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Optimization, Learning, and Control for Energy Networks

Manish K Singh

(ABSTRACT)

Massive infrastructure networks such as electric power, natural gas, or water systems play
a pivotal role in everyday human lives. Development and operation of these networks is
extremely capital-intensive. Moreover, security and reliability of these networks is critical.
This work identifies and addresses a diverse class of computationally challenging and time-
critical problems pertaining to these networks. This dissertation extends the state of the art
on three fronts. First, general proofs of uniqueness for network flow problems are presented,
thus addressing open problems. Efficient network flow solvers based on energy function
minimizations, convex relaxations, and mixed-integer programming are proposed with per-
formance guarantees. Second, a novel approach is developed for sample-efficient training
of deep neural networks (DNN) aimed at solving optimal network dispatch problems. The
novel feature here is that the DNNs are trained to match not only the minimizers, but
also their sensitivities with respect to the optimization problem parameters. Third, control
mechanisms are designed that ensure resilient and stable network operation. These novel
solutions are bolstered by mathematical guarantees and extensive simulations on benchmark

power, water, and natural gas networks.
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Manish K Singh

(GENERAL AUDIENCE ABSTRACT)

Massive infrastructure networks play a pivotal role in everyday human lives. A minor service
disruption occurring locally in electric power, natural gas, or water networks is considered
a significant loss. Uncertain demands, equipment failures, regulatory stipulations, and most
importantly complicated physical laws render managing these networks an arduous task. Of-
tentimes, the first principle mathematical models for these networks are well known. Nev-
ertheless, the computations needed in real-time to make spontaneous decisions frequently
surpass the available resources. Explicitly identifying such problems, this dissertation ex-
tends the state of the art on three fronts: First, efficient models enabling the operators to
tractably solve some routinely encountered problems are developed using fundamental and
diverse mathematical tools; Second, quickly trainable machine learning based solutions are
developed that enable spontaneous decision making while learning offline from sophisticated
mathematical programs; and Third, control mechanisms are designed that ensure a safe and
autonomous network operation without human intervention. These novel solutions are bol-
stered by mathematical guarantees and extensive simulations on benchmark power, water,

and natural gas networks.
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Chapter 1

Introduction

Energy, quite literally, is driving the sustenance and advancements of human civilizations.
To fulfill the energy needs of intercontinental societies in an economical, secure, and ef-
ficient manner, massive infrastructure networks have gradually emerged. The complexity
of these networks is continually increasing due to growing geographical expanse, prolifera-
tion of sensors and actuators, emerging uncertainties, transforming demand-supply patterns
and unforeseen inter-dependencies. Such challenges have motivated researchers from diverse

disciplines to make a concerted effort to keep the lights on, and the pipes clear.

The goal of this dissertation is to expand the understanding and enrich the toolboxes for
management of electric power, natural gas, and water networks. By drawing fundamental
mathematical ideas from optimization, control, and machine learning literature, this disser-
tation provides answers to some classical questions on network flow problems; provides novel
network control perspectives; and develops physics-aware deep learning based network dis-
patch solutions. The separate works collated in this dissertation share key underlying ideas
and mathematical tools. Moreover, the schemes developed in several of these works apply to
more than one infrastructure network. Nevertheless, the dissertation adopts a manuscript-
style presentation to emphasize and benefit from their individual completeness. An overview

of the dissertation is provided next.



2 CHAPTER 1. INTRODUCTION

1.1 Dissertation Outline

This dissertation can be broadly partitioned into three sections. The first section comprising
of Chapter 2-4 studies gas and water flow problems in detail, using tools from convex opti-
mization, combinatorics, and mixed-integer programming. The second section, consisting of
Chapter 5-6, proposes a novel approach towards training of deep neural networks for the task
of learning to optimize. Finally, the third section, formed by Chapter 7-8, draws ideas from
control theory to develop schemes that enhance resiliency and stability of energy networks.
Chapter 2-5, and 7 are reproduced from published works [113], [114], [110], [111], and [109],
respectively. Chapter 6 has been submitted for publication [112], and is currently under
review; while Chapter 8 is under preparation for submission. An overview of the specific

problems solved in the subsequent chapters is provided next.

1.1.1 Chapter 2-4

Solving the equations relating gas(water) injections to pressures and pipeline flows lies at
the heart of natural gas (water) network operation, yet existing solvers require careful ini-
tialization and uniqueness has been an open question. Chapter 2-3 consider the nonlinear
steady-state version of the gas flow (GF) problem. It is first established that the solution
to the GF problem is unique under arbitrary network topologies, compressor types, and sets
of specifications; then a suite of GF solvers with complementary capabilities is developed.
The physical laws governing natural gas and water networks portray fascinating similarities.
However, the respective pressure control devices, i.e. the gas compressors and water pumps
behave differently. The differences indeed render the proof of uniqueness for GF solutions,
and the accompanying solvers inapplicable to water networks. Thus, while drawing insights

from the GF problem, Chapter 4 employs a fresh approach and succeeds at establishing the
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uniqueness of a water flow solution. Chapter 4 also develops efficient water flow solvers that

apply to diverse network topologies.

1.1.2 Chapter 5-6

Smart inverters have been advocated as a fast-responding voltage control solution in distribu-
tion grids with renewables. Nevertheless, finding the optimal inverter setpoints for reactive
power in near real time can be computationally and communication-wise taxing. A classical
variant of the aforementioned problem is the task of dispatching generators in bulk power
systems for varying load conditions. These problems are formulated with varying complexi-
ties, depending on usage of nonlinear AC power flow equations, or their linearized versions.
Selecting the inverter and generator dispatch problems subject to (non)linear power flow
model, Chapters 5-6 put forth deep neural network (DNN)-based approaches. Specifically,
a learning-to-optimize scheme is developed, where a DNN is used by the electric utility to
predict the optimal power flow (OPF) minimizers once presented with the new grid loading
conditions. The novel feature here is that this DNN is trained to match not only the mini-
mizers, but also their sensitivities with respect to the OPF problem parameters. This is a
unique feature for the learning-to-optimize setup yielding a dramatic improvement on data

efficiency. The findings were also presented at [117].

1.1.3 Chapter 7-8

Chapter 7 and 8 draw classical concepts from control theory to develop novel approaches
that increase the resiliency and stability of networked systems. Chapter 7 proposes a control
scheme that brings together the benefits of distributed, local, and event-triggered control

to enable networked systems in autonomously tackling unforeseen disruptions, subject to
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resource sufficiency. Numerical tests for the proposed scheme are provided for both water
and power networks. An extension of this work, not included in this dissertation, is provided
in [28]. Chapter 8 identifies that the small-signal stability of a system can be strongly
influenced by its operating point. Thus, a computationally tractable formulation is developed
that dispatches generators in power systems such that the resulting operating point relates

to maximal dynamic stability.



Chapter 2

Natural Gas Flow Equations:

Uniqueness and an MI-SOCP Solver

2.1 Publication Details

M. K. Singh and V. Kekatos, “Natural gas flow equations: Uniqueness and an MI-SOCP
solver,” in Proc. IEEE American Control Conf., Philadelphia, PA, Jul. 2019.

© 2019, IEEE

2.2 Abstract

The critical role of gas fired-plants to compensate renewable generation has increased the
operational variability in natural gas networks (GN). Towards developing more reliable and
efficient computational tools for GN monitoring, control, and planning, this work considers
the task of solving the nonlinear equations governing steady-state flows and pressures in GNs.
It is first shown that if the gas flow equations are feasible, they enjoy a unique solution. To
the best of our knowledge, this is the first result proving uniqueness of the steady-state
gas flow solution over the entire feasible domain of gas injections. To find this solution,

we put forth a mixed-integer second-order cone program (MI-SOCP)-based solver relying

5
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on a relaxation of the gas flow equations. This relaxation is provably exact under specific
network topologies. Unlike existing alternatives, the devised solver does not need proper
initialization or knowing the gas flow directions beforehand, and can handle gas networks
with compressors. Numerical tests on tree and meshed networks indicate that the relaxation

is exact even when the derived conditions are not met.

2.3 Introduction

Natural gas has been a critical energy source for decades with uses across the residential,
commercial, industrial, and electric generation sectors [100]. The importance of natural
gas in the energy sector has further increased, and the same is anticipated in future. The
main reasons for increasing emphasis on natural gas include the discovery of substantial new
supplies of natural gas in the U.S., and its recognition as a clean low-carbon solution to
meet rising energy demands [1]. The thrust for renewable energy in power sector demands
for technical solutions to handle the high variability, intermittency, and uncertainty involved
with wind and solar generations. Natural gas has come up as an economically viable and
low-carbon solution to the said problem because of high ramping abilities of natural gas-fired

generators [1].

The primary transportation mode for natural gas is through a large continent-wide network
of pipelines [100]. Along a pipeline, pressure drops in the direction of flow due to friction.
Gas contracts necessitate the operators to maintain a minimum pressure at consumer nodes.
Therefore, compressors are placed on some pipelines to increase the pressure at the out-
put. Given gas injection/withdraws, operators need to solve the gas flow (GF) equations, a
set of nonlinear equations governing the distribution of gas flows and nodal pressures [92].

The increasing variability in gas withdrawals by gas-fired generators, the complex interde-
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pendence of gas-electric infrastructure, and increased focus on reliability, they all motivate
well efficient GF solvers [83]. Solving the GF problem is hard for non-tree networks even

under-steady state and balanced conditions [45].

The GF problem is typically solved using the Newton-Raphson (NR) scheme, though its
convergence is conditioned on proper initialization [83]. A semidefinite program (SDP)-
based GF solver, attaining a higher success probability than the NR scheme, is developed in
[92]. Nevertheless, the SDP-based solver fails to solve the GF problem if the network state
is far from the states considered in designing the solver. The necessity of good initialization
for the NR scheme and suitable design points for SDP-based solver limit their suitability
for reliability studies. For simpler networks without compressors, the flows and pressures
are the optimal primal-dual solutions of a convex minimization [41]. Broadening the scope
to tree networks, a GF solver based on the monotone operator theory has been developed
in [45]. The latter applies to meshed GNs presuming that the directions of gas flows are
given. Reference [45] establishes also the uniqueness of a GF solution but only within a
monotonicity domain; still this domain is hard to characterize for non-tree networks or
networks with compressors. Reference [131] establishes the uniqueness of a GF solution

when the compressors are modeled as additive with a constant pressure increase.

The contribution of this work is on three fronts: First, Section 2.5 proves that the nonlinear
steady-state GF equations enjoy a unique solution, if a solution exists. To the best of our
knowledge, this is the first claim corroborating the numerical observations of [45]. Second,
Section 2.6.1 puts forth an MI-SOCP-based GF solver. The GF task is posed as a mini-
mization problem where flow directions are captured by binary variables; the nonlinear GF
equations are relaxed to second-order cone constraints; and a judiciously designed function
is appended in the objective. Thanks to the latter, the third contribution is to show that

the relaxation is exact if there are no compressors in cycles and every pipe belongs to at
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most one cycle. Numerical tests on tree and meshed networks demonstrate that the devised

solver finds the unique GF solution even when the assumed conditions are not met.

Notation: lower- (upper-) case boldface letters denote column vectors (matrices). Calli-
graphic symbols are reserved for sets. Symbol T stands for transposition, and ® denotes
entry-wise multiplication between vectors. Vectors 0 and 1 are the all-zero and all-one

vectors. The sign function sign(z) returns +1 if x > 0; —1 if x < 0; and 0 otherwise.

2.4 Gas Flow Problem

Consider a natural gas network (GN) modeled by a directed graph G = (N, P). The graph
vertices N = {1,--- , N} model nodes where gas is injected or withdrawn from the network,
or simple junctions. The graph edges P = {1,..., P} correspond to gas pipelines connecting
two nodes. Let p, > 0 be the gas pressure at node n for all n € N. One of the nodes
(conventionally one hosting a large gas producer) is selected as the reference node. The
reference node is indexed by r, and its pressure is fixed to a known value p,. The gas
injection ¢, at node n € N\ is positive for an injection node; negative for a withdrawal node;

and zero for junction nodes.

Without loss of generality, edges are assigned an arbitrary direction denoted by ¢ = (m,n) €
P with m and n € N/. The gas flow ¢, on pipeline ¢ = (m,n) € P is positive when gas flows

from node m to node n, and negative, otherwise. Conservation of mass implies that for all

nenN
w= D, = D, o (2.1)
L:(n,k)eP l:(kn)eP

To express (2.1) in matrix-vector form, collect all gas injections in q = [g;...qn]|" and

edge flows in @ := [¢; ... dp| . The connectivity of the GN graph is captured by the P x N
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edge-node incidence matrix A with entries

+1 , k=m
A&k = —1 , k=n ViI= (m, n) eP. (22)
0 , otherwise

The mass conservation in (2.1) may thus be expressed as

ATp=q. (2.3)

Observe that A1 = 0 by definition, and so 1" q = 0. The latter is intuitive since the network
should be balanced under steady-state conditions. This also implies that (2.1) provides N —1

rather than N independent linear equations on ¢.

For high- and medium-pressure networks, the pressure drop and energy loss across a pipeline
are captured by a set of partial differential equations evolving across time and spatially along
the pipeline length [93], [124]. Ignoring friction, pipeline tilt, and assuming time-invariant
gas injections, this set of partial differential equations simplifies to the so termed Weymouth
equation [136]

Pr — P = Qehe| | (2.4)

describing the pressure difference across the endpoints of pipeline ¢ = (m,n) € P. The
parameter a; > 0 depends on the physical properties of the pipeline [93]. The Weymouth
equation asserts that pressure drops within a pipeline in the direction of gas flow. To be
precise, the difference of squared pressures is proportional to the squared gas flow. To

simplify notation, define the squared pressure at node n € N as 1, := p2. Then, equation
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(2.4) can be written as

Ym — Pn = @ Sign(gbﬂ)gb? , V= (m,n) €P (2.5a)

By slightly abusing the terminology, we will oftentimes refer to 1, as pressure rather than

squared pressure, but the distinction will be clear from the context.

To avoid unacceptably low or high pressures, GN operators install compressors at selected
pipelines comprising the set P, C P with P, = |P,|. Its complement set P, := P\ P,
includes the remaining lossy pipelines satisfying (2.4)—(2.5). A compressor amplifies the
squared pressure between its input and output by a ratio ay. Moreover, a compressor allows
a unidirectional flow in the direction of compression. Therefore, compressor £ = (m,n) € P,

can be modeled as

Equation (2.6) assumes an ideal (lossless) compressor, that is a, = 0. This is wlog since an
actual non-ideal compressor on pipe (m,n) can be modeled by inserting an additional node
n' between nodes m and n: Then, the lossless pipe (m,n’) hosts an ideal compressor and

pipe (n/,n) is lossy. Both pipes have identical flows ¢ = Gpin.

Based on (2.5)—(2.6), it is not hard to verify that an NG network can be uniquely described

by either the vector of nodal pressures 1, or the vector of edge flows ¢.

Lemma 2.1. Given a reference squared pressure 1, for somer € N, a pair (¢, ) satisfying

(2.3), (2.5), and (2.6), is uniquely described by either ¢ or .
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In fact, finding one of these two vectors constitutes the gas flow (GF) problem formally

described as follows.

Definition 2.2. Given the pressure v, = p? at the reference node; balanced nodal injections
q; the compression ratios ay, for all compressors ¢ € P,; and the friction parameters a, for
all lossy pipes ¢ € P,, the GF problem aims at finding the nodal pressures 1 and pipe flows
¢ satisfying the GF equations (2.3), (2.5), and (2.6).

The task involves N — 1+ P equations over N — 1+ P unknowns. The GF task can be posed

as the feasibility task

s.to (2.3),(2.5),(2.6).

Albeit (2.3) and (2.6) are linear, the Weymouth equation in (2.5) is piecewise quadratic and
non-convex. In addition, the requirement {¢; > O},ep, could further complicate solving the
GF equations. The GF task is typically solved using the Newton-Raphson’s scheme, which

converges only if initialized sufficiently close to a solution [84].

If the GN is a tree (P = N — 1), then A is full row-rank and (2.3) is invertible. Once
the pipe flows ¢ are known, pressures @ can be found through (2.5)—(2.6). In practice
though, gas networks can exhibit non-radial structure [100], [136]. Therefore, solving the
GF problem remains non-trivial. Before devising a new GF solver in Section 2.6, the next

section establishes that the GF equations enjoy a unique solution.
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Figure 2.1: Example gas network with 11 edges, 2 cycles, and 1 compressor.

2.5 Uniqueness of the GF Solution

The analysis requires some concepts from graph theory, which are briefly reviewed next. A
directed graph G = (M, P) is connected if there exists a sequence of adjacent edges between
any two of its nodes. All graphs in this work are assumed to be connected. A minimal set of
edges Pr preserving the connectivity of a graph constitutes a spanning tree of G; is denoted
by T := (M, Pr); and |Pr| = |M| — 1. The edges not belonging to a spanning tree 7 are

referred to as links with respect to T .

A path between nodes m and n is defined as a sequence of adjacent edges between the two
nodes. If a path starts and ends at the same node (without edge or node repetition), it
constitutes a cycle. A tree is a connected graph with no cycles. The statements ‘cycle C
contains node i’ or ‘node i belongs to cycle C’ mean that there exists an edge in C that is
incident to node i. For any cycle C, we select an arbitrary direction and define its indicator

vector n¢ with ¢-th entry

0 ,ifedgel¢C
C._ eoq- . . . .
ny =y +1 , if direction of ¢ agrees with cycle direction (2.7)

—1 , otherwise.

\
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For example, the network of Fig. 2.1 has 11 edges and 2 cycles. Based on the assigned
direction for Cy, the entries of n® corresponding to edges {(7,8), (8,9), (9,10), (10,11)} are
{—1,—1,—1,+41}; the remaining entries are zero. Given a spanning tree, a fundamental cycle

is a cycle formed by adding a link to the spanning tree.

After the graph preliminaries, we proceed with the uniqueness of the GF solution. The proof

relies on the next result for a single-cycle graph, which is proved in the appendix.

Lemma 2.3. Consider a graph comprising a single cycle C over k 4+ 1 nodes indexed by
i=0,...,k, and define n® € R¥ as the indicator vector for this cycle. For fived squared

pressure g, if two flow vectors ¢ and ¢ with ¢ # ¢ satisfy (2.5)(2.6), they cannot satisfy

sign(¢p — ¢) ®n° < 0; or

sign(¢p — ¢) ®n° > 0

where the inequalities are understood entrywise.

The proof of Lemma 2.3 exploits the fact that the pressure differences across a loop should
sum up to zero no matter what the flows ¢ or é are. The usefulness of this lemma is to
eliminate scenarios of flow changes. Take for example the case where n® = 1, and assume
two flow vectors ¢ and ¢ satisfying (2.5)(2.6). We hypothesize the flows in ¢ are larger
than the flows in ¢, that is ¢ > ¢. Lemma 2.3 ensures that this hypothesis is not valid

since sign(gb —¢)©®n® =1®1=1> 0. The hypothesis g~z’> < ¢ can be crossed out likewise.

The proof for the uniqueness of the GF solution builds also on the ensuing result known
from network flows. Its proof follows as a special case of [70, Th. 8.8] by setting the source-

destination flow to zero.

Lemma 2.4. Suppose A is the edge-node incidence matriz of a directed graph. For any
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vector n € null(A "), there exists a set of cycles S¢ such that

where A\e > 0 for all C € S¢, and n ®n€ > 0 for allC,C' € Se.

Lemma 2.4 asserts that any vector in null(AT) can be expressed as a conic combination
of cycle indicator vectors. Moreover, if any pair of these cycles shares an edge, this edge
participates to both cycles in the same direction. The following claim follows easily from

(2.8).

Corollary 2.5. If \¢c > 0 in the representation of (2.8), then ng-nS >0 for all £ € C.

Using Lemmas 2.3-2.4 and Corollary 2.5, we next prove the uniqueness of the solution to

the steady-state GF problem.

Theorem 2.6. The gas flow problem (G1) has a unique solution, if feasible.

Proof. Proving by contradiction, assume ¢ and (2» are two distinct flow vectors solving (G1).
Since both vectors satisfy (2.3), their difference n := ¢ — ¢ must lie in null(AT). Then,

from Lemma 2.4, vector n can be decomposed as in (2.8).

Select any edge ¢ corresponding to a non-zero entry of n. Since ny, # 0, there exists a cycle

C for which A¢ - n§ # 0. Two cases can be identified:

C1) Cycle C contains the reference node r. From Corollary 2.5, it follows ng-né = (¢y — ) -

n$ > 0 for all edges ¢ € C. The latter contradicts Lemma 2.3 and proves the claim.

C2) Cycle C does not contain the reference node r. Calculate the distance of cycle C from r

that we define as

d(C) :== mind,_, (2.9)

ieC
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where d;_, counts the edges in the shortest path between nodes ¢ and r. The node in C
attaining distance d(C) will be indexed by ic. If multiple nodes satisfy the latter property,
pick one arbitrarily. Consider the shortest path i¢c — r between nodes i¢c and r. Two cases

can be identified again.

C2a) The entries of n associated with the edges in path ic — r are all zero. This implies
that the related entries in ¢ and ¢ are equal. Therefore, the nodal pressures along the path
ic — r can be recursively computed using (2.5) and (2.6) starting from ¢,. Then, the nodal
pressures along i¢c — r agree between 1 and 1,~b, and so v, = &ic' Since the pressure at node
ic has been fixed, this node can serve as a reference node, the argument under C1) applies,

and proves the claim.

C2b) There exists an edge U' in ic — r with a non-zero entry in n. This edge must belong to
a cycle C'. Check whether cycle C’ falls under C1) or C2), and apply the previous reasoning

recursively.

The previous process considers cycles C with progressively smaller distances d(C), and so
case (1) eventually occurs. The recursion terminates upon finding a cycle contradicting

Lemma 2.3 under case C1), and completes the proof. Il

Remark 2.7. Two compressors can be sometimes connected in parallel [41]. If they are
assumed ideal, it is not possible to infer the gas flow on each compressor. Under the practical
assumption that the two compressors are non-ideal, this identifiability concern is waived as

validated by Theorem 2.6.

Remark 2.8. While the pressure drop along a pipeline is oftentimes described by the Wey-
mouth equation in (2.4), other alternatives include the Panhandle A and B equations [100].
The uniqueness proof of Theorem 2.6 holds in general as it depends on the monotonic depen-

dence of pressure drop on the flows. Moreover, the proof may be generalized for dissipative
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network flow problems as discussed in [131].

2.6 MI-SOCP Relaxation

2.6.1 Problem Reformulation

The non-convexity in (GF1) is due to the Weymouth equation in (2.5a). Using the big-

M trick and upon introducing a binary variable x, for every lossy pipe ¢ = (m,n) € P,

constraint (2.5a) can be relaxed to convex inequalities as

—M(1 =) < ¢ < My (2.10a)
—M(1 = x) < m — P — @] (2.10b)
Um — U + agdy < My (2.10c)
re € {0,1} (2.10d)

for some large M > 0. When x, = 1, constraint (2.10a) yields ¢, > 0, constraint (2.10b) reads
Uy — Uy — apg7 > 0, and (2.10¢) is satisfied trivially. When z, = 0, constraint (2.10a) yields
¢¢ < 0, constraint (2.10b) is satisfied trivially, and (2.10c) becomes 1, — ¥, + ay¢? < 0. We
therefore get that the binary variable equals z, = sign(¢y). It hence determines the direction

of flow ¢y, and activates (2.10b) or (2.10c).

By replacing (2.5) with (2.10) in (GF1), the GF problem can be posed as an MI-SOCP.
However, the minimizer of (GF2) is useful only if it satisfies (2.10b) or (2.10c) (depending
on the value of x;) with equality for all lossy pipes. Then, the relaxation is termed ezact.

Otherwise, the minimizer of (GF2) is infeasible for (GF1).
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To promote exact relaxations, we will substitute the GF problem (GF1) by the minimization

min (1)) (GF2)

over ¢@,,x

s.to (2.3),(2.6), (2.10)

where vector x contains all 2, with ¢ € P,, and

r(@) = Y [t — nl.
(m,n)€Pq
The cost r(¢») sums up the absolute pressure differences across all lossy pipes. A similar
MI-SOCP relaxation has been proposed for optimizing flow in water distribution networks
in [115]. Although problem (GF2) remains non-convex due to the binary variables x, with
advancements in MI-SOCP solvers, this minimization can be handled for moderately sized
networks [7], as corroborated by our numerical tests. The next section provides well-defined

network conditions under which the relaxation (2.10) in (GF2) is exact.

2.6.2 Exactness of the Relaxation

The relaxation from (3.3) to (2.10) has been proposed earlier in [23], [135], [30]; yet without
optimality guarantees. For instance, reference [23] solves gas expansion planning through this
relaxation. Upon fixing the binary variables to the values obtained via the relaxation, the
continuous variables are then heuristically refined by a local search. The convex relaxation
has been combined with a McCormick relaxation in [135]. This section provides network

conditions ensuring that the relaxation of (GF2) is provably exact.

Assumption 1. Graph G has no compressors in cycles.
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—— Existing pipe — ®@— Compressor ---- New pipe

Figure 2.2: Modified Belgian natural gas network.

Assumption 2. Every edge of G belongs to at most one cycle.

Theorem 2.9. Under Assumptions 1 and 2, every minimizer of (GF2) solves the GF problem
(GF1), if the latter is feasible.

Heed that Assumptions 1 and 2 may not be always satisfied in practical GNs; see e.g.,
Remark 2.7. Albeit, the tests of Section 2.7 show that (GF2) solves (GF1) even when
Assumption 2.9 does not hold. Either way, Theorem 2.9 guarantees that (GF2) can provably
handle the GF task for a broader class of GNs than existing alternatives; recall [41] cannot

handle compressors, and [45] presumes known flow directions.

2.7 Numerical Tests

Our relaxed GF solver was tested on the Belgian benchmark network shown in Fig. 2.2.
Parallel pipes were replaced by their equivalents, and the compression ratios were determined
based on the nodal pressures found in [41]. Problem (GF2) was solved using the MATLAB-

based optimization toolbox YALMIP along with the mixed-integer solver CPLEX [78], [64],
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Figure 2.3: Inexactness gap attained by (GF2) over random feasible GF instances.

on a 2.7 GHz Intel Core i5 computer with 8 GB RAM. For the big—M trick, we set M = 10%.

We first tested the (GF2) solver on the original tree Belgian network. The obtained pressure
and flow values agreed with those of [41]. We then inserted additional pipelines on the orig-
inal benchmark to get a non-radial network as shown in Fig. 2.2. Even though Theorem 2.9
requires non-overlapping cycles (Assumption 2), the modified network does not comply with
this assumption. To use reasonable friction coefficients, for every new line (m,n), the coef-
ficient a,,, was set equal to the sum of a,’s along the m — n path, yielding as5 = 0.1936,

10,14 = 00439, a712 = 0.0419.

The reference pressure at node 1 and the compression ratios were kept constant as in [41].
Note that the benchmark gas injections q, lie in the range of [—15.61,22.01]. To test the ex-
actness of the (G2) relaxation under various conditions, we drew 1,000 random gas injection
vectors q’s by adding a zero-mean unit-variance deviation on the entries of q,. To ensure
balanced injections, the injection at node 20 was set to the negative sum of the remaining

injections.

Due to the randomness in selecting gas injections, the resulting pipe flows are not guaranteed
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Figure 2.4: Running time for (G2) over random feasible GF instances.

to satisfy (2.6b): The problem was found to be infeasible for 411 out of the 1,000 random
injection vectors. Since (GF2) is a relaxation of (GF1), these cases are apparently infeasible
for (GF1) too. The performance of (GF2) was henceforth tested on the remaining 589 gas

injection instances that were feasible.

To numerically quantify the success of (GF2) in solving (G1), we define the inezactness gap

for injection vector q as

_ _ 2
g(q) = max ‘wm wn‘ amnd)mn Z 0

(m,n)EP, Amn ¢72nn

for the pressures {(¢m,1,)} and flows {¢,,} obtained by solving (GF2) for the injection
vector q. Fig. 2.3 depicts the ranked inexactness gap along the feasible GF instances. Based
on this curve, the gap was less than 10™* for more than 72% of the instances, and less
than 107% for more than 95%. This corroborates that (GF2) performs well even when
Assumption 2 is not met. Fig. 2.4 shows the running time for solving (GF2) over the 589

feasible instances. The average (median) running time was 1.39 sec (1.28 sec).
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2.8 Conclusions

This work has established the uniqueness of the nonlinear steady-state GF equations, put
forth an MI-SOCP-based GF solver, and provided conditions under which this solver suc-
ceeds. Numerical tests have shown that the relaxation is exact. The average time of the
solver for a 20-node and 22-pipe network is less than 2 seconds; yet its scalability to real-
world networks is still to be explored. The success of the relaxation even when the postulated
assumptions were not met motivates further research on broadening the conditions. Com-
bining the MI-SOCP solver with existing solvers and adopting it to tackle the GF task under

dynamic operation and towards state estimation constitute timely directions.

Appendix A

A.1 Proof of Lemmma 2.3

Select the cycle direction 0 — 1--- — k& — 0. Without loss of generality (wlog), suppose the
i-th entry of ¢ corresponds to the flow in the pipe connecting nodes (i — 1) and i. We will

prove the first claim by contradiction; the second claim follows similarly.

Suppose the flow vectors ¢ and ¢ satisfy (2.5)—(2.6) and sign((;b—(ﬁ)@n < 0. The assumption

sign(¢ — ¢) ® n < 0 apparently implies that

¢; > ¢4, if n; = +1,and (2.11)

We will show by induction on 4 that ¢; > v; for all i 0.
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Starting with the base step of ¢ = 1, the edge between nodes 0 and 1 can be either a lossy
pipe or a compressor. If it is a lossy pipe, denote the RHS of (2.5a) by w(¢y). It is not hard
to see that w(¢,) is monotonically increasing in ¢,. Depending on the value of ny, two cases

can be identified:

o If n; = +1, it follows that

oy — 1;1 = w(<l~51) < w(p1) = Yo — 1

where the two equalities stem from (2.5a) and the inequality from (2.11). This implies

Wy > 1y
o If ny = —1, we similarly get that
b1 — o = w(gr) > w(gr) = 1 — o
which again implies ¢y > ;.

If the edge between nodes 0 and 1 is a compressor, the linear dependence in (2.6a) yields

Yy =1y = aqt. Thus, the claim by > 1p1 holds for all cases.

Proceeding with the induction step, we will assume 1@ > 1; and prove that ¥, > Vi1, If

the edge between node ¢ and 7 4 1 is a lossy pipe, the following cases arise:

o Ifn; 1 = +1, it holds that ¢;;1 > gz;iﬂ from (2.11) and

l/;z' — 7[’1’—&-1 = w(&iﬂ) < w(Piy1) = i — Vi

- 121#1 > i1 + 7;1 — i > Yig.
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e If niyp = —1, it holds that ¢;4q < ¢iq from (2.11) and

Yip1 — i = w(dir1) > w(din1) = Yip1 — i

= Pip1 > Vip1 + i — P > iga.

If the edge between node ¢ and 7 + 1 is a compressor, we get QZZ-H = C(i+]_’(z7; > Qi1 = Vigq.

Therefore, the claim @/N)z‘+1 > ;11 holds for all cases.

The claim 1/?1 > 1); holds with equality only if all edges from node 0 to i are compressors.
However, this is practically impossible for ¢ > 2 since every compressor is modeled as an
ideal compressor followed by a lossy pipe. Therefore 1@ > 1); for all ¢« > 2. Applying the

latter around the cycle gives Yo > o, which contradicts the hypothesis of fixed 1)y.

A.2 Proof of Theorem 2.9

Let (¢, 1)) be the unique solution to (GF1), and (¢, ¢p) a minimizer of (GF2). Proving by
contradiction, suppose there exists an edge ¢ for which ¢, # ¢yp. Since both flow vectors

satisfy (2.3), their difference
n=¢-¢ (2.12)

must lie in null(A"). The nullspace of A" is spanned by the indicator vectors of all fun-
damental cycles in the network graph [57, Corollary 14.2.3]. Therefore, for all edges not
belonging to a cycle, the corresponding entries of n are zero. Then, the edge ¢ must belong
to at least one cycle. In fact, by Assumption 2, edge ¢ belongs to a single cycle, which will

be henceforth termed cycle C.

Based on cycle C, the remainder of the proof is organized in three steps. The first step

constructs a flow vector ¢ that satisfies constraints (2.3) and (2.6b). The second step
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constructs a pressure vector v so that the pair (qB, ’JJ) is feasible for (GF2). The third step

shows that (¢, ) attains a smaller objective for (GF2), thus contradicting the optimality
of (¢, ).

Commencing with the first step, define the flow vector q?)

. o0 , LeC
@22

¢¢ , otherwise.

The constructed flow vector qAb differs from ¢ only on cycle C. Due to (2.12), we can write
¢ =¢— (2.13)

for a A # 0 and where n€ is the indicator vector of cycle C. Since ¢ satisfies constraint (2.3)
and A 'n¢ = 0, then

ATp=ATdp - "n°=A"T¢=q.
This proves that ¢ satisfies constraint (2.3) as well. Granted there are no compressors in

cycles (Assumption 1) and since ¢ satisfies constraint (2.6b), then ¢2p = ¢, > 0 for all

compressor edges p € P,.

We proceed with the second step and construct the pressure vector 17) To define its i-th

entry, we identify three cases depending on the location of node i relative to cycle C.

a) Node i ¢ C, and the shortest path between i and r has no edge in C. Define the modified

pressure at node ¢ as

%Ei = %Ez

b) Node i € C. Identify the node ic € C with the shortest path to the reference node r.
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Define the modified pressure at node ¢ as
i =i + (i — i)

The node i¢ may be ¢ itself, implying ’I/A)ic = @Z)ic-

c) Node i ¢ C, but the shortest path between i and r has an edge in C. Identify the node
k € C that is closest to node i, that is d;,_; = min;cc d;—;. Note that the nodal pressures
from r to k have been defined under cases a) and b). Starting from node k£ and its updated
pressure dk, we next define the constructed pressures along the shortest path from & to ¢ in
a sequential fashion. Moving along the k — i path, say the first node is £+ 1 and is connected

to k by edge ¢ = (k,k + 1). Then, we define the pressure at node k + 1 as

~ aﬂﬁk s if ¢ € Pa
¢k+1 = R N N _
Vg + (Vkpr —x) , ifLEP,

The process is repeated until we reach node 1.

As an example, let us construct 1:/) for Fig. 2.1. Suppose cycle C, is the cycle over which
flows differ. Then, nodes {1,2} fall under case a); nodes {3,4,5} under case b); and nodes

{6,7,8,910} under ¢), with node 5 acting as node k. Then, the constructed pressure vector
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is

| 1;1
b Bo
b Js

i s+ (1hs — 1)3)
s s + (3 — ¢s)
@6 045,67725

W e + (Y7 — g)
s by + (128 - 1;7)
Wy s + (&9 — 1))
@ﬁlo_ Wy + (110 — o)

We next show that the constructed (¢, ¢p) is feasible for (GF2). From case b), it follows that

for all edges (m,n) € C

’J)m - @Z;n = @ij = Yn = amn Sign(¢mn)¢$nn' (2'14)

The latter implies that constraint (2.10) is satisfied with equality for all (m,n) € C. More-

over, for all edges (m,n) ¢ C, cases b) and ¢) yield that

Then, since (¢, 1h,) satisfy (2.10), the same holds for (¢, 10,) for all (m,n) ¢ C. The

previous two arguments show that (¢, %) is feasible for (GF2).

Continuing with the third step of this proof, note that the objective r(1) sums up the

absolute pressure differences along lossy pipes. Since by construction these differences have
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changed only along C, we get that

T("L) - 7"('12)) = Z ij - an| - |772m - @@n| (2'15)

(m,n)eC

As the pressure differences depend on flows, we next compare ¢ and ¢ using (2.13). Since
the edge directions are assigned arbitrarily, assume wlog that ggmn > 0 for all (m,n) € C.
Given n® and (2.13), one can find the value of \. If A < 0, reverse the reference direction of
cycle C to redefine its indicator vector as —n®, and get a positive A. Then we then assume

A > 0 without loss of generality.

Recall that n® € {0, £1}”. Define the set of edges in C corresponding to positive entries of n¢
as P C C. Likewise, define the set of edges in C corresponding to negative entries of n¢ as
P~ C C. Take for example cycle C; in Fig. 2.1: Tts edges are grouped as P+ = {(3,5), (4,3)}
and P~ = {(5,4)}. From (2.13), it follows that

0<¢y<¢s, YLePH and

ég < éz, Vil eP.

Summing up the pressure drops along cycle C for 4 should be zero. In Fig. 2.1 for example

we have
(b3 — ts) + (s — D) + (vha — 93) = 0.

Since the pressure drop is positive along the edges in P*, and negative along the edges in
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P, it holds that

Z (@Z}m - @Z)n) = Z (Q/A)m - 7w&n)

(m,n)eP+ (m,n)eP—
— D =t =2 Y (G — ) (2.16)
(m,n)eC (m,n)eP+

where the absolute value is trivial since ¢, > 0 for all (m,n) € C. Referring to Fig. 2.1,
the equations in (2.16) imply (Y5 — tbs) + (thy — U3) = (Vg — 1hs).

To draw similar relations on 1, define the set P+ C C containing any edge (m,n) € C such
that the flow @, is along the direction of n¢. Similarly, define P~ := C \ P+. Using the

same argument as in (2.16) for ¢, we obtain

Z |sz_@zn|:2 Z (@Z}m_@zn) (2'17)

(m,n)ec (m,n)eP+

Since the flows in gAb for the edges in P+ are aligned with n¢ and also ¢, > ngﬁg for these edges,

it follows that P+ C P*. Using this fact in (2.17), we get that

(m,n) €P+ (m,n)€75+
(m,n)eC
For every edge ¢ = (m,n) € P, it holds

&m - &n = azﬂgg < aé&? S &m - 7;71 (219)

where the equality comes from the definition in (2.14); the first inequality in stems from
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¢¢ > dp > 0; and the second inequality is from (2.10). Summing (2.19) over all £ € P*, and

multiplying by 2 gives

2 Z (Tﬁm_in)<2 Z (Q/;m_z/;n)

(m,n)eP+ (m,n)eP+
(m,n)eC (m,n)eC

where the inequality stems from (2.16) and (2.18). From (2.15), this implies r(2p) > r(%)

contradicting the optimality of 4.
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3.2 Abstract

The vast infrastructure development, gas flow dynamics, and complex interdependence of gas
with electric power networks call for advanced computational tools. Solving the equations
relating gas injections to pressures and pipeline flows lies at the heart of natural gas network
(NGN) operation, yet existing solvers require careful initialization and uniqueness has been
an open question. In this context, this work considers the nonlinear steady-state version
of the gas flow (GF) problem. It first establishes that the solution to the GF problem is
unique under arbitrary NGN topologies, compressor types, and sets of specifications. For

GF setups where pressure is specified on a single (reference) node and compressors do no

30
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appear in cycles, the GF task is posed as an convex minimization. To handle more general
setups, a GF solver relying on a mixed-integer quadratically-constrained quadratic program
(MI-QCQP) is also devised. This solver can be used for any GF setup at any NGN. It
introduces binary variables to capture flow directions; relaxes the pressure drop equations
to quadratic inequality constraints; and uses a carefully selected objective to promote the
exactness of this relaxation. The relaxation is provably exact in NGNs with non-overlapping
cycles and a single fixed-pressure node. The solver handles efficiently the involved bilinear
terms through McCormick linearization. Numerical tests validate our claims, demonstrate
that the MI-QCQP solver scales well, and that the relaxation is exact even when the sufficient
conditions are violated, such as in NGNs with overlapping cycles and multiple fixed-pressure

nodes.

3.3 Introduction

Natural gas has served as a critical energy source for decades, mainly for heating and electric
power generation [100]. Thanks to the higher ramping capabilities of gas-fired generators,
electric power system operators could achieve higher penetration of uncertain and intermit-
tent renewable generation. In addition, the discovery of substantial new supplies of natural
gas in the U.S. has led to a new thrust in development of gas-centered technologies and

analytical tools [1].

Natural gas produced at gas pits and refineries is primarily transported to customer lo-
cations via a continent-wide network of pipelines [100]. The safe, reliable, and economical
transportation of gas across these networks is ensured by gas system operators [155]. Consid-
ering the scale of natural gas networks (NGN), and their coupling with electric power grids,

a plethora of analytical and computational challenges can be envisaged. Stand-alone and
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gas-electric coupled versions of network expansion planning, optimal scheduling, least-cost
procurement, and security analysis are examples of problems that have gained increasing
research interest; see [155], [23], [15], [154], [106]. These problems aim at optimizing varying

objectives, while respecting network limitations and gas flow physics.

The flow of natural gas on pipelines is governed by partial differential equations, which under
steady-state assumptions, yield nonlinear equations relating pressures and gas flows [113].
These equations reveal that the pressure drops along a pipe in the direction of flow due
to friction. However, a minimum pressure needs to be maintained at consumer nodes to
satisfy gas contracts. Therefore, compressors are placed on selected pipelines to increase
the pressure at their output based on a typically multiplicative [100], and rarely additive
law [131]. Operators need to solve the set of nonlinear equations governing gas flow in an
NGN [92]: For each node, the operator fixes the gas pressure or gas injection rate to specified
values. Given also the compression ratios, the GF task aims at finding the injections and
pressures at all nodes, as well as the gas flows on all pipes. While solving the GF task
is central for numerous NGN operations, it is hard to do so even under steady-state and

balanced conditions for non-tree networks [100].

The GF task is usually handled by Newton-Raphson (NR)-based solvers. However, their
convergence can be sensitive to initialization [83]. A semidefinite program (SDP)-based
GF solver attaining a higher success probability than the NR scheme, is developed in [92].
Nevertheless, the SDP based solver fails to solve the GF problem if the network state is
far from the states considered in designing the solver. The necessity of proper initialization
may be avoided for simpler networks without compressors as the flows and pressures may
be found as optimal primal-dual solutions of a convex minimization [41]. Nevertheless, for
practical meshed NGNs with compressors, an initialization-independent GF solver is still a

research pursuit [113]. Setting scalability aside, if one uses a nonlinear solver for the GF task,
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the uniqueness of a solution becomes critical. References [131] and [88] prove the uniqueness

of a GF solution for NGNs with additive compressors.

The contribution of this work is on four fronts: First, Section 3.5 establishes that the nonlin-
ear steady-state GF equations enjoy a unique solution even with multiplicative compressors.
Building on [113] where uniqueness was shown for GF setups with a single fixed-pressure
node, here uniqueness is non-trivially generalized to setups with multiple fixed-pressure
nodes. Second, Section 3.6 reformulates the GF task as a convex minimization. The ob-
tained solver can handle GF setups with a single fixed-pressure node and compressors not
on cycles. Third, Section 3.7 expands the analytical claims for the MI-QCQP gas flow solver
of [113]. Different from the convex minimization approach, this solver applies to any GF
setup and any network. The MI-QCQP solver introduces binary variables to capture flow
directions; relaxes the nonlinear GF' equations to quadratic inequalities; and uses a carefully
selected objective to promote the exactness of the relaxation. The relaxation is provably
exact in NGNs with non-overlapping cycles and a single fixed-pressure node. This signifi-
cantly extends the claim of [113], where exactness was proved for non-overlapping cycles and
a single fixed-pressure node, but did not allow for compressors in cycles. Having compres-
sors in cycles is a typical arrangement, e.g., when two compressors are connected in parallel.
Fourth, to accelerate the MI-QCQP solver, the bilinear terms involved are handled through
McCormick linearization. Numerical tests on meshed networks with overlapping cycles and
multiple fixed-pressure nodes demonstrate that the MI-QCQP solver finds the unique GF

solution even when the assumed sufficient conditions are violated.
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3.4 Gas Flow Problem

A natural gas network (NGN) can be represented by a directed graph G = (N, P). The nodes
in the graph represent points of gas supply, demand, or network junctions. The edges are
directed, and represent pipelines or compressors. Nodes are indexed by n € N := {1,--- | N}
and edges by ¢ € P := {1,..., P}. Each edge ¢ = (m,n) is assigned a direction from the
origin node m to the destination node n. If (m,n) € P, then (n,m) ¢ P. For edges corre-
sponding to pipes, this direction is selected arbitrarily. For edges denoting compressors, the
direction coincides with the direction of gas flow, since compressors allow only unidirectional

flow of gas.

For each node n € N let g, be the gas injection rate from node n to the NGN. By convention,
the gas injection ¢, is positive for gas source nodes; negative for demand nodes; and zero for

junction nodes. Vector q € R¥ collects the gas injections across all nodes.

For each edge ¢ = (m,n) € P, let ¢, denote its gas flow rate. By convention, the flow ¢, is
positive if gas flows from node m to n; and negative, otherwise. The conservation of mass

at each node n € N dictates that
= >, b= Y. o (3.1)
L:(n,k)EP L:(kn)eEP

Under steady-state conditions, the input and output flows on a pipe are identical, and so
gas injections are balanced at all times, that is ij:l ¢n = 0. Because of this, from the N

linear equations in (3.1), only (N — 1) are linearly independent.

The topology of the NGN is captured by its edge-node incidence matrix A € R”*VN with
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entries )
+1 , k=m
A= -1 , k=n V= (m,n)eP.
0 , otherwise

\

Using A, equation (3.1) can be compactly expressed as

Ao =aq. (3.2)

where vector ¢ € R stacks the flows ¢,’s along all edges.

For medium- and high-pressure networks, the gas flows on pipelines relate to nodal pressures
through a set of nonlinear partial differential equations [93], [124]. These equations model the
gas flow dynamics evolving across time and spatially along the pipeline length. However,
simplifying assumptions such as ignoring friction, geographical tilt, variations in ambient
temperature, and time-varying gas injections, yield the popular steady-state Weymouth
equation [136]. If ¥, > 0 denotes the squared gas pressure at node n € N, the pressure drop

across pipeline £ = (m,n) € P is given by

77ij - ¢n = Uy Slgn(¢f)¢? (33&)

VYn 20 (3.3b)

where parameter a, > 0 depends on physical properties of the pipeline [93]. The function
sign(z) returns +1 if z > 0; —1if x < 0; and 0 if z = 0. The absolute value in (3.3a) signifies
that pressure drops along the direction of flow. In particular, the drop in squared pressures
is proportional to the squared flow. We will henceforth refer to ,, as pressure rather than

squared pressure for brevity. Let us collect all 1,,’s in 9 € R,
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To enable the desired flow of gas in an NGN while maintaining pressures within acceptable
limits, system operators install compressors at selected pipelines. A pipeline hosting a com-
pressor can be modeled by an ideal compressor which increases the gas pressure, followed
by a lossy pipeline that incurs a pressure drop per (3.3). Apparently, the gas flows on the
two edges are identical. Let the subset of edges hosting ideal compressors be P, C P. The
edges in P, are also referred to as active pipelines. The pressures across an active pipeline

or compressor { = (m,n) € P, are related as

Yn = tpm (3.4a)
¢ > 0, (3.4b)

where oy > 0 is the multiplicative compression factor for compressor ¢. The unidirectional
flow permitted for a compressor is enforced by (3.4b). The remaining edges, that is the edges
not hosting ideal compressors, constitute the set P, := P \ P, and abide by (3.3) instead of
(3.4).

In an NGN, a node r € N is selected as a reference node. Its pressure is kept fixed. Given
1y, if the nodal pressures 1 are known, the flows ¢ can be readily computed; and vice versa.
This fact follows immediately from (3.3)—(3.4), and is itemized as the next lemma to be used

in subsequent arguments.

Lemma 3.1. Given a reference pressure v, for some r € N, a pair (¢, 1) satisfying (3.3)~

(3.4) is uniquely characterized by either ¢ or 1.

The task of finding ¢ or v given a combination of nodal injections and pressures constitutes
the gas flow (GF) problem. Oftentimes, gas supply nodes are tuned to maintain a fixed
pressure while injecting variable amounts of gas to meet the prescribed pressure under vari-

able demands [155], [77]. Let set Ny, C N consist of all nodes with fixed pressures v,’s. The
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reference node r belongs to N, by definition. Its complement set A, := N \ N, consists of

all nodes with fixed injections ¢,’s. Then, the GF problem can be formally stated now.

Definition 3.2. Given pressures v, for n € Ny; injections ¢, for n € N; the ratios ay for
all compressors ¢ € P,; and the friction parameters a, for all lossy pipes ¢ € P,, the GF

problem aims at finding the triplet (2, ¢, q) satisfying the GF equations (3.2)—(3.4).

The GF task involves N — 1 + P equations over N — 1 + P unknowns. It can be posed as

the feasibility problem

find {q, ¥} (G1)

sto (3.2) — (3.4)

given {qn}nej\fq and {wn}nej\fw-

Albeit (3.2) and (3.4) are linear, the piecewise quadratic Weymouth equation in (3.3) is non-
convex, while the requirement {¢, > 0},cp, further complicates the task. The GF problem
is typically solved using the Newton-Raphson’s method, yet its convergence depends on the
initialization [83], [77], [92]. Commercially available software require careful manual tuning
by gas network operator personnel, though that could be attributed to more detailed models

of NGN components.

A popular rendition of the GF problem considers the reference node as the only fixed-pressure
node, and all other nodes as fixed-injection nodes [87], [92], [113]. For this rendition, solving
the GF problem becomes trivial for a tree network by inverting (3.2) and using Lemma 3.1.
However, for a meshed NGN, solving the GF problem remains non-trivial. Before developing
new GF solvers, the next section establishes that the GF problem in (G1) enjoys a unique

solution.
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3.5 Uniqueness of the GF Solution

We commence with the uniqueness of the GF task under the setup of a single fixed-pressure

node, proved in [113, Th. 1].

Theorem 3.3 ([113]). If Ny = {r} and N, = N\ {r}, the gas flow problem (G1) has a

unique solution, if feasible.

Although the single fixed-pressure setup has been studied widely, setups with multiple fixed-
pressure nodes are of critical interest too. This is because gas is typically injected at supplier
sites using a controller that maintains constant pressure, rather than constant rate. To
address this need, this section builds on Th. 3.3 and establishes the uniqueness of the steady-
state GF equations for any (N, NV,) setup. Before doing so, let us briefly review some graph

theory preliminaries.

A directed graph G = (N, P) is connected if there exists a sequence of adjacent edges between
any two nodes. All graphs considered in this work are assumed to be connected. A sequence
of adjacent edges between nodes m and n constitutes a path P,,, C P. The directionality
assigned to path P, is from m to n. Note that nodes m and n could be connected by
multiple paths. Thus, with slight abuse in notation, path P,,, shall represent any arbitrary
path between m and n, unless additional conditions are provided. For path P,,,, we can

define an indicator vector ™" € {0,1}” with /—th entry

0 , if edge £ & P

T, =y +1 |, if direction of ¢ agrees with path direction

—1 , otherwise.
\

A cycle is a sequence of adjacent edges (without edge or node repetition) that starts and
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ends at the same node. With a slight abuse of terminology, the statement ‘cycle C contains
node ¢’ will mean that there exists an edge in C that is incident to node ¢. For any cycle C,

we can select an arbitrary direction and define its indicator vector n® with ¢-th entry

0 ,ifedgel¢C

c
ng =y +1 , if direction of ¢ agrees with cycle direction

—1 , otherwise.
\

A tree is a connected graph with no cycles.

After the graph theoretic preliminaries, we proceed with the uniqueness of the GF solution
for the general GF setup. This proof builds upon the ensuing two lemmas, which are proved

in the appendix.

Lemma 3.4. Consider path P, along edges {{1,..., 0} with indicator w™". For fized
pressures V, and p,, if flow vectors ¢ and @' with ¢ # @', satisfy (3.3)—(3.4), they cannot

satisfy

sign(¢’ — @) @ 7" >0 or (3.5a)

sign(¢’ — @) @™ <0 (3.5b)

where the strict inequalities are understood entrywise.

To get some intuition, suppose that 7" takes the value of +1 for edges {¢1,...,0;}, and 0
for the remaining edges. According to Lemma 3.4, if two pairs (¢, 1) and (¢, v’) satisfy
(3.3)—(3.4) with v,,, = ¢/, and v, = ¢|,, then the flows along P,,, cannot uniformly increase
from ¢ to @'. In other words, ¢} > ¢, cannot occur simultaneously for all ¢ € P,,,. Flows

cannot uniformly decrease either (¢, < ¢, for all £ € P,,,,). This holds merely because the
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pressure drop across a pipe decreases monotonically with gas flow from and compressors

perform a linear scaling [cf. (3.3) and (3.4)].

The next lemma describes an interesting effect on how gas flows get redistributed when gas

injections change.

Lemma 3.5. Consider two pairs (q, @) and (q', @) satisfying (3.2). If q # o', there exists

a path Py, between nodes m and n such that

sign(¢’ — ) @™ >0 (3.6a)

G > Gm ond g, < gn (3.6D)

mn

where ®™" is the indicator vector for Pp,.

Lemma 3.5 predicates that if gas injections change, there exists a path: i) along which
flows increase uniformly; i) the source node of the path has increased injection; and i)
the destination node has decreased injection. Lemma 3.5 has been established in [131] via

mathematical induction; see the appendix for an alternative perhaps more intuitive proof.

Using Theorem 3.3 and Lemmas 3.4-3.5, we next prove the uniqueness of the GF task under

the general setup.

Theorem 3.6. The gas flow problem (G1) has a unique solution, if feasible.

Proof. Proving by contradiction, assume (q, ¢, 1) and (q’, @', ') are two distinct solutions
of (G1). Consider the GF setup where |[Ny| > 1; the special case of |[Ny| = 1 is covered
by Theorem 3.3. If q # (', then Lemma 3.5 implies that there exists a path P,,, with
indicator vector ™" satisfying (3.6a). Moreover, it holds that ¢/, > ¢,, and ¢, < ¢, from

(3.6b). By definition, gas injections ¢; are fixed for all nodes i € N,. Therefore, nodes m
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and n cannot be fixed-injection nodes. They have to be fixed-pressure nodes belonging to
Ny, implying ¢, = ¢!, and ¥, = ¢,,. However, with the pressures at nodes m and n fixed,
the inequality (3.6a) contradicts Lemma 3.4. Hence, the assumption of unequal injections is

refuted, implying q = ¢'.

Given q and the reference pressure 1., Theorem 3.3 asserts that there is unique triplet

(q, @, 1) satisfying the GF equations. Since q = ¢/, the triplets (q, ¢,%) and (q’, ¢, ")

have to coincide, which completes the proof. Il

The uniqueness claim of Theorem 3.6 is fairly general, since it applies to any NGN topol-
ogy and any GF setup with a single or multiple fixed-pressure nodes. Having established
uniqueness, the next two sections develop a suite of GF solvers: Section 3.6 builds upon an
existing convex solver for GF setups with a single fixed-pressure node and no compressors.
We develop an unconstrained convex solver as well as an extension that handles compressors
on non-overlapping cycles. Section 3.7 adopts a convex relaxation and puts forth an MI-
QCQP to handle more general GF setups. The relaxation is provably exact for NGNs with a
single fixed-pressure node and non-overlapping cycles. Nonetheless, numerical tests demon-
strate that this MI-QCQP succeeds in finding the unique GF solution in NGNs with multiple
fixed-pressure nodes and overlapping cycles as long as compressors are not on overlapping

cycles.

3.6 Energy Function Minimization

This section studies the GF task for the special case of [Ny| = 1. In an NGN without
compressors, the GF task is posed as a convex minimization. The approach can be extended

to networks having compressors, but not on cycles.
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3.6.1 Existing Constrained Energy Function-based GF Solver

Consider solving the GF task for a single fixed-pressure node (the reference node r) and in
an NGN without compressors. This task boils down to solving equations (3.2)-(3.3). As
shown in [41], the gas flows ¢ for this GF setup can be found as the minimizer of the convex

minimization

, a

min Z §€|(Z5g|3 (3.7a)
eP

sto AT =q. (3.7b)

This can be readily verified by the first-order optimality conditions of (3.7). In addition, the
pressures 1 can be recovered from the optimal Lagrange multipliers & € RY associated with
constraint (3.7b): If £ is shifted by a constant so that its r-th entry equals 1,., the remaining
entries of this shifted £ equal 1. Problem (3.7) can be reformulated as a second-order cone

program or tackled via dual decomposition; see [110].

3.6.2 Novel Unconstrained Energy Function-based GF Solver

Rather than solving (3.7) over ¢, here we show that one can alternatively find the GF

solution via an unconstrained convex minimization over ¥ as

: 2 |wm B ¢n|% T
min — Z ——— —q Y. (3.8)
v 3 (m,n)eP V dmn
The convexity of this objective function follows from composition rules. Since this function is
convex and differentiable, its unconstrained minimization is equivalent to nulling its gradient

vector. Setting the n-th entry of this gradient to zero reveals that the minimizer 1" of (3.8)
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satisfies

Z sign(a, ¥*) IaKT—T’bﬂ:qn (3.9)

{=(m,n)eP e
where a; is the /-th row of matrix A. Equation (3.9) is equivalent to eliminating the flows ¢
from (3.2) and (3.3). As with (3.7), the ambiguity in pressures could be handled by shifting
1" by a constant, so that ¢¥ agrees with the given pressure at the reference node r. Once

pressures 1" have been determined, flows can be found using Lemma 3.1.

Remark 3.7. In the absence of compressors and when [Ny | = 1, the GF task becomes struc-
turally similar to the water flow problem in water distribution networks without pumps [110].
Therefore, the (un)-constrained energy function minimization approaches of (3.7)—(3.8) ap-
ply to the gas flow and water flow problems alike. For water networks, the decomposition
technique of [110] extends (3.7)—(3.8) to water network setups with |[N,| = 1 and pumps, but
pumps cannot lie on cycles. A similar technique can be used to solve the GF problem with
compressors not on cycles and [Ny| = 1. The only modification needed relates to account-
ing for the multiplicative pressure law in gas compressors [cf. (3.4a)] vis-a-vis the additive
pressure law of water pumps. Additionally, the decomposition algorithm may be extended
to accommodate compressors on non-overlapping cycles using the flow-recovery procedure
provided later as Algorithm 1. Since carrying over this decomposition technique from the
water flow to the gas flow context is straight-forward and due to space limitations, it is not

presented here.

To handle GF setups with |Ny| > 1 and/or NGNs with compressors in loops, a convex

relaxation of the Weymouth equation is pursued in the next section.
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3.7 MI-QCQP Relaxation

The minimization approaches of (3.7)—(3.8) provide computationally efficient methods to
solve the GF problem, but exhibit three limitations: i) they cannot handle multiple fixed-
pressure nodes (JNy| > 1); 4) cannot handle compressors on cycles; and i) cannot be
extended to optimal gas flow formulations (e.g., along the lines of [115]). To overcome these
limitations, this section presents an MI-QCQP-based solver that is applicable to any GF

setup.

3.7.1 Problem Reformulation

The non-convexity of (G1) is due to the Weymouth equation in (3.3a). The piecewise
quadratic equalities can be relaxed to convex inequality constraints: The pressure drop
along a lossy pipe ¢ = (m,n) € P, is relaxed to

© Y — Uy > agy for ¢ > 0; or

o Yy — U > apd? for ¢p < 0.

The two cases can be differentiated using a binary variable x, capturing the direction of flow

¢¢. The relaxed pressure drop equations can be compactly written as

(2335 — 1)¢m + (1 - 255@)1% Z (Ig¢%

where x, = 1 corresponds to ¢, > 0; and x, = 0 to ¢, < 0. Despite the relaxation, the

bilinear terms x4, make the aforementioned constraint non-convex.

The McCormick linearization, popular for approximating multilinear terms by their linear

convex envelopes, can be used to handle these bilinear terms [86]. For the special case of
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bilinear terms involving at least one binary term, the McCormick linearization becomes exact.
In fact, it is related to the so termed big-M trick, but instead of using a single arbitrarily large
value for M, it selects different values for M that are specialized per product of variables,
which could potentially reduce the running time of mixed-integer programming solvers. Let
us briefly review the linearization. Consider the constraint zy, = x4, for which z, € {0,1}

and v, € [@m,wn] This constraint can be equivalently expressed via four linear inequalities

Ieﬂn < 2en < w00, (3.10a)

Un + (20 = 1), < 2on < o+ (20— 1) (3.10b)

To verify the exactness, observe that when z, = 1, constraint (3.10b) yields z,, = v, and
(3.10a) holds trivially. When z, = 0, constraint (3.10a) enforces z,, = 0 and (3.10b) holds

trivially. Hence, the constraints in (3.10) ensure that zg, = x,.

To arrive at an MI-QCQP relaxation of (G1), for all lossy pipes £ € P,, the pressure drop

constraint of (3.3a) is replaced by (3.10) and

22im — 22 + Un — U > gy, (3.11a)

— ¢,(1 —2¢) < ¢y < Py, (3.11Db)

where ¢, is an upper bound on |¢,|. Constraint (3.11a) represents the relaxed Weymouth
equation, and constraint (3.11b) defines x, = sign(¢,). Similar relaxations have been previ-

ously used in [23], [104], [113]; see Section 3.8 for a detailed comparison.

When solving the GF problem with the Weymouth equations relaxed, the obtained solution

is useful only if the relaxation is eract, that is when (3.11a) holds with equality for all ¢.
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To render the relaxation provably exact, we convert the feasibility problem (G1) to the

MI-QCQP minimization

min 7(t)) (G2)

over q7 ¢7 ,¢7 X

s.to (3.2),(3.4),(3.10), (3.11).

The optimization variable x stacks {x,},c5,, and the objective function is judiciously selected

as

r() == > [tm —

(m,n)EPq

(m.n)¢Sg
where S§¢ is the set of cycles with compressors. These cycles will be also termed as ac-
tive cycles. The cost r(¢) sums up the absolute pressure differences across all lossy pipes
not in active cycles. Despite the non-convexity of (G2) due to the binary variables, this
minimization can be handled for moderately sized networks thanks to the advancements in
mixed-integer second-order cone solvers. The computational performance of (G2) is further
corroborated by our tests. The next section provides network conditions under which the

exactness of (G2) can be guaranteed analytically. The tests in Section 3.9 demonstrate nu-

merically that solving (G2) renders the relaxation exact for a much broader class of networks.

For solving tasks such as (G1), NR-based or fixed-point iteration solvers are often preferred
as opposed to optimization-based solvers due to computational superiority. However, in
addition to guaranteeing convergence irrespective of initialization, problem (G2) can also be

used as follows:

o Infeasibility: As a relaxation of (G1), (G2) can be used to screen infeasible GF in-

stances; see Section 3.9 for tests. Such screening is of practical use as suggested in
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[43].

o [Initialization: Problem (G2) could be terminated before reaching optimality to yield

initializations for NR solvers, hence combining the benefits of both approaches.

o Optimal gas flow: The cost of (G2) could be useful as a penalty term that can be
added to optimization problems [110], [115]. However, guaranteeing exact relaxation

for such problems would need further analysis.

3.7.2 Exactness of the Relaxation

The relaxation in (G2) will be analytically shown to be exact under the following network

conditions.
Condition 1. The GF setup has a single fixed-pressure node, that is [N, = 1.
Condition 2. Each edge of the NGN belongs to at most one cycle.

Condition 3. The NGN does not exhibit circulation of gas, that isn°©¢ # 0 and n°©¢ £ 0

for every cycle C.

Under Condition 1, the nodal injections are fixed a priori and the GF task aims at finding the
associated (1, @). Albeit Definition 3.2 considered the GF task with multiple fixed-pressure
nodes, the setup of a single fixed-pressure node is commonly met; see [87], [92], [113], [6].
Regarding Condition 2, although it may seem restrictive at the outset, it is satisfied by
several practical gas networks [14]. For Condition 3, a circulation occurs when gas flows
around a cycle along the same direction. It is easy to verify that gas cannot circulate in
a cycle without compressors, since the incurred pressure drops along the cycle will all be

in the same direction and thus cannot sum up to zero. In cycles with compressors, gas
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circulation can occur though it would cause an undesirable loss of energy. However, the tests
of Section 3.9 demonstrate that the relaxation in (G2) is exact even in setups where the

sufficient Conditions 1-3 are all violated.

The next exactness claim applies to the GF setup with known injections. From Lemma 3.1,
we know that solving the GF task is equivalent to finding the correct flows ¢. The next
result provides conditions under which (G2) yields flows ¢ with partially correct entries. An

algorithm to retrieve the entire ¢ and thus eventually solve (G1) is presented afterwards.

Theorem 3.8. Let ¢ be the unique flow vector solving (G1), and @' the flow vector min-
imizing (G2). Under Cond. 1-3, it holds ¢, = ¢y for all edges { not belonging to active

cycles.

Theorem 3.8 establishes that the only possible mismatches between ¢’ and ¢ occur only at
the edges lying on cycles with compressors. Then, if there are no cycles with compressors,

the GF problem is solved correctly; see also [113, Th. 2].

Corollary 3.9. Under Cond. 1-2, for an NGN without compressors in cycles, the minimizer

of (G2) solves (G1) as well.

Corollary 3.9 identifies a setup where (G2) is equivalent to solving (G1). Nonetheless, if there
are no compressors in cycles, one would prefer tackling (G1) using the solvers of Section 3.6.
This is because running the decomposition technique discussed in Remark 3.7 and solving

(3.7), are simpler than solving the MI-QCQP of (G2).

3.7.3 Recovering the GF Solution

Returning to the general setup, we next provide a procedure to retrieve the solution ¢ of

(G1) given a minimizer ¢’ of (G2). From Theorem 3.8, vector ¢’ needs to be corrected only
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at the entries corresponding to edges in active cycles. To this end, we first put forth an
algorithm to correct the flows within a single active cycle, and then delineate the steps to

systematically correct the flows for all active cycles of the network.

Consider an active cycle C with Nz nodes. Let ¢y be a known pressure on node 0 € C,
and ¢, be the N¢-length subvector of ¢’ collecting the flows on C. Similarly, let ne be the
Ne¢-length subvector of the indicator vector for cycle C. The next lemma explains how ¢,

can be recovered from ¢p.

Lemma 3.10. Given a known pressure 1, and flows ¢y on active cycle C obtained from
(G2), Algorithm 1 determines the corrected gas flows ¢ such that the relaxed Weymouth

equations in (3.11) are satisfied with equality.

Proof. Because ¢ and ¢’ both satisfy (3.2), it follows that (¢ — @) € null(AT). Since there
are no overlapping cycles, we have that ¢, = ¢, + Aenc for some \¢ € R. To recover ¢,

we next provide a method for finding A¢.

Suppose one is given a A € R. Given pressure 1y and the candidate flow vector ¢+ An¢, one
can calculate the pressures along C sequentially using (3.3a) and (3.4a). Upon completing
the cycle, the pressure at node 0 € C will be evaluated to the value of 1&0(/\). The value

Q/Aio()\) may not be equal to 1y. Note that for A\ > )¢, it holds that

sign(¢’c - ¢C + )\Ilc) ®One = sign (()\ — )\0) Ilc) ®ne > 0.

Using the above along with the argument used in the proof of Lemma 3.4, it can be shown
that 1&0()\) < 9p. In a similar fashion, if A < A¢, then @ZA)O(/\) > 1)y. Therefore, the function
1/30()\) — 1) is monotonic in A, and 2[10()\) = 1)g if and only if A = A¢. Thanks to this

monotonicity, one can find A¢ iteratively using bisection, tabulated as Algorithm 1. [
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Lemma 3.10 shows that ¢, can be recovered from 1)y and ¢ using a bisection technique on
A. The limits for the search space [\, A] of A can be found using engineering constraints on
gas flows. In fact, these limits can be tightened since the entries of ¢, and ¢¢(\) = ¢+ Anc

corresponding to any compressor in C must have the same sign due to (3.4b).

We next provide the steps to find the correct GF solution using the flow ¢’ obtained from

(G2):
T1) Select a spanning tree T of the NGN graph G rooted at the reference node r.
T2) Starting from node r, traverse T via a depth-first search.

T3) If a node n does not belong to an active cycle of G, calculate its pressure as follows: If
the edge connecting node n to its parent node in 7 is a lossy pipe, use (3.3a); else, if this

edge is a compressor, use (3.4a).

T3) If a node n belongs to an active cycle C, check if the flows in cycle C have been corrected.
If the flows are already corrected or if 7 is the first node in C that is encountered, compute
the nodal pressure as in step 7'3). Else, pass the pressure at the parent node of i (which
is also in C) along with the non-corrected flow subvector ¢, to Algorithm 1 and obtain the

corrected flows on C.

T4) Continue until all nodes in 7 have been traversed.

3.8 Comparison to Prior Work

This work puts forth three novel components: c1) proving the uniqueness of the GF problem
solution under steady-state conditions; c¢2) proposing GF solvers based on energy function

minimization; and ¢3) devising a provably exact MI-QCQP relaxation. These components
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Algorithm 1 Recover flows on active cycles upon solving (G2)

Input : %y, @y, nc, A, \; tolerance ¢; pipe and compressor parameters along C
Output : flow vector ¢, and pressure vector ¢, along C

Initialize: Set \ < % and 1g(\) < oo
while |wg(>\) — wol Z e do
Try flow vector ¢+ Ang. Starting from node 0, compute pressures 1, (A\) along all nodes
in n € C using (3.3a) and (3.4a) until you return to node 0.
if 1o(A) > 1o then
| Set A=A, A« 22
else
| Set X4 A, A 22
end

end
Return : flows ¢, = ¢, + An¢ and pressures ¥ ()

are next contrasted to existing related works:

c1) Uniqueness: For an NGN with no compressors, the GF solution may be found as a
minimizer of (3.7); see [41], [43]. A linearization technique has also been put forth to
accelerate solving (3.7) [43]. References [131] and [88] broaden the uniqueness claim for
NGNs with additive compressors of constant gain. These works formulate strictly convex
problems that yield a GF solution; hence proving uniqueness by convexity. However, gas
compressors are oftentimes multiplicative, so that the previous uniqueness claims do not
carry over. In our work [113], uniqueness was proved for multiplicative compressors under
any network topology, but with a single fixed-pressure node. Theorem 3.6 generalizes all past
claims for NGNs with multiplicative compressors, any topology, and an arbitrary number of

fixed-pressure nodes.

c2) Energy Function Minimization: Problem (3.7) dates back to [41], and has since been used
for solving the GF task; verifying the feasibility and uniqueness of a GF instance [43]; and
initializing optimization problems. However, its applicability was limited to NGNs without

compressors. As explained in Remark 3.7, this work suggests using (3.7) to handle NGNs
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with compressors on non-overlapping cycles. We also present the unconstrained energy

function formulation of (3.8).

c8) MI-QCQP relazation of GF: The key difficulty in solving (optimal) GF problems stems
from the non-linear Weymouth equation. A disjunctive convex relaxation of this equation
was found to be efficient in [23], [104]. Numerous studies have thereon employed similar
convex relaxations; see [15], [106], [30]. Unfortunately, it is hard to guarantee the exactness
of these relaxations. An effective heuristic is to fix the binary variables involved to the
values obtained by the convex relaxation and handle the resultant non-convex nonlinear
program through a general solver [23], [15]. A gas-electric flow problem was solved in [30],
wherein a cost function was proposed that was numerically found useful towards attaining
exact relaxation. Unlike previous works, the MI-QCQP formulation of Section 3.7 provides
theoretical guarantees for exact relaxation, while expanding the claims of [113]. The GF
solver developed in [113] was applicable to NGN’s with compressors not on cycles. However,
in this work, the cost function of (G2) is meticulously designed to ensure that correct flows
are obtained outside active cycles. Additionally, Algorithm 1 is developed to enable flow
correction on active cycles efficiently. Although the GF problem is intrinsically simpler than
the optimal gas (and possible electric) flow problem considered in prior works, this work
lays a foundation towards analytical guarantees for exact relaxation. It has been recently
shown that exact relaxation of network flow optimization problems may be guaranteed using
a convex penalty [149]. Tt is worth mentioning that a related MI-QCQP formulation of the
water flow problem in [110], can also provably yield an ezact convex relaxation for the optimal

water flow task [115].
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Figure 3.1: Top: Modified Belgian natural gas network. Bottom: GasLib-40 network with
red edges representing compressors.

3.9 Numerical Tests

The proposed GF solver based on the relaxed MI-QCQP (G2) and Algorithm 1 was tested
on the modified Belgian benchmark NGN and the GasLib-40 NGN of Fig. 3.1. Starting with
the Belgian NGN, the pipe coefficients and compressor ratios were derived based on the
nodal pressures and edge flows reported in [41]. The network contains three compressors,
which are modeled as ideal compressors followed by lossy pipes. Problem (G2) was solved
using the MATLAB-based optimization toolbox YALMIP using CPLEX as the MI-QCQP

solver [78], [64]. All tests were conducted on a 2.7 GHz Intel Core i5 computer with 8 GB
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RAM.

As a model validation step, we first tested the (G2) solver on the original Belgian network,
which is a tree, except for one cycle formed by parallel compressors, see Fig. 3.1. The
pressure at node 1 was treated as reference. The flow values obtained from (G2) agreed with
those of [41] for all edges except for the edges along the active cycle. Similarly, the pressures
agreed for all nodes other than node 20. Therefore, the pressure at node 19 and the flows
on edges (19,21), (19,22), (20,21), (20,22) were passed to Algorithm 1 for correction. The

final result was found to coincide with [41].

The Belgian network was subsequently augmented by additional pipelines; see Fig. 3.1.
The resulting modified network has overlapping cycles, thus violating Condition 2 required
in Theorem 3.8. To get reasonable friction coefficients, for every added line (m,n), the
coefficient a,,, was set equal to the sum of ays along the m —n path, yielding as 5 = 0.1936,
a10,14 = 0.0439, a7 12 = 0.0419. We kept the reference pressure at node 1 and the compression
ratios constant as in [41], and drew 1,500 random gas injections q. To construct these
samples, we perturbed the benchmark injections qq that lie in the range [—15.61,22.01] by
a standardized normal deviation. The injection at node 20 was set to the negative sum of

the remaining injections to get 1'q = 0 for all samples.

Using the modified meshed Belgian NGN of Fig. 3.1 and the random gas injections, we
tested the exactness of (G2) and the performance of Algorithm 1. Not all of the random
injections were feasible for the GF problem — some violated (3.4b) or (3.3b). Problem (G2)
was infeasible for 876 out of the 1,500 random instances. Since (G2) is a relaxation of
(G1), these instances are apparently infeasible for (G1) too. The performance of (G2) and

Algorithm 1 was tested on the remaining 624 gas injection instances. To evaluate the success
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Figure 3.2: Inexactness gap attained by (G2) followed by Algorithm 1 over random feasible
instances of the GF problem.

of (G2) in solving (G1), we calculated the inezactness gap G defined as

‘wm - wn| - amn¢2

G = max 5 >0
(m,n)GPa amn¢mn

for the pressures and flows obtained by (G2) and Algorithm 1.

The ranked inexactness gap for the feasible GF instances is shown by the first curve in
Fig. 3.2. The gap was less than 1073 for more than 97% of the feasible instances, while
the maximum gap over all instances was 0.009. This corroborates that the proposed solver
performs well even when Condition 2 is not met. Fig. 3.3 shows the running time for solving
(G2) and Algorithm 1 over the 624 feasible instances. The average (median) running time

was 0.96 sec (0.89 sec).

Considering Condition 1, we used the fixed pressure at node 1 and the pressures obtained
at node 7 for the feasible GF instances, we solved (G2) again. Although the hypothesis
of Th. 3.8 does not hold anymore, the inexactness gap was found to be less than 1072 for

more than 94% of the instances; see the second curve in Fig. 3.2. Thus, the tests reveal that
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Figure 3.3: Running time for (G2) and Alg. 1 over random feasible GF instances.

the novel solver successfully finds the GF solution even when the sufficient Conditions 1-2
are violated. However, Condition 3 prohibiting gas circulations could not be violated for
the Belgian NGN because the only active cycle in this NGN has parallel compressors, hence
avoiding circulations from (3.4b). We next deal with GF instances on the GasLib-40 network,

wherein a circulation could potentially occur.

GasLib-40 roughly represents a part of the German gas transport network [105]. The network
exhibits 40 nodes, 39 pipes, and 6 compressors; see Fig. 3.1 (Bottom). The pipe dimensions,
roughness coefficients, and a nominal demand vector qg were derived from [105]. The goals
for conducting additional tests on GasLib-40 include: i) Evaluating our solvers on a realistic
setup; i) Testing our MI-QCQP when Condition 3 is violated; and ) Benchmarking the
performance of our solvers against NR-based solver. We next briefly introduce the NR-based
solver used for benchmarking. Given an injection q, compressor ratios «a;’s, and reference
pressure 11, stack the unknowns as y = [¢1,...,¢r,¥a,...,9¥n| . Define the equality con-

straints (3.2), (3.3a), and (3.4a) collectively as g(y) = 0. Given an initial estimate yo, the
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NR-based solver would iterate as

Yier = ye — Iy 'g(ye)

where t is the iteration count; matrix J(y;) is the Jacobian of g(y) evaluated at y,;; and p a
step size. A solution y* obtained on convergence of NR updates would be deemed feasible
if the inequalities (3.3b) and (3.4b) are satisfied. Since, the NR updates target at attaining
g(y) = 0, the performance evaluation criteria for our results would be ||g(y)||2 in lieu of the

inexactness gap G.

In the first set of tests on GasLib-40, we generated 500 gas injection instances q by scaling
the entries of qg independently, by random factors chosen uniformly on [0.75,1.25]. The
pressure at node 1 was set to 50 bar and its injection was set to the negative sum of other
nodes for all instances. Next, the compression ratios for the 6 compressors were drawn
uniformly within [1,2]. All 500 instances were solved using three approaches: al) the MI-
QCQP and Algorithm 1; a2) NR with flows initialized at (A ")"q, and all pressures initialized
at ¢1; and a3) NR with flows and pressures initialized at the solution of MI-QCQP and
Algorithm 1. The stopping criteria for NR was set to ||g(y)|l2 < 1073, subject to a maximum
iteration count of 50. The step size for both initialization scenarios was kept as = 1. The
MI-QCQP deemed 5 out of the 500 instances as infeasible and the performance criteria
|lg(y)]|2 was found to lie in [0.005,0.183] with the median at 0.009. To compare to the
index of inexactness gap, the range for G for the 495 feasible cases was [8 - 107>, 6 - 1072].
Thus, the MI-QCQP alongside Algorithm 1 was successful in finding the GF solution for all
495 instances. Interestingly, 474 of the 495 feasible GF instances exhibit circulations, and
hence violate Condition 3. Thus, the numerical results empirically demonstrate that the
developed MI-QCQP alongside Algorithm 1 successfully solves the GF problem even when

the conditions of Theorem 3.8 are violated. The NR solver, if initialized at the solution of
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Figure 3.4: Accuracy measure ||g(y)|2 for GF solutions obtained by MI-QCQP in (G2)
followed by Algorithm 1, and GF solutions found by the Newton Raphson iterations for
different initializations.

MI-QCQP improves the solution accuracy, resulting in ||g(y*)||2 within 1.2-10~* —0.13. For
the 5 instances deemed infeasible by MI-QCQP, the NR solver was initialized at all zero
flows and pressures; all 5 instances failed to converge. Surprisingly, when the NR solver was
initialized with (A T)Tq as flows and }s as pressures, all 500 instances failed to converge.
The non-convergence of the NR solver is however alleviated when p was reduced as discussed

next.

A second set of tests were conducted on the GasLib-40 NGN with 500 random injections and
compressor ratios generated as described earlier. The MI-QCQP solver deemed 7 of the 500
instances as infeasible. All 500 instances were then solved with the NR-based solver with
flows initialized at (A T)Tq and pressures at v, and p was set to u = 0.9. A steep decline
in ||g(y:)||2 was observed in the first few (roughly 10) iterations, while the tolerance of 1073
was not attained within the 50 iterations limit. However, if the NR solver is initialized at the
solution of MI-QCQP and Algorithm 1, the convergence criteria of 1073 was attained at an

average of 7.8 iterations. The values of ||g(y)||2 attained by three solution techniques a1)-a3)
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are shown in Fig. 3.4. The results suggest that the accuracy of the MI-QCQP solver is better
than that of a2), which is a prudent initialization. However, if the NR-based solver is warm-
started with the solution of MI-QCQP, an order of magnitude improvement in accuracy
is observed. On the computational front, the MI-QCQP solver alongside Algorithm 1 is
efficient with median solving time of 1.52 sec. However, as anticipated, the NR solvers
have superior performance with median solving time of 0.17 sec. Finally, inspecting the 7
instances deemed infeasible by the MI-QCQP solver, the solution obtained by a2) indicates
violation of (3.4b); demonstrating the merit of the proposed MI-QCQP towards certifying

infeasibility of GF instances.

3.10 Conclusions

Exploiting recent results from graph theory and convex relaxations, this work provides a fresh
perspective on the steady-state GF problem. The uniqueness of the GF solution has been
established in a generalized setting for arbitrary NGN topologies, multiplicative compressors
and multiple fixed-pressure nodes. Granted that the GF solution is unique, constrained
and unconstrained versions of convex energy function minimization-based GF solvers have
been proposed. These solvers can efficiently solve any GF task instance with a single fixed-
pressure node and networks with compressors not on cycles. To expand the scope, an MI-
QCQP GF solver had been also proposed relying on a convex relaxation of the Weymouth
equation. The relaxation has been shown to be exact under specific network conditions.
Numerical tests reveal that the developed MI-QCQP solver succeeds in finding the unique
GF solution even when the needed conditions are violated. The success of the MI-QCQP
relaxation is attributed to a judiciously designed objective. The developed approach sets

forth an analytical platform for ensuring exact relaxation. Evaluating the performance of
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the developed approach for various optimal gas flow tasks constitutes an interesting research
direction.

Appendix B

Proof of Lemma 3.4. For an edge ¢; € P,n, let us name the incident node closer to m as m;,

and the other node as m;,1, as shown in Fig. 3.5.
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Figure 3.5: Nomenclature for nodes and edges along P,,,.,.

Let 7 and 1’ be the pressure vectors corresponding to ¢ and ¢'. Since pressures 1, and 1,
are fixed, it follows 4, = ¢/, and v, = ¢!,. Proving by contradiction, suppose (3.5a) holds.

If that is the case, first it will be shown that ¢, — ), = >y, — ¥y, for every lossy pipe

mi+1

Ui € Prn.

Suppose that sign(¢’ — @) -m™" > 0. Let us denote the RHS of (3.3a) by w(¢,). It is evident

that w(¢y) is monotonically increasing in ¢,. Hence, for any lossy pipe ¢; € P, it holds

0 < 77" sign(¢y, — dr,)
= msign(w(d,) — w(ey,))
= sign(my") sign(w(¢y,) — w(¢y,))
L sign (" w (g, ) — " w(dy,))

= Sigﬂ((lﬁ;m - w:niﬂ) - (wmz - wmiﬂ))? <3'12>

where (a) holds by hypothesis; (b) stems from the monotonicity of w(¢y); (¢) holds because

mp" € {0,1, —1}; (d) holds from the property of sign by definition; and (e) from the definition
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of ™" and (3.3a). The inequality (3.12) implies

Let us now apply (3.13) and (3.4a) for the edges ¢; to ¢y along P,,,. For the fixed pressure
node m, we have 1, = 1y,. If £, is a lossy pipe, we get ¢, < ¥, from (3.13); otherwise

my = Ym, from (3.4a). Similarly, we can show that 1, = < t,,, where the equality holds
only if both ¢; and ¢, are compressors. However, this is practically impossible as every
compressor is modeled as an ideal compressor followed by a lossy pipe, necessitating v, <
ms. Continuing the process for all edges along Py, yields ¢!, < 1,,, which contradicts with
node n being a fixed-pressure node. Similarly, the assumption sign(¢’ — ¢) - ™" < 0 leads

to a contradiction by yielding 1! > ,,. Il

Proof of Lemma 3.5. Given the two pairs (g, ¢) and (q’, ¢') satisfying (3.2) and q # q’, let

us define ¢ := ¢’ — ¢ and q := ¢’ — q. By applying (3.2) on (q, ¢) and (¢, ¢'), and taking
the difference, we get

ATp=q (3.14)

Since 1 € null(A), premultiplying (3.14) by 17 provides

1'q=0. (3.15)

From (3.14)—(3.15), the pair (q, ¢) qualifies as a set of balanced gas injections. By definition

of (q, ¢), proving (3.6) is equivalent to showing there exists a path P,,, for which

pOT™ >0 (3.16a)

G >0 and g, < 0. (3.16b)
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To prove the existence of such a path, we use the ensuing result based on [70, Th. 8.8].

Lemma 3.11 ([70]). Given a graph with injection q at node s, demand q at node t, and zero
injections at all other nodes, there exists an s-t path with flow directions along the path from

s tot.

Lemma 3.11 considers a single-source single-destination network flow setup. We transform

our problem to this setup through the next steps; see also Fig. 3.6:

1) The nodes of graph G are partitioned into the subset with positive Ny : {n € N :
Gn > 0}; negative N_ : {n € N : ¢, < 0}; and zero injections Ny : {n € N : ¢, = 0}.

Because q # 0, the sets A/, and N_ are non-empty.
2) Augment G by adding nodes s and t.

3) All nodes in N, are connected to node s, and all nodes in N_ are connected to node

L.

4) The injections in N, are lumped in node s by setting the flows Gsn = G for all n € N,.
Similarly, the demands in N_ are lumped in node ¢ by setting the flows ¢, = —g, for
alln e N_.

Applying Lemma 3.11 on this augmented graph, there exists a path P, with flow directions
from s to t. For any such path Py, eliminate the first and last edges to get a path P,
with m € Ny and n € N_. Claim (3.16b) follows by construction. We next show (3.16a):
For each edge ¢ € P,,,, it was shown that the direction of ngg is along the path P,,,. If
m"™" = 41, the direction of edge ¢ agrees with the direction of P,,,. Since @ is along P,
then ¢, > 0. If 7" = —1, the direction of edge ¢ is opposite to the direction of P,,,. Since
Qgg is along P, then (;34 < 0. Either way, it holds that Qgng’m > 0 for all ¢ € P,,,,, which

proves (3.6a). O
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Figure 3.6: Augmented NGN graph.

Proof of Theorem 3.8. Before proving the main result, we will need two preliminary results.

Lemma 3.12. For a lossy pipe { = (m,n) not on an active cycle, if the triplet (Y, ¥n, do)

satisfies (3.11), then the triplet (Y, + 6,10, + &, ¢¢) also satisfies (3.11) for any finite §.

Lemma 3.12 follows directly from the fact that (3.11) involves pressure differences rather

than pressures.

Lemma 3.13. Consider an active cycle Cy and indez its nodes as {0,...,k}. Given a
fized pressure vy and flows {¢¢}ece, satisfying Condition 3 and (3.4b), there exists a set of

pressures {1; }¥_, satisfying (3.11) and (3.4a).

Proof. From Condition 3 and the fact that a compressor is modeled as an ideal compressor
followed by a lossy pipe, it is not hard to see that there must exist a node k € Cy that leads

to one of the four flow scenarios shown in Fig. 3.7.

Proving by construction, we will next define pressures {¢;}*_, such that (3.11) and (3.4a)
are satisfied for all edges in Cy. Traversing the paths 0 — k; and 0 — k5, one can recursively
define pressures for all nodes using ¥y and flows {¢}sec, based on the exact Weymouth

equation (3.3) and (3.4a). The pressures on the remaining nodes of Cy can be defined for
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VV
SR

Figure 3.7: Four possible scenarios for a cycle with non-circulating gas flow. The arrows
represent the actual gas flow directions.

the four scenarios of Fig. 3.7 as follows:

(a) Yp = min{yp, — @ kdh 0 Yy — UnkPiyr }

(b) ¥y, = max{g, + ag, ¢ik17 Yry + Ay ¢ik2}
{¢k1 + aklllﬂ gzsz’lkl ¢k2 + akékggbzé]w }
= max

(c) Yy =

Y
Ok, Ok,

wk'l = akkg¢k, 1/%'2 = Oékkgwk
e {%1 + Ak, Qﬁi ky

(d) Yy = s Yy + akkzz(bi]@}

189774

@/)kfl = Oékk'liﬁk-

To see that the constructed pressures satisfy (3.11), take for example scenario (a). Applying
(3.11) along the edges (ki,k) and (kg, k) yield that 1, should satisfy ¢y < 1, — aridy s
and ¥ < g, — akagbﬁQ w- This is indeed the case by selecting 95, as the minimum of the two

RHS. Similar reasoning applies to the other scenarios. O

Proceeding with the proof of Theorem 3.8, let (¢, %) be the unique solution to (G1), and
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(¢',1') a minimizer of (G2). Proving by contradiction, assume that there exists an edge ¢
not belonging to an active cycle, such that ¢}, # ¢,. Recall that the set of all active cycles
is denoted by S%. Since both flow vectors satisfy (3.2), their difference n := ¢ — ¢’ must
lie in the nullspace of AT. The nullspace of AT is spanned by the indicator vectors for all
fundamental cycles in the gas network graph [57, Corollary 14.2.3]. Therefore, the entries of
n related to edges not on a cycle must be zero. Since by hypothesis ¢ ¢ 8%, edge ¢ should

belong to one of the cycles in S¢ \ S¢. This non-active cycle will be henceforth termed C.

The rest of the proof is organized in three parts: Part I constructs a flow vector (}b that
satisfies (3.2) and (3.4b). Part II shows there exists a 9 so that the pair (¢, %) is feasible
for (G2). Part III shows that (¢, ¢) attains a smaller objective for (G2), thus contradicting

the optimality of (¢',").

Part I: Define the flow vector q?) as

(

qbg, teC

Ge =9 ¢y, (¢ belongs to any active cycle - (3.17)

¢y, otherwise
\

By construction, vector qAb satisfies
¢ — ¢ = n¢ +n° (3.18)

where n° is the indicator vector for cycle C; the constant \ is nonzero; and vector n® €
null(A ") can have nonzero entries only for edges in active cycles. Since ¢’ satisfies constraint
(3.2) and ATn® = ATn® = 0, then AT¢p = AT¢' = q. This proves that ¢ satisfies (3.2).

Note that q?) is constructed by selecting entries from ¢ and ¢’. Granted both ¢ and ¢’ satisfy
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(3.4b), vector ¢ trivially satisfies (3.4b) too.

Part II: We will delineate the steps for constructing a vector of pressures {p such that (é&, 1})
is feasible for (G2). Let us select a spanning tree 7 of the NGN graph G rooted at the
reference r. We shall define the pressures ﬂn’s while traversing 7 via depth-first search. In

such a traversal, the following three cases may be identified on arriving at any node n:

Case 1: Node n is neither in C nor on an active cycle. Let n — 1 be the parent node of n in

T and define

Ozn_l’n@/;n_l s if (Tl — l,n) € Pa

@nfl + (w’/n - ’/n,*].) ) if (n - 1,?1) € Pa

Since the edge (n —1,n) is not in C U S§, we have gZ;n_Ln = ¢y, from (3.17). Therefore, if
(n —1,n) is a lossy pipe, Lemma 3.12 ensures that the defined pressure ﬁn satisfies (3.11).

Moreover, if (n — 1,n) is a compressor, constraint (3.4a) is satisfied trivially by definition.

Case 2: Node n is in C. If n is the first node in C to be visited, define @/A)n as in Case 1.
Then, define the pressures for the remaining nodes i € C as zﬁz = Y + (@n — 1,). Note
from (3.17) that the flows along C are assigned from ¢, the pair (¢, 1) satisfies (3.3) and
hence the relaxed Weymouth (3.11) as well. The constructed pressures Uy’s for i € C are
simply a shifted version of the pressures 1;’s. Therefore, the pressures &i’s satisfy (3.11)

from Lemma 3.12. Mark all nodes in C as traversed and continue.

Case 3: Node n is in an active cycle C,. If n is the first node in C, to be traversed, define the
’l/AJn as in Case 1. Then, define the pressure for the remaining nodes ¢ € C, using Lemma 3.13.

Mark all nodes in C, as traversed and continue.

Since the constructed pressures satisfy (3.11) and (3.4a), the pair (¢, %) is feasible for (G2).
Observe that the pressure drop across lossy pipes not in C is @/;m — z/A)n =, — 1y, for Case

1; and z[;m — 1[1” = 1, — ¢, for lossy pipes in C under Case 2. This fact is imperative for the
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ensuing Part III.

Part ITI: We will next show that 7(¢)') > r(v) to contradict the optimality of ’. Note that
the objective r(¢) in (G2) sums up the absolute pressure differences along lossy pipes, but
not on active cycles. Since by construction these differences have changed only along C, we
get

r(@) = (@)= Y | — Ul 1w — ul. (3.19)

(m,n)eC
As the pressure differences depend on flows, we next compare the entries of (},’) and ¢’ along
C using (3.18). Since the edge directions are assigned arbitrarily, assume wlog that ggmn >0
for all (m,n) € C. Given n¢ and (3.18), one can find the value of A\. If A < 0, reverse the

reference direction for cycle C to get a positive A\. Because of this, we can assume A > 0.

Recall that ne € {0,4+1}F. Partition the set of edges in C into mutually exclusive sets P,

and P_ based on positive and negative entries of nc, respectively. From (3.18), it follows
0<dy <y, V0eP,. (3.20)

Summing up the pressure drops along C for 17) should be zero. Since the pressure drops along

C are positive for the edges in 75+, and negative along the edges in 75,, it holds that

Z (&m - 7/;71) = Z (&m - &n)

(m,n)ePy (m,n)eP_
(mn)ec (m,n)ePy

where the absolute value is trivial since gy, > 0 for all (m,n) € C.

Drawing similar relations on ', define the set P, C C containing any edge (m,n) € C such

that the flow ¢/ . is along the direction of nc. Using the same argument as in (3.21) for 1),



68 CHAPTER 3. NATURAL GAS FLoW SOLVERS USING CONVEX RELAXATION

we obtain

Sl =l =2 Y (%, — ) (3.22)

(m,n)eC (m,n)eP’.

Because the flows in qAb for the edges in 75+ are aligned with ne and ¢, > dA)g for these edges

from (3.20), it follows that P, C P,. Using the latter in (3.22), we get

2 ) @Wh—vn<2 Y (W — )

m n €P+ (m:n)epg-

> 1 =l (3.23)

(m,n)eC

For every edge ¢ = (m,n) € Py, it holds that

<)

(
b= @ il € ae? < vl — 0, (3.24)

where (a) comes from the definition of pressures in Case 2 of Part II; (b) descends from

@ > ¢¢ > 0; and (c) from (3.11). Summing (3.24) over all £ € P, and multiplying by 2 gives

2 ), Wm—t)<2 Y (4, -y

(m,n)ePy (m,n)ePy
= Z |¢m_¢n| < Z W;@—MJ
(m,n)eC (m,n)eC

where the inequality stems from (3.22) and (3.23). From (3.19), the latter implies that

(') > r(a), hence contradicting the optimality of 4. O
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4.2 Abstract

Increasing concerns on the security and quality of water distribution systems (WDS), call for
computational tools with performance guarantees. To this end, this work revisits the physical
laws governing water flow and provides a hierarchy of solvers of complementary value. Given
the water injection or pressure at each WDS node, finding the water flows within pipes

and pumps along with the pressures at all WDS nodes constitutes the water flow (WF)
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problem. The latter entails solving a set of (non)-linear equations. We extend uniqueness
claims on the solution to the WF equations in setups with multiple fixed-pressure nodes and
detailed pump models. For networks without pumps, the WF solution is already known to
be the minimizer of a convex function. The latter approach is extended to networks with
pumps but not in cycles, through a stitching algorithm. For networks with non-overlapping
cycles, a provably exact convex relaxation of the pressure drop equations yields a mixed-
integer quadratically-constrained quadratic program (MI-QCQP) solver. A hybrid scheme
combining the MI-QCQP with the stitching algorithm can handle WDS with overlapping
cycles, but without pumps on them. Each solver is guaranteed to converge regardless of

initialization, as numerically validated on a benchmark WDS.

4.3 Introduction

Water distribution systems serve as a critical infrastructure across the world. The direct
dependence of human lives on the availability of water has motivated research on the security,
resiliency, and quality of water supply systems [82], [103]. The high cost of installation for
different WDS components renders long-term network planning an important problem [107],
[40]. Furthermore, the relatively expensive operation of a WDS is primarily attributed to
the electricity cost for running pumps to properly circulate water [128]. Thus, optimal pump
scheduling for the daily operation of a WDS is a pertinent research problem [52], [53], [115],
[132]. An inevitable component of the aforementioned computational problems is satisfying
the physical laws governing water flow. Mathematically, the water flow (WF) equations
consist of a set of linear equations ensuring mass conservation, along with a set of non-linear

equations arising from energy and momentum conservation [125].

Solving the WF equations constitutes the water flow problem. Specifically, given water
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demand at all nodes, the standard WF task aims at finding the water flows within all pipes
and the pressures at all nodes complying with the WF equations. Despite nonlinear, these
equations enjoy a unique solution for networks with a single fixed-pressure node and when
the pressure added by pumps is approximated as constant [54]. Modern renditions of the WF
problem may incorporate pumps, valves, and pressure-based demands [68], [102]. Either way,
handling the non-linear equations stemming from the conservation of energy and momentum

remain the core challenge [125].

Existing WF solvers update iteratively a set of WF variables, which could be the pipe flows,
loop flows, nodal pressures, or combinations thereof [126]. These solvers can be broadly clas-
sified into those relying on successive linear approximations, and those relying on Newton-
Raphson-type of updates [125]. For example, the WF solver of [13] constitutes a fixed-point
iteration and belongs to the former class, while EPANET (perhaps the most widely used WF
solver) to the latter [102]. In fact, most of the schemes within each class have been shown to
be equivalent to each other upon a (non)-linear transformation of variables [126], [125]. To
cope with the problem of dimensionality, different preprocessing, partitioning, and reformu-

lations have been reported in [47], [4], [48].

The aforesaid solvers exhibit two major shortcomings. First, their convergence and rate of
convergence depend critically on initialization. For example, it has been numerically demon-
strated that EPANET fails to find a WF solution for some practical water networks [143],
[49]. Nonetheless, proper initialization may be challenging when dealing with stochastic
planning or risk analysis, where the WF' task has to be solved repeatedly and under vary-
ing demands [4]. As a second shortcoming, the existing solvers do not naturally extend
to optimal water flow (OWF) formulations. Therefore, most OWF efforts resort to linear
approximations; non-linear local optimization; or slow zero-order algorithms building on an

independent WF solver such as EPANET; see [82]. Such OWF approaches lack scalability
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and/or optimality guarantees.

The contribution of this work is in two fronts. After a brief modeling of water networks
(Section 4.4), this work first generalizes the uniqueness of the WF solution to WDS setups
with multiple fixed-pressure nodes and more practical pump models with flow-dependent
pressure gains. Second, it puts forth a suite of solvers that can provably recover the WF

solution under different network setups; see also Fig. 4.1:

i) In networks without pumps, it is already known that the WF solution can be recovered
as the minimizer of a convex problem [54]. Sections 4.6.1 devises SOCP- and dual
decomposition-based solvers, while Section 4.6.3 applies them to other pressure drop

laws.

it) This energy function-based approach is extended to networks where pumps do not lie

on cycles through the stitching algorithm of Section 4.6.2.

ii1) In networks with no overlapping cycles, the mixed-integer quadratically-constrained

quadratic program (MI-QCQP) of Section 4.7 can find the WF solution.

iv) A hybrid procedure combining the stitching algorithm and the MI-QCQP solver han-

dles networks having overlapping cycles, but without pumps on them (Section 4.8).

These novel solvers not only operate under different network configurations, but constitute
a hierarchy: Solver i) builds on ¢); and solver iv) builds on ) and 7). Numerical tests on
benchmark networks evaluate the correctness and running times for 7) and #i); and validate

them against the EPANET solver (Section 4.9).

Regarding notation, lower- (upper-) case boldface letters denote column vectors (matrices).

Calligraphic symbols are reserved for sets. The vectors of all zeros, all ones, and the n-th
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canonical vector are denoted respectively by 0, 1, and e,,, while their dimension will be clear

from the context. The symbol " stands for transposition.

4.4 Water Distribution System Modeling

A WDS can be represented by a directed graph G := (N, P). Its nodes are indexed by
n €N :={1,..., N} and correspond to water reservoirs, tanks, and points of water demand.
Let d,, be the rate of water injected into the WDS from node n. For reservoirs apparently
d,, > 0; for nodes with water consumers d,, < 0; tanks may be filling or emptying; and d,, = 0

for junction nodes.

The edges in set P with cardinality P := |P|, are associated with pipes and pumps. The
directed edge p = (m,n) € P models the water pipe between nodes m and n. Its water flow
is denoted by f,,, or f, depending on the context. If water flows from node m to n, then

fmn > 0; otherwise f,,, < 0.

Conservation of water flow dictates that for all n € N/

Z fnk_ Z fk:n

k:(n,k)eP k:(kn)eP

The connectivity of the WDS is captured by the edge-node incidence matrix A € RP*N with

entries )
+1, k=m
Ap,k =93 -1, k=n VP: (m,n) eP. (41)
0, otherwise

\

Given A and upon stacking flows and injections respectively in f € R and d € RY, the
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conservation of water flow across the WDS can be compactly expressed as

ATf=d. (4.2)

The operation of WDS is also governed by pressures. Water pressure is surrogated by
pressure head, defined as the equivalent height of a water column in meters, which exerts the
surrogated pressure at its bottom. The pressure heads at all WDS nodes are measured with
respect to a common geographical elevation level. The pressure head (henceforth pressure)
at node n is denoted by h,. Moreover, the pressure h, at a reservoir node r € N typically

serves as the pressure of reference.

With water flowing in a pipe, pressure drops along the direction of flow due to friction. The

pressure drop across pipe (m,n) € P is described by the Darcy-Weisbach law [129]

B — By = Con SIEO(frnn) 2 (4.3)

where the constant ¢, depends on pipe dimensions [115], and the sign function is defined

as
+1, x>0
sign(x) := 0, z=0
-1, <0

The pressures at all nodes are collected in vector h € R¥.

To maintain pressures at desirable levels, water utilities use pumps on specific pipes. Let
P, C P be the subset of pipes hosting a pump. The pipes in P, can be considered lossless;
this is without loss of generality since a pump can be modeled by an ideal pump followed by

a short pipe. The remaining edges form the subset P, := P \ P,, and correspond to lossy
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pipes governed by (4.3). When pump p = (m,n) € P, is running, it adds pressure g, > 0
so that

hn - hm = Gmn-

As detailed below, the pressure added by a pump decreases with the water flow through the
pump [37], [127]. Moreover, for variable speed pumps, the pressure added increases with the
pump speed. The exact relation is provided by manufacturers in the form of pump operation
curves, and are oftentimes approximated with quadratic curve fits [37], [127], [53]. In detail,

the pressure added by pump p = (m,n) is modeled as

where w,,, is the pump speed; and \,,, < 0, phyn > 0, and v, > 0 are known pump
parameters [53]. When pump (m,n) is running, its flow has to be maintained within the
range 0 < imn < fom < fmm due to engineering limitations [129]. Whereas the speed for
fixed-speed pumps is constant; for variable-speed pumps, it is controlled by the operator.

Either way, for a WF task the speed of every pump is given; otherwise the problem would

0

mn?

become under-determined. Given its speed w,), , the pressure added by pump (m,n) is

gmn(fmn; ng) - hn - hm = )‘mnfrin + ﬂmnfmn + Dmn (45)

where fimn = fmnwl,, and Uy, = Vpp(wW2, )%, Because the pump parameters satisfy
2 mn imn + UmnwWmn < 0 over the operating range of pump speeds w,,,, the pressure gain due
to any pump is a strictly decreasing function of the water flow in the range | imn, finn]. This

observation is instrumental in establishing the uniqueness of the WF' solution in Section 4.5.

When pump p = (m,n) € P, is not running, water can flow freely in either directions through

a bypass valve [37]. Because bypass valve sections are typically short, one can ignore the
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pressure drop along them to get h,, = h, and g,,, = 0. In this case, the WDS graph can
be reduced by removing pipe p and node n, and connecting to node m the edges previously
incident to n. Alternatively, the valve can be modeled as a short lossy pipe, whose pressure

drop is governed by (4.3).

Valves constitute a vital component for water flow control. They can be modeled by an
on/off switch; a linear pressure-reducing model; a flow-dependent non-linear model; or a
flow control model [53], [102]. Under the typical operational setup, the valve at the reference
node regulates pressure, whereas the valves at the remaining reservoirs and tanks regulate

flows.

Summarizing this section, a WDS operating point is described by the triplet (d, f, h) satis-
fying the WF equations of (4.2), (4.3), and (4.5). This work deals with the uniqueness of a

WF solution and efficient solvers for finding this solution.

4.5 Uniqueness of Water Flow Solution

Different from the OWF problem where tanks and pumps are scheduled over a time horizon,
the WF task aims at solving the WF' equations given the water injections d. As such, it
constitutes a key component of WDS operation and planning. The WF problem is formally

stated next.

Definition 4.1. Given: i) water injections d; ii) the statuses and speeds {wy, } for all pumps
(m,n) € P,; and iii) the pressure h, at the reference node r € N; the WF task aims at

finding the flows f and pressures h satisfying (4.2), (4.3), (4.5).

The WF task involves N + P — 1 equations over N + P — 1 unknowns. The water balance

in (4.2) yields N — 1 linearly independent equations. In addition, the pressure drops across
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lossy pipes [cf. (4.3)], and the pressure gains due to pumps [cf. (4.5)] provide P non-linear

equations.

According to Definition 4.1, both f and h are unknown. Nevertheless, to find a triplet (d, f, h)
that satisfies (4.2), (4.3), and (4.5), it suffices to find either f or h. To see this, note that
if fis known, then h can be calculated from (4.3)—(4.5) and h,. On the other hand, if h is
known, the flows f can be found thanks to the monotonicity of (4.3) and the monotonicity
of (4.5) in | I frn). In a nutshell, solving the WF task amounts to finding either f or
h. Because this simple observation is used throughout our analysis, it is summarized as a

lemma.

Lemma 4.2. Given d, a triplet (d,f, h) satisfying (4.2), (4.3), and (4.5) is uniquely char-

acterized by f or h.

The WF task can be posed as the feasibility problem

find {f h} (W1)

s.to (4.2),(4.3), (4.5).

Since (4.3)—(4.5) are quadratic equalities, problem (W1) is non-convex. For a tree WDS
graph G (for which P = N — 1), the edge-node incidence matrix A has N — 1 linearly
independent rows [57]. Then the flows f can be found uniquely from (4.2), and the WF task
is readily solved according to Lemma 4.2. However, handling the WF task in a loopy G
containing pumps remains non-trivial. Naturally, analyzing the uniqueness of a WF solution
is a critical task. Reference [54] establishes the uniqueness of a WF solution under the
assumption that the pressure gain added by a pump is constant. The next claim extends

this uniqueness result regardless of the structure of G and to the more detailed pump model

of (4.5).
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Theorem 4.3. If the WF equations are feasible for some d, they feature a unique solution.

Proof. Proving by contradiction, assume (h, f) and (h, f) are two distinct solutions of (W1).
Since the two flow vectors f and f satisfy (4.2), the vector n := f — f lies in the nullspace of

AT, that is ATn = 0. Then it follows that
n'A(h—h)=0. (4.6)

Let us decompose n into its positive and negative entries as n = ny —n_, where n, > 0

and n_ > 0. Plugging this decomposition into (4.6) yields

n’ (Aﬁ - Ah) _— (Aﬁ - Ah) . (4.7)

Recall from (4.3) that the pressure drop across a lossy pipe is monotonically increasing in
flow. Similarly, the pressure added by a pump described by (4.5) is monotonically decreasing
in flow. In other words, the pressure drop along a pump is monotonically increasing in flow.

Hence, for each edge p € P:
ajh>a h ifandonlyif f,> f, (4.8)

where a is the p-th row of matrix A.

Consider the p-th entry of vector n. If fp > fp, then ny , > 0 and n_, = 0 by definition of
n; and n_. Then edge p contributes to the left-hand side (LHS) of (4.7). The monotonicity
in (4.8) entails that a;(fl —h)>0andson,,-a) (h—h) > 0. The latter holds for all edges

contributing to the LHS of (4.8), so that

nl (Ah- Ah) >0,
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On the other hand, if f, < f,, then n,, = 0 and n_, > 0. Then, edge p contributes to

the right-hand side (RHS) of (4.8). The monotonicity in (4.8) entails n_, - a) (h —h) < 0.

Applying the claim over all edges participating in the RHS of (4.8) provides
n' (Ah- Ah) <0,
The signs of the LHS and RHS contradict the equality in (4.7), thus proving the claim. [J

Regarding the pressure drop law of (4.3), the Hazen-Williams equation is sometimes used
wherein the flow f,,, is raised to the exponent of 1.852. This exponent is different from
the exponent of 2 in the Darcy-Weisbach equation; see for example [13]. While the Darcy-
Weisbach equation is a theoretical formula, the Hazen-Williams equation is based on curve
fitting of experimental data [40]. Either way, the uniqueness argument of Theorem 4.3 holds
for any positive exponent on the water flow f,,, involved in the pressure drop equation of

(4.3).

The WF problem posed in Definition 4.1 follows the most traditional setup pursued in WF
literature [54], [38], [85]. However, with multiple sources feeding a WDS an alternate form
of WF becomes pertinent. Specifically, multiple supply nodes may operate as fixed-pressure
nodes while the remaining nodes act as fixed-injection nodes [133]. The ensuing result

extends the uniqueness of a WF solution to this more general setting.

Proposition 4.4. Given: i) pressures h; for i in a subset of nodes N, C N'; ii) injections
d; for alli € N\ N,; and iii) the statuses and speeds for all pumps; the set of equations

(4.2), (4.3), and (4.5) has at most one solution.

Proof outline. Consider two pairs (d, f) and (d’,f') satisfying (4.2). If d = d’, the uniqueness

of the WF solution follows from Theorem 4.3. Otherwise, [114, Lemma 3] dictates that there
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Energy Function
Minim. (EFM)

WDS with
pumps?

(Sections IV.A)
pumps in EFM + Stitching
cycles? Algorithm
(Section IV.B)
No
DS with overlapping MIQP
(Section V)
pumps in over- MIQP + Stitching
lapping cycles? Algorithm
(Section VI)
l Yes
MIQP + Stitching | No analytical
Algorithm claims

Figure 4.1: Given a WDS, this flowchart suggests the most suitable WF solver based on its
analytical guarantees and computational complexity.

exists a path P,,, between fixed-pressure nodes m and n, along which the flows in f differ
from those in f' in a consistent direction, i.e., either f, > f) or f, < f) for all edges
p € Pun. However, in that case, the monotonicity argument used in (4.8) would entail for

the respective pressures h,, — h, # h,, — h! . which contradicts the hypothesis of m and n

n’

being fixed-pressure nodes. [

Having established the uniqueness of the WF solution, the ensuing sections develop a suite
of WF solvers of complementary value: Each solver finds provably the WF solution under
different network setups. The devised solvers exhibit different complexity, yet none of them
requires a proper initialization. Figure 4.1 summarizes the particular WDS setups each solver

can handle, and serves as a roadmap for the following sections. The solvers developed in
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this work are for the WF task as posed in Definition 4.1, whereas WF solvers for the setting

considered in Proposition 4.4 are beyond the scope of this work.

4.6 Energy Function-Based Water Flow Solvers

For a WDS without pumps, the WF task simplifies to solving (4.2)—(4.3). These equations
are structurally similar to the equations governing the flows and pressures in a natural gas
network under steady-state conditions [114], [113]. Reference [38] finds the solution to the
nonlinear WF equations in networks without pumps as the minimizers of a convex energy
function; see also [85] and [41] for counterparts in gas networks. Upon briefly reviewing
these reformulations, this section expands their scope to WDS with no pumps in cycles and

other pressure drop laws; see roadmap of Figure 4.1.

4.6.1 Finding the WF Solution in WDS without Pumps

In the absence of pumps, the WF problem (W1) has been posed as a constrained minimiza-

tion over f [38].

Lemma 4.5 ([38]). In a WDS without pumps (P = P,), the vector of water flows f satisfying

(4.2)-(4.3) can be found as the unique minimizer of the conver minimization problem

1

min 2> olfl’ (4.9)
peP

sto ATf=d. (4.9b)

Moreover, if £ is the vector of optimal Lagrange multipliers corresponding to (4.9b), then

the nodal pressures are provided by h = (I — 1e])&* + h, 1.
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The claim follows from the optimality conditions of (4.9). The strict convexity of (4.9a)
shows that the WF' solution is unique in networks without pumps. This claim has also been
established using a contraction argument in [13]. Theorem 4.3 and Proposition 4.4 generalize

this uniqueness claim to networks having pumps and multiple fixed-pressure nodes.

We next present two ways for handling (4.9): an second-order cone program (SOCP) refor-
mulation, and a dual decomposition approach. It is known that ¢,-norms can be handled
using a hierarchy of second-order cone (SOC) constraints; see [3, Eq. (11)]. In the context
of WDS, a more compact hierarchy of SOCs was originally put forth in [52] to handle the
cubic powers of (4.9a) involved in an OWF problem. Adopting the latter reformulation, the

minimizer of (4.9) can be found by solving the SOCP

_ 1

Unsopants} 3 2 ol (4.102)
peEP

sto ATf=d. (4.10D)

—wp < fp < wy, Vp (4.10c)

wy < Ypy Yp < Wty vp. (4.10d)

The fact that the f,’s minimizing (4.9) and (4.10) coincide can be established by showing
that the solution of (4.10) satisfies w, = |f,|; yp = w2 = f7; and t, = w} = |f,|* for all

p € P; see also [52]-[53] for details. Each constraint in (4.10d) is a rotated second-order

cone [3].

Alternatively, problem (4.9) can be tackled via dual decomposition: During its k-th iteration,
the primal variable f is updated by minimizing the Lagrangian function L(f;£") evaluated

at the latest estimate of dual variables £€”. The latter problem decouples across pipes and
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enjoys a closed-form solution as

3 T &k

k41 . | fl Tek o o |12 €7
(= argmin ——— — f,a = sign(a _

fp g fp 3 fp pE g ( pE ) Cp

For a step-size u > 0, the dual variables are updated as

Ek—i—l = Ek +/~L (d . ATfk—‘rl) )

Again for WDS without pumps, the WF task can alternatively be posed as an unconstrained

minimization over h [3§]

3

.2 [P — I T
= E —— —d ' h. 4.11
min 7 = (4.11)

h
(m,n)eP mn

The objective of (4.11) is convex (by composition rules) and differentiable. The n-th entry

of its gradient g, (h) is

Setting this gradient equal to zero yields the WF equations after eliminating f from (4.2)—
(4.3). The ambiguity in pressures can be waived by shifting the minimizer of (4.11) to match
the reference pressure h,. Once the pressures h are found, the flow vector f can be retrieved
by Lemma 4.2. Problem (4.11) is amenable to any first-order method for unconstrained
optimization, such as the gradient descent iterations h**! := h* — ug,(h*) for a step-size

i > 0, or accelerated variants.
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4.6.2 Extension to WDS with no Pumps in Cycles

Since problems (4.9) and (4.11) cannot handle water networks with pumps, this section
extends their applicability to networks with pumps, but not on cycles. This is accomplished

by adopting the reduction technique of [101] to build what we term stitching algorithm:

S1) Remove the edges of G corresponding to pumps P,. The obtained graph contains

|P.| + 1 disconnected components G, for c =1,...,|P,| + 1.

S2) Replace each component G. by a supernode, and connect the supernodes using the

edges in P, to create the supergraph G'. Graph G’ features a tree structure.

S3) Find the total water injection per supernode G.. Since G’ is a tree, the water flows on

P, can be found readily.

S4) If the flow along pump (m,n) € P, is fin, modify the injections at nodes m and n as
Cim = dm - fmn and dAn = dn + fmn

S5) Solve (4.9) per connected component G, to find the water flows at all lossy pipes.

S6) Having acquired vector f, the pressure vector h can be found from Lemma 4.2.

In S5), rather than solving the constrained minimization of (4.9), one could use its uncon-
strained counterpart of (4.11). Steps S1)-5/) are still needed to find a meaningful water
injection vector per component G.. Once a pressure vector has been found per component,
the pressures must be revised as follows: The pressures within the component containing
the reference node, say component G, are kept unaltered. Consider a pump running from
node m € Gy to node n € G,. Using the flow f,,, computed in step S3), the pressure gain
Gmn = Grmn(fran; wW2,,) can be found from (4.5). Having found h,, by solving (4.11) in G, the

pressure at node n can be computed as h, = h,, + gmn. If the pressure at node n recovered
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by solving (4.11) in G, is h.,,, then all pressures within G, should be shifted by h,, — h,. The

process is repeated for all components to recover the entire pressure vector h.

4.6.3 Handling the Hazen-Williams Pressure Drop Law

The aforementioned WF solvers can be modified to handle the Hazen-Williams in lieu of
the Darcy-Weisbach pressure drop equations. Recall that according to the Hazen-Williams
pressure drop law, the exponent of |f,,,| in (4.3) changes from 2 to p = 1.852. To handle

this, problem (4.9) is generalized to

) 1
min 1 Z cplfol? ! (4.12a)
peEP
sto ATf=d (4.12b)

where the exponent p depends on the pressure drop law and could vary per pipe. Problem

(4.12) remains convex for p > 0.

Even though the SOCP model of (4.10) cannot be used to solve (4.12), a different SOCP
reformulation can be derived as long as p is rational; see [3, pp. 12-13] for details. Moreover,
the dual decomposition updates of Section 4.6.1 can be adapted to solve (4.12). Similarly,

the unconstrained minimization of (4.11) can be modified to

|h h | p+1

. 1Y m — fp| P T

min ——— —d'h. (413)
hopt 1 (mnz)€7D C}r{ﬁ

Heed that the energy function-based solvers for (W1) can not handle the WF setups with mul-
tiple fixed-pressure nodes described under Proposition 4.4. This is because energy function-

based solvers do not take reference pressure as an input to the problem. Rather, the obtained
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pressures are shifted a posteriori to agree with a given fixed pressure. For a single fixed-
pressure node, the applicability of our WF solvers can be broadened to WDS with pumps in
cycles. To do so, we next pursue an MI-QCQP solver. Unlike the energy function-based WF
solvers of this section, the MI-QCQP solver of Section 4.7 applies only to the Darcy-Weisbach
equation; its possible extension to the Hazen-Williams pressure drop law goes beyond the

scope of this work.

4.7 MI-QCQP Water Flow Solver

This section presents an MI-QCQP relaxation of (W1) along with sufficient conditions for

its exactness.

4.7.1 Problem Reformulation

The non-convexity of the WF problem (W1) is due to the quadratic equality constraints
of (4.3) and (4.5). Adopting the convex relaxation approach of [53]-[52], the pressure drop

along pipe (m,n) € P, is relaxed from (4.3) to

o N — hn > Conf2,, for frm > 0; or

M hn - hm Z Cmnerrm for fmn S 0.
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To handle the two cases, let us introduce a binary variable x,,, capturing the flow direction

on pipe (m,n). By using the so-termed big-M trick, the two cases can be modeled as

~M(1L = 2pnp) < frn < My, (4.14a)
~M(1 = Zyn) < Py — by — Coun f2, (4.14Db)
B — hay + Con f2, < M Xy, (4.14c)
Tmn € {0,1}. (4.14d)

The same MI-QCQP model has been also advocated for handling the pressure drop equations
along the pipelines in natural gas networks; see e.g., [23], [104], [114]. Constraint (4.14a)
implies that x,,, = sign(fun). If T, = 1, the convex quadratic constraint in (4.14b) is
activated, whereas constraint (4.14c) becomes trivial. The claim reverses for x,,, = 0. De-
pending on the value x,,,, if either (4.14b) or (4.14c) is satisfied with equality, the relaxation
is deemed as ezact. If that happens for all lossy pipes, the feasible set of (4.14) has captured

the original non-convex constraints in (4.3).

Similarly, the pressure added by pump (m,n) € P, is relaxed from (4.5) to

which is a convex constraint since A, < 0. Again, if the inequality in (4.15) is satisfied

with equality for all pumps, the relaxation of (4.5) to (4.15) is deemed as exact.

One may now try solving the feasibility problem in (W1) by replacing (4.3)—(4.5) by (4.14)—
(4.15). If all the relaxed constraints are satisfied with equality, the relaxation is ezact.
Unfortunately, toy numerical tests can verify that such relaxation is inexact even for simple

water networks. To favor exact relaxations, we convert the feasibility to a minimization



CHAPTER 4. ON THE FLow PROBLEM IN WATER DISTRIBUTION NETWORKS: UNIQUENESS AND
88 SOLVERS

problem with a judiciously selected cost. We pose the MI-QCQP
min s(h) (W2)

sto (4.2),(4.14), (4.15)

where the binary vector x contains all {Zyn } (m.n)ep,, and the cost is defined as

sth) = > i —lal = Y (hn— hu).

(m,n)€P, (m,n)€Pa

The cost sums up the absolute pressure drops across lossy pipes minus the pressure gains
added by pumps. This is in contrast to the MI-QCQP of [113] that recovers a gas flow
solution, whose penalty did not include compressors. It will be shown in Section 4.7.2 that

the MI-QCQP formulation (W2) guarantees exactness under realistic network conditions.

Problem (W2) is non-convex due to the binary variables x. Given the advancements in MI-
QCQP solvers, this minimization can be handled for moderately sized networks. Recall that
every lossy pipe is associated with one binary and one continuous optimization variable. To
accelerate the computations, we next provide a simple pre-processing step to determine the

flows in all edges not belonging to a cycle.

Lemma 4.6. Let f be the unique flow solution of (W1), and consider any vector f satisfying

ATf=d. For any edge (m,n) not belonging to a cycle, it holds that frm = fin-

Proof. Consider the minimum-norm solution f; := (AT)T d to the linear system of (4.2),
where (AT)Jr is the pseudo-inverse of AT. Any other solution of (4.2) can be expressed as

f = f) + n for some vector n € null(AT).

The space null(A ") can be represented using the cycles of graph G as explained next. For
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cycle C in G, select an arbitrary direction and define its indicator vector ne € R as

0 ,ifedgepé¢C

Nep = § 41 , if the directions of p and C coincide

—1 , otherwise.

We are particularly interested in a set of fundamental cycles defined as follows [57]: In graph
G = (N, P), select a spanning tree 7. Every edge p € P\ T along with some edges of T
form a cycle. The cycles formed using all edges in P\ T comprise the set L+ of fundamental
cycles. In general, a graph may have multiple spanning trees, making the set of fundamental

cycles non-unique.

A key property of fundamental cycles is that the space null(A ") is spanned by the indicator
vectors for any set of fundamental cycles [57, Corollary 14.2.3]. Therefore, the vector n in

f = fy + n can be decomposed as

n= Z Qyly (416)

lelr

where ny is the indicator vector for cycle ¢ and o, € R V/.

Consider the p-th entry of n. If edge p € P does not belong to any cycle, then it does not
belong to any fundamental cycle. Then ny, = 0 for all £ € L+, and n, = 0 follows from
(4.16). To conclude, if edge p does not belong to a cycle, then all solutions f of (4.2) agree

in their p-th entry. [

Lemma 4.6 ensures that for weakly meshed WDS, the number of variables in (W2) can be
reduced markedly. Moreover, the flow on any edge not belonging to a cycle coincides with

the related entry of the minimum-norm solution to (4.2).
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d2 =-2 d4 =—-2

Figure 4.2: A pathological WDS for which the relaxation of (W2) is inexact.

4.7.2 Exactness of the Relaxation

The next result provides conditions under which a minimizer of (W2) satisfies (4.14)—-(4.15)

with equality.

Theorem 4.7. In a WDS where no edge (m,n) € P belongs to more than one cycle, a

minimizer of (W2) minimizes (W1) as well, if (W1) is feasible.

Theorem 4.7 (shown in the appendix) asserts that the MI-QCQP relaxation of (W1) to (W2)
is exact in water networks with non-overlapping cycles, that is cycles sharing no edges. The
claim holds regardless of water demand or the presence of pumps. This is in contrast to
the exactness claims of [113], where compressors were not allowed on cycles. Although the
assumptions of Theorem 4.7 may not always hold, the numerical tests of Section 4.9 indicate

the relaxation is exact and (W2) solves (W1) for practical WDS with overlapping cycles.

The condition of Theorem 4.7 cannot be relaxed analytically: One could construct pathologi-
cal WDS with overlapping cycles that render the relaxation of (W2) inexact. To present such
a counterexample, consider the 4-node and 5-pipe WDS of Fig. 4.2. The coefficients ¢,,,,’s are
shown on the respective pipes. Nodes 2 and 4 host water demands, and the reference node
1 supplies water at the reference pressure of hy = 10. The edge (1,3) belongs to two cycles
and hence the condition of Theorem 4.7 is violated. The minimizer of (W2) satisfies the

relaxed constraint (4.14) with strict inequality. The pressures at nodes 1 and 3 were found
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to differ by hy — hs = 3.435, while the frictional drop was ci3f% = 0.014. This WDS though
is characterized by a strong disparity of pipe coefficients. For a WDS with limited variations
in pipe dimensions and material, such disparity is not anticipated in practice. Similar to the
example of Fig. 4.2, one can construct setups with multiple fixed-pressure nodes for which

the MI-QCQP relaxation is inexact.

Since the WDS of Fig. 4.2 does not host pumps, the solution to the previous WF problem was
eventually found via (4.9). This motivates us to exploit the ability of the energy function-
based approach to handle overlapping cycles alongside the merit of the MI-QCQP relaxation
to handle pumps in cycles. To solve the WF problem for a broader class of WDS network
topologies, a hybrid solver is deferred to Section 4.8. Before that, the formulation of (W2)

is contrasted to prior work.

4.7.3 Comparison to Prior Work and Extensions

The proposed WF solver involves three ingredients:

I1) replacing (4.3) by the MIQP model of (4.14);

I2) replacing (4.4) by the convex constraint of (4.15); and

I3) solving (W2) in lieu of (W1).

The key contribution of this section is 13), since 1) and 12) have appeared before: References
[52]-[53] and [140] consider the OWF problem assuming known flow directions (say fy, > 0

for all pipes), and relax (4.3) to [cf. (4.14)]

hm - hn 2 Cmnffnm fmn Z 0. (417)
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Regarding pumps, references [52]-[53] and [140] consider only variable-speed pumps. More-
over, each pump speed w,,, is limited within 0 < w,,, < @,,, which may be unrealistic
since pumps come with positive lower speed bounds. Substituting this speed range into the

monotonic formula of (4.5) yields the convex quadratic constraint

Heed that the actual speed wy,, has been eliminated from (4.18). Nevertheless, once an
OWF minimizer is found [and so a triplet (A, hn, fmn) satisfying (4.18)], the speed wp,y,

making (4.18) an equality can be readily recovered [52].

References [52]-[53] aim at minimizing the energy losses across pipes. Ignoring the details
of geographical elevation and electricity prices, their cost simplifies to Z(m,n)eﬁa Con 2
Thanks to its form, minimizing this cost subject to (4.17)—(4.18) renders the relaxation in
(4.17) numerically exact. This was also analytically shown granted the simplifying assump-
tions of: al) no pumps on cycles; a2) known flow directions; a3) if a node is fed by more
than one pipes, all of them have to be equipped with valves; and a4) no fixed-speed pumps.
Reference [140] considers the joint scheduling of WDS and electric power distribution net-
works. Since the exactness of (4.17) is not promoted by the cost anymore, a feasible point

pursuit-based approach is applied to find a stationary point satisfying (4.17) with equality.

From the preceding review, it is evident that albeit a relaxation of (4.3) is convenient, its
exactness is not always guaranteed. While some OWF instances feature exactness [52]-[53];
others call for additional measures [140]. We shall next address the natural question: Q1)
Can one use one of the aforesaid OWF solvers to solve the WF task? Numerical tests on WF
instances even in simple WDS demonstrate that the approaches of [52]-[53] and [140] fail to

solve (W1), that is the convex relaxation is not exact. This is because even if an instance
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of (W1) satisfies all other conditions needed for each one of these solvers, the common

assumption a4 ) is violated since pump speeds are fixed for (W1).

One may reverse question (1) and pose @2): Can the developed WF solvers be used towards
solving OWF tasks? One could identify two possible uses. First, the proposed tools can be
used instead of EPANET in existing zero-order OWF algorithms that rely on a WF solver.
Second, the success of the proposed penalized relaxation could be adopted in OWF tasks.
For example, our previous work [115] deals with optimal pump scheduling under dynamic
electricity pricing. This OWF task handles unknown flow directions and is relaxed to an MI-
SOCP after g (frmn; w2,,) in (4.5) is approximated as constant. The relaxation is provably
exact under certain conditions and after adding a penalty to the cost of the MI-SOCP. The
relaxation is numerically exact under a broader range of WDS conditions. Interestingly, the
penalty that worked for [115] does not work for the WF task studied here. For this reason,
this work put forth the penalty s(h) in (W2) and took a totally different route for establishing

exactness. The sufficient conditions for exactness of Theorem 4.7 are significantly simpler

compared to those in prior works on OWF.

4.8 A Hybrid Water Flow Solver

The hybrid WEF solver relaxes the assumption of non-overlapping cycles of Theorem 4.7 to

the following condition.

Assumption 3. The water network has no pumps in overlapping cycles.

The assumption permits overlapping cycles, but these particular cycles should carry no
pumps. For a network satisfying Assumption 3, the WF task can be solved through the

following steps illustrated also in Fig. 4.3:
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T1) Any cycle C with pumps is non-overlapping. Thus, for any node n belonging to C, two
cases arise:
i) Node n belongs only to cycle C (node 3 of Cy); or
ii) Node n belongs to other cycle(s) C" as well; yet C and C’ share no edge (e.g., node
4 of Cy).

Then, reduce graph G to G’ through the steps:

o If for a cycle C having pumps, all nodes do not belong to any other cycle, replace

C by a supernode ne.

o If for a cycle C having pumps, node n belongs to other cycle(s), identify the edges
(n1,n) and (n,ng), which belong to C. These two edges belong to no other cycles
as C is non-overlapping. Split the node n into n and n’ connected by a lossless
edge (n,n’), such that all edges in G other than (ny,n) and (n,ns) that were
incident on n are now incident on n'. After repeating this step for all nodes in C

that belong to multiple cycles, replace C by a supernode ne.

This process ensures that in G’ all supernodes and the pumps left out from G do not

appear on cycles.

T2) Use Lemma 4.6 to compute the water flows on the edges (m, n¢) incident to supernodes

ne’sin G'.
T8) For each edge (m,n¢) in G, modify the injection at node m as A = dp — fmne-

T4) Partition G’ into a set of connected components G. by removing the supernodes and

their incident edges. Each G. has known injections and bears no pumps in cycles.

T5) Use the stitching algorithm of Section 4.6.2 per component G, to find the flows within
Ge.
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T6) Each supernode n¢ is split back to the cycle C it replaced. If the edge (m,nc) of G’

corresponded to edge (m, n) of G, modify the injection at node n € C as a?/n = dy+ frane-
T7) Solve (W2) per cycle C to find the water flows on C.

T8) Given vector f, find the pressure vector h using Lemma 4.2.

Let us apply the previous steps on the 23-node and 28-pipe water network of Fig. 4.3. There
are two cycles carrying pumps, marked as C; and Cy. Node 4 of cycle C; belongs to multiple
cycles and hence it is split in 4 and 4’. Next, removing C; and Cy along with the edges that
connect these cycles with the rest of the graph results in the connected subgraphs G, G,
and Gz shown on the bottom of Fig. 4.3. The demands on boundary nodes are modified as
per steps T3) and T6). The edge flows within each connected component are subsequently

found by solving (4.9). The flows on C; and C, are finally found by (W2).

This WDS setup could not be handled by the energy function-based approach of Section 4.6
alone due to the presence of pumps on cycles C; and C,. The convex relaxation of Section 4.7
alone is not guaranteed to succeed either, due to the presence of overlapping cycles. Com-
bining the merits of each method and leveraging Lemma 4.6, this hybrid method can handle

successfully this WDS setup.

4.9 Numerical Tests

The new WF solvers were evaluated under the different network configurations of Fig. 4.1.
First, the new WF solvers were evaluated on the EPANET FEzample Network-2 representing a
water network from Cherry Hills, Connecticut shown in Fig. 4.4 [103]. This network consists
of P = 40 pipes, N = 34 demand nodes, one tank, and one pump station. We modified

the network by representing the pump station as a reservoir with pressure 100 ft connected
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to a fixed-speed pump. All nodes were assumed at the same elevation. The pipe friction
coefficients ¢,,,’s, and base demand vector d, were derived from the EPANET benchmark.
Note that the WDS in Fig. 4.4 has overlapping cycles but the pump is not in a loop. Thus, it
qualifies for being solved using the energy function method alongside the stitching algorithm

of Section 4.6.2.

We tested whether the proposed solvers yield the same solution as EPANET. For this pur-
pose, we obtained WF solutions using the constrained energy function minimization of (4.9)
and the MI-QCQP of (W2). Problem (4.9) was solved using the closed-form dual decom-
position steps of Section 4.6.1 for p = 10~* within 20,000 iterations. The MI-QCQP in
(W2) was solved using the MATLAB-based toolbox YALMIP along with the mixed-integer
solver CPLEX [78], [64]. All tests were run on a 2.7 GHz, Intel Core i5 computer with 8 GB
RAM. The flows obtained by the two solvers were very close to the EPANET solution, as
illustrated in Fig. 4.5. EPANET uses more detailed flow models, e.g., the coefficient ¢,,, in
(4.3) depends weekly on flow f,,,,. The 20, 000 iterations for the primal-dual updates of (4.9)

were completed within 4.5 sec, and the running time of the MI-QCQP (W2) was 1.6 sec.

We next evaluated the performance of the MI-QCQP-based solver of (W2) in finding the
correct WF solution, when the conditions of Theorem 4.7 are not satisfied. Specifically, the
network of Fig. 4.4 has overlapping cycles. To represent various demand levels, we generated
100 random WF instances by scaling the benchmark demand d by a scalar uniformly drawn
from [0, 1.5]. Given a minimizer of (W2), we defined the inexactness over lossy pipe (m,n)
as |hy, — hy| — cmn f?2,,- For each run of (W2) with a random input, the ranked maximum
inexactness gap over all lossy pipes is displayed on Fig. 4.6 (top). Despite violating the
conditions of Th. 4.7, the inexactness gap was small for all random tests. Computationally,
the running time of (W2) over the 100 instances with a median value of only 1.68 sec; see

Fig. 4.6 (bottom).
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Our WF solvers were subsequently tested on the 20-node synthetic network of Fig. 4.7 and
under different demands. The WDS of Fig. 4.7 was created by combining two copies of the
popular 10-node WDS representing the modified Arava Valley network from Israel; see [115],
[37] for network data. The additional pipes (1,2), (7,14), and (8,20) have the same dimen-
sions as pipes (4,5), (5,6), and (6,8), respectively. These were added to generate different
network conditions. The parameters for all the pumps were derived by scaling the pump

parameters of [53] by 0.25, and were set t0 (A, fmns Vmn) = (—2.735 - 107°,0.0129, 55.83).

The performance of (W2) was tested for two network configurations derived from the WDS
of Fig. 4.7: C-i) pipe (4,10) removed; C-ii) pipe (8,20) removed. Note that configuration
C-i) has pumps in non-overlapping cycle along side other overlapping cycles not hosting
pumps. Thus, the WF problem for C-i) can provably be solved using the hybrid WF solver
of Section 4.8. Moreover, configuration C-ii) has pumps in overlapping cycles and thus
cannot be provably solved even by the hybrid WF solver. However, we numerically tried

(W2) in solving 100 random WF instances for both C-i) and C-ii).

The 100 random WF instances were generated by fixing pressure h; = 10 m and drawing the
remaining pressures independently as Gaussian random variables of mean 10 m and variance
2m?, or N(10,2). The on/off statuses of pumps were drawn as independent Bernoulli random
variables with mean of 0.5. The flow for on pumps was drawn with uniform probability on
the allowable pump flow [250, 1500] m3/hr. For off pumps, flows were drawn from AN(0, 200).
The pressure added by pumps was then calculated using (4.5). For pump (m, n), the receiving
node pressure was updated as h,, := h,,+gmn. The water flow in all lossy pipes was calculated
from the so obtained pressures and (4.3). Once the complete flow vector was obtained, the
injections were computed from (4.2). The obtained vector of injections, pump on/off status,
and pressure h; served as a feasible input for the WF task. Similarly 100 feasible random

WEF instances were generated for configuration C-74), and solved using (W2). The maximum
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time for solving (W2) was set to 1 min in CPLEX.

The WF task for both configurations was solved within a 1-minute deadline for 98 out of
the 100 random instances with the average time being 1.01 and 1.06 sec for C-i) and C-
it), respectively. The ranked maximum inexactness gap over all lossy pipes for C-i) and
C-ii) is shown in Fig. 4.8. Although the conditions of Th. 4.7 were not satisfied by either
configuration, the maximum inexactness obtained was less than 102 for 74 and 92 out of
the 98 instances of C-i) and C-ii that were solved. For the two cases where the MI-QCQP
failed to converge within the 1-min deadline, we modified the big-M parameter value from
M = 300 to M = 80. The result was that the two instances were solved in 0.13 and 0.82

seconds with the inexactness gap being less than 107°.

To evaluate whether the status of the pumps has any significant effect on runtime, we
conducted the previous tests on the WDS of Fig. 4.7 with all the pumps running. The inex-
actness gap and running times were found similar to the tests with pump statuses randomly
chosen. Interestingly, the inexactness gap and running times for the new tests did not show
significant differences from the tests with random pump statuses; see Fig. 4.9. 99 out of
the 100 random WF instances were solved within the 1-min deadline with a median running
time of 0.75 sec. Thus, the MI-QCQP (W2) is in general a powerful WF solver for various

network configurations.

4.10 Conclusions

Using recent tools from graph theory, convex relaxations, energy function-based approaches,
and mixed-integer programing, this work has provided a fresh perspective on the physical
laws governing water distribution networks. It has been established that the WF problem

admits a unique solution even in networks with multiple fixed-pressure nodes and flow-
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dependent pump models. This WF solution can be provably recovered via a hierarchical
stack of WF solvers suitable for different network configurations. Radial networks can be
handled by simple convex minimization tasks, whereas networks with cycles call for more
elaborate MI-QCQP-based solvers. Nevertheless, numerical tests demonstrate that even the
MI-QCQP approach scales well for moderately-sized networks. The MI-QCQP solvers have
been derived upon a convex relaxation of the pressure drop equation followed by an objective
penalization, an approach that sparked a parallel line of research on the OWF problem [115].

Network configurations hosting pumps on overlapping cycles remain to be a challenging case.

Appendix C
Proof of Theorem 4.7. The cost of (W2) can be written as

sthif) = Y (hy — ) sign(fou)-

(m,n)eP

To express pressure differences along the flow direction in a compact manner, define the
P x N edge-node incidence matrix A(f): Its dependence on f signifies that the directionality
of each edge coincides with the flow directions in f. Therefore, if the p-th row of A(f) is

associated with pipe p = (m,n), then its (p, k) entry is

—sign®(fon) +sign(fon) +1 , k=m
Api(£) := ¢ sign®(fon) —sign(fmn) =1  , k=n

0 , otherwise.

For zero flows (sign(fim,) = 0), the default pipe direction (m,n) is selected without loss of

generality.
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Based on A(f), the pressure differences along the direction of flows can be written as A (f)h,

and so

s(h;f) = 1T A(f)h. (4.19)

If (W1) is feasible, denote its unique solution by (f,h). Since the base directionality of
the WDS graph G is arbitrary, let it coincide with the water flow directions of f. Using
this convention, it follows that f > 0 and A(f) is identical to the base incidence matrix A.
Next, proving by contradiction, suppose (f', h) is a minimizer of (W2), which is not feasible
for (W1). Since both f and f satisfy (4.2) for A = A(f), there exists a nonzero vector
n € null(A") such that

f=f+n (4.20)

As shown in (4.16), vector n can be expressed in terms of a set L7 of fundamental cycles
using the flow directions of A. To simplify notation, let us define A := A(f) Since every
edge is assumed to belong to at most one cycle, the set of fundamental cycles is unique
irrespective of the spanning tree 7 selected. Therefore, the set of fundamental cycles in fact

contains all cycles in the graph, implying £ = L.

Building on (4.16), consider a decomposition of n as a weighted sum of indicator vectors
n,’s. If there exists a cycle ¢, for which oy < 0, then one can reverse the direction of cycle ¢
and substitute (ay, ny) in (4.16) with (—ay, —ny). Hence, it can be assumed that a, > 0 for

all ¢ € £ without loss of generality.

Each vector n, can be decomposed as n, = n/ — n,, where n; := max{n,, 0} and n, :=

max{—ny, 0}. Because every edge belongs to at most one cycle, it holds that

1=> n/+> n, +n’ (4.21)

el el
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where the p-th entry of vector n° is 1 if edge p does not belong to any cycle; and 0, otherwise.

Using (4.21) in (4.19), the objective function of (W2) becomes

s(hif) =) “(n/)"Ah+) (n;)"Ah+ (n’)"Ah. (4.22)
Lel lel

Albeit s(h;f) will be evaluated for different pairs (h;f), the vectors n,’s remain unchanged

and depend on A. Based on (4.16) and (4.22), we will next show that s(h;f) < s(h;f). To

do so, we consider the three terms of (4.22) separately.

First summand of (4.22). Recall n;} is a binary vector; and the base graph directionality
is such that £ > 0. Consider the entries of f and f for the edges p related to an =1. If
an =1, then fp = f, +a; > f, > 0. In that case, if edge p = (m,n) and relates to a lossy
pipe, we get

(hm — iLn) Sign(fp) > cpf}f > cppr = (hym — hn) sign(fp) (4.23)

where the first inequality stems from constraint (4.14) of (W2); the second one from f, >

f» > 0; and the equality from constraint (4.3) of (W1).

If edge p = (m,n) relates to a pump, we can also show

(hm — ha) Sign(fp) > _gp(fp) > _gp(fp)

= (hun — Ty sign(F,). (4.24)

Consider cycle £ and sum up the LHS and RHS of (4.23) or (4.24) for all p with n;, =1 to
get
(n;)"Ah > (n])" Ah, (4.25)
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where the inequality is strict if oy # 0. Summing (4.25) over all cycles provides
> (n;)"Ah>> (n)" Ah, (4.26)
el el

with strict inequality arising from the fact that not all a,’s can be zero for a nonzero n.

Second summand of (4.22). As explained earlier, if an =1, then fp = fp—kag > fp > 0so fp
remains positive. On the other hand, if ny, = 1, then fp = fp —ay < fp. In the latter case,
the flow fp has decreased, and its sign may have been reversed to negative. Since all f,’s are
positive, the flow reversals in f,’s can be modeled as A = SA, where matrix S := dg(sign(f))

is diagonal with the signs of f on its main diagonal. Since the vectors n,’s form a basis for

null(A "), it holds that A"n, = 0 and so

(nf)TAh = (n;)" Ah. (4.27)

Similar properties hold for n, := Sn,. To see this, the vector n, belongs to null(AT) since
ATflg = ATSIlg = ATIlg =0.

Therefore, we also get that

(n,)"Ah = (d; )" Ah (4.28)

where 1) := max{n,, 0} and n, := max{—ny, 0}.

By definition of ny, if ns, = 1, then S,, = 1 and ny, = 1. However, if ny, = —1, then

S,, =41 or S,, = —1 depending on the sign of f,, and so s, = 1 or 71z, = —1. It therefore
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follows that
n, <n/ (4.29a)
n, >n,. (4.29b)
Back to the ¢-th term of the second summand in (4.22):
(nj)TARh > (d;)TAh 2 ()T Ah
c ~~ d _ _
> (n/)"Ah > (nj)"Ah = (n,)" Ah. (4.30)

where (a) stems from (4.29b); (b) from (4.28); (¢) from (4.29a); (d) from (4.25); and (e) from
(4.27). Summing (4.30) over £ € L

> (n;)"Ah>> (n;)" A, (4.31)

lel lel

where the strict inequality stems from that argument (d) in (4.30) is strict for oy # 0, and

not all ay’s can be zero.

Third summand of (4.22). The third summand sums up the pressure differences along the

direction of flow for all edges not lying in any cycle. If edge p = (m, n) belongs to this case

(i.e., ny = 1), then fy = f, and so as in (4.23) we get

(hm - hn) Sign(fp) Z Cp];;? = Cpf]g = (Bm - hn) Sign(fp)'

Summing up over all edges with ng =1 yields

m”)TAh > (n°)"Ah. (4.32)
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Adding (4.25), (4.31), and (4.32) by parts gives s(h;f) > s(h;f). This contradicts that (f, h)

is a minimizer of (W2) since (f,h) is feasible for (W2), and concludes the proof. O
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Figure 4.3: Top: A WDS with pumps in non-overlapping cycles; Bottom: Connected com-

ponents after removing cycles C; and Cy that carry pumps.
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Pump Station

Figure 4.4: EPANET Example Network-2 of a WDS from Cherry Hills, CT [103].
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Figure 4.5: Water flows obtained by the EPANET solver, the energy function minimization
of (4.9), and the MI-QCQP of (W2) for the WDS of Fig. 4.4.
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Figure 4.6: Left: Maximum inexactness gap attained by (W2) over 100 random WF in-
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Figure 4.8: Maximum inexactness gap attained by (W2) over 100 random WF instances for
configurations C-i) and C-73) of the WDS of Fig. 4.7.



CHAPTER 4. ON THE FLow PROBLEM IN WATER DISTRIBUTION NETWORKS: UNIQUENESS AND
108 SOLVERS

><10'4‘

_
T

o
o)
T

Maximum inexactness gap
=] o
£ o
T T

o
N
T

0 L L | | Il Il Il
10 20 30 40 50 60 70 80 90
. Random WF instances
6 | ,
35| ]
L,
(0] | i
e*
23} 1
C
C
22| :
1 4
0

10 20 30 40 50 60 70 80 90
Random WF instances

Figure 4.9: Top: Maximum inexactness gap for random WF instances with all pumps of
Fig. 4.7 running; Bottom: Running times for random WF instances.



Chapter 5

Learning to Optimize Power
Distribution Grids using
Sensitivity-Informed Deep Neural

Networks
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5.2 Abstract

Deep learning for distribution grid optimization can be advocated as a promising solution
for near-optimal yet timely inverter dispatch. The principle is to train a deep neural net-

work (DNN) to predict the solutions of an optimal power flow (OPF), thus shifting the

109
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computational effort from real-time to offline. Nonetheless, before training this DNN, one
has to solve a large number of OPFs to create a labeled dataset. Granted the latter step can
still be prohibitive in time-critical applications, this work puts forth an original technique
for improving the prediction accuracy of DNNs by taking into account the sensitivities of
the OPF minimizers with respect to the OPF parameters. By expanding on multipara-
metric programming, it is shown that although inverter control problems may exhibit dual
degeneracy, the required sensitivities do exist in general and can be computed readily using
the output of any standard quadratic program (QP) solver. Numerical tests showcase that
sensitivity-informed deep learning can enhance prediction accuracy in terms of mean square
error (MSE) by 2-3 orders of magnitude at minimal computational overhead. Improvements
are more significant in the small-data regime, where a DNN has to learn to optimize using
a few examples. Beyond multiparametric QPs, the approach is currently being generalized

to parametric (non)-convex optimization problems.

5.3 Introduction

To cope with resource allocation problems with stringent latency requirements, recent re-
search advocates using learning models that are trained to solve optimization tasks; see
e.g., [46], [33]. The general workflow involves solving a large number of such problems of-
fline to create a dataset of problem instances paired with their minimizers; train a learning
model to predict those minimizers; and use the model for promptly finding near-optimal
solutions in real time. References [46] and [51] impose feasibility using Lagrangian decom-
position, while [119] and [144] build DNNs with structures mimicking algorithmic iterates

solving the original optimization.

In the context of power systems, there has recently been an interesting interplay between
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deep learning and the OPF. DNNs have been employed to predict OPF solutions under a
linearized DC [96], [141]; or the exact AC model [51], [59]. The standard regression loss
function is sometimes augmented by a penalty on OPF constraint violations to promote
feasibility [96], [59], [51]. Alternatively, predicted solutions may be converted to a physically
implementable schedule upon projection using a power flow (PF) solver [96], [141]. A graph
neural network leveraging the connectivity of the power system is trained to infer AC-OPF
solutions in [94]. Focusing on OPF for inverter control, reference [34] constructs a DNN to
be used as a digital twin of the electric feeder. To learn optimal inverter control policies,

DNN-based reinforcement learning schemes have been suggested in [146], [134].

Instead of learning minimizers, DNNs have also been used to predict the active constraints
of an OPF [59], [42], [33]. References [59] and [42] train DNN-based classifiers to predict
individual or sets of active constraints. In [33], the active constraints of a linear programming
(LP) DC-OPF are unveiled in three steps: A DNN is first trained to predict the optimal
generation cost given demands; locational prices are then computed as the DNN sensitivities

with respect to demands; and congested lines are identified via sparse-aware regression.

When the OPF is posed using a linearized grid model, it gives rise to parametric LPs or QPs,
and hence, powerful tools from multiparametric programming (MPP) become relevant [24].
Such tools have been utilized before to study congestion patterns in electricity markets [150];
for the probabilistic characterization of primal/dual OPF solutions [67]; to accelerate hosting
capacity analyses [121]; or strategic investment [122]. MPP-aided methods however are
meaningful only when the related OPF enjoys few congestion patterns and/or the application

of interest is of a batch nature.

This work contributes to the literature of training DNNs to solve the OPF in the following
creative way. A DNN is trained to fit not only the OPF minimizer, but also its sensitivities

with respect to the problem parameters. Inspired by [99], we cross-pollinate the idea of
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training sensitivity-aware DNNs from solving differential equations to learning for optimiza-
tion problems in Section 5.4. Advances in automatic differentiation facilitate the efficient
computation of DNN sensitivities as well as their integration into training. In Sections 5.5
and 5.6, we particularize properties from MPP theory to the inverter dispatch task at hand,
so that the sensitivities of the OPF solution can be computed readily. The numerical tests of
Section 5.7 showcase that the proposed sensitivity-informed DNN outperforms a plain DNN
in terms of prediction accuracy by 2-3 orders of magnitude. The paper is concluded with

generalizations of the method to more challenging OPF tasks.

Regarding notation, lower- (upper-) case boldface letters denote column vectors (matrices).
Sets are represented by calligraphic symbols. Symbol " stands for transposition, and inequal-
ities are understood element-wise. All-zero and all-one vectors and matrices are represented
by 0 and 1; the respective dimensions are deducible from context. A symmetric positive

definite matrix is denoted as X = 0.

5.4 Sensitivity-Informed Deep Learning

Suppose a system operator has to routinely solve a convex quadratic program (QP) over the
resource vector x

Xg :=argmin ix'Ax —x'B@ (5.1a)
X

sto Cx<DO+e: Ag. (5.1b)

While (A = 0,B,C,D,e) are kept fixed for some time, the parameter vector  may be
varying frequently. Let (xg,Ag) denote a pair of primal/dual solutions for a particular 6.

This multiparametric QP (MPQP) may be encountered in several resource allocation tasks in
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cyber-physical systems in general, and power systems in particular. Renditions of (5.1) may
appear in real-time electricity markets and contingency analysis in transmission systems; or

in load disaggregation, demand response, and DER management in distribution systems.

The application of interest here is dispatching inverters through an approximate OPF that
minimizes power losses subject to voltage constraints. Vector x comprises the inverter reac-
tive power setpoints, while @ carries the loading conditions (demand and solar generation)
across feeder buses. Since € may change rapidly (rooftop solar generation can fluctuate by
up to 15% of its rating within one minute [10]), an operator may not be able to solve (5.1)

exactly for thousands of feeders hosting thousands of inverters each.

To expedite the process of computing inverter setpoints, the operator may want to train a
DNN that learns to solve (5.1). This DNN would be fed with 8 to compute a predictor
x(0; w) of xg. The straightforward approach for training this DNN is finding its weights w
as the minimizers of

2. (5.2)

S
minz |x(05; W) — xg.
w
s=1

Problem (5.2) is solved offline and aims at fitting the DNN output to the OPF minimizer

S

> 4, which are deemed representative of the upcoming con-

over S loading scenarios {6}
trol period. Before solving (5.2) however, the operator has to solve S instances of (5.1) to
build the labeled dataset {(0,,%q,)}>_,. Accommodating a large S could be impractical in
time-critical setups, where the DNN has to be re-trained every 30-60 min or so because pa-
rameters (A, B, C, D, e) change too. This is relevant for inverter control due to grid topology

reconfigurations, changes in regulator settings and capacitor statuses, and varying loading

conditions that may alter the linearization point of the nonlinear power flow equations.

We improve on this process in two aspects: i) we reduce S so the operator has to solve fewer

OPFs; and 1) for each OPF instance solved during training, we further exploit the sensitivity
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of x, with respect to 8,. Both aspects can expedite training or increase the training dataset
over the same training time, while 7i) is expected to yield better generalization to the sought
DNN and stabilize its solutions against variations in €. Inspired by [99] where a DNN was
trained to solve differential equations by incorporating information on its derivatives, here
we integrate sensitivity information of the optimizer xg with respect to the DNN input 6.

To accomplish that, we propose augmenting the training process of (5.2) as
S A
min ) [%(6s:w) —xo, 5+ [3(85 w) — Jo, |7 (5.3)
s=1

where Jg := Vgxg and J(0; w) := VX (0; w) are the Jacobian matrices of the minimizer and
the DNN output accordingly with respect to the parameter vector 8. Symbol || - ||z denotes
the Frobenius norm. Matrix J(6,;w) and its derivatives with respect to w can be readily
computed via automatic differentiation tools such as GradientTape in TensorFlow. The
optimization of (5.3) aims at fitting the values of the minimizers as well as their sensitivities
(partial derivatives) in terms of the DNN input 6. By incorporating such physics-aware
information, the DNN is expected to predict well not only on the training scenarios 6,’s,
but in a neighborhood around them too. We term the DNN trained by (5.3) as sensitivity-
informed DNN (SI-DNN) versus the plain DNN (P-DNN) obtained from (5.2).

Having posed the sensitivity-informed deep learning task of (5.3), the pertinent questions
are if the OPF operator OPF : 8 — x4 is differentiable; and if so, whether its Jacobian
matrix Jg can be found in a computationally efficient way. The goal is to be able to build
the augmented training set {(0s,xg,,Jq.)} at a minimal computational effort in excess to
the effort for building the training set {(0s,xg,)} for (5.2). To this end, Section 5.5 first
poses optimal inverter dispatching in the form of the MPQP in (5.1), and then Section 5.6

adapts results from multiparametric programming to compute Jqg efficiently.



5.5. OpTIMAL INVERTER DiSPATCH 115

5.5 Optimal Inverter Dispatch

Consider the task of optimal reactive power compensation by smart inverters. Given (re)active
loads along with the active solar generation on every bus, the goal is to find the inverter
setpoints for reactive power injections. Such setpoints can be found through an OPF that
minimizes ohmic power losses on distribution lines, while satisfying voltage regulation lim-
itations across buses. Before formally posing this OPF, we briefly review the postulated

feeder model.

In a single-phase radial feeder with N 4 1 buses, the substation is indexed by n = 0. Let v,
be the voltage magnitude, and p,, + jg, the complex power injection at bus n. Collect all but
the substation injections and voltages in the N-length vectors (p,q,v). Vectors (p,q) can
be decomposed into non-negative injections (p;, q;) from inverters, and withdrawals (py, q¢)

from loads as

p=F.p; — Fp, (5.4a)

q=F,q; — Fiq. (5.4Db)

Matrices F; and F, map buses with solar and loads to the N feeder buses, respectively.
If there are I buses hosting solar and L buses hosting loads, then F; € {0,1}¥* and
F; € {0,1}"*L. We assume that each bus may host at most one (aggregate) load and at

most one solar generator.

To simplify the task of dispatching inverters, we resort to an approximate feeder model
obtained upon linearizing the power flow equations at the flat voltage profile of unit magni-

tudes and zero angles at all buses; see e.g., [121]. According to this model, voltages depend
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linearly on power injections as

v(p,a) ~ Rp + Xq + vly (5.5)

where the N x N matrices (R, X) are symmetric positive definite, and depend on the feeder
topology and line impedances. We are also interested in expressing ohmic losses with respect
to nodal injections. Adopting a second-order Taylor’s series expansion, active losses on lines

can be approximated as a convex quadratic function of power injections as

L(p,q) ~2p'Rp +2q'Rq. (5.6)

Based on the previous modeling, the reactive setpoints for inverters can be found as the

minimizers of

min q' Rq (5.7a)

a;
sto —0.03-1y <Rp+Xq<003-1y (57b)
-4 < q < Q- (5.7¢)

The approximate OPF of (5.7) minimizes ohmic losses over the controllable inverter setpoints
q;; note the first summand of (5.6) and the scaling by 2 have been ignored. Constraint (5.7b)
maintains voltages within +3% per unit (pu). Although the substation voltage vg has been
set at 1 pu, it can be appended as an optimization variable of (5.7) without loss of generality.
Our methodology can incorporate voltage regulators as in [121]; they are ignored here to
keep the exposition succinct. Inverter setpoints are constrained in (5.7¢) by the vector q; of

reactive ratings, which is assumed known and fixed.

Under varying grid conditions, an operator may want to solve (5.7) routinely for different
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OPF instances. If the topology remains fixed, OPF instances differ in the values of loads
and solar (p;, pr,qr). Define the vector of OPF inputs @ := [p' q/]". Due to the problem
structure, active loads and solar can appear collectively as p per (5.4a). To better distinguish
the optimization variable x = q; from the OPF parameters 8, let us substitute (5.4b) in (5.7),

and express the inverter dispatch of (5.7) as the MPQP of (5.1) with the substitutions

A :=2F/RF; - 0, B :=2F/RF,[0,.y 1] (5.8a)
—XF; R —XF/]
XF, [-R + XF/]
C:= : D = (5.8b)
—1I7 0;
I[ OI
e’ :=|003-1) 003-1} q q |- (5.8¢)

5.6 Computing the Jacobian Matrix via MPP

Consider solving (5.1) for a particular €. The corresponding optimal primal-dual pair
(xg, Ag) should satisfy the Karush-Kuhn-Tucker (KKT) optimality conditions [17]. Among
the inequality constraints of (5.1), those satisfied with equality at the optimum are termed
active or binding constraints. Let (C,D, 8, 5\9) be the row partitions of (C,D, e, Ag) asso-
ciated with active constraints. Likewise, let (C,D, &, Ag) denote the row partition related

to inactive or non-binding constraints. Leveraging complementarity slackness, the KKT
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conditions can be expressed as [17]

Axy+CT™ Ao = BO (5.9a)
Cxg =D + ¢ (5.9b)

Cxg <D0 + & (5.9¢)

Ao > 0 (5.9d)

Ao = 0. (5.9¢)

For (5.9d) in particular, it is assumed that binding constraints relate to strictly positive dual
variables Ag > 0. The reverse is unlikely to occur when 6,’s are drawn at random. In the
unlikely case some of the entries of Ao do equal zero, the OPF sensitivity for this specific 8

can be ignored and the DNN is trained only to match the OPF minimizer xgq.

If there are A active constraints, the equalities of (5.9a)—(5.9b) constitute a system of (I + A)
linear equations over the (I+A) unknowns (xg, Ag). Since A > 0, the Lagrangian optimality
condition of (5.9a) yields

xg = A71(BO — C" \). (5.10)

Substituting (5.10) into (5.9b) provides

GXo=(CA'B-D)9—¢& (5.11)

where G := CA~!CT. If matrix C has linearly independent rows, then G = 0, and (5.11)
has a unique solution. Otherwise, there are infinitely many Ag’s satisfying (5.11) within a

shift invariance on the nullspace null(CT) = null(G).

For a general QP, the rows of C are typically linearly independent, thus satisfying the so

termed linear independence constraint qualification (LICQ) [17]. Nonetheless, that is not
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Figure 5.1: A 5-bus feeder demonstrating the violation of LICQ for (5.7).

the case for the inverter dispatch problem of (5.7) where instances of linearly dependent
active constraints occur frequently. To see this, consider the feeder of Fig. 5.1, where buses
{1,2} host inverters, bus 3 is a load bus, and 4 is a zero-injection bus. Let x,, denote the

reactance for the line feeding bus n. Then, matrix X can be found as [121]

X x T Ty
xr1 X1+ X9 X1 11
X =
I I T + T3 T -+ I3
al T 131+ZE3 ZE1+1’3+ZE4

Moreover, the product XF; selects the first two columns of X corresponding to inverter
locations. Now consider a loading scenario that causes the voltage at bus 3 to be at the
lower limit. Being a zero-injection bus, the downstream bus 4 shares the same voltage.
Thus, the minimum voltage constraints become active for buses 3 and 4. Assuming no other

constraints being active, matrix C of (5.8b) reads as

r1r I

)
I
|

T I

which is clearly row rank-deficient. This counterexample emphasizes the need to explicitly

address the case where the solution of (5.1) or (5.7) fails to meet the LICQ.
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Regardless of whether C is full row-rank or not, the solution to (5.11) lies in the polyhedron

9 ={x =G (CA'B-D)§ -G'é¢+u,C'u=0}

where G* is the pseudo-inverse of G = CA~'CT. Substituting Ag back in (5.10) and
exploiting CTu=0, we get
xg = Jg8 + A'ICTG"e. (5.12)

where the sensitivity matrix is defined as

Jo:=A'B-A'C'G*(CA'B-D). (5.13)

Although there may be infinitely many Ag’s satisfying the KKT conditions, the optimal
primal solution of (5.1) is unique if it exists. This is not surprising since (5.1) has a strictly
convex objective. Moreover, the solution can be expressed as an affine function of 8. Note
that the parameters of this affine function depend on the set of active constraints, and this

is indicated by the subscript of 8 on Jy.

Because the triplet (6,xg, Ag) should also satisfy (5.9d) and (5.9¢), there exists a u €

null(CT) so that @ satisfies

G (CA'B-D)§ >G*é—u (5.14a)

(CJy—D) <e—CA'C'G"e (5.14b)

So far, we have characterized the solution to (5.1) for a particular 8. Since we are interested
in the sensitivity of the OPF minimizer with respect to @, we ask the natural question

whether (5.12) holds for all 8”s within a vicinity of this specific §. The answer to this
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question is on the affirmative. To see this, fix u and perturb 8 to get @’ so it still satisfies
(5.14). Using @’ in lieu of @, construct xg from (5.12), and Ag from (5.11). In doing so, we
row-partition matrices assuming the same constraints are active as for 8. This means we still
use matrix Jg. We also set Agr = 0. The constructed primal-dual pair (x¢, Ag) satisfies the
KKT conditions of (5.1) for 8’, and hence constitutes an optimal solution for this 8’. The
aforesaid process can be repeated for any 6’ in the vicinity of the original 8 because (5.14)
are strict inequalities. In other words, formula (5.12) is valid for all 8”s around € and with

matrix Jg remaining unaltered.

The latter reveals that the OPF operator from @ to xg is differentiable around 6. In addi-
tion, its Jacobian matrix is provided in closed form using (5.13). Calculating Jg entails: 7)
Knowing the set of active constraints; i) inverting matrix A once; and i) inverting matrix
G. Although 7i7) is executed once per 6, the computation is lightweight since the number of
active constraints A should be smaller than N. In a nutshell, computing Jg once (5.1) has
been solved for a particular 8, is much simpler than solving (5.1) per se. Hence, computing

sensitivities adds insignificant complexity in the process of constructing the labeled dataset

(6,%q,J09).

5.7 Numerical Tests

The performance of the developed approach was numerically tested by solving the OPF in
(5.7) for the IEEE 37-bus feeder upon removing regulators, incorporating 5 solar generators,
and converting it to its single-phase equivalent; see Fig. 5.2. We extracted minute-based load
and solar generation data for June 1, 2018, from the Pecan Street dataset [65]. The feeder
has 25 buses with non-zero load. The first 75 non-zero load buses from the dataset were

aggregated every 3 and normalized to obtain 25 load profiles. Similarly, 5 solar generation
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Figure 5.2: A modified IEEE 37-bus feeder showing additional solar generators.
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Figure 5.3: Minute-based data for the total (feeder-wise) solar power generation and ac-
tive power demand (top panel); and the optimal reactive power injection setpoints for five
inverters (bottom panel).
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profiles were obtained. The normalized load profiles for the 24-hr period were scaled so
the 97-th percentile of the total load duration curve coincided with the total nominal load.
This scaling results in a peak aggregate load being 1.1 times the total nominal load. We
synthesized reactive loads by scaling active demand to match the power factors of the IEEE
37-bus feeder. The 5 solar generators were of equal ratings and scaled to meet 75% of the
total energy requirement over the entire day. Figure 5.3 shows the total demand and solar
generation across the feeder (top), along with the optimal reactive power injection for each
of the five inverters (bottom). The optimal setpoints were obtained by solving (5.7) using
YALMIP and Sedumi. In solving the 1,440 OPF instances, no constraints were active for 914
instances. Out of the remaining 526 instances, the LICQ was not satisfied for 175 instances;

thus necessitating the approach pursued here.

Our tests compared the P-DNN and SI-DNN;, both trained to predict the minimizer of (5.7).
For the first set of tests, the DNNs were assumed to be trained on an hourly basis. To evaluate
the potential benefit of integrating sensitivity information, the architecture, optimizer, and
training epochs were kept identical for the two DNNs. In fact, the architecture was chosen
in favor of the P-DNN. It was determined so that for a sufficiently large training set, the
P-DNN would be able to predict a near-optimal inverter dispatch. This ensured a sufficiently
rich, yet not too complex architecture: Three hidden layers with 210, 210, and 350 neurons
respectively, all using the rectified linear unit (ReLU) activation. All results were generated
using the Adam optimizer with a learning rate of 0.01. The DNNs were implemented using

the TensorFlow library on Google colab.

For a given hour, the two DNNs were trained using 4 OPF instances, obtained by sampling
the upcoming hourly period every 15 min. The remaining 56 grid instances were used to test
the two DNNs based on the mean square error (MSE) ||x; — %X,||3 on the predicted setpoints.

To compare P-DNN and SI-DNN under varying conditions, their training and testing errors
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Table 5.1: Average Test MSE [in 107¢ pu] after 1,000 Epochs for Different Hours of the Day

Hour | 12 OPF training scenarios | 4 OPF training scenarios
P-DNN SI-DNN | P-DNN SI-DNN

5 27.9 0.04 75.3 0.33
12 1184.4 50.4 7229.8 4755.3
16 145.1 49.6 540.3 342.5
20 359.3 45.0 1500.6 145.2

Table 5.2: Average Test MSE [in 107 pu] and training Time [in sec] after 1,000 Epochs for
10-12 am (840 Min-based Scenarios)

Training P-DNN SI-DNN

Scenarios | MSE Time | MSE Time
5% 1407.8 108.9 | 119.9 118.7
10% 520.2 77.1 72.9 79.7
20% 219.2  100.8 55.1 1134

were evaluated over hours 5, 12, and 20, and shown in Fig. 5.4. The tests show that even
when P-DNN yields smaller training errors, SI-DNN offers an improvement in testing error

by one or two orders of magnitude.

We next conducted the previous test but now over 10 Monte Carlo runs, each time selecting
the training OPF scenarios at random. To evaluate the effect of the dataset size, we trained
both DNNs using 4 and 12 scenarios for each of the hours 5, 12, 16, and 20. Table 5.1 reports
the test MSEs attained after 1,000 epochs and averaged over the 10 Monte Carlo runs. The
results corroborates that the SI-DNN features a gain in prediction accuracy over P-DNN
by 1-3 orders of magnitude. Its advantage is generally more pronounced when dealing with

smaller datasets, as expected.

For the last set of tests, the two DNNs were trained to learn the OPF for an entire day. The
training dataset was constructed by sampling 5%, 10%, and 20% of the one-minute data.
To explicitly focus on periods of high variability, we excluded the hours from midnight to

10 am from sampling. Table 5.2 summarizes the MSEs obtained after 1,000 epochs and
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averaged over 100 Monte Carlo draws of the training dataset. The table also reports the
average training time for 1,000 epochs for the two methodologies. The runtimes on Google
colab often varies with session. Thus, these times can only be compared separately for
each training scenario; and not across scenarios. The results establish that the SI-DNN
consistently outperforms the P-DNN without incurring any significant increase in training
time. For example, the SI-DNN achieves an MSE of 119.9 - 107¢ pu using 5% of the data,
whereas the P-DNN achieves an MSE of 219.2 - 107% pu although it has been trained by

using 4 times more data (20%).

5.8 Conclusions and Ongoing Work

A novel procedure for training DNNs that learn to optimize has been put forth. Leaping
beyond the general practice of training DNNs via labeled parameter-minimizer pairs, this
work ensures that the sensitivities of DNN predictions to inputs are close to the respective
sensitivities of the original optimization task. Addressing QPs in particular, the sensitivities
required for training the DNN can be computed readily in virtue of results from MPP theory.
The application pursued has been inverter reactive power control in distribution systems for
minimizing losses subject to voltage constraints. It has been shown here that although for
general QPs dual degeneracies are rare, for the inverter dispatch task such degeneracies
can be encountered frequently. Fortunately, even for such instances, the required Jacobian
matrices do exist in general, and the proposed approach can successfully compute them in
closed form. The efficacy of the novel training method is demonstrated via numerical tests
that corroborate an improvement in prediction accuracy by 2-3 orders of magnitude, as
compared to the traditional regression approach. The improvements are more pronounced

in the small-data regime, where a DNN has to learn to optimize using few examples.
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Prompted by these promising results, we are currently generalizing this creative idea of in-
cluding gradient information into DNNs towards several exciting directions. Beyond MPQPs
that feature rich structure in their solutions, we are interested in improving learning for re-

source allocation tasks of the generic parametric form

Xg := arg mxin f(x;0) (Po)

s.to g(x;0) <0: A

Thanks to results from optimization, given (f,g,Xg,Ag) one can compute the gradient
Vo f(xg), and the Jacobian matrices Vgxg and VgAg, regardless if (Py) is convex. Lever-
aging these results, we are currently working towards: dI) incorporating sensitivities for
learning to optimize different power system optimization and monitoring tasks, including
the AC OPF and its various convex relaxations; d2) integrating dual sensitivities and weight
their deviations; and d3) predicting binding constraints so that exact minimizers can be

found by solving an OPF over a condensed feasible set.
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Figure 5.4: Training and testing errors across epochs in terms of MSE for hours 5 (top), 12

(middle), and 20 (bottom). Training was performed using 15-min smart meter data (4 OPF
instances) to operate during the hour of interest.



Chapter 6

Learning to Solve the AC-OPF using
Sensitivity-Informed Deep Neural

Networks

6.1 Publication Details

M. K. Singh, V. Kekatos, and G. B. Giannakis, “Learning to solve the ac-opf using sensitivity-
informed deep neural networks,” 2021, (submitted). [Online|. Available: https://arxiv.

org/abs/2103.14779

6.2 Abstract

To shift the computational burden from real-time to offline in delay-critical power systems
applications, recent works entertain the idea of using a deep neural network (DNN) to pre-
dict the solutions of the AC optimal power flow (AC-OPF) once presented load demands.
As network topologies may change, training this DNN in a sample-efficient manner becomes
a necessity. To improve data efficiency, this work utilizes the fact OPF data are not simple

training labels, but constitute the solutions of a parametric optimization problem. We thus
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advocate training a sensitivity-informed DNN (SI-DNN) to match not only the OPF opti-
mizers, but also their partial derivatives with respect to the OPF parameters (loads). It is
shown that the required Jacobian matrices do exist under mild conditions, and can be readily
computed from the related primal/dual solutions. The proposed SI-DNN is compatible with
a broad range of OPF solvers, including a non-convex quadratically constrained quadratic
program (QCQP), its semidefinite program (SDP) relaxation, and MATPOWER; while SI-
DNN can be seamlessly integrated in other learning-to-OPF schemes. Numerical tests on
three benchmark power systems corroborate the advanced generalization and constraint sat-
isfaction capabilities for the OPF solutions predicted by an SI-DNN over a conventionally

trained DNN, especially in low-data setups.

6.3 Introduction

Power system operation involves routinely solving various renditions of the optimal power
flow (OPF) task. Physical expansion of power networks, increasing number of dispatchable
resources, and renewable generation-induced volatility call for solving large-scale OPF prob-
lems frequently. These problems naturally involve nonlinear alternating-current (AC) power
flow equations as constraints. Such formulations, referred to as AC-OPF, are non-convex
and are often computationally too expensive for real-time applications. Approximate formu-
lations such as the linearized or so termed DC-OPF serve as the pragmatic resort for such

setups.

A concerted effort towards handling AC-OPF efficiently has yielded popular nonlinear solvers
such as MATPOWER [153], and efficient conic relaxations with optimality guarantees for
frequently encountered problem instances [8], [25], [80], [79]. Despite significant advance-

ments in numerical solvers, scalability of the AC-OPF may still be a challenge, particularly in
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online, combinatorial, and stochastic settings [137], [51]. To alleviate these issues, there has
been growing interest in developing machine learning-based approaches (particularly deep

learning) for OPF [137], [51], [96], [59], [141]; see [148] for recent applications.

To entirely bypass numerical solvers for the OPF, one can opt for unsupervised learning
approaches, such as the ones suggested in [94], [60], and [73]. However, the performance of
OPF solvers for offline data generation and the availability of historical data with power util-
ities adequately motivate supervised learning. Nevertheless, there are two main challenges
central to learning for OPF. First, traditional deep learning approaches are not amenable
to enforcing constraints even for the training set. Predictions for OPF minimizers may
have limited standalone value if the related constraints are violated. Second, power systems
undergo frequent topological and operational changes that require retraining deep neural
networks (DNN), potentially at short intervals. Deep learning-based approaches are tradi-

tionally data-intense and frequent retraining for large systems may be prohibitive.

To cope with the first challenge, a DNN may be engaged to better initialize (warm-start)
existing numerical solvers [141], or to predict active constraints and thus result in an OPF
model with much reduced number of constraints [59], [33], [42]. Another group of approaches
targets constraint satisfaction by penalizing constraint violations and the related Karush—
Kuhn-Tucker (KKT) conditions [96], or explicitly resorting to a Lagrangian dual scheme for
DNN training [51], [60], [139]. The third alternative involves post-processing DNN predic-
tions by projecting them using a power flow solver [96], [141]. Although the projected point

satisfies the power flow equations, it may still violate engineering limits.

To cater to the second challenge of frequent model changes, sample-efficient learning models
that generalize well are well motivated. One way to achieve that is by prudently designing the
DNN architecture using prior information. For instance, by seeking an input-convex DNN

when the underlying input-output mapping is convex [145], or using DNNs that unroll an
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iterative optimization algorithm [144], or adopting graph-based priors [94], [138]. The previ-
ously mentioned approaches that design objective functions based on OPF constraints and
KKT conditions may also be seen as including prior knowledge in training, thus enhancing

learnability.

Recent works in the general area of physics-informed learning aim at incorporating prior
information on the underlying data, not occurring in conventional training datasets [99].
Specifically, for learning solutions of differential equations, the derivatives of DNN output
with respect to input carry obvious virtue. Suitably utilizing these derivatives yields signif-
icant advantages in such applications [99], [89]. While for differential equations derivatives
with respect to time and/or space dimensions emerge naturally, sensitivities in an opti-
mization problem have been underappreciated. To this end, our recent work proposed a
novel approach of training sensitivity informed DNNs (SI-DNN), intended to learn OPF
solutions [111]. Training SI-DNNs requires computing the sensitivities of OPF minimizers
with respect to the input parameters. For DC-OPF posed as linear or quadratic programs,
computing these sensitivities is simpler, and using these to train DNNs yielded remarkable

improvements; see [111].

The contributions of this work are on four fronts: ¢1) We put forth a novel approach for
training DNNs to predict AC-OPF solutions by matching not only the OPF minimizers, but
also their sensitivities (partial derivatives collected in a Jacobian matrix) with respect to the
OPF problem parameters, such as load demands. ¢2) We compute the desired sensitivities for
general nonlinear OPF formulations building upon classical works on perturbation analysis of
continuous optimization problems [22], [50], [39]. Existing sensitivity results assume certain
constraint qualifications that may not be satisfied by OPF instances. ¢8) We relax such
assumptions and establish that the sensitivities of primal OPF solutions do exist under

significantly milder conditions. ¢4) In pursuit of globally optimal OPF solutions for training
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a DNN, we also study the SDP formulation of the AC-OPF and compute its sensitivities
upon leveraging the sensitivities of the related QCQP. Such shortcut obviates the difficulty

of differentiating a conic program.

The rest of the paper is organized as follows: Section 6.4 presents the key methodology for
SI-DNNs. Section 6.5 poses the AC-OPF as a parametric optimization taking the form of a
non-convex QCQP. Section 6.6 establishes that the sought sensivities of the AC-OPF exist
under mild conditions and explains how they can be readily computed. Section 6.7 computes
the sensitivities of globally optimal AC-OPF solutions obtained via the SDP relaxation of
the OPF. The numerical tests of Section 6.8 contrast SI-DNN to conventionally trained
DNNs using datasets generated by MATPOWER and the SDP-based OPF solver on three

benchmark power systems. Conclusions are drawn in Section 6.9.

Notation: lower- (upper-) case boldface letters denote column vectors (matrices). Calli-
graphic symbols are reserved for sets. Symbol T stands for transposition, vectors 0 and
1 are the all-zeros and all-ones vectors or matrices, and e,, is the n-th canonical vector of
appropriate dimensions implied by the context. Operator D(x) returns a diagonal matrix

with the entries of vector x on its main diagonal.

6.4 Sensitivity-Informed Training for DNNs

Consider the task of optimally dispatching generators and flexible loads to meet power
balance constraints h(-) while enforcing engineering limits captured by g(-). OPF boils
down to a parametric optimization problem that has to be solved routinely for different
values of the problem parameters being the time-varying renewable generation and loads.
The problem can be abstracted as: Given a vector @ € RY of problem parameters or inputs,

find an optimal dispatch xg € R consisting of voltages and generator setpoints as the
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minimizer

Xg € argmin f(x;0) (Po)
sto h(x;0)=0: Ag

g(x;0) < 0: py

where functions f(x;8), h(x;0), and g(x; 0) are continuously differentiable with respect to x
and 0; and vectors (Ag, pg) collect the optimal dual variables corresponding to the equality

and inequality constraints, respectively.

To save on running time and computational resources, rather than solving (Pp), one can
adopt a learning-to-optimize approach and train a learning model such as a DNN to predict
approximate solutions of (FPp); see e.g., [119]. Once presented with an instance of 8, this
DNN can be trained to output a predictor X(0;w) of xg. The DNN is parameterized by
weights w, which can be selected upon minimizing a suitable distance metric or loss function

between xg and x(6; w) over a training set.

Given a choice for a DNN architecture, the straightforward approach for learning-to-optimize

entails two steps:

S1) Building a labeled training dataset {6,,%g,}5_, by solving S instances of (Pp); and

S2) Learning w by minimizing a data fitting loss over the training dataset as

S

m“ilnz (%(05; W), X, ) . (6.1)

s=1

For a regression task such as the one considered here, commonly used loss functions ¢ include

the mean squared error (MSE) ||x(0; w) —xg/||2 or the mean absolute error (MAE) ||x(0; w)—
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Figure 6.1: The left panel depicts the optimal generation dispatch pZ(@) for bus 5 as a
function of load demands at buses 2 and 4, that is 8 := [p¢ p¢]". Sampling the parameter
space of @’s provided 523 feasible OPF instances, of which 37 instances constituted the
training set. The center and right panel show the dispatches learned by a P-DNN and an
SI-DNN. For the two DNNs, we used the same training points (red circles), architecture (two
hidden layers with 16 neurons each), optimizer, and learning rates. P-DNN fails to learn the
drop in pf for larger load demands.

xgl||1. We refer to a DNN trained by solving (6.1) as a plain DNN or P-DNN for short. The
conventional P-DNN approach focuses merely on the dataset {0,,xg,}>_;, and is oblivious

of any additional properties the mapping 8 — xg induced by (FPp) bears.

The key idea here is to extend each training data pair (0,,xg,) as (0s,Xg,,Jg,), Where
Jo. = [VeXoelg_g, is the Jacobian matrix carrying the partial derivatives of the minimizer
Xg, With respect to @ evaluated at @ = 0, assuming such sensitivities exist. To incorporate

the sensitivity information into DNN training, we propose augmenting the loss function with

an additional fitting term as

S
i 3 %(0,w) = .3+ 1301 w) — Jo (62
s=1
where p > 0 is a scalar weight and || - || denotes the matrix Frobenius norm. The DNN

trained by solving (6.2) aims to match not only the target output xg, but also the sensitivities

of xg with respect to 8. We term this neural network a sensitivity-informed DNN or SI-DNN.

To motivate the inclusion of sensitivities, let us provide some geometric intuition. An SI-
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DNN describes a mapping whose output is intended to agree with label xg, for an input 6,
of the training set. Additionally, the learned mapping serves as a local first-order affine ap-
proximation to the 8 — xg mapping. SI-DNNs for learning optimizers were first introduced
for solving multiparametric QPs (MPQP) in the conference precursor of this work [111].
For MPQPs, the minimizer xg is known to be a piecewise affine function of 6 [24], [121].
Hence, a DNN with rectified linear unit (ReLU) activations is well-motivated as it can de-
scribe such mapping. If hypothetically trained to zero training error, this SI-DNN would
yield perfectly accurate predictions in a neighborhood of each training datum 6,. Numerical
tests showed improvements of 2-3 orders of magnitude for SI-DNN over P-DNN in inferring

MPQP solutions [111].

This work advocates that the sample efficiency benefit of SI-DNN over P-DNN goes well
beyond MPQPs. Before going into the details, we provide an illustrative example on the
PJM 5-bus power system, which we dispatched via AC-OPF by varying the active load
demands 0 := [pd p¢]" on buses 2 and 4 within [1.5, 3.75] per unit (pu) and [0.4, 6] pu,
respectively. Fixing the other demands, we dispatched the generators at buses 1 and 5,
and removed other generators. Fig. 6.1 depicts the enhanced performance of SI-DNN over

P-DNN in predicting pZ, the optimal dispatch at bus 5.

This new learning-to-optimize approach alters the two steps of the P-DNN workflow as
follows. For step S1), in addition to the minimizer xg_, we now have to compute the Jacobian
matrix Jg, for all instances s, if such sensitivities exist. Sections 6.6-6.7 explain how and
when such Jacobian matrices can be computed for a non-convex and a convexified rendition of
the AC-OPF. The punchline is that obtaining Jg requires minimal additional computational
effort and no intervention to the OPF solver. Once the primal/dual solutions have been
found by the OPF, finding Jg is as simple as solving a linear system of equations. For

step 52), we migrate from solving (6.1) to (6.2). Matrix Jg, is a constant that has been
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evaluated for all s during step S1). Matrix J(6,; w) on the other hand is a function of w
and is not straightforward to compute. Fortunately, computing J (65; w) can be performed
efficiently thanks to advances in automatic differentiation [12]. Modeling (6.2) in existing
DNN software platforms (such as TensorFlow) is almost as easy as modeling (6.1) modulo
the coding modifications deferred to Appendix 6.9. Our numerical tests of Section 6.8 further

show that the extra computational time for solving (6.2) is modest. Before computing Jg,

we first pose AC-OPF as a parametric QCQP.

6.5 AC-OPF as a Parametric QCQP

A power network with N, buses can be represented by an undirected connected graph G =
(N, E), whose nodes n € N := {1,..., N} correspond to buses, and edges e = (n,k) € &
to transmission lines, with cardinality |€| := E. Given line impedances, one can derive the
Ny x N, bus admittance matrix Y = G + jB. Let v, = v” + jv} and p, + jg, denote
respectively the complex voltage and power injection at bus n € N. Power injections are

quadratically related to bus voltages through the power flow equations

Ny

Po=3_ Uh(0pGur — U Bui) + vl (vjGrk + 0} By
k=1
Ny

In = Z 0, (V.G — v Bni) — vy (0, Gk + U, Bk
k=1
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If v € R*™ collects the real and imaginary parts of nodal voltages as v := [(v")T (vi)T]T

. N, . N . .
with v := {o"}"* and v := {v!} 2, the power flow equations can be written as

pn=Vv M, Vv (6.3a)

=V M, Vv (6.3b)

where M,,, and M,, are 2N, x 2N, symmetric real-valued matrices [69]. Squared voltage

magnitudes can also be expressed as quadratic functions of v as

oy, + gun|* = v My, v (6.4)

where M, = eneTTL + erJmeLb +n- The same holds true for the squared magnitude of line
currents. If y,,, is the series impedance of line (m,n) € £, the current flowing on this line is

tmn = (Om — On)Ymn, and thus,

limn|? = VI M;, v (6.5)

where Mimn = |ymn|2(em - en)<em - en)T + |ymn|2(er+m - er-‘rn)(er-‘rm - er-‘rn)T'

The active power injected into bus n can be decomposed into a dispatchable component pJ
and an inflexible component p? as p, = p? — p?. The former captures the active power
dispatch of a generator or a flexible load located at bus n. The latter captures the inelastic
load to be served at bus n. To simplify the exposition, each bus is assumed to be hosting at
most one dispatchable resource (generator or flexible load). The reactive power injected into
bus n is decomposed similarly as ¢, = ¢ — ¢¢. Let N, C N be the subset of buses hosting
dispatchable power injections with cardinality N,. Bus n = 1 belongs to N, and serves as
the angle reference, so that v} = v'e Nb+1exb 41V = 0. The remaining buses host non-flexible

loads and constitute the subset Ny = N\ N, with cardinality N; = N, — N,. For simplicity,



CHAPTER 6. LEARNING TO SOLVE THE AC-OPF usING SENSITIVITY-INFORMED DEEP NEURAL
138 NETWORKS

we will henceforth term the buses in N as generator buses, and the ones in Ny as load buses.

Zero-injection (junction) buses belong to N, and satisfy p? = p¢ = ¢4 = ¢Z = 0.

Given the inflexible loads at all buses {p?, ¢%},cnr, the OPF problem aims at optimally
dispatching generators and flexible loads {pg, ¢J }nen;, While meeting resource and network

limits. The OPF can be formulated as the QCQP [25], [80]

min Y dpl + chgl (P1)
nGNg

2N
over v € R*™ {p? q¢}nen,

sto v M, v=pl—p VneN, (6.6a)
v M, v=¢ —q, VneN, (6.6b)
vIM,, v=—-pl VnehN (6.6¢)
vIM, v=—q¢, VnenN (6.6d)
P! < v M, v+pl<p, VineN, (6.6¢)
¢ < vIM, v+¢l <, VineN, (6.6f)
v, <V M, v <0, VneN (6.6g)
vieniiey v=0 (6.6h)
v M, v < i, vV (m,n) € & (6.61)

where (2, c) are the coefficients for generation cost or the utility function for flexible load
at bus n. Constraints (6.6a)—(6.6d) enforce the power flow equations at load and generator
buses. Constraints (6.6e)—(6.6f) impose limits for generators and flexible loads. Constraints
(6.6g) confine squared voltage magnitudes within given ranges and (6.6h) identifies the ref-

erence bus. Finally, constraint (6.6i) limits squared current magnitudes according to line

ratings.
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Problem (6.6) is a parametric QCQP as it needs to be solved for different values of demands
{p, 2 }nen; costs {¢, Fnen;,; and generation capacities {r?, 79,4, @} Voltage limits {v,,, 0, }
for n € N and current limits {i(;,, } for (m,n) € £ may also be changing due to normal
and emergency ratings. To keep the exposition uncluttered, we henceforth fix all but the
inelastic demands to known values. In other words, we are interested in solving (6.6) over

different values of the parameter vector 8 := {p?, ¢¢},crr € R%.

The optimization variables of (6.6) consist of all nodal voltages v and the (re)active power
schedules for generators. If vector x, collects generator schedules {p?, % }nen,, then vector
Xg = [v' x| denotes the minimizer of (6.6) for the specific parameter vector 6. Aiming
for the complete xg is apparently an over-parameterization of the problem, adopted only to
ease the formulation in (6.6). What the system operator actually needs to know in practice
is only the voltage magnitude and active power schedule for each generator (modulo the
reference generator for which we set the voltage magnitude and angle). In light of this and
to reduce the DNN output dimension, the DNN is trained to predict the PV setpoints for

generators. Given the predicted quantities and knowing the values for inflexible loads from

0, the remaining quantities can be readily computed using a power flow solver anyway.

Given a set of (locally) optimal primal /dual solutions for (6.6), we next analyze the sensitivity
of the parametric AC-OPF. Sensitivities are computed for the complete xg, from which the

Jacobian Jg needed in (6.2) can be readily obtained.
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6.6 Sensitivity Analysis for QCQP-based OPF

To analyze the sensitivity of (6.6) with respect to 6, let us first express the vectors of complex

power injections across all buses as

— Ax, + B6 (6.7)

where x, stacks the generator (re)active power injections {p%, ¢J}nen;, and (A,B) are ma-

trices assigning generators and loads to buses. We then reformulate (6.6) as

min ag X, (6.8a)
sto vLyv=a,x,+b,0, (=1:L: X (6.8b)
v M,v<d. 0+ f., m=1:M: ppn, (6.8¢)

where ag collects the generation cost coefficients (cf. (6.6)); the first L = 2N, + 1 constraints
in (6.8b) correspond to the power flow equations (6.6a)—(6.6d) and the angle reference con-
straint (6.6h), while constraints (6.8c) correspond to the M = 4N, 4+ 2N, + E inequality
constraints of (6.6). Matrices (L;, M,,) are drawn from the M matrices appearing in the
quadratic forms of (6.6). Vectors (as, by) correspond to rows of matrices (A, B) in (6.7) for
¢ < 2Ny; and 0 for £ = 2N, + 1. Vectors d,,, are indicator (canonical) vectors and constants

fm relate to generation, voltage, and line limits.

Aiming at computing the sensitivity of a minimizer x = [v x/] of (6.8) with respect to 6,
we explored the related literature. Fortunately, there exists a rich corpus of work on pertur-
bation analysis of continuous optimization problems with applications in operation research,

economics, mechanics, and optimal control [22]. The first approaches applied the implicit
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function theorem to the related first-order optimality conditions [50]. Thereon, many devel-
opments have been made towards relaxing the assumptions of initial works, and expanding
the scope to conic programs [39], [26], [22], [2]. For several recent applications however, the
early approaches of [50] are well suited due to their simplicity; see for example [5]. Building
upon [50], we next compute the sensitivities required for SI-DNN in Section 6.6.1; and relax

some of the needed assumptions in Section 6.6.2.

6.6.1 Perturbing Optimal Primal/Dual Solutions

Towards instantiating (Py) with (6.8) and to reduce notational clutter, let us use symbols
(x, A, p) to denote the optimal primal/dual variables (xg, Ag, ttg) of (6.8) for a particular 6.
Under mild technical assumptions, a local primal/dual point for (6.8) satisfies the first-order
optimality conditions [39]. The goal of sensitivity analysis is to find infinitesimal changes
(dx, dA, dp), so that the perturbed point (x+dx, A+dA, p+dp) still satisfies the first-order
optimality conditions when the input parameters change from 0 to 6 + d@ [50]. To this end,
we next review the optimality conditions and then differentiate them to compute the sought

sensitivities.
The Lagrangian function of (6.8) is defined as

L
L(x,\, 1;0) := agx, + Z A (vILyv—a/x, — b, 0)
=1

M
+ ) i (VM v —d),0 = ) |

m=1
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With x := {v,x,}, Lagrangian optimality V4L = 0 gives

L M
(Z MLy + Z ,umMm> v =20. (69&)
/=1 m=1

J/

~-
=7

L
ap — Z )\gag (69b)
=1

In addition to Lagrangian optimality, first-order optimality conditions include primal feasi-

bility [cf. (6.8b)—(6.8¢)], as well as complementary slackness and dual feasibility for all m:

fim, (VM v —d 0 — fr) =0 (6.10a)

J

~
=gm

fim > 0. (6.10b)

From the aforementioned optimality conditions, let us focus on those that take the form of
equalities, namely (6.9a)-(6.9b), (6.8b), and (6.10a). For these conditions, we will compute

their total differentials. From the first three, we obtain

Zdv+LydA+M,dp=0 (6.11a)
ATdA=0 (6.11Db)
2L, dv — Adx, —Bdf =0 (6.11c)

L M
where Ly := >, Lyve/; and M, := > M,,ve, .

For (6.10a), the total differential is

Im A, + po dgm, = 0 (6.12)
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where dg,, := (vam)T dv + (Vggm)T d@ for all m. We identify three cases:

c1) If p,, =0 and g,, < 0, then (6.12) implies du,, = 0. It follows that: i) p,, + dp, = 0;
i) (o + dper) (gm + dgm) = 0; and iii) g, + dgm, < 0 for any small dg,,. In conclusion,
condition (6.12) ensures that the perturbed point satisfies conditions for optimality,

including the inequalities from primal/dual feasibility.

c2) If p, > 0 and g, = 0, then (6.12) gives dg,, = 0. It also follows that: i) g,, +dg,, = 0;
i) (fm + At ) (g +dgm ) = 0; and ) pr, +dp, > 0 for any small dp,,. Asin case ¢1),

condition (6.12) ensures that the perturbed point satisfies all conditions for optimality.

c3) If py, = gm = 0, then (6.12) is inconclusive on dg,, and du,,. In this degenerate
case, for the perturbed point to remain optimal, we need to explicitly impose: )
dgm < 0; 4) dp,, > 0; and 4i2) dg,, dp,, = 0. Even though the three latter constraints
can be handled by the sensitivity analysis of [39], [26], they considerably complicate
the treatment. Moreover, such degeneracy is seldom encountered numerically. We

henceforth rely on the so called strict complementarity assumption, which ignores case

¢3) [50].

Assumption 4. Given a tuple of optimal primal /dual variables (x, A, u), constraint g,,(x; 0) =

0 if and only if z,, > 0.

Two observations are in order. First, the analysis under c1)-c2) reveals that although we
perturbed only the equality conditions for optimality, the obtained perturbed point satisfies
the inequality conditions for optimality as well. Therefore, under Assumption 4, the point
(x + dx, A+ dA, u + dp) satisfying the perturbed optimality conditions is (locally) optimal
for (6.8), when solved for 8 + d€. Second, despite Assumption 4, if a degenerate instance

of (6.8) does occur for some 6, in the training dataset, the particular pair (05, xg,) can still
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be used to train the SI-DNN, yet without the additional sensitivity information. In other

words, degenerate instances can contribute only to the first fitting term of (6.2).

Applying (6.12) for all m, the total derivatives for (6.10a) can be compactly expressed as

D(g)dp +2D(u)M ), dv — D' df =0, (6.13)

where g := {g,, }M_, stacks the inequality constraint values, and matrix D := "M i, d,.el.

Operator D(x) returns a diagonal matrix with vector x on its main diagonal. Conditions

(6.11) and (6.13) can be collected in matrix-vector form as

Z 0 L, M, dv 0
0 0 AT 0 dx, 0
- 6 (6.14)
2L -A 0 0 dA B
2D(u)M, 0 0 D(g) dp D'
- ™, T

To compute the sensitivities of primal and dual variables with respect to the p-th entry
6, of 8, we need to solve the previous system of 2(V, + Ny) + L + M linear equations for
d@ = e,. The size of the system can be reduced by dropping the numerous inactive inequality
constraints of (6.8) for which p,, = 0 and g, < 0, and thus, du,, = 0 as discussed earlier
under case c1). Notably, if matrix S is invertible, the aforementioned sensitivities can all be
found at once using the respective blocks of S~'Ue,. We next address two relevant questions:

ql1) When is S invertible?; and ¢q2) What are the implications of a singular S?
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6.6.2 Existence of Primal Sensitivities

To address ¢I) for an arbitrary (Py), the existing literature identifies some assumptions on
(x, A\, u; 0). We first review these assumptions, and then assess if they are reasonable for
the OPF task at hand. Given an optimal primal x for some 8, let A(x) denote the subset
of inequality constraints of g(x;0) < 0 that are active or binding, that is A(x) := {m :

gm(x;0) = 0}. A primal solution x is termed regular if the next assumption holds.
Assumption 5. The vectors {Vxhs}w and {Vxgm bmeax) are linearly independent.

For the OPF in (6.8), the functions h, and g, correspond to the (in)equality constraints
(6.8b)—(6.8¢c) written in the standard form as in (Fp). Assumption 5 is often referred to as
linearly independent constraint qualification (LICQ). If a (locally) optimal x satisfies the
LICQ, the corresponding optimal dual variables (A, p) are known to be unique [17]. In

addition to satisfying first-order optimality conditions, a sufficient condition for (x, A, u; 0)

to be (locally) optimal is often provided by the following second-order optimality condition.

Assumption 6. For a subspace orthogonal to the subspace spanned by the gradients of

active constraints
Z:={z2:2"Vxhy =0V {,2' Vg, =0V m e A(x)}

it holds that z' V2, Lz > for all z € Z\ {0}.

Under the strict complementarity, regularity, and second-order optimality conditions, matrix

S is guaranteed to be invertible; see Theorem 2.1 and Corollary 2.1 of [50].

Lemma 6.1 ([50]). If Assumptions /—6 hold, matriz S™' exists.

Lemma 6.1 implies that under the stated assumptions, the optimal primal and dual variables
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of (Pp) vary smoothly with changes in parameter €, and the associated sensitivities can be
found via (6.14). While Assumptions 4—6 seem to be standard in the optimization literature,
our recent work on the optimal dispatch of inverters in distribution grids demonstrated an-
alytically and numerically that LICQ (Assumption 5) is violated frequently [111]. Instances
violating LICQ can be conceived for the AC-OPF in (6.8) too. To bring up one such example,
consider a power system where a load bus m is connected to the rest of the system through
another bus n via a single transmission line (m,n). As bus m is a load bus, it contributes
two equality constraints (6.6¢) and (6.6d). It can be shown that if any of the three following
scenarios occurs, LICQ fails: 7) the voltage limits in (6.6g) become binding (above or below)
for both buses m and n; i) line (m,n) becomes congested [cf. (6.61)] and a voltage limit
at bus m becomes binding; or ) line (m,n) becomes congested and a voltage limit at bus
n becomes binding. Attempting to circumvent LICQ violation via problem reformulations
may be futile as their occurrences depend on 6, and are thus hard to analyze. This critical

observation leads us to question ¢2).

The implications of a singular S have previously been investigated in [39] and [26]: When
LICQ is violated despite strict complementarity, the sensitivities of some primal/dual vari-
ables may still exist with respect to a #,. In detail, consider the set I' := { € R2No+No)+L+M
S~ = Ue,}, which is the solution set of (6.14). If the n-th entry of < remains constant for
all v € T, the sensitivity of the n-th entry of [x" AT p']" with respect to 6, does exist.
Since for training an SI-DNN, we are interested only in the sensitivities Vgx, we need to
ensure that all solutions 7 € I' share the same first IV entries. This is equivalent to saying
that the first entries of n are zero for all n € null(S). The equivalence stems from the fact
that if Sy = u for a 4, any other solution to S = u takes the form v = 4 + n for some
n € null(S). The next claim provides sufficient conditions for the first NV entries of n to be

Zero.
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Theorem 6.2. If Assumptions 4 and 6 hold, then n; =0 fori=1,...,2(N, + N,) for all
n € null(S).

Proof. The claim holds trivially for n = 0. The proof for non-zero n builds on Assumption 6,

and thus the terms involved in these assumptions are computed for (6.8) first.

) Z 0 2L,v 2M,,,v
Vi L = ,Vxhg = ,ngm =

Given vector n # 0 such that Sn = 0, partition n conformably to [v' x; AT p")T as

n:=[n, n;g ny n,;]". By the definition of S in (6.14), expanding Sn = 0 yields

Zn, +Lyny+M;n, =0 (6.16a)
A'n,=0 (6.16b)

2L n, — An,, =0 (6.16¢)
2D(p)M 1, + D(g)n, = 0. (6.16d)

Assumption 4 dictates that the first and second term in (6.16d) have complementary sparsity,
so that D(u)Mn, = 0 and D(g)n, = 0. Recalling the definition M, := M M, e,
equation D(p)M,n, = 0 indeed implies [n, n; |Vyg,, = 0 for all m € A(x), and together

v nl‘g

with (6.16¢) ensures

€z (6.17)

Pre-multiplying (6.16a)—(6.16b) by 2n, and n;g and summing the two resulting equations



CHAPTER 6. LEARNING TO SOLVE THE AC-OPF usING SENSITIVITY-INFORMED DEEP NEURAL
148 NETWORKS

yields

on'Zn, +2n'Lyn, +n! A'n,
v v Tg

2M
+[n) n]] ! n, =0 (6.18)

where the second and third term on the left-hand side (LHS) sum up to zero per (6.16¢).
Since D(g)n, = 0, if g, # 0, then the m-th entry n,,, of n, should be zero. In other
words, we get that n, ,, = 0 for all m ¢ A(x), and thus, Q[M; 0]'n, = ZmeA(x) Vi GmMpm-

Substituting the latter into (6.18) gives

2n Zn,, + Z [, nlg]Tngmn#,m =0.
meA(x)

The second term on the LHS equals zero due to (6.17). Therefore n, Zn, = 0, thus implying

2 Dy
n' n; Vi L =0
n,,
which contradicts Assumption 6, unless n, = 0 and n,, = 0. []

Thanks to Theorem 6.2, we can proceed with computing Vgx by solving (6.14) even if
S is singular. In other words, Theorem 6.2 allows us to compute Vgx even if the LICQ
(Assumption 5) fails. If ST is the pseudo-inverse of S, the Jacobian matrix Jg = Vx can be

computed as the top 2(N, + N,) rows of —STU.

The previous analysis has tacitly presumed the system S+ = u has at least one solution
for all u € range(U). The numerical tests of Section 6.8 demonstrate that for the AC-OPF

in (6.8), the system S+ = u features a solution indeed.
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As discussed earlier, we focus on training an SI-DNN for predicting generator voltage mag-
nitudes and active power setpoints. Having solved (6.14) and found the sensitivity of x with
respect to 6, the sensitivity of active power generation can be obtained readily using the
corresponding entries of x,. The sensitivity of voltage magnitudes can be derived from the
sensitivities of the real and imaginary components of voltages with respect to 6. Precisely,
the voltage magnitude at bus n is given by v, = /(v1)? + (v})? and its sensitivity with

respect to 6, can be found through the chain rule

3 v,

v, 1 [ o Ly o,
= v v .
" 00, " 00,
Evaluating the above completes the requirements of sensitivities for augmenting the SI-DNN

training set.

From (6.14), the required sensitivities obviously depend on values of optimal primal/dual
variables of (6.8). Problem (6.8) is a non-convex quadratic program and existing solvers may
converge to a local rather than a global solution. Albeit the previous sensitivity analysis
is valid even for local solutions, the performance of the trained DNN will be apparently
suboptimal. To train an SI-DNN to predict global OPF solutions, we next extend the

analysis to the SDP relaxation of (6.8).
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6.7 SDP Relaxation of the AC-OPF

In pursuit of globally optimal AC-OPF schedules, the non-convex QCQP of (6.8) can be
relaxed to the SDP [§]

: T
Xgl\}rtlo ay Xy (6.19a)
sto Tr(L,V)=a,x,+b,0, VAP, (6.19b)
Tr(M,, V) <d 6 + f,., Vm: o . (6.19¢)

Problem (6.19) is equivalent to (6.8) if matrix V is rank-1 at optimality, in which case the
SDP relaxation is deemed as ezxact. The relaxation turns out to be exact for several power
networks and practical loading conditions; see [79] for a review of related analyses. When

the relaxation is exact, the V minimizer of (6.19) can be expressed as V = vv'.

We briefly review how the solution (x4, v; A, ) obtained from the SDP formulation of (6.19)
satisfies the first-order optimality conditions for the non-convex QCQP in (6.8) as well. To

this end, it is not hard to derive the dual program of (6.19):

L M
max — > ADO =D p1(d),0 + fn) (6.20a)
H =1 m=1
L
sto ag =y May (6.20b)
(=1
L M
Z:=> ML+ pimM,, = 0 (6.20c)
/=1 m=1
pw>0. (6.20d)

The optimality conditions for the SDP primal-dual pair (6.19)—(6.20) then include:
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i) Primal feasibility (6.19b)—(6.19¢) implies (6.8b)—(6.8¢).

it) Dual feasibility (6.20d) applies to (6.8) as well.

i17) Complementary slackness for (6.19¢) applies to (6.8¢).

iv) Complementary slackness for (6.20c) gives Tr(VZ) = 0 or Zv = 0, which along

with (6.20b) yield the Lagrangian optimality conditions for the QCQP shown in (6.9).

Therefore (x4, v; A, p) is a stationary point for the QCQP in (6.8). Because it further attains

the optimal cost for the relaxed problem in (6.19), it is in fact the globally optimal for (6.8).

To recapitulate, we have used the non-convex QCQP formulation of the AC-OPF to derive
the sensitivity formulae of (6.14). This is advantageous as the QCQP features differentiable
objective and constraint functions. The obtained sensitivity formulae can be evaluated at
the AC-OPF solution provided by any nonlinear programming solver, although such solution
may be only locally optimal. To compute a globally optimum AC-OPF solution, we propose
using (6.19) instead. If the SDP relaxation is exact, the obtained solution is globally optimal,
while the sensitivity formulae derived from QCQP can still be used. Our suggested workflow
avoids computing the sensitivities of the SDP formulation for the AC-OPF: Even though

differentiating through convex cone constraints is possible [2], it can be perplexing.

6.8 Numerical Tests

The novel SI-DNN approach was evaluated using the IEEE 39-bus, the IEEE 118-bus, and
the Illinois 200-bus system. Datasets were generated using either the nonlinear OPF MAT-
POWER or the globally optimal SDP-based solver.
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6.8.1 DNN Architecture and Training

To ease the implementation and without loss of generality, we assumed that buses hosting
generators do not host loads, i.e., p¢ = ¢¢ = 0 for all n € N,. As discussed at the end of
Section 6.5, the DNN input € consists of the 2(N, — N,) (re)active power demands at load
buses. The DNN output is the setpoints for active power and voltage magnitude (p9,v,,)
at all generators n € N, excluding p{ for the slack bus. We collect these output quantities

in Xg, a subvector of xg.

Both for P-DNN and SI-DNN, we choose a feed-forward fully-connected architecture. For
the number of hidden layers being K, denote the number of neurons in layer k by uy, with
input dimension uy = 2(N, — Ny) and output dimension uxi; = 2N, — 1. To explicitly
constrain DNN outputs as per (6.6e) and (6.6g), the output layer uses tanh as its activation
function, while all other layers use ReLLU. For DNN training and evaluation, labels xg were

suitably scaled within [—1,1].

We built all DNNs using the TensorFlow 2.0 python platform alongside Keras libraries.
Training an SI-DNN deviates from the default routine as gradient updates are implemented
separately; see Appendix 6.9 for key differences. For DNN training, at every weight-update
step, the gradients computed via the procedure in the appendix are passed to the Adam
optimizer. For all tests, we set factor p = 20 in (6.2), and the initial learning rate for Adam
to 5x 10~ with an exponential decay reducing the rate to 85% every 250 epochs. DNNs were

compiled using Jupyter notebook on a 2.7 GHz Intel Core i5 computer with 8 GB RAM.

6.8.2 Learning Locally Optimal OPF Solutions

We first trained DNNs towards predicting MATPOWER AC-OPF minimizers. We con-

trasted SI-DNN with P-DNN in terms of the MSE and the related training times.
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Figure 6.2: Average training and testing errors for different training sizes (top); and errors
across epochs for different runs with training size 10 (bottom).

Tests on IEEE 39-bus system

The network parameters and nominal loads for the IEEE 39-bus system were fetched from

the MATPOWER casefile [153]. The 39-bus system hosts N, = 10 generators. The

benchmark system has loads on two of the generator buses. Removing these, there are 29

load buses. To build a dataset for DNN testing and training, a set of 1000 random 0 € R???

was sampled, and the corresponding Xy’s were obtained via MATPOWER. To represent

various demand levels, we sampled the 1000 random @’s by scaling the benchmark demands

entry-wise by a scalar drawn independently and uniformly from [0.8,1.2]. A uniform active
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Table 6.1: Average Test MSE [x 1073] and training Time [in sec] for predicting MATPOWER
solution on IEEE 39-bus system

Training P-DNN SI-DNN
Size MSE Time | MSE Time

10 8.6 738 3.3 746
50 4.3 739 2.1 756
100 3.2 747 20 776
250 1.9 302 20 332

power cost was used for all generators. The default OPF formulation of MATPOWER
deviates from the QCQP in (P1). These differences introduce some nuances in building the
linear system of (6.14) for computing sensitivities; see Appendix 6.9 for details. Having
built the aforementioned dataset {(8s,Js,,%g, )%, the architectures for SEDNN and P-
DNN were determined next. Based on preliminary tests, identical architectures were chosen
for P-DNN and SI-DNN with K = 4 hidden layers with u; = 256 neurons for £k =1,...,4.
Preliminary tests showed negligible effect on P-DNN performance if the number of layers

is reduced to three. Nevertheless, the architecture for the two DNNs was kept identical to

ensure equal expressibility.

The evaluation for the two DNNs for different training sizes was performed as follows. First,
for a training size of 10, we created 20 different training sets by sampling 10 OPF instances
from the dataset without replacement. For each of these 20 times or runs, the OPF instances
not sampled for training consisted the training sets. We then separately trained P-DNN and
SI-DNN on these 20 sets. For the training sizes of (50, 100,250), we had (20, 10,4) runs,
respectively. For training sizes (10,50, 100), the entire training set was used for gradient
computation at each step, with the total epochs being 5000. When the training size was
250, the batch-size was fixed to 100, and total epochs to 2000. The training and testing MSE
loss for all training sizes, and runs are shown in Fig. 6.2 (top). For the tests with training

size 10, the evolution of DNN errors are shown in Fig. 6.2 (bottom). The average test MSE
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Table 6.2: Average Test MSE [x 1073] and training Time [in sec] for predicting MATPOWER
solution

IEEE 118-bus Illinois 200-bus
Training P-DNN SI-DNN P-DNN SI-DNN
Size MSE Time | MSE Time | MSE Time| MSE Time
25 1.8 447 1.1 483 | 0.1894 452 | 0.0424 491
50 1.7 458 1.1 527 | 0.1469 456 | 0.0376 524
100 1.6 463 0.9 610 | 0.0913 471 | 0.0620 608

and training times for the two DNNs are shown in Table 6.1. From Fig. 6.2 (top), we observe
as anticipated, that for both DNNs, the gap between training and testing loss decreases for
larger training size. Further, the errors for different runs are well clustered, indicating a
numerically stable DNN implementation. From Table 6.1, it is fascinating to note that the
test loss attained by SI-DNN is much lower than P-DNN, especially at smaller training sets.
For instance, the P-DNN requires 100 samples to roughly attain the average test MSE which
the SI-DNN attains with 10 samples. It is worth stressing that the improvement in sample

efficiency comes at modest increase in training time.

Tests on other benchmarks

The DNN architecture chosen for the other two power systems was similar to the IEEE
39-bus case with the differences being in the number of neurons per layer. Specifically, the
DNNs used for the 118—, and 200-bus systems had 512 neurons in hidden layers, with the
input (output) layers having 302 (97), and 128 (107) neurons, respectively. For each of
these systems, we created a dataset with 500 random demands. The linear cost coefficients
from the respective benchmark systems were retained as ¢,’s, while the reactive power cost
coefficients were set to zero. All DNNs were evaluated for five runs, with training sizes of

25, 50, and 100. Table 6.2 summarizes the obtained results.
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Table 6.3: Average Test MSE [x 107?] for predicting SDP solutions, and constraint violation
statistics on the IEEE 39-bus system

Train. P-DNN SI-DNN
Size | MSE (a) (b) (c) | MSE (a) (b) (c)
10 6.3 2.61 0.50 9.78 | 091 252 0.37 3.35
50 3.6 245 0.55 7.38| 0.62 2.58 0.27 2.06
100 25 259 053 6.87| 067 252 0.27 1.96

(a) #violations /instance; (b) max. violation; (c) mean violation [x1072]

6.8.3 Learning Globally Optimal OPF Solutions

The SI-DNN was evaluated towards predicting the minimizer of an SDP relaxation-based
OPF solver for the IEEE 39-bus system. A uniform active power cost was used for all gen-
erators while the reactive power cost coefficients were set as ¢ = 0.1cE. To build a dataset,
a set of 1000 random 0’s was sampled as explained earlier. The corresponding Xg’s were ob-
tained by solving (6.19) using the MATLAB-based optimization toolbox YALMIP with SDP
solver Mosek [78]. For all SDP instances, the ratio of the second largest eigenvalue of matrix
V to the largest eigenvalue was found to lie in [3- 1077, 1 - 10™*]; numerically indicating an
exact relaxation. Thus, the eigenvector corresponding to the largest eigenvalue was deemed
as the optimal voltage v. As with learning MATPOWER solutions, the sample efficiency
of SI-DNN was found significantly superior to P-DNN in learning globally optimal OPF
solutions; see Table 6.3 for the average MSE attained during testing. The presented results
with local and global OPF solvers demonstrate that SI-DNN yields a dramatic improvement

in generalizability.

While emphasis has been on MSE, the importance of satisfying constraints cannot be under-
mined. To this end, we tested the feasibility of SIE-DNN OPF predictions using the following
metrics. For each of the DNNs, given a test input and DNN prediction, an AC power flow
solution was obtained using MATPOWER. For each instance, the inequalities in (6.8c) not

directly enforced by the tanh activation were evaluated. These included voltage limits on
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load buses, line flow limits, generator reactive power limits, and the slack bus active power
limits, totalling to 126 constraints for the 39-bus system. For suitable scaling, the violations
in flows and generation were normalized by the maximum limit, while voltage violations were
maintained in pu. We evaluated the constraint violations caused by implementing the pre-
dictions of SI-DNN and P-DNN on the test instances that remained after sampling training
sets of different sizes from the 1000 random instances. For different training sizes, Table 6.3
lists: a) the average number of violations, exceeding a normalized magnitude of 1074, per
test instance; b) the maximum constraint violation observed; and ¢) the violations averaged
over all constraints and test instances. Interestingly, while both DNNs incur similar count of
violations, SI-DNN reduces the maximum violation by half and mean violation to less than

a third.

6.9 Conclusions

This work has built on the fresh idea of sensitivity-informed training for learning the solutions
of arbitrary AC-OPF formulations. It comprehensively delineated the steps for computing
the involved sensitivities using the optimal primal/dual solutions, which are readily avail-
able by AC-OPF solvers. Such sensitivities of the primal AC-OPF solutions have been
shown to exist under mild assumptions, while their computation is as simple as solving a
system of linear equations with multiple right-hand sides. The approach is quite general
since the OPF solutions comprising the training dataset can be obtained by off-the-shelf
nonlinear OPF solvers or modern conic relaxation-based schemes. It is also worth stress-
ing that sensitivity-informed training can readily complement other existing learn-to-OPF
methodologies. Extensive numerical tests on three benchmark power systems have demon-

strated that with a modest increase in training time, SI-DNNs attain the same prediction
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performance as conventionally trained DNNs by using roughly only 1/10 to 1/4 of the train-
ing data. Such improvement on sample efficiency reduces the time needed for generating
training datasets, and is thus, relevant to delay-critical power systems applications. Fur-
thermore, SI-DNN predictions turn out to feature better constraint satisfaction capabilities
too. Sensitivity-informed learning forms the solid foundations for several exciting and prac-
tically relevant research directions, such as warm-starting key optimal primal/dual variables

to accelerate decentralized OPF solvers and predicting active constraints.

Appendix D

D.1 Python Implementation for SI-DNN

A typical implementation example for computing the gradient of the MSE loss in P-DNN

with respect to the DNN weights (which are the trainable variables) involves

with tensorflow.GradientTape() as tape:
pred_x = model(theta)
loss = keras.losses.MSE(xlabel,pred_x)

model_gradients=tape.gradient(loss, model.trainable_variables)

where model represents the DNN and GradientTape computes the desired gradient. In
transitioning to SI-DNN, we first need to compute the gradient of the DNN output pred_x
with respect to its input theta to define the loss. We then compute the gradients of the
two loss terms with respect to the DNN weights. This can be implemented using nested

GradientTape as

with tensorflow.GradientTape() as tape:
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with tensorflow.GradientTape() as tape2:
tape2.watch(theta)
pred_x=model (theta)
Ploss=keras.losses.MSE(xlabel,pred_x)
J_model=tape2.batch_jacobian(pred_x, theta)
J_flat=tf.keras.backend.reshape(fgrad, shape=(1,))
SI_loss=keras.losses.MSE(J_flat,J_label)
total_loss=P_loss+rho*SI_loss

model_gradients=tape.gradient(loss,model.trainable_variables)

where the inner tape computes the sensitivity of DNN to compute the overall SI-DNN loss,

while the outer tape computes the gradients for weight updates.

D.2 Sensitivity computation with MATPOWER

While solving the AC-OPF instances with MATPOWER, we used the Cartesian coordinate
system, and flow limits were imposed on squared currents. For computing the desired sen-
sitivities, we first need to build the linear system (6.14), which requires the optimal dual
variables, constraint function values, and the derivatives of the constraint functions with
respect to the optimization variables. Although MATPOWER can deal with the AC-OPF
posed with voltages in Cartesian coordinates, it slightly differs from the QCQP in (6.6) as

follows:

al) MATPOWER enforces power flow equations as in (6.6a)—(6.6d). Different from (6.6e)—
(6.6f) however, MATPOWER poses generator (re)active power limits as p? < ph < pg.
Thus, the related Vg, becomes zero and Vy, g, becomes a signed canonical vector

corresponding to bus n.
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a2)

a3)
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MATPOWER constraints voltages, rather than squared voltages as in (6.6g). While
the two versions are equivalent, the related derivatives V,g apparently differ. The

derivatives of non-squared magnitudes can be found using the chain rule as Vv, =

Qa7 02 = %Vvvi and V,v2 = 2M,, v from (6.4).

2
ov2

Different from (6.6h), MATPOWER sets the voltage angle reference to zero by enforc-
ing arctan(vy,,/vi,;) = 0. Fortunately, simply setting the imaginary part v}y, to
zero is equivalent, and the gradients of these two formulations agree. Thus, despite

the difference in formulation, we use (6.6h) wherever needed in building (6.14).

Finally, MATPOWER poses flow limits on both the sending and receiving ends of

each line, thus doubling the number of constraints in (6.61). The matrices M;,,, can

be built using the from bus and to bus admittances obtained via the MATPOWER

command makeYbus ().
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7.2 Abstract

Distributed control agents have been advocated as an effective means for improving the re-
siliency of our physical infrastructures under unexpected events. Purely local control has
been shown to be insufficient, centralized optimal resource allocation approaches can be
slow. In this context, we put forth a hybrid low-communication saturation-driven protocol

for the coordination of control agents that are distributed over a physical system and are
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allowed to communicate with peers over a “hotline” communication network. According to
this protocol, agents act on local readings unless their control resources have been depleted,
in which case they send a beacon for assistance to peer agents. Our ripple-type scheme trig-
gers communication locally only for the agents with saturated resources and it is proved to
converge. Moreover, under a monotonicity assumption on the underlying physical law cou-
pling control outputs to inputs, the devised control is proved to converge to a configuration
satisfying safe operational constraints. The assumption is shown to hold for voltage control
in electric power systems and pressure control in water distribution networks. Numerical

tests corroborate the efficacy of the novel scheme.

7.3 Introduction

Utility systems, such as power, water, and gas networks, are significant examples of net-
worked systems and are undergoing rapid changes. Power systems experience significant
penetration of distributed energy resources and flexible load thus increasing the system
volatility. Natural gas-fired generators serve as a fast-acting balancing mechanism for power
systems, inadvertently increasing the volatility in gas networks. Rising threats of clean wa-
ter scarcity have motivated tremendous efforts toward judicious planning for bulk water
systems and enhanced monitoring and control for water distribution networks. The increas-
ing occurrence of natural disasters and other (cyber and physical) disruptions undermines

the operation of the aforesaid systems.

Classic operation of utility systems is performed via management systems that aim at sat-
isfying consumer demands in a cost-effective manner while meeting the related operational
and physical constraints. Such tasks constitute the family of optimal dispatch problems

(ODP). ODPs are typically solved at regular intervals based on anticipated demands and
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network conditions. Stochastic optimization formulations are often leveraged to account for

the uncertainty and to ensure reliable operation within the ODP interval.

Although ODP solutions can ensure reliable system operation during normal conditions, they
cannot account for the occurrence of low-probability, high-impact disruptions that might
undermine system operation during the time interval between two ODP actions. To improve
system resilience to these events, this paper devises a control mechanisms to ensure the
satisfaction of system operational requirements. It draws features from local, distributed,
and event-triggered control and is referred to as ripple-type control. In local control rules,
agents make decisions based on locally available readings. For example, in [152], [151],
power generators control their reactive power output given their local power injection and
voltage; however, local schemes have limited efficacy [21]. Distributed control strategies,
in which agents compute their control action after sharing information with neighbors in
a communication network, have a wide spectrum of applications, e.g., energy systems [27],
[16], [29] or camera networks [20]. To avoid wasting resources and to communicate only
when it is really needed, event-triggered control techniques were advocated in [63], [81].
Essentially, every agent evaluates locally a triggering function, e.g., in a consensus setup,
the mismatch between the current state and the state that was last sent to neighbors [91].
When the triggering function takes some specified values, agents communicate and update

their control rule.

In the proposed ripple-type control, agents first try to satisfy their local constraints via purely
local control. Only when such control efforts reach their maximum limit, an assistance is
sought from neighboring agents on a communication graph. The process is continued until
the control objectives of every agent are met. The proposed algorithm is model free in the
sense that it does not require knowledge of the system model parameters. This is an essential

property of real-time emergency control due to lack of accurate model information during
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contingency scenarios [32]. The proposed control scheme is tested on electric and water

networks.

Notation: Lower- (upper-) case boldface letters denote column vectors (matrices). Sets are
represented by calligraphic symbols. Symbol " stands for transposition. Inequalities, max,
and min operators are understood element-wise. All-zero and all-one vectors and matrices
are represented by 0 and 1; the respective dimensions are deducible from context. Symbol
> indicates all positive real eigenvalues. The dg(-) operator on vectors places the vector on

the principal diagonal of a matrix. Symbol || - || represents the Ly norm.

7.4 System Modeling

Consider a networked system modeled by an undirected graph G = (N, E). The set N is
a collection of N nodes hosting controllable agents, and vector u € RY represents their
control inputsA subset of agents comprising set ) C N of cardinality M is assumed to be
collecting noiseless scalar observations of the local states or outputs stacked in y € RM. The
entries of y are to be regulated within a desired range. Given control u, the system has a
locally unique output y determined by a mapping F : RY — R™. Heed that the mapping F
depends implicitly on other uncontrollable system inputs that are not part of u. Moreover,
this mapping might not have an explicit form. We consider cyber-physical systems in which

the related mapping F adheres to the following property.

Assumption 7. Mapping y = F(u) satisfies V,F(u) > 0V u.

Albeit seemingly restrictive, the postulated monotonicity assumption holds for several phys-
ical systems abiding by a dissipative flow law, such as natural gas and water networks [131].

We will now establish the validity of Assumption 7 for power systems and water networks.
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Then, Section 7.5 formally introduces the problem setup, and Section 7.6 presents the pro-

posed control scheme and the associated claims.

Power Systems. An electric power network can be modeled by a graph G = (N, £), with £
capturing transmission lines. The node or bus set A/ can be partitioned into generator (PV)
buses Ng and load (PQ) buses N. Generators can control their active power injection and
voltage magnitude. For loads, complex power injections can be adjustable or fixed, but they
are largely independent of voltages. Let (v,,,) denote the voltage magnitude and reactive

power injection at bus n € M. Vectors (v, q) collect {(vn, ¢n) bnen-

Consider the task of maintaining the load voltages above given limits by controlling the
reactive power injections at the load buses and the voltages at the generator buses. Loads
can partially control their reactive injections due to inverters, capacitor banks, and flexible
AC transmission systems (FACTS). To study the task, we build on the widely adopted
approximate model [108]:

q = dg(v)Bv. (7.1)

where B € RV*V is a weighted Laplacian matrix of G: Its (m, n)-th entry B,,, < 0 equals the
negative susceptance of line (m,n) € &; By, = 0if (m,n) ¢ &; and B, = — Zn;ﬁm B, >0
for its diagonal entries. Model (7.1) has been derived from the AC power flow equations after
ignoring transmission line resistances and assuming small voltage angle differences across

neighboring buses. Partitioning v and q into generator and load buses, rewrite (7.1) as:

dQe| _ dg(ve) 0 Beoe Blo| |ve (72)

qar 0 dg(vy)| |Bre Bro| |ve

where B has been partitioned accordingly.

For the control task at hand, the control variable per bus n depends on the type of the bus
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Unp , M E NG
Up 1= :
qn , N € NL
We would like to adjust input u = [q] v/[]" to control output y = vz. To validate

Assumption 7, the ensuing result studies the mapping y = F(u) for the case of voltage

control.

Proposition 7.1. For control input u = [q; v&]" and output y = v, the mapping

y = F(u) satisfies Assumption 7 if dg(gr) + Bz = 0 where gz, := [dg(vy)] > qz.

Proof. Adopting the implicit differentiation approach, apply the differential operator on the
second block of (7.2):

dqr, = (dg(ip) + dg(ve)Brr) Ovy + dg(ve)Brg Ove (7.3)

where i, := Brgve + Brpvy. Because (qp,ve) are independent, it holds Vg, v = 0 so
that (7.3) yields:

Va,ve = (dg(iz) +dg(ve)Bro) ™" (7.4)

And because Vy,qr = 0, equation (7.3) also provides:

Veeve = — (dg(iy) 4+ dg(vy)Brr) ' dg(ve)Bie. (7.5)

For the Jacobian matrices Vq, vi, and Vv, to have nonnegative entries, it suffices to show
that the inverse of G := dg(iy)+dg(vy)Bp has nonnegative entries. This is because v, > 0

and BLG S 0.

To establish G=! > 0, note that the off-diagonal entries of G are nonpositive; hence, proving
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G > 0 would make G an M-matrix so that G™' < 0. The assumption dg(gr) + Brr = 0
stated in this proposition ensures G > 0, as we show next. From (7.3), it follows that

qr = dg(vy)ir. Substituting i = dg(vy) 'qr in the stated condition yields:

dg(iz)dg(vr) ' + By = 0 =
dg(ir) + dg<VL)1/2BLL dg(VL)1/2 -0 =

dg(1L> + dg(vL)BLL =G>0

where the first transition follows from Sylvester’s law of inertia for congruent matrices, and

the second from the similarity transformation involved. [

Proposition 7.1 identifies the conditions that ensure Assumption 7 holds for the grid model
in (7.1). Numerically verifying dg(gr) + B, > 0 for benchmark systems revealed an in-
teresting observation, discussed next. For the IEEE 5-39-118-bus systems, we scaled up the
nominal q; by a scalar until the power flow solver MATPOWER [153] failed to converge.
At each step, we also noted the eigenvalues of dg(gr) + Brr. Interestingly, the minimum
eigenvalue kept decreasing for increasing q,, but it remained positive until the last successful
power flow instance for all networks. This indicates a relation between dg(gr)+ Bz > 0 and
the solvability of the AC power flow equations, but its analytical investigation goes beyond

the scope of this work.

Water Distribution Systems (WDS). A WDS can be modeled by an undirected graph G =
(N, E), where the nodes in A correspond to water reservoirs, tanks, junctions and consumers.
If d,, denotes the rate of water injection at node n, then d,, > 0 for reservoirs; d, < 0 for
water consumers; tanks might be filling or emptying; and d,, = 0 for junctions. Nodes are
connected by edges in £, which represent pipelines, pumps, and valves. Let o,,, denote the

rate of water flowing from node m to n over edge (m,n). It also holds o,,, = —0p,. Flow
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conservation at node n dictates:

dn=" Y Oum (7.6)
m:(n,m)eE
The relation between water flow o,,, across edge (m,n) and the pressures m,, and 7, at

nodes m and n takes the form

Tm — T = pmn(gmn) (77)

The operation of a WDS involves serving water demands while maintaining nodal pressures
within desirable levels. The task of pressure control can include continuous-valued variables,
such as reservoir and tank output pressures, as well as water injections at different nodes.
Pressure control can also involve binary variables capturing the on/off status of fixed-speed
pumps and valves [115]. These continuous and binary control variables are often determined
by periodically solving ODPs; see e.g., [115]. Assuming the binary variables to be fixed
between two ODP instances, we focus on the continuous-valued variables. Partition N
into the subset N of reservoirs and tanks, and the subset N, of loads. For nodes in N,
pressures are controllable. For nodes in Nj, demands are controllable; inelastic demands

can be modeled with lower and upper limits coinciding; thus, the control variables now are:

T, ,TLENS
Uy 1=

d, , ne N, L

Given u, the water injections for the nodes in Mg and the pressures at nodes in Nj, are
determined by the water flow equations (7.6)—(7.7). The nodal pressures over N7, need to
be maintained at stipulated levels; thus they constitute vector y. For the aforementioned
assignments of u and y, the mapping F is implicitly defined by (7.6)—(7.7). Reference [110]

guarantees that F maps a given u to a unique y.
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To verify the validity of Assumption 7, we use a monotonicity result for dissipative flow
networks from [131]. To qualify as a dissipative flow network per [131], the functions p,,(-)
in (7.7) should be nondecreasing and continuous. Both these requirements hold true for edges
in a WDS. Specifically, for a pipe (m,n) € &, the function p,,, models the pressure drop
due to friction described by the Darcy-Weisbach or the Hazen-Williams laws [110]. Both are
non-decreasing and continuous. For pumps and valves, pressures 7, and 7, relate to flow
Omn Via nondecreasing empirical laws as well [37]; therefore, WDS fall within the purview of

dissipative networks, and the ensuing result applies [131].

Lemma 7.2. [131, Corollary 4] Let ® and = be N-length pressure vectors satisfying the
water flow equations (7.6)-(7.7) for demand vectors d and d'. If mw, > 7, for all n € N,

and d,, > d., for alln € Ny, then 7, >« for alln € Np.

In terms of the assigned vectors u and y, Lemma 7.2 states that controls u > u’ result in

y > y’; thus, considering infinitesimal changes at node pairs m and n, Lemma 7.2 translates

OYm

to D

> 0, hence satisfying Assumption 7.
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7.5 Problem Formulation

Operators manage the networked system by computing periodically the control set points

for agents to implement. Such set points are typically the solution of an ODP

S arg min c(u,y) (P1)
s.to y = F(u) (7.8a)

h(u,y) <0, (7.8b)

u<u<u (7.8¢)

y2y (7.8d)

where c(u,y) is a cost function depending on the system inputs and outputs; the mapping
in (7.8a) corresponds to the physical laws governing the networked system; and the inequality

constraints are grouped into two categories:

« Constraint (7.8b) captures requirements that are important to efficiently operate the
system, but can in principle be safely violated (especially for a short time). These will

be referred to as soft constraints.

» Constraints (7.8¢c) and (7.8d) impose limitations on input and output variables. If
violated, they can lead to system failure. These constraints will be referred to as hard

constraints.

Typically, given the set of parameters defining F, a central dispatcher solves (P1) and com-
municates optimal control set points u* to agents. Ideally, this process shall be repeated
every time there is a change in the system model that modifies the underlying definition of

F, such as an abrupt load change or line tripping for the case of power systems. Constrained



7.5. PROBLEM FORMULATION 171

by communication and computational resources, however, problem (P1) is solved only at
finite time intervals. As a consequence, the set points u* can become obsolete or even result

in network constraint violations.

Such limitations motivate the design of mechanisms to at least ensure that some important
operational requirements are met between two consecutive centralized dispatch actions, i.e.,

to make the control vector u belong to the feasible set:

F={u:u<u<ua y=F(u),y>y}

in which F’ is the input-output mapping defined by the system model after a disruptive
event. Set F considers only the hard constraints of (P1), namely, (7.8¢c) and (7.8d). We
next put forth an algorithm for steering u to F. In the following, we will assume that the

set F is non-empty, or F # (.

Remark 7.3. For power systems, constraint (7.8b) models line flow limits, which can be
considered soft constraints because their violation could be briefly tolerated. Limits on the
power or voltage output of generators are captured by (7.8c). Inequality (7.8d) models
load undervoltage constraints. Avoiding dangerously low voltages is important to prevent
a voltage collapse. For WDS, the inequalities (7.8b) can represent the water flow limits on
pipes and pumps. Although flow limits shall normally be explicitly enforced, in practice low-
pressure limits are triggered before the flow limits [40]; thus, edge flow can be characterized
as soft over short time intervals. Constraints (7.8c) represent the limits on pressure at water
sources and demands by consumers. These limits cannot be violated physically because
they are posed by the actual capacity of the WDS components and available demands. The
inequalities in (7.8d) model the minimum pressure requirements at consumer nodes. The

latter requirements must be adhered to at all times as low pressures can cause service failures
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and equipment malfunction at the consumer end.

7.6 Ripple-Type Network Control

Our algorithm has the ensuing key attributes:

A1) Agent n € ) measures y,, and controls u, locally. Upon a violation of (7.8d), local

control resources are used first.

A2) Agent n transmits communication signals to a few peer agents over a communication
network only if u, = u,, i.e., only when local control resources reach their maximum

limit and assistance is sought from neighboring nodes on a communication graph.

A3) The control scheme is agnostic to the physical system parameters, i.e., it is a model-free

approach that does not require explicit knowledge of operator F’.

The communication network is modeled as an undirected graph G. = (N, &), in which
the communication links £, do not necessarily coincide with the physical connections among
agents. Graph G. is henceforth assumed to be connected, and we denote its adjacency matrix
as A, where A,,, = 1 if there is a direct communication link between nodes m and n, i.e.,
(m,n) € &; and A,,, = 0 otherwise. Let us also introduce function f : RY — Rf defined
entry-wise as:

f() = y —vya(u), y >yu(u)ney 79)

0, otherwise.

Assume that, at time ¢ = 0, a violation of (7.8d) occurs as a consequence of a model change.

Let u(0) be the initial control variables, and introduce an auxiliary vector A € RY, which



7.6. RippLE-TYPE NETWORK CONTROL 173

is initialized as A(0) = 0. At subsequent times ¢ > 1, the control scheme proceeds in four

steps, as delineated next.

Step 1: Agents compute f(u(t)) according to (7.9). The entries of f(u(t)) are strictly positive

if the associated nodes in ) experience a violation of (7.8d); and zero, otherwise.

Step 2: A target set point is computed as:

u(t +1) = u(t) + dg(n,)f(u(t)) + dg(n,) AA(?) (7.10)

for positive n; and m,. Note that for node n, the target ,(t) is computed using the local

reading y,(t) and the entries of A sent from its peers (neighbor nodes of node n on G.).

Step 3: Agents compute the auxiliary vector X as

A(t+1) = max{0, dg(n,) (@t + 1) — @)}, (7.11)

for a positive ;. Vector A serves as a beacon for assistance that is communicated across

peer nodes.

Step 4: The target set point is projected to the feasible range:

u(t + 1) = min{u(t + 1), u}, (7.12)

and is physically implemented.

To establish the effectiveness, Proposition 7.4 proves that the proposed scheme reaches an
equilibrium point, and Proposition 7.5 proves that this equilibrium belongs to F. The proofs

for these results are provided in the Appendix.

Proposition 7.4. Given any u(0), the sequence {u(t)} converges asymptotically.
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Proposition 7.5. Let Assumptions 7 hold, let F # (), and:

| dg(m,) dg(ns)All < 1. (7.13)

A pair (u, X) is an equilibrium for the proposed scheme if and only if u belongs to F and

A=0.

The novel control scheme satisfies attribute A1) by design. Moreover, for a node n with
target set points u,(t + 1) within the local control limit u,, the corresponding entry of
A(t + 1) is zero; thus, the computation of 4, from (7.10) for nodes m that are neighbors of
n requires no communication from node n, hence fulfilling A2). The scheme also meets A3)

because it is agnostic to the physical network topology and/or demands.

Remark 7.6. Apparently, parameter 7, does not influence the control scheme convergence.
Indeed, (7.13) provides a condition only on 1, and n,; however, n, affects the equilibrium
point and the convergence rate, whose analytical quantification is beyond the scope of this
work. Optimizing upon the parameters 17, — 15, and communication graph G. constitutes

pertinent future research directions.

7.7 Numerical Tests

The control algorithm was tested for two utility network applications: voltage control in
power systems and pressure control in water systems. Parameters 1, and 14 were chosen so
that (7.13) holds true. The communication graphs G, were arbitrarily chosen while ensuring

connectivity.
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Figure 7.1: Modified PJM system. Communication links as red dashed lines.

A Power System Test Case The benchmark network used for the tests on power systems
is a modified version' of the PJM 5-bus system [74] shown in Fig. 7.1. Buses 1 and 2 serve
as generators, whereas buses 3, 4, and 5 are loads. Generators are initially at u,(0) = 1 p.u.,
allowed to increase their voltage output to 1.02 pu; loads can reduce their power demand by
10 MW, and their voltages are required to be greater than V;j, = 0.94 p.u., which represents
a safe threshold. The top panel of Figure 7.2 shows the bus voltage trajectories, whereas
the bottom panel plots the ratio of control resources used (u,(t) — u,(0)/(u,(t) — u,(0)).
After an abnormal event, buses 2 and 3 have voltage less than Vj;, and start performing the
proposed control strategy. Because their local efforts do not manage to regulate the voltages,
they seek assistance from their neighbors in the communication network, precisely, Bus 4
(around the 200-th iteration) and Bus 1 (around the 300-th iteration). Finally, when Bus 1
hits its control limits, Bus 5 kicks in (after the 400-th iteration) and is finally able to bring

the voltage within the safe interval.

A Water Network Test Case The proposed algorithm was applied the pressure task on
the 10-node WDS shown on Fig. 7.3. Pipe dimensions and friction coefficients were taken
from [115]. The minimum pressure requirement =, for nodes 3 to 10 is 10,7,10,10,5,10,10,

and 10 m. The pumps (1,2), (2,5), and (7, 3) are considered to be operating at fixed speeds

'In our numerical setup, the generators at Bus 3 and Bus 4 were neglected.
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Figure 7.2: Top: Bus voltages. Bottom: Normalized control effort (u,(t) — u,(0))/(u,(t) —
u,(0)) used.

with constant pressure gains of 10, 10, and 5 m, respectively. All water flow instances were
solved using the optimization-based solver of [110]. The base operating condition involves
injection

do = [380,300, —170, 0,0, —220, —200, —150, —140, 200] "m? /hr

and

m=[3.0,18,11.6,13,11.9,10.2,6.6,10.3,10.9,12.9] "m.

A disruption was modeled by considering a failure of pump (2,5), resulting in the unavail-
ability of the Node 2 reservoir and the reservoir at Node 1 supplying d; = 680m3/hr. This

contingency would result in 7 = [3.0,0,9.1,13,8.8,7.7,4.1,8.2,9.6,12.7] " m, which violates
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Figure 7.3: A 10-node benchmark water distribution system.

the minimum pressure needed at nodes 3 and 5 — 9.

To study a scenario where not all agents have control capability, only two demand nodes
—namely 3 and 8- are allowed to reduce demand by 50 m3/h. Further, the tank node
10 has an injection flexibility of 4200 m?®/h and reservoir 1 has a controllable pressure
range of [0,5] m. The performance of the proposed algorithm in restoring the pressures is
demonstrated in Fig. 7.4. The top panel shows the difference 7, —x,, for nodes n = {3...10}.
As anticipated, the pressures are nondecreasing and the algorithm succeeds in restoring them
above the respective lower limits. The bottom panel plots the normalized nodal control
effort. As desired, once all pressures are restored to the desired levels, the algorithm attains

an equilibrium, and u saturates.

7.8 Conclusions

A ripple-type coordination scheme for the emergency control of networked systems has been

put forth. Agents act based on local control rules as long as local resources have not been
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Figure 7.4: Top: Difference of pressures at nodes 3-10 from their lower limits. Bottom:
Normalized control effort at nodes 1, 3, 8, and 10

saturated. Otherwise, they solicit help from peer agents through a “hotline” communication
network not necessarily coinciding with the physical system graph. The algorithm provably
converges to safe operating conditions under an appropriate choice of parameters. Its validity
has been illustrated on power and water network examples. Future research directions include

enforcing upper limits on the output variables and optimally designing control parameters.
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Appendix E

Proof of Proposition 7.4 Owing to the projection in (7.12), it is evident that u(t) < u
for all ¢; thus, proving a non-decreasing property u(t) < u(t + 1) for all ¢ is sufficient for
establishing convergence of the sequence {u(t)}. Consider an arbitrary node n and time t.
When u,(t +1) = 4, we trivially have u,(t) < u,(t+1). When u,(t+1) < @,, Step 4 yields
Un(t +1) = u,(t + 1) and (7.10) implies:

un(t + 1) = un(t) + Ul,nfn(u<t)) + M2n Z Anm)‘m(t) > un(t)

m=1

because f,(u(t)) and A, (t) are nonnegative; 7, and 7, are positive; and matrix A has

nonnegative entries.

Proof of Proposition 7.5 Assume u € F and A = 0. It follows that y(u) > y and so f(u) = 0
from (7.9). Upon initializing the proposed control scheme at u and X, Step I provides
f(u) = 0; Step 2 yields u(1) = u; Step 3 provides A(1) = 0; and Step 4 that u(l) = u.

Therefore, (u, A) is an equilibrium for the proposed control steps.

To establish the reverse direction, we will prove the contrapositive statement, i.e., if u does
not belong to F or A # 0, then (u,A) is not an equilibrium. We show the two cases

separately using proof by contradiction.

Case 1) Suppose u ¢ F, yet there exists a A such that (u,A) is an equilibrium for the
algorithm. Because u is projected in its permissible range by (7.12), its infeasibility means

there exists a node n € Y such that:

Y > yu(u). (7.14)



CHAPTER 7. RipPLE-TYPE CONTROL FOR ENHANCING RESILIENCE OF NETWORKED PHYSICAL
180 SYSTEMS

Step 2 dictates U, = u, + M nfn(U) + 12y Zévzl Ao
Because f,(u) > 0, it follows that i, > wu,; however, since Step / sets u,, = min{d,, @, }, it
follows that w,, = @, and 4, > ,, so A, > 0 from (7.11).

Consider a node m neighbor of n in G. and compute @, = U, +11m fr (W) +12.m Z?f:l Ao
Because A, > 0 and u,, = min{d,,, @, }, it holds again that ,, > u, = Upy, so A\, > 0.
Repeating this argument for all neighbors of neighbors of n, and so on until all nodes have

been covered, one gets A > 0 and:

u=1u (7.15)

However, because F is assumed to be non-empty, Assumption 7 implies that y(u) > y(u’)
for u < u’ < u; hence:

y() >y. (7.16)

In other words, applying the maximum control effort makes the constraints on observed

outputs hold. This concludes the proof for Case 1 because (7.14) and (7.15) contradict (7.16).

Case 2): Suppose there exists a A # 0 and u € F, such that (u, A) is an equilibrium for the

proposed scheme. By plugging (7.10) into (7.11), we can express A(t + 1) as:

At + 1) = max {0, dg(n) (u(t) + dg(m)f(u(t))+

dg(m,)AA(t) — ﬁ) }
The feasibility assumption provides f(u) = 0, and the equilibrium condition yields:

A = max {0, dg(n;) (ll + dg(n,) AX — ﬁ)}

< dg(n;) dg(ny) AX (7.17)
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where the inequality stems from the fact that u — u < 0 and dg(n,) dg(n;)AAX(t) > 0.
Invoking the norm inequality on (7.17), we get | Al < ||dg(n,)dg(ns)All[|A]l. Also, using

the condition || dg(n,) dg(n;)Al| < 1 with A # 0 yields || A|| < ||A]|, which is a contradiction.



Chapter 8

Optimal Power Flow under Dynamic

Stability Considerations

8.1 Abstract

The dynamic response of power grids to small events or persistent stochastic disturbances
influences their stable operation. The effect of network topology, line impedances, inertia
and damping parameters on dynamic response is extensively being investigated. This paper
studies the effect of the operating point on the linear time-invariant dynamics of power
networks. For a variety of stability metrics, suitable observation matrices are identified to
quantify stability via the Ho-norm of the resulting system. We further put forth an optimal
power flow formulation to yield a grid dispatch that optimizes the respective stability metrics.
A semidefinite program (SDP) relaxation is employed to yield a computationally tractable
convex problem. Numerical tests on the IEEE-39 bus system demonstrate that the SDP
relaxation is exact yielding a rank-1 solution. The relative trade-off of different stability

metrics versus the minimum generation cost is also studied.

182
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8.2 Introduction

Power systems experience fluctuations of small magnitudes at all times, and are often exposed
to large disturbances, as well. Stability, being the ability to withstand such disturbances, is
naturally an extremely sought attribute. A diverse classification of power system stabililty
studies can be made based on variables of interest, magnitude of disturbances, considered
time-frame, and order and accuracy of component modeling; cf. [71], [62], [72], [35]. For
large power transmission systems, rotor-angle stability has been widely investigated, where
transient and dynamic stability studies investigate the effect of large and small disturbances,

respectively.

Transient stability studies are primarily accomplished via time-series simulations or direct
methods based on energy-type Lyapunov functions that characterize stability regions [35],
[130]. Such approaches may not be practically scalable, and thus oftentimes confine transient
stability analyses to a limited set of probable contingencies [55]. Transient stability is known
to be strongly related to the operating point, and is actually studied accordingly. Attempts
have also been made at formulating optimal power flow problems that yield operating points

with guaranteed transient stability [55], [31].

For dynamic stability, the power network is oftentimes approximated by a linear time-
invariant (LTT) system obtained upon linearizing the chosen dynamical model and the power
flow equations at a given operating point. Thereafter, the system’s dynamic stability is as-
sessed by investigating the eigenvalues of the related state matrixz; specifically ensuring that
they have negative real parts. To capitalize the dependence of dynamic stability on the
operating point, several works aim at either perturbing or obtaining operating points, while
minimizing the spectral abscissa, i.e, the real-part of the eigenvalue closest to the imag-

inary axis [36], [142] [76]. The tractability of these approaches is often challenged by a
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need to iteratively compute eigenvalues, and the nonsmoothness of spectral abscissa with re-
spect to state variables [97], [76]. To circumvent explicit eigenvalue computation, Lyapunov
function-based approaches have also been proposed that involve bilinear matrix inequali-
ties [97], [75]. Instead of obtaining operating points explicitly, several works incorporate
Lyapunov function-based approach in designing stability-ensuring control mechanisms [120],

[11].

For typical power system operating conditions, the LTI system used for rotor-angle dynamic
stability analysis is found to be marginally stable with one pole at the origin [35], [98].
Such observations have motivated simpler modeling amenable to more physically insightful
analysis, specifically, the classical second-order swing dynamics model [72]. With simplified
modeling, stability metrics more systematic and insightful than the spectral abscissa have
been proposed [95], [123]. The effect of network size, topology, and dynamic model pa-
rameters on diverse stability metrics has been widely investigated; and motivated resource
planning and placement studies [123], [98], [118]. However, investigations on the effect of
operating point on such stability metrics are relatively sparse. While the planning stud-
ies involving sophisticated metrics assume a fixed operating point, most works that aim at
determining stability-improving operating points limit themselves to spectral abscissa [97],

142).

In this paper, we first demonstrate that for various practical metrics of dynamic stability, a
prudent choice of the observation matrix can ensure that the Hs-norm of the resulting LTI
system is equivalent to the desired stability metric. Next, we formulate an SDP-based OPF
to minimize the Ho-norm. Finally, numerical tests on a benchmark system demonstrate that
the SDP relaxation is exact. A trade-off between dynamic stability and generation-cost is

also studied numerically.
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Figure 8.1: The left panel shows a modified PJM 5-bus power system with two generators
and three loads. The loads were s4 = s¢ = 300 + j98.61, and s¢ = 400 + 131.47 MVA. The
center and right panel show the the deviations in active power flow on line (1,5) obtained
from LTI systems for impulse inputs on bus 1 and 5, respectively. Case-1 and 2 correspond
to different operating points used for linearization.

8.3 Problem Statement and Motivation

Stability and security are key features to be considered during power system operation.
Catering to the abstractness and evolving understanding of these notions themselves, there
has been a concerted effort in streamlining stability-related definitions and metrics [71], [62].
Thus the studies aimed at improving system stability resort to various metrics based on the
intended application. Popular industry metrics include event-based measures of frequency
nadir, settling times, bus frequency deviations from the center of inertia, and network co-
herence; see e.g., [95]. System theoretic metrics invoked in analytical studies include the Hs
and H., norms [98], [123], [120]. There is a rich and growing corpus of planning studies that
optimize upon the aforementioned stability metrics while selecting network topologies and
line impedances, placing virtual inertia and damping through inverter-interfaced resources,

and controller design [98], [18].

Analytical studies rely on dynamical power system models linearized at a chosen point
typically selected to be the steady-state operating point. Hence inevitably most metrics are

affected by the choice of this operating point. Nevertheless, in lack of a lucid characterization
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of such dependence, most planning studies limit their formulations to nominal operating
conditions or even the so termed flat voltage profile experienced by an energized yet unloaded
network. Similarly, the studies pertaining to system operation oftentimes assess system
stability assuming a known and fixed operating point. Before confidently adopting this
practice, one needs to answer: q1) How strong is the dependence of power system dynamic

stability on the operating point?

To emphasize on the pertinence of qI), we provide an illustrative example on the PJM 5-bus
power system. We evaluated the dynamic performance of the modified 5-bus system shown
on the left panel of Fig. 8.1 for two dispatch instances serving identical load conditions, but
differing in generation as:

Case C1) s{ =0+ 7388 MVA, s§ = 1013 + j68 MVA;

Case C2) s{ =500+ j382 MVA, s = 518 + j122 MVA.
The resulting voltages were determined by solving the AC power flow equations, and the
respective second-order LTT systems were obtained at the two operating points. The center
and right panels of Figure 8.1 show the deviation from the nominal active power flow on
the line connecting buses 1 and 5 for an impulse input at these two buses. Two interesting
observations are in order. First, for a fixed load, changing the generator dispatch may
yield non-trivial differences in dynamic performance; the oscillations under C1) have lower
amplitude than those under C2). Second, an impulse power injection at bus 5 induces
oscillations of much higher amplitude compared to an impulse at bus 1. This corroborates

the need for tactful selection of a stability metric.

Power systems are traditionally dispatched by solving a rendition of the optimal power
flow (OPF) problem, which aims at minimizing the cost of generation while serving the
anticipated loads subject to network constraints. Since the dynamic performance of a power

systems can be significantly affected by the choice of the operating point decided by the OPF,
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one naturally asks: ¢2) How to include dynamic stability considerations in OPF formulations?
Aiming to address ¢I)-¢2), this work articulates a model that captures the dependence of
dynamic stability on the steady-state operating point of a power system. It subsequently puts
forth a tractable OPF based on a stability-cognizant semidefinite program (SDP) relaxation,
which allows operators to systematically study the cost-stability trade-off. The aforesaid
tasks are undertaken while carefully selecting the observation matrices, which facilitate the

use of Hy-norm to represent metrics of direct interest to industry practice.

8.4 Grid Modeling and Stability Metrics

This section reviews a linearized model of power system dynamics, defines stability metrics,

and establishes their connection with the Hs-norm of a linear dynamical system.

8.4.1 Algebraic Power System Model

A power transmission network with N 4 1 buses can be represented by an undirected con-
nected graph G = (N, £), whose nodes n € N := {0,1,..., N} correspond to buses, and
edges ¢ = (m,n) € L to transmission lines. Let v and i denote (N + 1)-length vectors
collecting respectively the complex voltage and injection current at bus n € N. Although
phasors in (v,i) are expressed in rectangular (Cartesian) coordinates, we also denote the
voltage magnitude and phase at bus n as V,, and 8, respectively. Given line impedances
and shunt susceptances, one can derive the (N + 1) x (N 4 1) bus admittance matrix Y,

satisfying the Ohm’s law i = Yv.

Set N constitutues a collection of generation, load, and zero-injection buses. In high-voltage

transmission systems, generator buses primarily host synchronous machines. Load buses
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however oftentimes denote the connection to sub-transmission networks, which indeed host
numerous medium-sized synchronous generators and motors, alongside other types of loads.
We therefore collectively refer to generation and load buses as synchronous buses, collect
them in S C N, and index them by n = 0,...,5. Non-synchronous buses form set S =
N\ S and are indexed by n = S+ 1,...,N. For synchronous buses, voltage v, = V,,Z6,
captures the external bus voltage; the internal or Thevenin-equivalent voltage is denoted by
e, = E,20,. Complex vector e collects all {en};j:l. Each internal bus is connected to its
associated external bus n via reactance z,, > 0. Define Ys = dg({1/(jz,)}) to express the

Ohm’s law using matrix-vector partitions as [66]

YS7$ YSS Vs Yg(e — VS)
’ = (8.1)
Y; s Yss| |vs 0
Eliminating vz (a process also known as Kron reduction in the electrical circuit or graph

theory parlance) provides

Vs = FYSE. (82)

where matrix I' := (Yss + Ys — Y ng’ngg’ S)*l is introduced to declutter notation and

is known to exist [44].

Equation (8.2) lays a fundamental connection between traditional OPF formulations on one
hand, and dynamic stability studies on the other. Let us be more specific and commence
with OPF formulations. From the power flow equations [58, Ch. 6], the compex power

pn + Jqn injected at bus n € N relates to v as

pn=vIM, v (8.3a)

qn =VvIM, v (8.3b)
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where M, and M, are (N + 1) x (N + 1) Hermitian matrices [69].

Although OPF formulations relate power injections to external voltages v, dynamic stability
studies tend to eliminate external voltages and derive power injections at synchronous buses
using e [66]. This is accompished by recognizing that the active power injection p, can be
interpreted as the active power flow over reactance x, across the internal voltage e, and

external voltage v, so that

Pn = Enbn sin(é,, — 0,) = xi Im{e,v;}. (8.4)

:I;TL n

Substituting v,, from (8.2) in (8.4), one obtains

s
DPn = Z EnBm [Re{an} cos(0, — Om)

Tnd
m=0 “mm

— Im{T,,,} sin(6,, — 6,)]. (8.5)

Owing to the observation that | Re(I',,,)| < |Im([,,,)|, the assumption of a lossless trans-

mission system is oftentimes invoked to obtain

s
E. B, .
Pn = sin(d,, — 0, ). 8.6
3 2 o) (56)
where V., = —(Tp%m)/Im(T,,,) > 0 serves as the effective reactance between the syn-

chronous machines connected to bus m and n [66]. By symmetry, it holds that V.., = Ymn-
We next use (8.6) to build an LTI model for power system dynamics, and leave (8.3) aside

for later OPF formulations.
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8.4.2 Dynamic Power System Model

This section reviews the angular dynamics of the equivalent synchronous machines connected
to the buses in S. Let the synchronous machine connected to bus n € S be associated with
a frequency w, = 0,, inertia constant M, > 0, and damping coefficient D,, > 0; see [72] for
details. Recall that the complex phasor representation F,,Zd,(t) corresponds to a sinusoidal
voltage waveform v/2E, cos(wt + 0, (t)), where w is the nominal angular frequency, e.g.,
w = 27 - 60 rad/sec in the US. The angular frequency w, is the deviation from the nominal,
which ideally should be close to zero. The swing dynamics for the synchronous machine

connected to bus n dictate [72]

where pY denotes the mechanical power input; p, is the electric power flowing from bus n
to the grid; and p? is the power demand at bus n. While the swing equation (8.7) provides
individual machine dynamics, the power injection p,, couples the system of S 4 1 machines
via (8.6). Denote the vectors of frequencies and angles as w and &, respectively. Further,
let the state tuple (w°, 8°) correspond to an equilibrium of (8.7), that is w, = 0. We are
particularly interested in frequency-synchronized solutions of (8.7), implying w® = w°1.

Because 25:0 pn = 0 from (8.6), one obtains

S .
W0 — Py
S
Zn:O D"

where pi" ;= pJ — pji is the net power input at bus n.

. S ; . .
We assume for convenience Y .._ p™ = 0, yielding w® = 0 and a constant vector §° at

equilibrium. If the assumption is violated, one can seamlessly resort to a change of variables
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O = Wy — W0, P = p — WD, and b,(t) = 0,(t) — w°. Proceeding with w® = 0, we note
from (8.7) and (8.6) that the angles 6° at equilibrium are such that

S

Pt =pp = Z ; sin(6° — 02). (8.8)

m=0

We next obtain an LTI by linearizing (8.7) at the equilibrium. To this end, assume constant
voltage magnitudes and consider small perturbations in (p™,p,) to (p™ + Ap", p, + Ap,)

corresponding to angles 42 + Ad. Linearizing (8.6) yields

Ap =~ L A8 (8.9)

where Ap and Ad collect respectively {Ap,}>_, and {A §,}5_,, while the Jacobian matrix

n=0>

L;o is evaluated at § = 6° and has the entries

Zk;ﬁn Efjk cos(0y —dy) , m=n

[Ligo]nm = (8.10)

—Enbm cog(69 — 60) , m#n.

TYnm n

Note that since v,,, > 0, and for admissible power system operating points, it holds that

169 — &9 | < 7/2, the Jacobian Lgo is in fact a Laplacian matrix [56].

Let the diagonal matrices M and D carry on their main diagonals the inertia and damping

coefficients, respectively. Linearizing (8.7) for all buses in S provides
Mw +Dw +p + LgpAd = p™ + Ap™ (8.11)

where the input and injected powers cancel out due to (8.8). Note that w = 8"+ NS = A6

Therefore, the LTI system (8.11) involves the deviations of states and inputs from their



192 CHAPTER 8. OpTiIMAL POWER FLOW UNDER DyYNAMIC STABILITY CONSIDERATIONS

nominal values. For notational brevity, we henceforth omit A’s, while the absolute and
differential quantities will be discernible from context. To study a power system under
small-signal disturbances, the linearized dynamics of (8.7) can be compactly expressed using
(8.9) as [56]

) 0 I ) 0

= + p. (8.12)
w ~M 'Ly —M'D| |w M~

'

B:=

Proceeding to the observables of interest, suppose one seeks Ky outputs relating to angles,
and K, outputs relating to frequencies. Because the relevant observables on power system
angles and frequencies are disparate, it is customary to impose a block-diagonal structure

on the observation matrix as

Cll 0 0
y = (8.13)
0 ng w
C —

where Cy; € RE*(5T1) and Cyy € RE«*(ST1) The specific choices for C that yield some
commonly sought power system stabiity metrics are detailed in Section 8.4.4. For now, given

matrix C, we expound on quantifying the stability of the LTI system (8.12)—(8.13).

For LTI systems, the Hs-norm is a commonly used measure for quantifying stability. Given
the LTI system H defined by matrices (A,B,C) via (8.12)—(8.13), its Hs-norm may be
computed as ||H||3,, = Tr(B"QB), where Q is the observability Grammian matrix Q = 0.
Matrix Q is defined as

Q:= / eATCT Ce dt. (8.14)
0

In practice Q is computed by solving the Lyapunov equation A"Q + QA = —C"C. The
‘Ho-norm is generally defined only for stable systems. Owing to matrix Lgo being a Laplacian,

matrix A in (8.12) has [17 0] in its nullspace. Nevertheless, all other poles of the system
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are strictly in the negative complex half-plane, hence resulting in a marginally-stable system.
Furthermore, the marginally stable eigenvector of A corresponds to a constant shift in angles
4. Since angles in power systems are anyways defined with respect to a reference, a uniform

shift is often non-detectable. Thus, the next assumption holds in practice

Assumption 8. The outputs are chosen such that C;;1 = 0.

Thanks to Assumption 8, despite the system (8.12)—(8.13) being marginally stable, the
integral (8.14) remains finite, resulting in a finite Ho-norm [98]. We next characterize the
dependence of ||H ||, on the power system operating point, and subsequently, relate || H ||z,

to practical power system stability metrics.

8.4.3 Relating Ho-norm to the Operating Point

As evident from (8.14), matrix Q depends on matrix A and hence Lgo, which depends on
the power system operating point via the internal voltages e [cf. (8.10)]. Aiming for a more
stable power system operation, one may attempt finding an OPF dispatch that in addition to
minimizing generation costs, it yields a relatively small norm || H||3,. Since dealing with such
task for a general transmission network may be challenging, we resort to a widely adopted

assumption to render our analysis tractable.

Assumption 9. Damping coefficients are identical at all buses, that is D,, = d foralln € S.

Under Assumption 9, the Ho-norm of the linearized swing dynamics simplifies as [98]

1 _
|H1l, = 5 (Tr(CLCuLY) + Tr(CHLCHM ™)) (8.15)

where L;O is the pseudoinverse of Lgo. Equation (8.15) eatablishes a direct relation between

the Ho-norm and the power system operating point. Capitalizing this closed-form relation,
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Section 8.5 proposes a novel tractable OPF formulation that minimizes ||H||3,. However,
justifying the choice of Hs-norm as the stability metric to be optimized is due. We address
this in two steps: Section 8.4.4 introduces choices of matrix C that yield metrics of practical
interest as the output norm |[|y||3; and Section 8.4.5 lists interpretations of ||H ||3,,-norm as

a measure of |ly]|3 for different inputs p™ to the LTI system H.

Remark 8.1. In this work, the load model ascribes inertia and damping attributes to all
loads, thus imparting the convenience of identical mathematical treatment for loads and
generators [66], [98]. Another popular transmission system-level model assumes frequency-
dependent loads with M,, = 0 and D,, > 0; see e.g., [118], [147]. The resulting first-order load
model results in fewer system states; specifically for N, generators, the corresponding LTI
system has S+ N, + 1 states, compared to the 25+ 2 states in (8.12), [118]. Fortunately, the
frequency-dependent load model also enjoys a closed-form expression for Hy-norm similar
to (8.15) [61]. Thus, the approach proposed in this work can be readily incorporated is such

settings.

8.4.4 Network Stability Metrics

As noted in Section 8.4.2, the LTI system H is asymptotically stable, except for one marginally
stable mode. The stability guarantee however is valid only for small disturbances that do
not jeopardize the assumptions for linearization. Thus, it is desirable that the angular differ-
ences across lines and nodal frequencies exhibit small deviations from their nominal values.
One common metric of stability is network coherence, which quantifies how much voltage

angles differ from their network average [123] [9]

S S 2
L= (6m(t) - SLH 3 6n(t)> . (8.16)

0
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The metric f.(t) can be expressed as ||y(t)||3 in (8.13) by selecting Cy; =T — s+r111T and

CQQ =0.

In a large multi-area power system, an area-wise coherency may be more practical. Such
metric can be captured through |y(¢)||3 by choosing a block-diagonal Cy;. Furthermore, a
metric for voltage angle differences across all lines can be obtained by selecting Cy; as the
(non-weighted) grid Laplacian matrix. Any metric related exclusively on voltage angles will

be henceforth referred to as fs(t).

In addition to stability metrics on voltage angles, metrics of practical interest can be imposed
on angular frequencies as well. One such important metric is the deviation of frequencies

from their center of inertia (COI) with the latter defined as [72]

_ Yoo Mueont) . (8.17)

w(t) : Z:zo M,

The departure of frequencies from the center of inertia is a measure of deviation from syn-

chrony, and may be defined as [95]
s
F(8) =) (walt) — @(1))%. (8.18)

This metric can be made equal to ||y (¢)||3 by choosing C1; = 0 and Cyy =T — ;75117 M.

Different from characterizing synchrony, a simpler stability metric could be the sum of
squared frequency excursions obtained by selecting Coy = I. Metrics on angular frequencies

will be henceforth denoted by f,(¢).

As evident from (8.15), if the stability criterion of interest relates solely to frequencies (that
is C1; = 0), the Hy-norm is independent of Lo and depends only on the inertia and damping

parameters. Nonetheless, in such cases the operating point still affects frequency dynamics in
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ways not necessarily captured by the Hs-norm. Basic linear system theory dictates that the
step response of voltage frequencies coincides with the impulse response of voltage angles.
Therefore, if one is interested in studying a stability metric f,(¢) obtained by choosing
(C11,Ca2) = (0,C,) under a step disturbance, it suffices to choose (Cy1, Cy2) = (C,, 0) and
analyze the resulting impulse response of ||y (¢)||3. Such reformulation enables us to study
the effect of the operating point and network parameters on the power network frequency

dynamics as well.

8.4.5 Relating Stability Metrics to Hs-norm

We so far have related different stability metrics f5(t) and f,,(t) to the output norm ||y()||3,
and realized that the Ho-norm depends on the operating point only if Cy; # 0. Since the
popular choices of stability metrics for angles and frequencies are distinct, we seek setups with
C11 # 0 and Cy, = 0. This section establishes the relation between different stability metrics
and the || H||3,,-norm, while respecting the aforementioned restriction on the structure of C.

With a suitable choice of C, the Hs-norm can be shown to be equivalent to:

A1) The expected steady-state value of an angle-based stability metric for unit-variance

stochastic white noise input p(t)

|H|%, = lim E [[ly(t)|3] = lim E[£5()];

A2) The sum of time-integrals of a angle-based stability metric f§*(¢) for unit-impulse dis-
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turbances p*(t) = e,d(t)! per bus n € S
s 00
11l =3 [ st
n=0

A3) The sum of time-integrals of a frequency-based stability metric f(¢) for unit-step

disturbances pi(t) = e, u(t) per busn € S
S o
1, =3 [
n=0

Having established the equivalence of various stability metrics to the Hs-norm of a dynamical
system, we embark on posing an OPF that maximizes power system stability via Ho-norm

minimization.

8.5 Stability-Cognizant OPF Formulation

Given load demands, this section develops an OPF to find an operating point corresponding
to minimum ||H||3,. It is worth noting that an admissible OPF formulation should enforce
the traditional engineering limits on bus voltages and line flows of the full power system

graph G, while limiting the ||H||7,, computation on the Kron-reduced graph.

From the algebraic model of Section 8.4.1, the bus power injections are given by (8.3). The

squared voltage magnitudes can be expressed as

v, |? = vIM,, v (8.19)

!Distinct from &, (¢) that denotes angle of machine n, the notation §(¢) denotes an impulse; the notation
en is for n-the entry of internal voltage vector e, while e,, denotes n-th canonical vector.



198 CHAPTER 8. OpTiIMAL POWER FLOW UNDER DyYNAMIC STABILITY CONSIDERATIONS

where M, := e,e, . Squared line current magnitudes can similarly be expressed as quadratic
functions of v. If y,,, is the series impedance of line (m,n) € L, the current flowing on this

line, denoted as iy, 18 tmn = (Vm — Un)Ymn, and thus,

ioml? = VEM,; v 8.20
V| (8.20)

imn

where M = |Ymn|?(€m — €1) (€ —€,) .

The active power injected into bus n can be decomposed into a dispatchable generation
pd and fixed demand p? as p, = p? — p?. Flexible demands at bus n, if any, can also
be incorporated in pJ. The reactive power injected into bus n is decomposed similarly as
¢n = ¢4 — q%. Recall that pd = p? = ¢ = ¢% = 0 for all buses n € S. Given the demands at

all buses {p?, ¢?},.cs, the OPF problem aims at optimally dispatching generators {p?, ¢ }ncs

while meeting resource and network limits. The OPF can be formulated as

min [|H]E, (S-OPF)
over v, e, L507 {pgw qg}nES

s.to (8.2), (8.10), (8.15), and

viM,, v = p? — pl, VneS (8.21a)
viM,, v = ¢! — ¢, VneS (8.21Db)
P’ <py <y Vnes (8.21¢)
¢ <q <q, Vnes (8.21d)
v, <V M, v <0, VneN (8.21e)
vIM; v < i, V (m,n) € L (8.21f)

Constraints (8.21a)—(8.21b) enforce the power flow equations at buses with non-zero in-
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jection. Constraints (8.21c¢)—(8.21d) impose generation limits. Constraints (8.21e) confine
squared voltage magnitudes within given ranges and constraint (8.21f) limits squared current

magnitudes according to line ratings.

Since the non-convexity of (S-OPF) makes it computationally difficult to solve, we seek
tractable convex relaxations next. To tackle non-convexity from quadratic constraints such as
(8.21a)-(8.21b) and (8.21e)-(8.21f), SDP relaxations have yielded promising results [8], [80].
However, non-convex constraints (8.10) and (8.15) are novel to the proposed formulation,

and thus do not have tractable prior reformulations.

Interestingly, although (8.10) provides a complicated nonlinear dependence of matrix Lgo
on the magnitude and angles of e, the constraint translates to a convenient reformula-
tion. Specifically, let us introduce the lifted matrix variable E := ee’. Thanks to E,

constraint (8.10) is equivalent to

Re{E,
St St m =
[Léo]mm = (8.22)
——Reif:lm} , m#n.

Constraint (8.22) relates Lgo to the lifted variable E via linear equality constraints.

To deal with the Ho-norm of the dynamical system appearing in the objective of (S-OPF),
heed that the second summand in (8.15) and the scaling factor 1/2d are constants, and hence
can be ignored when optimizing (S-OPF). We indeed seek to minimize Tr(ClTlCHL;O). The

ensuing result further simplifies the objective of (S-OPF).

Lemma 8.2. For W := C[,Cyy, let W and Lgo be the S x S matrices obtained after removing
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the first row and column from W and Lgso, respectively. If Assumption 8 holds, then

Tr(WL{,) = Tr(WL}).

Using Lemma 8.2 and the reformulation in (8.22), the SDP-relaxation of (S-OPF) can be

posed as

min  Tr(X) (SR-OPF)

s.to (8.21c) — (8.21d), (8.22), and

Tr(M,, V) = p? — p?, VnesS (8.23a)
Tr(M,, V) = ¢ — ¢, Vnes (8.23D)
v, <Tr(M,, V) < 0, VneN (8.23¢)
Tr(M;,, V) <imn, vV (m,n) € L (8.23d)
Vss =TYsEYSZTH, (8.23¢)
X W2
. _ =0, (8.23f)
W12 Lo
V=0 (8.23g)

where Vs s is the submatrix of V obtained from the first S+ 1 rows and columns; and w2
is the square root of matrix W. The linear matrix inequality (LMI) in (8.23f) is equivalent
to Ly = 0 and X = WY2L W2 The former holds by the definition of matrix Lo
via (8.22). For the latter, it is not hard to show that it is satisfied with equality, so that
X = W1/2£;01W1/2 at optimality. Then from Lemma 8.2, minimizing Tr(X) in (SR-OPF)
is equivalent to minimizing Tr(WL;O). The relaxed problem (SR-OPF) is termed exact if

the optimal V is rank-1.
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Even though dynamic stability is a desirable attribute, a typical OPF targets at minimizing
the cost of generation. Assuming (¢, c?) are the coefficients for generation cost for bus n, a

n’n

typical OPF reads as

min Y (chpf + ¢lql) (OPF-C)

nes

s.to (8.21c) — (8.21d), (8.23a) — (8.23d), and (8.23g).

With increasing stability considerations, an OPF balancing the trade-off between the con-
ventional OPF of (OPF-C) and the stability-enhancing OPF of (SR-OPF) could be pursued.

Such a problem may be posed as the bi-objective OPF

min  ATr(X) 4 (1 —\) <Z(cgpg + cgqg)> (\-OPF)

nesS

s.to (6.6e) — (6.6f), (8.22),and (8.23a) — (8.23g)

for some parameter A € (0,1). Alternatively, one may first solve (OPF-C) and obtain a
minimum generation cost f*. Subsequently, a more stable generation dispatch can be found
by solving (SR-OPF) after appending the additional constraint of ) _o(cEpd + clqd) <

(14 ¢€)f* for a desired margin e.

8.6 Numerical Tests

The developed OPF formulation with dynamic stability consideration was numerically eval-
uated on the IEEE 39-bus system using the MATLAB-based optimization toolbox YALMIP
alongside the SDP solver Mosek [78], [90]. There were three main objectives: First, to

study the exactness of the SDP relaxation in (SR-OPF); Second, to numerically evaluate
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Figure 8.2: Generation cost and stability trade-off for bi-objective OPF.

the trade-off between generation cost and stability; and Third, to quantify the extent to
which dynamic stability could be affected by generation dispatch. The network parameters,
generator limits, and nominal loads for the IEEE 39-bus system were fetched from the MAT-
POWER casefile [153]. The 39-bus system features |S| = 10 zero-injection buses, and 10
generators. Treating the loads as non-flexible, the corresponding parameters Py, 40, @, ch
and ¢l were set to zero. Since the benchmark system has identical cost curves for all gen-
erators, a uniform active power cost ¢/ = 1 was used for all generators. The stability index

for network coherence given by (8.16) was chosen for the tests.

The SDP relaxation of (OPF-C) is generally known to be exact, particularly with a penalty
on reactive power generation [80]. Thus a uniform reactive power cost ¢ = 0.1 was used for
all generators. To numerically determine if an obtained matrix V is rank-1, let us define the
indices

Al SN N\
—_ — d g —nil
T N and 72 Mo )
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where 0 < Ay < ... A1 < Agare the eigenvalues of V. While theoretically, a rank-1 'V requires
1 = 1o = 0, numerically we seek small values for these indices. Solving (OPF-C) with the
aforementioned cost coefficients and nominal loads on the 39-bus system yields 1, = 5- 1076
and 7, = 2-107°%; while for (SR-OPF) we obtained 1, = 6-10"% and 1, = 7-10~%. The small
values of 7; and 7, indicate that similar to (OPF-C), a minimizer of (SR-OPF) features
nearly rank-1 V, rendering the relaxation exact. For the remaining tests to be presented

next, indices 77 and 7 of the same order were obtained.

Proceeding to the second objective of assessing the generation cost versus stability trade-off,
a Pareto optimality analysis was carried out by varying A € [0, 1] and solving (A\-OPF); see
Figure 8.2. The stability cost in Figure 8.2 is given by T I(Wf;gol) while the generation cost
includes the total (re)active power cost. The Pareto analysis at the nominal load level shows
that an improvement of 1.77% in ||H||3, can be obtained by increasing the generation cost
by 1.11%. Decomposing the generation cost interestingly reveals that the increase in active
power generation cost was just 0.49%. Moreover, not seeking the most stable operating
point, a significant improvement in stability can be attained with a marginal increase in
active power cost. For instance, a reduction of 1.69% in ||H||7,, comes with an increase of
0.18% in active power cost. These observations motivate future exploration of the possibility

of improving dynamic stability via reactive power dispatch, thus limiting the financial impact.

We next conducted a set of numerical tests with 50 random generation costs and load levels.
The goal of these tests was to emphasize on the range of values for generation cost and
stability metrics that can be obtained from (SR-OPF) and (OPF-C). The random active
and reactive generation costs were drawn independently from a uniform distribution on [1, 2]
and [0.1,0.2], respectively. For generating 50 load instances, the nominal loads at all buses of
the IEEE 39-bus system were scaled independently and uniformly at random within [0.8, 1.2].

The values of the stability metric and generation cost obtained for these random instances
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are shown in Figure 8.3. The impact on the stability metric obtained by a change of OPF
objective demonstrates the significant room for enhancing dynamic system stability with an
informed expense on generation cost. Specifically, the tests on the random OPF instances
demonstrate a potential reduction in ||H||3,, by up to 5.7% by transiting from (OPF-C) to
(SR-OPF).

8.7 Conclusions

A detailed model capturing the dependence of power system small-signal dynamics on the
operating point has been put forth. Thereafter, a novel OPF formulation for minimizing the
Ho-norm, capable of representing practical stability metrics, has been proposed. To garner
global optimality and scalability, the proposed OPF relies on SDP relaxation, which can
be conveniently integrated with classical OPF formulations that minimize generation costs.
Thanks to such integration, an insightful investigation of the trade-off between the chosen
stability metric and generation cost was carried out for the IEEE 39-bus benchmark system.
The numerical tests interestingly reveal that despite relying on SDP relaxation, the proposed
stability-improving OPF yields nearly rank-1 minimizers, rendering the relaxation exact. The
numerical tests further exemplify that the developed OPF can be used to obtain an optimally
stable operating point based on the acceptable deviation from least generation cost dispatch.
This work sets the foundations for interesting research directions. Improving small-signal
stability via reactive power dispatch is a lucrative next step, mainly due to its limited
monetary requirements. Expanding the proposed framework to include diverse stability

metrics and more detailed generator models would further help to expand its applicability.
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Chapter 9

Summary: Contributions and Future

Work

Aimed at improving the state of the art in energy network management, this dissertation

presents the following exciting developments.

Network flow problems

e (-1): Open questions on characterizing uniqueness of natural gas and water flow
problems have been answered. The elegance of our results is that they apply for
fairly general problem settings that include all practical network topologies, prevalent

component models, and multiple pressure references within a network.

o (-2): There are several gas and water flow solvers with different benefits and limita-
tions. In this work, we first propose novel convex relaxation-based flow solvers with
performance guarantees. The formulations are readily extendable to optimal network
flow settings, and our approach for obtaining exactness serves as a base for such set-
tings as well. Having developed these novel solvers, we further develop techniques that
bring together the benefits of the existing and new solvers. Extensive numerical tests
on benchmark gas and water networks establish the efficacy of the proposed hybrid

solvers.
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Learning to optimize (L20)

o (-3): We revisit the traditional supervised learning approach for deep neural networks
(DNNSs) that is witnessing increasing application in learning to optimize power systems.
Arguing that the traditional approach is wasteful in not using additional physics-based
knowledge in the form of optimality conditions and optimal dual variables, we propose
a novel approach termed as sensitivity-informed DNNs (SI-DNN). The novel feature
here is that this DNN is trained to match not only the minimizers, but also their
sensitivities with respect to the optimal power flow problem parameters. Detailed
numerical tests reveal an accuracy improvement of 2-3 orders of magnitudes compared

to the traditional DNN training approach.

o (-4): Training SI-DNNs requires augmentation of the labeled training set with the
true sensitivity of the minimizers with respect to the input parameters. Using classical
perturbation analysis, we developed a rigorous, yet computationally cheap procedure to
compute these sensitivities, when they exist. The proposed SI-DNN is compatible with
a broad range of optimal power flow (OPF) solvers, including a non-convex quadrat-

ically constrained quadratic program, its semidefinite program (SDP) relaxation, and

MATPOWER.

Network control for improved resiliency

o (-5): Network dispatchers often ensure operation safety by enforcing constraints
while solving centralized dispatch problems. Unanticipated disruptive events that oc-
cur between two dispatch instances may change the system model and hence could
cause violation of safety-critical constraints. In this context, we developed a novel
communication-stingy approach with theoretical guarantees on recovering feasibility,

under practically reasonable assumptions.
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e (-6): According to this protocol, agents act on local readings unless their control

resources have been depleted, in which case they send a beacon for assistance to peer
agents. Our ripple-type scheme triggers communication locally only for the agents

with saturated resources and it is proved to converge.

Stability improving network dispatch

o (-7): Power system dynamic stability is often assessed by linearizing the underlying

dynamical model at a fixed operating point. Further, given power demands, an op-
erating point is chosen by dispatching generators at minimum cost. We investigate
the opportunity of deviating from a strictly cost-oriented network dispatch towards an
stability-improving approach. Systematically developing a mathematical model that
capture the needed inter-dependencies between the two studies, we propose a tractable
SDP-relaxation based formulation that can be used to incorporate dynamic stability

in OPF formulations.

The mathematical tools acquired via the works included in this dissertation have also guided

our additional works in power distribution systems [116], [19]. The diverse selection of

problems addressed in this dissertation alongside the fundamental tools incorporated pre-

dominantly from optimization, learning, and control theory set a solid platform for us to

conduct exciting future research. Some immediate research directions include:

o Optimal network flow: Unlike power systems, where tremendous development has been

made towards efficient OPF solvers, the tools for solving optimal gas and water flow
problems still lack sophistication. The advancements in flow solvers provided in this

dissertation motivates us to tackle optimal gas/water flow problem instances in future.

o Harness L20: The SI-DNN approach developed for solving parametric OPF problems
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indeed has a general applicability in learning minimizers of arbitrary nonlinear opti-
mization problems. We therefore plan to fully harness its scope by venturing out to
other practical applications. Furthermore the underlying mathematical analysis can
be extended to include sensitivities of optimal dual variables as well. This further sets
a promising ground for problems affected by optimal dual variables such as predicting

active constraints or locational prices in energy markets.

Exploring inter-network couplings: In recent years, the opportunities and research in-
terest in network inter-dependencies have been on the rise. With the modeling insights
and reformulation techniques developed in this thesis, we next plan to explore the areas

on gas-electric-water nexus.
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