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CHAPTEJ. I 

.INTROl)UCTION' 

We shall first. oonsider oertain interesting-

problems which arise in regard to estimation procedures for 

the parameters of tbenegative binomial distribution .. 

VariOUS forms have been proposed for the negative binomial 

distribution, and the estimation problems which arise depend 

on the form assumed.. Several estimators have been suggested 

by various workers, amon<,i these estimators being those found 

by fitting moments. However, only the usual large sample 

properties, e,g., asymptotic bias, variance, effiCiency, 

etc., have heretofore been disoussedfor tbese est1matoX's~ 

The second general problem which we propose to investi .... 

9ate is that of developinq a method for obta1n1nq population 

characteristics, namely: mean., var1ance, a.nd the third and 

fourth moment of statistics which are functions of the sample 

moments.. The method. proposed for development is the method 

of orthogonal stat.istics. This procedure is based on the 

set of polynomials, qo (x), ql (x), <12 (x), 1'",.", which exists 

for many statistical distributions and possesses the usual 
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properties of orthogonal polynomials. These polynomials are 

established and well known for the classical distributions 

suoh as Roanal,Po1sson, Binomial, Chi··-square, etc .. 

(b) Purpose and Ss;ope 

This dissertation will actually serve a dual purpose, 

(a) to develop and. simplify the use of orthogonal statistics, 

and (b) to apply t.he latter to a study of chal:'aoteristics of 

certain moment estimators of parameters of the negative 

binomial distribution.. We Shall consider first a few 

details involving the scope of development for the orthogonal 

statistics. 

The theory behind the development and use of orthogonal 

statisti.cs is disoussed at length. Also" certain "users 

tables at were prepared., i.e .. fI dictionaries which simplify the 

use of this technique.. These tables will enable one to 

obtain, in a.scending powers of 1/11." expansions of sampling 

moments of estimators which are functions of the first few 

sample moments. The tables facilitate expansions" if 

desired, through terms in n Further tables for the par-

ticular case of the negative binomial dist.ribution are given 

to ease the heavy algebra that might be involved in this 
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technique. It might be saidbere that tile technique of 

orthogonal sta.tisticslends itself particularly well to 

discret.e distributions .. 

Particular eases are given where expansions of moments 

of certain moment statist.ics are derived using the method of 

orthogonal statistics. Ixamples used to illustrate this 

technique are: (a) certain moment estimators f:r:om a negative 

binomial sample, (b) the squax-e-root of t.he coefficient of 

3/2 skewness" m3/m2 ,from a normal sample; (0) the coefficient 

of variation from a normal sample, and others. 

The orthogonal statistics are put to USe in an investi-

gation of the properties Of moment estimators for the 

particular forms of theneqst1ve binomial distribution due 

to Anscomhe [1], IVans [lOJ, and risher [13J. The purpose 

was t.o determine the accuracy of the usual asymptotic 

formulae for various momental constants by assessing the 

contribution of hiqber order terms.. It is worth noting that 

due to the wide use of the negative :binomial distribution, 

and because of the complex na.ture of other proposed esti-

mators, considerable interest has :been generated toward this 

problem. The moment estimators for these oases are certainly 

attraotive from the standpoint of ease in handling, i.e., in 
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comparison to the maximum likelihood and other estimators .. 

Because of this and as a result of the fact· t.hat moment esti·­

mators appear to possess seemingly high efficiency fOr certain 

combinations Of the parameters, some practical workers have 

advocated their use (in particular, their use is recommended 

in the region of t.he param.eter space for whicb the large 

sample efficiency is ;rreater than 90%). However in all 

cases, only the usual asymptotic properties have been dis­

cussed. Preliminary investi9ations pOinted toward the 

indicat10n that for one particular estimator in the case of 

Anseombe's fOX11l..,t.he sampling distribution might be quite 

different from that depending- on the usual asymptotic 

moments. Thus it was felt that more thorough evaluations of 

these estimators were needed beyond the asymptotic properties .. 

Expressions for tbe expansions of the first four moments 

of these estimators are derived throuqh terms in n ···4 

Emphasis is put on tbe bias and variance of tbese estimators 

for a wide range 1nthe parameter space and for various 

sample sizes Ii The object here is to shed some light on the 

small sample properties of the estimators and" at the same 

time, sbow bow onem1qht be mislead by considering, without 

further investigation, only the usual asymptotiC properties. 
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Objective comparisons are made which show the difference 

between a lI:good If approximation and an asymptotic one with 

special reference to the bias" variance, and the determinant 

of the covariance matrix. Certain pictorial representations 

are given whioh illu.strate this compau:ison. It should be 

noted that in many cases a good deal of formidable algebra 

pred.eeded the attainment and tabulation of the result;s of 

these prope:rties. Very often anIJM 1620 was used to 

faoilitate the lengthy computations. 

Pearson curves are fitted using approximations for ~l 

and r.\ the coefficients of skewness and kurtosis res~c-. .....2" r-

tively. The purpose bere is to show departures from normality 

of the estimators for various sample sizes.. Certain checks 

are used in justify1nq the expansions given in the text. 

Among these is II brief Monte Carlo study which Simulates the 

negative 'binomial and generates chance values of one of the 

interesting estimators. A small populatlonof this estima-

tor results and the moments are calcula.ted and compared to 

those found from the expansions" 

It is believed that this thesis might also lead to 

further thought and research, particularly in the field of 

estimation and asymptotiC expansions of statistical proper"'" 

ties of estimators .. 
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OBAP'!'!ll II 

We shall introduce the concept of orthogonal polynomials 

with respect to a statistical distribution function (see 

Cramer raj )-. Let F(x) be a. distri'bution function with 

finite moments of all orders.. Then there exists a set of 

orthogonal polynomials (qr(x») suob that 

S.ClP q (x)q (x)dF(x) .. ql 
r s r 

~ ... c::x;) 

for r -= s 

== 0 for r ~ s 

where <Pr > 0, '0 .. 1, and the coefficient of xX' in qr(x) is 

unit.y.. The polynomials will be infinite in n1ll\ll)er if the 

set of points of increase of F is infinite, and finite in 

number it I' has only a finite number of points of increase 

(Cramer [8]). 

For a discrete distribut.ion for which 

Pr(X • xl == p x 
(x .. Ojl, •••• ,?) 

the set (q (xl) would have the properties 
r 

for r. s 

.. 0 for r ,. s 

where CPr > 0 • 
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(a) Method Obta1ningO:rthogona1 PolynomiaJ,e 

1. 

In the same notation as before, let f(x) be a f:requency 

or probability function with all moments existing. Let 

X-iJ.= X.. The ql s are obtained in t.he following manner, 

1 X 
ql(X) .. - J 

1 ~l 

(2-1) 

1 X Xa 

Q2(x) .. 1 f.Ll g2 
.:.. 

lJ. 2 
Q (2 .... 2) 

1J.1 il2 lJ. 3 

where fJ.. 1# j tth central moment fot' the distribution of x 
J 

with iJ.
1 

= 0 ~ 

Thus 

(2-3) 

Q3(X) = 1 X X2 X3 1 l.i1 lJ. 2 

1 1J.1 J.L 2 l!3 III iJ. 2 III ..:... (2-4) . , 
1-11 f.12 Jl. 3 f.L4 112 f.l.3 lJ.4 

j;.t2 lJ. l J.14 J.l. S 

and 
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Q4(X) == 1 X X2 X3 X4 1 JJ.1 iL2 113 

1 ~l J.l 2 1J. 3 t.L4 tJ. 1 j;.t2 f.L3 tJ.4 

J.i. l J;.1 :2 f.L3 ~4 t.1 S il2 ~3 J.i4 ~5 

Jl. 3 iJ.4 f.LS 1J. 3 ~4 I-LS J.i 6 

1-i3 iJ.4 jJ, il6 j.i7 

In general, 'the rfth orthogonal polynomial q (x) can :be 
r 

written in determillantal form as follows. 

q (x) == 0 1 X X2 • .. .. '" " XX 1 til 1-12 ,. .. 
'" J.Lr - 1 r 

1 ill 1J. 2 
.... • G: .. Ikr i-L 1 iJ.2 I-L3 tJ..r 

J.L1 iJ.2 III Ilr+l 
..:... 

f.L2 t.t3 J..l. 4 .. .. . .. " .. .. .. .. 

tJ,2 J..L l iJ.4 
.. .. ~ " .. JJ.r +2 • • • ., • 

lL r-1 tJ. r JJ. r+l J.L2r .... 2 

where 6 '. +1 if t is even and -1 r is odd. 

Certain reourrencerelationsh1ps exist for any set of 

or'thogonal polynomials. Aotually there is a fundamental 

recurrence of orae%" 2 from which others of higher order can 

be derived. These can be extremely helpful and can be used 

not only in obtaining the qls themselves, but. also in obtain-

ing expected values of certain products. This is of 
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part.ioular use wben the polynomials are eventually used to 

generate sampling moments.. This j of callX'sS,. will become 

more apparent lateran t:he text" 

Szsgo [28] gives the fundamental recurrence re1at1on-

ship in the following fornu 

q (x) == (x-a )fI. 1 .. (It) - b. q. ") (x) r· .1" r- rr-& . (2-5) 

b we multiply both r by q. '''l.. and take expectations .. 
r-~ 

We can then write 

bcp =: m (x • q(x) -q (x) J 
rr-2 r-2 3:'-1 

(2-6) 

Using equation (2-5) once again, we can write 

q 1· (x) == (x-a. l .. )q ~ (x) - b lq 3. (x) r- ;r- ·r-& r- r-

Multiplying both sides by qr"~l (x) and taking e.xpectations, 

we have: 

.cp := B{x .. q .. (x) <I q (x) J 
~-l r-2%-1 (2-7) 

and finally, 

( ) 
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q (' 'x)' == x%'+ ~(r) r-l + ,,(r) r-2 
r ~r-l x ~r-2 x + ... it " 

where (l ~r) .. coefficient of x£ in qr (x) . Then equating 

coefficie·nts of xli-1on both sides Of (2-5) yields, 

so that finally: 

a r 

2. Certain Specif1cCases 

(2-9) 

Qonsider the case Qf the normal distribution with the 

usual probability density 

The first three orthogonal polynomials are as follows, 

(2-10) 
q2 == (X-fJ,) 2 .. - u2 J 

q3 == (X-IJ,.) 3 - 3 (x"""iJ.) (1'2 

Certain speoial properties are characterist1a of these q's 

for the normal distribution. If we consider the normal 
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distrihut.t.on with JJ, == 0 and 0" == l, the following property 

holds. 

(2-11) 

_~D2 
2 x 

where e is expanded in ascending POW8:rS of D~. This 
x 

property can be used to obtain the following polynomials. 

H
2

(X) == x 2 ..... 1 

B
3

(X) == x; -

H
4

(X) -= 

etc. " 

, 

+ 3 , (:2-12) 

These are called the Hermite Polynomials (see Kendall [20] 

and Szego [28] for example). Another interesting formula 

for these Herm1tePolynOIttials is 

-~X·. :a. ..... -t:x·2 
e 2· :a: (xl == (-l) ) .. [e 2 ] r· x (2-13) 

I'XOIn observat.ion We can see that the polynomials of (2-12) 

can be generated using this expression. From the property 

in (2-13) it can be shown that these unormali2Sedu polynomials 

follow the recurrence relat1onsb1p. 

There are other instances where recurren.ce relationsh1ps aid 
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in the determ.inatton of these orthogonal polynomials.. For 

example, in the ease a Poisson variate with discrete 

probability function of the foxm 

the following relationship bolds for the gene:ration of these 

polynom1als; (We shall use Kendall's [20J notation here" 

ioEL., use kis instead of q's.) 

'''''l~ (r) k (x) == e . x .. 
r (2-14) 

whe~e A is an advancing difference operator 4 We denote by 

x(r), the factorial term x(x-l)(x-2) ........ (g-r+l) .. These 

polynomials are called. eharlier' s Polynomials (28).. The 

firs·t few are: 

k == 1 o 

kl == x - m J 

k.2 := x2 - x- 2xm .... j and 

k3 == x(x-l) (x-2) - 3mx(x-l) + 3xm2 m3 

Kendall [20] cites other classical distributions such as 

which the polynomials are worked out .. 
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(0) .1)eterminat.ion e Use. of Orthogonal Statistics 

We shall now proceed to ou.tline and illustrate details 

involv1ng the actual use Of these orthogonal polynomials in 

obtaining mOm.ents of the distr1but1ons of certain moment 

statistics. Consider a sample (xl' .......... x ) from the .. "n 

distribution in question" Suppose we d.efine 

Q == r 

n 
I: qr(xJ,)/n 

j==l 

so that from the orthogonality property of the q·s, we can 

write 

I(Q1") =: 0 , 

E(O~Qs .. ) == 0 ,In , ... rs r 

where 0 is the i(ronecker delta symbol, i~.e".9 rs 

6 == 0 
1"5 if r " s 

= 1 if r == s 

, (2-16) 

We shall, from the outset of thi.s discussion, refer to the 

O's as orthogonal st:atistics..However, it must be said that 

they really are "pseudo statistics n., ille"l they are functions 

01: the random varial>le x but also involve the parameters of 

the distribution. It is easily seen here that these (l's are 

linear functions the sample moments and are hence random 
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variables. ' C:onsider example the case of the polynomials 

associated with the normal distribution: 

wbere 

00 = 1 J 

01= mi ~~ f.L , 

02 = mi 21J.m1 + .f.L Ii - (12 , 

etc. 

n k 
l: x . 

.1.=1 3.. 
m.. •. == K n 

From (2-1)" ( ), and ( ) and from t.he definition of Q., 
J 

one can see that in general: 

°0 = 1 j 

°1 == mt -~ f.L , 
1 

(2-17) 

Here we denote ~k as the kfth moment about zero. Conversely, 

then we can write 

mi = ~i ... 01 ' 

mi == JJ.2 ... (2~i1J,311l2) 01 ... 02 

It would be proper at this time to introduce notation 

that will be used throughout the remainder of this text ~ We 

shall use the convention 
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'l:l.' (1'\ .. a A~ A ry ) (Q!t t:3t ty ) .w Wr Ws Wt " ... 0", == r s .. '" ,. • ,. 

(2-19) 

.. " . .. ] 

Any moment statistic t(mi,m2 ..... ~) oan be expanded in the 

follow.t.ng form~ (at least for a class of t functions) ~ 

t = a + a .Q + a.a 0,0 •..• 0 1,0 ..... 0 1 O,l,O ..• ~O 2 

+ aO 0 1 0 nO) + "'"',,. + &1 1 0 o Ql't." , , , "' ... v ' , :I ........ .l 

+ a 1 00 Q + .... ".. + a . . . (i~ + l!""" 1,0. ,0.0 •• 1 3 2,O,O.~ .. O 1 

+ ao,~, ...• ~Q~Q: .... ~ + •..• (2-20) 

-rais expansion ma.y 1n some eases be non-terminable.. Like-

Wise, any power of t can :be expanded in a similar fashion. 

Thus at. least formally, the kIth moment. of t is found by 

takincg the expected value term :by term of the expansion 

(2-20)" This sU9'gests a need for a system of obtaining the 

expected values of Q products, or in our notation values of 

a ~ cy (r s t ,.,." .. ). These can be obtained in asoending powers of 

with the coefficients being the square bracket terms 

defined by (2-19), i .. e., the expected q-products .. 

To arrive at the expansion described in the previous 

paragraphs, we consider the jOint moment generating function 

of theQ's, 
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B{exp[ a Q +0, Q +Q'tQt:+ ... " .. J ) r r sa 

in which r; s, t, etc .. are distinct positive integers. 

(2-21) 

This expression follows from consideration of the independ-

enoeof the observations and from the basic definition of 

the OIS given b¥ (2-15)u We can then write 

E (exp[ a 0 +0. Q +CtizQt,+ ....... ]) r· r s s ., 

Q,q. +Ct .. · .. q +. Ctt.qt + ..... ~ . (a q .. +. (X q .. +at
q

t .+. " .... ) 2 
== {E [ 1 + t r r .8 S ) + i[ r § ~ . ... + 0 0 .... ] } n 

n ' n 21 ' 

This oan be simplified further to the equation: 

(ex Q +0, Q +atQt+ ...... ) 2 

( (
A r\ ) r .. r.. S S. ' , 

I l+ctrQr +naws +OtWt+· "" • ,+ 21 -- + ... ".} 

9
2

9
3 

== 1 + n (n2 21 + n'3 f + ~ .. 0 • } 

}
3 

.6Q-'*. + .... " 

k + ;, .... ) + ....... ,(2-22) 

where: 

+ 60, a at[:rst) •• ~. r s and so on. 
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By actually performing the expectation on the left-hand side 

of (2-22), one can equate coeff1cisnt$ of appropriate 

products of powers of thea' s and obtain the desired expected 

O-products.. (Of course to obtain the 'final values to be 

used in dete,X'mininq the moments of t:., one must also evaluate 

[ Q,f;'Y ] the . r s t ...... ,. .. This will· be disoussed subsequently.) 

Equation (2-22) leads to the general form as followsl 

at'')' b af5'Y A (r s t ...... J = ~ (r s t ..... ),/n 
A=a 1\ 

where a '" -l+o:+(3+'Y+. • • and b" (l+o:+@;'Y+ •••• } • 

({zJ refers to the integral part of z.) 

Examples 

(2-23) 

We can usa (2-22) in conjunction with the notation of 

(2-23) to obtain the follOWing expected o-productst 

(i) 

(i1) 

== (r3
) Ine 

2 

== [r.3J/n2 

(r4 s) == (r4 s) /n4 + (r4s)/n3 
4 3 

= ([r4 S]-6[r2 }[r2 s]}/n4 + 6[r2] [r2 s1/n3 

(:c) Simplified Method for .Determining Expected Q-Products 

An interesting simplification for obtaining (ras~try." .. ,,) 

can be noted here" Many of' these can be obtained by applying 
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Kendall' $3 r 21] symbolic operator technique.. We sball shew 

an example of t.he technique and then prGCeed to generalize 

on it 01 Asswne that by the pzo$Viously described method one 

has obtained 

• 

Then by applying t.o this the opexator a(o/dr ' J we can write 

4(r3 s) == 12[rs}[rl)/na!+ (4[r3s]-12[rS ][rs]J/n3 

However .. from orthogcma11ty propert.1es, [r8J- 0 and thus 

(1'38 ) III [r3s]/n3 

For another example, suppose one had arrived at the following: 

(r 3s a) '. .( r r:3] [ s 2 J ~ 3 [ rl ] r rsa ] ) In" + (r:3 sa) ,In 4 

for r ',; s. 

By applying the operator t(3/o) and ,s1mplifyincg, we have 
s 

(r3st ) =: 3[r2) [rstJ/n3 ... (r~st)4/n4!) (rr' sjdt) • 

Thus if one wishes to obtain a1,1 expected Q-products of 

ord$r .. say k, one can beg-in with a known expression for (:tk ) 

and by cont.inuously applying the pJ;oper differential operator, 

kl k2 k3 
derive all (1'$ t " •• ,,) for which kl +k2+ ... ". -k. One 

must be cautious, however, not to drop terms 'that are zero 

in intermediate stages in deriving expressions in later 

stages. For example, [raj e 0 but will certainly. make a 
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contribution under the ope.rator S (d/d )., A rule for one t.o 
X' 

follow here 18 to allow oneself to apply an operator of the 

type s(o/d ) to any existing final expression which is not 
r 

conditioned by r f: s.. Act.ually the work involved here becomes 

quite lengthy for the higher powers of the Q-products. Thus 

a combination of the two methods described was used in 

obtaining tbereeults in Appendix A. Appendix A gives a 

Ulibrary U of expected Q products in terms Of expected 

q~products for any four OIS (denoted by Q ~Q ,Qt,Q ) through rs . u 

order 10. This will» of course, enable one to expand the 

moments the distribution of any statistic inVOlving any 

-5 four sample moments to powers of n .. 

It should be noted at tbis point that one cannot truly 

evaluate the mom.ents of a statistiC: via the Uorthogonal 

statistic if method until one bas a library of expected 

q-products' or a 11brary of expected Q's evaluated in terms 

of the population parameters. 

All q-prodnct expectations can be derived from a 

manipulation of the fundamental recurrence relationship 

given by (2-5)" The preferred form of ( 5) is 



(r=1,2" •• ~ .. ) 

(2-24) 

where c r +1 =- (ar+1-"o). !his expression was obtained by 

replacing x by «11 .... qo 1n (2-5) and solving for qlqr • 

(Strictly speakin9J an alternative form of (2-5) was used; 

namely, one Whereby r was replaced ~ r+1J aepeated multi-

plioation of both sides of (2-24) by appropriate 'lIS gives 

formulae whereby one can obtain values of [r
Q
'sf3t 1'" 0 • "]1o 

Actually at generalized form of (2-24) can be written as 

follows. 

(r,s) + Cl
2s 

l'!I "r-s (r ~s) , (2-25) 

where (r,s) 
a

O 
== 1. (Further discussion on these expected 

q-products for the negative binomial distr:Lbut.1on is given 

in Chapter IV.,) The above equatioll is extremely useful. .for 

instance from (2-,25) and the orthogonality conditions, we 

have 

[r s t] =: 

{

O' for t > r+s, t < r-s 

a(r,a) m for r-s < t _< r+s 
r+s-t Yt ' 



- 26 -

Similarly, we could write 

2s 
[r s t uJ .. B( Z 

'A,:;;() 

2u (r,a) (t,u) a q ~ a q J A .. r+8-1\ . v .. t+u-v 
v=O 

where we assume r sand t > u .. 

Of course, orthogona.lity will remove certain terms on taking 

expectations f) A continuation of this process will deal with 

expectations of high degree q-products. Of course, the 

magnitude of the degree of these q-products depends on how 

many sampling moments are 1nvolved i.n the statistic t and how 

many population moments of this statistic are needed~ (In 

our work with the negative binomial distribution, we consider 

statistics which are functions of mi m2 with the first 

four moments of the statistics expanded to terms involving 

n .. ) 

As an illustration, consider a situation in which it is 

desired to j;ind various valu.es of the expectations of 

One can obta:i.n 

all Of these by first deriving" a few of the basta q-products 

as linear combinations of the individual q's.. For example, 

from (2-24):J by set.tinq r equal to the appropriate values, 
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where the coefficients are those defined by t.he ori,inal 

x:ecuX'X'enoe relationship Qf (2-5). We can also man.1pulate 

(2-24) toobta1n 

qfq2 .. '3<11 + c3Q2t11 + :b)qi 

== q4 + cilqJ + -4q 2 + c l (Ql+Q3Q,2+b3'11' 

+ b 3 (q2+c ;;/'1·lt2
QO) 

.. '4 +Q,(c,,+c3) + <i2 (»4+e;+b3) + Ql(cl b3+b3c2) 

+ b 3b2Qo .. 

Simila.rly q~" qf, qlq~, and q~ are obtained ana these seven 

q-prOducts can be writtenaa follows, 

1n which, in terms of the coefficients in (2-24), 

A .. 1 , Al == °2 !J AO .. ba ; ,2 

B
J 

.. 1 :J :82 == °3 , 81 
.. b

3 i 
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"4 == 1, C3 == <:4 + °3 - ° 2 , C2 == 1>4 + b 3 ~" b 2 

+ 03 (C3-c2)' 01 == b 3c 3 , Co == b 3b 2 ., f 

'3 == 1, '2 == C2 + C1 ' Pl == b] + b2 + C~ j 

FO == b 2C2 1 

G4 == 1, G3 == 04 + c 3 J °2 • h4 + b) + O~ , 

G1 == »3(°3+°2), GO = b 3b 2 ; 

HS- 1, 84 == Os +C3 , H3 == b S + 04C3 + C2 ' 

H2 = h 4C'3 + °3 (Ci+b3)' HI == b 3 ('.b4+b3+C~) , 

HO == b 3b 2c 3 . j 

16 == 1, IS == H4 ... °6 °2 , 14 =b6 +bS -b2+ C5(C5'"~C2) 

+ 03 (c5+c~1!:'""C2) + C2 ' 

I3 == b5(c5+C4,,-c2)+C3(b5+b4"~b2+c:-c2c4)+b3c3+C3C2 ' 

12 == b Sb 4 + b 3C; + b 3b 2 + C~ + b 4C; , 

11 = b4b3C3 + b3c 3C2 + b;C3 , 10 == b3b 2C2 

We then use these seven basic linear combinations to derive 

the desired expected q-products as follows# 

·[122 J == B m • C M == H 2T21T10 J 



2 3 
(1222) == :z A"C"f.P'A == 1: B"f.P" = G2'2 e HI'l , 0 1 

3 4 
[l23 ] == .I B"<Z"CP,, = 82'2 

., 
Il'l 

[24] ., E G"¢>,, == 12<i>2 
. , # 

1 0 

3 :3 3 
[le] ., 5 F~q>", [lS2] == ~ F"G"cp", [1422] == ~ F"H"',, ' 

3 4 
[1

3
2

3
] == ~ F"I"fP,,' [12 2

4
J;: ~ 0A%A(I)1\ I 

It might be noted that these constants, i.e., the A'S, 

Bts, ., .... , S's, I's., ana the cp's are in terms of the popula'-

tion parameters and could easily be intrQdueed into a program 

for a high-speed computer. This would greatly simplify the 

work involved in obtaining desired moments of functions of 

01 and °2- Note also that a number of' checks can be applied 
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in working out the above expected q-products and the same 

is true when furtnell' q'sare involved. 

(e) Bxamples 

We sball consider twopartioular examples at length in 

whioh moments of certain statistics are found using the 

proposed method of orthogonal statistics. Consider first the 

origin and scale·-free statistics ~ .. m3/m2 3/2
, where m3 

1s the third oentral sample moment for a sample of size n 

from a N(O,l) population, and, Of course, m
2 

is tbe second 

central sample moment fr·om the same population. 

E. S. Pearson t 23] actually worked out the variance of the 

related statistic 

y= [(n-l)/16(n-2) ] 'h
1

• 

The expansion is as followsl 

(2-26) 

Using the Q-statistics as defined in (2-15), we find that 
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so that 

sinee By DO., 

If we expand this in terms of powers of the (}' S J we find that 

(2-27) 

If we take expectations term by term and use the dictionary 

of Appendix A, we find that 

.. .. II .. 

I.f we added another 43 terms to (2-26) J we would cover all 

-3 O-products that would generate terms in n and would thus 

give the last term in (2-26). 

Again consider the sample coefficient of variation 

j .t(X-X).2. S = _..-.....1 __ 
n-1 

s 
v ==--- where 

Here we consider x13x2' •••. J~n a random sample fram a normal 

population with mean ~l ~ 0 and variance ~2. F. N. David [9] 

found the first four moment.s of v/V (Vis the population 

coefficient of variation) through terms in -2 
The follow-

1ng paragraphs show an example of the determination of the 
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meall and variance of this statistic using- Qrthogonal 

statist:lcs .. 

EJtpanding v/V in terms Of o-statistics, we have 

In)n-l {I+[ Q2/~~L+ ~301A.t.~ ,- Qi/IJ.. 2])~ 
v/V. . ....... . 

(1 + 01/1J.-1 ) 
(2-28) 

where the Q's were obtained terms of the m. f s from the 

following' equationSI 

m1 == Ql+tJ.1 ' 

m2 == 02 + (tJ. 3/fJ. 2) 01 + fJ. 2 + 2I.t1n\1 J.t2 
1 

These were der1ved for the N(fJ.i ) case usLng (2-1) and 

(2-2) and the definitions of the Q's in terms of the 'l'S. 

v/V == {i + 1/2n + " .. 1> ~} .. fl+ 1/2[Oa/lJ..2 +fJ.3Ql/fJ.~ 

Ql.lt.L,2] - 1/8 [ °2/ '"":2 + fJ. 3°1 AL ~ - Of/fJ.2]:2 + ...... ~ ) 

.. (1-Ol/lJ..1 ++ Of/fJ.i + ...... J 

:;: (1 + 2/n + ........ J • (l + 1.(0) .. 1/2 (Qi/ JJ. 2 ) 

- 1/8(Q~/ .... ~) .", 1/4(J,L3QIQ2/1J.~) - l/a(fJ.lQ~IiL;) 

- 1/2[P.3Q~/(lJ.jJ.l)] + Oi/lJ.i + • ~ ... 1 (2-29) 

where L(Q) represents linear terms in Oland 02 which have 

zerO expectation.. If we take expectations of the right,-hand 

side of (2-29) we obtain 



.... 33 .. 

£ (vlV) == (l + 2/n + to •• ~) " (1 .- 1/n[1/2 + ).L3/(2f..L21J.1 ) 

+ 1J.~/(8f.t;) - 1J.,2/lJ.i .... 118 + 1J.4/(Bp,~) 

- i-L3/(~~)]+ •• 0 • ) (2-30) 

This expression was founa :by usin9 Appendix A. Here 

h .• x-u 
"1 ""1 

Finally, simplif'1oation of (2~30) yields J 

(2-31) 

where kl • tJ.1 

k2 == Ji 2 

8(1) == term in n for first. moment of v/V , and 
2 

a(l) = term in n -3 for first moment. Of v/V • 
:3 

The expression is given in terms of oumulants to facilitate 

comparison with David's results. This method was actually 

used to obtain t.he 1/n2 term which checked with that given 

by David. 
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In finding- the variance of the statistic v/V, we have 

(v/V) 2= (0/0-1) [1 + Q2A.t2 + Jl.3Ql/lJ,~ - Q~/~2 J 

• (1 ~ 201/lJ. 2 + 3Qf/tJ.i -- 4Q~/ll~ 

+ 5Q~/fJ.~ + ..... ) 

(2-32) 

where, 1r 1 == that porti'on of the statistic which gives 

-1 terms in n , 

"2 .. that portion of the statistic which gives 

terms in n 

eto .. 

We shall proceed to o1>1:a1:o. the expansion of the variance, in 

illustrating t.he use of these O*s,. through the n-1 term. 

Thus, taking expectations as indicated in (2-32), we have 

(2-33) 
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After subtracting the correction term [E(v!V)]2from this 

we have; 

(2)/ a. (2)/ 3 + 8
2 

n + 8
3 

. n + .. ~. 

-2 Once iagainthe n term was alsc determined .. The details 

are not shown, but the procedure would be the same as out-

lined, i.e.$ the expsns;Lon of v/V and (v/V)· would be carried 

further in powex-s of the Q' s to include those terms of degree 

four.. Bxpectations of this expansion along with the use of 

the table in Appendix A y1elds the follOWing results. 

(2) 
S2 I: 3/S + 8k~/ki - lOkJ/k~+ k2/k~ + 5/2 k4/(k~k2) 

+ 10 ki/ki + 7/32 k:/k;+ 1/4k4k3/(klk~) 

-- 1/8 k6/k~ + 1/4 k;/(kfk~) - 1/4 kS/(k1ki) 

- 5/8 k4/k:~ - 1/2 k3/(l(,2k1 ) -. 1/2 kj/k~ 
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CHAPTER III 

IJODEIB , fORMS, AND ESTmATOR$FOR NBGATIV,B 

BINOMIAL n RIBUTION 

(a) Paxsieal Models 

The negative binomial distribution is one of the more 

widely used two-parameter distributions. It has application 

in many practical areas, including work with biological 

data, accident statist1cs, psychological data" reliabi11ty 

studies, etc. A literature review on this distributiOn was 

done by Bartko [5]. 

There is a natural similarity of the negative binomial 

to the positive binomial distribution II The basic positive 

binomial expansion with parameters p and n is, of course, 

(q+p)n, while the corresponding expanSion for the negative 

binomial with paramete):'s p and k (notation of Fisher [13]) 

is (q_pj--k, where q- 1 + p, p > 0, and k )0" aurland (16] 

suggests an interpretation of the probability term, 

If we imagine independent trials wi'ch l/q as the probability 

Of a usuccess!! and l?/qas the probability of a. ufailure u , 

then the expression is the probability that x+k trials will 
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be required to obtain k successes. According to Gurland, 

the negative binomial was actua.lly formulated by Hontmort 

in 1'114. 

One of the more significant properties of this distri-

button in that its variance (kp + kp2 in the above form) 

exceeds it:!a mean (kp). The Poisson distribution may be 

regarded as a limiting case of the negative binomial. If we 

let k -f eo J p -. 0 while keep1ng the mean constant, equal to 

say A, then the negative binomial probability func.tion 

becomes t.hatof the Poisson with parameter i\. 

There are var10us physical models which give rise to 

the neqative binomial distribution.. The first is described 

by 'eller [llJ as uapparent contagion U .. The application 

here is that Poisson Distributions may be compounded, i.e., 

the parameter A varies from case to case and is considered 

to have some statistical populat.ion. If the parameter A has 

a Gamma frequency function given b¥ 

A > 0, (l > 0" k > 0 J 

then the derived frequency generating function (parameter t) 

is 
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, (ex + t > 1) , 

with probability funct.ion 

k{k+l) ....... (k+x-l) a k .1 x 
Pr(X-x) == xl (r+a) (n:a) 

If we set l? == l/a and q == (1+0,)/0, then the above becomes 

identically equal to the negative binomial probability func-

tion.'eller also discussed Iftrue U contagiOn" i.e .. , the 

situation in which the probability of a success depends on 

previous favorable events. For example, consider sampling 

from a binomial population containing N objects in which p 

is the probability of a success and q the probability of a 

failure. Suppose also after each observation is taken, we 

replace the object and likewlseadd No objects of the same 

type 0 Then if we denote by X the random variable representing 

the number of successes in n draWings, then 

Pr(X-x) 

If we let n .... Q1) J p .... 0 J <5 > 0" and keep np -- 1\, no == Tj 

oonstant, then the above probabili.ty function becomes 



- 39 -

/. ........ \ . x )./ 
p (X=x) =: 'k(k+l) .. ., "Ak+X-H{.....!l..-) (-L) T) 
. r x J l+t} . 1+1) , 

which is a negative binomial upon setting 1\!Tl == k. 

Another model introduced by Kendall [19] wbi'cp g~ves 

rise to the negative binomial is that of immigration and 

birth-death processes. 

(b) Forms 

'there are a number of distinct forms of the negative 

binomial distribution. Thus, :because of this and because of 

its varied use, a number of estimation problems arise. We 

are going t.o consider in partiaular three forms 1 those d1s,~ 

cussed by Fisher [13], Anscombe [1 ], and Evans (10). 

Table 1 shows the probability function" mean, variance, and 

factorial moment generating function in the case of the 

three forms. It might be noted here that in Anscombe's form 

the special case of the '0:.1.6son distribution arises when 0: 

becomes infinite, i.e .. , the mean A equals the variance .. 

Note also that. Table 1 contains the first two moment esti-

mators for the three forms Qf the negative binomialo These 

are the estimators which are of primary interest here and 

will be discussed at length in Chapter v. 



Table 1. Interest.J.ng Forms for Negati.ve BinomialD1sl:.:ribution 

PrQperty Anscombe Fisher ,E,vans 
ax x x 

(a+x~l}et A (k+X-l) P ,m/a+X-l)a, 
·Prob.:runct1on x ('A+a)a+x 

x .' k+x x (l+a)m/a+x q 
p 

Parameters ).,a Pararne:ters k,p Parameters m,a x 
q = p+l 

F.M.G .. F,. -a (1 - pt.) (1- at)-m/a 
parameter t 

(1 .- At/a) 

Mean A kp m 

Variance A ... ).2/0 , pk(l+p) m(l+a). 

First Two A= I P =(m2 -mi) /mi iii=- m ' 1 
Moment Est~ators A '2/( ') k = m~/(m2-mi'> A 

·2-mi)~~i _ ~~_.:. m1 _"'lU2 ~mL ____ ~. a == 
-... ---,-~- -.-

*The combinatorial of P taken to :be unity when x - O. x 

Other Notation: (to be throughout the text) 

n 
m

l
' == ,2; x./n 

i=1 l. 
:; 

11. 
j/n 

11. • 

m~ == Z , m. = ~ (x.-m,)J/n 
J i=l J 1-1 l. 1 

t1 == E(X) , l-i ~ == EX
j 

J 
11 .tJ... == E(X-tJ..) j 

J 

i 

~ o 
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(0) Estint!3tors 

Fisher [13] actually discusses the problem of estima-

tion and~ in particular, the problem Of fitting a negative 

binomial J:)y maximum likelihood methods.. He also gives some 

discussion on the asymptotic efficiency of moment estimators. 

Anscombe [lJ disousses similar estimation problema with 

respect to the negative binomial and other contaqious dis-

tr1but±onS1 namely Neyman Ifypes A,B, and C; Polya-Aeppli: 

and the discrete lognormal. 

Anscombe actually suggests, other than that of maximum 

likelihood, four primary m.ethods oiestimation for the 
A 

parameters of the neqative binomial. Bere A == mi in all 

oases. 

Second Moment 
A 

A -= m' 1 
(3-1) 

This is the first set of moment estimatoX's we will d.iscuss 

at length in Chapter V. 



Zeroth.Ffeguency 

wheret 

J 

no == number of zeros observed 1n the sample., 

n == sample size. 

Invex$s Moment 

where I 

== number of times x occurs in the sample. 

A 

00 -0 
lin Z n.,}::x. == (1+m

1
' (1-<:)/0,) 1 :3 

X=O .n. .:J 

(3-2) 

(3-3) 

for a given value of a not equal to untty.. FQr Ansaombe's 

not.ation, the maximum likellhood estimator of el, say a.:J is 

given b.r a root of the equation 

00 
n Jtn(1+m1'/a*) := .I: n ,[1/0,*+ l/(a*+l)+ ... ~. + l/(a*+J-l)] • 

. J=l J 
(3-4) 

Haldane [17 J gives an it.erative technique for the solutioll 

of (3-4). We do not propose to actually investigate prop-

erties of a.*. However, some of them are given (see Chapter VI) 

for purposes of comparison with corresponding properties of 

the moment estimators" 
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.vanS investigated a large amount of expe:r1mental data 

1nvDlv1ngplant and insect quadrat oounts. The evidence 

essentially inCiicated that for plant counts the lieyman 

Type A Distribution fits fairly well while for insect counts 

the negat1ve binQnlial fits :best. Ivans,as indicated by 

Table 1, considers the parameters m and a for tbe negative 

binomial, where in reference to the form of AnscQmbe, 

and a == A/a • 

Two general methods of estimation were eons1dered for the 

negative binomial" Neyman Type A and Polya-aepp11 distribu-

tiona. These methods were; (a) the use of t.he mean and 

variance, and (ll) the use of the mean and a proportion of 

zeros. Evans pOints out that neither method may be efficient 

in some aases and hence SU9'gests t.he use Qf a third} namely 

an est~ate which is'a weighted funotion of the first two. 

These three methods yield the following' estimators; 
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A 

In == ma 

1 

A 

a1 is the solution of t.he equatiQn , 

eainedEst.ima.te 

Dvans calls this estimator a, defined by w 

where. 
A 

a c estimate found by using moments 

(.3-5) 

, 
A 

a1 == esttmate found by using proportion of zeros , 

Var a - cov(a,a
l

) 

contours of w are given by Bvans" 

There are many other estimators which will not be 

mentioned here. 

(d) Practical Work with the. Negat1ve 8inom1al 

The practical work in the paper by aliss and F;Lsher [6 ] 

involved counts of a number of European red mites on apple 

leaves.; The data revealed that a fairly close fit 0'ou1d be 

made with the negative binomial. The form used was actually 

that of Anscombe, i.e., with parameters A and a. It is 
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proposed. that in estimating 0, moment estimation, i.e., 

a == m' at /(m • -m·"~m· 2) can safely be used for a > 13 and 
1 ,2 1 1 

a/A> 6 since this results in an efficiency (aotually the 

author means asymptotic efficiency) of greater than 90%. 

Bliss and risher propose that under lOW efficiency condi~'" 

tiona for moment est1mation. an alternative estimate sucb as 

that described by (3-2) might be used.. It turns out that 

the efficiency of the latte:r: estimator is greater than 90% 

if more than 1/3 of the units are empty, or in other words, 

1/3 or more of the observations are zeros. 

Bliss and FisheX' aotually proceed to fit a set of data 

using botb kinds of estimators. The sample size used was 

n ::; 150. ·rhe variance (large sample variance) is quoted for 

these estimators and the given set of data. (See Chapter V 

for a discuss1onof the paradox in quoting the usual large 

sample var.i.ances of the moment estimator G.) 

Perhaps one of the more intriguing pieces of work on 

use of the negative binomial was that of ArDous [3] on 

accident statistics and theconaept of accident proneness" 

It 1s hypothesized tbat the distribution Of the accidents 

incurred m:Lght be due to Simple cbance e It is theorized 

under the hypothesis that1 (1) if the environmental 
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oircumstances are homoqeneous for all individuals" and 

(i1) individuals are homogeneous wit.h respect to cex-tain 

qualities that might genel:ate ;reasons for accidents to occur, 

then the theoretical dist.ribution of accidents might follow 

a Poisson probability law. However an alternative and more 

realistio hypothesis is stated which essentially says that 

people do vary with respect to certain qualities and 

environment which brin.gs about changes in accident proneness 

from person to person. Likewise, having had previously 

sustained a certain aocident, a person's accident proneness 

is changed and thus the homogeneity conditions do not hold. 

This hypothesis is due to Greenwood and Yl.lle [15 J .. This 

brings about the use of the negative binomial, Soms, accident 

data is given to wh1ch the negative binomial was successfully 

fitted. 

The above examples represent only a small sample of 

uses of the negative binomial d1stx-ibution. Table 2 gives a 

larger collection of practical examples. Hote that the 

values of the parameters(1n Anscombe*s notational form) are 

given for each example. These, of course, are not the true 

parameters for the latter are not known.. The values in the 

tables are in fact based on moment estimates of the parameters. 
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Table 2. Some Examples of Parameter Values 

In Practical Cases 

Author or (and) Experimenter A a 

Evans and steiger [10 ] 39.00 1.'10 
u u 38.00 2.40 
u If 16,,00' 1.00 
u n 25.00 0.70 

n ff 16.00 1,00 

u u 5~ 0. 
If n 111.00 8.46 

it If 6,97 1.13 
u ., 1.73 3.84 
n u 9.88 2.30 
U n 1.82 1 .. 00 

Evans and Hanson [10 J 1.40 2.12 

II u 0 .. 3.12 
II u 22 .. 80 l}. S8 
it II 5.75 1.26 

n If 4.03 1 .. 31 
fI u 2. 1. 

Fisher [13 J 3.25 3096 

Fisher and Bliss [ 6 ] 1 .. 15 1.17 

n 

40 

it 

n 

n 

n 

U 

it 

n 

II 

Ii 

,& 

325 
It 

384 

782 

120 

780 

60 

150 
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GENERAL USI .Ql. OltTBOOONALITl\TISTICS .!!! Tim NEiATIVE 

BAL DISTRIBUTION 

One of the primary purposes of this dissertation is to 

pOint Qut eertain previously unknown eharacterist.ias Of 

estimators of parameters the negative b1nomial.. Thus it 

is fitting to attempt to discuss here the application of 

certain of: the conoepts mentioned in <:bapter II to the 

negative binomial distribution. Then in Chapter V, the 

results the study these estimato:rswill be discussed. 

(a) Relationships between SL..! JimS!Sample Moments 

Consider the form of the negative binomial with param-

eters A and. (see Chapter Ill)" i.e." Anscombe' s form. 

Through use of the determinants in eq. (2-3) and (2-4) and 

from the definitions of the Ole, the following expressions 

can be derived. 

°1 II1II: rna ,- A , 
1 

°2 == mf m' - 2 (l+l/a)1\m:i+ 1\2(1+1/0) and 
2 1 

°3 == m' - 3m' + 2m' - 3 (1+2/a) A (m2-mi) 3 .2 1 

+ 3(1+2/0,) (l+l/a)A~m; - (1+2/a) (1+1/o~)A3 .... 
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There is a form from which one can obtain the general ~, 

namely the difference operator expression: 

which leads to the expression for the O's, 

0_ .. :LIn ~ (I-A/a A) a+k-l x(k) 
'"'"k j=l 

where x. represents the jlth observation from a sample 
J 

(4-1) 

(4-2) 

(Xl ,x
2

' .. · • ,xn). Here we denote x(k) as X(Jrl) •••• (X-k+1). 

For example, in finding 02 we ~~uld expand as follows: 

02 .. lin ~ (l-X/a A)o.+l :It;~2) 
j-l J 

It is important to have a direct method of relating tnt 
r 

to some func.tion of the a's, i.e", f(01"Q2'''. 10 ,Or). An 

inverse moment :relationship was: .introduced by Shenton and 

Wallington [24] of the typet 

where 

x(r) • (1+"/0 &X)<l+r-l q (X) 
r (4-3) 
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One can then use (4-3) and the basic definition of the Q's 

to express the sample factorial moments in terms Of the Q's. 

For example, the following relationships are derived: 

'lD(2) := 02 + 21\(1+1/0),01 + (1+1/0)1\2 , 

In(3) == 03 + 31\(1+2/a)02 + 11\2 (1+2/a) (l+l/a)Ol 

+ 1\' (1+2/a) (1+1/a) 

Here m(k} refers to the k-th factorial sample mom.eut, 
n 

i.e":1 E Xj (x .-1)" .... " (Xj-k+l)/n • 
j=l . J 

(b) SomePrgeerties. of U !2£ Negative Binomial 

There are other useful properties of the orthogonal 

polynomials associated with the negative binomial d1stribu-

tion, some ofwh1ch areapp11cable bere.. For example, 

Shenton [25] pointed out the useful expression that gives a 

general evaluation of , , where r == 1,2, ...... as follows: 
r 

(4-4) 

where (a+r-l) (r) .. (a+r-l) (o+r-2)" It ... (0',+1) (0) .. 

Another property, although not directly connected with the 

orthogonal statistics but one which can be extremely useful 



.- 51 -

in evaluating the [ :r as t3t y ..... "J in case they are needed., is 

tbe expression whioh enable.s one to obtain the factorial 

moment 

( ) 8-1 
Ex s 7 AS IT (l+i/a) :III ~(s.). 

1-1 . 
t4-5) 

As examples we have the following: 

~l -= A 

11 (2) == ,,2 (1+1/0) , 

tJ. ( 3) lit ",J (l+l/cl) (1+2/a) .. 

It might be noted here that the factorial moments are much 

easier to work with than the central moments. The factorial 

moment generating is found in Table 1 of Chapter III. Note 

from the above factorial moments that 1f we consider the 

case where a is large, the moments approach those of a 

Poisson. 

(c) B292ected Q-Proa.ucts forN'eSlat,1ve Binomial 

Recall in section (a) Chapter II that certain 

recurrence 'relationships were 'liven which eventually led to 

relatively easy attainment of the expected q-products which 

were extremely useful in finding the actual moments in powers 

of lin of moment statistics" However, the material of 
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Chapter II was discussed only wit.h respect to g-eneral recur-

renee relationships and no specific cases were discussed. 

It is proposed. that here t.hose recurrence relationships be 

discussed which were useful in obtaining the m.oments of cer-

tain estimators of negative binomial parameters. 

Using the same ''',,0.) form of the distribution as 

mentioned in (a) of this chapter, we have the first basic 

recurrence relationship for r L 2, 

q (x) == (x-1\- (r'~~l) (2'A+a}/aJq (x) - A(1\+a}(r;l) (a+r."'2I q . (x) • 
r 1."-1 a r-2 

(4-6) 

This relationship can easily be derived usin, the general 

form of the recurrence relationship (2-5) in Chapter II, i.e., 

q (x) • (x-a)q l(x) - b q 2(x) r' r r-· 1." r- (4-7) 

Here we note that by expanding (4-1) for k = (r-l) and 

k • (r-2), one finds that from the notation of section (a) 

of Chapter II J 

a #* 1\ + (r-l)(2A+a)/a 
r 

== 1\%'-1 'A+a)t-l (a+%'-2} lX"-l) (%'-1)1 a 2r- 4 

a 2r- 2"r--2(A+a)r-2(a+r_3) (r-2) (r-2) I 

== A(A+a) (r-l) (a+r-2)/a2 

Thus, after substitution of a and b into (4-'7), (4-6) results. r r 
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From (4-6) one can derive certain q~products for the 

negative binomial just as they were derived in general in 

Chapter IX. For example, since x - A .. ql' one can solve for 

the produc1: ([1 (x) IIqr_l (x) and obtain 

q q .. q +(r-1) (1+2'A/a)q . + "(A+ct) (r-ll (o+r-21 q . fI 

1 r-l r r-1 a 2 r-2 

(4--8) 

(Note that the argument x 1s omitted here.) 

Similarly one can manipulate (4-7) and (4-8) to obtain the 

following: 

+ (r-2)(1+2A/a)2}<:t
r

_
1 

+ 2A(~+a)(1+2A/a)(a+r-2)(r-ll(r-2)q 2 
o r-

1\2 11\+0)2 
+0,4" (r-l) (r-2) (a+r-2) (o,+r-3)Qr_3 • (4-9) 

From (4-8) and (4-9) we can derive any q ..... product of order 2 

that contains ql and Q2" This will sl'lal:>le us to obtain many 

expected q's of order 3. For example, suppose we needed 

{122J~ Setting r= .3 in (4-8) 91"e61 

<11<12 • q3+ 2(l+2Aja)q2 + 2MA+a~1a+1) Q:
1 

Multiplying both sides of the above equation by ql al1d taking' 

expectations yielasi 
\ 
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Since (Pl =- A(i\+a)/a, the final result becomes" 

(lS2] .2~2(A+0',!2(a+l) 
a 

It might be noted here that the orthogonal property causes 

many of the expected triple-products to become zero. For 

example, we multiply both sides Of (4-9) by q where 
s 

s > r+1 or < r-3 a.nd take expectations, the result will be 

The expected q-products found via these recurrence 

formulae can be used to obtain the expected O-products :1::or 

the negative binomial. The actual expected Q-products 

involving Q1 and 02 not exceeding order a tlttouqh terms in 

--4 
n were worked out in terms of the parameters A and a and 

are given in Appendix III This work was accomplished by the 

use Of the expeoted O·s in general which are found in 

Appendix A and l:>y' the manipulation of the recurrence formulae 

discussed above. 
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CHAPTER. V 

MOMENT ESTIMATORS m fHE NEGATIVi BINOMIAL 

It can be seen by sq. (3 .. 4) of Chapter III that the 

11ke11hood equation is a rather form1dableone and in prac­

tice is not easy to solve unless a digital machine is used .. 

Thus the simplest and most attractive method of estimation 

seems to be that of moments.. The estimators for three of 

the forms of the distribu.tion are given in Table 1 in 

Chapter III.. Various workers have used these est1xnators in 

practice. Table 2 in Chapter III shows a list of workers 

Who, in practical cases, used m.oment estimators for the three 

forms of the negative binomial that we consider here. Note 

the particular values of the parametex-s (obtained, of course, 

thrQugh estimation procedures). 

The moment estimators derived by equating the first two 

sample moments to the oorresponding population moments will 

be considered in detail hers,. Bias" vari.anoe, and covarianoe 

properties for, these estilllstors will :be discussed.. Particu'­

lar emphasis is put on a discussion of the possible mis-­

interpretation or misuse of asymptotic properties of these 

estimators. 
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Similar properties in the oase of the maximum 11kelicM 

hood estimators for onsof the forms of the distribution 

were worked out by lowman [7].. A discussion of the compari'~ 

son of the behavior of these estimators is q;i.ven in 

Chapter VI II 

(8) .Moment:.:mstimator~ for Anscombe&s Parameters 

We sball denote the mOMent estimators for Anse,ombe's 

form as a and ~, where of (:ourse I ~ == mi and a • mi e I (m2 -mi) " 
A 

Here Ct is not defined for a null sample Ii. e t), when x. = 0 
J 

for j = 1,2, ...... ,n. This does not present a problem Since 

tbere is a small probability of a null sample occurring if 

n is large and for certain regions of the pa.rameter space .. 

When the maximum likelihood estimators are used in the dis-

oU8S10n, they will :bereferrea t.o as Ct. and A*. 

An asymptotic series was developed for the bias of a 

througn terms in n-4• The expression is as follows: 

E(a-a) == A (1) In + A (1) In + Ii (1) In + A4(.1) /n
4

+ .... .,(5 ..... 1) 1 . 2 . 2 3·· 3 
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wheres 

Bere the A~l)ts are given as follows: 
1. 

A(l). 27a2 + 24a + 1128 
5 

A(l) • 2180- - 268a + 2352 
4 

A(l) _ 50002 + 4S6a + 120 
1 

Atl ) • 12002 + 1600 + 48 o 

, 

, 

, 

A (1) • ().+Cl) (a+l) ~. ~l»). 10:'-1 la'). a 
4 i-O 1 

with for all i . 

(5-1-a) 

, (5-1-b) 

(5-1-c) 

(5-l-d) 



- $8 -

The b (1) IS ax.-e given in the body of the following table for 
J 

each :e!l). 

~z a!l) 
a;l aa a Canst. 

.(1) 
7 

81 -276 -22,400 -86,064 

.(1) 
6 

1,279 -1;!1388 -46,104- -268,128 

.(1) 
5 

6,811 -6,,157 ,078 -308,088 

1(1) 
4 

17,769 -7,997 36,556 -155,360 

.(1) 
.3 

25,696 6,008 31,,050 -29,232 

.(1) 
2 

21,100 20,040 14,804 1,184 

.(1) 
1 

9,240 14,440 7,760 1,456 

.(1) 
o .. 1,680 3,360 2,OSO 384 

The expression described above was derived using the 

orthogonal O's by the technique descril;)ed 1n Chapters II 

and IV. 

n " 
The first four texmsin the bias of a given in (5-1) 

are tabulated for n == 100 in Table A.l. Note that in general 

the entries decrease as A increases fora constant a and 

increa.se as a increases with a constant 1\. The fact that 

the sec,ond, third, and foutth terms seem to be quite large 
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Table Ae1. 

--:---~-~~ 10 15 25 50 100 

1 
e0704 00668 ~0641 ,,0620 .0610 

. .0006 00029 .. 0035 .0038 00039 .0039 00039 60038 .0038 
1, 

(III) .0317 .0090 00059 .0047 .0041 .. 0031 00029 00026 .. 0025 .. 0024 
(IV) .0287 .0106 ,,0067 .0052 .0044 .0032 .0028 .0025 . 0023 ~ <) 0023 

( I) .6300 .. 3000 .2167 .1800 .1596 ,,1224 ,,1111 .1024 00961 .0930 

2 
(I .2853 00414 .0 ,,0073 ,,0041 .0002 ,,0006 .0010 .0013 00014 

( III) ,,2833 .0223 .0079 .0046 .0034 ,,0018 ,,0015 .. 0012 .00 .0010 
(IV) .2799 .0002 .0024 G0020 .. 0016 .0010 ,,0008 00007 GOO06 .0005 

( I) 1.440 .6000 .4000 03150 .2688 1872 .1632 1452 " 23 . 61 

3 
(II) 10281 .1677 .. 0597 ,,0309 .0193 .0054 .0028 .0013 .0005 .0002 

(III) 2.058 ,,0994 ,,02 .0101 ,,00 .0019 .0013 .0010 .. 0008 .0007 
(IV) 4.386 .0600 .0051 ,,0003 "Q005 00005 .0004 00003 .0003 .0003 

(I) 2.750 10050 66 ,,5000 4140 .2660 .2238 . 6 . 06 .1602 

4 
(II) 3. .4650 .1556 .0775 .0473 .0131 S073 ,,0041 Q0023 .0016 

( III) 99808 ,,3779 .0732 ,,0265 ,,01 3 .. 0027 .0016 "DOlO .0007 0006 
(IV) 33056 ~3944 ,,0380 ,,0078 .0022 00002 ,,0002 .0002 .0002 .0002 

( I) 4.680 1.680 1 .. 013 .7425 ,,6000 .3600 .,2933 02448 .2112 .19 

5 
( II) 9~844 1~063 .3361 01606 .0950 50245 . 33 G0073 .0042 ." 0030 

(III) 35.13 1,,176 .. 2025 ~O662 .0303 ,,0045 ,,0021 .,0012 ,,0007 ,,0006 
(IV) 17406 1,,763 .. .0320 90100 .0002 .0001 .0001 "DOOI .0001 

( I) 27~83 8 .. 580 4,,608~30080 2.310 1,,100 07944 ,,5852 04488 ,,3872 

10 
(II) 200.8 032 4,,597 1.911 1.009 " 00818 e037l .. 0177 00114 

(III) 2420 58054 7.695 1,,994 ,,7431 .0517 ,,0149 .,0044 ,,0015 ,,0008 
(IV) 40830 27605 17~94 2.882 ,,7524 .,0189 .0031 00004 .. 0000 .. 0002 

( I) 84,,48 24,,48 12,,48 7.986 50760 20400 10600 1,,075 07488 ,,60"72 

15 
( II) 1294 1.5 24 84 9.620 40773 06861 .2680 .1023 ,,0404 .0228 

(III) 33063 702.4 82,,44 19032 6.582 .3248 .0741 .0161 .00 ,,00 
(IV) 1183 3 6801 382.5 ,,19 12.65 02108 ,,0273 ,,0031 .,0003 ,,0001 

(I) 358,,3 98028 47 72 29.22 20,,28 70280 4,,391 20600 10560 1.138 

25 
( ) 1047 237,,2 85 .. 71 39091 4,,463 10460 ,,4401 ,,1289 .0576 

(III) 9807 2 1964 418 .. 5 130.5 4" 07924 ,,1194 .. 0165 ,,0044 
(IV) 9 44 4617 2 22 67 2858 597eO 6. .4 0 ,,0441 .0027 00004 

( I) 2679 702,,8 327,,4 19208 129 .. 0 39078 21036 10 .. 71 5,,100 3 .. 060 

50 
( II) 418 3 28130 5975 2030 891.6 77.60 20" 7"9 40644 .. 8703 ~2583 

( III) 1087 5 1877 3 1817 2 35601 102 25101 33~36 3,,279 .2334 .0324 
(IV) 3957 7 1753 5 7735 3 8740 2 16 1 .36 74" 78 3,,221 1)0859 ,,0054 

( I) 20708 5305 2416 1392 912 .. 0 255 .. 5 126,,5 55.55 21,,21 lOel0 

100 
(II) 1267 4 8225 2 16862 5537 ~ 23523 1756" 41101 73 .. 25 9 .. 189 1,,730 

( III) 1293 7 2125 6 1962 4 3670 3 10113 20081 19 159 .. 5 6,,457 .4617 
(IV) 1846).(1 7687 7 31957 3406 5 6080 4 32142 1676~ 48507 6 .. 317 01696 

Key to Table A~ 1. (a) ) -' (II) -' (III) -' ( refer to the four terms 
in bias " of ." ex: when n =: 100. 

(b) Underlined figures in this table are negative. 
(e) Indices in thiS table are to taken as the 

power of 10 which multiplies theentrYi thus 
hill. = e:.iln 
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for many values of a and. A certainly generates much thought 

on. the ,1dea of the interpretation of what one might call 

"asymptotic bias n. The following paragraphs seek to answer 

these questions. 

An observation of Table A.l will reveal that fol' the 

part o£ the parameter space in which A > a, it may be said 

that if one quotes only the first term in the bias one won't 

).)e in errer by more than 15% for n -= 100. Thus it certainly 

can be said that a ngood u approximation of the bias is given 

by (5-1) for n= 100 and. " > Q. Consider , however .. the case 

.1n which.a > 1\. In some sections of this region of the 

parameter space not only is it nunsafe u to conSider only the 

asymptotic bias, that is the first term of the expansion, 

but in some cases the next three terms completely'bverwhelm u 

the first. For example, with a sample size of 1000 one 

mighi: expec:t t.he h1gher order terms i.n the expansion to be 

insignificant. However, for a Case in which A -= 2, a == 50 J 

the terms in the expansion become 702.8 ... 28,130 .. 

+ 1,877,000. + 175,300,000. Note the astronomical error 

that would be involved by using' only asymptotic bias.. It 

turtlS out that even 1n the case where A =1, Q == 5, and 
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n == 1000, the er:ror in uSing the first term would be as high 

as 2S~. 

TO further illustrate the chaotic nature of thelJias of 
A-

Ct andalao to pOint out possible pitfalls throu,h not 

including h19her order terms in asymptotic expansions in 

general, Figure 1 is given which shows the ratio, as a 

percentage, of the first term in the bias to the first four 

terms when n • 100. Note the relatively large contribution 

of the first term when A > o. Note also the small contribu-

tion when 0. > A. Figure:2 gives the minimum sample size 

that can be used in order to make the first four terms in 

(5-1) a ilgood Q approximation (The criterion of ugOQCP' here 

was selecting an n for which A!l)/Ail}nlS < 1/20.). Note the 

relatively large sample s1ze needed in the regions of low A 

and high a. 

TWo points need to be established at this stage as far 

8.S the bias of a isconae:r:ned. .First, it certainly can be 

said that. in regions of low " and high ex, the esttmator a 
appears to have a relat..tvely laX'qs bias (assuminq of course 

that n is not extremely larg$).. Secondly, it can be pOinted 

out that to obtain an approximation ofti1e bias one must use 

some caution in practical cases and be wary of using only 
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the first term in the expansion of t.he bias in cases where 

a > 'A. Certainly the above results point out that in many 

cases even four terms 1n the expansion of the bias will not 

be sufficient to obtain a 'l00d approximation. 

2. 

An asymptotic expansion was found of the type, 

(5-6) 

using orthogonal statistics. Here the /1(2)·8 are as follows: 

where: 

1l(2) .. 2a(a+l) (A+a)_/,,2 
1 

, 

A!2) .. (0\+1) (A+!;!) (220\-38)A:$ + (780\-26),,20 

A (2) ... (o.+l)(}.+O) i A~2)'J\ 10\5-1/0\,,6 
3 1=0 .1. 

A~2) ... 164a2 - 1940 + 2572 

(2) 
A4 .. 11120:2 - 13020+ 5332 

(2) 
A .. 309202 - l08.'Ja + 3327 

.3 
(2) 

A~2 

(2) 
Al 

A (2) 
o 

.. 3876a2 + 1696a + 950 

.. 2l44a2 + 2472a + 656 

• 5520,2 + 800a+ 272 

, 

(5-6-a) 

(5-6·,..b) 

(5-6-C) 



where 

(2) 
qiven in the body of the table :below for eachB. t 

J. 

X .12
) 

0.1 as 0 Canst. 

(2) 
87 1,036 .... 1,516 ... ·53,052 -279,160 

.(2) 
6 

12,684 -15,,332 -69,428 -870,856 

.(2) 
5 

58,820 -48,224 95,268 -988,486 

.(2) 
4 

140,348 -29,360 211,992 <-476,460 

B(2) 
3 

190,560 92,840 154,250 -72,314 

B(2) 
2 

149,288 172,208 99,416 15,840 

(2) 
8

1 
63,040 108,160 61,536 11,840 

(2) 
DO 11,136 23,744- 16,032 3,,360 

Table A.2 shows a tabulation Of the four terms in (5-6). 

As in the case of the bias, charts were prepared illustrating 

the »ehavlor of this property. For instance, Figures land 4 

show the relative importance of the first term to the first 

four for samples of $1ze100 and 250 respectively. Figure 5 
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shows a 'chart;;,of minimum sample size in order that 

A~2l/(A12)n') < 1/20. 

We can easily see from Table A.2 that not unlike the 

case of the bias described in A.l, the asymptotic behavior 

brac.01l1es tnora explosive as a exceeds A more C!lJrld more. 

rigures 3 and 4 illustrate perfectly the trap into which one 

can easily fall in judgin9 an estimator on variance proper­

t1eswhen only the asympt.otic varianoe has been oonsidered .. 

We note that even when A • 1, aD 2, and n • 100 the first 

term is approximately 10% of the sum of the first four. 

When A • 1, a • 3, and n • 100, i .. e., if we increase a by 

one unit" this reduces the contribution of the first term. to 

2%.. Thus it can :be seen that in practical (lases (disregard­

ing extremely large sample sizes) one's assessment of the 

variance through use of the asymptotic term can be it gross 

underestimate of the true variance. 

It. shou.ld be noted that in figures 3 and 41 superimposed 

on the contours of % contribution of the f1rst term to the 

first four 1nVar(a) are contours of constant asymptotic 

efficiency. The purpOSe for this comparison was to better 

pOint out the trap involved in using asymptotic properties 
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Table A.2. Terms in Var a n :::: 100 

.~ 1 2 3 4 5 10 15 25 50 100 

( I) .1600 .0900 .07 ,,0625 eO 6 00484 00455 .0433 00416 .0410 

1 
( II) e0864 G0144 .0046 00014 &0000 .0021 .0026 00029 00030 .0031 

(III) .1068 .0231 .01 ,,0107 ,,0093 .0069 00062 .0057 00054 .0052 
(IV) .0484 .0301 00198 ~0156 00134 00096 00085 .0077 ,,0072 ,,0069 

( I) 1.080 04800 .,3333 . 00 .,2352 .1728 01541 01399 ,,1298 01248 

2 
(II) 1.636 ,,2616 ~1065 0608 .0409 00148 ,,0093 .0058 .0036 .0027 

(III) 2.703 .1881 .0579 .0 3 .0203 .0091 .0070 ,,0057 .0049 00046 
(IV) 4.526 .0690 90022 .0074 .0075 .0053 ,,0044 .0038 ,,0033 .0031 

(I) 3.840 1.500 .9600 .7350 06144 ,,4056 .3456 .30 02696 .2546 

3 
( II) 10.55 1 420 .5248 02824 01835 00627 ,,0396 .0258 .0176 .0142 

(III) 29.94 1.427 " 229 1317 00723 00189 .0118 .0080 .0061 .,0053 
(IV) 95065 1.,457 .1648 .0368 .0103 00028 .0029 .0026 .0022 .0021 

( I) 10.00 3.600 2" 8 1.600 1.296 .7840 06418 .5382 .4666 04 6 

4 
( II) 42.83 5.085 1,,728 .8760 .5445 .1653 00993 .0617 00407 ,,0323 

(III) 188.9 7.337 10414 .5047 .2474 .0447 .0229 .. 0131 00085 .. 0068 
(IV) 952.4 11070 1.205 .2773 00955 .0035 .0007 .0016 00016 ,,0015 

(I) 21$60 70350 40267 30038 2,,400 1,,350 1$067 08640 .. 7260 .6615 

5 
( II) 1 . 5 14 .. 35 4.564 2.201 1.315 03564 .2024 .1190 .0748 ,,0576 

(III) 839,,2 28,,43 4.924 1,,609 .7321 ,,1024 00453 .0220 .0124 ,,0092 
(IV) 6113 63.61 5,,8 1.247 .412 .0206 .0040 ,,0001 00010 ,,0011 

( I) 26602 79020 41031 26,,95 19 .. 80 i; 8" 800 6.111 40312 3.168 20662 

10 
( II) 5364 461.0 122.1 50.69 26,,75 4.830 2.188 1 .. 004 .4913 .. 3229 

( III) 11352 2769 366.8 95.71 35089 2 545 7406 .2192 .. 0722 .0380 
(IV) 2785 3 19141 1260 205.2 54.27 1,,450 .2582 .0441 .0075 00021 

( I) 1229 346.8 17208 10893 76.80 30.00 19020 12.29 8.112 6.348 

15 
( II) 5180 1 4050 988.0 381.7 189 .. 0 27 .. 04 10.55 4.033 1 .. 603 " 9 3 

(III) 23 3 4938 1 5826 1373 469.9 23.67 50480 1.212 .2802 .. 

(IV) 1199 5 69642 3956 1 , 5658 1333 f,23.15 3~113" .. 3808 ,,0461 00114 
( I) 8788 2369 2 683.3 468,,0 15903 92044 52.00 29.25 20 31 

25 
( II) 968 69611 1574 2 5675 2637 292.8 95.30 28.58 86330 3.273 

(III) 7 5 2161 3 2292 2 4897 1 15321 5 05 95.62 14 71 2.009 05729 
(IV) 1555 7 7789 4 3865 3 4881 1025 2 1121 107.7 80316 05528 .0855 
(I) 13 2 3448 J. 1592 1 9295 6171 1836 9 " 7 459 0 204.0 11408 

55744 3745 3 7944 2 2695 2 11822 il 

50 
( II) 102304 2727 605.1 11202 32 98 

( III) 2510 7 4340 5 4209 4 8260 3 2384 3 5880 1 7870 784 .. 2 57 .. 39 8 259 
(IV) 1319lO 58617 2595 6 2941 5 5575 3892 2 25981 1148 32029 2.181 

( I) 2061 3 52542 2381 2 13662 8908 .1 24441 11871 5050 1818 808.0 

100 
( II) 3379 6 2192 5 4490 4 1473 4 6254 3 4652 2 10862 19241 2389 444 3 

(III) 5958 9 
980 II'"' 9057 6 16966 4674 5 9322 3 1034 3 74901 3084 22607 

( IV) 1227lp 5119~(". 2131 9 2275 8 4068 7 2167 11384 33462 4496 12703 

Key to Table A.2. (a) (I) J (II), (III) ,( 
when n = 100 .. 

refer to terms in Var a 

(b) Underlined entries are negative .. 
(c) Indices imply multiplication by the corresponding 

power of ten .. 
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1.5 2 3 4 5 10 15 25 50 

---- CONTRIBUTION OF FIRST TO FIRST 
FOUR TERMS IN VAR (6<) 

~- - - ~ -ASYMPTOTIC E FFJCIENCY 

Figure, 3. Va,ri.ance cfa == mfl (m2 -m1 ) • 

100 

(a) Ratio (Firet term)/(Sum of first four terms), as a 
A. 

percentage, in asymptotic expansion of Var Q when 
sample size n =100. 

(b) Asymptotic Bfficiency of a using n- l terms only. 
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Figure 4. Variance of a = mi/ (m2-m1). 

100 

(a) Ratio (First term)/{Sum of first four terms), as a 
percentage, in asymptotic expansion of Var a when 
sample size n = 250. 

(b) Asymptotic Efficiency of a using n-1 terms only'. 
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A 

Of estimatQ:t:'s in general ana ex in particular" Note that the 

very (~,(l) region in which one miffht expect in practice to 

be able to use the estimator, i.e .. , the area of high 

asymptotic efficiency, is the X'e9'1oo where the first term Of 

A 

Var a is least effeotive ~ Likewise", in the area where the 

A. . 

behavior of Ci is relatively mild the asymptotic efficiency 

is low .. Inother.words one might easily be mislead into 

·concluding that hig'h asymptotic efficiency necessarily means 

that the variance of the estimator in question (in particu-

lar" a) does not exceed, to a 91'eat degree, that of the 

maximum likelihood estimator, and bence the former is a 

satisfactory estimator" Howevelr, we have here an example 

for Which this is at complete paradox, since the first term 

in the variance represents only a small fraotion Of the true 

variance (except j of course, for extremely large sample sizes). 

Let us note in F.i..qure 5 the largE! sample sizes that are 

needed in order that the expansion through four terms repre·-

sents a good appro.ximationof the true variance.. Considering 

this situation, one mig'ht expeot that: astronomioal sample 

sizes would be needed order that the asyp;ptotie variance 
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It can be said that in much of the work with the proper-

ties of estimators, the word UasymptoticH .ts used to 

"camouflage U the embarrassment of the ignorance about the 

succeeding terms in the expansion.. It is assumed, of course, 

that there is some 11. which will maket:emsneql1gi]>.le beyond 

the first. However, this n cannot be known unless further 

terms are investigated.. Bven when further terms are known 

we can still only make a perspicacious guess at the required 

value of n. Thus it is impossible to be certain that one·s 

a.ssessment of say, thevarianee of an estimator is close to 

the t.rue value unless he bas investigated further terms. 
,... 

This ease of a is iii perfect example ill which the above is 

true .. 

3. Covariance lfletexminant .0£ (at~) 

For Anscombe ·sform t.hemomentest.imat.ors are asymp-

totically uncorrelat.ed. FoX' this reason, the asymptotic 
A 

efficiency of a was discussed by AnseOlllbe [lJ without 

reference to joint estimation. If Joint estimation were to 

be conSidered, then the t.rue efficiency of the estimators 
A A 

(O:A) would be given as follows. 
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E .. ,(5-7) 

where, of course, a* and A* aI's the maximum likel1boodesti"" 

mators" As for the case of the bias and variance it. was 

considered wortbwb.11e t.o 1nvest.igate further terms in the 

expansion of the cO'V"8zianae and·hende the covariance deter-

A A 
minant. for Ct and 'A. A similar study was conducted by 

Bowman (7] for ct.* and).* and the actual discussion of a com-

parisen of t.hese results 115 "ivan in Chapter VI. 

llenote by DA the denominator of (5-7) j 1. e .. , the det.er-

A A 
minant of the covariance mat.rix of the estimators a and. A .. 

The purpose of the subscript notat.i.on hete is to differentiate 

between the t.hree forms 4iseussed in the sequel, 1.e., 

Anscombe, Evans; and Fisber (for exampl.e, the corresponding 

covariance determinant in Evans I notation will be D.>. 

Orthogonal statistios were \tsed to obtain tbe follow1ng 

(5-8) 

Table A"l displays a tabulation of the first and second 

term. in the expans.1on Qf the covariance detet:minant for a 
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sample of size 100.. Note that, as 1n the case of t.lle vari-

sncs, as a beeomes larger than " the Qovar1aneedeterminant 

-3 becomes larger and the n term becomes more a:n,d more impor-

tant. Of course the praet1eal use ef asymptot.ic efficiency 

assumes that the latter term is negl.lgible ~ Figure 6 is a 

chart of the sample size for different values of A and a 

that is needea in order that (5 .. 8) is a wood approximation 

to the covarianoe determinant.. (A criterion wasselscted 

bere which remained in keEJp1ng wit.h tbat m.entioned before 

for the bias and the varianoe, i.e. # n was selected such 

that the ratio of the· second teX'm tQ the first was 311/20 .. ) 

'urther work 'fA.'as (londuetea with tbe object of attempting 

A 

to verify tbe t{chaotic n nature of the distrilJutiol1 of a or 

at least to lead to further implications Qf t.hi,s. The 

coefficients of skewness ~l. tJ.~/~~ alld 132 -= jJ. 4/fJ. ~ were 

approximated for various values of Ct and A. These were oal~ .. 

aulatedfrom the moment expansions throu9h ter.ms in n-4 • 

Here orth09'onalstat1st1as were used to obtain fJ.)(&) and 

fJ.4 (a).. The actual expressions for these moments are given 

in Appendix C. 



Table A.3. First and Second Terms in Covariance Determinant for Estimators 

of Anscombe's Form for n- 100 

1 2 J 4 5 15 50 

0.00320 o. 0.01728 0 .. 10920 o. 1.06120 4.12120 
0.00173 :0. 4: ·-0.0 14 -0 .. 0061 .. 0185 -0.0716 .3156 

.2 
0 .. 01620 0.04116 0.10370 0.1.9650 0.,47240 1.68730 6.36720 
0.02450 0.00717 0.00890 0.01184 0.01947 0.04683 0.13555 
0.05120 0 .. 0819.2 0.17580 0.31104 0.70250 2.38200 8 .. 14180 

3 
0.14063 0 .. 02447 0.02718 0.03567 o. 0.15515 0 .. 48820 
0.12500 0 .. 14580 0.27440 0.451 3.14910 11.2486 

4 
0.53530 o. 0.06125 o. 0.07013 0 .. 11176 o. 0 .. 83920 
0.25920 0 .. 40500 o. 1 .. 29600 3. 13.8915 

5 
1.58940 0.10692 0 .. 12146 0 .. 17854 0 •. 41144 1.2090 

10 2 .. 92820 1 .. "16000 2.29160 3.77300 9.50400 29.2820 
59.0060 0.96624 0.B2061 O.8788~ 1.47390 3 •. 55250 
~3.1072 5.00000 8.19200 17.5760 48.6680 15 
552. 4.50670 2.68870 3.41400 6.99420 

25 
91.3952 .2950 26 .. 0000 43. SO 101 .. 563 
10068.3 .61 40.9871 14.2896 18.6164 

50 1353.04 117.100 220.320 172.125 344.250 
5.6850$ 77903.1 1221.67 226.895 112.159 98.9315 

100 20812.8 10118.2 7357. 2688.62 1578 .. 13 1363.50 1616.00 
3.41357 4.41096 1.38756 51175.4 6012.18 119~.'77 8S8.63a 

*Refers to 4 zeros between the decimal and first digi.t .. 

Other refer to the power of 10 to which the number in question is 
multiplied by, e~9., 3.41357 • 3.4135 x 107 .. 

" tn 



F1,Ul"e 6., Cevulanca 4eteaoirumtfol' t __ .lftomente.t1matQts~ 
. of 'be p,ramatars· .,). and a. 
Covarl.n~e determ1nant.A2~n· .. Al/n" ..... • 
'.ple siae nt,., make (Al/n l/(A2/na, .. 0.4 iIlPprox. 
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A problem. involved witbt.his study was the difficulty 

in '.being forced to use suoh large sample sises to udampoff lt 

the as.ymptotlcse:ries fOl: lJ.
3

(&) and fJ. 4 (ti) • For instance, 

for t.he most extreme aass, i.e., when .~ • 1, a .. 100, only 

sample sizes Qf greater than 2,000,000 could be considered. 

At any rat., one might certainly expect that for a sample 

size so large tbat. a moment estimator would be at least 

fairly c.lose to normality, i.e .. , ~l .. 0 and t!2 .. 3.. This is 

not the ease. f1able3 shows for variouS values of a and A 

approximate values of 131 and J;2 for the sampling distribu-

A 
tion of Cl.. The sample sizes that were used were also given .. 

Note here tbat normality .1,$ apPl:oached in it fairly restr1eted 

1~e", where A» a.. For example, for ~ .• 50, crt .. 1, and 

n ,. 750:1 t)l .. 0.01 andt32- 3 jp 04 * We note here with interest 

that there appears to bea oertain st.ability fo)!" A ,. Q; ()1)" 

That is, for a constant sample s1ze of 500 (larva enough to 

9 i ve safe approximations for f.L 2 , JJ. 3 , and 1J.4)~1 and fj2 

remainapprox.1mately cOnstant. 

A The unusual behavior of the distribution of Ct warrants 

furthe.r discussion. After a close examinati.on of the denom-

A 
inCltor ofaone m1qbt expect the estimator to have a large 



'labia 3. 
A. Measures of Skewness for the Sampling Distribution of .~ 

~I. 1 
2 5 10 50 10:0 

fll il2 fl\1 132 131 132 .131 132 (ill.f:);;t 

1 

.2 

5 

10 

50 

100 

0.55 4.19 

(500) 

0.12 4.55 

(1000) 

0.76 4. 

(SOGO) 

0 .. 523.98 

(20~OOO) 

0.38 3.97 

(;aDO) 

0 .. 46 3.89 

(500) 

o. ] .. 32 

(5000) 

59 4.;09 

(5000) 

0.44 3 .. 84 I 0.95 4 ... 09 

(500.,000) (100,000) 

0 .. 50 4.55 0.44 3 .. 84 

(2 JOOO ,. (00) (500,000) 

0.10 3. 

(200) 

0 .. 37 3<* 74 

(200) 

0 .. 46 3.87 

(500) 

o 4 .. 

(1000) 

0 .. 49 3 .. 94 

(20,000) 

o. 3.69 

(100,000) 

0.03 3.08 

(500) 

0.07 3~16 

( 

0.18 3.38 

(500) 

0.3.87 

(500) 

• 58 4. 

(5000) 

0 .. 49 3 .. 93 

(20,000) 

0.01 3.04 

(750) 

0 .. 03 3.11 

(500) 

0.07 3 .. 14 

(500) 

0 .. 101 .. 20 

(500) 

0.. 3 • 

( ) 

0.64 4.15 

(1000) 

Tbe nu.m'ber in parentheses in this table is n the sampl.e size. 

131 =~3/~~;# ~2= ~ 4/t1~ 

08 3. 

(150) 

0.01 3.00 

(150) 

0.. .3.01 

(500) 

0.07 3.15 

(SOO) 

0.. 3.41 

(500) 

0 .. 48 1.89 

(SOO) 

-...ii 
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varianoe for a» A. Call t.his denominator t .. m2-mi, where 

£(t) =: ",a/a..,. l/n[" + Aa/O].. The situation under whioh one 

A 

would a~p$ct a 1arge variance of a would be that for which 

there is an apprecia:b1e probability that the denominator is 

in the vicinity of 0 or precisely at 0.. Letting' A 9row very 

small in relation to a will cause E(t) to approach 0.. At 

the same time~ if we look at the variance of the denominator 

we see that 

Var(t) 

A2 {A+a) (12bffla+2hCl+2cz-l 
naa" 

.. II ... (5-9) 

Note from this that if we impose the same limiting condition 

as before, i.e .. , a» A, Var(t) grOws smaller. This, in 

addition to the above argument on E(t), .indicates that under 

this limiting condition a f'bulk u 0.£ the probability will be 

in the vicinity of o. Thus the explosive nature of the dis·-

A 
tribut.ion of Ct results" Unfortunately, however, this is not 

reflected in the first term in the expansion of the bias or 

valfiance but in the latter terms which, until now, have not 

been investigated. 
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The expressions for itt) and Var(t) also indicate the 

nature of the re910n of the (n,a,,,) space in which Var(a) is 

notqu.ite so large.. Q):)v:iQusly as A increases :in proportion 

to a the distribution of t moves away from the Utrouble U 

area!) that is, the vicinity of t -= 0. This reduces t.he 

chance of obtaining a sample for wnlch t • 0,. Then. an 

increase in n will bring about a corresponding decrease in 

Vax-ttl which even further reduces this chance. Thus while 

only one sample for which t • 0 would theoretically cause 

the bias and var1aneeto become infinite" 'A, oJ and n can :be 

chosen insueh a way that t.he chance of this oocurrence is 

pra.ctically nil. 

Note that in order that t be 0, m2 Blust equal mi,. It 

can be shown that for example wben n • 2 there are an infinite 

number of samples that will result in m2 =-mi, and thus 
A 

result in an infinite value fOr a. In faat J when n - 2 

Xl ., b(b-l) 

x
2 

:= b(b+l) 

(We don t t consider b == 0, since this qenerates the null 

sample .. ) 
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ror the sample above, mi and M2 are: 

b
S

"" be m' III --..---. ........... -
1 2 

for an arbitrary sample size n there are at number of 

classes of samples (x1,x2" •.•• "xn) which are such that 

m2 .. mi- :ror example, consider the following sample for any 

positive integer p and sample size ns 

Xl l1li (n,w·l)p· + p 

X2 == (n-l)p2 + p 

x 1· • (n-l)pa + p n-

x = (n-l)p2 - (n-l)p 
n 

It oan easily :be shown that for this sample, m
2 

.. mi" 



Consider also the class of samples, 

xl == 3p4(n-l) (n+l) (In-.2) + 6p 

x
2 

.. u It U + 12p 

xl .. u $I n + lap 

• 
II 

X .. tf ,. H + 6(n-l)p 
n~"l 

== u H II + In(n .... l)p ; 

where once again we make the restrict.ion only that p is a 

positive inte,er~ Bere again any such sample gives m2 == mi. 

Thus one could say 1ngenexal that: there will be a finite 

probability of obtaining an infinite value for a for a 

sample of size n. 'rhis 1>eing the case, one would certainly 

expeot the distribution of a to be,explosive in the region 

where the chance of an infinite value is non-negligi:ble. 

(b) BYans*Bstimators 

In. Table 1 of Chapter IIX it was lloted that the moment 

estimators for the notation of Evans with parameters a and m 

are a ={m~i"'mi ) 1m' ' and m .. mi. It turns out that the 

A ~ 

behavior of a is in mal~ed contrast with that of o. A pre-

liminary investigation of the denominator of this statistic 
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miiht lead one to suspect this oonclusion. Only a null 

sample will result in a zero denominator .. 

1" '" First ~ Moments of.!. 

The following expressions were obtained. for the mean 

A ( and variance of a; .'1:'0 avoid complication, we express the 

r.sults in terms of A and a, the parameters used previously.) 

E(a) -"/et _ tA+sl(a+l) 
0. (na.+l) 

(approx.), (5-10) 

var(a) • A
1
(2) /n + A.~2) Ina + A (2) /n3 + A (2) /04 + 

#.. 3 ·4 .. " " 
(5-11) 

Here tbe (l(lE;!ff.:l.eients Ai2) > 11.12
), A!2), and A!2) are 8S 

follows: 

A!2) .. ~ (1.+o.)(a+l)C).a(2a+l4) + Aa(2a+14) + 2(2 )/).a4 

1I.!2) ... ().+o.) (0:+1) ('Ali (l3a+53) + ).2a (14a+64) 

The .individual terms are g1Vel'l in Table A.4 for a sample 

size of 100. Note that in all cases the fix-at term is 

def1nitely dominant. (we rest.riot our study here to cases 

I 



~ 1 

(I) .1800 

1 
(II) .0136 

(III) 6240 3 

(IV) 23904 

ex) .0113 

.2 
(II) 34B8& 

(IXI) 97474 
(IV) 1800S 

(1) .0489 

:; (IX) 19362 

(tIl) ')4114 

(IV) 50aOa 

(x) .. 0398 
(II) 

.... 0 

4 4,-wI'iJ* 

(III) 18974 

(xv) ~ 
(I) .0350 

5 
(II) ,1117,2 

(l,I1) 12534 

(IV) 1386$ 
(I) .0267 

(%1) ~ 

10 6945 
(III) 005 

(XV) 4420'" 

(I) .0243 

15 
(II) 5836' 

(IIX) 2379$ 
(IV) 310S7 

(I) .0225 

25 
(II) 5043 3 

(III) 12628 

(IV) 246SG 

(I) .0213 

50 
(II) 4500' -(XII) 57306 

,(ZV) 21727 
(X) .0206 

100 
( XI) 4250:3 

(XII) 2730~ 
(IV) 12111 

... ~_t"'lIO!lo~!~~~ 
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Table A.4. Terms in Var a 
2 3 4 5 10 

.. 4200 .1600 1.200 1,,140 5 .. 940 

.0294 .0517 a 0805 .1157 .3876 
1299- 22448 34542 4929- 16261 
~4 82844 1269' 17993 5883 3 

~ ~ 

.1300 .. 2063 .lOOO .4113 1 • .230 
5700· B6SSa 1238 1 1675 1 487S1 
1388 3 20653 2897 3 3880 3 11032 

27155 3916$ 552415 7347$ 20554 

.. 0778 .1133 .. 1556 .2044 .5489 
2691- 3733Q 49958 6463· IGS}} 
46874 63414 Sl324 10643 2683' 
6330e 83956 10915 2S 34105 

.0581 .0798 ,,1050 .. 1316 .3281 
1734- 22512 .... 

3591- """" 
41fiJ 6 ,..", 

2397 4 3033 4 3797 4 46754 1067 3 

~ ... e a 46506 !5 

.0482 .0634 .0806 .1000 .. 2280 
1297· 1603s 1974a 24002 52562 

15034- 18124 21844 2600 4 54794-
1.2826 15006 1780e 21166 43308 

.0319 .. 0376 .0437 .0503 .0900 
67063 72393 8100' 9075 3 1540· 
4628- 4900$ 5l0S' 58005 9174" 
21457 2111'" - 2257" 24557 - l1807 

.0275 .. 0309 .0345 .0382 .0600 
5228.3 53593 56963 61311$ 90~73 
27i8'5 27515 28195 29375 39345 

89378 77608 78958 82738 11147 
.0243 .0262 .0281 .0300 .~O410 

42293 4116 3 !t18~JJ 43333 5509:3 
16305 1560· 1513- 14975 "i6495 

~ ~ ~ 23098 279643 

~O221 .0229 .0238 .0247 .0294 
3576~ 33383 32633 3,633 35943 

99386 9157 5 84066 78736 69266 

1150$ 2082ii' 21309 ~9 4897$ -.0210 .0214- .0219 .0223 ,,0245 
32193 2981 3 2863:5 28073 2837 3 

731S6 66056 58496 52706 39036 

~55,~,s 3820s 32199 21309 2980 10 
~"-""'_. __ ~?'oJo\r ,;,~ .... 

n == 100 

15 25 50 100 

12.64 33 .. 54 129 .. 5 509.0 
.8192 2.164 8 .. 324 32.64 
3421 1 8989 1 .3446 1.34,9 
12332 3229a - 1.2351 4830 1 

2 .. 486 6.311 23 .. 53 90.78 
9771l .2462 .9127 3.512 
21882 5411a 2016 1 17311 
40514 1007.3 36933 1413-
1 .. 060 2 .. 582 9 .. 304 35 .. 25 
3210 l 1753 1 2775 1.048 
5060 3 12102 42932 1614 1 

6J7aS 15124 5329 4 19963 

.6086 1.421 4.978 18.52 
1559 1 3621 1 t1254 .4648 
19263 44143 15132 55772-
18.51$ 95 

...... ,14264-~4 
.. 4080 .. 9240 3.124 11 .. 42 
92802 2070 '1 6975 1 .2541 
95104 20903 69493 25152 

74106 ,'16.1,;5 52965 19054 

.. 1412 .2781 .8220 2.772 
2374- 46122 l349 1 4528 1 

13724 25954 74274 2'460'.3 
56137 10426 29286 960a6 

,,0867 .1547 .4102 1 .. 288 
1280B 2248a .5~942 1841 1 

5329$ 89998 2287 4 70284 

14937 24747 61397 - 1857 6 

.0536 .0840 .1896 .5280 
70381:5 10822 24092 6666-
19665 2835- 59935 16154 

3375$ $ 99298 2617'1 
.0346 .0461 40$20 .. 1848 
4107 3 5355:5 93843 2099~ 
70336 81496 1287$ 27246 

S69S$) 1011s 1105$ 2279$ 

.. 0267 .0316 .0455 .0810 
3011 3 3~783 49243 8686~ 
34756 33066 38136 61156 

887010 12489 1671@ .awe -Key to Tabla A .. 4. (a) An underlined entry is negative. 
(b) (I) - (IV) refer to the four terms in Var a. 
(0) The index: is the number of zeros preceed1ng 

the first digit to the decimal pOint. 
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in which ). and a both exceed 1 f On. might note that if A 

and (l are less than 1, terms beyond t.he asymptotic variance 

will:be non-negligible.) file express10nin (5-11) is oer-

tainly more useful than the corresponding varianae expression 

for a. tn fact, it can safely be used (tbe ratio of the 

fourth term to the filtst :being less tban 0.(5) when n 1s 15 

or qreater.. Moreover, if n > 60 the usual term for the 

asymptotic Varianoe can .b$ used safely as an approximation 

for the true variance. It can not be said for sure Whether 

or not the approximation given by the asymptotic variance is 

an underestimate or an oVerestimate of the true var1anee. 

This is due to the alternating signs in (5.-11). It. is 

evident that for some p.oints in the (n,o;, 'A) space, this n'-l 

term mi.9'ht be in excess of Var(a). 

,2.. Covariance, Determinant 

An expression was. o:btained using ()rth09onal statistics 

for the covariance determinant 

through terms in n-3• This expression is as follows: 
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. .. .. " 

(5-12) 

As 'Was donef()J;' t.he estimators of Anscombe's form" the first 

two terms of this eKPansiOn welie tabulated assuming n == 100. 

They are shown in Ta:ble A.5 .. 

Note f:rQm Table A • .5 tbat DS is relatively well-behaved 

and can be $pp.roximated well by (5-12) forreilsonable sample 

sizes.. POX' example, 1f "'= .5 and Q, ,. 1 and n .. 100, DE' term 

by term" is 0.432 .... O.031104.8y contrast for a casein 

which a» A, e.g.," == 4;1 ex == 100, and n = 100, the succes-

sive terms are O .. ()0090889 -- 0,,000011906. Note that it can 

generally be stated that, unlike the ease of simultaneous 

estimation for Anscombe's parameters, the covarianoe deter-

minant DB is small intbe area Qf low A and high a, whereas 

it is relatively high for high A and low Ct. Nevertheless, 

despit.e the xoegj.Qn of the parameter space in whioh one is 

working, reasonable sample Sizes" e .. 9., n > 50, result in 

good approximations using both the nand n-3 term. 

Act.ually the table shows clearly that for Ct > A one cannot 

be too far wrong in using- only the asymptotiaexpansion .. 

-J Note also that the n term is newative which indicates that 



Table A.5.. First and Second Terms in Covariance Determinant Estimators 

of Evan's For.m using n • 100 

~ ~ .2 .3 4- 5 10 15 50 100 

322 21€)1 7681 2000~ 43200° 5 .. 3240 24 .. 6 175.'1 2653.02 41212.0 
1 

2560 1622 56322 14500 ~. 31104 1 37800 1.7367 12.374 186.24 2888.96 

.2 
101252 482 14063 1 32400~ 64313l. 64800° 2.7636 18.453 263.64 39'79 .. 53 
506254 21.63 60937 3 137102 270112 26568 t 11238° 74549 10.598 159.579 

3 
63.2103 246912 J02 13551 1 25284 1 21699° 86400° 5.4202 73.520 1079~23 

252844 86491· 21330 3 44040:3 8 .. 09093 61266' 26496' 164'18° 2 .. 220 32.485! 
4a828~ ~2: 401952 80002 14238 1 to 40189° 2.3817 30,,'755 .4 

4-
17090 506254 11.3893 22000 3 384433 278692 103151. 6oA.Q61 77507 11.029 
4147 .~ 131712 .2 r2 960002 64800i 23040° 1. 15. .2 222. 

.5 
132714 355624 141114 13717 3 23040 3 149042 522242 29030l 35458° 4 .. 912 

10 
29282~ 160l2~ 145002 241472 371252 17600 l 315631 23581° 2.376 " 
161335 15967 28030 4 4467.24 66825 2992,0 859383~: 38673.2 38491 a. 47144° 
25-891.3 62110 3 110592 173422 252842 981 152 2S600~ 10114° :0 9 .. 613 

15 
621385 118014 191694 2~"1 r:;. 40454.4- 148153 37547 3 145642 1232Sl 13555° 

:5 
23397:3 52404,.3. 876683 12981· 119'1].2 5'70752 12790 1 41600l. 28080° 2 .. 600 
524095 911835 137934 193504 258794 764814 166993 532483 353812 32500 30 

50 
,649;' 45894::J· 728903 102792 135762 352512 61 :82 17213 1 81600 1 55080° 

458955 743495 105934 140834 119204 430064 79777 4 19961 3 930243 622402 

208123 42873.3 662193 ........ -._""'-:iI 116922 268862 460832 986332 34088 1 16160° 
1100 

':jUao;;;l 

428735 668825 922655 119064 147324 311884 51920 4 108503 368153 172912 

The indices refer to the numbe.r of zeros prece.eding the first digit to the decimal 
point e Underlined number refers to negative number .. 
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the asymptotic covaria.noe determina.nt may, in some cases" be 

in excess of the true determinant .. 

A 

3.. Remarks.2!!.!b.!. Distribution of l! 

There was every ind.ication, from the results of the 

study of the variance, that the :behavior of a is very 

stable. To verify this further, expansions were derived for 

- -4 113(a) and ~4(a) throuqh terms in n .. The actual expressions 
A' 

are found in Appendix D.. As was done for 0, usafe n sample 

sizes were chosen for a small set of values of ex and A, and 

f'l (Sl and (32 (il calculated. for these combinations of AJ U J 

and n.. The purpose of this wa.s to go at bit further in s'how-

A A 
ing the contrast between a and a. The follOWing is a table 

of these results, 

A 

fBa (a) n A a f3
1

(a) 

100 1 1 0.91 4 .. 93 

200 1 1 0.48 4.10 

100 1 .2 0.53 4.46 

.200 1 2 0$28 3 .. 71 

100 .2 .2 0 .. 55 4 .. 09 

200 2 2 0027 3 .. 58 

100 2 1 o. 4.86 

200 2 1 0 .. 45 4 .. 03 
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The above tablE! indicates that as '1\ and a become greater 

than unity, tbe distribution of a shows less departure from 

normality. The most marked change in this direatiol'l comes 

agout with an increase in 0,. One strik.ing comparison 

'" between these results and those for a is the safe sample 

size used in obtaining t'l(a) andt32(a). We safely used 

-4 n =: 100 and 200 here in order to udamp off II te;tms beyond n 

while for a we were never able to use a s~ple size quite so 

small. 

It can certainly be said from all of our results 

A 

regarding at that the latter does not behave in a manner 

A 

Similar to a and that under most practical conditions we 

can determine such properties as the bias and variance of a, 
while due to the chaotic behavior Of the distribution of 0, 

this cannot be done. 

4.. Examples - tJ.
3 

(a) and J.L 4 (a) 
.......,;;;;.-...... --..;--

In ordar to give the reader an idea. of the amount of 

work involved in obtaining the higher moments of one of 

these estimators, we shall proceed to show same of the 

details in obta1n1og J.J. 3 (e) and.jJ, 4 (a) • 
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In obtaining 113 (i) -' we first expand E(a-a);$ in ascending 

powers Qf 01 and 02 as followst 

(hla)Ql+Q2-Q~ 
£(a-a);5 = :me . ~J3 

A+Ql 

.. .. • • J 

6Q~02 
"aCt 

We will proceed to expand through order 8 in the Q t s so as 

to obtain the results through terms in n Letting ~ 

denote that part of (a-a)" which gives temsof order k in 

the O's, we havel 

(5-13) 

, 

, (5,-13 .... 1) 
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(5-13-c) 

Q7 gaO 
"'7 .. 'tI4~,,(3a"+lBer.2+30er.+15) ... "~er.:(180.a+60er.+45) 

J and (5-13-0) 

OS Q7Q 

OS" "S!3(60.3+30aa+45Ct+21) - )Ct~(3.oo.l!+90er.+63) 

, (5-13-e) 

-2 We shall first obtain the 1"1 term in the expansion, 

For this W$ use <43 and 64 ," From (5-13) and (5-13-a) we have: 

3(18 2)2 3(12a '2 (23 )2 (14 )2 
E~3) .. (1 3

) 2'" 'tIa2 .... 1;20. ..... ),3 - 'tIer.". (.3+3q;) 

From Appendix B (using the same notation as in the appendix) 

we can write: 
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After simplification, the above yields: 

Z;3) ... ,~') (~3(2a2+37a+37) + ~aa(4aa+6Sa+62) 

+ 'Xa2 (2a2 +32Ct+30) + 4a3 (a+l») 

we can now find 113 ) by considering G4,' °5, and G6 • 'l'hUIlI 

from (5-13-.8), (5-13-))), and (5-13-c) I we have, 

3(14 )3(0+1) 
= ~ ... 

1\a3 

3 (1.32 ) 3. (20+3) 

).fI!.a2 

a-

3(12:3)3 3(15 )3(0.2 +30+2) 3(142) a (a2 +6Ct+6) 

).4 + . X '%\llS ... 0.2.1\3 

+ . ,,5 
3(J.$2)3(3a2 +12a+10) 

'A4 a2 

36aX4 (3a+S) 
a,f~A 

(18 ») (a3 +9a2 +18a+10) 

1\3 0.3 

6(1422 )3(lCt+S) 

"Ia 
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This can tben be simplified algebraioally to yield. 

(3) == _ 3 (a+1J (,,+0'.) (A:.3 (02 +520.+168) + ,,20.(20'.2+1040.+340) 
E3 "as. , 

+ "0.2 (0;2+620+213) .... 0
3 (100+40») 

For E!3) we have, using G
S

' Gl
6

, G
7

, and G
S 

from (S-13-b), 

(5-13-c),(5-13-d), and. (5-13-e): 

(3) 3(lS)4(a2+30+2) l(142)4(02+6a+6) 
E4 . == ,,"°2 0.3 +. A.30:2 

6(1223 )4 (16 )4(0.1+902 +180.+10) 
+ A5 ' - ".Ja 3 

3 (152)4{3a2 +12a+10) 

A4(:t2 

6(14 22 )4(30.+5) 

"sa 

10(13 23 )4 3(lT) 4 (a.J+602+10et+S) 
---A~e~. --.~ + A4a.J 

3(16 2)4;(60:2 +200+15) 15(lS22 )4(2Ct+3) 

+ 1.\60'.2 ... - +.. '" act 

3(17 2)4(100;2+30a+21) 
).,6 oft 

If We use Appendix B and insert the expressions for tbe 

uround bracket U terms in terms of the parameters A and Q', and 
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simplify, we havel 

+ A4a(253aa~2a7Q',+9962)+ "J\3cl' (151e,i!+2978a+7241) 

+ A2 a'(260.2 +6300+1640) +1\0;4(-20.-18) - 4aS J 

These ~3)·s represent terms in the e~ansion of the crude 

moment.. The correction is then applied in order to obtain 

'" tJ.
3 

(a) lOIn applying this oorrection we have. 

A '" A 3 
tJ. 3(a) = I[(a-a) - l(a-a)J , 

• E(a-a):5 - 3[E(a-a)a] ~ E(a-a) + 2[B(a-a) f' 
(5-14) 

A 
In order to evaluate Jl.

3 
(a), we need expansions through terms 

in n-4 for E(a-a) and B(~-a).l1 'rom (5-10) we haves 

'l':t, (A, )', ,'~+a)(Q',+l) (1', 1 +,1 1 , '+, 
.Q a.-a • - 2' ... - a "~" ~~ no. na n" etC;; n.30.3 .. .. . .. ) 

A , a" ' _' " A E(a-a) , was originally used in obtaining Verts). The' 

expansion is as follows, 

.. A-a (12a+62) + Q:s ( 2a+12) - 2a3 } 

- (}'~'1a!1.}()'·(49O;+181)+},3O;(61a+241) 
an· 
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Substituting tbese expressions into (5--14) yields the result 

given in Appendix!) for 1J.
3 

(a) . 

We shall proceed here to show some details in obtaining 

iJ. 4(a). When we expand (a-a)4 and take expect.ations we have: 



Slmpl.ification of the above expression yields: 

40iQ~(a+4) 12A(a+2)Q~~ 4(la+4)O~Q2A. 
a aa a 3 

_ 4'X3(o.+l).~~ '*' 1°10; + (2O:+5)OiO~ 
0,4 A 1\a 

Aa(6a+10)(a+l)O~ 
..... "4 0, 

40(a+2)O~Q~ 
"a ex 

4(Ct3+12Qa+30a+20)Q~Q2 

a. li 

4,,(a~~+loa+5)oI 35Q~Qi {f30q+140)OiQ~ 
+ ' "0;4 . • + A 4 + A :So. . 

30(2(!t2+8a+7)O!~ + 4{4a3+3oa2+60a+35~OiQa 
+. "aaa 'Acx3 

(Ct4+16a3+60aa+80a+35)Q~ 
+ . . 0.4 . J • 

As was demonstrated in the case offJ;3 (a), we then refer to 

AppendixB to obtain the expected. Q's and s1m.plify. If we 

+ « ..... , 



then the ~4),s are as follows I 

B (4) •• 3(:0:0 ) s (A(2a+3)+2a(a+l)}2 
2 a 

E!4) .. A~~{(4a3+3g0a2+1768a+U8a)AS+(12a3+10aoa2 

+ 4800a+l71a)"4o,+(12a.3+1046a2+4648a+3615),,.3a;2 

+ ;..2a3(4a.3+412a2+1904a+1496)"*(56a2+296a+240);..a,4 

E!4) .. (A+~;!~+l){A6(-15a3-1921o.2-19595a-371Z1) 

+ ;..5a (-45a"-5751a2 -59025a-112623)+1\4a2 (-4Sa" 

-6135a2-6S0Q7a-12627l)+1\"a..3(-15a.3-2701a2-3130So; 

-63131)+;..2a 4 (-396aa-5988a-13056)+ACt5(~"260a-676) 

+160.6 ) 

The correction to obtain the fourth central moment iSI 

(5-15) 

The expansions for these terms are substituted into (5-15) 

and, after considerable simplification, the results are as 

given in Appendix D. 
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We. $hall consider nOW Fisner·s form of the negative 

binomial distribution with parameters p and k.. From Table 1 

one can see t.hat the moment estimators are' as follows: 

p (risber) A 
• a (Evans) 

A " k (Fisher) .. Q (Anscombe) 

A 

Thus the J:;emarks concerning the meaning and variance of Ct 

A 
and a (found in seetions & .. 1, a92, and bol of this chapter) 

apply also to the moment estimators of Fisher J s for.m of the 

distribution .. 

Fisher [13] point.s out that tbese estimators are 

inefficient in some areas of the (p,k) space.. However, he 

says that for p < 1/9 and for any value of k, the asymptotic 

efficiency is 90% or more. Since p == "'A/a, it can be seen 

that this would exactly correspond to the area in the (A,a) 

space in which one is completely inaccurate by using only 

the usual asymptotic variance of a -= k. for any reasonable 

sample size.. Thus the region that gives highest asY!Yttotic 

efficiency is tbe region where the variance of the estimator 

is not only quite large, but in some instances cannot be 

approximated by an expansion through terms in n-4 . 
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risher gives a practioal example in which he is con-

sidering a sample of 60 sheep classified according to the 

number of ticks found on eacb. 

A 
and k .. 3 .. 956746. risher finds the asymptotic efficiency to 

be 89" 37%. One would certainly not consider the moment 

estimators in this case to :be overly inefficient and might. 

use the estimator based on the asymptotic efficiency. In 

fact., however, the asymptotic variance is in error, for this 

case, by mox-e t.han 95~. Actua.lly it cannot be said how much 

the asymptotic variance is in error, since for n .. 60 the 

A A . expression (5-6) for Vear a .. Var k C!Ulnot safely be used. 

1.. Covariance DeteJ:m.inant 

Let us denote the covariance determinant for the moment 

est.imators of risher's p and k :by 

A A A 
Var p, Cov(p,k) 

A I'- A eov(p,x), Var k 

-3 The expression through terms in n is as follows: 

•• 0; .. , 
(5-16) 
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where 

e == 16aa + 54a - 22 3 

°2 
.- 4Bas + 140a + 48 

C1 == 4Sa2 + 116Ct + 60 

Co == 160,- + 32a + 16 

An idea of the behavior of this expression 1eat least 

partially explained by rl,ure 7, which contains the sample 

size required to make the ratio of the second term to the 

first term approximately .~ 1/20·.. Note from this figure 

that in the case ot lrisher-$ example with the sheep, it would 

be almost impossible to evaluate tbe el:'ror in the covariance 

determinant by using only the first term in this expression 

since the sample size used was so small (n == 60). However, 

it would ce~ta1nly be safe to say that the error involved 

would be more than 100%. Of cO\1%se, a true assessment of 

how 1naccuratethe asymptotic efficiency really is depends 

on the corresponding behavior Of the covaxoiance determinant 

for the maximum likelihood estimators. Since the latter 

determinant was not worked out., one can only speculate on 

this pOint" There 1s every indication that the maximum 

likelihood covariance foX'mwl11 be very complicated. 

Nevertheless, even thouqh the beha.vior of the maximum 



- 101 -

100 
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10 
n=200 

o 10 20 30 40 50 60 70 80 90 100 

Figure }. Covariance determinant for the moment es'timators 

of {p,k) in the not~tion of R .. A. Fisher • 

..::I 

Covariance determinant =A2/n2 + A3/n3 + ••.. 
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likelihood form for this det.erminant is not known., just the 

-3 knowledge of the large n term for tbe determinant for the 

moment estimators is enough to generate some question as to 

the validity of the use of asymptotic efficiency when one 

has not o()nsidered tbe possibility that the sample size 

wasn't suff1ciently large to make further terms insignificant 

in the expansion of both covariance determinants .. 

(d) Verification of iXRansiQns 

It was thought that a certain amount of checking was 

needed On the validit.y of expansions given in this ohapter' 

on the population moments and covariance determinants of the 

moment estimators discussed.. ':his is partly due to the. 

heavy amount of al,ebra involved in the derivations of the 

expanSions.. At the same time, nothing is known about the 

-4 complex nature of the expanSions beyond the n t.erm given" 

A 
partiaularl.y for the ease Of the estimator Q. Henoe, both 

algebraic errors and errors in judgement are possibl.e here. 

TwO types of "ohecks" were used on the expansions, one 

A A 
for a and one for a. The first was a Monte Carlo 81mula.tion 

study in whioh 1000 negative binomial samples were generated 

for ill combination of 'A, ¢x, and 1'1,. The moments and measures 
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A 

of skewness were calculated foX' a using an IBM 1620 and 

the results compared with those givenby' theexpansiQns. 

The l:'esults of this study aX'e shown belOW forA .. a =-1 

and n == 100 •• 

Jl
2 

(a) 

0.1508 

Monte Carlo Resu.lts 

t.i
3

(a) 

0 .. 0597 

J;L 4 (a) 

0.1154 

~l(a) 

1.04 

iS2 (a) 

5 .. 07 

Results Prom TheoreticalE!92ansions 
, A 

fJ. 2 (a) ~3(a) 
A 

JJ. 4 fa) f31 (a) t!5
2 

(a) 

0.1670 0.0651 0.1375 0.911 4 .. 93 

A histogram of the Monte Carlo Results was constructed to 

show the deviation from normality.. This can :be found in 

Figure 8.. Note the reasonably good agreement between the 

.Monte Carlo results and the :r:esult.s from the expansions of 

A 
the moments Of a. 

The second method of:12:tainly has more theoretical appeal 

and is a m.ore realistic approach for checking the expansions 

A A 
of Ct.. Due to the rather erratic nature of a, it was felt 

that tbe Monte Carlo procedure would not be quite so suc-

cassful.. The method used involved a linearizat.ion of the 
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statistic a == mia/(In2-mi>. for examples on the use of this 

method, see l(endall and Stuart [20J. 

If we denote a by the ratio U/V where U • m'S and 
1 

v .. m2-mi, and the upper 5% point of the standardized 

A 

statistic ex by t .. 05 ' then 

U!V - iJ.A 
P:r: (. . a. > t . ) .. 0 .. 05 

(fA .. 05 
ex. 

(5-1"1) 

This t value can be found for particular valUE/US of 1\, a, and 

n by usin;J ~land as previously tabulated in Table 3 

and entering-into the tables of Pearson and Merrington [22] .. 

Thus denoting a particular value of t.05 by t, then 

U 
pr(V> ta& + J!a) .. 0 .. 05 , 

or, 

u 'r(" > 1') == 0.05 

1", of course, can be calculated using the approximate mean 

and variance from the e~ansions. Let us define a new 

variable 

Z*U-VT 

Then ignoring samples for which m,2 < mi, (5-18) can be 

written 

Pr(Z> 0) -= 0 .. 05 (5-19) 



where Z the statistic 

l' is at known constant for a particular case, i .. e" J for any 

oombination of values of A, a, and no The moments of the 

statistic; can then be found. using orthogonal statistics .. 

Standardizing Z"we have (5.19), 

Using the first four moments of Z, one can then enter the 

Pearson Tables with 131 (Z) .. JJ.3 (Z) 2/tJ.2 (Z);', andfB2 .. J.L 4 (Z) 11J.2(zJ2 

and find the corresponding 5% deviate for the standardized Z .. 

This should theoretically be close to ;J.z/O'Z. It is subject 

only to the degree of approximation in the moments of a and 

"the slight inaccuracy in the attainment of the Pearson 

deviates. (Accuracy of this four-moment representation is 
I , 

discussed in a recent paper bf B. S .. Pearson.~) 

Some of the percentage points on the lower side of the 

distributioll of a were used in a similar check" The linear''''' 

ization process for the lower peroentage pOints would be 

]. B. S. Pearson, B1.ont$tr1ka,~., tl~.E?}). Som.e problems 
arising in approximating to probability distributions 
using moments. 
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si.milar to that explained above.. We now define Y -= U-V,.,- , 

where T* is as follOWSt 

A 

wheret. 1s the lower""'tail Pearson deviate of a. Thus for a 

particula.r T*, 

or 

PrCU < T*) = 0.05 
V 

Prey < 0) =- o. 

Thus here, after standardization, it is obvious that the 

lower'-ta:11 Pearson percentage po1nt for the standardized 

variable Y theoretic:ally cOX'respe)nds t.o "ilyl cry • 

Below is a table which shows the resu.lts for soms 

values of A, a" and usa£eu sample sizes of the comparison 

between the Pearson dev1ate d and t.he calculated percentage p 

pOint d. c 
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Lower Tail Percentage Points 

% A a n d d 
......e. ......£ 

5 1 2 1,000 -1.56 -1.58 

1 1 2 1;000 ""'2.10 -2.1,4 

5 5 5 1,000 -1.68 -1.68 

5 1 100 2 x 10
6 

-1.645 .... 1.645 

\ 

UPRer Tail Percentage Points 

% A ex n d d 
-E. -S. 

5 1 :2 1,000 1 .. 10 1 .. 68 

1 1 .2 1,000 2.44 .2.44 

5 5 5 1,000 1.59 1.60 

5 1 100 2 x 10
6 

1.640 1 .. 625 

5 2 50 100,000 1 .. 645 1.646 

5 5 100 100,000 1.645 1.645 

Note the good agreement 1n the results. 
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CHAP'll. VI 

COMPAltIION WITH RBSUL'lS Ql MAXIMUM LlI<ELIHOOD ESTDO\TOBS 

The results of the blas, variance, and the determinant 

of the covariance matx:ix for the max1murn likelihood esti­

mators ware obtained by Bowman [7 J for the form of the 

negative Dinomial distribution by Anscambeo The bias and 

variance were found through terms in 11 and, correspondingly 

the covariance determinant through terms in n"-34O It was 

believed. that actual objective conclusions about the moment 

estimatorscQuld not be made without pointing out. similar 

properties 0·£ the maximum likelihood estimators" Fortunately 

we have access to properties in the for-m Of expansions 

beyond the asymptotic properties for both tbe momen,t and 

maximum likelihood estimators. 

Let us denote 

Var(a*) '* vt/n + V~/na + • it " If (6-1) 

As we have stated before, a* is the maximum likelihood 

estimator for 0,. Table A.6 contains the terms Vf/n and 

v~/n2 for a few values of ex and).. and n =- 100. If we com­

pare this table With A • .2" which is a Similar table for a" 
we see that t.he results are strikinqly Similar. Mote the 
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Table A.6. Terms in var(a*)~ the Maximum Likelihood 

Estimator of Q for n ,. 100 (taken from Bowman [7]) 

~ 1 

1 0.12159 
0.08178 

10 263.4957 
5293 .. 9366 

50 
132,584.28 
55,,697 ,28€L. 91 

100 
2,060,335. 
3 .. 379134xlO: 

Rey to Table A.G. (a) 

(b) 

10 50 100 

0 .. 02414 0.01764 0.01670 
0.00294 0 .. 00178 0.00167 

8.2941 2 .. 85583 2 .. 37319 
4,,6248 0048866 0.32890 

1,828.13 201.36 112.77 
10,177.55 111.04 32.6998 

24,413 1810.06 802.69 
4. 64517xl05 2378.46 442 .. 05 

M"l The first term represents the n 
term in (6-1) for n • 100 .. 

-2 The second term represents the n 
term in (6-1) for n .. 100 .. 
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extremely contribution the n te~m for the case in 

which a > AI> 
A 

This is also t~ue for 0,. Moreover the rate of 

increase a.nd decrease of the terms seem to be Similar for 

the two est.imators. Por example l it can be seen that for 

say, 1\ ;: 1 and a -= 10 the comparative terms are 

263.4957 + 5293.9366 for maximum likelihood and 266.2 + 5364 

for the moment estimator It 'this similarity remains throughout 

most of the (A,a) space but is less in evidence for A » 0 .. 

The results for a* are further evidence of the possible 

inadequacy of asymptotic expansions. It also illustrates an 

extremely interesting- point, namely that at least as far as 

the variance is concerned the moment and maxtmum likelihood 

estimators of the parameter a :behave in an amazinqly similar 

fashion. The behavior of Q* appears to be just as chaotic 

as that of a when Q» A.. Thus, while a comparison of these 

two estimators via effieiency is mea.ningful" it might be 

emphasized that both metbods of estimation yield estimators 

with explosive variances for ct» Ai! 

4-2 -3 
Table A .. 7 shows the results of nand n term in the 

expansion of the determinant of the covariance matrix of a* 

and Aft, i"e., the expansion of 
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== c;/n~ + 0;/n3 + .. " .... 
(6-2) 

As in the case of the moment estimators, a'" and 1\'" are 

-3 asymptotioally uncorrelated,and hence for terms through n 

this expansion cloes not actually involve t.he covariance. A 

sample size of 100 was considered here. To obtain an idea 

of the true efficiency of moment estimation of the parameters 

hand Q, one should compare these results with those of 

'rallle A.3 which contains the terms of the covariance deter~ 

minant for the moment est.imators.. Notice that as one would 

expect there is a certain similarity in behavior lie Note the 

large contribution of the n-
3 

term when a > A. 

To get an idea of theeffeet of including the higher 

order term on the efficienoy of the estimatot's (a,~), we 

have constructed Table A.S wh:Lch shows a comparison of tbe 

asymptotic efficiency (USil1g' only the first term in the 

covariance determinants) with the actual efficiencies obtained 

-3 by inc1uding the n term.. Vax-ious sample sizes were used .. 

It aan be seen that although in many cases the usual 

asymptotic covariance determinants for both the moment and 

-maximum likelihood estimators do not nearly describe the 

actual determinants, the behavior beyond the n term is so 
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Table A. 7" Terms in Covariance Determinant of a*/J the 

Maxi,mum Likelibood Bstimator of a for n == 100 

(ta'k:en from Bowman [7 J ) 

~ 1 

1 
0.002432 
0.·001636 

10 
2.8985 

.. 2333 

50 
1352.4 
568', 11.2" 0 

100 
20809,.4 
34.129xlO6 

Key to Table A.7. (a) 

(b) 

10 50 100 

0.02655 0 .. 44975 1.6862 
0.00323- 0 .. 04530 0.1684 

1.6598 8.5675 26 .. 112 
0 .. 9250 1 .. 46599 l1'618 

219.38 201 .. 362 338.297 
1221.31 111.036 98.099 ,-
2695 .. 42 1357.5 1605.390 
51097.00 1783.,9 884.099 

-2 The first term represents the n 
term in (6-2) for n • 100. 

-3 The second term represents the n 
term in (6-2) for n == 100. 



Table A. Efficiencies of a. mi2/CUl2-mi) for VariousSmnple Sizes 

1 

·76.00% 
1 I 8,2.59% (100) 

77" 82%( SOO 
*98 .• 89% 

10 I .11% (100) 
98. 15%( SOt) 

.. 95% 
99.93% (100) 
99 .. 93"(1,000) 

•. 94" (10.000 
*99.98% 

100 I 99.98% (100) 
.9B%(1.0004000 

10 

·49 .. 87% 
58" 46%( 100) 
51. 51~(500 

*94.25% 
94. 18% (100) 
94.4OS 1500 

*99.57% 
99 .. 45%' :(100) 

.. 54% (1,000) 

50 

*42.38'" 
50.33% (100) 
43" SS%. t 500 

*90.15% 
91.40% (100) 
90.43% (SOD 

*98 .. 11% 
98.81% (100) 
98 .. 72% (SOO) 

100 

*40 .. 92% 
48. 73% "(lOO) 
42 ... 3a~·( 500 

*89 .. 17% 
90.547' 
89 .. 41 

*98.21% ' 
98.47% (100) 
98.32% (500) 

Key to Table A.S.. (a) IIStarred" entries represent 8$ymptotio efficiencies .. 

(b) Ot.her entries represent efficiencies using n-3 t.erms 
in covariance determinants for the sample sizes given 
inparentbeses. 

I 

.... ..... 
~ 
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similar:f:or the two est.imation procedures that the asymptotic 

efficiency and the UtJ:'ue u efficiency (explained by using the 

n - 3 t.e,"II"'ft'l" ~).' d t dOff . 1,;...1 t' 1 1 ...... """ .. ,1101 " 0 no" l.ex: apprec1.a.,y, par.' l.CU " a1' y w",en 

a > ". ~lote tbe striking similarity of the true efficiencies 

to the asymptotic efficiencies in this region, even when the 

sample size changed. 

There are philosophical implications here regarding 

A 
the results on the efficiency of a. It can certainly be 

said that ~the sample size large enough to udamp offtl 

terms in the covariance determinants of a andn* beyond the 

-3 n term, then the true efficiency does not differ appreciably 

from tbe asymptotic efficiency. However, if n is not large 

-3 enou9h, t'he expansions thltough n do not truly describe tbe 

determinants and tbus what occurs beyond this te~ is 

unknown. Thus one cannot say for sure how inaccurate the 

asympt.otio effiCiency is this case. One might suspect 

that the :behavior of further terms in the expansions for the 

two estim,ators are also very Similar" but this is mere 

speculation .. 

The Iquestion of wbat constitutes a larfa enough sample 

size is Vjsry simple.. In view of the close agreement between 

'tables A. '7 and A_ 3" a urule of thuml::>u would be to use the 
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"safe If satmple size qiven by F!guX'e 6. Thus fOX' a particular 

(A" a) coutblnat1on" if tne sample size is at least. a.s great 

as tbat descJ:ibed by Figure 6, we· would assume the asymptotio 

effioiency tol3e llccurate. 

note the limitations halta. 

However, it is of interest tQ 

Forti a> A, only fairly large 

sample 8j.,zes are considered to be usafa u.. lor example, even 

for" • Qi = 10 (Wable A.a), we can safely say that the true 

efficiency is very close to that glvenli>l' the asymptoti.o 

eff10iency, nam.ely about 94 • .3" if the sample size is greater 

than abou,t, 200. However, for n == 100, or say 50, the close­

ness of the asymptot.!c efficiency to the true efficiency is 

questionable .. 



- 117 -

We have essentially considered here two problems: 

ta) The development and use of orthogonal statistics for 

finding 1l110ments of say., a function t r:= f(m1,m2, ...... ,,~), 

where the m' s represent the sample moments, and (b) a dis-· 

cussion Otf the sampling properties of moment estimators of 

the parameters Of the negative binomial distribution with 

speoial emphasis on a study of the forms Of the distribution 

due to Anscanbe, Evans, and F1shex-. 

(a) Gene;ral Remarlul on Ortbggona18tat1stic:!s 

Tbedevelopment of the tec.hnique of orthogonal statis-

tics originated from the ooncept of existence of an infinite 

set [q (x») of orthogonal polynomials aSSOCiated with a r 

particular distribution. The r'th orthogonal statistic Q r 
n 

was defined over the sample apace as Q .•. .E.q (.x:j ). From the . r j-1 r 
use of th,e JOint moment gene.rating function of the O's, 

tables of expectations of powers and products of these Q' s 

.a:re given in terms of expectations of powers ana produots of 

the q's. The expeotations involve expansions in ascending 

powers of lin. The tabulations are given generally foX' 
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powers an~d produats of any four orthogona.l stat1stios and are 

expanded through terms in n-S The technique of orthogonal 

statistics involves expandinq powers of the statistic t, 

i"e .. , expanding t, t a, etc. 1n powers and products of the 

C)'a and taking expectations term by term to Q'.btain the 

sampling maments, 

The emphasis for this study was put on the applicability 

of these orthogonal statisties to the negative binomial dis-

tribution.. Tables are given showing the expected values of 

powers and products ·()f the Qts (us:i.ng 01 and (2) in texms of 

the parameters of the distributionlO Bxamples .re g1ven 

showing the use of the techll,ique and the tables in the case 

of the negative binomial .. 

Esti:mators for tbe lIegative Binomial R1stl'ibution 

We have oonsidered properties of the following jOint 

moment est.imators. a. ro,2/(m -m·)· 1 .... 2 1 (assuming-a non-null 

A. 

samp.>le) II 1\ == m1- for Anscombe· s form of the distri.bution • ,; 

A .. A 

a .. (m2'Mmi)/miJ m III mi fOr avans t form of the distribution; 

A. A e 
and p • (m2-mi)/mi' k • mi /(ll\2-mi) for Fisher's form. The 

general forms of the distribution and other impozrtant 
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propertiEJS of each are found in Table 1, Chapter IXI. 

PropertiE~S such as :bias, variance, higher momenta, and joint 

efficienc~ are discussed at lengtb for these estimators in 

Chapter ". 

Chal)ter VI contains a oomparison of tbe results of the 

propertiE!S discussed for the moment estimators of the form 

of Ansconthe with tbose of the maximum likelihood estimators" 

It was nc.ted hare that tbere was a striking similarity in 

tbe beha:~rior of tnetwo estimators for some of the hiqber order 

terms of the bias ana variance.. The max1m:cun likelihood 

results ~ere taken from work done by Bowman [7]. 

(0) ~lu.ding Remarks On the Montent Estimators for S!l!. 

Nega,tive Binomia.l :Distribution 

Some stud1es at the outset indicated that the distribu .. -

A . . 
tion of a might have moment.s which are much larger than what 

is reflected by first term approximat1ons of the »1a& and 

variance.. Further evidence Of tbis was shown by the tabula-

tion of t.:he individu.al terms in the expansion Of the variance 

A 

of ex forn .. 100.. Fora> A, the values ofhig'her order 

te:r:ms are very large (see Table A.2) and require extremely 

large saJU;ple eizes to udamp offft succ,eeding tams.. Thus for 
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an ordinclry sample size" the usualasyrnptot1c variance does 

not even begin t.o tell the complete story" In the range 

where t.b.Et asymptotic effic1ency is high, namely Q'. > ", the 

varianoe of a is ohaotic and unless the sample size is 

exceedin~rly large" one is completely mislead by using only 

the apprctx1matlon given by the first term. 

Thisl same explosive property of a (and hence Fisber' s it) 

was reflEu:ted tn the :bias.. AS with the (lase of the variance, 

extremely' large sample sizes Were required to "calm II the 
,.. 

expansion of the bia.s of a.Illustrations are qiven through-

A 
out the t,extwhich reflect the nature of a. Other 111ust.ra-

tiona are shown which 91V$ the reader an idea of the 

inadequacy of £·irst term approximations with expansions of 

the bias,variancs, and covCl.t'iance detexminant of a. 
,.. 

In the comparison of tile results foli." a with the proper-

ties of the maximum likelihood estimatora*., one finds 'that 

the expansions of thecovarianae determinants behave in a 

-2 very similar fashion beyond the first term, i.e., the n 

term. Hence for a > A" although the f1r·st term in the 

expansion ofJCov(~,~)fand ,CQv(a*,).*)f in some eases does 

not begin to give the complete determinant, the ratio of the 

two deterltn1nani;s expanded for a "silfe II sample size 1s 
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strikingly close totbe asymptotic efficiency. Thus when 

a > " and for very lar:gesample sizes (see Chapter VI for 

the inte2~pretat1on of "how larqe1f') the asymptotie efficiency 

is relial)le" However:J one cannot be sure of the behavior of 

further t:erms in the cova.riance deteminants when n is not 

larqe enc)ugh to cause these terms to be negligible. This 

then makEtS asymptotic efficiency quest.ionable for a > ." and 

for say,a sample sise Of 100. 

" The results here oonc6J"ning a represent strong evidence 

which lea~ds to two praotioal conclusions; (a) 1nviewof the 

" explosive. nature Of the bias and variance of Cl, $Qll'le douht 

is cast o!n a as an estimatOl:', and (b) onesbould be oautious 

toward tllie interpretation of asymptotic properties in general 

without further investiga.tion. 

The xesults found for the moment estimators of Hvans' 

form (considering only that portion of the parameter space 

for whicb a > 1 and A > 1) for tne negative 'binomial indicated 

. A A 
that the bebavior of a is in sharp contrast to that of a. 

" In fact, tMles of the PX"opert1es of a for n .. 100 show 

extremely small varianc:e and bias in the very r.ange of A and 

" a in wbieh Vax-tal is so large. Also one is better able to use 

" asymptot!·e approxima.tions 1n t.be case of a. For example, a 
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sample sJLze of 30 is largeenOug-h to justify the use of 

'" asymptotj~c va:ciance.. 1'0 show the contrast in theeass of a" 

for ex» A, far example., when A .. .2 and a • 50" nmust be 

approx1mClItely 2,000,000 before one is justified in using the 

asymptot:lc variance·~ 
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APPENDIX A 

ExpectatjLon of Qw-Products (through terms in n-S for any four 

orthogonal statistics) 

F.;oducts of S!i2 (n~ 1 only) 

( r2) 1 :1= [r2 J 

(ra) 1 #: 0 

Products of four (n-a to n.3) ..;;;;..,0;;:;.;;::;";;';";;';';;;;;";;";;;;" __ 

(rstu) 2 =; () 

* Note hOM n-.:s terms are 

fOlund 

Products Of~ three (n-a only) 

(r3
)2 == [r 3

] 

(rst)a == (rst] 

(r5 }3 == lo(r2 ][r'] 

(r4
8)3 == 6[r2][r2 sJ 

(r3 s 2 )J == [r.3][s2]+3[r2 ][rs2 ] 

(r3st)3 == 3[r2][rst] 

(r2 stu).3 == [r2][stul 

(X.S2t)3 == [r2t][s2]+[r2][s2t] 

* Note how 0-
4 terms are 

found 
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Products Rf six (n-'" to n-5) 

(re ) == 15[r2 )l/n3+(lo[r"']2+15[r2 ] [r4 ]-45[r2 J3 )!n4 

+(r8 )s/n5 

(rSs)c (lo[r3] [r2s]+lO[r:5s ] [r2 ])/n4:+(rSs)s/ns 

(r48t) = (6[r2s][r2t}+4[r3][rst1+6[r2)[r2st)/n4+(r4st)s/n5 

(r4 s2) == 3[r2J2[s2J/n.3+(6[r2s]2+4[r3] Crs2J+[;r:4) [S2J 

+6{r2) [r2s2J-9[r2J2(s2])/n4+(r4s2)s/n5 

(r.'5stu) == (3[rtu][r2 s]+3[rsu}[r2 t]+3[rst][r2 u)+[r'][stu] 

+3[r2] [rstu])/n4+(r.'5stu)s/nS 

(r"s"') = (9[rs2][r2s1+[r"'J[s3)+3[s2][r3s1+3[r2][rs3J)/n4 

+(r3s 3)s/nS 

(rasat:!) == [r2 JIs2) [t2 ]/n3+(4[rst]2+2[r2s] [st2 ]+2[rt2 ) [rs2] 

+2[r2t] [sStl+[rBt 2] [s2]+Ir2s2)[t2 ]+[r2] [S2t2] 

-3[r2J[s2] [t2])/n4+(ras2t2)s/n5 

(r2s2tu) == (4[rst]{r$u]+2[r2s][stu]+2[rs2][rt.u]+{r2u][s2t] 

+{r2t] (s·ul+[r2tu] [s2J+[r2J [s2tuJ)/n4 

+(:r2 s 2 tu)s/n5 

.. Note how n-s terms are found 



PrOQucts .2tseven 

(r7')4:= lOs[r2 ]S[r3] 

(res)4= 45[r2]2[r2 sJ 

(r!5st)4:= 15[r2] 2[ret] 
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(r5$2)4:O lO[rS] [S2) [r3]+15[J;"2J12 1rs2] 

(r4 stu)4:; 3[r2 J2[stul 

(r4 s2 t)4= 6[r2 ][s2][r2tl+3[r2J2[s2tl 

(r 4: s :3 ) 4 = 18 [ r2] [ s 2 ) [:rS $ J +3 [ r2 ] .2 [ S 2$ ] 

(r3s2tu)4= 3[r2J[s2][rtuJ 

(r3s2t 2)4= [r2$J[sS][t2)+3[r2)[s2][rt2]+3[r2][t2][rs2] 

(r3 s"t)4 1= g[r2][s2J{rst] 

(r2s2t2u)4:= [raul [S2] [t2 ]+[t2U] [raj [S2]+[S2U] [tal era] 

Products .2:& ,,-..se ...... v....,..e ....... n 

(r7 )s- 21[r2] [r5]+35[r3][r4J-315[r2]2[r3] 

(rss)s== 15[r2 J [r4s]+15[~2s] [r4 ]+.20[r'] [r3sJ-135[r2 J2[r2s] 

(r5st)s == 10[r2 ] [r"st]+S(rst) [r4:]+lO[r2s] (r3t ) 

+lO[r2 t] [r3s]+lO[r"] [r2 st]-45[r2]2[rst] 

(r5sS)s= lO[r8] [r3saJ+[r5) [s2]+lo[r3] [r2s2]+20[r2s] [r3s ) 

+5[rs2] [r4]-45[r2)2[rs2J-30fr2] [s2][r3] 
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(:r4 stU}5= 6[r2 ][r2 stu)+[r:4 J [stu]+4[r3 u] [rst]+4[r"t] [reu] 

+6[r2 s] [r2 tu] [r.3s ] [rtu]+6[r2 su] [r2 t] 

+6[r2st] [r2u]+4[r3) [rstu]-9[r2 j2[stu] 

(r48$1:)5= [r4t.l [$2)+6[;,:2) (_ ...... cot .. ]+(r4 ] [s2tl+4[rs2] [r3t] 

+S[rst] [r"s]+12[ ] [r2stl+6{r2t][r2 s2] 

+4[r3] [rs2t1-18[r2 ] [s2][r2t]-9[r212[s2t] 

(r483)5= 3[r4s] [S2 ]+6(r2] £r2s"J+£r4] [83]+12[rs2] {r.3s ] 

+lB[rSs] [r2 s·]+4(r'] [rs 3 ]-54[r2 ) [s2][r2 s] 
_9[r2 )2(s3] 

(r.3s8tU)5_ [r3tu] [s8]+J[r8] [rs8tu)+2[r3s] [stu]+[r3u] [S2t] 

+6[rst] [r2su]+[r"t) [s·u]+6[rsu] [r2stJ 
+3[rs2] [r2 tu]+6[ ] [rstu]+3[rtu][r8s8] 

+1(r8 t] [rs.u]+l[r2 u] (rs8 t]+[r3
] [s2tU] 

-9[r2][s2][rtu] 

(r3s '2t2 )5_ [r3t 2 ] {s2]+[r's2] [t8 ]+3[r2) [rs2t 2 ]+2[r3s] [sta ] 

+2[r3t] [s2:t]+12[rst) [r2 st]+3[rs2 ] [r2 t 8 ] 

+3[rt2 ] {r2s8]+6[r2t] [rs2t]+6(r2s] [rst2] 

+[r3 J [sata ] -3(1'3] [$2] [te ] -9[r8 ][ S2] [:rtS ] 

-9£r2] fta ] [rs2] 

(X3S't)5. 3[r3st] [ ]+3[r2][ rs3t] +3[r3$] [sat] +[r3t] [$3J 

+3[r2 t] [ rs3] [rst] [r2 s2)+9[rs2] [r.st] 

+9[r2 s] [rs2tl+[r1l] [sJt ]-27[r2 ][sa) [rst] 

(r2s2t2u)5= [raJ [S2t2uJ+£ ] [r2t 2ul+{t2 ] [r·s2u]+4[rsu] Erst2 ] 

+4[r2 st] [stu]+4[rtu] [rs2 t1+8[rst] [:rstu]+2[r2 s] [st2 u] 
+2[rs2 ] [rt2 u]+2[S2t] [r2tu]+2[st2 ] [r8su]+2[r2 t) {S2tU] 

+[r2t 2 ) [s&u]+[r2s2] [t2u]+[s2t2 1[r2r]-3[r2][s2] [t2u] 

-3[r2] [t2 J [S·U]-3[S2] [t2] [r2 u]+2[rt2 ] [rs2u] 



(r$)4 = 105[r8 J4 

(r4s 2t 8)4 .3[r2]8[s2J[t8] 

Products qf eight 
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Order n .... 4 

(r6 S.)4 = 15[raJ~[s2] 
(r4 84 )4 • 9[r8 J2(s2]2 

(r$)5 = 280[ r 3 ] 2 [are] +210 [1'8] a [r4 J-630 [ .. 2] 4 

(1'1'8)5=- 210[t'3] (ras] {rS ]+105lrs J2[r3sJ 

(r6st)5 = 90 [:r:2t] [ras] {r2 ]+60[r:3] [r2 j [rst]+45[r2]2[r2st] 

(res.)5. 90[ x·s]2[r2] +60[r3J (rs·] Cra l+lO(r~] 2[ SS) 

+15[r2 J [sa] [r4]+45[r2]2[r2s2]_90[r2]3{s2] 

(r5 stU)5" lO{ras] [rtu] (rS )+30[r2 u] erst] [r2 ]+30[r2 t] [rsuJJ.r2] 

+lO[r3] [stu][r2]+15[r2 ]2[rstu] 

(rS s 2 t)5:= 60[rst} eras] [r2 ]+30[r2t) [rs2] [r2 ]+lO[r3] [rat] [S2J 

+15[r2 ]2[rs2t]+lO(r3] [SRt] [1,,2]+10[;.:-] [S2] [If't] 

(r5 8
3 )5_ 15[r2] a [rs3}+lO[r2 ] [S2J [r3s1+90rr2s] [rs2] [rS ] 

+30[ras][r3][saJ+10[~2](r3][s3] 

(r4s 2tu)5. 3 [r2] 2 [S2tU] +6 [r2] [52) [r2tul +6 [r2) [r2t] [saul 

+6{r2 ] [r2ul [s2t]+24{r2] [rst.] [rsul+12[r2 J [rs2] [rtu] 

+4[r3)[s2J(rtu]+6[s2J[r2tJ[r2u]+1~[raJ[r.esJ[stu) 
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(r4 s't)5- 3[r2]e£s3t]+18[r~s] [r2 t] [$2]+36[:;82 J erst] [r2] 

+la[r2J[a2][X'2st]+6[r2tJ[:r2J[s~] 

+12[:r3 ] [rst) [s2]+lS[ sJ[s2t][r2] 

(:r4 84
)5_ 3[r2 ]2[s4]+3[r4

] ( ]2+36[r2 8J2[82 ]+36[rs2 ]2[r2 J 
+36[;t2] [rasa] (s2J+24rr2 sJ [r2] [all] 

+24[;r3] {rs2)[ ]-S4[r2]2[s2J2 

(r"s3tU)5- 9[r2tl [rsu] [s~+9[r2s] (rtu] [s2]+9[r2) erst] [s2uJ 

+9[r2] [rs2] [stu]+9[r2]{rstu] [s2]+3[r2] [rtu] [S3] 

+9[r2 ul erst] [ ]+l[r'] [stu] [s2]+9[x,,2] [rau] [s2 t] 

(r"s3;r2)5_ ls[r2t) (rst) [s2]+9[rt2 ) (r2e] [s2]+lS[r2] [rst] [s2t] 

+9[r2 ] [r62] [st2]+9[r2] [rat2 ] [s2J+3[r2 ] [rt2 ] [a'] 

+3[r'] [ ] [st~]+3[raJ [reI"] [t,2]+3[r3s1 [S2J [tal 

+[r'J[s3J[t2]+9[rs2][r2s][t2] 

(r4s 2t.2 )5= 12[r2] [r2e] [st2 J+24[r2 ] [rst)2+12[r2) [rat] [s2t] 

+4[r"] [rs2] [t2]+6[r2 sJ 2[t2]+12[r2) [rt2] [rs2] 
+6[r2tJ2[ ] +4 (:r') [rt2] (s2J+[r2J[s2] [t2] 

+6[rS][e2] [;r2t2J+6{r2] [rast;J [t2]+3[r2]2[s2t2] 

-18[r2]2[s2][t2 ] 

(r3s 2t 2u)5_ 6[r2 t] [x-bu] [s2J+12[r2 J (rst] [stu]+3[:r2 ) [r82 u] [tal 

+3[r2u)[rt2][s2]+6[r&][rsu][sta]+[r~J[t2u][s2] 

[r2s] [rsu] [t2]+[r3u] [s2][t2]+3[r2] [rs2] [t2u] 
+3[r2] [rt2 ) [s2ul+l[r2] [rt2uJ (a2 ]+6[;r2] [rtu] [sat) 

+3{r2u][rs2][t2]+[r3J(s2u][t2] 
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(r2s2t2uS)SlD [:r~] [S2] [tsua] +[X'2] [ta ] [82U2] +[1"2] [u2 J [ssta] 

+[S2)[tBJ[r2u8 ]+[S2] [U2 ](Z2 t 8 )+(t2 ] [u2 ] [r2 s2) 

+4 [1"a] [stU) [S2J [rtu]2+4[t2 J [rsu]2+4[u2] [retJa 

+2(r2J([st2][su2J+[tu2][ts2]+[ut2J[us2]) 

+2[82 ] [[ruB] (rt2 J+[tu2 ] [tr2]+[ur2] [utS]) 

+2(t2 ] ([rsB] fru2 ]+[sr2] [su2]+[u:r2 J[US2 ]) 

+2[u2 ] ([rs2][rt8 J+{st2 ] [sx-2 ]+(ts2 ] [tr2]} 

[:r;2][sa][t2 ][u2 ) 

(re)s:= 1260 [r2 J3 [r3] 

(ree)s == 420[ r 2 )'[ rae] 

(r'" st)s Q lost 1."2 J 3[ ret] 

Order n- s 

(1"7's2)s == 105[r2]2[r3 ] [s2]+105[r2f'[rs2J 

(r6 stu)s =: 15[rS r'[stu] 

(r6s 2t)s" 45(r2]2[r2tl [s2]+15(r2J'(s2tl 

(1"$.3)s c 135[r2J2[r2$J [s2J+15[r2]3[er'] 

(r5satu~= 15[r2]2[rtu] [S2) 

(r!5s 3 t)s= 4S[r2]2[rstl [S2] 

(1"584:)s" 90[172 ] 2[rsa ] {s2J+lO[r2] [r3 ] [$2]2 

(r5s 2t.2 )s -= 15[r2 ]2[rt2 ] [s2J+1S!r2]2[rs2] [tal 

+lO[r2J[r3] (S2][t2 ] 

(r4s4t~= 18[r2J2[s2tJ(s2]+18[r2][r2t][s2J2 
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(r4s 3t 2 )5 == 9(.r2 J 2 [eta J [ 
+18[r2][s2)[ 

] +3 [ r 2 ]2 [s:3] [t.2 J 
] [x-lis] 

(:r4s 2 t 2 U)5 == 3[r2]2[s2] [t:2ul+3[r2 J2[s2u l [tal 

+6[r2) [sa] ft.s J [raul 

(r3s 3 t 3 )5= 27 [r2 l(sa] [t2 ] [rat] 

(r3s 3t 2u )5 -= 9[1'2] [S2) [t2 J Crau1 

(r3s2t2u2)5 == 3[r2] [S2J [tal] {ru2 ]+3[r2 ] eta] cue] [re2 J 
+3[1'2) [S2J [ueJ [rt2] 

.Theseare zero with t:he exception ~ 

(r l.b)5 == 945 [r2] e 

( r8 s.a)s::; 105 [ r2 ] 4 [ sa) 

(r6s 4 )s == 45[r2] "($2]2 

(rSs2t2 )s:: 15[r2] 3[$2] eta] 

(r4s 4t 2 )s == 9[r2].2 [S2J 2[ t 2 ] 

(r4s2t2u2)5 -= )[:r;2J2[SSJ [taJ [ua ] 

*The highest order t.erm in product.s Of fouX'., f1ve, and six 

is found. 'bys 

a ~. ry [ a J$. ry b-1 at) 'Y 
(r s t •.• )b == r st ••• ] - ~ (r st .•. ) A=a . . A. 

~ 
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APPENDIX ~~ 

Table of Expected Values of Q-,roducts for the Negative 

Binomial Distribution in Terms of A and a 

Notation 

). + ex == )( 

21\ + a == 1/1 

a + 1 == a 

a + :2 =: b 

Products . .Qi order .6. 

(12 ).1 .. AX/a 

Products ot order 1-

(1 3
) 2 == AXt /02 

(12 2)2 == 2"aX2 a/a5 

(122) 2 == 4A2X2ta.lc/~ 

(2 3
)2 ::= 4(2'AXb+'l/t2),,2XSa/a5 

Products of order 

(1 4 )2 =: 3,,2X2Icl~ 

(12 ,22)2 ;:I 2,,3X3 a/ a 4 

(2 4
)2 -= 12A4x4 a2 /ae 

(13.2)2 == 0 

(12 3 )2 ::= 0 
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(14 );$ ."X (0;2+6"0+61\.2) /0.::5 

(1'2), == 6*A2 X2 a/a4 

(12 22 )3 == 8A2X2a(AXb+t~)/a5 

(127)3 == 8,,2X2 -;a(v2 +'AX(6a+ll)}/as 
4-

(24)~ .• as'A2X2{(6o:2+l0a+34)"aXs+(180+34)AX't/t$+Vt-J/a7 

Produots of Qrder ~ 

(18 )" == 10J\2x2 t/a 3 

(14 2)3= 12A'X3a/a4 

(1.:522 ), 1# 14".3X3't/ta/a5 

(12 2').3 == 4i\ Sx'a( (Sa+7)hlC+l/t2 J/as 

(124 ), _ 48'A4X4 't/ta2/a7 

(25 )3 = 80A4X4a2(2AXb+y2J/aS 

(15
)4 ,. "Xt(8)JC+t2 )/a4 

(14 2)4 == 2,,2x2 a(SAX+7vlt )/a5 

(1'22 )4 == 8'A2 X2 ta{ (6a+13) 'AX+21jr2 l/c;tS 

(12 2 3
) 4 == B'A2x2 a( (6a2 +lOa+l4) 'A2 X2 +(24a+45) 'AXtt9 +2t4 lin 7 

(124) 4 '== 16'l\2x2 at( (36a2 +162o:+180) J\2 X2 +(31a:+S9) 'AXy2+t4 J/aS 

(25 )4 == 16A2 X2 a(b(24a2 +168tt+248)1\3x' 
+(210a2 +960a+1074) A,2x2 t 2 +(70a+136) AXt4+'t/t6 )/a9 



Products g"]c order 

(16 )3 =:15".3X3/a 3 

(14 22 )3 == 6a,,4X4 /aS 

(12 24 )3 == 12",5X5 aS/a 7 

(21$).3 == 120AeXaa~ /0/3 

(16 )4 D!5'A2 X2 (6'AX+5t2:)/a4: 

(15 2)4 == 8oatX'/\'/o;5 

(1$2),3 == 0 

(1 3 23 ):$ == 0 

(125 );3 == 0 

(14 22 )4 == ,,3X"a(72a+124)AX+66yl!}/a8 

(13 23
) 4: == 4A3X3 a?f (6Sa+97 )AX+'7,2 )/07 

(1 Ie 2 4:) 4= S/\ 3)(" a ( (26a2 +90a+ 74) A aXa+ (46a+62) Alta.1/! 4: } lof:J 

(125 ) 4 ., :L60" "x4 a2 1/!{ (8a+15) "X+2..p2 J/a.S 

(26 ) 4 == 40" 4X4 a2 (52a2 +244o+268) ,,2X2 +(1240+236) AXt2 +10y4 J/a 10 

Prod.ucts of order 2 

(17) 4 == 105,,3X3,;/0(4;-

(16 2) 4: = 90A 4 X4 a/ a 5 . 

(1 5 2 2 ) 4: *' eOA 4X4:ja/c/3 

(14 23
) 4: == 121\ 4 j("a(aa+10) AX+t2 )/a? 

(13 2 4
)4 == 156'A5x5 ya2 /a8 

(12 25 )4 == 40,,5x5312(70+11)"X+2t2J/o,9 

(126 ) 4: == 720"eXeta~ let 3.0 

(27 )4 == 1680"SX6 a3 {2AXb+VnS }/o;~1 



Products o,f order.§. 

(18 )4 ., lOS,,4)(4/a4 

(172)4 == 0 

(1&2a }4 == 30A5XSa/a$ 

(15 23 )4;= 0 

(1 4 2 4
)4 == 36,,6X6 aa/a8 

(1 3 2 5 )4 :I; 0 

(12 28 )4 == 120'A7x7a3/alP 

(127 )4 == 0 

(28 )4_ 16S0,,8XS a4 /a l2 
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APPBNDIX:g~ 

Expression for the Third Moment of a = mi/ (m2-m1) Throu9h 

Terms in n-4 

where. 

A!3) .. (;"'klt :!a+ll (A~3);. 4+A!3),.3a+A~3) },.2aa+Ai3);'o,3 

+A(3)} where the A(l) are given by 0' . k 

The a!3) are found 1n the body of the following table for 

each ~3) t 

~ const .. a a 2 

A (3) 
0 

928 

A(l) 
1 

844 3368 3064 

A(3) 
2 

348 1344· 3672 

A (3) 
3 

1704 -1032 18'72 

A (3) 
4 

1752 -432 336 
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A!3) .. IA~~!a+ll (BJ3»).,7 +B!3)>.aa.+B~3)>.$aa+ •••. 

+l{l) >.aEl+B~ 3) a'7} , where 

13 (3) ~ .~ btl) i 
k i~ 1 Ct, 

The b~3) are found in the following table foX'·each a!.3)i 

~ Const. a 0..2- a 3 

(3) 
BO 11,392 49~216 67,680 29,952 

(3) 
B1 39,904 198, 325,,120 113,664 

B(3) 
2 

56,068 306,008 579,388 423,616 

B(3) 
3 

-30,,072 333,548 431, 561,,272 

(3) '-

B4 '7'474~576 408,840 49, 433,816 

B(3) 
5 

-1,086,388 318,036 '-103,488 194,008 

8(3) 
6 

-991,312 
i 

, -49,528 45,896 

(3) 
8

7 
-321,872 ,080 4,336 
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Expresailons for the Fourth Moment of a == m~/(m2-ml) Through 

Terms in n~"4 

where. 

A!4) .. lA+O:l:~{a+l)(A,!4)A4+A!4)A~a+A~4) 

+A (4) a,4} 
o ' 

where the .A,~4) are given:by A(.4)...i a~4) a i 
A . k. 1=0 .1. 

The a(4) are found in the body of the following table for 
i 

each ,,(4) 
k I 

~ A,\:) a Const. a. 

A(4) 
0 

680 1632 

A(4) 
1 

1440 4608 3360 

A( ) 
3840 4344 

2 
(4) 

A3 -480 528 2448 

(·4) 
A4 -120 -336 504· 
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A 14) .. u~+a2i 1a+U (s!4) A13+B!4) ,-Sa+B!4) A 40.2 + •••. 

+8 ( 4 ) ActS+B( 4 ) eta J where 
1 0 ~ 

The b(4) are found in the body of the following table for 
i 

each B~4) = 

X CQnst .. ct a 2 

:8(4) 
0 

23,168 91~ l17,216 48,864 

8(4) 
1 

64,544 312,736 487,392 244,032 

B(4) 
2 

63,736 312 731,280 498,960 

B(4) 
3 

42~3aO 222,392 439 .. 020 532,608 

2(4) 
4 

-63,,024 218,604.- 34,912 311,388 

8(4) 
5 

-l99,,608 171, -56,328 93,,816 

(4) 
B6 -116,820 40,092 -13,284 11,244 
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MPENDIX .:0' 'a} 

Expressions for the 'fhird Moment of a = (m2-m1)/m1 Through 

'lams in 

where. 

-= - ().~!1 a+11,(). ;3 (SCta +20aCt~554) +)/!a (l6CtIi!+416a+11l7 ) 

+).u2 (Sa2 +244a+692)+(36a+126)a ~J, and 

+A4 a(340a,a+4815a+10406) 

"'i\3a 2 (208o:2 +330Sa+7520) 

+1\20 '" (3,2aa+612a+16 76) - (80.+24) 1\a4 -4a$} .. 
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'" Expl"essions for the Fourth Moment of a == (m2-m1)/m1 Through 

Terms in 

where # 

A. (4) =! (4) 1 
k 4:.J it.!. a .. 1=0 

'!'he a ~4) are found in the foUowing table for each A~4): 

X A~4 a 
Canst. a. a2 0

3 

A(4) 
&0 8 8 () 0 

A(4) 
1 

256 328 72- 0 

(4) 
A2 1644 2220 600 24 

A(4) 4025 5524 1572 72 
~~ 

A(4) 4182 36 1632 72 4 

At!) 1554 2112 24 
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wbere _.(4) 3 (4) i 
Ii;I = b. a k .1. 

The b(4) are found 
i 

the following table for each 8(4). 
k 

X C.onst .. a a 2 a:3 

:a(4} 
0 

16 0 0 0 

s(4) 
'1 0 0 

.(4) 
2 

-13,564 -6" .... 528 0 

:e(4) 
3 

,432 -35,616 -3,732 -36 

s( 
4: 

"",,133,616 < ... 74~,;716 -8, -108 

»(4) 
5 

-119, -68,082 -8,052 -108 

.(4) 
6 

-39.., ... ·22" 1,68S -36 



This c:1issertatioll deals primarily with tbe development 

of the technique of orthogonal statistics and the use of 

this technique to invest,i.gate sampling p1!'opert.iesofmoment 

estimators of parameters of the negative :binomial distri:bu-

t1on. 

The general technJ .. que of orthogonal st.atistics Which is 

based on the existence of an infinite set (q(x») of orthog­
r 

anal polynomials associat.ed with a particul.ar distribution., 

enables one to o:btain expansions of samplin9 moments of 

statistics which are functions of say, the first k sample 

moments ml'm2' •••• '~" The thesis describes t.be technique 

in general, and qive$ tables which facilitate the expansion 

.... 5 
through terms in n of sampling moments of stat1stics which 

are functions of any four sample moments. 

The need for the development of this technique resulted 

from an interest in the problem of invest.igatinq sampling 

properties of certain m.oment. estimators for the case of the 

neqative binomial distribution. Tbus further work was done 

on the technique for this particular case.. Tables are given 

in the thes1swhioh Simplify the procedure fOr moment statistics 



which resuJlt from a sample taken from this particular 

distribution .. 

Sampling properties of moment estimators for the nega­

tive binomial distribution were invest1gated. The 

distribution forms Qonsidered in depth were due to Anscombe 

[B1ometrikCl,ll (1950}J pp. 358-362) with parameters '" and (1" 

Rvans [B1ometrika, 40(1953)" pp. 186-211) with parameters m 

and 8, and Fisher [Annals Of Eugenics, 11 (1941), Pl? 182-187] 

with parameters p and k..The purpose of thi.sstudy was to 

obtain an insight into the behav1orof expansions through 

-4 high powers of lIn (e.g., terms in n ) Of the bias, vari-

ance, and higher moments for tneseest:1mators. Xt was felt 

that the usual asymptoticprQperties desoribed by the first 

term approximations might be misleading for practical cases 

(i" e .. , ordinary sample sizes)" 

The re~ults verified what was suspected. Por the 

moment estimators of J\nsaombe· s form, when ex) " the sample 

s.1zes needed to make high order terms negligible for the 

expansion c)f the 'bias and variance were extremely large . 

. (For one particularoase, in order to use the usual asymptotic 

variance safely one would an n of :2 million.) This then 

reveals the hazardous practice of using the first term 



approximat,;Lon and result1ng :i.n a very serious under-assessment 

of the trule variance of t.he estimate of a. Since for 

A A 
Fisber's for·m k .. 0" the same applies"Fol' Evans' fOrnl,the 

situation was in marked cont.rast. Higher orde:rterms were 

"damped eff U With much smaller siUllple sizes, and 1n most 

cases one is justified in using first term approxima.tions. 

Studies for Evans' 'estimators were confined to the range 

A > 1 and a > 1Q 

'the reSults for th. estimators of Ansc0l'ftbe t s form were 

compared with similax results for the maximum likelihood 

estimator ~of Q', in order to ascertain the effect 011 efficiency 

-3 Of the chcu)tic oElture of the n term in the expansion of 

A 

the covariiance determinant Ot$c. The maximum. likelihood 

results were takenfrQm BOWllU!ll1 {Thesis submitted for Ph.D. 

degree;, Virginia polytechnic Institute, Moments to Higher 

Orders for Maximum L1keli.hood BSi:imatoJ;S with an AAplication 

to . the Negative Binomial Distribution] 1> This study revealed 

.... 3 
that there is a striking similarity in the n term in the 

oovariance determinant for the two estimators. This made 

the if true U efficiency almost identioal to the asymptotiC 

efficiency cases when sufficiently large sample sizes are 

-3 used to us,ink n te:rms beyond n .. il'hl$ statement cannot be 



generalized, however, to include any samples1ze~ si.nce £·or 

a) 1\. only relat.ively large sample s1~es udampoff'( further 

terms in thecovarianee determinants for 'both estimators. 

Hence one cannot be sure Qf the behavior of these determinants 

-3 :beyond n unless these large sample sizes are u.sed. 

'fables and 'chaX'tsare given whioh display the nature of 

the expansions given in the text. Xnpart.1cular, charts are 

given of min~um sample size needed in order that the 

expansions given can safely be used as approximations. 




