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Abstract

Thermomechanical Response of
Shape Memory Alloy Hybrid Composites

Travis L. Turner

Committee Chairman: Mahendra P. Singh

Engineering Mechanics

This study examines the use of embedded shape memory alloy (SMA) actuators for adaptive
control of the themomechanical response of composite structures. Control of static and dynamic
responses are demonstrated including thermal buckling, thermal post-buckling, vibration, sonic
fatigue, and acoustic transmission. A thermomechanical model is presented for analyzing such
shape memory alloy hybrid composite (SMAHC) structures exposed to thermal and mechanical
loads. Also presented are (1) fabrication procedures for SMAHC specimens, (2) characterization
of the constituent materials for model quantification, (3) development of the test apparatus for
conducting static and dynamic experiments on specimens with and without SMA, (4) discussion
of the experimental results, and (5) validation of the analytical and numerical tools developed

in the study.

The constitutive model developed to describe the mechanics of a SMAHC lamina captures
the material nonlinearity with temperature of the SMA and matrix material if necessary. Itis in
a form that is amenable to commercial finite element (FE) code implementation. The model is
valid for constrained, restrained, or free recovery configurations with appropriate measurements

of fundamental engineering properties. This constitutive model is used along with classical



lamination theory and the FE method to formulate the equations of motion for panel-type
structures subjected to steady-state thermal and dynamic mechanical loads. Mechanical loads that
are considered include acoustic pressure, inertial (base acceleration), and concentrated forces.
Four solution types are developed from the governing equations including thermal buckling,
thermal post-buckling, dynamic response, and acoustic transmission/radiation. These solution
procedures are compared with closed-form and/or other known solutions to benchmark the
numerical tools developed in this study.

Practical solutions for overcoming fabrication issues and obtaining repeatable specimens are
demonstrated. Results from characterization of the SMA constituent are highlighted with regard
to their impact on thermomechanical modeling. Results from static and dynamic tests on a
SMAHC beam specimen are presented, which demonstrate the enormous control authority of the
SMA actuators. Excellent agreement is achieved between the predicted and measured responses
including thermal buckling, thermal post-buckling, and dynamic response due to inertial loading.

The validated model and thermomechanical analysis tools are used to demonstrate a variety of
static and dynamic response behaviors associated with SMAHC structures. Topics of discussion
include the fundamental mechanics of SMAHC structures, control of static (thermal buckling and
post-buckling) and dynamic responses (vibration, sonic fatigue, and acoustic transmission), and
SMAHC design considerations for these applications. The dynamic response performance of a
SMAHC panel specimen is compared to conventional response abatement approaches. SMAHCs

are shown to have significant advantages for vibration, sonic fatigue, and noise control.
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Chapter 1
Introduction

1.1 Background and Motivation

The effects of noise and vibration transmission and propagation proliferate throughout our
everyday experiences. These effects range from annoyance or interference with other activities
to mechanical failures, loss of hearing, and even loss of life. Attempts to attenuate or otherwise
remedy noise and vibration problems date back as far as our acknowledgment of them. Methods
of noise/vibration reduction typically involve increases in one or more of three things; mass,
stiffness, or damping. Conventional noise/vibration abatement attempts typically consist of
post-design treatments to reduce the noise/vibration at the source or reduce the perception of
the noise/vibration. Examples of conventional treatments include sound-absorbing blanket or
foam, lead-vinyl or viscoelastic damping layers, viscoelastic vibration isolators, tuned vibration
absorbers, etc. These add-on treatments can be adequate for some applications where weight is
not an issue and system parameters do not vary widely. However, there are other applications
where weight-efficiency and adaptability are all-important. One class of such applications arises
in the area of high-performance aerospace structures.

Excitation levels for many aerospace vehicle structures are high due to engine noise and
turbulent boundary layer fluctuating pressures. The ever-increasing need for weight-efficient
structures in these applications leads to significant sonic fatigue and interior noise issues. Con-
ventional aerospace structures typically employ passive treatments such as structural stiffening,

constrained-layer damping, and acoustic absorption materials to reduce the structural response



and interior acoustic levels. These treatments typically suffer from substantial weight penalty
and are often limited to relatively low temperatures and/or high frequencies. Smart materials

may enable new structural design paradigms for high-performance, durable structures.

A significant amount of research in the last several years has greatly advanced the field of
control of flexible structures through the use of smart materials. The field of smart structures
involves a broad range of technologies that enable the realization of structural systems that are
able to sense and to control their own behavior, such that the range of operational performance
may be extended over conventional structures. Smart structures have the ability to change
stiffness, shape, natural frequency, damping, and other mechanical characteristics in response
to changes in temperature, electric field, or magnetic field. The most common smart materials
are piezoelectric materials, shape memory alloys, magnetostrictive materials, electrorheological
fluids and magnetorheological fluids. All of these adaptive materials have great potential in a
variety of applications. Shape memory alloys (SMASs) appear to have significant advantages for
high-performance aerospace vehicles in the areas of structural response control, structural shape

control, and damping enhancement.

Shape memory alloys have been investigated for a variety of applications since their
discovery. Early potential for applications in self-erecting structures, thermally actuated devices,
and energy-conversion systems was identified by Buehler and Wang [1]. Other potential
applications including damping or energy absorbing devices, thermally actuated couplings and
fasteners, and biomedical devices were briefly described by Wayman and Shimizu [2]. Later,
Wayman [3] and Otsuka and Shimizu [4] gave more detailed descriptions of specific devices such
as pipe couplings, thermostats, a robot hand, and various biomedical systems. Other researchers
have reported progress on similar applications, but an entire new field of applications was
created when Rogers and Robertshaw [5] introduced the idea of embedding SMA actuators in

a composite laminate. A structure of this type has been termed a shape memory alloy hybrid



composite (SMAHC).

Numerous researchers have investigated the use of SMA actuators, either external to a
structure or embedded within the structure, for static and dynamic structural control. Studies
have considered SMA actuators, external to the structure, for active vibration control [6, 7, 8]
and shape control [9, 10] of cantilevered beams. Other studies have proposed SMA actuators for
vibration control of space structures [11] and presented analytical formulations to demonstrate
the vibration/structural acoustic control of SMAHC panels [12, 13]. Active vibration control
of flexible linkage mechanisms using SMAHCs has been investigated by Venkatesh et al. [14].
Studies of thermal post-buckling [15] and random dynamic response [16] suppression of SMAHC
panels were presented using a thermoelastic finite element (FE) formulation. A different approach
was offered by Ro and Baz [17, 18, 19], where thermal, static, and dynamic analyses were
developed for the case of SMA actuators passing through sleeves in composite plates. Birman
[20] investigated optimal distributions of SMA actuators in sleeves to improve the buckling
performance of sandwich panels under mechanical loading. Theses have also been devoted to
studying the dynamic response tuning capability of Nitinol actuators [21] and predicting the

structural acoustic behavior of SMAHC panels [22].

Shape memory alloys are a class of materials that exhibit a diffusionless martensitic transfor-
mation when cooled from the higher-temperature austenitic state. The interaction of temperature
and applied stress in driving the martensitic and reverse transformations can be used to exploit
phenomena such as tehape memory effe(BME) [23] andpseudo-elasticityThe SME can be
described in simple terms in the following manner. A SMA can be easily deformed in the low
temperature martensitic condition and can be returned to its original configuration by heating
through the reverse transformation temperature range. This type of SME is téeaedcov-
ery. Conversely, in a constrained recovery configuration, the SMA element is prevented from

recovering the initial strain and a large tensile stressqvery stregsis induced. A situation in



which the actuator performs work (deforms under load) is cakstrained recoveryExtensive

work has been done to characterize these materials, both qualitatively through theoretical models
[24, 25, 26, 27] and quantitatively for particular alloy compositions [28, 29, 30]. Compilations

of papers have also been published [31, 32, 33, 34], which give a good overview of the char-
acteristics of SMAs and their applications. Birman [35] gave a comprehensive review of work
done in the areas of alloy characterization, constitutive modeling, and applications. Some detail

on thermomechanical characteristics of SMAs will be given in Chapters 2 and 3.

Although there are several alloy systems that exhibit the shape memory effect, Nitinol
has the most engineering significance. The name for this family of alloys was derived from
Nickel, Titanium, and Mval Ordnance laboratory and was patented by Buehler and Wiley [23].
The SME for this family of alloys is limited to nearly equiatomic compositions, i.e., Nickel
content from 53 to 57 percent by weight. Nitinol is considered to be the shape memory alloy
with the most potential for engineering applications because of its ductility at low temperature,
high degree of shape-recovery capability, large pseudoelastic hysteresis, corrosion and fatigue

resistance, biomedical compatibility, and relatively high electrical resistance.

The literature referred to in this introduction is by no means comprehensive, but should
serve as a guide to work that has been done and the state of the art in this area. Other
references to specific works in the literature appear at relevant places throughout the remainder
of this document. The scope and objectives of the present work, including a description of the

contributions made to the state of the art, are given in the next section.

1.2 Scope and Objectives

A Nitinol alloy was chosen for this study because it is the most readily available alloy
and because of the favorable shape memory and electrical resistance characteristics. The

relatively high electrical resistance is beneficial for experimental situations involving activation



of the actuators by resistive heating. Because of the ability of SMA actuators to induce
large tensile forces and recover large strains, they are particularly attractive for applications
involving adaptive structural stiffening (constrained recovery) and shape control (restrained
recovery). The environment associated with many aerospace applications includes inherently
elevated temperatures and broadband surface pressure excitation. Embedded SMA elements are
particularly suited to such applications because they generate global structural stiffening and
obviate control electronics and auxiliary power. It is for these reasons that the present work
will focus on SMAHC panel-type structures with embedded actuators operating in a constrained

recovery mode for adaptive structural stiffening.

The purpose of the present work is to develop and experimentally validate an analytical
tool that captures the material nonlinearity of SMAs and complex thermomechanical behavior
of SMAHC laminates. Constitutive theories for SMAHC structures could be developed from
the previously mentioned models for SMA thermomechanical behavior [24, 25, 26, 27], as was
done by Boyd and Lagoudas [36] and Birman [37]. However, these models are difficult to
use in practice. An alternative approach is to employ a constitutive model which makes use
of experimental measurements of fundamental engineering properties. Two such models are
developed as part of the present work. Differences between the two models and reasons for
development of the refined model are discussed in Chapter 2. The model is used in mechanics-
of-materials approach to develop the constitutive relations for SMAHC material systems. The
model captures the material nonlinearity of the SMA, as well as that for the matrix material
when appropriate, and is shown to be quite general in that it can be used to model constrained,

restrained, or free recovery behavior.

The complex nature of SMAHC structures and the goal of experimental validation dictate the
use of the FE method to facilitate accurate thermomechanical analysis. Because no commercial

FE codes have the capability of modeling the constitutive behavior of SMAHC laminates, a



research FE code was developed as part of this work. However, it is a goal of this work to
cast the constitutive model and thermomechanical FE formulation such that it can be readily

implemented in a commercial FE code.

The experimental configurations that will be considered for demonstration of adaptive
structural stiffening by thermal activation of embedded SMA actuators involve immovable in-
plane boundary conditions. This condition leads to a potential for structural instability due
to thermal buckling and demands that the FE analysis be capable of predicting static, thermal
buckling and post-buckling behavior in addition to analysis of the response due to practical
dynamic excitation types. To this end, the constitutive relations are used in conjunction with von
Karman strain-displacement relations to allow for the generality of large, out-of-plane deflection

due to thermal post-buckling.

A brief description of the work performed in this study and contributions made have been
given in this section. The manner in which the detailed discussions of various topics are organized

in this document is given in the following section.

1.3 Research Organization

Some detail of the general thermomechanical behavior of SMAs is given in Chapter 2 with
an emphasis on phenomena observed in the mechanical testing performed in this work. That
is followed by development of a constitutive model to describe the behavior of SMA actuators
embedded in a composite matrix. The constitutive model is used with the aomald”strain-
displacement relations and classical lamination theory to develop the resultant force and moment
relations for a SMAHC laminate. The particular material system used in this study is described
in Chapter 3. An overview of the processes involved in fabricating SMA hybrid composite
specimens is followed by results from thermomechanical property testing of the constituent

materials.



Chapter 4 begins with a description of the rectangular plate element used in the finite element
formulation. This is followed by development of the equations governing the thermomechanical
response of a SMAHC laminate to steady-state thermal and dynamic mechanical loads. The
governing equations are separated into static and dynamic components by assuming small (geo-
metrically linear) dynamic motion about a potentially large (geometrically nonlinear) thermally

deflected shape.

Description of the solution procedures begins in Chapter 5 with the static response. Equations
governing static stability and large static deflection are first developed and then used to present
thermal buckling and thermal post-buckling solution procedures. A overview flowchart is shown
in each case. The solution procedures are then validated against a series of known solutions.
The chapter is concluded with experimental validation of the model for the case of a SMAHC

beam clamped at both ends and heated uniformly by DC electrical current.

Continuous and discrete frequency domain solutions are shown in Chapter 6 for predicting
the dynamic response. The dynamic response solution procedure is validated against known
solutions and experimental measurements for isotropic and conventional composite beam spec-
imens excited by random inertial loading. The analysis is then validated with experimental
measurements of the dynamic response performance of a SMAHC beam specimen subjected
to steady-state thermal and dynamic inertial loads. Chapter 6 concludes with correlation of
predicted and measured dynamic responses of a clamped aluminum panel subjected to random

acoustic pressure, which introduces the topic of acoustic radiation in preparation for Chapter 7.

Continuous and discrete frequency domain solutions are shown in Chapter 7 for predicting
the acoustic radiation from a known panel response. The acoustic radiation solution procedure is
validated against a classical analysis method. Chapter 7 is concluded with comparisons against
experimental measurement from a fully clamped aluminum panel subjected to spatially uniform,

temporally random acoustic pressure.



A variety of application and demonstrations are discussed in Chapter 8 which show the
complex thermomechanical behavior of SMAHC structures and the effectiveness of embedded
SMA actuators in attenuating dynamic response as compared to conventional response abatement

approaches. Finally, a detailed summary and concluding remarks are given in Chapter 9.



Chapter 2
Background on SMAs and Constitutive Modeling

A general discussion of the thermomechanical behavior of SMAs begins this chapter. This
discussion will serve as an overview and motivation of the SMAHC constitutive modeling
section. Material property data for the material system used in this study will be presented in
the next chapter, which will be used to quantify the constitutive model for the specific materials
used. The constitutive model will be used in Chapter 4 to develop a finite element formulation

for the thermomechanical response of SMAHC structures.

2.1 Background on Shape Memory Alloys

A very brief introduction to SMAs and the SME was given in Chapter 1. An overview of
some essential characteristics of SMAs will given in this section to facilitate understanding of
results and discussions to be presented later in this document.

The thermoelastic martensitic and reverse transformations are shown schematically in Figure
2.1 in terms of the martensitic fraction versus temperature. At high temperature, a shape memory
alloy exists in a usually cubic phase called austenite. Martensite is the low-temperature phase
and has a lesser symmetry. The reference temperatures indicated in Figure 2.1 mark the start and
finish temperatures for the forward transformation to martensite and the reverse transformation
to austenite, respectively. The thermoelastic martensitic transformation occurs when the alloy in
the austenitic parent phase is cooled through the transformation temperature\fangel ,

producing martensite. The reverse transformation occurs when the alloy is heated through the
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Figure 2.1 Schematic of martensitic and reverse transformations, after Liang and Rogers [13].

reverse transformation temperature range— A and the material structure returns to that of
austenite. It is known that a shape memory alloy specimen shows no macroscopic deformation
during the martensitic transformation, described by Wayman and Duerig in [32] for example.
Because the martensite is of a lower-order symmetry than the parent phase, the crystalline
structure change in the forward transformation produces several martensite variants that are self-
accommodating (calletivinning) so that no macroscopic deformation results. However, the

crystalline change to austenite is unique. When a stress is applied to the twinned martensite,
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the variant in the sense of the stress grows at the expense of other variants deaiething.
Thus, inducing the crystallographically unique reverse transformation causes a strain recovery,
and the material reverts to its original configuration. This sequence is the basis of the SME and

is shown schematically in Figure 2.2.

Martensite (twinned)

/ \

@)
/ 3\

-+—— Heat

Austenite Martensite (deformed)

Figure 2.2 Schematic of the shape memory effect, after Wayman and Duerig in [32].

In Nitinol for example, strains as high as 8% can be completely recovered by heating the
alloy aboveA; (Cross et al. [28]). Recall that this type of SME phenomenon is termed

free recovery. This study is primarily concerned with constrained recovery, where the SMA
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Figure 2.3 Nitinol recovery stress versus temperature and initial strain, after Cross et al. [28].

element is prevented from recovering the initial strain and a large recovery stress is induced.
The recovery stress is a function of initial strain and temperature, as shown in Figure 2.3 for
example.  The recovery stress will approach, but obviously not exceed the austenitic yield
stress due to plastic slip or production of stress induced martensite, which will be discussed
subsequently. The relationship between these two yield stresses will be discussed subsequently.
For example, Cross et al. [28] found that the maximum yield stress for an alloy in a 100 mil
diameter rod form was 90 ksi, while the corresponding maximum recovery stress was 80 ksi
at 8% initial strain. The austenitic yield stress is approximately a factor of 10 greater than
that of the corresponding martensitic phase. The Young's modulus also increases by a factor
of three to four under the same conditions (see Figure 2.4). Note that following a process of

free recovery, no shape change is produced in the alloy when it is cooled again lgl@and
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Figure 2.4 Nitinol Young’s modulus versus temperature, after Cross et al. [28].

the specimen must be strained again to repeat the SME. This type of behavior is tareaed
way shape memoryTwo-wayshape memory, where the alloy “remembers” a low-temperature
martensitic configuration and a high-temperature austenitic configuration, can be imparted to
a SMA with appropriate training, as described by Perkins and Hodgson in [32]. One-way or
two-way shape memory behavior can togined (rendered stable and predictable) into a SMA

by a number of means. A description of one simple method follows.

One-way training can be accomplished by imparting a specific amount of plastic (detwinning)
deformation to the SMA in the low-temperature martensitic condition, heating the material to
induce the austenite phase transformation and allowing the alloy to recover the initial strain, and
cooling the material to induce the transformation to martensite. This procedure is repeated until

the hysteresis becomes stable. Two-way shape memory training can be performed by restraining

13



the SMA element, after being plastically deformed at low temperature, and subjecting it to a
number of thermal cycles, alternating between a specific low and high temperature. The benefit
of this training method is that the shape memory element “memorizes” two stable shapes (a
low-temperature shape and a high-temperature shape) at the expense of some degradation in

performance.

There are other means by which a one-way actuator can be returned to a strained state
following recovery. Two examples include operating actuators in agonist-antagonist pairs or
opposing the actuators with a bias spring. In either case, the active actuators perform work
(deform under load). Recall that operation of an actuator in this type of configuration is
termed restrained recovery. Obviously, the amount of force generated in restrained recovery

is diminished relative to constrained recovery.

The martensitic transformation can also be stress induced in a shape memory alloy at
temperatures abové/;. An increase in the applied stress produces an effect analogous to
a decrease in temperature. However, only one martensite vastesy induced martensjte
SIM) grows in the direction most favorable for the applied stress. This phenomenon is
exemplified in the stress-strain curves for an alloy at various temperatures shown in Figure
2.5. For temperatures in the rangé;, < 7" < A, SIM will be formed and retained after
unloading. Partial reversion to austenite will occur upon stress release for temperatures in the
rangeAs < 1' < Ay. At temperatures approaching or greater thin the complete reverse
transformation ensues immediately upon stress release as the martensite is completely unstable
without stress assistance. These phenomena are all classified as pseudoelastic effects. The
latter effect of full reverse transformation upon stress release is an example of a subset of

pseudoelasticity called superelasticity.

The pseudoelasticity discussed here is called transformation pseudoelasticity. Twinning

pseudoelasticity exists as well, which gives risertidber-like behavior. This phenomenon
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Figure 2.5 Stress-strain curves for a shape memory
alloy at various temperatures, after Funakubo [33].

occurs when a SMA is allowed to age in the martensitic phase and is then stressed to induce
prestrain. Instead of maintaining the strain, the strain is recovered upon stress release (in a very
similar manner to superelasticity, but entirely in the martensitic phase). This behavior indicates
that if one is going to prestrain a SMA actuator, it must be done shortly after inducing the
martensitic transformation on cooling, i.e., immediately after removing strain induced in the
material during packaging.

Additional insights can be afforded from the stress strain curves shown in Figure 2.5. When

the material is in the purely martensitic phase, the yield stress to induce martensite detwinning
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Figure 2.6 Stress-strain curves for a shape memory alloy at
various temperatures, after Wayman and Duerig in [32].

strain

and produce appreciable strains is quite small. If loading were continued as shown in Figure
2.6, the martensite would eventually become completely detwinned and would deform elastically
until plastic slip is induced. Obviously, the amount of reversible strain is limited by the onset
of plastic slip in the martensitic phase. Rather complex behavior is involved at intermediate
temperatures/; < 1' < Ay depending upon the state of the alloy. The stress required to yield
the material in the austenitic phase is much higher than that for martensite. At temperatures
in the vicinity of A, yielding is due to the production of SIM. The stress required to induce
SIM continues to increase with increasing temperature aboventil a critical temperature is

reached, at which point plastic slip will be induced in lieu of SIM.

The transformation temperatures of an alloy can be measured by monitoring practically any
property of the alloy, such as electrical resistance, but a particularly accurate and insightful
means is differential scanning calorimetry (DSC). The transformation temperatures for Nitinol

can be altered by changing the composition of the alloy. For example, Buehler and Wang [1]
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Figure 2.7 Variation in austenite start temperature with
weight % Ni in Nitinol, after Buehler and Wang [1].

report thatA, for Nitinol can be varied from —5@ to 166 C through changes in the Nickel
content from 54.5% to 56.5% by weight (see Figure 2.7). The transformation temperatures are
also strongly influenced by stress. It is known from early work, such as Cross et al. [28] for
example, that the best shape recovery performance for fully annealed Nitinol is achieved with an

anneal temperature of approximately 9380 Goldstein et al. [38] found that partial annealing
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of the residual stresses due to cold work can be used to change the transformation temperatures

and induce a rhombohedr&® phase

All of the discussions to this point have assumed that the alloy is in a fully annealed state.
Some annealing is necessary to remove some of the cold work dislocations which impede the
twin boundary movement, but it is usually desirable to only partially anneal the alloy and leave
some of the dislocations for strength and durability. Production of the R-phase during cooling
from austenite is a direct result of partial annealing, as observed by Saburi in [34]. The R-phase
is itself a product of a thermoelastic martensitic transformation and may be of interest for some
applications because of its lesser hysteresis and reversible strain. The R-phase is simply a by-
product of circumstances for the focus of the work presented here and does not significantly
affect the performance of alloy. The effects of the R-phase are measurably manifested in all
aspects of the alloy characteristics, however. For example, stress-strain curves may show an
additional knee due to R-phase rearrangement under certain conditions, and DSC plots exhibit

an additional endothermic peak due to the formation the R-phase.

The Nitinol actuator material used in this study is partially annealed in the as-received
condition, so the material will exhibit the presence of R-phase. The actuators will be used in a
one-way mode of constrained recovery operation, but characterization of the dependency of the
material on thermal cycle will be quantified in lieu of one-way training. The Nitinol actuators
will be embedded within a composite matrix, along the direction of the matrix fibers, and bonded
within the matrix during cure. Constrained recovery operation will be insured by mechanical

constraint on the resulting SMAHC specimens.

2.2 Constitutive Modeling

A constitutive model of the SMAHC material system is needed in order to predict the

thermomechanical behavior of structures manufactured from the SMAHC material. Constitutive
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theories for SMAHC materials could be developed from micro-structural shape memory models
(e.q., [24, 25, 26, 27]), as was done by Boyd and Lagoudas [36] and Birman [37]. However,
these models are difficult to use in practice because they are qualitative in nature and depend
upon determination of impractical parameters/material properties. An alternative approach is to
employ a constitutive model which makes use of experimental measurement of basic engineering
properties. Two such models were developed as part of the present study and will be discussed in

this section. The models are developed by a mechanics-of-materials approach (see Jones [39]).

A representative volume element of a SMAHC lamina is shown in Figure 2.8. The element
is taken to be in the plane of the plate. Note that the matrix material is a composite material
itself, for example graphite-epoxy, with principal material directions 1 and 2, and the SMA

actuator is embedded in the 1—direction.
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Figure 2.8 Representative volume element for a SMAHC lamina.
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Consider the uniaxial state of stress in a SMA actuator along the actuator axis. One form for

the thermoelastic constitutive relation of the SMA actuator in the 1—direction was proposed by Jia

19



and Rogers [5] and was extended to include thermal expansion by Turner, Zhong, and Mei [16]:

olg = Eaer + oy TZAS
2.1)
Ola = Ea(él — OélaAT) T < AS

whereF, is the Young’s modulus of the SMA; is the strain in the 1-direction, is the recovery
stress of the activated SMA, and,, is the thermal expansion coefficient for the inactivated SMA.
Note that the Young's modulus and recovery stress of the SMA are functions of temperature.
The recovery stress is also a function of the initial strain. The thermal expansion coefficient can
be treated as essentially constant for temperatures below the phase transformation temperature.
A detailed derivation of the constitutive relations for a SMAHC lamina using this approach,
referred to as the recovery stress model (RSM), is given in Appendix A. A complete finite element
formulation was developed by Turner, Zhong, and Mei [16] for the thermomechanical response
of SMA hybrid composite panel-type structures based upon the RSM constitutive relations. The
RSM constitutive relations and the resulting finite element governing equations are in a form that
is physically intuitive, but not consistent with conventional thermoelastic analysis and, therefore,
not easily adapted to commercial finite element codes. It will also be shown that the RSM
misses some of the mechanics of the material system. Thus, the constitutive relations will be

re-cast in a more familiar and robust form.

The uniaxial thermoelastic constitutive relation for the SMA can be written in terms of an

effective coefficient of thermal expansion (CTE):

T
o1a = Fo|e1 — | ara(7)dr (2.2)
1 |: 1 T/ 1 :|

o

The way in which this relation is used depends upon the application. A measure of the nonlinear
CTE a1,(T") over the temperature range of concern would be appropriate for free or restrained
recovery applications. For constrained recovery applications, however, one must resort to

measurement of the recovery stress.
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Comparison of equation (2.2) with equations (2.1) shows the functionality of the effective
CTE for constrained recovery applications; it has the usual effect for temperatures below the

austenite start temperature
T
/ala(r)dr = a1 AT (2.3)
T

and is related to the recovery stress at temperatures abpby the equation

T T
op = —Ea/oqa(T)dT or /Oéla(T:)dT = —% (2.4)
To TO ‘
Note that in this case, the nonlinear thermoelastic nature of the SMA is still captured, albeit in
a different way, because measurements of recovery stress and modulus versus temperature are
inherently cumulative (integrated). Also, note that an experimental approach could be devised
to measure appropriate recovery stresgguantities for restrained recovery applications as an

alternative to direct measurement @f, (7).

Thus, the general form for the thermoelastic constitutive relation in the 1-direction for a

prestrained SMA actuator can be written as

+1 T < A

1T A, (2.5)

T
ru= o= [aurir]  and sgaa) =
1y

whereay, is due to thermal expansion only fér< A and is determined by direct measurement

or from equation (2.4) forl' > A,.

In order to derive the thermoelastic constitutive relation for the 1—direction of a SMA hybrid
composite, it is assumed that a stressacts alone on the element shown in Figure (8= 0)
and that the SMA and composite matrix are strained by the same amap\ing,, plane sections
remain plane). The 1-direction thermoelastic constitutive relation of the SMA actuator is given

by equation (2.5). Similarly, the one-dimensional, stress-strain relation in the 1-direction for the
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composite matrix can be expressed as

T
Olm = Elm {61 — /Oélm(T)dT (26)
1o

Temperature dependence of the matrix thermal expansion coefficient has been included for

generality.

The resultant force in the 1-directigas = 0) is distributed over the SMA and composite

matrix and can be written as
UlAl = UlaAa + UlmAm (27)

where (o1, A1), (014, Aa), @and (o1m, A1) are the (stress, cross-sectional area) of the entire

element, SMA actuator, and composite matrix, respectively. Thus, the averagesstisss
01 = 01gVa + T1m¥m (2.8)

wherev, = A,/A1 and v, = A;/A;1 are the volume fractions of SMA and composite matrix,

respectively. Substituting fory, 014, and oy, results in

T T T
Eq {61 — /ozl(r)dr = F,v, {61 — /Ozla(T)dT} + Eimvm {61 — /ozlm(r)dT (2.9)
To To To

So, the Young’s modulus and thermal expansion coefficient for the hybrid composite in the

1—direction have the form

By Bt o (2.10)
and
T T
T EavanO aqa(7)dT —I—ElmvafO 1 (7)dT +1 T < A,
ar(r)dr = Evva+ Eimvm sarten) = {2y As
i (2.11)
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A similar constitutive relation may be derived for the 2—direction by assuming that the
applied stress acts upon both the SMA and the matfix; = 0). The uniaxial thermoelastic
constitutive relations in the 2—direction for the SMA actuator and the composite matrix are

analogous to those in equations (2.2) and (2.6), i.e.,

T
09q = 09 = Fy {eza — /oz2a(r)dr (2.12)
To
and -
Tom = 09 = Fom, {sz — / ()/zm(T)dT} (2.13)
Ty

respectively. The CTE in equation (2.12) for the SMA does not depend on the recovery stress,

but is still nonlinear due to the differing martensitic and austenitic properties.

The total elongation is due to strain in the composite matrix and the SMA actuator and may

be written in the form
Area = Ameam + Au€2q (2.14)
Thus, the total strain becomes
€2 = €2mUm + €2¢Vq (2.15)

Substituting fores, €94, andes, results in

T T
2—22 + /az(T)dT = U;Za + 0;;: + / [Q/2a(7—)va + a2m(7—)vm]d7— (216)
To TO

Therefore, the Young's modulus and thermal expansion coefficient for the hybrid composite in
the 2—direction have the form

Fom E,
By = 217
* 7 (Eamva + Bqvm) (2.17)

and

T T
/ozz(r)dr = /[ozza(rj)va + o (7 )op]dT (2.18)
1o Ts
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Expressions for the hybrid composite Poisson’s ratios and shear moduli follow from similar

derivations:

GaG12m
— VqUq mUm e == 219
V12 = VaVq + V12mv S — ( )

The thermoelastic constitutive relations in principal material coordinates for an orthotropic

material have the following form

{ad ={ady+{dr

T
z[lﬂﬂi}+u/{oifﬂdf (2.20)
1o

where{e} is the total strain{¢};, is the mechanical straif¢} - is the thermal strain, an]

is the compliance matrix. These relations can be inverted to give

T
(o} = (1) - (€] [ (alrar (2.21)
15
where[C'] is the stiffness matrix. The constitutive relations, for plane stress, reduce to
o1 Qu Q12 0 €1 Qu Q12 0 T (ay(r)
o9 = |Q12 @22 0 €2 ¢ — Q12 Q2 0 as(T) pdr (2.22)
T12 0 0 Qses] 712 0 0 Qes] 7, 0

where[Q] is the reduced stiffness matrix of the composite lamina. The reduced stiffnesses are

related to the engineering properties through the following equations
E E E
Qu=—"— Q2 = — 22 Qop = ———— Qes = G12 (2.23)

1 — vi2v9n 1 — v12v21 1 —vi2v21

The expressions for the hybrid lamina engineering properties in terms of the properties of the

constituent materials are reiterated here for convenience.

EaEZm
Fi=L E Fo =
1 aVa + L1mUm 2 Eqvm + Eamva
GaGIZm
f— G f—
V12 = VqYq + V12mYm 12 Goor + Cliamon
T T
T Ev a1s(T)dT + E1mv a1 (T)dT
Foso e s Bt f ot (e
ay(T)dr = Xla) =
! Egvg + Eypom g la -1 1T > A
1o
T T
/ozz(r)dr = /[ozza(rj)va + aom (7 )om]dr
To TO
(2.24)
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The thermoelastic constitutive relations for a general k-th orthotropic layer of a laminate
with an arbitrary fiber/SMA actuator orientation anglerelative to the 1—direction in Figure

2.8, follow from transformation of the relations in principal material coordinates, equation (2.22).

o € T ag(7)
oy = [mk €y - [@k/ Oéy(T)\ dr (2.25)
Toy ) & Yoy ) i 7 Lowy(m) )y
or
{U}k = [Q}k({ﬁ}k - {G}Tk) (2.26)

The transformed reduced stiffness matfig], is related to the reduced stiffness matrix in

principal material coordinates by
[Q], = (M@ (2.27)

and [7'] is the transformation matrix given by

cos’ @ sin? 0 2sinf cosf
T] = sin? @ cos? —2sinf cos § (2.28)

—9sinfcos 2sinfcosh cos?h — sin®0

The constitutive relations given by equations (2.22) or (2.26) will be referred to as the effective
coefficient of thermal expansion model (ECTEM).

The constitutive equations in principal material coordinates, equations (2.22), will now be
considered further to clarify some advantages of the ECTEM approach. The expressions for the

thermal strains in equations (2.24) allow the constitutive relations to be rewritten as

o1 Qu Q12 0 €1 [(Q11 Q12 0 ] T (cre0nq(7)
o2 = |Qi12 @22 0 e ¢ — Q12 Q22 0 / Vaog(T) pdT
12 0 0 Q6| {2 : 0 0 Q66: 7, 0 (2.29)
Qu Q12 0 T crmeatm(T)
— Q12 Q22 O / VimQom (7)) pdT
| 0 0 Q66 | T, 0

where the thermal effects of the SMA and matrix material have been separated and

B FE, v,
- Eyvg + Eimom

_ Elmvm
Eyvg + Eimom

Cla and  cim (2.30)
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are constants. These constitutive relations have a form similar to those in the RSM [16], which

are rewritten here for convenience of comparison:

o1 Qun Q12 0 €1 oy aq
oy 0= Q12 Q22 O 2 0+ 40 pva—[Q{oz ¢ omAT
T12 0 0 Qes| (2 0 0 )., (2.31)
€1 Oy aq
= [Q] €9 + 0 v, — [Q] oy v AT T > A
Y12 0 0 m

While the RSM only allows the recovery stress to affect the stress in the 1-direction of a lamina
(term 2 of equation (2.31)), the analogous term in the ECTEM (term 2 of equation (2.29)) shows
an effect of the 1-direction effective CTE on the stress in the 2-direction of the lamina, through
the reduced stiffnes§ 2. The ECTEM also allows for the fully nonlinear functionality of the
2—direction CTE for the SMA while the RSM neglects it altogetherfor- A;. As a result

of these differences, the thermal forces calculated by the two formulations are different and
the ECTEM more accurately captures the behavior of the material system. The form for the
ECTEM constitutive relations given in equation (2.29) will be useful for reference in the thermal

buckling discussion of Chapter 5.

In summary, the ECTEM essentially reduces to the RSM for constrained recovery applica-
tions, but captures the two-dimensional behavior of SMA actuators and their interaction with
a composite matrix more accurately than the RSM. The ECTEM is also capable of modeling
restrained or free recovery behavior in a similar manner with experimental measurements of

SMA recovery stress, modulus, and/or nonlinear CTE.

2.3 Deformation Behavior and Stress Resultants

A model for the deformation behavior of a SMAHC laminate will be necessary, along with
the constitutive relations, to develop the equations governing the static and dynamic response

of such structures. Recall that one demand on the formulation is to model the thermoelastic
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response in the presense of immovable in-plane boundaries, i.e., thermal buckling and post-
buckling analysis. Thus, the midplane strain and curvature vectors are defined from the von

Karman strain-displacement relations [40]:

Cx
ey ¢ =1+ 2{x}
Vzy
= {em} +{ep} + 2{x} (2.32)
U,y w,? W,ae
= U,y + 5 w,?j — 24§ W,yy
Uy +0,0 T 2w, w,y 2w,y

to allow for potential membrane stretching effects due to geometrically nonlinear deflections
associated with thermal post-buckling. Note that the midplane sfrélih consists of two
components; the midplane strain due to membrane displacenfehts and the nonlinear

midplane strain due to bending displacemefits}.

Substitution of the strain-displacement relations in equation (2.26) results in

{o}r = Q] ({e’} + ={x}) = [Q] L} (2.33)

The resultant force and moment vectors of the SMA hybrid composite laminate are defined as

h)2

{N, M} = / {o}; (1, 2)d= (2.34)

—h/2

or
N [A B]fe Nar
b =L o U] 0 259
where the laminate stiffne¢d], [B] and[D] and the thermal resultant force and moment vectors

{Nar} and{Mar} are all temperature dependent. The laminate stiffness matrices have the
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usual form

h/2 N
A= [ Q== 3 @k = =)
—h/2 k=1
h/2 1Nla,y
[B] = / [Q] L2z = 5 Z [Q] k<Z/§ — Z]%_1> (2.36)
—h/2 k=1
h/2 1Nlay
[D] = / Q] ,d= = 3 Z Q] (=1 — zi-1)
—h/2 k=1

and the expression for the thermal resultants is as follows.

h/2 T
(Nag, Maz) = / (1,z)<[Q]k/{a(r)}k)drdz (2.37)
—h/2 To

Expanding the resultant force and moment relations, equation (2.35), in terms of the midplane
strain and curvature components, equation (2.32), results in
{N} = [Ale ) + [A{ e} + [BHx} — {Nar}

= {Nm} + {No} + {Np} — {Nar}

(2.38)

and
{M} = [Bl{ep} + [B{ep} + [D{x} — {MarT}
(2.39)
= { My} + { My} + {My} — {Mar}

where the subscripte, 0, b, andAT indicate components induced by membrane strain, nonlinear
membrane strain, bending strain, and thermal expansion, respectively. The resultant force and
moment relations and the strain-displacement relations presented in this section will be useful
for reference in formulating the equations governing the thermomechanical response of SMAHC
panel-type structures in Chapter 4.

A review of the behavior of SMAs was given in this chapter followed by development
of a constitutive model for SMA actuators embedded in a composite matrix and used in a
constrained-recovery model of the SME for adaptive stiffening. In order to use this model to

predict the behavior of the SMAHC material system used in this study, the thermomechanical

28



properties of the constituents must be determined. Results from such characterization testing will
be presented in the next chapter, following motivation of the selected materials, description of the
SMAHC material system configuration, and discussion of the processes involved in fabricating

the SMAHC specimens.
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Chapter 3
Specimen Fabrication and Material System Characterization

A constitutive model was developed in the previous chapter to describe the mechanics of a
SMAHC material system. That model requires measurement of a number of material properties
from the constituent materials in order to quantify the behavior of a structure fabricated from such
a material. In this chapter, a brief motivation is given for the selected material system, followed
by details of the SMAHC specimen fabrication processes and hardware. Processes involved in
and results from thermomechanical tests on the constituent materials will be discussed, and the
chapter will conclude with disclosure of the final material property data set used to generate the

numerical results for SMAHC specimens in this study.

3.1 Material System Selection

In the typical application being considered, such as adaptive stiffening of aerospace struc-
tures, the SMA elements would be activated through an inherently elevated temperature of the
service environment. Thus, activation of the SMA by surface heat in the planned experiments
would be the most accurate simulation. Surface heating could be accomplished through the use
of quartz radiant heaters or a number of other sources. These heating methods involve practical
problems, however, such as the need for thermal insulation of the test article support structure and
other equipment, interference with structural/acoustic/thermal measurements, thickness-direction
asymmetry of the thermal load, and a complicated thermal control system. Alternatively, the

SMA can be activated electrically through resistive heating. This method has the advantages of
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simple operation, relatively uniform heating, and excellent controllability. Electrical isolation of
the SMA elements may be required for electrical activation of laminates involving carbon-epoxy
matrices. Electrical isolation can be achieved through coating techniques, but this could present
significant complications. It was decided that a glass-epoxy matrix would be used to circumvent
these problems as experiments performed in this study are intended for demonstration and theo-
retical validation only. This material system also affords the advantage of visual flaw detection

due to its translucency.

Most recent SMA hybrid composite structural designs have focused on SMA wire-type
actuators distributed uniformly throughout the laminate or individual laminae. There are several
disadvantages associated with the use of SMA wire actuators. Integration of wire-type actuators
into a composite leads to complicated fabrication procedures because of the relatively large
number of actuators usually needed. The small surface area of the actuators makes them very
sensitive to actuator/matrix interface flaws because voids can be of significant relative size. Small
size has also been blamed for a relatively high rate of actuator breakage during cure because of
sensitivity to stress concentrations at the mechanical restraints. Finally, it is difficult to achieve a
desirable overall volume fraction of SMA when trying to optimize the integration of the actuators
by placing them in only selected layers. Therefore, the present work will focus on SMA hybrid
composite laminates involving ribbon-type SMA elements to simplify the fabrication procedure,
allow for more flexibility in fabrication, and hopefully desensitize the actuators to interface voids
and stress concentrations. For example, the ribbon-type SMA elements can be placed in strips
cut out of particular matrix laminae to result in a rather simple lay-up operation, while keeping
the volume fraction high in the desired locations. Another potential benefit of this type of lay-up
procedure is that it could potentially be extended directly to e-beam consolidation procedures

where spools of SMA ribbon would strategically replace spools of matrix material ribbon.
In summary, the material system used in this study consists of a glass-epoxy matrix material
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with embedded Nitinol ribbon. Details of the SMAHC specimen fabrication procedures/hardware
are given in the following section, followed by a discussion of the thermomechanical testing of

the constituent materials.

3.2 Specimen Fabrication

Although a panel-type specimen is closer to the configuration of intended applications, a
more simple test specimen will suffice for the objectives of this study; demonstration of the
thermomechanical response of a SMAHC laminate and experimental validation of the theoretical
model developed in this work. A schematic of the selected beam-type specimen is shown in
Figure 3.1. Various constraints, other than the use of ribbon-type actuators, influenced the design
of this laminate. These constraints include fabrication tooling geometry and dynamic range of
anticipated experimental configurations. The specimen design is by no means optimized, but the
predicted performance is in a range that is suitable for the expected loading conditions and to

demonstrate significant improvement from the SMA reinforcement.

Note that this specimen design calls for a SMA actuator width of 0.0127 m (0.5 inch) to be
embedded within each®Qglass-epoxy layer, i.e., replace a portion of eatHayer. Material
availability limited the procured SMA ribbon cross section to 0.0023x1.5e-4 m (0.09x0.006
inches). This was considered acceptably close to the glass-epoxy unidirectional tape thickness
(~1.27e-4 m~0.005 inches) and it was planned that five widths of the ribbon would be placed
side-by-side to develop a width near the half-inch in the specimen design. Alternatively, in the
case that the adjacent SMA actuators prove detrimental because of a weak interface between

actuators, the ribbons could be separated within laminae or between laminae.

The SMAHC specimen fabrication procedure used in this study consists of the following
steps; prestrain the SMA actuators, lay-up the composite laminate, cure the laminate while

restraining the actuators, and machine beam specimens from the consolidated SMAHC laminate.
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22"x1"x0.080" Glass-Epoxy/SMA Hybrid Beam (6 Count)
(45/0g),,/-45/90),, ., Lamination
SMA in 0° Laminae Only

| ' |

SMA Ribbon:
0.5"x0.005" Cross Section
6" Overhang at Beam Ends

Figure 3.1 Schematic of beam specimens cut from a SMA hybrid composite laminate.

The Nitinol material was packaged on a spool, which subjected the ribbon to significant out-
of-plane bending strain. Some in-plane bending, axial, and torsional strain was also imparted
to the ribbon during the spooling operation. Tipackagingstrain must be removed prior to
imparting the actuator prestrain. Packaging strain removal can be conveniently done by inducing
the reverse (austenitic) transformation. An apparatus was developed to perform this operation,
shown in Figure 3.2. It is desirable to induce the martensitic transformation just prior to

prestraining in order to avoid aging effects, such as the rubber-like form of pseudoelasticity.
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"Bakelite Dovetail Track

Figure 3.2 Packaging strain recovery rig.

Inducing the transformation is also accomplished during the packaging strain recovery process
as the ribbon cools to ambient temperature. It will be shown in the next section that, for this
particular Nitinol composition in an unrestrained condition, the martensitic transformation is not
complete at ambient temperature. However, the martensite will be stress induced during the
prestraining operation. Stress—inducing the martensite results in essentially the same state as
would be achieved by cooling the ribbon to sub-ambient temperatures prior to prestraining. The
main difference is that there may be some austenite remaining in the ribbon after prestraining
by the former method, but should be of no consequence because any subsequent thermal cycling
(e.g., composite cure) will render the state from the two methods equivalent. The former method,

without cooling to sub-ambient temperatures, was selected for simplicity.

The prestraining operation needs to be very precise and repeatable. It was decided that

the actuators would be elongated on a mechanical loading machine operated in stroke-control
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Figure 3.3 Nitinol ribbon gripping apparatus for prestraining and mechanical testing.

mode. Alignment of the ribbon during elongation is critical to avoid bending strain and to
obtain repeatable results. Handling of the ribbon is cumbersome during installation in the test
machine, and it is desirable to prestrain multiple strands at once to expedite the process. In
order to rectify these issues, an apparatus was developed to align and maintain proper geometry
on three ribbon lengths at once during installation in the test machine. A close-up view of the
alignment/gripping apparatus is shown in Figure 3.3. The entire assembly (alignment/gripping
apparatus, spacer, and three ribbons) is shown installed in the test machine in the left half of
Figure 3.4. The Nitinol ribbons are shown ready for elongation, subsequent to spacer removal,

in the right half of Figure 3.4.

The particular spacer length shown was used to maintain a SMA ribbon gage length of
0.635 m (25 in) for manufacture of the beam specimens shown in Figure 3.1. The gage length
of the ribbons was elongated to a length of 0.6604 m (26 in), which corresponds to a prestrain
of 4%. This gage length was used in order to ensure uniform prestrain over the 0.6604 m (26
in) span between mechanical restraints on the composite lay-up tooling, which will be discussed

subsequently. A total of fifty-four ribbon lengths were prestrained 4% using this procedure to
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Nitinol Alignment/
Grip Apparatus

Figure 3.4 Nitinol ribbon prestrain and mechanical testing apparatus.

prepare for SMAHC laminate fabrication.

A mechanical drawing of the lay-up and cure tooling plate is shown in Figure 3.5. This
apparatus was designed to provide a flat surfad®@05 inches) and mechanical grips to restrain
the SMA during an autoclave cure procedure. Recall that the beam specimen design calls for a
lamination of (45/0/-45/9Q) with the Nitinol in the O layers. This lamination was accomplished

by cutting widths of the Olayers to size during assembly and filling the void with five ribbon

36



SMA Hybrid Composite Tooling Plate

26.000

1.000

24.000

0O 0000000000 c—1
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0.375-1 |-

! a O 0 0 0000000 000000 FI—'
L ]
& g
o ™
n =
£ Knurled surfoce betyeen ecdge of plate and cdowels
0 0.375-diameter X 0.750-length dowels

o Tapped holes for 1/4-28 bolts

Mo terial:
Plate, 17-4 PH stainless
Dowels, 300 series stainless

Instructions:
Top surfoce of plate should be ground

Figure 3.5 Mechanical drawing of the laminate lay-up
and cure tooling apparatus (all dimensions in inches).

widths laid side-by-side. A picture of the lay-up procedure at the stage of finishing the first
0° layer is shown in Figure 3.6. Note that Kapton release film, fiberglass breather cloth,

and teflon-coated fiberglass bleeder cloth are layered between the tooling plate surface and the
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¥ Tooling Plate

Release Cloth

Figure 3.7 Completed laminate with cure control thermocouples and NiTi ribbon grips torqued.

first glass-epoxy layer, in that order. The laminate after complete assembly is shown in Figure
3.7, where the cure cycle control thermocouples have been installed near the laminate and the
Nitinol ribbon ends have been secured within the knurled mechanical restraints. The restraints
consisted of three parts (tooling plate surface, a thin spacer with knurling on both sides, and
the top clamping bar) to minimize bending of the actuators between the laminate boundary and

the restraint and to maximize grip for each layer of SMA by minimizing the number of layers
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Vacuum Port

Figure 3.9 Consolidated SMAHC laminated panel.

gripped together. The mechanical restraint screws were torqued to 11.30 Nem (100 inelbf). The
release paper was subsequently removed from the top layer of glass-epoxy and the laminate was
topped with bleeder cloth, Kapton film, a caul plate, bleeder cloth, and breather cloth, in that
order. The entire assembly was vacuum bagged as shown in Figure 3.8 and drawn to an internal
pressure of 0.0475 atm. The assembly was subjected to the autoclave cure cycle recommended
by the vendor (Fiberite, Inc.) and the resulting consolidated part is shown in Figure 3.9. Details
of the cure cycle will be discussed in the following section. Two SMAHC beam specimens were
machined from this laminate using the respective centerlines of the embedded Nitinol ribbon.
The beam dimensions are shown in Figure 3.10, where it can be seen that the beam marked

number 3 has been readied for installation in test fixtures. @ The beams have dimensions of
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”_.,_{I
Figure 3.10 SMAHC beam specimens machined from panel.

0.5588x0.0254x0.0019 m (22x1x0.078 in). The SMA leads of the test-prepared beam were
trimmed to an overall length of 0.6604 m (26 in). The overall volume fraction of the SMA

within the glass-epoxy dimensions is approximately 13.8%.

3.3 Material System Characterization

The material system and processes used to fabricate SMAHC beam specimens was described
in the previous sections. In order to predict the thermomechanical behavior of such a structure
using the constitutive model developed in the previous chapter, a number of material properties
from the constituents must be determined. Characterization testing that was performed on the

glass-epoxy matrix material and Nitinol alloy are described in the following sections.
3.3.1 Glass-Epoxy Matrix

Glass-epoxy unidirectional prepreg tape was obtained from Fiberite, Inc. The material
is Hye 8 End/934, an E-glass/934 epoxy resin material system. The resin material is for-
mulated for autoclave processing and the following cure procedure is recommended; heat at
1.1-2.8C/minute (2-8F/minute) to 121.9C (25CF) and hold for 15 minutes, apply 689.5 kPa
(100 psig) pressure and continue to hold at 120.(25C0F) for an additional 45 minutes, heat
at 1.1-2.8C/minute (2-8F/minute) to 176.7C (350F) and hold for 120 minutes, and cool
at 2.8C/minute (3F/minute) (maximum) to ambient. The material and processing properties

shown in Table 3.1 were available from the Fiberite Materials Handbook [41]. Although these
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Table 3.1 Nominal properties of a Fiberite E-glass/934 epoxy lamina (50-55% fiber volume).

Property Room Temperature
Young’s Modulus, k& 41.37-55.16 GPa (6-8 Msi)
Poisson’s Ratio 0.28-0.32
Density 1.919-1.980e+3 kg/f(1.795-1.852e-4 Ibf&in?)
Cure Temperature 176.7C (350F)
Glass Transition 193.3C (380F)

properties are useful as estimates, thermal expansion and more precise elastic property char-
acterization are needed for accurate prediction of thermomechanical performance. Therefore,

significant thermomechanical testing of the glass-epoxy material system was performed.

Two laminates were fabricated from the glass-epoxy material system to provide specimens
for thermomechanical testing; a unidirectional lay-upd@nd an angle-ply lay-upté5),. Tab
material was post-cured to the laminates and the resulting structures were machined into uniaxial
tensile specimens with dimensions of 0.2286x0.0254 m (9x1 inches) (gage length of 0.1524 m,
6 inches). The tensile specimens were instrumented with a “T-strain gage” at the mid-span
and tested on a MTS machine. The unidirectional specimens were tested according to ASTM
standard D 3039/D 3039M for estimates of the Young’s moduli and Poisson’s ratipg;, v12,
andry;. The angle-ply specimens were tested according to ASTM standard D 3518/D 3518M for
estimates of the shear modulgs;,. Although the ASTM standards call for modulus estimates
to the determined over strain ranges~0£000-3000«¢ and ~2000—6000:¢, respectively, the
transverse (90 uniaxial andt45 angle-ply stress-strain relations showed discernible nonlinearity
over those ranges. The maximum normal strain and shear strain for the test configurations
considered in this study are not expected to exceed 500 and2%8spectively. Therefordy,
and(' 2 estimates were determined fron50—-1000:¢ and~50-500u¢, respectively, to achieve

more representative estimates with ample headroom. Results from these tests/calculations are
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Table 3.2 Mechanical properties of Fiberite E-glass/934
epoxy material system in principal material coordinates.

Temperature E1 Eo v12 Go1
°C GPa GPa — GPa
23.9 49.30 20.00 0.29 9.65
37.8 49.16 19.44 0.29 9.24
65.6 48.75 18.20 0.29 8.41
93.3 48.61 16.20 0.29 7.58
121.1 48.54 14.00 0.29 5.58
148.9 48.82 11.38 0.29 3.45

given in Table 3.2.

Specimens for measurement of the coefficient of thermal expansion (CTE) were also ma-
chined from the unidirectional laminate ¢§g)described above. Two CTE specimen geometries
were machined for testing by two different methods. Rectangular 0.1524x0.006 m (6x0.25 inch)
specimens were tested according to ASTM standard E 228 at Materials Research and Engineer-
ing, Inc. A summary of those test results is given in Arvidson et al. [42]. Specimens with the
geometry shown in Figure 3.11 were tested by an interferometric dilatometer method at NASA
LaRC. Both quadratic and cubic interpolation of the raw thermal expansion data are used in
practice to generate linear and quadratic estimates of the CTE with temperature, respectively.
Cubic interpolation was employed with the ASTM E 228 test method while quadratic interpola-
tion was used with the interferometer method. The consequence of this difference can be seen
in Figures 3.12 and 3.13, where the longitudinal (fiber direction) and transverse CTE estimates
versus temperature are shown from the two methods. The two methods are in agreement
for the overall trend in the CTE data, but the cubic interpolation of the data collected with the
ASTM standard captures higher order effects. Data resulting from both methods are tabulated in
Table 3.3, but the quadratically varying CTE data from the ASTM E 228 method will be used

in the predictions reported in this study.
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Interferometer Dilatometer Specimen
LaRC CTE Specimen

+0.0005
R1. -13.017
1.5085 3.01 0_00000

]
- ~—1.0000£0.005

Notes:
1> Specimen length is critical
2) All dimensions in inches

Figure 3.11 Schematic of the CTE specimen geometry for
measurement by the interferometric dilatometer method.
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Figure 3.12 Fiberite E-glass/934 epoxy longitudinal
(fiber-direction) CTE vs. temperature by two methods.
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Figure 3.13 Fiberite E-glass/934 epoxy transverse CTE vs. temperature by two methods.
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Table 3.3 Fiberite E-glass/934 epoxy CTE in principal
material directions as a function of temperature.

g a2
Temperature ASTM E228 Interferometer ASTM E228 Interferometer

°C pel°C pel°C pel°C pel°C
23.9 — 6.17 — 21.04
26.7 5.83 6.21 13.81 21.13
37.8 6.95 6.34 21.02 21.49
48.9 7.22 6.44 24.14 21.85
60.0 7.00 6.55 24.66 22.23
71.1 6.62 6.68 23.90 22.59
82.2 6.34 6.79 22.79 22.95
93.3 6.25 6.91 22.00 23.31
104.4 6.39 7.02 21.92 23.67
115.6 6.77 7.13 22.66 24.05
126.7 7.18 — 24.01 —

137.8 7.42 — 25.47 —

Tensile specimens with a geometry of 0.1524x0.0127 m (6x0.5 inches) were machined from
scrap (glass-epoxy-only) material remaining subsequent to machining SMAHC specimens from
the larger quasi-isotropic laminate shown in Figure 3.9. A schematic of the specimen machining
organization from the SMAHC panel is shown in Figure 3.14.
tabbed and instrumented with a “T-strain gage” at the mid-span prior to testing. These quasi-
isotropic specimens were tested according to ASTM standard D 3039/D 3039M for estimates

of the extensional stiffnessed;; and A,;. A brief discussion of these measurements is given

in the following paragraph.

Recall the stress resultant relations given in equation (2.35). In performing the uniaxial tensile

tests on the quasi-isotropic specimens, the applied fdrceaxial straine, and transverse strain

The tensile specimens were

¢, were measured. The transverse and shear force components areVgero, N, = 0.
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Clean Ecdges for overall dimensions of 22+0.005"x12£0.005"
-------- 22%0.005"x1£0.005" beams with 0.5" ribbon width centered on CL
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-------- 6£0.005"x0.5+0.005” longitudinal mechanical test specimens
-------- 610.005"x0.5£0.005” transverse mechonical test specimens
“““ 3.017+0.005"-0.0000"x0.75%0.005" longitudinal CTE test specimens
3.017+0.005"-0.0000%x0.75%0.005" tronsverse CTE test specimens

D Machine two 22x1 inch beams from panel using centerline
of metallic ribbon 0.5-width as centerline of each beam.
DO NOT CUT OFF RIBBON ENDS PROTRUDING FROM PANEL EDGES.

2) Machine two 22x! inch beams w/o ribbkon from two outer
strip scraps just removed from panel.

3) Machine tensile specimens and thermal expansion specimens
from interior scrop remaining from 1>. See tensile and CTE
specimen detail drawings.

Figure 3.14 Schematic of the machining process for removing tensile,
CTE, and SMAHC beam specimens from the SMAHC laminate.

For a symmetric quasi-isotropic laminate, the shear-extension coupling stiffnesses are zero,
A1 = Agg = 0 and the extensional stiffnesses are eqligl = A4,. With these simplifications,

the stress resultant equations reduce to

Ny = Avreg + Anze;,
0= Alzeg + Allﬁg (31)

0= A667,y
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Table 3.4 Comparison of measured and predicted extensional stiffnesses
for a Fiberite E-glass/934 epoxy quasi-isotropic (45/0/-4%9Q@minate.

Extensional Stiffness, A
Temperature Measured Predicted

°C MN/m MN/m
23.9 69.2 63.5
37.8 63.3 62.4
65.6 60.1 60.1
93.3 57.5 57.3
121.1 53.8 53.2
148.9 50.7 48.9

The relationship in the second equatidn, = —Aj;¢€;,/¢; allows the first equation to be rewritten

as

z (3.2)

{1 . (62/6%)2}

Thus, the measured quantities are sufficient to determine the extensional stiffnesses of the quasi-

0 07 02
Nx/ex:A11{1—<6y/6x> } or A =

isotropic laminate.

The uniaxial and angle-ply properties discussed previously can be used with classical
lamination theory (CLT) to calculate extensional stiffnesses for the quasi-isotropic laminate. The
extensional stiffnesses measured from the quasi-isotropic specimens are shown in comparison
to those predicted with CLT from the uniaxial and angle-ply properties in Table 3.4. It can
be seen that good agreement is achieved. Thus, usage of the properties in Table 3.2 is deemed

appropriate for predictions of the glass-epoxy material system behavior.

A variety of test procedures and results have been presented in this section. A summary of
the properties to be used in the numerical predictions later in this study are shown in Table 3.5.
Note that slight extrapolation of the CTE data and linear interpolation of the CTE and elastic

property data was performed to result in a common temperature resolution.
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Table 3.5 Summary of the thermomechanical properties of Fiberite
E-glass/934 epoxy material system in principal material coordinates.

Temperature E; E, V12 Gy a1 a
°C GPa GPa — GPa pel°C pel°C
21.1 49.30 20.00 0.29 9.65 5.22 10.80
26.7 49.30 19.86 0.29 9.58 5.83 13.81
37.8 49.16 19.44 0.29 9.24 6.95 21.02
48.9 49.02 18.96 0.29 8.89 7.22 24.14
60.0 48.82 18.48 0.29 8.55 7.00 24.66
65.6 48.75 18.20 0.29 8.41 6.80 24.28
71.1 48.75 17.79 0.29 8.27 6.62 23.90
82.2 48.68 17.03 0.29 7.93 6.34 22.79
93.3 48.61 16.20 0.29 7.58 6.25 22.00
104.4 48.61 15.31 0.29 6.76 6.39 21.92
115.6 48.54 14.41 0.29 6.00 6.77 22.66
121.1 48.54 14.00 0.29 5.58 6.97 23.33
126.7 48.61 13.45 0.29 5.17 7.18 24.01
137.8 48.68 12.41 0.29 4.27 7.42 25.47
148.9 48.82 11.38 0.29 3.45 7.63 26.28

3.3.2 Nitinol Alloy

Nitinol ribbon material was provided by Shape Memory Applications, Inc. A Nitinol alloy
was specified with an appropriate composition to give a martensite fidistemperature above
the expected ambient temperature while maintaining an austenite finish temperature well below
the glass-transition temperature of the Fiberite 934 epoxy matrix. The achievable ribbon cross
section was 0.0023x0.00015 mx0.006 inches). The nominal transformation temperatures of
the provided alloy, in a fully annealed state, were reported by the vendor as shown in Table 3.6.
These temperatures were reportedly determined by differential scanning calorimetry (DSC). As
the provided material is not in a fully annealed state, it was expected that all of the transformation

temperatures would be somewhat lower than those in the table due to dislocations remaining
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Table 3.6 Transformation temperatures for the provided Nitinol alloy in a fully-annealed state.

Temperature
Transformation Marker °C °F
Austenite Start 67.2 153
Austenite Peak 80.0 176
Austenite Finish 85.0 185
Martensite Start 46.1 115
Martensite Peak 40.0 104
Martensite Finish 32.2 90

from the cold work performed to generate the final geometry. Conversely, mechanical restraint
in the planned test configurations will increase phase transformation temperatures. In any case, it
was decided that additional DSC measurements should be performed on samples of the provided

material to determine the baseline phase transformation temperatures.

Small samples (<10mg) were cut from the ribbon material in the as-received condition for
the DSC testing. Initial scans showed irregularities in the endothermic peak during heating
and a disproportionately small-sized exothermic peak during the cooling, which indicated a
potential for unexpected additional activity below ambient temperature. As a result of these
initial findings, two more-rigorous scanning procedures were defined in an effort to differentiate
between several effects seen in the initial scans. The first scan procedure, terrhedtthiest
procedure, entailed heating from ambient temperature t6QA %2 5 C/minute, cooling from
150°C to —20C at 3C/minute, and repeating this entire profile once the sample was returned to
ambient from —20C (also at 8C/minute). For future reference, the first cycle will be calliesit
heatand the repeat cycle will be callegtcond heatThe second proceduredol-firs) consisted
of cooling from ambient temperature to *ZDat 5 C/minute, heating from —2@ to 150C at
5°C/minute, cooling from 150C to ambient temperature atG/minute, and repeating this entire

profile once the sample was returned to ambient. For this case, the first cycle will befratled

50



Unsubtracted Heat Flow, mW

24

23

22

21

18

17

First Heat
— — — — Second Heat

\\\\I\\\\I\\\JJI/

50 ... 100
Temperature, C

150

Figure 3.15 Heat-first DSC signatures for first- and second-heat of as-received material.

cool and the repeat cycle will be calles®cond cool Repeatability tests were also performed on

each sample type and with each scan procedure.

Representative results from heat-first DSC tests are shown in Figure 3.15. The shape

of the first-heat endotherms were ill-behaved and not repeatable, while the analogous second-

heat endotherms were repeatable. Similar results with regard to the first-heat and second-heat

endotherms are evident in the representative cool-first signatures shown in Figure 3.16. These
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Figure 3.16 Cool-first DSC signatures for first- and second-cool of as-received material.

effects are attributable to first-heat recovery of the mechanical deformation induced by shearing

the small samples needed for DSC measurements from longer lengths.

Note that both cycles of the heat-first test show two distinct exothermic peaks during the cool-
down portion of the cycles; one peaking at approximate§C38nd attributable to th&-phase
transformation, the other peaking at approximatél Yue to the usual twinned martensitic
transformation. The R-phase is a by-product of a partially annealed condition and does not

adversely affect performance, as observed by Otsuka and Wayman [34]. Note that the cool-first
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signature does not show the martensitic transformation on the first-cool portion of the cycle,
indicating that the alloy was delivered in a fully transformed state. From these DSC tests it can
be seen that the transformation temperatures for the Nitinol in the as-received condition and in a
free configuration are approximately;=45°C (113F), A;=60°C (140F), Ms=17C (62.6F),

and M ¢=0°C (32F). Note that the transformation start and finish temperatures indicated here
mark the onset/termination of substantial phase transformation activity. Measurable activity can
be seen in the tails of the exothermic and endothermic peaks of the DSC signatures. This
observation will be revisited later in this section. The DSC results give significant insight into

the state of the alloy, but mechanical properties are needed to model the behavior of the material.

Data pertaining to the material property and performance characteristics of the alloy were
acquired through mechanical testing performed at Lockheed Martin Astronautics (LMA) [43]
and at NASA LaRC. Although rigorous training could have been performed on the alloy to
generate a thermomechanically stable actuator material, the elevated cure temperature of the
glass-epoxy matrix material (176C, 350 F) was considered to be high enough to risk degrading
the expensive training. Thus, thermomechanical testing was performed to quantify the material
characteristics as a function of thermal cycle. Discussion will focus on testing performed at

Lockheed Martin first, followed by the testing performed at NASA LaRC.

Isolength (constant strain) and isothermal tests were performed on nominal 0.254 m (10
inch) lengths of the material. Isolength tests were performed to measure the maximum recovery
stress generated by the actuator material as a function of thermal cycle and initial strain. The
results of this test are shown in Figure 3.17 for prestrain values of 2%, 3% and 4%. It can be
seen that in all cases the recovery stress diminishes rapidly out to about 10 thermal cycles and
approaches an asymptotic value at 50 cycles. Additional isolength tests were performed with
the 2% and 4% prestrain samples after the thermal cycling tests to measure the variation of the

stabilized recovery stress with temperature. These results are presented in Figure 3.18. Note
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Figure 3.17 Max recovery stress versus thermal cycle number
for Nitinol ribbon samples with 2%, 3%, and 4% prestrain.
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Figure 3.18 Recovery stress versus temperature for Nitinol
ribbon samples with 2% and 4% prestrain, after 50 cycles.

that the recovery force starts to increase at a temperature very near amt#étt( 75°F). This
phenomenon appears to be in disagreement with the DSC results, but closer inspection reveals
that it is not. The initial increase in the recovery force is associated with the transformation
activity in the low-temperature “tail”, below the so-calleld, of the exothermic peak in Figures

3.15 and 3.16. The abrupt change in the slope of the recovery stress vs. temperature curve,

near 40C (104F), is associated wittkd;. Also note that the higher prestrain level generates
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greater recovery stress as expected. A couple of more subtle points can also be seen in this plot.
Although the increased recovery stress at 4% prestrain does inhibit completion of the reverse
transformation more than at 2%, as evidenced by the higher temperature as which it approaches
an asymptotic value, the maximum slope of the 2% recovery stress vs. temperature curve is
not as great as that for 4%. This trend is interesting in contrast to the data presented by Cross
et al. [28], where reduction in the peak values of the recovery stress at lower prestrain levels
is accompanied by higher maximum slope of the recovery stress vs. temperature curve. These

insights will be revisited later in this chapter as well as in Chapter 8.

A couple of options exist, with the available data from LMA, for modeling the behavior of

the SMA material in the hybrid composite for comparison to experiment. The specimens could
be thermally cycled enough (e.g., 50 times) to render the structure’s properties stable and simply
model the SMA recovery stress behavior according to Figure 3.18. Alternatively, an estimate
of the variation of recovery stress with thermal cycle number and temperature can be calculated
from the available data. Construction of such a data set can be accomplished by normalizing the
recovery stress versus temperature data to the corresponding maximum recovery stress versus
cycle data set. The resulting carpet plots are shown in Figures 3.19 and 3.20 for the samples
with 2% and 4% prestrain, respectively. Usage of these data sets allows modeling of the material

system without any requirement on thermal cycling of the SMAHC specimens.

Isothermal tests were conducted to measure load versus deflection on all of the previously
described specimens, as well as a specimen in the as-received condition, at ambient and elevated
temperature (1) to obtain estimates of the Young’s modulus. Representative plots, converted
to units of stress versus strain, are shown for the cases of 0% (as-received) and 4% prestrain
at ambient and elevated temperatures in Figures 3.21 and 3.22. The martensite variant
re-orientation yield stress and initiation of linear elastic behavior of the martensitic phase are

evident in the ambient temperature curves. Note the contrast between the as-received and 4%
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Figure 3.19 Recovery stress versus thermal cycle and temperature for sample with 2% prestrain.
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Table 3.7 Summary of Nitinol characterization tests.

. Maximum Stress, MP3 Young’'s Modulus, GPa
Sample | Prestrain, %9 # of Cycles Initial Final 120?0 Ambient
1 1.99 50 429.4 296.0 55.50 22.75
2 3.08 50 533.0 363.3 62.47 25.10
3 3.07 10 517.1 396.3 56.06 24.41
4 4.00 50 586.3 412.7 55.64 24.34
5 3.95 10 579.2 442.1 55.92 24.20
6 N/A 0 N/A N/A 59.78 14.41

ambient temperature results. The 4% curve does not exhibit the long martensite variant re-
orientation plateau because the prior 4% prestrain has diminished the available variants for
re-orientation. However, the curves associated with the unique austenitic phase are linear and

practically identical, as expected.

Ambient temperature Young’s modulus estimates were calculated from only the initial
(0-25.5 MPa, 0-3.7 ksi) portion of the ambient temperature curve, while the overall slope
of the elevated temperature data was used for hot Young’'s modulus estimates. Recall that the
maximum normal strain is not expected to exceed p00n the configurations considered in
this study. Therefore, evaluation of the ambient temperature modulus over the small range is
considered appropriate. The resulting modulus data and values summarizing the isolength tests

are shown in Table 3.7.

Recall that in the SMAHC specimen fabrication procedures, described earlier in this chapter,
the Nitinol ribbon was prestrained 4%. Although data was collected at LMA for this prestrain
level, there is a fundamental inconsistency. The ribbon used in the fabrication procedures was
necessarily released from tension after prestraining and before embedding in the composite,
whereas the recovery force tests at LMA were performed immediately after prestraining and
without regripping. Also, there was some suspicion that aging, after prestraining, may have

some effect on the actuator performance. Therefore, additional isolength and isothermal tests
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Figure 3.23 Apparatus for installation of a Nitinol ribbon sample
in a tensile test machine for recovery force measurement.

were performed on excess ribbon with 4% prestrain remaining from the fabrication process.

Isolength tests were performed on 0.127 m (5 inch) gage lengths to measure the recovery
force versus temperature and thermal cycle. An adaptation of the prestraining apparatus was
used to configure the Nitinol ribbon for measurement of recovery force. The apparatus, shown
in Figure 3.23, allowed for convenient and repeatable installation of ribbon samples in the test
machine. A picture of a sample installed in the test machine, after spacer removal, is shown in
Figure 3.24. The ribbon was subjected to a slight preleddd5 N (1 Ibf) to keep the sample
taut prior to fixing the test machine grips (stroke control) and exposing the sample to thermal
cycling. The ribbon was electrically heated to expedite the thermal cycling process. The recovery
force and ribbon temperature at three locations were measured at 2—second intervals during each
thermal cycle, each of which was completed in approximately 15 minutes. The raw data was then
processed to estimate the recovery stress with a common temperature resolution and averaged
over three samples. The resulting recovery stress versus temperature data corresponding to the

second through fourth thermal cycle are shown in Figure 3.25. The data for the first thermal
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Figure 3.24 Recovery force measurement in progress.
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Figure 3.25 Recovery stress versus temperature of the Nitinol ribbon
(prestrained 4% and released) for thermal cycles 2—4 and 50.

cycle are not included as that information is applicable only to the SMAHC cure cycle. The
fiftieth cycle data is included for comparison with the LMA data.

It can be seen by comparing the maximum recovery force with the data in Figure 3.17 that
the performance of the Nitinol ribbon that was prestrained 4% and released is similar to that

of the 3% prestrain data collected at LMA. Analogous curves were generated from the LMA

data by averaging 2% and 4% prestrain data sets in Figure 3.18 and scaling the resulting load
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Figure 3.26 Recovery stress versus temperature of the Nitinol ribbon for 3%
prestrain constructed from the LMA data for thermal cycles 2—4 and 50.

vs. temperature data by the maximum load for 3% prestrain at cycle numbers 2, 3, 4 and 50
in Figure 3.17. The resulting curves are shown in Figure 3.26. Note that the 3% prestrain
case “constructed” from the LMA data achieves roughly the same maximum recovery force, but
over a much more narrow temperature range. This trend is a real physical phenomenon and is
apparently attributable to aging effects. Also note the shape change with thermal cycle of the

recovery stress vs. temperature curve, evident in Figure 3.25. This effect is not reflected in
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the data set constructed from the LMA data and expresses the importance of quantifying the

recovery stress functionality with temperature vs. thermal cycle.

Isothermal tests were conducted using 0.127 m (5 inch) gage lengths with the same gripping
apparatus as shown previously. The entire assembly, including high-temperature MTS grips,
was contained within a box furnace. Modulus tests were conducted on 3 ribbon samples at
each of 6 temperatures; 21°11 (7CF), 37.78C (10C0F), 65.56C (15CF), 93.33C (200F),
121.7C (250F), and 148.9C (30CF). Estimates from the three samples were averaged and the
resulting modulus versus temperature behavior is shown in Figure 3.27. Stress-strain behavior
similar to that shown in Figure 3.22 was observed, but the modulus estimates are somewhat
different. These differences are also probably attributable to aging effects, akin to the rubber-

like pseudoelasticity behavior.

Note that the temperature range over which the modulus exhibits the most variation in
Figure 3.27 is more narrow than thle—A; range interpreted from Figure 3.25. This obervation
is consistent with the data collected by Cross et al. [28]. The low-temperature transition
point is associated with the temperature at which there is significant austenite and high-enough
temperature to not allow immediate transformation to martensite upon stress application. The
high-temperature transition point corresponds to the temperature at which the austenite volume

fraction begins to dominate.

Published data will be used for Poisson’s ratio (0.3) and the transverse direction CTE for
the martensitic 6.6e-6°C (3.67e-6 7F) and austenitic 11e-6C (6.11e-6 9F) as measure-
ment of these properties as a function of temperature would require significant additional ef-
fort/development. In light of the previous discussions concerning the differences between the
data collected at LaRC and LMA, the data collected at LaRC are more representative of the
thermomechanical properties of the Nitinol ribbon actually embedded in the composite and is

more accurate. Therefore, properties interpreted from this data were used in making the predic-
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Figure 3.27 Modulus for the Nitinol ribbon prestrained
4% and released as a function of temperature.

tions shown later in this document. These properties are tabulated in Table 3.8. Note that the
modulus data has been linearly interpolated within the more coarse temperature resolution. The
2-direction CTE has been interpolated between two transition points noted in regard to Figure
3.27, 43.33C (110F) and 82.22C (18CF), to approximate the variation within the reverse

transformation temperature range. The “in-service” austenite start and finish temperatures, as

interpreted from the recovery stress versus temperature data, af€€ A8FPF) and 148.9C
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(300°F), respectively. However, the temperature range of property variation is better modeled
by the temperatures at which the recovery stress vs. temperature curve rapidly changes slope,

as discussed previously.

Table 3.8 Summary of the thermomechanical properties of the Nitinol ribbon.

Recovery Stress
Temperature  Cycle 2 Cycle 3 Cycle 4 E o

°C MPa MPa MPa GPa wel°C
21.1 0 0 0 27.17 6.606
26.7 2.130 1.276 2.130 24.82 6.606
32.2 7.233 5.530 7.233 22.41 6.606
37.8 16.18 13.20 14.05 20.06 6.606
43.3 31.92 28.95 28.52 25.72 6.606
48.9 70.65 70.23 78.74 31.37 7.236
54.4 135.4 137.9 151.9 36.96 7.866
60.0 192.0 199.6 217.9 42.61 8.496
65.6 240.5 256.6 269.4 48.27 9.108
71.1 297.1 301.8 309.8 54.88 9.738
76.7 341.8 341.8 341.3 61.43 10.37
82.2 374.5 373.7 372.0 64.19 11.00
87.8 402.2 399.2 399.2 63.16 11.00
93.3 425.6 419.2 418.8 62.06 11.00
98.9 449.9 438.8 437.5 63.92 11.00
104.4 469.0 451.6 448.2 65.78 11.00
110.0 481.0 464.8 458.8 67.64 11.00
115.6 491.6 475.8 467.3 69.50 11.00
121.1 500.1 485.6 472.9 71.36 11.00
126.7 508.6 490.3 478.8 70.81 11.00
132.2 515.0 496.7 481.8 70.33 11.00
137.8 520.5 500.5 485.2 69.78 11.00
143.3 523.5 502.2 487.3 69.29 11.00
148.9 527.8 503.9 490.7 68.74 11.00
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In this chapter, the glass-epoxy and Nitinol ribbon material system selected for this study
was described. Discussion of the procedures for fabricating the SMAHC beam specimens was
followed by results from thermomechanical characterization tests on the constituent materials. A
full set of temperature dependent material properties were generated to quantify the constitutive
model developed in the previous chapter. This constitutive model can now be incorporated in
a thermomechanical model to predict the behavior of structures fabricated from this material

system. One such model is developed using a finite element approach in the following chapter.
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Chapter 4
Finite Element Formulation

Previous models have been limited in their ability to predict the behavior of SMAHC
structures because of inaccurate/impractical constitutive models and/or classical formulation
approach. The present formlulation incorporates the ECTEM and will be developed using a finite
element approach. This combination will later be shown to accurately capture the mechanics of
the system and to afford the generality/versatility to allow comparison with experiment.

The governing equations for the geometrically nonlinear, static thermal response and the
geometrically linear dynamic response of a rectangular panel-type structure subjected to com-
bined thermal and mechanical loads is derived in this chapter. It is necessary to account for
geometrically nonlinear out-of-plane deflection because of the potential for large static deflec-
tions due to thermal buckling. Therefore, a finite element with cubic out-of-plane interpolation

functions is deemed necessary.

4.1 Element Displacement Functions

A rectangular 24 degree-of-freedom (dof) plate element [44] was chosen for the subsequent
finite element formulation. The element has four nodes with two in-plane and four out-of-plane
dof per node, and is shown schematically in Figure 4.1. The in-plane displacement functions

are bilinear and that for the out-of-plane displacement is bi-cubic:

u(z,y) = a1 + azx + azy + a4y
(4.1)
v(z,y) = a5 + agx + ary + agzry
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Figure 4.1 Schematic of 24 dof rectangular plate element.

and

w(z,y) = c1+ cox + c3y + cax® + esay + coy® + e’ + esay + ey’ + croy’
(4.2)
+ cnxgy + 012$2y2 + 013$y3 + 014$3y2 + 015$2y3 + 016$3313

where thea; andc¢; are generalized coordinates.
The displacement functions can also be written in a form particularly suited to numerical

implementation in terms of the nodal degrees of freedom and appropriate bilinear and bi-cubic

interpolation functions of the element coordinates :

T, y) = Z L&, m)ui = ﬁ[(a —2)(b—y)ur + 2(b — y)uz + xyuz + (a — )yu4]
' (4.3)
y) = Z Li(&,n)vi = %[(a —a)(b—y)v1 + 2(b—y)vz + 2yvs + (a — x)yv4]
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and
20

w(z,y) =Y Li(x,y) qi

1=4

= ! [(ag + 223 — 3@2;2) <63 +2y° — 3by2>w1 + (3@:1;2 — 2:1;3> <63 +2y° — 3by2>w2

PRV
+ (3ax® —20%) (3by® — 29 )ws + (a® + 22% — 3aa?) (3by? — 2oy
acle a0 200 =) (52 4ol ar®) 002 -3 (5),
+a(a® — ax?) (3by? — 2%) (%")3 +ax(z — a)?(3by* — 2¢°) (%’)4
+b(a” + 27 = 3aa%)y(y - 5)2@—7:)1 + b(3az% — 2:%)y(y — b) @3‘))
+ b(3ax® — 27) (y* - by”) @_2))3 + b(a® + 20% — 3a2?) (° — by?) ((ZZ))L;
+ abry(x —a)*(y - bf(;jg;) + abay (22 — ax)(y — b>2<aaj§;)2

9%w 0*w
5 9 27 2
+ ab:z:y(:z: — a:z:) (y - by) <6:1:6y>3 + abry(z — a) (?J - by) <6:1;5y>4]

(4.4)

wherew; andv; are the in-plane dof;; denotes the out-of-plane dof{ — <8x8y> ), anda/b
are the element length/width, respectively. It will be advantageous for discussions that follow

to cast these equations in matrix form

U | L] 0 "
{v } = |:LLUJ 0 ] {am} = [Luvw]{amb} (45)
w 0 | L) b

where the nodal degrees of freedom have been collected into membraheand bending a; }

components
lam] = [u1 wy us ug vy vy vy g
(4.6)
lap] = (w1 ... wa Wyl ... Wepd Wiyl ... Wayd  Wigyl ... Wiayd |
Also, the displacement shape functions have been collected into vectors
|Lu] =|L1 Lz Ly Ly 0 0 0 0]
|L,J=10 0 0 0 Ly Ly L3 L] (4.7)

LLwJ = LL5 L6 Ce LzoJ
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Recall the von Krman strain displacement relations, equation (2.32). The membrane
midplane strains and midplane curvatures can be written in terms of the nodal degrees of freedom

and interpolation functions by substituting from equations (4.5) and (4.7):

Usg LLuaxJ
{em} = Usy = LL"vvyJ {am} = [Cm]{am}
S Laal + Loa) (4.8)
W,gy wamﬁJ .
{r}=—q wyy o = vayJ {ap} = [Col{ap}
2wvxy wmy
where
Llax L27$ L3ax L4ax 0 0 0 0
[Cm] =] 0 0 0 0 Liy Loy Lay Lay (4.9)
Llay L27y L37y L47y Llax L27$ L37$ L4ax
and
L57mc L67mc cee L207mc
[Cb] = - L57yy L67yy - L207yy (410)
2L57xy 2L67xy L207xy

The bending midplane strain requires some manipulation to obtain a useful form. One approach
follows from recognition that the second-order (nonlinear) terms can be expressed as the product

of first-order terms:

2
w w 0
1 T 1 T w,
{ep} = 5 w,gzl =3 0wy {w x} (4.11)
20, W,y Wy Wi Y

It will be useful later to make the definition

W,y 0
[0] = 0 wvy
W,y W,y

(4.12)

1 ={u}

The vector{G'} can be written in terms of nodal degrees of freedom as before in equations

(4.8) to give
[y - {LLWJ }{ab} _ (CoH{as) (4.13)
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where

Ls,e Lew .. Loosa
Cy] = ’ ’ ’ 4.14
o] Lsyy Ley .. Laoyy (4.14)
Thus, the (nonlinear) bending midplane strain can be written as follows
o 1
{er} = 5[9][09]{%} (4.15)

where [0] is a constant matrix whose entries are evaluated based upon the nodal degrees of
freedom from the previous iteration in an iterative procedure. Such a procedure will be described
in Chapter 5.

| L,z 0
[0liy1 = { 0 LLmyJ]{abh (4.16)
LLwayJ LLwﬂﬁJ

The form for the von K&rmén midplane strain and curvature can be summarized as follows.
{e} ={e"} + 2{x}
= {em} +{eg} + 2{x} (4.17)
= [Cul{am) + 5I)Colar} + =[C3}{m)
Finally, it will be useful in subsequent discussions to write the resultant force components from

equation (2.38) in terms of the nodal degrees of freedom:
(N} = [A)Col ()
{No} = S{ATON[Col e} (4.18)
{No} = [BllCi{as}

4.2 Euler-Lagrange Equations

The equations of motion for a mechanical system can be derived following a Newtonian
approach or a variational approach. Variational methods have proven to be very effective tools
in deriving the equations of motion for complex mechanical systems. The governing equations

for the mechanical system considered in this study will be derived using the extended Hamilton’s
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principle, as described in Meirovitch [45] for example. Hamilton’s principle states that the path
satisfying Newton’s law extremizes the time integral of the Lagrangian with respect to all possible
paths between the limits of the time interval defining prescribed initial and final configurations.
The extended Hamilton’s principle simply extends this idea to systems with non-conservative
forces: .
5/ (T —V 4+ W)dt =0 (4.19)
t

and

1
T = §p{uS}T{iLS}dD

/

V= / vdD (4.20)
D
/

W= [ {6} {us —u,}dD + / (Y {us — ug}ds

whereé is the variational operator]’ is the kinetic energy})’ is the elastic potential (strain)
energy,W is the work done by non-conservative forcgss the mass density of the structure,

is the strain energy density)} is the body force vector} is the surface traction vectofy }

is the displacement vector of the structufe,} is the displacement vector of the grip/boundary
(assumed uniform over the boundary to allow for base excitation of the structure through a
fixture), D indicates the domain (volume) of the structure, ahdhdicates the surface of the

structure. The displacement of the structure relative to the boundary can be expressed as

{u} = {us —uy} (4.21)

such that the energy terms can be rewritten in terms of the relative displacements:

T = / ~pi+ g} L+ iy }dD
D

V= /UdD (4.22)
D

W= /{b} {u}dD+/{t} (u}ds
D
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Consideration is restricted to a panel-type structure subjected to a steady-state thermal
excitation and mechanical excitation consisting of surface pressure, out-of-plane concentrated
forces, and/or inertial loading. The following assumptions are made for the development of the
governing equations:

1. Body forces other than inertia are negligible.

2. The structure is in a state of plane stress.

3. von Karman deformation relations are valid.

4. Linear elastic material properties are valid.

Assumptions 1 and 4, and the above-mentioned restrictions allow the potential energy and non-

conservative work terms to be simplified as follows.

Ve [ ot duan = [ Saideran
D D

N (4.23)
W= [lpw+ Y fow oo}~ b)) as
S =1

where {s} and {¢},, are the stress and mechanical strain vectors, respectiveiy,the out-
of-plane displacement of the structune,is the surface pressurg; are concentrated forces
applied normal to the plane of the structuré; is the number of concentrated forcgs;} is
the coordinate vector in the plane of the structyre}; designates the point(s) of concentrated

force application, and({x} — {«=},) is a spatial Dirac delta function defined by

o({z} —A{=};) =0 for  {a} # {z}; (4.24)

Assumptions 2 and 3 allow the constitutive relations for a single lamina to be written as shown
in the previous chapter, equation (2.26):
{U}k = [Q]k({ﬁ}k - {6}Tk)

T
= [Q]k({eo} + z{r} —/{oz(T)}de) (4.25)
T
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Recall that the mechanical strain is equal to the difference between the total strain and the

thermal strain {¢},, = {€} — {e}7). Substituting this expression into the form for the strain
energy in equation (4.23) gives

v [ [5(0f - k) [@lde - @i
S —

wix NI

Il
—
b | —

n
|
W

(4.26)
({3 [Q1deh — 2L [Q) {das — {7 Q) ed gy ) D

Commuting the variation and integration operations in equation (4.19) results in the following
expression for Hamilton’s principle.

12

/(5T SV 4+ §Wdt = 0
t

(4.27)
Consider the first variation of the kinetic energy, from equations (4.22):

1
5T = 5/ Sl + iy} {4 1y }dD (4.28)
D

Commuting the variation and integration operations again and integrating through the thickness
results in the expression

5T:/

p<{5ﬂ}T{ﬂ +ig} + {u+ ug}T{(Su}) dD
D
- /p{fsu}T{quug}dD

D

N | —

(4.29)
- /ph{(su}T{u + 1y }dS

S

whereé, has been omitted because the instantaneous constraints are assumed to be held constant

during application of a virtual displacement to achieve the varied path. Similarly, the first
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variation of the strain energy in equation (4.26) can be written as

5V = / / S (19710] b — 21T 1] feh i — 15 1Q) {d g ) a0
S _h

- / S (60T 1@ A+ 10T Q] (56 — 2060 [Q] ) i ) D (4.30)

W

— [ [ (taf1@lden - 6l 10 de) )i
S _k

|

Incorporating the von Kfman strain-displacement relations, equations (2.32), gives

QE T
5vz//{({560}T+z{5ﬁ}T) Q1 ({e°} + 2{x}) = ({6} +2{8n}) [Qh/{a(ﬂ}kdﬂ‘w
5 n 1
; (4.31)

Expanding the integrand results in

‘W:/ / YT TQT ) + =457 [Q] ) + =45m)T[Q) 8¢} + 2 (65) T[] (65)
S _k

T T
- {560}T[Q]k/{a(7)}kd7 —z{&&}T[Q]k/{oz(r)}kdr}dD
T T

(4.32)
and integrating through the thickness generates the stress resultant notation from equations (2.35).

The following form for the first variation of the strain energy results.
&V = /<{56°}T[A]{e°} + {6V Bk} + {or} [BY "} + {6x} T [D]{x}
s (4.33)
— {6} {Nar} — {8x}T{Mar})ds
Finally, referring to equation (4.23) the first variation of the non-conservative work has the form

Ny
w =5 [+ Y fws(ie)  (2)))as

% jv:fl (4.34)
_ / [pow + Y flow s({x} — {x};)]ds
S 1=1
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Recall thats({«} — {«},) is a spatial Dirac delta function and shouldn’t be confused with the

variational operator.

The form of Hamilton’s principle given in equation (4.27) can now be rewritten by substi-

tuting from equations (4.29), (4.33), and (4.34):
2

[ty g} = (5PN = (5 Bl = () BIE) — (an D))
tr S
Ny

{5 T (Nar) + {5s} {Mar} + pbuw + Y fidw 6({x} — {x}) }dS]dt = 0
1=1
(4.35)

The first term can be integrated by parts to give
t

oot T s aghas — [ [{ontoul i+ ,) — (6e)T L) - (5T B}
' 5

S t

— {8r} (B} = {8x}  [DI{r} + {6"} {Nar}
Ny

+ (s} (Mar} + pbu + Y flbw 8({a} — {z})}ds]dt = 0
= (4.36)
Note that the first term in the latter equation is equal to zero because the integrand vanishes as
the virtual displacement§éu} are defined to be zero at timesands.

The expression given in equation (4.36) resulted from application of extended Hamilton’s
principle to the energy terms associated with the entire structure. The same approach is applicable
to any portion of the structure, e.g., finite element, due to physical constraints. Therefore, the
following development will focus on the element level. Recall that expressions for the midplane
membrane strainfgeo} and curvature$x } were given in terms of element degrees of freedom in

equations (4.17). The variation of the midplane strain within the element would then be written as
1 1
{8¢"} = [Cul{6am} + S [60)[Col{ar} + S[0][Col{6as} (4.37)
or

{8} = [Cl (b0m} + L601G) + S01{66) (4.3
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by substituting from equation (4.13). The components of the second and third terms can be

examined as follows

Lrsarc Liocos —15wom X W |, ] o X 5
5[ [Cel{ap} + 5[ 1[Col{dar} = 5 W,y +5 W,y w0y
W,y W,y W, g
Ow, ., w W, OW
1 ' L ' L 1 ' L ' L
= 2{ OW,y W,y } 2{ W,y OW,y }
OW,y W, +0,7 W,y Wy O,z + W,z 0w,y
(4.39)
It can be seen that
SLE0(Col ) + SI0)Col6m) = SIO16C) + LOI5C)
= [0]{6G} (4.40)
= [0][Col{dav}

So, the final forms for the membrane strain and curvature vectors in terms of element degrees

of freedom are as follows.
(8"} = [Cml{8am} + [0][Co]{Sas}

{or} = [Ch]{oas}
The structural displacement-related quantities in equation (4.36) can be written in terms of the

(4.41)

element degrees of freedom from equation (4.5):
{ou}! (i + itg} = {6amp}” [Luvw] Luvwl {fms + itg}
C(Sam\"T{La {2} 0 VMl Ol o
(b [ el o )
_ fsam U [{LH LT + (L) 0 im | 0
B {5ab} 0 {Lw}{Lw}T {Elb +ﬁ9}

= {8ant" ({LH L+ {LHLAT) (am} + {80} {LuH Lo} i+ )
(4.42)

and
bw = {Lu} {6ay} = {6ap}" { Lo} (4.43)

where it has been assumed that the base acceleration compggnisnhormal to the plane of

the structure. The expressions in equations (4.41), (4.42), and (4.43) can be substituted into
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Hamilton’s principle, equation (4.36), to give

2

1 ohtsan) (1ML + (L i) + (o) (L} L i + )
A.

+ ([Cl{6am} + ON[Col{6as}) TAN[Cml{am} + %[0][09]{%})
+ ([Col{Bam} + 10][Col{8ar}) [BCol{as} + {Sar}" (o) [BI([Cml{am} + %[9][00]{%})
+ {6ap} " [C4]' [DICo{as} — ([Cl{Sam} + [0][Col{6an})’ {NaT} — {8an} " [C4]' {Mar}
— pbw — if{&w §({a) — {m}i)}(me} dt =0
(4.44)
where the spatial integration has been limited to the dreaf the finite element in concern and
the number of concentrated forces in the summation has been limited to that nupivéhin

the element area. Expanding the integrand results in the following expression

[

Jifo

2

{ant’ ({LHLY "+ {LH L i} + {0} Lo Lo} iy + i}

{80 Ol TANCl{am) + L {8a) O] TAIICol )

+ (a0 C 10T TANCm ) + 5 (800 Col 101 TAVANICol )

+ {8am} (O] [BICHar} + {601} [Co] (0] [BCl{ar} + {6y} [C]' [B[Cnl{am}
+ 5 a G BIC ) + (5a) IO DG () — {am)T[Cul (Nar)

— {8ap} [l [0 {Nar} — {8as} " [C4) {Mar)

— (80} {Lulp = {80} {Lu} Y flbw 8({a} = {a}) }dAc|dt = 0
= (4.45)

Consider the produc{ﬂ]T{N}. Expanding the product in terms of the matrix components

results in the following identity

N
T _ W,y 0 w,y] v _ |:Nx ny]{wvx} —
o7 N [ 0wy wy {]]\ny } Nay Ny Wy NI (4.46)
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This identity is useful for further manipulation of equation (4.45). Note that the terms
{8apy' [Col (01 [ANCl{am} — and  {8a} [Col" (0] [BICol{ar}  (4.47)

in equation (4.45) do not have symmetric counterparts. However, noting that from equations
(4.18) [A][Cnl{lam} = {Nn}, the former of the two terms in equation (4.47) can be split as

follows

{8} "1CaI O ATl = {6} 1o T A Can) + 5 100} (ol 1017 (M)
(4.48)

and the identity in equation (4.46) can be employed to give

{5} [Col 11 LA am} = 5 (800" 1Col 101 Ao ) + 5 {6} " [Col [N [Cl )

(4.49)
Now, the first half of the term has a symmetric counterpart in equation (4.45) and the second
half is symmetric itself. Similarly, noting that3][C]{ap} = {N}, the latter of the two terms

in equation (4.47) can be split as follows

s} [C 1" BN = 5 {6 1ol 0 B n) + {5} T[Col 01 ()
(4.50)

and the identity in equation (4.46) can be employed to give

5} "1 B e} = 5 {6e) 1o 01 [BICHan) + 5 {6} T[Cal NG Cal )
(4.51)
So, both terms in equation (4.47) have been transformed into symmetric forms. Finally, the

identity in equation (4.46) can be used to rewrite another term in equation (4.45) as follows.

{(6ar} [Co) [0]" {Nar} = {8ap} " [Col" [NaT][Col{as} (4.52)
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Substituting the expressions from equations (4.49), (4.51), and (4.52) into Hamilton’s principle

for the element, equation (4.45), results in the following expression.

ty

Jifin

t1

{0} ({LaH B} + {LHEY )i} + {80} (L} L0} Ly + iig)

+ {8} Ol TACnl {am} + 5 (8am} T Cal TATEIICo] (a0)
+ 560 Col" 1T AN Cnl am) + 51800} [Col [N Clan)
+ 560 "l O TAIAICo ar) + {5am) T 1Cl TBICHHa)
+ {80 G IBICuHan) + 5 (0} [Col 10 TR o)

+ 580 T C INCal ) + {5} O BIOCal ()

+ {8ay} ' [C3] DO Har} — {6am}" (O] {NaT)

— (san} [Col" INaCol{ar}) — (Ba} [Co {Maz}

— {8a) {Lu}p = {0} {Lu} Y flbw 6({x} — {a}) }dAc|dt = 0
= (4.53)

Separating terms invoIving(Sa,m}T and {5ab}T gives

to

[0 o (a1 + L L) G} + Ca AN Col ot}
A

+ 2O Aol ) + (Ol BICH {an) — (Ol [N 7))

+ (0 o L} (L) i+ i) + LCoIT 0T (A Con) )
+ SOl INAICal ) + Sl 1T LATOCol s} + [T TBIConl )

ol B o) + S{Col INCal (o) + LG BICol )

b | —

_I_
+ (G DO an} — [Cal" INAT][Cal{as} — [Co) {MarT)

—{Lalp = {La} Y fibw 8({x} — (e} }dAc]dt =0
= (4.54)
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The virtual displacement&a,, } and{éa;} are arbitrary and independent, so the corresponding
components of the integrand in equation (4.54) must each equal zero. The two resulting equations

can be written in matrix form:

oo (L -
o L R R SR i R Pl B L

(4.55)

kar 0
0 0

l nly+ (nly) g nlpm
2 nlmp 0

where the element matrices are as follows.

il = [ ph{LaHLa} dA, = [ o
A, A,
!

ph({LH L} + L Lo} ") dA,

[hy) = / )T (DA, A,

(k] = Ae ko) = [kipn] "
e

[kar] = / TINAT][ColdAe [nl;] = / [ColE [Nm][Cold Ae

Ae

A
[(n1y)B] = /([09] 101" [B)[C) + [Co) " N[ Ca] + [Ch) [B)O)[Ca))d Ae

A,
71y = / [Col [0] [A][Crm)d A [n1yp) = [nlpm]”
A.
2] = 5 [ 1ca" I LageCalaa,
A.
0} = [ ploiniLa)da, By =3 [ 0 84a) — a3 (Lubia.
A, =15
{poar} _/[Cb]T{MAT}dAe {pmaT} = /[Cb]T{NAT}dAe
A, A.

(4.56)
The element area integrations can be conveniently and efficiently evaluated though Gauss-

Legendre numerical integration, as demonstrated in Appendix B. The governing equations for
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each element can be assembled to form the Euler-Lagrange equations for the entire system:

M, 0 Ay N K, Kp Kar 0
0 Mp||An K}y K 0 0
Nly+ (Nly)g Nlpm 1IN2, 0 Ap
[ Nl o T30 0])\4m (4.57)

e )

W{ A} + (IK] = [Kar] 1 5IN1 + SIN2) (A} = (PO} + {F(0) + {Par} — [MI{T (1))

(4.58)

or

where [M] and [K] are the usual system mass and linear stiffness matridésy| is the
geometric stiffness matrix due to the thermal in-plane force vecdotr}; [N1] and[N2] are

the first- and second-order nonlinear stiffness matrices which depend linearly and quadratically
upon displacemen{ A}, respectively;{P(¢)} is the surface pressure excitation load vector,
{F(t)} is the concentrated force excitation load vec{dfa7} is the thermal force vector, and
{Ug(t)} is the inertial excitation base acceleration vector. The subsérgatsl: denote bending

and membrane components, respectively, and the subdg¢ripticates that the corresponding
stiffness matrix is due to the laminate bending-membrane coupling stiffness mijrix\Njote

that the stiffness matricgs(], [Ka7], [V1], [N2] and the thermal force vectdrPA7} are all

temperature dependent.
4.2.1 Separation of Static and Dynamic Components

Recall that the system is restricted to be thermally steady-state. Itis assumed that the structure
will undergo small dynamic motions about a stable static shape (flat or thermally buckled) so

that the system degrees of freedom will consist of static and dynamic components
{A} = {4}, + {4}, (4.59)
such that
{A}g << {A}, = {A}i=~0 (4.60)
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Consider the effect, on the element level, of equation (4.59) on the foféh iof equation (4.12):

Ws,g 0

[0] = 0] + [0]4 = { 0wy

Wsyy Ws,z

_|_

W, 0
0 way (4.61)

wdvy W,z

It can be seen from equations (4.56) that the nonlinear stiffness mafriceégnd[n2], are thus

affected. For example,

[nlbm] =

(4.62)
= [ (o O [ACldsS + / o [0 [A][CruldS
S
= [nlpm], + [1Lm],
Similarly,
[nlmb] = [nlmb]s + [nlmb]d (463)

Note that the resultant forces due to membrane and bending strain, equations (4.18), are also

affected. So, these forces can be written as

{Nm} = {Nm}, +{Nm}ty and  {No} = {Np}, + {No}q (4.64)
or
[Nim] = [Nm]s + [Nmlq — and  [Ng] = [Ny], + [No]g (4.65)
Therefore,
[nlp] = [nle], + [nle],  and  [(nly)g] = [(nls) pl, + [(n1s) ], (4.66)
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Finally, the second-order nonlinear element stiffness matrix takes the form

w2 = 5 [ e o Ao Calas

[Col" (101 + 1010 [AL([0], + [0],)[CeldS

O] Lo

4.67
([Co)  [01] [A)[61,[Co) + [Co) " [012 [AN[0)4[C) (@67

S S

DO | Lo

i U—

+ [Col 01T 1161, [Co] + [Col [0 [A[0]4[C)) S

= [n20]s + [n28) 50 + [n26]45 + [n20]4
This distributive property conveys to the system matrices:

[N1] = [N1], + [N1],
(4.68)
[N2] = [N2], + [N2],, + [N2],, + [N2],

and the system equations of motion, equation (4.58), become
[MI{A}a+ ([K] = [Kar))({A}, + {A},) + %([Nl]s + (V1) ({A}, +{4},)
+5(IV2], + N2y [N, + IV )(1A), + {4),) (4.69)
= (P} + {F (1)} + {Par} — [MI{T)
It is desirable to separate the equations governing the static and dynamic response. However,
there are terms which couple the static and dynamic displacements. TheéNefpncan be
neglected because it is second order with respedtdth,. The form of other coupling terms

can be clarified as follows.

Consider the product of the first-order nonlinear dynamic stiffness and the static displacement
vector. On the element level, referring to equations (4.56), the four components of this matrix
can be manipulated as follows in discussions designated by numbers 1) through 4).

1) The product of the first-order dynamic bending stiffness and static bending nodal degrees of
freedom has the form

[n1p)4{as}t, = /[CH]T[Nm]d[Cg]dS{ab}s (4.70)
S
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This integrand can be rewritten by noting the following

[Nula[Col{as}y = 102 {Nm} 4

(4.71)
= [0]% [Al[Cm){am} 4
so the expression given by equation (4.70) can be rewritten as
ialafar), = [ OO AICIAS (an), (4.72)

S
The form of the integral in equation (4.72) can be immediately recognized as the product of

the first-order static coupling stiffness and the dynamic membrane displacements. Therefore, the

expression in equation (4.72) can be written as follows.

[n1glg{asts = [nleml dam}y (4.73)

2a) The product of the first-order dynamic bending stiffness due tdZZhenatrix and static
bending nodal degrees of freedom has the form
[(n1y) B {as}, = / ([Co 1013 [BYCH) + [Col [N f[Co) + [Co) T [BI0,[Co))dS {ar},  (4.74)

S
but recall from equations (4.18) and (4.46) that the substitutions

[BllCH{as}, = (N}, and  [0]3{Ns}, = [N],[Col{as}g (4.75)

can be made. It follows that the expression given in equation (4.74) can be rewritten as

(1)l dan) s = / (Co N, [CaldS () g + / (Co N a[ColdS {ay),
S S

T / o BIO,(ColdS {an),
S

(4.76)

2b) Conversely, the product of the first-order static bending stiffness due {&thmatrix and

dynamic bending nodal degrees of freedom has the form

[(n1p) 8] {as}y = / ([Co) 1012 [BY[C) + [Ca) (Vo) [Co) + [Co) (B[O, [Ca))dS{an}y  (4.77)
S
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but equations (4.18) and (4.46) allow the substitutions

Bl H{ay = (N}, and  [0]1{Ny}, = [Ni]u[Col{an}, (4.78)

It follows that equation (4.77) can be rewritten as

[(n13) 5], s} g = / (o Ny [CaldS {an), + / (Col NG, [ColdS {an),

5 5 (4.79)
T / )" 1BI0),[CaldS L),
S

The first two terms of equations (4.76) and (4.79) are obviously identical, but the third term
requires further investigation. Recall from equation (4.13) iat's){a;} = [#]{G'}. Therefore,
term three in equation (4.76) can be rewritten in terms of out-of-plane displacement derivatives:

W,z 0 w Wz Wesg
0,(Col ), = 0,4G), = | 0 way { }: B (4.80)

W
Wy W Y Welyy Wsrz FWHz Wsyy

It is clear that the previous expression is the same as the following.

Wsyg 0 w Wsyz Wz
[0],[Col{asty = (0] {G}g = { 0 wsvy] { dw} = { Wsyy Wdyy } (4.81)

wd7y
ws;y W,z w&y W,z +u757$ u7d7y

Thus, the third term in equations (4.76) and (4.79) are identical, and the final result gives the

following equality.

[(n13) Blglas}s = [(n1s) Bl {av}y (4.82)

3) The product of the first-order dynamic coupling stiffness and the static membrane displace-

ments has the form

gy}, = / (Co 10 [AYCon)dS ), (4.83)
S

Equations (4.18) and (4.46) allow the substitutions

[A[Cml{am}, = {Nm},  and [0 {Nm}, = [Nul,[Col{as}, (4.84)
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So, equation (4.83) can be rewritten as

L]y}, = / Col (NI T [ColdS {as) (4.85)
S

The form of the integral in equation (4.85) is easily recognized as the product of the first-order
static bending stiffness and the dynamic bending nodal degrees of freedom. Thus, the final

equality becomes

nLpm]glam}, = [nls] {as}y (4.86)

4) The product of the first-order dynamic coupling stiffness and the static bending nodal degrees
of freedom has the form

[Pl mplg{asts = /[Cm]T[A]W]d[Ce]dS{%}S (4.87)
S

but recall from equation (4.13) the|[Cy]{ap} = [0]{G}. So, the analogous product in equation
(4.87) can be written in terms of out-of-plane displacement derivatives:

W,z 0 w Wd,x Ws,x
0]41Col{ap}, =01 {G s = 0 way { S’x} = Wy Wsyy (4.88)

wd7y wd?-’ﬁ wd7y wS7.’E +wd7$ w57y

This expression can be manipulated into the following equivalent form

W,y 0 Weyg W5
10],[Col{ar}ty = 01 {G}, = |: 0 ws,y] {wd?x} = { W,y Wi,y } (4.89)

w w Wdyy Weoy W +We,p W
$5y $HT sy Wd,x syx Wdsy

which provides the final needed equality.

[nlmplafas}y = [nlmsl{asty (4.90)

The four equalities given in equations (4.73), (4.82), (4.86), and (4.90) can be written in the

matrix form

nly g+ (nly)Ba nlbm,d] { ap,s } _ [nlb,s + (nly)Bs nlbm,s] { ap,q } (4.91)

nlmb,d 0 A, s nlmb,s 0 Am,d

bl
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from which it is easily seen that the assembled system matrices share the analogous equality:
[(N1g{A}, = [N1],{A}, (4.92)

The cross-terms generated by the expansion of the second-order nonlinear stiffness into static
and dynamic components need manipulation as well. The product of each cross term with the
corresponding displacement vector, on the element level, can be manipulated as follows in the
discussions designated by numbef} through 4).

1') The product of the second-order bending stiffness cross{ietsh,; and static bending nodal
degrees of freedomja,}, is written as
2 alond = [ "B ATOL RS (), (4.99

S
but recall from the previous manipulations designated by 2b) and 4) that

[0]{G}; = [0]{G}; = [0]4[Col{as}s = [0],[Col{as}q (4.94)

Thus, the following substitution can be made.

2]l = 2] ), (4.95)

2) The product of the second-order bending stiffness cross-eep,; and dynamic bending
nodal degrees of freedofu;},; has the form
2l danda = [ 1Co T LATOLCS (o} (4.96)

S
but recall from numbers 1) and 2a) that

[A][0],[Col{ar}y = {No}y  and  [0]L{No}y = [Nola[Col{as}, (4.97)

Thus, the expression can be rewritten as follows.

2], 0lan)y = / (Col T [No,[ColdS (),
S
= [n2] {as},

(4.98)
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3) Similarly, the product of the second-order bending stiffness cross-te?gh,, and static
bending nodal degrees of freedofm;}, has the form

2ilg{on, = [ (CO WAL oS (o}, (4.99)
S

With the following substitutions
(A0, [Col{a}, = {No},  and  [0]3{Ny}, = [Nel,[Col{as}, (4.100)

the expression can be rewritten as

2], (a1}, = / (Co L [No), [ColdS {an),
S
= [n2] {ap},

4') Finally, the product of the second-order bending stiffness cross{tezp,, and dynamic

(4.101)

bending nodal degrees of freeddm,}, can be written as

n20) 4. (s} = / o T10T [A110),[ColdS {ar) (4.102)
S

but from number 4 it is known that

DGy =1014GY = LiCel{an}a = [014[Col{as}, (4.103)

Thus, this term can be rewritten in the following form.

2] g {anty = 2] {as}, (4.104)

So, on the system level, implementation of the manipulations designatédl thydligh 4) gives

[N2], {A}s = [N2] {A},

[N2]gq{ A}y = [NV2],{A}

(4.105)
[N2];{A}s = [N2] {A},

(V2] {A}s = [N2]4{A}

S
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Expanding the system equations of motion, equations (4.69), results in
(A + KHAY, + (KA — [Karl{A}, = [Karl{A),+ HVIL{A),
FSINILAY b SINI AT+ SN (AT, + SIN2LLAY, + £ IN2, (4],
SN2 LAY+ SIV2L A+ STV A, + IV (A )+ S IN2 (A,
+ IV (A = (PO} + (P} + (Par} - i)

_I_

and making the substitutions from equations (4.92) and (4.105) gives the following expression.
(M)A + (KIAY, + KA}, — [Kar){A}, ~ Kagl{A}y + 5[N], {4},
NI A+ STV A + STV Y, + SN2 A, + SN2 (A),

SN2 {AY 4 SN {AY + N Y, + 1[N21 (A}, + 1[N21 (A},

i i[NQ]d{A}d = (P} + {FP()} + {Par} — [M]{U,}
(4.107)

_I_

W — DN =

_I_

Separating the terms involving the static displacem¢nts, from those involving the dynamic

displacementA }, results in the following static and dynamic governing equations.
(K]~ [Kar] + 5[N], + 5IN2], + [V2],) {4}, = (Par)
(M) Aa + ([K] — [Kar] + [N1], + S[N1, + [V, (4.108)
+3IN2) (A = (P(0) + {F ()}~ [M1(01)
The matrix[N2],, appearing in both equations, can be neglected because it is second order with
respect to the small dynamic displacemefits;;. The matrix[/V1],, appearing in the dynamic

equation, can be neglected also because the produc¢i{ A}, is second-order inA}, as well.

Therefore, the final static and dynamic governing equations are as follows.

(18]~ [Kar) + SINT], + SIN21,) {AY, = (Par) Static
[MI{ A} + (K] - [Kar] + [N1], + [N2],){A}, (4.109)

= {P()} + {F(1)} — [M){U;,}  Dynamic
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In the applications being considered for this technology, there is often a combination of a
flexible structures with a rigid boundary and combined thermal and mechanical loads. Thus,
there is an opportunity for thermal buckling and an analysis capable of predicting such an event
is necessary. Often it is also desirable to predict the post-buckled deflection of a structure
subsequent to such an event. It will be shown later in this document that certain combinations
of constituent materials in a SMAHC structure can exhibit a thermal buckling event and return
the post-buckling deflection to zero. In order to capture and better understand this behavior,

thermal buckling and post-buckling analyses are necessary.

Thus, three types of analyses are required to study the response of the structures considered
in this study: (1) thermal buckling analysis, (2) thermal post-buckling analysis, and (3) dynamic
analysis. Each of these analyses are discussed in the following two chapters. Acoustic radiation
analysis is presented in Chapter 7 to study the structural-acoustic response and noise transmission
characteristics of panel-type structures. A flowchart of the overall thermomechanical analysis

procedure is given in Figure 4.2.
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* Perform thermal buckling analysis
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membrane deflections

Y

No
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* Perform thermal post-buckling analysis
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Y

> ¢

Perform vibration and
acoustic radiation analysis

Figure 4.2 Overall thermomechanical analysis flowchart.
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Chapter 5
Static Response

The static response considered in this study is assumed to be solely due to a thermal load.
Two analysis types are potentially needed to determine this response: (1) thermal buckling
analysis and (2) thermal post-buckling analysis. Each analysis will be discussed in this chapter.
Thermal buckling and post-buckling considerations necessitate the investigation of static stability.

Therefore, the fundamental equations governing this behavior will be derived first.

5.1 Static Stability and Nonlinear Analysis

The idea of static stability commonly arises in the context of a structure subjected to
compressive mechanical loads in an axial direction. The goal is typically to determine the
critical load for which the structure loses stability and may be deflected significantly by a
lateral load, from which it will not return upon lateral load removal (commonly referred to as
buckling). In practice, a structure in such a condition often deflects (buckles) as a result of
imperfections, without the application of lateral loads. Whether buckled by mechanical loads
and/or imperfections, it is often desirable to calculate the deflected shape of a structure subsequent
to buckling (often termed post-buckling deflected shape). Such an analysis usually involves
geometrically nonlinear analysis as the deflections are typically large.

In the case of thermoelastic response analysis, such as that considered here, a compressive
load is generated by thermal expansion of a structure in the presence of mechanical boundary

constraints. Thus, the goal is to determine the critical temperature at which the structure becomes

96



unstable (also called the buckling temperature). Analysis of the thermal post-buckling deflection
will also be of particular value.

Stability of an equilibrium configuration can be investigated through the use of the adjacent
equilibrium method [46, 47]. Application of this method entails imposing small increments to
the displacements of a system in static equilibrium and examining the resulting adjacent con-
figuration. Let{W(A)} denote an equilibrium configuration for a structure with a displacement

field given by{A}. Now, let the static displacements be given an increment
{A} = {A} + {64}  suchthat {64} ~ {0} (5.1)

where the{6 A} are infinitesimal displacements. The adjacent static configuratignl + 5 A)}
can be approximated by a truncated Taylor Series expansion:

d{¥(A)}

{W(A+ A} ={U(A)} + TdAT

{6A} + O({6A%}) (5.2)

One could proceed to determine the derivative of the static configuration with respect to the
static displacements, but the necessary ingredients for an equivalent procedure has already been
developed in the previous chapter and can be employed here.

Recall that the equilibrium configuratiofiW(A)} is governed by the static system in

equations (4.109):
(U(A)) = ([K] — [Kaz] + 5IN1] + SIN2){A) — {Par) = {0} 53)

where the static subscripthas been omitted for simplicity. The expression for the increment in
the static displacements, equation (5.1), is analogous to the separation of the static and dynamic
components of the total displacements given in equation (4.59). Substitutioh}ef {6 A} into

equation (5.3) gives the adjacent static configuration that is not necessarily in equilibrium:
\ 1 1
{0(A+84)} = ([K] = [Kar] + S[NL(A + 8A)] + S[N2(A + 6A))({A} + {6A}) — {Par}
(5.4)
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The manipulation of terms in the discussion following equation (4.59) allows the first- and

second-order nonlinear stiffness matrices for the static system in equation (5.4) to be written as

[N1] = [N1]y + [N1];
(5.5)
[N2] = [N2]g + [N2]gs + [N2] 5 + [N2];

where the subscripts andé indicate the influence of the displacemefits} and{5A}, respec-

tively.

Expanding[N1] and[/N2] in equation (5.4) gives the following expression for the adjacent

configuration.

(W(A+54)) = [IK] ~ [Kaz] + L(IN1], + (V1))

+ (N2 [IN2gg + [N2]gg + [N21)) ({4} + £54)) — {Par)

(5.6)

Further manipulation allows several terms in equation (5.6) to be written in forms analogous to

equations (4.92) and (4.105):
[N1]s{A} = [N1]{6A}
[NV2]ps{A} = [N2]{6A}
[N2],s {84} = [N2],{A} (5.7)
[V2]50{A} = [NV2]{6A}
[NV2]5o{6A} = [N2]s{A}
Expanding equation (5.6) gives

{U(A+04)} = [K{A} + [K[{6A} — [Kar{A} — [KaT]{6A} + %[Nllo{fl}

+ 5 IV 84 + SINT (A} + SN 84} + 1IN {4)

+ SN2 84} + SIN2os (A} + SIN2s 84} + TIN50 (4)

W — W~ N =

[N2],0(64) + 3TN, {4} + [N2}s{64} — (Par)

_|_

(5.8)
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and making the substitutions from equations (5.7) results in

(U(A+6A)) = [KIA) + [KI6A) — [Kazl{A) — [Kar{6A) + 5[N1]{4)
+ SIS + LIV 184} + SINT],(64) + S[N2)y{A) oo

+ STV {64} + SN2 {64} + SN2 A} + SN2y 54)

— W= N =

+SIN2 (A} + SN2 + SN2, (64) — {Par) = {0}

Separating terms ifA} and {6 A}, neglecting second- and higher-order terms{ém}, and

omitting the subscripd gives

(U(A+64)) = (K] ~ [Kar] + 5[N1]+ SIN2){A) — {Par)
(5.10)

+ ([K] = [Kar] + [N1] + [N2]) {5 A}
In order for this adjacent static configuration to be in equilibrium we must el + 6A)} =

{0}. Then, the form for théncrementalstatic system of equations becomes evident when the

relations in equations (5.2) and (5.3) are compared to that in equation (5.10):
([K] = [Ka7] + [N1] + [N2]){6A} = {0} (5.11)
as the original equilibrium configuratiofW(A)} is identically satisfied. It can also be seen

that the first-order derivative of the original equilibrium configuration with respect to the static

displacement vector is given by

d{U(A)}

aAy [Ktan] = [K] = [Ka7] + [N1] + [N2] (5.12)

which is called thetangentstiffness matrix.

It will be shown in the following sections that Equations (5.10)—(5.12) are useful for thermal
buckling and post-buckling analyses. The incremental static system of equations will be useful for
investigation of thermal buckling as the expression must be satisfied for an adjacent equilibrium
to exist. The tangent stiffness matrix will be useful in calculation of static deflections due to
thermal moments/bending-membrane coupling or post-buckling deflections, where a Newton-
Raphson approach will require the derivative of the stiffness coefficients. These procedures will

be described subsequently.
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5.2 Thermal Buckling Analysis

A thermal buckling analysis is carried out to determine the critical (buckling) temperature
distribution of a structur€l,(z,y) = AT (x,y) + To, WhereT, is the uniform reference
or ambient temperature distribution. This type of analysis is useful for determination of a
need for thermal post-buckling analysis for a particular configuration and loading condition.
Although buckling analyses are inherently linear, and the system in concern is decidedly
nonlinear (temperature-dependent properties), there is at least one way to seek a solution within
the framework of the present formulation. Furthermore, a thermal buckling solution is very
desirable because of the insight it affords, the computational efficiency for cases when thermal
post-buckling analyses are not warranted, and the ability to provide an initial trial solution for
thermal post-buckling analyses when they are necessary. All of these points will be made more

evident in the following discussions.

Equations governing thermal buckling can be obtained from the static equations of equi-
librium, equations (4.109), and the incremental static system of equations, equation (5.11). As
stated previously, thermal buckling is a stability problem, indicating a condition for the on-
set of buckling. Therefore, the nonlinear stiffness terms due to out-of-plane deflection can be
neglected. The stiffness terms involving bending-membrane coupling can also be neglected be-
cause any increase in temperature will result in out-of-plane deflection. An exception to this
exists for antisymmetric angle-ply laminates which is a special case that will not be treated
here. Moment resultant terms are also neglected for similar reasons, i.e., the thermal load is
assumed constant through the thickness of the structure. Cases for which there is either bending-
membrane coupling or thermal moment effects should be treated with a thermal post-buckling
procedure, described in the next section, to determine the buckling temperature and static thermal

deflections. The static governing equations from (4.109), with the aforementioned restrictions,
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simplify to the following.

Ky, 0 1|{N1y 0 Ay | 0
(O i R 1598 S PRSI

The term[ V1] is retained because it is dependent upon the membrane displacémegyitenly.

Kap O
0 0

5.2.1 Constant Matrix Material Properties

The proposed solution to the thermal buckling problem, discussed subsequently, entails
separation of the SMA and matrix material thermal effects. Recall the SMA hybrid composite
lamina constitutive relations in principal material coordinates, after separating the SMA and
matrix thermal effects, given in equation (2.29). It is noted that the material system constituents
are not fully separated in that equation because of their combined effects in the reduced stiffness
matrix. However, the coefficients, andcy,, essentially render them separate in the 1—-direction
and will lead to a useful form for the governing equations. Incorporation of those constitutive
relations into the finite element formulation results in a system of static governing equations
analogous to those in equations (4.109). The aforementioned assumptions inherent to thermal

buckling analysis reduce this static system to the following.
K, 0 n l N1y 0 Ay | 0 n 0
0 K, m 2 0 0 Am | | PoaT a P AT m

(5.14)
The subscripte andm indicate SMA and matrix material, respectively. It is obvious that the

Kar 0
0 0

Kar 0
0 0

a

bending and membrane equations of the static problem are now de-coupled. The membrane
displacements due to an applied thermal load that varies only in the plane of the structure can

thus be determined from the equation

[[(m]{Am} = {PmAT}a + {PmAT}m (5.15)

For a given applied temperature distributiot?’(=,y), equation (4.56) can be used to form

the thermal force vector$P,, a7}, and{Pnar},, and equation (5.15) can be solved for the
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membrane displacements:

(A} = (K] 7 ({Prnar}e + {Pnat)m)
(5.16)

The stability of this thermoelastic equilibrium configuration can be investigated through the use

of the incremental static equations (5.11).

The incremental static system of equations can be simplified as above by neglecting nonlinear

stiffness terms due to out-of-plane displacements, bending-membrane coupling stiffnesses, and

LT R - )

(5.17)

moment resultants:
Ky 0
0 Kmn

Note that the first-order nonlinear stiffness matrix due to membrane displacements has been

Kar 0
0 0

Kar 0
0 0

a

separated into components evaluated with membrane displacements caused by SMA and matrix
material thermal effects, respectively. Thus, the equations governing the stability of the out-of-

plane displacements can be written as
([K0] = [Kar], = [KaTly + [N, + [N1p],){6As} = {0} (5.18)
Consider a temperature distribution change of the following form
AT(z,y) = \ATy(z,y) (5.19)

where X is a scalar. For a matrix material with constant material properties, the thermal force
vector and geometric stiffness matrix due to the thermal effects are linear functions of the

temperature change:

{Pnat}mar(e,y) = MEPnaThnat (@)
(5.20)
[I(AT]mAT(x,y) = )‘[I(AT]mATl (z,y)

A similar relation can be written for the corresponding first-order nonlinear stiffness matrix

(Nl maat(o,y) = AN Llimat; (2,9) (5.21)
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because equations (5.15) are linear and;],, is linearly dependent upon the membrane
displacements due to matrix material thermal effects.

Analogous expressions cannot be written for the thermal force VE@tQAT} 75 )
geometric stiffness matri ' ar], A7), and first-order nonlinear stiffness matfiX1;], o 7(,
associated with the SMA thermal effects over the same temperature chefige y) =
AAT (z,y) as they are all nonlinear functions of temperature. The stiffness mdtiik is
also nonlinear with temperature because of the influence of the SMA constituent. At the present,
let all of the terms involving the SMA thermal effects be simply evaluated at the imposed
temperature distribution and taken as constant; the rationale for this approach will be explained
subsequently. In this case, equation (5.18) can be rewritten for the temperature distribution

changeAT (x,y) = AAT(x,y) as
([K3] = [Kar], — AIK AT, + [N1g], + AN L], ) {6 4s} = {0} (5.22)
which can be expressed as an eigenvalue problem

([Kp] — [Kar], + [NL] ){¢} = MKarl,, — [N14],,){4} (5.23)

A critical temperature change exists if there is a solution to equation (5.23) for Whighs
nontrivial. The first eigen-solution gives the critical temperature change from the expression

ATp(z,y) = M AT(z,y) and the corresponding buckling mode shdpé,.

An iterative procedure can be employed to account for the nonlinear functionality of the
terms involving the SMA thermal effects in equation (5.23). The iterative procedure entails
imposing any desired temperature distributiofnz,y) = Ty + ATi(x,y) to evaluate the
material properties. Then, equations (2.37) and (4.56) an be used to evaluate the SMA and
matrix material thermal force vectofs’,, a1}, and{P,at},, and the corresponding geometric
stiffness matrice§K'a7], and[Kar],,. Equations (5.15) can be solved for the membrane

displacementg 4,,}, and{A},,, which can then be used in equations (4.18) and (4.56) to

m?

103



form the first-order nonlinear stiffness matridéél;], and[N1;],,. Subsequently, the bending
eigenvalue problem, equation (5.23), can be formed and solved for an estimate of the buckling
temperaturels(z,y) = ATi(x,y) = AM[To+ ATi(z,y)] and mode shapés}i, where the
superscript indicates iteration number. This process is repeated until convergence is achieved
(A} =1.000 £+ .001), at which point usage of the linearized eigenvalue problem has been
rendered appropriate and accurate becau$g(x, y) is such a small quantity that the material

properties are essentially constant.

5.2.2 Non-Constant Matrix Material Properties

The assumption that the matrix material properties were constant with temperature was
implicit to the equations and solution methodology developed in the previous section. Under
such conditions, a rationale was developed to separate the linear and nonlinear components of the
governing equations and use an iterative approach to compensate for the nonlinearity. Recall that
during the linear/nonlinear separation process, a comment was made that the reduced stiffness
matrix disallowed complete separation of the constituent material effects. This point was also
made in Chapter 2. Thus, some nonlinear effects (e.g., modulus of the SMA) do appear on
the right-hand side of equation (5.23) and the solution method of the previous section must be

applicable for at least some forms of temperature dependence in the matrix material.

This has, in fact, been observed for all of the cases considered in this study, which include
cases for which all of the matrix material properties vary significantly with temperature. The
validity of the thermal buckling solution for such cases was established by comparing with
a thermal post-buckling method. The thermal post-buckling method serves as another means
of determining a buckling temperature, as the temperature at which the thermal post-buckling
deflection departs from zero. In the event that a thermal buckling solution could not be achieved,

an initial guess would be formulated from the thermal buckling problem and used to start a
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thermal post-buckling solution. More detail on this approach will be given following the post-
buckling solution method description at the end of the next section. A flow chart exemplifying

the thermal buckling solution procedure is shown in Figure 5.1.

Impose AT(X,y) = ATp(X,Y)

Y

»| Do i=1, maxiter

Y

Evaluate material properties &
stress resultants {Nat}s, {NaT}m

Y

Form [Km], {PmaT}s, & {PmaT}m

Y

Solve for membrane displacements
{Am} = [Km]-1 ({PmaTt}s + {PmaT}m)
={Am}s + {Am}m

Y

Form [Kbp], [KaTls, [KaT]m,
{Nlb}sl & {N1lp}nm

Y

Solve bending Eigenvalue problem
(IKb] - [Katls + [N1b]s) {6} = M([Katlm - [N1b]m) {6}

Y

ATer (X,¥) = AAT(X,Y)

Y
® ®

Figure 5.1 Thermal buckling calculation flowchart.  (Continued) . ..
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-

If AT(X,y) = ATp(X,y),
store membrane deflections

:

Calculate absolute
norm error, E

AT(X,y) = ATer(X,y)

Dynamic analysis

ATp(X,y) > ATcr(X,y)?

Increase maxiter or Store membrane deflections {Am}¢,
choose another ATp(X,y) and bending Eigenvector {¢}

'

Post-buckling analysis

Figure 5.1 Thermal buckling calculation flowchart.

It will be shown in Chapter 8 that two buckling temperatures can exist for some SMA hybrid
composite structures. Details will be deferred to that discussion, but some general comments
are useful here. This effect is a manifestation of a material system with a SMA constituent that
has an austenite start temperatdregreater than ambient temperature and is not to be confused

with higher-order buckling modes occurring at temperatures above initial thermal buckling. A
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typical sequence of events in such a case can be described as follows. At temperatures less than
Ag, the SMA is not activated and behaves like a conventional linear thermoelastic material. So
the SMAHC structure will buckle if a critical temperature exists beldw The SMA becomes
activated atd; and the recovery stress rapidly increases with temperature, which overcomes the
compressive thermal stress and reduces the thermal deflection (potentially eliminating it). At
higher temperatures, the rate of increase of the recovery stress with temperature diminishes and
may be surpassed by the rate of increase in matrix compressive thermal stress. Further increases
in temperature will cause net-compressive stress development, causing the thermal deflection to

grow again or lead to a second incidence of thermal buckling for a structure that was rendered flat.

5.3 Thermal Post-buckling Analysis

Once the buckling temperature is determined, the next step will depend on the temperature
for the particular application of concern. For temperatures greater than the critical temperature
(T'(x,y) > T¢(x,y)), a post-buckling analysis must be performed to determine the thermal
deflection. The thermal post-buckling solution is started at the buckling tempef@afure y)
for expediency and ease of solution. Starting at the ambient temperature can be much more
computationally intensive (for cases with largel.,. (=, y)) and is numerically ill-conditioned.
Further remarks about initiating the post-buckling solution will be given later in this section. For
the cases described above, where two buckling temperatures can exist, it is advisable (although
not necessary) to initiate a thermal post-buckling analysis at the first buckling temperature to
assess the evolution of the static deflection in arriving at the desired operating temperature. The

governing equations for thermal post-buckling deflection are given in equations (4.109)

(1) (s + 301+ 3V ) 4) = (Par) (5.24
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where thestatic subscripts has been omitted. Note that there is no need to separate the SMA
and matrix material thermal effects in thermal post-buckling analysis. One effective approach
for solving this nonlinear system of equations is the Newton-Raphson iterative method.
Consider a static system described by equation (5.24) at the buckling temperature distribution
Ter(z,y) and denote this equilibrium configuration Hy(A)}. A small increment in the
temperature distributioft (x, y) = Ter (2, y)+ 67 (z, y) will result in the formation of an adjacent
equilibrium configuration denoted Ky’ (A + 6 A)}. This adjacent equilibrium configuration can

be derived from a truncated Taylor series expansion as shown in equation (5.10):

[U(A+8A)) = (K] — [Kaz] + S[N1] + S[N2]){A} — {Par)
2 3 (5.25)
+ ([K] = [Kaz] + [N1] + [N2]) {6 A} = {0}

The first collection of terms on the right-hand side of this equation is no longer a statement

of static equilibrium

N4 SV (4] - (Par) £10) (5.26)

DN | —

{U(A)} # ([K] - [KaT] +

as the stiffnesses and thermal load vector are evaluatétvay) = 7., (x, y) + 61 (x, y), while
{A} is associated with the system at temperatlisé=,y). So, the expression for the adjacent
equilibrium configuration can be rewritten in terms of the tangent stiffness matrix, equation

(5.12), and an incremental load vector
[Ktan][{6A} = {6 Par} (5.27)
where the incremental load vector is defined by
(8Par) = {Par) — (IK] - [Kar] + 5IV1] + SIN2]) (4] (528)

Although a small increment in temperature may render the static system essentially linear with
temperature, the new equilibrium configuration is also governed by the geometric nonlinearity

of the first- and second-order nonlinear stiffness matrices, which are linearly and quadratically
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dependent upon the out-of-plane displacements. Thus, an iterative procedure is necessary to

converge on the new equilibrium configuration.

The incremental form of equation (5.24) for the j-th iteration can be written as
[Ktan]j{6A}; = {6PaT}; (5.29)

The tangent stiffness and incremental load vector for the subsequent iteration
[Ktan];1q and{6Par}; , are updated by using the updated thermal deflections

{A} = {A} + {04}, (5.30)
The iteration procedure is continued, with the previous iteration’s deflections as an estimate,
until the deflection estimate approaches the true equilibrium configuration. As the deflection
estimate approaches the equilibrium configuration, the expression for the incremental load vector
approaches an expression of equilibrium, at which point the incremental load \{éﬁgﬂj
and, consequently, the incremental displacem{amﬁ»j approach zero. Convergence is achieved
when either incremental values are reduced to a specified small quantity defined by the error
criterion. A maximum nornerror criterion was used in this study, as described by Bergan and
Clough [48].

As mentioned previously, the thermal post-buckling analysis is sensitive to the starting
temperature and the corresponding trial solution. An initial trial solution for the thermal post-
buckling procedure, starting at the buckling temperature, can be constructed from the thermal
buckling solution. The membrane deflections, determined from equations (5.16) evaluated at
the (first) buckling temperature, are used directly. The buckling mode shape, determined from
equation (5.23), is normalized to its maximum displacement entry and to a fraction of the
structure thickness (half-thickness was found to perform well) to give the out-of-plane portion

of the initial trial solution a physically scaled value:

R S
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Convergence on the displacements due to a rather large temperature increfient)
can typically be improved by splitting the large temperature increment into a number of smaller

increments:

AT'(z,y)

(5.32)

Iteration is performed at each of the smaller temperature increments in succession until the
converged equilibrium configuration (post-buckled static solution) is achieved for the desired
temperature. The converged displacement vector at each of the smaller temperature increments
is scaled and used as a trial vector for the next temperature increment :

- T, y) = To(,y)
ot Ti_l(.??,y) - To(ﬂi,y)

{4}, = {4) (5.33)

Note that a mechanism for re-initialization of the out-of-plane displacements is necessary because
of the potential for elimination of the post-buckling deflection due to SMA recovery forces for
the cases with two buckling temperatures. A flow chart demonstrating the thermal post-buckling

solution procedure is shown in Figure 5.2.

One final remark concerns any potential cases for which convergence on a thermal buckling
solution is not possible. In such cases, a thermal post-buckling solution should be initiated
from the reference temperature and should proceed at temperature increments until a thermal
post-buckling deflection is developed. At each increment in temperature, the in-plane problem
of the buckling solution should be solved for the in-plane deflections. The in-plane deflections
will be used to form the thermal buckling eigenvalue problem. The eigenvector resulting from a
single eigen-solution would then be used, along with the in-plane deflections, to form an initial
guess for the post-buckling solution at that temperature. Once a thermal post-buckling deflection
is achieved, a refined estimate of the buckling temperature can be determined by restarting the

post-buckling solution in the vicinity of the first solution with a smaller temperature increment.
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Figure 5.2 Thermal post-buckling calculation flowchart.  (Continued) . . .
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Do j=1, maxiter

Y

Form tangent stiffness

[Ktan]; = ([K] - [Kat] + [N1] +[N2])
and incremental load vector

{3Pat}; = {Pat} - (IK] - [Kat] + 1/2[N1] + 1/3[N2]) {A},

Y

Solve for incremental displacements
{8A}; = [Ktan] ! {8PaT};
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Dynamic analysis
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Figure 5.2 Thermal post-buckling calculation flowchart.
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5.4 Analytical Validation

In the previous sections, a formulation and approach for prediction of the static stability
(thermal buckling) and large-deflection (thermal post-buckling) of SMA hybrid composite panel-
type structures was derived. The formulation and implementation will now be validated through
comparison with fundamental cases and experimental measurements. Comparisons will be made
with known solutions for the cases of a simply-supported isotropic beam, simply-supported and
clamped isotropic plates, and a simply-supported symmetrically-laminated composite plate to
benchmark the analysis. Comparisons will be made with experimental measurements for the
case of a clamped-clamped SMAHC beam to fully validate the thermomechanical model for

static response.

Note that the effects of initial stresses, initial deflections, thermal moments due to a
temperature gradient through the thickness, and bending-membrane coupling (non-symmetric
composite laminates) are not included in the analysis, although solution with such conditions
is quite tractable by the thermal post-buckling solution technique. Therefore, the thermal
buckling cases presented are true bifurcation problems and, as such, the resulting post-buckling
deflection could be positive or negative. In practice, the predicted buckling direction is typically
predetermined by the sign of the initial guess. The sense of the buckling deflection in a particular
experimental configuration is usually influenced by some combination of imperfections including
initial stresses, initial deflections, and anomalies in boundary conditions. The positive sense will
be taken in the purely numerical results to be presented and the sense will be chosen to match

the experimental behavior when comparing with experimental measurement.

5.4.1 Simply-Supported Isotropic Beam

Consider a simply-supported aluminum beam with dimensions of 0.5588x0.0254x0.0023 m

(18x1x0.090 inches) and subject to a uniform temperature increase. The material properties for
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Table 5.1 Material properties for aluminum specimens.

Young’s Modulus 68.95 GPa 10 Msi
Shear Modulus 26.55 GPa 3.85 Msi
Poisson’s Ratio 0.3

Coeff. of Thermal Exp. 22.3 puel°F 12.4uelPF

the specimen are shown in Table 5.1.

A classical solution for the critical temperature change to induce buckling can be easily
derived based upon beam-column theory, as shown by Boley and Weiner [49] for example. For

a uniform temperature distribution, the axial load is given by

Pr = AEaAT (5.34)

where A is the beam cross-sectional arda,is the Young’'s modulus, and is the thermal
expansion coefficient. Thermal buckling occurs when the axial load reaches the Euler buckling

load, defined by the familiar expression

Po = (5.35)

where A is the area moment of inertia, aridis the beam length. Thus, the critical temperature
change is found to be

72l

ATCT = 79
aAL?

(5.36)

This gives a numerical value of 1.698 for the predicted critical temperature change from
beam-column analysis as compared to 1°648r the present finite element analysis with a
36x2-element mesh. The slight discrepancy is attributable to the fact that the classical analysis

does not include transverse effects because it is a one-dimensional analysis.
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5.4.2 Simply-Supported and Clamped Isotropic Plates

A classical solution for the critical temperature change to induce buckling for an simply-
supported isotropic plate is also given by Boley and Weiner [49]. For a uniform temperature

distribution, the in-plane thermal force is given by

h

Nt = okl / AT dz = aERAT (5.37)

ST

where/ is the thickness of the plate. Thermal buckling occurs when the in-plane thermal load

reaches the reaches a critical value, given by

2 2
D
Nrer = (1 —v) <1 + Z—2> ﬂ—(]—z (5.38)

wherev is the Poisson’s ratiog and b are the panel length and width, ar is the flexural
rigidity given by

EL3
D = 20— (5.39)

Thus, the critical temperature change is given by the following expression

2

a 72D
AT, =(1— 14+ — )| —— .
( v) < + 62> o (5.40)

As an example, consider a simply-supported aluminum plate with dimensions of
0.3556x0.254x0.001 m (14x10x0.040 inches) and the material properties given in Table
5.1. The classical solution for this case gives a numerical value of IF2®8 the predicted
critical temperature change, which is matched exactly by the present finite element analysis
with a 14 x 10 element mesh.

A classical solution for the thermal post-buckling deflection of a clamped isotropic plate
was developed by Paul [50]. He used a twenty-five term series approximation in a classical

formulation with von Karman deformation assumptions. One case he analyzed consisted of
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Figure 5.3 Normalized maximum deflection versus dimensionless thermal load for a clamped,
0.102x0.102x0.001 m (4x4x0.040 inch), aluminum plate with uniform thermal load.

a clamped aluminum plate with dimensions of 0.102x0.102x0.001 m (4x4x0.040 inches) with
material properties as given in Table 5.1, except with a slightly different thermal expansion
coefficienta=22.5 1e/°C (12.5 ue/°F) and a uniform thermal load. A plot of the normalized
center deflection versus dimensionless thermal load for this case is shown in Figure 5.3. It
can be seen that the present finite element analysis is in excellent agreement with the classical

solution. The fine resolutio’va7 = 100 for the finite element results was used for presentation
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purposes only. Convergence on the solution at the final temperature was readily achieved
with only one temperature step. In fact, the solution was much more expedient albeit not
conducive to conveying information about the deflection behavior at intermediate temperatures.
The dimensionless thermal load shown as the abscissa of the plot is given by Paul as

aATa?

™

(5.41)

The range on the load from approximately 5.3 to 12 is equivalentAd a@rom zero to 15.6C

(60°F).

5.4.3 Simply-Supported Composite Plate

Meyers and Hyer [51] employed a Rayleigh-Ritz method to developed a classical solution
for the buckling temperature and the thermal post-buckling deflection of simply-supported,
symmetrically-laminated composite plates. They analyzed plates with fixed and sliding simple
supports. For example, Meyers and Hyer reported a buckling temperature 6€C2@8.4 F)
for a graphite-epoxy plate with dimensions of 0.152x0.152x0.001 m (6x6x0.040 inches), quasi-
isotropic lamination of £45/0/90}, fixed simple supports, a uniform temperature distribution,
and material properties as shown in Table 5.2. The corresponding solution from the present

finite element analysis is 206 (69.05F) with a 6 x 6-element mesh.

Table 5.2 Material properties in principal material coordinates for a graphite-epoxy lamina.

Young’s Modulus, & 155.1 GPa 22.5 Msi
Young’s Modulus, k& 8.07 GPa 1.17 Msi
Shear Modulus, & 4.55 GPa 0.66 Msi
Poisson’s Ratioy 1, 0.22

Coeff. of Thermal Exp.¢xs  -0.07 ue/°C -0.04 pel°F
Coeff. of Thermal Exp.qro  30.1ue/°C 16.7 pel’F
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Figure 5.4 Normalized maximum deflection versus normalized temperature
change for a simply-supported, 0.152x0.152x0.001 m (6x6x0.040 inch),
(x45/0/90) graphite-epoxy laminate with uniform thermal load.

Corresponding thermal post-buckling deflections predicted by the classical and finite element
analyses are shown in Figure 5.4. In this case, normalized center deflection is plotted against
normalized temperature change. Excellent agreement is achieved between the classical and finite
element analyses. Again, a fine resolutiSa = 100 was used in the finite element analysis
for presentation purposes, but more expedient calculation of the final thermal post-buckling

deflection was achieved with only one temperature step.
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Recall that both cases for which thermal post-buckling deflections were calculated are
classified as bifurcation problems. The analogous negative deflection results could be attained by
using a thermal buckling eigenvector of opposite sign in the formation of an initial trial vector.
Note that this ambiguity is of no consequence to the thermal buckling solution as it is the relative

magnitudes in the buckling eigenvector that are important.

5.5 Experimental Validation

The thermal buckling and post-buckling solutions were validated against known solutions
for conventional structures in the previous section. Attention will now turn to experimental
measurement of the thermoelastic response of a SMAHC beam. The experimental results will
be used to demonstrate some of the phenomena discussed earlier in this chapter and to validate

the formulation and solution methods for the case of a SMAHC structure.

5.5.1 Clamped SMAHC Beam

One of the SMAHC beam specimens is shown mounted in an aluminum fixture designed to
provide clamped boundary conditions for beam specimens with this geometry in Figure 5.5. The
beam has an unsupported length of 0.4572 m (18 in) within the mechanical grips. The fixture was
also designed to provide electrical connection and mechanical restraint for the Nitinol ribbon leads
protruding from the ends of the SMAHC beam specimens. The mechanical and electrical grips
are indicated in the figure by the symbols “m” and “e”, respectively. The electrical connections
are isolated from the fixture by a layer of fibrous ceramic insulation. The beam is also thermally
isolated from the fixture by a layer of this insulation on both sides. The beam is heated by DC
electrical current controlled by a thermocouple measurement located approximately on the beam
centerline and 0.0127 m (0.5 in) from the right mechanical grip, indicated in the figure by “tc”.

The thermal controller consists of a process controller (Omega model CN77353—-PV), and a DC
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SMAHC Beam

Figure 5.5 Front view of the SMAHC beam specimen mounted
in clamping fixture used for static and dynamic testing.

power supply (HP model 6652A). Thermocouples also monitor the temperature at each end of

the fixture, indicated in Figure 5.5, and one measures the ambient air temperature.

A rear view of the experimental configuration is shown in Figure 5.6, which shows the
installation of a laser displacement transducer. The laser displacement transducer (Aromat
model LM100) was attached to a three-axis optical positioning traverse, and the assembly was
mounted in the vicinity of the beam mid-span. The beam mechanical grips and the ribbon
mechanical/electrical grips were torqued to 13.56 Nem (120 inelbf). The three-axis traverse
was used to position the laser impingement position at the beam mid-span and to adjust the
laser transducer/beam surface distance to produce zero offset. Changes in beam and fixture
temperatures during the gripping process and prior to starting the thermal controller were
insignificant. The beam was heated from ambient temperature to°2R5C F) over a duration
of 5 minutes and 11 seconds, then allowed to cool naturally to ambient temperature again. The
overall duration of the test was 13 minutes and 26 seconds. Measurements of the ambient air,
right/left fixture end, and beam temperatures and the laser transducer output were recorded at

approximately 2.5 second intervals.

The beam was modeled with a 36x2 mesh of the 24 degree-of-freedom rectangular plate
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Figure 5.6 Experimental configuration for measurement of
the static thermoelastic response of a SMAHC beam specimen.

elements described in Chapter 4. This test constituted thermal cycle number four (4) on the
Nitinol ribbon in this particular beam specimen. Element properties were constructed from
the appropriate measured material properties described in Chapter 3 and given in Tables 3.5
and 3.8. Although the beam ends are held firmly within the mechanical grips, the boundary
conditions are not well approximated by perfectly clamped conditions. It will be shown in the
Experimental Validation section of Chapter 6 that it was necessary to alter the clamped boundary
conditions with torsional springs, with a spring rate of 1.98 Nem/rad (17.5 ineIbf/rad), applied to
the longitudinal-slope degrees of freedom to match the fundamental natural frequency. It will
be assumed that the boundary conditions for the thermal post-buckling solution are essentially
the same as that for the dynamic analysis. In previous experiments, the temperature distribution
generated under these conditions was measured with an infrared thermal imaging camera. It was
found that the temperature distribution was remarkably uniform along the unsupported length of

the beam. Therefore, the thermal load was modeled as a uniform temperature distribution.

A comparison between the measured and predicted thermal post-buckling deflection (nor-

malized to the beam thickness) at the beam mid-span is shown in Figure 5.7. Note that the
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measured deflection does exhibit the first part of the complex thermoelasitic behavior described
earlier in this chapter; buckling at a temperature beldyy achieving a maximum deflection
where the Nitinol recovery stress starts to dominate, and returns to a flat configuration for the
remainder of the test. The reason that a second instance of buckling is not exhibited is that the
volume fraction of Nitinol is high enough in this case to drive the predicted second buckling

temperature well beyond the glass-transition temperature for the matrix material.
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Figure 5.7 Measured and predicted thermal post-buckling deflection
(normalized to the beam thickness) at the mid-span of the SMAHC beam.
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The predicted post-buckling behavior is in excellent qualitative agreement with the experi-
mental measurement. The main differences between the predicted and measured responses are
the slope of the curve from initial buckling to the maximum deflection point, the magnitude of
the maximum deflection, and the temperature at which the post-buckling deflection is returned to
zero. These discrepancies are attributable to the fact that these systems are extremely sensitive
to a multitude of factors including initial deflection, initial stress, boundary conditions, etc. For
example, initial deflection in the physical beam is the reason for the more gradual growth of
thermal deflection in the experimental results. The discrepancies in peak deflection and deflection

elimination temperature are attributable to boundary conditions.

Note that the in-plane boundary conditions are modeled as immovable. Recall that in the
physical system the beam continues through the mechanical grips and the Nitinol leads are
terminated beyond that in the electrical grips. Only the ribbon/matrix interface supports the
recovery force within the mechanical grip area. The main restraint for the Nitinol is the
mechanical termination at the electrical grips. Thus, the compliance of the entire support
structure, from one electrical grip to the other, needs to be considered. It was found that
the layer of electrical insulation between the electrical and mechanical grips was the cause for
the discrepancies. A compression test was performed on the insulating material and the modulus
was found to be less than 137.9 MPa (20 ksi). While the exact stiffness of the boundary would
be difficult to quantify, there is no doubt that strain in the insulation is partially relieving the
recovery stress and causing a diminished stiffening effect in the physical system. Changes
in the model to reflect the compliant in-plane boundaries would move the predicted buckling
temperature, peak deflection, and deflection elimination temperature to better agreement with

experimental measurement.

In this chapter, the static stability of a structure described by the governing equations

developed in the previous chapter was analyzed and solution procedures were developed to
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predict the thermal buckling and post-buckling behavior of SMAHC structures. The formulation
and procedures were validated against known solutions prior to attempting correlation with
experiment. Experimental results from a SMAHC beam specimen confirm complex thermoelastic
behavior that was predicted by the model. Excellent agreement was achieved between prediction
and experimental measurement and reasons for existing discrepancies were discussed. A similar
approach will be taken in the next chapter, where the dynamic response performance of a

SMAHC beam will be demonstrated and compared with numerical prediction.
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Chapter 6
Dynamic Response

The analytical techniques and computational methods used to solve the equations governing
the dynamic response of SMA hybrid composite panel-type structures subjected to mechanical
and thermal loads are treated in this chapter. The thermal load is assumed to be steady-state
and uniform through the thickness of the structure, ile.= 7'(x,y). Mechanical loads are
assumed to consist of surface pressure, concentrated forces, and inertial (base acceleration)
loads. Continuous and discrete frequency domain analyses are presented. Validation of the
analyses with known solutions for fundamental cases and with experimental results for several

cases including a SMA hybrid composite beam are presented.

6.1 Equations of Motion

The equations of motion for the system described above were derived in Chapter 4, equation

(4.109), and can be rewritten in the compact form
[MI{A} + [K]{A} = {P(D)} + {F (1)} — [MI{T,} (6.1)

where[ K| is the stiffness matrix for the flat or buckled/deflected structure. For a flat (unbuckled)

structure

[K] = [K] — [Ka7] + [N1] unbuckled
(6.2)
[K] = [Kian] = [K] — [Ka7] + [N1] + [N2] buckled

Note that the only nonzero entries V1] for the unbuckled case are due [t§1;] resulting

from the in-plane displacements, see equation (5.16), and the stiffness matrix for the thermally
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buckled structure is precisely the converged tangent stiffness matrix from the thermal post-

buckling solution. For a thermally buckled/deflected structure

(K] = (K] — [K nyp) + [N1] + [N2]) (6.3)

where the nonlinear stiffness matricg€1] and [N2] are evaluated using the thermally buck-
led/deflected displacementst},. Although it is not necessary, the three dynamic load vectors
will be considered separately for clarity in the dynamic response solution and because practical

experimental configurations dictate separate loading cases.
6.1.1 Acoustic Excitation

Recall the form for the surface pressure excitation load vector from equation (4.57)

rin = {0 64

The bending components for the system are assembled from the element contributions given in
equations (4.56), which can be rewritten as

{m®}=/M&mﬂMM&W}W% (6.5)

AS

wherep(¢, n, t) is the spatial and temporal description of the pressikg,(¢,n)} is the vector
of out-of-plane interpolation functions¢, ) are the coordinates in the plane of the structure,
and A, is the area of the element.
In this study, it is assumed that the surface pressure is generated by acoustic excitation. Then
the pressure loading on the structure consists of the incident pressure, the reflected pressure, and

the transmitted pressure as shown schematically in Figure 6.1:

p(&m,t) = pal&myt) +pe(&my 1) — P& m, 1) (6.6)

The pressure loading may also be written as the sum oblihekedpressure and theadiated

pressure, as suggested by Roussos [52]. The blocked pressure is the pressure on the incident side
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Figure 6.1 Schematic of acoustically excited panel.

when the structure is considered rigid, i.g,(¢,n,t) = 2 p;(&,n,t), and the radiated pressure

is that due to structure motion only. The acoustic radiation problem can be solved subsequent
to the forced response solution by assuming that the radiated pressure is negligible compared to
the blocked pressure. This assumption results in inaccurate predictions only at frequencies near
the panel fundamental resonance. Thus, the load védtgr)} is formed using the blocked
pressure (&, n,t) = pp(é,n,t) = 2pi(&,n, 1)) and the transmitted pressure (pressure radiated

to the free field) can be determined from the resulting structural motion, without the need for

a fully coupled analysis.

Furthermore, it is assumed in this study that the acoustic pressure excitation consists of
obliquely incident plane waves of arbitrary temporal variation. Then, the general form for the
acoustic pressure along the direction of propagation given by a Cartesian coordimegethe
form

pi(&m,t) = p(t — s/c)
(6.7)
wheren is a unit normal aligned with the direction of propagation in the coordinate system

designated byf. So, the incident pressure (i.e..= 0) can be described by

pi(€,m, 1) = p(t — Esinb; cos ¢pifc — nsin b sin ¢;/c) (6.8)
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whered; and ¢; are the polar and azimuthal angles of incidence, respectively.

The incident pressure is modeled by nodal pressures because of the spatial discretization of
the finite element approach. Then, the blocked pressure element load vector in equation (6.5)
becomes

{pp(1)} = /2 {Lw(&,n)}p(t — Esinb;cos ¢p;j/c —nsinb;sin ¢;/c) dAe (6.9)

Ae
A more simple form for non-normal blocked acoustic pressure loading will be developed in the

discrete spectral response section. In the case of normal acoustic pressure excitation, equation

6.9 simplifies to the following

(m(1)) = / 2 (Lo(€.n)}plt) dA,
A,
= {7 }p(1)

So, the acoustic load vector for the entire system is assembled from element contributions given

(6.10)

in either of the latter two equations. The system load vector for the normal acoustic excitation

case takes a simple form

{1Ps(t)} = {T}p(t) (6.11)
6.1.2 Concentrated Force Excitation

The concentrated force load vector from equation (4.57) has an analogous form as follows

(F(t)} = {Fbo(t)} (6.12)

The out-of-plane displacement (bending) components for the system are assembled from the
element contributions given in equations (4.56), which can be rewritten as
ny
U0 = Y [ 20 80 — (ot} da. (6.13)

i=1 3
where f](t) is the temporal description of the concentrated force{s)} — {¢},) is a spatial

Dirac delta function, and ; is the number of forces within the element area. Note that the

concentrated forces can be arbitrarily correlated.
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It is assumed that the concentrated force(s) are applied at nodal locations in the model.
Otherwise, the effect of the concentrated force would be distributed to nodes of the element
containing the force, which is an undesirable effect. Evaluation of the element area integral
in equation (6.13) simplifies the form for the element contributions to the concentrated force

load vector:

{HD} = IO L&)}
i=1 (6.14)

ny
= {nlifit)
i=1
Assembly of the element contributions in the system concentrated load vector simply positions
each concentrated force at a location in the system load vector corresponding to the associated
out-of-plane degree of freedom. Then, the resulting concentrated load vector for the entire

system can be written as follows

{F()} = {f'(1)} (6.15)
where the only nonzero components{ifi(#)} correspond to forced nodal locations.
6.1.3 Inertial Excitation

The inertial loading can be expressed in an analogous load vector form from equation (4.57):

(G} = {G%(”} . [Agb Mom] {Ugo(t)} (6.16)

The out-of-plane displacement components for the system are assembled from the element

contributions:

{oo(t)} = —lmapl{iy(1)}
= —[my[{1}iiy(1) (6.17)

= {’Vb}ﬁg(t)

where {1} is a vector with unit entries and,(¢) is the temporal description of the spatially

uniform base acceleration. So, the system inertial load vector can be written as follows

{G(t)} = {T}iy(1) (6.18)
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Solutions to the system of equations given in equation (6.1) can be sought using physical
or modal degrees of freedom. The modal approach has the advantage of vastly improved
computational speed without significant loss in accuracy in many cases. The modal approach
is also quite useful, particularly when comparing with experimental measurements, as powerful
tools such as experimental modal analysis can be used for incremental validation of the analytical

model. The modal approach will be used in this study and is discussed briefly here.

6.2 Eigen-solution and Modal Coordinates

Natural frequencies, and mode shapess,} of the vibration about static equilibrium can

be obtained from the dynamic eigenvalue problem

wiM{ér} = [K]{¢r} (6.19)

A set of uncoupled modal equations with reduced degrees of freedom can thus be obtained from

equation (6.1) as

[1){G(t)} + [2¢rwr [ {a(t)} + [w?]{a(t)} = {£(1)} (6.20)

wherer = 1,2,..., Ny, the delimiters[| indicate a diagonal matrix, anf/| is the identity
matrix, and¢, is the modal critical damping ratio. The modal force vectdtt)} is given by

one of the following expressions as the time dependent loads are considered separately

(rt)y = ¢ {p(t)} acoustic pressure excitation
=[] {T}p(t) normal acoustic pressure
(6.21)
rmy =" { ()} concentrated force excitation
(1)} =[] {T}iig(1) inertial/base excitation

The physical degrees of freedom can be recovered from the truncated modal transformation:

Nq
(A} =D {s}ar(t) = [8l{a(t)} Ny < Nioy (6.22)
r=1

130



where[¢] is the modal matrix)V, is the number of modes retained, aNg, ; is the total number

of degrees of freedom.

The modal response, solution to the modal equations of motion (6.20 ), can be determined by
time domain or frequency domain analysis. In either case, a continuous or discrete approach can
be employed. In this study, dynamic analysis is done in the frequency domain through continuous
and discrete techniques. The continuous frequency domain approach is included mainly for
demonstrative and comparative purposes. The discrete frequency domain approach employed
in this study is the main spectral solution tool because of the ability to handle complicated

frequency distributions in a straightforward manner.

6.3 Continuous Spectral Analysis — Random Response

The time response of the modal coordinates can be obtained from the convolution

(Duhamel’s) integral

t t—to

(1) = / (bt — ) {f(r)} dr = / () {f(t — 7))} dr (6.23)

to 0

where[h(t)] is a diagonal matrix of impulse response functions &fi¢t)} is the modal force
vector. The modal response correlation maifix,(t1,2)] can be formed from the following

expected value

t —1g ta—1o

El{g(t)Ha(t2)}'] = / / [h(ro)) ELLF (0 = m)Hf (b2 = 72)} | [h(72)] dridry (6.24)

0 0

where the expected value in the integrand is the correlation matrix of the excitation
[Cff(tl — 71,19 — 7’2)] .
The correlation matrix foistationary excitationbecomes a function of the time difference

only and will be denoted as follows

E[{f(t — m)H flta — )} ] = [Crp(ta —t1+ 71— )] (6.25)
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For a load with spectral density; ¢(«w) or G ¢ ¢( f), the Wiener-Khinchine relations for stationary

random processes gives

[Cff(tz —t1 47— 7-2)} — [Sff(w)] plwl(ta—titri—m) g
(6.26)

[Grp(perrtemttn=n) g

=3 é\g

where G yp(f) = 4xSyp(w) for w = 2xf (f > 0). The modal response correlation matrix,

equation (6.24), then becomes

(0.0] tl —to t2 —to

(Cagltr, 12)] = / / (b)) 7 dry [Sp ()] 1) / () = dry dos
! 0 (6.27)

= / [H*(w, 1)) [Spp(w)] [H(w, 12) | e du

— 00

where [H(w, t)] is a diagonal matrix of transient frequency response functions.

For stationary responselet t{y — —oo and H(w, t) — H(w) so the modal displacement

correlation matrix becomes

o0

[Cyq(7)] = / [H*(w)] [Syp(w)] [H(w)] e dw (6.28)
wherer = ¢ — t; and
Hr(w) = ! (629)

wi — w? + 2 wrw
is a stationary frequency response function. Assuming mean-square differentiability, Correlations
of the modal velocity and acceleration responses can be determined by assuming mean-square

differentiability:

o0

Caar = [ T ) [Sy5()] [H(o) e d (6:30)

— 00

and

o0

[Cig(T)] = / W [H*(w)] [Sff(w)] [H(w)] T dw (6.31)

— 00
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where the relations?- = —4 and ;2 = - have been employed. The three modal response

correlation matrices can be written in the following concise form.

o0

((Coa( )] [Caal)), [Cia(r)]) = / GORD [ ()] [Sy4w)] [Hw)] 7 do (6.32)

— 0
Note that an arbitrary elemeft, s) of the modal response correlation matrices has the following
form

(Elar(D)gs(t + 7)1, Blar(t)ds(t + 7)), Elgr(8)gs(t + 7)]) = ElCq4.(7), Cjpg.(7), Cgp(7)]

= / ORI I (W) Hy(w) S (w)e™  duw

— 00
o0

- / (2 ) O F2 () HL )G )2 df

— 00

(6.33)

Recall the expression for the modal force vecf¢ft)} for each load type from equations

(6.21). Then, the modal force vector correlation and spectral density matrices become
[Cr)] = 18] [Cp(Mlle] = [Sppw)] =[] [Spplw)lle]
(Crs) =16 [Crp(r)]le] = [Spp@)] = (8] [Spp(w)]le]

[Cre(r)] = O] T} Cayir, (TY (8] = [Spp(@)] = [6] AT} S, i, (@) (T} [4]
(6.34)

for acoustic pressure, concentrated force, and base acceleration excitation, respectively. For the

case of normal acoustic pressure, the corresponding relations above reduce to

[Crp(r)] = [T (T (8] = [Spp(w)] = (6] {T}Sp(w){T} [6]  (6.35)

The main simplification in these expressions is the presence of a single auto-correlation/power-
spectral-density function rather than a covariance/spectral-density matrix describing the spatial
variation of the acoustic load. Note that for the cases of normal acoustic, single concentrated

force, or base acceleration excitation, the spectral density function in the integrand of equation
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(6.33) is the same for all elemenis s) of the modal response correlation matrices:

o0

(Bl (D)ga(t+)], Bl (st 47)], i (1)ia(t47)]) = / 020 F2 () () S (0) ™7 o

— 0

- / @ )Y H ) G D™ df
0
(6.36)
Examples of the evaluation of these integrals for determination of the dynamic response quantities

are given in Appendix F.

The responses in the physical coordinates can be recovered from the modal expansion,

equation (6.22), i.e.,

[Can(r)] = [0)[Cog(T)][6]" (6.37)

Thus, the physical coordinate displacement, velocity, and acceleration correlation matrices

become
(1Caa(] [Caa)]s [Caa(M)]) = / WD) H* ()] [Sy7()] [H(w)] [6] €T duo

(6.38)

6.4 Discrete Spectral Analysis

A discrete spectral analysis approach will now be formulated as an alternative to the
continuous approach because continuous approaches are limited to rather simple loading cases,
which are not very realistic for practical applications and not easily generated in an experimental
situation. In practice, there is always a finite amount of data. Thus, one would employ a Finite
Fourier Transform to a sampled time history as observed through a time window. Furthermore,
for discretely sampled time data, a Discrete Fourier Transform (DFT) can be used to estimate
the Finite Fourier Transforms, etc. A particularly efficient means of performing a DFT is known

as the Fast Fourier Transform (FFT). Of greater importance is that most experimental data is
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processed via the FFT. A means of using experimentally measured data has obvious beneficial
implications.
A discrete spectral analysis can be employed by assuming that the modal force vector, and

thus the modal response, can be written as the sum of harmonic functions:

N,—1 X '
()= D {fuye! (6.39)
n=0
and
N,—1 '
()} = > {dnye™" (6.40)
n=0

whereN,, is the number of discrete frequencies in the transformation{dp}l and{g.} are the
complex spectral amplitude vectors, one for each frequency (see Doyle [53]). Recall the modal

expansion for the physical coordinate response from equation (6.22):
No—l
{A@)) = Y {Au}e™!

n=0
e (6.41)

= 3 [6Hda}e !

n=0
Substitution of equations (6.39) and (6.40) into the modal equations of motion, equation (6.20),

gives
No—1

D (—wr[T] +iwa 26w, ] + [wi]){gn}e™t = Z{fn}f’“”" (6.42)

n=0
This relation can be written for any one of the discrete frequen%eas

([—wi] + [i26wrwn] + [wi] ) {dn} = {fn} (6.43)

This relation is simply a set of uncoupled algebraic equations for the modal displacement spectral

amplitudes. Thus, the modal displacement spectral amplitude vector becomes

{Gn} = [H(wn)]{/n} (6.44)

where the[ H(w, )] is a diagonal matrix of frequency response functions given by

1

w% - wvzz + iQCTwrwn

HT(Wn) = (645)
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Recall the expression for the incident acoustic pressure in equation (6.8). In this discrete

spectral analysis, the incident pressure is written as a sum of harmonic components:

pi(&,m, 1) = p(t — € sin b; cos ¢; — nsin O sin ¢;)
No.—1
_ E b ei(w,,,t—k,,fsin@,; cos ¢; —ky 7 sin §; sin ;) (646)
n

n=0

wherek, = w,/c is the acoustic wave number. Then, the blocked pressure element load vector

from equation (6.9) becomes

I S E RN
L (6.47)

No—
= Z ’Vbn}pn ot

wherer, = ky,sinf;cos ¢; and X, = k, sin d;sin ¢; and {~;,,} contains the integrated spatial
correlation information of the incident acoustic pressure. The assembled system load vector due

to acoustic excitation would be written as

-1
(Py(1)} = Z (T} pue™ (6.48)

The modal force vector is related to the mechanical excitation load vectors from the Galerkin
weighted average of the modal system (modal system diagonalization), equation (6.21):
PO =11 0} = {fa) =8 {Tu}iu
Oy ="{rey = (hr=er'i (6.49)
{F0) = [ {Dhig(t) = {fa} = [¢] {T}itgn
wherep,,, f,,;, andi, are the complex spectral amplitudes of the acoustic pressure, concentrated
force, and base acceleration, respectively. Note that, in contrast to the acoustic pressure modal
force spectral density matrix in the continuous spectral analysis, the expression for the modal
force spectral amplitude due to acoustic pressure is valid for any angles of incidence.
If the excitation is deterministic, the dynamic response solution in terms of modal dis-

placement, velocity, and acceleration time responses can be computed by an inverse FFT from
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equations (6.40) and (6.44):

Lah L AG ) = 7 () O I TH(W){ fa e (6.50)

where the modal force spectral amplitude has one of the forms given in equations (6.49). Then

the responses in physical coordinates follow from equation (6.41):
. . Nw_l A .
(TAL LAY LAY ) = Y (o) " D8I Hw){ fude! (6.51)
n=0
However, for stochastic excitation, a statistical approach must be used. Additionally, dynamic
response cross-correlation quantities are of interest for the acoustic radiation discussion to follow

in the next chapter. Therefore, the necessary relations for stochastic dynamic response will be

developed next.

The modal displacement response correlation matrix can be formed from equation (6.40) as

the following expected value

[Cyq(tr,12)] = E[{q(tn}{q(tz)}T]
1Nl (6.52)

=SS i e

m=0 n=0
Substituting from equation (6.44) gives

N,—1N,—1

[Coq(trt)l = > > [H (wm) | B[ fp H fa} 1 H (wn) | e Crt2momt) (6.53)

whereE[{f*1{f.}T] is a generalized spectral matrix. Note that if the excitation is deterministic,
the ensemble average indicated by the expected value in equation (6.53) is not necessary. If the

excitation is stochastic, the necessary ensemble averages can be performed ahead of time.

For a stationary process, the expected value of the excitation complex spectral amplitudes

takes a special form [54]

B H )T = B H )} 16mn (6.54)
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whereé.., is the Kronecker delta. Then, the stationary modal displacement correlation matrix

results
N,—1

[Coe() = Y EH{GEHan) e (6.55)

n=0

wherer = ty — ¢;. The stationary modal velocity and acceleration correlation matrices follow

from the relations;2- = —&£ and ;2 = &L as
Na-1
(Cigr)] = Y waBl{as ) 1
o (6.56)

[Ca(r)) =Y wrBHasHan) e
n=0

The full expressions can be written in the following concise form for convenience

N,—1
(Cqq(P [Cig(r) () = Y ol [H wu) ) EL L Fa Y TV T H ()| €07
;f_‘)l (6.57)
= N LPITH wn) 16 pwn)] [ H (wn) | €07
n=0

where appropriate quantities from equations (6.49) are employed to evaluate the single-sided,

stationary modal force spectral matri&’ s ;(w,)| for circular frequencyw,:

(G rp(wn)] = [6) {0555 pul{ T} [0) acoustic pressure
(G rp(wn)] = (8L ) concentrated forces (6.58)
(G p(wn)] = [6] {0 }ah, dgn{Tn} [4] base acceleration

Again, the responses in physical coordinates are obtained from the modal expansion

N,—1

(ICaaN [Caa] [Caam]) = Y DU TH (wn)) [Grplwn)] TH(wa) | [6] e
" (6.59)
These expressions for the modal and physical coordinate response correlation matrices are the
discrete analogs to those given in equations (6.32) and (6.38). The modal/physical response
mean-square values (variances) are determined from the diagonal elements of the corresponding

correlation matrices in the above equations with= 0.
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In general, the full expressions in equation (6.57)/(6.59) must be used for calculation of
the modal/physical responses. However, significant computational savings can be realized
by recognizing a simplification for an excitation class. Note that for the cases of a single
concentrated force or multiple contemporaneous forces of the same amplitude, the expression

for the single-sided, stationary spectral matrix can be simplified:

(G pp(wn)] = [ T AT} o) (6.60)
So, the general form for the spectral matrix for acoustic pressure, single or multiple equivalent

concentrated forces, or base acceleration can be written as
[Grpeon)] = [ AT }GATL Y [4] (6.61)
Substituting into equation (6.59) for the physical coordinate correlation matrices results in
N, -1
(ICaa(r), [Caa(r)], [Caa(r]) = D wl VIl H (wn)) (8] (T3 G
n=0
{0} (][ H (wn) | [6] 7

N,—1
= 3 WP H () HH A (wa)} e
" (6.62)
where
(HY (wn)} = [G][H (wn)][8] {T51g" V2 (6.63)

is the conjugated physical frequency response vector to the excitation amplitude determined by

9¢ = /263, (6.64)
at any discrete frequenay,.
It is clear that calculation of these physical response correlation matrices has been reduced

to calculation of a frequency response vector. Mean-square () physical responses are

determined from

N,—1
(o2} = 3 WiV |{Hy ()} (6.65)
n=0

139



pi(t) f'(t)
A 2>
} Ug(t) } ig(t)

Figure 6.2 Schematic of simply-supported beam subject to planar
acoustic, concentrated force, and base acceleration excitation.

Any excitation that can be put into the form given in equation (6.61) can take advantage of this
efficient means of response calculation. Examples of excitations not satisfying this requirement
include temporally random planar acoustic waves wighdom incidenceturbulent boundary

layer loading, multiple non-contemporaneous concentrated forces, etc.

In the previous sections, forms for the time-dependent load vectors in equation (6.1)
were derived and a modal approach for continuous and discrete frequency domain analysis
of the vibration response of panel-type structures subjected to those loads was developed.
The formulation and implementation will now be validated through comparison with classical

solutions and experimental measurements in the next two sections.

6.5 Analytical Validation

In this section, comparisons will be made with classical analysis for the cases of a simply-
supported aluminum beam and a simply-supported aluminum panel to benchmark the analysis.
All three dynamic, mechanical loads are considered; acoustic pressure, inertial, and concentrated

force. Both the continuous and discrete frequency domain approaches are employed.

6.5.1 Simply-Supported Aluminum Beam

Consider a simply-supported aluminum beam shown schematically in Figure 6.2 with

dimensions of 0.4572x0.0254x0.0023 m (18x1x0.090 inches). The material properties for
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the specimen are given in Table 6.1. It is assumed that the various loads are mutually exclusive,
and results will be presented as such. Results for continuous and discrete spectral analysis from
the present formulation will be presented. A classical solution for the random response of this

structure subjected to each of the loads was derived for comparison.

Table 6.1 Material properties for aluminum specimens.

Young’s Modulus 68.95 GPa 10 Msi

Shear Modulus 26.55 GPa 3.85 Msi
Poisson’s Ratio 0.3

Mass Density 2.767e+3 kg/m 2.588e-4 Ibf &/in*

Coeff. of Thermal Exp. 22.3 uel°C 12.4uel°F

The natural frequencies from the classical solution are governed by the equation

27 fn = wp = (nﬂ')zw 7554 (6.66)

wherem is the mass per unit length amds the length of the beam. The beam was modeled by

a finite element mesh of 36x2 elements. A comparison of the natural frequencies as predicted
by the classical analysis and the finite element analysis are shown in Table 6.2. Excellent
agreement between the two solutions is apparent.

Table 6.2 Comparison of aluminum 0.4572x0.0254x0.0023 m (18x1x0.090 inch)
simply-supported beam modal frequencies as predicted by classical and finite element analyses.

Mode Number Classical, Hz FEM, Hz
1 24.76 24.76
2 99.04 99.11
3 222.84 223.20
4 396.15 397.20

The three excitation types are each modeled by white noise with spectral amplitudes which

give consistent loading. For example, a 1g RMS loading over a 10-500 Hz bandwidth is
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Table 6.3 Comparison of mid—span RMS responses for an aluminum 0.4572x0.0254x0.0023 m
(18x1x0.090 inch) simply-supported beam as predicted by classical and finite element analyses.

Analysis RMS Displ. (in) RMS Vel. (in/s) RMS Accel.
m in m/s in/s m/< in/s?
Base Acceleration
Classical 7.26e-4 0.0286 0.1138 4.482 — —
FE Continuous| 7.21e-4 0.0284 0.1135 4.469 — —
FE Discrete 7.21e-4 0.0284 0.1135 4.469 26.52 1044
Acoustic Pressure
Classical 7.26e-4 0.0286 0.1138 4.482 — —
FE Continuous| 7.21e-4 0.0284 0.1135 4.469 — —
FE Discrete 7.21e-4 0.0284 0.1135 4.469 26.52 1044
Concentrated Force
Classical 5.74e-4 0.0226 0.1068 4.205 — —
FE Continuous| 5.69e-4 0.0224 0.1063 4.184 — —
FE Discrete 5.69e-4 0.0224 0.1063 4,184 83.64 3293

considered to be a representative inertial loading. This overall load corresponds to a spectral
level of 0.1966 (m/4)2/Hz (304.704 (in/)?/Hz). One can arrive at an equivalent surface pressure
excitation by equating the product of the acceleration level and mass of the beam, which results
in a load of 0.721 N (0.162 Ibf), with the product of the unknown surface pressure level and the
surface area of the beam. The resulting equivalent acoustic pressure excitation has an overall
value of 62.1 Pa (0.009 psi) RMS or a spectral level of 7.859HPa(1.65307e-7 (pstjHz) over

a 10-500 Hz bandwidth. Similarly, a concentrated force of 0.721 N (0.162 Ibf) RMS or a spectral
level of 1.0596e—3 RIHz (5.35595e-5 IBTHZz) over 10-500 Hz gives a consistent load when
applied to the beam at mid-span. To make things more interesting, however, the concentrated
force was applied at node 71 of 111 nodes with coordinates of (15, 0.5) inches. Comparisons of
the classical and finite element predictions of the RMS mid-span responses are shown in Table
6.3. A value of 0.02 was used in all cases for the modal critical damping ratio to desensitize the

solutions to frequency resolution. The classical and FE continuous spectral analysis predictions
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were obtained using the assumption of white noise excitation with a summation over the first four
modes. FE discrete spectral analysis predictions were obtained with a 10-500 Hz band-limited
white noise model, a 0.5 Hz frequency resolution, and summation over the first four modes. The

classical and finite element solutions are in excellent agreement in all cases.
6.5.2 Simply-Supported Aluminum Panel

Consider a simply-supported aluminum panel shown schematically in Figure 6.3 with
dimensions of 0.3556x0.254x0.001 m (14x10x0.040 inches). The material properties for the
specimen are the same as those given in Table 6.1 for the beam case. Again, it is assumed that
the various loads are mutually exclusive. A classical solution for the random response of this

structure subjected to each of the loads was derived for comparison.

Figure 6.3 Schematic of simply-supported panel subjected to planar
acoustic, concentrated force, and base acceleration excitation.

The natural frequencies from the classical solution are governed by the equation

st == 2(2)"+ ()] oo
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wherep is the mass per unit area,andb are the panel length and width, afdis the flexural
rigidity given by

ER?
D=—_—"" _ .
12(1 — 2 (6.68)

The panel was modeled by a finite element mesh of 14x10 elements. A comparison of the natural
frequencies as predicted by the classical analysis and the finite element analysis are shown in

Table 6.4. Negligible discrepancy exists between the two solutions.

Table 6.4 Comparison of aluminum 0.3556x0.254x0.001 m (14x10x0.040 inch)
simply-supported panel modal frequencies as predicted by classical and finite element analyses.

Mode Number x-index y-index Classical, Hz FEM, Hz
1 1 1 56.4 56.4
2 2 1 113.7 113.7
3 1 2 168.6 168.6
4 3 1 209.0 209.0
5 2 2 225.8 225.8
6 3 2 321.1 321.2
7 4 1 342.5 342.6
8 1 3 355.4 355.6
9 2 3 412.7 412.8
10 4 2 454.6 454.8

The inertial excitation level used in the previous example will also be used in this case, i.e.,
1g RMS or 0.1966 (mf3%/Hz (304.704 (in/é)?/Hz) over a 10-500 Hz bandwidth. The overall
load of this inertial excitation is 2.49 N (0.56 Ibf). The equivalent surface pressure excitation
for this case is 27.58 Pa (0.004 psi) RMS or a spectral level of 1.5524HP43.265327¢e-8
(psi¥/Hz) over a 10-500 Hz bandwidth. Finally, a concentrated force of 2.49 N (0.56 Ibf) RMS
or a spectral level of 12.66e—3Mz (6.4000409e—4 IBfHz) over 10-500 Hz is applied at node
116 of 165 nodes with coordinates of x=0.254, y=0.178 m (x=10, y=7 inches). Comparisons of

the classical and finite element predictions of RMS center-point responses are shown in Table

144



6.5. A value of 0.02 was used in all cases for the modal critical damping ratio. The classical
and FE continuous spectral analysis predictions were obtained using the assumption of band-
unlimited white noise with a summation over the first ten modes. FE discrete spectral analysis
predictions were obtained with a 10-500 Hz band-limited white noise model, a 0.5 Hz frequency
resolution, and summation over the first ten modes. It is clear that excellent comparisons are

achieved in all cases.

Table 6.5 Comparison of center-point RMS responses for an aluminum 0.3556x0.254x0.001 m
(14x10x0.040 inch) simply-supported panel as predicted by classical and finite element analyses.

Analysis RMS Displ. RMS Vel. RMS Accel.
m in m/s in/s m/s? in/s®

Base Acceleration
Classical 2.692e-3 0.0106 0.098 3.845 — —
FE Continuous| 2.692e-3 0.0106 0.098 3.845 — —
FE Discrete 2.692e-3 0.0106 0.098 3.844 49.96 1967
Acoustic Pressure
Classical 2.692e-3 0.0106 0.098 3.845 — —
FE Continuous| 2.692e-3 0.0106 0.098 3.845 — —
FE Discrete 2.692e-3 0.0106 0.098 3.844 49.96 1967
Concentrated Force

Classical 4.216e-4 0.0166 0.157 6.167 — —
FE Continuous| 4.216e-4 0.0166 0.157 6.167 — —
FE Discrete 4.216e-4 0.0166 0.157 6.167 92.63 3647

Comparisons of the displacement power spectral densities PSDs at the coordinates x=0.102,
y=0.076 m (x=4, y=3 inches) predicted by the classical and finite element analyses for the three
load cases above are presented in Figures 6.4—6.6. In all cases, the classical and finite element
PSDs are indistinguishable. Note the presence of the non-symmetric modes in the concentrated
force response case. PSDs for a random acoustic pressure case with angles of ingidé@tte (
¢i=45’) are shown in Figure 6.7. This case further demonstrates the excitation of the non-
symmetric modes and will be useful for reference in Chapter 7.
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Figure 6.4 Classical and finite element displacement response PSDs at x=0.102,

y= 0.076 m (x=4, y=3 inches) versus frequency for inertial loading case.
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Figure 6.5 Classical and finite element displacement response PSDs at x=0.102, y= 0.076
m (x=4, y=3 inches) versus frequency for normal acoustic pressure loading case.
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Figure 6.6 Classical and finite element displacement response PSDs at x=0.102, y=
0.076 m (x=4, y=3 inches) versus frequency for concentrated force loading case.
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Figure 6.7 Classical and finite element displacement response PSDs at x=0.102, y= 0.076 m
(x=4, y=3 inches) versus frequency =60, ;=45 acoustic pressure loading case.
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It is physically intuitive as to which mechanical loads will excite the non-symmetric modes.
However, some observations about the numerical modeling of such loads is worth mentioning
here. In the discussion that follows, attention is limited to the vector and matrix components
associated with the out-of-plane degrees of freedom only as all other components of the flexural

eigenvectors are zero.

In general, a non-symmetric mode will not be excited by any excitation for which the

corresponding mode shape is orthogonal with respect to the excitation spectral density matrix:

{6} [G(w){); =0 (6.69)

Normal acoustic pressure and inertial loading are special cases of this situation as they result in
a real, uniform (full with all entries identical) excitation spectral density matrix. Obviously, the
product of any antisymmetric modal vector transpose and a uniform matrix is the null vector
transpose. The resulting modal force spectral density matrix is sparse with nonzero entries only

at indices corresponding to the symmetric modes.

A concentrated force excitation is modeled by a null spectral density matrix with the
exception of a single nonzero entry located by the index of the degree of freedom at the point
of force application. The product of any modal vector with this matrix is nonzero except for
the case when the nonzero matrix index corresponds to a zero in the modal vector. Hence, all
modes are excited except those for which the point of force application falls on a nodal line.
In this case, the modal force spectral density matrix is real and full, only the modes with nodal
lines containing the point of force application are omitted.

Obliquely incident acoustic pressure excitation gives a complex, full but non-uniform spectral
density matrix. The product of any modal vector with this matrix is nonzero except for cases
when the angles of incidence direct the propagating pressure along an axis of the structure. In

this special case, portions of the excitation spectral density matrix are uniform and these portions
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have indices corresponding to the antisymmetric nature of even-odd mode9;&66., ¢i=0°

does not excite the *,2 modes). So, with the exception of the modes excluded due to the latter
situation, the modal force spectral density matrix is complex and full. One final note should be
made regarding the extent to which the antisymmetric modes are excited. Modes occurring at
lower frequencies are excited more weakly by excitations of this type because the wavelength
of the propagating pressure may be long relative to the extent of the structure. This causes the
incident pressure to appear to be close to uniform. This is exemplified in the case presented in
Figure 6.7, where the pressure wavelengths range from 34.29 to 0.686 m (112.5 to 2.25 feet)
at 10 Hz and 500 Hz, respectively. In this case, all antisymmetric modes are excited weakly

as is evident in the figure.

The finite element analysis has been shown to produce very accurate results in comparison
with classical analysis for all three loading types for simply-supported beam and panel structures.
Now, attention will be turned to experimental configurations for validation of the analytical tool

with experimental measurement.

6.6 Experimental Validation

Comparisons will be made with experimental measurements for the cases of a clamped-
clamped aluminum beam, a clamped-clamped glass-epoxy beam to assess model accuracy incre-
mentally, prior to making comparisons with measurements from a clamped-clamped SMAHC
beam. Results will be shown for the SMAHC beam at several temperatures indicative of various
states in the beam thermomechanical response. Finally, comparisons will be made for the case

of a fully-clamped aluminum panel as an introduction to the next chapter.

All of the experimental beam vibration results presented in this study result from base
acceleration (inertial) excitation. A picture of the overall apparatus is shown in Figure 6.8.

The shaker system consists of a large electromechanical shaker configured horizontally and
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attached to a magnesium slip table, which oscillates in a horizontal plane during operation. The
specimen is mounted in the fixture with a vertical orientation to the width-direction in order to
avoid complications due to gravity. The excitation acceleration is measured by accelerometers
(PCB model T352M92) placed at each end of the specimen fixture. The normal velocity and
acceleration responses of the beam are measured with a laser Doppler velocimeter (Ometron,
VPI) and accelerometers (Endevco model 2250A-10). It is obvious that the beam response
transducers measure the absolute motion of the beam specimens (including the base motion).
Most structural dynamic prediction tools, in fact all of those used in this study, are formulated
to provide relative motion response for such configurations. Therefore, it is imperative that
experimental procedures allow for the removal of the base motion contributions. The importance
is not so much for comparison of response amplitude as the base motion is typically much less

than that of the flexible structure, but for comparison of frequency response or response spectra.

Figure 6.8 Overall configuration for base acceleration tests on beam specimens.

To allow the most flexibility in the procedure of base motion removal, a redundant accelerom-
eter was attached to each end of the support fixture and connected to signal conditioning with
hardware integration. The redundant reference accelerometer signals were integrated once to

result in velocity measurements for subtraction from the laser vibrometer output. Subsequently,
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the base motion can be removed from the acceleration or velocity responses in either the time
domain, by simple subtraction, or in the frequency domain as follows. This discussion will
focus on the accelerometer measurements, but it equally valid for any response quantity. The

relative acceleration can be written as
a=as—ay (6.70)

where the specimen and fixture accelerations have been denatgdilya, . For stationary

stochastic response, the covariance can be obtained from the following expectation

Ela(t)a(t —7)] = E[(as(t) — af(t)> (as(t —7)—ays(t— T))] (6.71)

This can be written in the frequency domain as

qbaa(“) = ¢asaﬁ (w) - ¢asaf (W) - ¢afas (W) + ¢afaf (w) (672)

where the¢ are power and cross spectral density functions. Thus, it is clear that frequency
domain measurements (i.e., spectral matrix) can be post-processed to obtain the relative motion
spectra. In this study, the time data was collected and post-processed to remove the base motion

and generate relative response spectra.
6.6.1 Clamped Aluminum Beam

A picture of the apparatus for the clamped-clamped aluminum beam configuration is shown
in Figure 6.9. The fixture is the same as that described in Chapter 5, but the electrical connection
blocks and electrical/thermal insulation layers have been removed. The overall beam dimensions
are 0.5588x0.0254x0.0023 m (22x1x0.09 inches) with an unsupported length of 0.4572 m (18
inches). The overall beam mass was measured to be 89.79e-3 kg (0.198 Ibf). The elastic

properties of the material were also measured and are given in Table 6.6.

The beam was excited by random base acceleration over a 20-400 Hz bandwidth with a

RMS value of 0.25 g. The beam response was measured by the laser vibrometer and two
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Figure 6.9 Aluminum beam specimen mounted in base acceleration test configuration.

Table 6.6 Material properties for aluminum beam specimen in dynamic response test.

Young’s Modulus 74.47 GPa 10.8 Msi
Shear Modulus 27.99 GPa 4.06 Msi
Poisson’s Ratio 0.33
Density 2.767e+3 kg/m 2.588e-4 Ibfes/ifi
Mode Number Modal Critical Damping Ratio
1 0.0025
2 0.001
3 0.00086

accelerometers at locations 0.10 m (4 inches) and 0.25 m (10 inches) from right grip, indicated

by position numbers 1 and 2 in Figure 6.9. Time records with an overall length of 200 seconds

were collected with a sampling rate of 1024 Hz to allow 50—frame averages with a bandwidth

of 0-400 Hz and a frequency resolution of 0.25 Hz. The time data were post-processed to

construct relative response quantities, frequency response functions between the beam response

transducers and the fixture transducers, and power spectral densities (PSDs) of the acceleration

input and relative beam responses.

The beam was modeled with a 36x2 mesh of the 24 degree-of-freedom rectangular plate

elements described in Chapter 4. Modal damping estimates from measured frequency response

functions, see Table 6.6, were used in the predictions. The beam grips were torqued to 13.56
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Nem (120 inelbf), which gave a measured fundamental frequency of 55.5 Hz. The fundamental
frequency with perfectly clamped boundaries was predicted to be 58.4 Hz. The boundary
conditions were modeled as clamped with the exception of torsional springs, with a spring
rate of 113 Nem/rad (1000 inelbf/rad) applied to the longitudinal-slope degrees of freedom to
match the fundamental frequency. Only two symmetric modes were expected in the excitation
bandwidth, but a total of 10 modes was used in the predictions to account for the residual effects
of the higher order modes. A uniform modal critical damping ratio of 0.1% was used for modes
4-10. The influence of the accelerometers was modeled as lumped maBsb=8 kg, 2.283e-6
Ibfes?/in%) at appropriate nodes. The input acceleration PSDs, as measured by one of the control

accelerometers, was taken as input for the predictions.

Comparisons of predicted and measured displacement PSDs for measurement locations 1
and 2 are shown in Figures 6.10 and 6.11. Note that the “measured” displacement PSDs were
generated by integrating the acceleration responses in the frequency domain. It can be seen that
excellent agreement is achieved, except in overall RMS response level. The discrepancy in RMS
level is due to the fact that the damping is so light in this case that the frequency resolution of
0.25 Hz is insufficient to adequately capture the peak values in the FRFs or spectra. Of course,
the spectral analysis conserves the total response energy by spill-over into adjacent frequency
bins. This spill-over results in slightly broader response peaks with lower amplitude. Curve
fitting techniques for estimation of modal parameters misinterpret this as higher damping values.
The main culprit in this case is the damping value at the fundamental frequency, where the
response peak is extremely sharp. A damping value of approximately 0.1% would probably be
more representative of the actual damping value in the first mode because it is consistent with
that at mode 3. With this change in damping, the displacement response RMS values at the two
measurement locations are 1.24e-4 m and 2.54e-4 m, respectively, in nearly perfect agreement

with measurement.
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Figure 6.10 Measured and predicted displacement PSD
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Table 6.7 Material properties for glass—epoxy beam specimen in dynamic response test.

E1 49.30 GPa 7.15 Msi
E 20.00 GPa 2.90 Msi
Gi2 9.65 GPa 1.40 Msi
V12 0.29 0.29
P 2.031e+3 kg/m 0.19e-3 Ibfes/ift
Mode Number Modal Critical Damping Ratio
0.0055
2 0.005
3 0.0048
4 0.005

6.6.2 Clamped Glass-Epoxy Beam

The performance of the FE analysis will now be tested against a baseline composite beam.
A glass-epoxy beam with dimensions of 0.5588x0.0254x0.0018 m (22x1x0.072 inches) with an
unsupported length of 0.4572 m (18 inches) was tested in the same experimental configuration as
that for the aluminum beam. The overall beam mass was measured to be 53.9e-3 kg (0.119 Ibf).
The elastic properties of the material system were described in Chapter 3. The material properties
at ambient temperature were used to generate the predicted responses. Those properties are

reiterated in Table 6.7 for convenience.

The beam excitation and data acquisition configuration was the same as that for the aluminum
beam with the exception of the excitation bandwidth, which was changed to 10-400 Hz because
of the lower fundamental frequency in this case. The overall excitation level of 0.25 gRMS was
maintained. The measurement locations will again be referred to as positions 1 and 2. Time data
were collected and post-processed to construct relative response quantities, frequency response
functions between the beam response transducers and the fixture transducers, and power spectral

densities (PSDs) of the acceleration input and relative beam responses.
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An analogous FE model was also developed for this case. Modal damping values were
estimated from the measured frequency response functions, see Table 6.7, and used in the
predictions. In this case, a torque of 13.56 Nem (120 inelbf) on the beam grips resulted in
a measured fundamental frequency of 33.5 Hz. The fundamental frequency with perfectly
clamped boundaries was predicted to be 35 Hz. Torsional springs with a rate of 19.21 Nem/rad
(170 inelbf/rad) were applied to match the fundamental frequency. Again, the input acceleration
PSDs, as measured by one of the control accelerometers, were taken as input for the predictions.

Predicted and measured displacement PSDs for measurement locations 1 and 2 are shown
in Figures 6.12 and 6.13. Again, excellent agreement is achieved, including the RMS response
levels. There is a slight over-prediction of the second symmetric modal frequency, but the
comparison is within experimental uncertainty.

The dynamic analysis has been validated by comparison with the measured response of
conventional structures. Attention will now turn to demonstration of the dynamic response
performance of a SMAHC beam specimen and validation of the formulation by comparison of

the measured and predicted responses.
6.6.3 Clamped SMAHC Beam

The SMAHC beam specimen mounted in the support fixture and configured for base
acceleration testing is shown in Figure 6.14. The configuration is essentially the same as
that described in the Experimental Validation section of Chapter 5. The beam is supported
by the mechanical grips indicated in the figure by “m”. The grips designated as “e” are
electrical connections for the Nitinol leads, but also provide mechanical restraint. The electrical
connections are isolated from the fixture by a layer of fibrous ceramic insulation. The beam is also
thermally isolated from the fixture by a layer of this insulation on both sides. The beam is heated
by DC electrical current controlled by a thermocouple measurement located approximately on

the beam centerline and 0.0127 m (0.5 in) from the right mechanical grip, indicated in the figure
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Figure 6.12 Measured and predicted displacement PSD comparison
for position 1 on the glass-epoxy beamyf€0.25 Hz).
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SMAHC Beam

Figure 6.14 Front view of the SMAHC beam specimen
mounted in clamping fixture for dynamic testing.

by “tc”. The thermal controller consists of a process controller (Omega model CN77353-PV),
and a DC power supply (HP model 6652A). Thermocouples also monitor the temperature at

each end of the fixture, indicated in Figure 6.14, and one measures the ambient air temperature.

A rear view of the beam/fixture assembly is given in Figure 6.15, which shows additional
detail on the dynamic experimental setup. The placement of the control thermocouple is more
apparent in this view as is the presence of the electrical/thermal insulation. The base acceleration
excitation was controlled with the average of the two control accelerometers. The “integrated
accelerometers” were utilized in the calculation of relative velocity response from the laser
vibrometer data, as described previously. The positions of the two response accelerometers
are consistent with the descriptions of the previous tests and are again designated by position

numbers 1 and 2.

The beam was excited by random base acceleration over a 10-400 Hz bandwidth with a
RMS value of 0.25 g. Time records with an overall length of 200 seconds were collected with
a sampling rate of 1024 Hz to allow 50—frame averages with a bandwidth of 0—400 Hz and
a frequency resolution of 0.25 Hz. The time data were post-processed to construct relative

response quantities, frequency response functions between the beam response transducers and
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Figure 6.15 Rear view of the SMAHC beam specimen
mounted in clamping fixture for dynamic testing.

the fixture transducers, and power spectral densities (PSDs) of the acceleration input and relative
beam responses. Dynamic data were collected at ambient and at elevated temperatures from
32.22C (9CF) to 121.13C (250F) in 5.56C (1C0°F) increments. The beam mechanical and
ribbon electrical grips were torqued to 13.56 Nem (120 inelbf) just prior to dynamic excitation

to minimize effects of changing environmental conditions. The fixture temperature increased by
approximately 2.22C (4°F) during the course of data collection, which was in almost direct
proportion to the increase in ambient air temperature.

First, some general observations will be made concerning the experimental behavior and
results. Because of the material system characteristics and test configuration, the beam exhibited
a thermal post-buckling deflection over range of temperatures, as described in detail in Chapter
5. The beam exhibited some interesting dynamic behavior (such as intermittent snap-through)
within this temperature range, particularly at the point of loss of stability in the flat configuration
and then at the point of regaining stability in the flat configuration, as expected. No attempt will
be made to predict the dynamic behavior within this range, although it is possible with the present
analysis for the portions where the dynamic response is geometrically linear about a nonlinear
static deflection. Although the beam was returned to a flat configuration at approximately
54.42C (130F), the presented results will focus on higher temperatures. The forced vibration

amplitude was visually noticeable in the inactive state (ambient temperature), but was virtually
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Table 6.8 Summary of RMS measured displacements at position 2

on the SMAHC beam and modal parameters versus temperature.

Temp.,°C RMS Displ., m f1, Hz (1, % f3, Hz (3, %
23 0.322e-3 26.4 0.89 160.3 0.95
60 0.15e-3 83.1 0.10 279.3 0.45

65.56 0.11e-3 94.4 0.13 309.4

71.11 0.05e-3 107.0 0.50 342.7 0.16
76.67 0.063e-3 118.3 0.19 372.5 0.28
82.22 0.068e-3 126.7 0.15 — —
87.78 0.063e-3 130.9 0.14 — —
93.33 0.062e-3 134.0 0.14 — —
98.89 0.066e-3 136.0 0.11 — —
104.4 0.067e-3 137.6 0.11 — —
110.0 0.073e-3 139.2 0.10 — —
115.6 0.072e-3 138.7 0.10 — —
121.1 0.067e-3 140.0 0.09 — —

undetectable at temperatures above 7ICI0L6CF). No evidence of delamination or other flaws
were detected subsequent to testing, despite the large thermal post-buckling deflection and rather

high temperature developed during the tests.

Other observations can be made from a summary of RMS displacement responses and modal
parameter estimates shown as a function of temperature in Table 6.8. Temperatures for which the
beam was buckled are excluded from the table. The RMS displacements correspond to location
2 and were calculated in the frequency domain from the corresponding accelerometer PSDs. It
can be seen that, although a majority of the stiffening effect was achieved at approximately
93.33C (200F), performance remains good far beyond that temperature with a maximum
increase in the fundamental frequency of 430% at 12C1P5CF). The variation of the modal
frequencies with temperature is more easily seen in Figure 6.16. There, it can be seen that the

fundamental frequency starts to reach an asymptotic value at approximately @333 F)
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and mode three escapes the excitation bandwidth at temperatures aboV&€8222F). Note

the peculiar changes in the mode—1 damping near 7C.{16CF). This effect is reflected in the
measured displacement response RMS values and can be seen in Figure 6.17, which shows the
measured displacement response PSD at ambient and three elevated temperatures. The four PSDs
correspond to the filled symbols in Figure 6.16. It can be seen that the maximum attenuation in
the RMS displacement response is achieved at 7C.X160F), where there is maximum peak
response reduction due to higher damping, although the stiffening effect continues to increase at
higher temperatures. One possible explanation is that there may be an optimal state né@r 71.11
(16CF) where there is adequate austenite and dynamic stress and low enough temperature to
allow enhanced damping by stress induced martensitic (SIM) transformation hysteresis. At
higher temperatures, the dynamic stresses are insufficient to drive the SIM transformation as it

becomes increasingly difficult to induce.

Recall that the beam dimensions are 0.5588x0.0254x0.0019 m (22x1x0.078 in) with a
lamination of (45/@m4{-45/90).. Five ribbon widths are embedded within eachl&yer. Each
ribbon has a cross section of 2.29e-3x1.52e-4 m (0.09x0.006 inches). This configuration was
modeled as a Nitinol volume fraction of 0.5538 in thel@yers, for an overall volume fraction
of 13.8%. The mass densities of the glass-epoxy and Nitinol ribbon (prestrained 4%) were
found to be 0.19e-3 Ibféén* and 0.5349e-3 Ibf%in®. With the beam/ribbon dimensions, the
trimmed ribbon length of 0.66 m (26 inches) and the measured mass densities, the calculated
mass of the beam is 75.5e-3 kg (0.166 Ibf). This is within 1% of the measured overall mass
of the SMAHC beam, which was found to be 74.92e-3 kg (0.165 Ibf). The thermomechanical
properties of the constituent materials were described in Chapter 3 and are given in Tables 3.5
and 3.8. Recall that the composite cure cycle constitutes thermal cycle number one (1) on the

Nitinol ribbon. This was the first test of the SMAHC beam specimen, which corresponds to
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thermal cycle number two (2). The appropriate recovery stress data from Table 3.8 were used

in the model to predict the dynamic response.

The element properties for a 32x2-element-mesh model of this beam were evaluated as a
function of temperature from these material properties. Modal damping estimates were taken
from the experimental data in Table 6.8. A total of ten modes was used in the predictions in all
cases to account for residual effects. The damping was assumed to be 0.1% on all antisymmetric
modes and modes out of bandwidth. In this case, the torque of 13.56 Nem (120 ineIbf) on the
beam grips resulted in a measured fundamental frequency of 26.4 Hz at ambient temperature.
The fundamental frequency with perfectly clamped boundaries was predicted to be 37.6 Hz.
The boundary conditions in this test are not as close to clamped conditions as in the previous
tests because of the insertion of the thermal insulating material between the beam and grip
surfaces. Torsional springs with a rate of 1.98 Nem/rad (17.5 ineIbf/rad) were applied to match
the fundamental frequency. The influence of the accelerometers was modeled as lumped masses
(-0.4e-3 kg, 2.283e-6 Ibfésn?) at appropriate nodes. Again, the input acceleration PSDs, as

measured by one of the control accelerometers, was taken as input for the predictions.

Measured and predicted displacement PSDs for measurement location 2 on the SMAHC
beam at four temperatures are shown in Figures 6.18-6.21. The figures show results for
ambient temperature, 7100 (16CF), 93.33C (200F) and 121.1C (25CF), respectively,
and are representative of the comparisons at all temperatures. The correlation at ambient
temperature is excellent with less than 9% difference between measured (3.23 mRMS, 0.0127
iNRMS) and predicted (2.96 mRMS, 0.0116 inRMS) RMS response level. The comparisons at
elevated temperature show some discrepancy, but are in excellent qualitative agreement. The
predicted responses consistently show slightly higher modal frequencies and lower RMS levels

than the corresponding experimental measurements. This trend is due to an over-prediction of
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the recovery force stiffening effect and is attributable to boundary condition modeling issues
described in the Experimental Validation section of Chapter 5.

Recall from that discussion that the in-plane boundaries of the physical system are somewhat
compliant due to the layer of insulation between the mechanical and electrical grips. The
boundary compliance partially relieved the recovery stress and resulted in a reduced stiffening
effect. This effect was captured in the model by applying axial springs with a spring rate of
1.97e+6 N/m (11,250 Ibf/in) to the in-plane degrees of freedom at the mechanical grips. The
effect of fixture expansion with temperature was also modeled by applying appropriate enforced
displacements at the beam ends. New predicted responses were made with these changes. The
measured and predicted displacement PSDs for measurement location 2 on the SMAHC beam
are shown in Figures 6.22-6.25. Excellent agreement is achieved between the predicted and

measured responses at all temperatures.

The formulation and solution procedures have now been fully exercised and validated against
a variety of experimental results, most importantly with the static and dynamic response of a
SMAHC beam. Further work was done to validate the acoustic radiation model. Experimental
validation was attempted for the case of a clamped aluminum panel. Dynamic responses of the
panel due to acoustic excitation were measured during the acoustic radiation tests and validation

of the dynamic response prediction capability for this case will be discussed in the next section.

6.6.4 Clamped Aluminum Panel

Experiments were conducted to measure the structural-acoustic response of an aluminum
panel subject to broadband, normal acoustic excitation. The experiments were performed in the
Transmission Loss Apparatus (TLA) at NASA Langley Research Center, shown schematically
in Figure 6.26. The results of the experiments were reported by Turner and Rizzi [55], but are
briefly reiterated here. Vibration results are reported in this chapter and acoustic radiation results

are reported in the Experimental Validation section of Chapter 7.

173



l

10° |- — — — — Prediction, 23.3°C -

H

o
o
o

Displacement PSD, m°/Hz
o o

Measurement, 23.3°C

100 200

Frequency, Hz

Figure 6.22 Measured and predicted displacement PSD comparison for
the SMAHC beam at ambient temperature with boundary effekts@.25 Hz).

174



=
Q
o

Measurement, 71.1°C
— — — — Prediction, 71.1°C -

|
Q
©
|

H

o
o
o

Displacement PSD, m°/Hz
o o

10‘18lllllllllllllllllllllllllllllllllll

100 200 300 400
Frequency, Hz

Figure 6.23 Measured and predicted displacement PSD comparison for
the SMAHC beam at 71°C with boundary effects (186, Af=0.25 Hz).
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Figure 6.24 Measured and predicted displacement PSD comparison for
the SMAHC beam at 93°€ with boundary effects (206, Af=0.25 Hz).
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Figure 6.25 Measured and predicted displacement PSD comparison for the
SMAHC beam at 121°C with boundary effects (286, Af=0.25 Hz).
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Figure 6.26 Transmission loss apparatus schematic.

The panel was installed in a picture-frame-type clamping fixture such that the unsupported
dimensions were 0.305x0.178x1.02e—3 m xX¥Z0.040 inches). The entire assembly was
mounted in the TLA partition baffle and subjected to normal-incidence, acoustic excitation
provided by a speaker positioned approximately 0.914 m (36 inches) from the panel. The
speaker was driven by a random signal, band-limited to a frequency range of 100-500 Hz. A
centered 185 inch grid of 11 by 6 locations (total of 66 locations) was defined on the panel
surface for vibration response measurements. Power spectra of the panel normal velocity at these

locations were acquired with the laser vibrometer and a spectrum analyzer.

The incident acoustic pressure was measured at several locations in the plane of the panel,
with the panel and clamping fixture removed from the baffle, under identical source conditions
to that of the response measurements. These source measurements were collected to assess the
uniformity of the incident pressure across the panel and to provide input for the computational
procedure. The overall sound pressure level in the plane of the panel at the opening center was

approximately 109 dB (ref 2@Pa, 2.9E-9 psi).

A 12x7-element mesh of the 24 degree-of-freedom rectangular plate elements was used to

178



model the structure. Torsional boundary springs of 15.82 Nem/rad (140 ineIbf/rad) were employed

to match the fundamental measured frequency. The source pressure spectrum obtained in the
plane of the panel at the center of the baffle hole, when the panel and fixture were removed, was
doubled and used as the blocked pressure input to determine the predicted panel response and
acoustic radiation. The predicted results were generated using the following material properties

for aluminum: E=10 Msi»=0.33, andp=2.5756e—4 Ibf ¥in*.

The power spectral density of the pressure incident upon the panel is shown in Figure 6.27.
Comparisons of the predicted and measured panel normal velocity are shown in Figures 6.28
and 6.29 for two measurement locations; near the panel center and in the lower-right quadrant.
The measurement location coordinates indicated in the figure are relative to the panel's lower
left corner. The agreement is excellent with the exception of the appearance of additional peaks
in the measured spectra. These peaks are attributable to the first and second non-symmetric
modes of the panel. A number of factors could cause this type of phenomenon. The most likely
culprit is the acoustic loading, but the source measurements indicated that the acoustic load was
very nearly uniform and normal. Furthermore, it is expected that antisymmetric modes would
be excited very weakly by acoustic pressure loading anomalies as previously discussed in the
simply-supported aluminum panel section. It was later found that the panel was prestressed
during fixturing, and it is believed that this is the reason for the significant antisymmetric modal

response.
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The dynamic load models and spectral analysis method used in this study was presented in
this chapter. The formulation and procedures were validated against known solutions prior
to attempting correlation with experiment. The analysis was incrementally validated with
experimental measurements for the cases of inertially loaded beams including an aluminum
beam, a glass-epoxy beam and a SMAHC beam. Experimental results from the SMAHC beam
specimen show enormous control authority over the resonance frequencies and RMS response
level. Excellent agreement was achieved between prediction and experimental measurement, and
reasons for existing discrepancies were discussed. The chapter is concluded with comparisons
of the measured and predicted responses of a fully-clamped aluminum panel in preparation for

acoustic radiation analysis and validation, which will be presented in the next chapter.
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Chapter 7
Acoustic Radiation

The equations derived in Chapter 4 governing the static and dynamic response of panel-
type SMA hybrid composite structures subjected to thermal and mechanical loads are applicable
to a variety of geometric configurations and arbitragtural boundary conditions. However,
acoustic radiation and transmission loss analyses are only practical for panel-type structures
with constraints around the entire perimeter of the structure. Furthermore, it is assumed that the
structure is supported in such a way that flanking paths for the propagation of acoustic energy are
prohibited, i.e., acoustic energy can only be transmitted by the flexible structure. Thus, consider
a rectangular composite panel supported in an infinite rigid baffle (infinitely stiff/massive wall)
separating two semi-infinite acoustic media. This configuration is typically simulated in practice
by atransmission los$acility, shown schematically in Figure 6.26. Acoustic radiation analysis
will be limited to the cases of acoustic pressure or concentrated force excitation sautive
side of the panel. The panel radiates acoustic pressures teddi@ingacoustic field due to its
dynamic response. The equations governing acoustic radiation responses under these conditions

will be developed in this chapter using continuous and discrete frequency domain approaches.

Consider a panel supported in an infinite rigid baffle and radiating to a semi-infinite acoustic
field, shown schematically in Figure 7.1. The acoustic pressure radiated by the panel to a point

(z,y,2) in the acoustic field can be related to the dynamic response of the panel through the
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Figure 7.1 Schematic of a panel radiating to a semi-infinite acoustic field.

use of Rayleigh’s integral [56]:

P

pi(x,y, 2z, 1) = / 2—w<§, n,t— g) dA (7.2)

Tr
A

wherey is the fluid density;o is the out-of-plane acceleration response of the pgnahd» are
spatial coordinates in the plane of the pamdk the distance froni¢, ) on the plate td«, y, 2)
in the acoustic field¢ is the acoustic wave speed;- Z is the retarded time between the two
points, andA is the surface area of the panel. The subsaripidicates transmitted pressure to

be consistent with the nomenclature in Chapter 6.

7.1 Continuous Spectral Analysis

The cross-correlation of the radiated pressure can be formed from the following expected

Cpp(*fvtlvflth):E[ ( LY, = 7t1 pt( 7y7~ t2>]

- () [ [ letenn - Da(ern 2 arar 02

A A
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where the expected value expression in the integrand is the cross-correlation function of the
plate normal acceleratioﬁw(f, motr — 28yt — T—?) r1 is the distance fronf¢, n) on the
structure ta¥ = (z,y, 2) in the acoustic field, and; is the distance froni¢’, ) on the structure

to 7 = (2,4, ') in the acoustic field. For stationary response, the time lag can be defined as
7 =1y — {1 so that; t2 W = % and the assumption of mean-square differentiability allows
equation (7.2) to be rewritten in the form

Cplrnzatd 7 = (D) [ [ L Lvulen et ) aaar @3
A A

wherer’ = 7 4+ B2, Because the plate normal deflection cross-correlation function is related

to the cross spectral density function through the Wiener-Khinchine relation

Coww(&n, 0 7)) = / Swwl&m, € w) €T do (7.4)
— o0
and the response is stationary, the following expression can be derived
RL T -
ﬁwa(f,n,fl,nl,H) = /w45ww<§,n,fl,nl,w> T dw (7.5)

Substituting in equation (7.3) results in the following expression for the cross-correlation of the

radiated pressure.

C ! ! ! ! — // / ww wr’ d dA dAI 7 6
pp<$79727$7y7277'> 27 11 5775 77 w) W (7.6)
A A
Recall that the displacement field of the panel is known on the elemental level due to the

finite element spatial discretization, shown in equation (4.5):

we(€,m) & { L&, )} {ap} (7.7)

where {L,({,7)} is the vector of out-of-plane interpolation functions afig} is the out-of-
plane displacement vector, both for elemeniThen, the displacement cross-correlation function

between portions of the plate belonging to elemeémsd; can be approximated by
Catul&m) ~ {Lul& )} B [{an}ifan}] [{Lu(€ 1)}, (7.8)
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whereE[{ab}i{ab}f] = [C’C’;{L] is the physical displacement correlation matrix between elements
¢ andj. Consequently, the panel area integrals in equation (7.6) can be replaced by a double

sum over element area integrals to obtain

e.¢]

Cpp = % ZZ//—{L fn}ZT/w (S ()] deo{ Ly (€, 0')}; dA; dA;

==ty a
(7.9)

where N, is the number of elements. It follows that the mean square 0) radiated pressure

at the point(x, y,z) in the acoustic field has the form

pi(z,y, 2) = 27r wl&m! / (S (w)]e™ ™= duw
1=1 g _lA A'
{Lo(¢,n") }j dA; dA;
(7.10)
where
n= -0 -t 2 (7.11)
and
ry = \/(x — &) 4 (y— ) + 22 (7.12)

are distances from the same point in the acoustic field to different points on the panel and
(r1 — r})/c is the zero-time-lag retarded time difference (the difference in the time it takes for

an acoustic disturbance to travel frag n) to (z,y, z) versus(¢', n') to (x, y, 2)).

Note that the spectral density matrix of the physical displacement response in the integrand

of the spectral integral in equation (7.10):

o0

/ TS ()] du (7.13)

is a subset of the system physical displacement spectral density matrix. The form for the system

matrix is inferred from equation (6.38)
[Saa(@)] =[G H* ()] [Spp(w)] [H(w)|Te] (7.14)
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where[¢] is the modal matrix,| H(w)]| is a diagonal matrix of stationary frequency response
functions, and the modal force spectral density matrix is given by the appropriate form in
equations (6.34). So, an arbitrary elemént, n) of the spectral integrand in equation (7.10)

requires evaluation of an improper integral of the form

o0

/ WUHE (1) Ha(2) 5™ ()™

— 00

7‘—7‘

dw (7.15)

where the frequency response functidis,(w) are given by equation (6.29). Note that these
integrals have the same form as those required for determining modal correlation functions of
the structure’s acceleration response for nonzero timegtag 0), shown in equation (6.36).

Refer to Appendix F for sample cases of the evaluation of these integrals.

The element area integrals in equation (7.10) can be evaluated via Gauss-Legendre numerical
integration, which precludes the necessity for simplifications to the integrand. However, in the
discussions to follow, it will be useful to introduce acoustic far-field assumptions. See Kinsler
et al. [57] for a general description of these assumptions and Appendix D for details of this

particular implementation. These assumptions entail making the approximations

1

1 1
— & — — 7.16
71 R R ( )

1
—
1

and

P (& =)k (0 —n)A
e ( ‘ >%ew% (7.17)

where R is the distance from the center of the panel to the poiny, =) in the acoustic field,

K = sinfcos ¢, andA = sinfsin ¢ (see Figure 7.1).
Equation (7.10) can be rewritten for the acoustic far-field as

pih 0.9 = (375 ZZ//{L (& }?/ 1578 ()] e L

== (7.18)

{Lu(€0)}, dAi dA
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The out-of-plane interpolation functions, (¢, n) are defined in terms of element local coordi-
nates in equation (4.4). Therefore, the complex exponential function in the integrand of equation
(7.18) must be separated into two components; one is constant for each element index pair

the other must be included in the integration over the element areas in local coordinates. The
element area integrations can be performed numerically, via Gauss-Legendre numerical integra-
tion (see Appendix B), but significant improvements in computational efficiency can be realized
by performing the integrations in closed form (see Appendix C). Other acoustic quantities, such
as acoustic intensity and total radiated power, can be related to the mean square ﬁe'ﬂ;sure

equation (7.18), shown in Appendix E.
7.2 Discrete Spectral Analysis

Recall the relationship between the radiated acoustic pressure at a(pojnt) in the
acoustic free-field and the dynamic response of the panel as described by Rayleigh’s integral
in equation (7.1). The physical degrees of freedom are known on an elemental basis from

equation (4.5)

we(€,m, 1) 7 { L&)} {ag) (7.19)

where{L,({,n)} is a vector of out-of-plane interpolation functions afid,} is the vector of
out-of-plane degrees of freedom. So, the area integral in the expression for the radiated acoustic

pressure, equation (7.1), can be rewritten as the sum of element area integrals:
p Ak 1 r
T .
plesnst) = 23 [ Hraen! {an(t- 1) }aa, (7.20)
™ —1 r C 1
1= A,

where N, is the number of elements antl is the element area.

A discrete spectral analysis can be employed by writing the panel dynamic response and

radiated acoustic pressure as a sum of harmonic functions given by
V23 (e -2)
t— )L — i e n (=2 7.21
{ar(t-1)} > (im)e (7.21)
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and
No—1

pt(xvyvzvt) = Z ﬁ‘n(xvyvz)eiwnt (722)

n=0

whereN,, is the number of discrete frequencies d#agl, } andp,, are complex spectral amplitudes
of the out-of-plane nodal displacement response and radiated acoustic pressure, respectively.
Substitution of equations (7.21) and (7.22) in Rayleigh’s integral, equation (7.20), results in

N,—1 N. N,—-1

37 pule,y,2)ent = _£2/%{Lw(5,n)}}{ ST W)y e aa, (7.23)

n=0 k:lAk n=0

This expression can be written for any one of the discrete frequencies as

Polz,y,2) = —— / —{Lo(&, )T wi{agn}y e 70 dA, (7.24)
k_ Ak

If the excitation is deterministic, the expression for the radiated pressure complex spectral
amplitudes can be used in an inverse FFT, equation (7.22), to determine the radiated pressure
time response:

N,—1 N,

ezt = =22 3 z/

n=0 k=1

ﬁ|}—\

w(&,n }k w {abn}k e T T d Ay et (7.25)

The vector{a;, }; is an element-k subset of the physical displacement spectral amplitude vector

given by equations (6.41) and (6.59):

However, for stochastic excitation, a statistical approach must be used.

The cross-correlation function of the radiated acoustic pressure can be formulated from

equation (7.22) through the following expectation

Cp])(xv yvzvtlv 7y y % t2> = Z Z E[ﬁ;ﬁn]ei(wnb_wmn) (727)



The cross-correlation function can be expressed in terms of the panel dynamic response by

substituting from equation (7.24) as

(& n)} Z A B lnn 7]

e_wm(tl_%)ewn(tz—%) {Lo(€.0)}, dAy, dA;
(7.28)

wherer; is the distance fromi¢,n) on the panel tor = (z,y, z) in the acoustic field and.
is the distance from¢’,7’) on the panel toi’ = (2/,4',2') in the acoustic field. The term
El{a},}, {abn} contains the elemerit and/ components of the generalized spectral matrix
of the physical coordinate displacement response.
Recall that the expected value of the spectral amplitudes takes a special form for stationary

response, so the generalized spectral matrix simplifies to

where é,,,, is the Kronecker delta. Then, the stationary radiated pressure cross-correlation

function resultsC'y, (71, t1, #2,12) — Cpp(Z1, T2, 7), Which can be written as

N,—1
Cop(#1,32,7) = > E[prpuleTH ) (7.30)
n=0

wherer = t, — t; is the time lag. This expression can be further simplified for zero time lag
(r = 0), which should not be confused with zero retarded time lag. Thus, the mean square

radiated acoustic pressure at a pointy, z) in the acoustic field becomes
__ p 2 N. N 1 T
2 — (L
pt(x,y,z) - <2ﬂ_> ZZ//rlrll {Lw(fﬂ?)}k
! (7.31)
3wt e T L, (¢ ) ) dAd Ay

n=0

wherer; andr| are distances from the same point{, =) in the acoustic field to different points

on the panel(r; — r})/c is the retarded time difference, and*! (., )] contains the element
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k and! entries of the single-sided, stationary, physical displacement spectral fdatrixcw, )]

inferred from equation (6.59):

[Gan(wn)] = [SI[H (wn)] [Grp(wn)] [H(wn)] [6]" (7.32)

Although the following discussion is analogous to that for acoustic radiation using the
continuous spectral approach, a brief description will be reiterated here for convenience and
because the resulting relations are slightly different for the discrete spectral analysis. The element
area integrals can be evaluated via Gauss-Legendre numerical integration, which precludes the
necessity for acoustic far-field approximations. However, in the discussions to follow, it will
be useful to introduce acoustic far-field assumptions for acoustic intensity calculations. See

Appendix D for a detailed discussion. These assumptions entail making the approximations

1 1 1 1
o N5 E N5 (7.33)
and
gt - (¢ =K+ (n"—n)a
g BT (S (7.34)

where R is the distance from the panel center to the pdinty,z) in the acoustic field,

K = sinf cos ¢, and A = sin 6 sin ¢, shown in Figure 7.1.

The mean square radiated acoustic pressure can be written for the acoustic far-field as

A= (,2) S5 [ [ttt
Ay Al

k=1 1=1
. (7.35)

& P )L i) ; ,
an[Gaa(wn)]e " ¢ {Lw<€777>}1 dAy, dAl

n=0

Note that the interpolation functions,,(¢,n) are usually known in terms of element local
coordinates. Therefore, the complex exponential function in the integrand of equation (7.35)
must be separated into two components: one is constant for each element indgx Paihe

other must be included in the integration over the element areas in local coordinates. The element
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area integrations can be performed numerically, via Gauss-Legendre numerical integration (see
Appendix B), but significant improvements in computational efficiency can be realized by
performing the integrations in closed form (see Appendix C). Other acoustic quantities, such
as the acoustic intensity and total radiated power, can be related to the mean square pressure in

equation (7.35), shown in Appendix E.

In general, the expression in equation (7.35) must be used to calculate the far-field mean
square acoustic pressure radiated by a panel. However, recall the simplifications presented,
starting with equation (6.61), for the excitation class which includes acoustic pressure, single
or multiple equivalent concentrated forces, and base acceleration. A general expression for the
single-sided, physical displacement spectral matrix at discrete circular frequgnsyinferred

from equation (6.62):

(G aa(wn)] = {H (wn) HHA(wn)} (7.36)

Substituting into the expression for the far-field mean square pressure and changing the order

of the summations results in
N _

_ g Notd Ne  eKamA
0.0 = (525) 30 [hateon e aa i o),
=0 kzlAk

Ne

o SEAn'A
St (Haen )] [(Lal€ e =0 (237
lzl Al

- (52) X o
27 R ‘ i
where

Ne
n =Y wn{Ha(wn)}; {p(wn)) (7.38)
=1

and{x(w,)} contains the integrated shape functions with the complex exponential. It is obvious
that the double element sum has been rendered a single element sum for excitations of this
type. Enormous computational savings result from this simplification. Additional savings can

be achieved by formindg¢(w,)} from the closed form integrations in Appendix C.
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7.3 Analytical Validation

In the previous sections, forms for the far-field mean square pressure radiated by a flexible
panel-type structure supported in an infinite baffle and driven by acoustic pressure or concentrated
force excitation were developed from Rayleigh’s integral using continuous and discrete spectral
analysis methods. The formulation will now be validated through comparison with fundamental

cases and experiment in the following two sections.
7.3.1 Simply-Supported Aluminum Panel

Comparisons will be made with the classical formulation developed by Roussos [52] for the
case of a simply-supported aluminum panel. Consider a simply-supported aluminum panel with

dimensions of 0.3556x0.254x0.001 m (#0x0.040 inches). The material properties for the

specimen are shown in Table 7.1.

Table 7.1 Material properties for aluminum panel specimen.

Young’s Modulus 68.95 GPa 10 Msi

Shear Modulus 26.55 GPa 3.85 Msi
Poisson’s Ratio 0.3

Mass Density 2.767e+3 kg/m 2.588e-4 Ibf &/in*
Coeff. of Thermal Exp. 22.3 pel°C 12.4el°F

As a first example, let the excitation be characterized by normally-incident, planar acoustic
waves. The acoustic excitation had a spectral level of 1.52HRa(3.2e-8 (psB/Hz) over a
bandwidth of 10-1000 Hz with a spectral resolution of 0.5 Hz. The panel was modeled by a
finite element mesh of 14x10 elements. Thirty modes were used in both the classical and finite

element models with a uniform modal critical damping ratio of 0.02.

A comparison of the tangential versus normal radiated acoustic intensity predicted by the
classical and finite element methods is shown in Figure 7.2. The plot is for a radial distance of

3.05 m (120 inches), polar angles@f[0,x/2] with a =/18 increment, and an azimuthal angle of
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¢=0. The same plot, but only considering the single frequency component at 800 Hz, is shown
in Figure 7.3. It can be seen that the broadband frequency content tends to make the acoustic
radiation directivity more diffuse as expected. The classical and finite element analyses show

excellent agreement in both cases.

The transmission loss versus frequency for this case is shown in Figure 7.4. The usual
behavior of a dip at the fundamental frequency separating the stiffness-controlled region from
the resonance-controlled region can be easily seen. The upper end in frequency is approaching the
mass-controlled region of the transmission loss. The classical and finite element analyses show
excellent agreement. The transmission loss curves are indistinguishable up to approximately

800 Hz.

Now consider planar acoustic excitation with the following angles of incidefcec@,

${=45"). The excitation has a spectral level of 1.52/P& (3.2e-8 (psB/Hz) over a 10-1000

Hz bandwidth with a spectral resolution of 0.5 Hz. The plot in Figure 7.5 presents the tangential
versus normal component of the radiated acoustic intensity at a radial distance of 3.05 m (120
inches), polar angles @f=[0,7/2] with a #/18 increment, and an azimuthal angle®f0. The

same plot for the single frequency component at 800 Hz is shown in Figure 7.6. These results
further demonstrate the good agreement between the classical and finite element analyses. The
transmission loss versus frequency for this case is shown in Figure 7.7. The antisymmetric

modal resonances pointed out in Figure 6.7 are seen as tiny dips in the transmission loss curve.

The acoustic radiation analysis using the FE method for structural response has been shown
to produce very accurate results in comparison with classical analysis. The analysis will now

be correlated with experimental measurement.

7.4 Experimental Validation

The experimental case considered in this section consists of a clamped aluminum panel
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Figure 7.2 Normal versus tangential radiated acoustic intensity R=3.05 m
(120 inches)f=[0,2x], =0 for normal acoustic incidence, 10-1000 Hz.
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Figure 7.3 Normal versus tangential radiated acoustic intensity R=3.05 m
(120 inches)p=[0,2r], »=0 for normal acoustic incidence, 800 Hz.
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Figure 7.5 Normal versus tangential radiated acoustic intensity R=3.05 m (120
inches),#=[0,2r], #=0 for #;=60, ;=45 acoustic incidence, 10-1000 Hz.
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Figure 7.6 Normal versus tangential radiated acoustic intensity R=3.05 m
(120 inches)f=[0,2r], #=0 for 6;=60, ¢;=45 acoustic incidence, 800 Hz.
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Table 7.2: Receiving microphone array measurement

locations, shown schematically in Figure 6.26.

Mic Position Dislsai(jzlzl (m) Angle (deg) | Mic Position Dis?ai(jzlzl (m) Angle (deg)
R1 0.6096 0 R5 0.6096 -30
R2 1.2192 0 R6 1.2192 -30
R3 0.6096 30 R7 0.9144 -45
R4 1.2192 30

subjected to normally incident, random acoustic excitation. Comparisons will be made between

predicted and measured radiated acoustic pressures in a transmission loss configuration.
7.4.1 Clamped Aluminum Panel

Experiments were conducted to measure the structural-acoustic response of an aluminum
panel subject to broadband, normal acoustic excitation. The experiments were performed in the
Transmission Loss Apparatus (TLA) at NASA Langley Research Center, shown schematically in
Figure 6.26. The experimental apparatus is described in some detail in the validation section of
Chapter 6 and in Turner and Rizzi [55]. Comparisons of the predicted and measured panel normal

velocity are shown in the previous chapter. Acoustic radiation results will be presented here.

The transmitted acoustic pressure was measured using a single vertical microphone array
consisting of three 1.27102 m (half-inch) microphones; one at the height of the panel center,
one 0.3048 m (12 inches) above the center mic, and one 0.3048 m (12 inches) below the center
mic. Transmitted acoustic pressure autospectra were collected at 21 locations by positioning the
three-microphone array in each of seven measurement locations, defined in Table 7.2 and shown
schematically in Figure 6.26.

The power spectral density of the pressure incident upon the panel is shown in Figure 6.27.
Comparisons of the predicted and measured transmitted pressure are shown in Figures 7.8 and 7.9
for two measurement locations; radially perpendicular to the panel center and at an oblique angle.

The agreement is very good, particularly near the panel resonances. Theoretically, the pressure at
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the top and bottom microphones of the array should be the same, due to symmetry. However, the
measured spectra showed an increase in the levels between the peaks with decreasing distance
to the hard floor in the receiving room. Thus, some of the discrepancies are attributable to
receiving room reflections. Also note that the non-symmetric modes, shown in the previous

panel response data in Chapter 6, do not radiate, as expected.
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Figure 7.8 Comparison of the predicted and measured transmitted pressure PSD
at the center microphone of array location R1 (see Table 7.2 and Figure 6.26).
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Chapter 8
Applications and Demonstrations

The tools developed and validated in the previous chapters will now be employed to
demonstrate the static and dynamic thermomechanical behavior of SMAHC structures and
compare performance gains achieved by embedded SMA actuators to conventional response
abatement treatments. Results will be presented for SMAHC beam and panel structures. Early
work performed in this study [16] showed that changes in SMA volume fraction have more
effect on structural control authority than prestrain level. More recent work has corroborated this
statement and shown that the SMA volume fraction is more easily varied/controlled in fabrication
than the prestrain level. Finally, it is known that the thermomechanical fatigue performance of
Nitinol actuators degrades substantially at prestrains greater than 5%. The results shown in this
chapter will focus on conservative prestrain levels of 4% for the beam specimens and 5% for the
panel specimens. For simplicity, a glass-epoxy matrix material system with constant material
properties will be used in all cases. Mechanical property data for Nitinol from Cross et al.
[28] will also be used. The material properties shown in Table 8.1 were used to generate the
results shown in this chapter. Note that these predictions, using material properties for Nitinol
from Cross et al. [28], are conservative relative to the properties measured from the Nitinol
material used previously in this study, i.e., stable recovery stress for Nitinol used in this study
at 4% prestrain is approximately 413 MPa (59.9 ksi) as compared to 310 MPa (45 ksi) for the

corresponding case in Cross et al. [28].
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Table 8.1 Material properties for glass-epoxy and Nitinol.

Glass/Epoxy Nitinol

E; 53.78 GPa (7.8 Msi) A 32.22C (9CF)
E, 17.93 GPa (2.6 Msi) A 62.78C (145F)
G2 8.62 GPa (1.25 Msi) oy from Figure 2.3
vz 0.25 E from Figure 2.4
P 2031.8 kg/m v 03

(0.19x 103 Ib s%in%
a1 5.4x10° /°C (3.5x10° I°F) 6450 kg/n? (0.6067% 102 Ibf s%/in.%)
@z  30.6x10° °C (11.4x10° I°F)  c1a 6.61x 100 /°C (3.67x 100 °F), T<As
from equation 2.4, 2Aq
a2a 6.61x10° /°C (3.67x10° I°F), T<As
11.0x10° /°C (6.11x10° °F), T>A¢
interpolation, A<T<As

S

Recall Figure 2.3 characterizing the recovery stress for Nitinol from Cross et al. [28]. The
reverse transformation (austenitic) characteristic temperatures, under free recovery conditions, for
the material represented in this plot ate ~35°C (95°F) and Ay ~50°C (120F). Note from
Figure 2.3 thatd is increased by mechanical constraint and increasing prestrain, Mhigenot
significantly affected by either. Furthermore, the “knee” in the recovery stress curve becomes less
distinct with increasing prestrain. These are well-known phenomena and are attributable to stress
increasingly inhibiting the formation of austenite and completion of the reverse transformation.

These insights will be useful in later discussions.

8.1 General Observations

The physical behavior of SMA actuators embedded in a composite matrix is somewhat
non-intuitive and is easily misinterpreted, so some general comments are deemed appropriate
here. References will be made to Figures 8.1a—8.1d, which show the non-deformed/reference

(gray-shade) and deformed (mesh) in-plane geometries of 0.457x0.025x0.001 m (18x1x0.040
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in.) conventional and SMAHC beams with a lamination of (45/0/-4%/@®d cantilevered or
clamped-clamped boundary conditions. Consider the case of a cantilevered, conventional beam
(no SMA). As the beam is heated, with uniform temperature, it will expand everywhere except
at the boundary and will be stress-free at locations away from the boundary, shown in Figure
8.1a. The thermal force that is generated is thereby relieved by in-plane deformation. If the other
end is constrained, the thermal force in the axial direction cannot be relieved and a compressive
in-plane load is generated. This load will increase with temperature until a critical value is
reached, at which point the beam will buckle. Note that the thermal load in the transverse
direction is balanced by reaction forces at the boundary and relieved by in-plane deformation in
the transverse direction at locations away from the boundary (see Figure 8.1b). These physical
phenomena can also be interpreted from the expression for the resultant internal force given by
equation (2.38). As the cantilevered beam is heated, the thermal fotge is balanced by the

force due to in-plane deformatia,,, such that the resultant forc€, is zero. Conversely, a
nonzero resultant force exists for the clamped-clamped case because of an imbalance between

NaTte and N,,,. The imbalance is maintained after buckling by contributions frigg.

An analogous, but inverse, situation exists for a SMAHC consisting of glass-epoxy with

uniformly distributed SMA in all layers (volume fraction of 30% and initial strain of 4%).

The thermal force in this case has a sense opposite of that expected because the effective
CTE is contractile rather than expansive. A cantilever beam of this type would contract
everywhere except at the boundary and will be stress free at locations away from the boundary,
exemplified in Figure 8.1c. The axial thermal force is again relieved by in-plane deformation (i.e.,
NaTe = Npe). IMmposing a constraint at the other end prevents the axial in-plane deformation
and a substantial tensile in-plane force results. Note that the thermal forces (tensile) in the
transverse direction are again balanced by reactions at the boundary and transverse in-plane

deformation at locations away from the boundary, shown in Figure 8.1d. Development of the
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y+1000*v, m

X+1000*u, m

Figure 8.1 Non-deformed/reference (gray-shade) and deformed (mesh) in-plane geometries for
0.457x0.025x0.001 m (18x1x0.040 in.) cantilevered and clamped-clamped glass-epoxy and
SMAHC beams. Displacements calculated at 6566150°F) and magnified 1000 times.
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tensile thermal force in the presence of mechanical constraints is the desirable attribute that is

being explored for adaptive stiffening of composite structures by embedded SMA actuators.

It is noted that in the previous discussions the arguments regarding SMAHC beams with
free boundaries are, strictly speaking, only qualitatively correct because the SMA material
properties used, Figure 2.3, result from constrained recovery measurements. However, the in-
plane displacements associated with the tensile recovery forces are small relative to the prestrain
imparted to the SMA actuators, so the predictions should be reasonably accurate for such cases.
Also note that a stiffening effect does result in this particular case of a SMA hybrid cantilever
because the modulus of the SMA is superior to that of the matrix material at temperatures where
the SMA is in the austenitic state. Additional insights will now be gleaned from a series of

examples.

8.2 Thermal Buckling and Post-buckling

Consider a glass-epoxy beam of 0.457x0.025x0.001 m (18x1x0.040 in.) dimensions with a
lamination of (45/0/-45/9Q)and clamped boundaries at both ends. The critical temperature
change for this structure with a uniform temperature distribution is °‘C6@.03F). The
normalized maximum post-buckling deflection versus temperature change from ambient for the
conventional beam {#0%) is shown in Figure 8.2 in comparison with SMAHC beams. The
SMAHC beam responses correspond to the case of a 30% uniformly distributed volume fraction
of SMA with an initial strain of 4%. The symbols, and A, indicate SMA volume fraction,

prestrain level, and austenite start temperature, respectively.

It can be seen that two buckling temperatures exist for the SMAHC beamAyitB2.22C
(9C°F); the first occurs at a temperature very near that for the conventional beam and the second at
a much higher temperature. This phenomenon is attributable to the facttHat this particular

alloy, is greater than the ambient temperature of ZICI('’F) and can be explained as follows.
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At temperatures less that,, the SMA is not activated and behaves like a conventional linear
thermoelastic material. So the SMAHC beam buckles at a critical temperature Helowhe

SMA becomes activated at; and the recovery stress rapidly increases with temperature, which
overcomes the compressive thermal stress and returns the beam to a flat configuration. At higher
temperatures, the rate of increase of the recovery stress with temperature diminishes and may
be surpassed by the rate of increase in matrix compressive thermal stress. Further increases
in temperature will cause net-compressive stress development, eventually leading to a second

incidence of thermal buckling.

In contrast, thed ;=15.56C (6C°F) case in Figure 8.2 exhibits only a single thermal buckling
event at high temperature. This case was produced using the same SMA properties as before by
shifting the temperature scale associated with those properties 2C6-630 F). This can easily
be achieved in practice by increasing the Nickel content of the alloy as little as 0.125 weight %
(see Buehler and Wang [58]). Note that the buckling temperature is slightly higher in this case
relative to theA;=32.22C (9C°F) case. This result is due to the fact that the shift in the SMA
property temperature scale for the=15.56C (60°F) case produces a slightly higher recovery

force at the imposed temperature, which can be seen by referring to Figure 2.3.

Recall that the former effect, near-ambient buckling of a structure then complete arrestment of
the thermal post-buckling deflection by SMA recovery stress, was demonstrated experimentally
and correlated with prediction in Chapter 5 for the case of a clamped-clamped SMAHC beam.
Proof of this behavior has a numerical basis also, which will be explained subsequently. There
have been differing theories about the elimination of the thermal post-buckling deflection, which
results in two buckling temperatures fdr, greater than ambient. The formulation by Turner,
Zhong, and Mei [16], based upon the RSM of the SMA constitutive behavior, corroborates the
results presented here. A different result was reported in Mei, Zhong, and Turner [59] where

an incremental approach with many temperature increments was deemed necessary to account
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Figure 8.2 Normalized mid-span post-buckling deflection versus temperature change for
conventional and SMAHC 0.457x0.025x0.001 m (18x1x0.040 in.) clamped beams.
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for the SMA material nonlinearity in arriving at the final temperature. That formulation is also
based upon the RSM, but does not exhibit the complete elimination of thermal post-buckling
deflection for cases withl; greater than ambient. The difference between the two methods
was attributed to a mismatch of recovery stress and out-of-plane deflection terms in a thermal
post-buckling solution with multiple temperature increments based upon the formulation given
in Turner, Zhong, and Mei [16]. The ECTEM of the SMA constitutive behavior, presented

in this work, shows that the use of small temperature increments is not necessary because the
model inherently takes the material nonlinearity into account. Furthermore, any mismatch in
terms associated with multiple temperature increments in the thermal post-buckling solution can
be avoided by using a single temperature increment. The results of this approach are shown in
Figure 8.3 in comparison to the corresponding multi-step solution from Figure 8.2. The number
of temperature steps used in each post-buckling solution is indicated in the figdfg/hyEach
discrete symbol represents a separate solution achieved by initiating a post-buckling solution at
the first buckling temperature with a single temperature increment. These results show that the
present solution is insensitive to the number of temperature increments and complete elimination
of thermal post-buckling deflection for cases with greater than ambient and a flat, stress free
initial configuration is a general theoretically valid result. The ability to use a single temperature
increment can result in a huge computational savings also, particularly for high temperatures

relative to the buckling temperature.

Recall that the SMAHC beams considered thus far employed a uniformly distributed SMA
volume fraction of 30%. It is intuitive that performance gains could be achieved by strategically
placing the SMA actuators. One example of this technique is shown in Figure 8.3, where the
thermal post-buckling deflection is shown for a SMAHC beam with the same (45/0/-45/90)
lamination but SMA actuators in the Gayers only. A 50% volume fraction in the twa (ayers

results in an overall volume fraction of 12.5%. This overall volume fraction is less than half
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that of the beam with uniformly distributed actuators, but the performance is slightly improved.
Note that this approach is more practical from a fabrication point of view as well, particularly
for automated fabrication where one could imagine replacing strategic spools of prepreg with

SMA ribbon in a continuous consolidation fabrication operation.

The effect of changing the SMA volume fraction within thel@yers is shown in the thermal
post-buckling results in Figure 8.4. It can be seen that a volume fraction of 2.5% is insufficient
to eliminate thermal post-buckling, but its effect in reducing the deflection is clearly observed.
Thermal post-buckling can be eliminated for a range of temperatures with as little as 7.5% SMA

and the case of 12.5% SMA exhibits deflection elimination for a broad range of temperatures.

Similar behavior is exhibited by panel-type specimens as demonstrated in Figure 8.5. This
figure shows the normalized center deflection as a function of temperature change for a glass-
epoxy panel with a lamination of (45/0/-45/90/0/90/-45/0/45), a varying SMA volume fraction,
and clamped boundary conditions. As in the latter beam specimen case, the SMA in the panel
specimens is assumed to reside in the &d outer 0 layers only. Although it is not shown, it is
noted that slight performance gain is achieved under these conditions relative to a corresponding
laminate with SMA in all layers such that the overall SMA volume fraction is the same (see
Turner [60]). This material system, i.e., with SMA in only a few layers, is consistent with
the thought of automated fabrication made in the penultimate paragraph. Also note that the
middle C-layer is necessary to separate the twd Bfers containing a substantial SMA volume
fraction, thereby avoiding consolidation problems during cure. The results in Figure 8.5 show
that a volume fraction of 4% is insufficient to eliminate thermal post-buckling in this case, but
its effect in reducing the deflection is clearly observed. As little as 13% SMA will eliminate
thermal post-buckling over a small range of temperatures; higher concentrations of SMA (e.g.,
22%) can greatly extend the temperature range. The importance of these effects is more clear

when considering the dynamic response of these structures.
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8.3 Dynamic Response

The dynamic response is assumed to be forced by a normally-incident, random acoustic
pressure with an overall sound pressure level (OASPL) of 120 dB (reP@Pand a bandwidth
of 10—400 Hz. A uniform modal critical damping ratio of 1% was used in the dynamic response
calculations. The maximum displacement response power spectral density (PSD) of the SMAHC
panel is shown in comparison to that of the baseline panel in Figure 8.6. It is clear that the
embedded SMA has little effect at ambient temperature. AC8A8CF,AT=61"C), however,
substantial benefit from the SMA recovery stress is evident in shifting the fundamental frequency,
shifting other modes out of bandwidth, and reducing peak responses. Thus, performance can
be enhanced by shifting resonance out of the excitation bandwidth and by response reduction
within the excitation bandwidth.

The thermal post-buckling observations have strong implications for the panels’ dynamic
response. An example is shown in Figure 8.7, where the maximum displacement PSD of
the SMAHC panel {,=22%) is shown at ambient and two elevated temperatures. At 82
(18C0°F, AT=61°C), substantial benefit of the embedded SMA is evident, while further heating
to 12°C (25C0F, AT=100C) greatly diminishes the performance (RMS¥W0.0927e-3 m)
because continued thermal expansion has partially overcome the beneficial effects of the recovery
stress. This particular material system, glass-epoxy matrix with 22% Nitinol volume fraction at
5% prestrain, achieves its “optimal” dynamic response at approximatélg 8288CF), which
corresponds to the “knee” in the recovery stress curve (see Figure 2.3). This result also holds
for analogous SMAHC panels(=22%) with embedded Nitinol having 3% and 4% prestrain,
which exhibit “optimal” dynamic performance at their respective “knee” temperatures°@ 54
(13C°F) and 66C (15C0F). The optimal temperature for dynamic performance will be designated
by A, and is governed by the same thermoelastic balance as that described in the thermal post-

buckling discussion. In general, with a different material system or at higher prestrain levels (in
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Figure 8.7 W,,., PSD for a SMAHC laminate at three temperatures.
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the absence of a distinct “knee’},, must be determined numerically or by comparing the slope

of the recovery stress curve with that of the matrix thermal stress versus temperature.

Selection of an alloy composition and processing combination that will pfaceear the
application temperature is obviously recommended for dynamic control applications. An alternate
approach to achieve similar performance would entail increasing the SMA volume fraction and/or
prestrain, which will result in a less efficient and/or durable design. Requirements previously
cited for desirable static and dynamic performance imply potential for a delicate balance between
avoiding thermal buckling by imposind, to be less than ambient temperature and “optimizing”
dynamic performance by specifying, to be near the application temperature. Thermal buckling
can also be avoided by boundary expansion, a common approach for aerospace structures, so

can be neglected in such cases ahdshould be used to guide efficient design.

8.4 Sonic Fatigue and Acoustic Transmission

The performance of the SMAHC laminate will now be compared with conventional ap-
proaches including increased stiffness through additional composite layers and a constrained
layer damping (CLD) treatment. The conventional approaches were analyzed at ambient tem-
perature to simulate the conditions of boundary expansion, i.e., no thermal buckling. No attempt
was made to account for changes in matrix properties with temperature. A variety of dynamic
response performance characteristics are compiled in Table 8.2 for convenience of comparison.
The SMAHC panel achieves a 77% RMS displacement response reduction, relative to the base-
line 9—layer glass-epoxy panel, with a 48% mass increase. A conventional composite laminate of
13 layers (45/0/-45/90/45/0/90/0/45/90/-45/0/45) exhibits a similar mass increase (44%), but only
achieves a 61% RMS displacement reduction. A RMS displacement response of 0.0474e-3 m
(nearly equivalent to that of the SMAHC panel) can be achieved with a 16—layer (45/0/-45/90)

conventional laminate, but at the expense of a 78% mass increase. A typical CLD treatment
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Table 8.2: Results from baseline, SMAHC, and panels
with conventional response abatement treatments.

case | ‘ass | Mtz Mo | Thas | MO Dods | 150 a8
Baseline 0% 87.48 | 0.2062e-3 17.9 42.0 63.7e+3
SMAHC @ 82C 48% | 226.4| 0.0476e-3 14.3 12.0 205e+6
13-Layer 44% | 128.3| 0.0805e-3 19.1 23.3 2.84e+6
16-Layer 78% | 158.6| 0.0474e-3 20.2 16.8 23.4e+6
Baseline-CLD 42% 73.4 0.0768e-3 27.4 15.6 37.8e+6

was modeled as a 19.16 Nn(0.2 Ibf/ft?) weight addition and a uniform modal critical damp-

ing ratio of 6%, which are considered to be representative values. This treatment also happens
to result in a mass increase (42%) similar to that of the SMAHC, but the RMS displacement
response reduction of 63% is again inferior to the SMAHC. Additional insights are more clear

from comparisons of the displacement response spectra, as discussed subsequently.

A comparison of the respective maximum displacement response PSDs is shown in Figure
8.8. As anticipated, the means by which the three systems achieve dynamic response reduction
is quite different. The SMAHC achieves a much more weight-efficient stiffening effect relative
to that of adding layers, while the CLD treatment achieves reduction primarily by damping
enhancement. The weight-efficient stiffening effect of the embedded SMA is advantageous
for combination with other passive treatments, which are typically more effective at higher
frequencies. SMAHCs are also attractive for combination with control approaches involving
piezoelectric actuators, which typically exhibit actuation authority roll-off below 200 Hz. Such
combined active-passive approaches could achieve enormous dynamic response reductions by
using the embedded SMA to shift resonance frequencies and provide peak response control by
stiffness enhancement, while the active approach would provide enhanced damping at resonances

still within the excitation bandwidth.

The dynamic response results have direct implication for sonic fatigue life prediction.
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Figure 8.8 W,,,,, PSD comparison of two SMAHCs with conventional treatments.
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Consider an analogous acoustic pressure loading condition with an OASPL of 150 dBu(ref)20

It is clear that linear dynamic response analysis is no longer valid, but its use at high response
levels is still common practice in the aerospace industry for sonic fatigue design. This condition
is more representative of a sonic fatigue environment and will produce more realistic life
predictions, while it is understood that conservative estimates will be obtained. A representative
strain-life (S-N) relationship for glass-epoxy laminates was modelef,*lda)7385e_6(N)_O'1551

and the maximum RMS normal strain was taken as the failure criterion. In all cases, the
maximum strain was the transverse normal strain at the mid-span of the long boundary. Under
these conditions, the baseline panel has an expected life of 63.7k cycles. The corresponding
life predictions for the SMAHC, 13-layer conventional, and CLD panels are 205M, 2.84M,
and 37.8M cycles, respectively. These estimates are in direct relation with the corresponding
peak displacements in Figure 8.8. It is intuitive that measures to further attenuate the SMAHC

peak response would result in excellent sonic fatigue performance. The previously mentioned

active-passive system, for example, might be a particularly attractive solution.

A plot of the transmission loss (TL) versus frequency for the SMAHC panel at two
temperatures is shown in comparison to the baseline panel in Figure 8.9. The main effect
of the embedded SMA in its most effective state at@Z18CF) is a vast increase in the
stiffness-controlled portion of the TL. This improvement is diminished at higher temperatures
(e.g., 122C) for the same reasons as stated above for the dynamic response. Although the
stiffness-controlled TL for the SMAHC panel shows dramatic improvement, the TL over the
400 Hz bandwidth is actually diminished because the mass-law effect has been moved to higher
frequencies. The TL for the SMAHC panel at°®8(180F) is shown in comparison to that for
the two conventional approaches in Figure 8.10. It can be seen that the SMAHC panel is superior
over a 200 Hz bandwidth, but not as effective at mid-range (resonance-controlled) frequencies

due to the shift in mass-law effects. Combination of the SMAHC with other passive and/or
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active approaches is again an attractive alternative for this frequency range. At high frequencies

(mass controlled) the three approaches will produce nearly equivalent TL.
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Chapter 9
Summary and Concluding Remarks

The main objectives of this work were to develop a themomechanical model for predicting
the behavior of composite structures with embedded shape memory alloy (SMA) actuators and
to validate that model with experimental measurements. Other objectives were to develop SMA
actuator processing/characterization and SMA hybrid composite (SMAHC) fabrication techniques
for manufacturing structures with predictable and repeatable behavior. Finally, the experimental
results from the SMAHC specimens developed in this work were intended to demonstrate the
control authority of SMA actuators and demonstrate some of the complex behavior of SMAHC

structures.

A fairly extensive review of SMAs and their thermomechanical behavior was given in
Chapter 2 to introduce the topic and the demands on a constitutive model. A constitutive model
was then developed by a mechanics-of-materials approach to describe the behavior of a composite
lamina with an embedded SMA constituent. The thermoelastic model captures the material
nonlinearity of the SMA thermal strain/stress with temperature and is valid for constrained,
restrained, or free recovery behavior with appropriate measurements of fundamental engineering
properties. The constitutive model is also capable of modeling matrix material nonlinearity and
is in a form that is amenable to implementation in a commercial analysis environment. Classical
lamination theory was used to derive the resultant force and moment relations from the SMAHC

constitutive relations and vondtfman strain-displacement relations.
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Fabrication and material system characterization processes for SMAHC specimens were
described in Chapter 3. The particular SMAHC material system used in this study consists of
a glass-epoxy, unidirectional, prepreg, tape with embedded Nitinol ribbon. Several practical
solutions for achieving repeatable results and overcoming practical fabrication issues were

demonstrated.

Extensive testing of the glass-epoxy and Nitinol materials was conducted to quantify the
behavior of a structure fabricated from the SMAHC material system. The mechanical properties
of the glass-epoxy in principal material directions;(EE, and G, a1, az) were determined
as a function of temperature from unidirectional and angle-ply tensile specimens. Isothermal
(modulus) and isolength (recovery force) tests were performed on Nitinol ribbon samples in
two conditions to determine the material properties as a function of temperature and thermal
cycle. Thermomechanical properties from the two conditions showed similar trends, but some
guantitative differences were evident. These differences were attributable mainly to aging effects
and stressed the importance of testing the actuator material in a condition that closely matches the
intended application as the actuator properties are very sensitive to condition and are a dominant

effect in the SMAHC performance.

In Chapter 4, the resultant force and moment relations were used along with the nodal degrees
of freedom and interpolation functions associated with a rectangular 24 degree-of-freedom plate
element to form a potential energy functional. The extended Hamilton’s principle was used to
derive the equations governing the response of a SMAHC plate-type structure to steady-state
thermal and dynamic mechanical loads. The governing equations were then separated into static

and dynamic components.

In Chapter 5, the equations governing static stability were derived within the framework
of the present formulation and used to develop a thermal buckling solution approach. The

iterative method was shown to produce valid solutions for an arbitrary material system with
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nonlinear matrix material properties in addition to the nonlinearities associated with the SMA.

A thermal post-buckling solution method was also developed to predict the thermally deflected
shape subsequent to a thermal buckling event. An iterative Newton-Raphson approach was used
to account for geometric nonlinearities associated with large thermal deflections. The thermal
buckling and post-buckling solutions were validated against known solutions for conventional

structures to benchmark the formulation and implementation.

A SMAHC beam specimen was tested to determine its thermoelastic response in a clamped-
clamped configuration with a thermal load generated by resistive heating. The out-of-plane
deflection was measured as a function of temperature at the beam mid-span by a laser dis-
placement transducer. The predicted thermoelastic response was in excellent agreement with
the experimental measurement. EXxisting discrepancies were attributable to the effects of initial

deflection and mechanical boundary compliance in the physical system.

Continuous and discrete frequency domain methods were applied in Chapter 6 to the dynamic
equations of motion to predict geometrically linear dynamic responses of SMAHC plate-type
structures to various mechanical loads. The same approach was used in Chapter 7 with a
Rayleigh integral method to develop expressions for the radiated acoustic pressure resulting
from the dynamic motion of the structure. These solutions/implementations were validated
against classical solutions to benchmark the analyses. Further validation was performed with
experiment for conventional structures to assess the capability of the analyses to capture the
behavior of a physical system.

A SMAHC beam specimen was tested in a clamped-clamped configuration with a uniform
thermal load generated by resistive heating and band-limited random inertial excitation. Dynamic
response data was collected at ambient and at elevated temperatures frofiC3@&F)
to 121.12C (25CF) in 5.56C (1CF) increments. The fundamental frequency of the beam

was shifted 430% at 121.9C (25CF), relative to the ambient temperature resonance. The
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maximum RMS displacement response attenuation of 84% was achieved at a temperature of
71.1FC (16CF) rather than at the maximum temperature. This was apparently caused by
enhanced damping due to stress induced martensitic transformation hysteresis. Nonetheless,

similar attenuations of around 80% were achieved at higher temperatures.

The predicted dynamic responses were in good agreement with experimental measurement
with the exception of a slightly over-predicted stiffening effect at elevated temperatures. This
discrepancy was again attributable to the fact that the mechanical boundaries were modeled as
perfectly rigid, when in fact the presence of thermal/electrical insulation in the gripping apparatus
resulted in significant boundary compliance. This effect was incorporated into the model, and

excellent agreement between prediction and measurement was achieved at all temperatures.

The model and analysis tools developed and validated in this work were then used in Chapter
8 to demonstrate a variety of thermomechanical response phenomena associated with SMAHC
structures and to compare the performance of a SMAHC panel-type specimen with conventional
dynamic response abatement techniques. Two buckling temperatures can exist for SMAHC
structures with a SMA constituent having an austenite start temper&tugeeater than ambient.
This effect results from the SMA recovery stress “pulling” the structure flat after initially buckling
at a temperature less than and buckling again when continued thermal expansion overcomes
the recovery stress. The low-temperature buckling phenomenon can be avoided by selecting
a SMA with A; less than ambient, thereby suppressing buckling altogether for a large range
of temperatures above ambient. This effect was later supported by experimental observations

described in Chapters 5 and 6.

Substantial improvements in performance can be realized by selectively placing the embed-
ded SMA in strategic locations such that the SMA volume fraction can be used more effectively,
which is also driven by fabrication considerations. Relatively modest changes in the volume

fraction in such cases can result in enormous changes in the performance. SMAHC structures
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exhibit an “optimal” operating temperaturel() for dynamic response performancel, is a
function of the matrix material and SMA composition, volume fraction, and prestrain level. For
many casesi, corresponds to the “knee” temperature in the recovery stress curve. In general,
A, must be determined numerically or by comparing the slope of the recovery stress curve with
that of the matrix thermal stress versus temperature. The implied conflict in choosing an alloy
for aerospace structures with; < 7, to avoid thermal buckling andi, ~ 7" to “optimize”
dynamic response can be resolved by taking the conventional approach of allowing boundary

expansion to prevent buckling and usidg ~ 7' to guide structural design.

The performance of a SMAHC panel was compared to that of a baseline panel and two
conventional approaches including additional conventional composite layers and a constrained
layer damping (CLD) treatment. The three response abatement approaches had similar added
mass relative to the baseline panel, but the SMAHC panel exhibited superior dynamic response
and sonic fatigue behavior. The SMAHC panel also exhibited superior transmission loss (TL)
characteristics in the low-frequency, stiffness-controlled region. The weight-efficient stiffening
effect of the embedded SMA makes it ideal for low-frequency, noise transmission abatement
and for combination with other passive or active approaches, which are typically more effective
at higher frequencies. These combined approaches have significant implications for dynamic

response/sonic fatigue also.

The major conclusions from the preceding discussions can be summarized as follows:
1) A practical constitutive model has been developed that accurately captures the mechanics of
a SMAHC material system.
2) Reliable SMAHC specimen fabrication procedures were developed and SMAHC beam
specimens were fabricated.
3) Experimental measurements from the SMAHC beam specimens demonstrated enormous

control over thermal buckling, post-buckling, and vibration responses.
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4) Predicted static and dynamic responses using the model developed in this study were in
excellent agreement with the experimental measurements.

5) A SMAHC structure can exhibit two buckling temperatures. This phenomenon was supported
by experimental measurements.

6) SMAHC structures can exhibit an optimal operating temperature for dynamic response
performance.

7) SMAHC panel structures exhibit superior dynamic response characteristics to the conventional
approaches considered.

8) SMAHC structures are ideal for low-frequency TL and for combination with other treatments
for dynamic response and noise transmission abatement.

In conclusion, this study takes an engineering approach at considering embedded SMA
actuators as a means of achieving quasi—static control of composite structures through adaptive
stiffening in response to environmental (temperature) effects. The model was validated against
experimental measurement for static and dynamic responses. It is believed that implementation
of this model in a commercial FE code will lead to a very useful and practical analysis/design
tool. It is hoped that this study will provide useful information for the research and engineering

community in regard to fabrication, characterization, and modeling of SMAHC structures.
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Appendix A
RSM Hybrid Lamina Constitutive Relations

The constitutive relations developed in this appendix are referred to as the recovery stress
model (RSM) as described in Chapter 2. A mechanics-of-materials approach is used to derive
the thermoelastic constitutive relations governing a SMAHC lamina, based upon observation of
the recovery stress phenomenon.

A representative volume element of a SMA fiber-reinforced hybrid composite lamina is
shown in Figure A.1. The element is taken to be in the plane of the plate. The composite
matrix, for example graphite-epoxy, has the principal material directions 1 and 2, and the SMA

fiber is embedded in the 1—direction.

2

(P )r
R

Composite Matrix

—>
SMA Fiber > —>1

Composite Matrix :

ITiiy

Figure A.1 Representative volume element for SMA fiber-reinforced hybrid composite lamina.

et

01

In order to derive the constitutive relation for the 1-direction, it is assumed that a stress
acts alone on the elemefit; = 0) and that the SMA fiber and composite matrix are strained

by the same amoung; (i.e., plane sections remain plane). The 1-direction stress-strain relation
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of the SMA fiber can be described as

Ola = Ege1 +0, , T > Ag (A.1)

or

o010 = Foler — agAT) T < Ag (A.2)

where A, is the austenite start temperature andis the thermal expansion coefficient. The
Young’s modulug?, and the recovery stress are temperature dependent. The recovery stress

is also dependent on the initial strain Description of the recovery stress and modulus behavior
for Nitinol is discussed in Chapters 2 and 3. Similarly, the one—dimensional stress—strain relation

in the 1—direction for the composite matrix can be expressed as

o1m = Eim(e1 — a1 AT) (A.3)

The resultant force in the 1-directiofvo = 0) is distributed over the SMA fiber and

composite matrix and can be written as

O‘lAl = UlaAa + UlmAm (A4)

where (o1, A1), (014, Aa), @and (e1m, A1) are the (stress, cross-sectional area) of the entire

element, SMA fiber, and composite matrix, respectively. Thus, the average stress

01 = 01aVa + T1m¥Um (A5)

wherev, = A,/A; and vy, = Ap/A; are the volume fractions of SMA and composite matrix,
respectively. Wherl" > A;, the SMA effect is activated and the one-dimensional stress-strain
relation in the 1-direction becomes

o1 = (Eee1 + 07)vg + Eim(er — a1m AT oy,

(A.6)
= ey + oo, — ElmalmvaT
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where
E1 = Elmvm + Eava (A7)

WhenT < A, the SMA effect is not activated and the stressis
o1 = Fre1 — (Foagvg + Eimaimvm) AT
(A.8)
= Fi(e; — a1 AT)
where
(E1maimvm + Eqaqva)
(Elmvm + Eava)

a1 =

(A.9)

A similar constitutive relation may be derived for the 2—direction by assuming that the
applied stress; acts upon both the fiber and the matfix; = 0). Thus, the one-dimensional
stress-strain relations in the 2—direction for the SMA fiber and the composite matrix become

025 = 02 = Ey(eaq — agAT) (A.10)
and
Oom = 02 = Fap(e2m — aonAT) (A.11)
respectively. The recovery stress does not appear in equation (A.10), since the SMA fiber initial
straine, and recovery stress, are considered to be a 1-direction effect only.

The total elongation is due to strain in the composite matrix and the SMA fiber and may

be written in the form
Arey = Apeam + Agezq (A.12)

Thus, the total strain becomes
€2 = €2mUm + €24Vq (A13)

Sinceos = FEa(ea — aaAT), equations (A.10) and (A.11) may be substituted into equation

(A.13) to give
€y = o2 + as AT

E
Ujva _— (A.14)
— T + T + (qvg + aomvm) AT
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Therefore, the modulus and thermal expansion coefficient in the 2—direction become

E2mEa
By = A.15
: (Evaa + Eavm) ( )
and
Q) = Qo Um + g (A.16)

Expressions for the hybrid composite Poisson’s ratios and shear moduli follow from similar
derivations.
The constitutive relations for a thin composite lamina with embedded SMA fibers can be

derived using a similar engineering approach to give

71 Q Qi 0 €1 Oy aq
a2 = ijz ng 0 €2 +4 0 pvg— [Q]m a2 v AT
T12 0 0 QEG Y12 0 0 m (Al?)
€1 Oy ajq
= [Q*] €9 + 0 v, — [Q] @y v JAV AR T> A
Y12 0 0 m
and
on] €1 a1
09 = [Q*] €92 — <L a9 AT , T < Ag (A18)
T12 Y12 0

where[Q],, and [Q*] are the reduced stiffness matrices of the composite matrix and the SMA
hybrid composite lamina, respectively. Tl&] matrix is temperature dependent and is evaluated

using the previously derived relations as

(E1,1v12) = (Eim, v12m)om + (Fa, v4)va (A.19)

and
(EZmEm GlZmGa)

By, Gy =
( ’ 12) [<E2m7 GlZm)va + (Ea, Ga)vm]

(A.20)

where thev’s are Poisson’s ratios and thie¢'s are the shear moduli. The thermal expansion

coefficientsa; and «y are derived in equations (A.9) and (A.16).
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Appendix B
Gauss-Legendre Numerical Integration

B.1 Element Matrices

The element area integrals necessary for evaluation of the element matrices in equations
(4.56) can be performed numerically using Gauss-Legendre quadrature. The four-node, rectan-
gular, 24—dof plate element used in this study has interpolation functions given by equations
(4.3) and (4.4) for the in-plane and out-of-plane degrees of freedom, respectively. Consider the

element bending mass matrix for example, i.e.,

frmy) = / ph{Ho(,y)} (e )} dA,

Ae
b a (Bl)

_ / / ph{Ho(z, y)}H Holz, )} dedy

0 0

where (z,y) are the element coordinates aandand b are the element length and width,
respectively.

The element area integrations in equation (B.1) are in a form that is easily adapted to
Gauss-Legendre numerical integration. The coordinates can be transformed to non-dimensional
element-centered coordinates ») with the variable transformation

v:[0,a]  £=20_1:]-1,1] df:%d:z;

“ (B.2)
b .
y : [0, 0] 77:2%—1:[—1,1] dn:§dy

Thus, the expression in equation (B.1) can be rewritten as

1 1

il = [ [ ob{ e {itute.n} e dean ®3

—-1-1

where|.J(&,n)| is the determinant of the Jacobian matrix of the transformation:

AN
S| =5 & ‘ =& 9|=— (B.4)




n,v
4 3
(-1.1) /O(m

u

~ Y

(-1-1) (1-1)

Figure B.1 Schematic of plate element in centroidal non-dimensional coordinates.

The element displacement functions are now written in terms of the non-dimensional coordinates

(&n) as

! a ow

wteag) = Y| GUOG s+ G0 (55),
1=1 ) a ; 82 (BS)
+ §Gi(f)Hi(77)<%>i + ZH"(OH"("Kaxay)J
where 1
Gi(§) = Z<_€i€3 +36i€ + 2)
(B.6)

1
Hi€) = (& + &€ = ¢ = &)
and (¢;, n;) are the coordinates of node A schematic of an element in the non-dimensional
coordinates is shown in Figure B.1
The integral over the element are in equation (B.3) is now in a form that is easily evaluated

numerically. Gauss-Legendre integration entails evaluating the integrand at a number of equally
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spaced (Gauss) points within the region of integration and summing the product of these
contributions with corresponding weights. Exact evaluation is possible for polynomial-type
functions when the order of the function is less than or equal to one less than twice the number
of Gauss points, i.e(2N, — 1 > p) whereN, is the number of Gauss points apds the order

of the polynomial. Employing this method, the integral in equation (B.3) can be rewritten as

Z Z Wi W]ph{ wléi, n,)}{ﬁw(&, Uj)}TL](&, n)| (B.7)

=1 j=1

where W, are the weights at the Gauss points denoted;bgnd;.

B.2 Mean Square Radiated Acoustic Pressure

A similar approach can be used to evaluate the element area integrals for acoustic radiation
calculations in Chapter 7. Recall the form for the mean square radiated pressure from the
continuous spectral analysis approach in equation (7.18). In this case, the element physical
coordinates are denoted k¥, ) and the non-dimensional element-centered coordinates will be
denoted by(y, ). Equation (7.18) can be written in terms of the element physical coordinates
as follows

N, N, ©
P00 = (35) 3% [
0

1=1 y=1

a

[

a

b o0
/ / (Ho(em) ! / A5 (o) e
0 0 — 00

{H(& ')}, dé dy de’ dy

(B.8)
Applying the variable transformation given in equation (B.2) yields
NN, L1101 o / /
wroo = (G2 S5 [ [ [ [{tnn}] [ tsmens =" 0
=1g=15 53 55 “0
{[:Iu,(,u ,1/') }j | (4, I/)HJ(ILLI, 1/')‘ du dv dy' dv'
(B.9)

where the|/| are determinants of the Jacobian of the transformation as before. Now, applying

Gauss-Legendre numerical integration gives the final expression for the mean square pressure at
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a point (i.e., for a given set of observer direction andgleend ¢) in the acoustic far-field:

~ P\ N. N. . T
PR0.6)=(522) DD DT S S WA W W Hulpa ) |

.. . (Mmfuk)K+(vn7vl)A .
/ WS (w)]e™ c du {wam,vn>}j|J<nk,w>||J</zrm,un>|
(B.10)
The same procedure can be applied to the expression for the mean square radiated pressure from

the discrete spectral approach, equation (7.35), which yields

Ny Ny, N,

e e g g g T

Ny
E(Rﬁ?d)) < > Z Z ZZ WiWiW,, W, {H ('uk7l/l)}z'

1=1 yj=1k=11=1 m=1n

—1
(/ m—/A,k)K+(l/n—vl)/\

E W4E {abr} {abr} ] ¢ HH}(ILLm?Vn) |J(luk7yl)||‘]<lum7yn)|
J
(B.11)

It is apparent that numerical integration for the computation of the radiated pressure can be
computationally intensive due to the multiply-nested loops. Clever computer coding and/or
compilation optimizers can diminish this problem, but another approach would be to evaluate
the necessary element area integrals in closed form. This can save significant computational

effort and a discussion of this approach is given in Appendix C.

B.3 Radiated Acoustic Power

Determination of the radiated acoustic power requires integration of the normal acoustic
intensity over a hemispherical surface, given by equation (E.6). This integral must be evaluated
numerically. Gauss-Legendre numerical integration can be employed through selection of a

suitable change of variables. The following change of variables results in the desired integral

limits: A
0:00,7/2] w=—(0-"Y):[-1,1] do=7T du
o) I
o : [0, 27] v:;(qb—ﬂ'):[—l,l] dé¢ = 7 dv
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Then the radiated acoustic power becomes

1 1

M= // I(r,u,v) r?sin <£u + %)U(u, V)| du dv (B.13)

-1 -1
where the determinant of the Jacobian matrix is as follows

2

i B ] B
o) = | 28 ;;\z - (B.14)
96 Jo 0 = 4

as is easily seen in making the substitution dérandd¢ in equation (B.13) from the transfor-
mation. Applying Gauss-Legendre integration results in the following expression for the total
acoustic power radiated by the panel
Ny N,
1= Tz::l Sz:; I(r,uy,vs) 7 sin <£ur + %) |J (ty, vs)] (B.15)
where the acoustic intensifyis related to the mean square radiated acoustic pressure by equation

(E.4) and the mean square pressure is given in equation (B.10) or (B.11).
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Appendix C
Closed Form Evaluation of Element Area Integrals

Recall the expressions for the far-field mean square radiated acoustic pressure, given in

equations (7.18) or (7.35):

PE(R.0.¢) = < ZZ//{HM},T/ [ (e S

=1 3= lA A’ (Cl)

{Hw<5 2 7 >}] dA; dAfi
or
Ne N,

PR.0.0) = (52 Z/ {Hat

1=1 ]:1

N, —

ey
Z waE{ad, }ilam}] e i

[ (¢ 0) ) dA; A,
(C.2)

The form for the out-of-plane interpolation functiof#/,,(¢,n)} for the 24 degree-of-freedom
rectangular plate element are given in equation (4.4). As stated previously in the respective
acoustic radiation sections, the complex exponential function in the integrand of the above
equations must be separated into two components. One is constant for each element index pair
(,7) and the other must be included in the integration over the element areas in local coordinates.

Consider the expression for the mean-square pressure in the discrete frequency domain
formulation for example. Splitting the complex exponential into element-constant and element-

variable components and changing the order of the summations gives

—1
__ i n ni)A
pi(R. 0,6 <‘>7rR> Z 22:1 ‘
! J
/{H U, U _Zw uK+UAdAZ' (C3)

u/K-I-v/A

[{abn}i{dbn}j] /{Hw<u’7v/>}jeiwn—c dA}
)t
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where (u, v) are element local coordinates. There are four cases which must be considered
in evaluation of these area integralds # 0,A #£0). (K#0,A=0), (K=0,A#0) and
(K=0,A=0). Integration of each of the 16 out-of-plane interpolation functions with the
complex exponential, for each of the four cases involving the argument of the exponential

function, was performed. The resulting functions are denoted as follows
a b
I (wn, K, A) :/ Ml(u,v)ew”quvA dudv
0 0

(C.4)

a b
T = //Mm(u,v) dudv
0 0

wherea andb are the element length and width, respectively. The expressions resulting from

integration of the shape functions along with the various exponentials follow. Note that wave
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number is used in these expressions w/c.
(K#0,A#0)
Lk, K, A) = —[<—12@' 4126 L GhEA + 6bkAETFY 4+ b3k3A3>

| | (C.5)
(<12 + 1208 4 6akK + 6akKe ™K 1 a?k*K? )]/ (a*b KNS

Ik, K, A) = [(-12@' F12iRN 4 GhEA + 6bkAC 1 b3k3A3>
<—12i + 120" 4 6akK + 6akKe M 4+ a3k3K36ka>]/<a363K4A4k8>
| (C.6)
Lk, K, A) = _[(_1271 1123k 4 6BEA + 6bRACTRY 4 b%%%“’“)

<—12i +12ie* 1 6akK + 6akKeFK 4 a3k3K3eka>]/<a3b3K4A4k8>

(C.7)
Lk, K, A) = [<—12i 1127 1 GbkA + 6bkACRA 4 b%%%’b’“\)
| | (C.8)
(=120 + 1208 1 6akK + 6akKe' K 1 a*H7K? )]/ (aPH KNS
Is(k, K, A) = —[<—12¢ 120K 4 6hkA + 6bkACRD 1 b3k3A3>
| | . (C9)
(=61 + 6ic™® 4 4akK + 20kKe ™K 1 ia2k2K2)] /(a2 KNS
ok, K, A) = [(12 = 1265 1 GibkA + 6ibkA™ 4 %A%
(C.10)
(6 et RK 4 90K + diak KK 4 212K 2e ZakK)]/<a263K4A4k8>
(kK A) < 12+ 12¢E0  GibkA — GibkAe™Fd — ib3k3A3eibkA>
(C.11)
<6 el RK 4 9r K 4+ 4ia kKK L 212K 2 ZakK)]/<a263K4A4k8>
Is(k, K, A) = [(-122', 1 12iekA 4 6bEA + 6bkACTRY 4 b%%%“’“)
| | (C.12)
(=61 + 6ic™ ™ + 4akK + 20k K™ 1 a2k )|/ (a6 KAAE)
Io(k, K, A) = —[<—6i + 6PN | AbkA + 2bkAePA ib2k2A2>
| | (C.13)
(=120 + 120K 1 6akK + GakKe ™ 4 ok K? )]/ (a*0 KA E)
To(k, K, A) = [<—6i 4 6ie™FA  4bkA + 2bkAeihA ib2k2A2>
(=120 + 1208 1 6akK + GakKe™ S 4 ok KK )/ (1K)

(C.14)
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I(k, K, A) = [<6 — 6N 4 9ipkA 4 4ibkACRA 4 bzszze“’kA>
(—12 4+ 126K — GiakK — GiakKe ™S — ia K3 )]/ (PR A
(C.15)

Ta(k, K A) = [<6 — 6 L 25bEA 4 4ibk AR 4 b%?ﬁg?“)
< (C.16)

12— 1265 4 Gk + 6iakK e ™™ 4 ia? k1) |/ (a KA )

Is(k, K, A) = —[<—6i 4 Gk | ABRA | 2bkAERY 4 z’bzszz)
: (C.17)

—6i + 61" dakK + 20k K™ 4 ia?K2) ] (a2 KA )

La(k, K, A) = [<6 — 6eFA | 4ibkA 1 2ibkAcitED _ 52k2A2>
| | | (C.18)
(6= 6K 1 2iakK + 4iabK e 4 a2R2IC ) ]/ (KA
Is(k, K, A) = [<6 — 6™ 1 27BN + AibkAeR 4 b%%%“’“)
| | | (C.19)
(6= 6K 4200k K + 4iakK e ™R 4 o 2B2K2e R ) ]/ (022K A1)
Ig(k, K, A) = [(6 — 6™ L 9ibkA + AibkACTRA 4 b%%%“’“)
| | (C.20)
(6= 68 4 4iahK + 2iakKe ™™ — o221 )/ (KA AE)
(K 40,4 =0)
Lk, K) = b<12 _ 126K | 6i0kK + 6iakK e FK 4 ia3k3K3> / (2a3 1K) (C.21)

I(k,K) = b<—12 F 126K _ 610k K — 6iak KK _ ¢a3k3K3eka)/(2a3k4K4) (C.22)

I3k, K) = b<—12 + 126" _ 6iakK — 6iakKe M — mi‘ki‘Ki‘e"“kK)/(m%‘*K‘*) (C.23)

Lk, K) = (12 = 126K 4 GiakK + 6iakKe ™ 4 iaK?) / (24°K'KY)  (C.29)
Ik, K) = b(6 = 66K 4 diakK + 2iakKe ™K — o221 /(202K (C.25)
Io(k, K) = b(6 — 66 4 20K + dialKe ™K + 212K ) [ (20219KY) - (C.26)
I3k, K) = b(6 — 66 4 2iakK + 4iakKe™ 4 K2 ) [ (2a7KY) - (C.27)
Ik, K) = b(6 = 66 4 diakK + 2iakKe ™ — a2k2K?) [ (202K4K7) (C.28)
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Io(k, K) = 83 (12 = 1265 4 GiakKK + 6iakK e 4 ia®kPK) /(120K Y)
Lo(k,K) = b (—12 + 126" _ GiakK — 6iakKeFK — ia3k3K3ei“kK> /(12a°K*K*)
I(k, K) = b (12 — 126K | 6iakK + GiakK K m3k3K3e"akK>/(12a3k4K4)
Ia(k, K) = b (-12 + 126K _ giakK — 6iakKe 9K _ ia3k3K3>/(12a3k4K4)
Tia(h, 1) = 0% (6 — 66 4 diakK + 2iakKe ™M — o212K?) / (120311
La(k, K) = b° <6 — 66K L 90k K + diakK K 4 azszzeka> /(126K K*)
Lis(k, K) = b° <—6 46K 90 kK — diakKeitkK _ a2k2K2eka>/<12a2k4K4>
Tig(k, 1K) = b7 (=6 + 655 — diahK — 2iahK e 4 oK) /(12024 K?)

(K =0,A #£0)

Ik, A) = a (12 = 126 4 ik + 6ibkACTE 4 ibPAT) /(20040 %)
Lok, A) = a (12 = 12670 4 GibkA + GibkA™ 130120 )/ (26740 %)
Ik, A) = a (=12 + 1264 — GibkA — GibkAe™ — b AR ) (26740 Y)
Li(k,A) = a<—12 + 12eFA _6ibkA — GibkAeFY — ib%%%"l’“)/(%%%‘*)
Ik, A) = a? (12 = 12654 4 GibkA + 6ibkAC™ 4 i7K7AT) /(12674 AY)
Io(k, A) = a* (=12 + 126 — 6ibkA — GibkAe™ — b kA7) /(126%KA%)
Ik, A) = a? (12 = 1260 46BN 4 6ibk AT 1 b kE AT ) /(12744 A)
Iy, A) = a* (=12 4+ 12675 — 6ibkA — GibkAe™™ — bk AT ) /(125741
Io(k, A) = a6 — 6™ 4 4ibkA + 2ibkA™ — 2202) /(274407
Lio(k,A) = a<6 — 6P 1 4ibEA - 2ibk AT — 52k2A2>/(252k4A4)

Lk, A) = a<6 — 6™ L 20bkA 4 4ibk A 4 b%zA?e""“)/(zb?k‘*A‘*)
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(C.29)
(C.30)
(C.31)
(C.32)
(C.33)
(C.34)
(C.35)

(C.36)

(C.37)

(C.38)
(C.39)
(C.40)
(C.41)
(C.42)
(C.43)
(C.44)
(C.45)
(C.46)

(C.47)



Iia(k,A) =a <6 — 6eFA L 2GbEA + 4ibEAePRA 4 bzszzeibkA>/ (26%K1AY) (C.48)
Tis(k, A) = a2<6-6eka-+4¢bkA.+5ubkAeka-_b2k2A?>/(1252k4A4) (C.49)
Ah4@;A):cﬂ(—6+¢%““‘—4N%Af—2%kAJ““-FH%3A2>/@2ﬁk4Aﬂ (C.50)
]w(kwA)::a2<—6—+6ewh\—J%bkA——4&%Aﬁwh\—Zﬂsz%¥MA>/@26ﬁ4A4) (C.51)

]gﬂk,A)::a2<6——66MkA4—QN%A_+4ubkAeka-+bzk%\%¥M“>/(12F%4A4) (C.52)

(K =0,A =0)
b
heu:%- (C.53)
ab a’b
I I = &2 Io, Ir = -2 54
sy = 5 6, I7 51 (C.54)
ab? ab?
Ig. g = — 11, [y = ——— )
0. [0 = o7 11, 112 51 (C.55)
a’b? a’b?
I3, 15 = T4, [1g = — }
13,15 = T 14, 116 T (C.56)

These expressions were used as function calls to evaluate the vectors pre- and post-multiplying

the element-ij displacement spectral matrix in equation (C.3).
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Appendix D
Radiation Far-Field Approximations

Prediction of the radiated acoustic pressure to a free field from a vibrating surface requires
evaluation of Rayleigh’s integral, equation (7.1). The present work casts the radiated acoustic
pressure response in three forms: continuous spectral analysis of stochastic response, given by
equation (7.10); and discrete spectral analysis of deterministic and stochastic responses, given
by equations (7.24) and (7.31). The existence of the radial distance dependence in the integrand
requires the use of numerical integration or some simplifying assumptions. The integrand can be
simplified extensively by considering only far-field observer locations in the acoustic free-field.
Let the observation poirit:, v, z) in the acoustic field be designated by its distafkcom the
panel center and two direction angles: the polar adgie [0, /2], and the azimuthal angle
¢ = [0,2x]. Thus,

qu/xZ_l_yZ_l_ZZ

x = R sinf cos o

(D.1)
y = R sinf sin ¢
z=R cosb
and the distance from a point on the panel to the observation point
r=\/(f—€)2+(y—n)2+22 (D.2)
becomes
2sinf cos ¢ £ 2 2sind sin ¢ n\2
— Ryl - ———— Sy o= < _
r R\/ In §+<R> R 77‘|‘<R> (D.3)

The acoustic far-field approximation entails neglecting the terms in the expressienttiat

involve 1/R? and letting

(D.4)

ﬁ
| =
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The remaining terms in the expression fomay be expanded in a binomial series:

1/26sinfcosg  2nsinfsin g 1
— Rl -= — D.
r [ 5 ( 7 + i +0 e + (D.5)
Retaining the first two terms in the expansion results in
sin# cos ¢ sin @ sin ¢
~R(1-— - D.6
e ) 0.6
or
r~R—KE—Ap (D.7)

where K = sinflcos¢ and A = sinfsin¢. Thus, the exponential term in the integrand of

equation (7.24) can be simplified as follows.
p—iwon T o 2 (R=K¢—An) (D.8)
Finally, the difference in radial distances encountered in equations (7.10) and (7.31) becomes

r—ri K =€)+ A(n =) (0-9)

and the corresponding exponential term in the integrand takes the following form.

gion (BT0) i (€K (' —n)A] (D.10)
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Appendix E
Acoustic Intensity, Power, and TL

The acoustic intensity at a point is equal to the time average of the product of the perturbed
pressure and velocity. For a pressure and velocity that are random processes, this temporal

average must be taken in the limit as the characteristic fime oc:
T

1
Iz, y,2) = (plz,y, z, t)u(z,y, 2, 1)) = Thféo f/p(x,y,z,t)ﬁ(x,y,z,t) dt (E.1)

0
whered(z,y, z,t) is the acoustic velocity vector. This temporal average may be replaced by

an expected value:

Ha,y,2) = (pla,y, z,O)i(z,y, z, 1)) €2
E.2
= Elp(x,y, z, )i(z,y, z,1)]

by assuming that the processes argodic in correlation In general, the relationship between

the acoustic pressure and velocity is not known and must be determined concurrently. However,
in the acoustic far-field, the radial velocity is dominant and the propagating acoustic waves
appear planar. Consequently, the relationship between the acoustic pressure and velocity can

be approximated by

p(R7 07 ¢7 t)
pc

U(R,0,0,1) mu, (R, 0,0,1) = (E.3)

where the spatial description has been changed to spherical coordinates for consistency with

equations (7.18), (7.35), or (7.37). Thus, the far-field radiated acoustic intensity becomes

1 2
BlpA(R.0.6,1)] =L

pe pe

(R, 0,¢) = (E.4)
where the mean square acoustic pressure is given by one of the equations referenced above.

The acoustic power incident upon a surface is defined as the integral of the normal acoustic

intensity over the surface:

I, = /1(r,9,¢) h dS (E.5)

S
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wheren is the surface unit normal. Therefore, the total acoustic power radiated by the plate is

calculated by integrating the acoustic intensity over a far-field hemisphere as follows.

27 71'/2

I, = / /1(r,9,¢) R*sin 0 df d¢ (E.6)

$=0 6=0
where the radiated intensity has the form given in equation (E.4). Note thakthe the

integrand cancels with that in the expression for the far-field acoustic intensity, equations
(7.18)/(7.35)/(7.37) and (E.4). This integral must be evaluated numerically, which can be

accomplished via Gauss-Legendre numerical integration (see Appendix B).

Recall that for the case of acoustic pressure excitation the incident acoustic pressure consists
of obliquely incident plane waves. The incident acoustic intensity is then, from the above
discussion,

I, = (E.7)

REY

and the incident acoustic power is simply the product of the normal acoustic intensity and the

area of the plate

B p_lzab cos ;
= p

II; (E.8)

Finally, the transmission loss (TL) is defined in units of dB by the logarithm of the ratio of

incident acoustic power to radiated acoustic power

TL =10log <%> (E.9)

T
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Appendix F
Continuous Spectral Examples

A continuous spectral analysis was one approach used in Chapter 6 to derive the expression
for the dynamic response correlation matrices of a panel-type structure subjected to elevated
and/or one of the following mechanical loads; acoustic pressure, concentrated forces, or base
acceleration. A similar approach was used in Chapter 7 to derive an expression for the mean
square radiated acoustic pressure due to the same structure, but limited to two of the three
mechanical loads; acoustic pressure or concentrated forces. The dynamic response correlation
matrices and mean square radiated pressure require evaluation of spectral integrals of the forms
given in equations (6.36) and (7.15), respectively. It is clear that these equations have a very

(d,v,a)

similar form and will be denoted bg/m (7’) in the following generic expression

IS (r) = / OB () Hog(0) S (w0)e™T doo

~ (F.1)

where the expressions for the frequency response functibfis) have been substituted from
equation (6.29) andv,.(w) is the power spectral density function of the excitation. The
superscriptd, v, «) indicates that the multiplier af(**) corresponds to displacement, velocity,

and acceleration response, respectively.

Two sample cases for the evaluation of the integral in equation (F.1) are presented in this
appendix including harmonic and band-unlimited white noise excitation. The case of harmonic

excitation is obviously not stochastic, but is included as a simple comparative case.
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F.1 Harmonic Excitation

Harmonic excitation can be described in either of the following forms

So lw| = wo
Six(w) = { : Sy(w) = So 8(Jw| — wo) (F.2)
0 otherwise
or
Ci(7) = 25¢ coswyT (F.3)

where Sy is a constantp(|w| —wp) is a spectral Dirac delta function, = ¢2 — ¢1, and the
subscript«* indicates the excitation could be due to acoustic pressure, concentrated forces, or

base acceleration. Substitution 8f,(w) into equation (F.1) results in

7 (0:2:4) .
(d,v,a) _ . WT
L (7)) = / A s T T B S T )505(|w| wo)e™“" dw  (F.4)

This equation may be simplified by retaining only even terms, because the integral of odd terms

over even limits vanishes, as

](davaa)( )=2 7<w(0’2’4) [(wvzn — w2> (%21 — w2> + 4Cmfnwmwnw2] COS WT
mn T)=
P\ @3 =) + 4G wdw?] (@R — ) + 4Gz

9,(1,3,5) [mem (wz — w2> — (pwn (wfn — w2>] sin wT

) Soé(w — wp) dw

_I_
(@2 —w?)? +4CRuRe?| | (@2 — w?)® 4+ 4C2wRw?
(F.5)
Enforcing the Dirac delta function results in
2 9 . 2
11(7;?1’1”"1)@_) — [gwm wO) <w wO) + 4Canwmwnw0] COS W T
[@2 _wg> 4G | (@2 — )+ 4¢RwRed
(1,3,5) ) AN 2 2
4.Sow, 2[mem (wn w0> Cnwon (w w())] inwor
{(w,zn - w%) + 4{,%1%271(,03} {(w% — w%) + 4202 2}
(F.6)

This expression can be used directly for calculation of the dynamic response correlation matrices

given by equation (6.38). The mean square radiated pressure makes use of the acceleration
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response case, i.el,gi‘,)z(r), by making the substitution

_ (=K 4 (" —n)A

&

(F.7)

and using the result in equation (7.18). Finally, the mean square dynamic responses can be
obtained from the diagonal elements of the dynamic response correlation matrices for zero time
difference(r = 0) which get input from the following simplified form fof,(ﬁl . “)(O)

<(~U,21 — wg) + 4Canwmwnwg]

)
<w2n — )’ + 4Gl [(wh - B)” + ack?]

250"V (w2, — w
2

109 0y = { (F.8)

F.2 Band-Unlimited White Noise Excitation

Band-unlimited white noise excitation may be described by either of the two following forms:
Syx(w) = So (F.9)

or

Cii(T) = 27506(7) (F.10)

where S is a constant for all frequencies and= ¢, — ¢;. Substitution ofS,.(w) into equation

(F.1) results in

o0

(0,24) g :
(davaa) _ 0 WT
L (T) = / 2 TR T dw (F.11)

2 — w? — 12(mwmw ) (w;

N
One way to evaluate the integral in equation F.11 is to employ the Cauchy residue theorem by
integrating over a semicircular contour, in the limit as the radius of the contour becomes infinite,
in the upper half plane (for > 0) enclosing the poles of the integrand in the UHP. The case
for I,Sf%(r), i.e., acceleration responses-in the numerator, in equation (F.11) is unbounded.
Therefore, attention is limited té\%)(r), the cases fow("?) in the numerator. A schematic

of the contour of integration is shown in Figure F.1.
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Cr

(*)dn"'iE.n

Figure F.1 Schematic of upper-half-plane contour for evaluation of
dynamic response due to band-unlimited white noise excitation.

The integral around the closed contour can be written as

R

74 F(w)e T do = / F(w)e ds + / Fw)e T de (F.12)
C Cr

—R

where the integrand in equation (F.11) has been denotgdudy '™ andC'; denotes the circular
portion of the contour. In the limit a® — oo, the first integral on the right-hand side takes

the desired form, the Cauchy principal value, and the sum of the two integrals can be evaluated
by employing the Cauchy residue theorem as

R N,
]%im / f(w)eiwr dw + ]%im f(w)eiwr dw = 271 Z Reif(w)eiwr; rk} (F.13)
—>oo_R —>ooCR i1

where the expression on the right of the summation represents the residie)ef™ at the
poler; and NV, is the number of poles of(w) enclosed within the contour (which becomes alll

of those in the UHP a& — oo). Recall the expression fgi{w) shown in equation (F.11). This
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expression can be rewritten in terms of simple poles as follows

w02 g,
(w2 — w2 — 120 mwmw) (W2 — W+ 12 pwpw
m n
w(02) g,

(w—w)(w — w2)(w—w3)(w — wy)

(F.14)

where

wiz2 = _imem + \/m and w34 = icnwn + V™~ %w% + w%
= Fwmy/1 — (2 — i{mwm = dwp/1 — (2 + iCpwon (F.15)

= twgm — me = Fwgn + an

Becausef(w) can be written as
flw) = Fi) for i=1-—14 (F.16)

(w—wi)

the residue off(w) at the polew; is given by the coefficient of /(w — w;) in the Laurent

expansion (see Churchill and Brown [61]) given by

flw) = (fi_(wﬁji) + “Q"l(!w) T (F.17)

Thus, the integral on the closed contour becomes
R
lim / f(w)eiwrdw + lim f(w)eiwrdw = 271'@'[ lim {(w — wg)f(w)ewr}
R—>oo_R R—>ooc Ww—ws (F18)

4 Jim {(@ - ) f(@)e7)]

It can be shown that the integral on the circular portion of the contour is zero (see Hildebrand

[62]) so the desired result has been achieved as

W0 = [ e a

= 2mi [wli_{g {(w — wg)f(w)eiwr} + wli_{B {(w — w@f(w)ewr}] (F.19)
=27 w2 Sgetr” + oy Sgeter”
(w3 —wi)(ws —wo)(ws —wa) (s —wi)(ws — w2)(ws — w3)
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The terms in this expression can the expanded into a sum of real and imaginary components
and simplified to the following

_ 4 (Em + fn)Soe_g’lT COS WinT
{(wdm —wan)* + (€m + fn)z} {(wdm +wan)’ + (€m + 571)2}
i [y = — (6 + 6] S i

(©am = wan)’ + G+ 60)°] [ am +@an)’ + (En + €0)?]

(F.20)

:47r (wﬁnfm + wﬁmfn +E,6% + f,%fm)Soe_f"T COS Wyp T
{(wdm - wdn)z(fm + 51@)2} {(wdm + wdn)z(fm + fn)z}
Am {wgn _wﬁnwﬁm _wﬁnfzn+2w3n£m£n+wczlm£721+£721(£m+£n)2} 506_&7- SIN Wy T

| = win)* (6 + €0)°] [ @am + wan)* (Em + &0)°]

(F.21)
These expressions can be used directly for calculation of the dynamic response correlation
matrices given by equation (6.38). The mean square radiated pressure cannot be computed in
this case as the acceleration response for band-unlimited white noise is unbounded, as stated
previously. Finally, the mean square dynamic responses can be obtained from the diagonal
elements of the dynamic response correlation matrices for zero time diffefere®) which
get input from the following simplified forms fof,%l(()) and I,Sf,)l(())

_ Am So(€m + &n)
(in = wam)? + (G + 0)?] (@t + 0am)” + (€ + €0)]

(F.22)

and
Am S0 (& (Wi + &) + &a(wim + )]
(win = 9am)” + Em + )" ] | (@an +9am)” + (b + 07|

(F.23)
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