to Section 2.4.3,
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Figure 4.11: A plot of a versus f sin vy for the cantilevered beam experiment.
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Figure 4.12: A plot of a? versus f cos for the cantilevered beam experiment.
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Table 4.2: Identified parameters for the cantilevered beam experiment.

Parameter Identified Value

w 10.8151 Hz
Qe -246

e 24.3

Ha 0.0703
Lo 0.0216

this linear relationship indicates the existence of both linear and quadratic damping; that
is, linear damping alone is not enough to model the damping behavior of the beam. More-
over, the relationship between a? and f cos~ is also linear. According to Section 2.4.3, this
linear relationship indicates the existence of geometric and inertial nonlinearities. Using a

least-square curve fit, we obtain

a = 2598 f siny — 665 (4.15)

a® = 152950 f cos v — 7540 (4.16)

These linear relationships are consistent with the steady-state amplitude and phase equations
found in Eqs. (2.71) and (2.72). Using the coefficients obtained from these linear relation-
ships, we performed nonlinear parameter identification according to Egs. (2.75)—(2.78). A

summary of the identified parameters is given in Table 4.2.
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Figure 4.13: A comparison of the force response obtained experimentally
(circles) and analytically (solid line) for the cantilevered beam.

4.1.5 Validation

To validate these parameters, we integrated Eq. (2.4) to numerically simulate the response
due to excitation levels comparable to those used in the experiment. The integration time
step was set at 0.000504 s. As a qualitative measure of the agreement between the mathe-
matical model and the experimental observations, in Fig. 4.13 we compare the force-response
curve predicted by the model to that observed during the experiment. In Figs. 4.14 and 4.15
we show a comparison of the extreme steady-state responses. The simulated steady-state
responses and their corresponding errors from the experimental responses are given in Table

4.3. The mean error (absolute value) between experiment and response is 1.87%.
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Figure 4.14: Comparison of the steady-state minimum response time-histories
obtained experimentally (solid) and analytically (dashed) for the cantilevered

beam.
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Figure 4.15: Comparison of the steady-state maximum response time-

histories obtained experimentally (solid) and analytically (dashed) for the can-

tilevered beam.

Table 4.3:  Experimental (exp) and simulation (sim) steady-state response

amplitudes for the cantilevered beam.

F Qezp  Gsim |7 Error|
V V V

1.46 0.116 0.112 3.69
1.55 0.149 0.151 1.12
1.66 0.188 0.191 1.43
1.74 0.216 0.217 0.52
1.84 0.239 0.246 2.90
1.94 0.277 0.271 2.27
2.04 0.297 0.294 1.15
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Figure 4.16: A three-beam frame under transverse loading.

4.2 Experiment 2: Parametrically Excited Three-Beam

Frame

4.2.1 Analytical Model

A system of beams under a time-varying load presents an increased complexity of the dy-

namics in comparison to the single fixed-free beam studied in the previous section. In this

part of our work, we consider a three-beam frame as shown in Fig. 4.16.

We will restrict our work to asymmetric responses resulting from parametric resonances.
In particular, we consider asymmetric responses where the excitation is only applied trans-
versely to the horizontal element [. The model to be used for the frame is based on the single-

degree-of-freedom Duffing system of Eq. (2.3), which accounts for viscous and quadratic

damping, geometric and inertial nonlinearities, and a parametric excitation.
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Differences between the beam and frame geometries are reflected in their dynamics. One
difference between the frame and the cantilevered beam is that quadratic nonlinearities, due
to the unique geometry of the frame, influence the frame dynamics. Another difference is
that because this system is more complex than the cantilevered beam, there is an increased

potential for nonideal influences, such as a small direct excitation

4.2.2 Experimental Setup and Results

A detailed description of the experimental setup is given by Fahey and Nayfeh (1998). The
frame consists of three steel beams attached to a base and two corner masses. The beams
are made of steel and the masses and base are made of aluminum. The width and thickness
of the beams are 1.905 and 0.0825 ¢m, respectively. The top beam is 24.1 ¢m long as
measured between the corner masses. The side beams are 25.4 em long as measured between
the base and corner masses. Each corner mass is 0.131 kg. The first natural frequency
of the frame is 3.595 Hz, as measured from its free response. The excitation source is
a 250-lb shaker attached to the base of the frame. The excitation is measured using an
accelerometer mounted to the base. The response is measured using a single strain gage
mounted approximately 3.81 ¢m above the base on the outer side of one of the vertical
beams.

Fahey and Nayfeh gave a detailed description of the response of the frame. For our
identification procedure, we consider only the case where the excitation frequency is set

at 7.16 Hz and its amplitude is varied between 0.43 and 1.08 m/s?. The corresponding
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Figure 4.17: A force-response curve for the frame experiment.

steady-state response amplitudes are 177 and 380 pue, respectively. In Fig. 4.17, we show the
response amplitude as a function of the excitation amplitude. In Figs. 4.18 and 4.19, we show

time histories of the extreme excitations and responses observed during these experiments.

4.2.3 Linear System Identification and Frequency-Domain Anal-

ysis

As described in Section 2.4.1, the exponential decay of a free response of the frame is used
to identify its linear damping. The result is p; = 0.0036 Hz.
For the frequency-domain analysis, all of the spectral estimates are computed using
512 samples per segment. Segment averaging is employed to reduce the variance of these
moments, and a Hanning window is used to reduce leakage. The time lag induced by the

data acquisition system is removed when appropriate. In Fig. 4.20 and 4.21, we show the
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Figure 4.18: Time histories of the minimum excitation and response measured
during the frame experiment.
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Figure 4.19: Time histories of the maximum excitation and response measured
during the frame experiment.
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Frequency (Hz)

Figure 4.20:  The power spectra for the minimum excitation (dashed) and
response (solid) measured during the frame experiment.

Frequency (Hz)

Figure 4.21: The power spectra for the maximum excitation (dashed) and
response (solid) measured during the frame experiment.

power spectra of the extreme excitations and responses measured during the experiment.
The spectra indicate a signal to noise ratio of at least 50 dB. In both cases, the main
frequency component in the excitation is at 7.16 Hz. Harmonics of the excitation signal are
also present. Also in both cases, the main frequency component in the response is observed
to be at 3.58 Hz. Its harmonics are also present.

The linear coherence between the extreme excitations and responses is shown in Fig. 4.22
and 4.23. The high linear coherence at 7.16 Hz indicates a direct interaction mechanism
between the excitation and response at the excitation frequency. The lower level of linear
coherence at 3.58 Hz indicates that the response at 3.58 Hz is not linearly related to the

frequency component in the excitation at 3.58 Hz.
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Figure 4.22: The linear coherence for the minimum excitation and response
measured during the frame experiment.
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Figure 4.23: The linear coherence for the maximum excitation and response
measured during the frame experiment.

The auto-bicoherence for the extreme responses is shown in Figs. 4.24 and 4.25. The
high bicoherence measured between components with frequencies at f; = f; = 3.58 Hz
indicates coupling in the response between the 3.58 Hz component and the f; + f; = 7.16
Hz component. Note also the other peaks in the auto-bicoherence spectrum, especially
in the maximum response case, which indicate phase coherence and coupling amongst the
harmonics.

The possible phase coupling between the response harmonics and the low linear coherence
at 3.58 Hz indicates that the excitation and response are nonlinearly related. This also

shows that nonlinear phase relations between the excitation and response may be detected
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Auto-Bicoherence

Figure 4.24: The auto-bicoherence for the minimum response measured dur-
ing the frame experiment.

Auto-Bicoherence

Figure 4.25: The auto-bicoherence for the maximum response measured dur-
ing the frame experiment.
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by computing their cross-bispectrum. This phase relation, which would be of the form

3= 7l@) — 27, (59) (417)

as previously defined in Eq. (2.65), would then be calculated from the cross-bispectrum
according to

1.1
Y= ZBerr(§Qa 59) (418)

as previously defined in Eq. (2.66). This phase relation can also be written in the form

3= () = ()] + [13(9) - 25 (0] (119)

as previously defined in Eq. (2.67). Furthermore, this phase quantity can be calculated with

the cross-power spectrum and the response auto-bispectrum according to
1.1
v = /P, () + ZBW.(§Q, 5(2) (4.20)

as previously defined in Eq. (2.68). Note that the phase quantity ~ is the same whether
computed from either Eq. (4.18) or Eq. (4.20). For this reason, we will avoid computing the
cross-bispectrum and instead use the existing data provided by the cross-power spectrum
and the response auto-bispectrum and compute 7 according to Eq. (4.20). A summary of

the frequency-domain analysis is listed in Table 4.4.

4.2.4 Nonlinear System Identification

Following the methodology outlined in Section 2.4.3, the polynomial relationships between

a and fsinvy and between a? and f cos~y are used to determine the types of nonlinearities
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Table 4.4: Summary of the frequency-domain analysis for the frame experi-

ment: f; = %Q and fy = €.

f ag  af, 7§y(f1) 7§y(f2) V(fi, 1) v
m/s? e deg
0.432 178 1.17  0.083 0.994 0.994 48.2
0.453 192 1.30 0.135 0.996 0.996 45.7
0.486 210 1.43 0.086 0.996 0.996 44.3
0.500 220 1.58 0.230 0.997 0.997 43.3
0.530 233 1.71 0.262 0.997 0.997 41.0
0.562 246 1.86 0.192 0.995 0.994 40.1
0.576 252 1.95 0.402 0.998 0.998 37.6
0.591 256 2.04 0.278 0.998 0.998 37.2
0.623 268 2.19 0.331 0.998 0.998 35.4
0.656 281 2.40 0.451 0.998 0.998 33.9
0.687 290 2.58 0.395 0.998 0.998 32.6
0.722 298 2.79 0.416 0.998 0.998 30.9
0.755 306 2.96 0.520 0.999 0.999 29.7
0.819 322 3.36 0.479 0.999 0.999 27.5
0.884 336 3.76 0.444 0.998 0.999 26.2
0.920 351 4.13 0.400 0.992 0.998 25.6
0.920 345 4.02 0.449 0.999 0.999 24.9
0.970 355 4.32 0.414 0.999 0.999 23.5
1.020 366 4.64 0.516 0.999 0.999 22.6
1.089 381 5.10 0.392 0.999 0.999 214
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Figure 4.26: A plot of a versus fsin~y for the frame experiment.

found in the system. These polynomial relationships also allow for direct nonlinear parameter

identification. Plots of a versus f sin~y and a? versus f cos~y are shown in Figs. 4.26 and 4.27.

It is obvious that the relation between a and fsin~ is linear. According to Section 2.4.3,
this linear relationship indicates the existence of both linear and quadratic damping. The

relation between a? and f cosy is also linear, which indicates the existence of geometric or

inertial nonlinearities. Using a least-square curve fit, we find that

a = 2598 f siny — 665

(4.21)
a® = 152950 f cosy — 7540

(4.22)

These linear relationships are consistent with the steady-state amplitude and phase relation-

ships found in Eqgs. (2.71) and (2.72). Nonlinear parameter identification is then performed
according to Eqs. (2.75)—(2.78), which yields

e =1.30 x 107% pe?s? (4.23)
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Figure 4.27: A plot of a? versus f cos~ for the frame experiment.

e =1.99 m™! (4.24)
po = 3.36 x 107% et (4.25)
w = 3.5807 Hz (4.26)

Because of the frequency component in the response at the excitation frequency, the
effective geometric nonlinearity and effective forcing parameters can be broken down into
their individual nonlinearity and forcing parameters. To this end, we observe that the
approximate solution given in Eq. (2.39) can be separated into frequency components: a

mean component given by

Ug =
a response at the frequency %Q = 3.58 Hz given by

e 59T %M%i(mmw (4.28)
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and a response at the frequency {2 = 7.16 Hz given by

(Qt470) 6@2 2 _i(Q47e— 6771 (2+7e
Ucez( ) == —12w3a ez( " 6—(4)3F€Z( ) (429)

In these expressions, u, is the amplitude of the d. c. component in the response, and u;, and
u, represent the response amplitudes at the frequencies %Q and Q Hz, respectively, and 7,
and 7. are the corresponding phases at %Q and  Hz, respectively. Equation (4.29) can then

be used to determine s and 7,. Dividing Eq. (4.29) by €™ yields

U e = ea22 a?em) — ileei(T‘f) (4.30)
12wg 6wg
which can be simplified into
U ) = A2 2e-iv - T p (4.31)

12w? 6w

which, in turn, can be separated into real and imaginary components as

Ue COS(Te — Te) = %cﬁ cos 7y — g—zle (4.32)
0 0

Uesin(T, — 7,) = 162622 a® sin y (4.33)
0

We note that u,. is the Fourier amplitude of the response at the excitation frequency. Also,
T. — T. is the phase of the cross-power spectrum at the excitation frequency. Therefore,
Eqs. (4.32) and (4.33) can be used to compute s and 7, at each response amplitude and its

corresponding excitation. These parameters are then given by

o Ue SIN(T, — 7¢)

ay = 120 (4.34)

a®  sin 0
6w [a2a2 cos 7y
=T T 02

— U, co8(Te — T,)] (4.35)
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Equations (2.32) and (2.33) can then be used to solve for 2as + $6wg and 7. The result is

Q2T
=4(n, — 4.36
=l = 55 (1.36)
3 1, 5,
gotg + g&uo = Q, + ngOZQ (437)

Table 4.5 contains a summary of these results and their averages. The relative differences
between 1; and 7, reflect the dominance of the parametric mechanism over the direct mech-
anism. The large variation in 7; indicate that the model is insensitive to this parameter.
Recall that this parameter governs the direct interaction mechanism between the excitation
and the response. Since the primary component of the response is at half the excitation
frequency, as observed in Figs. 4.20 and 4.21 and Table 4.4, the parametric interaction
mechanism dominates the dynamics. So the variation in 7; may be attributed to the rel-
ative insignificance of the direct interaction mechanism in comparison with the parametric
interaction mechanism. This shows that the parametric identification proceduce can also be

used to characterize the dominant nonlinear mechanisms in a system.

4.2.5 Validation

To validate the identified parameters, we used them and integrated Eq. (2.4) numerically to
determine the response due to excitation levels comparable to those used in the experiment.
The integration time step was set at 0.627 ms. As a qualitative measure of the agreement
between the mathematical model and the experimental observations, in Fig. 4.28 we com-
pare the force-response curve predicted by the model simulations to that observed during

the experiment. In Figs. 4.29 and 4.30 we show a comparison of the extreme steady-state
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Table 4.5: Identified forcing and nonlinear parameters for the frame experi-
ment.

F Te — T¢ m Up] &%) §a3 + _5("}0

deg pem™—" m~ pue s [E“S

0.432 208 3811  8.65 -0.142 0.0000296
0.453 207 3808  8.63 -0.138  0.0000286
0.486 209 3350 854 -0.137  0.0000285
0.500 209 3539 858 -0.139  0.0000288
0.530 208 3338 854 -0.138  0.0000286
0.562 208 3138 851 -0.138  0.0000287
0.576 207 2975 849  -0.141 0.0000293
0.591 207 3121 852 -0.141 0.0000294
0.623 207 2846 847 -0.143  0.0000298
0.656 206 2611 844 -0.148  0.0000309
0.687 206 2420 842 -0.152 0.0000320
0.722 205 2191 840 -0.160  0.0000340
0.755 205 1964 8.36 -0.164  0.0000351
0.819 204 1579 830 -0.174  0.0000379
0.884 204 1212 8.23  -0.185 0.0000412
0.920 204 881 8.16  -0.192 0.0000433
0.920 203 907 8.17 -0.192 0.0000434
0.970 203 524 8.08  -0.201 0.0000461
1.020 202 363 8.04 -0.205 0.0000475
1.089 201 14 7.94 -0.213  0.0000502

avg 2230 837 -0.162 0.0000351
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Figure 4.28: A comparison of the force response obtained experimentally
(circles) and analytically (solid line) for the frame.

) 500 T T T
2
8-,\
g3 Of 1
@

~500 ' ' '

0 0.5 1 15 2
Time (s)

Figure 4.29: A comparison of the steady-state minimum response time-
histories obtained experimentally (solid) and analytically (dashed) for the
frame.

responses. The experimentally obtained amplitudes for a range of excitations, the simulated
steady-state amplitudes, and the corresponding errors are given in Table 4.6. The mean

error (absolute) between experiment and response is 3.17%.
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Table 4.6:  Experimental (exp) and simulation (sim) steady-state response

amplitudes for the frame.

F' Qe  asim % Error|

m/s®  ue  pe

0.432 178 187 5.04
0.453 192 197 2.61
0.486 210 212 1.18
0.500 220 218 1.01
0.530 233 230 1.14
0.562 246 242 1.73
0.576 252 247 1.97
0.591 256 252 1.68
0.623 268 262 2.32
0.656 281 272 3.21
0.687 290 280 3.27
0.722 298 289 2.82
0.755 306 298 2.62
0.819 322 312 3.14
0.884 336 324 3.45
0.920 351 331 5.69
0.920 345 331 4.12
0.970 355 339 4.66
1.020 366 347 5.30
1.089 381 357 6.49
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Figure 4.30: A comparison of steady-state maximum response time-histories
between experiment (solid) and analysis (dashed) for the cantilevered frame.



Chapter 5

Identification of Ship Roll Instabilities

It has been well documented that nonlinear resonance conditions between heave, pitch, and
roll motions could lead to large roll responses in a ship (Nayfeh, 1988; Oh et al, 1993). These
roll motions can impede onboard operations and even cause capsizing. To reduce or prevent
the effects of these motions, one needs prediction and control schemes. Such schemes can only
be effective if the relevant mechanisms are correctly modeled. Because these mechanisms
are primarily nonlinear, such models need to accurately describe the nonlinear resonances
between the heave, pitch, and roll motions. Consequently, any system identification process
must be able to quantify such resonances.

In this work, we outline a methodology for the identification of a roll instability in a
series S60-70 ship. The roll instability is modeled with a three-degree-of-freedom system,
which introduces complexities not encountered in studying the single-degree-of-freedom me-
chanical systems studied in Chapter 4. The added complexity results in modifications to

our identification process. However, the method of multiple scales and bispectral analysis

97
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are still combined for identification, which is taken from linear to nonlinear parameter esti-
mation, as performed in previous chapters. In Section 5.1 we discuss how roll instabilities
can result from either autoparametric resonances or parametric resonances. We present the
governing equation for the parametric mechanism and an approximate solution based on the
method of multiple scales. In Section 5.2, we discuss the numerical simulations conducted,
using the LAMP (Large Amplitude Motions Program) software developed by the Scientific
Applications International Corporation (SAIC, 1997), to study the parametric mechanism.
In Section 5.3, we identify the linear parameters governing this system. In Section 5.4, we
adopt a slightly modified version of the methodology presented in Chapter 2 for identification
of the nonlinear parameters. Finally, we compare simulations computed using the identified

parameters with the results computed using LAMP.

5.1 Two Mechanisms for Roll Instabilities

Nayfeh et al (1973), Mook et al (1974), Nayfeh (1988), and Oh et al (1993) used the method
of multiple scales to determine the steady-state responses and stability of ships under dif-
ferent wave excitations and heave, pitch, and roll coupling conditions. The results of these
studies show that there are many resonance conditions under which the roll response can
grow to significantly large amplitudes. These roll instabilities can be produced by different
mechanisms. In one mechanism, considered by Nayfeh et al (1973) and Mook et al (1974),
the encounter wave frequency is near the pitch natural frequency. The pitch natural fre-

quency, in turn, is near twice the roll natural frequency. Under these conditions, there is an



CHAPTER 5. IDENTIFICATION OF SHIP ROLL INSTABILITIES 99

autoparametric resonance between the two modes. In the second mechanism, considered by
Oh et al (1993), three degrees of freedom were taken into consideration. In this case, the
encounter wave frequency is near twice the roll natural frequency, but the heave and pitch
natural frequencies are away from twice the roll natural frequency. Under these conditions,
there is no autoparametric resonance between the heave, pitch, and roll modes. Instead,
the heave and pitch motions, excited linearly at the encounter wave frequency, produce a
princpal parametric resonance in the roll. However, the roll motion does not influence either
the heave or pitch motions. We should note here that the parametric resonance might be
more relevant to practical situations. In this work, we study the parametric mechanism only.

The equations of motion governing the parametric resonance mechanism (Oh, 1993) are

F42u,% +wi=Z(t) (5.1)
0 + 2190 + w2 = O(1) (5.2)

(25 + 2,u¢(/3 + wi = %(quﬁz + Kyt
+K ;0% + K 300) + (1) (5.3)
where z, 0, and ¢ are, respectively, the heave, pitch, and roll coordinates; the ju; are the
linear damping parameters; the w; are the natural frequencies; the K; are quadratic coupling
coeffients; and Z, ©, and ® are the respective influence of the encounter wave on the three
modes. For head seas, which is the case considered here, ®(¢) is zero. For harmonic wave

excitations, the heave and pitch modes are linearly excited by the wave, and their respective

motions are given by

z=a,cos(y + 1) (5.4)
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0 = ay cos(Qy + 7p) (5.5)
Substituting Eqs. (5.4) and (5.5) into Eq. (5.3) yields the roll equation of motion

. . 1 1
o+ wéqﬁ = —2/y0 + [5a2K¢,Z cos(Qt +7,) + —|—§a9K¢g cos(Qt + 7,)]¢

1 1 :
_[§QazK¢é sin(Qt +7,) + §Qa9K¢~)9’ sin(Qt + 7,)]¢ (5.6)

where a, and ay are the heave and pitch response amplitudes, respectively; 7, and 7y are the
respective phase lags between either the heave or pitch motion and the wave excitation; and
Q2 is the wave encounter frequency. The coefficients of the nonlinear terms can be derived
from the moments produced by static coupling and kinematic coupling between the heave
or pitch motion and the roll motion given on the right-hand side of Eq. (5.3).

Oh et al (1993) used the method of multiple scales (Nayfeh, 1981; Nayfeh and Mook,
1979) to obtain an approximate first-order closed-form solution for Eq. (5.6). This solution
is given by

#(t) = agcos(wy + ) + (higher order terms) (5.7)

where the amplitude a4 and phase 3 of the roll response are given by

Uy = — gty — sin-y, — sin 7, (5.8)
We
C el ~ eol
Ve t+Yo=0 COS Yz cOS Y (5.9)
¢ We
and
Q=2w,+o0 (5.10)

c, =—a,—(Ky, — w¢QK¢;2)em
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= |c,|e'™ (5.11)

1 Ty

Cop = —agZ(qug — w¢QK¢9)e ?
= |cole’™ (5.12)
Y. =ot+T1,— 283 (5.13)
Yo =0t +T19 — 203 (5.14)

Equation (5.10) is the resonance condition whereby the encounter frequency is approximately
twice the roll natural frequency and o is a frequency detuning parameter. The phase quan-
tities v, and 7 in Eqs. (5.8) and (5.9) represent, respectively, the difference between the
phase of the heave and pitch and twice the phase of the roll response, as given in Egs. (5.13)
and (5.14). Furthermore, the parameters modeling the coupling between the heave and pitch
motions and the roll motion can be combined into effective parameters ¢, and ¢y, which can
be expressed in terms of the amplitudes |c,| and |¢y| and phases 7, and 7y, as in Eqgs. (5.11)

and (5.12). The approximate solution for ¢ can then be expressed as

P(t) =~ ay cos[%[Qt — %(fyz + v — T, — 79)]] (5.15)

and the steady-state response is obtained by setting a, and ¥ equal to zero.

5.2 Numerical Simulations

Numerical simulations were conducted using LAMP. This code simulates the full nonlinear
response of a ship under a multitude of various sea conditions. A detailed description of

this code is given by SAIC (1997). A dynamic supervisor, developed at Virginia Tech, is
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incorporated into the code to allow for large-time steps and prevent numerical divergence
of the simulation. The model used in these simulations is an S60-70 series ship, and only
head seas were considered. Unless otherwise stated, all of the values reported here are
nondimensional. The length scale L is the length of the ship, and the time scale is ﬁ,

where g is the gravitational acceleration. The simulation time step was fixed at 0.08.

5.3 Identification of Linear Parameters

To determine the damping and the natural frequency of the ship roll response, we used LAMP
to simulate the roll free response. During this simulation, the ship floated in a wave-free
environment with no forward velocity. The ship was initially deflected in roll to 0.1 degrees.

Figure 5.1 shows a representative free response of the ship in roll. The roll damped frequency

5VVVVVVVVVVVVVVVVVVVvvvvvvvvvvvvv:

2

¢ (deg)

80 100
Time

Figure 5.1: Time history of the roll free response of the ship simulation. Above
the free-response curve is a curve defining the envelope of the response.

wgq Was determined to be 0.2742 from measuring zero-crossings of the free response. The
linear damping coefficient /14 was determined from the log decrement to be equal to 0.011.
Given that the roll damped frequency wgq, the roll natural frequency wy and the roll damping

ratio (4 are related by wgg = wyy/1 — (q%, the roll damping ratio is found to be (4 ~ 0.042
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and the roll natural frequency is wy ~ 0.2744.

Because the pitch and heave modes are linearly coupled, we identified their linear pa-
rameters from frequency-response functions. To this end, we conducted LAMP simulations
at different wave excitation frequencies. Frequency responses were then determined for the
ship in heave and pitch. During this series of simulations, the ship traveled with a forward
velocity of 0.2 in head-sea waves having an amplitude of 0.0005 with varying encounter fre-
quency. Figure 5.2 shows representative steady-state time-histories of the forced response of

the ship in heave and pitch.
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Figure 5.2: Representative forced response of the ship in heave and pitch.
Wave amplitude is 0.0005; wave frequency is 0.5066.

Figure 5.3 shows the steady-state heave and pitch responses as a function of the wave
excitation frequency. The peak in the heave response occurs at the heave resonant frequency;
the peaks in the pitch response occur at the heave and pitch resonant frequencies. The two
peaks that appear in the pitch response might be a product of coupling between the heave

and pitch responses. For linear systems, the resonant frequency w, and peak M, are given
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Figure 5.3: Steady-state heave and pitch responses vs wave encounter fre-
quency. Wave amplitude is fixed at 0.0005.

Wy = wpy/ 1 — 2¢2 (5.16)

1

R

(5.17)

where w,, and ( are the natural frequency and damping ratio, respectively. The resonant peak
M, is the ratio of the maximum response to the excitation amplitude. In the simulations
presented in Figs. 5.2 and 5.3, the excitation amplitude is 0.0005. Using the maximum
response, we determined the heave and pitch resonant frequencies w,, and wy, from measuring
the zero crossings of the forced response presented in Fig. 5.2. The results are w,, ~ 0.5066
and wy, ~ 0.5981. Using Eqgs. (5.16) and (5.17), we found that the heave and pitch linear
natural frequencies and damping ratios are w, =~ 0.5873, wy ~ 0.6397, (, ~ 0.3577, and (y =~
0.2506. Using these values, we found that the heave and pitch linear damping coefficients

are (1, ~ 0.2101 and py =~ 0.1603. A summary of these parameters is presented in Table 5.1.
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Table 5.1:  Identified linear parameters for the ship simulation. All of the
parameters are presented in nondimensional units.

w,, 0.5066
wer  0.5981
woa 0.2742
¢, 0.3577
¢y 0.2506
(s 0.0420
w, 0.5873
wy  0.6397
wy  0.2744
1, 0.2101
g 0.1603
1y 0.0110

5.4 Identification of Nonlinear Parameters

In the parametric excitation considered here, the wave-encounter frequency is approximately
equal to twice the roll natural frequency; yet the pitch and heave natural frequencies are not
near twice the roll natural frequency. In order to study the model given by Eqs. (5.4)-(5.6),
we conducted a series of simulations where the wave frequency is set at 0.5493. Figure 5.4
shows time histories corresponding to three wave excitations and their corresponding steady-

state pitch and roll responses. The simulations were computed over 20,000 time steps; only
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a small portion is shown in Fig. 5.4 for clarity. The wave excitation amplitude was varied
between 0.25% and 0.35% of the ship length. The peak-to-peak steady-state nondimensional
heave amplitude is approximately 0.007. The peak-to-peak steady-state pitch amplitude is
approximately 1.3 degrees. The peak-to-peak steady-state roll amplitude is approximately
26 degrees. Note the relative difference between the large roll response and small pitch and
heave responses.

Identification of the linear parameters for the system described in Section 5.3 allows for
the identification of the nonlinear parameters ¢, and ¢y as described in Eqgs. (5.11) and (5.12).
In considering the steady-state response, we set the amplitude and phase variations given

by @4, 7., and jy in Egs. (5.8)—(5.9) equal to zero and obtain

c . Co| .
0=—pyp— ;—L;[ siny, — ;74[ sin 7y (5.18)

0=0— |Cz|cosyz—@cosm9 (5.19)
Wo We

For steady-state oscillations, all of the terms in Eqgs. (5.18) and (5.19) are constant. Given
for ¢, and ¢y, these equations constitute a system of two equations with two unknowns |c,|

and |cp|. Solving them for the unknowns yields

2
o) = — 2090 (5.20)
cos 7y, — sin-y,

20 sin v,wy

: ; : (5.21)
— COS 7Y, SIN 7Yp + SIN Y, SIN Yy

The parameters wy, (14, and o were determined in Section 5.3. The nonlinear phase quantities
7. and 7y, as defined in Eqs. (5.13)—(5.14), are phase quantities which can be quantified using

the cross-bispectra between the heave or pitch response and the roll response. These phase
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Table 5.2: Nonlinear phase quantities computed from simulations of the ship
roll instability. These quantities are computed according to Egs.(5.22)—(5.23).

Wave Amplitude -+, (deg) 7, (deg)

0.0025 34.8 294.3
0.0030 31.5 290.9
0.0035 29.3 288.4

Table 5.3: Nonlinear parameters identified for the ship roll instability. These
quantities are computed according to Egs.(5.20) and (5.21).

le.|  0.0476
lcg] 0.0726
quantities are given by
Q Q
7 = ZBZ N A 522
v o5 5) (5.22)
Q Q
Yo = 1B9¢¢(§, 5) (5.23)

Representative cross-bicoherence, computed from the three sets of LAMP simulations for the
parametric response, are shown in Figs. 5.5 and 5.6, and the phase quantities v, and 7, are
given in Table 5.2. The large levels of cross-bicoherence shown in Figs. 5.5 and 5.6 indicate
high confidence in the values of v, and .

Having computed these nonlinear phase quantities, we obtained the nonlinear parameters

lc.| and |cy| using Eqs. (5.20) and (5.21) and their values are listed in Table 5.3.
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5.5 Validation

To validate the parameters given in Table 5.3, we integrated Eq. (5.6) numerically to de-
temine the response to excitation levels comparable to those used in the LAMP simulation.
Because the nonlinear parameters |c,| and |cy| represent combinations of nonlinear param-
eters, as described in Eqs. (5.11) and (5.12), the integrations are performed assuming zero
values for either Ky, or K. and either Kyp or K ;. The integration time step was set at
0.08 s. The numerical simulations were found to be highly sensitive to the wave-encounter
frequency. The roll response vanished with just a 0.015 Hz change in the wave-encounter
frequency. It is noted that this change falls below the frequency resolution used in the
frequency-domain analysis. The wave-encounter frequency was then adjusted by approxi-
mately 0.015 Hz to produce a nontrivial roll response for two of the three excitation levels.
A nontrivial roll response could not be duplicated for the wave amplitude of 0.0025. As a
qualitative measure of the agreement between the mathematical model and the simulations,
in Fig. 5.7 we compare the response time histories predicted by the model to the simulations.

This comparison shows a high accuracy of the identified parameters.
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Figure 5.4: Numerical simulation time histories of the steady-state excitation
wave, pitch response, and roll response at wave amplitudes of a) 0.25%, b)
0.30%, and c) 0.35% of the ship length. Time is measured in nondimensional
units.
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Heave-Roll Cross-Bicoherence
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Figure 5.5: A representative heave-roll cross-bicoherence for the ship roll
instability.

Pitch-Roll Cross-Bicoherence

Figure 5.6: A representative pitch-roll cross-bicoherence for the ship roll
instability.
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Figure 5.7:

A comparison of steady-state time-histories: simulation (solid)
and analysis (dashed). Here, the wave amplitude is 0.0035.



Chapter 6

Conclusions

A parametric identification procedure that is based on the method of multiple scales and
amplitude and phase measurements from higher-order spectral moments for nonlinear sys-
tems is outlined. This procedure allows for the characterization as well as the identification
of the relevant parameters governing the response of a nonlinear system in an accurate and
efficient manner. This procedure can be used to provide a modeling scheme compatible with
prediction, simulation, and control. To validate the procedure, we carried out numerical
simulations for two nonlinear systems. In each case, identification of the relevant parameters
governing the response was performed. Using the identified parameters, we computed time
histories and compared them to the original time histories. These comparisons show the
accuracy of the procedure in modeling the systems.

For the purposes of prediction and control, modeling was performed for two structural
systems: a cantilevered beam and a three-beam frame. Experiments whereby resonance

conditions were present were conducted. Nonlinear system identification was performed on
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the experimental data. Using the identified parameters for each systemi, we were able to
successfully model the response of each system.

To consider other applications of the identification procedure, we considered a multiple-
degree-of-freedom system. Modeling was performed for a numerically simulated roll insta-
bility via a parametric mechanism where the ship heave, pitch, and roll motions are coupled.
Numerical simulations were conducted using LAMP. Again, the identification procedure pro-
duced parameters which successfully modeled the response.

The results from the numerical validation, the experiments for the structural systems,
and the LAMP simulations of the ship response show that, with the procedure presented

here, one can

characterize the damping;

characterize the relative effect of parametric and direct excitations;

quantify all of the relevant parameters;

model multiple-degree-of-freedom systems.

The results from this work show that the procedure can be readily applied for nonlinear
system parameter identification. Future work with this procedure would involve investiga-
tions of other single- and multiple-degree-of-freedom systems. These investigations would
use other types of resonances and a combination of the method of multiple scales and higher-

order statistics while preserving the methodology of the procedure outlined in this work.
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