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Finite-element simulations of interfacial flows with moving contact
lines

Jiaqi Zhang

(ABSTRACT)

In this work, we develop an interface-preserving level-set method in the finite-element frame-

work for interfacial flows with moving contact lines. In our method, the contact line is

advected naturally by the flow field. Contact angle hysteresis can be easily implemented

without explicit calculation of the contact angle or the contact line velocity, and mesh-

independent results can be obtained following a simple computational strategy. We have

implemented the method in three dimensions and provide numerical studies that compare

well with analytical solutions to verify our algorithm.

We first develop a high-order numerical method for interface-preserving level-set reinitial-

ization. Within the interface cells, the gradient of the level set function is determined by a

weighted local projection scheme and the missing additive constant is determined such that

the position of the zero level set is preserved. For the non-interface cells, we compute the

gradient of the level set function by solving a Hamilton-Jacobi equation as a conservation

law system using the discontinuous Galerkin method. This follows the work by Hu and Shu

[SIAM J. Sci. Comput. 21 (1999) 660-690]. The missing constant for these cells is recovered

using the continuity of the level set function while taking into account the characteristics. To

treat highly distorted initial conditions, we develop a hybrid numerical flux that combines

the Lax-Friedrichs flux and a penalty flux. Our method is accurate for non-trivial test cases

and handles singularities away from the interface very well. When derivative singularities



are present on the interface, a second-derivative limiter is designed to suppress the oscilla-

tions. At least (N + 1)th order accuracy in the interface cells and Nth order accuracy in

the whole domain are observed for smooth solutions when Nth degree polynomials are used.

Two dimensional test cases are presented to demonstrate superior properties such as accu-

racy, long-term stability, interface-preserving capability, and easy treatment of contact lines.

We then develop a level-set method in the finite-element framework. The contact line singu-

larity is removed by the slip boundary condition proposed by Ren and E [Phys. Fluids, vol.

19, p. 022101, 2007], which has two friction coefficients: βN that controls the slip between

the bulk fluids and the solid wall and βCL that controls the deviation of the microscopic

dynamic contact angle from the static one. The predicted contact line dynamics from our

method matches the Cox theory very well. We further find that the same slip length in

the Cox theory can be reproduced by different combinations of (βN , βCL). This combina-

tion leads to a computational strategy for mesh-independent results that can match the

experiments. There is no need to impose the contact angle condition geometrically, and the

dynamic contact angle automatically emerges as part of the numerical solution. With a little

modification, our method can also be used to compute contact angle hysteresis, where the

tendency of contact line motion is readily available from the level-set function. Different test

cases, including code validation and mesh-convergence study, are provided to demonstrate

the efficiency and capability of our method.

Lastly, we extend our method to three-dimensional simulations, where an extension equation

is solved on the wall boundary to obtain the boundary condition for level-set reinitializaiton

with contact lines. Reinitialization of ellipsoidal interfaces is presented to show the accu-

racy and stability of our method. In addition, simulations of a drop on an inclined wall are

presented that are in agreement with theoretical results.



Finite-element simulations of interfacial flows with moving contact
lines

Jiaqi Zhang

(GENERAL AUDIENCE ABSTRACT)

When a liquid droplet is sliding along a solid surface, a moving contact line is formed at

the intersection of the three phases: liquid, air and solid. This work develops a numerical

method to study problems with moving contact lines. The partial differential equations

describing the problem are solved by finite element methods. Our numerical method is

validated against experiments and theories. Furthermore, we have implemented our method

in three-dimensional problems.
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Chapter 1

Introduction

1.1 Moving contact lines

When a liquid droplet is resting on an isotropic, homogeneous, and smooth ideal solid surface,

Young’s equation [4] gives the relation between the contact angle and the surface tensions.

Here the contact angle is defined as the angle where the liquid–air interface meets the solid-

liquid interface. While in stationary equilibrium, the contact angle is usually referred to

as the static contact angle θS. However, when the contact line, which is formed at the

intersection of the three phases, is in motion, Young’s equation fails and the dynamics at the

moving contact becomes much more complicated than it is in static equilibrium. The moving

contact line is ubiquitous in nature, for example, sliding rain drops on windshield glasses.

Industrial applications include inkjet printing, self-cleaning surfaces, coating, lubrication,

and microfluidics, among others. Despite decades of research, the underlying physics has

not been well understood. Huh and Scriven [5] revealed the stress singularity at the moving

contact line by studying the corner flow described by the Stokes equations with the no-

slip boundary condition on the solid wall. Therefore, to address the singularity, one has

to allow slip at the moving contact line, and the slip length is typically at the microscopic

scale (typically 10−9m), indicating the multiscale characteristic of the moving contact line

problem. Based on the length scale, two contact angles are defined: the dynamic contact

angle θD at the microscopic scale and the apparent contact angle θAPP at the macroscopic

1
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scale. By exploring the asymptotic limits of the lubrication approximation, Voinov [6] showed

the existence of viscous bending at the liquid-air interface: the contact angle varies with the

distance to the contact line logarithmically. Later the Cox theory [7] was proposed to describe

the relation between the macroscopic and microscopic contact angles for fluids of arbitrary

viscosity ratios. The theoretical results in [6, 7] have a great impact on designing numerical

methods for moving contact line problems.

In past two decades, numerical simulations of moving contact lines have gained increasing

interest, providing an alternative to theoretical and experimental methods in studies of the

dynamic behavior of moving contact lines. This dissertation focuses on continuum numerical

simulations, in which one of the challenges is, as we mentioned before, the stress singularity

at the contact line caused by the discrepancy between the no-slip boundary condition and the

moving contact line. Different models have been developed to relax the stress singularity.

For example, the Navier slip model [8] relates the slip velocity to the viscous stress only,

and does not incorporate the information about the contact angle. However, the Molecular

Kinetic Theory (MKT) [9] indicates that the contact line velocity is related to the contact

angles, specifically, the difference between the dynamic contact angle and the static contact

angle. The slip model that includes both the contact angles and the viscous stress is the

Generalized Navier Boundary Condition (GNBC) by Qian et al. [10], who observed that slip

velocity at the wall was proportional to the sum of the tangential viscous stress and the

uncompensated Young’s stress (a.k.a. the unbalanced Young’s stress) in molecular dynamics

(MD) simulations. The velocity profiles in the vicinity of the contact line from their phase-

field simulations agreed very well with the MD results. To improve upon the Navier slip

condition, Ren and E later developed a sharp-interface version of the slip condition [11] by

adding a contact line condition based on the force balance between the contact line friction

and the unbalanced Young’s stress, which is no longer restricted to the phase-field method.
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Note that the unbalanced Young’s stress is caused by the deviation of the dynamic contact

angle θD from the static contact angle θS. We chose Ren and E’s slip condition in this

work. Other methods to regularize the contact line singularity include diffusion in different

models, such as the Cahn-Hilliard model [12], and the conservative level set method [13].

More details on numerical methods for the moving contact line problem can be found in a

recent review paper [14].

Although the slip models have been widely used, it is still challenging to obtain mesh-

independent results, because the physical slip length is usually at the nanoscale and can not

be resolved by the computational mesh. In the literature, a standard treatment to remove

mesh dependency, as proposed in [15, 16, 17, 18], is to determine a numerical contact angle

at the grid scale based on mascroscale models such as the Cox-Voinov model [6, 7]; this

numerical angle is then applied at the contact line in place of the static contact angle. A

drawback of this method is that it requires the input of contact line velocity, which may

be difficult to obtain, especially in three dimensions. The similar idea was also used in

the GNBC, however, in a different approach [19, 20]: the grid-scale contact angle from the

simulation is used to determine a microscopic dynamic contact angle, which is then fed to

the GNBC to compute the slip velocity. In this work, we propose a novel approach that

does not rely on hydrodynamic models and is thus much easier to implement. In addition,

by properly choosing the friction coefficients, we show that the slip condition by Ren and E

itself is sufficient to reproduce the well-established Cox theory [7] with realistic slip lengths.

1.2 Contact angle hysteresis

One interesting topic associated with contact lines is the contact angle hysteresis (CAH).

Due to chemical or physical defects of the solid surface, the static contact angle is not unique,
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resulting in the CAH that is defined by the difference between the greatest and the smallest

static contact angles. The greatest static contact angle is called the advancing contact angle

(θA), while the smallest one is called the receding contact angle (θR). When the contact

angle exceeds θA, the contact line advances; while the contact line recedes if the contact

angle is smaller than θR; otherwise, the contact line is pinned. An easy example of CAH

is the sticking of drops to an inclined solid surface. Because of CAH, there is a net force

generated at the contact line that balances the gravity, and hence the drop can be stationary.

Due to its practical value, there has been a sizable literature exploring the underlying physics

of contact angle hysteresis, e.g., [21, 22, 23, 24]. It should be noted that contact angle hys-

teresis is observed even on inherently smooth surfaces [25, 26]. Thus contact angle hysteresis

should be considered in almost all numerical simulations of moving contact lines. In this

dissertation, we do not intend to explore the origin of contact angle hysteresis. Instead, we

focus on the simulation of contact line dynamics with θA and θR specified from experiments

or other sources. Spelt developed an iterative procedure to implement contact angle hystere-

sis in the level-set method [27]. This procedure was later followed by different researchers

using different methods including the phase-field method [28, 29] and the volume-of-fluid

method [30, 31, 32]. However, this treatment requires ghost points outside the boundary

and the evaluation of contact angle and contact-line velocity. This can be very challenging

on curved boundaries and unstructured meshes. Thus there is a demand to develop a more

efficient method that is easy to implement.

1.3 Descriptions of the interface

Another challenge in simulations of interfacial flows is the representation of the interface,

as the interface may undergo large deformations and topological changes, such as break-up
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and coalescence. There are two popular groups of methods: interface-tracking and interface-

capturing. In the first group, the interface is explicitly represented by either the cell edges

(faces in 3D) of a moving mesh or markers on a stationary mesh. Numerical methods

on a moving mesh usually rely on the Arbitrary Lagrangian-Eulerian (ALE) framework

[33, 34, 35], where a mesh is generated to fit the interface and the two phases are computed

separately. Though the method can represent the interface and handle different matching

conditions very well, remeshing and interpolation are required when the interface-fitted mesh

gets too distorted. In addition, the method falls short when there are topological transitions.

To avoid moving the mesh, one can use markers to track the interface on a stationary mesh,

e.g., the front tracking methods [36, 37, 38]. Similar to the remeshing in the previous

category, this method requires redistribution of markers as the interface deforms, an it can

be very complicated to capture topological changes as well. To deal with the moving contact

line problem, slip models can be embedded into interface-tracking methods, such as the

Navier slip and the GNBC in front-tracking methods [19, 38], and the GNBC in the ALE

method [35].

The most popular interface-capturing methods, wherein the interface is represented implicitly

by a scalar field, include the volume-of-fluid (VOF) method [39, 40], the level-set method

[41, 42], and the phase-field method [43]. The VOF method captures the interface by tracking

the volume fraction in each cell. Then the interface is reconstructed cellwise based on the

volume fraction, in which the interface can be approximated by piecewise constants [39],

piecewise linear functions [44], piecewise quadratic functions [45], or piecewise cubic splines

[46]. This reconstruction could be very complicated and usually leads to a discontinuous

interface. In VOF methods, the system of equations are usually discretized on a staggered

grid and the velocity is placed on edge centers, leading to a numerical slip length which is

half of the grid size [15, 40]. Thus using the no-slip boundary condition does not result in
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the contact line singularity. However, introducing slip models in the VOF method provides

another way to predict the contact line dynamics [47, 48]. Although the VOF method

conserves mass very well, it is not easy to implement on an unstructured mesh.

Due to its simplicity and ability to capture topological changes of the interface, the level-

set method has been applied to a lot of areas in computational physics and engineering

[42, 49, 50, 51]. More recent advances and applications of the level-set method can be found

in a recent review by Gibou et al. [52] and references therein. Generally, the level-set function

ϕ is initialized to a signed distance function, which satisfies the Eikonal equation |∇ϕ| = 1.

Nevertheless, it will usually become too steep or too flat during the evolution of the level

set function, thus causing large errors in simulations. Therefore, it is inevitable that ϕ needs

to be reinitialized to a signed distance function while still preserving the position of the

interface. However, this is not easy to achieve numerically, and the subsequent mass loss

is the major issue of the level-set method. To address the stress singularity, slip boundary

conditions for the flow equations are usually used in the level-set method [27, 53]. Note

that level-set methods with interface-preserving reinitialization may have trouble capturing

topological transitions of the interface. For instance, in the simulations of a drop impacting

on a solid wall, we found that the interface cannot merge with the solid wall automatically,

forming a thin air film that never ruptures.

All aforementioned methods use a sharp-interface description, which means the interface

thickness is zero. Although, for numerical stability, some of them may need to introduce

an interface thickness of the order of the mesh size. The phase-field method, also known

as the diffuse-interface method, has a finite-thickness interface built in the physical model.

Therefore, physical properties changes steeply but smoothly across the diffuse interface. To

conserve mass, the Cahn-Hilliard equation is usually used to evolve the phase-field variable.

Compared with the sharp-interface methods, the phase-field method can handle topologi-
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cal changes automatically. In addition, the intrinsic Cahn-Hilliard diffusion can relax the

contact-line singularity [12, 54]. Since the introduction of GNBC in the phase-field framework

in [10], the GNBC-based phase-field methods has gained increasing popularity in simulations

of moving contact lines [55, 56, 57, 58, 59], which also encourages the development of ef-

ficient energy stable numerical schemes [60, 61, 62, 63]. However, the phase-field method

is computationally expensive, since it requires a comparatively thick layer of fine mesh to

accurately resolve the interface.

1.4 Thesis outline

The ultimate goal of this work is to develop a numerical method, which is efficient and

reliable, to simulate interfacial flows with moving contact lines. There are several challenges

that are unique to this field. One is the accurate representation of the interface as well as

capturing topological transitions of the interface. A second is the stress singularity at the

contact line, which may cause mesh-dependent results if not handled appropriately. A third

is the implementation of the contact angle hysteresis. We focus on these three issues in this

work. Other challenges, such as the restrictive time steps and the parasitic currents near the

interface caused by the explicit treatment of the surface tension, are not addressed in the

current work.

We employ the level-set method to represent the interface implicitly. One concern about

the level-set method is the unphysical mass loss caused mainly by the procedure of reinitial-

ization. Therefore we first address level-set reinitialization in Chapter 2, where we propose

a high-order and interface-preserving level-set reinitialization technique in the discontinu-

ous Galerkin (DG) framework in Sections 2.2 and 2.3. Boundary conditions for level-set

reinitialization in 2D are discussed in Section 2.4.6.
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When the level-set reinitialization method is ready, we couple the level-set equation with

the Navier-Stokes equations in Chapter 3. The weak form of the Navier-Stokes equations

with Ren and E’s slip condition is given in this chapter. In addition, a simple approach to

implement contact angle hysteresis is developed without explicit computation of the contact

angle or the contact line velocity.

In Chapter 4, we extend the level-set method to three-dimensional simulations. Special

attention is paid to the level-set reinitialization on the wall boundary, where an extension

equation is solved to supply the boundary condition. Simulations of a drop on an tilted wall

are conducted to illustrate the capability of our method in modeling moving contact line

problems with CAH.

We present a brief summary of this work in Chapter 5.



Chapter 2

Level-set reinitialization

This chapter is devoted to level-set reinitialization that leads to a singed distance function.

To prevent mass loss, we propose a weighted local projection method that computes ∇ϕ in

part of the interface cells, and only use the PDE-based method in all the other cells. In

contrast to traditional methods in the literature, we solve for the gradient ∇ϕ first and then

reconstruct ϕ by the interface location and the continuity of ϕ. The work in this chapter has

been published in [64].

2.1 Introduction

A lot of methods have been proposed for level-set reinitialization, among which solving the

Eikonal equation using some fast method is a popular one, e.g., the fast marching methods

[65, 66] and the fast sweeping methods [67, 68]. An alternative is to compute the Hamilton-

Jacobi (HJ) (2.1) equation to steady state such that |∇ϕ| = 1 [42]:

ϕτ +H(∇ϕ) = 0, in Ω× [0, T ] ⊂ Rn × R, ϕ(x, 0) = ϕ0, (2.1)

where H(∇ϕ) = S(ϕ0) (|∇ϕ| − 1), S is the sign function, ϕ0 is the initial level-set function,

and τ is the pseudo time. Following the literature, we replace the discontinuous sign function

9



10 Chapter 2. Level-set reinitialization

S by the smoothed sign function given as follows to stabilize the solution,

Sη (ϕ0) =
ϕ0√
ϕ2
0 + η2

, (2.2)

where η is the smoothing parameter usually chosen to be the smallest mesh size hmin. Our

reinitialization algorithm is built on top of this PDE-based method, the applications of

which can be found in [69, 70, 71, 72]. Another category of methods are based on variational

formulations. The first variational level-set method, which was proposed Li et al. [73], attains

|∇ϕ| = 1 by minimizing an energy functional. Basting and Kuzmin [74] modified the energy

functional and extended this method to the elliptic reinitialization, in which the elliptic

problem can be solved by a Ritz-Galerkin finite element method or a discontinuous Galerkin

(DG) method [75].

A consensus in the level-set literature is that directly solving the HJ equation (2.1) results

in displacement of the interface, leading to unphysical mass loss in numerical simulations

of interfacial flows. Therefore a lot of work has been done to improve mass conservation

during reinitialization. For instance, Sussman et al. [76, 77] added a constraint to the HJ

equation by the Lagrange multiplier to preserve mass. A variation of the smooth sign

function was proposed by Peng et al. [78] to keep the shift the interface within one cell in the

process of reinitialization. Techniques of subcell fix, first introduced by Russo and Smereka

[79] and improved by Min [80] and du Chéné et al. [81], were developed to prevent the

shift of the interface as well. Hartman et al. [82, 83] proposed a constrained reinitialization

scheme that solves a least-squares problem to compute the level-set function in each interface

cell. Sophisticated methods are also proposed to correct the level-set function by other

mass conserving techniques, such as the particle level-set method [84] and the coupled level-

set/volume-of-fluid method [85, 86, 87]. It should be noted that the conservative level-set

method [88, 89] proposed by Olsson et al. takes a different approach to conserve mass and
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it is more like a variant of the phase-field method [43, 90]. Some recent developments of this

method can be found in [91, 92].

Most high order methods for level-set reinitialization are based on structured meshes, e.g.,

[68, 81, 93]. To achieve high order accuracy on unstructured meshes, DG methods, which

have been very successful in solving conservation laws [94, 95, 96], seem to be the top choice.

Although Zhang and Shu [97] and Levy et al. [98] have successfully constructed finite-volume

Weighted Essentially Non-Oscillatory (WENO) schemes for the HJ equation on unstructured

meshes, DG methods still have the advantages of compactness, easy implementation, and

superior scalability. Since the gradient of the HJ equation form a system of conservation

laws, DG methods can be readily adapted to solve the HJ equation. Following this idea, Hu

and Shu [99] designed the first DG method for the HJ equation, which was later reinterpreted

and simplified by Li and Shu [100]. Later, different DG methods are proposed to directly

solve the HJ equation [101, 102]. A recent review on DG methods for HJ equations can be

found in [103]. In literature, the particular HJ equation (2.1) for level-set reinitialization

was however mostly solved by the finite difference methods or the finite volume methods.

Sometimes, people still stick to the more mature finite volume methods for (2.1) even though

they use the DG methods for other equations. For example, Fechter and Munz used a fifth-

order WENO scheme in the finite volume subcells of each DG grid cell [104]; Marchandise

et al. completely avoided reinitialization and relied on special algorithms that did not require

ϕ to be a signed distance function [105]. There are only a few successful implementations of

DG methods, both of which add an additional second-order diffusion term to the right-hand

side of (2.1) and use some filtering technique to stabilize the solution [106, 107].

We develop an interface-preserving DG method for (2.1). The computation cells are divided

into interface cells and non-interface cells and the solution of ϕ is decomposed into ∇ϕ and an

additive constant. In the interface cells, we construct ∇ϕ using a weighted local projection
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method and determine the additive constant such that the interface location is preserved.

In the non-interface cells, instead of solving (2.1), we follow Hu and Shu [99] and rewrite it

as a conservation law system by taking the gradient:

∂∇ϕ
∂τ

+∇H(∇ϕ) = 0, in Ω× [0, T ] ⊂ Rn × R, ∇ϕ(x, 0) = ∇ϕ0. (2.3)

It should be noted that components of ∇ϕ are not completely independent, e.g., ∇×∇ϕ = 0

is always satisfied. We then recover ϕ based on continuity. Our method is very stable and

does not need additional diffusion terms or filtering techniques. For smooth ϕ with piecewise

Nth degree polynomial space, we can achieve (N +1)th order accuracy in the interface cells

and Nth order in the whole domain. An additional benefit is that our method can be directly

applied to moving contact line simulations without complicated treatments on the boundary

[27, 106].

This chapter is organized as follows: we first describe the algorithm to compute ∇ϕ in

both interface and non-interface cells in Section 2.2. In addition, a novel hybrid numerical

flux and a second-derivative limiter are developed for the DG method. In Section 2.3, we

present the interface-preserving reconstruction of level-set function in the interface cells and

non-interface cells. Numerical results are illustrated in Section 2.4.

2.2 Computation of ∇ϕh

In this section, we develop a high-order and stable method to compute ∇ϕ. Computational

cells are divided into interface cells and non-interface cells. In the interface cells, we anchor

∇ϕ by the weighted local projection method. We then compute ∇ϕ in all the other cells by

the DG method.
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2.2.1 Interface cells

We denote the zero level set by

Γ = {x ∈ Ω : ϕ0(x) = 0} , (2.4)

and the set of interface cells by

I = {K ∈ Th : K ∩ Γ ̸= ∅}. (2.5)

Theoretically, ∇ϕ remains normal to the interface and propagates away from the interface

along Sη(ϕ0)∇ϕ when we evolve (2.3). Let tϕ be the unit tangent vector to the interface Γ,

then tϕ · ∇ϕ0 = 0 at x ∈ Γ. Multiplying (2.3) by tϕ, we have

tϕ ·
∂∇ϕ
∂τ

+ tϕ · ∇H(∇ϕ) = 0. (2.6)

Since S(ϕ0) = 0 for any x ∈ Γ, Γ is also the zero level set of H(∇ϕ). Consequently,

tϕ · ∇H(∇ϕ) = 0 and ∂(tϕ·∇ϕ)

∂τ
= tϕ · ∂∇ϕ

∂τ
= 0 on Γ, where we have used the fact that Γ and

thus tϕ are independent of τ . Thus if we start with initial condition ∇ϕ = ∇ϕ0, we should

expect tϕ ·∇ϕ(x, τ) = tϕ ·∇ϕ(x, 0) = 0 for any x ∈ Γ. However, after discretization, ∂(tϕ·∇ϕ)

∂τ

could not remain exactly zero on Γ. The errors may accumulate and eventually destroy the

zero level set in long-term simulations, as shown later in Sec. 2.4.2. This kind of instability

is common in PDE-based method. For example, it is well-known that the interface tends

to shift if the HJ equation (2.1) is evolved without any constraints [79, 108]. Thus ∇ϕ in

the interface cells has to be determined by a different approach and fixed during the pseudo

time evolution.
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Let ∇ϕh be a signed distance function in an interface cell K ∈ I, it needs to satisfy both

∇ϕh =
∇ϕ0

|∇ϕ0|
on Γ ∩K, (2.7)

and

|∇ϕh| = 1 in K. (2.8)

Generally, these two conditions cannot be satisfied simultaneously, but we can seek the

optimal approximation by minimizing the energy functional

E(∇ϕ) = 1

2

∫
Γ∩K

(
∇ϕ− ∇ϕ0

|∇ϕ0|

)2

ds+ λ

4

∫
K

(
|∇ϕ|2 − 1

)2 dx, (2.9)

where λ ≥ 0 is the weight of the constraint |∇ϕh| = 1.

We will use the same finite element spaces as in the discontinuous Galerkin method to be

discussed subsequently. Following [100], we introduce two spaces of polynomials:

V N
D = {ϕ : ϕ ∈ PN(K),∀K ∈ Th} (2.10)

and

WN
D =

{
w : w = ∇v, v ∈ V N

D

}
. (2.11)

Then the problem can be formulated as: find ∇ϕh ∈ WN
D such that E(∇ϕh) = minE(∇ϕ)

for all ∇ϕ ∈ WN
D . The corresponding variational form is

∫
Γ∩K

(
∇ϕh −

∇ϕ0

|∇ϕ0|

)
· wds+ λ

∫
K

(
|∇ϕh|2 − 1

)
∇ϕh · wdx = 0,∀w ∈ WN

D . (2.12)

The first term in (2.12) requires a surface integral on Γ ∩K, which is not known explicitly.

We replace it by a volume integral that is easy to compute numerically, and rewrite (2.12)
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as

∫
K

(
∇ϕh −

∇ϕ0

|∇ϕ0|

)
· wδ̄ξ(ϕ0)dx+ λ

∫
K

(
|∇ϕh|2 − 1

)
∇ϕh · wdx = 0,∀w ∈ WN

D , (2.13)

where δ̄ξ is a shifted smooth delta function defined as

δ̄ξ(ϕ0) =


1
2ξ

(
1 + cos

(
π
ξ

ϕ0

|∇ϕ0|

))
+ ξ1

ξ
, if |ϕ0|

|∇ϕ0| < ξ,

ξ1
ξ
, otherwise.

(2.14)

Here ξ is the half width of the narrow band and ξ1 is a small positive parameter to avoid

singular matrices. We will discuss the choices of ξ and ξ1 toward the end of this subsection.

It should be noted that ϕ0/|∇ϕ0| is used here, instead of ϕ0, to take care of the extreme

cases when |∇ϕ0| ≪ 1 or ≫ 1. This method essentially projects ∇ϕ0

|∇ϕ0| to a gradient space, as

can be seen in (2.13), it is thus referred to as the weighted local projection (WLP) method

hereinafter. The idea of local projection was first seen in [109], where the author projected
ϕ0

|∇ϕ0| to ϕh in the interface cells. This is however inaccurate unless |∇ϕ0| is a constant.

Note that we do not need ϕ0 to be a signed distance function here. When ϕ0 is close to

a signed distance function, for example, the contours of ϕ0 are parallel lines or concentric

circles, ∇ϕh = ∇ϕ0

|∇ϕ0| automatically satisfies the conditions (2.7) and (2.8), hence the penalty

in (2.13) plays no role. For the more general case, ∇ϕ0

|∇ϕ0| does not even reproduce the gradient

of any scalar function, because ∇×
(

∇ϕ0

|∇ϕ0|

)
= 0 cannot be guaranteed (although ∇×∇ϕ0 = 0

is satisfied). Thus the penalty term in (2.13) is necessary to maintain the signed distance

function in the cell K, which will be further discussed in Sec. 2.4.1.

One thing we need to pay attention to is that the quality of the WLP may deteriorate if the

length of the interface in cell K is very small. For instance, when the interface only cuts a

small portion of the cell at one corner, we observe that ∇ϕh computed by (2.13) leads to
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contours of ϕh being concentric circles. This may be incorrect. An easy way to avoid this

problem is to anchor ∇ϕh by the WLP in part of the interface cells only, and treat all the

other cells as non-interface cells where ∇ϕh is computed by solving (2.3).

We thus define another set Ip ⊂ I that only contains cells with sufficient amount of interface:

Ip = {K ∈ I : |K ∩ Γ| ≥ p}, (2.15)

where |K ∩Γ| is the length (or area in 3D) of the interface segment in K, and p < h (p < h2

in 3D) is a positive number. If the interface Γ intersects K at two points, then |K∩Γ| can be

approximated by the distance between these two intersections. While in 3D, we only consider

the cases when the interface cuts a cell at three and four points. In both cases, the area is

easy to compute with the coordinates of those intersections. As for other complicated cases

in 2D with more than two intersections, and how to locate intersections will be discussed in

Sec. 2.3. In practice, we choose p = h/2 (or p = h2/2 in 3D). The WLP method (2.13) is

applied to every cell K ∈ Ip and the DG method (2.20) is used in all other cells. Thus the

WLP solution in Ip can be considered as a boundary condition for the DG method, therefore

the accuracy of the WLP affects the solution in the whole computational domain.

We employ Newton’s method to solve the non-linear problem (2.13). Denoting the solution

at the kth iteration by ∇ϕk
h, the solution at the (k + 1)th iteration can be written as

∇ϕk+1
h = ∇ϕk

h + δ∇ϕh, (2.16)

where δ∇ϕh is the increment to be determined. Substituting (2.16) into (2.13) for ∇ϕh and
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dropping the higher order terms of δ∇ϕh, we obtain the linear system for δ∇ϕh

∫
K

[(
δ̄ϵ(ϕ0) + λ

(
|∇ϕk

h|2 − 1
))
δ∇ϕh · w + 2λ

(
∇ϕk

h · δ∇ϕh

) (
∇ϕk

h · w
)]

dx

= −
∫
K

[(
∇ϕk

h −
∇ϕ0

|∇ϕ0|

)
δ̄ϵ(ϕ0) + λ

(
|∇ϕk

h|2 − 1
)
∇ϕk

h

]
· wdx (2.17)

We solve (2.17) for δ∇ϕ and update ∇ϕk according to (2.16) repeatedly, until the residual,

i.e., the right-hand side of (2.17), is smaller than a prescribed tolerance.

An initial guess plays a crucial role in Newton’s method, otherwise it may not converge or

converge to a wrong solution. An easy way to find a good initial guess is to solve

∫
K

(
∇ϕ0

h −
∇ϕ0

|∇ϕ0|

)
· wdx = 0,∀ w ∈ WN

D . (2.18)

for ∇ϕ0. Different from the Newton’s method proposed by Chopp [66] to compute the closest

point that may fail to converge, especially in three dimensions [93, 110], our method always

converges with ∇ϕ0 computed from (2.18). Typically, it takes less than five iterations for

Newton’s method to converge to a tolerance of 10−10.

The WLP method can be summarized as follows. Firstly, identify the set Ip (2.15). Secondly,

for each cell K ∈ Ip solve (2.18) to get the initial guess ∇ϕ0
h. Finally, solve (2.13) by Newton’s

method (2.17).

We now discuss the parameters in the WLP. If the number of quadrature points is less

than the degrees of freedom in ∇ϕh, the matrix in (2.17) is singular. Thus distance of two

quadrature points should not exceed the bandwidth 2ξ, which is the support of the smooth

delta function (2.14), so that we have sufficient quadrature points to prevent the matrix in

(2.17) from being singular. However, the bandwidth 2ξ cannot be too small, otherwise we

will have too many quadrature points, which increases computational cost. In general, when
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a signed distance function is advected in a flow field for a very short amount of time, ϕ0 is

close to a signed distance function. In this case, a large ξ, such as ξ = 0.1h ∼ h can produce

desirable results. For extreme cases when ϕ0 is highly distorted, we will need a smaller ξ,

such as ξ = 0.01h ∼ 0.001h, to ensure high-order accuracy. As for the quadrature rule, we

adopt a composite Gauss-Lobatto quadrature rule in each interface cell K ∈ Ip to take care of

the interface that almost overlaps with a cell edge and maintain sufficient degree of precision

as well. As an illustration, suppose cell K is divided into Q × Q subcells, and a 2N -point

Gauss-Lobatto quadrature is used in each subcell to accurately integrate (2.17). This leads

to (2NQ−Q+1)2 quadrature points in total. For example, in order to resolve ϵ = 0.01h with

N = 3, we may need at least 10 × 10 subcells with 2601 quadrature points. Oftentimes in

practice, this condition can be relaxed to save quadrature points without severely affecting

the solution accuracy.

Another parameter ξ1 in the WLP is introduced to further improve conditioning of the

matrix. We usually choose ξ1 = 0.01/h, since the numerical results are not sensitive to it.

Extra attention should be paid to the choice of λ if |∇ϕ0| is highly non-uniform or if a high

order DG method is used. A too small λ may cause ϕh to deviate from a signed distance

function while a too big λ may shift the interface. We typically choose λ = 100.

Note that there are other minimization-based methods for level-set reinitialization, such as

the elliptic reinitialization [74, 75] that minimizes the following target functional

F (ϕ) =
1

2

∫
Ω

(|∇ϕ| − 1)2dx+
αER

2

∫
Γ

ϕ2ds, (2.19)

where αER is a parameter similar to our 1/λ. The WLP method is different from the

minimization-based elliptic reinitialization (ER) methods. First, ER is a global method

while the WLP is a local method that is easy to parallelize. Second, ER directly enforces
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ϕ = 0 while the WLP imposes ∇ϕ = ∇ϕ0

|∇ϕ0| on Γ. The surface integral of (2.19) is very

sensitive to the location of the interface, because ϕ varies along the normal direction to the

interface. Further, the surface integral may require sophisticated techniques such as moment-

fitting [111]. On the contrary, ∇ϕ0 is nearly constant along the interface normal unless ϕ0

is heavily distorted. Thus the surface integral in the WLP (2.12) is not that sensitive to the

interface location and we can safely replace it with a volume integral as in (2.13).

2.2.2 Non-interface cells

In this section, we employ the DG method [99, 100] to solve for ∇ϕh in Th/Ip and develop

a new hybrid flux to handle highly distorted ϕ0.

By multiplying (2.3) with the test function w ∈ WN
D , and performing integration by parts,

we obtain the weak formulation

(
∂∇ϕh

∂τ
,w
)

K

− (H (∇ϕh) ,∇ · w)K +
(
Ĥ(∇ϕ−

h ,∇ϕ
+
h ),w

)
∂K

= 0, ∀w ∈ WN
D , (2.20)

where (., .)K and (., .)∂K denote the inner products in the cell K and on its boundary ∂K,

respectively, e.g.,

(∇ϕh,w)K =

∫
K

∇ϕh · wdx, (2.21)

(
Ĥ(∇ϕ−

h ,∇ϕ
+
h ),w

)
∂K

=
∑
e∈∂K

∫
e

Ĥ(∇ϕ−
h ,∇ϕ

+
h ) · wds. (2.22)

Ĥ(∇ϕ−
h ,∇ϕ

+
h ) is the numerical flux approximating H(∇ϕh)nc, where nc is the unit outward

pointing normal to the cell edge. ∇ϕ−
h is the trace from the interior of cell K, while ∇ϕ+

h

from the interior of the neighboring cell. Details of Ĥ(∇ϕ−
h ,∇ϕ

+
h ) are given later. Note that

if |∇ϕ0| ≪ 1 or ≫ 1 on the interface, Sη(ϕ0) should be replaced by Sη(
ϕ0

|∇ϕ0|) to maintain the

thickness of the transition layer, and the components of ∇ϕh are not completely independent,
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e.g., ∇×∇ϕh = 0 is always satisfied.

To simplify the procedure of reconstructing ϕh, we choose the Legendre polynomial space

as the finite dimensional space V N
D . This is because the basis functions are L2-orthogonal

and normalized in the reference cell, the first basis function v0 is constant and equal to 1 in

the reference cell. Therefore, once ∇ϕh is obtained, we only have one missing constant to

reconstruct ϕh. We approximate ϕ by

ϕK
h =

m∑
i=0

civi, (2.23)

where vi ∈ V N
D , i = 0, 1, . . . ,m, are the basis polynomials, and m+1 is the number of degrees

of freedom. We drop the superscript K from ϕK
h hereinafter for the ease of presentation.

Then ∇ϕ is approximated by

∇ϕh =
m∑
i=0

ci∇vi. (2.24)

Let wi = ∇vi ∈ WN
D . Since v0 is constant, we can further simplify (2.24) to

∇ϕh =
m∑
i=1

ciwi. (2.25)

Substituting (2.24) into (2.20), we can obtain

Adc
dt

= F, (2.26)

where A ∈ Rm×m and Ai,j = (wi,wj)K , c = [c1, . . . , cm]
⊺, and F ∈ Rm with

Fi = (H (∇ϕh) ,∇ · wi+1)K −
(
Ĥ
(
∇ϕ−

h ,∇ϕ
+
h

)
,wi+1

)
∂K
. (2.27)

These m equations uniquely determine ∇ϕh in K. Thus the calculation of ∇ϕh is completely
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decoupled from c0. To recover ϕh, we just need c0. Further, this additional degree of freedom

can be used to preserve the interface, as discussed in Sec. 2.3.

The hybrid numerical flux

Now we focus on the numerical flux H(∇ϕh)nc, whose Jacobian matrix is a rank-one matrix

J = Sη(ϕ0)nc
∇ϕT

h

|∇ϕh|
. (2.28)

with only one non-zero eigenvalue

a = Sη(ϕ0)nc ·
∇ϕh

|∇ϕh|
. (2.29)

Here nc is the outward unit normal, as shown in Fig. 2.1. Note that the sign of the non-zero

eigenvalue a indicates the wind direction.

Figure 2.1: The edge between two cells.

We tested two popular numerical fluxes before we develop the hybrid numerical flux. The

first one is the Roe flux

ĤRoe(∇ϕ−
h ,∇ϕ

+
h ) =


H(∇ϕ−

h )nc, if a−+a+

2
≥ 0,

H(∇ϕ+
h )nc, otherwise.

(2.30)
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However it is entropy violating and unstable in our numerical tests. The second one is the

Lax-Friedrichs (LF) flux following [99] with slight modifications:

ĤLF (∇ϕ−
h ,∇ϕ

+
h ) = H(

∇ϕ−
h +∇ϕ+

h

2
)nc −

α

2
J∇ϕhK, (2.31)

where α = max |a| is taken over the relevant range and J∇ϕhK = ∇ϕ+
h −∇ϕ−

h . We have tested

the original local LF in [99], the local LF (maximum taken over the two cells sharing the

same edge), and the global LF (maximum taken over the whole computational domain); they

all produce satisfactory and almost identical solutions when ϕ0 is close to a signed distance

function. In the rest of this work, we simply choose the global LF flux, correspondingly

α = 1, for computational efficiency.

Nevertheless, the LF flux is deficient if ϕ0 is far away from a signed distance function. For

example, it takes extremely long time to generate continuous contours of ϕ in the test case of

Sec. 2.4.1. After investigating the numerical results carefully, we observe that ϕh contours are

likely to be broken where the cell edge is normal to the ϕh contours, i.e., when nc ·∇ϕh ≈ 0.

Further looking into H(∇ϕh)nc, we learn that the flux only affects the component of ∇ϕh

that is normal to the cell edge, denoted by ∇ϕn ≡ (∇ϕh · nc)nc, but has no effect on the

tangential component ∇ϕτ ≡ ∇ϕh − (∇ϕh · nc)nc.

Therefore, we add a penalty term to the LF flux to control ∇ϕτ and the resulting hybrid

numerical flux is

Ĥ(∇ϕ−
h ,∇ϕ

+
h ) = H(

∇ϕ−
h +∇ϕ+

h

2
)nc −

α

2
J∇ϕnK − β

2
J∇ϕτK, (2.32)

where β is the penalty parameter. If β = α, (2.32) reduces to the LF flux (2.31). The

value of β is adjusted based on the wind direction to deal with severely distorted ϕ0. Let

a± = Sη (ϕ0)nc ·
∇ϕ±

h

|∇ϕ±
h | , then we can determine β using Algorithm 1. We take βmin = 1 and
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βmax ≥ βmin. That is, when there is an expansion wave or the target cell is downwind, we

need a larger β. The rationale is that ∇ϕ±
τ should be changed more in the downwind cell

than in the upwind cell toward the final goal ∇ϕ−
τ = ∇ϕ+

τ .

Algorithm 1 Determination of β
if a− ≤ 0 and a+ ≥ 0 then
β = βmax

else if a−+a+

2
> 0 then

β = βmin
else
β = βmax

end if

We remark that the hybrid numerical flux is monotone for piecewise constant ∇ϕh, but not

conservative any more, because β takes different values at two sides of a cell edge. The

modified CFL conditions for forward Euler in time are given by

∆t ≤ min
Ω

(
h

α + βmax

)
(2.33)

in two dimensions and

∆t ≤ min
Ω

(
h

α + 2βmax

)
(2.34)

in three dimensions.

Slope limiter for ∇ϕh

The combination of the WLP in Sec. 2.2.1 and the DG method in Sec. 2.2.2 can handle

discontinuities in ∇ϕh quite well in most cases. However, in some extreme case, such as sharp

corners on a square interface as shown in Sec. 2.4.3, numerical oscillations may develop at

the singular area where characteristics intersect. In this case we may need limiters to keep
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the solution stable. Since the limiters are rarely used, we simply follow the ideas of Cockburn

and Shu [112]. Other options of limiters can be found in [113, 114, 115].

V4

V2 V1

V3

g1

C0

C2

C1

Figure 2.2: Limiters in a quadrilateral mesh.

We construct the slope limiter based on ∇ϕh at vertices so that it is easy to extend to

adaptive quadrilateral meshes. Consider a target cell with four neighbors in two-dimensional

quadrilaterals as shown in Fig. 2.2. We denote the barycenter of the quadrilateral Ki by Ci,

i = 0, . . . , 4, and the vertex of cell K0 by Vi, i = 1, . . . , 4. Observe that

V1 − C0 = α1 (C1 − C0) + α2 (C2 − C0) (2.35)

for some nonnegative coefficients α1 and α2 that can be evaluated from geometric positions

of barycenters and vertices. Then we can compute the difference of ∇ϕh between vertex V1

and cell center C0 based on the cell averages:

g1 = α1

(
∇ϕ̄h,1 −∇ϕ̄h,0

)
+ α2

(
∇ϕ̄h,2 −∇ϕ̄h,0

)
, (2.36)
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where

∇ϕ̄h,i =
1

|Ki|

∫
Ki

∇ϕhdx, i = 0, . . . , 4. (2.37)

Here |Ki| denotes the area of cell Ki. Similarly, we can compute gi, i = 2, 3, 4.

Let

∆i = minmod
(
∇ϕh(Vi)−∇ϕ̄h,0, νgi

)
, (2.38)

where the minmod function is defined as

minmod(a, b) =

 smin(|a|, |b|), if s = sign(a) = sign(b),

0, otherwise,
(2.39)

and ν ∈ [1, 2] is a constant. If a and b are vectors, then the minmod function is applied

component-wise. If ∆i = ∇ϕh(Vi) − ∇ϕ̄h,0 for all i = 1, . . . , 4, limiting is not necessary in

cell K0. Otherwise, ∇ϕh ∈ WN
D (N ≥ 2) is limited to ∇ϕ̃ with

∇ϕ̃ =
5∑

i=1

c̃iwi ∈ W 2
D, (2.40)

where c̃i, i = 1, · · · , 5 are the unknowns.

The limiter seeks to compute ∇ϕ̃ that approximates the limited directional derivatives along

the two diagonals of K0 by solving the least squares problem:

min
c̃3,c̃4,c̃5

∥∥∥∥∥∥∥
(V4 − V1) · ∇∇ϕ̃

(V3 − V2) · ∇∇ϕ̃

−

2minmod (∆4,−∆1)

2minmod (∆3,−∆2)


∥∥∥∥∥∥∥
2

, (2.41)
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where ∇∇ϕ̃ =

2c̃4 c̃3

c̃3 2c̃5

. In addition, the conservation of ∇ϕ requires

∫
K0

∇ϕ̃dx =

∫
K0

∇ϕhdx. (2.42)

For a 2D quadrilateral cell, (2.41) and (2.42) provides five constraints in total, which uniquely

determines the five coefficients in ∇ϕ̃ (gradient of a quadratic polynomial). In 3D, ∇ϕ̃ has

nine coefficients which can be determined from the six constraints in (2.41) and three in

(2.42). Once ∇ϕ̃ is obtained, we replace ∇ϕh with ∇ϕ̃ in K0.

We remark that the limiter is only applied when −S(ϕ0)∇2ϕ > 1
h

in K0 where the charac-

teristics are converging and the curvature of ϕ contours is very high.

2.3 Reconstruction of ϕh

So far we have computed ∇ϕh in both interface and non-interface cells, we just need c0 to

recover the complete ϕh as shown in (2.23). Suggested by Hu and Shu [99], there are two

ways to obtain c0. The first one is

∫
K

∂ϕh

∂τ
+∇H(ϕh) = 0, ∀K ∈ Th. (2.43)

The second one is to first use the first method to compute ϕ0 in one or a few cells, then

integrate ∇ϕh

ϕh(x, τ) = ϕh(x0, τ) +

∫ x

x0

∇ϕh · ds (2.44)

along some path from x0 to x. Similar to most other PDE-based reinitialization methods,

the first method inevitably leads to the shift of the interface. We thus adopt the second
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method but determine ϕh(x0, τ) in an interface-preserving way.

2.3.1 Interface cells

We identify the interface cells by checking the ϕ0 values at the vertices: a cell is a non-

interface cell if ϕ0 at its four vertices (eight vertices for hexagonal cells in 3D) are all positive

or all negative, otherwise it is an interface cell. In this way, we cannot identify cases such

as Fig. 2.3 (d) and (e). However, Fig. 2.3 (d) can be taken care of by the neighboring cells,

and the curvature of the interface in Fig. 2.3 (e) is too high (> 1
h
) for the DG polynomial

space to recover the interface accurately. Usually, the only way to deal with high-curvature

interface is mesh refinement, which is beyond the scope of this work.

An interface may cut a cell in many different ways, see Fig. 2.3 for illustrations. For sim-

plicity, we only discuss the cases with two detected intersections, denoted by Â and B̂ in

Fig. 2.3. We consider the problem in the reference cell [0, 1]× [0, 1]. When a point (x, y) in

the physical cell is mapped into the reference cell, the target is (x̂, ŷ) and ϕ0(x, y) = ϕ̂0(x̂, ŷ),

where we have used ˆ to denote the quantities in the reference frame. The exact locations of

Â and B̂ can be obtained from ϕ̂0(Â) = ϕ̂0(B̂) = 0. For example, the location of B̂ in Fig. 2.3

(a) can be obtained by solving ϕ̂0(x̂B, 1) = 0 using the secant method with starting values

0 and 1 (two ends of the edge). If the secant method fails, we switch to the root-bracketing

false position method. As long as B̂ is known, we can easily compute the coordinate of B

through the mapping. Two intersections will give two constraints with only one unknown

variable c0, therefore we just need to solve an easy least squares problem

min
c0

∥∥∥∥∥∥∥
ϕh(A)− ϕ0(A)

ϕh(B)− ϕ0(B)


∥∥∥∥∥∥∥
2

= 0. (2.45)
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(a)

Â

B̂

(b) (c)

(f)(e)(d)

Figure 2.3: Some typical configurations of interface cells in the reference frame. (a) and (b)
are the regular interface cells that can be easily identified. Only two intersections of (c) can
be detected and it is treated in the same way as (b). (d) and (e) are not numerically detected
as in interface cells. (f) is detected but the interface curvature is too high. Numerically, (d),
(e), and (f) are not included in set I. Other cases, including the extremely rare cases of
interface passing through one or more vertices, are not included here but considered in our
code.

This problem has a simple solution

c0 = −ϕh(A)|c0=0 + ϕh(B)|c0=0

2
, (2.46)

where ϕh(·)|c0=0 denotes ϕh(·) evaluated with c0 = 0. To preserve the interface, we perform

this procedure on every cell K ∈ I. This method can be easily extended to 3D where we can

still use intersections between the interface and the edges (instead of faces of the 3D cell) to

determine c0 .
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2.3.2 Non-interface cells

When ϕh is recovered in interface cells, the second method (2.44) can be used to compute

c0 in all the non-interface cells. However, (2.44) also implies that ϕh(x) is continuous across

the cells, which leads to a more efficient way to reconstruct ϕh in all the other cells.

Suppose we have two adjacent cells KA and KB and c0 in KA, denoted by c0,A, is already

obtained. To compute c0,B in KB, we just need one constraint by forcing ϕh to be continuous

across the shared edge at any point. Here, we choose the center E of the shared edge and

c0,B can be determined from

c0,B = ϕh,A(E)− ϕh,B(E)|c0,B=0, (2.47)

which is equivalent to (2.44) with any integration path from KA to KB crossing the shared

edge E. This procedure can be carried out based on mesh connectivity: we first update the

direct neighbors of interface cells, then update the neighbors of neighbors, and so on. Until

c0 is propagated from the interface cells to all non-interface cells.

Theoretically, the line integral in (2.44) is independent of integration paths. However, this

is not the case in numerical simulations, especially when the path goes through singularities

formed by intersecting characteristics (e.g., the center of a circular interface). Therefore we

need to make sure that the integration path is following the characteristics. For example, if

the characteristic direction Sη(ϕ0)∇ϕ points from KA to KB, the upwind cell is KA and the

downwind cell is KB, then we use KA to update c0,B in cell KB. In light of the Fast Marching

method [65] and the Fast Sweeping method [67], we develop Algorithm 2 to guarantee that

all information is propagated away from the zero level set along the characteristics. In this

algorithm we have used the fact that c0 is a good approximately to the cell average of ϕh

(exact average in the reference cell), and thus the solution propagates in the increasing order
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of c0. The additional condition on S(ϕ0)∇ϕh ·nc is just to double confirm that the neighbor

is the upwind cell. If the target cell has multiple upwind neighbors, then we take the c0 with

the smallest magnitude. If the target cell does not have any upwind neighbors, which rarely

happens in real calculations, we simple keep the c0 determined from mesh connectivity.

Algorithm 2 Upwind update of c0 in non-interface cells.
1 Compute an approximate c0 in all non-interface cells based on mesh connectivity.
2 Sort all non-interface cells in an increasing order of |c0|.

for all sorted non-interface cells do
Set c = Inf.
for all edges of the target cell do

Identify the neighboring cell sharing the same edge.
if S(ϕ0)∇ϕh · n < 0 AND |ctarget0 | > |cneighbor0 | then

Compute cnew0 in the target cell based on the current neighbor
if |cnew0 | > |cneighbor0 | then

Update c = min(c, |cnew0 |).
end if

end if
end for
if c ̸= Inf then

Set ctarget0 = sign(ctarget0 )c in the target cell.
end if

end for

2.4 Numerical examples

In this section, we show the accuracy, long-term stability, and interface preserving properties

of our algorithm. Unless otherwise stated, we conduct numerical tests in a unit square with

64 × 64 uniform cells using the following parameters: N = 3, βmax = 3, λ = 100, ξ = cξh

with cξ = 0.1, ξ1 = cξ1cξ with cξ1 = 0.01, and Q = 5.

Discontinuous Galerkin methods are usually combined with the total variation diminishing

(TVD) Runge-Kutta (RK) methods [116] to achieve high orders in both space and time. For
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convection dominated problems, when a DG method with polynomial degree N is paired

with an (N + 1)th-order TVD RK method, stability requires CFL ≤ 1
2N+1

[117]. For other

RK and DG combinations, stability condition has to be established based on numerical tests.

For example, the third-order TVD RK is stable for different DG polynomial degrees with

the following maximum CFL numbers: 0.130 for N = 3, 0.089 for N = 4, and 0.066 for

N = 5. More details can be found in [117] and references therein. In our simulations, we

adopt the third-oder TVD RK for time integration and choose ∆t = 0.1h for N = 3, such

that CFL = 0.1.

The numerical algorithm is summarized as follows:

(i) Prepare initial condition. If ϕ0 is not given in the DG solution space, project it to

ϕh,0 ∈ V N
D and start the simulation with ϕh,0.

(ii) Use the WLP method to determine ∇ϕh in Ip (Sec. 2.2.1).

(iii) Solve the HJ equation using DG for ∇ϕh in Th/Ip until convergence (Sec. 2.2.2). Apply

the second-derivative limiter if necessary (Sec. 2.2.2).

(iv) Determine c0 in I and propagate it to all cells (Sec. 2.3). Now we get the complete

solution ϕh in the computational domain.

The code is developed based on the deal.II finite element library [118, 119].

2.4.1 Convergence tests

We choose a simple interface shape, circular interface, to test the accuracy of our method in

a square domain Ω = [−2, 2]2. The initial condition is given by

ϕ0 = g (x)
(√

x2 + y2 − r
)
, (2.48)
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where r = 0.9. The signed distance function for this interface (exact solution of (2.1)) is

ϕ∗ =
√
x2 + y2−r. Two different initial conditions are tested. The first one is ϕ0 with g(x) =

g1(x) = 0.8, which has a uniform |∇ϕ0|, and ∇ϕ0

|∇ϕ0| directly yields the exact solution ∇ϕ∗. In

the second test, the initial condition is distorted by g(x) = g2(x) = 0.1+ (x− r)2 +(y − r)2

such that |∇ϕ0| is highly non-uniform.

We define the following errors to investigate the accuracy of the WLP method. In order to

measure the displacement of the interface from its initial position, we introduce

EI =
1

L

∫
K∈I

|Hϵ (ϕh)−Hϵ (ϕ
∗)| dx, (2.49)

where L is the length of the interface, ϕ∗ is the exact solution, and Hϵ is a smooth Heaviside

function defined as

Hϵ(ϕ) =


0, if ϕ < −ϵ,

1, if ϕ > ϵ,

1
2

(
1 + ϕ

ϵ
+ 1

π
sin
(
πϕ
ϵ

))
, otherwise.

(2.50)

We also define the averaged L2 error

E2 =

√√√√ 1

np

∑
K∈Ip

1

|K|

∫
K

(ϕh − ϕ∗)2 dx (2.51)

and the L∞ error

E∞ = max
K∈Ip

|ϕh − ϕ∗| (2.52)

to measure the error in the interface cells. Here np is the number of cells in Ip and |K| is the

area of cell K.
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To investigate the accuracy in the whole computational domain, we define the L2 error

e2 =

√∑
K∈Ω0

(ϕh − ϕ∗)2, (2.53)

and the L∞ error

e∞ = max
K∈Ω0

|ϕh − ϕ∗| . (2.54)

Here we rule out the central area near the center, which is a singular point, and take Ω0 =

[−2, 2]2 \ [−0.4, 0.4]2. We run the tests on five uniform grids and the grid sizes are h = 0.8
2l

,

where l = 0, 1, · · · , 4 is the level of refinement. We compare ∇ϕh every 200 pseudo time

steps to check if the steady state is achieved or not. If the L2-norm of the difference in Ω0

less than below 10−15, then it is considered as steady state and we stop the computation;

otherwise, we carry on the test up to pseudo time τ = 15.

Convergence tests for g(x) = g1(x)

We first test ϕ0 that is close to the signed distance function by scaling ϕ∗ with a constant 0.8,

therefore ∇ϕ0

|∇ϕ0| is uniform along the characteristics and
∣∣∣ ∇ϕ0

|∇ϕ0|

∣∣∣ = 1. For this less challenging

initial condition, we can use relatively large ξ in the WLP by setting cξ = 0.1, Q = 5,

and test λ = 0 and 100. Due to the symmetry in ∇ϕh, we only show the errors of (ϕh)x

(derivative with respect to x) in Fig. 2.4. The orders in the legends, in this figure and all

the following figures, are computed based on a power fitting without considering the data

points from the coarsest mesh. When the polynomial degree N (roughly degree N − 1 for

∇ϕh) is used, the WLP can achieve at least order N for ∇ϕh, except for the case with N = 3

and λ = 0. Theoretically, the value of λ in (2.13) should not play a role when
∣∣∣ ∇ϕ0

|∇ϕ0|

∣∣∣ = 1.

However, after projecting ϕ0 to ϕh,0 ∈ V N
D ,
∣∣∣ ∇ϕ0

|∇ϕ0|

∣∣∣ = 1 is no longer satisfied. This explains

why λ = 100 produces better results than λ = 0 does when N = 3.
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Figure 2.4: Convergence of the WLP method for the circular interface with g = g1. The
errors are evaluated in the interface cells Ip. cξ = 0.1 and Q = 5.
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Figure 2.5: Convergence of the DG method for the circular interface with g = g1. The errors
are evaluated in Ω0 = [−2, 2]2/[−0.4, 0.4]2.

The solution from the WLP is then fed to the Hamilton-Jacobi equation as “boundary

conditions”. For both N = 2 and 3, the steady state is achieved within τ = 6. The errors of

∇ϕh away from the central singularity are presented in Fig. 2.5. The convergence orders of
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∇ϕh are essentially of order N in L2-norm as expected, though they are slightly lower than

those in the WLP. While the convergence orders decrease to around N − 1
2

in L∞-norm,

which is properly caused by poor quality of the solution in some individual cells. Note that

e∞ of (ϕh)x even increases going from the first to the second data points in the case when

N = 3 and λ = 0 in Fig. 2.5(b). This is because in the coarsest 5× 5 mesh, most cells in Ω0

are interface cells, which are computed by the WLP instead of the DG method. This kind

of abnormal behavior has an influence on computing the convergence orders, which is also

the reason why we skip the first data point.
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Figure 2.6: Interface displacement, measured by EI in the interface cells I, for the circular
interface with g = g1.

We reconstruct ϕh by computing c0 in each cell as discussed in Sec. 2.3. The displacement

of the interface evaluated by EI are shown in Fig. 2.6. For all λ and N we tested, the con-

vergence orders of EI are above N , which is sufficient for the overall Nth order convergence

for ϕh to be discussed later. In particular, large λ is likely to shift the interface slightly,

consequently in most cases EI with λ = 100 is greater than that with λ = 0. However, large

λ seems to provide higher order of convergence, which is at least at least N +2 with λ = 100

versus N with λ = 0.



36 Chapter 2. Level-set reinitialization

1 6 11 16 21
10

­8

10
­7

10
­6

10
­5

10
­4

10
­3

10
­2

10
­1

N=2, =0, order=3.31

N=3, =0, order=3.77

N=2, =100, order=3.81

N=3, =100, order=4.95

(a) E2 of ϕh in Ip

1 6 11 16 21
10

­8

10
­7

10
­6

10
­5

10
­4

10
­3

10
­2

10
­1

10
0

N=2, =0, order=3.17

N=3, =0, order=3.49

N=2, =100, order=3.46

N=3, =100, order=4.58

(b) E∞ of ϕh in Ip

1 6 11 16 21
10

­6

10
­5

10
­4

10
­3

10
­2

10
­1

10
0

N=2, =0, order=2.06

N=3, =0, order=3.06

N=2, =100, order=1.90

N=3, =100, order=3.37

(c) e2 of ϕh in Ω0

1 6 11 16 21
10

­6

10
­5

10
­4

10
­3

10
­2

10
­1

10
0

N=2, =0, order=2.02

N=3, =0, order=3.17

N=2, =100, order=1.79

N=3, =100, order=3.39

(d) e∞ of ϕh in Ω0

Figure 2.7: Errors of ϕh for the circular interface with g = g1.

As for ϕh, we observe in Fig. 2.7 that the convergence order is N + 1 in Ip, but reduces

to N in Ω0. This is expected, because of the approach we use to compute c0 in Ω0 is

equivalent to the line integral of ∇ϕh. Consequently, in Ip where the integral path is O(h),

the convergence order is N+1. While in Ω0, the integral path is O(1), leading to the decrease

of the convergence order to N .

For higher polynomial degree N , our method can still maintain the optimal convergence
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Figure 2.8: Convergence tests of higher order methods for circular interface with g = g1.
λ = 0, Q = 5, cξ = 0.1.

orders: order N for ∇ϕh, order N + 1 for ϕh in interface cells, and (at least) order N for ϕh

in the whole domain. The results for N = 4 and 5 are presented in Fig. 2.8. To reduce the

sources of error, the exact initial condition (2.55) is directly used without projecting onto

V N
D in the WLP of these tests.

It should be noted that the closest point algorithm by Saye [93] can also achieve arbitrarily
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high order. A key component of this algorithm is the least squares polynomial approximation

of ϕ0 around the interface, which always leads to very wide stencils in the finite difference

framework. In principle, this algorithm can be adapted to DG and become another option

for high order accuracy on unstructured meshes.

Convergence tests for g(x) = g2(x)
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Figure 2.9: The initial condition for circular interface with g(x) = g2(x).

In the second convergence test, we use a more challenging ϕ0. Fig. 2.9 displays the contours

of both ϕ0 and ∇ϕ0, where we can see contour levels of ϕ0 are highly non-uniform, and

|∇ϕ0| at the interface ranges from 0.24 to 4.82. To deal with such distorted ϕ0, we have to

carefully choose the parameters, such as the penalty parameter λ in the WLP, the bandwidth

parameter cξ = ξ/h of the smooth delta function, and βmax in the numerical flux.

To investigate the impact of λ in the WLP, we test λ = 0 and 100 for N = 2 and 3. In

addition, we use 50 × 50 subcells with a small bandwidth cξ = 0.001 in each interface cell

to ensure the accuracy of the surface integral. Fig. 2.10 displays the convergence orders of

all the test cases, where we can see that optimal convergence orders are attained for both
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Figure 2.10: Effect of λ for circular interface with g = g2. The errors are evaluated in the
interface cells Ip. cξ = 0.001, Q = 50, and βmax = 3.

N = 2 and 3 with λ = 100. As for λ = 0, higher orders of polynomials seems to deteriorate

the solution, indicating that the penalty term in (2.13) plays a crucial role in obtaining a

signed distance function, especially when high degree polynomials are used.

1 6 11 16 21
10

­5

10
­4

10
­3

10
­2

10
­1

10
0

N=2, Q=5, c =0.1, order=1.84

N=3, Q=5, c =0.1, order=1.65

N=2, Q=50, c =0.001, order=2.10

N=3, Q=50, c =0.001, order=3.27

(a) e2 of (ϕh)x

1 6 11 16 21
10

­6

10
­5

10
­4

10
­3

10
­2

10
­1

10
0

N=2, Q=5, c =0.1, order=1.94

N=3, Q=5, c =0.1, order=1.95

N=2, Q=50, c =0.001, order=1.95

N=3, Q=50, c =0.001, order=3.35

(b) e2 of ϕh

Figure 2.11: Effect of ξ for the circular interface with g = g2. The errors are evaluated in
Ω0 = [−2, 2]2 \ [−0.4, 0.4]2. λ = 100, βmax = 3.
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We then test the effect of the bandwidth ξ in approximating the surface integral by a volume

integral using the smooth delta function. Errors computed in Ω0 with cξ = 0.1 and 0.001 are

given in Fig. 2.11. As expected, the smaller bandwidth cξ = 0.001 produces better results

than the larger one cξ = 0.1 does, especially for N = 3. While for N = 2, cξ does not seem

to make any difference, because ∇ϕh is almost linear, so is ∇ϕh,0

|∇ϕh,0|
after projection onto V N

D ,

therefore the integration of ∇ϕh in the narrow band is only dependent on the values at the

center of the narrow band, i.e., the interface. But this is not the case when N = 3, as a

result, cξ = 0.1 causes much larger errors.

Last but not least, influence of βmax in the numerical flux is presented in Fig. 2.12, where

we compare the convergence results for βmax = 1, 2, and 3. Solutions with β = 2 and 3 both

converge as expected, and the former reaches the steady state at τ = 14.55 and the latter

at τ = 7.24. As for β = 1, the solution does not converge with mesh refinement at τ = 15.

This is because ϕ0 is far from a signed distance function, after we apply the WLP in Ip, a big

jump is generated between cells of Ip and their neighbors. Fig. 2.12 reveals that larger βmax

is able to dissipate away the oscillations more efficiently. That being said, given sufficient

pseudo time, βmax = 1 may be able to create a desirable convergence order. Contours of

(ϕh)x in Fig. 2.13 provides a clear comparison among these three cases. The exact solution

is reproduced almost perfectly with βmax = 3. As βmax decreases, more oscillations are

generated. A sequence of snapshots for the contour of ϕh with βmax = 2 and 3 are given in

Fig. 2.14, with βmax = 3, the signed distance function is recovered in the whole domain at

an instant between τ = 1 and 2. Theoretically, it should take τ = 1 to fully reproduce the

exact solution. However, because of the smooth sign function (2.2), the numerical speed of

propagation is actually smaller than one.
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Figure 2.12: Effect of βmax for the circular interface with g = g2. The errors are e2 of ϕh

evaluated in Ω0 = [−2, 2]2/[−0.4, 0.4]2. N = 3, λ = 100, cξ = 0.001, and Q = 50.

x

y

­2 ­1 0 1 2
­2

­1

0

1

2

(a) βmax = 1

x

y

­2 ­1 0 1 2
­2

­1

0

1

2

(b) βmax = 2

x

y

­2 ­1 0 1 2
­2

­1

0

1

2

(c) βmax = 3

Figure 2.13: (ϕh)x at τ = 3 for g = g2 using different βmax. Contours run from −1 to 1 with
interval 0.2. N = 3, λ = 100, cξ = 0.001, Q = 50, and h = 0.05.

Reinitialization in 3D

Taking advantage of the template programming in deal.II, our code is dimension independent.

In addition, the same parameters as discussed in previous sections can be applied to 3D

simulations. Therefore, extension of our method to 3D is almost trivial when contact lines

are absent. The only exception is the pseudo time step, which could be smaller because of

the stability condition (2.34) in 3D.
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Figure 2.14: Evolution of ϕh for g = g2 using different βmax. βmax = 3 for the top row and
βmax = 2 for the bottom row. Contours run from -0.8 (center) to 1 with interval 0.1. The
thick line denotes the interface. N = 3, λ = 100, cξ = 0.001, Q = 50, and h = 0.05.

Here we adopt a 3D version of ϕ0 in Sec. 2.4.1 by setting

ϕ0 = g3 (x)
(√

x2 + y2 + z2 − r
)
, (2.55)

where

g3(x) = 0.1 + (x− r)2 + (y − r)2 + (z − r)2 .

Figure 2.15 shows the 3D results using the same parameters as in 2D computations. Note

that, according to our numerical tests, the pseudo time step for βmax = 3 is ∆τ = 0.05h,

while for βmax = 2 is ∆τ = 0.1h.
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(a) τ = 0 (b) τ = 1.5

Figure 2.15: Reinitialization in 3D. N = 3, βmax = 3, λ = 100, cξ = 0.1, cξ = 0.01, and
Q = 5. The mesh size is h = 1/16, which corresponds to 643 cells. The thick line denotes
the interface.

2.4.2 Elliptic interface

In this example, we reinitialize the elliptic interface to τ = 15 to examine the effect of the

WLP in stabilizing the solution. Consider the initial condition

ϕ0(x, y) = (x− 0.5)2 + 6 (y − 0.5− 0.5h)2 − 0.1, (2.56)

in a unit cell, where the major axis is placed at the cell centers on purpose such that

discontinuities of ∇ϕ lie inside computational cells, rather than on cell edges. The reason is

that discontinuities within a cell is more challenging to handle than those on cell edges.

Comparisons of two solutions are given in Fig. 2.17. The only difference is that the WLP

method is not applied on the top row, the DG method is used instead to solve for ∇ϕh in Ip.

At early stages of the simulation, we cannot see the large difference between two solutions.

Both of them produce the signed distance function and capture the discontinuities inside

computational cells nicely. However, as we continue the calculation, oscillations are getting
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Figure 2.16: Initial condition ϕ0 for the elliptic interface. The thick line denotes the interface.
Contours run from −0.1 to 1.2 with interval 0.1.

severe and destroy the interface eventually without the WLP. This is because the solution

in interface cell are not affected by neighboring cells, oscillations there can grow without

bound. The issue does not exist in the WLP, since it is not dependent on τ .

2.4.3 Square interface

Generally, we do not need to apply limiters. However when the interface has extremely high

or singular curvatures, such as the corners of a square interface, it is necessary to consider

the limiter. Consider the square interface

ϕ0(x, y) = 0.8 (max{|x− 0.5|, |y − 0.5|} −R0) (2.57)

in a unit square, where R0 = 16.7h ≈ 0.26 such that all the interface cells are included in

Ip. The sharp corner is rounded after projecting ϕ0 to V N
D in interface cells, and the zero

level set is broken. This kind of numerical effect is common when non-smooth interfaces
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Figure 2.17: Evolution of ϕh for the elliptic interface. The interface cells are solved by
evolving the PDE (2.3) in the top row, while the interface cells in Ip are fixed by the WLP
method in the bottom row. Contours run from −0.1 to 0.4 with interval 0.05. The thick line
is ϕh = 0. N = 3 and h = 1/64.

are approximated by polynomials, which was also reported in [93]. Without the limiter, the

oscillations are developed along the diagonals of the square, where characteristics converge,

as shown in Fig. 2.18(b). While in Fig. 2.18(c), the oscillations are suppressed to some

extend after applying the limiter, thus enhancing the quality of the solution.

As mentioned in Sec. 2.4.3, discontinuities of ∇ϕ located on cell edges are easier to deal with.

Here we rotate the square interface 45° clockwise to get a diamond interface

ϕ0(x, y) = 0.8
(
|x− 0.5|+ |y − 0.5| −

√
2R0

)
(2.58)
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Figure 2.18: Reinitialization of the square interface without (b) and with (c) limiters. The
top row shows the solutions in the whole domain, with contours running from −0.25 to 0.25
with interval 0.05. The bottom row shows the close-up views of ϕh near the upper-right
corner of the interface. For visualization purposes, each actual computational cell is divided
into 2× 2 cells demarcated by the dotted grid lines. N = 3 and h = 1/64.

where all kinks lie on cell edges, see Fig. 2.19(a). In this case, we obtain a perfect singed

distance function in Fig. 2.19(b) without applying the limiter.

2.4.4 Interface deformation in a swirling vortex

We combine the reinitialization procedure with the level set equation to test the overall

performance of our method in preserving the interface. Following [88, 120, 121], we consider
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Figure 2.19: Reinitialization of a square interface with all kinks on the cell edges. No limiter
is applied. Contour levels run from −0.25 to 0.25 with interval 0.05. N = 3 and h = 1/64.

a circular interface sheared by the velocity field

v (x, t) =

 − sin2 (πx) sin (2πy)

sin2 (πy) sin (2πx)

 (2.59)

in a computational domain [0, 1]2. Here we reverse the velocity field at t = 0.5 such that

the interface will return to the initial location at t = 1. Note that t is the flow time, which

should be distinguished from the pseudo time τ used in the level-set reinitialization. The

initial circular interface is centered at (0.5, 0.75) with a radius r = 0.5.

The level-set equation
∂ϕ

∂t
+∇ · (ϕu) = 0 (2.60)

is solved by the DG method [96] with a local LF flux for spatial discretization and the third

order TVD RK method for time integration. The time step is chosen to be ∆t = 0.1h such

that the corresponding CFL number is 0.1. Details of the discretization are given in Sec.
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3.2.2.
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Figure 2.20: Circular interface sheared by a vortex that is reversed at t = 0.5. Reinitialization
is performed every time step till a pseudo time τ = 0.1. ϕh contours run from −0.04 to 0.1
with interval 0.02. The thick line is the zero level set. N = 3 and h = 1/64.

We observe in Fig. 2.20 that the signed distance function is maintained pretty well during

the advection of the interface. A further comparison with the exact solutions in Fig. 2.21

reveals that the interface is preserved almost flawlessly (see the dashed line) except for a

small portion near the top, which is caused by the error at the high-curvature tip as shown
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Figure 2.21: Comparison of the interface. The dashed and dotted lines represent the nu-
merical solutions obtained by reinitialization every 1 time step and reinitialization every 10
time steps, respectively. The solid lines represent the exact solution, which almost overlap
with the dotted lines. N = 3 and h = 1/64.

in Fig. 2.21(a).
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Figure 2.22: (a) Relative error in area bounded by the interface. (b) Maximum curvature of
the exact interface.

We keep track of the mass loss during the evolution of the interface in Fig. 2.22(a). Here
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mass is the area bounded by the zero level set. The maximum error when we perform

reinitialization every time step is around −0.39%. In the same mesh resolution, our result is

comparable to that in [88] computed by the conservative level-set method. However, in terms

of interface displacement, our solutions presented in Fig. 2.21 is at least as good as those

in a finer mesh with h = 1/128 in [88]. Note that formulation of the conservative level-set

method can only guarantee the conservation of the integral of ϕ, but not the location of the

interface.

In practice it is usually not necessary to perform reinitialization every time step, especially

for small time steps. For example, the reinitialization is performed every 10 steps in [108]

and even 100 steps in [104]. Our simulation with reinitialization every 10 steps gives a much

better result: the relative error is −0.045%, nearly 1
10

of the original one. The interfaces

at t = 0.5 and 1 are almost the same as the exact ones as shown in Fig. 2.21. Before the

flow reversal, the maximum of the interface curvature increases with time and reaches 32

(i.e., 1
2h

) at t = 0.28, as shown in Fig. 2.22(b). The relative errors of area are −7.07× 10−6

and −5.66× 10−6 at t = 0.28125 for reinitializations every 1 step and 10 steps, respectively.

This indicates that our method barely causes any mass loss for a smooth interface with a

low curvature (≲ 1
2h

). The mass loss mostly occurs during t ∈ [0.28, 0.72], when curvature

is above 1
2h

. This is expected because the polynomial space cannot accurately resolve the

curvature radius that is comparable to or smaller than the cell size h. If the curvature is

too high, there is also a possibility that the interface cell is not detected by our method,

such as Fig. 2.3(e). One way to resolve high curvature is mesh refinement. The results with

h = 1/128 is included in Fig 2.22(a) for comparison. Although 1280 reinitializations are

performed during t ∈ [0, 1], the relative error is amazingly small: −0.012%. This error can

be further reduced if we perform reinitialization every few time steps.
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Long-time vortex test

To demonstrate the capability of our method in handling long filaments, we consider a

slightly modified velocity field

v (x, t) =

 − sin2 (πx) sin (2πy) cos(πt/8)

sin2 (πy) sin (2πx) cos(πt/8)

 (2.61)

following [91, 92, 110, 122]. The interface gets fully stretched at t = 4 and restores to initial

state at t = 8. Thanks to the easy implementation of adaptive mesh refinement in the DG

framework, we use an adaptive mesh with the finest mesh size hmin = 1/512 at the interface.

For stability, we choose ∆t = 2.5 × 10−4 for N = 2 and ∆t = 10−4 for N = 3. We perform

20 reinitializations within every time unit.

As shown in Fig. 2.23, the circle is mostly recovered at t = 8, except for some oscillations at

the top. The area loss of N = 2 (0.15%) is comparable to those obtained by Gómez et al.

[122] (0.11%) on a 2562 main grid and Herrmann [110] (0.28%) with h = 1/1024. The third

and fifth weighted essentially non-oscillatory (WENO) schemes are used in [122] and [110],

respectively. Since Gómez et al. divided each cell around the interface into 42 subcells, their

finest cell size is hmin = 1/1024, which is comparable to our N = 2 in terms of degrees of

freedom. However, our result with N = 3 (area loss of 0.29%) shows no improvement over

N = 2, probably because the higher order method is more prone to numerical oscillations

when the solution is non-smooth. This is consistent with the consensus that one should use

p-refinement for the smooth part and h-refinement for the singular part of the solution in

hp-finite element methods.
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Figure 2.23: Circular interface under long-time shear. The solid line (red) is the exact
solution, while the dashed line is the numerical solution. The insets show the zooms of the
tail tip. Relative errors in area are 0.15% and 0.29% for N = 2 and N = 3, respectively.
An adaptive mesh with hmin = 1/512 is used and the maximal number of cells (at t = 4) is
around 25000, which amounts to a 1582 uniform mesh.

Vortex test in 3D

We consider a sphere with radius r = 0.15 centered at (0.35, 0.35, 0.35) in a divergence free
velocity field [84, 92, 123, 124]

v (x, t) =


2 sin2(πx) sin(2πy) sin(2πz) cos(πt/3)

− sin(2πx) sin2(πy) sin(2πz) cos(πt/3)

− sin(2πx) sin(2πy) sin2(πz) cos(πt/3)

 . (2.62)
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The sphere gets fully stretched at t = 1.5 and restores to its initial shape at t = 3. We

use an adaptive mesh with hmin = 1/256 and the DG method with N = 2. The time step

is chosen to be 2.5 × 10−4 and we perform 40 reinitializations within every time unit. The

other parameters are the same as those in 2D calculations.

As shown in Fig. 2.24, oscillations appear near the equator of the sphere at t = 3. This is

likely due to the lack of mesh resolution to describe the thin film: the smallest film thickness

at t = 1.5 is less than hmin. Our mass loss 1.62% is slightly greater than the second order

adaptive level-set method by Min and Gibou [124], who reported a volume loss of 0.74%

with hmin = 1/512, but with a slightly different velocity field. The DG conservative level-

set method by Jibben and Herrmann [92] seems to perform much better with a volume

loss of 0.25% on a 1283 uniform mesh with N=2. However, they only performed three

reinitializations for the whole simulation while we did 120 reinitializations. This makes the

errors not directly comparable. But since we use an adaptive mesh, the maximum number of

unknowns is actually much smaller than the 1283 mesh in [92]. We have to point out that the

classical level-set description develops derivative discontinuities at the center of the thin film,

while the conservative level set method has a second order diffusion term that regularizes the

solution. This might be the reason why the conservative level-set may perform better with

thin filaments or films. But the conservative level-set function has a steep transition layer

at the interface and thus loses the numerical convenience of the signed distance function.

Further discussions between the conservative level-set methods and the classical level-set

methods are beyond the scope of this work.
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(a) t = 1.5 (b) t = 3

Figure 2.24: Deformation of a sphere under shear. The relative error in volume is 1.62%
at t = 3. The maximal number of cells is 460400, which amounts to a 773 uniform mesh.
N = 2, βmax = 3, λ = 100, cξ = 0.1, cξ = 0.01, Q = 5, and hmin = 1/256.

2.4.5 Rotation of a slotted disk

We consider the standard 2D benchmark: the rigid body rotation of a slotted disk [125] in

the unit square [0, 1]2. We use the velocity

v (x, t) =

 π(0.5− y)/3.14

π(x− 0.5)/3.14

 , (2.63)

whose period of rotation is 6.28. The initial interface is a circular disk of radius 0.15 centered

at (0.5, 0.75) with a slot of width 0.05 and length 0.25 being cut off. Then ϕ0 is computed

according to the closet distance to the interface. We reinitialize the level-set solution every

10 time steps in two uniform meshes with h = 1/128 and 1/256, and the corresponding time

steps are ∆t = 0.001 and 0.0005, respectively. Note that the limiter smooths out the sharp

corners too much at early time of the simulation, therefore we do not apply limiters here.
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Figure 2.25: Rotation of the slotted disk. The top row shows the results with hmin = 1/128,
while the bottom row shows the results with hmin = 1/256. The solid (black) line represent
the initial interface. The dashed (red), long-dashed (green), and dash-dotted (blue) lines
represent the interfaces after one, two, and three revolutions. The right column shows
the zoom of the upper-right corner of the slot. For visualization purposes, each actual
computational cell is divided into 2 × 2 cells demarcated by the dotted grid lines. N = 3.
(color online)

The interface shapes are given in Fig. 2.25. In the left column, the interfaces after different

full revolutions almost overlap. Close-up views at a sharp corner are shown in the right

column. The initial interface here is the zero level set after projecting the exact signed

distance function to the DG space. It is thus discontinuous at the corner. After rotation, the
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corner is eventually rounded to a smooth curve with curvature radius being approximately

2h. The relative mass losses after three revolutions, as shown in Figure 2.26, are around 0.1%

and 0.06% for h = 1/128 and 1/256, respectively. These are much smaller than 0.86% on a

2562 mesh and 0.43% on a 5122 mesh obtained by Hartmann et al. [82] using a fifth-order

upstream central scheme. It should be noted that our DG method with N = 3 has ten

degrees of freedom (DOF) in each cell. If we compare the DOF, our 1282 mesh still has less

DOF than the 5122 finite difference mesh. More importantly, the majority of the mass loss

occurs in the initial stage when the sharp corner cannot be well approximated by the DG

polynomial space. Once the corner is rounded to such an extent that the curvature can be

resolved by the computational mesh, further rotation causes very little mass loss. The mass

loss in [82], however, grows almost linearly with the number of revolutions. In comparison,

our method preserves interface better, especially in long-time simulations.
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Figure 2.26: Relative error in the area of the slotted disk.
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Figure 2.27: Schematic of a drop sitting on the solid surface in a rectangular domain. The
arrows denote the directions of the characteristics.

2.4.6 Contact line

Reinitialization in 3D is discussed in Chap. 4, and here we only focus on 2D cases. With

contact lines, the level-set reinitialization requires boundary conditions in part of the wall

boundary, depending on the directions of the characteristics. In Fig. 2.27 for example, we

have

Sη(ϕ0)
∇ϕ
|∇ϕ|

· nw > 0

on AB, and

Sη(ϕ0)
∇ϕ
|∇ϕ|

· nw < 0

elsewhere on the wall boundary, and nw is the outward unit normal. We need characteristics

going into the domain outside AB on the wall boundary, where boundary conditions have

to be supplied. We refer to this part of the boundary as inflow boundary and denote it by

∂Ωin = {x ∈ ∂Ω : S(ϕ0)∇ϕ · nw < 0} (2.64)

where we impose the Dirichlet conditions for ∇ϕ.
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As depicted in Fig. 2.27, we consider a drop resting on a solid surface. The initial interface

is a part of a circle given by |x− x0| = R with x0 = (0,−2− R cos(θ))⊺. Here R and θ are

the radius of the circle and the contact angle, respectively. A and B are the contact lines

(points in 2D) where the interface meets the solid wall.

The initial condition is given by

ϕ0 =

√
x2 + (y + 2 +R cos θ)2 −R. (2.65)

The computational domain is meshed into 64× 32 uniform square cells.
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Figure 2.28: Reinitialization of a drop with a contact angle θ = 3π/4. The solid lines are ϕh

contours at τ = 1, while the dotted lines are ϕ0. Contours run from −0.8 to 1 with increment
0.2. N = 3 and h = 1/16.

We test two cases with different contact angles θ = 3π/4 and π/6. In the first one we set

R = 1 and θ = 3π/4. The inflow boundary is the portion inside a drop: Ωin = [−1, 1] × 0.

Based on the interface normals at A and B, we impose the boundary condition:

∇ϕ =


(
−

√
2
2
,−

√
2
2

)⊺
, if − 1 ≤ x ≤ 0, y = 0,(√

2
2
,−

√
2
2

)⊺
, if 0 < x ≤ 1, y = 0.

(2.66)
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As shown in Fig. 2.28, the solution ϕh at τ = 1 is exactly the same as ϕ0 outside the triangle

∆ABC. But the solution in ∆ABC is determined by the boundary condition (2.66). In this

region, the contours are straight lines intersecting the boundary at the angle θ = 3π/4.
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Figure 2.29: Reinitialization of a drop with a contact angle θ = π/6. The solid lines are ϕh

contours at τ = 1, while the dotted lines are ϕ0. Contours run from −0.2 to 1 with increment
0.2. N = 3 and h = 1/16.

The numerical method works equally well for the second case with an acute contact angle

θ = π/6 and R = 2. In this case, ∂Ωin = ([−2,−1] ∪ [1, 2])× 0, and the boundary condition

for (2.3) is given by

∇ϕ =


(
−1

2
,
√
3
2

)⊺
, if − 2 ≤ x ≤ −1, y = 0,(

1
2
,
√
3
2

)⊺
, if 1 ≤ x ≤ 2, y = 0.

(2.67)

As shown in Fig. 2.29, the level sets in the region above the inflow boundary are straight

lines intersecting the boundary at the angle θ = π/6.

It should be noted that the ∇ϕ condition on the inflow boundary is artificial, and the choice

is not unique. The bottom line is that the boundary condition should maintain |∇ϕ| = 1

and produce smooth level sets. For example, for circular interfaces in Figs. 2.28 and 2.29,
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it is difficult to say whether the solution ϕh at pseudo time τ = 1 is better than ϕ0 with

concentric level sets. But in the general case, when the interface shape is arbitrary, imposing

∇ϕ condition based on the contact angle seems the most feasible.

2.5 Summary

In this chapter, we have developed a PDE-based method for level-set reinitialization in the

DG framework. In this method, we first anchor ∇ϕ in part of the interface cells by the

WLP method, then compute ∇ϕ in all the other cells by the DG method. Lastly, ϕ is

recovered to preserve the interface by utilizing the interface location. Our method provides

an easy treatment of the boundary condition for level-set reinitialization in 2D. In addition,

a hybrid numerical flux is constructed to deal with highly distorted ϕ0. Though limiting

is not necessary in general, a limiter based of ∇ϕ is developed to suppress oscillations in

extreme nonsmooth or singular regions. Numerical results have proven that our method is

highly accurate and stable in the long term.



Chapter 3

Level-set method for interfacial flows

with moving contact lines

In this chapter, we couple the level-set equation with the flow equations to simulate interfacial

flows. Ren and E’s slip condition is used to relax the contact line singularity. Our method can

easily obtain mesh-independent results, and CAH is implemented to automatically capture

the motion of the contact line, such as advancing, receding, and pinning. The work in this

chapter has been submitted to Journal of Computational Physics for publishcation [126].

3.1 Introduction

Ren and E’ slip condition has two parts. The first part is the classic Navier’s slip, which

is imposed on the entire wall boundary. While the second part accounts for the balance

between the friction force at the contact line and the unbalanced Young’s stress, and is only

valid at the contact line. Therefore, it is a sharp-interface model. This slip condition has

gained popularities recently. Ren and E applied their slip condition to the level-set method

and investigated contact line dynamics on heterogeneous surfaces [127]. This level-set work

was later extended to moving contact lines with insoluble surfactants [128]. Zhang and Ren

also investigated the influence of viscoelasticity on contact line dynamics using an immersed

boundary method combined with the slip boundary condition [129]. Recently, Zhao and

61
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Ren implemented the slip boundary condition on an interface-fitted mesh to study moving

contact line problems [130].

After dealing with the stress singularity at the contact line, we still have another challenging

issue, which is the contact angle hysteresis, since most solid surfaces are intrinsically rough

or chemically heterogenous. In this case, the contact line stays pinned when the microscopic

dynamic contact angle is between a receding contact angle θR and an advancing contact angle

θA. The most popular approach for contact angle hysteresis was developed by Spelt for a

level-set method [27]. An intermediate contact angle is obtained such that the contact line

is pinned. If this angle is within the hysteresis window, the solution is accepted; otherwise,

the solution is abandoned and the contact line is moved with prescribed contact angles. This

idea was later extended to different methods, eg., the phase-field method [28], the volume-

of-fluid method [30], the Lattice Boltzmann method [131], and the front-tracking method

[132]. However, this approach relies on ghost cells outside the boundary to pin the contact

line or to impose the contact angle condition, which can be challenging on curved boundaries

and unstructured meshes. Recently, a thermodynamically consistent phase-field model was

developed for contact angle hysteresis [133]. Since the dynamic contact angle is part of

the solution instead of being imposed, this method is easy to implement and automatically

captures the pinning, advancing, and receding of the contact line. Motivated by [133], we

will show that the slip condition by Ren and E can also be easily modified to capture the

contact angle hysteresis.

The rest of this chapter is organized as follows. We first introduce the governing equa-

tions and numerical methods in Section 3.2. We then explain how to incorporate contact

angle hysteresis in Section 3.3. The numerical results, including code validation and mesh

convergence studies, are given in Section 3.4.
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3.2 Governing equations

Consider an incompressible system of two immiscible Newtonian fluids on an impermeable

solid surface, as shown in Fig. 3.1. We use the level-set method to track the interface

implicitly. The interface is represented by the zero level set of a signed distance function ϕ

that is evolved by the the level-set equation

∂ϕ

∂t
+ u · ∇ϕ = 0. (3.1)

The regions with ϕ > 0 and ϕ < 0 are occupied by fluid 1 and fluid 2, respectively.

n
t

θD

Fluid 2

φ < 0

Fluid 1

φ > 0
y

x

Figure 3.1: Schematic of a moving contact line on a solid substrate. The (microscopic)
dynamic contact angle θD is defined with respect to fluid 1, which occupies the region with
ϕ > 0.

Following the level-set literature, the two-phase system can be treated as a single fluid with

density and viscosity given by

ρ(ϕ) = Hϵ(ϕ)ρ1 + (1−Hϵ(ϕ))ρ2 (3.2)

and

µ(ϕ) = Hϵ(ϕ)µ1 + (1−Hϵ(ϕ))µ2, (3.3)

where Hϵ is a smooth Heaviside function defined in (2.50), 2ϵ is the interface thickness, and
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the subscripts 1 and 2 denote fluid 1 and 2, respectively.

For the surface tension term, we adopt the tensor form [134]

τ ϕ = σδϵ(ϕ)|∇ϕ|T (nϕ), (3.4)

where σ is the surface tension, δϵ(ϕ) = H ′
ϵ(ϕ) is the smooth Dirac delta function, nϕ = ∇ϕ

|∇ϕ|

is the unit normal to the interface, and T (nϕ) = I − nϕ ⊗ nϕ. It should be noted that a

term |∇ϕ| is included in (3.4) to deal with the case where ϕ deviates from a singed distance

function.

The incompressible two-phase flow is governed by the momentum equation

ρ

(
∂u

∂t
+ u · ∇u

)
= ∇ · (−pI + τ + τ ϕ) + ρg (3.5)

and the continuity equation

∇ · u = 0, (3.6)

where u is the fluid velocity, p is the pressure, τ = µ[∇u+(∇u)T ] is the viscous stress, and

g is the gravitational acceleration.

On the solid wall, we impose the no-penetration condition

n · (u− uw) = 0 (3.7)

in the normal direction and Ren and E’s slip condition in the tangential direction, where uw

denotes the wall velocity and n is the outward pointing unit normal to the wall boundary

(see Fig. 3.1). Motivated by the level-set work in [127], the slip condition by Ren and E can
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be expressed as

β(ϕ)us = −
[
n · τ + σδϵ(ϕ)

(
cos θS − ∇ϕ · n

|∇ϕ|

)
∇ϕ
]
· T (n), (3.8)

where us = u − uw is the slip velocity, θS is the prescribed static contact angle, β(ϕ) =

βN +βCLδϵ(ϕ)|∇ϕ ·T (n)|, βN is the friction coefficient between the Newtonian fluids and the

solid wall, and βCL is the friction coefficient at the contact line. For any vector a, a · T (n)

gives the tangential component of a in the plane with normal n. Thus the right-hand side of

(3.8) is a force (per unit area) tangential to the solid wall. This force includes contributions

from the viscous stress and the unbalanced Young’s stress. It is obvious that us given by

(3.8) is tangential to the wall since us ·n = 0. At the contact line, us is simply the contact

line velocity relative to the solid wall. It should be noted that (3.8) has no limitation on

spatial dimensions and it reduces to the boundary condition in [127] in 2D.

In the limit of vanishing ϵ, (3.8) recovers the 3D version of the Navier slip condition

βNus = −(n · τ ) · T (n) (3.9)

away from the contact line (i.e., ϕ ̸= 0) and

βCLus = −σ (cos θS − cos θD)
∇ϕ · T (n)

|∇ϕ · T (n)|
(3.10)

at the contact line (i.e., ϕ = 0), where θD is the microscopic dynamic contact angle and we

have used the geometric relation cos θD = nϕ · n = ∇ϕ·n
|∇ϕ| . The term σ (cos θS − cos θD) is

exactly the unbalanced [11] Young’s stress. In a 2D flow as shown in Fig. 3.1, these two
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equations reduce to the familiar formulations in [11, 127]:

βNus = n · τ · t = µ
∂u

∂y
(3.11)

away from the contact line and

βCLus = σ (cos θS − cos θD) (3.12)

at the contact line, where us is the slip velocity in x-direction, t is the unit tangent vector

to the wall, and u is the x-component of fluid velocity.

The Navier slip condition (3.11) determines a slip length ls =
µ
βN

. Similar to viscosity, the

phenomenological parameter βN may take different values in the two fluids, although we will

use a single constant in this paper for simplicity. Equation (3.12) agrees with the molecular-

kinetic theory at the leading order [135]. It should be noted that βN and βCL have different

dimensions.

A numerical advantage of the slip condition (3.8) is that it does not require us to manually

impose the contact angle condition on the geometry of the interface. Instead, both the slip

velocity us and the dynamic contact angle θD are part of the solution. If the contact line

is at static equilibrium, both viscous stress τ and us vanish and (3.8) recovers the static

contact angle, i.e., θD = θS. If the contact line moves, then the relation (3.12) at the contact

line predicts a θD that differs from θS. In particular, θD > θS if the contact line advances

and θD < θS is the contact line recedes.

In summary, the governing equations include the level-set equation (3.1) for the interface and

the Navier-Stokes equations (3.5) and (3.6) for the flow field, with the latter supplemented

by the slip boundary condition (3.8).
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3.2.1 Weak form of Navier-Stokes equations

In this subsection, we derive the weak form of the Navier-Stokes equations (3.5) and (3.6)

supplemented with the slip condition (3.8).

Assume that the domain boundary ∂Ω can be partitioned into three parts based on boundary

conditions: ∂ΩD where the Dirichlet condition u = ub is imposed, ∂ΩN where the traction

condition (natural boundary condition) is imposed, and the solid wall ∂Ωw where the no-

penetration condition and the slip condition (3.8) are imposed. We seek the weak solution

(u, p) ∈ U × P , with solution spaces

U = {u ∈ H1(Ω)d : u = ub on ∂ΩD,u · n = uw · n on ∂Ωw}, (3.13)

and

P = L2(Ω)d, (3.14)

where d denotes the spatial dimension of the flow. The corresponding test spaces are

U0 = {u ∈ H1(Ω)d : u = 0 on ∂ΩD,u · n = 0 on ∂Ωw}, (3.15)

and P , respectively.

Taking the inner product of (3.5) with the test function v ∈ U0 and the inner product of

(3.6) with q ∈ P in Ω, we obtain the weak form

(
ρ

(
∂u

∂t
+ u · ∇u

)
,v
)

= (n · (−pI + τ + τ ϕ) ,v)∂Ω

+ (p,∇ · v)− (τ + τ ϕ,∇v) + (ρg,v), ∀v ∈ U0 (3.16)
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and

(∇ · u, q) = 0, ∀q ∈ P , (3.17)

where (·, ·) denotes the inner product in Ω and (·, ·)∂Ω denotes the inner product on ∂Ω.

The boundary inner product on the right-hand side of (3.16) can be further written as

(n · (−pI + τ + τ ϕ) ,v)∂Ω

=(n · (−pI + τ + τ ϕ) ,v)∂Ωw

=(−np+ n · τ + σδϵ(ϕ)|∇ϕ|n · (I − nϕ ⊗ nϕ),v)∂Ωw

=(n · τ − σδϵ(ϕ)(n · nϕ)∇ϕ,v)∂Ωw
,

(3.18)

where we have used v = 0 on ∂ΩD and zero traction n · (−pI + τ + τ ϕ) = 0 on ∂ΩN in the

first equality, and n · v = 0 on ∂Ωw in the third equality. Here we consider zero traction for

simplicity and an additional boundary inner product should be considered if the traction on

∂ΩN is nonzero. Considering the slip condition (3.8), Eq. (3.16) can be further written as

(
ρ

(
∂u

∂t
+ u · ∇u

)
,v
)
+ β(ϕ) (u− uw,v)∂Ωw

= − (σδϵ(ϕ) cos θS∇ϕ,v)∂Ωw

+ (p,∇ · v)− (τ + τ ϕ,∇v) + (ρg,v), ∀v ∈ U0. (3.19)

The weak solution (u, p) can be found by solving (3.19) and (3.17).

3.2.2 Numerical methods

The governing equations are solved by the finite element method on a quadrilateral mesh with

hierarchical adaptive mesh refinement based on the open-source deal.II library [118, 136].

Due to different natures of these equations, we solve the level-set equation and the Navier-



3.2. Governing equations 69

Stokes equations separately with the former solved by DG and the latter solved by the mixed

finite element method.

We focus on 2D problems in this chapter. Consider a triangulation Th, consisting of non-

overlapping quadrilaterals, of the computational domain Ω. In addition to the discontinuous

finite-element space V N
D (2.10), we define a continuous finite-element space

V N
C = {ϕ ∈ C0(Ω) : ϕ ∈ QN(K), ∀K ∈ Th}, (3.20)

where N denotes the polynomial degree. In this work, we take N = 3 for ϕ, N = 2 for u,

and N = 1 for p. The finite dimensional solution spaces for ϕh, uh, and ph are Fh = V 3
D,

Uh = (V 2
C)

2 ∩ U , and Ph = V 1
C , respectively, where we have used the subscript h to denote

finite-dimensional approximations. The test space for uh is simply Uh,0 = (V 2
C)

2 ∩ U0.

Since the flow is incompressible, the level-set equation (3.1) can be written as a conservation

law
∂ϕ

∂t
+∇ · (uϕ) = 0. (3.21)

In each element K, by taking the inner product of (3.21) with the test function ψ ∈ Fh and

performing integration by parts, we obtain the weak formulation

(
∂ϕh

∂t
, ψ

)
K

+
(
Ĥ(ϕ−

h , ϕ
+
h ), ψ

)
∂K

− (uhϕh,∇ψ)K = 0, ∀ψ ∈ Fh, (3.22)

where Ĥ(ϕ−
h , ϕ

+
h ) denotes the numerical flux that approximates n ·uhϕh, ϕ−

h and ϕ+
h are the

inside and outside values of ϕh on the element boundary ∂K, and n is the outward pointing

unit normal to ∂K. We use the local Lax-Friedrichs flux

Ĥ(ϕ−
h , ϕ

+
h ) = n · uh

ϕ−
h + ϕ+

h

2
− α

2
(ϕ+

h − ϕ−
h ), (3.23)
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where α = max(|n · uh|) and the maximum is taken over the relevant element edge. The

semi-discrete weak form (3.22) is integrated by the third-order TVD RK method to advance

ϕn
h to ϕn+1. To decouple uh from ϕh, the uh values at intermediate time levels between tn and

tn+1, which are required by the TVD RK method, are obtained by explicit extrapolations

from un−1
h and un

h. Note that we choose the third-order TVD RK for the sake of stability

rather than accuracy, and the overall scheme is only second-order accurate in time.

The discontinuous solution ϕh cannot be differentiated. We thus map it to a continuous

function ϕC ∈ V 3
C by least squares before feeding it to flow equations:

(ϕC − ϕh, ψ) = 0, ∀ψ ∈ V 3
C . (3.24)

The flow equations (3.19) and (3.17) are discretized by the Crank-Nicolson scheme. In each

time step, we seek the weak solution (un+1
h , p

n+ 1
2

h ) ∈ Uh ×Ph satisfying the discretized weak

form

(
ρ(ϕ

n+ 1
2

C )
(
un+1

h −un
h

∆t
+ u∗

h · ∇u
n+ 1

2
h + 1

2
(∇ · u∗

h)u
n+ 1

2
h

)
,v
)

+ β(ϕ
n+ 1

2
C )

(
u

n+ 1
2

h − uw,v
)
∂Ωw

= −
(
σδϵ(ϕ

n+ 1
2

C ) cos θS∇ϕ
n+ 1

2
C ,v

)
∂Ωw

+
(
p
n+ 1

2
h ,∇ · v

)
−
(
µ(ϕ

n+ 1
2

C )(∇u
n+ 1

2
h + (∇u

n+ 1
2

h )T ),∇v
)

−
(
σδϵ(ϕ

n+ 1
2

C )
∣∣∣∇ϕn+ 1

2
C

∣∣∣ (I − n
n+ 1

2
ϕ ⊗ n

n+ 1
2

ϕ ),∇v
)
+ (ρ(ϕ

n+ 1
2

C )g,v), ∀v ∈ Uh,0 (3.25)

and

− (∇ · un+1
h , q) = 0, ∀q ∈ Ph, (3.26)

where u
n+ 1

2
h =

un
h+u

n+1
h

2
, ϕn+ 1

2
C =

ϕn
C+ϕn+1

C

2
, nn+ 1

2
ϕ =

∇ϕ
n+1

2
C∣∣∣∣∇ϕ
n+1

2
C

∣∣∣∣ , and u∗
h is an explicit approx-

imation of un+ 1
2 by a linear extrapolation from un

h and un−1
h . Here we have adopted the
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skew-symmetric form for the convection term and the scheme is unconditionally stable if the

density is a constant.

Thanks to the explicit approximation u∗
h, Eqs. (3.25) and (3.26) lead to a linear saddle point

problem: A BT

B 0


U
P

 =

F
0

 , (3.27)

where U and P are solution vectors for un+1
h and pn+

1
2

h , respectively. The asymmetric square

block A comes from (3.25) excluding the pressure term while the non-square block B comes

from (3.26). The size of the resulting matrix is relatively small in 2D, and we solve (3.27)

by the direct sparse linear solver UMFPACK [137].

In each time step, the solution procedure can be summarized as follows:

(i) Check the mesh and the interface. If necessary, perform local refinement and coarsening

such that the interface region is covered by the finest mesh and bulk region is covered

by the coarsest mesh. Transfer data from the old mesh to the new mesh if the mesh is

altered.

(ii) Based on un
h, un−1

h , and ϕn
h, solve (3.22) to obtain ϕn+1

h .

(iii) Reinitialize ϕn+1
h to a signed distance function if necessary.

(iv) Map ϕn+1
h to ϕn+1

C in the continuous finite space by solving (3.24).

(v) Based on un
h, un−1

h , ϕn
C , and ϕn+1

C , solve the linear system of (3.25) and (3.26) to obtain

un+1
h and p

n+ 1
2

h .
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3.3 Contact angle hysteresis

With the contact angle hysteresis, the contact line remains pinned for a range of contact

angles, the minimum of which is referred to as the receding contact angle θR and the maxi-

mum is referred to as the advancing contact angle θA. The contact line advances if θD > θA,

recedes if θD < θR, and is pinned if θR ≤ θD ≤ θA.

When the contact line moves, we can still use the method in the previous section with θS

replaced by θA for the advancing contact line and by θR for the receding contact line. Special

treatment is needed when the contact line is pinned. In this case, the no-slip condition us = 0

is required at the contact line. To make this condition consistent with (3.8), we adopt the

formula

β(ϕ)us = −(n · τ ) · T (n), (3.28)

which recovers the no-slip condition at ϕ = 0 while still maintaining the Navier slip condition

away from the contact line. Thus it provides a smooth transition between the pinned and

moving contact lines. With (3.28) in place of the slip boundary condition by Ren and E, the

weak form of the momentum equation (3.19) is updated to

(
ρ

(
∂u

∂t
+ u · ∇u

)
,v
)
+ β(ϕ) (u− uw,v)∂Ωw

= −
(
σδϵ(ϕ)

∇ϕ · n
|∇ϕ|

∇ϕ,v
)

∂Ωw

+ (p,∇ · v)− (τ + τ ϕ,∇v) + (ρg,v), ∀v ∈ U0. (3.29)

when the contact line is pinned. It should be noted that the only difference between this

equation and (3.19) is the first term on the right-hand side: cos θS in the inner product on

∂Ωw is now replaced by cos θD = ∇ϕ·n
|∇ϕ| .

The relation between θD and (θR, θA) can be inferred from ϕ. Motivated by the phase-field
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method for hysteresis in [133], we define

F (θ) =

∫
e

δϵ(ϕ)

(
cos θ − ∇ϕ · n

|∇ϕ|

)
dS, (3.30)

where e is an element edge (element face in 3D) in the neighborhood of the contact line on

∂Ω. Obviously, θD > θ if F (θ) > 0 and θD < θ if F (θ) < 0. Then the status (advancing,

receding, or pinned) of the contact line can be determined from the signs of F (θA) and F (θR).

In the first term on the right-hand side of the discretized weak form (3.25), we need to

perform integration on the boundary edges on ∂Ωw. The contact angle hysteresis can be

incorporated with a little modification to this boundary integral. For each element edge e

on ∂Ωw, we first evaluate F (θA) and F (θD) with ϕ = ϕ
n+ 1

2
C in (3.30), and then proceed as

follows with boundary inner product in (3.25):

• If F (θA) > 0, then θD > θA and the contact line advances. Set θS = θA.

• If F (θR) < 0, then θD < θR and the contact line recedes. Set θS = θR.

• Otherwise, θA ≥ θD ≥ θR and the contact line is pinned. Set cos θS =
∇ϕ

n+1
2

C ·n∣∣∣∣∇ϕ
n+1

2
C

∣∣∣∣ , i.e.,

θS = θD.

Since θA > θD, we have cos θA < cos θD and the third case corresponds to F (θR) ≥ 0 ≥ F (θA).

These operations are performed on all boundary edges on ∂Ωw; but only the boundary

integral on the edges in the contact line region, i.e., where δϵ(ϕ) is non-zero, is affected. All

the other operations remain the same as those in Section 3.2.2. Thus, the contact angle

hysteresis can be easily included in the formulation for moving contact line problems.

In our method, no matter whether the contact line is pinned or not, the dynamic angle θD is

computed from the momentum equation and thus the momentum balance is automatically
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satisfied. There is no need to use any special technique as in [30] to determine θD that

satisfies local momentum balance when the contact line is pinned.

It should be noted that βCL for the pinned contact line essentially plays a role of penalty

parameter to enforce the no-slip condition. Thus, in order to achieve a good pinning per-

formance, we may need to choose a large enough βCL for the pinned contact line. In other

words, we need a large contact line friction to resist contact line motion and thus pin the

contact line.

3.4 Numerical results and discussions

We consider seven test cases. We first validate the interfacial flow part of our code by com-

puting a bubble rising problem. In the second case, we examine the capability of our method

to capture topological change in the simulation of the pinch-off of a pendent drop. In the

test case of an advancing interface in plane Poiseuille flow, we systematically investigate the

use of the slip condition (3.8) in moving contact line problems including mesh convergence

and parameter justification. In the test case of drop spreading, we come up with a com-

putational strategy for predictive simulations. In the test case of a pinned drop in plane

Poiseuille flow, we validate the capability of our method in pinning the contact lines. In the

test case of advancing and receding interfaces in plane Poiseuille flow, we demonstrate that

our method correctly captures the transition between pinning and moving. Finally, in the

test case of sliding drop on an inclined wall, we further demonstrate the capability of our

method in capturing hysteresis. All the parameters are dimensionless except for the bubble

rising problem.
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3.4.1 Bubble rising
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Figure 3.2: Illustration of the adaptive mesh refinement. The left panel shows the mesh
around the bubble while the right panel shows a close-up view at the rim of the bubble. The
thick solid (red) line in the right panel denotes the interface, i.e., the ϕ = 0 level set.

Hnat and Buckmaster conducted experiments with spherical-cap air bubbles rising in in-

compressible liquids to study the steady-state shapes and terminal velocities [1], wherein the

results were reproduced numerically by many others [34, 138, 139, 140, 141] for code valida-

tion. In this numerical test, we will use the experiment of Fig. 1a in [1] with the following

parameters: liquid density ρl = 0.8755 g cm−3, gas density ρg = 0.001 g cm−3, liquid viscos-

ity µl = 1.18 P, gas viscosity µg = 0.01 P, surface tension σ = 32.2 dyn cm−1, gravitation

acceleration g = 980 cm s−2, and bubble radius R0 = 0.61 cm. Due to axisymmetry, we only

compute the right half of the meridian plane. In the r-z plane, the computational domain is

a rectangle of (0, 8R0)× (0, 30R0) and the initially spherical bubble is released from (0, 5R0).

We use an adaptive mesh with minimum mesh size hmin = R0

64
at the interface and maximum

mesh size hmax = R0 far away from the bubble, as shown in Fig. 3.2. The half-width of the

interface is taken to be ϵ = 1.5hmin.
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Our numerical results are displayed in Fig. 3.3. The bubble shape and the wake structure

at the steady state are in good agreement with the experiment, as shown in Fig. (3.3a).

We also keep track of the instantaneous velocities at the top and the bottom of the bubble,

which are shown in Fig. (3.3b). The steady-state velocity in our numerical test, which is

21.89 cm s−1, is slightly larger than 21.5 cm s−1 reported by the experiments. We note that

a similar terminal speed, 21.90 cm s−1, was obtained in [139].
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Figure 3.3: The steady-state bubble shape (a) and the instantaneous velocities at the top
and the bottom of the bubble (b). The left half of (a) is the experimental image adapted
from [1].

3.4.2 Pinch-off of a pendant drop

In this example, we show that our method is able to capture topological changes. Following

[140, 142, 143], we consider a hemispherical drop placed at the nozzle of a capillary tube,

which grows with inflow fluid, and eventually leads to the pinch-off of a drop. The inflow

velocity profile on the upper boundary is given as:
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u =


−2V

(
1−

(
r
R0

)2)
ez, if r < R0

0, otherwise,
(3.31)

where R0 is the radius of the tube, and V is the average velocity in the capillary tube, which

is set to V = 0.0172. Meanwhile, we impose zero stress conditions on the lower boundary,

symmetric and slip boundary conditions on the left and right boundaries, respectively. Due

to axisymmetry of the flow, we just need to compute half of the meridian plane in a computa-

tional domain [0, 4R0]×[0, 10R0] in the r-z plane. In order to match the dimensionless groups

in [143], we use R0 = 1, ρ1 = 1, ρ2 = 0.5, µ1 = µ2 = 0.178, σ = 1, g = 0.930, and V = 0.0172

such that Bond number Bo = (ρ1−ρ0)gR2
0

σ
= 0.465, Capillary number Ca = µ1V

σ
= 3.05×10−3,

Weber number We = ρ1V 2R0

σ
= 2.95×10−4, and ratios of the density and viscosity are ρ1

ρ2
= 2

and µ1

µ2
= 1, respectively. Besides, we define a dimensionless time t∗ = tV

R0
to present our

results.

Since the flow is axisymmetric, we only compute half of the meridian plane. The computa-

tional domain is [0, 4R0]× [0, 10R0] in the r-z plane. We take hmin = 1
64
R0 near the interface

and hmax = 1
2
R0 away from the interface.

We display a sequence of snapshots depicting the evolution of the drop in Fig. 3.4. At about

t∗ = 3.3495, pinch-off takes place with several secondary drops detached from the primary

drop. The radius of the primary drop is around 1.33R0, which is close to 1.30R0 extracted

from Fig. 2 of [143]. We present the contours of ϕh near the instant of pinch-off in Fig. 3.5 as

well. Complicated as the topological change is, our method can reproduce a signed distance

function near the interface while taking care of the process of pinch-off. After the pinch-off,

a long filament is generated on top of the primary drop. The subsequent retraction of the

filament creates capillary waves, which eventually breaks the long filament into shorter ones,

see Fig. 3.5(c,d). Note that in Fig. 3.5(d), the radius of the filament is 0.1hmin, while the
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radius of its bulk at the lower end is hmin.

Figure 3.4: Snapshots of the pinch-off process of a pendant drop.
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Figure 3.5: ϕ contours near the instant of pinch-off. The thick line denotes the interface.

We have to point out that the successful capture of the filament much thinner than the cell

size in this test case is fortuitous: the shock wave of ϕ inside the filament lies exactly on the

axis of symmetry. In the general case, the WLP method may have trouble in capturing sub-

cell structures for the following two reasons. First, if both sides of the filament pass through
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the same cell, similar to Fig. 2.3(f), our method fails to identify that cell as an interface cell.

Of course, this can be resolved if we consider all the possibilities of interface cells. But the

second reason is more substantial: the polynomial approximation suffers from large errors

in case of shock waves or other sub-cell structures inside the cell. This limitation applies

to all methods based on high-degree polynomial approximation. In interfacial flows, mesh

refinement is probably the only way to go because the flow field also needs to be resolved.

3.4.3 Advancing interface in plane Poiseuille flow
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Figure 3.6: Schematic of an advancing interface in plane Poiseuille flow.

We consider the steady plane Poiseuille flow of two immiscible fluids with identical viscosity

µ. Inertia is neglected. The frame is fixed to the interface, i.e., the walls are moving horizon-

tally with constant speed U while the interface is stationary. In the following, all numbers

are made dimensionless by channel half width W , surface tension σ, and fluid viscosity µ,

unless otherwise specified. Under this normalization, we have W = σ = µ = 1. Since the

flow is symmetric, we only compute the lower half of the channel. The computational domain

is a rectangle of (0, 8)× (0, 1) in the x-y plane, with y = 0 being the moving wall and y = 1

being the axis of symmetry, as shown in Fig. 3.6. We run the simulation with an initially

flat interface at x = 4 until a steady state is achieved. The capillary number is defined as

Ca = µU/σ. We first investigate mesh convergence of our method and then analyze the

variables that affect contact line dynamics.
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Mesh convergence

Mesh convergence is crucial to all predictive numerical simulations. This task gets more

challenging with a moving contact line: the slip length has to be well resolved to produce

mesh-independent results [15, 27, 40]. There are three microscopic length scales: mesh size

hmin, (half) thickness of the interface ϵ, and slip length ls. Here, only ls is physically relevant

and the other two are numerical. Our goal is to find a way to generate results that are

independent of hmin and ϵ.
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Figure 3.7: Mesh convergence for a fixed interface thickness. The inset is a close-up view at
the contact line. ϵ = 1.5

128
, βN = 100 (such that ls = 0.01), βCL = 1, Ca = 0.03, θS = 90◦.

These lengths define two independent dimensionless groups, eg., hmin
ϵ

and ϵ
ls

. We first in-

vestigate hmin
ϵ

, i.e., how to choose mesh size to achieve mesh convergence for a given inter-

facial thickness. We fix the interfacial thickness at ϵ = 1.5
128

, and conduct simulations with

hmin = 1
32
, 1
64
, · · · , 1

512
, which corresponds to ϵ

hmin
= 0.375, 0.75, · · · , 6. The slip length is

taken to be ls = 0.01, which is well resolved by ϵ as explained later. We can easily see the

convergence in the steady-state interface profile, as shown in Fig. 3.7, as hmin reduces. The

curves of hmin = 1
256

and 1
512

overlap; the errors are negligible even for hmin = 1/128 and
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hmin = 1/64. The result gets unsatisfactory when the mesh is coarsened to hmin = 1
32

. We

thus come to the first criterion for mesh convergence:

hmin

ϵ
≤ 4

3
. (3.32)
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Figure 3.8: Mesh convergence at fixed ls and hmin
ϵ

. The insets are close-up views at the
contact line. ϵ = 1.5hmin, Ca = 0.03, θS = 90◦.

We next investigate ϵ
ls

, i.e., the sharp-interface limit with respect to ϵ when ls is fixed. We

keep hmin
ϵ

= 1
1.5

fixed while refining mesh, such that ϵ is always well resolved. We test

βN = 100 and 200, which correspond to ls = 0.01 and 0.005, respectively, as illustrated in

Fig. 3.8. The detailed errors for βN = 100 are given in Table 3.1. Curves with different

βCL show that this parameter does not affect mesh convergence. Convergence is achieved

if hmin ≤ 1
128

for ls = 0.01 and hmin ≤ 1
256

for ls = 0.005. It is tempting to conclude a

convergence criterion based on hmin
ls

. However, the curve of hmin = 1
64

and ϵ = 1.5
128

in Fig. 3.7

shows much better convergence than that of hmin = 1
64

and ϵ = 1.5
64

in Fig. 3.8(a), which



82 Chapter 3. Level-set method for interfacial flows with moving contact lines

suggests ϵ
ls

to be a better choice. We thus have the second criterion for convergence:

ϵ

ls
≤ 150

128
. (3.33)

βCL = 1 βCL = 4 βCL = 8
hmin H Er H Er H Er

1/64 0.2373 6.76% 0.2893 4.26% 0.3444 2.96%
1/128 0.2249 1.17% 0.2806 1.13% 0.3364 0.56%
1/256 0.2235 0.54% 0.2778 0.11% 0.3356 0.34%
1/512 0.2223 0 0.2775 0 0.3345 0

Table 3.1: Relative errors in the height of the spherical cap shaped interface. ϵ =
1.5hmin, θS = 90◦βN = 100, Ca = 0.03. The height H is the distance in the x direction
measured from the contact line to the apex of the interface. Er is the relative error in H,
where we have used the solution at hmin = 1/512 as the reference.

In summary, we should choose the mesh size and the interface thickness according to hmin ≲

ϵ ≲ ls to obtain numerical results that are independent of hmin and ϵ. This looks very similar

to the criterion for the sharp-interface limit in the phase-field method [144]. The advantage

of the level-set method is that it does not require a lot of mesh cells across the narrow-band

interface. In the rest of this paper, we conservatively choose ϵ = 1.5hmin as suggested in [42]

and make sure ls ≥ 1.28hmin.

Contact line dynamics

The contact line dynamics in the slip condition (3.8) is controlled by βN , βCL, and θS.

The effect of θS is well understood, but it is still unclear how βN and βCL quantitatively

affect contact line dynamics. Here we try to answer this question by comparing with the

well-established Cox theory [7].

According to the matched asymptotic analysis by Cox, to the leading order, the apparent
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contact angle θapp and the static contact angle θS are connected by

g(θapp) = g(θS) + Ca ln(L/Ls) (3.34)

due to viscous bending of the interface. Here Ls is the slip length that characterizes the

inner region of the contact line and L is characteristic length of the macroscopic flow. Note

that this Ls is a “physical” scale associated with the contact line and may be different from

the ls. To distinguish these two length scales, we refer to Ls as the effective slip length and

ls as the numerical slip length hereafter. For the plane Poiseuille flow, we can simply take

L =W . The function g is given by

g(θ) =

∫ θ

0

dθ

f(θ)
(3.35)

where

f(θ, rµ) =
2 sin θ{r2µ(θ2−sin2 θ)+2rµ[θ(π−θ)+sin2 θ]+[(π−θ)2−sin2 θ]}
rµ(θ2−sin2 θ)[(π−θ)+sin θ cos θ]+[(π−θ)2−sin2 θ](θ−sin θ cos θ)

(3.36)

and rµ is the viscosity ratio between the receding and advancing fluids.

We first study the influence of Ca on θapp and θD. Here θapp is determined by fitting a circle

to the deformed interface [144, 145] and θD is directly measured from the ϕ = 0 level curve

at the contact line. The results for various combinations of (βN , βCL) with fixed θS = 90◦

are shown in Fig. 3.9. Figure 3.9(a) confirms that g(θapp) is linear in Ca, in accordance with

the Cox theory (3.34). Not surprisingly, g(θD) is also a linear function of Ca, consistent with

the numerical observation in [11] as well as the molecular-kinetic theory [9]. It should be

noted that g(θS) = 0.1921, which is exactly the y−intercept of both g(θapp) and g(θD).

This linear behavior is also observed for different θS, as shown in Fig. 3.10. According to

(3.34), the slope of the g(θapp)–Ca curve is only dependent on Ls and is independent of
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Figure 3.9: Dependence of g(θapp) and g(θD) on Ca for different (βN , βCL). θS = 90◦. The
k values are the slopes of the linear fits.

θS. This is confirmed by Fig. 3.10(a) with acceptable errors: the slopes have an average

of 3.4 and a standard deviation of 0.3. The largest deviation from the average is observed

for θS = 120◦, possibly because θapp is too close to 180◦ and the circle fitting is more prone

to numerical errors due to a larger interface deformation. Similar linear behavior is also

observed for g(θD), as shown in Fig. 3.10(b), with an average slope of 1.31 and a standard

deviation of 0.09.

The results in Figs. 3.9 and 3.10 suggest that both θapp and θD can fit in the relation

g(θ) = g(θS) + Cak, (3.37)

where k is dependent on both βN and βCL but independent of θS. Comparing with (3.34), we

can see that βN and βCL work together to determine the effective slip length Ls that controls

the dynamics of θapp. For example, in Fig. 3.9(a), the slope k = 2.91 for (βN , βCL) = (50, 1)

correspond to Ls

W
= 0.055, and the slope k = 5.21 for (βN , βCL) = (100, 8) corresponds to
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Figure 3.10: Dependence of g(θapp) and g(θD) on Ca for different θS. βN = 100, βCL = 1.

Ls

W
= 0.0055.

Since both θapp and θD satisfy (3.37), it follows that

g(θapp) = g(θD) + Ca k̃, (3.38)

for some constant k̃, which is easily confirmed by numerical results. It is, however, surprising

to note that this k̃ is independent of βCL, as shown in Fig. 3.11. That is, βCL has nothing

to do with viscous bending. The data points for βCL = 1 indicate that k̃ ≈ 0.52 ln
(

W
ls

)
,

where ls = µ
βN

. We do not have any good explanation on the prefactor for now and will leave

further investigation for future work.

In summary, βN and βCL both affect the deviation of θD from θS, while only βN controls the

viscous effect that bends the interface from θD at the wall to θapp at the macroscopic scale.

It is the cooperation of βN and βCL that determines the effective slip length Ls.
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Figure 3.11: g(θapp)− g(θD) as a function of Ca. θS = 90◦.

3.4.4 Drop spreading and computational strategy

In this section, we simulate two cases of drop spreading with different initial contact angles.

Inertia is again neglected. The computational setup is illustrated in Fig. 3.12. The flow is

axisymmetric and we only compute the right half of the median plane.

Comparison with the Cox theory

In the first test case, we consider the spreading of an initially a hemisphere drop with radius

R0 = 0.5. We take θS = 60◦. The spreading radius will be directly compared with the

theoretical results in [146].

If we assume the drop to be a spherical cap, which is a reasonable approximation for Ca≪ 1,

the spreading radius a can be written as a function of θapp based on volume conservation:

a =

(
3Vd
π

)1/3 sin θapp
(2− 3 cos θapp + cos3 θapp)1/3

, (3.39)
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Figure 3.12: Computational setup for drop spreading simulations. The computation domain
is a square of 4R0 × 4R0 with the wall located at z = 0.

where Vd is the volume of the drop. The final spreading radius a can be predicted based on

the static contact angle θS and the initial contact angle θ0 [146]:

af
a0

=

[
(2− 3 cos θ0 + cos3 θ0) sin3 θS
(2− 3 cos θS + cos3 θS) sin3 θ0

]1/3
, (3.40)

where a0 is the initial spreading radius. For the hemispherical drop considered here, we have

a0 = R0 and θ0 = 90◦ and the equation above gives af
R0

= 1.276186 for θS = 60◦, which is

confirmed by our numerical results in Figs. 3.14.

Mesh convergence at transient times

The mesh convergence results for this transient problem are shown in Fig 3.13. The different

spreading curves converge as the mesh refines. The final spreading radii are given in Table

3.2, which indicates a first order convergence. This is expected due to the smooth Dirac
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delta function δϵ in the formulation.
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Figure 3.13: Study of mesh dependence with ϵ = 1.5hmin, βN = 100.

hmin af/R0 Relative error Convergence
rate

1/64 1.275312 6.85E-04 -
1/128 1.275458 5.70E-04 0.26
1/256 1.275830 2.79E-04 1.03
1/512 1.276010 1.38E-04 1.02

Table 3.2: Maximal spreading radius at different levels of mesh refinement. θS = 60◦, rµ =
0.01, βN = 100, βCL = 1, ϵ = 1.5hmin.

It was reported in [146] that the influence of gas viscosity is negligible for rµ ≤ 0.01. We verify

this by computing spreading with rµ = 1, 0.1, · · · , 0.0001, and the numerical results are given

in Fig. 3.14(a). It is obvious that the spreading curves with rµ ≤ 0.01 are indistinguishable.

In the following simulations will simply use rµ = 0.01 for gas-liquid systems.

Based on the Cox theory, Wörner et al. [146] derived analytical equations to predict the

a ∼ t curves of spherical-cap shaped drops. The effective slip Ls of the moving contact

line can thus be determined by matching the theoretical and the actual spreading curves.

The spreading curves with different (βN , βCL) values are given in Fig. 3.14(b). First of all,
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Figure 3.14: Spreading of a hemispherical drop with θS = 60◦. In (a), we vary the viscosity
ratio rµ while keeping βN = 100 and βCL = 1 fixed. In (b), we vary βN and βCL while
keeping rµ = 0.01 fixed. The solid lines in (b) are theoretical curves based on the Cox theory
with Ls labeled in the plot and L = a0. The finest mesh size is set to hmin = 1

128
and 1

256
for

βN = 100 and 200, respectively.

the theoretical curves match the numerical ones very well if a proper Ls is chosen. Thus

our level-set method with the slip condition (3.8) agrees with the Cox theory. Meanwhile,

the same Ls can be reproduced by multiple choices of (βN , βCL). This indicates that βCL

can be used to compensate βN in controlling the effective slip Ls, and further motivates the

following computational strategy.

Computational strategy

We propose the following computational strategy for mesh-independent and predictive nu-

merical simulations of moving contact line problems. First, choose an affordable mesh size

hmin. Then, determine interface thickness ϵ ≳ hmin and numerical slip ls ≳ ϵ such that the

results are mesh-independent. The friction coefficient βN can be computed from ls. Finally,

adjust βCL to produce the desired Ls. A larger βCL is required to produce a smaller Ls.
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This strategy is similar to that proposed by Yue and Feng for the phase-field method [54].

Unfortunately, we have not obtained a qualitative formula similar to that in the phase-field

method to guide the choice of βCL yet. This will be an important part of our future work. For

now, we leave βCL as a fitting parameter that needs to be calibrated based on experiments

or other results, similar to that in [48]. Once calibrated, our method will be able to predict

the correct contact line dynamics for a wide spectrum of contact line velocities and flow

geometries, as long as the two fluids and the solid surface remain the same.

Comparison with experiment

In this test case, we compare our results with the experimental data on drop spreading by

Zosel [2]. This also serves as an example on the usage of our computational strategy.

In the experiments, solutions of polyisobutylene in decaline with a range of concentrations

were tested. It was observed that all experimental data fall onto a master curve if the

dimensionless spreading radius a
R0

is plotted against the dimensionless spreading time tσ
µ1R0

.

We choose the data points for pure polyisobutylene, which have the widest coverage on the

whole master curve. Although θS was reported to be about 58 to 60◦ in the experiments,

the final spreading radius, which is about af
R0

= 1.69, suggests a smaller angle θS = 54◦

based on (3.39). We thus take θS = 54◦ in our simulations. The drop is initially spherical

with a radius R0 = 0.5 and a center at (0, 0.48), such that the inner rim of the narrow-band

interface just touches the wall. We set the viscosities to µ1 = 1 and µ2 = 0.01.

Following the proposed computational strategy, we first set hmin = 1
128

and ϵ = 1.5hmin.

Then we pick βN = 100 such that ls = µ1

β
= 0.01 can be resolved by hmin and ϵ. Finally, we

tune βCL to match experimental data. The spreading curves with different βCL are given in

Fig. 3.15. The curves with βCL = 0.5 and βCL = 1 match the experimental curve the best.
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Once we identify the (βN , βCL) pair for the liquid-gas-solid system, it can be used to predict

the contact line dynamics under other flow conditions.
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Figure 3.15: Comparison of drop spreading with experiment. The symbols are the experi-
mental data for the spreading of polyisobutylene on polytetrafluoroethylene [2]. βN = 100
,hmin = 1/128, ϵ = 1.5hmin, θS = 54◦.

It should be noted that our numerical curves cannot match the experimental data exactly:

the experimental data demonstrate a lower slope in the semi-log plot. The same trend was

also observed in other numerical simulations [147, 148, 149]. This consistent discrepancy is

probably because of the constant-coefficient assumptions in the contact line models. Maybe

the friction coefficients βN and βCL (or the slip length) should be functions of the contact

line velocity. Further investigation is beyond the scope of this paper.

3.4.5 Pinned drop in Poiseuille flow

We test the capability of our method in pinning contact lines by comparing with the boundary

integral method [3]. A cylindrical-cap droplet, with an area of 0.5, is initially placed on a

solid surface with contact angle θ = π/3, as shown in Fig (3.16). The droplet is sheared by a
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pressure-driven flow with contact lines pinned. The capillary number is subcritical such that

the drop eventually achieves a steady deformation. The flow is inertialess with µ1 = µ2 = 1

and σ = 1. We impose a large hysteresis window [1◦, 179◦] such that the contact lines are

pinned on the wall. The computational domain is a rectangle of dimensions (0, 8) × (0, 2).

On the left boundary x = 0, we impose the inflow condition u = [u, 0]T with

u =
3

2
V̄
(
1− (1− y)2

)
, (3.41)

where V̄ is the average velocity in the channel. Following [3], we define the capillary number

as Ca = µ1Eh
σ

, where E = 3V̄ is the shear rate at the wall (noting that the channel half

height is 1) and h = 0.4511 is the initial height of the drop. We take βN = 100, βCL = 100,

hmin = 1
64

, and ϵ = 1.5hmin in our simulations. To achieve desirable pinning performance, a

large enough βCL needs to be used when the contact line is pinned.
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Figure 3.16: Schematic of a drop under shear in plane Poiseuille flow.

The steady-state drop shapes are given in Fig. 3.17. Our results match those of the boundary

integral method almost perfectly. Since we pin the contact line through the fluid velocity, it

is very difficult to achieving exact pinning due to numerical errors in computing the flow field

and advecting the level-set function. Thus the contact line may shift away from its original

position. At the leading (left) edge of the drop, as shown in Fig. 3.18(a), the contact line is

blown downstream as Ca increases. This trend is probably related to the finite thickness of

the numerical interface, which may cause a large error when the interface is almost parallel
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to the wall, i.e., when the dynamic contact angle is close to 0◦ or 180◦. This error is however

acceptable compared to the computational mesh: the maximum displacement of the contact

line is around hmin
4

at Ca = 0.15. At the trailing (right) edge of the drop, the contact line is

nicely pinned because the dynamic contact angle is close to 90◦
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Figure 3.17: Comparison with the boundary-integral results of Schleizer and Bonnecaze [3].
From top to bottom, Ca=0.05, 0.10, and 0.15. The solid lines represent the boundary-integral
results, while the dashed lines indicate our level-set results.

3.4.6 Advancing and receding contact lines in a channel

In this test case, we consider two immiscible fluids separated by two interfaces in a plane

Poiseuille flow. Due to symmetry, we only compute the lower half of the channel, which is

a rectangular domain [0, 8]× [0, 1], as shown in Fig. 3.19. The channel is long enough such
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Figure 3.18: Zoomed views of the steady-state interface in the vicinity of the contact lines.
Ca = 0 denotes the undeformed interface.
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Figure 3.19: Schematic of advancing and receding contact lines in a channel

that the inflow and outflow conditions are not affected by interface deformation. The two

interfaces are initially vertical and located at x = 3 and 5, respectively. Under flow, the

contact line to the left eventually recedes with respect to fluid 1 while the other contact

line advances; we henceforth refer to these two contact lines as receding and advancing

contact lines, respectively, even when they are pinned. The system is inertialess and the

two components have the same viscosity µ = 1. The surface tension is set to σ = 1. The

prescribed advancing and receding contact angles are θR = 75◦ and θA = 135◦, respectively.

We take the following friction coefficients: βN = 100, βCL = 1 for moving contact lines,

and βCL = 100 for pinned contact lines. On the left boundary x = 0, we impose the same

parabolic velocity profile as (3.41). We take V̄ = 0.01 such that Ca = µV̄
σ

= 0.01 is small
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enough and the deformed interfaces remain almost circular. For convenience we define a

normalized time t∗ = tV̄
H

, where H = 1 is the half height of the channel.

Typical interface shapes are given in Fig. 3.20 and the zooms at the contact line are shown

in Fig. 3.21. The receding contact line remains pinned until about t∗ = 0.0876 and the

advancing one remains pinned until about t∗ = 0.2906. For a circular interface with a pinned

contact line, we can find the following relation between dynamic angle θD and normalized

time t∗ based on mass conservation [133]: t∗ = 1
2
H
V̄

(
δ

sin2 δ
− cot δ

)
, where δ = |π

2
− θD|. This

gives t∗ = 0.0881 for the receding contact line to achieve θD = 75◦ and t∗ = 0.2854 for the

advancing contact line to achieve θD = 135◦. Our numerical depinning times agree with

these theoretical predictions very well.

3.4.7 2D sliding drop

This test case is adapted from [30]. We consider the deformation of a drop on a wall which

is slowly inclined, as shown in Fig. 3.22. The drop is initially semicircular with radius

R0 = 0.5, and the computational domain is a rectangle of 5 × 1. The finest mesh is set to

hmin = 1
128

. We choose the following fluid properties: ρ1 = 1, ρ2 = 0.01, µ1 = 1, µ2 = 0.1,

and σ = 1. Since ρ2 ≪ ρ1, we define the Bond number as Bo = ρ1gR
2
0/σ, according to

which the magnitude of gravitational acceleration g is adjusted to achieve different Bo. The

wall is initially horizontal and slowly inclined until the drop starts to slide. Each inclination

angle α is maintained for a period of the greater of the inertia-capillary time
√
ρ1R3

0/σ and

the visco-capillary time µ1R/σ, which is 0.5 for our chosen parameters, to allow enough

time for the drop to deform. The increment of slop angle varies depending on whether the

inclination angle is near critical. In the simulations, instead of rotating the computational

domain, we rotate the gravitational acceleration g = −g(sinα, cosα). For the contact line,
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Figure 3.20: Shapes of advancing and receding interfaces in a channel. The red dotted lines
correspond to the receding angle θR = 75◦ and the advancing angle θA = 135◦, respectively.

we take βN = 100, βCL = 1 at the moving contact line, and βCL = 100 at the pinned contact

line.

Theoretically, based on a force balance along the wall, one can derive the critical inclination
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Figure 3.21: Evolution of the interfaces in the vicinity of the contact lines.
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Figure 3.22: Schematic of a drop on an inclined wall.

angle αc when the drop starts to slide [150, 151]:

1

2
πR2ρ1g sinαc = σ(cos θR − cos θA), (3.42)
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Figure 3.23: Critical inclination angle αc versus (cos θR − cos θA)/Bo.

which can be rewritten as

sinαc =
2

πBo (cos θR − cos θA) . (3.43)

By choosing different hysteresis angles and Bond numbers, we can compute the corresponding

critical inclination angles αc and compare against the theoretical relation (3.43). Here, we

test Bo = 0.5, 1.0 and 2.0 with different hysteresis angles (θR, θA) = (80◦, 100◦), (60◦, 120◦),

and (40◦, 140◦), which are the same as in [30]. The critical inclination angles are summarized

in Fig. 3.23, which indicates a very good agreement with the theoretical relation (3.43).

Quantitatively, the agreement is better than that obtained by the volume-of-fluid method in

[30]. In terms of computational mesh, our finest mesh size is slightly smaller, but the total

number of cells, typically around 2000, is much less than the 500×100 uniform mesh in [30].
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The critical drop shapes are displayed in Fig. 3.24. For small Bond numbers, when the

hysteresis is sufficiently large, the drop is pinned on the wall even when the inclination angle

achieves 90◦. For example, at Bo = 0.5, the drops are pinned on the wall with identical

shapes for (θR, θA) = (60◦, 120◦) and (40◦, 140◦). In these two cases, αc does not exist.

Figure 3.24: Drop shapes at critical inclination angles. Bo is fixed in each row and (θR, θA)
is fixed in each column. The theoretical values of αc are given in the parentheses.

Drop shape evolutions for selected parameters are given in Fig. 3.25. Each curve denotes the
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(a) Bo = 2, θA = 100◦, θR = 80◦.
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(b) Bo = 2, θA = 120◦, θR = 60◦.
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(c) Bo = 0.5, θA = 120◦, θR = 60◦.

Figure 3.25: Evolutions of drop shapes.

interface obtained with the inclination angle α being fixed for a time span of 0.5. It can be

viewed approximately as the steady drop shape for the given α. In (a), gravity is dominant

and θA is close to the initial contact angle of 90◦. At α = 0◦, the drop spreads due to gravity.
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As α increases, the dynamic contact angle at the advancing contact line (left) increases and

the one at the receding contact line (right) decreases. The advancing contact line moves first

with the receding one pinned at α = 3◦. At α = 6.9◦, the receding contact line starts to

move at a very low speed and this angle is recorded as the critical inclination angle. In (b),

the hysteresis window is increased to (60◦, 120◦). θA is big enough to inhibit the initial drop

spreading at α = 0◦: the drop flattens under gravity, but the contact lines remain pinned.

The later dynamics is similar to that in (a). At a sufficiently small Bo, gravity is insufficient

to overcome the contact angle hysteresis, as shown in (c). As a result, the drop deforms with

contact lines pinned.

3.5 Summary

In this chapter, we have developed a level-set method in the finite-element framework to

simulate interfacial flows with moving contact lines. The level-set function is reinitialized

by the method in Chap. 2. The contact line singularity is relaxed by Ren and E’s slip

condition that has two friction coefficients: βN and βCL. A series of simulations have been

conducted to study systematically the relations among βN , βCL, and the Cox theory. It

is shown that only βN affects the mesh convergence, and different combinations of βN and

βCL can recover the slip length in the Cox theory. Therefore, a computational strategy is

proposed to reproduce the dynamics of moving contact lines that is in good agreement with

the Cox theory. With a simple modification, the contact angle hysteresis is incorporated

into our method. Numerical simulations in 2D have illustrated the accuracy and capability

of our method.



Chapter 4

Three-dimensional simulations of

moving contact lines

In this chapter, we extend the level-set reinitialization to 3D moving contact line problems.

The extension is not trivial, because the contact angle may vary along the contact line.

Therefore, different from the simple treatment in 2D, an extension equation needs to be

solved to obtain the boundary condition on the inflow boundary ∂Ωin (see (2.64)) in 3D.

4.1 Introduction

Different approaches have been proposed to supply boundary conditions on the wall bound-

ary in 3D. The first approach is to extend contact angles on the wall boundary, then construct

necessary boundary conditions for ϕ based on the extended contact angles [152, 153]. How-

ever, the extension to unstructured mesh and curved boundary is limited by the use of ghost

cells. The second approach is to solve a reinitialization problem on the wall boundary [106].

However, the extension to 3D is unclear. Another approach is to solve a relaxation equation

in the first layer of cells along the inflow boundary such that ∇ϕ
|∇ϕ| ·nw is fixed [154]. But this

approach is dependent on the quality of ϕ0 away from the interface. In this work, we pro-

pose to propagate nw · ∇ϕ by solving an extension equation, then reconstruct the boundary

condition for ∇ϕ.

102
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This chapter is organized as follows. We describe the extension equation and the correspond-

ing finite-element discretization in Section 4.2. Then, we show the numerical results in 3D

in Section 4.3, including reinitialization of the ellipsoidal interfaces and evolution of a drop

on an inclined wall.

4.2 Boundary conditions for ∇ϕ

Although our reinitialization method provides an easy way to impose boundary conditions

in 2D, it is not that straightforward in 3D. We can still use Dirichlet conditions, but an

extension equation has to be solved to supply the boundary condition on ∂Ωin. In light of

the method in [152], we propose to solve the following equation to extend the scalar field

dw = nw · ∇ϕ from the contact line to the entire wall boundary:

∂dw
∂τ

+ S(ϕ0) (∇sϕ · ∇sdw) = 0 (4.1)

with initial condition dw(x, 0) = ∇ϕ0 · nw. Here ∇s = ∇ − nw · ∇ is the surface gradient.

This equation is solved concurrently with the HJ equation (2.1). At each pseudo time step,

we reassemble ∇ϕ on the solid wall by dwnw+∇sϕ
|dwnw+∇sϕ| .

We rewrite the extension equation (4.1) into

∂dw
∂τ

+∇s · (vwdw)− dw∇s · vw = 0 (4.2)

where vw = S(ϕ0)∇ϕ, and we have used the formulas ∇ϕ·∇sd = ∇sϕ·∇sd and ∇s ·(vwdw) =

dw∇s ·vw+∇sdw ·vw. Since the boundary condition is only imposed on the inflow boundary
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∂Ωin, we define the discontinuous finite-element space

V N
w = {w : w ∈ PN(F ), ∀F ∈ Th ∩ ∂Ωin}. (4.3)

Multiplying (4.2) by the test function w̃ ∈ V N
w and integrating by parts, we obtain the

following weak form

⟨
∂dw
∂τ

, w̃

⟩
+
⟨
Ĥw(d

−
w , d

+
w), w̃

⟩
∂F

− ⟨vwdw,∇sw̃⟩ − ⟨dw∇s · v, w̃⟩ = 0, (4.4)

where ⟨·, ·⟩ denotes the integral on the face element F ∈ Th∩∂Ωin on the wall boundary, and

⟨·, ·⟩∂F denotes the integral over the edges of element F . Here ĤW (d−w , d
+
w) is the numerical

flux that approximates v · nedw, d−w and d+w are the inside and outside values of dw on the

element boundary ∂F , and ne is the outward pointing unit normal to ∂F . We use the local

Lax-Friedrichs flux

Ĥw(d
−
w , d

+
w) = vw · ne

d−w + d+w
2

− αw

2

(
d+w − d−w

)
(4.5)

where αw = max (|vw · ne|) and the maximum is taken over the relevant element edge. The

time integration uses the third-order TVD RK, which is the same as that used for the HJ

equation in Chap. 2.

At each pseudo time step, we first compute dw on the inflow boundary ∂Ωin, where we

need to impose boundary condition. We then solve the HJ equation with the wall boundary

condition

∇ϕ =
dwnw +∇sϕ

|dwnw +∇sϕ|
. (4.6)
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4.3 Numerical results and discussions

In this section, we first illustrate the reinitilization of ellipsoidal interfaces to show that our

method is accurate and stable. Then we simulate the evolution of a drop on an inclined wall

and present some preliminary results. Parameters for level-set reinitialization are identical

to those in Sec. 2.4.1.

4.3.1 Reinitialization of ellipsoidal interfaces

Figure 4.1: Schematic of an ellipsoidal interface cut by the wall boundary.

In this example, we reinitialize ellipsoidal interfaces, and the schematic is given in Fig. 4.1.
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(a) ϕ0.

(b) ϕh at τ = 15.

Figure 4.2: ϕ contours on the wall boundary (y = 0) with cy = −0.2. Contours run from
-0.04 to 0.04 with interval 0.02.

Consider the initial condition

ϕ0(x, y, z) = 0.8 ∗

(
0.5− (x− 0.25)2

1.22
− (y − cy)

2 − z2

0.62

)
, (4.7)

in the computational domain [0, 5]× [0, 1]× [−1, 1] with hmin = 1/64. For other parameters,

we take N = 3, βmax = 3, λ = 100, ξ = cξh with cξ = 0.1, ξ1 = cξ1cξ with cξ1 = 0.01, and

Q = 5. Here we test two cases by taking cy = −0.2 and 0.2, respectively. Similar to the

tests of the elliptic interface in Sec. 2.4.2, we run the reinitializaiton to τ = 15 to test the

long-term stability.

When cy = −0.2, the zero level set meets the wall boundary at acute angles, and thus the
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(a) ϕ0.

(b) ϕh at τ = 15.

Figure 4.3: ϕ contours at z = 0 with cy = −0.2. Contours run from -0.04 to 0.04 with
interval 0.02.

inflow boundary is outside the zero level set on the wall boundary. The comparison of the

initial condition ϕ0 and the reinitilized level-set function ϕh are given in Figs. 4.2 and 4.3.

Note that we only focus on the region near the interface, since an adaptive mesh is used.

In interfacial flow calculations, we take ϵ = 1.5hmin; thus ϕ ranges from -0.024 to 0.024 in

the interfacial region. We plot 5 contour levels ranging from -0.04 to 0.04 with interval 0.02.

From the contour plots in both figures, our results are in good agreement with the signed

distance function.

When cy = 0.2, the inflow boundary is inside the zero level set on the wall boundary.

In this case, we have to pay extra attention to the stability of the solutions. Except for

discontinuities of ∇ϕ as mentioned in Sec. 2.4.2, we will have to take care of the regions
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(a) ϕ0.

(b) ϕh at τ = 15.

Figure 4.4: ϕ contours on the wall boundary (y = 0) with cy = 0.2. Contours run from -0.04
to 0.04 with interval 0.02.

where the characteristics of the extension equation (4.2) intersect as well. Figures. 4.4 and

4.5 show that our method is very stable, and the solution in the troubled region have no

effect on the solution near the interface. Therefore, a perfect signed distance function is

reproduced.

4.3.2 3D sliding drop

In this section, we show some preliminary results in 3D simulations using the level-set method

including the reinitialization of the sliding drop at a late stage of the simulation. For poly-

nomial degrees, we take N = 3 for ϕ, N = 2 for u, and N = 1 for p. The time step is set
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(a) ϕ0.

(b) ϕh at τ = 15.

Figure 4.5: ϕ contours at z = 0 with cy = 0.2. Contours run from -0.04 to 0.04 with interval
0.02.

to ∆t = 0.00125 and level-set function is reinitialized every 5 time steps. We decouple the

velocity u and the pressure p by the first order projection method [155], and the discretized

systems are both solved by the conjugate gradient method with SSOR preconditioner.

Following [133], we simulate the evolution of a drop on the inclined wall with a fixed in-

clination angle α = 60◦. The drop is initially a sphere centered at (3.75, 0, 0) with a

radius R0 = 0.5. Due to the symmetry in z-direction, we only compute half of the do-

main: [0, 5] × [0, 1] × [0, 1]. The finest mesh is set to hmin = 1/64. Correspondingly, we

choose βN = 50 to increase the numerical slip to ls = µ1/βN = 0.02. For contact an-

gles, we take (θR, θA) = (60◦, 120◦). The parameters of the fluid properties are taken as

ρ1 = 2, ρ2 = 0.02, µ1 = 1, µ2 = 0.01, and σ = 1. The gravitational acceleration g is com-
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puted based on the Bond number Bo = ρ1gR
2
0/σ, where we have ignored the contribution

of ρ2 since it is much samller than ρ1. Similar to the 2D case, the critical parameters when

the drop starts to slide satisfy [150]

1

2
πR2

0ρ1Vdropg sinα = wdropσ(cos θR − cos θA), (4.8)

where Vdrop and wdrop are the volume and the width of the drop, respectively. For an initially

hemispherical drop, Vdrop = wdrop and the critical Bond number is given by

Boc =
3 (cos(θR)− cos(θA))

π sin(α) . (4.9)

In this test case, α = 60◦, and thus Boc = 1.1027. We test two Bond numbers, Bo=1 and

2, by taking g = 2 and 4, respectively. In the first case, the Bond number is slightly smaller

than the critical value, thus the drop should be pinned on the wall. The Bond number in

the second case is almost twice the critical value, and we thus expect the drop to slide on

the wall with large deformation.

(a) t∗ = 0. (b) t∗ = 4.69. (c) t∗ = 24.69.

Figure 4.6: Evolution of the drop on the inclined wall with Bo=1.

Sequential snapshots showing the evolution of the drops are displayed in Figs. 4.6 and 4.7.

Note that t∗ = t/
√
ρ1R3

0/σ is the dimensionless time. Our method successfully captures

the pinning and depinning of the contact lines. Side views of the drops given in Fig. 4.8
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(a) t∗ = 0.94. (b) t∗ = 3.94. (c) t∗ = 11.44.

(d) t∗ = 18.94. (e) t∗ = 28.94. (f) t∗ = 39.94.

Figure 4.7: Evolution of the drop on the inclined wall with Bo=2.

clearly show the pinning of the contact line in the early stages of the simulations for both

cases. Note that, due to numerical errors, the rear portion of the contact line with Bo = 1

is not pinned strictly, but the displacement is less than hmin. In addition, we illustrate the

evolution of the contact lines in Fig.4.9. At later stages of the sliding drop in Fig. 4.9b,

we observe that two straight lines, almost parallel to each other, are formed to bridge the

advancing and receding ends. This matches the theory in [150, 156] and the simulations

of the phase-field method in [133]. Theoretically, these two sides should be parallel to the

sliding directions when the sliding motion achieves steady state.

In the end, we examine the reinitialization of the sliding drop with a large advancing contact

angle and a small receding contact angle. The contour plot of ϕh after reinitialization at

t∗ = 38.94 for Bo = 2 is given in Fig. 4.10. Note that the pseudo time for reinitialization
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(a) Bo = 1.

(b) Bo = 2.

Figure 4.8: Side views of the drops at different time instants.

is equal to 2ϵ, which is around 0.047 here. Therefore we expect ϕh to be a signed distance

function within the range of −0.047 < ϕh < 0.047. However, due to the smooth sign function,

the numerical characteristic speed is actually smaller than 1. We thus plot the 5 contour

levels ranging from -0.04 to 0.04 equidistantly. Away from the wall boundary, the signed

distance function is reproduced nicely as illustrated in Fig. 4.10a. In Fig. 4.10b, the uneven

distribution of the contour lines on the wall boundary is caused by the variation of the

dynamic contact angle θD along the contact line. Assume that the interval between contours

is Dc, then the distance between each contour line cut by the wall boundary, as shown in

Fig. 4.10b, is Dw = |Dc/ cos(θD)|. Therefore the contour lines at the advancing and receding

ends look sparser.
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(a) Bo = 1.

(b) Bo = 2.

Figure 4.9: Time evolution of the contact lines.
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(a) Side view, z = 0.

(b) Top view, y = 0.

Figure 4.10: Cross sections of the reinitialized level-set function at t∗ = 38.94, Bo = 2.
Contour levels run from 0.04 to 0.04 with interval 0.02.

4.4 Summary

In this chapter, we have extended the level-set method to 3D moving contact line problems.

An extension equation is solved on the wall boundary to propagate nw ·∇ϕ from the contact

line to the entire inflow boundary ∂Ωin, where a boundary condition for ∇ϕ is constructed

for the level-set reinitialization. Numerical results have shown the stability and potential of

our method.
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Conclusions

5.1 Summary

The major contribution of this work is to develop a numerical method that models moving

contact lines accurately. In our method, the contact line is evolved by the flow field instead

of ad-hoc treatments, and contact angle hysteresis is implemented in a simple and efficient

way.

We first develop a robust high-order level-set reinitialization method that preserves the zero

level set. The reinitialization method has the following novel features:

(i) For Nth degree piecewise polynomial space, both the weighted local projection and the

discontinuous Galerkin method can achieve the optimal Nth order convergence in ∇ϕ

for smooth solutions. The convergence order of ϕ is at least N +1 in the interface cells

and N in the whole domain.

(ii) The penalty flux is necessary to produce smooth solutions, especially when the initial

ϕ is highly distorted.

(iii) The numerical method is robust in most cases and handles the discontinuities in ∇ϕ

with ease. But in the extreme case with singularities on the interface, the second-derive

limiter needs to be applied.

115
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(iv) Since we compute ∇ϕ instead of ϕ in the discontinuous Galerkin method, the boundary

condition for the Hamilton-Jacobi equation is easy to set up for contact line problems.

(v) The mass loss is almost zero if the highest interface curvature can be resolved by the

computation cell. Mesh refinement is suggested where the interface curvature exceeds
1
2h

. In the moving interface problems, mass conservation can be further improved if we

preform reinitialization only once every few time steps.

This method can be easily extended to other types of unstructured meshes and complex

geometry.

We then couple the level-set method with the finite-element flow solver for moving contact

line problems. The flow equations are solved by a continuous finite element method while the

level-set equation is solved by a discontinuous Galerkin method on an adaptive quadrilateral

(hexahedral mesh in 3D). After a careful validation against the Cox theory, we come up with

a computational strategy for practical contact line simulations. Furthermore, our method

can be easily modified to accommodate contact angle hysteresis. The main results can be

summarized as follows.

(i) The mesh convergence can be achieved as long as the mesh size hmin is able to resolve

the interfacial thickness ϵ and the numerical slip ls =
µ
βN

: hmin ≲ ϵ ≲ ls. For a sharp-

interface method that does not use the continuum surface force method to apply surface

tension, we expect this criterion to reduce to hmin ≲ ls.

(ii) In additional to βN , the contact line friction βCL also affects the effective slip length.

In particular, a single slip length in the Cox theory can be reproduced by different

combinations of (βN , βCL). In practical computations, we suggest to prescribe βN based

on the mesh convergence requirement and then use βCL as the only fitting parameter to

achieve desired slip. By using this strategy, we have obtained a reasonable agreement
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with the drop spreading experiment. Since our method does not rely on external models

to impose the contact angle condition, it is easy to implement numerically.

(iii) In our method, the dynamic contact angle can be readily obtained from the level-

set function, based on which we can determine whether the contact line is pinned,

advances, or recedes. Meanwhile, the weak form for the pinned contact line only differs

a little from that for the moving contact line. All these properties make it easy to

incorporate contact angle hysteresis. More importantly, our method demonstrates very

good accuracy in capturing hysteresis.

Lastly, we propose a new method to a construct boundary condition for ∇ϕ on the wall

boundary in 3D. The construction requires solving an extension equation of a scalar field,

which can be obtained directly from the level-set function. Preliminary results in 3D are

presented, showing that our method is able to capture contact angle hysteresis automatically

in 3D, as well as modeling the physics of moving contact line accurately.

Our method works pretty well for most test cases except for the simulation of drop impact.

We found that the wall boundary is not wetted and an air film is kept between the drop

and the wall during the whole impact process, as illustrated in Fig. 5.1. Although this is

possible on some superhydrophobic surface, it is unphysical in most cases. The reason for

this lies in the no-penetration condition on the solid wall: as the interface gets close to the

wall, the normal velocity drops to zero and thus the interface comes to rest. Physically, the

van der Waals force has to be considered to rupture this film, which is beyond the scope

of this work. Numerically, this thin film can be ruptured by numerical noise or the shift of

interface during the reinitialization process. But our reinitialization method preserves the

interfce so well that it can never reach the wall.
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Figure 5.1: Drop impact on a solid wall by the level-set method. A thin air film is formed
underneath the drop and never ruptures due to numerical artifacts.

5.2 Future directions

• Practical guidance of βCL and βN . In the current work, we treat βCL as a fitting

parameter that is tuned according to experiments or other results. To make the method

more practical, it is necessary to provide a qualitative formula that guides the choice

of βCL and βN .

• Contact line dynamics in viscoelastic fluids. Our method can also be extend

to the contact line dynamics in viscoelastic fluids. The Oldroyd-B model for dilute

polymer solutions can be used. The governing equation of the polymer stress, namely

the upper convected Maxwell constitutive equation, can be solved by the discontinuous

Galerkin method.
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