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Reinforcement Learning for Self-adapting Time Discretizations of

Complex Systems

Conor D Gallagher

(ABSTRACT)

The overarching goal of this project is to develop intelligent, self-adapting numerical algo-
rithms for the time discretization of complex real-world problems with Q-Learning method-
ologies. The specific application is ordinary differential equations which can resolve prob-
lems in mathematics, social and natural sciences, but which usually require approximations
to solve because direct analytical solutions are rare. Using the traditional Brusellator and
Lorenz differential equations as test beds, this research develops models to determine re-
ward functions and dynamically tunes controller parameters that minimize both the error
and number of steps required for approximate mathematical solutions. Our best reward
function is based on an error that does not overly punish rejected states. The Alpha-Beta
Adjustment and Safety Factor Adjustment Model is the most efficient and accurate method
for solving these mathematical problems. Allowing the model to change the alpha/beta
value and safety factor by small amounts provides better results than if the model chose val-
ues from discrete lists. This method shows potential for training dynamic controllers with

Reinforcement Learning.



Reinforcement Learning for Self-adapting Time Discretizations of

Complex Systems

Conor D Gallagher

(GENERAL AUDIENCE ABSTRACT)

This research applies Q-Learning, a subset of Reinforcement Learning and Machine Learning,
to solve complex mathematical problems that are unable to be solved analytically and there-
fore require approximate solutions. Specifically, this research applies mathematical modeling
of ordinary differential equations which are used in many fields, from theoretical sciences
such and physics and chemistry, to applied technical fields such as medicine and engineer-
ing, to social and consumer-oriented fields such as finance and consumer purchasing habits,
and to the realms of national and international security and communications. Q-Learning
develops mathematical models that make decisions, and depending on the outcome, learns
if the decision is good or bad, and uses this information to make the next decision. The
research develops approaches to determine reward functions and controller parameters that
minimize the error and number of steps associated with approximate mathematical solutions
to ordinary differential equations. Error is how far the model’s answer is from the true an-
swer, and the number of steps is related to how long it takes and how much computational
time and cost is associated with the solution. The Alpha-Beta Adjustment and Safety Factor
Adjustment Model is the most efficient and accurate method for solving these mathematical

problems and has potential for solving complex mathematical and societal problems.
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Chapter 1

Motivation

Mathematical models are increasingly complex and create demands and burdens on com-
putational resources in terms of both computation time and memory storage. Application
of mathematical modeling is expanding to almost every field, from theoretical sciences such
as physics and chemistry, to applied technical fields such as medicine and engineering, to
social and consumer-oriented fields such as finance and consumer purchasing habits, and to
the realms of national and international security and communications. The desired solution
to any of these problems, whether it is direct and simple or complex and interdisciplinary,
will require accuracy and rapidity. Reinforcement Learning, an artificial intelligence method
that is a subset of Machine Learning, can contribute greatly to solving problems. Rein-
forcement Learning explicitly focuses on solving the whole problem without breaking it into
sub-problems. Through an iterative process that enables learning from actions and rewards,
which are the consequences and successes from the decisions made, Reinforcement Learning
moves toward maximizing the cumulative reward and rapidly and accurately solving the

problem even if there are unforeseen issues.

Ordinary differential equations are prominent mathematical models employed to solve a
myriad of critical problems where there is a complex system with rates of change, including:
power grids, climate change, disease spread, cancer growth, traffic flow, fluid dynamics,
chemical reactions, consumer behaviors, and more. Science, engineering, and society depend

on ordinary differential equations. The challenge is that ordinary differential equations
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are not usually solvable mathematically or analytically and thus use numerical methods to

generate approximate solutions.

This work explores a novel approach to construct adaptive numerical integration algorithms
via Machine Learning. We seek to build algorithms that try different time integrations
and learn from these experiences as the integration progresses leading to higher accuracy
solutions at a lower computational complexity. Reinforcement Learning, through its trial
and error process, learns to move towards the optimal solution balancing accuracy and
computational load and is thus ideal for efficiently and accurately solving ordinary differ-
ential equations. The novel application of Reinforcement Learning to develop intelligent,
self-adapting algorithms for the time discretization of complex systems solutions to ordi-
nary differential equations with the goal of increasing accuracy and reducing computational

complexity motivates this work.



Chapter 2

Introduction

The goal of this research is to apply Machine Learning, or more specifically, Reinforcement
Learning, to more efficiently solve ordinary differential equations (ODE) through optimizing
highly interdependent factors of adaptivity of step size, order, and type of discretization (e.g.,
solver). The research will formalize the decision process of selecting these interdependent
factors in a manner that can be extended to any family of integration methods, and to

employ Reinforcement Learning to compute the optimal adaptation policies.

2.1 Differential equations

Ordinary differential equations are a prominent mathematical model extensively used in
engineering and science to relate functions and their derivatives of one or more variables
[3]. ODE can solve a myriad of important problems where there is a complex system with
rates of change, including: power grids, climate studies, disease spread, traffic flow, fluid
dynamics, chemical reactions, and more. The classic example is having the acceleration and

desiring to calculate velocity as shown in Equation (2.1).

dv

o S0 (2.1

a

The objective is to solve for v(t) with only starting conditions v(tg) and the differential

3
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equation %. The challenge is that in general, ODE are unlikely to be solved mathematically
or analytically. Consequently, numerical methods have been developed to generate approxi-
mate solutions, and it is desirable to know how close those approximate solutions are to the

real solutions.

2.2 Runge-Kutta Methods and Step Size Controllers

A widely and successfully used numerical method to solve ODE is the Runge-Kutta (RK)
family of iterative methods which apply temporal discretion steps to develop approximate
solutions to ODE. Runge-Kutta methods contain an order which corresponds to accuracy of
the step; the best known Runge-Kutta method is the 4" order method, known as RK4 as

shown in Figure 2.1 [3].

sc; = Atol; + max([yo, [y]) * Rtol; (2.2)

1~ (Y — Y ?
— =S (Y 2.3
err - Z < . ) (2.3)

i=1

The higher the order of the Runge-Kutta method, the higher both the accuracy and also the
computational cost. Implementing Runge-Kutta requires a starting y-value, step size (At)
in the time domain, and the differential equation. The overall approach is to calculate the
derivative at multiple points within the time interval, then combine the derivative values
with different weights to calculate the value of y at a next time step. The order of the
Runge-Kutta decides what points to pick in the time interval, t + At and the weights to

apply to the derivative values. This Runge-Kutta method is repeated until one has moved
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Yo+ hk3

y0+hk2/2
y0+hk1/2

Yo ¢

Y

t to+h/2 to+h

Figure 2.1: 4" order Runge-kutta method where ki, ko, ks and k, are the estimated slopes
at different points in the interval [17].

as far in the time domain as necessary. To have more confidence in the answer, a preferred
method is an adaptive Runge-Kutta which compares two different Runge-Kuttas of the same
step size but different orders. The difference between the two Runge-Kuttas in the adaptive
Runge-Kutta is referred to as the error, i.e. the difference between y; and y;. By comparing
the results, the adaptive Runge-Kutta can decide if the answers meet a certain tolerance and
whether to accept the proposed step or reject it. There are two types of tolerances: absolute
and relative as shown in equation 2.2. Absolute tolerance (Atol) sets the hard lower bound
on the error tolerance and the relative tolerance (Rtol) counters the absolute tolerance by

allowing for flexibility in error.
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To calculate the error of the adaptive Runge-Kutta method, the difference in values (y; — 1)
is normalized by the combination of relative and absolute tolerance, sc, component-wise as
shown in eq. (2.3); note sc < 1. If the normalized error is below one then the step is accepted;
if the normalized error is above one the proposed step is rejected. If the step was rejected
the problem does not move forward in the time domain and a new step size is needed. The
function that uses the normalized error as an input to change the step size is called the

controller.

Selection of the step size is critical as it influences accuracy, error, and computational cost.
The Adaptive Runge-Kutta decides whether to accept or reject the current integration step
within preset tolerances, then the controller chooses a new step size or step size/order combi-
nation to a goal error of 1 [5]. To ensure we are moving forward in the time domain, a safety
factor between 0 and 1 is applied to the controller’s output. This increases the likelihood of

the step size being accepted.

2.3 Reinforcement Learning

Machine Learning can be divided into three broad categories.

First, Supervised Learning, which uses fully labeled data where the correct answer is ef-
fectively known to train the algorithm. Typical examples are classification for categorical
variables where the different categories are available and regression for continuous variables

where the values of the response variable are known for the given explanatory variable values.

Second, Unsupervised Learning, where the training data are unlabeled, i.e., the algorithm
is simply provided example data and asked to extract information from it. An example

of Unsupervised Learning is using clustering algorithms to find structure within the data.
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Because there is no formal "ground truth” available for the Unsupervised Learning, formally

evaluating accuracy can be problematic.

Third, Reinforcement Learning (RL), which trains an algorithm using a reward system to
achieve a particular objective. The reinforcement learning agent attempts to take the best

next step in the process to optimize the overall final reward [12, 16].

Reinforcement Learning is a widely applicable and versatile form of artificial intelligence
that uses a computational approach for goal-directed learning from interactions as shown in
Figure 2.2. There are multiple steps in RL underpinned by the Markov Decision Process
(MDP) [16]. The key player in RL is the agent, which is the learner or decision maker; the
agent can be an algorithm solving ODE, or in a social setting it could be a person making a
decision. Over discrete time steps, T', the agent takes actions, A, on their environment. The
environment is outside of the agent, although the agent may have some knowledge about it
and interacts with it. The actions are iterative steps that lead to different states, S, where a
state, s; could be the location of the agent in the environment. An action, a; always leads the
agent from it’s current state, s; to the next state, s; ;1. Each state-action pair for a particular
time step, t has an associated reward, r;, 1, that evaluates the effectiveness of the transition
from s; to s;y1 using action, a;. Rewards can be positive or negative, where a positive reward
reinforces the effectiveness of an action and a negative reward is a punishment or failure. At
each time step, the agent is taking an action and changing the state, resulting in a series of
state-action pairs called the policy, II;. The policy is what the agent learns to optimize at
a given time; this value can be stochastic and use a mathematical function or be a look-up

from a table.

To summarize, using capital letters for random variables and lower case letters for the par-

ticular realization, the key components for Reinforcement Learning are:
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e s is the state at time ¢ out of possible system states S
o a; is the action taken from state s; out of possible actions A at time ¢

o 7(8¢,a¢) is the reward for taking action a; from state s; at time ¢

==
»| Agent
stata reward action
5, i a,
_'I T .
E""'s Environment (e——-
i t+1

Figure 2.2: Reinforcement Learning schematic: the agent is the learner or algorithm that
selects the action, a;, that impacts the environment; current time step, ¢; current state, s;;
current reward, r;; next time step, t + 1. CC BY-NC [4]

RL is designed to maximize the cumulative reward and has three key components (Sutton

and Barto 2018):

o Closed loop system because early actions-rewards influence later actions-rewards
» Actions are not prescribed or supervised, but are trial and error steps

» Learning occurs over time as action-reward progress progresses.

Unlike other types of Machine Learning, Reinforcement Learning distinguishes between an
exploration and an exploitation phase. Exploitation takes the best decision given the current
state, available actions, and what the agent has previously tried and found to be reward-
ing. But to gain such knowledge, the agent has to explore options it has not previously
attempted. Neither exploitation nor exploration are sufficient alone. This exploration/ex-

ploitation trade-off is still an active area of research [16, 20].
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One approach is to explore early in the problem, then slowly reduce the amount of exploration
as time progresses. This is termed the e-greedy approach, where € is the probability of

exploration at the start of the problem. e decreases over time using a decay rate of A [16].

RL can be implemented in many ways, of which Q-Learning is one of the more popular

methods.

2.3.1 Q-Learning

Q-Learning is a particular type of Reinforcement Learning. Q7 refers to the expected
rewards when selecting the next action to take given the current state. Q-Learning is con-
sidered model-free, because the transition probabilities when going from state s to state s’

take action a and are not used or learned.

The "value” of an action a is the expected reward when a is selected from a given state. This
is termed ¢,(a). The corresponding estimated value at time step ¢ is termed @Q;(a). These Q
values are used to guide the selection of the next action taken. The Q-values are stored in
a matrix (table) where the rows represent the states and the columns represent the actions.

The matrix cells store the Q values for the state/action pair.

The Q-Learning update equation is thus

Qrr1(sp,ar) = (1 — ) Qu(s¢,a0) + o [1y(54,a0) + Y max Qi(5t41,a") (2.4)

where 0 < a < 1 is the learning rate and 0 < v < 1 is the discount rate. A learning rate
of 1 has the agent only consider the most recent reward. The discount factor weights the
value of future (as opposed to current) rewards. A discount rate of 1 has the agent attempt

long-term higher reward [20].
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2.3.2 Test Problems

Brusselator

The Brusselator equations [13] (Figure 2.3) describe a system of autocatalytic oscillators,
originally defined for a series of chemical reactions. For compounds A, B, C, D, X, Y, the

starting chemical reactions for the Brusselator problem are

A= X
2X+Y — 3X
B+X—=Y+D

X —F

If chemicals A and B are continually supplied and chemicals D and E are continually removed
such that none of the four concentrations change over time and are therefore constant, only
the concentrations X and Y are time variable. The resulting differential equation system,

once normalized, is shown below.

it=1—(b+1)z@)+az®t)?yt) (2.5)

g=ba(t) —ax(t) yt) (2.6)

where a, b > 0 are parameters and x, y > 0 are the dimensionless concentrations.

The problem is nonlinear because of the a z(t)? y(t) term in each equation. Depending on
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solution of bruesselator for Xn:Yu=1’ A=1,B=3, k|:1 Vi

species X
— species Y

0 5 10 15 20 25 30 0 1 2 3 4 5
time [A.U.] concentration X [A.U.]

phase space plot for Xu=Y0=1’ A=1,B=3, k‘=1 Vi

XO=1 .5, YD=3
X0=3, Y0=4 |
X0=1, YD=1

concentration [A.U.]
concentration Y [A.U.]

solution of bruesselator for XD=YU=1, A=1,B=1.7, k‘=1 i phase space plot for X0=YD=1, A=1,B=1.7, k|=1 Vi

25 4
= species X 35 X0=1 5, YO=3
species Y : i
, \ X;=3, Y,=4
= = Xg=1, Yp=1
> <
< I~ 25
S 5
E 15 % 2
1 =
8 315
2 5]
15 2
¢ 3
0.5
05 L . . . 0 . . . . . L
0 5 10 15 20 25 30 0 1 2 3 4 5 6 7

time [A.U.] concentration X [A.U.]

Figure 2.3: Top: the solution of the Brusselator in an unstable regime and the phase space

reaching a limit cycle as compared to Bottom: the solution of the Brusselator in a stable
regime and the phase space reaching a fixed point [8].

the values of the parameters a and b, the result can be periodic, spiral, or decay to fixed

values. In particular a = 1 and b = 4.5 for periodic, and a = 1 and b = 2 for spiral.

Lorenz 63

Lorenz researched modeling of atmospheric systems which lead to the development of chaos
theory. He developed several example nonlinear differential equation systems. The Lorenz
63 model [9] (Figure 2.4) derives a three dimensional system of deterministic ordinary differ-
ential equations that describe a fluid’s convective motion held between two infinite horizontal
parallel plates, where the upper plate is cooled and the lower plate is heated [19]. The solu-

tion can display very erratic dynamics which oscillate irregularly but remain bounded in a

phase space [15].
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&= o (y(t) — =(t)) (2.7)
y=a(t)(p—z(t) —ylt) (2.8)
g =z()y(t) — pz(t) (2.9)

where o, p, and ( are parameters > 0. The system is nonlinear because of the quadratic

terms x -y and x - 2.

References [14] and [7] discuss solutions for different parameter values. The particular pa-
rameter values used by Lorenz (and in this research) were o = 10, p = 28, and § = 8/3.
The solution shows an initial transient period followed by an aperiodic irregular oscillation.
If any two of the variables are plotted against each other, a strange attractor is displayed.
An importance of this model is that it is highly sensitive to the initial values. Even slightly
different values lead to very different solutions. The ability to predict future states is very

limited because of this ’sensitive dependence’ [19].

Lorenz 96

The Lorenz 96 model was designed to test the predictability of atmospheric and weather
forecasting [10, 11] (Figure 2.5). It consists of a system of differential equations with a cyclic

permutations of the variables. For the j, variable:

Zt:.l’j_l (Ij+1 —I'j_g) —J]j—f—F j == ].,TL (210)

Because the model is circulate symmetric [18], the boundary conditions are
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(a) Time t=1 (b) Time t=2 (c) Time t=3

Figure 2.4: The two colors: yellow and blue represent the 3D evolution of two trajectories
in the Lorenz attractor starting at initial points differing by 10~ distance along the x-axis.
The figure is made using rho = 28, 0 = 10 and 8 = 8/3. (a) Initial time segment where
the two trajectories are coincident, (b) the two trajectories slowly diverging and (c) the final
time segment showing the two trajectories diverged [2].

In the original model development, the variables represent some atmospheric quantity along
a circle of constant latitude of the earth, divided into n equal parts. The solution can have

very complex dynamics depending of the values for the parameters n and F.

2.4 Project Objectives

The overarching goal of this project is to develop intelligent, self-adapting algorithms for
the time discretization of complex systems, by augmenting traditional numerical analysis
approaches with Machine Learning methodologies. The new hybrid "numerical4learning”
solvers proposed herein use current simulation data to optimize performance on the specific

problem at hand. Our specific objectives are as follows:
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12.5
10.0
7.5
5.0
2.5
0.0
-2.5
-5.0

X3

Figure 2.5: Simulation of the Lorenz 96 model where n = 3 [1].

1. Formalize the selection of step sizes, orders, discretizations, and solvers, as one Markov
Decision Process, and employ reinforcement learning to compute optimal online adap-

tation policies.

2. Develop Reinforcement Learning-based performance models and use them to endow
time integration codes with the ability to self-tune parameters such as to maximize

performance for the simulation at hand.



2.4. ProsecT OBJECTIVES 15

a Learning Agent l
"""""" Pn-1) g atc
, € , O, etc. | poocosoerases e
-):n-—n-——-—n-——-—-—--—- Step size hy |
'Solution Va1 Discretization (e.g., RK):
Local error estimate e > Order py |

n+1

| . . : ' Parameter values
i Convergence diagnostics 6,41 | : |
E : i Etc. ;
 Etc. § b
Numerical Integrator | |
[tni tn+1]

Figure 2.6: The proposed hybrid “numerical+learning” solution approach. The time dis-
cretization algorithm (blue) outputs the numerical solution, local error estimates, and di-
agnostics such as convergence rates. The learning algorithm (red) uses this information to
adaptively reconfigure the numerical solver for the next step; it proposes a step size (or time
step policy), a discretization method and order, updated values of solver parameters, etc.
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Methods

3.1 Reinforcement Learning

The goal of this research is to make a controller for ODE via a Reinforcement Learning model
using an adaptive Runge-Kutta as the step size calculator. Reinforcement Learning requires
three inputs: Actions, States, and Reward functions. The Actions for the model change the
parameters to pre-existing step size controllers. The States are the history of past actions
including the result of whether the step was accepted. The Reward function informs the
model and decides to accept or reject a change in step size. We explore multiple Reward

functions using the error of the step, step size, and if the step was accepted or rejected.

We train and test the Reinforcement Learning model on different ODE. We investigate two
variations of the Brusselator problem which models an autocatalytic chemical reaction. We
also explore Lorenz 96 and Lorenz 63 problems which are non-linear fluid dynamics problems

with chaotic motion.

The Reinforcement Learning model used is Q-Learning, which requires a discrete action,

state space, reward function and applying it to an ODE controller (Figure 2.6).

16
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3.1.1 Reward Function

All Reinforcement Learning models require a reward function. We divide ours into two
reward functions: one for when the step is rejected by the controller and one for when it is
accepted by the controller which moves the solution forward in the time domain. When the
step is rejected it is referred to as a punishment. We evaluate many different reward and
punishment combinations. One point to note is that if the step is accepted then the error is
bounded by 0-1 and if it is rejected then it has to be greater than one. This means that for
rewards the error is less than one and for punishments the error is greater than one. Below
are the different reward functions and punishment functions we evaluate. The error refers
to the error of the adaptive Runge-Kutta calculated from 2.3. The current step size is refers

to the step size that the adaptive Runge-Kutta is attempting to take.

In this work we consider the following reward functions:

1. Error/constant

2. 1/(1-error)

3. Current step size

4. Current step size * error
5. Ratio

6. Ratio minus Ratio of Baseline

In this work we also consider the following punishment functions:

1. - Error/constant

2. - Log(error)
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4. Current step size

5. - Current step size * error

6. Ratio

7. Ratio minus Ratio of Baseline

Current location * Total baseline number of steps

3.1
Final Location x Model current number of steps (3:-1)

It is possible to solve the ODE with a baseline controller and count the number of steps. This
count becomes the baseline number of steps; the Reinforcement Learning model is rewarded
when it solves the ODE faster, or, in fewer steps. To be able to apply each action, we
determine how far we are into the ODE problem and how many steps were used. The model
is rewarded for going faster than the baseline solver. As an example, if the model is half-way
through solving an ODE problem and has only used a quarter of the steps as compared to
the number of steps used by a baseline controller, then the model is rewarded more than if

it used half of the total baseline controller steps. In terms of the ratio, using Equation (3.1),

5x100 __ 9

the value is = T =

To account for the fact that this ratio assumes that all the problems being solved use equal
step sizes throughout the problem, our innovation is to calculate the ratio while solving the
baseline problem to get the baseline ratio at each step and time during the solution. We then
know our position in time and ratio while training the model and can subtract the baseline
ratio from the same position in time and reward the difference. This allows the model to be

trained to do actions that lead to faster solutions than the baseline version. Mathematically,
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the ratio now becomes:

Current location * Total baseline number of steps

Final Location * Model current number of steps
Current location * Total baseline number of steps

— 3.2
Final Location * Baseline current number of steps (32)

3.1.2 Actions and States

The actions, or what the model can change, are safety factor, and the parameters of the
controllers. The model can be set up to do this in two ways. The first way is to choose the
action from a list of available values. As an example, the model can choose a safety factor
of 0.7, 0.8 or 0.9. The second way is to adjust the action by a certain factor, for example,
adjusting the safety factor by adding/subtracting 0.05 to the safety factor. The adjustments
come from a predetermined list. Due to size constraints of the problem, we are unable to

test all actions at once.

A state is the last three actions taken by the model and whether that action was accepted

or rejected.

3.1.3 Controllers and Runge-Kutta

In Equation (3.4), e, is the error from our most recent step and the e, _; is the error from
the 2nd last step. P is the order of the Runge-Kutta. The step size changes by the optimal
factor, fop:. tol is treated to be one [6]. « and f are parameters to the controller which
manipulate the error; o and 3 can be considered analogous to how the error is weighted.

The explicit Dormand—Prince order 5 and 4 is used for the adaptive Runge-Kutta.
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kr kp
fopt = (%Ol) (e’;l) (3.3)

1

tol**h r
opt — 3.4
Jo <r|e£”’h“ua||es°_ﬁ"1>||ﬂ> .
hﬁf’jl = fac - hy,. fac = min{ fiaz, max { fmin, fsafe * fopt}} (3.5)
1

The second one is called Gustafsson and is defined in Equation (3.3). k; and kp are similar to
alpha and beta where they act as weights to the normal factor and error of ratios, respectively.
Both controllers use Equation (3.5) where h,, is the current step size, h,1 is the new step
size, fmin 18 the minimum change in step size, and f,,4. is the maximum change in step size.
Lastly, fsare is the safety factor that helps ensure that the step will be accepted. If a step
is rejected the computational cost doubles as the amount of calculations needed to move
forward in the time domain doubles. By selecting a f,,. that ensures acceptance of the

step, we avoid the possibility of doubling the computational cost. Normal safety factors are

0.8,0.9,(0.25)1/(p+ 1), or (0.38)1/(p + 1).

3.1.4 Test Problems

The solution code for the Brusselator and Lorenz test problems is taken from
https://github.com/ComputationalSciencelLaboratory/0DE-Test-Problems released un-

der the MIT license. The Reinforcement Learning code is written in Matlab.
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Figure 3.1: Pipeline of how the Reinforcement Learning model is interacting with an ODE
controller

3.1.5 Pipeline

The complete pipeline of applying reinforcement learning to differential equation is captured
by the Figure 3.1. At each step the reinforcement learning agent decides the inputs to the
controller, such as alpha and beta for the alpha-beta controller. Then the controller decides
the step size for the adaptive runga kutta. The results of the adaptive runge kutta is used
to estimate the local error. The error estimate decides if the calculated step is accepted
or rejected. The result of the current step and the past actions and their respective results
together form the current state for the agent. The controller then uses the local error estimate
to calculate the next step size the agent also uses the local error as an input for the reward
function. Once one step is taken the result and the action change the state causes the agent

to pick new inputs to the controller and the process repeats.
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Results and Discussion

4.1 Training on Lorenz 63 ODE: Reward Functions

For the base example we use Lorenz 63 with the baseline set to alpha = 0.9 and beta=0.1.
The number of training episodes is preset to e + 06. The models and the baseline use an
absolute tolerance and relative tolerance of e —07. Lorenz 63 parameters are o = 10, p = 28,

and [ = 8/3. The problem is solved from Time = 0 to Time = 5.

4.1.1 Reward as 1/(1-error) approach

The Reinforcement Learning model tunes alpha and beta using the controller (Equation (3.4)).

Many different reward functions are attempted. The first reward and punishment pair are:

e Reward = 1/(1-error)

e Punishment = —error

Figure 4.1 shows the exploration phase of the training. We can see that as more runs are
performed, the model takes more steps because it is learning to avoid getting rejects when
the punishments are high. This trend exists for most of the rewards and punishments when
their difference are high such as when we use the current step size as reward. The model is

being overly punished for a reject.

22
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Figure 4.1: Exploration and exploitation phase of the training for Lorenz 63 when Reward

= 1/(1-error) and Punishment = —error.

4.1.2 Ratio approach

The next reward function is the ratio method, or, how fast we go vs how fast we should be

going.

e Reward = Ratio

e Punishment = Ratio

The ratio method does not out-perform the baseline because after one bad step, all the future
steps in that solution will be off. This leads to the state action pair in the Q-table to have
Q-values that will lead to sub-optimal solutions. The other issue is that the ratio method
assumes an equal step size while solving the problem. To account for these issues, a 2nd

ratio method is used (Equation (3.2)).
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In the 2nd ratio method the reward is how much the action speeds up or slows down while
solving the problem. This ratio method also does not out-perform the baseline. It is not
able to replicate the baseline solution even with the 2nd ratio method. That is because after
the first several actions do better than the baseline, the 2nd ratio method sets the model on

a path of local minima that always perform worse than the baseline solution.

4.1.3 Reward of Error/1.5

The next reward function we investigate is this reward/punishment pair:

« Reward = error/1.5 (error is bounded by 1-0)

e Punishment =0

We can see from the Figure 4.2 and 4.3 that this reward does not perform worse as we
run more episodes and it is able to meet the baseline. Since this is the best performing
rewards/punishment pair, for the rest of the experiments we will use a reward of error/1.5 a

and punishment of 0.

4.2 Dynamically Tuning Controller Parameters

These models dynamically change the inputs to the controllers which change the step size.

4.2.1 Alpha-Beta Model

This approach allows the model to decide between discrete options for alpha and then back

calculate beta as 1-alpha (Equation (3.4)). The graph in Figure 4.2 is during the end of the
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Figure 4.2: Number of steps for exploitation phase of the training for Lorenz 63 when Reward
= error/1.5 and Punishment = 0.

exploitation phase of training and shows that the problem stabilizes in 268 steps, one step

less than the baseline.

In Figure 4.3, looking at the end which is the exploitation phase of the training, we see
the final error from the model solution. We get this by comparing the final location of the
model solution and comparing that to a solution with a very tight tolerance (i.e., tolerance
of e—10 which was preset) which we will treat as the actual solution. The graph shows that

the model performs slightly worse than the baseline version.

An interesting result is the behavior of alpha once the model is complete, as shown in
Figure 4.4. In the regions of no rejection, there is a pattern where alpha cycles through

0.4 — 0.9 — 0.7 — 0.8 and repeats. The safety factor is set to be constant

Another interesting result shown in Figure 4.5 is that after a rejection, the alpha-beta model
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Figure 4.3: Error for exploration and exploitation phase of the training for Lorenz 63 when
Reward = error/1.5 and Punishment = 0.

keeps alpha high for the next 4-6 steps and then plummets alpha to 0 or a much lower value.
This generates the idea that after a rejection from the controller, an immediate adjustment

is not appropriate, but adjusting after a few steps could be a better approach.

4.2.2 Safety Factor Model

The safety factor helps insure that the step size is going to be accepted because the safety
factor helps the step to not be rejected. When the model is allowed only to choose a safety
factor from a discrete list of values (i.e., 0.7579, 0.8, 0.8241, 0.85, 0.90), we see similar results
to when it controls just alpha in terms of error and the number of steps to complete the
problem. The only interesting result is it adjusts the safety factor in the first ten steps

and then just leaves it at 0.9. Overall, this method does not give insights into developing
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Figure 4.4: Behavior of alpha-beta model solving the Lorenz 63 problem.

controllers.

4.2.3 Alpha-Beta Adjustment Model

This model allowed adjustment of alpha by a discrete value (i.e., -0.1, -0.05, -0.01, 0, 0.01,
0.05, 0.1) (Figure 4.6). The method lets the model fine tune the alpha values without
vacillating. A similar trend is seen of where it takes 264 steps to complete vs. the baseline
of 266 steps. The error has doubled from the baseline to be around 0.61. The behavior of
the model is that it finds a loop that keeps alpha between 0.95 and 1. But at the first sign

of the rejected step it has a delayed reaction before it starts to lower alpha.
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Figure 4.5: Behavior of alpha-beta model solving the Lorenz 63 in the region where rejections
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4.2.4 Safety Factor Adjustment Model

When just the safety factor is adjusted by discrete amounts, it solves the Lorenz 63 problem
in 274 steps compared to the baseline of 266 steps. The biggest change that happens is that
the safety factor adjustment model runs into a total of 28 rejected states compared to the
baseline which has 8. This is to be expected when the safety factor increases. The steps the
safety factor adjustment model takes are bigger in order to solve the problem faster resulting
in less accepted states. The interesting result to note is that in the beginning of the problem
when multiple rejections occur close together, the model decreases the safety factor because
it realizes that it was dealing with a tighter region. Comparing that to when it was solving
the problem later, the model increases the step size after a rejection because it accounts for

the controller to lower the step size as seen in Figure 4.7.
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Figure 4.6: Behavior of alpha-beta adjustment model solving the Lorenz 63 in the region
where rejections occur.

4.2.5 Alpha-Beta and Safety Factor Adjustment Model

This model can choose alpha from a discrete list and then also choose how to adjust the
safety factor. The model finishes Lorenz 63 in 283 steps with 32 rejections, compared to the
baseline of 266 steps and 8 rejections. The model error is 0.488 compared to the baseline
error of 0.339. The behavior is shown in Figure 4.8; the trend is that alpha tends to alternate
between a high value and a low value while the safety factor seems to stay between 0.9 and

1. This model has no noticeable trend and the initial results do not look promising.

4.2.6 Alpha-Beta Adjustment and Safety Factor Adjustment Model

This method adjusts both the alpha-beta and the safety factor. To solve the Lorenz 63 alpha-

beta adjustment and safety factor adjustment model, our model requires 273 steps with 27
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Figure 4.7: Behavior of safety factor adjustment model solving the Lorenz 63 in the region
where rejections occur.

rejects and resulted in an error of only 0.065. While it is close to the baseline of 266 steps,
the baseline error is 0.33. Overall, this is the best model for tuning controller parameters
and yields the greatest accuracy even if the step size is slightly higher than the baseline. As
seen in Figure 4.10, compared to the alpha-beta adjustment method (Figure 4.7), we see a
similar alpha-value drop around 50 steps, but the alpha-beta adjustment and safety factor

adjustment model afterwards has more fluctuation and seemed to respond better.

4.3 Different Time Intervals for Lorenz 63

We extend the model in the time domain to solve the problem from 0 to 10 and 0 to 15
using the alpha-beta adjustment and safety factor adjustment model. We can see interesting

results in the 0-5 problem (Figure 4.11) which converges on a solution fairly fast and has
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Figure 4.8: Behavior of alpha-beta and safety factor adjustment model.

minor changes. While the interval 0 to 10 (Figure 4.12) is constantly getting better over
episodes, the interval 0 to 15 (Figure 4.13) policy never converges and is constantly changing.

So for long time domains, more training is needed for the policy to converge.

Next we look at the metrics of accuracy and number of steps to train on one model of
different time intervals. Table 4.1 (baseline steps over model steps) shows the number of
steps of the model are always more than baseline but not really different between the models
trained on different time intervals. Each trained model performs worse by about 5 to 10

percent, irrespective of which model they are tested on.

If we look at Table 4.2 for the error, we do not really see a clear pattern, all models performed
well against the 0-10 baseline but not the 0-5 or 0-15 baseline. An item to note is that the
baseline for the 0-15 interval was a very accurate solution and this happens but is not usually

the case. The 0-15 model does not converge to an answer which means its results are really
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Figure 4.9: Close-up scale for behavior for alpha-beta and safety factor adjusted.

Table 4.1: Ratio of number of steps for training on one model of different lengths.

Tested on:

Ratio (Baseline Steps/Model Steps) when Trained on:

Lorenz 63, 0-5

Lorenz 63, 0-10

Lorenz 63, 0-15

Lorenz 63, 0-5 0.912 0.96 0.924
Lorenz 63, 0-10 0.904 0.94 0.929
Lorenz 63, 0-15 0.902 0.94 0.938

just noise. We are not positive that the 0-10 model fully converges on an answer. Overall,

the results of training on different time interval models and then testing on the different

time intervals are inconclusive.

Table 4.2: Ratio of errors for training on one model of different lengths

Tested on:

Ratio (Baseline Error/Model Error) when Trained on:

Lorenz 63, 0-5

Lorenz 63, 0-10

Lorenz 63, 0-15

Lorenz 63, 0-5 0.8556 0.6150 0.7749
Lorenz 63, 0-10 2.9481 1.0279 1.6581
Lorenz 63, 0-15 0.0635 0.0751 0.2892
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4.4 Different Tolerances for Lorenz 63

We apply the alpha-beta and safety factor adjustment model and training on different Runge-
Kutta tolerances (Table 4.3). When we use the tolerances e-3 to test the models, they do not
get better than when trained on tighter tolerances. In fact, a worse result at e-7 occurs. This
might mean at loose tolerances there is not much improvement. One possible reason is that
it solves the e-3 too fast to let the model make any improvements. Intuitively, when training
a model on a tighter tolerance, we think that when it is tested on a lower tolerance we keep
more of the accuracy. We see more accuracy to a degree when we test it on e-5 after training
on the higher tolerances. We see the opposite for e-7 where the training on looser tolerances
are much more accurate when testing on the higher tolerances. These results could just be a
fortuitous solution to the problem. We interpret these data as the model cannot help when
the problems are solved quickly for the e-3 it solves in 50-60 steps vs e-7 290-300 steps. For

the number of steps, the models take around 7 or 18 more steps with no real pattern.

Table 4.3: Ratio of errors for application of alpha-beta and safety factor adjustment model
and training on different Runge-Kutta tolerances

Ratio (Baseline Error/Model Error) when Trained on:
Tested on:
e-3 e-5 e-7
e-3 0.7459 1.4093 0.7910
e-H 1.2793 3.5231 6.9210
e-7 113.6626 42.4320 5.2281

4.5 Gustafsson Controller

Instead of the model learning on the equation 3.4, we train on the Gustafsson equation 3.3.
The model chooses the k; then calculates k, based on equation (k; + k, = 1/order). Based

on Gustafsson [5], he suggested using k; = 0.13 and k, = 0.06; this will be referred to as the
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Gustafsson baseline. We also have k; = 0.2 and k, = 0 referred to as baseline. Figure 4.14
shows the training. We can see that Gustafsson baseline takes more steps than the model
and baseline version. When we compare the errors (Figure 4.15), it shows that the model
combines the best of both baselines with less steps than Gustafsson baseline and higher
accuracy than the normal baseline. The Gustafsson behavior at steady state takes steps at
the k; =0.2 for 2 steps and then a couple steps around k; = 0.14. When the model run into

rejects, it alternates between high k; and low k; (Figure 4.16).
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Figure 4.14: Steps for Gustafsson Controller.

4.6 Summary of All Models

If we review these different models and compare performances, Table 4.4 shows that overall
that the models take a few more steps than the baseline number of steps. For error, we

observe an improvement in the error when we change the safety factor, more specify, when we
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Figure 4.15: Error for Gustafsson Controller.

can adjust to allow for more fine tuning of the safety factor. But it is clear that improvement

in error is accompanied by an increase in the number of steps. The best performing model

was Alpha-Beta Adjust and Safety Factor Adjust because it has the best decrease in error

and with minimal increase of steps.

Table 4.4: Comparison of models for dynamically tuning controller parameters to baseline

Model Method

Ratio (Baseline Error/ Model Error)

Difference (Baseline (266) — Model Steps)

Safety Factor Adjust

Alpha-Beta 1.1247 -3
Safety Factor 1.1911 -3
Alpha-Beta Adjust 0.6289 1

Safety Factor Adjust 2.8772 -7
Alpha—Beta Safety Factor 0.8555 94
Adjust

Alpha-Beta Adjust and 59981 7

If we choose the Alpha-Beta Adjust and Safety Factor Adjust and train it on different

problems and then test, we can see how well it performs on the problems it has seen and has
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Figure 4.16: Gustafsson behavior.

not seen. Table 4.5 presents the ratio of the baseline error/model error, where >1 means
the model was more accurate and < 1 means the baseline was more accurate. One item to
note is that the baseline error of the Brusselator Periodic was very accurate at 0.0055; using
the same controller with similar alpha and beta values, the accuracy was only 0.022. So
the baseline Brusselator Periodic was a bit anomalous, which means most of the ratios are
less than one, if we account for anomaly and replace 0.0055 with 0.022, any number above
0.25 means that the models performed better than the baseline. Training on the Brusselator
Spiral problem yields good results on other problems. Overall, most of our models perform
well on Lorenz 63, Brusselator Spiral, and accounting for fortuitousness of the Brusselator

Periodic, it does fine with Lorenz 96. Although, the model never converges to a policy for
Lorenz 96 which can be associated to the Lorenz 96 problem having 40 variables. The policy
that trains on the Brusselator Spiral and Lorenz 63 seems to transfer well to each other,

indicating that there is some potential in training on some problems and transferring them
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to more complicated problems where we do not know the actual answer. Training on all the
problems seems to limit the benefits of training and does not do as well as training on them
as individual problems. That is a challenge because it makes a hybrid of “optimal” patterns

to solve the problems and does not individually address them as well.

Looking at the number of steps (Table 4.6 and 4.7) the models take, our models usually take
more steps than the baseline. However, for the most part, our models only take 10 percent
more steps. The exception is the Brusselator Periodic, which actually takes less steps.

Table 4.5: Ratio of errors for all problems

Tested on: Ratio (Baseline Error/Model Error) when Trained on:

All | Brusselator Periodic | Brusselator Spiral | Lorenz 63 | Lorenz 96
Brusselator Periodic | 0.1921 0.3388 0.7533 0.2999 0.1611
Brusselator Spiral 1.4910 0.7074 21.8551 3.2927 1.4944
Lorenz 63 1.2230 1.8980 1.7525 5.2281 0.6432
Lorenz 96 0.9030 1.0187 1.1589 0.9263 1.1822

Table 4.6: Ratio of steps between baseline and model for all problems

Tested on: Ratio (Baseline Steps/Model Steps) when Trained on:
(# baseline steps) All | Brusselator Periodic | Brusselator Spiral | Lorenz 63 | Lorenz 96
Brusselator Periodic (701) | 1.0099 1.0441 1.0550 1.0335 0.9929
Brusselator Spiral (294) 0.8882 0.8472 0.9453 0.9046 0.8963
Lorenz 63 (266) 0.9500 0.9366 0.9602 0.9743 0.9779
Lorenz 96 (571) 0.8704 0.9376 0.9136 0.8935 0.9194

Table 4.7: Difference of steps between baseline and model for all problems

Tested on: Difference (Baseline Steps - Model Steps) when Trained on:

(# baseline steps) All | Brusselator Periodic Brusselator Spiral | Lorenz 63 | Lorenz 96
Brusselator Periodic (701) | 7 30 37 23 -5
Brusselator Spiral (294) -37 -53 -17 -31 -34
Lorenz 63 (266) -14 -18 -11 -7 -6
Lorenz 96 (571) -85 -38 -54 -68 -50

Graph Figure 4.17 can be broken down into 4 quadrants by dividing both the error ratio
and step ratio to be less than one, where the model performed worse than the baseline or
greater than one, where the model performed better than the baseline. Thus, the upper right

quadrant is where the models outperformed the baseline by both taking fewer steps and being
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Figure 4.17: Comparing the step ratio to error ratio for all problems

more accurate, and the left lower quadrant is where the model performed worse than the
baseline in terms of the number of steps and accuracy. In particular, majority of the models
take fewer steps on the Brusselator Periodic problem than the baseline, but this comes at
the cost of accuracy. Most of the models tested on Lorenz-96 have a similar accuracy to the
baseline but require higher number of steps. On the opposite end, the models when tested
on Lorenz-63 and Brusselator Spiral, the number of steps increased but the accuracy also
increased. Overall, models trained on the same problem that they were tested on did better

than the baseline in accuracy.



Chapter 5

Conclusions

In this work, Reinforcement Learning, using Q-Learning, is applied to the well-established
alpha-beta and Gustafasson controllers to solve ordinary differential equations for the Lorenz
63 and Lorenz 96 chaos problems and the chemical reaction Brusselator Periodic and Brus-
selator Spiral problems. The Reinforcement Learning/Q-Learning solutions are compared to

baseline results when the controller has constant values of alpha = 0.9 and beta = 0.1.

Overall, the reward function that has the most success is when the step is accepted with a
reward value of error/1.5, and the step is rejected with a reward value of 0. The adjustment
of the safety factor method adds to the performance of the model by allowing for more fine
tuning while the model is solving the problems. In terms of accuracy and minimal effect on

step count, the alpha beta adjustment with safety factor adjustment model is the best.

An average increase of 5.5% in step size and an average increase of 132% in accuracy as
compared to the baseline model are observed across all problems. If we account for the
anomaly of the baseline answer on the Brusselator periodic problem and the runs where the
model is tested and trained on the same problem we get a 38.3% improvement of accuracy

over the baseline model.

The learned policies usually tested well on similar problems such as the performance of
the Brusselator Spiral based learned policy when tested on Lorenz 63 and vice versa. On

the other hand, the learned policies do not always scale well when problems are drastically

41
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different. Such as any model performance of the learned policies when tested on Lorenz 96.

Some patterns emerge in the learned policy from different models, such as the idea of a
delayed reaction after getting a reject; the controller changes from its normal course of
action only after taking several steps after a reject rather than changing the course of action
the step immediately after the reject. Another such pattern is that after a rejection, the
model increases the safety factor because the controller always decreases the step size. These
patterns suggest that reinforcement learning based models are responsive to changes allowing

for a dynamically adaptive model.

Advantages of the Reinforcement Learning, using Q-Learning, for solving these ODEs are:

e Inputs do not require exact solutions so it is trainable on more complex problems.
o There is increased accuracy, as measured by global error, for the solution.

e @ learning does not add any significant computational overhead after training.

Disadvantages:

o Model solutions took more steps than baseline, although sometimes just a small amount.
o Up-front cost to develop models.

o Q-Learning is a discrete method, but controllers have continuous inputs, causing a

mismatch.

The future works can be approached from multiple directions. One direction is to continue
using Q) learning with discrete states and actions, but additionally allowing for the model to
choose between preset controllers at each time step. The preset controllers can expand from

the list used in this work to include controllers that use implicit methods. This makes the
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model even more dynamic. Another direction is to use a more sophisticated model that can
handle continuous states and actions such as Deep Q-learning. This eliminates the mismatch
between the inputs and outputs of the controller being continuous while the model states

and actions being discrete as seen in Q-learning.
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