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Discontinuous Galerkin Studies of Collisional Dynamics in Continuum-
Kinetic Plasma

John M. Rodman

(ABSTRACT)

Numerical investigations of collisional physics have historically been impeded by the issue

of computational expense. While the continuum-kinetic Vlasov-Maxwell-Fokker-Planck sys-

tem is well-established in theory and has been used as the basis for many approximate

fluid equations, simulations utilizing the distribution function are relatively uncommon, due

primarily to the high dimensionality of the problem. However, advances in numerical meth-

ods are steadily making these models more accessible. In this work, we utilize the Gkeyll

framework, which applies a novel, highly efficient discontinuous Galerkin (DG) finite element

method to the Vlasov-Maxwell-Fokker-Planck system.

We first investigate the Rayleigh-Taylor (RT) instability in a neutral gas in regimes of

finite collisionality which are inaccessible to the fluid codes that are traditionally applied to

this instability. Utilizing a spatially constant, finite collision frequency, we demonstrate the

ability of the Vlasov-Boltzmann model to approach the fluid result at high collision frequency

while also accessing a regime of intermediate collisionality in which the RT instability deviates

greatly from classic fluid behavior. We then extend upon this finding by choosing a collision

frequency that varies spatially, resulting in new dynamics with asymmetric diffusion affecting

the development of the RT instability.



Having demonstrated the utility of collisional kinetic modeling even in the simple case

of a neutral gas with a basic collision operator, we transition to development and im-

plementation of a fully-conservative, recovery-based DG algorithm for the full nonlinear

Rosenbluth/Fokker-Planck collision operator (FPO). Details of the novel recovery scheme

for the cross-derivatives and conservation enforcement are presented, and we show that the

scheme converges and exhibits stability criteria as expected. Finally, the FPO is applied to

test cases that demonstrate the importance of accurate handling of the velocity-dependent

collision frequency as compared to an approximate model.

This work was supported by the DOE SciDAC program under DE-SC0018276 and the NSF CA-

REER award under grant numbers PHY-1847905 and PHY-2345433. The author acknowledges Ad-

vanced Research Computing at Virginia Tech for providing computational resources and technical

support that have contributed to the results reported within this paper (http://www.arc.vt.edu).
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Discontinuous Galerkin Studies of Collisional Dynamics in Continuum-
Kinetic Plasma

John M. Rodman

(GENERAL AUDIENCE ABSTRACT)

Under the right conditions, the electrons and ions that comprise the particles in a gas sepa-

rate, or ionize, forming a plasma. Plasma is the most common state of matter in the universe,

existing at a wide range of scales. Whether concerning a supernova, the solar wind, a plume

of material ablated by a laser, or a nuclear fusion reactor, all of these plasmas are governed

by the same set of rules, with the main differences being which length and time scales are

relevant.

Understanding the dynamics of these collections of ionized particles offers a unique chal-

lenge, as particles interact not only by colliding with one another but through longer-range

electromagnetic interactions. A number of methods exist for modeling plasmas, and one

must choose which of the many scales in the plasma are relevant in order to make the best

choice of model. In this work, we apply the continuum-kinetic method, which captures the

statistical effect of individual particle motions while avoiding the noise that arises when

tracking individual particles directly. Kinetic methods are not applied nearly as often as

fluid methods, primarily because of the computational expense involved in resolving the

wide range of scales and accounting for quantities that evolve as a function of both position

and velocity. However, recent advances in numerical methods have made continuum-kinetic

methods much more accessible. This work utilizes the Gkeyll code framework, which applies

a discontinuous Galerkin method, to simulate plasma with a continuum-kinetic model.



We begin by considering the Rayleigh-Taylor (RT) instability, which occurs when a heavy

fluid is balanced atop a lighter fluid and perturbed, resulting in fluid mixing. The RT

instability is ubiquitous in nature and is commonly modeled with fluid methods that assume

particle collide with one another with effectively infinite frequency. With the continuum-

kinetic method, we demonstrate that situations arise where the collision frequency is finite

but the RT instability still grows. In these regimes, the instability growth is no longer well-

described by fluid methods, and a kinetic model must be applied to accurately predict its

evolution.

Following this, we introduce an algorithm that utilizes a novel discontinuous Galerkin (DG)

method to model one of the most complex and accurate collision operators for plasmas: the

Fokker-Planck operator (FPO). The FPO is notoriously difficult to implement numerically

and computationally expensive due to its nonlinear nature, so simulations generally utilize

approximate forms rather than the full operator. By applying this DG method, we are able

to ensure the numerical FPO implementation maintains many of the desirable properties

of the original model while running highly efficiently. We conclude by verifying that the

code is stable and highly accurate while reproducing expected results and improvements

over simplified collision models.
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Chapter 1

Introduction

Plasma, the ionized gas often referred to as the “fourth state of matter,” comprises the

vast majority of ordinary matter in our universe. From supernovae and the solar wind

to lightning storms and fluorescent light fixtures, plasma exists at a staggering variety of

scales. But what exactly is a plasma? Often, plasma is introduced in the context of the

three fundamental states of matter. A solid, when heated, eventually undergoes a phase

transition to a liquid state, which in turn transitions to a gas. Should the gas be heated

further, collisions between gas particles become energetic enough to knock electrons from

their nuclei, “ionizing” the gas into a plasma. While this description is tidy, there is no

concrete point where all particles simultaneously ionize that would allow us to definitively

pronounce that a gas has become a plasma. It is therefore worth defining some set of criteria

to differentiate a plasma from a weakly ionized gas. One common definition is given by

Chen [25]: “a plasma is a quasineutral gas of charged and neutral particles which exhibits

collective behavior.” Naturally, we now need two more definitions for this description to

make sense. A quasineutral gas has approximately the same number density (number of

particles per unit volume) of free electrons and ions, that is,

ne ≈ Zni,

where ne and ni are the electron and ion number densities, and Z is the charge state of the

ions. Collective behavior refers to the fact that portions of the plasma affect other regions

1



via the long-range Coulomb interaction. In a plasma that exhibits collective behavior, the

motions of particles in some small region are not simply dependent on the state of that local

region, rather, long range electric forces centered far from the region of interest contribute

tangibly to the dynamics as well.

The inherently complex interactions between the many particles in a plasma (for example,

≈ 1020 particles per cubic meter in a tokamak fusion reactor) and the rapidly fluctuating

electromagnetic fields may give the impression that attempting to accurately model a plasma

is a fruitless effort. However, with careful construction and approximations, clean mathe-

matical models can be developed that allow for accurate prediction of plasma dynamics

both analytically and computationally. Computational modeling of plasma physics serves

to inform experimental development, so we strive to capture the most accurate behavior in

the most computationally efficient manner to further both theoretical understanding and

experimental research thrusts.

This work begins with an introduction to plasma kinetic methods in Chapter 1, arriving at

the continuum-kinetic model that is our method of choice for this research. We will then

discuss the dynamics of particle collisions, an important kinetic phenomenon that is generally

approximated or averaged over due to complexity and computational expense. Following the

physics background, Chapter 2 is a primer on common numerical methods for solving partial

differential equations computationally. The discontinuous Galerkin (DG) method emerges

from combining aspects of two of these common methods and is the method utilized in the

simulations presented in this work. With the DG method defined, we will work through

an example application on a simple equation before showing the continuum-kinetic plasma

model as implemented in the plasma simulation framework Gkeyll.

Physics studies begin in Chapter 3, where we cover results of fully kinetic simulations of a

hydrodynamic instability in Gkeyll. First we will see the effects of using a spatially constant,

2



1.1. Plasma Kinetic Models

finite collision frequency on the development of the Rayleigh-Taylor (RT) instability, before

allowing the collision frequency to vary in space and time. Results will demonstrate the

relevance of collisional dynamics in a regime that is inaccessible to non-kinetic models.

Chapter 4 of this dissertation revisits the complex Fokker-Planck collision operator we will

introduce later in this chapter. Using the highly optimized DG framework in Gkeyll, we

introduce a breakthrough algorithm for the full nonlinear Fokker-Planck collision operator

that is conservative in density, momentum, and energy. Results with this new algorithm will

then be compared to the simplified methods that have been in use in Gkeyll.

With all of this in mind, let’s begin by discussing mathematical models of plasma dynamics.

1.1 Plasma Kinetic Models

1.1.1 Klimontovich Equation

In a similar manner to [85], consider a gas composed of NT total point particles, each with

position Xi ∈ x and velocity Vi ∈ v. The coordinates x = (x, y, z) and v = (vx, vy, vz)

define three-dimensional configuration and velocity spaces, and these independent variables

can be combined into a single six-dimensional phase space variable, z = (x,v). The density

of a single particle, i, is

Ni(x,v, t) = δ[x−Xi]δ[v−Vi], (1.1)

where δ[x] is the Dirac delta function. Velocity is simply the time derivative of position,

d

dt
Xi(t) = Vi(t),

3
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and the particle, having charge qi and mass mi, is subject to the Lorentz force,

d

dt
Vi(t) =

qi
mi

[Em(Xi(t), t) + Vi ×Bm(Xi(t), t)] ,

where the so-called “microscopic” electric and magnetic fields Em and Bm contain both

the large externally-applied fields and the smaller fields produced by other particles in the

plasma. The fields are computed using Maxwell’s equations,

ε0µ0
∂Em(x, t)

∂t
−∇x ×Bm(x, t) = −µ0Jm(x, t), (1.2)

∂Bm(x, t)
∂t

+∇x × Em(x, t) = 0, (1.3)

∇x · Em(x, t) = ρm(x, t)
ε0

, (1.4)

∇x ·Bm(x, t) = 0, (1.5)

where the gradients ∇x = (∇x,∇y,∇z) and ∇v = (∇vx ,∇vy ,∇vz), with microscopic charge

density

ρm(x, t) =
∑
i

qi

ˆ
Ni(x,v, t)dv (1.6)

and microscopic current density

Jm(x, t) =
∑
i

qi

ˆ
vNi(x,v, t)dv. (1.7)

The total density of a single species of particles (e.g. electrons), s, is

Ns(x,v, t) =
NT∑
i=1

δ[x−Xi]δ[v−Vi].
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Taking the time derivative of particle density yields the evolution equation,

∂Ns(x,v, t)
∂t

= −
NT∑
i=1

∂X
∂t
· ∇xδ[x−Xi(t)]δ[v−Vi(t)]

−
NT∑
i=1

∂V
∂t
· ∇vδ[x−Xi(t)]δ[v−Vi(t)]. (1.8)

Inserting the Lorentz force in for the time derivative of Vi and applying the following property

of the delta function,

aδ(a− b) = bδ(a− b),

we can perform some algebraic simplifications to arrive at the Klimontovich equation [68],

∂Ns

∂t
+ v · ∇xNs +

qs
ms

(Em + v×Bm) · ∇vNs = 0, (1.9)

where we have dropped the functional dependence of the quantities for simplicity. While the

Klimontovich-Maxwell system of equations does indeed completely describe the evolution of

the plasma, this is a rather impractical model for our purposes. In the diffuse interstellar

medium, a typical total particle number density is still on the order of 106 m−3 [41]. Common

systems of interest like the ionosphere or fusion plasmas are many orders of magnitude more

dense with particles, and evolving and tracking each individual particle in such systems is

simply unfeasible. Additionally, there is likely no context where a researcher would need

the details of every single particle’s position and trajectory; often, we would rather consider

averaged flow properties of the plasma as a whole. We instead seek a model that averages out

individual particle information while maintaining the effects that arise from discrete particle

motion.
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1.1.2 Vlasov-Boltzmann Equation

To average out individual particle information, we can borrow a concept from statistical

mechanics and perform an ensemble average on the particle density function [e.g. 77, 104],

fs(x,v, t) ≡ 〈Ns(x,v, t)〉. (1.10)

The ensemble average operation can be thought of as an average over the infinite number

of different microstates of the plasma that share the same bulk macrostate. Perhaps more

intuitively, consider two identical plasmas initialized in thermal equilibrium under some

constant external electromagnetic field. If a single particle position or velocity is perturbed

in one case before the systems are allowed to evolve in time, the exact particle distributions

of the plasmas (the microstates) will of course differ as time passes. However, they will still

share the same bulk properties (the macrostate). Therefore, we take the ensemble average

over all of these possible microstates of the plasma to get a smooth distribution from the

“spiky” discrete particle densities, Ns. The resulting quantity, fs(x,v, t), is known as the

distribution function of species s and quantifies the number of particles per unit phase space

volume.

By transitioning from Ns(x,v, t) to fs(x,v, t), we are now working with a smooth function

rather than individual particles. It is worth noting here that the bulk configuration space

properties of the plasma are calculated simply by taking velocity moments of f over the

entire velocity space V . The zeroth moment of the distribution function is the particle

number density,

ns(x, t) =
ˆ
V
fs(x,v, t) d3v, (1.11)

6
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the first velocity moment gives the particle flux density,

ns(x, t)us(x, t) =
ˆ
V

vfs(x,v, t) d3v, (1.12)

and the second moment is the stress tensor (with trace proportional to the total energy

density),

Ps(x, t) = ms

ˆ
V

vvfs(x,v, t) d3v, (1.13)

Es(x, t) =
1

2
Ps(x, t) =

1

2
ms

ˆ
V
v2fs(x,v, t) d3v, (1.14)

where vv is a dyadic tensor. The elements of the stress tensor are defined as

Pij = msns(uiuj + δijv
2
th), (1.15)

where δij is the Kronecker delta. One common third velocity moment is the particle energy-

flux density,

Qs(x, t) =
1

2
ms

ˆ
V

vv2fs(x,v, t) d3v. (1.16)

These velocity moments have been performed in the laboratory frame, where the plasma has

nonzero bulk velocity, but they can also be taken in the plasma frame by multiplying by

the relative velocity, w = v − u, before integrating. In the plasma’s rest frame, the zeroth

moment is still n, but the first moment is, of course, 0. The second moment in this frame is

the pressure tensor,

Ps(x, t) = ms

ˆ
V

wwfs(x,v, t) d3v, (1.17)

and its trace gives the scalar pressure, p = Tr(Ps)/3. Finally, in the plasma rest frame, the

7
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third velocity moment similar to Eq. 1.16 is the heat flux,

qs(x, t) =
1

2
ms

ˆ
V

ww2fs(x,v, t) d3v. (1.18)

The relationship between laboratory and plasma frame moments can be found by substituting

the definition of w into the integral and expanding, as demonstrated in Section 3.1.2.

From here, the domain V will be assumed for integrals over d3v, that is, these integrals

are performed over all velocity space. It is commonly known and can be simply shown,

[e.g. 18, 25], that when there is no preferred velocity direction and no external forces, the

distribution function must be a Maxwellian,

f(v) = n√
2πv2th

3 exp
(
−(vx − ux)2 + (vy − uy)2 + (vz − uz)2

2v2th

)
, (1.19)

with thermal velocity1, vth =
√
T/m, and no bulk velocity, ux = uy = uz = 0. Note that it

is conventional in plasma physics to express temperature in units of energy, implicitly multi-

plying temperature by Boltzmann’s constant. Any external forces or inter-particle collisions

imply that the velocity directions are no longer independent of one another, invalidating the

initial assumption of such derivations. However, as will be demonstrated in Section 1.2.2,

collisions serve to thermalize the distribution, driving it to a Maxwellian.

Returning to the kinetic equation, applying the ensemble average operation to the Klimon-

tovich equation yields the evolution equation of the distribution function. First, we re-frame

the particle density and microscopic fields discussed earlier as sums of the large-scale quan-

1In this form, the thermal velocity is the standard deviation of the Maxwellian distribution. Another
common definition of the thermal velocity arises from setting equal the typical kinetic energy of a plasma
and its temperature, mv2th/2 = T , yielding a thermal velocity larger than that used in this work by a factor
of
√
2.
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tities with small-scale perturbations arising from individual particle motion,

Ns = fs + δNs,

Em = E + δE,

Bm = B + δB,

where the ensemble averages of perturbation quantities individually are 0, i.e. 〈δNs〉 =

〈δE〉 = 〈δB〉 = 0, and the macroscopic fields are ensemble averages of their microscopic

counterparts, 〈Bm〉 = B and 〈Em〉 = E.

Inserting these forms into Eq. 1.9 and ensemble averaging, we obtain the Vlasov-Boltzmann

equation,
∂fs
∂t

+ v · ∇xfs +
qs
ms

(E + v×B) · ∇vfs = C[fs], (1.20)

where the remaining perturbation terms from the ensemble average are collected into the

right-hand-side operator,

C[fs] = −
qs
ms

〈(δE + v× δB) · ∇vδNs〉. (1.21)

The left-hand-side of Eq. 1.20 describes advection of the distribution function in configura-

tion and velocity space. While the distribution function does not include individual particle

information because of the ensemble average, the contributions of small-scale, individual par-

ticle effects stemming from the perturbation fields are accumulated into the right-hand-side,

known as the collision operator. If collisional effects are negligible, as is often the case for

diffuse, high temperature plasmas [41], we are left with the Vlasov equation,

∂fs
∂t

+ v · ∇xfs +
qs
ms

(E + v×B) · ∇vf = 0. (1.22)

9



1.2. Derivation of the Fokker-Planck Operator

However, if we wish to model a regime where collisional physics are relevant, we need a

usable form of the collision operator.

1.2 Derivation of the Fokker-Planck Operator

To begin our discussion of collisional modeling in continuum-kinetics, we now derive the

Fokker-Planck collision operator. This section follows the process of [54], but many equally

valid alternative paths exist, e.g. [41, 77].

Given a particle species with distribution function f(x, v, t), there is a probability, P(v,∆v),

that the velocity changes from v −∆v to v within time ∆t as the result of a collision event.

For convenience, the x-dependence of the distribution function will be omitted for the rest

of this derivation. If we have a particle with velocity v −∆v at time t, then the probability

of that same particle having velocity v at time t+∆t is P(v,∆v). The phase space density

of particles satisfying such a condition is then f(v −∆v, t)P(v −∆v,∆v). Integrating over

all possible ∆v gives the total distribution function of particles at time t+∆t,

f(v, t+∆t) =

ˆ
f(v −∆v, t)P(v −∆v,∆v)d∆v. (1.23)

As will be shown, the change in velocity due to a single Coulomb collision is expected to be

small, so we can expand the arguments of the integral in v −∆v,

f(v −∆v, t)P(v −∆v,∆v) ≈f(v, t)P(v,∆v) + (−∆v) ∂
∂v

[f(v, t)P(v,∆v)]

+
(∆v)2

2

∂2

∂v2
[f(v, t)P(v,∆v)] + ....

Because ∆v is expected to be small, we can neglect terms of higher order than (∆v)2. This
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will also be further justified later, where it will be shown that these higher order terms

become smaller by a factor of the Coulomb logarithm, which is assumed to be large in

plasmas of interest. Therefore, the distribution function of particles at time t+∆t becomes

approximately,

f(v, t+∆t) ≈
ˆ

( f(v, t)P(v,∆v)−∆v
∂

∂v
[f(v, t)P(v,∆v)]

+
(∆v)2

2

∂2

∂v2
[f(v, t)P(v,∆v)] ) d∆v (1.24)

Because P(v,∆v) is a probability,

ˆ
P(v,∆v)d∆v = 1.

The expectation values of ∆v and (∆v)2 (also referred to as the velocity increments) are

given as

〈∆v〉 =
ˆ

∆vP(v,∆v) d∆v,〈
(∆v)2

〉 ˆ
(∆v)2P(v,∆v)d∆v.

Eq. 1.24 can then be rewritten as

f(v, t+∆t) ≈f(v, t)− ∂

∂v
[f(v, t) 〈∆v〉] + 1

2

∂2

∂v2
[f(v, t)

〈
(∆v)2

〉
]. (1.25)

Because we are searching for the change of the distribution function in time as a result of
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collisions, we can now apply the limit definition of the derivative,

∂f(v, t)

∂t
= lim

∆t→0

f(v, t+∆t)− f(v, t)
∆t

=
1

∆t

(
− ∂

∂v
(f(v, t) 〈∆v〉) + 1

2

∂2

∂v2
(f(v, t)

〈
(∆v)2

〉
)

)
,

to give the final collision operator in 1X1V (one configuration space dimension, one velocity

space dimension),

C[f(v, t)] =

(
∂f

∂t

)
coll

= − ∂

∂v

(
〈∆v〉
∆t

f(v, t)

)
︸ ︷︷ ︸

drag

+
∂2

∂v2

(
〈(∆v)2〉
2∆t

f(v, t)

)
︸ ︷︷ ︸

diffusion

. (1.26)

The first term of Eq. 1.26 has the form of an advection equation in velocity space and

describes particle slowing due to friction. This drag component serves to group particles

around v = 0, corresponding to the distribution function growing a peak close to the origin

of velocity space [77]. In contrast, the second term is a diffusion operator, governing diffusive

spreading/flattening of f in velocity space. The net effect of collisions on the distribution

function is therefore a balance between drag slowing particles towards 0 velocity and velocity

space diffusion to higher velocities.

In order to generalize this operator to 3V, the expectation values of the velocity increments

are replaced with corresponding vector and tensor quantities,

〈∆v〉 → 〈∆v〉〈
(∆v)2

〉
→ 〈∆v∆v〉 ,
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and the derivatives are replaced with divergence operations, yielding

C[f(v, t)] = −∇v ·
[
〈∆v〉
∆t

f(v, t)−∇v ·
(
〈∆v∆v〉
2∆t

f(v, t)
)]

, (1.27)

or component-wise,

C[f(v, t)] = − ∂

∂vi

[
〈vi〉
∆t

f(v, t)− ∂

∂vj

(
〈∆vi∆vj〉

2∆t
f(v, t)

)]
. (1.28)

Einstein’s summation convention is used in Equation 1.28 and is assumed throughout this

work unless otherwise noted. Under this convention, repeated indices in a single term indi-

cates a sum over all values of the indices, e.g.

xiyi = x1y1 + x2y2 + x3y3,

if x = {x1, x2, x3} and y = {y1, y2, y3}. The velocity increments are dependent on the iden-

tities of the colliding species, e.g. for collisions of species s with species s′, the velocity

increments are denoted 〈∆v〉ss
′

and 〈∆v∆v〉ss
′
. Summing over all species with which s col-

lides gives the total collisional contribution to the rate of change of the distribution function

of species s.

Now we must calculate the expectation values for the velocity changes. Consider an indi-

vidual Coulomb collision in 2D between particle A (mass ms and charge es) and particle B

(mass ms′ and charge es′), as in Figure 1.1. Particle A approaches particle B at distance

b with initial velocity v, in a frame where particle B is stationary. Through the Coulomb

force, F = eses′/4πε0r(t)
2, particle A gains momentum in the y-direction and is deflected

from its initial path by an angle α.
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Figure 1.1: Diagram of a Coulomb collision between two particles with like charges. Particle
A with velocity v approaches stationary particle B with impact parameter b. As a result of
the collision, the path of A is deflected by angle α.

The momentum gained by particle A can be found by integrating Newton’s 2nd Law,

ms∆vy =

ˆ
Fydt

=

ˆ ∞

−∞

eses′

4πε0r(t)2
sin θdt =

ˆ ∞

−∞

eses′

4πε0r(t)2
b

r(t)
dt

=
eses′

4πε0

ˆ ∞

−∞

b

((vt)2 + b2)3/2
dt

=
eses′

2πε0bv
.

The angle of deflection is then (using a small-angle approximation for α),

sinα ≈ α =
∆v

v
=

eses′

2πε0msbv2
=
rmin

b
.

We now introduce the collision cross-section, σss′ = πr2min, where rmin is the velocity-

dependent distance of closest approach. The cross-section is related to the collision frequency,
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νss′ , through

νss′ = ns′σss′v =
ns′e

2
se

2
s′

4πε20m
2
sv

3
. (1.29)

Clearly, the frequency of small-angle Coulomb collisions varies strongly with velocity, scal-

ing as ν ∼ v−3. This property has significant implications on the collisional dynamics of

our model, as the fastest particles (in the high-energy tails of f) collide substantially less

often than those in the bulk of the plasma that exists within approximately one thermal

velocity around the peak of the Maxwellian. The highest-energy electrons, referred to as

superthermals, have velocities greater than approximately 3vth and are responsible for a

large portion of the heat flux. These superthermals can escape local temperature gradients

without colliding due to their long collision mean-free-paths, λmfp = vth/ν, depositing their

energy elsewhere in the plasma [16, 17]. Accurate treatment of these superthermal electrons

is of utmost importance when temperature scale lengths become similar to λmfp, and, as we

will see, the FPO inherently includes a velocity-dependent collision frequency. It is worth

mentioning here that a conventional characteristic collision time was defined by Braginskii

[15] when considering the friction force between species, given by

τss′ =
1

νss′
=

12π3/2

√
2

ε20m
1/2
s T

3/2
s

e2se
2
s′ns′ logΛss′

. (1.30)

The quantity logΛss′ is known as the Coulomb logarithm and will be introduced shortly.

For the remainder of this derivation however, we consider the cross-section for a typical

particle in the distribution, i.e. one moving with velocity v ≈ vth. Therefore, the deflection

angle is α = bmin/b, where

bmin =
eses′

2πε0msv2th,s
. (1.31)

We have thus calculated the deflection angle of a particle moving at velocity vth undergoing
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a Coulomb collision with a stationary particle at a large distance b. In the reference frame

where both particles are moving, consider the Lagrangian of the system,

L =
mẋ2

s

2
+
mẋ2

s′

2
− eses′

4πε0|xs − x| .

Converting into center of mass coordinates with,

R ≡ msxs +ms′x
ms +ms′

r = xs − xs′ ,

yields

L =
(ms +ms′)Ṙ2

2
+

1

2

msms′ ṙ2

ms +ms′
− eses′

4πε0r
. (1.32)

The Euler-Lagrange equation for this system,

d

dt

(
∂L

∂Ṙ

)
=
∂L

∂R ,

yields

(ms +ms′)R = 0

∴ Ṙ = const.,

so the center of mass of the two particle system moves at a constant velocity. The first term

of the Lagrangian, Eq. 1.32, is therefore a constant, and the Lagrangian as a whole resembles

that of a particle with mass m∗ = (msms′)/(ms +ms′) moving at velocity u = ṙ = vs − vs′

in a Coulomb field:

L = const. + 1

2

msms′ ṙ2

ms +ms′
− eses′

4πε0r
.

As a result, we can treat the system with two moving particles identically to the previous
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case, substituting m∗ for ms and u for v, so the deflection angle in the x-y plane will be the

same angle α found previously. If we now allow particle A to also deflect off the x-y plane

by an angle φ, the changes in velocity of the center of mass system are then,

∆ux = ∆u sin2 α

2
= u(1− cosα)

∆uy = u sinα cosφ

∆uz = u sinα sinφ.

Returning to the velocity-aligned frame (u→ v) is a simple change of variables,

xs = R +
ms′

ms +ms′
r

v =
d

dt
(xs) = const. + ms′

ms +ms′
u,

thus the velocity changes are

∆v =
ms′

ms +ms′
∆u

∆vx =
ms′

ms +ms′
u(1− cosα)

∆vy =
ms′

ms +ms′
u sinα cosφ

∆vz =
ms′

ms +ms′
u sinα sinφ.
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These velocity changes can be simplified further by recalling that α is small,

∆vx ≈
ms′

ms +ms′

α2

2
u =

(
1 +

ms

ms′

)(
eses′

2πε0ms

)2
1

2r2u3

∆vy ≈
eses′

2πε0ms

cosφ
ur

∆vz ≈
eses′

2πε0ms

sinφ
ur

.

We now have the incremental changes to the velocity of particle A as a result of a single

collision with particle B, but a real plasma consists of many particles undergoing potentially

many such collision events. Therefore, we turn our attention to quantifying the cumulative

effect of these collisions on the distribution function. Rather than the previous two-particle

system, particle A now travels at velocity v through a distribution of particles of species

b described by distribution function fs′(xs′ ,vs′ , t). Consider collisions that occur within an

impact parameter between r and r + dr and angle φ and φ + dφ through some time ∆t.

The volume described by these conditions multiplied by the density of particles of species b

within the differential volume d3vs′ around v gives the number of colliding particles,

number of colliding particles = ∆t(urdφdr) d3vs′fs′(xs′ ,vs′ , t).

Integrating over all possible impact parameters r, angles φ, and velocities vb gives the total

number of collisions over time ∆t (substituting u = v− vs′),

number of collisions = ∆t

˚
|v− vs′|fb(vs′)rdφdr d

3vs′ ,

where, again, the position- and time-dependence of the distribution function is omitted for

simplicity. Multiplying the number of colliding particles by the velocity changes before

integrating over r, φ, and v′ gives the velocity increments we seek. Beginning with the ∆vx
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expectation value,

〈∆vx〉ss
′

∆t
=

(
1 +

ms

ms′

)(
eses′

2πε0ms

)2˚
1

2r2u3
rufs′(vs′)drdφ d

3vs′ ,

there is a divergent integral in r, so we must introduce some physically-motivated cutoff

for the impact parameter integral. The natural choice for the lower bound is the minimum

impact parameter derived earlier, bmin. While this is a generally sound choice, in the case

where temperatures (and therefore velocities) are large, the minimum impact parameter,

which is also the classical distance of closest approach, can become smaller than the de

Broglie wavelength. In such cases, the de Broglie wavelength should be used instead [41].

The Debye length, λD gives a convenient upper bound, as beyond this distance, the Coulomb

potential is shielded by collective behavior of the bulk of the plasma. With these cutoffs,

the integral becomes,

〈∆vx〉ss
′

∆t
=

(
1 +

ms

ms′

)(
eses′

2πε0ms

)2 ˆ λD

bmin

dr

r

ˆ 2π

0

dφ

ˆ
1

2u2
fs′(vs′) d

3vs′

=

(
1 +

ms

ms′

)(
eses′

2πε0ms

)2

π ln
(
λD
bmin

) ˆ
1

u2
fs′(vs′) d

3vs′ .

The quantity ln(λD/bmin) is known as the Coulomb logarithm and is commonly denoted as

lnΛ. It can be shown that lnΛ � 1 for most cases of interest (generally lnΛ lies between

10 and 20), and the rest of this analysis makes this assumption [59]. Our velocity increment

expectation value then becomes,

〈∆vx〉ss
′

∆t
= Γss′

(
1 +

ms

ms′

) ˆ
1

u2
fs′(vs′) d

3vs′ , (1.33)
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where we have defined,

Γss′ ≡
1

4π

(
eses′

ε0ms

)2

lnΛ. (1.34)

Treating 〈∆vy〉 /∆t and 〈∆vz〉 /∆t in the same way, we end up with integrals from 0 to 2π

of cosφ and sinφ, respectively, yielding,

〈∆vy〉ss
′

∆t
=
〈∆vz〉ss

′

∆t
= 0.

We now have the elements of the velocity increment vector 〈∆vi〉ss
′
/∆t, so we next calculate

the elements of the tensor 〈∆vi∆vj〉ss
′
/∆t. To make our job simpler, we can take advantage

of the assumption that α is small. Because ∆vx ∝ α2 and both ∆vy and ∆vz are proportional

to α, any products of ∆vx and another increment will be of at least order α3, which we take

as negligible. Additionally, the φ-integral for 〈∆vy∆vz〉 /∆t and 〈∆vz∆vy〉 /∆t are over

sinφ cosφ, so those terms will be 0. Therefore, we only need to calculate 〈(∆vy)2〉ss
′
/∆t and

〈(∆vz)2〉ss
′
/∆t. Beginning with 〈(∆vy)2〉ss

′
/∆t,

〈(∆vy)2〉ss
′

∆t
=

(
eses′

2πε0ms

)2 ˆ λD

min

ˆ 2π

0

ˆ
cos2 φ
ur

fs′(vs′) d
3vs′dφdr

=

(
eses′

2πε0ms

)2

π lnΛ

ˆ
1

u
fs′(vs′) d

3vs′

= Γss′

ˆ
1

u
fs′(vs′) d

3vs′ .

Similarly, we determine,

〈(∆vz)2〉ss
′

∆t
= Γss′

ˆ
1

u
fs′(vs′) d

3vs′ .

Now that we have calculated the velocity increments, we have to transform the coordinate
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system back from velocity-aligned coordinates, {x̂, ŷ, ẑ}, to a stationary lab frame, which can

be any arbitrary coordinate system defined by basis vectors {êi, êj, êk}. Taking advantage

of the fact that we know only 〈∆vx〉ss
′
, 〈(∆vy)2〉ss

′
, and 〈(∆vz)2〉ss

′
are non-zero,

〈∆vi〉ss
′

∆t
=
〈êi · x̂∆vx〉ss

′

∆t
=
〈(ui/u)∆vx〉ss

′

∆t
,

and

〈∆vi∆vj〉ss
′

∆t
=
〈(êi · (ŷ∆vy + ẑ∆vz))(êj · (ŷ∆vy + ẑ∆vz))〉ss

′

∆t

=
〈(êi · ŷ)(êj · ŷ)(∆vy)2 + (êi · ẑ)(êj · ẑ)(∆vz)2〉ss

′

∆t

=
〈(êi · êj − (êi · x̂)(êj · x̂))(∆vy)2〉ss

′

∆t

=
〈(δij − uiuj/u2)(∆vy)2〉ss

′

∆t
.

Calculating the integrals for the expectation values yields,

〈∆vi〉ss
′

∆t
= Γss′

(
1 +

ms

ms′

) ˆ
ui
u3
fs′(v′) d3v′, (1.35)

〈∆vi∆vj〉
∆t

= Γss′

ˆ
u2δij − uiuj

u3
fs′(v′) d3v′, (1.36)

where we replace the dummy integration variable vs′ with v′ for notational consistency with

other works. As in [101], we now define the so-called Rosenbluth potentials,

Hs′(v) ≡
ˆ

1

u
fs′(v′) d3v′ =

ˆ
1

|v− v′|
fs′(v′) d3v′ (1.37)

Gs′(v) ≡
ˆ
ufs′(v′) d3v′ =

ˆ
|v− v′|fs′(v′) d3v′, (1.38)
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which have the convenient properties

∂Hs′(v)
∂vi

=

ˆ
ui
u3
fs′(v′) d3v′,

∂2Gs′(v)
∂vi∂vj

=

ˆ
u2δij − uiuj

u3
fs′(v′) d3v′ =

ˆ
wijfs′(v′) d3v′,

with the tensor

w = ∇v ⊗∇vu =
u2I− uu

u3
,

where ⊗ indicates a tensor product and uu is a dyadic tensor.

The quantities Hs′ and Gs′ can also be written as the solutions to the following Poisson

equations,

∇2
vHs′(v) = −4πfs′(v) (1.39)

∇2
vGs′(v) = 2Hs′(v), (1.40)

hence Rosenbluth potentials. It is worthwhile to note that the Rosenbluth potentials can be

determined analytically when considering collisions with a Maxwellian, yielding [41]

Hs′,M =
ns′

v
erf
(

v√
2vth,s′

)
, (1.41)

Gs′,M = ns′
√
2vth,s′

[
1√
π

exp

(
− v2

2v2th,s′

)
+ erf

(
v√

2vth,s′

)(√
2vth,s′

v
+

v√
2vth,s′

)]
, (1.42)

where the speed, v, is instead the relative speed when there is nonzero bulk velocity, v →

|v− u|.
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Defining,

hss′(v) ≡ Γss′

(
1 +

ms

ms′

)
Hs′(v)

gss′(v) ≡ Γss′Gs′(v),

yields new forms of the velocity increments

〈∆v〉ss
′

∆t
= Γss′

(
1 +

ms

ms′

)
∇vHs′(v) = ∇vhss′(v) (1.43)

〈∆v∆v〉ss
′

∆t
= Γss′∇v ⊗∇vGs′(v) = ∇v ⊗∇vgss′(v). (1.44)

With these forms of the velocity increments, the component-wise Fokker-Planck operator,

Equation 1.28, accounting for collisions between species s and s′ can now be written,

Css′ [fs, fs′ ] = −
∂

∂vi

[
∂hss′(v)
∂vi

fs(v)−
1

2

∂

∂vj

(
∂2gss′(v)
∂vj∂vk

fs(v)
)]

. (1.45)

By inserting the integral forms of the potentials into Equations 1.43 and 1.44 and performing

some nontrivial algebra and simplifications, the Landau form [74] of the FPO is obtained,

Css′ [fs, fs′ ] =

− msΓss′

2

∂

∂vi

ˆ
wij

[
fs(v)
ms′

∂fs′(v′)

∂v′j
− fs′(v′)

ms

∂fs(v)
∂vj

]
d3v′, (1.46)

or, in vector notation,

Css′ [fs, fs′ ] =

− msΓss′

2
∇v ·

ˆ
w ·
[
fs(v)
ms′
∇v′fs′(v′)− fs′(v′)

ms

∇vfs(v)
]
d3v′. (1.47)
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Now, consider the collision operator for species s undergoing only same-species collisions

(simplified from Equation 1.27),

Css[fs] = −∇v ·
[
〈∆v〉s

∆t
fs(v)−∇v ·

(
〈∆v∆v〉ss

2∆t
fs(v)

)]
.

This form of the collision operator is inconvenient to implement numerically, as the second

term is actually a mixed advection-diffusion term. Utilizing the following relations,

Tr
(
〈∆v∆v〉ss

∆t

)
= Tr(∇v ⊗∇vgss) = 2ΓssHs,

∇v ·
〈∆v∆v〉ss

∆t
= ∇v(∇2

vgss) = 2Γss∇vHs,

we can rewrite the collision operator,

Css[fs] = −∇v ·
[
〈∆v〉s

∆t
fs − fs∇v ·

〈∆v∆v〉s

2∆t
− 〈∆v∆v〉s

2∆t
· ∇vfs

]

= −∇v ·
[
(∇vhss)fs − fsΓss∇vHs −

〈∆v∆v〉s

2∆t
· ∇vfs

]

= −∇v ·
[
2fsΓss∇vHs − fsΓss∇vHs −

〈∆v∆v〉s

2∆t
· ∇vfs

]

= −1

2
∇v · [2fsΓss∇vHs − Γss(∇v ⊗∇vGs) · ∇vfs] ,

where we have used the fact that, for a single species colliding with itself, hss = 2ΓssHs.

Defining the drag coefficient, a = 2Γss∇vHs, and diffusion tensor, D = Γss∇v ⊗ ∇vGs,

yields the advection-diffusion form of the FPO for single-species collisions,

Css[fs] = −
1

2
∇v · (afs −D · ∇vfs). (1.48)
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1.2.1 Conservation Properties of the FPO

In this section, we will verify that the FPO conserves density, momentum, and energy as

one would expect from a robust collision operator. Proofs of conservation for the entire

Vlasov-Maxwell-Fokker-Planck system can be found in [64]. While all the presented forms

of the FPO are equivalent, we will use the Landau form for these proofs. For sanity and

brevity, we will use this more compact form of Eq. 1.47,

Css′ [fs] = γss′∇v ·
ˆ

Kss′ d
3v′, (1.49)

with

Kss′ = w ·
(
fs(v)
ms′
∇v′fs′(v′)− fs′(v′)

ms

∇vfs(v)
)
,

γss′ = −
msΓss′

2
.

Conservation of density. For the FPO to conserve particles, the following must be true

[88]: ˆ
Css′ [fs] d

3v = 0.

Inserting Eq. 1.49 into this integral and applying the divergence theorem in v,

ˆ
Css′ [fs] d

3v = γss′

¨
∇v ·Kss′ d

3v d3v′

= γss′

˛ (ˆ
Kss′ · n̂ d3v′

)
dΩ,

where Ω is the boundary of a closed surface, we can take advantage of the fact that f and
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∂fs/∂v vanish as velocity goes to infinity (and thus so does Kss′), giving

ˆ
Css′ [fs] d

3v = 0

and proving conservation of density.

Conservation of momentum. In momentum conserving collisions between species s and

s′, the momentum lost by one species must be gained by the other species,

Fss′ + Fs′s =

ˆ
msvCss′ [fs] d

3v +

ˆ
ms′vCs′sfs′ d

3v = 0. (1.50)

Beginning with the force on s,

Fss′ = γss′ms

¨
v (∇v ·Kss′) d

3v d3v′,

we integrate by parts,

γss′ms

¨
v (∇v ·Kss′) d

3v d3v′ = γss′ms
������������:0˛ ˆ

vKss′ · n̂ dΩ d3v′ − γss′ms

¨
∇vv ·Kss′ d

3v d3v′

= −γss′ms

¨
Kss′ d

3v d3v′.

Substituting back in for K,

Fss′ = −γss′ms

¨
w ·
(
fs(v)
ms′

∂fs′(v′)

∂v′ − f ′
s(v′)

ms

∂fs(v)
∂v

)
d3v d3v′,

we can now exchange the species s and s′ (note γss′ = ms′γs′s/ms) then swap the dummy
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variables v and v′ under the integral,

Fs′s = −γs′sms′

¨
w ·
(
fs′(v)
ms

∂fs(v′)

∂v′ − fs(v′)

ms′

∂fs′(v)
∂v

)
d3v d3v′,

= −γss′ms

¨
w ·
(
fs′(v′)

ms

∂fs(v)
∂v − fs(v)

ms′

∂fs′(v′)

∂v′

)
d3v′ d3v,

= −Fss′ ,

demonstrating that Fss′ = −Fs′s, satisfying Eq. 1.50 and proving that the FPO conserves

momentum.

Conservation of energy. Similarly to momentum conservation, the rate of work done

on or by species s through collisions with species s′ must be balanced by the rate of energy

transfer from collisions of species s′ with species s. Mathematically, the following must hold:

Ess′ + Es′s =
1

2
ms

ˆ
v2Css′ [fs] d

3v +
1

2
ms′

ˆ
v2Cs′s[fs′ ] d

3v = 0. (1.51)

Integrating Ess′ by parts,

Ess′ =
1

2
γss′ms

¨
v2∇v ·Kss′ d

3v d3v′

= −1

2
γss′ms

¨
∇vv

2 ·K d3v d3v′

= −γss′ms

¨
v ·K d3v d3v′

= −γss′ms

¨
v ·w ·

(
fs(v)
ms′

∂fs′(v′)

∂v′ − fs′(v′)

ms

∂fs(v)
∂v

)
d3v d3v′,

we again exchange the species and swap v and v′,

Es′s = −γss′ms

¨
v′ ·w ·

(
fs′(v′)

ms

∂fs(v)
∂v − fs(v)

ms′

∂fs′(v′)

∂v′

)
d3v′ d3v.
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Therefore,

Ess′ + Es′s = −γss′ms

¨
u ·w ·K d3v d3v′,

and

u ·w = u · (∇v ⊗∇vu) = u · u
2I− uu
u3

=
u2u
u3
− u · u

u3
u

=
u
u
− u
u
= 0,

demonstrating that the FPO satisfies Eq. 1.51 and conserves energy.

1.2.2 Boltzmann’s H-Theorem for the FPO

In order to determine the long-term steady-state solution of the FPO, we turn to Boltzmann’s

H-theorem [13, 24, 54]. We first define the quantity H,

Hs(x, t) =
ˆ
fs(x,v, t) ln fs(x,v, t) d3v, (1.52)

which can be interpreted as an entropy density and has the following time derivative,

∂Hs

∂t
=

ˆ
(1 + ln fs)

∂fs
∂t

d3v. (1.53)

Considering a spatially uniform plasma under no external forces and only affected by col-

lisions, the ∂fs/∂t term can be replaced by the collision operator to quantify the rate of
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entropy production from collisions between s and s′,

∂Hss′

∂t
=

ˆ
(1 + ln fs)Css′ [fs] d

3v

= γss′

¨
(1 + ln fs)∇v ·Kss′ d

3v d3v′.

Integrating by parts in v, we find

∂Hss′

∂t
= γss′

¨
(1 + ln fs)∇v ·Kss′ d

3v d3v′ = −γss′
¨

Kss′ · ∇v ln fs d3v d3v′

= −γss′
¨

w ·
(
fs(v)
ms′

∂fs′(v′)

∂v′ − fs′(v′)

ms

∂fs(v)
∂v

)
· ∇v ln fs d3v d3v′

= −γss′
¨

w ·
(
fs(v)
ms′
∇v′fs′(v′)− fs′(v)

ms

∇vfs(v)
)
· ∇v ln fs d3v d3v′.

As in the conservation proofs, we swap the species and dummy variables to get Hs′s,

∂Hs′s

∂t
= −ms

ms′
γss′

¨
w ·
(
fs′(v′)

ms

∇vfs(v)−
fs(v)
ms′
∇v′fs′(v′)

)
· ∇v′ ln fs′ d3v′ d3v.

Boltzmann’s H-theorem for the collision operator states that [88]

∂Hss′

∂t
+
∂Hs′s

∂t
≥ 0. (1.54)

Substituting in for the time derivatives, we find

∂Hss′

∂t
+
∂Hs′s

∂t
= −γss

′

ms

¨
(w ·K) ·

(
1

ms

∇v ln fs(v)−
1

ms′
∇v′ ln fs′(v′)

)
d3v d3v′,

and noting that

fs(v)fs′(v′)

(
1

ms′
∇v ln fs(v)−

1

ms

∇v′ ln fs′(v′)

)
= K,
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we can rewrite this result as

∂Hss′

∂t
+
∂Hs′s

∂t
= −γss

′

ms

¨
a ·w · fs(v)fs′(v′)a d3v d3v′, (1.55)

where we have defined

a =
1

ms

∇v ln fs(v)−
1

ms′
∇v′ ln fs′(v′).

To verify that Eq. 1.55 is always greater than or equal to zero, first note that f is a

probability and is therefore always positive, as is the product fsfs′ in Eq. 1.55. The rest of

the vector/tensor product in the integrand can be expressed as

a ·w · a = a · (∇v ⊗∇vu) · a = a · u
2I− uu
u3

· a

=
u2a− (a · u)u

u3
· a

=
a2u2 − (a · u)2

u3
≥ 0.

Therefore, the integral is always positive, and the negative sign in front is canceled by the

negative sign in the definition of γss′ , verifying the H-theorem, Eq. 1.54, and proving that

entropy production from collisions is always positive or zero.

The steady-state solution of the collision operator is determined by considering the case

where entropy production is 0,
∂Hss′

∂t
+
∂Hs′s

∂t
= 0.

In order for the entropy production to be identically 0, the following must hold:

a2u2 − (a · u)2

u3
= 0,

30



1.2. Derivation of the Fokker-Planck Operator

which is the case only if a and u are parallel. As in [88], the definition of a can thus be

written as
1

ms

∇v ln fs(v)−
1

ms′
∇v′ ln fs′(v′) = G(v,v′)u, (1.56)

where G(v,v′) is some unknown function. For this equality to be true for all possible

combinations of v and v′, G(v,v′) must be a constant, G0. Setting v′ = 0, we have

1

ms

∇v ln fs(v) = G0v +
1

ms′
∇v′ ln fs′(0)

= G0v +G1, (1.57)

where the ln fs′ term on the right-hand-side is some new constant G1, or, with v = 0,

1

ms′
∇v ln fs′(v′) = G0v′ +

1

ms

∇v ln fs(0)

= G0v′ +G1,

Rearranging Eq. 1.57 and solving for fs, we arrive at

∇v ln fs(v) = msG0v +G1 = msG2(v + G3)

Because f should approach 0 as v →∞, the constant G2 must be negative,

∇v ln fs(v) = msG0v +G1 = −msG2(v + G3),

so we find fs must have the following functional form,

fs(v) = G4 exp
(
−msG2|v +G3|2

)
. (1.58)
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The constants in this expression can be determined such that the bulk plasma properties are

recovered when taking velocity moments of the distribution function, e.g. [18], eventually

leading us to the Maxwellian distribution as the long-time equilibrium solution to the collision

operator for both colliding species,

fs(x,v, t) =
ns√
2πv2th

3 exp

(
−(vx − ux)2 + (vy − uy)2 + (vz − uz)2

2v2th,s

)
,

fs′(x,v, t) =
ns′√
2πv2th

3 exp

(
−(vx − ux)2 + (vy − uy)2 + (vz − uz)2

2v2th,s

)
.

While the number densities may differ, the two Maxwellians have the same temperature and

bulk velocity. As mentioned in Section 1.1.2, the steady state distribution function is Eq.

1.19 when there is no preferred velocity direction, but this discussion demonstrates that the

collision operator serves to force a perturbed distribution function back to Maxwellian, even

under the influence of external forces that introduce anisotropy.

1.3 Approximate Collision Operators

1.3.1 Dougherty-Lenard-Bernstein Operator

The Fokker-Planck collision operator, while an accurate model for collision dynamics, is

a complex nonlinear integro-differential equation requiring calculation of the Rosenbluth

potentials for the drag and diffusion coefficients. We seek a simplified collision model that

maintains similar structure, i.e. is still a Fokker-Planck operator including the effects of drag

and diffusion but does not require full calculation of the velocity increments via Rosenbluth

potentials. Therefore, consider the following substitution of moments of the distribution
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function for the drag and diffusion coefficients proposed by [32, 52, 75],

Css[fs] = νss∇v ·
[
(v− us)fs +

Ts
ms

∇vfs

]
, (1.59)

where νss(x, t) is an average collision frequency, and Ts(x, t) and us(x, t) are calculated from

velocity moments of fs. This form can also be found by making the following substitutions

for the Rosenbluth potentials,

HLBO
s = − νss

Γss

(v− us)
2

2
, (1.60)

GLBO
s =

νss
Γss

Ts
ms

v2, (1.61)

and inserting into the full FPO. These simplifications are significant in that the coefficients

are now functions of configuration space only, rather than all phase space like a and D.

Additionally, the diffusion tensor has been reduced to a scalar factor. However, this model,

known as the Dougherty-Lenard-Bernstein operator (LBO), retains important aspects of the

full FPO. First, we clearly have not made any changes to the structure of the equation,

so this collision model still includes the effects of drag and diffusion on the distribution

function. The LBO also maintains the conservation properties present in the full FPO, and

the steady-state solution is a Maxwellian [see 52, 64, for details]. One significant shortcoming

of this model however, is the use of the mean collision frequency, νss. The effective collision

frequency of the full FPO is a function of particle velocity, proportional to v−3. As a result,

the LBO will overestimate the effect of collisions in the high-energy tails of the distribution

function. While this is generally not an issue when considering dynamics of the bulk plasma,

applications of the LBO to regimes where the motion of the fastest particles is relevant, such

as fusion energy, will not correctly capture the important motions of those highest-energy

particles. Regardless, the LBO model is still an efficient simplification of the FPO that
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maintains some important properties. However, what if this model is still more complex

than necessary for a given study?

1.3.2 Bhatnagar-Gross-Krook Operator

The FPO and LBO relax a non-equilibrium distribution function to Maxwellian via the

cumulative effects of drag and diffusion. We can instead choose to skip the drag and diffusion

contributions and directly relax the distribution function to a Maxwellian,

C[fss] = νss(fM,s − fs), (1.62)

where fM,s is a Maxwellian distribution calculated from moments of fs. This model is known

as the Bhatnagar-Gross-Krook (BGK) operator [9]. Clearly, the form of the BGK operator

is a significant departure from the FPO and LBO, as we have chosen to directly force the

distribution function towards Maxwellian at a rate proportional to the collision frequency.

This simple collision operator is well-suited to large-angle binary collisions between neutral

particles, rather than the small-angle Coulomb collisions discussed to this point. The lack of

velocity-dependence in the collision frequency results in, similarly to the LBO, a significant

overestimation of the effects of collisions in the high-energy-tails of the distribution function.

However, two important aspects are maintained: relaxation to steady-state Maxwellian and

conservation of particles, momentum, and energy. Conservation is rather simply proved by

recalling that fM is constructed using moments of f , so taking the first three moments of the

BGK operator will result in the right-hand-side vanishing identically. The BGK operator is

therefore best suited to studies of neutral particle interactions (neutral-neutral, ion-neutral,

or electron-neutral) where the gas/plasma is sufficiently collisional such that any departures

from Maxwellian are small and ideally occur near the peak of the distribution function.
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1.4 Summary of Chapter 1

In this chapter, we introduced the definitions of a plasma and some ways the motion of

individual particles can be modeled. While simple to derive, the Klimontovich equation, Eq.

1.9, contains substantially more information than we could ever use. Taking the ensemble

average of the Klimontovich equation results in the Vlasov-Boltzmann equation, Eq. 1.22,

that describes the evolution of the phase space distribution of particles. An important

piece of the Boltzmann equation is the collision operator, which, when derived from the

Klimontovich equation, is expressed in the form of small-scale electromagnetic fluctuations

due to single-particle dynamics. To derive at a more usable form of the collision operator,

we began by considering the effect of collisions on the distribution function as a probabilistic

phenomenon, resulting in the Fokker-Planck collision operator, Eq. 1.28. The velocity

increments in the FPO were then formulated by considering small-angle Coulomb collisions,

eventually leading us to three equivalent forms of the FPO: the Rosenbluth form (Eq. 1.45),

the Landau form (Eq. 1.46), and the advection-diffusion form (Eq. 1.48). Conservation

properties of the FPO were then demonstrated, and Boltzmann’s H-theorem was utilized

to show that the steady-state solution to the FPO is a Maxwellian. While these collision

models are accurate, they are deeply complex nonlinear equations of f . We therefore sought

simplifications to the FPO, first by approximating the velocity increments to arrive at the

LBO, Eq. 1.59. An even simpler model was then constructed by considering the cumulative

effect of the FPO and LBO: relaxation to a Maxwellian distribution. This simpler BGK

model, Eq. 1.62, forgoes the finer-scale features of the LBO and FPO but is conceptually

and mathematically simpler and is actually well-suited to modeling neutral species collisions.

With this physical background in mind, the question remains of how to solve these types of

equations computationally. In the next chapter, we will introduce some common numerical
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methods used to solve partial differential equations computationally, and we will discuss the

sophisticated discontinuous Galerkin method that is used in the plasma simulation framework

Gkeyll that powers all simulations in this work.
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Chapter 2

The Discontinuous Galerkin Finite

Element Method

2.1 Background: Common Numerical Methods

Numerical solution of partial differential equations is not often a straightforward process.

The first step we must consider when applying computational techniques to such problems is

how to represent a continuous function or set of functions and their derivatives in a manner

usable by computers. This process generally involves “discretizing” the continuous function

and defining a computational space with finite extents in independent variables that is then

decomposed into cells or nodes that “contain” the discrete representation. A variety of

techniques exist for discretizing functions in this manner, each with a distinct form of the

discrete representation. The three most commonly utilized techniques are known as finite

difference, finite volume, and finite element methods, and we will go over the basic ideas

of each in this section. Each of these methods has a long history of use in a variety of

fields, and a more in-depth introduction to each can be found in many numerical methods

textbooks, e.g. [56, 58]. To help clarify our discussion of discretization techniques, we will

apply each method to the one-dimensional advection equation for scalar quantity u(x, t) with

flux F (u(x, t)),
∂u

∂t
+
∂F

∂x
= 0. (2.1)
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2.1. Background: Common Numerical Methods

2.1.1 Finite Difference Method

We will begin with the finite difference method, as it is the conceptually simplest technique

of the three. The finite difference technique emerges from the Taylor expansion of some

function, F (x), at point x0 + h,

F (x0 + h) = F (x0) + F ′(x0)h+ F ′′(x0)
h2

2!
+ · · · ,

where the remaining terms are proportional to higher powers of h. Accumulating all terms

higher than second order in h into a single remainder term, R(x), and rearranging to solve

for the first x derivative of F yields

F ′(x0) =
F (x0 + h)− F (x0)

h
− R(x)

h
, (2.2)

known as a forward difference formula, which bears remarkable similarity to the limit defi-

nition of the derivative if the remainder is sufficiently small and we take the limit as h→ 0.

We can quantify the magnitude of the residual (the truncation error) by noting the first

truncated term, proportional to h2, would retain one factor of h after the division, so this

scheme is said to be first-order. This approximation of F ′(x0) appears sound, but we can gain

accuracy if we assume the function is smooth and include information from the expansion

in the other direction away from x0,

F (x0 − h) = F (x0)− F ′(x0)h+ F ′′(x0)
h2

2
+ · · · ,

to achieve the backward difference formula,

F ′(x0) =
F (x0)− F (x0 − h)

h
− R(x)

h
. (2.3)
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2.1. Background: Common Numerical Methods

Adding these two formulas, accumulating the residuals, and solving for the derivative again

yields the central difference formula,

F ′(x0) =
F (x0 + h)− F (x0 − h)

2h
− R(x)

h
. (2.4)

Because the terms in the residual proportional to h2 have opposite signs in the two Taylor ex-

pansions, they cancel in the addition, resulting in a leading term in the residual proportional

to h3 and a second-order approximation.

With this approximation of the derivative in mind, the finite difference method involves

laying out a grid of points in the computational domain xk, k ∈ N with grid spacing hk =

xk+1 − xk, where N is the total number of points. We can now insert a finite difference like

the central difference formula, Eq. 2.4, for spatial derivative of the advection equation, Eq.

2.1,
∂uh(xk, t)

∂t
+
Fh(xk+1, t)− Fh(xk−1, t)

hk + hk−1

= Rh(x), (2.5)

where we have updated the notation slightly, denoting our discrete solution and flux as uh and

Fh, and redefining xk±1 ≡ xk ± h and hk ≡ xk+1 − xk. Finite difference methods inherently

assume uh and Fh are well approximated by polynomials around xk because with the Taylor

expansions, we are essentially interpolating the continuous quantities between these grid

points using Taylor polynomials. Any deviations from this approximation accumulate in the

residual, Rh(x), quantifying the discrepancy between the approximate solution and the exact

solution of Eq. 2.1. We can then specify the manner in which we want the discrete solution

to satisfy the original equation. Because our solution is defined at the grid locations xk, we

can require the residual to vanish at each grid point, R(xk) = 0. Enforcing this constraint at

each grid point results in a linear system of N equations that must be solved to compute the

solution uh(xk, t) at each grid point. It is worth mentioning that the order of accuracy of a
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2.1. Background: Common Numerical Methods

finite difference formula can be arbitrarily increased by simply including Taylor expansions

of more neighboring points. This idea can be applied to construct high-order one-sided

schemes, e.g. a second-order scheme using information from the lower side of point k that

uses data from points k, k − 1, and k − 2.

The finite difference method is applied here to the spatial derivative of Eq. 2.1, but the time

derivative has not yet been addressed. A proper introduction to time integration techniques

requires a rigorous discussion of consistency, stability, and convergence that is beyond the

scope of this work [see 58, 87], but we now briefly digress to a high-level exploration of these

topics for completeness. A numerical scheme is stable if numerical errors remain bounded

as the simulation advances in time to infinity, and it is consistent if the difference between

the continuous differential equation (e.g. Eq. 2.1) and the discrete scheme (e.g. Eq. 2.5)

vanishes as grid spacing and timestep approach 0. Convergence refers to the fact that the

discrete solution should be an accurate representation of the exact numerical solution to the

continuous differential equation. As grid spacing and timestep are decreased, the difference

between the discrete and exact solutions (the truncation error) tends to 0 in a convergent

scheme. The rate at which the truncation error decreases as the computational mesh is

refined is the observed order of accuracy (as opposed to the formal order of accuracy found

when deriving the scheme above) [87]. While a time derivative could intuitively be handled

in exactly the same manner as the spatial derivatives above, care must be taken as different

combinations of temporal and spatial discretizations can have drastically different effects on

the stability of the scheme.

Consider replacing the time derivative in Eq. 2.5 with a forward difference in time with

interval ∆t. Setting the residual to be 0 at point xk again, we arrive at

uh(xk, t+∆t)− uh(xk, t)
∆t

= −Fh(xk+1, t)− Fh(xk−1, t)

hk + hk−1

, (2.6)
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2.1. Background: Common Numerical Methods

giving us a simple method to calculate the solution at the next timestep. This is an explicit

scheme known as the (forward) Euler method. In an explicit scheme, we are solving for

a single unknown value at time t + ∆t using known quantities at time t. Naturally, such

a conveniently simple technique has a drawback: the timestep must be very small for the

overall scheme to be numerically stable, as can be demonstrated by von Neumann stability

analysis [58]. In contrast, the implicit backward Euler method would arise if we instead

evaluate our equation at t+∆t and take a backward difference in time,

uh(xk, t+∆t)− uh(xk, t)
∆t

+
Fh(xk+1, t+∆t)− Fh(xk−1, t+∆t)

hk + hk−1

= 0. (2.7)

Three unknown quantities appear in this form, so computing the solution uh(xk, t + ∆t)

with an implicit method generally involves iterative techniques or large linear solves. In

contrast to the explicit method, the implicit method is unconditionally stable, so increasing

the timestep only reduces accuracy rather than introducing instability. However, it is worth

noting that both of these schemes are first-order in time due to the use of a single-sided

finite difference approximation of the derivative. Similarly to the spatial finite difference,

higher order central difference schemes can be constructed such as the leapfrog method, Lax-

Friedrichs method, or the Crank-Nicolson method. More information on time integration

methods and deeper discussion of the discretization methods introduced in this section can be

found in any standard numerical methods textbook, such as [58]. The remaining discussion in

this section is focused exclusively on spatial discretization, as the techniques that comprise

the bulk of this dissertation use a semi-discrete formulation as part of a method of lines

approach. Semi-discrete schemes first discretize only in space to reduce a partial differential

equation in space and time to an ordinary differential equation in time which can then be

solved with standard time integration methods.

Boundary conditions are generally straightforward to implement in finite difference codes,
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2.1. Background: Common Numerical Methods

as Dirichlet (fixed value) and Neumann (fixed derivative) conditions result in simple mathe-

matical forms for updating boundary grid points. Extending the finite difference method to

higher dimensions involves simply laying down more grid points and solving a (substantially)

larger linear system, greatly increasing computational expense. Additionally, introducing

nonuniformity into the grid spacing must be performed carefully to avoid a notable decrease

in the order of accuracy [58]. The finite difference method is then generally best suited for

uniform geometries and smooth functions that are well approximated as local polynomials

of order equal to the scheme’s order of accuracy (e.g. the second order central scheme in

Eq. 2.5 is exact for quadratic functions). While those restrictions are not an issue for many

problems, few theoretical leaps are required to arrive at finite volume methods, which add

flexibility in terms of geometry and information locality.

2.1.2 Finite Volume Method

In essence, for the finite difference method, we have laid out a grid of points within a

computational domain and defined our solution at each of those points. The finite volume

method emerges when we instead consider the computational grid not as a grid of points

but as a grid of cells with the approximate solution defined as some constant value within

each cell. The average value in cell Vk with bounds [xk−1/2, xk+1/2] is notated with a bar,

e.g. ūkh(t), and defined as

ūkh(t) =
1

h

ˆ xk+1/2

xk−1/2

u(x, t) dx,

where h = xk+1/2 − xk−1/2. Replacing the continuous solution with the cell average in Eq.

2.1 yields a new form of the equation that holds in each cell individually,

∂ūkh(t)

∂t
+
∂F (ūkh)

∂x
= Rk(x),
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2.1. Background: Common Numerical Methods

where Rk(x) is the residual for cell Vk, and x ∈ [xk−1/2, xk+1/2]. Whereas the remainder is 0

at each point in the finite difference method, here we choose to require that Rk vanishes on

average in each cell. Taking the cell average of this equation yields

1

h

ˆ xk+1/2

xk−1/2

∂ūkh(t)

∂t
dx+

1

h

ˆ xk+1/2

xk−1/2

∂F (ūkh)

∂x
dx =

∂ūkh(t)

∂t
+

1

h

˛
δVk

F (ūkh) dx

=
∂ūkh(t)

∂t
+

1

h
(F k+1/2

∗ − F k−1/2
∗ ) = 0, (2.8)

where we have applied the divergence theorem to convert the flux integral into two surface

terms with numerical fluxes, F k±1/2, that are evaluated at the boundaries of cell Vk. Equation

2.8 states that the cell average ūh is conserved within cell Vk: changes in ūkh are due solely

to the fluxes into and out of cell Vk. It is worth noting that this conservative form arises

because the advection equation is a statement of conservation; discretizing a non-conservative

equation would lead to source terms. Because the finite volume method guarantees the

discrete solution is conserved cell-wise, it is a natural choice when one seeks to study physical

systems described by hyperbolic conservation laws like the Euler equations. A diagram of a

typical cell and its neighbors in a finite volume scheme is presented in Figure 2.1.

Cell average quantities are, in general, not continuous across cell boundaries, so an important

choice must be made on evaluation the fluxes for the surface terms while ensuring continuity

of flow between cells. Some simple options are to use the average of the fluxes calculated

from the solutions on both sides of the interface (known as a central flux),

F k+1/2 =
1

2
(F (ūkh) + F (ūk+1

h )),
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2.1. Background: Common Numerical Methods

Figure 2.1: Diagram of a typical cell in a finite volume scheme. Note the cell average
solutions, ūkh, are discontinuous and multiply defined at the cell interfaces, xk±1/2, where the
numerical fluxes, F k±1/2

∗ , are evaluated.

a flux calculated using the average solution at the interface,

F k+1/2 = F

(
ukh + u

k+1/2
h

2

)
,

or a one-sided flux based on the direction of information flow. However, as noted by Godunov

[46], a Riemann problem arises at each cell interface,

ūh =

ū
k
h, x < xk+1/2

ūk+1
h , x > xk+1/2.

The Riemann problem can be solved exactly for a given differential equation in certain cases,

and this exact solution is used to compute the numerical flux at each interface. Otherwise, an

expensive nonlinear equation must be solved at each cell interface every timestep to compute

the exact solution [57]. Alternatively, an approximate Riemann solver such as the Roe solver

[99] or HLL solver [53] can be utilized to reduce computational expense with some reduced

accuracy, which is generally acceptable as we are already working with cell average quantities
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2.1. Background: Common Numerical Methods

in the finite volume method.

While at first glance the introduction of numerical flux only serves to add complexity to the

finite volume method relative to the finite difference method, the conservative form of the

discrete equation offers an immediate advantage over the finite difference method: flexibility

in geometry. As Eq. 2.8 requires only information from cell Vk and its nearest neighbors,

as long as the numerical flux functions are defined such that they are symmetric across cell

interfaces, there will be global conservation of u over the computational domain. Therefore,

the finite volume method can handle any type of mesh, regardless of if said mesh is rectan-

gular Cartesian, triangular, or completely unstructured, as long as the entire computational

domain is tiled completely and each cell boundary touches two cells. Additionally, the finite

volume formalism allows for boundary conditions to be included quite simply, either directly

as the flux contribution to a cell on the domain boundary side or by way of ghost cells outside

the domain that are used to compute fluxes on the domain boundary side of the last cell.

The semi-discrete finite volume scheme above, Eq. 2.8, is only first-order in space. In order

to increase the accuracy of this method, we can choose to use the cell averages of neighboring

cells to reconstruct a higher order representation. For example, for a linear representation,

pk(x) = ak + bkx,

two pieces of information are necessary to determine the coefficients ak and bk, and we

can constrain the reconstructed solution to solve for these coefficients by requiring the cell
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2.1. Background: Common Numerical Methods

average of pk(x) to match the solution cell average in each respective cell,

1

h

ˆ xk+1/2

xk−1/2

pk(x) dx = ūkh

1

h

ˆ xk+3/2

xk+1/2

pk(x) dx = ūk+1
h .

Should we desire an even higher order of accuracy, a polynomial reconstruction of order N

will require N + 1 pieces of information, so the reconstruction stencil must be expanded to

include even more cells. Such a process requires the grid to be structured in some way, re-

moving that major strength of the finite volume method. To summarize, if we seek a higher

order of accuracy in our finite volume scheme, more pieces of information are required to

constrain a higher order polynomial representation, and because each cell in the finite volume

method only contains a single average value, we must include more cells in the reconstruction

operation. Rather than using a large stencil to achieve a higher order polynomial represen-

tation of the solution, we can sidestep the problem by introducing more degrees of freedom

within each cell from the start, which leads us to the finite element method.

2.1.3 Finite Element Method

Finite element methods emerge naturally from this problem of seeking to increase the order

of accuracy of a finite volume scheme to an arbitrary degree while maintaining geometric

flexibility. To increase the available degrees of freedom for our representation, we introduce

a set of Np total nodes within a given element Kj with bounds [xj, xj+1]. Note that the

bounds of the element are now at integer indices, rather than the half indices used in the

finite volume method. We have also switched from working with cells to elements, but the

concept is effectively the same.
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From this point, we follow the approach outlined in [56]. We seek a representation of our

solution as a linear combination of basis functions ψn(x) with scalar coefficients,

ujh(x, t) =

Np∑
i=1

an(t)ψn(x).

We are largely free to choose the basis functions as we see fit, but some choices are better

than others, as will be seen later. As noted at the end of the finite volume method discussion,

a linear polynomial representation requires two degrees of freedom, which will be captured

here in two locations called nodes. If we define these two nodes in element Kj to be located

at the boundaries of the element, xj and xj+1, we can define our basis functions as Lagrange

interpolation polynomials relative to each node,

ψn(x) = lkn(x) =
x− xk+1−n

xk+n − xk+1−n

.

The coefficients are then simply u(x) evaluated at each corresponding node, resulting in the

following polynomial representation,

ujh(x, t) = uj(t)
x− xj+1

xj − xj+1

+ uj+1(t)
x− xj
xj+1 − xj

,

where uj ≡ u(xj). Recovering the global representation of our solution involves simply

summing over all NT nodes,

uh(x, t) =

NT∑
n=1

un(t)Nn(x),
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where Nn(x) is the piecewise linear shape function,

Nn(x) =


x− xn−1

xn − xn−1

, xn−1 ≤ x < xn

1− x− xn
xn+1 − xn

, xn ≤ x < xn+1

0 otherwise

When evaluated at node n, the shape function is simply the Kronecker delta, Nn(xk) = δnk.

Similarly to the previous methods, this solution representation is not exact and brings a

residual into the advection equation,

∂uh
∂t

+
∂Fh

∂t
+R(x) = 0.

In the finite element method, we require that the residual is orthogonal to all test functions

belonging to some set W . That is, the advection equation multiplied by any basis function

w(x) ∈ W and integrated over the computational domain, Ω, must vanish

ˆ
Ω

(
∂uh
∂t

+
∂Fh

∂t

)
w(x) dx = 0.

For a more detailed motivation of this choice of requirement for the residual as a consequence

of L2 error norm minimization, see [64]. With the discrete representation of the solution and

condition for the error in hand, the next step is to define the set of basis functions. A common

tactic known as the Galerkin method emerges if we choose weight functions that span the

same space as the basis functions used in the representation of the solution. Applying this

to the example above, the basis functions would be Nn(x), yielding

ˆ
Ω

(
∂uh
∂t

+
∂Fh

∂t

)
Nn(x) dx = 0, (2.9)
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for each node n ∈ [1...NT ]. Recalling that uh and Fh are expressed as expansions in the basis

set, Eq. 2.9 can be rewritten as

ˆ
Ω

Nn(x)
∂

∂t

(
NT∑
i

ui(t)N i(x)

)
+Nn(x)

∂

∂x

(
NT∑
i

F i(t)N i(x)

)
dx = 0.

It is worth emphasizing that expanding the solution in the basis set effectively separates the

spatial and temporal dependence of the solution. The spatial dependence of the discrete

representation is contained in the basis functions, ψ(x), while the coefficients of those basis

functions (the expansion coefficients), uj(t), are what vary in time. Defining the mass matrix,

M, and stiffness matrix, S, as

Mij =

ˆ
Ω

N i(x)N j(x) dx (2.10)

Sij =
ˆ
Ω

N i(x)
dN j(x)

dx
dx,

we can rewrite our scheme in the following form,

M∂un

∂t
+ SFn = 0.

We have introduced the vectors un = [u1(t)), ..., uNT (t)] and Fn = [F 1(t), ..., FNT (t)], con-

taining the expansion coefficients of our solution and fluxes evaluated at each node. While

these quantities are defined over the entire domain, no assumptions are made regarding

geometry nor the order of the representations in the individual elements. As long as the

elements maintain shared nodes at their boundaries, any number of nodes can be added to

a single element to increase the degrees of freedom.

Galerkin finite element methods offer the ability to achieve arbitrarily high-order represen-

tations within any single element without adjusting other elements, and there are no global

49



2.2. Introduction to the Discontinuous Galerkin Method

assumptions on element size or shape. As discussed in greater depth in [56], some disadvan-

tages of the Galerkin finite element scheme shown here are that we must invert the mass

matrix to solve for the unknown expansion coefficients every timestep and are subsequently

forced into an implicit time integration technique. Ideally, we would be able to utilize a nu-

merical method that maintains the highlighted strengths of the finite element method while

including advantages from other methods, specifically the conservative form and cell-wise

locality of information present in the finite volume method. Thankfully, those that came

before have already arrived at the solution: the discontinuous Galerkin method.

2.2 Introduction to the Discontinuous Galerkin Method

The discontinuous Galerkin (DG) method is generally attributed to Reed and Hill [94], where

it was used to numerically solve the neutron transport equation. Following decades of ad-

vancements, detailed in [31], the DG method with Runge-Kutta time integration was applied

to multidimensional, hyperbolic conservation laws by [29, 30]. Since that accomplishment,

DG has continued to gain popularity in studying phenomena described by hyperbolic equa-

tions, from acoustics to shallow water equations to, of course, plasma physics. Substantially

more historical context and areas of application, including elliptic problems like the Poisson

equation, are given in [56] and [31].

DG methods have demanded such attention from these fields for several reasons. As a

subset of finite element methods, the spatial order of accuracy of a DG scheme can be made

arbitrarily high via choice of basis set. Similarly to finite volume methods, the formalism

involves surface flux terms that keep information local to the cell of interest and its neighbors,

and representations are discontinuous across cell boundaries, allowing for accurate capturing

of discontinuities such as shocks. The flux functions required for transfer of information
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between cells can be tailored for application to specific physics problems, e.g. if flow is

known to primarily favor one direction.

In short, DG is a remarkably powerful tool that is actively applied to plasma physics problems

like those we seek to study in this work, such as in [50], [116], and [79].

All DG schemes described in this thesis are implemented in the plasma simulation framework

Gkeyll, (gkyl.readthedocs.io). Gkeyll is an open-source framework that includes solvers

for the Vlasov-Maxwell [50, 63], full-f gyrokinetics [81, 108], and multi-fluid [137] systems.

2.2.1 Weak Equality and Choice of Basis Set

Our discussion of DG begins similarly to the finite element method, where we divide our

computational domain into elements, Kj (cells and elements are used interchangeably here).

We make no assumptions about the geometry of these elements beyond that they completely

tile the domain without overlap. Within these elements, we again choose a set of basis

functions, ψi, this time explicitly choosing basis functions that are piecewise polynomials of

order p, i.e. are elements of the vector space Sp ≡ {ψ : ψ ∈ Pp} for piecewise polynomials Pp

defined over a single cell. From here, we diverge from the traditional finite element derivation

by defining the interval I = [−1, 1] as the bounds of each element in logical or computational

space. Where previously integrals were performed over the entire computational grid, instead

they are now taken over I, as the solutions are now discontinuous and localized to individual

elements. For example, the inner product of two functions over an element is

〈f, w〉 =
ˆ 1

−1

f(x)w(x) dx.
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We again choose to represent the approximate solution, fh, as an expansion in the basis set

with Np basis functions,

f j
h(x, t) =

Np−1∑
n=0

f̂ j
n(t)ψn(x), (2.11)

where the expansion coefficients, f̂ j
n, are functions only of time, and the basis functions,

ψi(x), are only defined over the bounds of the element,

ψn(ξ) =

{
ψn(ξ), ξ ∈ [−1, 1]

0 otherwise,

for the transformed computational space coordinate, ξ. In writing the representation this

way, we have implicitly chosen the modal expression of f j
h. This is contrasted with the nodal

expression we saw before in the finite element method discussion, which looks like

f j
h(x, t) =

Np−1∑
n=0

fn(x
j
n, t)l

j
n(x)

in the DG method. While these representations may seem quite distinct, they are simply two

methods of storing and expressing the same information. As seen before, a discretized poly-

nomial representation of order Np−1 is uniquely defined by the values of the Np polynomial

coefficients. In DG, those pieces of information can be stored either as weights for the Np

basis functions in the modal expansion or as values at each of the Np nodes defined within

the element for the nodal description. Both expressions are equally valid for DG purposes,

and transformation between them is simple with the Vandermonde matrix,

Vj
mnf̂

j
n(t) = fn(x

j
n, t)

with

Vj
mn = ψn(x

j
m).
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However, the DG schemes that emerge from these two expressions requires different treat-

ment and algorithms [18, 64]. Either way, the complete discrete representation is a direct

sum of the local polynomial solutions,

fh(x, t) =

Np−1⊕
j=0

f j
h(x, t).

As Gkeyll utilizes the modal description, that will be the focus of the remainder of this

work, but nodal methods are explored in great depth in [56].

An example case of discretizing a function with a modal DG expression with polynomial order

p = 1 and p = 2 basis sets is shown in Figure 2.2. The function f(x) = exp(−(x + 0.1)2) is

discretized over three cells with intervals [−3,−1], [−1, 1], and [1, 3]. Within each cell, each

representation is weakly equal to the original function over its respective basis set,

ˆ
Ij

(f(x)− fh(x))ψi(x) dx = 0.

Attempting to resolve the important parts of a function (e.g. the peak of the bell curve

here) with so few cells with wide spacing relative to the function is generally inadvisable.

However, in this case, while the p = 1 representation is a poor approximation of the original

function, the p = 2 representation matches relatively well even with such poor resolution.

This is an example of the utility of being able to increase the polynomial order of the discrete

representations arbitrarily; with suitably high order polynomials, discretizations on coarse

resolutions can be accurate.

The next step after choosing the discrete representation is determining the semi-discrete form

of the equation of interest. For simplicity and consistency with the previous section, we will

again utilize the advection equation, Eq. 2.1. Recall the form of the advection equation from
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Figure 2.2: Example of a DG discretization using the modal description. The function
exp (−(x+ 0.1)2) is discretized using a polynomial order p = 1 basis (blue) and p = 2 basis
(green) over three cells with intervals [−3,−1], [−1, 1], and [1, 3]. Both representations are
weakly equal to the original function within their respective cells.

the finite element method,

ˆ
Ω

(
∂uh
∂t

+
∂Fh

∂t

)
w(x) dx = 0. (2.12)

where an inner product is taken between the differential equation and a test function, and

we required the residual to be orthogonal to all test functions in the computational domain.

DG methods apply a very similar idea through the concept of weak equality. The functions
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f and g are weakly equal if the following is true,

ˆ
I

(f − g)ψi dx = 0, ∀i ∈ [0, · · · , Np − 1],

or, equivalently,

f
◦
= g,

that is, the difference between the two functions is orthogonal to some test function. In DG,

point-wise equality is not enforced. We only require weak equality, where the projections of

quantities onto a set of test functions are equal. This means that the behavior of individual

functions in each cell is largely unimportant; as long as their projections onto the basis set

are identical, they are treated as equal. The application of weak equality can be viewed as

either reducing the interval over which the integral is taken in the finite element method,

Eq. 2.12, from the entire computational domain down to a single element or as substitution

of the approximate forms of the solutions and replacing the strict equality in Eq. 2.1 with

weak equality,
∂uh
∂t

+
∂Fh

∂x
◦
= 0.

Weak equality is of fundamental importance to the DG method, so we will take a moment

to summarize before moving on. Solution quantities are discretized via projection onto

our chosen basis set of piecewise polynomials of order p, ψi ∈ Pp, yielding approximate

solutions of the form in Eq. 2.11 that are defined within each cell of the computational grid.

Discretizing a function onto a computational grid in this manner results in some degree of

error, which is accumulated into the residual term, R(x), as in the approximate form of the

advection equation,
∂uh
∂t

+
∂Fh

∂x
+R(x)

◦
= 0.

Similarly to the Galerkin finite element method, we require the residual to be orthogonal to
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all basis functions. Because the basis functions are defined within individual elements, the

inner product to enforce orthogonality is performed over the bounds of an element, j, given

by the interval Ij. Writing out the weak equality statement as an inner product yields

ˆ
Ij

(
∂uh
∂t

+
∂Fh

∂x
+R(x)

)
ψi(x) dx = 0, ∀i ∈ [0, · · · , Np − 1].

Dropping the residual term due to the orthogonality constraint and rearranging the equation

gives ˆ
Ij

∂uh
∂t

ψi(x) dx = −
ˆ
Ij

∂Fh

∂x
ψi(x) dx.

We then integrate the flux integral by parts to turn the single flux integral into a volume

contribution and a surface contribution as in the finite volume method,

ˆ
Ij

∂uh(x, t)

∂t
ψi(x)dx = −Fh(xj, t)ψ

−
i (xj) + Fh(xj+1, t)ψ

−
i (xj+1) +

ˆ
Ij

Fh(x, t)
∂ψi(x)

∂x
dx,

= −[Fh(x, t)ψ
−
i (x)] +

ˆ
Ij

Fh(x, t)
∂ψi(x)

∂x
dx (2.13)

where the brackets around the surface term indicate that the quantity is evaluated at the

upper and lower cell boundaries and ψ−
i indicates the basis function is evaluated just inside

the cell boundary (ψ+
i would be evaluated just outside the boundary). Equation 2.13 is

known as the weak form of the advection equation, because we are only requiring solutions

to satisfy the original differential equation in the weak sense. While it may seem excessive

to do so in one dimension, for generality we can rewrite the surface term as a surface integral

over the boundary of the element, ∂Ij,

ˆ
Ij

∂uh(x, t)

∂t
ψi(x)dx = −

˛
∂Ij

ψ−
i (x) n̂ · Ĝ dS +

ˆ
Ij

Fh(x, t)
∂ψi(x)

∂x
dx.

We have replaced the product Fhψi in the surface term with generic numerical flux Ĝ be-
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cause values of discontinuous quantities are multiply defined at cell interfaces. As in the

finite volume method, choice of numerical flux function is of utmost importance and varies

depending on the equation system. If we take the advective flux to be a simple linear flux,

F (u) = au, the weak form becomes

ˆ
Ij

∂uh(x, t)

∂t
ψi(x)dx = −

˛
∂Ij

ψ−
i (x) n̂ · Ĝ dS +

ˆ
Ij

auh(x, t)
∂ψi(x)

∂x
dx (2.14)

where Ĝ should have some functional dependence on the product auh evaluated from the

cells on either side of the boundary. We want to ensure the scheme guarantees conservation,

so the fluxes should be of Godunov-type: balanced on both sides of the interface

˛
∂Ij

ψ−
i n̂ · ĜdS = −

˛
∂Ij

ψ+
i n̂ · ĜdS.

Examples of these matching fluxes include central flux,

n̂ · Ĝ =
1

2
n̂ · a(u+h + u−h ),

or, more appropriately for an advection problem, an upwind flux,

n̂ · Ĝ =


au−h , ifa > 0

au+h , ifa < 0

At this point, it is time to confront the choice of basis functions used in our DG discretization.

Through our derivation of the weak form of the advection equation, we have asserted the

following about the basis set:

1. Basis functions are polynomials of order p, i.e. ψi ∈ Pp.
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2. Basis functions are defined piecewise on a reference element rather than over the whole

computational domain.

With those two conditions in mind, there is still some freedom in the actual form of the

basis functions and the question arises of what constitutes a “good” basis set. An extensive

discussion on the choice of basis functions in Gkeyll is provided in [18] and [64], but we

will summarize some of the key points here. One way of quantifying the effectiveness of a

basis set is through the condition number of the mass matrix, Eq. 2.10, which characterizes

the relative change in the solution of the linear system due to small changes in the inputs.

The logarithm of the condition number is an estimate of the worst case number of digits of

precision lost every time the linear system is solved. For the simple case of a pure monomial

basis functions, ψp(x) = xp, the logarithms of the condition numbers of order p = 2, 3, and

4 are approximately 1.3, 2.0, and 2.7, respectively, and continue to increase as polynomial

order increases. As this scheme will be applied to real computational simulations, one must

consider that numerical data types have some degree of precision already (7 digits for single

point floats, 15-16 for doubles [1]). Increasing the order of accuracy further would approach

numerical precision where this poor conditioning would affect simulations.

If we instead construct an orthonormal basis via the Gram-Schmidt procedure, the condition

number of the mass matrix is instead guaranteed to be 1, regardless of polynomial order.

Additionally, the orthonormal basis constructed in [18] is shown to be more linearly indepen-

dent than the monomial basis, so the orthonormal basis is better equipped to approximate

a wide variety of functional forms. The basis set can be extended to higher dimensions by

taking the tensor product of one dimensional basis sets, greatly increasing the number of

basis functions as the number of dimensions, d, increases. Commonly referred to as the

“curse of dimensionality,” the number of basis functions increases grows exponentially ac-

cording to (p+1)d. As we aim to perform simulations in up to six-dimensional phase space,
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Gkeyll implements a reduced basis set known as the Serendipity polynomial space [4]. The

Serendipity basis set is constructed utilizing the concept of super-linear order, which is the

sum of all powers greater than 1 in a product. Beginning with a basis set of a tensor product

of monomials, a Serendipity set of order p is constructed by removing terms of super-linear

order greater than p. For example, if super-linear order p = 2 for a space with variables

(x, vx, vy, vz), the term x2v2xvyvz, with super-linear order 2 + 2 = 4, would be removed when

constructing the Serendipity set.

We now have the semi-discrete form of the advection equation, Eq. 2.14, with approximate

solutions projected onto the Serendipity basis set, and a numerical flux that makes sense

with the physical interpretation of the equation. The remaining detail is to determine how

to advance these discretized solutions in time. Considering only explicit time discretization

techniques, recall the forward Euler method introduced early in this section, Eq. 2.6, which

can be written more generally as

F(f, t) = f +∆tL(f, t),

where L(f, t) is the spatial discretization portion of the differential equation. A desirable

property of potential combinations of spatial and temporal discretizations is that they are

total variation diminishing (TVD) [47], which indicates a scheme is able to accurately cap-

ture shocks and discontinuities without introducing unphysical oscillations. The conditions

for this property can be met when utilizing the forward Euler method as the time integra-

tor with a given spatial discretization, assuming a timestep sufficiently small to meet the

Courant-Friedrichs-Levy (CFL) constraint. However, a major strength of DG is the ability

to easily increase the order of accuracy of the spatial discretization to an arbitrarily high

degree. Applying a first-order time discretization like the forward Euler method limits the

overall order of the scheme, and, as briefly mentioned before, the forward Euler method is
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very restrictive on the timestep to achieve a stable scheme (conditional stability). Strong-

stability preserving Runge-Kutta (SSP-RK) methods were devised [110, 111] in the context

of hyperbolic conservation laws to solve ordinary differential equations of the form

∂f

∂t
= L(f, t),

while maintaining the TVD property and allowing for higher-order temporal discretizations

and potentially less restrictive timesteps [35, 47]. SSP-RK timesteppers utilize forward

Euler operations through multiple stages to arrive at the updated solution. Several SSP-RK

methods are implemented in Gkeyll, such as the following four stage, third order method,

f (1) =
1

2
fn +

1

2
F [fn, tn], (2.15)

f (2) =
1

2
f (1) +

1

2
F [f (1), tn +∆t/2], (2.16)

f (3) =
2

3
fn +

1

6
f (2) +

1

6
F [f (2), tn +∆t], (2.17)

fn+1 =
1

2
f (3) +

1

2
F [f (3), tn +∆t/2], (2.18)

which allows for twice as large of a timestep as the forward Euler method.

Returning to the example semi-discrete form of the advection equation, Eq. 2.14 can be

rewritten explicitly in the form required for the SSP-RK timesteppers by substituting in the

approximate solutions with their modal expressions,

ˆ
Ij

∂(ûjn(t)ψn(x))

∂t
ψi(x)dx =

−
˛
∂Ij

n̂ · Ĝψ−
i (x)dS +

ˆ
Ij

aûjm(t)ψm(x)
∂ψi(x)

∂x
dx,

where we utilize Einstein’s summation convention of treating repeated indices in a product
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as a sum over those indices,

unψn =
N−1∑
n=0

fnψn.

Pulling the expansion coefficients out of the spatial integrals allows the semi-discrete equation

to be reformulated as

∂ûjn
∂t

=
(
Mj

ni

)−1

[
−
˛
∂Ij

n̂ · Ĝψ−
i (x)dS + ûjm(t)

ˆ
Ij

aψm(x)
∂ψi(x)

∂x
dx

]
. (2.19)

In this form, it appears as though we will be required to invert the mass matrix every

timestep (or multiple times per step if using a multi-stage Runge-Kutta method), but our

choice of orthonormal basis set means the mass matrix is simply the identity matrix. With

the timestepping method chosen, we have completed our DG treatment of the advection

equation in one dimension.

2.2.2 Application of Weak Equality: Recovery

When applying the DG method to cases beyond simple linear advection, situations arise

where the discontinuous polynomial representations become an issue, such as in diffusion

equations with second order spatial derivatives. While the numerical flux for an advection

term can handle these discontinuities rather easily, diffusion terms introduce additional com-

plexity due to the spatial derivatives that appear in the resulting surface terms. Applying

weak equality to a second derivative g(x, t) = ∂2f(x, t)/∂x2, and integrating the volume
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integral by parts twice,

ˆ
Ij

gjhψi dx =

ˆ
Ij

∂2f j
h

∂x
ψi dx,

=

[
∂f j

h

∂x
ψi

]
−
ˆ
Ij

∂f j
h

∂x

dψi

dx
dx,

=

[
∂f j

h

∂x
ψi − f j

h

dψi

dx

]
−
ˆ
Ij

f j
h

d2ψi

dx2
dx,

we are left with aforementioned surface terms that require both the value and derivative of

f at each cell boundary to properly handle the discontinuity between cells [44]. One such

solution to this problem is known as the recovery process (and the resulting schemes are

generally known as recovery discontinuous Galerkin schemes) [61, 134], which has proven

well-equipped to handle diffusive problems [51, 135]. In short, the recovery process utilizes

weak equality along with information from two neighboring cells to construct a polynomial

of order 2p+1 that is continuous across the cell boundary and allows us to take a derivative

across that boundary without losing an order of accuracy. Recovery is similar in spirit to the

reconstruction process outlined in Section 2.1.2, which has also been applied to DG methods

[118]. However, the goal of recovery is not just to achieve a higher order representation but

to leverage the new, continuous solution for evaluation of fluxes.

Mathematically, consider a one-dimensional grid with two cells, IL and IR, and approximate

solutions of order p defined in each cell, qh,L(x) and qh,R(x). We seek a polynomial, q̃(x), that

is higher order than the representations in the left and right cells and is continuous across

the cell boundary. The trick is to require that q̃ is weakly equal to both approximations in
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their respective cells, so we can form the linear system,

ˆ
IL

(q̃(x)− qh,L(x))ψLi(x) dx = 0

ˆ
IR

(q̃(x)− qh,R(x))ψRi(x) dx = 0.

For example, if the representations qh,L(x) and qhR
(x) are expanded in the basis set of p = 1

polynomials, the basis functions are

ψ0(x) =
1√
2
, ψ1(x) =

√
3x√
2
,

which can be shifted into the left and right cells. The linear system is then comprised of 4

equations:

ˆ
IL

(q̃(x)− qh,L(x))ψL0(x) dx = 0,

ˆ
IL

(q̃(x)− qh,L(x))ψL1(x) dx = 0,

ˆ
IR

(q̃(x)− qh,R(x))ψR0(x) dx = 0,

ˆ
IR

(q̃(x)− qh,R(x))ψR1(x) dx = 0,

and we therefore have 4 pieces of information available for our recovered polynomial. With

these four equations and four unknowns, q̃ can be a third order polynomial,

q̃(x) = q̃0 + q̃1x+ q̃2x
2 + q̃3x

3.

In general, there will be 2p+2 degrees of freedom in this recovery procedure, so the recovery

polynomial will be of at most order 2p + 1. Because the order of the recovered polynomial
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is much greater than the order of the basis set, taking derivatives of q̃ for use in updates

will not lower the order of our scheme when the resulting derivatives are projected back

onto the original basis set. An example of recovery is presented in Figure 2.3, where the

operation is performed between the left and center cells. Note that while the p = 1 linear

polynomial representations do not capture the original function very well, the third order

recovered polynomial is a much more accurate fit. The recovered value at the cell interface,

x = −1, can be used to calculate numerical fluxes as necessary.

Figure 2.3: Example application of recovery, where a third order polynomial is constructed
using information from the left and right cells that are defined over [−3,−1] and [−1.1]. The
higher order representation is a better approximation of the original function than the p = 1
linear representations, and the value of the recovered polynomial at the cell interface can be
used to compute numerical fluxes easily.
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2.2.3 Leveraging the Discontinuous Galerkin Method: Pre-computation

for an Alias-Free Scheme

Before we transition to the application of the DG method to the Vlasov-Maxwell/Boltzmann

system of equations, we must cover one of the unique aspects of Gkeyll that allows us to run

accurate, high-dimensional kinetic simulations that have previously been computationally

unfeasible. This advancement, discussed in detail in [50, 64], is the application of computer

algebra software to calculate integrals symbolically to machine precision prior to runtime,

generating computational kernels that serve to eliminate aliasing errors and avoid matrix

operations and quadrature. Aliasing errors are commonly known to generate runaway nu-

merical instabilities for kinetic equations, and these errors can emerge as uncontrolled and

unpredictable sources of energy. While nodal DG methods have utilized over-integration (or

polynomial de-aliasing) and split form expressions that average between conservative and

non-conservative forms of the governing equation, these techniques only control and limit

the growth of energy, rather than eliminating the problem at its source [139]. Additionally,

if one is integrating via quadrature and chooses to add more quadrature nodes to achieve

a higher-order accurate solution, the computational expense quickly balloons as a tensor

product as dimensionality increases, and again, the kinetic simulations we aim to conduct

can be up to six-dimensional. The modal scheme used in Gkeyll uses an orthonormal basis

set, sparsifying matrices that form from products of basis functions. Because these matrices

are sparse and the modal expression allows us to pull the expansion coefficients out of spa-

tial integrals, these integrals can be symbolically precomputed. For example, consider the

volume term of Eq. 2.19,

aûjm(t)

ˆ
Ij

ψm(x)
∂ψi(x)

∂x
dx, (2.20)
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where we have assumed the advection velocity is a constant scalar and noted that the mass

matrix becomes the identity with an orthonormal basis. The integrand is now simply a

product of basis functions (if a was an expansion as well, there would be another factor of

ψ(x)), which can be calculated in software such as Maxima CAS, [83] the Gkeyll team’s

computer algebra software of choice. Performing the integral and summing over indices m

yields the i ∈ [0, · · · , Np] components of the volume contribution to the time derivative

in 2.19. The resulting components are expanded out and simplified within Maxima CAS

to generate computational kernels with of the minimum necessary operations, consisting of

only addition and multiplication operations. By specifying the significant figures used in

this analytic computation, the integrals, and therefore the kernels, are exact to machine

precision. Examples of these kernels can be seen in the GitHub page for the C backend of

Gkeyll, https://github.com/ammarhakim/gkylzero.

2.3 Discontinuous Galerkin Discretization of the Vlasov-

Maxwell/Fokker-Planck System

With this background in DG methods and the subtle yet vital differences between them

and the more commonly applied methods, we can now apply the DG method to discretize

the Vlasov-Maxwell/Fokker-Planck system. This demonstration covers the basic important

concepts that must be considered when applying the modal DG method to our equation

system, but we will avoid the majority of the deeper details and subtleties that must be

considered when developing a robust, accurate numerical scheme. An interested reader is

encouraged to refer to previous work of the Gkeyllteam for a complete presentation of the

motivations and details of a modal DG implementation of the Vlasov-Maxwell/Fokker-Planck

system, e.g. [18, 52, 63, 64]. The full system, with species indices dropped for notational
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clarity, consists of the Vlasov-Fokker-Planck equation,

∂f

∂t
+∇x · (vf) +∇v ·

q

m
(E + v×B) f =

(
∂f

∂t

)
C

, (2.21)

where the collision operator is left generic but can be, for example, any of the three discussed

in Chapter 1, and Maxwell’s equations,

∂B
∂t

+∇x × E = 0 (2.22)

ε0
∂E
∂t
− 1

µ0

∇x ×B = −J (2.23)

∇x ·B = 0 (2.24)

∇x · E =
ρ

ε0
. (2.25)

As a reminder, the distribution function is a function of all phase space, f(x,v, t), and the

remaining quantities are functions of configuration space only, E(x, t), B(x, t), J(x, t), and

ρ(x, t). For the purposes of this exercise, we will choose the Doughtery-Lenard-Bernstein

operator (LBO) [52] as our collision operator,

(
∂f

∂t

)
C

= ν∇v ·
[
(v− u)f +

T

m
∇vf

]
. (2.26)

To construct the DG discretization of the Vlasov-Maxwell-Fokker-Planck system, we can

handle each equation independently. Beginning with the Vlasov portion of Eq. 2.21, and

setting aside the collision operator for the moment. We first rewrite the equation in the

following form for simplicity,
∂f

∂t
+∇z · (αf) = 0, (2.27)

where we define the phase space variable z = (x,v), phase space gradient, ∇z = (∇x,∇v)

and the phase space flux α = (v,F/m), with the Lorentz force, F = q(E + v×B). We can
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now apply the same method we used for the advection equation in the previous section, by

replacing the quantities of interest with their modal DG approximations and enforcing weak

equality,
∂fh
∂t

+∇z · (αhfh)
◦
= 0,

Again, rewriting the weak equality condition in terms of an inner product with a basis

function over a cell Kj,

ˆ
Kj

[
∂f j

h

∂t
+∇z · (αj

hf
j
h)

]
ψi(z)dz = 0,

we can then integrate the flux term by parts and isolate the time derivative to arrive at the

semi-discrete form of the Vlasov equation,

ˆ
Kj

∂f j
h

∂t
ψi(z)dz = −

˛
∂Kj

ψi(z)n̂ · ĜdS +

ˆ
Kj

αj
hf

j
h · ∇zψi(z)dz, (2.28)

where the numerical flux is a function of the flux on both sides of the cell interfaces, Ĝ =

Ĝ(αj−
h f j−

h ,αj+
h f j+

h ). As before, the fluxes should be continuous across cell boundaries for

conservation. The choice of flux function for this application in Gkeyll is a Lax-Friedrichs

flux,

n̂ · Ĝ =
1

2
n̂ · (α+

h f
+
h α

−
h f

−
h )−

max |n̂ ·αh|
2

(f+
h − f

−
h ), (2.29)

which includes a penalty term that limits the size of jumps by introducing numerical diffusion

[64].

Discretization of Maxwell’s equations requires a concept we have not yet encountered: con-

traction of the grid and set of basis functions [18]. Our set of basis functions ψi(z) are

constructed for the set of independent phase space variables z = (x,v). This is correct for

quantities that are functions of all phase space variables, but the electric and magnetic fields
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are functions of only configuration space, x. Therefore, we adjust our method to use con-

figuration space cells Ωj and basis functions that are instead functions of the configuration

space variable x only, φ(x) ∈ Pp. The weak forms of Ampère’s and Faraday’s laws are then

ˆ
Ωj

[
∂Bj

h

∂t
+∇x × Ej

h

]
φi(x)dx = 0,

ˆ
Ωj

[
ε0
∂Ej

h

∂t
− 1

µ0
∇x ×Bj

h

]
φi(x)dx = −

ˆ
Ωj

Jj
hφi(x)dx,

and we note that we are not enforcing the divergence constraints of Gauss’ laws for electricity

and magnetism. Therefore, the divergences of Eh and Bh may become unphysical during

simulations [64]. By applying identities of the curl operator and the divergence theorem, we

arrive at the semi-discrete form of Maxwell’s equations,

ˆ
Ωj

∂Bj
h

∂t
dx +

˛
∂Ω

ds× (φ−F̂∗
E)−

ˆ
Ωj

∇xφ× Ehdx = 0 (2.30)

ε0

ˆ
Ωj

∂Ej
h

∂t
dx− 1

µ0

˛
∂Ω

ds× (φ−F̂∗
B)−

1

µ0

ˆ
Ωj

∇xφ×Bhdx = −µ0

ˆ
Ωj

φJhdx. (2.31)

Just like the other cases, we must carefully choose the forms of the flux functions F̂∗
E and

F̂∗
B. One may be tempted to select central fluxes in order to enforce conservation of elec-

tromagnetic energy, but this is not generally the best choice in DG. In traditional finite

element discretizations of Maxwell’s equations, spurious modes appear in the fields that are

difficult, if not impossible, to separate from the physical modes [113]. These unphysical

solutions also arise in discontinuous Galerkin discretizations in three dimensions due to poor

representation of the curl operator [55]. Utilization of central fluxes in a three-dimensional

discretization of Maxwell’s equations preserves these spurious modes, resulting in inaccurate

solutions. A simple and more robust choice of numerical flux is an upwind flux, which intro-

duces dissipation on the unphysical modes and separates them from the physical modes [64].
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Another option proposed by Hesthaven and Warburton is a stabilized central flux [55], which

yields a similarly physically accurate frequency spectrum with minimal added computational

expense through addition of damping of the spurious modes [22].

We have now discretized the Vlasov-Maxwell system in DG, so all that remains to complete

the Vlasov-Maxwell/Fokker-Planck system is the discrete form of the collision operator.

Again, we choose the LBO as our collision operator for this exercise,

(
∂f j

h

∂t

)
C

◦
= ν∇v ·

[
(v− uj

h)f
j
h +

T j
h

m
∇vf

j
h

]
.

Following exactly the same process as for the Vlasov equation, we integrate by parts once

to obtain

1

ν

ˆ
Kj

∂f j
h

∂t
ψi(z) =

˛
∂Kj

ψi(z)n̂ · ĜdS −
ˆ
Kj

∇vψi(z) ·
[
(v− uj

h)f
j
h +

T j
h

m
∇vf

j
h

]
dz, (2.32)

where the numerical flux Ĝ contains surface contributions from both the drag and diffusion

terms,

Ĝ =
1

2
(v− u)(f j+

h + f j−
h ) +

max |v− u|
2

(f j+
h − f

j−
h ) +

T j
h

m
∇vf̃

j
h.

Note the distribution function in last term of the numerical flux, arising from the diffusion

surface term, is a recovered quantity because we are taking a derivative across a boundary.

While this weak form of the LBO is consistent with previous methods, [52] have demon-

strated that this formalism does not conserve momentum or energy. Verifying conservation

of momentum and energy involves setting the test function ψi as either mv or v2/2 for

momentum or energy, respectively, and summing over all cells in the domain. Because we

ensured the fluxes are matched at cell boundaries, surface terms cancel out at every inter-

nal surface within the computational domain and leave only contributions at the domain
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boundaries. Our boundary condition in velocity space is the zero-flux condition,

Ĝ(x,vmax) · n̂ = Ĝ(x,vmin) · n̂ = 0,

so the summed surface terms at domain boundaries also vanish. However, as [52] show in

more detail, the sum over all cells of the volume term in Eq. 2.32 does not cancel out due to

the gradient of f . To solve this, we move the gradient off of the volume term by integrating

it by parts again. A single integration by parts for the drag term and two integrations by

parts for the diffusion term yields the following scheme,

1

ν

ˆ
Kj

∂f j
h

∂t
ψi(z) =

˛
∂Kj

ψi(z)n̂ · ĜdS −
˛
∂Kj

T j
h

m
f̃ j
h∇vψi(z) · n̂dS

−
ˆ
Kj

∇vψi(z) · (v− uj
h)f

j
h −∇

2
vψi(z)

T j
h

m
f j
hdz, (2.33)

where we note that, unlike the Vlasov equation or Maxwell’s equations, the two surface terms

that emerge from integrating the diffusion term by parts twice utilize the recovery process on

the distribution function. When verifying conservation of energy and momentum in the same

way as before, a system of equations emerges after the summation over all cells that serve to

constrain the values of Th and uh such that the scheme is conservative in mass, momentum,

and energy. It has been shown that our discrete Vlasov-Maxwell system conserves particles

and energy, though the discontinuous electric and magnetic fields result in the scheme not

conserving momentum [63]. However, the errors in momentum still demonstrate high-order

convergence with increasing configuration space resolution [64]. Together, equations 2.28,

2.30, 2.31, and 2.33 comprise our semi-discrete formalism of the Vlasov-Maxwell-Fokker-

Planck system.

As mentioned in Section 2.2.1, the time discretization methods of choice in Gkeyll are
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SSP-RK timesteppers. Explicit timestepping schemes introduce an upper bound on the size

of timestep our scheme can use, given by the CFL condition. Broadly speaking, the CFL

condition exists to prevent information from traveling across multiple cells within a single

timestep by limiting the size of the timestep such that the largest characteristic velocity in

the scheme does not have enough time to travel the length of the grid spacing, ∆x. In other

words,

∆t < σ
∆x

a
,

where a is that largest characteristic velocity, which is often the speed of light for electro-

magnetic problems. An additional factor of safety, σ, is also often included in the timestep

calculation, and in the case of modal DG, we take that factor to be σ = 1/(2p + 1). In

the case of our semi-discrete Vlasov-Maxwell/Fokker-Planck system that is defined in phase

space, the CFL constraint instead uses a CFL frequency [63],

ωi =
αi

∆zi
, i = 1, · · · , nd,

where αi is the largest “speed” in each of the nd total dimensions. Practically for the

Vlasov/Fokker-Planck contribution, for each configuration space dimension, αi will be the

velocity value at the domain edge in each direction, and in each velocity space dimension, αi

is the largest acceleration due to the Lorentz force in the domain in each direction. Collisional

contributions to the timestep are treated similarly, where, in the LBO for example, there is

a maximum advection speed associated with the drag term and a characteristic speed from

the diffusion term. With the CFL frequency calculated in each direction, the CFL condition

used to determine the maximum timestep is then

∆t ≤ CFL
2p+ 1

nd∑
i=1

ωi, (2.34)
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where CFL is the so-called CFL number, which is often simply 1.0 for explicit timesteppers.

For the four stage, third order SSP-RK method introduced earlier, Eqs. 2.15-2.18, CFL =

2.0, allowing for twice as large of a timestep relative to other methods. We now have the

spatial and temporal discretizations for the Vlasov-Maxwell/Fokker-Planck equations, so

after summarizing the introductory information in this chapter, we will move onto some

physics studies using this model.

2.4 Summary of Chapter 2

In this chapter, we moved from pure plasma physics into the realm of computational meth-

ods. To begin, we discussed some of the most common numerical methods used for solving

partial differential equations computationally: the finite difference method, finite volume

method, and finite element method. Each has their own advantages and disadvantages, and

considering all of them served to help us consider capabilities we would like to have for

kinetic plasma simulations. Thankfully, we did not have to lock ourselves into one of the

three methods and miss out entirely on the others’ advantages. The discontinuous Galerkin

(DG) method offers the locality of information and discontinuous solutions of the finite vol-

ume method while allowing us to increase the order of accuracy of our scheme arbitrarily

in each cell like finite element methods. We then applied the DG method to the simple

linear advection equation to study weak equality, orthonormal basis functions, and explicit

timestepping. While some of the finer points of DG were glossed over in this introduction,

the fundamental process of DG discretization and weak equality will be used substantially in

Chapter 4 of this dissertation, so this background will be relevant as we progress. For more

rigorous treatments of DG, readers are referred to the text by Hesthaven and Warburton

[56] and publications of other members of the Gkeyll team for application of DG to the
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Vlasov-Maxwell [18, 63], gyrokinetics [82], and multifluid systems [136] in Gkeyll, respec-

tively. We concluded our discussion of DG with an introduction to recovery, the process

by which we construct higher-order continuous representations of DG discretized quantities

using information from multiple cells.

Finally, we were prepared to apply the DG method to the Vlasov-Maxwell/Fokker-Planck

system of equations. Following the same procedure as the advection equation yielded us the

semi-discrete Vlasov equation, Eq. 2.28. Discretizing Maxwell’s equations required us to

contract the grid and basis sets from phase space to configuration space, but the process

was identical otherwise. We then applied weak equality to arrive at the discrete form of the

Dougherty-Lenard-Bernstein collision operator, where we were required to handle the drag

and diffusion terms differently, an idea which we will encounter again in greater depth in

Chapter 4. As we saw, a single integration by parts of the LBO was not the correct technique,

for the gradient left in the volume term from the diffusion term caused the scheme to not

conserve momentum or energy. A second integration by parts of the diffusion volume term

solved the problem, and we put recovery into practice by including recovered quantities in

the two diffusion surface terms. With the semi-discrete form of the Vlasov-Maxwell/Fokker-

Planck system attained, we ended this discussion by introducing the CFL constraint on the

timestep and discussed the calculation of the maximum allowable timestep.

From here, we have what we need to begin studying physics problems with this model. In

the next chapter, the DG discretization of the collisional Vlasov system is applied to the

Rayleigh-Taylor instability.
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Chapter 3

Continuum-Kinetic Simulations of the

Rayleigh-Taylor Instability in Gkeyll

In this chapter, results are presented of two published studies of the Rayleigh-Taylor (RT)

instability using the DG implementation of the Vlasov-BGK model in Gkeyll [97, 98]. As

will be discussed, the RT instability is one that is historically treated almost exclusively

with fluid techniques. Fluid models take velocity space moments of the kinetic equations

to average out individual particle information, reducing the dimensionality of the problem

from phase space to configuration-space and inherently assuming distribution functions are

always Maxwellian (i.e. the limit of infinite collisionality). This approximation is useful in

many regimes where the dynamics of interest occur on time scales much larger than those of

individual particle motions. However, the RT instability is present in a staggering range of

scales, implying the existence of regimes in which kinetic physics is relevant. The question

is, how does the evolution of the RT instability differ from the fluid result when collisionality

is finite?

We consider the simple case of an uncharged species in hydrodynamic equilibrium under the

effect of gravity. The collision model of choice for these neutral species applications is the

BGK operator, Eq. 1.62. In the first section, published in [97], the collision frequency is a

constant value everywhere in the domain. Following that, results are presented of simulations

where the collision frequency is allowed to vary in space and time for more realistic behavior,
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published in [98].

3.1 Constant Collision Frequency Simulations of the

Rayleigh-Taylor Instability

Rayleigh-Taylor (RT) instabilities occur when a dense fluid is accelerated into a lighter fluid,

for example under the influence of a gravitational field [93, 128]. While this instability is

traditionally studied in a strictly fluid regime [70, 106], applying a fully-kinetic treatment

allows for study of a range of collisionality, from collisionless and intermediate, where fluid

models are not applicable, to highly collisional regimes approaching the fluid limit [42, 92,

102, 138].

This work explores a fully-kinetic treatment of the classical RT instability for a single neutral

particle species for varying collisionality, with a future goal of extending into a collisional

two-species plasma with evolving electromagnetic fields. A body of literature exists studying

magnetohydrodynamic and extended-magnetohydrodynamic modeling of the RT instability

[120, 122, 123], the role of viscosity, resistivity, and thermal conduction in RT and magneto-

RT instability growth [7, 117, 121], and the role of incorporating some kinetic effects on the

magneto-RT instability through use of higher-fidelity fluid models [60, 119].

Kinetic effects can emerge when mean-free-paths are long relative to a relevant character-

istic length scale. Shock-driven implosion experiments at the OMEGA Laser facility [12]

have shown evidence of kinetic phenomena in high-energy-density regimes, such as non-

hydrodynamic mixing, thermal decoupling, and species separation [95, 96, 100]. Emergence

of kinetic effects within a shock may imply the presence of kinetic effects for the RT instability

when mean-free-paths are long relative to the fluid interface. Other implosion experiments
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at OMEGA have studied the physics relevant to RT instability growth in core-collapse su-

pernovae but focused on a purely hydrodynamic interpretation of the results [33, 71, 72]. As

there is evidence of a transition from a hydrodynamic to a kinetic regime within OMEGA

high-energy-density experiments, fully-kinetic simulations to accompany RT experiments

may offer a novel explanation of disparities between experiment and hydrodynamic simula-

tion.

For these studies, the continuum-kinetic capabilities of the plasma simulation framework

Gkeyll [45] are used to evolve particle distribution functions, f . Gkeyll uses a discontinuous

Galerkin method [29, 30, 94] to discretize and evolve the Boltzmann equation [50, 63],

∂f

∂t
+ v · ∇xf + a · ∇vf =

(
∂f

∂t

)
C

, (3.1)

where x and v are the two independent particle position and velocity, respectively. Ac-

celeration vector, a, is simply gravity, g, for this work, as only neutral particles will be

considered. The right-hand term accounts for particle collisions and is approximated here

by the Bhatnagar-Gross-Krook (BGK) operator [9, 18],

(
∂f

∂t

)
C

= ν(fM − f), (3.2)

where fM is an ideal Maxwellian distribution function calculated from moments of f , and ν

is the collision frequency. The BGK operator is necessarily conservative in number density,

momentum, and energy when ν is constant with respect to particle velocity as it is in this

work. This approximation is appropriate for neutral species, as considered here. For a

plasma, ν is generally known to scale with particle velocity as v−4. Assuming constant ν for

a plasma would overestimate energy-fluxes in the high-energy tails of the distribution.
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Gkeyll discretizes f on a phase space grid of up to six dimensions by decomposing f using

a set of piecewise polynomials with superlinear order up to p [4]. Distribution functions are

then evolved in time using a strong-stability-preserving Runge-Kutta method.

3.1.1 Problem Description

Distribution functions in this work are 5-dimensional, with two spatial and three veloc-

ity space dimensions, (x, y, vx, vy, vz), and have initial conditions derived from hydrostatic

equilibrium with

∇p = −nmg. (3.3)

All units are normalized using a particle species of mass m = 1.0, upper bound density

n1 = 1.0, and gravity g = 1.0. Initial number density and pressure profiles are as follows

n(y) =
n0

2
tanh

(
αy

Ly

)
+

3

2
n0, (3.4)

p(y) =
mgn0

2

[
ln
(

cosh
(
αy

Ly

))
+ 3y

]
+

3

2
n0T0, (3.5)

where n0 = 0.5 is density at the center of the interface, Ly = 1.0 is half the length of

the simulation domain in y, and T0 is an arbitrary constant chosen to ensure the minimum

pressure in the domain is positive. With the density and pressure profiles above, the in-

terface between the high- and low-density regions is continuous and has width defined by

α. Simulations are initialized with α = 25 to ensure the width of the interface is small

relative to the domain size. This initial density profile corresponds to an Atwood number,

At = (n1−n2)/(n1+n2), of 1/3. Boundary conditions are periodic in x and static reservoir in

y, where the edge ghost layers of cells are a continuation of the initial conditions and do not

evolve in time. Distribution functions are initially Maxwellian in velocity space, according
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to,

f(v) = n

(2πv2th)
3/2

exp
(
−(v− u)2

2v2th

)
, (3.6)

for initial bulk velocity u, where vth =
√
T/m is thermal velocity. The pressure profile given

by Eq. 3.5 is used to calculate a temperature T = p/n, which is then used to initialize the

Maxwellian distribution.

While these initial conditions are hydrostatic, they are not a true Boltzmann equilibrium for

the case of finite collision frequency, as any deviations from Maxwellian are not immediately

damped out by collisions. Additionally, if the collision frequency is not sufficiently high, the

interface diffuses and the fluid layers mix before the instability grows.

To generate the RT instability, a single-mode sinusoidal perturbation of wavenumber k is

applied to the y-direction bulk velocity, uy, according to

uy = −0.1vth,c cos (kx) exp
(
− y2

2y2r

)
, (3.7)

where k = π/(2Lx), vth,c is initial thermal velocity at the center of the domain, Lx = 0.75 is

half the simulation domain length in x, and yr = Ly/10 is a characteristic decay length for

the perturbation. Initial conditions of n, v2th, and uy are shown in Figure 3.1.

3.1.2 Results

Collision frequencies are calculated from a chosen Knudsen number, Kn = λm/Lx, i.e., the

ratio between particle mean-free-path λm and scale length Lx. Collision frequencies are

assumed to be constant spatially and temporally, according to ν = vth,c/λm. However,

collision frequency is generally known to scale with density and temperature [15], and RT

instability simulations with spatially-varying collisionality will be explored in future work.
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Figure 3.1: Initial conditions in number density (left), bulk velocity (center), and square of
thermal velocity (right).

In this work, values of Kn are chosen as 0.1, 0.01, and 0.001. Simulations are run to an end

time of 3 classical RT instability growth periods, τRT = 1/
√
kgAt. Time evolution of number

density and temperature for each case is shown in Figure 3.2 and Figure 3.3 respectively, for

times 0, 1.5 τRT , and 3.0 τRT .

The fluid interface diffuses in all cases due to finite collisionality. As mean-free-path increases

from the limit of infinite collisionality, particles stream past one another over longer distances

without interacting. The net result is a mixing of the fluid layers that speeds up as mean-

free-path increases, as particles are not affected by the pressure gradient until a collision

event. With no perturbation, the interface continues to diffuse until the fluid layers mix

completely.

For the lowest collisionality case, the interface diffuses so quickly relative to the RT instability

growth timescale that there is effectively no interface where the instability can form. As

collisionality increases by an order of magnitude, the interface diffuses slowly enough that

the RT instability is able to grow. At the end time, the expected bubble and spike structures

are present with diffuse edges. The most collisional case approaches the expected fluid result,
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Figure 3.2: Time evolution of number density for varying collisionality. Left to right is Kn
of 0.1 (a), 0.01 (b), and 0.001 (c). Top to bottom is time 0.0, 1.5τRT , and 3.0τRT . Note
that the low collisionality case (left column) presents no RT instability growth, and the
intermediate collisionality case (middle column) presents significantly altered RT instability
growth compared to the high collisionality case (right column) which approaches the fluid
limit.

with minimal diffusion of the interface and mushroom structures on the bubble and spike

as secondary Kelvin-Helmholtz instabilities form. The temperature distribution exhibits

identical behavior to the density evolution. Note that the growth of the RT instability for

the intermediate case is slower than that of the highly collisional case.
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Figure 3.3: Time evolution of temperature for varying collisionality. Left to right is Kn of
0.1 (a), 0.01 (b), and 0.001 (c). Top to bottom is time 0.0, 1.5τRT , and 3.0τRT .

In order to quantify the effects of collisionality on RT instability growth, an approach similar

to [102] and [34] is used to calculate a growth rate, γ0, that includes viscous and diffusive

effects,

γ0 =
√
kgAt + ν2vk

4 − (νv + ξ)k2, (3.8)

where νv = vth,cλm/2 is the kinematic viscosity, and ξ = νv is the diffusion coefficient. Note

that [102] and [34] include an additional factor for dynamic diffusion effects to calculate a
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time-dependent growth rate, which has been neglected here. Because the primary dynamic

diffusion effect is the diffusion of the interface, which occurs exclusively early in the sim-

ulation, those early data points are excluded from the growth rate calculation to achieve

a constant linear growth rate that describes RT instability growth for the majority of the

simulation. Growth rates are calculated using h, the difference between the top of the bubble

and the bottom of the spike, and are presented in Figure 3.4 for the case of Kn = 0.01 and

0.001, compared with a neutral fluid simulation using the Euler equations. It is assumed

that kinetic simulations converge to those of the Euler equations in the limit of infinite col-

lisionality as non-ideal transport becomes negligible. Early data points are also ignored for

the fluid simulations, as the perturbation to uy causes waves to be launched that interfere

with RT instability growth early in time. Growth rates calculated from the linear fits in Fig-

ure 3.4 are compared with theoretical growth rates in Table 3.1. There is good agreement

between the calculated growth rates and the theoretical growth rates with static diffusion,

and as Kn increases, γ and γ0 approach the fluid result. The slight decrease in agreement

from the 0.01 Kn case to the 0.001 case is likely due either to the presence of diffusion in

the kinetic case or not capturing the transition from time-varying growth to linear growth

as well in the data output frames (i.e., the transition is between data points 3 and 4 for the

0.001 case). While fluid simulations of the RT instability have been performed with viscosity

[7, 84, 117, 121], the presence of a fluid viscosity alone is insufficient to explain the diffusion

of the interface seen here (including the dynamic diffusion effects early in time). To explain

the kinetic parameter regime of the intermediate collisionality case, this work is a first to

Table 3.1: Values of RT instability growth rates, calculated from simulation (γ) and theory
(γ0).

Case γ γ0
Kn = 0.01 0.9635 0.9723
Kn = 0.001 1.1369 1.1603

Fluid 1.1708 1.1816
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probe into a detailed kinetic interpretation of the RT instability.

Figure 3.4: Logarithm of h, the difference between spike and bubble heights, as a function of
time for Kn = 0.01 and 0.001 and a fluid simulation using the Euler equations. Data points
early in time are excluded from the fit due to dynamic diffusion of the interface for the
kinetic cases and wave launching for the fluid case. Note as Kn decreases, the RT instability
growth rate approaches the fluid simulation result.

While highly collisional regimes asymptoting to fluid results are reasonably well-understood

for the neutral fluid RT instability, intermediate collisional regimes require kinetic simula-

tions since the fluid model is no longer valid in these regimes. Variation in RT instability

growth as a function of collisionality implies the emergence of kinetic effects as collisionality

decreases and distribution functions are allowed to become less Maxwellian. A metric to

quantify non-Maxwellian distributions spatially can aid in probing the 5-dimensional distri-

bution function by highlighting potential areas of variation from equilibrium. In an attempt

to capture the spatial distribution of such variations, a density analogue is constructed from

the distribution function and a constructed Maxwellian as follows,

84



3.1. Constant Collision Frequency Simulations of the Rayleigh-Taylor Instability

nN(x) =
ˆ
|f(x,v)− fM(x,v)|d3v. (3.9)

This non-Maxwellian density allows for spatial representation of non-Maxwellian distribution

functions and has units of density, allowing for simple comparison to the density profiles in

Figure 3.2. Non-Maxwellian density for each Kn is presented below in Figure 3.5. Note that

recent work by Cagas et al. [19] shows that a boundary layer forms at reservoir boundaries for

the Vlasov-BGK model, Eqs. (1) and (2). The boundary layer is approximately one mean-

free-path wide and non-Maxwellian. Therefore, three layers of cells at the top and bottom of

the domain are omitted in Figure 3.5 in order to maintain a useful color scale for the regions

of interest. As expected, high collisionality leads to a decrease in nN by approximately an

order of magnitude between the most and least collisional cases. For the case where the RT

instability does not develop, nN simply follows an almost identical distribution to density,

comparing Figure 3.2 (a3) to the center plot of Figure 3.5. However, for the cases where the

RT instability develops, the interfaces appear as regions of peak nN . Magnitudes of nN are

small relative to n, even for the least collisional case that has the highest peak nN .

To further characterize the effect of varying collisionality, two higher moments of the distri-

bution function are defined,

Pij = m

ˆ
vivjfd3v, (3.10)

Qijk = m

ˆ
vivjvkfd3v. (3.11)

As in Wang et al. [137], by defining wi = vi − ui, Eq. 3.11 can be expanded and tensor

contracted to get the particle energy-flux (using Einstein’s summation convention),

1

2
Qiik =

5

2
ukp+

1

2
mnuku2︸ ︷︷ ︸

I

+ qk + uiΠik︸ ︷︷ ︸
II

, (3.12)
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Figure 3.5: Density of non-ideal distribution, according to Eq. 3.9, for Kn of 0.1 (left), 0.01
(center), and 0.001 (right), normalized to number density. Note the varying color scale for
each subplot.

where

qk =
1

2
m

ˆ
wiwiwkfd3v, (3.13)

is the heat flux vector in the gas frame, and the stress tensor Πij is related to the pressure

tensor,

Pij = m

ˆ
wiwjfd3v, (3.14)

by Πij = Pij − pδij with scalar pressure p = Pii/3. The pressure tensor is also related to

the second moment by Pij = Pij +mnuiuj. Note that the use of collision frequency that is

independent of particle velocity leads to an overestimation of energy fluxes in the high-energy

tails of the distribution if charged species are considered instead of neutral species. In the case

of charged species, the energy-fluxes presented here will be greater in magnitude than those

calculated with a collision frequency that varies with velocity. This work considers neutral

species. Individual terms are grouped in Eq. 3.12 by whether they arise from Maxwellian

parts of the distribution (group I), or non-Maxwellian parts (group II). Group I will be
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referred to as ideal terms, while group II are the non-ideal terms. The y-component of each

term of Eq. 3.12 (normalized to n0v
3
th,c) is plotted in Figure 3.6 for the cases of Kn = 0.01

and 0.001 for times with similar instability amplitude. Note that magnitudes of each column

(term) vary by orders of magnitude, so color scales are distinct by column to show spatial

features. The first ideal term is the dominant term by several orders of magnitude at its peak

for both cases. As collisionality increases, all terms increase in magnitude, though the ideal

terms increase more than the non-ideal terms. This can be seen by taking the ratio of the

average of the absolute values of the ideal terms to that of the non-ideal terms. The ratio is

21.5 for the less collisional case and 283.8 for the more collisional case, indicating the particle

energy-flux becomes less dominated by the ideal terms as collisionality decreases. This is an

important and impactful result as it is the first to present an order of magnitude increase

in the importance of the non-ideal terms for the less collisional (more kinetic) case of the

RT instability. The overall increase in energy-flux with increased collisionality, even when

comparing similar amplitudes of RT instability growth, relates to the increase in growth rate

shown in Table 3.1, as larger total flux leads to faster instability growth.

By taking moments of a first-order Chapman-Enskog expansion of the BGK collision opera-

tor, expressions for the heat flux, qi,BGK, and stress tensor Πij,BGK, can be obtained assuming

a nearly Maxwellian distribution,

Πij,BGK = −p
ν

(
∂ui
∂xj

∂uj
∂xi
− 2

3

∂uk
∂xk

δij

)
, (3.15)

qi,BGK = − 5p

2mν

∂T

∂xi
. (3.16)

Figure 3.7 presents the non-ideal terms of the particle energy-flux calculated directly from

the distribution function with those calculated from the expansion. Note color scale is held
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Figure 3.6: Terms of the expanded particle energy-flux, Eq. 3.12, in the y-direction for Kn of
0.01 (top) and 0.001 (bottom), normalized to n0v

3
th,c. Energy-flux is calculated at normalized

time 3.0τRT for the 0.01 case and 2.1τRT for the 0.001 case to have similar amplitudes. Note
the varying color scale of each column.

constant for each term compared across the two different values of collisionality. For both

degrees of collisionality, the heat flux terms are similar in both magnitude and spatial distri-

bution. The stress terms show more deviation between true and approximate results likely

due to the fact that two stress tensor elements are involved in the calculation, so errors

from the first-order approximation compound. As collisionality decreases from Kn = 0.001

to 0.01, the approximate stress term deviates more from the direct calculation because the

assumption of near-equilibrium distribution becomes less accurate with decreasing collision-

ality.

Higher moments of the distribution function are also measures of non-ideal distribution, so
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Figure 3.7: Comparison of energy-flux non-ideal terms, Eq. 3.12, calculated from distribution
function and those calculated from a first-order Chapman-Enskog expansion of the collision
operator. Top and bottom rows of each comparison are Kn = 0.01 and 0.001, respectively.
Note the similarities in spatial distribution and magnitude and that color scales are constant
by term and row (collisionality). Stress terms show more discrepancy because they are
calculated from several stress tensor elements, so errors compound.

89



3.1. Constant Collision Frequency Simulations of the Rayleigh-Taylor Instability

the spatial distribution of gas-frame higher moments should correlate with nN . Presented

in Figure 3.8 are comparisons of nN , y-direction vector skewness, qy, and y-direction excess

kurtosis,

δKy =

ˆ
w4

i fd3v−
ˆ
w4

i fMd3v. (3.17)

As expected, the distribution of nN aligns with those of the higher moments. Additionally,

the magnitudes of the normalized higher moments increase as collisionality decreases, which

is expected as decreased collisions deviate from a Maxwellian distribution function towards

a more kinetic regime. The evolution of the intermediate collisionality RT instability is

clearly distinguished from the high collisionality regime to explain the kinetic effects that

produce the difference in growth rates and morphology. These are the first results to present

a high-fidelity kinetic interpretation of the classical RT instability in low and intermediate

collisionality regimes where fluid models are inadequate.

3.1.3 Conclusion

Single-mode Rayleigh-Taylor instabilities are successfully simulated in 2x3v using the continuum-

kinetic capabilities of Gkeyll for a range of collisionalities. As mean-free-paths become

smaller relative to the width of the simulation domain, the resulting instability approaches

the classical fluid result, as expected. Growth rates estimated using static viscosity and dif-

fusion agree well with calculated growth rates when early dynamic diffusion of the interface

is left out of the fit. Non-Maxwellian density, the velocity space integration of the difference

between a local particle distribution function and a corresponding Maxwellian distribution

calculated from the first three moments, shows that, as collisionality increases, the distribu-

tion function approaches a Maxwellian (fluid) distribution. Local maxima in non-Maxwellian

density also occur around the primary areas of transport, i.e., the edges of the bubble and
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Figure 3.8: Non-Maxwellian density, nN , compared with gas-frame y-direction skewness, qy,
and excess kurtosis, δKy. Note the presence of local extrema for all quantities around the
RT instability interface.
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spike. A decomposition of the particle energy-flux shows that transport is dominated by

terms that arise from the Maxwellian parts of the distribution, and the ideal terms of the

expansion become more dominant as collisionality increases toward the fluid limit.

An important and novel contribution of this work is in the intermediate collisional cases

that are not accessible with traditional fluid models and require kinetic modeling. The

continuum-kinetic model used in this work provides unique access to the full noise-free dis-

tribution function to investigate the kinetic regime. Simulations of intermediate collisional

cases show significantly altered RT instability evolution compared to the high collisionality

fluid-like cases highlighting the importance of kinetic physics through higher moments of the

distribution function. These higher moments include the heat flux vector, which is the third

moment indicating the skewness of the distribution, and the fourth moment indicating the

kurtosis of the distribution. The heat flux vector plays a more significant role relative to

inertial terms in the intermediate collisional cases compared to the highly collisional cases. A

quantitative comparison shows an order of magnitude difference in the ratio of the non-ideal

terms to the ideal terms when comparing the intermediate collisional cases to the highly

collisional fluid-like cases. These kinetic effects are primarily noted in the region of the RT

instability interface. Regimes of intermediate collisionality often occur in astrophysical and

laboratory plasmas requiring a kinetic model due to the invalidity of the fluid model for

these cases, highlighting the significance and relevance of the results presented here.

92



3.2. Rayleigh-Taylor Instability with Varying Collision Frequency

3.2 Rayleigh-Taylor Instability with Varying Collision

Frequency

Rayleigh-Taylor (RT) instabilities occur when a dense fluid is accelerated into a lighter

one, for example under the influence of gravity [93, 128]. Traditionally, RT instabilities are

studied using fluid models [92, 106], yet fully-kinetic simulations demonstrate the existence of

regimes of finite collisionality that are RT unstable and exhibit significantly altered dynamics

as compared to ideal fluid results [97, 102]. Previous simulations investigate the role of

kinetic effects such as viscosity, resistivity, and thermal conductivity on the growth of the

RT instability [7, 117, 121], but studies of these effects with a fully-kinetic model with a full

nonlinear Fokker-Planck collision operator have yet to be performed.

The RT instability appears in high-energy-density regimes such as pulsar wind nebulae like

the Crab nebula as a source of large-scale structure and mixing at the surface of the su-

pernova shell [26, 90], laser implosions at the OMEGA laser facility [12, 69, 115], and early

stages of supernova explosions [8, 27]. Supernova remnants expanding into the interstel-

lar medium can also give rise to the Rayleigh-Taylor instability [28, 49]. Low collisionality

and a weak magnetic field serve to reduce classical transport coefficients in the intergalactic

medium [140], so kinetic simulations may be warranted to completely capture interactions of

the supernova shell and the interstellar medium. In the Crab nebula, the interaction between

the wind accelerated by the pulsar and the cold supernova shell is an RT-unstable configura-

tion with orders of magnitude of variation in density and pressure across the interface [62, 91].

In general, collision frequency is a function of density and temperature [15]. Densities and

temperatures can vary greatly in astrophysical regimes that are RT unstable [28, 49, 90],

so collision frequencies are expected to vary similarly. Previous fully-kinetic RT instabil-

ity simulations assumed spatially and temporally constant collision frequency [97]. This
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work explores a continuum-kinetic, neutral species RT instability simulations with spatially-

varying collisionality. It is the purpose of this work to explore a situation where the collision

frequency varies strongly across the interface.

The rest of this paper is organized as follows. Section 3.2.1 details the governing equation and

initial conditions for these simulations. Results for three cases of collisional variation across

the interface are presented in Section 3.2.2 for an Atwood number of 1/3. The impact of

increasing the Atwood number to 2/3 is discussed in Section 3.2.3, and results are compared

to the lower Atwood number cases, including growth rates and magnitudes of interface

widening. An expansion of the particle energy-flux is presented in Section 3.2.4, leveraging

the information contained in the distribution function to quantify the importance of kinetic

models in these collisional regimes. Finally, Section 3.2.5 summarizes all simulation results

and discusses the necessity of kinetic models to accurately model the RT instability in these

conditions.

3.2.1 Problem Description

Simulations in this work are performed using the continuum-kinetic capabilities of the plasma

simulation framework Gkeyll [45]. Gkeyll utilizes a discontinuous Galerkin discretization

scheme [29, 30, 94] with serendipity basis [4] to evolve the Boltzmann equation [50, 63],

∂f

∂t
+ v ·∇xf + g ·∇vf =

(
∂f

∂t

)
C

, (3.18)

where f = f(x,v, t) is the particle distribution function defined in phase space, g is accel-

eration due to gravity, and the right-hand-side is the collision operator. Where a traditional

fluid model assumes particles always follow a thermalized Maxwellian velocity distribution,

the continuum-kinetic model allows the velocity space distribution function f to deviate
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from Maxwellian. The collision operator relaxes the distribution function to Maxwellian and

contains much of the physics that must be explicitly included in fluid models, like viscosity

and thermal conduction. While a full nonlinear Fokker-Planck collision operator [101] is

required to accurately capture the physics of small-angle collisions between charged species,

including collision-induced velocity space advection and diffusion and collision frequency

that varies in velocity space as 1/v3, reduced collision models can be constructed to retain

features relevant to the chosen problem. For example, the Dougherty or Lenard-Bernstein

operator [52], explicitly includes velocity space advection and diffusion of the distribution

function but utilizes a collision frequency that is constant in velocity space, overestimating

the impact of collisions in the high-energy tail of the distribution. Collisions are modeled in

this work by the Bhatnagar-Gross-Krook (BGK) operator [9],

(
∂f

∂t

)
C

= ν(fM − f), (3.19)

where ν is the collision frequency and fM is a Maxwellian distribution constructed from

moments of f . Where previous work utilized the BGK model with a collision frequency that

was constant spatially, collision frequency of a single species generally varies spatially with

number density and thermal velocity as [15],

ν ∝ n

v3th
. (3.20)

The BGK operator is well-suited to large-angle binary collisions between neutral species and

is guaranteed to conserve particle number density, momentum, and energy when collision

frequency is constant in velocity space. However, similarly to the Dougherty operator, the

use of mean collision frequency results in an overestimation of collision frequency in the

high-energy tail of the distribution.
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Simulations in this work are 5-dimensional, with 2 physical space dimensions and 3 velocity

space dimensions. Initial conditions are derived from hydrostatic equilibrium,

∇p = −nmg, (3.21)

where p is pressure, n is number density, m = 1.0 is mass, and g = 1.0 is gravitational

acceleration. Initial number density and pressure profiles are,

n(y) =
n0

2
tanh

(
αy

Ly

)
+

3

2
n0, (3.22)

p(y) = −mgn0

2

[
Ly

α
ln
(

cosh
(
αy

Ly

))
+ 3y

]
+

3

2
n0T0, (3.23)

where Ly = 1.0 is half the domain length in y, n0 and n1 are the number density at the

bottom and top of the domain respectively, and T0 is an arbitrary integral constant chosen

such that temperature and pressure remain positive in the domain. The width of the density

gradient at the center of the domain is proportional to the constant α, which is set to 25 to

ensure a small interface width relative to the domain size. The exact method of determining

the bounds of the interface for calculating the growth rate is described in Section 4. Note

that quantities at the lower boundary are denoted with a subscript 0, while those at the

upper boundary are denoted with a subscript 1. This initial density profile corresponds to

an Atwood number, A = (n1− n0)/(n1 + n0), of 1/3. Boundary conditions are periodic in x

and static reservoir in y, where the boundary cells are a continuation of the initial conditions

and do not evolve in time. Initial distribution functions are Maxwellian,

f(v) =
n

(2πv2th)
3/2

exp
(
−(v − u)2

2v2th

)
, (3.24)

where u is bulk velocity, and vth =
√
T/m is thermal velocity with temperature T = p/n.
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Figure 3.9: Initial conditions of number density, n, thermal velocity squared, v2th, and com-
mon collision frequency profile, n/v3th. Note the steep increase in collision frequency ap-
proaching the upper boundary. A collision frequency profile proportional to a power of
number density maintains similar variation across the interface while avoiding an excessively
small time-step for dynamics away from the interface.

The RT instability is seeded by a single-mode sinusoidal perturbation with wavenumber k

applied to the y-direction bulk velocity, uy, according to

uy = −0.1vth,c cos (kx) exp
(
− y2

2y2r

)
, (3.25)

where k = π/(2Lx), vth,c is initial thermal velocity at the center of the domain, Lx = 0.5 is

half the simulation domain length in x, and yr = Ly/10 is the characteristic decay length for

the perturbation.

For the hydrostatic equilibrium chosen in this work, the collision frequency profile defined in

Eq. 3.20 increases dramatically near the upper boundary due to the temperature gradient,

as shown in Figure 1.

Therefore, to capture similar collisional variation across the interface while maintaining a
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reasonable time-step, collision frequency in this work varies according to

ν = ν0n
β, (3.26)

where ν0 is an arbitrary scaling constant and β is a parameter chosen to adjust the degree

of variation of collisionality across the interface. As a result of this simplification, collision

frequency near the upper boundary will be underestimated by up to a factor of approximately

5. This underestimation is acceptable because the high collisionality chosen in this upper

boundary is already in a fluid-like regime, and an even higher collisionality would asymptote

to a fluid regime without significantly impacting the results at the Rayleigh-Taylor-unstable

interface. Relative collisionality is quantified by the Knudsen number Kn = λm/Lx where

λm = vth/ν.

3.2.2 Effect of Varying Collisionality

Three cases of varying collisionality are selected to cover regimes previously studied with

constant collisionality [97]. Table 1 shows the collisional variation across the interface for

each case. Note with the same equilibrium profile, the case of constant collisionality with

Kn of 0.1 exhibits no RT instability growth, Kn of 0.01 showed diffusion of the interface and

limited instability growth, and Kn of 0.001 showed limited interface diffusion and growth

similar to an ideal fluid result.

Case Lower Kn Upper Kn
1 0.1 0.01
2 0.01 0.001
3 0.1 0.001

Table 3.2: Knudsen numbers defined at the lower and upper ends of the Rayleigh-Taylor
interface for each of the three cases.

98



3.2. Rayleigh-Taylor Instability with Varying Collision Frequency

Evolution of the number density to the final time of 3 classical RT growth periods, 3τRT =

3/
√
kgA, for each case is presented in Figure 3.10. Case 1 exhibits no instability growth

and is dominated by diffusion of the interface, similar to the constant collisionality case with

Kn = 0.1. In case 2, there is early-time diffusion of the interface as the characteristic bubble

and spike structures of the RT instability begin to form, but late in time, diffusion appears

to be limited as instability growth becomes dominant. At the end time (b4), there is clear

development of the RT instability, and the average center position between the bubble and

spike has moved upwards due to diffusion in the lower, less collisional region. Additionally,

the interface has variable width, with the interface appearing thinner at the peaks of the

bubble and spike than in the intermediate vertical regions. As will be discussed in Section

3.2.3, interface width varies between the bubble and spike, and Fig. 3.16 highlights the

evolution of interface width in time. In case 3, the factor of 100 variation in collisionality

between regions drives the interface upwards immediately, with diffusion being strongly

biased on the lower side of the interface. Instability growth is greatly limited relative to case

2 as the lower collisionality region damps the growth of the downward spike. This is most

clearly seen comparing the end time number densities of case 2 (b4) and case 3 (c4), where

the bubble reaches approximately the same position at y ≈ 0.5, while the spike in case 3 is

well above y = 0 compared to y ≈ −0.25 in case 2. Variation in interface width in case 3

also appears to be less substantial than in case 2, likely due to the limited instability growth.

Figure 3.11 shows the evolution of temperature with time. The temperature distribution

is nearly identical to the number density distribution at each time, though compressibility

effects are less prevalent due to heat flux, yielding a smoother profile.

In a similar manner to [89] and [48], non-equilibrium kinetic effects can be quantified using

a non-Maxwellian density, nN , constructed from the distribution function and its associated

99



3.2. Rayleigh-Taylor Instability with Varying Collision Frequency

Figure 3.10: Evolution of number density for three Rayleigh-Taylor instability simulations
with Knudsen number varying from: 0.1 to 0.01 (a, left), 0.01 to 0.001 (b, center), 0.1
to 0.001 (c, right). Knudsen numbers are calculated at the lower and upper ends of the
interface, respectively. Note the lack of instability growth in case 1, fluid-like growth in case
2, and damped growth in case 3.
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Figure 3.11: Evolution of v2th for three Rayleigh-Taylor instability simulations with Knudsen
number varying from: 0.1 to 0.01 (a, left), 0.01 to 0.001 (b, center), 0.1 to 0.001 (c, right).
Knudsen numbers are calculated at the lower and upper ends of the interface, respectively.
Note the magnitudes of v2th remain stable in time, without the compressive effects seen in
Figure 3.10.
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Maxwellian, fM as,

nN(x) =

ˆ
|fM(x,v)− f(x,v)|d3v. (3.27)

This diagnostic has units of density and can be interpreted as the density of non-Maxwellian

distribution function. Figure 3.12 shows the distribution of nN/n, the fraction of non-

Maxwellian distribution, at the final time 3.0τRT. In each case, nN/n has higher magnitudes

Figure 3.12: Density of non-Maxwellian distribution normalized to local number density,
nN/n, for each case at time 3.0τRT. Around the interface in case 2 and in regions of low
collision frequency in cases 1 and 3, nN/n reaches maximum value.

in the regions of lower collisionality, and global magnitudes of nN are small relative to number

density, on the order of 1%. There is correspondence between collision frequency and nN/n

because lower collision frequencies will not be able to thermalize the distribution function as

quickly. The maximum values of nN/n are similar in cases 1 and 3, as expected due to the

lower regions having the same collision frequency. Similarly, the minimum values of nN/n

approach 0 in cases 2 and 3, as the highly-collisional regions in those cases are similar to an

ideal fluid-like regime. Non-Maxwellian density reaches its maximum around the interface

in each case, implying the presence of kinetic effects around the bubble and spike of the RT

instability. The peaks of the bubble and spike do not have equal magnitudes of nN/n; the

center of the spike is the absolute maximum of nN/n in both cases 2 and 3. This is likely
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connected to the damping of downward instability growth in the low-collisionality lower

region due to diffusion.

3.2.3 Effect of Varying Atwood Number

Previous simulations have focused on varying collision frequency with a given equilibrium

profile and Atwood number. Atwood number is known to vary greatly across astrophysically-

relevant regimes [36], so the effect of a different Atwood number on RT instability growth

is worth investigating. For these simulations, A is increased to 2/3 with a similar equilib-

rium profile by adjusting equations 6 and 7 while maintaining the same collision profile.

Figure 3.13 shows the evolution of number density to the same normalized time 3.0τRT for

the two cases where the RT instability develops with Atwood number of 2/3. Note the

fluctuations in density early in time are caused by waves launched early in time from the

initial perturbation in bulk velocity and appear to be more significant in magnitude relative

to those in the lower Atwood number cases. Relative to the A = 1/3 cases, there is less

upward movement of the interface due to diffusion, yet formation of the downward spike is

still damped. In both cases, the bubble does not move as far upward as the correspond-

ing A = 1/3 cases, but the spike reaches further downward, yielding larger total instability

amplitude. The difference in spike position is especially clear when comparing the case 3

simulations, as the spike in the lower Atwood number case is in the upper half of the do-

main, while the spike remains around or below y = 0 in the higher Atwood number case.

Normalized non-Maxwellian density nN/n for these cases is shown in Figure 3.14. Spatial

distributions of nN/n follow similar patterns to the lower A cases. However, magnitudes

of nN/n for the higher A simulations are approximately twice those of the lower A cases.

This is likely due to the proportionality of the kinematic viscosity and diffusion coefficient

to thermal velocity 3.28 and the fact that the higher Atwood number cases are less dense,
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Figure 3.13: Evolution of number density for Rayleigh-Taylor instability simulations with
Knudsen number varying from: 0.01 to 0.001 (left two columns) and 0.1 to 0.001 (right two
columns). Knudsen numbers are calculated at the lower and upper ends of the interface,
respectively. Results are included for Atwood numbers of 1/3 (a, c) and 2/3 (b, d). Relative
to the lower Atwood number cases, in the 2/3 Atwood number cases, the bubble does not
move as far upward, but the spike extends further down into the low-density region. There is
also less upward movement of the interface due to particle streaming diffusion in the lower,
less collisional region.
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Figure 3.14: Density of non-Maxwellian distribution normalized to local number density,
nN/n, for cases 2 and 3 with Atwood number A = 2/3 at time 3.0τRT. Similar to the
A = 1/3 cases, the peaks in nN/n appear at the interface in case 2 and in the lower collision
frequency region in case 3.

yielding a higher temperature for the same hydrostatic equilibrium.

Growth of the RT instability can be tracked in time by calculating the amplitude between

the center of the interface at the peaks of the bubble and spike. In order to calculate the

amplitude, the y-location of a reference density, chosen as the initial value of n at the center

of the interface, is determined for each frame at x = 0 and x = Lx for the spike and bubble,

respectively. As will be discussed at the end of this section, compressibility leads to buildup

of density on either side of the interface, but the chosen reference density generally remains

at the center of the interface in time. The vertical displacement between those two locations

is taken as the amplitude, h.

Figure 3.15 shows the logarithm of the amplitude for cases of constant and varying collisional-

ity that exhibits RT instability growth. The classical RT growth rate, γRT = 1/τRT =
√
kgA

is not expected to capture the kinetic dynamics included in these simulations, so a growth

rate is calculated similarly to [34, 102], including viscous and diffusive effects,

γ0 =
√
kgA+ ν2vk

4 − (νv + ξ)k2, (3.28)
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Figure 3.15: Rayleigh-Taylor amplitude growth. The most fluid-like kinetic case (grey dotted
line) has the greatest overall instability growth. Case 2 for both Atwood numbers sits between
the fluid-like and intermediate (dashed grey line) cases, while case 3 exhibits the least growth.

where νv = vth,cλm/2 is the kinematic viscosity, and ξ = νv is the diffusion coefficient. Dy-

namic diffusion effects may also be included in this calculation to give a time-dependent

growth rate, but this is excluded for this calculation for simplicity. Dynamic diffusion dom-

inates early in time, before the linear phase, [80] when the interface is diffusing with no

instability growth, leading to nonlinear interface amplitude, so early-time points are ex-

cluded from the linear fit. Table 2 shows the growth rates for each case as calculated from

the linear fit, γ, and from equation 11, γ0. Note the classical growth rates are γRT,1 = 1.023

Case γ γ0 γ/γ0
Kn = 0.01 (A = 1/3) 0.789 0.911 0.866
Kn = 0.001 (A = 1/3) 0.903 1.012 0.892
Case 2 (A = 1/3) 0.879 0.989 0.889
Case 3 (A = 1/3) 0.574 0.981 0.585
Case 2 (A = 2/3) 1.396 1.408 0.991
Case 3 (A = 2/3) 1.130 1.373 0.823

Table 3.3: Growth rates of the Rayleigh-Taylor instability as calculated from linear fit, γ,
and from theory accounting for diffusion and viscosity (Eq. 3.28), γ0.

and γRT,2 = 1.447 for A = 1/3 and 2/3, respectively.
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Theoretical growth rates γ0 increase with average collision frequency, approaching the clas-

sical growth rates γRT,1 and γRT,2. Regardless of Atwood number, as average collisionality

increases, i.e. Case 3 to Case 2 and Kn = 0.01 to Kn = 0.001, the ratio γ/γ0 increases as the

calculated growth rate approaches the theoretical result. For the cases of spatially-varying

collisionality, the degree to which the ratio increases with average collision frequency is de-

pendent on the Atwood number. The ratio γ/γ0 for the A = 1/3 cases increases from 0.585

to 0.889 from Case 3 to Case 2, an increase in agreement of approximately 34%. Similarly,

the A = 2/3 cases increase from 0.823 to 0.991, an increase of approximately 17%. Therefore,

for the same given collisionality profile, the agreement of the calculated growth rate with

the theoretical growth rate increases with Atwood number, but as collisionality increases,

the relative increase in agreement is greater in the lower Atwood number simulations.

A primary distinguishing factor between simulations is the magnitude of interface diffusion,

which can be quantified by tracking the width of the interface in time. Traditionally in fluid

simulations, the moving interface can easily be tracked in time using fluid mass fraction or

by following the constant density values that define the bounds of the interface. However,

the number density profile is not constant around the interface in these simulations due to

compressibility, making it difficult to exactly define and track the interface. Therefore, in

an approach similar to [73], the interface is instead tracked using the temperature, which

remains relatively smooth in time because of heat fluxes smoothing perturbations. The

bounds of the interface are determined from the initial conditions by first retrieving the

location where n reaches 99% of the global maximum as the upper bound and defining that

position as y = Lint. The initial upper and lower bounds of the interface are then located

at y = Lint and y = −Lint, respectively. Then v2th is evaluated at each of these points to

determine the reference values that are used to track the interface. For each data frame, the

reference values of v2th are matched at x = 0, Lx for the spike and bubble, respectively.
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Figure 3.16: Evolution of the width of the interface between regions as measured at the
location of the peak of the bubble (left) and spike (right). Higher Atwood number cases
exhibit more interface diffusion than corresponding cases with lower Atwood numbers. The
interface width at the bubble is in general larger than at the spike due to diffusion in the
low collision frequency region diffusing the lower end of the interface away from the upward
moving spike. Note the increase in constant Kn = 0.001 (gray dotted line) is due to secondary
instabilities.

Figure 3.16 shows the evolution of the interface width as calculated at the peak of the bubble

and spike. Differences in interface width between the bubble and spike can be attributed to

the difference in collision frequency between the upper and lower regions. In the upper region,

collision frequency is greater, so it is expected that the upward moving bubble exhibits more

ideal fluid-like behavior, i.e. faster instability growth and less diffusion. Conversely, the lower

region with lower collision frequency is dominated by diffusion and damps instability growth,

as can be most easily seen in the final number density distributions of case 3. Therefore,

diffusion is in general biased toward the less collisional lower region. As the bubble and

upper end of the interface move upward, the lower end of the interface diffuses downward,

resulting in generally larger interface width relative to the spike, which pushes into the lower

region as the interface diffuses in the same direction. This can be seen by comparing case 1

with A = 1/3 (black squares) and case 3 with A = 2/3 (red triangles) in Figure 3.16, which

have the same collisionality in the lower region. At the bubble location, the interface width

of case 3 is increased by the upward movement of the bubble, yielding a wider interface than
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case 1, which is effectively pure diffusion. Conversely, the spike in case 3 moves slightly

below y = 0, somewhat offsetting the interface width gain due to diffusion, so case 1 has a

wider interface at that location. Additionally, in some cases the lower end of the interface

diffuses enough that it reaches the lower boundary, so the interface width late in time reaches

a maximum. If the domain was larger, diffusion would likely continue to follow the early

time trend and increase as a similar rate.

Constant collisionality cases are included as dashed lines in Figure 3.16. The most collisional

and fluid-like case, constant Kn = 0.001, has substantially less interface diffusion than any

of the other cases and has effectively a constant interface width in time. Note the increase

at the bubble late in time is an artifact due to the development of secondary instabilities.

At the bubble, the intermediate constant Kn = 0.01 case closely matches case 2 for both

Atwood numbers, which have a Knudsen number of 0.01 in the upper region. However, at the

spike, the intermediate constant Kn case still matches the A = 2/3 case well, while the lower

A case deviates from both, exhibiting much less interface widening. Cases with A = 2/3

show greater interface width than the corresponding case with A = 1/3, likely due to the

higher thermal velocity and therefore diffusion coefficient. Comparable fluid simulations

with varying viscosity exhibit no interface diffusion, similar to the fluid-like Kn = 0.001 case

[7, 116, 117]. Viscous fluid simulations also exhibit stabilization of short-wavelength modes,

an effect that is not seen in these large single-mode kinetic simulations. Stabilization in small

RT instability modes in kinetic simulations with finite collision frequency is expected to differ

from previous fluid simulations, as Braginskii viscosity only applies in the high-collisionality

limit.
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3.2. Rayleigh-Taylor Instability with Varying Collision Frequency

3.2.4 Expansion of the Particle Energy-Flux

Higher moments of the distribution function can also be utilized to characterize the impact

of kinetic effects. Beginning with the laboratory-frame second and third moment,

Pij = m

ˆ
vivjfd3v, (3.29)

Qijk = m

ˆ
vivjvkfd3v. (3.30)

As in Wang et al. [137], by defining wi = vi − ui, Eq. 3.30 can be expanded and tensor

contracted to get the particle energy-flux (using Einstein’s summation convention),

1

2
Qiik =

5

2
ukp+

1

2
mnuku

2︸ ︷︷ ︸
I

+ qk + uiΠik︸ ︷︷ ︸
II

, (3.31)

where

qk =
1

2
m

ˆ
wiwiwkfd3v, (3.32)

is the heat flux vector in the gas frame, and the stress tensor Πij is related to the pressure

tensor,

Pij = m

ˆ
wiwjfd3v, (3.33)

by Πij = Pij − pδij with scalar pressure p = Pii/3. The pressure tensor is also related to the

second moment by Pij = Pij +mnuiuj. The four terms in the expanded particle energy-flux,

Eq. 3.31, can be grouped into terms that arise from the Maxwellian parts of f , group I, and

from the non-Maxwellian parts, group II. Comparing the magnitudes of group I and group

II terms quantifies the relative contributions to the total energy-flux of effects that would

not be captured by pure fluid models. Figure 3.17 shows the y-components of the expanded

energy-flux for cases 1, 2, and 3 for A = 1/3, normalized to n0v
3
th. Beginning with case
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3.2. Rayleigh-Taylor Instability with Varying Collision Frequency

Figure 3.17: Terms in the expanded particle energy-flux, Eq. 3.31, for cases 1 (top), 2
(center), and 3 (bottom). Ideal terms (left two columns) are concentrated in the highly-
collisional region in case 1 and in the bubble and spike in cases 2 and 3. The non-ideal terms
(right two columns) are concentrated in the low-collisional regions in all cases with extrema
present around the interface in cases 2 and 3.

1 (Figure 3.17, top row), the ideal terms (left two columns) reach maximum values in the

more collisional upper region, while the dominant non-ideal term, qy reaches its maximum

in the low-collisional lower region. All energy-flux terms in case 2 (Figure 3.17, middle

row) have structure corresponding to the RT instability bubble and spike. The ideal terms

are concentrated in the bubble and spike, with the negative and positive regions in the
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3.2. Rayleigh-Taylor Instability with Varying Collision Frequency

spike and bubble, respectively. However, the non-ideal terms are concentrated in the lower

collisionality low-density fluid. The heat flux, qy, similar to nN/n, reaches a global maximum

at the center of the spike, with a local maximum at the tip of the bubble. Whereas the stress

term, uiΠiy, reaches its maximum magnitude in the bulk of the bubble rather than the tip,

where it also flips sign. This is likely due to dominance of tangential stress terms in the

lower region, compared to dominant positive vertical flux at the tip of the bubble. Case 3

(Figure 3.17, bottom row) shows similar characteristics to both cases 1 and 2, where the

ideal terms are largely concentrated in the RT instability structures and the more collisional

upper region, while the non-ideal terms are concentrated in the less collisional lower region.

The vertical asymmetry in bubble and spike formation is easily seen through the energy-flux,

as the values reached by the ideal terms within the bubble are substantially greater than

those reached in the spike. Differences between the pressure term, 5/2uyp, and the inertial

term, 1/2mnuyu
2, at the spike position show energy tends to go into compression rather

than downward movement of the gas. Relative importance of the ideal and non-ideal terms

can be quantified by taking the ratio of the averages of the absolute values of the non-ideal

terms to the ideal terms,

ratio =
avg(|qk + uiΠik|)

avg(
∣∣5
2
ukp+

1
2
mnuku2

∣∣) . (3.34)

For case 1, the low collisional case dominated by kinetic non-ideal behavior, the ratio is

approximately 1.952. Cases 2 and 3 are expected to have more relevant ideal term dynamics

related to instability growth, and the ratios for those cases are 0.037 and 0.873, respectively.

Case 3, while still dominated by the ideal terms, has a higher ratio than case 2 due to the

lower average collisionality.

A similar analysis can be applied to the higher Atwood number cases, shown in Figure 3.18.

In case 2 (Figure 3.18, top row), each term of the expanded particle energy flux is of the
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3.2. Rayleigh-Taylor Instability with Varying Collision Frequency

Figure 3.18: Terms in the expanded particle energy-flux, Eq. 3.31, for cases 2 (top) and
3 (bottom) with Atwood number A = 2/3. Similar to the lower Atwood number cases,
the ideal terms (left two columns) are concentrated in the bubble and spike, while the non-
ideal terms (right two terms) are concentrated in the low-collisionality regions with extrema
around the interface.

same order of magnitude as the lower A cases. However, one notable change is the increase

in magnitude of the non-ideal terms by approximately a factor of 2, similar to the increase

present in nN/n. The ratio of ideal to non-ideal terms for this case is 17.81, a similar

magnitude to the lower Atwood number case and still dominated by ideal behavior.

Case 3 (Figure 3.18, bottom row) has a ratio of 1.58 and shows substantial differences to the

lower A case, primarily centered around the spike. Both ideal terms increase in magnitude

as A increases, and the maxima reached in the spike are comparable to those in the bubble,

whereas the lower A case shows much smaller magnitudes in each term in the spike relative

to the bubble. This is especially true in the inertial term mnuyu
2/2, where the ratio of

peak magnitude in the bubble to the spike is 0.789 in the A = 2/3 case, compared to 3.389

in the A = 1/3 case. Similar to case 2, the non-ideal terms both approximately double in
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3.2. Rayleigh-Taylor Instability with Varying Collision Frequency

magnitude, contributing to the similar increase in nN/n. The non-ideal terms of the particle

energy-flux are purely kinetic effects, and spatial variation of collision frequency contributes

further to non-ideal behavior by varying effects such as diffusion and viscosity. Specifically,

the presence of these non-ideal terms in the expansion of the third moment of f imply the

presence of skewness in the distribution function that would not be captured by fluid models.

3.2.5 Summary of Results

Simulations of the single-mode Rayleigh-Taylor (RT) instability in 2X3V (2 spatial dimen-

sions, 3 velocity space dimensions) are successfully conducted using a continuum-kinetic

model implemented within Gkeyll with a more realistic, spatially-varying collision frequency.

Three cases are explored with an Atwood number A = 1/3, enumerated in Table 1, covering

regimes previously studied with spatially constant collisionality. Case 1 exhibits no Rayleigh-

Taylor instability growth, despite the upper region being in the intermediate collisional

regime that shows instability growth for previous constant collision frequency simulations.

Case 2 varies between intermediate and highly-collisional regimes, and the RT instability

growth is the most fluid-like of the three cases. The fully-varying case 3 that covers low and

high collisional regimes exhibits limited RT instability growth with a high degree of diffusion

in the low collisional region that results in an upward movement of the interface.

Variations from Maxwellian distribution function can be quantified by taking the zeroth

velocity moment of the difference between the local distribution function and a Maxwellian

constructed from its moments to calculate the non-Maxwellian density, nN . In all cases,

the normalized non-Maxwellian density, nN/n, is localized to regions of low collisionality.

Additionally, there are extrema in nN/n around the interface in cases 2 and 3, where the

instability develops, likely related to compressibility effects. Higher relative magnitudes in
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3.2. Rayleigh-Taylor Instability with Varying Collision Frequency

nN/n at the spikes than the bubbles of cases 2 and 3 are connected to the damping of the

downward growth of the spike.

Increasing the Atwood number from 1/3 to 2/3 for cases 2 and 3 yields larger instability

amplitude stemming from greater downward movement of the spike into the low density

region. Diffusion in the low collisionality region also moves the interface upwards to a

lesser degree than the A = 1/3 cases. Non-Maxwellian density follows the same trends as

the lower Atwood number cases, though the magnitudes are higher in the higher Atwood

number cases. This is likely due to the lower collision frequency and globally lower density

and higher temperature in the latter cases and the proportionality of kinematic viscosity and

diffusion coefficient to thermal velocity.

Growth rates calculated from tracking the instability amplitude generally match the mod-

ified theoretical growth rates, γ0, that include the effects of diffusion and viscosity. Case

2, which has the highest average collision frequency, agrees well with γ0 for each Atwood

number. However, case 3, which has the greatest collisional variation, matches the theoret-

ical prediction much more closely for A = 2/3 than for A = 1/3, implying a sensitivity to

Atwood number for the highly collisionally varying cases.

As the instability evolves, the width of the interface changes in time due to free-streaming

particle diffusion. In a traditional inviscid fluid model, numerical diffusion, rather than a

physical mechanism, is the primary source of interface widening, so the continuum-kinetic

model is expected to capture the interface width evolution more accurately. Further, there is

a difference between the interface width at the center of the spike and the center of the bubble.

The lower, less-collisional region is the region where most diffusion occurs in the domain,

so as the bubble moves upward, the lower end of the interface diffuses away downward,

spreading the interface. At the center of the spike, the upper end of the interface moves

downward as the instability grows, limiting the spread of the interface due to diffusion. For
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3.2. Rayleigh-Taylor Instability with Varying Collision Frequency

both cases, the higher A runs show greater widening of the interface than the corresponding

lower A runs. Case 2 for both Atwood numbers exhibits similar interface widening to the

spatially constant intermediate collisionality Kn = 0.01 case. With A = 2/3, case 3 most

closely resembles case 1 with A = 1/3, which is effectively pure diffusion, while case 3 with

A = 1/3 is similar to case 2 and A = 2/3, further showing the sensitivity of case 3 to Atwood

number.

An expansion of the particle energy-flux is utilized to highlight the presence of kinetic ef-

fects and the presence of non-Maxwellian dynamics. While the dominant components of the

energy-flux come from the ideal terms arising from the Maxwellian components of the dis-

tribution function, there are concentrations of non-ideal terms that only appear when using

a distribution function that can deviate from Maxwellian. In general, the non-ideal compo-

nents of the energy-flux are primarily present in regions of low collisionality, i.e. the lower

region, and are inversely proportional in magnitude to the collision frequency. The global

extrema of each term occur around the interface when the RT instability grows, with the

maximum magnitude occurring in the spike, where corresponding density compression and

maxima in nN/n are also present. Non-ideal terms of the particle energy-flux, the laboratory-

frame third moment of the distribution function, implies the presence of skewness away from

Maxwellian, which would not be inherently captured by fluid models. Additionally, simple

high collisional limit models of viscosity do not account for intermediate and low collisionality

effects.

While fluid models generally are well-suited to study the RT instability, collisional effects can

be relevant in astrophysical and laboratory plasmas. Previous continuum-kinetic simulations

with constant collision frequency demonstrate the existence of intermediate regimes that

are not accessible to traditional fluid models. Simulations with spatially-varying collision

frequency offer further variations from the high-collisionality fluid limit, emphasizing the
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necessity of kinetic models to capture dynamics that would be missed with traditional fluid

models. Further simulations are necessary to expand a kinetic study into two-component

plasmas with self-consistent electromagnetic fields both with and without collisions and

externally applied fields. Introducing such complications adds to the number of relevant

spatial and temporal scales in the system, increasing the likelihood that kinetic physics will

be relevant.

3.3 Summary of Chapter 3

In this chapter, we demonstrated an application of the discontinuous Galerkin method in-

troduced in Chapter 2 to the Vlasov-BGK model from Chapter 1. While the RT instability

is generally studied with ideal fluid models, we note that the ubiquity of the instability im-

plies regimes exist where kinetic effects may be relevant, an idea that is backed up by the

literature in astrophysical and inertial fusion contexts. We began by studying the RT insta-

bility with neutral species by performing kinetic simulations with collision frequency that

was spatially constant. Three collisionality regimes were studied: low-collisional, fluid-limit,

and intermediate. The primary finding from the first set of simulations is that there is an

intermediate regime between the low-collisional regime, where no RT instability grows, and

the fluid-limit, where RT instability behavior is well-described by ideal fluid models. This

intermediate regime exhibits RT instability growth that is distinct from the fluid result:

the interface between fluids diffuses as the instability grows and growth rates are slowed

compared to the fluid case. Building from this result, we then explored allowing the colli-

sion frequency to vary spatially as a function of density to recover a more physical result

than the spatially constant case. By adapting the three cases from the constant collision-

ality simulations, we arrived at three comparable cases with varying collisionality: low to
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intermediate (case 1), intermediate to high (case 2), and low to high (case 3), where the

minimum collision frequency is at the bottom of the domain and increases with density to

the top of the domain. While the average collision frequencies were similar to the constant

collisionality cases, the RT instability behavior was substantially altered. In the cases where

there was instability growth, there is significant upward movement of the interface driven

by free-streaming diffusion in the lower region. The net effect is a time-dependent widening

of the interface that varies in the x-direction, a phenomenon that does not appear in fluid

models, as interface diffusion in a fluid model is generally the result of numerical diffusion

rather than a physical process. Increasing the Atwood number yields greater amplitude

growth and reduced upward interface movement.

Application of the continuum-kinetic method to hydrodynamic instability simulations has

demonstrated the importance of capturing collisional physics in certain regimes. While fluid

methods typically work well enough for the RT instability, we have shown that conditions

exist where collisional dynamics are relevant while still maintaining the overall hydrodynamic

behavior. The results we discussed compared the simple BGK model to traditional fluid

models, and the differences in behavior are significant. However, these simulations considered

a simple setup of neutral particles experiencing a single body force and interacting through

collisions. As the system of interest gets more complex, we need a more accurate collision

operator to capture the relevant physics. In the final chapter, we describe the process

of implementing one of the most accurate collision operators, the Fokker-Planck operator

introduced in Chapter 1, in Gkeyll.
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Chapter 4

Discontinuous Galerkin Discretization

of the Rosenbluth/Fokker-Planck

Operator

If one wishes to model collisional kinetic physics in a plasma, there are few options more

accurate than the full nonlinear Fokker-Planck collision operator. As shown in Chapter 1,

the only major assumption included in the derivation of the FPO is that the plasma is weakly

coupled, lnΛ = ln(bmax/bmin) = ln(λD/bmin) � 1. Weakly coupled plasmas generally have

many particles within the Debye sphere, as Λ ∼ n3λD. As the Coulomb force is long-range,

the majority of collision events occur between the many particles at distances approximately

one Debye length, λD, away from a particle of interest, which is the maximum distance

beyond which electric forces are shielded by collective particle movement in the plasma

[54]. Collisions at large distances result in a small deflection to the velocity vector, and the

dominance of the effect of many of these small-angle collisions within the Debye sphere is

the assumption used to arrive at the FPO.

Weakly coupled plasmas are generally hot and diffuse, a description matching many of the

applications we would hope to apply these models to, e.g. tokamak fusion reactors, the solar

wind, and the ionosphere [41]. Why then do we not always use the FPO to model collisions

when investigating behavior in these regimes? The complication is made clear by writing
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the FPO for a single species, (in advection-diffusion form here)

C[f(z, t)] = −1

2
∇v · (a(z, t)f(z, t)−D(z, t) · ∇vf(z, t)), (4.1)

where we have dropped the species indices, and substituting in the Rosenbluth potentials

for the drag coefficient and diffusion tensor,

a = 2Γ∇vH (4.2)

D = Γs∇v ⊗∇vG, (4.3)

before writing the potentials in their integral forms,

H(v) ≡
ˆ

1

|v− v′|
f(v′) d3v′ (4.4)

G(v) ≡
ˆ
|v− v′|f(v′) d3v′. (4.5)

Making these substitutions, it becomes clear that the FPO is, in fact, a complex nonlinear

integro-differential equation for the distribution function defined in six-dimensional phase

space, f(z, t),

C[f(z, t)] = −Γ

2
∇v ·

{
2f(z, t)∇v

(ˆ
1

|v− v′|
fb(v′) d3v′

)
−

∇vf(z, t) ·
[
∇v ⊗∇v

(ˆ
|v− v′|f(v′) d3v′

)]}
. (4.6)

While the numerical techniques introduced in Chapter 2 are all valid, a high-dimensional

nonlinear model like the FPO is generally prohibitively computationally expensive and dif-

ficult to implement as-is.

Vlasov-Fokker-Planck (VFP) codes have applied a variety of techniques to simplify the FPO
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to achieve a more accurate treatment of collisions than approximate models like the LBO,

Eq. 1.59. It is worth mentioning particle-in-cell (PIC) methods [10] here as well, as colli-

sion models in PIC codes avoid the statistical averaging performed in deriving the FPO by

handling particle collisions directly e.g. by Monte Carlo methods [127]. A review of these

methods up to 2012 was conducted by Thomas et al. [129], and more recent developments

are discussed in [5]. We now briefly discuss the basics of some of these common techniques

applied by existing VFP codes for context.

The first approach involves decomposing the distribution function into an isotropic part

summed with anisotropic contributions that are expressed in terms of some angular basis set

in order to reduce the dimensionality of the problem. There are two common choices for the

form of this expansion: the Cartesian tensor expansion and the spherical harmonic expansion

[129]. In the Cartesian tensor expansion, the anisotropic contributions of the distribution

function are written in terms of the direction cosines,

f(v) = f0 + v̂ · f1(v) + v̂v̂ : f2(v) + · · · . (4.7)

With this approximation, the anisotropic parts of the distribution function are functions of

the velocity magnitude v rather than the full velocity vector. When the Cartesian tensor

expansion is truncated after the first term, the method is also known as the diffusive ap-

proximation [37], used in codes such as IMPACT [67] and SPARK [39]. One noteworthy fact

about the diffusive approximation is that the two components of the expansion, f0 and f1,

give different macroscopic quantities: the zeroth and second velocity moments of f0 are the

number density and energy density, while the same moments of f1 yield the current density

and heat flux [129].

One can alternatively choose to expand the distribution function as a series of spherical
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harmonics as in the KALOS formalism [6],

f(v) =
∞∑
l=0

l∑
m=−l

fm
l (v)Pm

l (cos θ)eimφ, (4.8)

where f−m
l = (fm

l ). In a similar vein to the Cartesian tensor expansion, the use of spherical

harmonics in this way reduces the dimensionality of the evolution equations of the coefficients

fm
l to be only dependent on velocity magnitude, rather than each velocity component. The

spherical harmonic expansion offers several benefits, detailed by Bell et al. [6], such as the

ability to arbitrarily increase the number of included harmonics in the expansion to capture

higher degrees of anisotropy. Additionally, approximations for the Fokker-Planck collision

terms can be made naturally by including only certain harmonics in the computation of

the Rosenbluth potentials, such as in the case of electron-electron collisions, which can

be well-approximated by only including the isotropic term in the computation when the

electrons can be assumed to be thermalized. Examples of codes that utilize the spherical

harmonic expansion include fastVFP [5], OSHUN [130, 131], and K2 [107]. Note that while

we have introduced these two approximations as distinct, they are deeply related and can

be transformed between [105].

Regardless of which decomposition method is chosen, the next step is to insert the approxi-

mate distribution function into the Boltzmann equation to arrive at the evolution equations

for each coefficient. As an example, consider the KALOS equations for the fm
l spherical

harmonic coefficients in 2X3V [6],

∂fm
l

∂t
− Cml,i − Cml,e − Bm

l = Am
l,x +Am

l,y + Eml,x + Eml,y + Eml,z. (4.9)

The first two terms, Cml,i and Cml,e, are the contributions from collisions with ions and electrons,

respectively, and Bm
l handles velocity-space rotation of the distribution function due to
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magnetic field. The right-hand-side consists of configuration space advection terms, Am
l,x and

Am
l,y, and velocity space advection terms due to electric field, Eml,x, Eml,y, and Eml,z. These terms

are then discretized in phase space, generally using a finite difference method [5, 67, 130].

Time discretization is also done by term with either an implicit or explicit method; as noted

by Bell et al., the velocity space terms on the left-hand side are generally solved implicitly

while the configuration space terms on the right-hand-side are solved explicitly, such as in

K2 (though they treat anisotropic collisions semi-implicitly) [107]. Applying an implicit

method in this way can serve to maintain a reasonable timestep when the high collision

frequencies at low velocity could dramatically reduce the timestep with an explicit method

[5]. An alternative to this split implicit-explicit method is known as the alternating direction

implicit (ADI) method, where the configuration and velocity space derivatives swap between

being handled implicitly and explicitly each timestep, as in the SPARK [39] and IMPACT

[67] codes.

When considering a numerical scheme for a conservation law like the Vlasov-Fokker-Planck

system, one must assess whether that scheme maintains the conservation properties of the

original equation. In our case, we know the Boltzmann equation and Fokker-Planck operator

conserve number density, momentum, and energy in their continuous forms. The codes

we have discussed thus far apply the Cartesian tensor or spherical harmonic expansion to

simplify the continuous form of the VFP equation and a finite difference scheme to the

configuration and phase space derivatives. Differencing schemes for the isotropic equations

can be constructed relatively easily to guarantee conservation of density and energy in the

advection portions of the scheme [67, 131]. For the collision terms, a commonly-applied

implicit method was developed by Chang and Cooper [23] that enforces positivity of f and

conservation of number density, and this method was later modified to conserve energy as well

[11, 40]. While number density and energy are expected to be conserved by these models, the
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typical simplifications on the collision operator, e.g. removing anisotropic electron-electron

contributions and replacing them with an approximate model [38], can result in momentum

nonconservation. Should the ion species be treated as static, removal of collision terms in

this manner does not directly violate momentum conservation, but in the case of mobile

ions, the missing momentum can simply be injected directly to the ions [6, 130]. This is one

example how an expansion-based VFP scheme can be made fully-conservative to account for

errors that arise from the chosen approximations.

The diffusive approximation and KALOS method spherical harmonic expansion are both

valid and well-studied techniques for VFP simulations that have been successfully imple-

mented in an assortment of codes and utilized for novel studies of transport [16, 17, 107].

However, these methods all begin by simplifying the Vlasov-Fokker-Planck equation through

decomposing the distribution function into an isotropic portion and a truncated series rep-

resenting the anisotropic portion, removing some information from the “true” distribution

function. Should we desire a complete treatment of the complete FPO, we require a method

robust and efficient enough to handle the original highly-dimensional nonlinear integro-

differential equation while retaining its inherent conservation properties. One method pro-

posed by Taitano et al. is a fully-implicit, fully-conservative, finite volume discretization,

first in 0X2V [124] and later in 1X2V [126]. This method begins by considering the FPO

in conservative advection-diffusion form (similar to that used in the conservation proofs in

Chapter 1),

Cαβ = ∇v · Jαβ = ∇v · Γαβ

(
Dβ · ∇vfα −

mα

mβ

Aβfα

)
. (4.10)

Just as described in Chapter 2, a finite volume discretization is applied to this equation

(in two velocity dimensions, v‖ and v⊥) to arrive at a discrete solution written in terms

of cell interface fluxes. There are then four total fluxes that must be handled carefully in

order to ensure conservation and positivity of f : advection and diffusion fluxes at v‖ and
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v⊥ cell boundaries. In summary, Taitano et al. apply the SMART limiter scheme to the

advective fluxes [43], and a symmetric, positivity-preserving flux for the diffusion tensor

fluxes [21]. While this scheme guarantees conservation of number density with zero-flux

boundary conditions in velocity space, energy conservation requires the use of a scaling

factor for a term in the FPO to account for numerical imbalance arising from truncation

error (they chose to apply this to the diffusion term, as the advective fluxes are expected

to be more accurate). Similarly, momentum conservation requires another scaling factor to

be applied to the original equation, and it is again applied to the diffusion term. The final

modified FPO used by Taitano et al. in their numerical implementation is then

Cαβ = ∇v · Γαβ

(
(γαβI + εαβ) ·Dβ · ∇vfα −

mα

mβ

Aβfα

)
, (4.11)

where γαβ is the energy conservation factor and εαβ is the momentum conservation factor,

both of which are computed as the solutions to a linear system arising from the conserva-

tion constraint equations. Timestepping is then performed using a fully-implicit multigrid-

preconditioned Jacobian-free Newton-Krylov (JFNK) method [65]. In their extension from

0X2V to 1X2V with an adaptive velocity grid [125, 126], Taitano et al. apply a fluid treat-

ment to the electrons while handling the ions with essentially the same implicit finite volume

VFP method. One major difference is the adjustment of the conservation corrections to ac-

count for an adaptive grid, introducing several new numerical constraint factors that enforce

exact conservation of number density, momentum, and energy in these normalized velocity

cases.

This fully-implicit finite volume implementation of the VFP is robust and has many attrac-

tive features such as large timestep due to the implicit time integrator, guaranteed conserva-

tion of mass, momentum, and energy, and adaptibility allowing for large variations in bulk

plasma properties. However, the implicit nature of the JFNK method results in a numerical
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scheme that requires inverting large matrices each timestep, and the preconditioner limits

the robustness of the conservation constraints [124]. In an effort to tackle the full nonlinear

FPO in a similarly accurate and robust manner, we note that Eq. 4.6 is still in the form of

a hyperbolic conservation law, which we noted in Chapter 2 are well-handled by discontin-

uous Galerkin methods. DG discretizations are, in general, highly-parallelizeable, accurate

to arbitrarily high order, and, in the case of a modal expression, can be made efficient and

free of aliasing errors and matrix inversions via pre-computation of integrals [52, 63]. A

local DG scheme for the multispecies Rosenbluth/Fokker-Planck operator was proposed by

Shiroto et al. [109] that is designed to preserve the skew-symmetry of the thermal relaxation

term to enforce mass and energy conservation with an isotropic distribution function. It is

also worth noting that DG methods have also successfully been applied to the gyroaveraged

FPO to form a scheme that is fully-conservative and utilizes a finite element method solver

for the Rosenbluth potentials [66]. We will now discuss the application of the discontinuous

Galerkin method introduced in Chapter 2 to the advection-diffusion form of the full nonlinear

Rosenbluth/Fokker-Planck collision operator and address the details of the implementation

of this scheme in Gkeyll.

4.1 Semi-Discrete Form of the Rosenbluth/Fokker-Planck

Operator

Beginning with the advection-diffusion form of the FPO, Eq. 4.1, we follow the standard DG

process by replacing quantities with their approximations, multiplying by a basis function

ψi(z), and integrating over a cell Kj,

ˆ
Kj

∂fh(z)
∂t

ψi(z)dz = −1

2

ˆ
Kj

ψi(z)∇v · [ah(z)fh(z)−Dh(z) · ∇vf(z)] dz.
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To keep notation as clean as possible, we will omit the phase space dependence and handle

the drag and diffusion terms separately.

Integrating the drag contribution of the FPO by parts yields

ˆ
Kj

ψi∇v · ahfhdz =

˛
∂Kj

ψ−
i n̂ · F̂dragdS −

ˆ
Kj

∇vψi · ahfhdz. (4.12)

A choice must be made for the flux term, F̂drag, and a robust option for advection equations

is a local Lax-Friedrichs flux that penalizes large jumps in fh [64],

F̂drag =
1

2
(ãhf

−
h − ãhf

+)− |max(ãh)|
2

(f+
h − f

−
h ), (4.13)

though a simpler upwind flux can be used if sign(ãh) is constant along a cell boundary,

n̂ · F̂drag =

n̂ · ãhf
−
h sign(ãh) > 0,

n̂ · ãhf
+
h sign(ãh) < 0.

The advection velocity, a, must be continuous across cell boundaries for stability, so we apply

the recovery scheme from Chapter 2 to recover a continuous value for the drag coefficient

across each cell boundary.

Applying the same treatment to the diffusion term, we obtain

ˆ
Kj

ψi∇v · (Dh · ∇vfh)z =

˛
∂Kj

ψ−
i n̂ · F̂diff dS −

ˆ
Kj

∇vψi · (Dh · ∇vfh)dz, (4.14)

where the diffusion flux term is

F̂diff = D̃h · ∇vf̃h. (4.15)

Similar to the drag flux, D must be continuous across cell boundaries, so it is recovered

in the surface term. Recall the treatment of the LBO, where a single integration by parts

127



4.1. Semi-Discrete Form of the Rosenbluth/Fokker-Planck Operator

resulted in a nonconservative scheme due to the ∇vf in the volume term. That issue arises

in this case as well, so we integrate by parts again to arrive at the semi-discrete form of the

diffusion term,

ˆ
Kj

ψi∇v · (Dh · ∇vfh)z =

˛
∂Kj

ψ−
i n̂ · F̂diff dS

−
˛
∂Kj

∇vψ
− · D̃hf̃h · n̂ dS+

ˆ
Kj

fh∇v · (Dh · ∇vψi) dz. (4.16)

Substituting the semi-discrete forms of the drag and diffusion terms into the original equation

leads us to the DG semi-discrete advection-diffusion form of the FPO,

ˆ
Kj

∂fh
∂t

ψidz = −1

2

˛
∂Kj

ψ−
i n̂ · F̂ dS − 1

2

˛
∂Kj

∇vψ
− · D̃hf̃h · n̂ dS

+
1

2

ˆ
Kj

∇vψi · ahfhdz +
1

2

ˆ
Kj

fh∇v · (Dh · ∇vψi) dz, (4.17)

where the drag and diffusion fluxes have been combined into a cumulative numerical flux,

F̂ = F̂diff + F̂drag =
1

2
(ãhf

−
h − ãhf

+)− |max(ãh)|
2

(f+
h − f

−
h )− D̃h · ∇vf̃h. (4.18)

This is the formalism that is implemented in Gkeyll. Before progressing with the imple-

mentation details, there is one important subtlety in the diffusion flux term that we have

glossed over. In the DG discretization presented in Chapter 2, when surface terms required a

derivative, we utilized the recovery process to reconstruct a polynomial that is higher-order

and continuous across cell boundaries. However, those quantities were only vectors, so the

derivatives were taken across cell boundaries. For the FPO, our diffusive flux is a tensor
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quantity, introducing some complication. Consider the diffusion flux component of Eq. 4.17,

˛
∂Kj

ψ−
i n̂ · D̃h · ∇vf̃h dS.

The contribution of this term at a v̂x surface would be

˛
∂Kj

ψ−
i v̂x · D̃h·∇vf̃h dSvx =

˛
∂Kj

ψ−
i D̃xi

∂f

∂vi
dSvx

=

˛
∂Kj

ψ−
i

(
D̃xx

∂f̃

∂vx
+ D̃xy

∂f̃

∂vy
+ D̃xz

∂f̃

∂vz

)
dSvx.

For the vx derivative, we can simply apply the same recovery process as before, yielding a

representation that is continuous between the cell neighbors and higher-order in vx. But

what of the vy and vz derivatives evaluated at this vx surface? We require a derivative in the

transverse directions along a cell boundary for the off-diagonal contributions of this surface

term. While we could simply take the transverse derivatives of the distribution function

recovered in the vx direction, we will lose accuracy (we will see later this it does in fact make

sense to do when considering certain domain boundary cells). Instead, we extend the simple

recovery scheme described earlier to reconstruct polynomials that are continuous across cell

boundaries and higher-order along them.

4.2 Extending the Recovery Process: 1-cell and 6-cell

Recovery

In this section, we extend the recovery scheme introduced in Chapter 2 to arrive at two new

recovery processes: (a) recovery of a higher-order representation defined within a cell volume

that is continuous at both cell boundaries and (b) recovery of a representation that is con-
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tinuous across a boundary and higher order along said boundary. Regarding nomenclature,

our original recovery operation is referred to as 2-cell recovery, process (a) will be referred

to as 1-cell recovery, and process (b) is known as 6-cell recovery. A complete introduction

to recovery discontinuous Galerkin (RDG) schemes such as these, including convergence and

Fourier analyses and several other multidimensional recovery algorithms, is presented in [78].

To begin, recall the 2-cell recovery process as applied to some DG discretized quantity defined

in two dimensions, q(x, y). If we require a high order continuous representation between two

adjacent cells in the x-direction, IL and IR, we seek a polynomial, q̃, that is defined across

both cells and is weakly equal to each quantity in its respective cell. That is,

ˆ
IL

ψL(x, y)q̃(x, y) dx =

ˆ
IL

ψL(x, y)qL(x, y) dx,

ˆ
IR

ψR(x, y)q̃(x, y) dx =

ˆ
IR

ψR(x, y)qR(x, y) dx,

where the basis functions, ψL(x, y) and ψR(x, y), are mapped from the logical space reference

element to be defined within each cell. Choosing q̃(x, y) to be a polynomial, the weak equality

conditions form a linear system that is solved to determine the coefficients of the recovery

polynomial. In the one-dimensional case, the recovery polynomial is a simple 2p + 1-order

polynomial in x, but adding another spatial dimension naturally complicates this. One could

choose to construct a recovery polynomial using a tensor product of the one-dimensional

recovery polynomial and standard basis set, matching the number of degrees of freedom to

achieve a multidimensional recovery basis set that is higher order in the recovery direction,

and performing the recovery using that larger basis set directly. In Gkeyll, we instead

choose to project the multidimensional expansions in the neighboring cells onto the one-

dimensional basis set and perform the 2-cell recovery as normal in one dimension. The

recovery polynomial in this case is still of order 2p + 1 in the recovery direction, and while
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4.2. Extending the Recovery Process: 1-cell and 6-cell Recovery

the coefficients q̃i are constant in the recovery direction, they are still functions of the other

spatial variables. Considering our two-dimensional example recovering in x, the original

expansions qL/R(x, y) are projected onto the reduced one-dimensional basis set,

ûi,L(y) =

ˆ
IL

qL(x, y)ψ
(1D)
L,i (x) dx,

ûi,R(y) =

ˆ
IR

qR(x, y)ψ
(1D)
R,i (x) dx,

The recovered polynomial is then computed as before, enforcing weak equality in each cell

with these new projections, uL/R(x, y) = ûi,L/R(y)ψ
(1D)
i (x), yielding

q̃(x, y) = q̃0(y) + q̃1(y)x+ q̃2(y)x
2 + q̃3(y)x

3.

Having extended the 2-cell recovery process to multiple dimensions, we can now address the

first of the two extended recovery schemes: 1-cell recovery. 1-cell recovery is actually a one-

dimensional process like 2-cell recovery, but as it is exclusively applied to multidimensional

problems in this work, it is worth noting that the steps outlined above for multidimensional

2-cell recovery are equally applicable to 1-cell recovery. For simplicity however, we again

return to one dimension to set up an example problem where 1-cell recovery may be useful.

Consider for a moment the weak form of the diffusion tensor,

ˆ
Kj

Dhψn dz = Γ

ˆ
Kj

∇v ⊗∇vGhψn dz. (4.19)

The derivatives of Gh in this integral can cause issues like nonconservation due to discon-

tinuities at the cell boundaries, and taking a derivative like this lowers the expected order

of our scheme. Therefore, we seek a recovered representation that is continuous at both cell

boundaries and is high-order in the gradient direction within the volume of the cell. 1-cell
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4.2. Extending the Recovery Process: 1-cell and 6-cell Recovery

recovery addresses these needs through a two-step process:

1. Perform 2-cell recovery at the upper and lower boundaries, evaluating the recovered

quantities at the cell interface.

2. Use these values at the cell interfaces as boundary conditions for a third recovery in

the center cell.

The second step is where we deviate from 2-cell recovery, as the constraints on the final

recovered polynomial are simply: 1) it is weakly equal to the original expansion in the central

cell and 2) it matches the values prescribed by the previous step at the cell boundaries. Figure

4.1 demonstrates these two steps on the simple Gaussian distribution from Chapter 2.

Figure 4.1: Example of the two-step 1-cell recovery process. The first step (left) is to perform
2-cell recovery on both sides of the central cell and evaluate the recovered polynomial at the
interface. The second step (right) is to construct a third recovery using the two 2-cell
recovered interface values as boundary conditions.

1-cell recovery is utilized in our algorithm to compute the drag coefficient and diagonal

components of the diffusion tensor. However, due to the conservation relations, we instead

choose to integrate the diffusion term of the FPO by parts twice rather than utilizing 1-cell
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4.2. Extending the Recovery Process: 1-cell and 6-cell Recovery

recovery. Further, 1-cell recovery is implicitly present throughout the FPO implementation

as it is one step in the 6-cell recovery process.

In order to recover the necessary polynomial that allows us to take derivatives along cell

boundaries, we now combine the 2-cell and 1-cell processes with a 6-cell stencil around the

interface of interest. As this is an inherently multidimensional problem, it is worth noting

that all recovery operations use the projection method discussed previously to recover along

a given direction. With the details of 2-cell and 1-cell recovery settled, few theoretical leaps

are required to arrive at the 6-cell recovery process. An example 6-cell stencil is presented in

Figure 4.2, where we seek a high-order continuous solution in the x-direction at the y-normal

cell interface between cells TC and BC. 6-cell recovery consists of three steps:

Figure 4.2: 6-cell stencil used for interface-tangential recovery.

1. 2-cell recovery between each of the three pairs of cell neighbors in the interface normal

direction.
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2. Evaluation of each recovered quantity at the cell interface and projection onto a surface

basis set with one fewer dimension than the original set.

3. 1-cell recovery along the cell interface of interest, where the central volume expansion

and edge boundary conditions are the surface projections of the three respective 2-cell

recoveries.

To hopefully elucidate these steps, we now walk through an example of the 6-cell recovery

process for a quantity q. In the case above, in which the interface normal is in the y-direction,

the first step is to perform three 2-cell recoveries in the y-direction, between the following cell

pairs: BL-TL, BC-TC, and BR-TR. These recovery operations yield a representation that

is continuous and higher-order in y, e.g. recovering between qBL(x, y) and qTL(x, y) gives

q̃L(x, y). These three recovered quantities, which we call q̃L/C/R(x, y), are then projected onto

a so-called surface basis set. A surface basis set is useful when we are removing the variation

in one direction, namely when we are evaluating a projected quantity at a cell boundary, and

it is constructed by evaluating that independent variable at the corresponding boundary in

logical space. In practice, this generally involves simply constructing a basis set with one

fewer dimension than the volume basis. One must take care however, as the volume expansion

should be evaluated at the proper location in logical space when projecting onto a surface

basis set. For example, in Gkeyll, the Maxima CAS script that performs 2-cell recovery (see

Appendix B.1)1 maps the two cells to η ∈ [−2, 0] and η ∈ [0, 2] for logical space variable η, so

our scripts evaluate the recovery polynomial at η = 0 before performing the inner products

to project onto the lower dimensional surface basis.

With the recovered polynomials projected onto the surface basis, we now have three quanti-

ties: q̃L/C/R(x, y = 0), each of which is evaluated along the center horizontal cell boundary in

Figure 4.2. These three quantities are still discontinuous in the x-direction, and we have yet
1All Gkeyll Maxima scripts can be found here: https://github.com/ammarhakim/gkylcas
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to increase the order of our approximation in the x-direction. Therefore, we complete the

6-cell recovery by applying 1-cell recovery in the x-direction. In forming the linear system,

we impose the following conditions on our final recovery polynomial, q̃(6): weak equality

with the central surface projection, q̃C(x, y = 0), and value and/or derivative matching at

the edges of the interface, with the constraints coming from q̃L/R(x, y = 0). Mathematically,

these conditions are (expressed in logical space),

q̃(6)(ηx)
◦
= q̃C(ηx, ηy = 0),

q̃(6)(ηx = −1) = q̃L(ηx = 1),

q̃(6)(ηx = 1) = q̃R(ηx = −1),

where ηx ∈ [−1, 1]. While we only enforce value matching in this final step, it is also valid,

and sometimes necessary, to require that the derivatives match as well as, or instead of, the

values. 6-cell recovery is a powerful tool that allows our scheme to completely capture the

cross derivatives that arise from the use of the full diffusion tensor in the FPO in a highly

accurate manner. Additionally, as with 2-cell recovery, the use of 6-cell recovery when

computing numerical fluxes guarantees cell pair-wise conservation thanks to the symmetry

of the operation. With this numerical background, we can proceed to the details of the DG

FPO implementation in Gkeyll.

4.3 Calculation of the Drag and Diffusion Coefficients

Our implementation begins with computing the drag and diffusion coefficients from the

Rosenbluth potentials. At this time, we have elected to simply project the analytic Rosen-

bluth potentials corresponding to collisions with a Maxwellian onto our basis set. Presented
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in Chapter 1 (Eqs. 1.41 and 1.42), the analytic potentials for collisions with a Maxwellian

have the form

Hb =
nb

v
erf
(

v√
2vth,b

)
,

Gb = nb

√
2vth,b

[
1√
π

exp

(
− v2

2v2th,b

)
+ erf

(
v√
2vth

)(√
2vth,b
v

+
v√
2vth,b

)]
,

where the speed, v, is instead the relative speed when there is nonzero bulk velocity, v →

|v − u|. We calculate these potentials each timestep using the discrete moments of the

distribution function at (p+1)d−1 Gaussian quadrature nodes in each cell, for d phase space

dimensions. Future development will involve a Poisson solve to calculate these potentials

directly from the distribution function.

Regardless of how the modal expansions of the Rosenbluth potentials are computed (this

method is agnostic to the potential calculation, so the future Poisson solve will hook in

seamlessly), they are then used to compute the drag coefficient and diffusion tensor. We

seek the expansions of a and D in our basis set,

ah
◦
= 2Γ∇vHh, (4.20)

Dh
◦
= Γs∇v ⊗∇vGh, (4.21)

so the question is of the best manner of taking these velocity derivatives. Beginning with

the drag coefficient and the diagonal terms of the diffusion tensor,

ˆ
Kj

ah,iψndz = 2Γ

ˆ
Kj

∂Hh

∂vi
ψndz (4.22)

ˆ
Kj

Dh,iiψndz = Γ

ˆ
Kj

∂2Gh

∂v2i
ψndz. (4.23)
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The right-hand-sides of these equations are reminiscent of the motivation we gave for the

1-cell recovery process, i.e. derivatives in a cell volume. By performing 1-cell recovery,

the polynomial will be of high enough order that we can take multiple derivatives with-

out dropping below the polynomial order of the basis set. Therefore, in the interior of the

computational domain, we compute the drag coefficient and diagonal terms simply by per-

forming 1-cell recovery on the potentials and differentiating before projecting back onto the

phase basis. Complications arise when we consider cells at the boundaries of velocity space,

however. When at a domain boundary in the gradient direction, because Gkeyll does not

employ ghost cells in velocity space, the last cell of the domain (the skin cell) only has one

neighbor (the edge cell), so our general 1-cell recovery scheme requiring a 3-cell stencil is

not applicable. For that reason, within the same routine that calculates the Rosenbluth

potentials, when handling a skin cell in a given direction, the analytic derivatives of the

Rosenbluth potentials are also evaluated and projected onto the corresponding surface basis

using Gaussian quadrature. We have found that specifying only the derivative corresponding

to the respective coefficient yields the most accurate results in the final coefficients. That

is, the analytic derivatives ∂vH and ∂2vG are what we compute in each skin cell. These an-

alytic derivatives are then supplied as boundary conditions to the 1-cell recovery operation

to compute ah,i and Dh,ii at velocity domain boundaries.

Calculation of the off-diagonal elements of the diffusion term of the FPO is a novel con-

tribution of this work and is naturally more complex than the diagonal elements, requiring

a distinct treatment. Conveniently, computation of the diffusion tensor introduces similar

complications while having substantially less bulk, so implementation of its evaluation serves

as a simplified version of the full FPO diffusion term. For these off-diagonal elements, we
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are now taking cross derivatives of G,

ˆ
Kl

Dh,ijψndz = Γ

ˆ
Kl

∂2Gh

∂vi∂vj
ψndz. (4.24)

As with the diffusion terms of the LBO and full FPO, we will integrate by parts twice,

1

Γ

ˆ
Kl

Dh,ijψndz =

˛
∂Kl

∂G̃h

∂vj
ψ−
n dSvi −

˛
∂Kl

G̃h
∂ψ−

n

∂vi
dSvj +

ˆ
Kl

Gh
∂2ψn

∂vi∂vj
dz, (4.25)

yielding two surface terms: one that requires a transverse derivative of Gh along a cell

interface and one that includes a derivative of Gh across a cell interface. At this point,

we are well aware of how to handle these types of surface terms: 6-cell recovery for the

first term and 2-cell recovery for the second term. However, the domain boundary cells

again introduce issues. For the diagonal components of the diffusion tensor, we simply

needed to prescribe boundary conditions for the boundary side of the 1-cell recovery through

the analytic derivatives of the potentials. The off-diagonal terms instead have two surface

terms over different cell boundaries. Consider the following three examples that arise when

computing Dxy,

1

Γ

ˆ
Kl

Dh,xyψndz =

˛
∂Kl

∂G̃h

∂vy
ψ−
n dSvx −

˛
∂Kl

G̃h
∂ψ−

n

∂vx
dSvy +

ˆ
Kl

Gh
∂ψn

∂vx∂vx
dz,

within the cell Kl:

(i) Kl is at the domain boundary in vx and in the interior in vy. In this case, the boundary

consideration emerges when addressing the first surface term. 2-cell recovery in the vy

direction for the second surface term can be performed with no problem at both vy cell

boundaries. The vx boundary on the interior side presents no problems, as there are 6

neighboring cells to use for the 6-cell recovery. However, the boundary-side cell surface
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obviously does not have the required neighbors for this operation. Similarly to before, we

choose to project an analytic derivative of G onto a surface basis at the boundary-side cell

surface for this cell for use in computing this surface term. Note that we have elected to use a

different projection method for this quantity, however: rather than Gaussian quadrature, the

derivative is evaluated at the DG node locations and converted to the modal representation.

This method enforces continuity of the derivative between cells, which we found aids stability.

In short: for domain boundaries in vi (the direction of the first surface term integral), project

an analytic cross derivative of G for use in the boundary-side surface term contribution.

(ii) Kl is at the domain boundary in vy and in the interior in vx. In a similar vein as the prior

case, in this scenario we can infer that the issue arises in boundary side of the second surface

term. The derivative of the basis function can be taken without issue, so all we need is to

again prescribe the value of G at that surface. One subtlety here is that while we can easily

project the potential onto the surface basis, a simple projection of G does not correspond

to this second surface term. Rather, we must take the inner product between that surface

expansion and the derivative of the surface basis set to achieve the proper surface term.

(iii) Kl is in a corner, at the boundary in both vx and vy. Finally, we have the most

inconvenient case. A corner cell in velocity space has only three neighbors. For the boundary-

side surfaces, we simply repeat the previous two cases, utilizing the surface projections of

G and ∂vyG to compute the respective surface term contributions. For the second surface

term, we thankfully have a neighboring cell with which to perform 2-cell recovery as normal.

The first surface term again requires more consideration. One can perform a modified 6-cell

recovery using the four available cells and use the analytic surface projection as a boundary

condition for the final 1-cell recovery stage. Alternatively, and more simply, a 2-cell recovery

can be performed instead, and we can accept the loss of a polynomial order of accuracy in

the corner cells. More study is necessary to determine the impact of these choices, but we
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naturally select the latter method for this purpose.

These three cases actually represent eight different scenarios (upper/lower in each velocity

direction, plus four corners) that must each be handled separately. As discussed in Chapter

2, a strength of the modal DG method employed in this work is the ability to precompute

the necessary integrals to machine precision, reducing them to kernel functions that are

called at runtime. This separation of the majority of the numerics from the rest of the code

infrastructure aids us greatly in handling these many boundary conditions. When computing

ah and Dh, we precompute and write the kernels for each of these domain locations separately.

At runtime, during the loop over all phase space cells, we simply determine whether a given

cell is in the interior, at an edge, etc. and call the appropriate kernel. The ability of this

scheme to capture cross derivatives with such a high order of accuracy is one of the primary

achievements of this work.

4.4 Transition to the Full FPO Implementation

The reason we began this discussion with the implementation of the drag and diffusion

coefficients is that many of the same concepts transfer directly to the FPO, Eq. 4.17,

ˆ
Kj

∂fh
∂t

ψidz = −1

2

˛
∂Kj

ψ−
i n̂ · F̂ dS − 1

2

˛
∂Kj

∇vψ
− · D̃hf̃h · n̂ dS

+
1

2

ˆ
Kj

∇vψi · ahfhdz +
1

2

ˆ
Kj

fh∇v · (Dh · ∇vψi) dz,

with numerical flux

F̂ = F̂diff + F̂drag =
1

2
(ãhf

−
h − ãhf

+)− |max(ãh)|
2

(f+
h − f

−
h )− D̃h · ∇vf̃h.
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No major theoretical leaps are necessary to reach a full implementation of the FPO given

what we have already discussed: 2-cell recovery for surface terms unless we need a transverse

derivative, in which case we use 6-cell recovery. One note is that the penalty term in the Lax-

Friedrichs flux, the factor max (ãh) is computed by evaluating ãh at quadrature points along

the cell boundary. If ãh has the same sign at all quadrature points, the advective numerical

flux simplifies to a simple upwind flux. No 1-cell recovery is performed for the volume

terms, rather we just compute volume contributions with the necessary volume expansions.

In the same vein as the drag and diffusion coefficients, we decompose the computational

grid into three regions for the drag term and diagonal components of the diffusion term:

domain volume and the upper and lower domain boundaries. The off-diagonal components

of the diffusion term require the same treatment as the diffusion coefficient, so since we have

already covered the process in the simpler case, we know to handle all 9 regions of the domain

separately for the diffusion update: four edges, four corners, and the domain volume. In fact,

handling the assorted domain boundary regions is generally easier for the full FPO because

we impose zero-flux boundary conditions in velocity space, n̂·F̂(x,vmax) = n̂·F̂(x,vmin) = 0,

causing the majority of those surface terms to simply vanish.

4.5 Conservation Corrections

As demonstrated in Chapter 1, the continuous FPO is conservative in particles, momentum,

and energy, but does that hold true for the DG semi-discrete form? To study the conservation

properties of the semi-discrete FPO, we simply replace the basis function with 1, v, and v2/2

for density, momentum, and energy conservation, respectively, and sum over all velocity cells
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Nj. Conservation of particles is the simplest to prove,

Nv∑
j

ˆ
Kj

∂fh
∂t

(1)dz = −1

2

Nv∑
j

˛
∂Kj

(1)n̂ · F̂ dS − 1

2

Nv∑
j

˛
∂Kj

∇v(1) · D̃hf̃h · n̂ dS

+
1

2

Nv∑
j

ˆ
Kj

∇v(1) · ahfhdz +
1

2

Nv∑
j

ˆ
Kj

fh∇v · (Dh · ∇v(1)) dz,

as all terms but the first surface term are identically 0 from the gradient, and because

F̂ is continuous across cell boundaries, the only remaining contributions are the domain

boundaries, which are 0 from the zero-flux boundary condition. Therefore, this scheme

conserves particles,
Nx∑
j

ˆ
Kj

∂n

∂t
dx =

Nv∑
j

ˆ
Kj

∂fh
∂t

dz = 0.

For momentum conservation, the vector equation is

Nv∑
j

ˆ
Kj

∂fh
∂t

vdz = −1

2

Nv∑
j

˛
∂Kj

v · n̂ · F̂ dS − 1

2

Nv∑
j

˛
∂Kj

(∇v · v) · D̃hf̃h · n̂ dS

+
1

2

Nv∑
j

ˆ
Kj

(∇v · v) · ahfhdz +
1

2

Nv∑
j

ˆ
Kj

fh∇v · (Dh · (∇v · v)) dz,

and because ∇v · v = I, the equation before the sum becomes

Nv∑
j

ˆ
Kj

∂fh
∂t

vdz = −1

2

Nv∑
j

˛
∂Kj

v · n̂ · F̂ dS − 1

2

Nv∑
j

˛
∂Kj

I · D̃hf̃h · n̂ dS

+
1

2

Nv∑
j

ˆ
Kj

ahfhdz +
1

2

Nv∑
j

ˆ
Kj

fh∇v ·Dh dz.
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Performing the summation over velocity space cells yields the equation that must hold for

momentum to be conserved,

−1

2

[
Nv∑
j

˛
∂Vmaxj

I ·Dhfh · n̂ dSVmax −
Nv∑
j

˛
∂Vminj

I ·Dhfh · n̂ dSVmin

]

+
1

2

Nv∑
j

ˆ
Kj

ahfhdz +
1

2

Nv∑
j

ˆ
Kj

fh∇v ·Dh dz
◦
= 0. (4.26)

The first term of this equation is the contribution to total momentum stemming from our

introduction of finite velocity extents. One major advantage of DG is that our solutions are

discontinuous across cell boundaries, however, when considering conservation, the summation

of the volume term over all velocity cells picks up all the jumps at cell boundaries, leading

to the two nonzero volume moments in Eq. 4.26.

Repeating this process for energy conservation,

Nv∑
j

ˆ
Kj

∂fh
∂t

v2

2
dz = −1

2

Nv∑
j

˛
∂Kj

v2

2
n̂ · F̂ dS − 1

2

Nv∑
j

˛
∂Kj

∇v
v2

2
· D̃hf̃h · n̂ dS

+
1

2

Nv∑
j

ˆ
Kj

∇v
v2

2
· ahfhdz +

1

2

Nv∑
j

ˆ
Kj

fh∇v · (Dh · ∇v
v2

2
) dz,

we arrive at the conservation constraint for energy,

−1

2

{
Nv∑
j

˛
∂Vmaxj

vmax ·Dhfh · n̂ dSVmax −
Nv∑
j

˛
∂Vminj

vmin ·Dhfh · n̂ dSVmin

}
surf

+
1

2

Nv∑
j

ˆ
Kj

v · ahfhdz +
1

2

Nv∑
j

ˆ
Kj

fh∇v · (Dh · v) dz
◦
= 0. (4.27)

where the boundary surface integral is a sum over the contributions from the upper and

lower surfaces in each direction.
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For the FPO to conserve energy, Eqs. 4.26 and 4.27 must be true. However, the emergence

of the boundary integrals and volume moments is a direct result of finite velocity extents and

discontinuous representations within cells, so they are unavoidable in this scheme. Rather

than reformulating our scheme in some way to be inherently conservative, we instead follow

the same process as the LBO in Gkeyll: using these conservation constraint equation to

solve for corrections to a and D. As Eqs. 4.26 and 4.27 are summed over velocity space, we

apply corrections to the drag and diffusion coefficients that are functions of configuration

space only,

ah = ãh(x,v) + δah(x), (4.28)

Dh = D̃h(x,v) + δDh(x)I, (4.29)

where ã and D̃ are the drag and diffusion coefficients as calculated from the Rosenbluth

potentials. Inserting these forms of the coefficients into the conservation corrections yields

−
∑
j

˛
∂Vmaxj

fh

(
I · D̃h(x,v) · n + δDh(x)

)
dSVmax

+
∑
j

˛
∂Vminj

fh

(
I · D̃h(x,v) · n + δDh(x)

)
dSVmin

+
∑
j

ˆ
Kj

(ãh(x,v) + δah(x))fh dz +
∑
j

ˆ
Kj

∇v · D̃h(x,v)fh dz
◦
= 0, (4.30)

−
∑
j

˛
∂Vmaxj

fh

(
vmax · D̃h(x,v) · n + δDh(x)vmax · n̂

)
dSVmax

+
∑
j

˛
∂Vminj

fh

(
vmin · D̃h(x,v) · n + δDh(x)vmin · n̂

)
dSVmin

+
∑
j

ˆ
Kj

v · (ãh(x,v) + δah(x))fh dz

+
∑
j

ˆ
Kj

∇v · (D̃h(x,v) · v)fh dz + 3
∑
j

ˆ
Kj

fhδDh(x) dz
◦
= 0, (4.31)
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which we can then rearrange into a linear system of four equations for the four unknown

correction quantities,

−
∑
j

˛
∂Vmaxj

fhδDh(x) dSVmax +
∑
j

˛
∂Vminj

fhδDh(x) dSVmin +M0,hδah(x)

◦
=
∑
j

˛
∂Vmaxj

fhI · D̃h(x,v) · n dSVmax −
∑
j

˛
∂Vminj

fhI · D̃h(x,v) · n dSVmin

+
∑
j

ˆ
Kj

(
ãh(x,v) +∇v · D̃h(x,v)

)
fh dz (4.32)

−
∑
j

˛
∂Vmaxj

fhδDh(x)vmax · n̂ dSVmax

+
∑
j

˛
∂Vminj

fhδDh(x)vmin · n̂ dSVmin + δah(x) ·M1 + 3M0δDh

◦
=
∑
j

˛
∂Vmaxj

fhvmax · D̃h(x,v) · n dSVmax −
∑
j

˛
∂Vminj

fhvmin · D̃h(x,v) · n dSVmin

+
∑
j

ˆ
Kj

(
v · ãh(x,v) +∇v · (D̃h(x,v) · v)

)
fhdz. (4.33)

The following procedure results in drag and diffusion coefficients that, when used in the

FPO update, ensures our scheme is fully conservative in number density, momentum, and

energy:

1. Compute the necessary volume moments and boundary corrections in Eqs. 4.32 and

4.33 given ah and Dh.

2. Solve the linear system for the corrections δah and δD.

3. Accumulate the corrections onto the original ah and Dh.

Note that this procedure is strictly valid for same-species collisions. Future work will address

the addition of cross-species collisions, and the primary hurdle in that implementation will
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likely be enforcing conservation in a similar manner. In summary, this process involves

accounting for the conservation constraints from one species when correcting the other’s

drag and diffusion coefficients, such that total momentum and energy are conserved.

4.6 DG FPO Algorithm Overview

In this chapter, we have introduced several new concepts and complications as we developed

the conservative, modal DG algorithm for the Fokker-Planck collision operator. It is therefore

worthwhile at this point to step back and reconsider the overall picture by summarizing

the collision update. The algorithm as implemented in Gkeyll can be summarized in the

following set of steps that are conducted alongside the Vlasov-Maxwell update [50, 63] each

timestep:

1. Compute the necessary velocity space moments (M0, M1, and M2) and primitive

moments (n, u, and v2th) from the input distribution function.

2. Iterate over all cells in phase space to project the analytic Rosenbluth potentials for

collisions with a Maxwellian 1.41-1.42.

(a) Evaluate the analytic potentials H and G in each cell at Gaussian quadrature

points to perform the necessary integrations to project them onto the modal

basis set.

(b) In skin cells at domain boundaries, compute H, G, ∂vH, and ∂2vG evaluated at the

domain edge and project onto the respective surface basis, again with Gaussian

quadrature (only calculate the gradients normal to the boundary).

(c) Iterate over transverse directions in skin cells to compute ∂vG and project onto

surface basis. This quantity is evaluated at the DG nodes of the surface basis
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4.6. DG FPO Algorithm Overview

set and transformed to the modal representation, rather than integrated with

Gaussian quadrature, to enforce continuity along the domain boundary.

3. Iterate over phase space cells again to compute ah and Dh, Eqs. 4.20 and 4.21. De-

termine the location of each cell in the computational domain (interior, edge, corner)

to fetch the required neighbor cell pointers and call the correct kernel. Additionally,

compute the surface projections of a and D at cell boundaries required for the surface

terms in the FPO update. Example velocity space slices of a, and D are presented

along with H and G in Figure A.1.

4. Compute the moments and boundary corrections required by the conservation correc-

tion equations, Eqs. 4.32 and 4.33.

5. Form the matrix for the linear system of conservation equations and solve via LU

decomposition. Accumulate the corrections, δah and δDhI onto the drag coefficient

and diffusion tensor and their surface expansions.

6. Compute sign information for the corrected drag coefficient surface expansion to sim-

plify the Lax-Friedrichs flux computation.

7. Advance the full FPO, iterating over all phase space cells to apply the drag update

then the diffusion update, accumulating CFL frequency contributions in each cell from

both updates.

8. Compute the CFL using the most restrictive timestep and return to the main Vlasov-

Maxwell algorithm.

Again, each of these steps is carried out every timestep as part of the Vlasov-Fokker-Planck

update in Gkeyll, and the timestepper of choice is an explicit strong-stability preserving

Runge-Kutta method. While this algorithm may appear to be prohibitively expensive to
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perform every timestep, the efficient modal DG algorithm makes its application to high-

dimensional problems achievable. This DG scheme is highly parallelizeable and can be run

in parallel on CPUs with OpenMPI2, decomposing over configuration space cells. Velocity

space parallelization requires a complex shared memory treatment [50]. To this end, the FPO

algorithm outlined above is also implemented on GPUs with CUDA [86] for substantial

speedup through shared memory parallelization, and multiple-GPU simulations are made

possible through NCCL3.

4.7 Testing the DG Implementation of the FPO

Having outlined the details of our fully-conservative modal discontinuous Galerkin algorithm

for the Rosenbluth/Fokker-Planck collision operator, we proceed to testing. The Vlasov-

Maxwell infrastructure in Gkeyll is fully capable of including all six phase space dimensions,

but for this work, each of the test cases in this chapter is performed in 1X3V (one spatial,

three velocity space dimensions). We are required to include all velocity space dimensions

when using our algorithm, as the FPO is an inherently 3V model, and Gkeyll requires at

least one configuration space dimension. In some of these studies, we restrict configuration

space to a single cell, emulating a 0X3V setup.

4.7.1 Convergence of the Drag and Diffusion Coefficient Routines

The first set of tests seek to evaluate the efficacy of the recovery-based differentiation algo-

rithm utilized in both the drag and diffusion coefficient calculation and the FPO update.

To this end, we begin by studying the convergence of our computation of ah and Dh. While

2https://www.open-mpi.org/
3https://developer.nvidia.com/nccl
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we are utilizing an analytic form of the Rosenbluth potentials and could similarly take the

analytic derivatives of H and G for comparison with the computed ah and Dh, the analytic

cross derivative of G introduces a strong peak at v = 0 that is not resolved when using an

even number of velocity space cells (as is the norm). We instead utilize a sinusoidal function,

R(vx, vy) = cos(kxvx) cos(kyvy),

where kx = ky = π/vmax for maximum velocity space extent vmax = 5.0.

The drag and diffusion coefficients are then computed according to,

a = 2Γ∇vf

D = Γs∇v ⊗∇vf,

with the recovery scheme presented in Section 4.3. Note that for these convergence tests, the

conservation correction accumulation is omitted. Tests are performed using resolutions of 22

to 26 cells in each velocity space dimension, and results are presented in Figure 4.3. These

tests are restricted to a p = 2 Serendipity basis, as the FPO has not yet been implemented

for the full tensor basis or p = 3 Serendipity (this is a relatively simple matter of generating

the kernels). In addition, while Gkeyll lists support for p = 1 basis, this is generally

implemented as a so-called hybrid basis that is p = 1 in configuration space but p = 2 in

velocity space. One motivation for the use of this basis is energy conservation: when proving

discrete conservation of energy, one integrates over v2, which is not a member of a p = 1

basis set, so a projection operation must be utilized to map onto the p = 1 basis [52].

We demonstrate the remarkable convergence order of a recovery-based DG scheme [78], with

the drag coefficient computation achieving 6th-order convergence (calculated order 6.14).

The diagonal elements of the diffusion tensor, which also utilize 1-cell recovery, naturally
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Figure 4.3: Convergence of the L2-error of the 0th component (cell average) for several
derivatives computed using the recovery-based DG schemes outlined in Section 4.3. The
left plot uses p + 1 quadrature points, Nq, in each direction for the Rosenbluth potential
projection, while the right plot uses 8 points in each direction (the maximum in Gkeyll),
verifying that our reduced number of points still gives an accurate result. The drag coefficient
computation and diffusion tensor diagonal terms utilize 1-cell recovery, and their orders of
accuracy nearly match the expected values of 6 and 5, respectively. The off-diagonal terms
of the diffusion tensor exhibit a lower order of convergence (around 3).

have about one lower convergence order than the drag coefficient, as we are taking another

derivative (calculated order 4.95). Off-diagonal terms of the diffusion tensor are instead

computed using two integrations by parts, and we are left with an even lower order of

accuracy (calculated order 3.07). This may be in part due to the boundary conditions,

especially at the corners, where we elected to perform 2-cell recovery rather than a modified 6-

cell recovery. Additionally, the 6-cell recovery procedure may be out-performed by a method

utilizing a single integration parts, and this is an area of active investigation. To dive a

bit further, we compare in Figure 4.4 the global L2 error for Dxy computed only in the

interior cells with the calculation over the whole domain. Note the overall decrease in L2

error when the domain boundary cells are removed from the computation, demonstrating

their large relative contribution to the total error. The observed order of accuracy also

increases, but not substantially: from 3.07 to 3.64. Overall, further study of the efficacy of
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the two integration by parts, 6-cell recovery method relative to other recovery-based methods

is warranted.

Figure 4.4: Comparison of the L2 error convergence of the 6-cell recovery-based computation
of Dxy when considering only the interior of the domain vs. the entire domain. Without the
boundary layer of cells, the observed order of accuracy increases slightly, from 3.07 to 3.64.
Additionally, the errors are several orders of magnitude smaller overall.

4.7.2 Square Distribution

We now apply the FPO solver to the simple test case of an initially square distribution

function. The square distribution offers a case where the collision operator must handle a

discontinuity in phase space and an initial condition that is far from the discrete Maxwellian

we expect for the steady-state solution. We define the initial distribution function as,

fsquare(x, vx, vy, vz) =

{
0.5 |vx| ≤ 1.0 and |vy| ≤ 1.0 and |vz| ≤ 1.0,

0 otherwise.

For the collision operator, we set Γ = 1.0, and the characteristic collision frequency is

ν = nΓ
√
2/π/(3v3th) (computed from Eq. 1.30). This polynomial order p = 2 simulation is

effectively 0X3V, with a single cell in configuration space, 32 cells in each velocity dimension,

151



4.7. Testing the DG Implementation of the FPO

and velocity extents ±4.0 in each direction. The simulation is run to an end time of 5/ν

using both the FPO and fully-conservative LBO [52] collision operators, where the LBO

collision frequency is ν to be consistent with the FPO.

Below is a slice along x = vy = vz = 0 of the time evolution of the distribution functions

in time. The two collision operators relax at slightly different rates because of the inherent

velocity-dependent collision frequency of the FPO, and the greatest discrepancies occur when

f is far from Maxwellian. However, both cases reach an identical final Maxwellian when the

simulation reaches several collision times.

Figure 4.5: Relaxation of initial square distributions to Maxwellian through collisions via
the Fokker-Planck and Dougherty-Lenard-Bernstein operators.

This test case also presents an opportunity to address the conservation and stability of our

scheme. While there is no bulk velocity, and therefore no momentum, number density and

energy conservation can be verified for the FPO by tracking the domain-integrated 0th and

2nd moments of f , as in Figure 4.6. These quantities are conserved to machine precision,

with the small decay in magnitude arising due to the damping in the SSP-RK timestepper

[52].
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Figure 4.6: Behavior of domain-integrated number density and energy in time for the initial
square distribution.

4.7.3 Bump-on-Tail Distribution

In the square distribution case, we find that the velocity-dependent collision frequency of the

FPO results in a discrepancy in the rate of relaxation to Maxwellian when compared to the

average collision frequency used in the LBO. As discussed in Chapter 1, many experimental

regimes are concerned with the fastest particles, that is, the tails of the distribution func-

tion. The v−3 scaling of the effective collision frequency implies we can expect substantial

differences between the two collision models when the deviations from Maxwellian occur at

high velocities. To this end, we introduce the bump-on-tail distribution,

f(x,v, t) = fM(x,v, t) + fb(x,v, t),
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with

fM(x,v, t) = n√
2πv2th

3 exp
(
−
v2x + v2y + v2z

2v2th

)
,

fb(x,v, t) =
n√

2πv2th,b
3

A2
b

v2 + S2
exp

(
−
(vx − ux,b)2 + v2y + v2z

2v2th,b

)
,

where n = vth = 1.0, Ab =
√
0.15, ux,b = 4vth, Sb = 0.14, and vth,b = 3.0vth. Simulations are

again 1X3V, p = 2, with 16 cells in velocity space. The end time is 5.0/ν with Γ = 1.0, and

log f slices at x = vy = vz = 0 are presented at select times in Figure 4.7. As expected, the

Figure 4.7: Logarithmic plots of f for relaxation of an initial square distribution to
Maxwellian through collisions with the Fokker-Planck and Dougherty-Lenard-Bernstein op-
erators. Here we see the effect of the v−3 scaling of the collision frequency in the FPO,
where the LBO substantially overestimates the effect of collisions in the high-energy tail of
the distribution function.

LBO overestimates the relaxation of the high-velocity perturbation relative to the FPO. The

distribution functions are plotted here logarithmically to emphasize the high-energy portions

of the distribution, but it is still clear that the perturbation has not fully equilibrated even

after 5νt for the FPO. In fusion plasmas, particles moving at several thermal velocities are

the ones undergoing fusion reactions and are responsible for a majority of the heat transport,
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Figure 4.8: Behavior of domain-integrated number density, x-momentum, and energy in time
for the bump-on-tail distribution.

so proper treatment of these populations is vital [16].

These simulations have nonzero total momentum, so we can verify momentum conservation

here as well. Relative changes in integrated number density, x-direction momentum, and

energy are presented in Figure 4.8. Momentum in y and z is initially 0, and both remain at

0 to machine precision for the entire simulation.

We now briefly address the stability of our scheme. While a full linear stability analysis is

well beyond the scope of this work, we can “verify” stability experimentally. For an arbi-

trary distribution function subject to thermalizing collisions, entropy density, σ = −f log f ,

is expected to increase as the f isotropizes to the maximum entropy distribution, i.e. a

Maxwellian. Entropy then remains constant for a Maxwellian distribution function in the

continuous limit, but numerical dissipation from the use of upwinding fluxes in this DG al-

gorithm causes the entropy to continue to increase to a small degree [52]. Therefore, we can

characterize the stability of our scheme by computing the time evolution of the total phase-

space integrated entropy. The relative change in total entropy is presented in Figure 4.9 for a
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Figure 4.9: Evolution of domain-integrated entropy density, S = −
´
f log f dz, for a bump-

on-tail distribution undergoing collisional relaxation via the Fokker-Planck operator. As
collisions thermalize the distribution function to Maxwellian, entropy increases. When f
reaches equilibrium as a discrete Maxwellian, the entropy reaches a peak. Numerical dissi-
pation from the upwinding fluxes in the DG scheme continues to increase the entropy to a
small degree.

bump-on-tail distribution. We demonstrate that entropy behaves as expected, asymptoting

to a maximum value as the distribution function relaxes to a discrete Maxwellian.

4.7.4 Heat Bath Problem

Next, we apply the FPO to the classic heat bath problem in 1X3V. In the famous work by

Braginskii [15], transport equations for momentum and energy in a magnetized hydrogen

plasma are derived directly from the Fokker-Planck collision operator using a perturbative

approach (similar, in fact, to the numerical approaches introduced at the start of this chap-

ter). By expanding the distribution function as a sum of an isotropic term and a first-order

correction term, Braginskii takes moments of the collision operator to arrive at the model
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equations for friction forces, heat fluxes, viscosity, and interspecies energy exchange. Of these

equations, the portion relevant to this example is the free-streaming temperature-driven ion

heat flux due to self-collisions, which is shown to obey Fourier’s law [54],

qi
T = −κi∇xTi, (4.34)

with thermal conductivity given by

κi = 3.9
niTiτi
mi

. (4.35)

This equation for the heat flux that results from temperature variation in a highly collisional

plasma dominated by small-angle Coulomb collisions can be applied to our single-species

FPO model.

In this setup, we initialize the distribution as a linear variation in temperature between two

regions of disparate constant temperatures,

T (x) =


TC x < −Lx/4,

2
TH − TC
Lx

x+
TH + TC

2
−Lx/4 ≤ x ≤ Lx/4, (4.36)

TH x > Lx/4.

The simulation domain spans ±Lx/2 in x, and ±
√
TH/m in each velocity space direction,

and the distribution function is initially Maxwellian everywhere. For Braginskii’s model

to be valid, the system must be in a highly collisional regime. Therefore, we specify the

Knudsen number to be small, Kn = λmfp/Lx = 10−3, and compute the parameter Γ from

the corresponding collision frequency. Using a grid with 32 cells in x and N3
v cells in velocity
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space, we allow the simulation to evolve until the heat flux,

q =
1

2
m

ˆ
vv2f(x,v, t) d3v,

reaches a steady state. The thermal conductivity is then computed as qx/∂xT for comparison

with theory. Two cases are performed to qualitatively test the velocity space convergence

of the FPO: one with Nv = 8 and one with Nv = 16. The computed thermal conductivity,

κc in each case is close to the theoretical result, κi = 0.0039: for Nv = 8, κc = 0.00426 and

for Nv = 16, κc = 0.00385. The lower resolution case did exhibit oscillations in qx, likely

because of the boundary layer that forms when using fixed boundary conditions as we did

here [19]. It is worth again noting that these simulations use a single uncharged species with

only self collisions. When the FPO is implemented with cross collisions, more terms of the

heat flux will need to be considered depending on if we study ions or elections, especially in

the presence of a magnetic field.

4.8 Summary of Chapter 4

This final chapter is a notable departure from the previous hydrodynamics-focused chapter.

We began by introducing background about the state of the art of Vlasov-Fokker-Planck

simulations. Three techniques were discussed: the Cartesian tensor expansion (and diffusive

approximation) [67], the KALOS formalism spherical harmonic expansion [6], and an implicit

finite volume scheme with specific choice of limiters [124]. The former two techniques are

closely related and commonly applied VFP methods, but both are approximate methods that

remove nearly all anisotropy from the distribution function and collision operator. For many

purposes, especially in the presence of a magnetic field introducing a preferred direction,

these approximations are more than satisfactory. However, a generalized approach like the
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implicit finite volume method is applicable to a wider range of problems. Additionally, a

scheme of this type allows for relatively straightforward enforcement of conservation of mass,

momentum, and energy simultaneously through a moment-based correction approach.

We then followed a similar trajectory by applying the modal discontinuous Galerkin method

introduced in Chapter 2 to the advection-diffusion form of the FPO. When constructing

the numerical fluxes, it became apparent that the 2-cell recovery scheme is insufficient for

the semi-discrete form of the FPO, as one numerical flux from the diffusion term includes

derivatives along cell boundaries, rather than across. To that end, we introduced two multi-

stage recovery operations, 1-cell and 6-cell recovery, that allow for polynomials that are

high order along cell boundaries to be constructed. 1-cell recovery is applied to compute

the drag coefficient and diagonal elements of the diffusion tensor from input Rosenbluth

potentials (which are computed analytically and projected onto the basis set). The off-

diagonal elements of the diffusion tensor are calculated through a nearly identical process

to the FPO drag term, with two integrations by parts and 2- and 6-cell recovery. Boundary

conditions for the drag coefficient and diffusion tensor introduced a complication, and we

utilize the analytic Rosenbluth potentials and their velocity derivatives as inputs to the

necessary recovery operations at the domain boundary.

Implementing the semi-discrete FPO required nearly the same considerations as the drag

coefficient and diffusion tensor, so the same general process was adapted. With the main

FPO infrastructure accounted for, we then addressed conservation. Conservation of density

is guaranteed by the scheme owing to symmetric fluxes and zero-flux boundary conditions

in velocity space, but momentum and energy conservation were shown to be subject to

constraint equations. We chose to add correction quantities onto ah and Dh that are functions

of only configuration space. The constraint equations were then reformulated as a linear

system that is solved each timestep for the corrections, which, when accumulated onto ah
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and Dh, guarantee conservation of momentum and energy.

Finally, we enumerated the steps in the FPO algorithm before progressing onto testing. The

first test was for convergence of the recovery-based DG scheme for differentiation required

by the drag and diffusion coefficient calculation and the full FPO. By preparing an exact

solution, we found that the drag coefficient and diagonal components of the diffusion tensor

demonstrated 6th and 5th order convergence for a p = 2 Serendipity basis set, as expected.

However, the off-diagonal diffusion tensor elements converge only to 3rd order. It is likely

that this reduced order of accuracy is due to the 6-cell recovery operation, and further study

is warranted.

Following the convergence study, we initialized two simulations to investigate the differences

between the FPO and LBO when relaxing a distribution to Maxwellian. The first of these

cases was an initial square distribution, which showcases the ability of the recovery-based DG

scheme to handle discontinuities in velocity space. We chose an average collision frequency for

the LBO model that gives comparable results to the FPO, but there was still a discrepancy in

the relaxation rate due to the velocity-dependent collision frequency of the FPO. At several

collision times however, the two models reach identical Maxwellian distributions. As part of

this test, we also verified that density and energy are conserved to machine precision.

The second test applied a bump-on-tail perturbation at high velocity to a stationary Maxwellian

distribution function to emphasize the importance of velocity-dependent collisions when con-

sidering high-velocity particle dynamics. Choosing the same characteristic collision frequency

as in the previous case, we see a significantly greater overestimation of the relaxation rate in

the LBO for the high-velocity perturbation. This case also has nonzero momentum, so we

were able to show that density, momentum, and energy are all conserved simultaneously. As

a final assessment, we demonstrated the stability of the DG FPO algorithm by tracking the

relative change of total entropy in time for the bump-on-tail distribution. Collisions drive
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4.8. Summary of Chapter 4

the distribution function to the maximum entropy solution (the Maxwellian), and entropy

is expected to remain constant once equilibrium is reached. We verified that the entropy

increases monotonically as the distribution function thermalizes, which is a strong case for

the stability of the scheme.

We then finally introduced a physics problem. By initializing a Maxwellian distribution

with a linear temperature variation between to constant temperature regions, we allowed the

distribution function to evolve with collisions until the heat flux reached steady state. This

steady state heat flux was then divided by the temperature gradient according to Fourier’s

law to compute a thermal conductivity. Braginskii [15] derived transport equations directly

from the Fokker-Planck collision operator for a singly-ionized plasma, and the ion heat flux

and thermal conductivity are valid approximations for our neutral single species case here.

Simulations were performed with 83 and 163 cells in velocity space to get a qualitative sense

of the convergence of our scheme. The lower resolution case had an error of approximately

11% off the theoretical value, while the higher resolution case was approximately 1% away.
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Chapter 5

Summary and Conclusions

Collisional dynamics are relevant to plasmas in many regimes of interest, from astrophysical

plasmas to the ionosphere to nuclear fusion reactors.

In this work, we utilized the novel modal discontinuous Galerkin Vlasov-Maxwell-Fokker-

Planck (VFP) capabilities of the Gkeyll simulation framework to investigate hydrodynamic

phenomena with a continuum-kinetic model. We demonstrated that the Rayleigh-Taylor

(RT) instability, while almost exclusively studied with fluid models, exists in regimes of fi-

nite collisionality that results in altered instability behavior. For this purpose, we utilized

the simple Bhatnagar-Gross-Krook collision operator with the Vlasov equation for a neu-

tral species. First considering the simple case of a spatially constant collision frequency,

the continuum-kinetic model was able to reproduce expected behavior in the low- and high-

collisionality limits, i.e. particle interpenetration and the classical fluid result, respectively.

We encountered an intermediate regime between these two limits in which the RT instability

grew while displaying interface diffusion that would not be captured in an ideal fluid model.

The phase space information contained in the distribution function was also leveraged to

provide a unique view of the instability in terms of the particle energy-flux in which we

directly saw the effect of particle collisions decreasing non-ideal transport. By computing

the velocity-space moment of the deviation of the distribution function from Maxwellian, it

was shown that the kinetic behavior was most prominent around the interface. Following

this study, results were presented of RT instability evolution with spatially varying collision
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frequency, as collision frequency is generally a function of density and temperature. Simula-

tions demonstrated that the asymmetric collisionality about the fluid interface yield further

departure from classical RT instability behavior. The lower collisionality region exhibits

sufficient streaming diffusion to move upward and widen the interface even as the instability

grows. These simulations of the Rayleigh-Taylor instability demonstrated the utility of the

continuum-kinetic method in the context of a hydrodynamic regime, but we noted that the

numerical method used in Gkeyll is equally applicable to more advanced models.

Building upon that idea, we presented an algorithm for the full nonlinear Rosenbluth/Fokker-

Planck operator (FPO) using a recovery-based modal discontinuous Galerkin (DG) method

and discussed the details of its implementation in Gkeyll. We noted that currently a predom-

inant tactic used when performing VFP simulations is to expand the distribution function

in a spherical basis set, reducing the degree of anisotropy of the problem and simplifying

the FPO [6, 129]. One code of note has instead applied a finite volume scheme to the full

nonlinear FPO and demonstrates flexibility and robustness while guaranteeing conservation

[126]. We took a similar approach to the latter, applying the DG method to the advection-

diffusion form of the FPO. Our implementation utilizes the recovery process to guarantee

continuity across cell boundaries and increase the order of accuracy, and we demonstrated

two extensions of the basic operation that are required for this algorithm. We discussed the

details of the implementation, first for computing the necessary vector and tensor quantities,

then for applying that same process to the semi-discrete FPO. By applying corrections to

the drag coefficient and diffusion tensor, this algorithm guarantees conservation of number

density, momentum, and energy as well.

Finally, we tested this DG FPO implementation in Gkeyll by applying it to a set of test

cases. The high convergence order of the recovery-based scheme was confirmed for the drag

coefficient and diagonal components of the diffusion tensor, though the off-diagonal portions
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were lower order, even when not including the domain boundaries. For initial square and

bump-on-tail distributions, it was shown that the FPO stably relaxes the distribution func-

tion to Maxwellian while being fully conservative and monotonically increasing the entropy.

We saw that while the approximate Dougherty-Lenard-Bernstein operator (LBO) gave a sim-

ilar result to the FPO for collisions at low velocity, it dramatically overestimated the effect

of collisions in the high-energy tail, as expected. We then applied this model to a classic heat

bath problem, where collisions maintain a temperature gradient between two static regions.

The FPO simulation agreed well with the expected result, and we got a qualitative sense of

convergence by noting that the relative error in thermal conductivity decreased from 11% to

1% by doubling the velocity space resolution.

The work covered in this thesis presents many potential directions for further research.

Regarding the Rayleigh-Taylor simulations, further neutral species studies can be performed

to investigate the dynamics of multiple initialized modes in the presence of kinetic interface

diffusion, including the effect of various Atwood numbers. The continuum-kinetic model

in Gkeyll can be applied to the RT instability in plasma regimes as well, as the efficient

DG implementation allows for highly-parallelized simulations that reduce the computational

expense of previously inaccessible regimes such as these. Research has been conducted on

kinetic-scale physics in plasma RT instabilities, e.g. [132, 133], and it is worth exploring the

effect of including even weak collisions into these regimes.

The novel algorithm developed in this work for the full nonlinear Rosenbluth/Fokker-Planck

operator also provides an array of opportunities for future study. Algorithmically, further

research on different recovery schemes to handle the cross derivatives in the diffusion term

is warranted. A linear stability analysis for this system can also be conducted to verify and

characterize this scheme more concretely. Continued development of efficient DG Poisson

solvers will also serve to improve this method, as computation of the Rosenbluth potentials
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directly from the distribution function itself will increase the physical accuracy for highly

non-Maxwellian distributions.

This numerical scheme will also be extended to cross-species collisions in the near future.

For multi-species collisions, considerations must be made on effective representation of the

Rosenbluth potentials of the colder ions on the larger electron velocity space grid and en-

forcement of conservation properties, perhaps through utilization of an LBO for ion-electron

collisions. A gyroaveraged FPO can be implemented in much the same way as the process

presented here, but the Rosenbluth potentials will have to be computed via Poisson solve.

Further studies based on this work are certainly not limited to numerics, however. Because

of the power of the matrix-free discontinuous Galerkin method, the continuum-kinetic model

implemented in Gkeyll is able to perform simulations of previously unrealistic cases in a

reasonable amount of wall clock time. This is especially true for this FPO implementation,

as Fokker-Planck modeling has historically been generally inaccessible due to computational

expense. Only relatively recently have numerical developments such as those discussed in

Chapter 4 allowed for VFP simulations in reasonable time. Utilizing the algorithm and

implementation outlined in this work, VFP simulations with high effective resolution can

be performed quickly and with a high degree of parallelization. Potential applications of

this work include studies of the impact of nonlocal electron transport in laser plasmas [16,

17], sheath formation [14, 114], ionospheric instabilities [2, 3], Rayleigh-Taylor in inertial

confinement fusion [20, 103], and recycling in tokamak divertors [76, 112].

In conclusion, discontinuous Galerkin methods have dramatically increased the accessibility

of continuum-kinetic methods for simulations of collisional dynamics. We have demonstrated

that these methods can now be applied in certain hydrodynamic regimes to study the effects

of finite collisionality on fluid-like behavior. By applying a novel DG method to the full

nonlinear Fokker-Planck collision operator, we are now able to perform highly accurate
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studies of collisional systems that were previously inaccessible.
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Example Rosenbluth Potentials and

Coefficients
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Figure A.1: Normalized examples of the Rosenbluth potentials, H (top left) and G (top
right), the drag coefficient, a (ax, center left), and elements of the diffusion tensor D (Dxx

center right, Dxy bottom left, and Dxz bottom right) computed in the FPO update. Slices
are evaluated at vz = 0.0. These computations are performed with a p = 2 Serendipity
basis and 48 cells in each velocity space direction, corresponding to an effective resolution
of 48 ∗ (p+ 1) = 144 cells.
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Appendix B

Code Samples

Listed in this Appendix are example scripts that perform the recovery operations described in

Chapters 2 and 4. These scripts are written for use in Maxima CAS, but the methodology can

be applied in other symbolic computer algebra software. Additionally, these scripts utilize

functions defined in the Gkeyll framework’s kernel generation script repository, https://

github.com/ammarhakim/gkylcas. For more details on the use of Maxima CAS in Gkeyll,

see the Gkeyll documentation, https://gkeyll.readthedocs.io.
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B.1 Recovery Scripts in Maxima

B.1.1 2-cell Recovery

1 /* Load Gkeyll functions */

2 load("modal-basis")$

3 load("recovery")$

4 basisType : "ser"$

5 cdim : 1$

6 vdim : 0$

7 polyOrder : 1$

8

9 /* Initialize the lists of variables and basis functions in configuration ←↩

↪→ and phase space. */

10 [varsC, bC, varsP, bP] : loadPhaseBasis(basisType ,cdim,vdim,polyOrder)$

11

12 /* Example analytic function to project. */

13 f : cos(x+0.5)$

14

15 /* Compute expansion coefficients in left and right cells, [-2,0] and ←↩

↪→ [0,2]. */

16 fL : shiftFunc(varsC, f, varsC, [-1], [2])$

17 fhL : calcInnerProdList(varsC, 1, bC, fL)$

18

19 fR : shiftFunc(varsC, f, varsC, [1], [2])$

20 fhR : calcInnerProdList(varsC, 1, bC, fR)$

21

22 /* Manually construct system for 2-cell recovery. */

23 /* Define recovery polynomial and list of coefficients. */

24 dof : 2*polyOrder+2$

25 f_rec_p : sum(x^i*f_rec[i], i, 0, dof-1 )$
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26 f_rec_lst : makelist(f_rec[i], i, 0, dof-1)$

27

28 /* Shift basis functions into left and right cells and

29 expand solutions in those cells. */

30 bL : shiftBasis(varsC, bC, varsC, [-1], [2])$

31 bR : shiftBasis(varsC, bC, varsC, [1], [2])$

32 fhL_e : doExpand(fhL, bL)$

33 fhR_e : doExpand(fhR, bR)$

34

35 /*

36 Form equation system from weak equality constraints in each cell.

37 Boundary conditions would be included here as substitutions for the

38 weak equality constraints on one side.

39 */

40 eq_lst : []$

41 eq_lst : append(eq_lst, calcInnerProdListGen([x], [[-2, 0]], 1, bL, ←↩

↪→ f_rec_p-fhL_e))$

42 eq_lst : append(eq_lst, calcInnerProdListGen([x], [[0, 2]], 1, bR, ←↩

↪→ f_rec_p-fhR_e))$

43

44 /* Solve linear system for coefficients of recovery polynomial. */

45 sol : linsolve(eq_lst, f_rec_lst)$

46 f_rec2 : subst(sol, f_rec_p)$

47

48 /* This process is performed in Gkeyll using this 2-cell recovery function ,

49 which can also handle boundary condition inputs. */

50 f_rec2 : calcRecov2CellGen(basisType , x, varsC, 1, dg(fhL), dg(fhR))$
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B.1.2 1-cell Recovery

1 load("modal-basis")$

2 load("recovery")$

3 basisType : "ser"$

4 cdim : 1$

5 vdim : 0$

6 polyOrder : 1$

7

8 /* Initialize the lists of variables and basis functions in configuration ←↩

↪→ and phase space. */

9 [varsC, bC, varsP, bP] : loadPhaseBasis(basisType ,cdim,vdim,polyOrder)$

10 NC : length(bC)$

11

12 /*

13 Example 3-cell stencil for 1-cell recovery of q in cell C in x direction.

14 +----+----+----+

15 | qL | qC | qR |

16 +----+----+----+

17

18 */

19

20 /* Construct lists of expansion coefficients in each cell. */

21 qL_lst : makelist(qL[i], i, 0, NC)$

22 qC_lst : makelist(qC[i], i, 0, NC)$

23 qR_lst : makelist(qR[i], i, 0, NC)$

24

25 /* Use Gkeyll 1-cell recovery function to compute recovery polynomial. */

26 q_rec1 : calcRecov1CellGen(basisType , x, varsC, polyOrder , 1,

27 dg(qL_lst), dg(qC_lst), dg(qR_lst))$

28

192



B.1. Recovery Scripts in Maxima

29 /*

30 If we are instead at a domain boundary , for example on the left edge,

31 the qL input can be replaced by a BC.

32 +----+----+----+

33 | ++ | qC | qR |

34 +----+----+----+

35

36 In this case, we set the value to 0 and first derivative to 1.

37 */

38 q_rec1 : calcRecov1CellGen(basisType , x, varsC, polyOrder , 1,

39 bcs([der=0, val=0.0],[der=1, val=1.0]), dg(qC_lst), dg(qR_lst))$
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B.1.3 6-cell Recovery

1 load("modal-basis")$

2 load("recovery")$

3 basisType : "ser"$

4 cdim : 2$

5 vdim : 0$

6 polyOrder : 1$

7

8 /* Initialize the lists of variables and basis functions in configuration ←↩

↪→ and phase space. */

9 [varsC, bC, varsP, bP] : loadPhaseBasis(basisType ,cdim,vdim,polyOrder)$

10 NC : length(bC)$

11

12 /*

13 Example stencil for 6-cell recovery of q in cell CC.

14 Recovering in x-direction at y-boundary between CC and TC.

15 +-----+-----+-----+

16 | qTL | qTC | qTR |

17 +-----+-----+-----+

18 | qCL | qCC | qCR |

19 +-----+-----+-----+

20 */

21

22 /* Construct lists of expansion coefficients in each cell. */

23 qTL_lst : makelist(qTL[i], i, 0, NC)$

24 qTC_lst : makelist(qTC[i], i, 0, NC)$

25 qTR_lst : makelist(qTR[i], i, 0, NC)$

26 qCL_lst : makelist(qCL[i], i, 0, NC)$

27 qCC_lst : makelist(qCC[i], i, 0, NC)$

28 qCR_lst : makelist(qCR[i], i, 0, NC)$
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29

30 /* Use Gkeyll 1-cell recovery function to compute recovery polynomial. */

31 recovDir : x$

32 interfaceDir : y$

33 numDer : 0$ /* Number of derivatives to take of each 2-cell solution. */

34 faceLoc : 0.0$ /* Location of 2-cell recovery evaluation. Generally 0.0. */

35 C : 0$ /* Degree of continuity to enforce in final 1-cell recovery. */

36

37 q_rec6 : calcRecovFaceGen(basisType , [interfaceDir , recovDir],

38 varsC, numDer, faceLoc, polyOrder , C,

39 dg(dg(qCL_lst), dg(qTL_lst)), /* Pairs for 2-cell recovery. */

40 dg(dg(qCC_lst), dg(qTC_lst)),

41 dg(dg(qCR_lst), dg(qTR_lst)))$

42

43 /*

44 As an example, consider a left domain boundary.

45 +-----+-----+-----+

46 | +++ | qTC | qTR |

47 +-----+-----+-----+

48 | +++ | qCC | qCR |

49 +-----+-----+-----+

50 Boundary conditions are input as conditions on the 1-cell recovery.

51 Here, we require the value to be 1.0 and the first x-derivative to be 1.0.

52 */

53

54 q_rec6 : calcRecovFaceGen(basisType , [interfaceDir , recovDir],

55 varsC, numDer, faceLoc, polyOrder , C,

56 bcs([der=0, val=1.0], [der=1, val=0.0]),

57 dg(dg(qCC_lst), dg(qTC_lst)),

58 dg(dg(qCR_lst), dg(qTR_lst)))$
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B.2 Gkeyll FPO Kernel Generation Maxima Examples

B.2.1 Drag Coefficient Kernel Generation

1 /* Prior to this section:

2 - Set up dimensionality.

3 - Begin iteration over domain stencil locations: stencilLoc.

4 - Open kernel file, write header information and function signature.

5 Also computing surface projection of drag coefficient in this section.

6 */

7

8 ###########################################################################

9

10 [varsC, bC, varsP, bP] : loadPhaseBasis(basisFun , cdim, vdim, polyOrder),

11

12 /* Initialize surface basis for surface projections. */

13 surfVars : delete(pv, varsP),

14 bSurf : basisFromVars(basisFun , surfVars , polyOrder),

15

16 NC : length(bP),

17 numSurf : length(bSurf),

18

19 H_L_lst : makelist(H_L[i], i, 0, NC-1),

20 H_C_lst : makelist(H_C[i], i, 0, NC-1),

21 H_R_lst : makelist(H_R[i], i, 0, NC-1),

22

23 H_C_e : doExpand1(H_C, bP),

24

25 /* Surface projection of H */

26 dHdv_surf_C_e : doExpand1(dHdv_surf_C , bSurf)/dv1,

27
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28 if stencilLoc[sI] = [0] then (

29 /* Domain interior

30 +-----+-----+-----+

31 | H_L | H_C | H_R |

32 +-----+-----+-----+

33 */

34

35 /* 1-cell recovery for drag coefficient in cell volume */

36 H_rec1 : calcRecov1CellGen(basisFun , pv, varsP, polyOrder , 1,

37 dg(H_L_lst), dg(H_C_lst), dg(H_R_lst)),

38

39 /* 2-cell recovery at lower cell boundary for surface projection */

40 H_rec2 : calcRecov2CellGen(basisFun , pv, varsP, polyOrder ,

41 dg(H_L_lst), dg(H_C_lst))

42 )

43 elseif stencilLoc[sI] = [-1] then (

44 /* Left edge

45 +-----+-----+-----+

46 | +++ | H_C | H_R |

47 +-----+-----+-----+

48 */

49

50 /* 1-cell recovery for drag coefficient in cell volume */

51 H_rec1 : calcRecov1CellGen(basisFun , pv, varsP, polyOrder , 1,

52 bcs([der=1, val=dHdv_surf_C_e]), dg(H_C_lst), dg(H_R_lst)),

53

54 /* No surface projection of drag coefficient at lower boundary because ←↩

↪→ zero-flux BCs */

55 H_rec2 : 0

56 )

57
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58 elseif stencilLoc[sI] = [1] then (

59 /* Right edge

60 +-----+-----+-----+

61 | H_L | H_C | +++ |

62 +-----+-----+-----+

63 */

64

65 /* 1-cell recovery for drag coefficient in cell volume */

66 H_rec1 : calcRecov1CellGen(basisFun , pv, varsP, polyOrder , 1,

67 dg(H_L_lst), dg(H_C_lst), bcs([der=1, val=dHdv_surf_C_e])),

68

69 /* 2-cell recovery at lower cell boundary for surface projection */

70 H_rec2 : calcRecov2CellGen(basisFun , pv, varsP, polyOrder ,

71 dg(H_L_lst), dg(H_C_lst))

72 ),

73

74 /* Compute drag coefficient by differentiating H */

75 drag_coeff_out : calcInnerProdList(varsP, 1, bP, diff(H_rec1, pv)),

76 drag_coeff_surf_out : calcInnerProdList(surfVars , 1, bSurf,

77 subst(pv=0.0,diff(H_rec2, pv))),

78

79 ###########################################################################

80 /*

81 After computing expansion coefficients of the drag coefficient ,

82 write them out to the kernel file.

83 */
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B.2.2 Diffusion Coefficient Kernel Generation

This section shows examples of different recoveries required in computing the off-diagonal

elements of the diffusion tensor, Eq. 4.25. Note the 6-cell recovery is performed at a vertical

(pv2) cell boundary in the horizontal direction (pv1). Cases shown:

1. Domain interior

2. Left edge

3. Bottom edge

4. Top left corner

In each case, we need two 2-cell recoveries and two 6-cell recoveries of G for the four sur-

face contributions. These are then used to compute surface expansions of G and ∂G/∂vi,

respectively, for the final calculation of the diffusion tensor.
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1 ###########################################################################

2 /* Components of G for upcoming recovery */

3 GTL_lst : makelist(GTL[i], i, 0, NC-1),

4 GTC_lst : makelist(GTC[i], i, 0, NC-1),

5 GTR_lst : makelist(GTR[i], i, 0, NC-1),

6 GCL_lst : makelist(GCL[i], i, 0, NC-1),

7 GCC_lst : makelist(GCC[i], i, 0, NC-1),

8 GCR_lst : makelist(GCR[i], i, 0, NC-1),

9 GBL_lst : makelist(GBL[i], i, 0, NC-1),

10 GBC_lst : makelist(GBC[i], i, 0, NC-1),

11 GBR_lst : makelist(GBR[i], i, 0, NC-1),

12

13 GCC_e : doExpand1(GCC, bP),

14

15 /* Surface expansions of G_pv2 and (dG/dv2)_pv1 */

16 G_surf_CC_pv2_e : doExpand1(eval_string(sconcat("G_surf_CC_",pv2)), bSurf2),

17 G_surf_CC_pv1_e : doExpand1(eval_string(sconcat("G_surf_CC_",pv1)), bSurf1),

18 dGdpv2_surf_CC_pv1_e : ←↩

↪→ doExpand1(eval_string(sconcat("dGd",pv2,"_surf_CC_",pv1)), bSurf1)/dv2,

19 dGdpv1_surf_CC_pv2_e : ←↩

↪→ doExpand1(eval_string(sconcat("dGd",pv1,"_surf_CC_",pv2)), bSurf2)/dv1,

20 ###########################################################################
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1 ###########################################################################

2 if (stencilLoc[sI] = [0, 0]) then (

3 /*

4 Center

5 +-----+-----+-----+

6 | GTL | GTC | GTR |

7 +-----+-----+-----+

8 | GCL | GCC | GCR |

9 +-----+-----+-----+

10 | GBL | GBC | GBR |

11 +-----+-----+-----+

12 */

13 /* 2- and 6-cell recoveries of G */

14 G_rec2_lo_p : calcRecov2CellGen(basisFun , pv1, varsP, polyOrder , ←↩

↪→ dg(GCL_lst), dg(GCC_lst)),

15 G_rec2_up_p : calcRecov2CellGen(basisFun , pv1, varsP, polyOrder , ←↩

↪→ dg(GCC_lst), dg(GCR_lst)),

16

17 G_rec6_lo_p : calcRecovFaceGen(basisFun , [pv2, pv1], varsP, 0, 0, ←↩

↪→ polyOrder , 0,

18 dg(dg(GBL_lst), dg(GCL_lst)), dg(dg(GBC_lst), dg(GCC_lst)),

19 dg(dg(GBR_lst), dg(GCR_lst))),

20 G_rec6_up_p : calcRecovFaceGen(basisFun , [pv2, pv1], varsP, 0, 0, ←↩

↪→ polyOrder , 0,

21 dg(dg(GCL_lst), dg(GTL_lst)), dg(dg(GCC_lst), dg(GTC_lst)),

22 dg(dg(GCR_lst), dg(GTR_lst))),

23

24 /* Surface projections of (G_rec)_v1 and (dG/dv1)_v2 */

25 G_rec_lo_c : calcInnerProdList(surfVars1 , 1, bSurf1, subst(pv1=0, ←↩

↪→ G_rec2_lo_p)),
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26 G_rec_up_c : calcInnerProdList(surfVars1 , 1, bSurf1, subst(pv1=0, ←↩

↪→ G_rec2_up_p)),

27

28 dG_rec_lo_c : calcInnerProdList(surfVars2 , 1, bSurf2,

29 subst(pv2=0, diff(G_rec6_lo_p , pv1))),

30 dG_rec_up_c : calcInnerProdList(surfVars2 , 1, bSurf2,

31 subst(pv2=0, diff(G_rec6_up_p , pv1)))

32 )

33 ###########################################################################
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1 ###########################################################################

2 elseif (stencilLoc[sI] = [-1, 0]) then (

3 /*

4 [-1, 0]

5 Left

6 +-----+-----+-----+

7 | +++ | GTC | GTR |

8 +-----+-----+-----+

9 | +++ | GCC | GCR |

10 +-----+-----+-----+

11 | +++ | GBC | GBR |

12 +-----+-----+-----+

13 */

14 /* 2- and 6-cell recoveries of G */

15 G_rec2_lo_p : 0,

16 G_rec2_up_p : calcRecov2CellGen(basisFun , pv1, varsP, polyOrder , ←↩

↪→ dg(GCC_lst), dg(GCR_lst)),

17

18 G_rec6_lo_p : calcRecovFaceGen(basisFun , [pv2, pv1], varsP, 0, 0, ←↩

↪→ polyOrder , 0,

19 bcs([der=0, val=subst([pv1=-1,pv2=-1], GCC_e)]), dg(dg(GBC_lst), ←↩

↪→ dg(GCC_lst)),

20 dg(dg(GBR_lst), dg(GCR_lst))),

21 G_rec6_up_p : calcRecovFaceGen(basisFun , [pv2, pv1], varsP, 0, 0, ←↩

↪→ polyOrder , 0,

22 bcs([der=0, val=subst([pv1=-1,pv2=1], GCC_e)]), dg(dg(GCC_lst), ←↩

↪→ dg(GTC_lst)),

23 dg(dg(GCR_lst), dg(GTR_lst))),

24

25 /* Surface projections of (G_rec)_v1 and (dG/dv1)_v2 */
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26 G_rec_lo_c : calcInnerProdList(surfVars1 , 1, bSurf1, G_surf_CC_pv1_e),

27 G_rec_up_c : calcInnerProdList(surfVars1 , 1, bSurf1, subst(pv1=0, ←↩

↪→ G_rec2_up_p)),

28

29 dG_rec_lo_c : calcInnerProdList(surfVars2 , 1, bSurf2,

30 subst(pv2=0, diff(G_rec6_lo_p , pv1))),

31 dG_rec_up_c : calcInnerProdList(surfVars2 , 1, bSurf2,

32 subst(pv2=0, diff(G_rec6_up_p , pv1)))

33 )

34 ###########################################################################
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1 ###########################################################################

2 elseif (stencilLoc[sI] = [0, -1]) then (

3 /*

4 [0, -1]

5 Bottom

6 +-----+-----+-----+

7 | GTL | GTC | GTR |

8 +-----+-----+-----+

9 | GCL | GCC | GCR |

10 +-----+-----+-----+

11 | +++ | +++ | +++ |

12 +-----+-----+-----+

13 */

14

15 /* 2- and 6-cell recoveries of G */

16 G_rec2_lo_p : calcRecov2CellGen(basisFun , pv1, varsP, polyOrder , ←↩

↪→ dg(GCL_lst), dg(GCC_lst)),

17 G_rec2_up_p : calcRecov2CellGen(basisFun , pv1, varsP, polyOrder , ←↩

↪→ dg(GCC_lst), dg(GCR_lst)),

18

19 G_rec6_lo_p : 0,

20 G_rec6_up_p : calcRecovFaceGen(basisFun , [pv2, pv1], varsP, 0, 0, ←↩

↪→ polyOrder , 0,

21 dg(dg(GCL_lst), dg(GTL_lst)), dg(dg(GCC_lst), dg(GTC_lst)),

22 dg(dg(GCR_lst), dg(GTR_lst))),

23

24 /* Surface projections of (G_rec)_v1 and (dG/dv1)_v2 */

25 G_rec_lo_c : calcInnerProdList(surfVars1 , 1, bSurf1, subst(pv1=0, ←↩

↪→ G_rec2_lo_p)),

26 G_rec_up_c : calcInnerProdList(surfVars1 , 1, bSurf1, subst(pv1=0, ←↩
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↪→ G_rec2_up_p)),

27

28 dG_rec_lo_c : calcInnerProdList(surfVars2 , 1, bSurf2,

29 dGdpv1_surf_CC_pv2_e),

30 dG_rec_up_c : calcInnerProdList(surfVars2 , 1, bSurf2,

31 subst(pv2=0, diff(G_rec6_up_p , pv1)))

32 )

33 ###########################################################################
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1 ###########################################################################

2 elseif (stencilLoc[sI] = [-1, 1]) then (

3 /*

4 [-1, 1]

5 Top Left Corner

6 +-----+-----+-----+

7 | +++ | +++ | +++ |

8 +-----+-----+-----+

9 | +++ | GCC | GCR |

10 +-----+-----+-----+

11 | +++ | GBC | GBR |

12 +-----+-----+-----+

13 */

14 /* 2- and 6-cell recoveries of G */

15 G_rec2_lo_p : 0,

16 G_rec2_up_p : calcRecov2CellGen(basisFun , pv1, varsP, polyOrder , ←↩

↪→ dg(GCC_lst), dg(GCR_lst)),

17

18 G_rec6_lo_p : calcRecovFaceGen(basisFun , [pv2, pv1],

19 varsP, 0, 0, polyOrder , 0,

20 bcs([der=0, val=subst([pv1=-1,pv2=-1], GCC_e)]),

21 dg(dg(GBC_lst), dg(GCC_lst)),

22 dg(dg(GBR_lst), dg(GCR_lst))),

23 G_rec6_up_p : 0,

24

25 /* Surface projections of (G_rec)_v1 and (dG/dv1)_v2 */

26 G_rec_lo_c : calcInnerProdList(surfVars1 , 1, bSurf1, G_surf_CC_pv1_e),

27 G_rec_up_c : calcInnerProdList(surfVars1 , 1, bSurf1, subst(pv1=0, ←↩

↪→ G_rec2_up_p)),

28
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29 dG_rec_lo_c : calcInnerProdList(surfVars2 , 1, bSurf2,

30 subst(pv2=0, diff(G_rec6_lo_p , pv1))),

31 dG_rec_up_c : calcInnerProdList(surfVars2 , 1, bSurf2,

32 dGdpv1_surf_CC_pv2_e)

33 )

34 ###########################################################################
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1 ###########################################################################

2 /* Compute each term of the discrete diffusion coefficient ,

3 and sum to get final expansion coefficients. */

4

5 /* surft1 = < psi- * d/dv1(G_rec) > dS_v2 */

6 surft1_lo_c : calcInnerProdList(surfVars2 , 1, bSurf2, dG_rec_lo_e),

7 surft1_up_c : calcInnerProdList(surfVars2 , 1, bSurf2, dG_rec_up_e),

8

9 /* surft2 = -< d/dv2(psi-) G_rec > dS_v1 */

10 surft2_lo_c : calcInnerProdList(surfVars1 , 1, bSurf1, G_rec_lo_e),

11 surft2_up_c : calcInnerProdList(surfVars1 , 1, bSurf1, G_rec_up_e),

12

13 /* vol = < G d^2/dv2 dv1(psi) > */

14 vol_c : calcInnerProdList(varsP, 1, diff(diff(bP, pv2), pv1), GCC_e),

15

16 /* Expansions of surface and volume terms */

17 surft1_lo_e : doExpand1(surft1_lo , bSurf2),

18 surft1_up_e : doExpand1(surft1_up , bSurf2),

19 surft2_lo_e : doExpand1(surft2_lo , bSurf1),

20 surft2_up_e : doExpand1(surft2_up , bSurf1),

21 vol_lst : makelist(vol[i], i, 0, NC-1),

22

23 kernel : calcInnerProdList(surfVars2 , 1, subst(pv2=1, bP), surft1_up_e) +

24 calcInnerProdList(surfVars2 , -1, subst(pv2=-1, bP), surft1_lo_e) +

25 calcInnerProdList(surfVars1 , -1,

26 subst(pv1=1, diff(bP, pv2)), surft2_up_e) +

27 calcInnerProdList(surfVars1 , 1,

28 subst(pv1=-1, diff(bP, pv2)), surft2_lo_e) +

29 vol_lst,

30
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31 ###########################################################################

32 /*

33 After computing expansion coefficients of the drag coefficient ,

34 write them out to the kernel file.

35 */
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