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We investigate a numerical method for studying resonances in quantum mechanics.
We prove rigorously that this method yields accurate approximations to resonance
energies and widths for shape resonances in the semiclassical [imi200©
American Institute of Physic§S0022-2488)0)01201-9

[. INTRODUCTION

In this paper we rigorously analyze the validity of a numerical technique for studying reso-
nances in quantum mechanics. The technique is called “a spherical box approach to resonances”
by its inventors, Maieet al! We prove that the technique yields correct energies and lifetimes for
shape resonances in the semiclassical limit.

The technique is an“> method,” in contrast to time-independent scattering theory methods,
such as the calculation of phase shifts near energies where a resonance is expectet? These
methods are surveyed, e.g., in Ref. 2.

The basic physical idea underlying &ff methods is that a resonance wave function is a state
that is concentrated mainly in the interaction region. In contrast, states associated with the rest of
the continuous spectrum are not concentrated in any bounded interval. As a consequence, when
the system is confined to a box that is large compared to the interaction region and the size of the
box is varied, the resonance wave function is much less influenced than the states from the rest of
the continuous spectrum. This should be visible in the spectrum, and is the basis of the technique
we study.

To make this precise, we consider the Sclimger operator

H:=D2+V D:=E i (1)
' i dx

with a resonance producing potentiélthat is defined on all oR. We restrict the system to the
interval (—1,1) with Dirichlet boundary conditions at=*1, and plot the eigenvalues of the
resulting operatoH(l) as a function of.

Figure 1 presents the results obtained by doing this for the poténttat is depicted in Fig.
2.

In Fig. 1, one can clearly distinguish between eigenvalues that depend strodgndmthers
that seem to be almost independent.dfurthermore, there are avoided eigenvalue crossings when
a strongly dependent eigenvalue is close to an eigenvalue that is almost independsiotethat
in our example, eigenvalues are not expected to cress;e the potential has no apparent sym-
metry properties.

In addition to relating the almost constant eigenvalues to resonance energieseidlealso
relate the sizes of the gaps in the avoided crossings to the imaginaryopavidth, or inverse
lifetime) of the resonance. In Ref. 1, spherically symmetric potentials are treated. After the reduc-
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FIG. 1. An example of the dependence of the eigenvalues on the bok size

tion to an angular momentum subspace, the particle can escape to infinity in only one way, by
increasing the radial coordinateln the model we consider, the particle can escape toward either
plus or minus infinity. Since the probabilities for going in the two directions can be different, we
observe two different size gaps for each given resonance. This is obviously the case in Fig. 1. For
our model, the resonance width is related to the larger of the two gaps.

In this paper, we provide rigorous justification of these results in the semiclassical limit. As a
first step, we adopt a standard definition of a resonance that is presented in Refs. 4 and 5. This
definition identifies a resonance with a complex eigenvalue of a suitably constructed analytic
family of operators obtained from the original Hamiltonii).

—
-1 o_

FIG. 2. The potential associated to Fig. 1 and relevant parameters.
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In many instances, as in the case of shape resonances, such a complex eigenvalue can be
viewed as arising from the perturbation of an eigenvalue embedded in the continuous spectrum.
We take this viewpoint and employ the framework of “The Shape Resondhisg’Combest al.

We temporarily impose supplementary Dirichlet boundary conditions at peint® decouple the
interaction region from the rest df. This yields an unperturbed operator on alllbfthat has
embedded eigenvalues whose eigenfunctions are supported in the interaction region. Removal of
these Dirichlet conditions perturbs the embedded eigenvalues to produce the resdiincas
realized as complex eigenvalues of certain non-self-adjoint operaidre perturbation calcula-

tions are facilitated by the use of Krein's formdla.

To relate the resonances Hf defined onL?(R) to the almost-independent eigenvalues of
H(l), we show that the techniques of Ref. 6 can also be applied in a box to Hiidly We then
employ the following strategy: For small valuesfgfresonances dfl are very close to embedded
eigenvalues oH with supplementary Dirichlet conditions at. . For |>max{|w.|,|o_|}, these
embedded eigenvalues are also eigenvalued (b with supplementary Dirichlet conditions at
w-~ . For largel and small#, removal of these supplementary Dirichlet conditions perturbs these
eigenvalues only slightly. Thus, the resonancesiafre near eigenvalues of(l). These results
are made precise in Theorem 2.

This approach also allows us to prove rigorously that the gap in the avoided crossing is on the
order of the square root of the resonance width, in accordance with Ref. 1. We accomplish this by
relating both the gap and the resonance width to the thickness of the potential barrier as measured
by the Agmon distancé.The relationship between resonance widths and Agmon distances is
already established in Ref. 6, so we need only examine the relationship between the Agmon
distances and the gaps in the avoided crossings. This is done in Theorem 3.

IIl. HYPOTHESIS AND RESULTS

For simplicity, we assume the potentiato be bounded. We wish to study resonances that are
produced by a single well and to avoid asymptotically degenerate eigenvalues with an exponen-
tially small separation ifi. Furthermore, we want the bottomy, of the well to be above the
scattering threshold. We force this situation by imposing a hypothesis that can be expressed nicely
with the help of the notion ofhe classical forbidden region at energy Ehis is defined as

J(E):={xe R:V(x)>E}.

Our precise hypothesis is the following:
___(H1) Ve CY(R) is bounded and has a local minimwg at a unique poini,, such that
J(vo) is connected, and limsyp... V(X) <vj.

By translating the origin if necessary, we choose an interior region

Q:=(o_,wy), with w_<0 and w,>0, such thatﬁi\{xo}c\](vo).

We define the exterior region to tﬁe:R\(_li , and letQ), =(—,w_) andQ§=(wJr ,°). We
define the decoupled comparison operaidras having the same symbol Hs but with supple-
mentary Dirichlet conditions ab_ andw_ . This operator decomposes into

HY=H'@H® with D(H*)=HgNH3(Q,), where ae{i,e}.

Since we want to focus on shape resonances, we impose a hypothesis that prevents resonances
from being produced in the exterior region for energies ngarWe phrase this hypothesis in

terms of a nontrapping conditiShwe saythe potential V is nontrapping i), at energy E
(abbreviated E is NT)if the following condition is satisfied forxe{—,+}:

P (2(V(X)—E) + XV (X)) < —S. @)

35>0, VxeQQJ(E), —



106 J. Math. Phys., Vol. 41, No. 1, January 2000 G. A. Hagedom and B. Meller

We assume the following.
(H2) vqis NT.
Note that formula2) implies the more standard virial condition

35>0, VxeQAJ(E), 2(V(X)—E)+xV'<-S.
Furthermore(2) implies the “exterior” virial condition
3S>0, VxeQNI(E), (2NV(X)—E)+(X—w, )V'(X)<-=S, ae{—,+}.

Our third hypothesis concerns analyticity under exterior dilation. BerR, we define
U,:L2(R)—L%(R) by
U93¢H\/r—é¢°ro,
where
w_+e"(x—w_), X<w_

ra(x):=9 X, Xe(w_,w,),
w,tel(x—w,), x>w,
We then assume the following.
(H3) Vy:=U,VU,* defined initially for #c R has an analytic continuation as a bounded
operator to the strigd e C:|Im 6|<p}, for someg e (0,7/4).

For fe R we also define the operatoks,:=U,HU,* andH%:=U,HIU, . It is a straight-
forward calculation to obtain the associated symbol

Uy(D2+V)U, t=r, 2D%+ Vor,,
where

P —h2u"(x), xe(w_,0;)
[ré’ Deu](x)= _ﬁzefzgu,,(x), XGE[O),,er].

Since U, is a unitary operator om.?(R) for #e R, we easily compute the domains for the
operatorsH$ andH,, for fe R:

D(HY)=D(H)®D(H®),

D(H ) ={ui®uee HA( Q) 8 H(Qe):Ue( @) =" Uj(w.) ug(w=) = €U ()} Y
We define the restrictions of these operators to the bekl() to be
HY(1):=r,2D2+Ver, on D(HHNHL(~1,)), and
Hy(1):=r}, 2D2+Ver, on (4
D(Hy)():={ueL?(—1,1),3ve D(Hy),u=v|_,u(=1)=u(l)=0}. (5

For =0, H,_(1) is simply the Schrdinger operatoH(l) described in the Introduction that is
used to produce plots, such as Fig. 1.

The following lemma describes the analytic continuations of these families of operators to
complex values ob:

Lemma 1: Hypotheseg$i1l)—(H3) imply the following two conclusions
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(1) {HY,|Im 6<p} and {H%(1),| Im g]<pB} are self-adjoint analytic families of Type (A) of
m-sectorial operators
(2) {Hy,|Im g<p} and{H4(1),| Im 6<B} are self-adjoint analytic families of operators

Proof: These conclusions for the familiés) andH , are proved in Ref. 6. The same proofs
apply for the familiesi—l‘;(l) andH 4(1) since the proofs in Ref. 6 make no use of the)bound-
edness of),. |

We next recall the Agmon distanéayhich we denote by the symbdk . It is the distance
associated to the pseudo-metris®:= max{0,V(x) — E}dx?. We introduce the abbreviations

dy :=dy(Xo.al), ae{—,+}, and d*:=min{d, .d,}.

The following theorem gives precise information about the resonance on the line and the
“resonance in the box.” Its first conclusion follows from Ref. 6. _
Theorem 2: AssumgH1)—(H3) and that E is the nth eigenvalue of H

(i) For any ¥ € (0,1) and sufficiently smalk, there existsBye (0,8) such that Hs, has a
(complex) eigenvalue E close td' Ehat satisfies

_pd
E—E+n§l =

n
tho,

with t=o(e 299" where o,=o(1), ¥Yn=1.

(i)  The same is true for the operatorilg—lo(l). Furthermore, its eigenvalue is stable in the sense
of Kato (Ref. 9, Sec. VIII.1.4), as the box size | tends to infinity. As | tends to infinity, this
eigenvalue converges to the corresponding eigenvalue; pf H

(i)  For sufficiently smalk and those values of I, for which there exist positive constants ¢ and
N, such thadist (E9, o (HY(I))\{E®})=cAN, there exists a real eigenvalue of H close to
E¢ that satisfies the same type of expansion as above

Remark:(a) Note that in Ref. 6, the theorem is stated withreplaced byd, (xo,3€};). Due
to the possible choices @.. , the difference between the two quantities can be made arbitrarily
small and can be absorbed inflo But then, how smali must be chosen depends dn

(b) In the third conclusion of this theorem, one cannot expect uniform resultand7. The
eigenvalues of the exterior operatdf(l) have different dependence orand# than the eigen-
values of the interior operatdt'. The condition distE?, o (H(I))\{E%})=cAN is technical; we
do not know how to handle exponentially closely spaced eigenvalues. It is well known that under
our hypotheses, the eigenvaluesHifnear the bottom of the weltlose tov,) cannot be spaced
more closely thar©(# 7). Here, the constant is strictly smaller than 2. Its value depends on how
flat the bottom of the well is. In order to prove that eigenvalues fiidfifl) do not cause
dist (EY, a(HY(1))\{EY})=c#N to be violated for all, we would need an additional assumption on
the decay of the potential. For example, together with dilation analyticity, it would be enough to
assume tha¥ tends to a limit at infinity like|x| ~€ for any e>0.

We now turn our attention to the gaps in the avoided crossings that occur in graphs of the
eigenvalues of(l). For this part of our analysis, we replace hypothg$t¢®) and (H3) by the
following: o

(H4) Ve C3(R). ForxeQ.\J(vy), the potential obey¥(x)<v, and there exist two con-
stantsv. <vg, such thatv—v. =O(|x| ~€) asx tends to*. Furthermore, fon=1,2, we have
Vv(W=0(|x] 7€) asx tends to+o.

This hypothesis allows us to use Wentzel-Kramers—BrillQWi#B) estimates to analyze the
behavior of eigenvalues ¢1°(l). We note thaH®(l) decomposes into the direct sumIgf (1)
andH® (1), whereH® (1) acts onL?((—I,»_)) andH® (l) acts onL?((w. ,1)).

We have the following result on the gaps:

Theorem 3: AssumgH1) and (H4). Suppose Eis an eigenvalue of Hand of H(I,), but
not of H® (Io). Assume it satisfiedist (Ed,a(He_a(l 0)))=ciN, for some positive constants ¢ and
N anda e {—,+}. Then we have the following: For fixed valuesfothat are sufficiently small,
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there exists a neighborhodd|,) of Iy, such that for all 1 inV(l5), H(l) has two eigenvalues E
and E_ that are exponentially close toE These two eigenvalues are separated by a gap that
satisfies

(Zt)na'n
n!

,  where o,=0(1), Yn=1.

min {|E+—E|}=‘2
leW(lg) n=1

In this estimate t satisfies the following for afie (0,1):

t=o(exp(—dd, /%)), if Ede o(H)YNa(HE(1y)),
t=o(exp(—adv*olh)), if Ed9a(HYNoHE(1p)).

Remark:(a) Here,7 does not depend off.

(b) The width of the resonance is given by the tunneling parantetecording to Theorem 2.
We do not know whether the resonance is going to tunnel to the left or right, so we only obtain the
estimatet = o(exp (—92d* /#)). In Theorem 3 we know to which side the resonance escapes, and
the result is more precise. We obtain estimates for both of the gap sizes that can occur in the
avoided crossings for a given resonance. Although we only have rigorous upper bounds, we expect
that the gap sizes are of the order ex@dvtolh). If this is the case, then Theorem 3 shows that the

larger gap is of the same order as the square root of the resonance width. We again note that in
Ref. 1, a radial symmetric situation is studied, so that there is only one way for the resonance to
escape, and hence only one gap size.

(c) The eigenvalues dfi' are obviously independent bfbut not ofw.. . Thus, it might seem
that the condition of having a double eigenvalue is crucially dependent on the chaice. dfhis
is not the case: From TheoreniiR) we see that the eigenvaluesltéf vary only by an exponen-
tially small quantity inz when thew. are varied. For the eigenvalues Kf. (1), we show in
Appendix B that(H4) implies that eigenvaluek e o(HE(1)) that belong to an intervalvi,vg
+6) are related tdi, |, and a quantum numben by the asymptotic formula

m+ —

wh |2 B
7 I_) A+0(h)+0(17°9)), ae{—,+}.

E=va+(

We thus have the following consequence: Suppose, for example, thathtleégenvalueE® of H'
coincides with an eigenvalue &f¢ (I,) for some choice ofv. , and thatE? is at least a distance
of O(#N) from the spectrum oH® (l,). Then for any other choice ab.., there exists ahin a
neighborhood o, such thatE® is an eigenvalue oH® (1), and the distance fror&® to the
spectrum ofH® (1) is still at leastO(#N).

lll. THE PROOFS

Inspection of the proofs of Ref. 6 for Theorerfi)2shows that they are valid whether or not
Q. is bounded. Furthermore, these proofs can be separated into two parts: The first is a formal
algebraic part that shows the stability of the eigenvaluidbr the whole operator and constructs
the asymptotic expansion of the perturbed eigenvalue in powers of the tunneling paratéser
quite simple and short. The second part is the justification of these algebraic formulas with the
corresponding estimates. This part is more complicated and involves estimation of the operators
involved in Krein's formula.

We present the formal algebraic part, which is needed in all of the situations treated in
Theorems di) and Ziii) and Theorem 3. We do this in Section Il A in the context of Theorem
2(iii). In Sec. 1l B, we treat the stability of the resonance eigenvalUdigg(l) as the box sizé
tends to infinity. Finally, in Sec. Il C we prove Theorem 3. In the appendices, we recall Krein's
formula and present the more technical estimates, including the WKB estimates.
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We omit the estimates required to prove the existence and the series expansion of the eigen-
value oinBO(I) because they are identical to those in Ref. 6.

A. Stability and tunneling expansion for the box

We viewH () as a perturbation dfi%(1). This perturbation involves two Dirichlet conditions.

It is most easily approached by way of Krein's formula, which exhibits the difference of the
resolvents oH (1) andHY(l) as a rank-two operator.

The norm of this rank-two operator is not small. However, because the Dirichlet conditions
are imposed inside the classically forbidden region, its norm does not explode in proportion to the
inverse of the distance from the spectrum to the spectral parameter in the resolvents. This allows
us to choose the parameters in such a way that the resolvent of the resolt#(t ofs small in
norm, and we can still use perturbation theory.

The tunneling expansion is based upon a Feshbach-type reduction of the eigenvalue equation
with respect to the unperturbed eigenprojection. This leads to an implicit equation that we solve by
using the Lagrange inversion formula.

1. Stability
To simplify the notation, we suppress theependence in many of the formulas. We define
RY(z):=(HY1)—2)"! and R(z):=(H(l)-2)"™.

We choose a contolr that lies in the resolvent set &f(1) and encloses onlg® in a(HY(1)).
We then choose a poiaj, in the intersection of the resolvent setstbfl) andHY(1), but outside
of I". By using the identity

-1
(Rd(zo)— ) =—(2-20)—(2—20)°R%(2), (6

z—24

we obtain the following expression for the eigenprojectitft= PY(1) associated t&®:
pd=— if RY(z) dz=— if (RYzp)—2) 1dz
27 Jr 2@ T 0 '

where{T:=%e C: 2=1/(z—2z,), zeT}. By defining

m(2o)=(H(1)—20) " *—= (H()—20) %,

we can formally write the eigenprojectid®=P(l) associated to the perturbed eigenvaiias

P=- 2%. ff(Rd(Zo) ~2) "1+ 7(20) (R (z0)~2) 1) tdz

If we can choosd” andz,, such that|7(z,)(R%z,) —2) <1, then the inverse term in the
integral forP can be computed by geometric series. Then the eigenprojection is well defined and,
by standard arguments, we can deduce the stability of the eigenvaluIfpr

To see that we can do this, fix amge N. Let

A:=dist(EY,c(HYHNED), and fix re[min{z",3A},2A]. 7)

Note that by hypothesigy=c#N, for someN e N, and that we can chooseo be as small as any
power of#.

We definel':={ze C:|z—EY=r} and zy=EY+2ir. Then, formula(6) implies (R%(z,)
—7)"1=0(r). Thus, the stability follows from the following proposition that we prove in Ap-
pendix A, Sec. 1:
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Proposition 4:7(zy) = O(1).

2. Tunneling expansion

Since we have proven the stability of the eigenvalue and constri{gd we can write the
eigenvalue equation as

1
R(ZO)P(I)=ETZOP(I).

We perform a Feshbach-type reduction to this equation, with respect to the projeRficrsi
QY=1-PY. We define the “reduced” resolvent

R(W; 2g) = QY Q4U(R(zo) —w)Q%) ~1Q¢.

It satisfies the following estimate:

Proposition 5: For any z in the disc delimited By one has RL/(z— z,);z0)= O(r).

Proof: If we replace theR(z,) by RY(z,) in the definition ofR(z;z,), we obtain a trivial
result. The conclusion to the proposition is obtained by applying perturbation theory to this trivial
result. |

For (E—z,) " the reduction yields the implicit equation

. )PdP
ETZO’ZO m(2Zo) .

Pip= Pd(ﬂ-(zo)— 7(2o)R

1
(E—zo_ Ea—zo

Using properties of the trace and the factorizatig(z) = A*(z)B(z), cf. Appendix A, Sec. 1, we
obtain

1 1 o 1
En Bz =ﬁTr( B(zo) PdA*(Zo)(l—ﬁB(Zo)R<ETZOJZO)A*@)))) ,

or equivalently

1 1 - 1 8
E—z, Ed—zo_tS E—2z)’ ®
where(suppressing, in A andB)
1 ~
t:=#|Tr(BPYA*)| and s(w):=?Tr(hBPdA*(l—hBR(W;zo)A*)). 9

For anyz in the disc delimited byl andZ=1/(z—z;), we have the following estimate @{z):
Is(2)|<|1-%BR(Z;zo) A*||=1+O(r).

This follows from Proposition 5 and the bound encf. Appendix A, Sec. 1. If we can establish

the estimaté=o(e 2%9"/%) of Theorem 2, then Eq8) can be solved with Lagrange’s inversion
formula (Ref. 10, p. 250

n—1

a7

1 1 t"

= —+ _
E—z, Ea—zo n=1 n!

1 1 t"
= + 2, —0op.
(Ed—zo> E9-z, ngl nt 7n

Multiplying by (E—z,)(EY—z,) and rearranging, we obtain
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tn tﬂ k
E= Ed—(E—zo)(Ed—zo)nZl = Ed—kzl (zo— Ed)"”( > —|7rn) :

n=1 N:

We estimate the coefficients, by using the Cauchy formula

~ _(n_l)!f s(Z)" . g 1 *1_0
Tn="%— - 1 B Z an Ej_—zo—z =0(r).
Ea—zo_Z

We defines,,:=(E—z,) (EY—z,) 7, and easily obtain the estimaig,=o(1) of Theorem 2.

3. The tunneling parameter

The above calculation relies on the estimiateo(e29"/%). To prove this, we note that iby
denotes the eigenfunction associate@&p then using the definitions and estimations of Appendix
A, Sec. 1,

LY TRT ch®
2 2__ d 2 ’ 2 ’ 2
t=hlBdllA¢l<ATRTIIB 4l =1z, 1z IT*Ddal*< 3z (93w )P+ 95w ).

For each part of Theorem 2, we can estimate the expreggiffw )|>+|di(w)|? by the
well-known decay estimates of AgmdrThis implies the results of Theorem 2.

B. Stability as the box size tends to infinity

We consider the operator
HE (D =H () &HE), (10
whereH 4(1) is the operator defined ifb), and
HE%(1):=e 2D+ Vor, on HgNH(R\[—1,1]).

It is easy to see that (1) is an analytic family of Typ€éA) in 6, and that we have the following
resolvent estimate:

Proposition 6: AssuméH1)—(H3) and let S denote the constant in the nontrapping condition
(H2). Letv={ze C: |Rez—vy<Y4, Imz>—«SF4}. Then

4
Vzev, [REA2)<—z@+0(x).
|k|S

Proof: HES(1) decomposes into a direct sum of operators that act.®if—«,—1)) and
L2((l,»)). We consider only the term associated to the inter/a); analogous formulas hold
for the other term. We mimic arguments of Ref. 8. FKDEH(l)ﬂ'HZ((l,OO)) and anyv

eL?((1,%)), we have

IVII(HEED = 2)ul=Rel (HEIH = 2)u,v).

For x>0 we use this withv= —ie'?“u to obtain
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Re( (H{X1)—2)u,v)=—Im (e**(e” 2 *D?+Vor;,—z)u,u)
= —Im (e?'“(Ver,,—z)u,u)
=—((k((V—Rez)+ (x—w,)V')—Imz+ O(«?))u,u)
> (k(S—2(vo—Rez))+Imz+ O(«?))|ul|?

>

kS

S o0 e

4

For negativex repeat this calculation witk=ie "'?%u. This proves the proposition. |
We now fix =i B, as in Ref. 6. With the definitions af; andI" as in Sec. Il A, we define

1
P =~ 3ot |- (gD =2) 2) 2o (HEE 1) -2 *-2) a2

Here, PiBo(l) projects onto the eigenspace for the eigenvﬁue(r(HiBO(l)), but does so in the

spaceL?(R). To prove stability of the eigenvalue in the generalized seueRef. 9, Sec.
VIII.1.4), it suffices to show thaPiBO(I)—S>PiBO asl tends to», where

Pi S S (Hig,~20) *=2) *dz
Bo 2ai Ji B0 70 ’

since both projections have the same dimension, i.e., dimension one. It is shown in Ref. 6 that for
sufficiently small,h,((HiBO—zo)‘l—”z)‘1=(9(r), uniformly onT". The estimates of Ref. 6 are
also valid for((Hg (1) —20)"*=%)~*. So, from Proposition 6 and identit$), we see that

((H, (=29 *=2) " *=0(r),
uniformly onT. Thus, we need only show that for any L?(R),

llim”((HiBO_ZO)_l_(HPﬁo(l)_ZO)_l)uH:O,

—

uniformly in A. This is shown in Appendix A, Sec. 2.

C. Proof of Theorem 3

In the degenerate case, we must solve for two eigenvalues. So, we @apnoti use the
Lagrange inversion formula to solve E@) in the disc delimited byl

However, we could use the formula if one of the solutions were known to I 4/¢,). This
would happen if7 were a rank-one operator. In that case, the spectrél®fnd H would
intertwine, and, as a consequence, at the crossing of two eigenvaldéstére would have to be
an eigenvalue oH.

In our situation such a scenario can be realized by lifting the two Dirichlet conditions one after
the other.

If suffices to consider the case whee o(H')No(H® (). In the first step, we consider
the operators

HY():=H®(HeH' and H_(1):=D2+V on L2(—I,w,)).

By hypothesis: is small and fixed, anéh' has the eigenvalug®, which forl=1, is a distance
of O(#") from the rest of the spectrum ¢1%(l,), i.e., EY is a simple, conveniently isolated
eigenvalue oH‘l(IO). Thus, the analog Theorentiii2) is valid:
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Lemma 7: Assume the hypotheses of Theorem 3 withofH')Na(HE (1o)). Then there
exists a neighborhood 0f(1,), of size &N, such that for eachd V(l,), the operator H (1) has
an eigenvalue E close to E that satisfies the following for an§ e (0,1).

n

t
E —E+> —

nl” with t=o(e 2%(o- X/%) and ¢, =o(1), Vn=1.
n=1 .

Proof: We first note that as we varly with the restriction thatl —lo|<c#N, EY remains
isolated from the rest of the spectrum by a distance ofsfi2é Thus, we can prove the lemma by
mimicking the proof of Theorem(&i). |

For the second step, note that due to the behavideSdfl) in |, cf. (14), there exists am,;

e V(lp) such that

E_=ES(l).

We now use the interwining of the spectratdf (1,)®H¢ (1;) andH(l,). We obtain the follow-
ing lemma by using the techniques we used for Lemma 7 and noting that the eigenfupgtion
associated toE_ has the form¢y=¢_@®¢,, where H_(I)¢_=E_¢_ and HE(11) o,
=E_¢,:

Lemma 8: Assumid (1) and (H4) and that E_ is a double eigenvalue of Hl;)®H% (1) as
constructed above. Then the operatofllj has two eigenvalues Eand E, that satisfy

(t1+t2)n0'n

E,=E_+ >, -

n=1

with  o,=0(1), Vn=1,

where, for anyd e (0,1),
tl: O(e72ﬁdvo(xo,w+)/ﬁ) and t2: 0(6721‘}dvo(w+ ,Il)/h).

The last step in the proof of Theorem 3 is to note that the first two steps can be done for any
admissiblew . . Thenth eigenvalueE® of H' changes by only an exponentially small amount in
f when w, is varied, so it remains properly isolated from(H® (I,)). Furthermore, by the
behavior of the exterior eigenvalues, there exists,an a neighborhood offy, such that the new
E_ is also an eigenvalue 1% (I,). The optimal estimate is obtained whigr=t,, in which case

;
we havet,;=t,=o(e™ ?%,").
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APPENDIX A: KREIN'S FORMULA

Since we need Krein’s formula for one and two supplementary Dirichlet boundary conditions,
taken at different points depending on the situation, we wish to present the formula in a general
setting. On the other hand, for simplicity, we leave out the exterior dilation. We deal with this only
when necessary.

Supposen=2, and —oosxy<x;<---<x = are specified. LetQ:=(Xq,X,) and Q
:=(Xk_1,X¢) for k=1,..n. Let H:=D?+V be a Schrdinger operator o), with self-adjoint
boundary conditions ax, and x,, and letHY be the corresponding decoupled operator with
supplementary Dirichlet conditions &t ,X,,...,X,_;. Denote their resolvents big andR?, re-
spectively.

Let ze p(H)Np(HY) and u,velL?(R). Define 0:=R%z)u and ¥:=R(z)*v. Clearly, 0
e D(HY), and thusi=@®}_, 0, with t(x,)=0, k=1,...n— 1. We have
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((R(2)=R%2))u,v) = (u, %)~ (0,v)

n
=2 (D%, 9)g,~ (0, D%)g,
k=1

n
:_ﬁZZ lAJk\Allaﬂk
k=1
n—1
_ 32 N AN
=h gl (O 1= 0V,
We use standard Sobolev space notation and define functiﬁgkalsy the following relations,
wheref e @_, HY(Qy):

TLk:Hl(QJ—)—>C, Tixkf: lim f(y), for j=kk+1, k=1,.n-1.
yﬂx,yenj

WhenT)'jk is applied on functions belonging f*(Q) we simply writeTXk. It is well known that
Tﬂ(k is compact, and, consequently',&p*:CZHH‘l(QJ—) is continuous. Furthermore, Lemma 4 of
Sec. Il of Ref. 6 shows that whenevgre Cj(R) satisfiesy(x,)=1 fork=1,..n—1,

T ulP=2a" Y xullIDxull<ch ~*xujlla, for j=kk+1. (A1)

Finally, we define

Ty, T, Ty,
T = |, Tr=| ¢ |, T4=—T oT*, and T:=| :
Tznill Tgn—l TX”*1

With these definitions, we have the following formula,
(R(2) =R 2))u,v)=2R(2) THITIDRY2)u,v),

where all the multiplications are understood to be matrix multiplications.

1. Applying Krein’s formula for Theorem 2 (iii)
In the proof of Theorem @i), we havexy= —1,X;= —w_ ,Xo=w, ,X3=1,
RUz)=(H%1)-2)"%, and R(z)=(H(I)-2)"*.
Following Ref. 6, we define
B(2):=iTDR%z) and A(2):=TR(z).
SinceH is self-adjoint, we can write
m(z)=R(z)—RY2)=hA*(Z)B(2).
Furthermore, sinc&@ R%(z)=0, we have
Tm(z)=TR(2)=A(2)=hTR(2) T*B(2z).

We combine the two formulas to obtain
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m(z)=%°B*(2)TR(z) T*B(2).

Proposition 4 now follows from the next proposition
Proposition 9: Let g=E%+2ir. Fix any NeN. Then for sufficiently smatk and any r

e[min{#iN 3A},2A]
B(zo)=0O(A Y% and TR(zo)T*=0O(4"1).

Proof: The assertion o R(z,) T* is proved in step 5 of the proof of Theorem II1.3 of Ref. 6.
As for B(zy) we have

IB(zo)[?=[T,_DR(z0)[|*+|TZ_DR'(z0)|*+||T% DR'(zo)|*+] TS _DR(z0)II%,

where R'(z0):=(H'—25) "1 and R®%(zp):=(H®(I)—2z,) 1. Let x be aCj function supported
aroundw- such thaty(w.)=1. Using the estimatéAl), it suffices to find a uniform bound on
the expressions

XDR(Z,), DxDR(z), and xDR®(z), DxDR%(z).

We choosey, such thatV(x)—vo=e>0 for xe suppy. Then steps 1 and 2 of the proof of
Theorem II1.3 of Ref. 6 show that all theses terms are uniformly bounded. |

2. Applying Krein's formula for Theorem 2 (ii)

Here we consider the difference of the resolvents of the oper‘dﬁ%sjefined by formuld3)
of the Introduction and—IiDﬁo(I) defined by formula10). In this casen=3, xo=—0, x;=—1I,
X>=1, andxz=0%. The difference of the resolvents is

Rip,(20) — Ris,(20) = 1R (20) T*ie 2 AOTDRY (20).

Let x be aCy function supported around |, with y(*=1)=1. To show thafr“D RD (zo) and

TR_ ,B(_O) are uniformly bounded operators we use the estinaig. Thus, it sufflces to show
that yD R,B (z0) and xR_;z(zo) are uniformly bounded operators frolt to H*. If that is true,

then forue L?(R), we have

I(Rip,(20) = R|ﬁo(zo))u||$||TR—iﬁ(?0)”(|0(_|)|+|0(|)|)SC(|0(_|)|+|0(|)|)H—m>0:
uniformly in #, sincell= yD R%O(zo)u e HY(R).

We now address the required uniform bounds. Commutireznd D, we need only consider
xD RPﬁO(ZO) andXDZRPBO(zo). The expressions foF R_;5(z;) are analogous and can be treated
the same way. The formula

IXDRE, (20)[1°=ReRf, (20)*x*(D?~ 242(x*)" )R} (o)
shows that it is sufficient to boun}ngzRPBO(zo) and XRiDBO(ZO)' We have

XDZRi o(20)= 2'B)((H _Zo_(VOriﬁo_Zo))Ri (z0)=€”P(1- (Verig,— Zo)XRiDBO(Zo))-

ForXR,B (20), we setmig (Zo):=(Hig (1) —2) "= —(H{ (H-2)" ! and then write
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XRi,(20) = X(R (2o) & (Hj (1) = 20) '+ i (20)) @ RS (20)
= x((H (N =20) "+ mig (20)) BRI (20).

The right-hand side is uniformly bounded/irand| by Propostion 6 and Lemma I1.3 and Theorem
I11.3 of Ref. 6, which are also valid fof(Hf"BO(l)—zo)‘1 and g (o), respectively.

APPENDIX B: WKB ESTIMATES

For these estimates, we follow OlvéRef. 11, Chap. 11 The goal is to find approximate
solutions to the differential equation

—h2wW"+(V—E)w=0 (B1)

in Q. with vo+ 6>E>v for some positives. Due to either the nontrapping condition or the
explicit assumptior(H4), there is at most one turning point in each of the intervals (~) and
(—,w_). There is exactly one, if is sufficiently small. We assum&has been chosen so that
this is the case.

It suffices to consider the intervad(, ,o°), and we denote the turning point ky. We define
a new independent variable=s(x) by

s(x)s'(X)?°=E—V(x), s(x)=0, s'(x)>0.
By integration, we obtain
£=sgn(x—xy) 38(x))#*

where

max{Xx,x}
S(x)::f VIV(t)—E] dt.

min {x, X}

Note that sgnV{(x)—E)=sgn & —X). It is easy to check that under our conditions, Theorem 3.1 of
Ref. 11, Chap. 11, shows that Equati@il) has twoC? solutionsw,; andw, in (@ ,%), such
that

wi(x;h)=s'(x) " YABi(— &3+ O®BI(— £14h273))),
Wo(X:h)=s'(X) YA Ai(— 1123 + ORAI(— E1773))). (B2)

Higher-order approximations are also known, cf. Ref. 11, Sec. 11.7.
The Dirichlet boundary conditions imply the quantization condition

Wi )W, (1 A) —Wo(w ™ R)wy(l;4)=0.

Factoring the error ifiB2) in the classically forbidden region, using the asymptotic expansions of
the Airy functions(Ref. 11, p. 392 and 393and substituting all this into the quantization con-
dition yields

S(1
e‘S(“’+)’*"'(cos Q—g +O(h)

+ %e‘s(‘"+)/ﬁ(sin(

Sy )_

If this equation is satisfied, then, necessarily, §685(% — 7/4)=O(h). This implies S(1)/#
—ml4=[(2n+1)/2)7+ O(#), or equivalently
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wh+ O(h?).

.3
Ty

JI JE-V(t)dt=

Now using(H4), we have

f‘ \/E—V(t)dtzfl VE—v. dt+f|(\/E—V(t)—\/E—v+)dt

=\/E—v+(l—xt)+f| VeV dt=1VE—v, (1+0O(9).

xVE—V(t)+ VE—v.
From this, it follows that

(n+3)7h
I

E=v++( A+Oh)+0079). (B3)
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