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Hardy-space Function Theory on Finitely Connected Planar Domains

Moises Daniel Guerra Huaman

(ABSTRACT)

Hardy space scalar theory on the disk is now classical. Some extensions have been done,
one of them is the approach done by Donald Sarason using Laurent series. We present the
more complicated function theory, without the use of either power series or Laurent series,

for finitely-connected planar domains.
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Chapter 1

Introduction

The classical Hardy space over the unit disk, denoted as HP(A), consists of those analytic

functions f on the unit disk A satisfying the growth condition

ilill) {/_7r ]f(reie)\pdG} < 00.

Hardy space scalar function theory on the disk is now classical, this goes back to Hardy,
Riesz (who introduced it with the name of G. H. Hardy in 1923) and Fejér. All this theory
was capped off by Beurling’s theorem. There resulted a nice setting for the study of the
interplay of function theory and operator theory. The shift operator S : Iy — ls, is defined
as follows

S(ao,al,ag,...) = (O, ag,al,ag,...),

has a function-theoretic representation f(z) — zf(z). Beurling’s theorem describes the in-

variant subspaces for S (giving a explicit of them description, making use of no eigenvectors)



with a concrete example radically different from the finite-dimensional case (which describes

the invariant subspaces determined by eigenvectors and generalized eigenvectors).

The study of Hardy spaces has been extended in many directions, one of them is the work
done by Donald Sarason in 1965, he worked with H?(A) functions where A = {rg < |z] < 1}.
He also introduces the concept of a modulus automorphic function, which is simply a function
F that is analytic on the slit disk {re?: ro <r < 1,0 < 0 < 27} and F(z + 2mi) = F(2),
such that

lim F(re) = alim F(re)
612 610

where |a| = 1 (so |F(e%)] is single valued subharmonic on the annulus r < |z| < 1). With
this he finds analogues of the canonical factorization of an HP function into a Blaschke

product, singular inner function, and outer function.

For the case of a general domain one cannot make use of either power series or Laurent series.
The involved function theory is more complicated due to the presence of the space N, which
is described as follows. Take €2 a finitely-connected planar domain I' = 02 = I'yUT'yU- - -UIL',,
and R()) the set of rational functions whose poles are off Q U T, then there are m linear

independent measures vy, ..., 1, on I' orthogonal to ReR({2) and of the form

dl/j = dewq, 1 Sj S m

where @); is C* on I', (); is nonnegative on I'; and nonpostive on I'y, k& # j. Take N to be

the complex span of such @);. When N = 0 we are in the disk case.

The main goal of this thesis is to develop all the preliminary results needed leading to a



self-contained explanation of the Main Result: there is an isometric isomorphism between
the Hardy space HP(Q)) and a closed subspace of LP(T') (I' = the boundary of 2). This in turn
is one of the main prerequisites required for the understanding of the analog of Beurling’s
theorem for the multiply connected domain case. After a preliminary chapter reviewing
needed basic material concerning measure and integration and the theory of Banach spaces,
Chapter 3 introduces the notion of subharmonic functions that will help to give a proof of
the Dirichlet problem. The fourth chapter introduces the notion of harmonic measures and
presents the main results of Hardy spaces for the unit disk, namely Theorem 4.2.3. Finally
the last chapter presents the generalization of the results given in Chapter 4 for the case
of a finitely-connected planar domain providing us our Main Result. Solving the Dirichlet
problem is one of the tools for understanding this. This Main Result establishes a fertile
interplay between measure theory and complex analysis as in Rudin’s ”"Real and Complex

Analysis”.



Chapter 2

Preliminaries

In this chapter we introduce the basic facts that will be taken for granted through the

development of this thesis.

2.1 Measure and Integration

If X is a set, then the collection of all subsets of X forms a ring, using the operations
A+B=(AUB)—-(ANDB).
AB=ANB.

A o-ring of subsets of X is a subring of the ring of all subsets of X which is closed under

the formation of countable unions.

Suppose that X is a locally compact Hausdorff topological space. Take the smallest o-ring

4



of subsets of X which contains every compact G5, where a G set is a set which is the
intersection of a countable number of open sets. The members of this o-ring are called
Baire subsets. Also the Borel subsets of X are the members of the smallest o-ring of
subsets of X which contains all compact subsets. It is important to note that in Euclidian
space, every compact (closed and bounded) set is a Gy; hence, if X is a closed subset of
Euclidian space, the Baire and Borel subsets of X coincide. When X is the real line or a
closed interval in the real line, the ring of Baire (Borel) subsets of X may also be described

as the o-ring generated by the half-open intervals [a,b).

Consider a locally compact Hausdorff space X. A positive Baire (Borel) measure on X
is a function p whose domain consist of Baire (Borel) subsets of X and whose range is [0,00]
and has the following property: if A; is a disjoint countable collection of Baire (Borel) sets
in X, then

7 (U Az) = ZM(AZ-)-

A positive Baire measure is called finite if ;(X) < oo is finite.

Now suppose X is the real line or a closed interval. Consider F' a monotone increasing

function on X which is continuous from the left:

F(z) = sup F(t).

t<x

Define a function p on semi-closed intervals [a, b) by

u(la,b)) = F(b) — F(a).

Then p has a unique extension to a positive Baire measure on X. The measure is finite if



and only if F' is bounded. If X is the real line, then every positive Baire measure on X
arises in this way from a left-continuous increasing function F. If X is a closed interval, a
monotone function on X is necessarily bounded. Thus, every finite positive Baire measure
on X comes from such a increasing function. If X is the real line or an interval, the measure

induced by F(z) = x is called Lebesgue measure.

Given a locally compact Hausdorff space X, a Baire (Borel) function on X is a complex-
valued function f on X such that f~(5) is a Baire set for each Baire (Borel) set S in the

plane. A simple Baire function for p is a complex-valued function f on X of the form

HOED W

where
1. ayq,...,q, are complex numbers;
2. Ei,..., E, are disjoint Baire sets of finite u-measure;

3. xg denotes the characteristic function of the set E.

The simple Baire functions form a vector space over the field of complex numbers. For a

simple Baire function f we define

[ s Z e

If f is a simple function, so is |f| and



‘/fdu‘ < /|f|dM

A Baire function f is called integrable with respect to pu if there exists a sequence of functions

fn such that

1. each function f,, is a simple Baire function for u;

lim |fm_fn|d/~L:0;

m,n—00

3. fn converges to f in measure; i.e., given € > 0,

Tim p({z: [f(z) = fulz)] = €}) = 0.

If f is integrable, then for any such sequence f,, the sequence [ f,du converges and the limit
of this sequence (which is independent of f,) is denoted by [ fdu. Denote the class of u
integrable functions by L'(du). Then L'(du) is a vector space and f +— [ fdu is a linear

functional on L!.

The Baire function f is in L'(dy) if and only if its real part and imaginary part are in L' (du),

or equivalently if and only if |f] is in L'(dy). When f is in L'(du),

’/fdu‘ < /If\du-



A subset S of X has p-measure zero if for each ¢ > 0 there is a Baire set containing S
with p(A) < e. Any phenomenon which occurs except on a set of p-measure zero is said to

happen almost everywhere (relative to u).

If f, is a sequence of integrable functions such that the lim,, .., f,(z) = f(x), and if there is

a fixed integrable function g such that |f,| < |g| for each n, then f is integrable and

/fdu :nh_{go/fndﬂ

This is called the Lebesgue Dominated Convergence Theorem.

Another important result is the following. Suppose p is finite and f is a non-negative Baire
function on the product space X x X. If f(z,y) is integrable in x for each fixed y and in y

for each fixed z, then

[ st = [ | [ st o

This is a weak version of Fubini’s Theorem.

If p is a positive number, the space LP(du) consists of all Baire functions f such that |f|P is

in L*(dp). If

feLP(du),g € L(dp),and 1/p+1/qg=1

then (fg) € L'(du) and (Holder’s inequality)



[ g0 < [ 17an) " (/ alran) "

Let us note something about LP(du) when X is compact and p is a finite measure. In this
case, every continuous function on X is integrable and the space of continuous functions is

dense in L'(dp); i.e., for all f € L'(du) and € > 0, there is a continuous function g such that

/If—g!du <e

Also if p > 1, then LP(dyu) is contained in L'(du), and the continuous functions are a dense

subspace of LP(du):
/ |f—glPdp <€
where f € LP(du) and g is a continuous function.

Let py and py be positive Baire measures on X. We say that p is absolutely continuous
with respect us if every set of measure zero for sy is a set of measure zero for py. The
Radon-Nikodym Theorem states the following about finite measures: if u; and s are

finite, then p; is absolutely continuous with respect to o if and only if

dpy = fdps

where f is some non-negative function in L'(djus). We say u; and 5 are mutually singular

if there are disjoint Baire sets By and By such that

1i(A) = p;(ANB;j), j=1,2,
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for every Baire set A. The generalized Lebesgue Decomposition Theorem states the
following: if puy and po are any two finite positive Baire measures, then p; is uniquely
expressible in the form

H1 = [a T fs

where i, is absolutely continuous with respect to ps, and ps and ps are mutually singular.

That is,

dpn = fdus + dps

where f € L'(dus), and us and po are mutually singular. One usually calls f the derivative

of py with respect to ps.

Let X be a closed interval, and us Lebesgue measure. Suppose p is the positive measure
determined by the increasing function F. Then F'is differentiable except on a set of Lebesgue

measure zero, and if f = dF'/dz, then f is Lebesgue integrable and

dp = fdx + dpus

where p, is mutually singular with Lebesgue measure. This means that us is determined by
an increasing function Fy such that dF,/dz = 0 almost everywhere with respect to Lebesgue

measure.

A finite real Baire measure on X is a countably additive and real-valued function p on the
class of Baire sets. One way to construct such a measure is by forming the difference of two

finite positive Baire measures

= p1 = H2.
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The Jordan decomposition theorem states that this is the only kind there is. In fact,
given such a real measure p there are disjoint Baire sets B; and B, and finite positive
measures [1; and o carried on By and By, respectively, such that u = p; — po. This splitting
(with By and Bs) is unique up to sets of measure zero. The positive measure p = p3 + o
is called total variation of p, denoted by |u|. The notions of absolutely continuous and
singular can be extended for real measures as follows. We say that the real measure pu; is
absolutely continuous with respect to ps if |py| is absolutely continuous with respect to |usl;
similarly we say that p; and uy are singular if || and |us| are singular. In the case where
X is a closed interval on the real line, the finite real Baire measures on X are the ones
induced by real-valued functions of bounded variation which are continuous from the left.
The Jordan decomposition for such a measure corresponds to the canonical expression for a

function of bounded variation as the difference of increasing functions.

Finite complex Baire measures are defined similarly. We can write such a measure p as a

function of the form p; + ps, where p; and uo are finite real Baire measures.

2.2 Banach Spaces

Let X be a real or complex vector space. A norm on X is a non-negative real valued function

| - || on X such that:

1. ||z|| > 0 if and only if = 0;
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2. Nz +yll < Nzl + llyll;
3. [IAz]l = [Alfl]l.

A real (complex) normed linear space is a real (complex) vector space X together with a

specified norm on X. On such a space one has a metric p defined by:

p(x,y) = |z -yl

If X is complete in this metric we call X a Banach Space. Completeness, then, means that

if {x,} is a sequence of elements of X such that:

lim ||, —z,]| =0

m,n—00

there exists an element z in X such that:

lim ||z —z,]| = 0.
n—oo

Now, consider a locally compact Hausdorff space S and let us fix a positive Baire measure

won S. Take a number p > 1 and let X = LP(dpu).

Define the LP-norm of an f in LP to be

191, = ([ LrPa

This is not a norm, since we may have || f||, = 0 without f = 0. We will agree to identify two
functions in LP(du) which agree almost everywhere with respect to u. So strictly speaking
elements of LP(du) will be equivalence classes but we will continue with the same notation.

Therefore with this convention LP(du) is a Banach space using the LP-norm (p > 1).
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We write L*(du) for the space of bounded Baire functions with u-essential sup norm:

Hf”oo = Hess Sl;-p |f(l’)|

which means the infimum of
sup [|g()]|

as g ranges over all bounded Baire function which agree with f almost everywhere with

respect to p.

Let X be a Banach space. Then X* stands for the set of all linear functionals F on X which

are continuous:

The set X* forms a vector space with the usual sum of function and product of a scalar and
a function. It is known that the linear functional F' is continuous if and only if it is bounded,

i.e., if and only if there is a constant K > 0 such that
|F(z)| < K|z
for every x in X. The smallest such K is called the norm of F', i.e.,

IFl = sup [F(z)].

=<1

The set X* together with this norm becomes a Banach space. and is called the dual space

of X.

If we take S to be a locally compact space, u a positive Baire measure on S and 1 < p < oo,

then
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(LP(dp))" = L¥(dp)
where 1/p+1/g=1,if p>1,and ¢ =0 if p= 1.

It is also true that for any continuous linear functional F' on LP there exists a ¢ € L? such

that
F(H = [ f9an for fer

and in that case

1] = Nlglla-

Let us consider the special case when S is a compact Hausdorff space and X = C(S), the

space of all continuous real (or complex) valued functions on S. By defining the norm as

[fllec = sup | f ()],
xeS

C(9) is a Banach space and for F' € (C(S))* we have:

lim ||z — z,||cc = 0 implies |F(z,) — F(x)| — 0.

n—oo

The dual space of C(S) can be identified (isomorphically and isometrically) with the space
of real (complex) Baire measures on S. This is the statement of the Riesz representation
theorem which can be formulated as follows. If S is a compact Hausdorff space, then every
bounded linear functional ¢ on C(.S) is represented by a unique complex Borel measure p,

in the sense that

o) = [ sautor 1 € C(5).
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The norm of ||¢]| equals to the total variation of p on S. If y is complex, the total variation
of ;1 on S is best thought of as the norm of the corresponding functional on C(.S), since the
relation of this number to the total variations of the real and imaginary parts of u is rather
involved. Of course in case p is a positive measure, the norm of ¢ is u(S). It is also true,
in the result above, that for such a measure p there is a complex Borel function A such that
|h] =1 and

dp = hd|pl.

Now, suppose X is a Banach space. The following result is very important. If F'is a bounded
linear functional on a subspace Y of X, then F' can be extended to a linear functional on
X which has the same norm as F. This result is called the Hahn-Banach extension

theorem.

Over the conjugate space X* we can consider the weak-star topology which is defined as
follows. For Fy € X*, let

T1,%o,...,T, € X and € > 0.

Define

U={FeX* |Fx) - Folan) <e.k=1,...,n}.

Such a set U is a basic weak-star neighborhood of Fj and the union of such neighborhoods
U is an weak-star open set. Then we have a topology on X* such that for each x € X the

function F' — F(z) is continuous on X*. In this topology a sequence {F,} converges to F
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in the weak-star topology if and only if

lim F,(z) = F(z)

n—oo

for each z in X.

The following result is also very important. If B is the closed unit ball in X*

B={FeX"|F|<1},

then B is compact in the weak-star topology. This result is called Banach-Alaoglu theo-
rem. We will use this result as follows. If {F},} is a sequence of linear functionals on X with
| F.|l < 1, then this sequence has a weak-star cluster point, i.e., there exists an F' € X* with
|F|| <1 such that F(z) is a cluster point of the sequence {F,(z)} for every z € X. As an
example, if we have {u,} is a sequence of positive Baire measures on the compact space V'

and if p1,,(V') <1 for each n, then there exists a finite measure p such that [ fdu is a cluster

point of { [ fdu,} for every f € C(V).



Chapter 3

The Dirichlet problem on a domain ¢

In this chapter our main purpose will be to solve the Dirichlet problem for a domain whose
boundary components are nontrivial. For such purpose I will follow the approach described
in [1], i.e., we will use a limiting procedure involving subharmonic functions to solve our

problem.

3.1 Some results about the Poisson Formula for the

disk case ) = A

Given a domain €2 on the Riemann sphere, and given u a continuous real-valued function
on I' = 012, the Dirichlet problem consists in finding a function f which is continuous on

CL(Q) = QUT such that f satisfies the following conditions:

17



1. The function f is harmonic on (2.

2. The function f equals u on I'.

18

I will follow the approach described in [1] in order to give reasonable conditions that are

sufficient to solve the Dirichlet problem.

We consider first the case where € is the unit disk A.

Let us recall that the Poisson kernel P for the unit disk is the function given by

Pr o) — — L=
" ~1—2rcos(d) +r?

where 0 < r < 1 and 0 < 6 < 27. The Poisson kernel has the following properties:

1 )
P(r,0) = Re (1i_j) , z=re".

P(r,0) > 0.

1 ™
gy P(r,0)dd =1, 0<r <1

—T

for 6 > 0, lin}maX{P(r, 0):0 <10 <nw}=0.

If we consider u a real-valued continuous function on the unit circle T, where

T={e’: —n<H<n}

(3.1)

(3.2)

(3.4)

(3.5)
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and we set

) 1 i )
P,(re") = 2—/ P(r,t — 0)u(e)as
7r

—T

then the function P, is a harmonic function of z = re’. In fact, because of (3.2) we have

Pu(ré'") = Re {% /ﬂ G - j) u(eie)de}

—T
and so P, is the real part of an analytic function which implies P, is harmonic. What it is
important is to find out the behavior of P,(z) as z tends to a point in T. For that purpose

we have the following theorem.

Theorem 3.1.1. Giwen A € T, then

lim P,(z) = u(\)

Z—A

that is, P, is continuous on AUT and agrees with u on T, where A = {z: |z| < 1}.

Proof. Let A\ = e'. By continuity of u, given € > 0, choose 0 < § < 7 such that if |§ —s| < ¢
implies [u(e?) — u(e®®)| < €/2. Let t be such that |t — s| < §/2. Because of (3.5), for this §

there exists r; such that, if r{ < r < 1, then
A =max{P(r,0): §/2 < |s| <7} < 4i (3.6)
m
where

m = g}g{luw)ﬁ'
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Then, because of (3.3), (3.4) and (3.6)

1
—/Prt— ——/ (r,t — O)u(e™)dd
2T
1

/ P(r,t —0) [u(e”) — u(e™)] d@‘

[Pu(re) —u(e™)] =

2T
< % P(r, e' ) u(e”)]|
1 . .
21 Jig_g<s 27 Jo<io_si<n
< €/242mA

< €/24+€/2=¢
when |s — t| < §/2 and r > ry, which is what we wanted. O

Definition 3.1.1. Let x be a measure on T and set
P,(re'") = /P(r,t —6)au(9). (3.7)
T

Note that because of (3.4) and Fubini’s Theorem we have

L[ pweya = L[ { /T P(r,t—@)d,u(H)] at

2 ). 2 J_.

— /T{% /_: P(r,t—&)dt} du(0)

= [y = R0).

Thus P, is continuous and satisfies the mean value property at 0, so P, is harmonic.

Theorem 3.1.2. Let du = vdf + da the Lebesque decomposition of u where v € L (T, df)

and do is singular with respect to df. Then

lim P, (re) = 2mo(t) a.e.dt (3.8)

r—1
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Proof. This proof basically follows the same ideas as the proof of Theorem 3.1.1. m

Theorem 3.1.3. A harmonic function u in A can be written as

u(re®) = /?r P(r,0 — t)du(t) (3.9)

for some measure pn on T, if and only if

sup {/ﬂ |u(rei9)|d9} is finite. (3.10)

r<l T

If (3.9) holds, then p is uniquely determined. Moreover, if u is also positive then u is a

non-negative measure.

Proof. Assume (3.9) holds, then because (3.3) and (3.4)

1 g ) 1
— \u(’r’ew)\dﬁ <

P _
o (6 — t)afd|p(t)|

27 Jo

—T

= /d|u(t)\ = ||p||, the total variation of p.

T

Conversely, assume (3.10) is true. Define y, on T given by
1 it
du,(t) = —u(pe™)dt, 0 < p < 1.

2w

These 1, are measures on T and by (3.10) we have
[upll <c,0<p <1

for some constant ¢ that without loss of generality we can assume is 1. Then, by the

example given at the end of Chapter 2, there is a measure p on T which is a weak-star
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cluster point of {y,}. Also since u is harmonic (and the unicity of the harmonic extension)

then u(rpe”) = P(rpe®) = 2 [T P(r.0 — t)u(pe")at.

Thus, by the fact that u is continuous and the last observation and considering the definition

of 1, we have

u(re) = lin%u(prew)
p—

= liml/ P(r,0 — t)u(pe™)at

p—12m J_.

= lim [ P(r,0 —t)du,(t)
p—1 T

= /TP(T,H — t)du(t).

For the unicity of p, if there is po that satisfies (3.9), then

/T P(r,0 — t)(dj — djig) = 0

if we write yu = Re(u) + iIm(p) and po = Re(po) + iIm(p), then

/TP(T, 0 —t)(dRe(p) — dRe(uo)) +i/TP(7“, 0 —t)(aIm(p) —dlm(p)) =0

implies

/T P(r,0 — #)(dRe(i) — dRe(pio)) = 0, and, /T P(r,0 — 1)(@Im(p) — dIm (o)) = 0. (3.11)

Let v = Re(p — po) and 7 = Im(pu — po). By (3.11)

it
ozRe/e T au@), 2] < 1

et — z

and so is its harmonic conjugate (chosen to be zero at the origen). So the analytic function

W) = /T 2

eit — z
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is identically constant and therefore 0 since h(0) = 0. But we know

h(z) = /Tdu + 22% {/Te—i”tdu(t)}

S0,
/ e ™Mdv(t), n=0,1,2,...
T

since v is real then v is the zero measure. Similarly 7 is the zero measure, therefore p— o = 0.

Finally we know that a measure u is positive if and only if [ fdu > 0 for all nonnegative
continuous function f. Now if u is positive then, because of the way p, is been defined, 1,

is non-negative measure for each p and so

/fdu = lim/fd,up >0
T p=LJr

for any nonnegative continuous function f, therefore p is a non-negative measure. m

3.2 Subharmonic Functions

We now return to the case of a general domain 2 contained in the Riemann sphere.

Definition 3.2.1. Consider 2 a domain on the sphere. A function u(z) defined for z in

is subharmonic on (2 if it satisfies the following conditions:

—00 <wu(z) < o0, z €N (3.12)

(1) w is upper semicontinuous on {2, i.e.,

u(a) > limsup{u(z): z — a} for all a € Q, and (3.13)
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(2) if the closed disc {z: |z — p| < r} lies in Q, then

u(p) < S /7r u(p + re')dt. (3.14)

2 J_,

It is clear that every real-valued harmonic function on €2 is subharmonic and if v and —u
are subharmonic then u is harmonic. It is also clear that the sum as well as the maximum
of two subharmonic functions are also subharmonic. A positive multiple of a subharmonic
function will be a subharmonic function as well. 1 will list some facts about subharmonic
functions in the following propositions that will be needed later on. A detailed explanation

of them can be found in [1].

Proposition 3.2.1. Let u be a subharmonic on €2 an let ¢ be a monotonically increasing

convex function on R. Then ¢(u(z)) is subharmonic on Q.

As an application of the previous proposition we have: if f is an holomorphic function on

Q, then both log |f| and |f]?, 0 < ¢ < oo, are subharmonic on €.

Lemma 3.2.2. Let K be a compact set and let u be a function on K with values on [—00, 00).
Then u is upper semicontinuous if and only if there is a sequence { f,} of continuous function
on K with

fi>fo>... and lim f,(2) =u(z), z € K.

Proposition 3.2.3. Suppose there is a number M < oo such that

limsup{u(z): z — ¢} < M for all { € OS2

Then u(z) < M for all z € Q. If u(zg) = M for some zy € Q, then uw = M in .
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3.3 Solution of the Dirichlet Problem

In order to solve the Dirichlet problem we will need the following fundamental result.

Proposition 3.3.1. Let § be a family of subharmonic functions satisfying the following
conditions:

foru,v € §, then max(u,v) € § (3.15)
if {z:|z—p| <r} CQ and if u € F, then the function

u(z) if [z —pl =
s(u, z) = (3.16)
Pu(z) if |z —pl <r
is in §. Set

v(z) = supu(z) (3.17)

ueF

Then either v = oo in § or v is harmonic in §Q.

Proof. First case: there exists zy € {2 such that v(zp) = oco. Then there is a sequence {u;}
in § such that {u;(z9)} increases to co as ¢ — oo. Let v, = max{uy,us,...,u,}, then by
(3.15) v, €Fforallmn=1,2,.... Sov; <wvy < ..., on all Q and v,(z) — oo as n — oo.

Considering the disc D = {|z — 2| < r} C Q we have s(v,, z) € § by (3.16). We also know

1 ™ T2_82 ) )
Pv - N ztdt7 — + 197 <
(2) 27r/_ﬂr2—2rscos(9—t)+82v (20 +re)dt, z =2y +se”, s<r
and
2 _ 2 _
y r*—s STy

r2 —2rscos(@ —t)+s* ~ r+s
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then

s

1 [7 , 1 .
Py /7r a(v, — v1) (2 + re)dt > ) b(v, — v1)(20 + re’t)dt.

Let L = 5= [7 avi(z0 + re)dt — o= [T by (20 + re')dt, then, by Theorem 19.4.11 of [5], L
is finite, hence
1 s

) 1 & )
o | av, (20 + re'")dt > 7 /_7r bu, (20 + re")dt + L

using the fact that v, is subharmonic, for z = z, + se?, with s < r, we have
s(vn, 2) = P, (2) > bu,(20) + L

thus, since v,,(z9) — oo then s(v,, z) — oo, for all z = z+se, s < r; also, since s(v,, z) € §,
then

v(z) > s(vp, 2), for alln, |z — z| <r
which implies v(z) = oo, if |z — zo| < r. Thus, this implies that the set
O ={2€Q:v(2) =0}
is open. Also if we take a sequence {z,} of elements in ; such that z, — (3 as n — oo, then
v(B) > limsup{v(z): z — B} > limsup{v(z,): z, — B} = 00

This implies that €2 is closed. Since zy € €21 and € is connected, then 2; =  and, therefore,

v =00 in §).

Second case: v is finite at all points of 2. Let a be a point of €2 and let D be a disc centered
at a whose closure lies in €2. As in the first case, we can get u,, € § such that u; <wuy < ...,

on Q, and u,(a) — v(a) as n — oc.
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Claim. Using the disc D, we may assume that each wu, is harmonic in D. In fact, for fixed
n, by Lemma 3.2.2, there is a sequence of continuous functions { f;} such that f; decreases
to u, on 0D. Because the Dirichlet problem in the disc D is solvable then for each [ there
exists a harmonic extension Fj of f; such that F; = f; on 0D. By Harnack’s theorem there
is a harmonic function F' such that F; — F as | — oo on D and F = u, on dD. Then in

the disk D, for z = a + se'®, s < r:

5(tn, 2) = Py, (2) = L /” s un(a +re)dt
’ o 21 J_. 12 —2rscos(f —t) +s2 "
S /7r oS F(a+re")dt = F(z)
2 J_.r?2 —2rscos(f —t) + s?

0 $(uy, z) is harmonic in the disc D. This concludes the proof of our claim.

Then, by Harnack’s theorem, {u,} converges to a function U which is harmonic in D and
U(a) = v(a). Taking any b € D,b # a, we can do the same as before and get w,, € § with

wy < wse < ... on Q, w, harmonic, and w, (b) — v(b) as n — oco. Since the Dirichlet problem

is solvable in the disc, then there exists r,(z) such that r,(z) is harmonic in D and equal

max{u,,w,} on dD. But, for 2 = a + se®, s <r

(t.2) = P, (2) 1 /” r? — s? t(a + reit)at
$(tn, 2) = z) = — nla+re
n 21 J_. 12— 2rscos(f —t) + s?
1 ™ 7,,2 _ 82 i
T o /_7r r2 —2rscos(f —t) + Szrn(a Fret)dt =ra(z)

where t,, = max{u,,w,}. Sor,(z) = s(t,, z) in D and s(t,, z) € §F so we may assume r,, € §.

Now, using Theorem 19.4.5 in [5], we can conclude that 7,(b) > w,(b) and

v(a) > rp(a) > uy(a).
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Again, by Harnack’s theorem, {r,} increases to a function R that is harmonic in D, and since
R>r,>u, indD then R>U in 0D and so R > U in D, but U(a) =v(a) = R(a), U = R

in D. Since U(b) = v(b) < R(b) then v = R in D with R harmonic, so v is harmonic. O

Definition 3.3.1. Given z € 0€). We will say that there is a barrier at x if for given 6 > 0

it is possible to find a function b(z) satisfying the following conditions:

—b is subharmonic in Q (3.18)
b>0 (3.19)

b(z) >1ifzeQand |z —x| >¢ (3.20)
b(z) = 0if z € Qand z — x. (3.21)

Definition 3.3.2. We will say that the set V' C C is a continuum if it is closed and

connected consisting of more than one point.

Theorem 3.3.2. Let 2 be a domain an let x € O0S). If there is a continuum V in the

complement of € which contains x, then there is a barrier at x.

Proof. Let x’ be another point in V', then there is a linear fractional transformation, which
sends z to oo and 2’ to 0. So without loss of generality we will work the case when z = oo
and the continuum V' in the complement of Q contains both 0 and co. Set © = C\V,
then Q C ©; also because of C\® = V and V is connected then, by Theorem 8.2.2 of [4],
D is simply connected and there is a single-valued branch of log(z) in the domain ®. Set

R = log(®D), then R is a domain, since log(z) is an open mapping and continuous. We
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can assume that if R meets the imaginary axis, then this intersection in an open set in the
imaginary line and so is the disjoint union of open intervals; moreover the sum of the length
of such intervals is at most 27 since the log(z) is analytic in the branch we have chosen and
R is in the domain where the exp(z) (the inverse of log(z)) is single valued for such selection

of the branch. So we can write:

RN {it: t € R} = J(iay,iB))
j=1
where
o <B1 <Oéz<52<... and Z(ﬁj—aj) <27
j=1
Define

Z — 10y

Z—Zﬁj

hj(z):arg( >,Rez>0,j:1,2,....

These h; are well defined; in fact, if
z—io; =T1(z—1ifj), T <0

then

0 < Re(z —ia;) = Re(t(2 —i8j)) <0

—1Q

which is a contradiction. Then = 5

. . z—1i0
never meets the negative real axis, so arg (Z_i 5 > makes
J

sense. Also, because of how each h; is defined then h; is positive and harmonic on Re z > 0

and

0<> hi(z) <
=1

Now, define

[e.e]

h(z) = ! Zhj(z), Re z > 0.

™
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Let us see why the function h(z) is well defined. Note that

S () (Ere(25)

Take any compact K not meeting the imaginary axis. Since the imaginary axis is closed

then
c= ZGIII(IIH>1{|Z —i6;|} >0
and so
= z— i = [ia; —if
- J:| _ { i J:|
;{ 2 —if3 ‘ ; 2 —if3
< 4 — i < 2m/c.
= z —if3
So

converges absolutely and uniformly then, so for j large enough ] m’ — 1] < 1, then by

Theorem 7.1.2 of [5],

converges. Thus the definition of » makes sense. We also have —1 < h(z) < 0.

We also have to notice that h is harmonic on Re z > 0. In fact, h is increasing limit of the

partial sums of its series and each h; is harmonic, and
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Consider p € C and Re p > 0 and{z: |z — p| < r} for Re z > 0. Then, by the Lebesgue

dominated convergence theorem,

L/ i0 _
%/ h(p+re*)dd = _ZQTF/ i(p+re?)an

= —;Zhj(P) =

So h satisfies the mean value property, and therefore h is harmonic.

If x € (o, B;) for some j and if {z,,} is a sequence in Re z > 0 such that z,, — iz, then

=5t = 2% < 0 which implies

lim hj(z,) =7
so h is continuous with h(iz) = —1. Finally, if Re z > 0 and |2,,,| — oo then h(z,,) — 0.
Define

—1ifRez<0ze€R
9(z) =
h(z)if Rez >0z € R

Then it is clear that g is continuous in JR, subharmonic in R, —1 < g(2) < 0 and g(z) — 0

if Rez >0 and |z| — oo. Now set
G(z) = g(log(z)), z €D.

Then G is subharmonic in ©, —1 < G <0, and G(z) — 0 as |z| — oo. It can happen that
G — 0 at some finite boundary point. To compensate for this, take {s,} real numbers in-
creasing to oo such that all the lines Re z = t,, meet R. Let g,, be the function corresponding

to Re z = t,, constructed as above, set

i% (log(z2)), z€®

n=1
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then we have

=1 |1 =1
> aalloa(2)| < 3 Q—ngnaog(z))\ <Y 4w
n=1 n=1 n=1

so the series converges uniformly which implies that H is continuous on ®, subharmonic on
D, -1 < H<0and H(z) - 01if z € © and |z|] — oco. Given y a finite point in 0D, them

log(y) is a finite point in O and so g,(log(y)) = —1, for all n > 0. Thus
limsup{H(z): z€®, z =y} <0
hence for M large enough

p= sup {limsup{H(2): 2z €D, z — y}} <O0.
lyl<M

Then b(z) = p~'H(z) is the desired function for the barrier at x = oo. O

Now, consider h a bounded function on 02. Let us consider the following family §(h) of

subharmonic functions satisfying
limsup{u(z): z € 2,z — ¢} < h((),V( € 0. (3.22)
Set
v(z) = vp(z) = sup{u(z): u € F(h)}. (3.23)
Then we have the following theorem.

Theorem 3.3.3. The function v given by (3.23) is harmonic on ). Moreover, if h is

continuous at x € 0X) and if there is a barrier at x then

limv(z) = h(z) (3.24)

zZ—T
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Proof. We have

limsup{u(z): 2 € Q,z2 — ¢} < h(() <M = sup{h({)} < o0
¢edn

then by Proposition 3.2.3

u(z) <M <oo,z€8)

and so, by Proposition 3.3.1, v given by (3.24) is harmonic on Q2. Notice that without loss

of generality we can assume M > 0.

Using the continuity of h, given € > 0, choose 6 > 0 so that if y € 9 and |x — y| < § implies
|h(z) — h(y)| < €/2. Since there is a barrier at x then, for this ¢, there is a barrier b. Now,

set

s(z) = h(z) —e —2Mb(z), z € Q.

Suppose y € 0f2 and |y — x| < J, then (3.22) and continuity of h implies

limsup{s(z): z = y} < h(x) — e < h(y)

And, if y € 09 and |y — x| > ¢ then by (3.21)

s(z) < h(x) —2M — e < h(x) — 2M

therefore

limsup{s(z): z — y} < h(x) — 2M < h(y).



Thus, s € F(h) and so (v(z) > s(z) for all z € Q. We then have
liminf{v(z): z -z} > liminf{s(2): z — z}
> h(z) —e
Because € was chosen arbitrarily, we have
liminf{v(z): z — x} > h(x).
Similarly, if we consider the family F(—h) and set

w(z) = — sup {u(z)}
ueF(—h)

then w is harmonic in{2 and

liminf{—w(z): z — x} > —h(z)
in other words,

limsup{w(z): z — x} < h(z).
Finally, if u; € §(h) and uy € F(—h), then uy + uy is subharmonic in © and
lim sup{u;(2) + ug(2): z — ¢} < limsupu; + limsup ug
< h(Q) + (=h(¢) =0

so, by Proposition 3.2.3, u; + us < 0 in €2, and therefore v — w < 0 in 2. Thus

h(z) > limsup{w(z): z — z}

> limsup{v(z): z — =z}

> liminf{v(z): z — =}

v

34
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which implies

llirglﬂ v(z) = h(x).

]

Corollary 3.3.4. If there is a barrier at each point of OS2, then the Dirichlet problem is

solvable for §2.

Corollary 3.3.5. If each component of OS2 is nontrivial, then the Dirichlet problem is solv-

able in €.

Now let us talk a little bit about Green’s function and some of its principal properties.

Suppose that €2 is a domain on the extended plane and that p € Q. A function g(z;p) is a

Green’s function for Q2 with pole (or singularity) at p, p # oo, if

1. g(z;p) is harmonic on 2 — {p}

2. g(z;p) +log |z — p| is harmonic near p

3. lim{g(z;p): 2z — ¢} =0 for all ¢ € 00.

If p = oo, then (2) is modified to

g(z,00) —log |z, is harmonic near co

Proposition 3.3.6. Let Q be a domain for which the Dirichlet problem is solvable and let

p € Q. Then 2 has a Green’s function with pole at p.
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Proposition 3.3.7. Let g be the Green’s function for ). Then for all pairs of points p,q in

Q with p # q in ), we have

9(p,q) = 9(q,p).



Chapter 4

Harmonic measure and Hardy spaces

on a domain

In this chapter we introduce some additional concepts we need in order to resolve our main
problem. We will solve our main problem in the case our domain €2 is A the unit disc. This
will be the crucial result to solve our main problem for the more general case where € is a

finitely connected planar domains.

4.1 Harmonic Measure

Let © be a domain on the extended plane for which the Dirichlet problem is solvable and

let p be a point in €. Given u a real-valued continuous function on I' = 99, let U be the

37
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harmonic extension to €2 of u. Then we can define

A:{u:u:T — R, continuous} — R

then A is linear and applying the maximum principal to U we have
[U(p)| < [Jullr = sup{|u(z)|: z € T}
SO
Al <1

then by the Riesz representation theorem there is a unique Borel real measure w, on I' such

that
Aw) = U(p) = / udey, u € C(T).
r
This measure will be called the harmonic measure on I' for p. Let us remark that if u > 0
then U > 0 (in fact if U < 0 then, by continuity of U, u = 0 and so U =0 on QU T, giving

us a contradiction), thus U(p) > 0 and so w, is a non-negative Borel measure. Also
ol = [ 18, =169) = 1.

We notice that w, depends of the point p, but it can be shown that for p and ¢ in 2, w, and
w, are boundedly mutually absolutely continuous. Further, if K is a compact set in €2, then

there is a constant M such that

we(E) < Mw,(E), for all ¢ € K and for all measurable set £/ in I'.
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For a proof of this fact see Theorem 1.6.1 of [1].

Now, let us assume that I' = 0€) consist of m + 1 disjoint analytic simple connected curves.
Let p € Q and g¢(z;p) its Green’s function for 2 at p, set h(z) = h(z;p) the harmonic
conjugate of g(z;p) (of course this h is multivalued). Then we have that locally @ = g + ih
is analytic and its derivative is single-valued on 2. Then we have the following three results

(whose proofs can be seen in Chapter 1, Section 6 of [1]).

Theorem 4.1.1. Suppose €2 is bounded by a finite number of disjoint analytic simple closed

curves. Then for each p € Q) we have

o, = -~ 0 )a
P onon ) as

where g(-;p) is the Green’s function for Q with pole at p, a% is the derivative in the direction

of outwards normal at T, and ds is arc length.

Theorem 4.1.2.

a,() = 5-Q ().

Theorem 4.1.3. Let I' = 09 consist of m + 1 disjoint analytic simple closed curves, let

p €€, and Q as before. Then

e Q' does not vanish on T.

o Q' has precisely m zeros in Q, counting multiplicity.
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4.2 Some properties of H?(())

Definition 4.2.1. Let 0 < p < oo; a holomorphic function f on a domain €2 is in H?(2)
if the subharmonic function |f(z)” has a harmonic majorant on €2, i.e, there is a harmonic

function v(z) such that

If(2)P <wv(z), z€Q

The function f is in H*(Q) if it is both holomorphic and bounded on (.

It is easy to see that H>(Q2) C HP(Q2). It can be proved that there is a unique harmonic

function uy such that

1f(2)P <up(z), 2€Q

and

ur(z) <w(z), z€Q

if v is any harmonic majorant of u = |f|P. This us will be called the least harmonic
majorant of f. In fact, consider {€2,} a regular exhaustion of Q. Set v, = (|f[?)|,, , and
V,n the corresponding harmonic extension to €2,, for n = 1,2,.... Now is n > m, then
09, C Q, and so on 0L, it holds V,, = u < V,, since V,, is also harmonic on 2, and so

Vo = Vin, on Q,,. Hence, by Theorem 19.4.5 in [5],
V., <V,onf,,.

We have, therefore, {V,,} is an increasing sequence on €2 that tends to oo or to a harmonic

function W on €2 (by Harnack’s theorem). But since f € H?(£2), for any g harmonic majorant
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of u, and therefore, if a € Q,,,, m > 1:

Vin(a) = / Um AWy, q, by definition of dwy, 4
U,

— / UdWy, 4, by definition of v,
121979

gdwy, 4, because u < g

IN
S

0

= g(a) < 0o, by definition of dw,, 4
so {V,,} tends to a harmonic function W and W < g on . This W is the function that we
have denoted above by u;.

Remark 4.2.1. Tt is important to note the following: if Q = A = {z: |z] < 1},
A, ={z:|z] <r}forr <1,
and f € HP(A), then the Green’s function for A, with pole at 0 is

g(z;0) = log(r) — log | 2|

and @, in Theorem 4.1.2 above, is Q(z) = log(r) — log(z) and therefore:

[ 150Pan0 = —5- s |

at = — Pt
5 | Fre")]

27

ire“} 1 [7

it
re o

and

1 (7 .
{ / |f(r€zt)|pdt} tends increasingly to us(0) as r — 1.

2 ),

Definition 4.2.2. Fixed zy € (2, set

(up(20))"?, 0 < p < o0
1l = ! g (4.1)
sup{|f()]: z € 2, p = oo
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It can be shown that the function in (4.1) is a norm on H?(Q2), 1 < p < oo, and the resulting
topology does not depend on the choice of zy € Q. Furthermore H?(Q)) together with this
norm is a Banach space for 1 < p < oo, i.e., the norm defined (4.1) is complete. (For a
detailed proof of the independence of the choice of z; and the completeness of HP(2) see

Chapter 3, Section 2 of [1]).

Now we focus our attention to HP(A). We start with the following elementary facts con-
cerning this conformally invariant definition of H?(€2). A function f holomorphic in A is in

HP(A), 0 < p < oo if and only if

7T 1/p
EX(CYRTEION.

is bounded. This follows in a straightforward way from the Remark 4.2.1. We will set

. 1/ ,
M,(f;r) = <1 I8 |f(7“e”)|pdt> "It is also important to note that if ¢ : Q@ — Q is

27 J—n

conformal with ¢(zy) = z,, then

[ oy 2ty = 11 © @l (@.20) -
We have the following theorem that will help us to analyze the zeros of an f € HP(A).

Theorem 4.2.1. Let f € HP(A), 0 < p < oo, f not identically zero. Let z1, 2y, ... be the
zeros of f in A repeated according to their respective multiplicities. If f has infinitely many

zeros, then they satisfy

o0

D (1= z) < oo. (4.2)

1

If the points z1, zo, ... satisfy (4.2) then
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is holomorphic in A bounded by 1 which vanishes precisely at the points {z;}. Furthermore
f=BF

where F' € HP(A), ||Fl, = || fllp, and F has no zeros in A.

The proof of this theorem can be seen in Chapter 3, Section 3 of [1].

Proposition 4.2.2. A holomorphic function

fz) =D an"

=0
on A is in H*(A) if and only if
Z |lan|?* < oo,
i=0

e’ 1/2
and || fllm2a) = (X2 lan]?)"

Proof. For r < 1 we have

1 [T >
— [ freMPat =" |a,r
n=0

2 J_,

which is just an straightforward calculation. Then the result follows immediately from this

equality and the remark above. O

Theorem 4.2.3. Let f € HP(A), f not identically zero, 0 < p < co. Then

1. lim,_y f(re™) = f*(e) exists a.e. dt

2. f* € LP(OA, dt)
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S T | f(re) — f*(e")Pdt — 0 as T — 1

4. log |f(re”)| < o [T P(r,0 —t)log|f*(e")| dt.
Proof. First, let us take f € H*(A), and f(z) = > o0y anz". Set

2:%1 e L*(9A, dt)
and f.(e") = > Ja,r"e™®, 0 <r < 1. After a calculation we get
15— gl =3l - )
n=1

now making r — 1 implies f, — ¢ in L2(8A 1 5-dt), and therefore a subsequence of f,
converges almost everywhere to g. We also know that Re(f) and Im(f) are harmonic

functions, and because f € H?(A), we can deduce:

(22{;/‘que%w}<M

and

OS<EI<)1 {% /_: ][m(f)(re“)]dt} <M

for some fixed M > 0, then applying Theorem 3.1.3 we get
Re(f)(re') :/P(T,Q —t)du(t) and Im(f)(re®) :/P(T,H —t)dv(t)
T T
for measures 1 and v on T respectively. Applying Theorem 3.1.2, gives

lim Re(f)(re") = m(0) a.e. df

r—1
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and

lim Im(f)(re?) = n(f) a.e. a0

r—

and therefore
lin% f(re?®)y = m(0) +in(0) a.e. d0
but f.(e?) = f(re?), and because a subsequence converges to g, then g = m + in, so
lirq f(re®y = g(0) a.e ab.

Next, suppose that f € HP(A) and let us write as f = BF where B and F are as in Theorem
4.2.1, then FP/?2 € H?(A) and, because of what was done at the beginning of the proof for
f € H?*(A), has radial limits a.e. df and this define a function in L?(9A,dt), denoted as

(FP/2).
Claim: B has radial limits a.e. df. In fact, setting
Nz Z—Zj
oI (230)
jl;[l 251 ) \1 =2z
—Z; Z— Zj _ Z =z
|2;] 1— 2z o 1-zz
Lz =z
2\ 1-2z2

then for |z| =1,

- 1_2_29' =1
1—2z
Thus |By| =1 on 0A, N > 1. Also
1 [ 2 I 2 2 >
2r J_. 2 ) .

1 [T Bn
fm (5 [ 5l
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and for N > M, BX is analytic, then it satisfies the mean value property, i.e.,

B

N *Z_j 072]'

1 [™B B II= (m) <1—z3-0> N

% B_ng B (B_N> (0) B M —Zj 0—z; - H |Zk|
—T M M Hj:l (ﬁ) (1_2—].]0> k=M1

N
1 s
%/ |BM—BN|2de_2<1— 11 |zk]>

k=M+1

Thus

since []o; |zk| converges then By — B in L*(0A,df) and therefore a subsequence of the

By converges a.e. dfl to B on the circle, and this implies |B| = 1 and so our claim is proven.

These radial limits of B define a function B* is in L*(0A,df) and |B*| = 1 a.e. df. Thus,
f € HP(A) has radial limits a.e. df and the limits define a function f* which is in LP(0A, d6).

This concludes the proof of items 1 and 2.

If we repeat what we did at beginning of the proof, we get FP/* — (F*)P/% in L%(0A, d9),

with ™ the radial limit of F. Thus,

limsup {M,(f;7)} < limsup{M,(F;r)}

r—1 r—1

1 T y 1/7’
= 17l = {52 [ Irepat)

{2 [ orenmeyal”

—Tr

1 T ] 1/p
= {5 [ireral "= ir,

On the other hand, |f.|P — |f*|P a.e. df, so by Fatou’s lemma

% /_7r liminf{|f(re")[P: r — 1}dt = Hf*Hz

< <liminf {% /: |f(re™)|Pdt: r — 1})1”

= (Uminf {M,(f;r): r — 1})°



47
therefore
}}f% Mp(fr% 7") = ||f*”p

Now, define g, = |f, — f*|P and h, = 2P (| f*|P + | f,|P) then we have

1 i , 2 T ,
B (eM)dt — 27 (2— / | f*(e”)|pdt) as T — 1
T

27T - —T

and g, — 0 as r — 1. Then, by Theorem 4.17 of [8],

1 " it 1 " it it
— | g(eMat = — (€)= fH(eM)|Par
5 49(6) - 7ﬂ|f(6) f(e")]

1 ™

= 5 |f(re™) — f*(e")|Pdt — 0 asr — 1.
m

—T

This conclude the proof of item 3.

To prove item 4, we do the following. Assume f(re®) # 0, and take p < 1, using the fact

that log | F'(pz)| is harmonic on the closed disc we conclude

log | f(pre”)| < log|F(pre®)]

1 [7 .
= 5 B P(r,0 —t)log |F(pe)|dt
1 ™

IN

Py P(r,0 —t)log (|F(pe”)| +€) dt
T J_x

Since log(|F(pe®)| + €) is bounded below, Fatou’s lemma can be used to justify

K

1 (7 , 1 ,
lim sup {—/ P(r,0 —t)log(|F(pe')| + e)dG} < o / P(r,0 — t)log(|F*(e)| + €)df
™ ™ ™

p—1 27



Therefore

log |f(re”)|

lim sup{log | f (pre”)|: p — 1}

limsup{%/ P(r,0 —t)log (|F(pei9)|—|—€) dt: p — 1}

™ -7

1 [" .
2—/ limsup{P(r,0 — t)log (|F(pe”)| +€) : p — 1}dt
™ —T
1 s
2 ),
1 s

2 ),

P(r,0 —t)log (\F*(eie)\ + e) dt

Now making € — 0, we get the desired inequality.

P(r,0 —t)log (|f*(ei9)| + e) dt, (since |f*| = |F*).
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Chapter 5

Finitely Connected Planar Domains

In this chapter we will present the main results for a finitely connected planar domain

analogous to those presented at the end of chapter 4 for the disk case.

5.1 Preliminaries for the main result

Let us take 2 a domain on the sphere whose complement relative to the sphere consists of
exactly m + 1 (closed) components, each of which is non-trivial. Then m + 1 applications
of the Riemann mapping theorem produces a one-to-one holomorphic map of 2 onto a
bounded domain whose boundary consists of m + 1 disjoint analytic simple closed curves.

This holomorphic map induces an isometry of the corresponding H? spaces. So we may

49
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assume that ) is a bounded domain. Thus,
r=A0=Tyu---urly,,

where I'; is an analytic simple closed curve and I'; N T'y, = ¢ if j # k. Let us set I'g equal to

the boundary of the unbounded component of the complement of 2. Let
Uy = bounded component of S? \ T (5.1)
and
U; = unbounded component of S*\ T, j=1,...,m. (5.2)

We notice if m = 0 then we are in the case of the unit disc A; from now on, we focus on the

case m > 1.

Let us denote the set of rational functions whose poles are off QUT by R(f2), and A(2) the

set of functions which are continuous on 2 UT" and analytic in €.

Proposition 5.1.1. Let Uy, . .., U, be the domains defined by (5.1) and (5.2). If f € HP(Q2),
then

f=Jfot -+ fmonQ (5.3)
where f; € HP(U;) for 0 < j <m.
Proof. Following the same ideas of Lemma A9 in page 224 in [11], given € > 0, and consid-

ering

ti . [-m,m] — C, parametrization of I';, i =0,...,m,
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we can get
si:[-m,m] —=C,i=0,...,m
a smooth map such that

It — silloc <€

If we let C; = t;([—7, x]), then C; is a smooth simple closed curve, i = 0,..., m. Now take

z € Q) exterior to C4,...,C,, and interior to Cy. Let

_ [ fw) _
fk(z)—%ékmdw, ]{7—0,...,?77,.

If we take any simple closed curve homotopic to C} then fi takes the same value. Therefore
fr is independent of the choice of C%, and f; is holomorphic in U, for £k = 0,...,m, and
fr(oo) =0 for k =1,...,m. Moreover an application of Cauchy’s formula shows that (5.3)

is satisfied. Now fix k and take j # k and O a neighborhood of I'y. For z € O

o
ez —wlt =a>0

SO

()] <

SHES

HC) max{|f(w)[} = M;, € O

¥ =

(where [(Cy) is the arc length of Cy), therefore f; is bounded in O. From (5.3) we deduce

m

@I <RI+ D LG <) +mM

j=1,j#k
where

M= max {M}.

1<j<m; j#k
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Thus

FEP < (f(2)] +mM)?
< 2°[f )PP + (mM)7]

< 2lus(2)[ + (mM)*] = h(2), z € O
where h is harmonic, therefore f, € H?(O).

Now, for z not in O, we have

inf — =b>0
weélkl,zgz@ﬂz w’}

thus

[fi(2)] < UCh) max {|f(w)[} =N, 2 ¢ O

¥ =
|

which implies
[fe(2)” < h(2)Xo(2) + NPXpy\0(2) = 1(2)

with 7 is harmonic, so f, € HP(Uy). O
Proposition 5.1.2. If1 < p < oo, R(Q) is dense in HP(SY) and boundedly pointwise dense
in H*(Q); R(Q) is uniformly dense in A(Q).
Proof. Fix j, then Q C U;, and if h € HP(U;), we have

h(z) <up(z), for z € U;
where wuy, is the least harmonic majorant of & in ¢;. This implies

h(z) <uy(z), for z € Q
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with %, harmonic on U; (and therefore on ), so h € H?(Q2) and
up(2) < up(z), for z € Q
which implies that the H?({;) norm is larger than the H?({2) norm.

Now by (5.3), we have

f=fot o+ fnon

By the analysis at the beginning of the proof we see that it is sufficient to show that for
each j = 1,...,m, f; is the limit in HP(U;) of a sequence of functions holomorphic in a
neighborhood of ¢; UT';. For this purpose, let ¢ be the Riemann mapping of U onto A.
Since I'; is analytic, this mapping can be extended continuously to the boundary of U; by
Theorem 14.19 in [9]. Also ¢(z) — 1 as z tend to I';, for z € U;. Therefore by Theorem in
page 286 of [10], we can extend ¢ analytically and one-to-one in a neighborhood of /; UT;.
Moreover, g; = fj 0 ¢~ is in HP?(A) and therefore, by Runge’s theorem, there is a function

G analytic on a neighborhood of AUT, with |G — g;|| <€, in HP(A). Thus
1f; = Gooll <e in HY(Uj)

and G o ¢ is analytic in a neighborhood of ¢; UT';. Now applying one more time Runge’s
theorem we can approximate G o ¢ uniformly on U; UT'; by elements of R(2) (and therefore

approximate f;).

For p = oo, we follows the same ideas and we get g; € H*(A), and, applying Runge’s

theorem, there are rational functions Gj,, n = 1,2, ... with no poles in A U T such that

|Gjn(2) — gj(2)| < 1/n, for z € T
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which implies
1Gjnllr < llgjlle, and lim Gy (2) = g;(2), z € A

and so the functions F}, = Gj, o ¢ are holomorphic in a neighborhood of ¢; UT'; and

sup [(Gjn 0 9)(2)| = |Gjn 0 dllr < [ fillx

weFj
which tell us
lim Fj(z) = lim (Gj, 0 ¢)(2) = fi(2), z €UY;

n—oo n—oo

then, applying Runge’s theorem, we can get a sequence of functions R,; € R({2) such that

lim R,;(z) = f;(2), z € U;.

n—oo

Finally, we notice that if f € A(Q) then f; € AU; UTy), 5 = 0,...,m. So, doing a

process like the one above we can get a sequence of polynomials {p;,} with p;, <ﬁ) — fj
J

uniformly on I'; and hence uniformly on I', where a; is in the bounded component of the

complement of I';, 7 =1,...,m. Also we can get a sequence {py,} of polynomial such that
Pon — fo uniformly on I’y
and therefore uniformly on I'. Set

then ¢, € R(Q?) and ¢, — fo + -+ f = f uniformly on T'. ]

Proposition 5.1.3. Ifu € L'(T, ds) and

@,
/FC_ng_o, ¢ T
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then v =0 a.e. ds.

Proof. Fixed j, let

4:(2) :/ U e =gy, j=0,...,m (5.4)

FjC—Z

Then g; is holomorphic off I'; and g;(c0) = 0. Also from (5.4) we have
go+ - +9gn=0, off T".
Also

gi=9got - +gi-1+gix1t -+ gm

and each g, with £ # j, is holomorphic on I';, therefore g; is holomorphic on I'; and so, by
Liouville’s theorem, it has to be constant. But g;(co) = 0, and hence g; = 0. Now that we

have

then

Fixed 2y ¢ I';, considering h analytic function in some neighborhood of I'; containing z,, we

can get a sequence of polynomial P}, such that

P

J

1
( ) — h, uniformly on I';

zZ— 20

and

q
J— 3 n
P, (z) = lim E Agin?"
q—00
n=0



o6

So

N TR S A (SR
/F’ u(C) Py, <—C — ZO) d¢ = l}ggonzzoaan \/Fj ¢ — Zo)ndC 0

J

and therefore

tAu«m«m<=o

J

This implies
[ utetenreta =o
T
where ¢ is holomorphic and one-to-one in some neighborhood of T, mapping T onto I';, and
H is analytic in some neighborhood of T. Now taking H(e”) = ¢ for n = +1,42,..., we
get uop a.e. dt on T and so v = 0 a.e. ds on I';. Since we started the proof with any fixed

j then u =0 a.e. dson I'. O]

5.2 Main Result

Let z € Q at which the H?(Q2) norm is determined and let w the harmonic measure on I" for

z. Now we are ready for our main result.

Theorem 5.2.1. (Main Result)

Fach f € HP(Q) has boundary values f* almost everywhere (dw) on I' and f* € LP(I',w).

Moreover

f(z)= %/r Jrw) dw, z € (Q, (5.5)

w—z

/%dw:O,zgéQUF, (5.6)



1) = / Q) dwn(C), z €9, (5.7)

and the mapping f — f* is an isometry of HP(Q2) on to a closed subspace of LP(T',w).

Proof. By the decomposition (5.3), we see that it is enough to prove that f; has boundary

values a.e. ds on I" and that this boundary-value functions lies in LP(T").

Fixed j, for k # j, f; is actually analytic on I'; because of the way f; was defined in
Proposition 5.1.1, so (5.5), (5.6) and (5.7) hold immediately. Let us focus on I';. Let ¢ be
the Riemann mapping of ; onto A. So, for the same reasons given in Proposition 5.1.2, ¢
can be extended to be analytic on a neighborhood of ¢; UT; and g; = fj 0 ¢! € HP(A)
and so, by Theorem 4.2.3, g; has boundary values g a.e. df on T, and g; € LP(T,df).
Therefore f; = g; o ¢ has boundary values [ = gj o ¢* = g} o ¢ a.e. because ¢ = ¢" on
[';. So f; € LP(I'j,ds), and, because of our observation at the beginning of the paragraph

f; € LP(Ty,ds) for k # j. So f; € LP(T',w).

If z € Q, then

B = gloe) = 5 [ e

Making £ = ¢(() we have

(2 = g,(6(2)
1 g6Q)
= om /1“ 3(0) — o(a)” (%
1

R
= om /1“ 30 — o(a)* (%
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we notice that

SO 1
- -z

where S (depends on the choice of z) is analytic in a neighborhood of QUI, since the function

in the left-hand side of the equality has a simple pole at z with residue equal to 1. Then

B = [ 50 (5 +50)

Let f;,(2) = g;(r¢(z)) for r < 1, then, by Cauchy’s theorem, we have
[ @5 =0
Because of Theorem 4.2.3, we also have
i g,(r) — 4302, in £7(T.as)

which implies

lin% fir=[; in LP(T;,ds)

(and also in L'(T';,ds), since p > 1, and T'; is compact). Therefore

Aﬁde@mm/ﬁT $)ac = 0.

fi(z) = 5 /F ?EC) ¢, z

Hence

Also

Tl Moy

[ [ B0, 1
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since f; is analytic on I'y. So for z ¢ QUT

/Ff*(C) [ 190 5 [ LW

C—z F]-C—Z k0 it r, ¢ —%

To prove (5.7), remember from Theorem 4.1.2 that

a.(Q) = 5-QL(C)a¢
where Q.(¢) = ¢(¢; 2) + ih(¢; 2) (9(¢; 2) is the Green’s function for € with pole at z, and

h((; z) is its harmonic conjugate). Then

QO = =5 + B(O) 58)

where R is holomorphic in a neighborhood of Q UT (and, because of the same reasoning for

S above, [i. f(C)R(¢)d¢ = 0). So

[ r©ao - / Fr(¢ )ac
= 5 rc—z /f

because (5.5) already holds.

Finally, for 1 < p < oo, in order to show that the mapping f — f* is an isometry, let

q € R(Q2) and let u(z) the harmonic extension of the continuous function |g(2)|? in €2. Then

- / 4(O)Pdws () (5.9)

then ¢ satisfies (5.7), and, by Holder’s inequality, we get

4(2)]” < u(z).
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Moreover if v is any harmonic majorant of |¢|? we have
w(z) = |q(z)P <liminf{v(z): z - a2}, x €T

so the harmonic function v — v is non-negative on I' and hence on all €2, therefore u given

by (5.9) is the least harmonic majorant of |g|P if ¢ € R(2) and clearly in this case

lallera) = llalmr -

Now take f € HP(2). Since R(f2) is dense in HP(2) by Proposition 5.1.2, we can take {q,}
to be a sequence in R(2) converging to f (in HP(2)). Then {¢,} converges to f uniformly

on compact subsets of 2. Even more,
||Qn - quHP(Q) = HQn - quLP(F,w)
by the foregoing, thus {¢,} is a Cauchy sequence in LP(I',w), and therefore convergent. Let
g= nh_)ngo qn, in LP(T,w)

then, since all harmonic measures are boundedly mutually absolutely continuous, we may

take the limit as n — oo in the formula

0nl2) = / 4 (). ()

to set

from which we also have

£(2) i/ﬂdg, 2eQ

" 2mi r¢—=z
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and

9Q) 4o [Ty —
ﬂg—zﬁ"rpﬂfc 0, 2¢ QUT

thus

/(M) d¢ =0, for z ¢ I', with g — f* € LP(I',w)
r —Z

and LP(T',w) C LY(T',w), since p > 1 and T is compact, then by Proposition 5.1.3, g = f*

a.e. dw. Consequently f, — f* in LP(I',w) and, therefore

L er@wy = lm [ fallzo@w) = m (| fallar@) = [ fllar@)-

For p = oo, if f € H*(12), then, because of (5.7), |f(2)| < || f*||ze(rw) Which implies

[l ) < 12 rw)-

Also
[f ez () = lim sup [ f ey = lim sup 1/ ey = [l oo )
So
[ f oo (@) = 1Ml zow r)-

An immediate consequence of this theorem is the following.

Corollary 5.2.2. If f € H?(Q), 1 < p < o0, then

up(z) = / FOPdws (), = € Q.
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Corollary 5.2.3. If f € H*(Q), f not identically zero, then log|f*(¢)| is in L*(T',w) and
log |/(2) < [ log 1" (Olws(¢), = € 2.
r

Proof. The first part of theorem can be obtained by realizing that f* € L'(T",dw) (because
of Theorem 5.2.1), and therefore using Jensen Inequality we get what we want. The second
part can be obtained by getting the result for a function f € R(Q2) and then use Theorem

5.1.2 to get the inequality when f € H(Q). O

Theorem 5.2.1 tells that HP(£2) is isometrically isomorphic to a closed subspace of LP. The

next result will tell us which L? functions are boundary values of H?(2) functions.

Theorem 5.2.4. Let f € L’(I'w), 1 < p < oo. There is an F' € HP(Q) with F* = f a.e.

w if and only if

OZ/FCJCE—C?U(K’ for allw ¢ QUT. (5.10)

Proof. Tt can be proved that
F) = [ 10m(0), 20

is harmonic, since f can be approximated by continuous functions f,, and the corresponding

function f}. Also by Holder’s inequality

F)P < / FOPaws(C), 1< p < o0

and

[F(2)] < [flloes p =00
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thus F' has a harmonic majorant. Moreover, by (5.8)

1 d¢
C2mil—z

dw.(¢) + R(¢)d¢

where R is holomorphic in a neighborhood of Q2 U I'. This implies

F(z)—i/ UG, d¢, z € Q

2w Jp(— 2

and therefore F' is analytic in © and hence F' € HP(Q2). By Theorem 5.2.1 F™* exists a.e.,

using (5.10) and Proposition 5.1.3, again implies F* = f a.e. ds.

The converse is just (5.7). O

Finally we can characterize F* (for F' € HP(f2)) in terms of the measure w. For this purpose
we start by fixing a point ¢ € , then consider ¢(z;¢q) the Green’s function for ¢ in 2 and
h(z;q) its corresponding harmonic conjugate, then Theorem 4.1.3 says that Q' (Q = g +ih)

has precisely m zeros in € (counting multiplicity). Let 27, ..., 2} be such zeros and set

Theorem 5.2.5. Let f € LP(I',w). Then
/ FOR () a(C) = 0, all h € H¥(Q) with h(q) = 0 (5.11)
r
if and only if there is F' € HP(Q) such that

F*=fP a.e. dwonl. (5.12)
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Proof. Suppose (5.12) is satisfied. Take h € HP(2) with h(q) = 0, then using Theorem 4.1.2.

we have
—ami [ gwaw= [ FOC g - 2

But

is analytic and single-valued in a neighborhood of QUT since P and Q" has the same zeros.

Moreover, because (5.8), K is zero-free in Q UT'. Thus

d¢

ngzﬂ@K@MQZO

- [ ras= o [ Fon©K©)
Conversely, if (5.11), take any h € H>®(2), with Eh)(q) = 0, then we can write
h(Q) = (¢ ~ (), h e H=(®).

Using Theorem 4.1.2. one more time, we have

0= [ 1B O6 = 0Q (0 = [ 7O OKOPC
In particular taking ;L(C) r L, w ¢ QUT, we have
[ JOEQOPO,,
o_ﬁ F G w g QuUT.

Because of Theorem 5.2.4, there is an V' € H?(Q) with V*(() = f({)K({)P(() a.e. w. Then
take F' = ¥, we still have F' € HP(Q) since K is zero-free. With this selection of F' we have

the desired conclusion. O
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5.3 Final Comments

Let us remember how N was defined in the introduction. Take €2 a finitely-connected planar
domain I' = 9Q = TyUTy U---UT,, and R(f2) the set of rational functions whose poles
are off Q U T, then there are m linear independent measures vy, ..., v, on I' orthogonal to
ReR(Q2) and of the form

dv; = Qjdw,, 1 <j<m
where Q; is C*° on I', ), is nonnegative on I'; and nonpostive on I'y, k # j. It can be proven
that

Qidw, = % ds 2 is the derivative in the direction of the outward normal at I' | ,
I on on

where h; is the solution of the Dirichlet problem with boundary value 1 on I'; and 0 on I'y,
k # j. If N =0, there do not exist nonzero measures orthogonal to ReR(f2), and therefore
ReR() is uniformly dense on A(Q2). Then A(S?) is called a Dirichlet algebra. Also P, in
Theorem 5.2.5, equals 1, and so Theorem 5.2.5 can be restated in the following way. Let

f € LP(I',w). Then
JHOR(©ao(¢) =0, all he H(62) with hig) =0
if and only if there is F' € HP()) such that
F*= fae doonTl.

For 1 < p < oo. Let us denote by HP(I') the closed subspace of LP(I',w) consisting of

boundary values of H?(Q) functions and let H{(I") be the space of functions f of H?(I") with
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fl@) =0= [, fdw. Also let HP(T) denote the complex conjugates of the elements of HE(I").

It can be proven

HP(T') + H{(T) + N is dense in LP(T,w), 1 < p < oo,
when p = 2 it can be proven more, namely
#() @ H () @ N = P(Tw),
and for p = oo
H>®(T) + Hg(T') + N is weak-star dense in L®(T',w).
Finally P in Theorem 5.2.5 can be related to IV in the following way:

P(N + H®(")) = H*(I).
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