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(ABSTRACT)

Thin-walled beam structures are adopted as structural members in various fields of modemn
technology including aeronautical/aerospacial, naval, mechanical and civil ones.

With the advent of advanced composite material systems, there is a vital need to reformulate
the classical theory of thin-walled beams in a wider framework.

This dissertation is intended to incorporate several essential effects which have a considerable
importance for the rational design of composite thin-walled beam structures. These effects are the
transverse shear deformation, the warping constraint, the secondary warping as well as the
hygrothermal and the dynamic ones.

The field equations of laminated composite thin-walled beams of either open or closed single
and multicell cross-sections are derived th:ough the application of Hamilton's variational principle.
The Laplace Transform technique is used to obtain exact solutions.

In this dissertation, the aeroelastic divergence instability of aircraft wings modelled as
thin-walled beams as well as the eigenfrequency problem of cantilevered composite thin-walled
beams of closed cross-section are considered in the framework of a refined theory incorporating
non-classical effects.

The numerical results reveal the great role played by non-classical effects as well as by the

tailoring technique applied to the problems studied in this dissertation.
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Chapter 1

Introduction

1.1 Motivation

The requirement of weight-saving and structural efficiency of structural members has
stimulated a wide use of thin-walled beam structures in various fields of modern technology
encompassing aeronautical/aerospacial, naval, mechanical and civil ones. A thin-walled beam
structure may be assimilated with a prismatic or cylindrical shell whose thickness is small compared
with any of the cross-sectional dimensions while the cross-sectional dimensions are considerably
smaller than the length of the beam. In order to obtain solutions which could be used in practice,
the 3-D problem is converted, in the case of thin-walled beams, to an equvalent 1-D one. Thus,
based on some simplifying assumptions, the 1-D theory of thin-walled beams has been developed.

The classical bending theory of beams (referred to as the Bernoulli-Euler beam theory) is based
on the assumption that the cross-sections, after deformation, remain plane and normal to the bent
axis of the beam [1,46,51,60]. The Bemnoulli-Euler theory of bending postulates a linear strain

distribution across the cross-section and ignores the influence of transverse shear deformations.
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As concerns torsion, within St. Venant’s type of theory [1,13,34,51], it is assumed that the
cross-sections of the beam maintain their original shape although they are free to warp in the axial
direction. The warping displacement is postulated to be proportional to the rate of twist, which is
assumed to be constant along the beam axis. However, these classical theories of bending and
torsion may result in erroneous predictions, especially when the warping constraint is present. The
warping constraint introduces a torsion - bending coupling, and as a result, the rate of twist can not
be assumed to remain constant along the axis of the beam.

Another element which has constituted a great stimulation towards further development and
refinement of the theory of thin-walled beams was the advent of new material systems, such as
composites. It is well known that the new and exotic material systems provide outstanding specific
strength and stiffness characteristics as well as a flexibility of tailoring the stiffness and strength
properties according to prescribed design requirements. The use of composite materials can also
result in advantages such as greater corrosion resistance, greater fatigue resistance, better damping
and lower thermal expansion characteristics.

However, anisotropic composite material structures exhibit a complex behavior different from
that of their metallic counterparts. As has become apparent, in spite of its evident importance, the
theory of thin-walled composite beams is the most under-investigated area in the field of composite
structures when compared with their plate and shell counterparts. This work is intended to
incorporate, in a unified way, several essential effects having importance in the design and the
analysis of composite thin-walled beam structures, namely :

(a) Transverse shear deformation

Composite material structures exhibit great flexibility in transverse shear, contradicting the
usual assumption of an inﬁnité rigidity in transverse shear postualated by the classical theory [36].
As a result, the transverse shear effect constitutes an important factor in the behavior of composite
thin-walled beams and, hence, this effect will be taken into account in the analysis.

(b) The warping restraint effect
As is well known, torsion related nonuniformn warping occurs when a section is restrained

against out of plane deformation [6,10,20,56,64,72] and/or when a non-uniform distributed torque
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is applied along the span of the beam. When a cross-section exhibits a warping restraint, St.
Venant’s principle stipulates that this warping inhibition effect tends to decay -away from the
restrained section. However, for anisotropic composite material, the decay length can be much
larger than that for the conventional isotropic beam counterpart [5]. Therefore, as was reported
[14,26,37,38,52,59,66], the free warping assumption may result in erroneous predictions of the
behavior of cantilevered type structures (such as, e.g., an aircraft wing). Consequently, the warping
restraint effect will be incorporated into the theory.
(c) Incorporation of secondary warping

For metallic thin-walled beam structures, the warping displacement on the middle surface
(which is referred to as the primary warping) is usually more predominant over the secondary
warping which is assumed to vary across the thickness [20]). As a result, warping displacement is
usually assumed to be constant across the thickness and the secondary warping effect was often
neglected in previous analyses. However, when the thickness of the wall is not so small compared
with the other dimensions of the beam and/or for composite structures which in general exhibit a
weak rigidity in transverse shear, the secondary warping may constitute a dominant part of the
warping displacement. In addition, for special shapes of the cross-section of beams (e.g., circular
cross-section) for which the primary warping displacement vanishes, the secondary warping still
exists [S1]. In the present work this effect will also be included.
(d) Incorporation of the thermal and hygral fields

In spite of their evident importance, the hygrothermal and dynamic effects have been almost
overlooked throughout research works on thin-walled beams considered so far ( a very recent work
devoted to the free vibration of thin-walled composite beams is due to Rehfield, Atigan, and
Hodges [58]). In this dissertation, a structural model incorporating a series of non-classical effects,
among them the hygrothermal and dynamic ones, will be developed.

Within this work, the modelling of single and multicell closed cross-section thin-walled beams
will be considered. In addition, the refined theory of open cross-section beam structures will be

substantiated.
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In summary, it is expected that this general theory incorporating in a unified manner a series
of important effects will have a significant impact on the design of structures made of thin-walled
beams as, e.g., flight vehicle structures, helicopter blades, naval structures, space deployable

structures, and civil constructions (as, e.g., bridges), etc.

1.2 Historical Review

A great deal of research activity has been devoted to the substantiation of the theory of
thin-walled beams made of conventional isotropic materials. A comprehensive theory of
thin-walled beams with open and closed cross-sections was developed in the late 30’s by Vlasov [72],
and more recently by Gjelsvik [20]). The underlying idea of Vlasov’s theory lies in the replacement
of the two-dimensional shell quantities with equivalent one-dimensional quantities that are
independent of the contour coordinate. Vlasov has introduced the concept of sectorial area
connected with the primary warping displacement of the cross-section. The non-uniform warping
effect is taken into account through a variable rate of twist along the beam axis. Vlasov has
extended his work to the static, dynamic, dynamic stability, and thermoelastic analyses of
thin-walled beams.

Gjelsvik [20] extended a theory of metallic thin-walled beams to both open and closed
cross-section cases. The secondary warping effect was also introduced in his monograph.

A general theory of thin-walled beams with open cross-section was developed independently
by Timoshenko [64] where the warping restraint effect for an I-beam assuming non-constant rate
of twist was considered. Furthermore, Timoshenko has introduced the effect of transverse shear
strain, in the bending vibration problem, as an additional kinematic variable [63]. A theory relating
warping displacements and rotations to the applied torque was developed for thin-walled multicell
beams by Benscoter [10]. Gere [19] also has studied the torsional vibration problem of thin-walled

open beams including the warping constraint effect. Theories for single and multicell thin-walled
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beams, particularly of conical and cylindrical shape, have been developed by Argyris and Dunne [2].
Their analysis was concentrated on the refinement of the ordinary engineering theory. The research
works mentioned above were devoted to the theory of thin-walled beam structures made of
conventional isotropic materials.

For thin-walled beams made of composite materials, several refinements of their theory have
been accomplished in the last decade. A thin-walled beam model was developed by Mansfield and
Sobey [45] for composite helicopter rotor blade applications. The authors reveal in their study the
powerful effects played by the elastic tailoring in rotor blade applications. By using variational
principles, Bauchau [5] has derived a thin-walled beam theory based on the assumption of the
non-deformability of the cross sections. The engineering theory of bending, stipulating that the
initially plane cross-sections remain plane after deformation and normal to the bent axis, is relaxed
in order to obtain solutions in agreement with the real behavior of composite structures. Recently,
an extension of Vlasov’s theory to laminated composite open beams was performed by Bauld and
Tzeng [8] in the framework of the classical lamination theory ( Love-Kirchhoff assumption).
Bauchau, Coffenberry, and Rehfield [6] have presented a comprehensive analysis of composite
thin-walled beams with closed cross-section. They have incorporated in their theory two
non-classical effects, i.e., the transverse shear deformations and the warping restraint effect which
are more significant for composite material structures. Libove [35] has conducted a research for
composite closed cross-section thin-walled beams with free warping end condition. In his study, it
was shown that the anisotropicity of the structures can result, even without warping inhibition, in
a variable rate of twist. Bank and Melehn [3,4] has developed a theory of composite thin-walled
beams which accounts for shear deformations in the framework of the Timoshenko beam theory.
In his work, in order to incorporate the shear deformation effect for composite structures, a
modified shear coefficient was introduced. In addition, his work was expanded for the case of
multicell thin-walled composite orthotropic beams.

Rehfield, Hodges, and Atilgan [55-58] have conducted a pioneering and definitive research
activity concerning the structural modelling of composite rotor blades. Their thin-walled beam

model includes two non-classical effects, namely transverse shear and non-uniform warping, in a
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unique and rational way. The inclusion of transverse shear effect in the structural model can be
considered as an especially significant and creative contribution to the theory of thin-walled beam
structures. Their research encompasses both static and dynamic problems of thin-walled beams.
Hoddes and Nixson [23] performed FEM analysis to compare with the results from the analytical
works.

Soler [62] has extended the theory of thin-walled beams with open cross-section to include the
initial pretwist. The resulting theory reveals the existance of elastic coupling between various
deformation modes. Krenk [29-32] has presented a static analysis of closed, thin-walled pretwisted
beams with variable cross-section. Warping of cross-sections is accounted for by a modified sector
coordinate. Tsuiji [66] presents the derivation of equations of motion of pretwisted thin-walled
beams under axial loading. In his work the coupled torsional and axial vibrations of a cantilevered
beam with open cross-section was analyzed in the framework of the linear theory. The torsional
vibration of short aspect ratio rotating metallic beams was treated by Kaza and Kielb [28] where
the effects of pretwist and warping restraint on the torsional vibration were considered. Rosen [61]
has derived a beam theory describing the nonlinear behavior of pretwisted beams subjected to axial
tension and torque. Within his analysis, the St. Venant concept of free torsion was considered. The
differential equations of motion were derived for flexural and torsional motions of pretwisted beams
applicable to helicopter and propeller blades [25]. Within his work, the classical beam theory was
adopted. A notable work [22} was performed by Hodges and Dowell to develop a nonlinear solid
beam theory with applications in the dynamic response and aeroelastic stability of helicopter rotor
blades. The equations of motion are derived through Hamilton’s variational principle. The increase
of torsional stiffness in the presence of tensile force is discussed within the framework of pretwisted
solid beam analysis [21] by Hodges. All the works mentioned above have considered the case of
metallic beams.

Mansfield and Sobey [45] have performed research work concerning the modelling of a
composite helicopter blade possessing an initial twist in the unloaded state. Within their work, the
initial twist and changes in the initial twist were assumed to be small, so that the analysis was done

in a linear framework. A finite element method was used to obtain static and dynamic responses
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of pretwisted composite solid beams by Bauchau and Hong [7]. The non-classical effects such as
transverse shear and warping restraint were included in this work.

An aeroelastic stability analysis of a composite rotor blade was investigated by Hong and
Chopra [24]. Within their analysis, the rotor blade was modelled as a single cell rectangular box
beam composed of an arbitrary lay-up of composite layers. The coupling of the various stiffnesses
is known to be of extreme importance in the aeroelastic stability analysis of composite lifting
surfaces [see e.g., 37,38,41,42]. As is well known, by using composite material structures it was
possible in the case of the Grumann X29 fighter to prevent, for the first time, the occurrence of the

aeroelastic divergence instability, a chronic problem facing the swept-forward wing aircraft.

1.3 Expected Results

As has become apparent, the theory of thin-walled beams is the most under-investigated area
in the field of composite structures when compared with the composite plate and shell counterparts.
This dissertation is intended to incorporate several essential effects which have a considerable
importance in the accurate prediction of the behavior of composite thin-walled beams. These effects
are transverse shear deformation and primary and secondary warping constraint effects.

The most general field equations of laminated composite thin-walled beams with either open
or closed (single and multicell) cross-sections will be derived in the framework of a refined theory
incorporating these non-classical effects. Hamilton’s variational principle will be adoptéd to derive
the equations of motion and the associated boundary conditions.

According to the problem at hand, the system of governing equations can be expressed in
terms of either displacement variables or stress resultants and stress couples The governing
equations with associated boundary conditions will be solved exactly by using a Laplace Transform

technique. This solution methodology constitutes another contribution to the state of the art.
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A general anisotropic material structure is considered, allowing one to perform a tailoring
analysis. Such an analysis is accomplished in chapter 3. The general governing equations derived
in this dissertation are expected to be used in the study of the following structural problems:

« Free vibration

« Static aeroelastic instability ( divergence )

» Dynamic aeroelastic instability ( flutter );{'

« Static (stress and deformation) analysis

« Buckling analysis

« Thermal flutter analysis

« Dynamic response analysis ¥

Static aeroelastic instability and free vibration problems are already treated in this dissertation.
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Chapter 11

Kinematics

2.1 General Considerations

Formulation of the kinematic relationships constitutes an important part of the analysis of the
behavior of any structure. Moreover, adoption of physically acceptable kinematic assumptions
enables one to obtain more realistic predictions of their behavior. A prismatic thin-walled beam and
two associated coordinate systems are shown in Fig. 1. A right-handed orthogonal curvilinear
coordinate system, (s,z,n), is associated with the middle surface lying midway through the thickness
of the thin-walled beam. The contour line ( or profile line) is defined as the intersection of the
middle surface with a plane normal to the generators. The generator lines are parallel to the axial
coordinate of the thin- walled beam. The thin-walled beam is considered as a prismatic one, and
hence the wall thickness is assumed to be constant along the axial direction of the beam. However
it can be a variable quantity along the contour line, i.e., h=h(s). The configuration and the

cross-sectional coordinate systems are shown in Fig. 1. The contour coordinate s has its origin at
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a conveniently chosen point sy (Xo, o), and is considered as positive in the direction depicted in

Fig. 1.

2.2 Kinematics of Thin-Walled Open Beams

2.2.1 Basic Assumptions

A number of the kinematic assumptions traditionally used to substantiate the theory of
conventional isotropic thin-walled beams of open cross-section, mainly of a geometric nature, will
be adopted in the case of their composite counterparts as well. In addition, by incorporating the
non-classical effects which are known to be far more prominent for composite structures than for
their conventional metallic counterparts, the refined theory of thin-walled beam structures made
of advanced composite materials will rely upon the following kinematic assumptions :

1) The orginal shape of each cross-section remains unchanged after deformation
[20,39,40,55-58,72]. This fact implies that the cross-sections do not deform in their own plane. As
a result, the in-plane strains are assumed to be negligibly small when compared with the axial strain.
This assumption basically distinguishes the thin-walled beam theory from the two-dimensional shell
theory for which the local distortions are taken into account.

2) For conventional metallic beams, owing to the great flexibility of the open cross-section
[9,18,48], the membrane shear strain in the middle surface of a beam is usually assumed to be
negligible [18-20,64,72]. However, for composite structures , the transverse shear effect is far more
significant than for conventional metallic structures. These transverse shear strains will produce
membrane shear strain in the mid-plane of thin-walled beams. Then, by using the strain
transformation law [16], the membrane shear strain can be expressed in terms of the transverse shear

strains. For a thin-walled open beam, the membrane shear strain is assumed to have a linear
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(X,y,Z) : Global Coordinate System

(n,s,z) : Local (Surface) Coordinate System

// h(s)

>

Figure 1. Configuration of a Thin-Walled Beam

CONTOUR LINE
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variation across the beam thickness when a torsional moment is applied [13,46,50,51]. Therefore,

the membrane shear strain, y,,, can be expressed as

d
Yal520) = 73a(D) S5 + yy,() - +206'2) @D

In Eq 2.1 as well as in the following the primes denote the derivative with respect to the axial
coordinate z while y.(z) and yy,(z) denote the transverse shear strains in the x-z and y-z planes,
respectively. The transverse shear components are assumed to be constant for each cross-section
and may vary along the longitudinal direction of the beam only. The cross-section, then, is assumed
to remain plane and unaffected by transverse shear as in the framework of Timoshenko beam
theory. When the transverse shear strains are neglected according to Eq 2.1, the membrane shear
strain of the midsurface will become zero. Such a statement is considered in many works dealing
with the classical theory of thin-walled beam structures.

(3) The quantity, ¢'(z) , referred to as the rate of twis? can not be assumed to be constant along
the beam axis when warping restraint exists [10,20,56-58;72].

(4) For thin-walled beam structures, the warping displacement of the middle surface (which is
referred to as the primary warping) is usually more prominent than the secondary warping which
is assumed to vary across the thickness [20,51]. As a result, the secondary warping effect was often
neglected in the previous works. When the wall thickness is, however, not small compared with
the other dimensions of the beam and/or in the case of composite structures which exhibit a high
flexibility in transverse shear, the secondary warping can not be considered negligibly small. In fact,
in special cases, it may constitute a dominant part of the warping displacement. For special shapes
of the cross-section beams for which the primary warping displacement becomes zero (e.g., square

closed cross-section beams), the secondary warping still exists [51].
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2.2.2 Kinematics of Thin-Walled Open Beams

Denote the lateral rigid body displacements of a cross-section in the x and y directions as
uy(z) and vo(z), respectively, and the rotation of a cross-section about the z-axis as ¢(z). Since the
cross-section is assumed to be nondeformable in its own plane, the contour of the cross-section can
be considered as embedded in a rigid disk lying in the x-y plane. Consequently, these kinematic
variables (uo,vo,¢) are functions of the axial coordinate z only. A number of basic relationships
between the displacement of a point A on the contour line and these kinematic variables (uo,v,, and
¢) could be derived (see in this sense Fig. 2). This assumption is fulfilled in practice. It is well
known that, e.g., in aeronautics the wing and fuselage structures are reinforced transversely by rigid
bulkheads which ensure in fact this nondeformability property. The same feature is exhibited by
naval constructions. Consider first several relationships concerning the geometry of thin-walled
beam structures. Let us define the position vector r(s) of a point located on the mid-line of the
thin-walled beam. Let us consider that the arbitrary origin for r lies in the plane of the cross-section

(see Fig. 3). This gives
T(s) = x(s)i +y(s)j (2:2)

where 1,j, and k denote the unit vectors along the x,y, and z axes, respectively. The unit tangent

vector to the contour line is

i +—] (2.3)

A=txk=—S%j 4+ 2 (2.4)
In general, the displacement vector g(x,y,z;t) can be written as (see Fig. 2)
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d=ui +vj +wk (2.5)
where u,v, and w denote the displacement components of a point of the beam in the x,y, and z
directions, respectively. By considering the geometric relations obtainable from Fig. 4, the lateral
displacements u, and v, of the point A on the contour line , due to the rotation of the cross-section,

can be expressed as

uy = x — Rcos(¢ + a)

= X — R(cos¢cosa — singsina)

=x - R(cos¢ % — sing %— ) (2.6)
= x(1 — cos¢) + ysing
xyd

vg=—y + Rsin(¢ + a)
= —y + R(sin¢cosa + cos¢sina)

= —y+R(sing 2+ cos¢ %) Q.7

=y(—1 + cos¢) + xsin¢
~x¢

In the above deductions, the angle of rotation ¢ is assumed to be small so that sing = ¢ and
cos¢ = 1. In accordance with Fig. 2, the displacement components in the x and y directions,

denoted by u and v, respectively, are expressed as
u(x,y,z) = ug(z) — uy(z) = ug(z) — yé(2) (2.8)
V(X,y,z) = Vg(2z) + v4(z) = vo(2) + x¢(2) (2.9

It may be shown that the displacement field fulfils the assumption of the cross-section

nondeformability, i.e.,

du(y,z)

=0 (2.10)
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Ty= gt g == b+é=0
The membrane shear strain, yy,, is given by Eq 2.1.:
Vs2(8:Z,0) = vxz(Z) d + )'yz(z) +2n4> @)
By definition, the membra.t‘le shear strain is given by

6z+

Ysz2 =

ow.
d

where v, denotes the tangential displacement. It is expressed as :

Vt=60t

T s e dx T dy
= (ui +vj +wk)e( s 1+ ds 1)

_n,dx 9y
—uds +v ds
vy 9X dy
= (ug —y¢) ds + (vo + x¢) ds

d
= uy(2) ‘;—: + vg(2) —c% + 1,(5)¢(2)
where (see also Fig. 3)
- dy d
(i dx 7 ; ) _

W =T R = (8 +y])e (- ST + o) =xg -y F
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Figure 2. Displacement Field
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Figure 3. Configuration of A Cross-section
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Aw,y)
Y
T Axy)
[ 1
— u, -
a
-

Figure 4. Displacements Due To the Rotation

Replacement of EqQ’s 2.14 and 2.1 in Eq 2.13 results in

d d
Y@ %:— + Yy2(2) d—z +2n4°(2) = ug'(2) ‘;—’s‘ +v'(2) Iy +1,(80¢'(2) + %—:’- 2.16)

Furthermore, multiplication of both sides of Eq. 2.16 by ds followed by its integration around the
contour coordinate results in the expression of the axial displacement at an arbitrary point s as

follows :
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§ N d s
w(s,z,n) = Wy(2) + (yy, — “0')_[’ —% ds + (yy, — vo')j0 Fi— ds — <j’>'(z)J.0 [rn(s) —2n]ds (2.17)

where the origin for s is conveniently chosen. An equivalent form for Eq. 2.17 is

W(s,z,n) = wo(z) + X(5)8y(z) + y(s)05(2) — ¢'(2)F ,(n,s) (2.18)
where
Wo(2) = Wy(2) — X0y(2) — ¥obx(2) (2.19)
0y(z) = yx2(2) — ug’(2) (2.20)
84(2) = vy(2) — v¢'(2) (2.21)
Fume)= [ "Iro(5) — 20]ds = Q(s) - 2ns (2.22)

In Eq 2.19 W(z) denotes the axial displacement of the origin of the s coordinate while 8,(z) and
0,(z) indicate the rotations about the x and y coordinates, respectively. The integral on the
night-hand side of Eq 2.17 is taken along the contour line. The last terms in Eqs 2.17 and 2.18
represent the torsion related warping displacement of the beam. For n=0, Eq 2.22 reduces to the
expression of €(s), referred to as the sectorial area [72]. As shown in Fig. 5, Q(s) represents twice
the area swept by the radius vector r(s). This sectorial area is connected with the warping of the
cross-section aﬁd will be referred to as the primary warping function. The term 2n in Eq 2.22 is

referred to as the torsional function for thin-walled open beams.
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Contour Line

3

Q(s) = J r,(s)ds

Figure S. Sectorial Area

Consistent with Eq 2.18 the axial strain, without considering the secondary warping effect, can be

expressed as

£22(8,2.0) = Wo'(z) + 8, (2)x(s) + 8, (2)y(s) — ¢"(2)F ,,(n,s) (2.23)
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Next, the secondary warping effect is going to be considered. According to the strain
transformation law, the shear strain in the n-z plane, y,,, can be expressed in terms of transverse

shear strain components as:
1oal2) = 1@ L~ y,3) L= = [0,0) + WD) L ~ [6,@) + @] L (229)
nzA™ X2\ ds Y2 ds y ds X 0 ds )
By definition

ynz_ an

<+

s ov
ow == (2.25)

where w* denotes the secondary warping displacement while v, denotes the displacement

component in the direction of the outward normal to the middle surface as shown in Fig. 3. It is

given by
vy=6.n
(m +v1 +wk)(——-] + 1)
dy dx
=u s -V ds (2.26)

= (g ~y4) = (1 + x) X

d
= u@) S~ Vo) + a(5)(2)

where (see Fig. 2)

d
as) = - (y o +x ) 227)

Consideration of Eqs 2.24 and 2.26 in 2.25 yields
=0y~ — 0, 9% _a(5)¢" (2.28)
X ds
Integration of Eq. (2.28) yields the warping displacement expressed as
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d
wi(s.2m) = [0,(2) o = 04(2) T= —a()'@)]n (2.29)
or alternatively as
s oy 9Y oy X )
Wi(s.2,0) = [ — b'@) 5 — ryal® — W' @) = —a()4'@)]n (2.30)

Eq. (2.30) implies that the secondary warping has a linear variation across the wall thickness. By

virtue of Eqgs. (2.18) and (2.30) the total axial displacement results in
d -
w(sz,n) = wo(z) + By(2)[x(s) + n —%] +0,@)[y(s) - n %] — $'@[US) ~ 2ns + na(9}231)

where -ﬁ(s) and na(s) are referred to as the primary(contour) and the secondary(thickness) warping
functions, respectively. Setting n equal to zero in Eq. (2.31) results in the expression for the primary

warping. Based on Eq. 2.31 the total axial strain is expressed as:

d
BZZ(svzan) = WOI(Z) + 9y'(z)[x(s) +n ?z-] + Bx'(z)[y(s) —n %:—]

(2.32)
—$"(@)[S) — 205 + na(s)]
In an equivalent form, the axial strain can be represented as:
£22(5.2.0) = £2,)(52) + 1 £,"(5,2) (2.33)
where
2 (52) = Wo'@) + B,/ @)X() + 0, @y(8) — (A (234
and
"(62) = 0, 2~ 0, & gy - 26 (239)

In an alternative form Eqs 2.34 and 2.35 are expressed as:

Kinematics 22



822 (52) = Wo'@) + [, (@) — " (D)IX(S) + [1y'(2) = V0" @y(s) — " (@A) (236)

n d
2" 62) = '@ = " @] 5o — [y @) — " D] —4"@[a® - 2] (237)

When the non-classical effects are discarded, i.e., when the transverse shear strain components
yx(z) and yn(z), the torsion related primary warping, and the secondary warping effect are not
considered in the analysis, the expression of the axial strain given by Eq 2.31 reduces to the one

encountered in the classical beam theory, i.e.,
£22(5:2) = Wo'(2) — ug"'(2)x(s) — vp"'(2)y(s) (2.38)
Next, the membrane shear strain is expressed as
52 = 1@ SX + @) L +204°(2) @)
SZ\"15&y XZ dS yz ds °
or in different notation as
’ dX ’ dy ’
yea(s2:m) = [0,@) + v’ @155 + [04) + v’ @] 5~ +204'(2) (2.39

When the transeverse shear strains, y.(z) and y.(z), are not included in the analysis, Eq 2.1 reduces
to the expression for the membrane shear strain of thin-walled open beams subjected to pure
torsion in the framework of the classical theory. The shear strain in the n-z plane, y,,, was also

expressed by Eq 2.24:

d d
Tosl5:2) = V22D g = 1yel® S5 = [6,@) + W@ G-~ [0, + v @1 (229)

According to the assumption of rigid cross-sections, the other strain components in the plane of the
cross-section are zero. Six kinematic variables (ug, vo,Ws,0y,0x,¢) Which are functions of z only can
wholly define the displacement field and, hence, the strain field. Within the framework of the

St.Venant torsion model, the rate of twist, ¢’, is assumed to be constant along the beam axis so that
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the last term in Eq 2.19 becomes immaterial. It is evident that, within the framework of the classical

St. Venant theory, there is no axial strain produced by twisting (see Eq 2.23).

2.3 Kinematics of Thin-Walled Closed Beams-Single Cell

2.3.1 Basic Assumptions

The assumption of rigid cross-sections formulated in section 2.2.1 for open cross-section
beams will be retained for closed cross-section beams also. For this case, in contrast to the case of
open beams, the membrane shear strain in the middle surface due to torsion can not be assumed
to be zero. Such an assumption would result in a closed beam infinitely rigid in torsion, i.e., in a
beam whose shear modulus goes to infinity. Let y(z) be a membrane shear strain due to torsion.
For a closed thin-walled beam, the shear flow and the membrane shear strain associated with
torsion is assumed to be independent of the contour coordinate s. Taking into account transverse
shear and torsional strain components, the membrane shear strain of the middle surface can be

expressed as [S5]:

d
7s(82) = 1@ S + 1322 -+ 72) (240

where y(z) denotes the shear strain due to torsion. This function will be determined in the future
analysis. The secondary warping effect is included in the analysis of the closed beam in the same

manner as in the case of open beams.
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2.3.2 Kinematics of Thin-Walled Closed Beams

By definition, the membrane shear strain in the middle surface of a closed beam can be expressed

as

av
yo(82) = % +—=t 2.13)

The displacement component tangent to the contour line was expressed as

v(82) = 1@ IE 4+ vi(a) S+ 1962 (2.14)
‘Inserti.ng Eqs 2.40 and 2.14 into Eq 2.13 yields
B [raf® = i @IS 4 [1y500) = V0 @] S + 1) = 146 (241)
or alternatively
B, 40,6 4 1@ — 18D 242

For the closed beams, the axial displacement should be continuous around the perimeter of the

cross-section and should satisfy the periodicity condition

ow_ o _
L - ds=0 (2.43)

Substitution of Eq 2.42 into Eq 2.43 yields

dy , _
y(z) dx ds + Bx(z)fc s ds + cht(z)ds —¢ (Z)Lrn(s)ds =0 (2.44)
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However, it can be easily verified, for closed cross-sections, that

de g [ & 4o
eas jc Lds=0 (2.45)
Eq.2.44 then gives
ds = ¢’ d 2.46
1@ ds= ') rois (246
Then
2A,
(@) =¢'2) ; (2.47)
where
2A,=| ry(s)ds (2.48)
C
B=1] ds (2.49)

A denotes the cross-sectional area bounded by the mid-line of the contour while § represents the
total length of the mid-line of the contour. The axial displacement of the middle surface is finally

given by

W(s,2) = Wo(2) + [vx2(2) — ug’(2)]x(s) + [ry2(2) — vo'(2)]y(s)

o [ s, (2.50)
~@ ras + 2 40 s

or in different notation
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W(s,z) = Wo(z) + 0,(2)X(s) + Ox(2)y(s) — ¢'(2)F () (2.51)

where F,(s) is referred to as the warping function for the closed cross-section beam and has the

form:

F_(s)= s[r (s)—2 i:]ds = Q(s) — 225 (2.52)
w J‘O n ﬁ ﬁ

where 2 A is the torsional function for thin-walled closed beams denoted as:

B

A, -
¥r =2 (2.53)

It is found that the warping function for closed beams is a function of s only. The axial strain
component is derived from the displacement field given by Eq 2.50 or Eq 2.51. The axial strain

of the middle surface is
£52(8,2) = Wo'(2) + 8y’ (2)x(s) + 8,'(2)y(s) — ¢"(2)F ,(5) (2.54)
An alternative form of Eq. 2.54 is
£52(8:2) = W'(2) + [¥x2(2)" — up" (2)]x(5) + [vz(2)" = vo" (@)]y(s) — " (2)F ()  (2.55)

By following the procedure devised previously for the case of open cross-section beams, the
secondary warping of closed beams results in the same expression as that for open beams. For the

sake of completeness, the expression of the secondary warping for the open beam is repeated here:
W= 10,02 _ 6,095 _ae)¢'@n (2.29)
¥ ds ™ ds

or
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s d
W = [l — 0@} g — [ryal@ — Vo' @)] = —a(9$' @)

(2.30)

By adding this secondary warping displacement to the primary one, given by Eq 2.51, the total axial

displacement for closed section beams is given by

d
w(s,z,n) = wW(2) + 0,(z)[x(s) + n d—Z] +80,(2)[y(s)—n %—:— ]— ¢’@)[F,(s) + na(s)] (2.56)

where F.(s) and na(s) are referred to as the Vprimary (contour) and the secondary (thickness)

warping functions, respectively. Setting n equal to zero in Eq. 2.56 results in an expression of the

warping displacement which does not account for the secondary warping effect.

The axial strain can be written as

d .
exss28) = Wo'@) + 8y @[K() + 0G0 1+ 0y @) ~n g
—$"@[F(s) + na(s)]

or equivalently as:
0 n
€25(8,2,0) = &5, (5,2) + n gy, (5,2)
where

£22.(5:2) = Wo'(2) + Oy @)X(s) + 0, 2)y(5) — ¢"'(2)F ,(5)
n — ’ _Sll ’ __d_E_ "
£zz (8,2) = ey ds — 0y ds —¢"(2)a(s)

Other equivalent forms for Eqs 2.59 and 2.60 are

822 (82) = Wo'(@) + [12 (@) — Ug"@)]A(5) + [y, (@) — V" @1Iy(s) — ¢"(@)F ,(5)
n — ’ " d_y ’ ”"” _d__x_ ’”
e2a(52) = [1az' @) = " (@] g — s’ @ — v @] 3% 4" (2)a(y)
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As in the case of open cross-section beams, the last term in Eq. 2.57 is associated with the
non-uniform warping strain. When the non-classical effects are not included in the anlysis, the axial

strain given by Eq 2.57 is reduced to the one associated with classical beam theory:
€22(8,2) = Wp'(2) — ug"'(2)x(s) — vo"'(2)y(s) | (2.63)
The membrane shear strain was given by Eq 2.40:
dx dy
Ys282) = 1®) -+ 1@ 5+ 1) (2:40)

When the transverse shear strains, y.(z) and yy(z), are discarded, Eq 2.40 is reduced to the
expression of the classical membrane shear strain of thin-walled closed section beams subjected to

a pure torsion. The membrane shear strain is obtained by considering Eqs 2.40 and 2.47:
1oas2) = 1es) St 1ye0) T 49 2% (2:64)
or
rals2) = [0, + u' @] + [0,00) + /@] S +¢' 0¥y 269
As in the case of the open beam, the shear strain in the n-z plane, y,,, was also given by Eq 2.24

d d
10a(5:2) = Y222 g — 1D G = [0, + W' ] G~ [0 + v @IS (229

The other strains in the plane of the cross-section are identically zero, which is consistent with the
assumption of rigid cross-section beams. Six kinematic variables (u,, vo,Wo,8y,0x,¢) which are
functions of z only can fully define the displacement field and, hence, the strain field within the

theory of thin-walled closed section beams.
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2.4 Kinematic Equations for Both Open and Closed

Beams

Except for the torsional function, the expressions of kinematic relations are the same for both
open and closed cross-section beams. Now, it is possible to express the kinematic equations in a
general form which can be applied to both open and closed beam cases as follows:

Considering Eqs 2.31 and 2.56, the axial displacement can be expressed as

d
w(s.z.n) = wo(2) + O,(2)[x(E) + n o 1+ 0,@)[y(s) —n- 3 ]

(2.66)
—¢'(2)[F,, +na(s)]
where the warping function, F,, is given by
S H A
F,= _[ [ra(s) — Wylds = f [r,(s) — 6,2n — 6.2 —ﬁi 1ds (2.67)
0 0

The torsional functions, Wr, for the open and the closed beams are 2n and 2 i\-c—, respectively. By

B
inserting Eq 2.67 into Eq 2.66, the axial displacement can be expressed as

d
Wiszm) = wo(@) + 0,0 + G- 1+ 0@~ G ]

A (2.68)
—~¢'(2)[(s) — 6.2 Tc s + n{a(s) = 6,2s}]
and the axial strain is
can(82:0) = W) + 8, @IX() + 2 1+ 0, ()y(s) —n-SX
(2.69)

—¢'(2)[Q(s) — 6.2 % s + n{a(s) — 8,2s}]
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where &, and 6. are the tracers identifying the open and the closed beams, respectively (i.e., 6, =1
and é. = 0 for the open beams while 6, =0 and . = 1 for the closed beams). It is found that the
warping function for open beams is a function of both s and n coordinates, while the warping
function for closed beams is a function of s only. Eq 2.67 reveals the difference in the warping
functions for the open and closed beam cases.

Next, the membrane shear strain is

d dy
Vsz = sz(z) d: + yyz(z) ds + 7 (240)
where, y,, is given by
_ , Ac ,
Y1 =90,2n¢’(z) + 6.2 T '(2) (2.70)

The shear strain in the n-z plane, yn,, is given by Eq 2.24 as

d d
1ual5:2) = V12 g — 1D S5 = [0, + W D] o~ [0 + @IS (229

2.5 Refinement of Kinematics with Respect to Warping

Measure

Within the framework of the classical St.Venant torsion theory of beams, the rate of twist is
assumed to be constant so that the axial strain due to torsion becomes a zero quantity. In our
derivation, the warping displacement is assumed to be proportional to the rate of twist, ¢'(z), which
provides the warping measure. The concept of variable rate of twist provides a non-uniform

warping measure enabling one to include the warping restraint effect in the analysis. Now we will
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introduce an additional refinement of the warping restraint effect by introducing an independent
kinematic variable as a warping measure. An independent kinematic variable, ©&(z), not necessarily
a rate of twist, is introduced as a warping measure in the kinematic equations [49,67]. The resulting

expression of the axial displacement is given by

w(s,z,n) = wo(2) + 8,(z)[x(s) + ﬂ e ] + 0x(2)[y(s) -

A "o @2.71)
-O@)[Q(s) — 6.2 —pi +n{a(s) — 6,2s}]
The membrane shear strain in the middle surface of a beam was given by
dw OV
Ye(82) =5+ —+ (2.13)
The displacement component tangent to the contour line was given by
v((s2) = uo(z) —+ Vo(z) L+ r()9(2) (219
Then, the axial strain can be written as
’ ’ d ' dx
£22(s:2.0) = Wy'(2) + 8, (2)[x(s) + n —] +0,'@ly(s) —n-4=
A (2.72)
—@'(z)[QUs) — 6.2 —ﬂi +n{a(s) — 6,2s}]
The membrane shear strain is
d
1o = [0,@) + w1 X + [6,@) + Vo' @] S + (4@
ds ds 2.73)

AL
—O(Z)[r,(s) — 6o2n — 6.2 T ]

In this derivation, the variation of the secondary warping along the contour is neglected. Similary,

the shear strain in the n-z plane can be expressed as
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d
ua(5:2) = [0,(2) + 0/ ()] - — [62) + v/ ] &
+a(9)$'@) — [a6) - 6,2519)

d
=12 d—Z e ‘;—’s‘ +a(s)¢'(2) — [als) — 6,2519(z) -

(2.74)

2.6 Alternative Expressions of the Kinematic Equations

The various kinematic equations incorporating the non-classical effects for either the open or

closed cross-section beams can be expressed in a compact fashion by introducing a system of tracing

quantities whose purpose is to identify the various effects. In such a way, the displacement

components can be expressed as
u(s,z) = up(z) — Y[y 19(2) + 6y28(2) + Sy38]

v(5,2) = v((z) + X[d 1 P(2) + 0y28(2) + 6y3¢ ]
d
W(s.2,0) = Wo(2) + [80(2) — Sntg’@IIX() + 60 -]

— [6419'(2) + 6420(2) + Su3b JIF o(5) + 0 (s)]

where

Ew(s) = jo r,(s)ds — 4.2 —‘;c— s

E(s) = 44a(s) — 8,2s
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The displacement component tangent to the contour line can be expresscd as

d
vi(s,z) = uy(2) %’;‘- + vo(2) d—z + () [0 1P + Owad(2) + O3] (2.80)

The displacement component in the outward normal direction to the middle surface can be

expressed as

d
Vo= U(@) G = Yo@) S +aO) 6w $@) + 8426 (@) + 6] 2381)

where, &, is the tracer identifying the secondary warping effect., 8, and .. are the tracers related to
the transverse shear effect., dy1, dw2, and d,; are the tracers related to the warping measures, 6 is 0
or 1 depending on whether the secondary warping is neglected or incorporated, respectively, & is 0
or 1 and 6, is simultaneously 1 or 0 depending on whether transverse shear deformation is
disregarded or included, respectively; w1, 6wz, and s are taken as 1 according to whether ¢'(z),
©(z) or ¢’ (constant) are considered as warping measures, respectively. Otherwise, these tracing
quantities are taken as zero.

In such a general form, the axial strain component is given by

d
£22 = Wq'(2) + [6,0'(2) — u9" (2)][x(s) + 60 d—’s’
+ [6,804(2) — bpuvo” @Ly(s) — é5n % ] (2.82)

— [6u19"(2) + 5, 2@' @DI[F ,(s) + na(s)]
The membrane shear strain is

dzy

= S T o £y
sz = [68y(2) — dnu0"(2)][ ds + 6 i< ]

dy d?x
+ [6,04(2) -6 ’ — —én-—-
06+ = Snit @I ds 8 ds? L (2.83)
[6W1¢'(z) ' 6w2®(z) f 6w3¢c’][rn(s)_q’T +n(;—:]

d
+ug’(2) % +vo'(2) d—)S, + 1,(S) [0y 9 (2) + 042@'(2) + Oy30"]
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This equation can be expressed in a different way as

d
P = [86y@) — S0/ @] 5 + [604(2) — mive'@)]
~ [5u1'@) + 6,20@) + 8, Mrnls) — W]

d
+00'@) S+ v (@) G+ TaO6w1 /@) + u2'(2) + bu36)

(2.84)
’ dzy ’ d2X
+ 6L(80,(2) = bnig'@) — T = (864(2) = bnvo' @) 7]
s
? I d~
~0{6414'@) + 64,0(2) + u3dc} 4
da .
where s is
da _ 1+ _(1214_ iz.x_ 2.85
dS— ( ydsz xdsz) ()

However, for simplicity, the last part of the membrane shear strain produced by the secondary
warping effect can be neglected. As a result, for closed section beams, the membrane shear strain
is assumed to be constant across the thickness while for open section beams, since the torsional
function, ¥r, depends on the thickness coordinate, it would vary across the thickness. Now, the

membrane shear strain is expressed as:

d
Ysz = [610y(z) = Onuo’(2)] (cil—: + [604(2) — Vo' (2)] d—z ;
- [‘swld"(z) + 5“,2@(2) + 6w3¢cl][rn(s) - \PT] (286)

d
+uy'(2) 3—’5‘ +v'(2) —dZ— + ()68 () + 6428 (2) + 6u3de’]

Eq 2.86 can be rewritten as

d
7oz = [60(2) = g’ @] S + [8042) = mvg' ()] 4

d .
+ 0@ L+ vy'@) T+ S (4'(2) - O] 87

+ Wildy19'(@) + 63 2,0(2) + 6436."]

Next, the shear strain in the n-z plane can be expressed as
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d
Yoz = 8L664(2) = 6030/ @)] - — S804(2) = v/ ()] S
= [5u1$'@) + 82202) + by36 ) (288)
d
+ U)o = V') T+ [8,18'(2) + 542$'(@) + 6,38 TaC)

In order to emphasize several of the effects included in the expressions of the strains e, ys, and
¥nz, Other expressions of them will be provided next.

« The axial strain can be expressed in the form
£55(8,2.1) = £,,°(5,2) + e, (5,2) (2.89)

where ¢,,%(s,z) and e,,"(s,z) are

szzo(ssz) = WO'(Z) + [6t8y'(z) - 6nlu0"(z)]x(s) + [6tax'(z) - ‘5an0"(2)])'(5) (2.90)
— (519" (@) + 64, @)]F o,(5)
n d
&2z (8,2) = 65[6,8,'(2) — 609" (2)] d—z —8,[6:8,'(2) — Spyvo"'(2)] %
— [6w19"(2) + 64, @' (2)]a(s)

(2.91)

Neglecting the secondary warping effect, the second part of Eq 2.88 will vanish.
« The membrane shear strain can be considered as a combination of two different parts as (see Eq

2.87)
0 t
?sz = ysz + )'sz (292)

where y,,° is expressed as

d
Ve = [88(2) — S0’ (2)] ?1_: + [6:04(2) = 6ryvo'(2)] TZ—
(2.93)

dy ,
+3'@D) L+ vy'@) - + San(I[$'(@) — OD)]
ds ds
while y.! can be expressed as
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A
)'szt =Y¥1Wy =(6o2n + écz—ﬁ— W6w19'(2) + 642,0(2) + by34.] (2.94)

which stands for the membrane shear strain caused by torsion. The torsional functions, \¥'1, for the

open and the closed beam cases are 2n and 23, respectively. The warping measure, Wy, is

B

defined as
WM = 6W]¢’(Z) + 6w2®(2) + éw3¢c’ (2.95)

« The shear strain in the n-z plane was given by Eq 2.88 as

d
Yoz = 6:[88(@) — n' @] G — 8:804(2) = by’ D] =
— [6w1'(2) + 6,4,0(2) + 64,30 Jals) (2.88)
d
+0'(0) g = /(@) S+ [616'@) + Suad'(2) + b3 a9

The above equations will be used in the derivation of constitutive equations and of the governing

equations.

2.7 Kinematics of Multicell Closed Section Thin-walled

Beams

2.7.1 Basic Assumptions

A multicell thin-walled beam is composed of several closed cross-section cells. As is evident
that a part of the kinematic assumptions used for single cell closed beams can be applied for this

more intricate cases too. However, the multicell thin-walled beam structure requires an additional
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consideration which concerns the compatibility conditions for the rate of twist characteristics. The
analysis of a multicell thin-walled beam structure subjected to a torsional moment is a statically
indeterminate problem since an extra unknown, namely, the shear flow associated with each
additional cell, is introduced. For a thin-walled beam with N-cells, N compatibility conditions
concerning the rate of twist of each cell should supplement the single equilibrium equation of the
torsional moment. N number of shear flows and the value of the rate of twist (considered to be the
same for all cells) can be obtained from the N compatibility conditions plus one equilibrium
equation of torsion [1,10,46,60].

Rehfield, et al [56] have accomplished a pioneering work on the formulation of kinematics for
multicell composite thin-walled beam structures. To the best knowledge of the author, this work
is the first one dealing with multicell thin-walled beams made of composite materials including the
warping restraint effect. In this dissertation, the formulation of kinematics on the multicell
composite beams will be complemented by incorporating the secondary effect.

First of all, the St.. Venant torsional model of multicell thin-walled beams will be considered
to obtain the variation of the shear strain along the contour line. Within the St. Venant torsional
model the shear strain is assumed to be constant along the beam axis, which implies the absence
of the warping restraint effect. As a result, the membrane shear stress resultant (N,;), which is
referred to as the shear flow, is assumed to be constant along the contour line of each cell. This
membrane shear stress resultant (shear flow) is denoted by q in articles and monographs. The

equilibrium of an element of the wall, considering the axial stress resultant (N;;), yields

—Z (2.96)

Nlt

ds
function of the axial coordinate z. Furthermore, the axial stress resultant (N,) should be zero

where is assumed to vanish and, hence, N,, is constant along the beam axis,i.e., N,, is not a

everywhere in the body in order to satisfy the free lateral boundary condition and the force and
moment equilibrium conditions at the free ends where only a torsional moment is applied. These

conditions are given by
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T,= f Ny ds =0 (2.97)
C
M, = J. y(s)N,ds = 0 (2.98)
C

My = jcx(s)Nuds =0 (2.99)

-2.7.2 Kinematics of Multicell Cross-Section Beams

A free torsion problem of a multicell thin-walled beam subjected to equal and opposite torques
at both ends without warping restraints will be considered first. This is done in order to formulate
the kinematics for the structure with warping restraint effect. The warping function obtained from
the free torsion model will provide a cross-sectional distribution of the warping displacement. The
rate of twist of the R-th cell of the beam having N number of cells can be determined through the
following procedure.

The membrane shear strain is, by definition, given by

ow  ov
V=S + 5 (2.13)

where v, is given in Eq 2.14. Differentiation of Eq 2.14 with respect to the axial coordinate z gives
’ 14 dy ’
v/(5,2) = uy'(2) dx vo'(2) == + 14(5)9'(2) (2.100)
ds ds
Substituting Eq 2.100 into Eq 2.13 and integrating along the contour of the R-th cell yields
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d
JR(ysz)Rds = '[R % ds + L[uo’(z) %:— Jds + JR[VO'(Z) -% Jds + ¢’R(Z)J-an(s)ds (2.101)

The axial displacement w(s,z) should be continuous along the contour line of the R-th cell. By

considering Eq 2.101 where the first three terms of the right hand side become zero, the rate of twist

of the R-th cell is

$'r

7 Ar Goncs 2102

where 2Ag, denoting twice the enclosed area of the R-th cell, is expressed as

2AR = Jan(s)ds (2.103)

The shear flow distribution in the R-th cell is illustrated in Fig. 6.
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Figure 6. Shear Flow Distribution in the R-th Cell

When there is no internal pressure inside the thin-walled beams, the hoop stress, Ny, is usually

quite small and can be neglected. The generalized constitutive relations are given in matrix form

lsz}_[KnKlz}[ﬂzz] (2.104)
Ng, K2Ks; [Lysz

The derivation of Eq 2.104 is detailed in the next chapter, i.e., Chapter 3. In Eq 2.104, K;; denoting

in Eq 2.104:

modified stiffness are
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Ki=Apn- A (2.105)
ApA

Ky = Ay — K“'G (2.106)
A 2

Ka = A — A’:’l (2.107)

As was mentioned before, for St.Venant’s torsional model the axial stress resultant, N,, , is zero

everywhere in the body. Then, as is usually denoted in the literature,

Kip’
Ng=q = (K, — K ) (2.108)
11
where, q denotes the shear flow. Denote « as
a= ! (2.109)

Kqp(1 - L3S Kj))
Kp

Here 7.1‘- denotes the generalized torsional stiffness. Then the shear flow can be expressed as

1
Q=73V¥sz O Vys=2q (2.110)

Substituting Eq 2.110 into Eq 2.102 gives

$'rR= ARL[qa]dS

1
2 @.111)
1
2

Aglag - 1SR —1,r2ds + qrfrads + g 4 1/ R R 4 12d5]
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where [ ARl (se)ds denotes the curvilinear integral taken along the wall separating the R-th and

(R + I)-th cells. By considering every cell of the cross-section, Eq 2.111 can be expressed in the

matrix form
¢’y St Sy2 ¢« Sin ||
¢’ Sa1 Sz32 ¢ ¢ Son || @2
T I 2.112)
Ld"N SNt Snz2 ¢ ¢ Snn | aN |
where

Spr = %ARfRads 2.113)

1
SRR +1 ='2‘ARfR,R+1°'d5 (2.114)
SrRR-1 =%ARIR—I,Rad5 (2.115)

Now, the compatibility conditions requiring that all the cells must rotate through the same angle

of twist per unit length should be applied. This requires:
P =¢ =9 3=c=c=¢'\=¢’ (2.116)
Substituting Eq 2.116 into Eq 2.112 results in a constitutive relation expressed in matrix form as
{¢}=[8){q) @2.117)

and
(@) =[817'(¢") (2.118)
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where {q} and {¢’} denote the shear flows and the rate of twist vectors, respectively; [S] denotes the
compliance matrix relating the shear flows and the rate of twist. Next, the local shear flow of each
wall segment of the cross-section will be obtained. Having in view Fig. 6, the local shear flow can

be calculated from the equations given by

QR-1,R=IAR~ AR -1 (2.119)
and

QRR+1 AR~ AR + 1 (2.120)

Then, for each wall segment, the relationship between the shear flow and the rate of twist is

expressed in a vectorial form

) . . ]
q; q H,
q)2 93— q Hy,
9 qQ H,
923 q; —q; H;,
= = &' (2.121)
AN-1N| |9n—aN-1 3 INENP
aN i1 qN Hy
where
Se _1r_1+S _1—=Spgr—=Sgn_
Hppo)=—oon-t - RR-1RR_TRR-I R=123...N (2122
' SRRSR-1,R=1—SrRR-1SRR -1
and

(Hg) = [T (1) (2.123)
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where (I} stands for the identity vector. The membrane shear strain for each wall segment between

nodes can be expressed in a vectorial form by considering Eqs 2.110 and 2.121:

[ 1 1T ]
Vsz aH,
Vszlz a1Hyy
Ver ayH,
Vs ap3Hy;
v |= aHy  [¢' = {aH}¢’ (2.124)
v N [enn i Han -
VSzN anH,
| ] L J

Now the relationship between the shear strain and the rate of twist is derived for the St.Venant
torsional model. In Eqs 2.121 and 2.124, for the free torsion model the rate of twist, ¢’, is not a
function of the beam axial coordinate z, but a constant-valued quantity. For thin-walled beams
affected by the warping restraint effect, the shear flow can be expressed by introducing a variable

rate of twist such as
{rsz}i = {aH};¢'(2) i=1273,..... AN-=-3 (2.125)

where the rate of twist is no longer a constant quantity but a function of the axial coordinate z.
Furthermore, considering the transverse shear strains, y.(z) and y,(z) , the shear strain for any wall

segment can be expressed in a vectorial form such as

d
V52(5:Z) = ¥x2(2) -%:— + ¥y2(2) Fz— + {«aH}¢'(2) (2.126)

where the vector {«H} is given by Eq 2.124. Considening the strain-displacement relationship and

Eq 2.13 yield
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— ow + v, _ aw
Ys2= T3¢ oz Js

d
+u5'@) T+ Vo' @) G+ 199 @) 2.127)

Combining Eqs 2.126 and 2.127 yields

d
Yo = VD) B+ 1) - + (GH)'D)

aw

; & (2.128)
=S T W@ g+ '@ 5, +()$'@)

Integrating Eq 2.128 along the contour line of the cross-section results in the axial displacement of

the contour line where n is set to zero:

w(s,2) = Wo(2)

: |
d ] 2.129
+ J (@ — 90 @1 + [ry0) — v @] o+ [HE) + 1,16 @)ds 12
0
Then
W(s,2) = W(2) + [vx,(2) — ug'(2)]x(s) + [sz(z) — Vo' (2)]y(s)
s (2.130)
+4'2) fo [(aH(5)) = ()]s +T16"(2)
or

W(s,2) = wo(z) + 8,(2)x(s) + Oyy(s) + ¢'(Z)_L [{aH(s)} — 1q(s)]ds +11¢"(2) (2.131)

where IT can be determined from the continuity condition of the warping displacement between
each cell. Next, the secondary warping can be included in the axial displacement in the same
manner as for the case of single cell beams. The axial displacement including the secondary warping

can be expressed as
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d
w(5.2) = Wo(2) + [7xa(2) = o' @IIXE) + 021+ [1yl@) = Vo' @1[(s) — 03]
s (2.132)
+'OL [aHE) - 1,0)ds +na(3]] + T14'6)

or

w(s,2) = wo(z) + 8y(2)x(s) + 8,y(s) + ¢'(2)[ J.o [{aH(s)} — ry(s)]ds +na(s)] +I1¢’(z) (2.133)

The axial strain is

£22(3,2) = Wo'(2) + 0, (@) x(s) + n S ] + 6, 2)ly(s) - ]
(2.134)
+¢"[J. ({aH(s)} — rp(s))ds +na(s) + 1]
0
or
£55(5,2:0) = £5,0(8,2) + 1 £3,"(5,2) (2.135)
where

azzo(s,z) =wg'(z) + By’(z)x(s) + 8,'(2)y(s) +4>"[J‘o ({aH(s)} — r,(s))ds + I1] (2.136)

" (62) = 0,/2) S — 0,0, S 447 (2ra(e) (2137)
Also, the membrane shear strain can be written as
rafs2) = [0, + w185 + 16, + v/ @] S+ (GHEI') (2.138)
or
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d
7sl82) = 1@ S5 + 1 0) G- + GHEIS'() (2.139)

The shear strain in the n-z plane for a multicell beam is the same as that for the single cell beam

case:

d d
Pual5:2) = Vaal2) g = 1@ S5 = [8,) + v’ D] G-~ [0, + V' @] SE (2.140)

The above expressions of strains for multicell thin-walled beams are similar to those of their
single-cell counterparts. It is found that the warping function has a more complicated vectorial form

in the case of multicell thin-walled beams as compared to the single cell case.
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Chapter I11

The Constitutive Relationships

3.1 3-D Stress-Strain Relations

When the principal material directions of an orthotropic material coincide with the geometrical
coordinates of the beam, the 3-D stress-strain relations including the thermal and hygro-thermal

effects [17,54,70,71)], may be expressed as

o Qn Q2 Q3 0 0 0 W sll—alT"ﬁlMW

on| Q2 Qu Q3 0 0 0 (lep—aT-5M

53| _ Qi3 Q3 Q33 0 0 0 fegz—oaT—4M 51
a3 0 0 0 Qu O 0 Y23

013 0 0 0 0 Q55 O Y13

o2 0 0 0 0 0 Qg Y12
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Here Qy’s denote the stiffnesses in the principal material coordinate system while o; and §; denote
the thermal and the hygro-thermal expansion coefficients, respectively. Considering the
transformation matrix between the material coordinate system and the global one, the constitutive
relations in the global coordinate system (s,z,n) are expressed as

- r l
0 Q6 g — asT — M
0 626 £z — o, T — ;M

o | [Qu Q2 Qi
92z 612 Qn Qs
| _ Qi3 Qs Qi _0 0 Qs || ton—anT—BM 62)
%nz 0 0 0 Qu Qs O Yzn
x| |0 0 0 Qi Qs 0 Ysn

aszj 616 626 636 0 0 666 Ysz — a5z T — BszM

(=~ =]

where Q; (i,j= 1,6) represent the stiffnesses with respect to the global coordinate system (s,z,n). In
Eqgs 3.1 and 3.2, T and M denote the temperature change and the increase of moisture measured
in percentage weight increase, respectively. Details concerning the transformation of stresses and

strains from one coordinate system to another are presented in Appendix A.

3.2 Stress Resultants and Couples

The stress resultants and couples in terms of strain measures could be obtained through the
integration of the 3-D constitutive equations across the laminate thickness [17,27,36]. As a result,
these stress resultants and couples become two dimensional quantities which are functions of the
contour and the axial coordinates s and z, respectively. The dependency on the thickness
coordinate n 1s eliminated through an integration across the thickness direction.

The stress resultants are given by
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(k)

SS

N N O

N,,|= Zf o,,| dn (3.3)
k=1 h(k)

Ng, Osz

The shear stress resultants are given by

N N P (k)
[ “z]= Z j [ "’] dn (3.4
Nen k=1 hK|og _

The stress couples are given by

L., A ["zz:|m
= ndn . (3.5)
[LszJ kgl J‘h(k) Os2

In Eqs 3.3 through 3.5 it was assumed that the ratio of the thickness to the radius of curvature,

—%, of the middle surface of the beams is negligibly small in the sense that % < <l

3.3 Constitutive Relations for Thin-Walled Open Section

Beams

The stress resultants and couples can be obtained by substituting Eq 3.2 into Eqs 3.3 through
3.5. For the sake of completeness, the expressions of various strain components for the open beams

derived in Chapter 2 will be repeated here:

szzo(s,z) = Wq'(z) + [6:8y'(2) — Snu9"(2)]x(s) + [6,8'(2) — S, Vo' (2)]y(5)
— [6019"(@) + 6,,@ @)TF(5)
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’ d ’ ” d
szzn(s’z) = ‘Ss[‘sley'(z) — 6nitg”'(2)] ’a%" — 64[6:8,'(z) — drvo”'(2)] —&:—

N (3.7
— [0w19"(2) + 64,9’ (2)Ja(s)
e = [86y(2) = bt @] S5+ [80,00) = 670’ ()] - -
+ @) S 4 () L4 5,0,908) - O] |

¥z =YWy (3.9)

where the torsional function, Wr, for the open beams is
Yr=2n (3.10)

while the warping measure, Wy, is given by

Wi =6y19'(2) + 64,9(2) + 03’ (3.11)

d d
oz = 8:[80y(2) = 6010’ @)] G- = 8,[86x(2) = b0’ @] o
= 6s[6419'(2) + 64,,0(2) + b430.'Ta(s) (3.12)
d
+00'0) S = V') SE + [6416'@D) + 832 + Sz Ta(9)

The hoop stress resultant is obtained as
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N
N(s,z) = Z .[ "ss(k)dn
N

= Z [61 1(egs — asT — M) + 612(522 —a, T = g,M)
k=1 h(k)

+ 613(5nn —a,T—f,M) + 616(7sz —ag T — BszM)]a()dn

k=1

_ — (k)
+ Q3(enn — 2y T = B M) + 016(7520 + }'szt - ag, T — pszM)] dn
0 0 T M

=Ayyess + Apaey; + BlZ*’zzn + Ajgrsz +2B1gWy — Ng* — N

N
= Z '[1(k)£6‘ 1(ess — asT — B M) + 612(5220 +ne,," — a, T = f,M)

(3.13)

In the denvation of Eq 3.13, both Eq 2.89 and the assumption of the cross-section

'non-deformability (implying &,, = 0) have been used. In addition, in Eq 3.13

N

NST(s,z) = i J-

T[Q) 05 + Q124; + Qy32n + Qy,,]¥dn
k = 1 h(k)

N
NM(s2) = Z _[h(k)M[al 1B+ QuaBy + Qushn + QueBerl dn
k=1 '

Similarly, the axial stress resultant can be obtained as
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(3.14)

(3.15)

(3.16)

(3.17)
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N
N,,(s,2) = Z J. ozz(k)dn

N
= Z f [alz(css —asT — M) + 622(‘:2 = a,T — ;M)
k= 1"h(k)

+ 623(5nn —a,T—B,M)+ 626(752 —agT — ﬂszM)](k)dn

0 n 0 T
= Ajess + Agaeyy + Boaes, + Ay, +2BpWy— N, — N,

where

N
N,T(s.2) = Z L(k)T [Q122s + Qa22; + Quatn + Qa1 dn
k=1

N
NMe2) = ) Jh thﬁnﬂs +Q28: + Qa3By + QueBr )™ dn
k=1

The membrane shear stress resultant is obtained as

N
N, (s,2) = ZJ‘ c’sz(k)dn
k=1 h(k)
N

= Z [616(55s —a,T— M)+ 626(521 — o, T = B,M)
k = 1 hk)

— — k)
+ Q26(£nn - anT - ﬁnM) + Q66()’sz - “szT - ﬂszM)] dn

0 n 0 T M
= Ajgtss + Azetzz + Bastsz + Agersz +2BsgWm — Ng; — N,

where

N

Ny, (s.2) = Z J-h k)T [Qiss + Qag; + Qygtn + Qegrr ) dn
k= 1"h
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(3.19)

(3.20)

(3.21)

(3.22)
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N
Ni"(s.2) = Z _L (k)Mfaloﬁs +Qu6B + Qashn + QssBial™ dn (3.23)
k=1

The shear stress resultants are given by

Nnz(8:2) = Aga¥nz + Agsvsn (3.29)
Nn(s:2) = Agsynz + Assysn (3.25)

In light of the assumption of cross-section non-deformability y,, = 0. As a result

Nnz = Aas¥s; ' (3.26)
Nen = Agsynz (3.27)
where
N .
5 4 1 .
Ajj = ‘ZZ 1;U‘k—hk-1-7(hk3-hk_13)h—2] ij=4,5 (3.28)

Now the stress resultants can be expressed in matrix form

Z

ss Ay A A ] e Bi; Byg N, NM

n
N, |=|A, A, A °l+|B,, B o [ NT o M 3.29
2z |=|A12 Az Ay [[&z |+ ]|B22 B w Ny N, (3.29)
No| A A o |B, B Mot N
sz 16 Az Ags |LVsz 26 Bes Ngz sz

When the internal pressure is absent, the hoop stress resultant, N, is assumed to be negligibly

small. From Eq 3.13
0 n 0 T M
Nis=0=Ap e+ Appey; +Braggy +Agers, +2B1gW — Ny — N (3.30
Solving for e, yields
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0 0 T, M
_ =Apg, —Agrs, —2B1gWy — Biasy, + Ng + N 331
£ss = A (3.31)

Inserting Eqs 3.31 into Eqs 3.18 and 3.21 results in

A 0 0 T+ NM
Nz, = 7\—:,—( = Aty — Argrsz —2B1sWy — Bragy,” + Ny + N (3.3

0 0 T M
+ Apeg, + Bzzazzn + Agrsz +2BgWy— N, — N,

Ayg 0 0 T M
N = A (— Az —Aggrsz —2B1gWy — Blz”zzn +Ng + Nsl )

(3.33)
0 0 T M
+ Agetsz + BZG‘zzn + Agersz +2BegWpy — Ng;' — N,
Eqs 3.32 and 3.33 could be expressed in a more compact form as
s
€22
T M
sz Kn K2 Ki3 Kyg )’sz0 N N
= -1 (334
Ni| [Kiz Kpp Koz Kog [ W | | N N,
n
€22
where the modified stiffnesses K; are given by
2
Kn=Ap- ar (3.35)
Ay
ApA
Kjp=Ag%— X =Ky, (3.36)
1
A,B
Ki3= 2By ~—5— ) (3.37)
1
A,B
Kig=Byp— :: L2 (3.38)
11
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=N Ay
NM=NM A‘;:“M
Koy = Age — ‘:l:z
K3 =2(Bes — AX"BIM )
Kya =By~ Axllez
NzT = szT AK:ST
NzM = szM A';:ZSM

(3.39)

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)

By inserting Eq 3.2 into Eq 3.5, the local stress couples with respect to the middle surface of the

beam are obtained as:

N
L,,(s,2) = Z J. azz(k) ndn

N
= Z J- 612(€ss —a T — B M)+ —0_22(522 —a, T = f,M)
k= 1"h)

+ Qa3(enn — @y T = BM) + Qa6(vs; — a5, T = B;M) ndn
0 0 T M
= Bt + Byyezz + Daaeyy + Bavsy +2DygWy— L, — L,
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sz(sz)—z:j asz )ndn

k—l

ZJ. le(ﬂss asT — BM) + Qag(ez, — o, T — B, M)

k=1
+ Q36(5nn —a,T— B M)+ 066(7sz —ag, T = ,M)ndn

0 n 0 T M
= Bygess + Basesz + Degtzz + Begrsz +2DggWy— L, — L,

where

D - Z Qu(k) 24

k=1 h(k)
N
LzT(S'Z) = Z J; k)T [Qiaas + Qpaa; + Qqzan + Q26asz](k) ndn
k=1 N

L¥en= Y J M Qb+ Caah + Qoo + Qo mt

k=1h

N

Ly, (s2) = Z J;(k)T [Qi6%s + Qas2z + Qagn + Qesrr ] ndn
k=1

L (s2) = f M{Qibs +Qaef + Quofn + Qsbial" ' m
k=1
Substituting Eqn 3.31 into Eqn’s 3.46 and 3.47 yields

0 0 T M
Ly=7"(—Ane; — Ay —2B1gWy — BlZ"zzn“Ns = Ng™)

0 0 T M
+ Byaes; + Bogyg, +2DpgWy + DZZ*‘zzrl -L, -L,
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(3.51)

(3.52)

(3.53)
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Bis 0 0 T M
Lsz=X;'("Al2szz —Ajgysz —2B1gWy — Bgey," — Ny = Ng)

(3.54)
0 0 T M
+ Bygezz + Begvsy +2DgsWi + ])26522n -Lg —Lg
In a more compact form, Eqs 3.53 and 3.54 may be expressed as:
r o~
€22
T M
[Lu} [Kﬂ Kaz Kas KMJ v | |Na' | |Na 55
= T T M :
Lz | Ksi Ksz Ks3 Ksq | Wiy Ns Ns
£ n
[ %]
where the modified stiffnesses K;; are
B,A
K41 =By — K 2 — K (3.56)
"
B,A
K4y =By — X o= L O 3.57)
1
B,,B
Kg3 = 2(Dyg — —‘Aziﬁ—) (3.58)
2
By,
K44 = D22 - A” (359)
BcA
Ks; =By — —X”lz (3.60)
BicA
KS2=B66_'—X”]6 (3.61)
B,s’ :
16
Ks3 = 2(Dgg — A ) (3.62)
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Ksq = Dgg = A (3.63)
NJ=L,"- B‘}il:‘T (3.64)
NM=LM B‘;TI:M (3.65)
NgT=L, - BX:’T (3.66)
NM=1L,M- —B‘—K:S—M (3.67)

3.4 Constitutive Relation for Thin-Walled Closed

Cross-Section Beams

The procedure of deriving the constitutive relationships for the closed beams is similar to that
for the open beams. For a thin-walled beam with closed cross-section, a difference lies in the

expression of the torsional function. The membrane shear strain has the expression
Ysz = yszo + yszl (3.68)
where y,,° was presented in Eq 3.8. The membrane shear strain due to torsion, ys!', is
vsz = ¥TWy (3.69)
where

The Constitutive Relationships 60



oA
¥r=2

Wy =6y19'(2) + 6,,,0@) + 6439,
As a result, for closed beams, y.* can be expressed as

)’szt = 2—1;_‘:_ [6wl¢,(z) + ‘5w2@(l) + 6w3¢cl]

The hoop stress resultant for closed beams is given by

N
Ng(siz) = ZJ- ass(k)dn
k = 17 h(k)

N
= Z f [alx(sss —a,T— M) + 612(522 - o, T - B,M)
k=1"hk)

+ 613(5nn —a,T =B .M)+ 616(7sz —ag,T - ﬂszM)](k)dn

C

A
0 0 T M
=Apes+ Aty + Biagy, + Ajgrs, + A2 Wy — Ny = N

B

where

N
NsT(s’z) = Z J.h(k)T [61 125 + 612“2 + 613“11 + 616“52](k) dn
k=1

N
NM(s2) = Z J;(k)M [Q118: + QuaBy + Quabn + QueBerd¥ dn

k=1

Silmilarly, the axial stress resultant is
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(3.73)

(3.74)

(3.75)
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Na,(s:2) = Z _[ "'zz(k)dn

1" h(k)

Z J. [le(sss —aT— B M)+ 022(522 a, T — §,M)

k=1
+ 023(5nn —a,T - ,M) + Q26(Vsz —agl —~ ﬂszM)](k)dn

Ac T
= Ay + A22’:zz + B22szz + A267$z +A2—7 Wy —N,

B

where

N,T(s2) = f T Qs + Qg + Qs + Qponl
k=1

N

NMis.2) = Z _L(R)M [Qi28s + QuaB: + Qasbn + QueBil™ dn

k=1

The membrane shear stress resultant is given by

N (s.2) = Zj asz(k)dn

h(k)
-y [ @igless=aT = BM) + Daglezs = T = 8,M)
= 1" hk)

+ 636(5nn —anT - g, M) + 666()’52 —a,T - ﬁszM)](k)dn

(3.76)

-NM

(3.77)

(3.78)

(3.79)

A T M
—A]68“+A26822 + B1’6"'22 +A667sz + A2 [ Wy =N =Ny

where

N

T = 5 5 5 k
Ny (s2) = Z L(R)T [Ques + Qugxz + Qastn + QeI dn
k=1
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N
stM(S’Z) = Z J-h(k)M [616ﬂs + 62652 + 636ﬁn + 666ﬁsz](k) dn (3~81)
k=1

The shear stress resultants are the same for the open beam case:

Npz = Aga¥nz + Agsysn (3.82)
Nen = Agsynz + Assysn (3.83)

Assuming ys, to be zero yields
Npz = Agsrn; (3.84)
Nen = Ass¥nz (3.85)

where
N

A-,j=% > Qylhy = by _, —%(hﬁ —hk_,3)#] ij=4,5 (3.86)

k=1

The stress resultants can be expressed in the matrix form

[ A, I es |
;T M
Nes| [An Az As (A1e2—27) || 4| [Bn2 N N;
_ Ac || F2z n_ | NT M
Naz |=[A12 Ay Ay (A2 ) || |+ | B2z —| N |~ N; (3.87)
Ysz T . M
N, Ajg Az Agg (A662'T8c—) By Nsz Nz
i 1[Wwm

As in the open beam case, when the internal pressure is absent N, is assumed to be negligibly small.

Thus

A
Ngs=0=Ajjeg + Apgeyy) + Braegs" + Ay + (Ae2 7& Wy = N =NM  (3.88)
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Solving for &,

A
0 0 T M
— At —Ag¥sz — (A162'_pc_)wM - Blzszzn + Ns + Ns
Egs = A (3.89)
Inserting Eq 3.89‘ into Eqgs 3.76 and 3.79 yields
A A, <
12 0 0 M M
N;.(s.2) = A (= Azt —Aygrsz — AI6ZTWM - Blz‘:zzn + NSM +Ng)
i ‘ (3.90)
Ay, 04 Boye, ™ Agerd + Age2 S Wy, — NT— NM
+ Az, + Bageyy + Agersy + Az g M Nz z
The membrane stress resultant is given by
A A ‘
Ng(s:2) = A_16 (- Alzazzo - Al67szo - A16ZTC Wnm— Blz‘zzzrl + NsT + NsM)
1" (3.91)
Aggtsr) + Bogeyy" 0 2B o N ToN M
+ Agstz; + Bages, + Agersz + Asgs B M~ Ngz sz
In a unified form, Eqgs 3.90 and 3.91 may be expressed in matrix form as
o
(szz
N;, Ky Kz Ky3 Kyg Ysz0 N1T NlM
= ' “loTlT M (3.92)
N, Ka1 K2 Kz Ky }| Wi Ny N,
n
€22
where
Ky =Ay — A’ (3.93)
11 22 A”
A LA
Kiy=Ay- ;\”]6 =Ky, (3.94)
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ApAi o Ac

Kiz=(Ay— ArL )2 ; (3.95)
A,B
Kig=By - anz (3.96)
AN
N, =N,T X“’ (3.97)
AN
NM=NM- ';lls (3.98)
Ay
Ky = Agg — A (3.99)
2
K,y = Ats )y A 3.100
23 = (Agg — Ar ) ; (3.100)
AxB
Kyq = Byg — KH” (3.101)
ANT
N, =N, - ‘A‘S—:]‘ (3.102)
A NM
NM=NM - 'Z—”‘ (3.103)

It is found that the above expression of the stiffness quantities is similar to the one of their open
cross-section beam counterparts. However, the torsion related modified stiffnesses, K,; and Ka,
have different expressions for each of two cases. The local stress couples with respect to the middle

surface of the beam are given by Eq 3.5:
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N
L, (s,2) = Z J. ozz(k) ndn
N
= Z J-h(k)[le(ass —aT — M) + Qpa(ep; — ¢, T — ;M) (3.104)
k=1

+ 623(5nn —a,T—g,M)+ 626()’sz —ag T —pB;M)Indn

0 n 0 ¢ T M
= Bjaegs + Bygey, + Dageyy + Bagys, +Bye2 — Wy —L, —L,

B

N
Lg,(s,2) = Z J- "sz(k) ndn
N
= kZl h(k)[Qle(tss = agT — BM) + Qq6(z5, — ¢, T — B, M) (3.105)

+ 636(5nn —apyT =g M) + 666(}%2 —ag, T —f,M)]Indn

0 n 0 c T M
= Bgess + Bysezz + Degtzz + Begrs; + B662_B— Wu-—Lg —Lg

where

N
D; = Z Q;%n? dn (3.106)
N
L,T(s,z) = Z J;(k)T [Qia5+ Qiaa; + Qe + Ql6a52](k) ndn (3.107)
k=1
N
LM(s,z) = Z J'h(k)M [Q118s + Q128; + Q385 + Q16851 ndn (3.108)
k=1
N
L, (s.2) = Z J;(k T [Q)2%s + Qg0 + Qg0 + Qe ] ndn (3.109)
k=1 )
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N

L,"(s2) = Z Ihm)M [Q128 + QuaBy + Quabn + QueBs ] ndn
k=1

N
Ly, (5.2) = Z _L(k)T [Qis + Qugr, + Qagtn + Qg1 ndn
k=1

N
LSZM(S’Z) = Z J.h(k)M [6165s + 626ﬁz + 636,3,, + aeeﬂsz](k) ndn

k=1

Substituting Eqn 3.89 into Eqn’s 3.90 and 3.91 yields

By, 0 0 Ac T M
L= AL (—Ajaey; —Agrsy — Age2 E Wiy = Bpaeg,m + N + NgY)
A
0 0 T M
+ Bz + Bogys; + Bag2 ﬁc Wnm + I-)22’5zzn -L, -L,
Bis 0 0 A, T M
L, = Al (—Apez —Aersz — A2 B Wy - Blzf:zzn + Ny + Ng™)
A
0 0 T M
+ Bogez; + Begys; + Bgs2 ﬂc Wy + Dlészzn -L, —Lg

Eqs 3.113 and 3.114 can be expressed in matrix form as

[Lu] |:K4l Ka; Kg; KM] Yoz N,T NM

T M
L, Ks1 Ksz Ks3 Ksg || Wy Ns N
n
€22
where
BiyAp,
Kay=Bp-——x— =Kn
1
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(3.111)

3.112)

(3.113)

(3.114)

(3.115)

(3.116)
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Kgy =By - =K (3.117)

Kg3 = (Bzs — BX—:”’)Z% (3.118)
B,
Kas =Dy =2 (3.119)
Ksy =By — BI::” (3.120)
Ksy = Bgg — B:ﬁw (3.121)
Ks3 = (Bgg — Ef:%é- )2%— (3.122)
Ksy=Dgg — leBl"s (3.123)
Ng =L, &Az-;::‘j- (3.124)
NM=LM -B’f\—i’M- (3.125)
NgT=Lg" B‘X‘:’T (3.126)
NM =1, B‘f\:‘ (3.127)

The constitutive equations for the multicell closed beams are the same as those for single cell closed

cross-section beams. Thus, Eqs 3.92 and 3.115 can be applied to multicell beam structures too.

The Constitutive Relationships 68



3.5 A Unified Form of the Constitutive Relationships

An unified expression of the constitutive equations applicable to both open and closed

cross-section beams will be displayed next in matrix form. They are given as

_ _ i T- [ ]
Naz| | K Kip Ky Ky 0 -I ol | NM
| ; b2z T M
N, Ka1 Ky Ky Kyy O 0 N, N,
: Ysz . T M
Lz | |Kar Kap Kg3 Kgg 0 Ny N4
- , wal-| -1 (3.128)
L, Ks; Ks; Ks3 Ksq 0 - Ns N;s
£
Npo 0 0 0 0 Ay | 0 0
Ynz
No|l [0 0 o o0 as L™ |o 0
] L ] I N

However it should be kept in mind that K;;, Kz, Ka, and Ks; are different for open and closed
section beams. With this precaution in mind it is possible to use the constitutive equations as
expressed by Eq 3.128 for both open and closed section beams. For the sake of comparison, we
will display here the constitutive equations of thin-walled beam theory, under the form encountered

in the literature [Bauchu, Rehfield et al, etc]:

0
N, Ky Ky €2z
= 0 (3.129)
Ng Ko Ky Vsz
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Chapter 1V
The Governing Equations and Their Associated

Boundary Conditions

4.1 Hamilton's Variational Principle

There are a variety of ways allowing one to derive the equations of motion of thin-walled beam
structures. One of the most convenient ways is the energetic approach. Herein this method is going
to be used. For this purpose, in order to derive the equations of motion and their associated
boundary conditions, Hamilton’s variational principle [12,17,47,65] is applied. Hamilton’s principle
states that of all displacements u; = u;(X,, Xz, X3,t) that satisfy the boundary conditions u;=u; over
Q, for Yt > 0 and that fulfil also the condition éu;=0 at t =ty and t =1, for Vx;ez, where = denotes
the 3-D volume while the symbol V has a meaning of “all”, the actual displacements (i.e., the ones

fulfilling the equations of motion and the boundary conditions) minimize the functional
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t
J=| (-U+K+W_+Wydt 4.1
ty

where U, K, W,, and W, denote the strain energy, kinetic energy, work done by the external
loadings, and work done by the damping forces, respectively.
The condition of a minimum of the functional J may be replaced by the condition of stationarity

of the energy functional J. The stationarity condition is written as

Y
") =J (=6U + 6K + 6W, +6W ) dt =0 4.2)
)

where 6 denotes the varation sign. When applied to static problems, Hamilton’s variational

principle reduces to the principle of minimum potential energy, i.e.

6 =—06U+ W, +6Wy =0 (4.3)

4.2 Strain Energy

4.2.1 General Considerations
The elastic strain energy stored in a 3-D body may be expressed as

U = % J-dijtij dT (44)

T
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Having in view the assumption of non-deformability of the cross-section of thin-walled beams
implying that e, €.y, and y,, should be zero, the strain energy stored in a laminated composite

thin-walled beam (with either open or closed cross-section) can be written as

1
U = —Z'J;Gijtijdf
1 L
7.’.0 J.Adijsij dA dz

Lo '
_Z—I _[ Z J. (022622 + Ozvsy + an)'nz](k)dndsdz

I

(4.5)

L N
1
7_" j Z f [azz(szzo +neg;") + “sz(}’szo + Yszt) + "’nz)'nz](k)dndez
0 Y h)

L N
1 k
_2-.[) jc Z J‘h(k)[azz(‘zzo +ne;;") + asz()’szo +¥rWy) + “nz)’nz]( ddndsdz
k=1

L
1 A
2 J‘O J-C[NZZSZZO + LZZBZzn <+ NSZ?SZO <+ (602LSZ + 6chzz_ﬂ—c- )\VM + an}'nz]deZ

The tracing quantities é, and 6. are introduced to identify the warping inhibition for open and
closed section beams. In the case of open beams, 6,= 1 and 6. =0 while in the latter one 6. = 1
and §, =0.

The varation of the strain energy is

1
6U = 6[ 7 J;aijcij d‘!‘]
1
= -2— J‘rzduéﬁij d‘t (46)

= j aijéaij d?
T
Then
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U= .[ J- Z [o22082; + 05,675, + anéynz](k)dndsdz
1 h(k)

(4.7)
.[ J- Z h(k)[azz(éezz +nde,," )+°sz(5Ysz +¢5ysz)+anz¢5ynz] )dndsdz

Eq 4.7 becomes

L
A
58U = _L J'C[szaszzo + Lygbess” + Negdrag” + (8L + 3cNig2 5 )6W oy + Ny 1sdd4.9)

Inserting the strain components into Eq 4.8 yields

L ~
oU = fo _[c[sz{éwo' + (6,60 — 6piSUg™)X + (8,80, — 6,6V0")Y — (6,41 89"" + 64200)F )}

d d ~
+ Ly, {84(6,60," — 6,6uq") —y — 648,60, — 6mévo”) d—’s‘ — (64100" + 64,,60")a}

dx

, dy ,
a5 T0%0 go t Swala(64” — 60}

(4.9)

+ Ne{(6,80, — 658u0") <X + (6,660, — mévo') +éu0

&
+ (6,2L; + 6N, 2 -Tc )00’ + 8,260 + 8,369.)

n 9y wd
+ Np,{65(6,86y — d,,0ug )'Es— — 04(0,60y — 6,,6vy") Tx'

R dy , ’ ’ !
Fouy < —0vy' SE 4 (5,,88" + 84268 + Sy3b)a
— (6160’ + 6,200 + 8,35¢.)a}] ds dz

By introducing the concept of global stress resultants and couples, Eq 4.9 can be rewritten in a more

compact form as:

L
5U = J' [TAdWo' + 6,M,60, + 6,M,66," + 6,Q,00, + 60,00, — 6,1 B,,66"
0

-_ 6W2B o + (6WIM + 6W2ML)6¢' + 6w2(\4 - M[)é@ + 6W3Mp6¢c' (4.10)

S M6ug" — Sy Myvg" + Quedtlg’ + Qyedvo'1dz
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The above equation can be expressed as

L
6U = I [TadWo’ + 6,M,30,’ + 6 M, 86, + 5,Qy80, + 6,Q,60, — 6,,B,,0¢"
0
= 8u3B, 00" + (841 My + 8,,,M)S¢" + Syn(M, = MPEO + 8,3Mb

8eM, 09" — 8, M, vy + (= 6,,Qy + Qyduy’ + (= 6,Q, + Q,)év,'1dz

where the global stress resultants and couples are defined as [see Fig. 7]:

Ta@) = J. N,,ds
C
dy
My(2) = I (xNg, + 6L, —— Is )ds

d
My(2) = _[ (YNzz — 65L,; d_x )ds
c S

d
Q) = f (Ngg S5 + 8Ny, =) ds

dy d:
Qy(Z) = '[C(st ds — 8¢Np, d‘ )ds

B, = fC[Fw<s)sz +3(9)Lyds

A
—E-]ds

Mp(z) = jc[{a(S) - Z(S)}an + (852L5; + 8.Ng;2 ] )
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M(z) = J.C[rn(s)st +a(s)Np,,] ds (4.19)

dy dy
on(z) = J‘ [- 6m(st %:— + 53an —ds—) + (an —s + st 'd_’s( )] ds
c (4.20)
A
= -0 Qy + Qy
Q (Z)EJ. [=6 (N, ¥ _sn, 9% b v, SN dx 7 g
yo c nt'Vsz " qo s nz " 4¢ sz s nz g 21)
== éley + Qy
where
) Ej NN, 9 g (4.22)
x( c nz dS SZ dS
%) EJ(N O ANRN:. SN (4.23)
Yy c sZ dS nz dS

The above global stress resultants and couples given by Eqgs 4.12 through 4.23 are obtained through
the integration of their 2-D counterparts along the contour. As a result, these quantities become

functions of the beam axial coordinate z only. Integration by parts in Eq 4.11 gives

8U = [Tp0Wq + 6,M,8, + 6;M, 80, — 551 B,88" + (6B, + 64y M, + 8,,M)6¢b
— 542B 80 + 8,sM 8¢ — 6, M, 6uy’ — 6, M,6v,’

A A z=1L
+ M’y = Q) + Q.o + (8nM'y = Q) + Qlovo]

Z=
L (4.29)
- f [T’ abwg + 6,(M’y — Q80 + 8,(M’, — Q)60
0
+ (61 By, + Sy Mp’ + 649M)6¢ — 8y2(B,,’ + My — M)S@ + 5,,3M 66,

A ' A
+ (6 My — 6, Q" + Q) )ug + (6, M"'x — 6,,Q’y + Q,")dv(]dz
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Figure 7. Gloabal Stress Resultants and Couples
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4.2.2 Global Stress Resultants and Couples

Utilization of constitutive relations given by Eq 3.128 in Chapter 3 enables one to express the

above global stress resultants and couples in terms of displacement variables.

The axial force T, is given by

Tp= J' N,,ds
c
= _[C(leczzo + Kygrsr + KisWy + Kygey," = Ny T = Ny M)ds
= jc{Kll[wo' +(68y" — Snup" )X + (804" — Vo' )Y — (By19” + 34,ON)F ]

nd n 4y ,
+ Kial(88y + (1 = p9ug’) 55 + (805 + (1 = 8p)v) 5+ Suarold’ — ©)]
+ K3[0019" + 6420 + 6y34."]
’ ’" d)’ ’ " d ’” "o
+ K14[6s(619y - ‘5m“o )d—s - ‘55(6l6x - 5mVo )F:' - (6wl¢’ + 6w2® Ja]
- N, T=NMyds

Collection of terms in Eq 4.25 yields the following expression for Ta:
Ta(z) =a;Wp" +2)2(6,8y" — dnug”) + a43(8:8y" — dnivo™")
+214[6:0y + (1 = Sp)ug’] + a15[60x + (1 = 6)vo T + 216(0w1 4" + 642 @)
+ a17¢' + 6“,23.18@ + 6w3a19¢c' - hl
The above equation can be expressed in a different way as:
Ta(2) =2y W' +213(6,8," — 0nug"") + 213(6,05" — Svo™)

+ 1460y + ug’) + a;56,(0y + V') + 216(6w1 8" + 64,,O)
+ay7¢" + 6472130 + Sy33,9¢" — hy

(4.25)

(4.26)

(4.27)

Making use of the kinematic and constitutive relationships displayed before, the other global stress

resultants and couples can be expressed in terms of displacement variables as:

The Governing Equations and Their Associated Boundary Conditions

77



My(z) = a3 Wy’ + a33(6,8y" — Squp™) + 233(6,8," — V™)
+ 32461(6}, + UO’) + azsél(gx + VO') + 326(6w1¢” + 6W2®’) (4.28)
+ 257¢" + 6323230 + dy3259¢" — hy

M,(2) = a3, Wy’ + a35(6,8y — 5u0"") + 233(6,8," — d1v0™")
+ 23460y + ug’) + a356,(0y + V') + 236(6y 19" + 642@") (4.29)
+ a37¢" + 0y,22330 + Sy3a39¢." —hy

Qu(@) = a4 Wy' +245(6,8y" — Snup”") + ag3(8:85" — dnVo")
+ 24400y + ug’) + 24560y + vo') + agg(0y 9" + 64,0") (4.30)
+a47¢" + 6y2430 + dy3a490" — hy

Qy(2) = a5y W' + a53(6,8y" — dpug”) + as3(6:8y" — dpyvo”)
+ a546(0y + Ug’) + a556,(0y + V') + ass(04 19" + 64,O") (4.31)
+ 579’ + 672530 + Sy3a59¢" — hs

Bw(z) = amWo' + aﬁz(étey' - 5mu0") + 363(6l9x’ - 6mv0")
+ag461(0y + Ug') + 2656,(0 + Vo) + ag(0419" + 64,,0") (4.32)
+ 2679’ + 642363@ + Sy33590" — hg

MP(Z) = a'”Wo' + 372(610y' - 6nlu0“) + 3.73((510x’ - 6ntV0")
+2746,(0y + Ug') + a756,(0x + V') + a74(8419"" + 64,,0") (4.33)
+ 2779’ + 6433730 + Sy3a79¢" — hy + (1 — 6,)(8,uy" — &,9")

M(2) = ag; W' + agy(6,8y' — dnUp") + ag3(6,8" — dnvg™)
+ 246,(0y + ug’) + agséy(0y + V') + agg(Sy1 9" + 64,0) (4.34)
+ ag7¢’ + 0423330 + Sy 390" — hg + (1 — S5)(83u" — 84Vo')

A

Qx(2) = s41Wp" + 542(8,8y" — Spyg”) + 543(8:85" — r1vo"")
+ 544610y + Ug") + 5456,(05 + Vo') + 546(0y1 9" + 64,O) (4.35)
+ 470" + Oy2548© + Sy3549¢c" — hy + (1 — 5)(gsuy’ — &Vo')
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A

Qy(2) = s5;Wp" + 555(6:8y" — SUp”) + 553(6,85" — 61v0"")
+ 554610y + Ug’) + 5556,(0 + Vo) + S56(841 " + 6420") (4.36)
+ 3579 + 025580 + Sy35599” — hs + (1 — 6:)(87up” — gsVo')

In Eqs 4.27 through 4.36, a;, g, and g; denote the stiffness coefficients while h; represent the
combination of thermal and hygrothermal loading terms.

As an example, h, is given by

h, = L(N,T + N, M)ds 4.37)

We note that when the secondary warping effect is incorporated (which implies 6, = 1) the last
terms in Eqs 4.33 and 4.34 will become immaterial. Having in view the meaning of the various

tracing quantities, a number of special cases of practical importance could be obtained.

4.3 Kinetic Energy Term

The expression of kinetic energy [17] of a body in motion is given by

(4.38)

%j j«——) () + (2L )ohdsdz

where p denotes the mass density of the body and h denotes thickness of the wall while u,v, and
w denote the displacement components in the x,y, and z directions, respectively. It is assumed that

the mass density and thickness of the wall are allowed to vary along the contour line while being
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constant along the beam axis. This means that p=p(s) and h=h(s). The variation of the kinetic

energy is

Integration of K with respect to time and application of the conditions:

6uy=0 for t=t; and t=t,

yield
Y Y azui
éKdt——J.J. ou; p dr dt
) e ot}
__J J J"[ s aﬁ L 6u, p dn ds dz dt
Y pe:
_..—J'J.J'J. (—6 + 6v+—‘i6w)pdndsdzdt
h o
Let

w= Wl +nW2

(4.39)

(4.40)

(4.41)

where w, and w; represent the axial displacement of the points of the contour line associated with

the primary and secondary warping, respectively:

W) =Wwo + (6193{ = Ot )X + (6,8y — 01Vo )Y — (01 @' + 032@ + 6439 )F,
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I3 dy ’ d ’ "o
Wy = ‘Ss(étgy - éntuo ) E’ - ‘55(6t9x - ‘Sntvo ) ?)5(_ - ('swldJ + 5w2® + ‘Sw3'§bc )a (4-43)

Then, Eq 4.40 can be rewritten as

y 2
6Kdt J'_[_H -‘3—;’—5v
at

(4.44)
o Wy 62
+ ( v +n e )(6w1 +néw,)]p dnds dz dt
or in another form as :
Y 4oL 2 2
aKdt=—fffj2 [ su+ L v+ —L sw,
t Y0 “c/_h
2 (4.45)
Py 3w, 2 &
+n(— owy + 3 ow;)+n éw,] p dndsdzdt

It is evident that the fourth term in the integrand is not going to contribute to the kinetic energy.

The above equation reduces to

Y Y 2 & F
axm—-jf_” “5u+a;’av+ “2" sw, +n’ “2’
at at

2 5w,]pdndsdzdt (4.46)

Integration with respect to the thickness coordinate yields

Yy Y a*w 3 4°
L a v 1 h w2
6K dt= I J- c aﬁ 3:2 ov + P ow; + 12 52 dw,]pdsdzdt  (4.47)

Substitution of the expression for the displacement components (see Chapter 2) into Eq 4.47 and

collection of terms yield
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SKdt=— J' I [K,6ug + K,6vg + K30Wg + (64 + 642)Kaddb
)

" (4.48)

+ 6W3Kl2é¢c + Kséléay + Kééméuo' + K7ét66x + Ksémévo'
+ K96w16¢' + Kloéwzée + K‘ |6W36¢C,] dz dt

Integration of the above equation by parts with respect to the z coordinate gives

4 4y oL
oK dt= '-J. J. [K]é“ﬂ + KztsVo + K3(§Wo + (6W1 + 6w2)K46¢ + 6W3K|26¢c
to t °0

+ Ks6,88, — Kg'6p,8ug + K8,60, — Ky'dn8v

(4.49)
- K9'6w16¢ + Kloém(S@ - Kl 1'6w3‘5¢c] dz dt

Y L L L L
-[ [Kééméuo]o + Ksémévo]o + Kgaw,w]o + K,16w36¢c]0] dt

Collection of terms in Eq 4.49 yields

4 4y oL
0K dt = — J- j [(K] - 6an6')éuO + (K2 - 6an8’)6VO + K36W0
) 19 %0
+ (w1 Kg — 641 Ky’ + 65,K4)6¢

+ K500y + 6,K7605 + 642K 900 + 8y3(K 3 — Ky )o¢Jdzdt | (4:30)

Jdl 6..Kqo ]L 6., Kgé ]L 0.1 Kod ]L 01 Ki(0 :IL d
- u | + + t
lo[mé o nt SVOO wl 9¢0+ wilkn ¢c0]

d
where ( )= % The coeflicients K, through K;; are given by

Ky = [ (i (G + 8,y = Spayd o ds @51

K,= fc(vo + (8wy + Sup)xd + by3xdcthp ds (4.52)

The Governing Equations and Their Associated Boundary Conditions 82



Ky = [ (i +x(6, = dnie) 4905~ b

(4.53)
—F (g8’ + 6420 + 6430.)}hp ds
K, = f (2 + yD)é —yiig +xVg)hp ds (4.54)
C
Ks= j [xhivy + X2hBy +xyhily ~XhF (51" + 6,2 + u3dc)
4.55
+ 6, 3 {6 ” ey - & d—s-gex i A(0y 1@’ + 6420@ + b430.)} 10 ds
K6 = j [ b XhWo + thﬁol + XYh.\;O' +Xha(6w!$’ + (Swzé + 6W3(£C')
4.56
h’ dy dy . dx dy .. dy ~ o, n (429
+ 58 12 {63 dS dS uO 65 d d V K a(6Wl¢ + 6W2® + 6w3¢c )}]P dS
K, = j [yhivg + y*hfy +xyh8, —yhFo (65,6’ + 64,0 + 8,38,
(4.57)
dx d ,
+ és 12 {és 3X f;li: s dx d_zg + (5wl¢' + 6w2®+ 6w3¢c e ds

Kg = f [ — yhitg + y*hiiy’ + xyhilg’ +YhF (8416’ + 8,20 + 6,36

(4.58)
d d u.? d dy d ~ , ,
+ 4 12 {53 dx d: Vo' — & d: Is iy’ — —ia(éw,d: + 642® + 6436} ]p ds
K9 EJ. [ - thWO —Xth(éléy —_ ‘5nlﬁ0') - thw(élex - 6nl.‘;0’) + szh(;"
(4.59)

., dy ~ _ . ., ~2°,
{5 a(é By — 690" — 8y 268, — Snillg”) + @)} ]p ds
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Ko = J'C[ — Fhwg —xF,h(8,8, — 8n,ily’) — YF ,h(6,8y — 6,Vp") + F,'h©

dy ~

B dx o~z ’ o
+15 (5 E:— a(6,8y — be') — 85—~ a(30y — Snilly”) + (a)'©} ] ds

~

K, = L[ ~ Fhig —xhF (6,8, — 8,,iig") — YhF (8,8, — 6ni¥g") + Fo, hb

3 o ue . dy o~ e ., ~2:,
+ % { ((ii—: 05a(6,0y — SpyVp”) — ds ésa(étgy = dnlp’) + (a)2¢c }p ds

iz = [ (62 + ¥ -yl +xio)hp i
A more compact form of the above equations is given by
Ky = byiig — (Sy1 + Su2)byd — Su3brde

K2 = b]VO + (éw] + 6w2)b3$ + 6W3b34.;C

K3 = byg + by(8,8y — p,dig’) + by(6,8y — 81,V0") — bo(y1 8 + 6,20 + 6y38)

K4 = by¥g — byiig + (bg + bs)é

K = byWy + (bs + 8;b5)8y + (b — 6:b13)8, — (bg + 5517)(81 8" + 6,20 + 8y30.)

Kg= —byWwy + (bs + d5by5)y” + (bg — 65by3)Vy’
+ (bg + 65by7)(0y " + 032,© + by3.)

K7 = by + (bg + 6b14)8 + (bs — 5sb13)dy
— (b — 8:b16)(Gu1 6’ + 632@ + Sy38c")
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(4.66)

(4.67)

(4.68)
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Kg = —byWg + (bg — 5by3)ilp" + (bg + 65b14)Vp’

P iy (4.70)
+ (bg — 65b16)(Ow1 " + 642© + 6y36.")
Kg = = byitg — (by + 6;b17)(8,8y = Spylig”) — (bg — 5:b16)(88 — 6pi¥g") @71
+ (bjo + b1g)e’
Kig= — byWg — (bg + 8;b17)(8,8, — 8piiiy’) — (bg — 8by6)(6:8x — SniVy”) @7
+(byo + b,5)®
Ky = —by¥g — (bg + 85b17)(8,8y — Snyiiy’) — (bg — 8.b16)(818x — Sni¥p”) .73
+ (byo + big)dc’
K3 = by¥g — byiig + (bg + bs)de (4.74)
where the coefficients b, are defined in Appendix D.
4.4 Work Done by the External Loading
4.4.1 General Considerations
The work done by the external and body forces on the beam can be expressed as [17] :
\Ve = JpHiuidr + J EiuidQ (4.75)
T Q
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where H,; denote the components of the body force vector while a; denote the prescribed traction
vector on the external surface of the body. The total surface Q of the beam may be considered to

be Q=0Q,UQg where Q; and Q are defined by n= + % and z=0, L, respectively. Eq 4.75 can

be rewritten as

“’e = J.p]'IiUidT + J. Ziuidn + J- ;iuidﬂ (476)
T Q

L Qe

where dr=dn ds dz, dQ, =ds dz, dQ2: =dn ds.

The variation of the work done by the external and body forces can be expressed as

h
L h
oW, = J‘o J'J Zh [oH,8u +pH,év + pH,6w] dndsdz
-7

L
+ '[ J- [6,0u + 640V + 6,6W], - 4, dsdz (4.77)
0 Jc

N

z=L

+ j Y| [Guu+3ybv+5,6w] dnds
Cx=17hk) z=0

4.4.2 Work Done by the Body Forces

Substitution of the kinematic equations into Eq 4.77 yields the variation of the work done by

the body forces:
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L. .h
W0 = J; J’C J'_l[p H,6{ug — (641 + Ow2)yd — Sy3ydc}
2

+pHy6{vg + (6w + du2)Xd + Sy3xc}

dy , (4.78)
+pH 6{wg + (x + 6snd—s )(6,60y — 50uy’)
7= 6,32 )(6180, = 8uvy)
— (F,, +13)(8,,,06" + 5,200 + 8,,36¢.")}] dndsdz
Denote
h
F(s2) = 2h pHdn (4.79)
-7
h
E(sz) = 2h pHndn (4.80)
-7

where i = x,y,2. As a result of the integration of the 3-D quantities across the thickness of the
beam, F, and E,, denoting body resultants and couples, are 2-D quantities.

Introduction of the notation given by Eqs 4.79 and 4.80 into Eq 4.78 and collection of terms yields

L
SW" = f [F16ug + Favg + Fdwo + F46,80y + F6,66, 4.81)
] .

+ Fg6 + F6,,00 + Fgd36¢.] dz

where

dy ,
F, = fC[Fx + Op(x + O s JE,"]ds (4.82)
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dx .,
F,= _L[Fy + dny(y — 855" JE; 1 ds
F, EJ' F,ds
C
d
F4_=.J- [XF, + 6, ~L E,]ds
c ds
_ dx
Fs =J. [yF, — 6, <% E,]ds
C S
F6 = J;[( _ny +XFy)(6wl + 6w2) + (Fi,Fw + zEz')awl] ds
F,=-— J (F,F,, +3E,)ds
C

Fg= j [(—yFy +xFy) + (F,'Fw +E,a)]ds
C
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(4.88)

(4.89)

88



4.4.3 Work Done by the Surface Tractions

Next the variation of the work done by the surface tractions can be expressed as

L L
W' = J-o L[?xéu + 36 + 5,6w] " dsdz + J; JC[Exéu + 60V + 5,6w] dsdz

N (4.90)
- - z=1L
+ J- Z [6x0u + 6,6V + 7,6 dnds
Cy = 1"h(k) z=0
where [ ]*and [ ]~ denote the quantities evaluated at n=+ —g— and n=— -g—, respectively.
Let us denote
o =5, +5, (4.91)
o =5, +5,” (4.92)
o =5, +5,” (4.93)
o, '=5,t -5, (4.94)
whereas for the axial displacement we have
w(s,z,n) = w(5,2) + nW,(s,2) (4.95)
By virtue of Eqs 4.91 through 4.95, Eq 4.90 can be rewritten as
L 0 I
oW, = f j [5,06u + 5,06v + Ezgéw, + ;zt% ow,] dsdz
0-C
(4.96)

N

z=1L

+ f > f [5,60+ 3,8V + 5,6w, + 5,06w, ] dnds
Cy = 1 htk) z=0

Introduction of the displacement quantities into Eq 4.96 gives
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L
oW, = [ [ 5T 60156 + 84008 + 605660
+6,0[6Vp +X(84916¢ + 64260 + 6,4366)]
+ ;zo[éwo +X(6,60y — dnedug”) + (6,60, ~ 6ne6vp’)

— F (610" + 64200 + 8,369 0]
~1h

dy , d ,
+5, 5 [8s 5 (888y = 8y6ug") — 6,5 (6,00 — 5 8%))

—2(8y 60" + 64200 + 6,,364)] dsdz

N

+ _f Z j T3 [0Ug —Y(3416¢ + 64200 + 6,,3660)]
+5y[6vy +X(8416 + 64200 + 543660)]
+ &, [6wg +X(8,80y — 8y8ug") + Y(8,00, — 5,y8vy)
— F (6100’ + 64260 + 5,,36¢0)]

~ dy , d '
+ &,[n8; == (6,60, ~ 5,6u¢’) —né, d—’s‘ (6,60, — 6,,6v,")
—03(8yy1 60" + 65700 + 8,,3562)] [dnds

4.4.4 Total Work Done by the External Loading

Eqs 4.81 and 4.97 yield the expression of the variation of the work done by the external loading

as:

L
oW, = J.o [(Fy + px + dnmy)Suqy + (Fy + py + 6,,my")ovg + (F3 + p,)owg

+ (F4 + my)6,60y + (F5 + my)6,60y + [(0y + 6y2)(Fg + my) + dy,b,,J6¢

+ (Fg + b, + m,)dy30¢. — (F + b,)d,,00]dz
+[Tpdwy + My{éléey — 00Uy} + M, {6,608, — 8,6vy'}
+ (Oy1 + 0y2)M,0¢ + 653M;66 + Qb + Qyé"o

~ z=1L
+ Bw{éwléd"" 6w2‘5® + 6w3‘5¢c}]z =0

The Governing Equations and Their Associated Boundary Conditions



where

~ 0

Px Ox
Py E'[ ayo ds

c 0

Pz 9z

] (Y;zo — 0 % é’? ;zl
m, f Xo, + h _El-}s:- o,
C

= ~0 ~0 ds
m, Xo, —Yyoy
T ~0,~h~1
wa‘ Fwoz +a—2-az

L J

N
Qy= J. Z [o,Jdnds
Ci =17k

N
Q s_[ [5,Jdnds
’ CkZ] h(k) ¢

N
~ ~ dy -~
M, = L Z .[ [xo, + 6 s no,Jdnds

k=1 h(k)

I\~dx = L Z [yo, — d g—: no,]dnds

N
M, = J’ Z J. [ —yoy +xo,]Jdnds
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(4.104)

(4.105)
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N
Bo=— | D[ [F.3, +nas,Jinds (4.107)
)"

where (~) identifies a prescribed quantity at the ends of the beam (i.e., at z=0 and z=L).

4.5 Viscous Damping Term

The work done by the viscous damping forces can be expressed as

Wd = - J‘Fdiuid? (4 108)
T

where Fq denotes the damping force per unit volume of the beam in the x, direction where i=x,y,z.

The variation of the work done by the viscous damping forces is

6wd == e J‘Fdiéuid‘t = - J.Ci\:l"éuidf (4 109)
T T

where C; denote the damping coefficients in the x, directions. By virtue of Eq 4.41, the above

equation can be expressed as

L
Wy==— J. (Ciudu + Cyvév + Cywow)dz
e (4.110)
= -J‘ [C]ﬁéu + Cz\.l(sv + C3(W1 +nW2)6(W] +nW2)]dZ
[¢]

Introduction of the displacement components in accordance with Eq 4.110 gives
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Le (3 . .
Wam=[ [ [ [Cilio = Gur + Sualyd — buayded(6 — (Bus + 64y66 — b4ay56)
0 JC __*2!.

+ Cy{Vg + (byy + 632)X + Sy3XBI{BVg + (6yyy + 64y2)X0P + 8,3%66c}
+ Ca{Wp +X(68y — 6uily’) + Y(8:0x = Su¥y’) = Foo(81 8" + 620 + 836¢) @1
{6W0 +x(6t69y - ‘Snt‘suo’) + Y(‘St‘sex - ‘5méVo') - Fw(éwléd" + 6w2é® + ‘5w3‘5¢c')

dy . ., d . s ., . -
+ C3n2{‘5s ?S— (6tey - ‘5mu0 ) — 6 ?:" (6t0x - 5m"o )—a(by 9" + ‘5w2® + 6w3¢’c )

dy ' d [; x ' ]
{6s '&' (‘stéey — 6ndug’) — & _c% (6,60x — 6 0Vg') — a(Oyy 99" + 64,20@ + 8366 ')} Jdndsdz
Integration of the above equation across the thickness yields

L

6Wd = —-J. [Dl(SUO + D:é\’o + D]éWO + (6“,] + 6w2)D4(5¢ + Dséléoy + D66m<5u0' (4 ll")
0 dils

+ D76,00, + Dybi8Vy' + Dgby6¢" + D1g6u200 + 643(Dy 166" + Dyy66)1dz

Integrating by parts gives

z=1L
6W = = [8nDgbo + 5, DgdVo + w1 Do + 8usD11d0c]

L
4.113
- J. [(D; = 8xDs")6ug + (D3 — 65 Dg')8vo + Dydwo + 6,566, + 80580, 1)
0
+ 843D1000 + (851 Dy + 64Dy — 6y Dg")o6 + 6443(Dyp — Dy Yo ] dz
- Here the D coefficients are given by
D, = fcc, {hig — (84 + buz)yhe — 8y3yh )} ds (4.114)
D,= f C,{h¥g + (6w + by)xhd + 8,3xhgp } ds (4.115)
C
93
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D3 = I CJ[hWO +Xh(6téy - 6ntﬁ0') +yh(6t9x - 6nt‘.’0')
C (4.116)

—th(éwl‘i” + 6w2® + ‘Swad;c')] ds

D, = f [(Cyy* + CyxOh — C,yhitg + C,xhvp] ds @.117)
C

Dy= f [C3{xhvvg + x2hdy +xyhly —xhF (618" + 547 + 6,436}
c (4.118)
h dy dy . dx dy » ~dy

+05 Cals o 55 Oy — 85 gy g Ox 3 g Bwd” + 8n® + 836} 1 ds

Dg = J- [C3{ —xhwg + x?hiy’ + xyhVy’ +XhF (841" + 532© + 8,36}
C
(4.119)

b’} dy dy ., . dx dy

. ~ dy . . .
+—12—C3(‘5s Vo' + 3715_(6w1¢" + 632@ + Sy39)}] ds

ds ds 0 T %7gs ds 'O

Dy = [ [Cytyhig +xyhbly +yhby ~yhF (81" + 6,20 + 8426)
C

; o dy | 4 (4.120)

+ ey, 82 Lo X

dx ;, ~d :, . .
ds ds Y ‘—d;_:i_s_e"_ A (G194’ + 6wy@ + by30.)} ] ds

T

Dy = Ltcs{ ~yhwo +xyhidg’ + y’hip’ +YhF (6318’ + 6420 + 8436¢))
(4.121)

dx dx-, _di,d_y':__“‘_(_l_x_ 11 - (o,
ds ds Vo 6: ds ds Ug a ds (6w1¢ +6w2®+6w3¢c )}] ds

Dy = _[ [C3F oy { —yh(8,05 = Spyivy’) —xh(8,8, — Snpitg") — hwvg + F )b’}
c (4.122)

h3 ~ d - .y d.v ; P gy
+ 5 Coa{ds 5 (68 = Snii)) — 65~ (6,0, = dnyitg’) +3')] ds
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Dy = fc[caFw{ — Yh(8,8x — Sni¥o") —xh(88y — bpyiig’) — hivg +hF,©)

h3 - d . ., dy . o~
+5 Caalds 5o 60y = bn¥’) — 652 (86 — 6piig’) +30)] ds

iy = [ [CFul ~¥h0 = b))~y = i) = b +0F 1)

h3 w d A L dy ' L ~ i
+ 12 Cia{ss E’E’ (6,8y — O ¥p") — O I (‘Stgy = dnUg’) +a¢'}]ds

Dy, = jc[c, (v*hd, —yhitg) + Cy(x*h +xhirg)1ds
A more compact form of the above expressions is
D, =dig — (61 + Su2)dyd — Su3dhébe

D, =d,Vy + (84 + Ow)d3é + Sy3d3de

(4.123)

(4.124)

(4.125)

(4.126)

4.127)

D; = dygwg + dyy(8,8y — Sptly”) + dg (8,8 — Sp¥g’) — d7(8y1 9’ + 842 + by36)) (4.128)

D, = d;¥g — dyUg + (dg + ds)éb

DS = dzz\;VO + (d24 + 6sd15)éy + (d6 - 6Sd13)éx
- (d9 + ésdﬂ)(éwld" + 6“,2@ + 6W34;C’)

D¢ = — dyyWy + (dyg + 6d;5)0g" + (dg — 8d;3)Vp’
+(dg + 8,d17)(0w1 " + 64 2@ + Sy3d))

D; = dyWo + (dg3 + 53100y + (dg — 8,d,5)6,
— (dg — 6,d16)(Ou1 8’ + 542@ + 6y36¢)
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Dg = —dy;Wo + (dg — 6d)3)0" + (dy3 + 64d14)V0’

halta’ + < (4.133)
+ (dg — 84d16)(Bs1b” + 8320 + Sy3c)
+ (dlo + dls)‘i"
Dyo = — dywy — (dg + (Ssdl'l)(é[éy = Sptg”) — (dg — 6,d,6)(8,0x — Spyi”) (4.135)
+(dyo + ;)@
Dll = - d-]Wo - (dg + 6sd]7)(6téy - énlﬁO’) - (d8 - 6sd16)(6téx - 6[1[‘}0,) (4 136)
+ (dlo + d18)¢‘c'
Dy = dy¥g — dyitg + (4 + ds)é (@137

where the coefficients d; are defined in Appendix E.

4.6 The Governing Equations and the Associated

Boundary Conditions

The variations of the strain energy, of the kinetic energy, and of the work done by external
loadings and of damping forces have been derived in sections 4.2 through 4.5. Substitution of the
corresponding expressions into Eq 4.4 and collection of the terms which correspond to the same
variations of kinematic variables yields the governing equations and the associated boundary
conditions. These variations of the kinematic variables are independent and arbitrary within any

instant of time te[to, t;]. As a result, the coefficients of these variations should vanish in order to
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satisfy Hamilton’s principle. This yields the equations of motion and the associated boundary

conditions.

4.6.1 The Governing Equations

The equations of motion are:

dug:

OneMy"” — 6, Q' +~9’::5_'“:(K 1= 9uKe) — (D) — 6 D¢") + F, +ht Opmy’ =
ovy:

oMy — 8, Q’y + __6y' — (K3 = 0, Kg") = (D3 = 65, Dg) + Fy + py + dpymy/ =0
owg:

Ta'— K3‘— D; + F3+ p,=0
o¢:
San(By” + M) + 8w;My = (61 Kg = 651Ky + 6w2Ka)
- (6'w1D4 — éwlpg' + 043Dy) + (64 + 6w2)7F’6»+ (0w + 6w2)?z + é?l(b“w’ = 0
6:60,:
My=Qu=Ks = Ds+ Fytm, =0

600y

M’y —Qy—K;—D;+ Fs+m,=0
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(4.140)

(4.141)

(4.142)

(4.143)
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64200:

—Bw'—MP+M1"K10-D]0—F7-bw=0 (4.144)

6w36¢c:

Mp' - (K12 - K“') - (D]2 - D“') + F8 +mz + bw’ =0 (4.145)

Substitution of the generalized forces and couples as well as of the dissipative forces in terms of the
displacement quantities results in the governing equations. These are given by:

doug:

Snelag Wo™" + a52(8:8y"" — Sngug”"’) + 293(6:8x""" — Sni¥o""’) + 32461(6y" + ug"")

+ 23560, + Vo) + a36(0w 19" + 80"") + 257" + 2536,,0" — hy"]

— O [aa1 W’ + ag3(6,8y"" — dngug™’) + a43(8,8," — dnvp"’) + a4a6(0y" + ug”)
+a4560(0y" + Vo') + 246(0y "' + 64 20") + 247" + 2436,,,0" — hy']

+1541Wo" + 842(8,0y" — Spg""") + 543(8:8x” — SpVp™) + 54401(0y" + up")

+ 54561(0x" + Vo'') + S46(0w1 8" + 6u2@") + 547" + 5436,0®" — hy’ (4.146)
+ (1= 89)(gs90” — 86v9')] —[byiig — (Su1 + Sw2)bd — Su3brd]

+ Sl — by’ + (bs + 8;by5)iig” + (bg — S5by3)Vo” + (bg + 6.b17)(Ew1 6" + 6,29")]
—[dyitg = (Byy + Su2)d2d — by3d26c]

+ 0l — duWo' + (dyg + 64d;5)ig"" + (dg — 6:d3)vy"

+ (d9 + 6sdl7)(6w1$" + 6w2®’)] + Fl +pxt+ 6nlmy' =0
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6Vuf

Smelaz Wo'"’ + a3(8,8y""" — Spyug™™) + a33(8,8y""" — dnevo""’) + 2346460y + up"™)
+a356(0y"" + V') + a36(0y1 9" + 632O""') + 2370 + a336,,0”" — hy"']

— Smlas;Wo +asp(6,8y"" — Snug™’) + a53(8,8x"" — Snyvo™) + asaéi(By’ + ug")
+a5561(0y" + Vo) + as(0y1 8" + 6320") + 578" + a556,,,0" — hs']

+s51Wo"" + 855(6,0y" — Suig”") + 853(8:8x"" — SrVo™"’) + s5adi(By’ + ug”)

+ 5550,(0y" + Vo) + 556(0qy1 """ + 6432©0"") + 557¢" + 5556,O" — hs’ (4.147)
+ (1= 6)(87u0” — 8sv9")] —[b1Vg + (6 + 852036 + Sy3bydc]

+ Sl — bWy’ + (b — 85by3)iig” + (by + 65b14)Vg” + (bg — 6b1e)(Bu1d” + 6,,,")]
—[dyg¥g + (84 + Sw2)d3d + by3d36]

+ Ope[ — dyyWo' + (dg — 64d;3)00" + (da3 + 65d;4) V"

+(dg — 6,d)6)(641 9" + 64,001 + Fy + py + ymy’ =0

5Wo:
ap wo'' +2a55(6,8y" — yu0""") + a13(6,85" — Opvo'"’) + 2146,(6y" + ug")
+ alsél(ex, + VO") + 316(6w‘¢'" + 6w2®") + a”d)" + al8(5w2@' - hl'
—[by¥g + by(88y — Snliy’) + by(88x — SmiVip’) = br(Su1d” + 6,2® + 6436c)]  (4.148)
—[dagWo + g1 (895 — S¥o”) + dya(8,8y — Sy
—dy (B @’ + 6420 + 64361+ F3+p, =0
8,66
2y Wo'" + a(8,8y" — Snug™) + 253(,85" — Snevo™’) + 22468y + up”)
+ azsét(gx' + Vo") + 326(6w1¢"' + 6“,2@”) + 3.2747" + ajsé‘v2®' - hz'
—[as )Wo' + a45(6,8y' — dpup") + 243(6,8y" — 61,vp")
+ aMét(gy + uol) + adSél(ax + Vo’) + 346(6“,14)” + 6“,29')
+ 247¢" + 24360 + 249636 — hy] (4.149)
—[b3Wg + (bs + d:by5)6,0y + (bg — 65by3)6,84
= (bg + 851718’ + 3,42© + 5,36)]
—[dyaWo + (dyg + 6,d)5)6,8y + (dg — 6,d3)6:0
- (d9 + 6sd17)(6w14’, + ‘5\&'2@ + ‘5w34;c’)] + F4 + my = 0
8:00,:
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a3 Wo'’ +a32(8,8y" — Sng"’) + 233(8,85" — SnVo'’) + 23461(8y" + ug")
+2356(0y" +Vo'") + a36(0w1 b’ + 62,0") + a37¢"" + 2336,,0" — hy’
—[asywp’ + a5(6,8y" — 6nug”’) + as3(8,85" — Snevo”)
+ a540y(0y + ug’) + a556((0y + V') + as6(Oy1 9" + 6420)
+a57¢’ +a5gd,,0 + as?fsw3¢c' = hs] . (4.150)
~[byWg + (bg — 3b13)6,0, + (bg + 5:b14)5,0
~ (bg — 8.516) (w19’ + 820 + 5y38.)]
~[dyWo + (dg — 6:d13)8,0y + (dy3 + 6,d14)6,05
— (dg = 0,d16)(01 9’ + 042@ + 8436V ] + Fs +my =0

o¢:

Swilagiwo'’ + ag3(6,0,""" — ug"""") + ag3(6,8y""" — Spyvo”'"’)

+ a646,(6y" + up’"") + 2g50,(0,"" + V') + ag(0u1 @' + 6,0

+ag79""" + 2586,,,0" — hg”’

+ ay Wy’ + 372(‘5t9y" = Onug’”’) + a93(6,8," — 6vo""")

+ a740,(0y" + ug"") + 2956,(0" + Vo) + a6(01 " + 6,,207)

+a770" + 2756,,,0" + (1 - 69(g)up” — gav9"") — hy']

+ dyalag Wy + aga(6,8y" — Snup”™’) + ag3(8,8y" — 5vp""")

+agg0y(0y + ug") + agsdy(By + Vo'') + age(Sy ¢ + 5,4,0") (4.151)
+ag7¢” + 2336, + (1 — 6)(83up" — &4Vo™) — hg']

= (61 + 84)bs¥ = bylig + (bg + b))

+ 8y [ = by’ — (bg + by 7)(8,8" — Syig”) — (bg — 6b16) (80" — Sni¥p’”)
+ (b1 + b18)6"'] — (6 + Su2)[(ds + ds)d — dy0g + d3¥g]

+ Sy [ = dy¥g’ — (dg — 6:d1)(6:0x’ — Sni¥o”) — (d + 8,d17)(8,8" — druiy””)
+(d1o + d1)6"] + (Buy + 6uz)(Fs + my) + 8yb," =0

‘ 6‘,2(5@3
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—[ag1Wo"" + a63(6:8y" — 6qup""") + 263(6:85" — Snvo™’) + 26481(0y + up”)
+ 26560y’ + Vo'') + 266(p 18" + 6@") + 2679’ + 26360 — hg’]
—[ay wp' +a75(8,8y" — qu9"") + 273(6,8y" — dpyv'")

+ 27460y + vg) + a356((0y + V') + 276(6414" + 6,,20")

+ 2779’ + 27364 20@ + a790y38" + (1 = 69)(g,up" — g3v0") — hy]

+[ag,wo' + ag3(6,8y" — SpUp”’) + ag3(8:85" — Spvp™")

+ an‘St(ey + ug’) + agsd,(8y + Vo) + agg(dy 14" + 6,,,0)

+agyd’ + aggdy @ + aggdy3de + (1 — 6:)(g3uy’ — 2avo') — hg]

—[ = bs¥p — (bg + 8.b17)(6,8y — Spyiip”) — (bg — 8b16)(88x — 8niVo’) + (byo + by)O]
—[ = dywo — (dg — 6,d16)(88x — Sni¥0") — (dg + 6d;7)(E 0y — Sneiy”)
+(djg+d;5)®]—F;—b,=0

(2.152)

6w3é¢c: :

ag Wo'' + 27(8,0y" — Snug""") + a93(6,0," — S5vo'")

+ 2746(8y' + ug"") + a756,(0y" + Vo) + a76(6y " + 64,2,0")
+a779" +a7803,0" + (1 — 69)(8up" — 83v9"") — by’

—[b3¥g — byiig + (b + bs)d.]

+[ = byWg’ — (by + 8:b17)(8,8y" — Spyily’") — (bg — 8sb16)(685" — Sn¥y”) (4.153)

+ (byo + byg)dc”]

+[ = dywy’ — (dg — 8,d16)(8:0y" — OrVo"") — (dg + 5d17)(8:8y" — dnig"")

+ (1o + dig)dc"1 —[(ds + ds)be — dylig + d3¥g] + Fg + m, + b, =0

4.6.2 The Boundary Conditions
The boundary conditions at the ends (z=0, L) of the beam are expressed as

[8n(M’y — Qg) + Qy + 6,(Kg + Dg) — Q,16ug = 0 (4.154)
[6,(M'y —Qy) + Qy + 6n(Kg + Dg) — QyJovy =0 (4.155)
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[Ta - Talowy=0

[M, — M,)(6,68, — 6 8uq") = 0

[M, — M, ](6,665 — 5,6v") = 0

[B,, — B 18460’ + 64,,00) =0

[8u1(By’ + M + Kg + Dy = M,) + 85,p(M, — M)166 = 0
[M, + Ky, + Dy = M;16,386 =0

From Eqgs 4.154 through 4.161 the static boundary conditions are:
Su(M?y = Q) + Q + 6,(Kg + D) = Q=0
Sp(M’y = Q) + Qy + 6, (Kg + Dg) = Q= 0

Tpo-Ta=0

~

M, - M, =0

l

Mx“ x=0

-

(81 + 642)(B,y = By) = 0
8u1(By,’ + M, + Kg + Do) + 8,,M, = (8 + 84)M; =0
Sw3(Mp + Ky + Dyy) = 6y3M, =0
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(4.157)

(4.158)

(4.159)

(4.160)

(4.161)

(4.162)

(4.163)

(4.164)

(4.165)

(4.166)

(4.167)

(4.168)

(4.169)
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Next, the geometric boundary conditions can be expressed as:

Ug =Yg
Vo ="Vp
Wo = Wp

68y — Vo' = 6,0y — dpvp'’
‘sw1¢' + ‘5‘112('3 =049’ + 5w2®
$'=9¢'

¢c=¢c
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4.172)

(4.173)

(4.174)

(4.175)

(4.176)

4.177)
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The static boundary conditions can be expressed in terms of the displacement quantities as:

dug:

ovg:

Onlag1Wo"" +a95(8,8y" — dnup") + a33(6,85" — bpy¥p""')
+246,(8y" +ug") + a356,(0," + Vo) + ag4(dy 97 + 6,,,0")
+a37¢" +a564,,0" —hy’]

= nlag wo' + a42(6,8 y = OnUp”) + 243(6,85" — Snvo”)

+ 2446,(8y + Ug') + a456,(8y + Vp') + 246(y 8" + 5,0")

+ 2479’ + 2486420 + 2496436 — hy]

+ 541Wo' + 542(6,8y" — OnUg”’) + 543(6,8y" — SniVo™")

+ 5445[(9y + Uy") + 8450,(8y + Vo') + S46(091@”" + 6420")
+547¢" + 5486420 + 5490530 — hg + (1 — 65)(8sup” — g6Vo')
+ 6l — byWg + (bs + dsby5)lig” + (bg — 3by3)Vy

+ (b9 + ‘Ssbl7)(5wl‘¥" + ‘sté + ‘5w3$c')]

+ Sl — dgaWo + (dyg + 6d;5)0g" + (dg — 65d3)V0”

+ (d9 + 6sd17)(‘swl‘i" + 6w2(;) + 6w3¢;c')] - ax =0

dnlaz wo" +a3;(8,8y" — Snug"’) + a33(8,8,"" — Snvo™")

+ a346t(6y' +up’’) +a350,(0," + vp'') + a36(0y @’ + 6420O")
+a37¢" + a3g6,,,0" — hy’]

— Onlasiwo’ + a35(6,0," — bup"") + a53(8,8," — V")

+ as4él(9y + Up’) + a550,(0y + Vo) + ase(d4 9"’ + 6420")
+a57¢" + 25360 + asgdy3é." — hs]

+ 551Wg' + 552(6,8y" — SnyUg”’) + 853(88y" — Vo)

+ 55451(9), + Uy’) + 5550,(8y + Vp') + 856(0 1 ¢"" + 042 ©’)

+ 857¢" + 5580420 + 5590439 — hs + (1 — 69)(g7ug’ — gVp')
+ Sl — bW + (bg — d5by3)Ug" + (by + 65b14)Vo’

+ (bg — 6516} + 6u2® + S438c)]

+ O[ — dyyWo + (dg — 6dy3)p" + (da3 + 65d14)Vo’

+(dg - 5sd16)(5w14" + ‘Swz(:3 + 5w34;c')] - Qy =0
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owg:

a; Wy’ +a15(6,0y" — dnug”) + 2,3(6,8y" — pvp™")
+ al4ét(ey + uo') + a,sél(Bx + Vo’) + a16(6wl¢" + 6W2®’)

+ 279" + 213640 + a;90y39" —h; —Tp =0
660y or — 6,:0uy”:

a2lw0' + 322(‘510)!' - t'Snluon) + 323(618)(' - 6ntv0”)
+ a24él(ey + u-o') + 3256‘(9x + Vo’) + a26(6W1¢" + 6W2®’)

+ 2379" + 2530470 + 2390436’ —hy =My =0
6,00, or — 6,0Vy':

a3 Wy’ +a3y(6,0y" — dnug”’) + a33(9,8y" — dpvp"’)
+ 83461(0). + uo') + a3561(9x + Voi) + 336((5w1¢" + 6W2®,)

~

+ a37¢" + 23304,,0 + 2396436, —h; — M, =0
w10’ or 6,200

ag Wo' +agy(68y" — Snup”) + 263(6,85" — Svp"")
+ ag461(8y + ug’) + ags6(By + V') + age(y 19" + 6420")

+ 2479’ +2630,,@ —hg— B, =0
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(4.182)

(4.183)
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o¢:

OwilagWo" + agy(6:8y" — Spug"") + ag3(6,8y"" — 6pvo""') + ag46,(0y + uy"')
+ags0y(by’ + Vo) + 256(0y 1"’ + 6,0") + ag7¢"" + a636,,2©" — h¢’

+ a7 ,Wy' + a7,5(6,8y" — Snug"’) + a73(6,:8" — SnyVo”)

+ a746,(0y + ug’) + a756,(0x + V') + 296(6y1 " + 6429")

+ 770" + 278640 + 279,38 + (1 — 6)(81ug" — 8;v0') — hy]

+ Oyalag Wy + agy(6,8y" — dpup”’) + ag3(6,8" — dnvg"")

+ ag46,(0y + Ug') + ag58i(Oy + Vo) + age(w 18" + 642©") (4.184)
+agyd’ + aggdy @ + aggdy3d’ + (1 — 6)(g3up” — gavo') — hgl

+ 8y [ = by¥irg — (bg + 8¢b17)(88y — Spiiiy’) — (bg — 6sb16)(8,8x — Vo)

+ (byo + by3)¢']

+ 8y [ = dyWo — (dg — 6,d16)(6:0x — Srni¥o’) — (dg + 6:dy7)(6:0y — 800

+ (dlo + dls)d"] - (éwl + 6w2)Mz =0

6w36¢c:

ag Wy’ +a75(6,8y" — dnup”) + 273(8,8y" — dvp™")

+ a-mét(ey + up’) + a750,(0y + V') + a76(0y 1"’ + 6,,,0")

+a77¢" + 2786,,20 + 239839 + (1 = 6)(8,u0" — 82v0") — by

- b7WO - (b9 + 6sb17)(6téy - ‘5mﬁ0') - (bs - 6sb16)(étéx - ‘vaol) (4.185)
+ (bjo + big)d’

+ 8y [ — dywg — (dg — 6,d6)(6,0 — Sp¥o’) — (dg + 6,d17)(8,8y — Sply’)

+(dyo + dyg)] — M, = 0

As an example, when the cross-section is clamped, the geometric boundary conditions are

Ug = Vg = Wo = 6,8y — oo’ = 68y — dnilly’

4.186
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4.6.3 Compact Form of the Governing Equations and Boundary Conditions

In operational form, the governing equations and the associated boundary conditions can be

expressed as

Similarly in a condensed form the static boundary conditions can be expressed as:

{M]l Ml2

where L;, M,;, fi, and m;

My,

Msq

My,

Ms;
Mg,
M;,
Mg,

Mg

-

Yo fy
Vo f,
Wo f3
5,60, £y
560, | |5
¢ fs
) f;
dw3dbe fg

u
Yo
Wo
(6t‘59y — d,0up")
(6:06x — é1dvp")
(Ow1 + du2)d
(019’ + 64,,0)
Swidbc

(4.187)

(4.188)

are given in Appendices B and C. For special cases of practical

importance, the governing equations and the associated boundary conditions could be specialized
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by discarding several of the effects previously introduced. For example, in the absence of the

transverse shear effect, the tracers are:

6,=0 6,=1
b=1 (4.189)

5W1=1 6\V2=6W3=0

In Eq 4.189, both warping effects are incorporated and the warping measure is chosen to be the rate
of twist, ¢’(z). The governing equations along with the boundary conditions for various cases can
be derived from the most general expressions given by Eqs 4.146 through 4.185. In the most general
case, the order of the governing equations is fourteen and, as a result, seven boundary conditions
have to be prescribed at each end of the beam. Various forms of the governing equations and the
associated boundary conditions can be obtained depending on the cross-sectional geometry, the ply
lay-up, etc. As an example, for orthotropic thin-walled beams with double symmetry of their
cross-section, the governing equations and the boundary conditions could be decoupled into

bending, torsion, and extension parts.
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Chapter V
Static Aeroelastic Instability of Swept Wing

Structures

This chapter is devoted to an analysis of the aeroelastic divergence instability of swept wing
structures made of anisotropic composite materials. As is well known, the plate-beam and
solid-beam models have been widely used in the study of the aeroelasticity of lifting surfaces. To
the best knowledge of the author, a single exception concerns the paper [53] where the classical
thin-walled beam model was used to analyze the divergence instability of metallic straight wings.
Here the divergence instability of a swept wing is analyzed and, in this context, the model of

thin-walled composite beam structures is adopted [39).
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5.1 Governing Equations and Boundary Conditions

The equations of equilibrium and the associated boundary conditions of cantilevered
thin-walled closed cross-section beams can be obtained by specializing the general counterparts
derived in chapter 4. Dealing with a static instability problem, the kinetic and the viscous damping
terms have to be discarded.

The equations of equilibrium are :

dug:
oMy =6 Q'x + é\x' =0 (5.1)
6vp:
OuMy"" =6 Q’y + é\y' +py=0 (5.2)
dwq:
Ty =0 (5.3)
od:
0u1(Bgy,"" + Mp') + 6aMy’ + (64 + dy)m, =0 (5.4)
660,
M'y = Q=0 (5.5)
6,80y
My=Qy=0 (5.6)
6200
B, +M,—M;=0 (5.7
On3bpc:
Mp +m,=0 (5.8)

In Eqgs 5.2 and 5.4 (associated with the plunging and torsional displacements), the expressions of
the aerodynamic lift (p,) and torsional moment (m,) have been expressed in conjunction with the

strip-theory aerodynamics of incompressible flows [11,39,41,42]. These quantities are
Py = qncag(¢ — vp'tanA) (5.9

m, = qucage(¢ — vg'tanA) (5.10)
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where q, (= _pz_

c denotes the uniform chord of the wing; a; denotes the “corrected lift “ curve slope coefficient; A

Us?) denotes the dynamic pressure normal to the leading edge of the swept wing;

stands for the angle of sweep (considered positive for swept-back wings) while e denotes the offset
between the aerodynamic and reference axis (the latter one selected to coincide with the centroidal
axis of the section).

The boundary conditions at the root (z=0) are

Up = Vo =Wy = éley — Sy’ = 6,8y — Vo’

5.11
= (6W1 + 6w2)¢ + 6w3¢c = 6W1¢' + éw2® =0 ( )
and at the tip of the beam (z=1L)
dug:
A
oM’y = Q) +Qx=0 (5.12)
ovy:
6n(M'y —Qy) +Qy =0 (5.13)
6Wul
Ta=0 (5.14)
(6:60,] or [6mbuy’]:
My=0 (5.15)
[6:66.} or [6méve’]:
M;=0 (5.16)
[6wlé¢'] or [6;;26@]!
B, =0 (5.17)
o¢:
Swi(By' + Mp) + 64,M, =0 (5.18)
(5w3(5¢¢:
M, =0 (5.19)

The equations governing the aeroelastic equilibrium could be obtained by expressing the stress
resultants and stress couples in terms of the displacement quantities. The same procedure is valid

for the static boundary conditions. Adequate manipulation of the tracing quantities could result in
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various groups of governing equations incorporating or discarding the various effects. In a general

form, these are given by

Sug:

ovo:

owy:

0¢:

60,

00,:

SAIWON + 5420y" + S430x" + 544(6).' + UO") + st(BX' + Vo”) + S46¢'" + S47¢" =0

'S5 W'’ + 8520y" + 8530, + 554(0y + ug”’) + 555(60y" + vp"')
+ 850" + 5579 + qucag(¢ — vy'tanA) =0

ay wo +a50," +a5360," +a,4(0," +up”) +a;5(0," + vp") + 268"’ + 279" =0

a6lw0"’ + aézgy"' + a630x"' + a64(9y" + uo"f) + a65(0x" + VO"’) + a66¢”" + a67¢"'
+anWo'' +a70y" +a530,"" + a74(8y" + ") + a75(0x" + Vo) + 2769"" + a779"
+ qpcage(¢ — vp'tanA) =0

ay Wy + a0y +axb," + a0y + up”) + a55(0," +vp")
+a5¢""" +ayd” —ag W' — ag0," —ag;0,’
— ag4(0y +ug’) — ags(0x + vo') —aged” — 2479’ =0

az Wo'' +a300,"" + a330," + a3(0," + ug") + a35(0," + Vo)
+a36¢"" + 379" — a5 Wy’ —a50," — as;0,’
—a5q(fy + ug’) — ass(0y + vo') — ased” —asy3¢" =0

The boundary conditions at the root (z=10) are

u0=v0=w0=8y=6x=¢=¢'=@=0

while the ones at the tip of the beam (z=L) become

Suy:

6VOZ

6Wol

60,

S4IWO' + 5429y' + 5430X’ + 544(9)! + uo’) + 545(8X + VO') + 546¢" + 547¢’ = 0

Ss1Wo' + Ss20y" + 5530, + 554(0y + Ug") + 855(0y + Vp') + 5560"" + 5579’ =0

ap wo' +ay 0y +a;30," +2a14(0y + uy’) + 2,50y + vo') + 260" +2y7¢" =0
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ayWo' +ay0y" + 2530, + 2y(0y + Ug') + ay5(0x + Vo') + 264" +ay9¢" =0 (5.30)

00,

ag Wo' +a3,0," + a330," + a34(0y + uy') + a3s5(0y + vo') + 236" +237¢' =0 (5.31)
5"

ag Wo' +agofy’ + ag3ly’ + ags(By + ug’) + ags(Ox + V') + 269" + 2g7¢’ =0 (5.32)
o¢:

ag1Wo'' + aﬁzay" + ag30,"" + a4541(6)" + up”’) + ags(0y’ + vp'")
+aged””" +ag79" + aq Wy’ +a550," + a5;308,’ (5.33)
+ 3.74(9y + uo') + a-,5(8,( + VO') + 3764’" + 377¢' =0

5.2 Numerical Illustrations

The case of a cantilevered swept wing modelled as an angle-ply composite box beam will be
considered in the numerical illustrations (see Fig. 8). The beam is constructed of a Graphite-Epoxy
material. Its elastic characteristics are

E, = 30 x 10° psi
E,=E;=0.75x10° psi
Gy3 = Gy3 = 0.37 x 10°5psi (5.34)
Gy, =0.45x 10° psi
H12 = B3 = py3 = 0.25

Its geometric dimensions are

h =04 inch
b= 2.0 inch (5.35)
¢=10.0 inch
L =96.0 feet

The governing equations in conjunction with the boundary conditions were solved by utilizing the
Laplace Transform technique, enabling one to obtain exact solutions. A MACSYMA software

[43,44] in which symbolic manipulations are available, has been used in the solution procedure.
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In Figs 9 and 10 the effect of tailoring on the divergence speed of a. swept-forward wing
structure is emphasized. The associated results have been obtained by discarding the warping
inhibition and transverse shear effects. In Fig. 11, the effect played by the warping inhibition, and
in Fig. 12 the effect played by the ply angle in conjunction with the aspect ratio of the wing
(AR =2L/c) on the divergence speed, are emphasized. In addition, other numerical results allowing
one to put into evidence the role played by the transverse shear deformability and the secondary

warping are shown in Tables 1, 2 and 3, respectively.

5.3 Discussions

Within this study a more reliable analysis of the aeroelastic divergence instability of a swept
cantilevered composite wing was accomplished. The analysis based on a refined model of composite
thin-walled closed cross-section beams reveals that the aeroelastic tailoring technique considered
within the framework of this more realistic model provides a strong basis for an enhancement of
the aeroelastic properties of forward swept wing structures. The results emerging from these graphs
reveal that for each sweep angle (A), an optimum ply angle yielding the highest divergence
instability speed could be obtained. The same figures reveal that the tailoring technique yields a
relatively stronger enhancement (from the divergence instability point of view) for forward swept
wings than for their straight wing counterparts ( for which case the divergence instability does not
constitute in general a critical case).

As concerns the warping inhibition, its effect, as revealed for this case in Fig. 11, is a beneficial
one. As is seen, the sweep angle plays a great role in this enhancement. The same is valid for the
ply angles. For the two considered cases of high aspect ratio wings, Fig. 12 reveals that the
aeroelastic tailoring technique could also result in a strong enhancement of the aeroelastic properties
of high aspect ratio wings.

As concerns transverse shear deformation (which is so characteristic of composite material
structures), the character of its influence on the divergence speed is different in the case of

swept-back and swept-forward wings. For a better understanding of this difference, we have to
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remeber the well-known result according to which, in the case of a swept wing, the effective angle

of attack ¢er[11,39,41,42] is

ber= — Vo' tanA (5.36)

Equation 5.36 reveals the well-known fact that for swept-back wings (A >0) the bending
deformation tends to reduce the effective angle of attack, while in the case of swept-forward wings
the opposite effect is valid. On the other hand, the transverse shear flexibility yields an increase of
the bending deflection and, as a result, the wash-out and wash-in effects characterizing the
swept-back and swept-forward wings, respectively, are further exacerbated. This expected result was
proven by using the thin-walled beam model considered in this dissertation. The numerical findings
show that, at least for the case considered here, the transverse shear flexibility could yield an increase
of the divergence speed for a sweep angle A = 45° of about 209/ as compared to the one obtained
within the case of infinite rigidity in transverse shear. However, for swept-forward wings, the
decrease of the divergence speed due to the same eflect is less drastic than the increase resulting in
the case of swept-back wings. The numerical results concerning the transverse shear effect with
respect to the sweep angle are given in Table 5.1.

As concemns the secondary warping, its effect results in an increase of the divergence speed.
However, the amount of its increase in the present case is only about 6. It is believed, however,
that for other cases, a larger contribution of this effect could occur. The numerical results

concerning the secondary warping effect are given in Tables 5.2 and 5.3.
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Table 1. Variation of the Divergence Speed vs. Sweep Angle Concerning the Transverse Shear Effect
(Ply Angle=90 degree)

i:;ip Divergence Speed

( deg) I I

- 60 918 906 (-1.3)

- 45 1165 1152 (=1.1)

- 30 1380 1368 (-0.9)

- 15 1596 1589 (-0.4)
0 1851 1851 (0)
15 2208 2222 (0.6)
30 2863 2925 (2.2)
45 5330 6417 (20.4)
60 no divergence no divergence

( ): % difference

Ply Angle =90 degree

[: Without Transverse Shear Deformability
I1: With Transverse Shear Deformability

Static Aeroelastic Instability of Swept Wing Structures
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Table 2. Variation of the Divergence Speed vs. Ply Anglc Concerning the Secondary Warping Effect

(Sweep Angle = -30 degree)

Sweep Angle = -30 degree

I: Without Secondary Warping Effect
H: With Secondary Warping Effect

Static Aeroelastic Instability of Swept Wing Structures

Ply Divergence Speed

Angle

(deq) | I

0 314 317 (1.0)
15 324 328 (1.2)
30 379 393 (3.6)
45 651 685 (5.0)
60 1673 1711 (2.2)
75 2635 2646 (0.4)
90 2609 2617 (0.3)
( ): R difference
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Table 3. Variation of the Divergence Speed vs. Ply Angle Concerning the Secondary Warping Effect
(Sweep Angle = -60 degree)

Ply Divergence Speed

Angle

(deq) I H

0 111 113 (1.7)

13 114 116 (1.7)
30 134 139 (3.6)
45 235 249 (5.6)
60 732 755 (3.0)
75 1694 1708 (0.8)
90 1854 1865 (0.6)

( ): % difference

Sweep Angle = -60 degree

I: Without Secondary Warping Effect

II: With Secondary Warping Effect

Static Aeroelastic Instability of Swept Wing Structures
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Chapter VI

Free Vibration Analysis

This chapter is devoted to an analysis of the free vibration of anisotropic composite aircraft
wing structures. The thin-walled beam structural _model is adopted for this analysis. The results of
the free vibration analysis are essentially needed in aeroelastic flutter studies. As is well known the
accurate determination of eigenfrequencies constitutes a necessary requirement for a reliable

prediction of the flutter instability of aircraft wing structures [11,15].

6.1 Governing Equations and Boundary Conditions

The governing equations and the associated boundary conditions of vibrating cantilevered
thin-walled closed cross-section beams could be obtained by specializing the general governing
equations and boundary conditions derived previously in chapter 4. Dealing with the undamped free

vibration problem, the loading and damping terms could be discarded.
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The equations of motion are:

duy:
My = Q') + Qy — (K — 6, K¢) =0 (6.1)
oy
5uMy” = Q') + Q' = (K; — 6,Kg") = 0 (6.2
dwy:
Ty —K;=0 (6.3)
op:
6u1(By," + Mp') + 0y oM — (041 Ky — 631 Ky' + 64,,K4) =0 (6.9
6:60,:
M’y — Q- K5 =0 (6.5
6:66,:
M’, = Qy— K7 =0 (6.6)
200
B, +M,— M, +K;g=0 6.7)
Swidde:
My - (K3 =-Ky)=0 (6.8)
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Substitution in the above equations of the generalized forces and couples in terms of the
displacement quantities results in the governing equations of the problem. Appropriate
manipulation of the tracing quantities could result in various sets of approximate governing

equation systems. In the general case these are given by

dug:
Sa1Wo'’ + 8420y’ + 3430y + 844(0y" +up") + 845(0y" + V') + 5460 + 5470" + 5430 69)
= (byiig — by¢) =0 '
dvg:
Ss1Wo'' + 5520y + 5530, + 554(0y" + Up"") + 5550y + Vp'") + 5560”7 + 55797 + 5530 (6.10)
—(bl\;0+b3¢)=0 ’
(5Woi
apwy'' +ap0," +a130," +a14(0y" +up”) + 2,50y + Vo) + ;60" + 279" + 230 611
= (byWp + byfy + by, — b;8) =0 (6-11)
o
agiwo' + a8y + ag30,"" + agg(8y’ +uy”’) + ags(8, + vo'') + age®@"’ + agy¢’’ + ag®’
—{bsVo = byiig + (bg + bs)¢} ) i} (6.12)
+{ = bWy’ — (bg + by7)8y' — (bg —by4)8," + (byp + b13)é”’} =0
60,:
ayWo'' + ax00,"" + 30, + 2y (0" + up”’) + a55(0y" + V') + 2560 + 2579"" + 2530
—{3.4]W0' + adzgy' + 3.439x' + am(gy + uo') + 3.45(9x + Vo’) + 346('3‘ + 3474)’ + 348@} (613)
—{b3Wp + (bs + b;5)8y + (bg — b3)0x — (bg + by7)®} =0
60,:
a3 Wo'' + a0y +a330," +a3(0y' +up’) +a3s(0y + V') + 360" + a379" + 2330
—{asWo’ + asy8y’ + as30y + asa(8y + ug') + ass(0 + Vo') + 3560 + 253" + 2530} (6.14)
—{byWg + (bg — b13)0y + (bg + by4)0x — (bg — b1()O} =0
LICH

ag Wo'' + agy0,"" + a630,"" + ag4(0y" + ug"’) + ags(0y’ + vp'') + 5@ + ag79" + 2530’

+ a71W0' + 3726y' + 3739,(' + 8.74(0y + UO') + a75(9x + Vo’) + 376@’ + 377¢' + 3.78@

—{ag )Wo' + ag 0y + ag30," + agg(fy + ug’) + ags(0y + vo') + age®" + ag79’ + 233O} (6.15)
— bWy — (bg + by7)0y — (bg — by)fx + (byg + by3)© =0

The boundary conditions at the root are:
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Ug = Vo =Wo =0y — dyug’ =0, — 6,v¢

(6.16)
= (0w + Ow2)@ + Oy3dc =0y 9" + 64,0 =0
while at z=L ( at the tip of the beam) these are:
dug:
A
M’y = Q) + Qx+ 6, Kg=0 6.17)
6Vol
A
M’y = Q) + Qy+ 6, Kg =0 (6.18)
owy:
Ta=0 (6.19)
60, or 6,0uy”:
My=0 (6.20)
60, or dndvy':
M, =0 (6.21)
6;,16(#' or (5,,2(5@2
B,=0 (6.22)
é¢:
6WI(B(D, + Mp) + (swzi\/[t + 6le9 = 0 (623)
5w35¢¢1
When 6,= é42= 1, the boundary conditions at the root are:
U=Vy=wy=0,=60,=¢=0=0 (6.25)

In terms of the displacement quantities, the boundary conditions at z=L are:

ouy:

Sa1Wo' + 420y’ + 5430y’ + 440y + Ug') + 545(0x + V') + 5460 + 5470 + 5450 =0 (6.26)
ove:

Ss1Wo' + 8520y + S530," + 5548y + Ug’) + 5550y + Vp') + 5560 + 5579 + 5550 =0 (6.27)
dwo:

a] IWO' + alzey' + alJBX, + ala(ay + uol) + a15(9,( + VO') + 3169' + 3174" + 3189 =0 (628)
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60y
a3 Wo' + a0y’ + 2530, + a4(By + ug") + 25505 + Vo') + 236® + 298" + 230 =0 (6.29)

605 equation
a3 Wo' + a3,0y'a330," + a34(0y + ug’) + a35(0x + vo') + 2360 + 374" + 2330 =0 (6.30)
00:
26 Wo' + 2630y + 2630y + 264(0y + Ug") + 265(0x + Vo') + 266@" + 257¢" +25s@ =0 (6.31)

o
agWo' + gy’ + ag30y’ + aga(0y + ug’) + ags(fy + Vo) + 260" + 2379’ +233@ =0 (6.32)

6.2 Numerical Illustrations

The case of a cantilevered wing modelled as an angle-ply composite box beam will be
considered in the numerical illustrations (see Fig. 8). The material of the beam is Graphite-Epoxy.

Its elastic characteristics are given by Eq 5.34. Its geometric dimensions are (see Fig. 8)

h=0.04 inch
b= 0.2 inch
(6.33)
c¢= 1.0 inch
L =10.0 inch

The governing equations and associated boundary conditions are reduced to the eigenvalue problem
and solved by using the Laplace Transform technique to obtain exact solutions. In the solution
procedure, a MACSYMA software [43,44] in which symbolic manipulations are available, has been
utilized.

In Fig. 13 the effect of tailoring on the eigenfrequencies of the lateral and plunging bending
modes is emphasized. The associated results have been obtained by incorporating all the
non-classical effects, i.e., the warping inhibition, the transverse shear deformation, and the

secondary warping. In Figs 14 and 15, the effect of the transverse shear on the fundamental
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eigenfrequencies of the lateral and plunging vibration modes, respectively, for various ply angles is
presented. In Fig. 16, the variation of the fundamental eigenfrequency associated with the extension
and torsion coupled mode vs. the variation of the ply angle is depicted. The numerical results,
allowing one to put into evidence the role played by the secondary warping, are displayed in Tables
4 and 5, while in Table 6 the eigenfrequencies of the axial vibration mode for two orthotropic beam
cases are presented. Within the framework of Table 7, the effect played by the warping inhibition

is emphasized.

6.3 Discussions

Within this study a more reliable analysis of the free vibration characteristics of a cantilevered
composite wing is performed. The analysis is based on a refined model of thin-walled closed
cross-section composite' beams. Figs 13 through 16 reveal the effect of the tailoring technique on
the free vibration characteristics of a wing structure. The results emerging from Fig. 13 reveal that
higher eigenfrequencies are expected for larger ply angles. This fact is justifiable by comparing the
magnitudes of the bending stiffness for various ply angles. Fig. 13 also reveals that the
eigenfrequencies of the lateral bending mode are higher than those of the plunging mode. This
result can be predicted by comparing the bending stiffnesses for each bending vibration mode. Due
to the geometry of the cross-section of the beam considered here, the magnitude of the moment
of inertia about the y-axis is larger than that about the x-axis.

In Fig. 14 and Fig. 15, the effect of the transverse shear deformability on the eigenfrequencies
of two vibrational modes is presented. It is revealed that the incorportion of the transverse shear
flexibility results in lower eigenfrequencies than their rigid counterpart in transverse shear. This
implies that the transverse shear effect provides an extra flexibility to the structures. In Tables 8
and 9, the effects of the transverse shear on the fundamental and second frequencies are presented.

Table 8 reveals that in the case of the bending vibration mode the effect of the transverse shear is
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more prominent for the second frequencies than for the first ones. For the plunging vibration
mode, this trend was not detected (see Table 9).

In Fig. 16 the effect of tailoring on the frequencies of the coupled mode (axial and torsional
vibration modes) is revealed. This figure shows the effect played by the angle variation on the
fundamental eigenfrequencies of the axial and torsional vibration coupled mode.

As concerns the warping inhibition, its effect, as revealed in Table 7 for the two considered
cases, results in an increase of 13 % in the eigenfrequencies of the torsional vibration mode. This
fact implies that the warping restraint effect actually provides an extra torsional stiffness to the
structure. This phenomenon is similar to the effect of the structural coupling considered in Fig.
16 where the effect of coupling between the axial and torsional modes results in an increase of the
torsional vibration frequencies. This Table also shows that the effect of warping restraint is more
severe in the higher modes than in the lower ones.

In Table 6, the variation of the eigenfrequencies in the axial vibration mode for two different
ply angles is illustrated. Dramatic changes in the eigenfrequencies for the two different ply angle
cases are detected. The effect of the structural tailoring is clearly revealed in this numerical result.

The effect of the secondary warping effect on the eigenfrequencies for the two bending
vibration modes is given in Table 4 and Table 5. The numerical results show that the inclusion of
the secondary warping effect yields an increase of bending eigenfrequencies. This fact is explainable,
having in view that the secondary warping provides both an extra bending stiffness as well as an
extra torsional stiffness. As was mentioned before, the importance of the secondary warping effect
is dependent on the magnitude of the thickness of the considered structures. In this numerical
illustration, the inclusion of the secondary warping effect results in an increase of 5 %, of the
eigenfrequency. It is believed, however, that for other cases, larger contributions of this effect could
be detected. For example, their influence could become more prominent for relatively thick-walled
beams and for special cross-sec'tion beams (e.g., square closed cross-section ones, for which case the

primary warping becomes immaterial).
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Table 4. Variation of the Eigenfrequency vs. Ply Angle by Including and Discarding the Secondary

Warping Eifect (Lateral Mode)

Ply Fundamental Frequency
Angle
(deq) I t
0 870 871
15 880 881
30 947 949
45 1234 1236
60 2177 2182
75 3896 3916
90 4579 4583

unit : rad/sec

| : Without Secondary Warping Effect

Il : With Secondary Warping Effect
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Table S. Variation of the Eigenfrequency vs. Ply Angle by Including and Discarding the Secondary
Warping Effect (Plunging Mode)

Ply Fundamental Second

Angle

(deg) [ I I I

0 248 249 1548 1558

1S 251 253 1564 1577
30 264 269 1646 1676
45 306 318 1906 1985
60 425 443 2672 2786
75 749 765 4853 4934
90 1493 1502 8473 8502

unit : rad/sec

I Without Secondary Warping Effect

II: With Secondary Warping Effect

Free Vibration Analysis
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Table 6.

Eigenfrequencics in the Axial Vibration Mode for Two Ply Angles

Ply Axial Vibration
Angle
( deg) Fundamental Second
0 11749 35247
90 72007 (513.0) 216021 (513.0)

Free Vibration Analysis

(

): % difference
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Table 7. Comparison of the Eigenfrequencies of the Torsional Mode Concer;ling the Warping Restraint
Effect (Ply Angle = 90 degree)

Torsional Vibration Mode
Fundamental Second
F.w 4239 12717
W.R 4640 (8.6) 14595 (13.0)

( ): % difference

FW : Free Warping Case

WR : Warping Restraint Case

Free Vibration Analysis
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Table 8. Effect of the Transverse Shear on the First Two Eigenfrequencies (Lateral Mode)

ply fundamental second

angle

( deg) | I I i
15 886 880 (-0.6) 5463 4383 (-19.8)
30 955 949 (-0.6) S898 4657 (-21.0)
45 1276 1236 (-9.0) 7877 5490 (-40.5)
60 2399 2182 (-9.0) 14804 7554 (-49.0)
75 4598 3916 (-14.8) | 28380 |12333 (-56.5)

[ : Without Transverse Shear Deformability

II: With Transverse Shear Deformability

Free Vibration Analysis

(

)

unit : rad/sec

: % difference
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Table 9.

Effect of the Transverse Shear on the First Two Eigenfrequencies (Plunging Mode)

ply " fundamental second

angle

(deg ) | 1 | q
0 250 249 (-0.4) 1564 1558 (-0.4)
15 254 253 (-0.4) 1585 1577 (-0.5)
30 277 269 (-2.9) 1728 1676 (-3.0)
45 373 318 (-14.7)| 2335 | 1985 (-15.0)
60 693 443 (-36.1) 4337 | 2786 (-35.8)
75 1315 765 (-41.8) 8230 4934 (-40.0)
°1¢) 1530 1502 (-1.8) 9576 8502 (-11.2)

unit : rad/sec

( ) :%difference

I : Without Transverse Shear Deformability

II: With Transverse Shear Deformability

Frce Vibration Analysis
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Chapter VII

Concluding Remarks and Future Developments

The widespread interest in the employment of advanced composite material systems as well
as of thin-walled structures in the various fields of technology and especially in
aeronautical/aerospace structures requires a reformulation of the classical theory of thin-walled
beams. In spite of the fact that thig-walled beam structures are used in aircraft, space, naval and
civil construction, the theory of thin-walled beams is the most under-investigated area in the ficld
of composite thin-walled structures when compared with their composite plate and shell
counterparts. This dissertation is intended to incorporate several essential effects which have a
considerable importance for the rational design of composite thin-walled beam structures. These
effects are the transverse shear deformation, the warping constraint, the secondary warping as well
as the hygrothermal and dynamic ones.

The constitutive equations considered in this work are far more general than their counterparts
contained in the specialized literature. This fact enables one to analyze and obtain additional
conclusions concerning the power of the tailoring technique applied to these kinds of structures.

In this dissertation the field equations of laminated composite thin-walled beams with either

open or closed (single and multicell) cross-sections were obtained in a very general and unified
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fashion through the application of Hamilton’s principle. The governing equétions in conjunction
with the boundary conditions were solved by using the Laplace Transform technique, enabling one
to obtain exact solutions aided by a software (MACSYMA) in which symbolic manipulations have
been carried out.

The numerical results reveal the great role played on the response characteristics by the
non-classical effects accompanying the cases studied here. It should be mentioned that in our
numerical examples, which concern the aeroelastic divergence and free vibration problems the
considered structure was modelled as a thin-walled box beamn manufactured by the filament winding
techniques. In this case, due to the double symmetry of the cross-section of the box beam and the
antisymmetric lay-up characterizing the filament winding manufacturing technique, the structural
coupling between bending and torsion was eliminated. However, in the divergence analysis of swept
wings, there is a bending-torsion coupling of an aeroelastic nature.

In order to describe its possible effects on the response characteristics of various problems, the
structural bending-torsion coupling will also be incorporated in forthcoming works.

In the greatest majority of works dealing with the theory of thin-walled beams, the
cross-section is assumed to be rigid in its own plane. This fact results in the discarding of in-plane
strain components. In the future work, the cross-sectional deformability effect allowing for the
presence of distorsions in their own plane will also be included.

In another context, pretwisted thin-walled beams have important applications in aircraft and
aerospace structures. Propellers, helicopter rotor blades, and turbine blades are usually pretwisted
to meet certain aerodynamic requirements. For the pretwisted laminated composite thin-walled
beams, the coupling of various elastic deformations results from both the inherent anisotropy of
composite materials and the geometrical effect of pretwist. This effect will also be incorporated in
future work.

A structural model incorporating various stiffening members such as stringers, webs, etc.
should also be developed in the future. Such a model has the potential of improving and enlarging
the applicability in the design of future generations of aeronautical/aerospace as well as naval

structures made of composite materials.
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Appendix A
Constitutive Relationships of a Lamina Referred to

Global Axes

Let (x)’,x2’,X3’) be a material coordinte sytem of the lamina, while the global coordinate system
for the laminate is denoted by (s,z,n) or (x;, Xz, Xs) (see Fig. 17). The constitutive relations for each
lamina should be transformed to the global coordinate system in order to obtain the laminate

constitutive relations. Considering the transformation of stresses and strains [16,17]
;_ = a7 A.l
%mn = Aminj%ij = 3mi%ijn; (A.1)
and
= = T A2
Emn = Amin;jEij = aAm;Lijan; (A.2)

where ¢ and ¢ denote the stress and strain tensors, respectively while a; denotes the transformation
matrix. T denotes the operation of transpose of the matrix (m,n,i,j=1,2,3). As it can be inferred

from Fig 17, the direction cosines a; ( 1,j=1,2,3 ) are given by the ones in Table 10.
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Table 10.

Directional Cosines

x_(n
XI(S) x2(z) 3( )
x'I m n 0
x 7 -n m 0

2

’ 0 1
><3 0

The stresses and strains with respect to the material coordinate system can be obtained from Egs

A.l and A.2. The results can be expressed in a vectorial form by considering the symmetry

conditions of stress and strain tensors. The results are

and

911
%22
933
%23
%13

912

= [T]

Constitutive Relationships of a Lamina Referred to Globhal Axes

(A.3)
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X_ (n)

Figure 17. Material and Gloabal Coordinate Systems
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- - A
n Ess
€22 £z
€33 fnn
=[T] (A.9)
€23 Enz
€13 €sn
£12 €5z
L ° | 7

where the transformation matrix [T] is given by

- -
m* n2 00 0 2mn
n> m>00 0 —2mn
0 010 0 0
[T]= (A.5)
0 0 0O0m —n 0
0 0 0n m 0
—mn mn 0 0 O (mz-—nz)
Inverting Eqs A.3 and A.4 yields
Oss 911
Oz %22
(o4 - 033
"1 (A.6)
nz 923
Osn 913
LGSZJ _°1zd

and
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where the inverse of [T] is given by

[T1" =

—2mn
2mn
0
0
0

|
€22 €22
nn =[T]—] €33
Enz €23
Esn €13
[ 2 2
m°- n° 0 0 O
n* m* o0 0 0
0 0 1 0 O
0 0 0m n
0 0 0 -nm
mn -mn 0 0 0 (mz—nz)

.

(A7)

(A.8)

Constdering the generalized Hooke’s law which incorporates the thermal and hygro-thermal effects,

the stress strain relations with respect to the material coordinate system may be expressed as:

.

-

a1
222
933
023

%13

"12J

L

(QanzQw 00
Q12Q22Q23 0 0
Q13Q23Q33 0 0

0

0 0 0 Qu

0 0 0 0Qs50

0 00 0 0

r 7
0 8” —GlT—ﬂlM
0 Ezz‘dzT—ﬁzM
0 | £33 —a3T = BsM
0 Y23

Y13

Qss 712

L

(A.9)

where Qj denote the stiffnesses in the material coordinate system while «; and §; identify the thermal

and the hygro-thermal expansion coefficients, respectively. Q; are related with the engineering

constants for an orthotropic material as follows:
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Ej (1 = py3u39)

Q]l = A
Ep(1 — p31p43)
Qn= A

E33(1 — pya19y)
033= 33 A]Z 21

_ Enilpg) + u31693)
Q= A

Q.= E i(u3) + p31037)
137 A

_ Eaalksn + piaps)

Qa3 A
Qas = Gp3
Qss =Gy3
Qes = G2

where

A=1—ppopay — pmaapss — H31k13 —2091132013

Eqgs A.3 and A.4 can be expressed in contracted form as:

{0} =[T]{o}

{e}’ = [T1{e}

Eqgs A.6 and A.7 also can bg expressed as
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(A.10)

(A.11)

(A.12)

(A.13)

(A.14)

(A.15)

(A.16)

(A.17)

(A.18)

(A.19)

(A.20)

(A.21)
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Eq A.9 in a contracted form is

{0} =[T1 (e}’

(e} =[TT ' (ey’

{o} = [QX{e}’

(A.22)

(A.23)

(A.24)

where { } denotes the vector quantity while | ] denotes the matrix. The prime (") identifies the

quanties defined in the material coordinate system, while the unprimed quantities are defined in the

laminate coordinte system.

By considering Eqs A.20 through A.24, Eq A.6 becomes

{0} =[TT {e}' = [TT'[QI[TI{e}

Consequently, the constitutive equations for the laminate axes are

or in an explicit form

r"ss 611 612
%2z 612 622
| Qi3 Qu
os| | 0 O
Oen 0 0
_°sz_ 616 626

{¢) = QX
Q3 0 0 Qi
Qs 0 0 Qu
Q3 0 0 Qg
0 Qu Qs O
0 Qs Qss 0

Qs 0 0 aasj

g — a1 — M
€, —a, T — .M
€nn — % T — foM
Yzn
Ysn

Vsz— a5z T — Bs;M

]

.

(A.25)

(A.26)

(A.27)

where Q, (i,j = 1,6) represent the stiffnesses with respect to the global coordinate system, given by

Qy; = Qum* +2(Q;; +2Qgg)m’n* + Qyyn’
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(A.28)
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Q12 = (Qy; + Qy; —4Qee)m’n’ + Qyy(m* + n) (A.29)

Qi3 =Qy3m’ + Qyn’ (A.30)

Q6 = — mn’Qy; + m’nQ;; —mn(m’ — n*)(Q,; +2Q¢s) (A31)
Qg = Qm* +2(Q) +2Qge)m’n® + Q;yn’ (A.32)

Q3 =0’Qy3 + m’Qy; (A.33)

Q6 =mn’Q;; ~ m’nQy; +mn(m’ - n?)(Q;; +2Qe¢) (A.34)
Q33=Qy;3 (A.35)

Q36 =(Q3 — Qu3)mn (A.36)

Qs = Quam’ + Qsn’ (A37)

Qss = (Qss — Qqq)mn (A.38)

Qss = Qun’ + Qssm? (A.39)

Qss = (Qi1 + Qx2 —2Q1)m’n’ + Qgs(m”® — n?)? (A.40)
ag = a;m® + an’ (A41)

a, = aym’ + a;n’ (A.42)

ay = a (A.43)

ag, = 2(a; — ay)mn (A.44)

Bs=p m’ + pn’ (A45)
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B, = B,m* + p,n* (A.46)
Bn=25; (A.47)
Bsz=2(B, — fr)mn (A.48)

where m=cosf and n=sinf and  denotes the angle between the two coordinate systems

measured from the positive s-direction to the positive z-direction (see Fig. 17)
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Appendix B

The Expressions of the Operators in the Governing

Equations

3 & 3
Lyy=6dnl—ap e + (agy — 342) P + (bs + d:bys) Py

+(d24+<5d15) aJ ]+5x544 e

Lp,=6,[—a ——64 +(aq43—S5 )——33 + (bg — ésby3) —— ot

125 %m 23 o A3 — 843 P 13 azzatz
a3 3 3

+(d6—‘5d13) ]+<5154s 57 -(1- s)&s_az

s b, & & &2

oz? dzot

G
L3 =dnfay o —ag

a* 2
Li.=s — 4 Sy —
14 42 2 44 oz

2

d a
Lis =43~ + 545 =
15T 3 TS5,

The Expressions of the Operators in the Governing Equations

—dzzx'az—a;}*"sug

2

d
bl—at_"dl—‘*'(l 5;)355

(B.1)

(B.2)

(B.3)

(B.4)

(B.5)
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A i i
Lig=0n{0y1226 — + 2 -0 — a4 —
16 = OntOwidze ~ ¢ T 827 7 3 widae 3 PR AN
+0y1(bg + 6 bn) & 7+ 0wi(dy + 65d17) —5— z } (B.6)
ozlon? az ot

K K
4 6418 + 847~ + (61 + Sug)(by 5 +d <)
wid46 — 7 aZ 47 52 1 w2 2 (3! 2 at

K K 3 2 i
Liy=96y[a06— +2 —5 —ag -+ (bg+ b)) ——
17 = 0m[az6 7 T,y TMs T T Ty, o+ oo 3
2 3 (B.7
+ (dg + 6d}) azat]‘*‘saeaz +43 5
2 b
L13=b2'_2+d2§ (BB)
a“ K a o
=6 — t+( Ss3) —3 + (bg — 6sby3) —5— + (dg — 65d13) ——}
Ly =6n{ - 2,7+ @555 5 6= 9sb13) — 7+ (ds = Sy —
2 2 (B.9)
+ 6554 P (1-69g; Py
3 & 3t
=0n{ —a33—7 +(as3—5s3) —5 +(b4+5b14)
dz oz
b & P, & 9 2 B0
+ (dys + 6,d,4). + 65 —b L d gL (11— gL
23 14 02 } 355 622 1 5‘[2 19 5t s/)88 (32?
& i G a3’ A
Lp3 = dnulas 7 150 L) pap —dyy 5500 + 551 52 (B.11)
i )
144=Ssz§+5545 (B.12)
a )
Lys = ss3 52 TS5 (B.13)
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4 2 4

3 P & 3
La¢ = onidwiaze —7 Pt e e I ke Sy1(bg — 35by¢) Py

B.14)
+6 5d "3 PR i i |
wi(dg + 17) }+ wiSse 3 +859 P (5w1+‘5w2)(b3 7 tdi5r
s s A a 3
=6y[a + a3 = — g —— — asg =— + (bg — 6;byg) ——
La7 = énilaze —5 5 AT T 7 m A+ (bs = b — 3 15
& 3 '
+(dg — 5.dv¢) 5~ azat ]+556 52 7 tsss o
a3’ 2
Ias—"'ba'gt""‘da‘é?' (B.16)
& i a* o*
Ly =dn{—ap2 o +b3 P +dy 5o} + o > (B.17)
b 2 ba o
Ly=du( -2 5+ — F+dng 5}t +das—7 (B.18)
2 3 2
L33=angi"‘b1'5t—"dzo at (B.19)
a* o 2 2
L34=312;z_{—b3?"d22 o TAeG (B.20)
o a 3
Las‘—'an?—bz e —dy > & +ays (B.21)
3 3 A o*
L3s = du1(ase 5 +b, PUp +dy o= )+a|7§ (B.22)
# .. & 3 3
L37=a16?+b at_+d7 ot +a;3—=— 2 (B.23)
& A
L38 =b7 azat +d7 6251 (B24)
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Lai =( i )
=(ayq —5 — 844 =
41 w2 TRy,

(gL gyl
La; = (a5 P 57 )

2 F) 62

=g 0 _ . 0 _
Ly3 = ay Pl = 1’36t dzzat

2

& 2 b b
Las=ay e + (324 — 242) 7~ — 244 — (bs + 65bys) P (dyg + 05dys) 5

2 2

0 0] 0 3]
Lys =2y ey + (a5 — a43) 7~ — 245 — (b — I5by3) Pl (dg — 6sd13) 5

Lig = (a2 — a3 2+ (o + o)L =+ (dy + 6,dy7) =2}
46 26 623 4662 9 17 at 17 ézc?t

3
a — — —
+ 27 2 37 oz

2

03}
Lav’-'azojaz—z'*'(azs-aas) a4.3'*‘(1’9'*"51717) +(d9+5d17) at

& &
L48-—a4962+(b9+6b17) P 5+ (dg +64dy9) =~ ey

2
Ls; =(a3a—5 2 4o az )

i 2
Ls;=q(a —a )
52 35 .2 55 5z

a2 & 9
Ls3 = a3 P il = b2at —da 3

2 2

d 7] d 0
Lss =a;, P + (338 —as57) 7~ —as4 — (bg — 65by3) Pl (dg — 64d,3) 'y
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(B.26)

(B.27)

(B.28)

(B.29)

(B.30)

(B.31)

(B.32)

(B.33)

(B.34)

(B.35)

(B.36)
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Log = 33 -0 4 (a5 = 253) 2 — s = (bg 4+ .610) o — (dys 4 6.d10). 2 (B.3T)
55 33 522 35 53 oz 55 4 sV14 512 23 s“14 ot

53 3+ P
Lss = {a3s —5 — asg —5 + (bg = 6,b16) ——
56 36 56 8 — 95016 2

2 ) (B.38)

g7
+(dg—bdie) 5o} +ayr 5 —as1 5
6t oz oz

& d & i
Lsy = a3 P (azg —ase) 5~ —asg + (bg — & bm) 7 +dg—ddie) 3 (B39)

3 a*
Lsg = —asg— az + (bg — dsbyg) —— pup + (dg - 5@16)% (B.40)
3 P 3 K
Lei =6 é +4 —-6,.,a + d.a
61 = Owi{ — Onid62 —7 62 645 o7 oAy todn Ty
a* &
+(1- 5s)81 + by + 65by7) —— + O (dg + 6dy 7)) —5— )
o’ at az’on B.41
& o 3 (B4
+ 6ya{ — Oneagy p] + d,ag4 ? +(1—6y)g; g}
i
+ (6wl + 6w2){b2 at + d2 at )
3 a’ 3 &
Lea =631 { — Onias3 —3 o + 51365 —5 — %ni273 ] + d,a75 ey
e i K
— (1 =898y —5 + Sn(bg — 85b16) —5—5 + Smu(dg — 5dy6) —5—}
az 51 oz
» 2 (B.42)
+ Sya{ — Omiag; ] + dags — 622 -(1- s)ga }
3
= (01 + Oywa){by —- e 5 +d3—=- at )
3 3 3 3 ik
Le3 = dy1(ag) o +ay; P b, Pup —dy =) + buaag o (B.43)
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L.zs i_ & i_
64 = Ow1{as2 +(364+a72) Tt anu o a — (bg + &:by7)

3 3 3
—(dg +6dy9) = 6zat }+ byalagy — 50 7 taag)

K o 3
Lys=6 + (ags + a73) - + 75 L — (by — 8bye) —2—
65 = Owa{263 —5 e (ags 73) 755~ Gs = SPie) —

i & 2

& a’ a &
Lgs = dwilase —7 o0 +(ag7 + 376) +ay—5 P +(byo + byg) Py

3 az 62
+ (o +dig) —— rion 1+ dyoa37—5 2 — (0w + dy2)[(bg + bs) 52— + (d4 + ds)

o 2
L = agx —— + Agg —
67 86 _ 2 88 5

Leg=0

K 2
- i i
Ly=-énl-26—5 P (agy — a73) 2T (bg + d5b;7) pape

62
+ (d9 + 65d17 3zt ]

2
= Blaes 7 + (74— 290) 5 1= (1= 608 1)

3 5 &
Lyy=—dp[ —ag; ;z— + (ag3 —a73) —- o + (bg — 65by6) o

+(dg -4 d16) e

- 61[365':_:'2_ + (a75 — 2gs) gaz'] +(1=69)(2 — &) gaz—

3 2 a* d
143=—[36|§+(a71“381)32'—137;2"—‘17'5{]
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(B.45)

(B.46)
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(B.47)
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(B.49)

(B.50)

(B.51)
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3 )
Ifm="[asz‘a—z'z"*'(aaa“"avz—asz)gz““"au"aaa

& 3
= (bg + 65by7) ;{2‘ —(dg +6,dy7) .

o b
Lys = —[ag3 37 +(ags + a73 — ag3) 7+ a75 — a5
a* b
— (bg — &bye) o (dg — d5d16) 51 ]

62
Lyg=-— 367 —(ay7 +ag7) o az

3 P 3
Lyy=- [366‘07*'(368 + 76 — age) 7+ azg — agg + (b10+b18)32_

+(do +d18) ]

Lyg=0
a“ &
=6 (- +(b +501) —— +(dy +6.dy)
Lg) =6p, az 9 1) g+ 17 at}
3 3 ra P
+5la74;Z—2-+(1—6s)gl§+b o +d2 at

3 G
=6 {—a + (0 = 31 5+ 4y = 6419
Lgy = dn{—a73—3 8 — 95D16 8 — 9sds Zat}

a* i a’ K

+ dyags o —(1-49g, e 7 — b3 P 7~
o’ G 3

Lg3 =ay P -b, P —d, a2t

e P e
Lga= 51[872 T+ 374 = (bg + sby7) —— pape = (dg +6dy7) 5 =]
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(B.S5)
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2 K !
Lgs = 6y[a7; —- 5 7 tas o 6 —(bg — ébyg) —— PR —(dg - 5d:6) el

Lgg=—(b, +bs) 2 5+ (D10 + byg) 6; + (djo + dls)

fi =6n(—hy"”" +hy + my’) —hy' + F; +py
f2=0m(—h3" +hs’ + m,’) —hs' + F, + py
fy==h'+F;+p,
fa=6(—hy +hy+ F4+m,)
f = 6,( = hy' + hg + Fs +m,)
fo =0wi(—hg” —hy' + b’ +m,) + 6,,(m, — hg’) + F¢
f, = — 8yp(—hg' —hy + hg + Fq +b,)

fs = tst( - h7' + Fs + m, + bw')
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Appendix C

The Expressions of the Operators in the Boundary

Conditions

2

My; = 6oyl — agy L + (a3 = 543) 2 + (bs + b.by5) —Z
1= Oml =~ (ag3 — s42) o 5+ dsbys) pape

a3 a2
+ 050 5+ (1 - 5)857;2‘

62
ozdt )

+(dys +0dys) 5=

3 3

&
M12=5m{-323"a—z3—+(a43 543)——+(b6—5b13) pup 5+ (dg — 65d)3) .

d
+osas - — (1= 5;)86‘52‘

_ & 3 a*

M3 = énifay S Mo b; vy
a

Mia =343 7 + 5a4

a
Mis =343 7 + 545
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(C.2)

(C.3)

(C.4)
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& K & &
Mg =m{dwi6 — 3 o7 T Owidas —5 P Eal az +8g1(bg + 65b19) ——=

2 B N (C.6)
+ 6y (dg + 8¢dy7) 5= azat }+OwiSae o +847 5
Pk 3 3 a2 p
My =dn{ay—5 +as 5 a5 — a8+ (bg+9 bn) +(dg + 6,dy9) = at }
5 oz (C.7
+ S46 "b? + S48
Mg =6,.{ -2 +(b o) — 4 (dg + 6017) o} + 509 (C.8)
18 nt 49 9 17 6t 17 at 49 az .
My =6n{ — a3, —6‘35‘ + (as; — 552) + (bg — 6sby3) —— o +(dg — 64d13) =5}
oz 82* dzat? azc'h (C.9)
+ 51554 aZ + (1 65)37 62
2 2 0 3 d d
My, =dp{—a33—5 +(as3 — 553) 2 7+ (bg + 6sb1g) —— + (dy3 + 6dya). 5 =}
, &’ ozot® oo (C.10)
+ 08557 — (1= 9gg 73?
3 3 3 K
M23=5m{331‘az_2—351‘5;—b2 P —dy = at }+ss1 - (C.11)
M a
24 =38533"F 55 (C.12)
7]
Ms =853, + 855 (C.13)
o 3 Pl d 3
Mj6 = 6re{dw1236 P +ay; e Ow1as6 i L= + Sy1(bg — 65b16) P
2 2 5 (C.14)
+6y1(dg — 84d16) 5 ==} + SuiSse — 7 ! 7t g,
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2 52

- el 0 o
My = éni{aze o + (azg — a5g) 7~ — asg + (bg — J;by¢) P

d d
+(dg — 6sdi6) 5} + 556 35 1S58
o 3

d ad
Mg = 859 5~ + Onil — as9 7~ + (bg — d:by¢) Py +(dg —6.di6) 55}

3 3
M3 =—dpayy ey +da =

0z
_ bl 9
Mj; = —dpa;3 P +6ays o
0
My;=ay 5

a
My =ap 5 +ay,

3
Mys=a;3 3~ +ays

3 3
Mg = 0y1246 ey +ay 5

d
Myr=aj5 5+ a5

a
Mg =29 e

2

0 03]
M;, = —dpap ;ZT + dyaze ™

e
M,y = —dja5; e + 05 -
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(C.15)

(C.16)

(C.17)

(C.18)

(C.19)

(C.20)

(C.21)
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(C.23)

(C.24)

(C.29)
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M43 = 2y '%‘ (C27)
M44 = 822 '%’ + 324 (C28)
Mys = ay; % +ays (C.29)
e
M46 = dw,a26 ;ZE' + 37 % (C30)
d
M47 = a6 E + as; : . (C31)
Myg =239 (C.32)
My, = = 6. ary 2 4 575 2 C.33
Ms) = = 0nids3; azz"" 1338 5 (C.33)
3 3
Ms; = — dpa33 ey +da3s 5~ (C.39)
M53 =ay % (C35)
M54 = 332 % + 3.34 (C36)
Mss = aj; % + a5 (C.37)
3 d
Msg = dy1236 ey +a37 5~ (C.38)
M;; =ay6 % + a3 (C.39)
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Msg = a3 oz (C.40)

& ra a3 d
Mg ={—dna¢2— P + 364 —5 P — Opeany —6-2_2- + diazs 5z
3 2
+ (1l =098 = az + by + 65by7) —— PP + 6n(dg + 8,dy9) == 6Zat } (C.41)

+8,,(— b, 52+5a 0 1 (1-698-2)
w2 |.82az 18462 362

K & P 3
Mgy ={~dnag3—5 P +dag5 — 0 ‘5:{1373'07'*' diays =~
K 2
—(1 =698 = az + Sni(bg — 65b1g) — - pap 7 +0m(dg —sdie) 3 =) (C.42)

3 3 d
+ 9a{ — Onsag; Py +diags -~ (1 = 698a -~}

52 3 & a 3
Mg; = 5w1(36| tan 5, = b P d7 57 ) + dwats1 3, (C.43)
2 2
Mes = by1{asy —5 + (ags + a72) +a34 = (bg + é5by7) —
oz ] ot (C.44)
= (dg + 64d9) E} + Sualagy 5~ + 2g4)
2 2
Mgs = dy1{ag3 —5 + (ags + a73) + a5 — (bg — 8sbyg) —
o2’ ) ot (C.45)
— (dg — 6,d}6) ‘m‘} + dya(ags %7 T 28)
K 2 3 K
Mg = 6y1{ags —5 e +(367+376) 7 a5+ (b +bg) ——
2 ozdt’ (C.46)
0
+ (dyo +dyg) A azat } + Suaagr o~
d
M67 = a8.6 E + agg (C.47)
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My, = — 826 az+<sa6 9
71 ntzaz l4az

62 )
My, =— 6nta63 + a4 e

d
M-,3=a61—
M - a
74 =363+ 264

d
M75=363€+365

2
Mqg = dwia66 —3 e +ag o

o)
M7y =266 5~ + 2
Mg =0

Ea & &

Mgy =6 { —ay, p 5+ by + b)) — pap 7 t(dy +6dy7) =)
+61874 aZ +(l 63)31 az

& & &

M82 = 61,“{ —aj g + (bs é b]ﬁ) + (d8 s d16) azot }

+ d,a75 '(%"' (1=46ye, %

9 Fi i
Ma3=a71“57-b7?—d73{

2 2 2
Mgy = a7 7~ + 274 — (by + 5:by7) Pl (dg + 65d17) =

The Expressions of the Operators in the Boundary Conditions

(C.49)

(C.50)

(C.51)

(C.52)

(C.53)

(C.54)
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(C.57)

(C.58)

(C.59)
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3 i 2
M85 =ay; g + as5— (bs - 6sb16) ;’2- - (d8 - 6sd16) —aT

d
Mgg =77 >~
Mgy =0

2 & 8
Mgg = a9 7+ (1o + byg) S +(dyo +dig) 5=

m; = 8ny(hy’ = he) + by + Qy
m, = 8,y(hy’ — hs) + hs + Qy
my=h; + ’T‘A
my=h, + i\~dy
ms =hy + ICIX
mg = yy(he’ + hy + Mp) + d,(hg + M)
My = (8 + Sy)(hg + By)

mg = 6w3(h7 + MZ)
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Appendix D

The Expressions of the Mass Coefficients

by = [ phds (D.1)
C
by = J' phyds (D.2)
C
by = [ phrds (D.3)
C
by = J phyzds (D.49)
C
bs = .[ phx’ds (D.5)
C
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The Expressions of the Mass CoefTicients

bg = J' phxyds
C

b, =_[ phF ds
C

bg =f phyF ds
C

by = [ phaF s
C

byo = f phF 2ds
C

= | dx
bll = J.C ds hds

dy
bl2 = J-C '&‘ hds

_[ 9= 9y
b13 = Jo ds ds hds
_ | dx dx
bie = c ds ds hds

(D.6)

(D.7)

(D.8)

(D.9)

(D.10)

(D.11)

(D.12)

(D.13)

(D.14)
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The Expressions of the Mass Coefficients

dy dy

*’15=L¥‘a;hds

=34
b16—ICa s hds

~ dy
by = c:a ds hds

bz = f pha’hds
C

(D.15)

(D.16)

(D.17)

(D.18)
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Appendix E

The Expressions of the Coefficients in the Damping

Term

d] =J. Clhds
C
g=jqwa
C
d, =f C,xhds
C
dy = _[ C,y’hds

C

dg = J. szzhds
C
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(E.1)

(E.2)

(E.3)

(E-4)

(E.5)

175



dg = _[ C,xyhds (E.6)
C

d; = jcC3Ewhds (E.7)

dg = Lyfzwhds (E.8)

dg = chf:whds (E.9)
dyo= Lﬁwzh ds (E.10)

n dx

d”=J-cC3-l—2—¥ds | (E.11)
dyy = Jcc’%j_:ds (E.12)
d13=jcc3%g—:%ds (E.13)
dyg= _[Cc3il‘;‘;—§%’sids (E.14)
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J‘c:,l—;j—Zj—zd (E.15)

J Gy d—" (E.16)

d,,=fcc3%zj—§ds (E.17)
h’ ~2

dis =J-CC3—lfa ds (E.18)

dyg = J.CCZhds (E.19)

dy = J‘CC3hds (E.20)

dyy = J-CC3yhds (E.21)

dy; = LC;xhds (E.22)

dy; = Lc3y2hds (E.23)
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dyg = _[ C;x°hds (E.24)
C
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Appendix F

The Expressions of the Thermal and Hygral Loading

Terms

h, =f N, T+ N Myds
C
h, = J.c[x(N,T +NMy+ 6, d—z (N,T + N,MyIds
by = [ LT M) - 6 S5 0T 4+ N
dx

[T My dx
h4 -[C( 2 +N2 )ds ds

d
h5 = J- (NzT + Nz“) —a—)SL ds
C

The Expressions of the Thermal and Hygral Loading Terms

(F.1)

(F.2)

(F.3)

(F.4)

(E.5)
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hg = J' [F,(N,T + N,My +3(N,T + N,y)ds (F.6)
C
h, = f [26,(NsT + NsM) + 6.(N,T + N;M)J ds (F.7)
C

hg = _f (N, + NM) ds (F.8)
C
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Appendix G

Several Elements of the Laplace Integral Transform

The Laplace integral transform method is used to solve exactly the governing equations along
with the boundary conditions for the aeroelastic diverger_xce and eigenfrequency problems
considered as numerical examples in this dissertation. The underlying idea of the Laplace transform
is to replace complex problems with simple ones by transforming the differential equations into
algebraic ones. Several elements related to the Laplace transform technique [33,39-42] applied to
the specific examples considered here are given.

The Laplace transform of the n-th order derivative of the generic function ® = ®(z) is

L@®M @)} = s"f(s) — "~ 'D(0) — s ~ 20N (0) — 5" 2P(Q) ..o

(G.1)
—s 0~ 2(0) — o™~ V(o)
where s denotes the Laplace transformed domain while f(s) = ¥ {®(z)} and
_ (n—1)
o0 ==L G2)
oz

By using Eq G.2, a set of differential equations can be reduced to a system of simultaneous algebraic

equations which can be solved in the usual manner. At this stage, the boundary conditions at the
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root (z=0) are applied to replace the unknowns produced by the Laplace transform with the
known boundary conditions at the root. In the transformed domain (s-domain), the simultaneous
algebraic equations can be solved. Afterward, the solutions in the s - domain, i.e., &)(s), should be
inversely transformed to the actual (original) domain. To perform the inverse transform, we need
an important rule known as the Heaviside expansion theorem regarding the inverse Laplace

transform of partial fractioned expressions as follows:

G.1 When There is no Repeated Root of the Denominator

of the Expression

In this case, the partial fraction of f(s) is expressed as

n

N A
f(s) = Dg = Z o (G.3)
k=1

where N(s) and D(s) are polynomials in s and have no common factors between them, r, and n
denote the k-th root and the order of the polynomial D(s), respectively.

The inverse transform is

)= ZAkerkz (G.49)

k=1
where A, is given by cither of the two expressions

Ay =TI, () (G.5)
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or

- NO G.6
[ ds ]s=r
k
where
—n)N
0 == G

G.2 When There are Repeated Roots of the Denominator

of the Expression

In this case, the partial fraction of f{(s) is

A Ay Am-1 Am
= + + +
(S - rk) (S - rk)z (5 - l'k)m -1 (S - rk)m

(s) +R(s) (G.8)

where 1, is the repeated root while R(s) denotes the remainder. The inverse transform of this

expression is

m-—1

L7 ="A + Ay Fr =+ Ay, oot £7'(R) (G.9)

where

Am=T1,(1) (G.10)
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here,

-1, )™N

here r, can be a real or complex number.
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(G.12)
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