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Validation and Uncertainty Quantification of Doublet Lattice Flight Loads
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Nicholai K. K. Olson

ABSTRACT

This paper presents a framework for tuning, validating, and quantifying uncertainties for

flight loads. The flight loads are computed using a Nastran doublet lattice model and are

validated using measured data from a flight loads survey for a Cessna Model 525B business

jet equipped with Tamarack R© Aerospace Group’s active winglet modification, ATLAS R©

(Active Technology Load Alleviation System). ATLAS R© allows for significant aerodynamic

improvements to be realized by reducing loads to below the values of the original, unmodi-

fied airplane. Flight loads are measured using calibrated strain gages and are used to tune

and validate a Nastran doublet-lattice flight loads model. Methods used to tune and vali-

date the model include uncertainty quantification of the Nastran model form and lead to an

uncertainty quantified model which can be used to estimate flight loads at any given flight

condition within the operating envelope of the airplane. The methods presented herein im-

prove the efficiency of the loads process and reduce conservatism in design loads through

improved prediction techniques. Regression techniques and uncertainty quantification meth-

ods are presented to more accurately assess the complexities in comparing models to flight

test results.
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GENERAL AUDIENCE ABSTRACT

This paper presents a process for correlating analytical airplane loads models to flight test

data and validating the results. The flight loads are computed using Nastran, a structural

modeling tool coupled with an aerodynamic loads solver. The flight loads models are corre-

lated to flight test data and are validated using measured data from a flight loads survey for a

Cessna Model 525B business jet equipped with Tamarack R© Aerospace Group’s active winglet

modification, ATLAS R© (Active Technology Load Alleviation System). ATLAS R© allows for

significant aerodynamic improvements and efficiency gains to be realized by reducing loads

to below the values of the original, unmodified airplane. Flight loads are measured using a

series of strain gage sensors mounted on the wing. These sensors are calibrated to measure

aerodynamic loads and are used to tune and validate the Nastran flight loads model. Meth-

ods used to tune and validate the model include quantification of error and uncertainties

in the model. These efforts lead to a substantially increased understanding of the model

limitations and uncertainties, which is especially valuable at the corners of the operating

envelope of the airplane. The methods presented herein improve the efficiency of the loads

process and reduce conservatism in design loads through improved prediction techniques.

The results provide a greater amount of guidance for decision making throughout



the design and certification of a load alleviation system and similar airplane aerodynamic

improvements.
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Chapter 1

Introduction

Tamarack R© Aerospace Group (Tamarack R©) is the designer and manufacturer of ATLAS R©

(Active Technology Load Alleviation System), a patented [1] active winglet system installed

on the Cessna Model 525B airplane (13870 lb gross takeoff weight). ATLAS R© is the first load

alleviation system of its type to be designed and certified for installation on FAA Part 23

[2] airplanes. The active winglet modification adds a wing extension with a load alleviation

device (the TACS, Tamarack R© Active Camber Surface) and a winglet to the existing wing,

resulting in a significantly higher aspect ratio. Typically during winglet and wing extension

modifications, wing loads are increased over the baseline aircraft creating a need for the wing

to be strengthened. The TACS are designed to activate during high-g events and reduce wing

loads at the design conditions, thereby reducing the additional load from the wing extension

and winglet modification and negating the need for strengthening of the baseline wing. The

net result is a system that allows for large performance improvements without the typical

1
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structural detriments caused by typical winglet installations.

The development of such a system requires high fidelity and accurate loads models to be

developed. Although Tamarack R©’s ATLAS modification is a significant aerodynamic im-

provement to the airplane, it is a very simple installation. As a result, Tamarack R© has the

ability to perform a baseline flight test program and in a relatively short period thereafter

perform an identical flight test program on the airplane equipped with the ATLAS R© modi-

fication. The nature of this type of flight test program opens the door to many comparative

techniques for loads substantiation, but the need for an absolute analysis persists. Often,

in an effort to save time, extra layers of conservatism are added to models to ensure their

validity throughout the application envelope of the model. Therefore, it is desirable from

both a safety and cost standpoint to have an efficient process for computing the loads that

leverages the ability to obtain rapid flight test results on both the baseline and modified

aircraft.

The work performed in this document is an extension of the loads analysis and flight test

performed for the certification of the ATLAS Modification for the Model 525B airplane.

Flight test data and loads models were developed and tuned for certification, and are fur-

ther explored in this document. The new methods presented herein improve the efficiency

of the loads process and reduce conservatism in design loads through improved prediction

techniques. New regression techniques and uncertainty quantification methods are presented

to more accurately assess the complexities in comparing models to flight test results. The

process used is a practical application of the verification and validation framework described
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by Roy and Oberkampf [3].

This study will focus on the effects downstream of the flight test loads survey, as flight

test loads calibration is a well developed and known problem, with the industry standard

methods developed by NACA over 60 years ago [4]. In addition, some research has been

performed more recently on the uncertainty quantification of these methods [5]. This study

provides insights for relevant “Go/No Go” checks that can be performed to determine spuri-

ous flight loads data by assessing the model form of the data and provides several indicators

of inaccuracies and errors.

This methodology contrasts to other studies published that develop methods to reduce com-

putational burden in computing flight loads using surrogate models and uncertainty propa-

gation methods such as Tartaruga et al [6], or others that look at structural or atmospheric

uncertainties [7] [8]. This study focuses on using flight loads as the basis for a rapid and

accurate flight loads assessment. Uncertainty quantification of the Nastran loads model is

determined primarily using prediction intervals as was done by Hale et al [9] on aircraft

stability parameters.

This document provides the process used for the validation and verification of the wing,

winglet, and TACS load alleviation surface loads using flight test data. A good correlation

of flight test data to the calculated loads has been achieved and the predictive capability of

the model is determined. A complete flight loads survey has been performed that conforms

to FAA Part 23 [2] regulations and uses methods prescribed by Lomax [10].
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A summary of the contents of this paper is provided below.

• Chapter 2 describes flight test maneuvers performed to measure loads data. TACS

sweep data were collected to determine a correction factor for the TACS surface. Wind-

up turn and sideslip maneuver data were taken to tune and validate loads on the wing

and winglet. These data were used throughout the process of tuning and validation.

• Chapter 3 describes the Nastran model used for flight loads predictions. Flight loads

were calculated using Nastran, a general purpose finite element solver with capabilities

for trimmed aeroelastic solutions.

• Chapter 4 describes the tuning performed on the Nastran model to better match flight

test data. Nastran was tuned using Direct Matrix Input (DMI) commands to closely

match flight test loads. Nastran cases were run through the loads solver at flight con-

ditions matching the flight test points and the model was tuned to flight test spanwise

bending moment distributions due to aerodynamic forces.

• Chapter 5 validates and asseses uncertainties and predictive capability of model. Vali-

dation and uncertainty quantification of the tuned Nastran loads model was performed

using several methods. The prediction intervals of model form uncertainty were com-

puted and techniques are provided for assessing the model accuracy throughout the

flight envelope. A Multiple Linear Regression (MLR) model was developed and dis-

cussed to aid in the effort. The model is validated by comparing loads outputs of the

final tuned model at matching flight conditions to flight test points.



Chapter 2

Flight Testing

A complete flight test loads survey was conducted for the tuning and validation effort. A

comprehensive data acquisition system was installed to measure flight conditions and aircraft

parameters in real-time throughout the flight. The wing and winglet were instrumented

with a series of strain gages and were calibrated on the ground for both strain and moment

using industry accepted methods [4]. Loads data were measured in terms of “net loads”,

the absolute load applied to the wing in a given maneuver, which is the sum of inertial and

aerodynamic loads. The data were further reduced using known mass distributions to isolate

aerodynamic loads for this study. Throughout this document, all loads data are presented

in terms of aerodynamic loading only unless explicitly stated otherwise.

Multiple datasets were collected throughout the flight test program. This document does

not explicitly state the number of datasets used to tune and validate the model, but does

5
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give guidance on how to give relevant and statistically reliable results. The majority of the

datasets collected were used for tuning the Nastran models and developing Multiple Lin-

ear Regression (MLR) models, and some of the datasets were used for validation. Sample

sizes used in all statistical analyses were determined based on the number of maneuvers per-

formed. In other words, a given wind-up turn was assumed to be one sample, as opposed to

the thousands of data points measured during that maneuver, conservatively increasing the

uncertainty bounds. This technique has been chosen because boundary conditions change

slightly between different types of maneuvers, not every flight had identical aircraft configu-

rations, and every flight is prone to slightly varying environmental conditions, which are not

accounted for in this study.

A basic assumption made for the purpose of this study is that the measured flight test loads

are assumed to be accurate, and the uncertainties in the flight load measurements process

are not assessed. This study instead assesses the predictive capability of the flight test loads

model as shown in subsequent sections. When performing a flight loads survey, often only a

small portion of the aircraft operating and loads envelope can be assessed. The image below

shows three envelopes. The gust and maneuver envelopes define the operating envelope of

the airplane for a given aircraft weight and altitude. The validation envelope is overlaid and

shows where flight testing was conducted and used to quantify the predictive capability of

the model. Note that the gust and maneuvering envelopes for an altitude of 20,000 ft and at

the maximum zero fuel weight are shown because this represents the flight condition where

many of the critical loads cases occur. Load cases tend to be most critical at these flight
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conditions because of a critical combination of high gust load factors, small Mach effects,

and a lack of inertial relief from fuel in the wings.

Figure 2.1: Model 525B Airplane V-n Diagram, Max Zero Fuel Weight, 20,000 ft.

Fig. 2.1 shows that the requirement for loads prediction of the gust and maneuver envelopes

extend well outside of the validation envelope, where it is both impractical and unsafe to

perform flight testing. This is the primary area of concern for the study presented herein.

Flight testing is only performed within the validation envelope for three primary reasons.

Flight testing is performed below the critical airplane load factors to provide adequate safety

margins for crew and airplane structural integrity. Flight testing is performed below the

maximum airspeed and altitude/Mach limits to reduce dynamic instabilities inherent to

flight in these regimes. Finally, all flight testing is performed at positive load factors only

due to the impracticality of flight at negative load factors and potential damage to aircraft
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engines and systems.

All flight test loads are “trimmed maneuvers”, meaning that the flight test pilot is balancing

all input forces with the necessary control inputs to keep the airplane as close as possible

to a trimmed flight state. This is one of the primary reasons all flight test maneuvers are

performed at low altitudes and Mach numbers, as dynamic instabilities can be minimized.

However, even with an experienced flight test pilot, the more dynamic the condition, the

more likely for noise to occur in a given maneuver. With sufficient datasets, this noise

can be minimized and effectively filtered. Efforts to match these balanced conditions are

accounted for in the Nastran loads solution using the “TRIM” card, but can never truly be

assessed without measuring and quantifying the loads on every surface. For the purpose of

this study, allowing Nastran to trim the airplane using relevant control surfaces is assumed

to be sufficient, and the trim control surface uncertainties are not included in the model

form. This is a simplifying assumption that adds uncertainty to the models, but will be

captured in the uncertainty analysis. Each type of maneuver has slightly different boundary

conditions, and thereby will have differing mean values, increasing model form uncertainty.

Three types of flight test maneuvers are used in the tuning and validation process; wind-up

turn maneuvers for the wing, sideslip maneuvers for the winglet, and sweeps of the TACS

for surface load influences. Each of these maneuvers were chosen to isolate the loads for

different lifting surfaces and are a standard set of maneuvers for loads flight testing [11],

with the exception of the TACS sweeps, which are specific only to an airplane equipped with

the ATLAS load alleviation system.
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2.1 Wind-up Turn Maneuvers

A wind-up turn is a maneuver where the airplane enters into a banked turn and slowly

decreases the radius of the turn while maintaining the airspeed of the airplane, thus increasing

the aircraft load factor throughout the maneuver. Wind-up turn maneuvers are balanced

primarily by a significant elevator input, but also by aileron and rudder inputs to maintain

the necessary turning attitude. Performing maneuvers in both directions back to back is an

effective method for reducing bias from aileron and rudder inputs, since these inputs are not

included in the model form. Data are extracted from the increasing load factor portion of

the wind-up turn where the data are the cleanest and most controlled before turning out of

the maneuver. A plot of wind-up turn maneuver data is shown in Fig. 2.2.

Figure 2.2: Wind-up turn maneuver flight test loads.
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2.2 Sideslip Maneuvers

A sideslip is a maneuver performed by introducing a rudder input to yaw the airplane. Be-

cause winglets are a nearly vertical surface, sideslip maneuvers have a much more significant

impact on the effective angle of attack on the winglet surface and are very valuable in quan-

tifying the lift-curve of the winglets. Sideslip maneuvers are balanced by aileron inputs to

maintain a straight flight path and level 1g flight attitude. A plot of winglet bending mo-

ments with respect to β for the entire sideslip maneuver is shown in Fig. 2.3. For tuning

and validation, winglet data were only extracted between +/- 8 degrees of sideslip because

the winglet stalls above this angle. Data are also only taken in the direction of increasing

sideslip angle, as the condition becomes much more dynamic when releasing rudder inputs.

-20 -15 -10 -5 0 5 10 15 20

β [deg]

M
x
 [
in

-l
b
f]

159 KEAS, Mach 0.36

158 KEAS, Mach 0.45

187 KEAS, Mach 0.39

Figure 2.3: Sideslip maneuver flight test winglet loads.
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2.3 TACS Sweeps

A TACS sweep maneuver is a simple maneuver where TACS load alleviation surfaces are

brought under manual control and swept through their entire range of motion while the

airplane flies straight and level at 1g. Only elevator inputs are required to balance small

changes in spanwise lift and pitching moment from the change in TACS deflection (δTACS).

Fig. 2.4 shows the response in wing bending moment during the TACS sweep maneuvers.

Figure 2.4: TACS sweep maneuver flight test loads.



Chapter 3

Nastran Model

The loads calcuations are carried out using Nastran, a general purpose finite element solver

which includes solutions for aeroelastic analysis. The aeroelastic model is generated by

coupling a finite element structural model with a doublet lattice aerodynamic model. A

static aeroelastic trim is computed using the Nastran Static Aeroelasticity Solution (SOL

144). The corrections made to the Nastran model in this study are computed in terms of SOL

144, where the aerodynamic forces are balanced with either aircraft inertial characteristics

or control surface deflections. Throughout the certification process of the Model 525B, other

Nastran aeroelasticity solutions are utilized as well, including the Aerodynamic Solution

(SOL 145) and the Dynamic Aeroelastic Response Solution (SOL 146). These solutions

benefit from aerodynamic correction factors[12] as well, increasing the need for tuning of the

Nastran aeroelastic model.

12
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The aerodynamic model is generated using a doublet lattice method which solves the lin-

earized potential flow equations (including a correction for compressibility). The aerody-

namics used in this analysis are modeled using flat panels to represent all major branches of

the aircraft. Each lifting surface is divided into spanwise “strips” and further into chordwise

elements, known as “boxes.” The potential flow solution integrates the lift on the airplane

as a whole, and as a result considers interference effects between all boxes. The trailing

vortices assure that downwash of leading panels is included in those panels downstream (i.e.,

downwash from the wing onto the tail surfaces is implicit in the solution)[13]. Fig. 3.1 shows

the aerodynamic boxes on the right wing of the loads model.

Figure 3.1: Wing aerodynamic boxes.

The aerodynamic and structural grids are connected via interpolation such that any aero-

dynamic and inertial forces that are introduced into the structural model and structural

deflections are likewise introduced into the aerodynamics. The resulting aerodynamic load-
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ing includes the effect of the deformation of the flexible aircraft model.

The doublet lattice method has the benefit of solving loads quickly without the need for a

more computationally expensive Navier-Stokes solution. However, because it is a potential

flow solution it does not consider viscous effects or other flow nonlinearities, and it often

over-predicts the lift-curve of lifting surfaces by 20-30%. Furthermore, simplified models do

not include all geometric aircraft features which inherently produce solutions that are not

truly representative of reality. As a result, it is often necessary to introduce corrections and

limitations in the solution or in pre/post-processing. Nastran includes provisions for correct-

ing the lift-curve slope of lifting surfaces by factoring the effectiveness of each aerodynamic

box. These provisions are discussed in further detail in Chapter 4.

For the purpose of the Model 525B loads survey, several characteristics are captured via pre-

processing of the loads and experimental corrections. First, trailing edge device nonlinearities

occur in the TACS due to geometric changes that are not effectively captured in the doublet

lattice solution. Because of this, a TACS correction factor is computed to be applied in

pre-processing to account for local nonlinearities of the deflected surface. Additionally, the

complete lift distribution on the wing and winglet is compared to experimental data and

correction factors are computed to help the lift distribution better match reality. Scaling

factors can be developed for one or many flight conditions as necessary.

Transonic effects on the model as a whole are not considered in the corrections. The Model

525B is capable of flying in the low transonic range, but critical cases generally do not occur

in this region. Furthermore, the doublet-lattice implementation used by Nastran does a
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reasonable job predicting mach effects[12][14]. For completeness Mach is considered in the

validation and uncertainty quantification as described in Chapter 5, but its effects are shown

to be small.

The untuned Nastran loads model includes no CLα scaling and CLo scaling only in the form

of the W2GJ matrix, which uses wing twist and camber geometry but no flight test data.

The tuned Nastran model computes new CLo scaling in the form of the FA2J matrix and

CLα scaling in the form of a WKK matrix, which is a premultiplication scaling factor matrix

originally suggested by Giesing, Kalman, and Rodden [15]. The scaling varies spanwise,

but is constant in the chordwise direction as Nastran does a reasonable job of predicting

chordwise distributions on lifting surfaces. Only one set of scaling factors is computed for all

flight conditions, as it shows a good match throughout the validation envelope of the Model

525B airplane. The tuning process and results are described in Chapter 4.



Chapter 4

Model Tuning

The purpose of this section is to describe how tuning of the Nastran loads model was per-

formed in order to better match flight test results. The tuning described herein uses flight

test loads data to find correction factors for the δTACS effectiveness and derive scaling fac-

tors for CLα and CLo of aerodynamic boxes of the wing and winglet lifting surfaces. These

tuning corrections are a high level implementation of common techniques used to update the

Nastran Aerodynamic Influence Coefficient (AIC) matrices from Computational Fluid Dy-

namics (CFD) data [16][17][18]. δTACS correction factors were developed as a pre-processing

procedure before running the Nastran model. Aerodynamic box tuning was performed by

comparing flight test bending moments to the untuned Nastran model. These comparisons

allowed for scaling of Nastran lift curves to develop loads that are a better representation

of flight test loads. Nastran Direct Matrix Input (DMI) commands were used to input a

scaling factor for both CLα and CLo to the aerodynamic boxes.

16



Nicholai K. K. Olson Chapter 4. Model Tuning 17

4.1 TACS Efficiency Correction

In this section, a correction factor is derived to correct the TACS deflections (δTACS) for

the nonlinear characteristics that occur with dynamic pressure and surface deflections. The

result of the correction is an efficiency factor, called ηδTACS , that is multiplied by the TACS

deflection in pre-processing, providing a scaled TACS deflection as the input to the Nastran

loads model. This methodology maps the “effective deflection” of the TACS to the “geometric

deflection,” taking into account any nonlinearities that occur with increasing q and varying

δTACS.

A multiple linear regression model (MLR) is first developed to represent flight test data

across the range of q and TACS deflections. The order of each variable within the MLR

was determined using first principles and trial and error. The resulting representation of the

MLR is presented below.

∆MxFT (q, δTACS) = B0 +B1qM +B2qδTACS +B3qδ
2
TACS +B4qδ

3
TACS (4.1)

The quantity of interest is an incremental bending moment on the wing (∆MxFT ) as control

surface inputs are typically quantified as an incremental loads input. The MLR is developed

from flight test bending moments measured during TACS sweeps maneuvers. To find ∆MxFT ,

the TACS deflected bending moments must be subtracted from the trimmed 1g bending

moments to isolate the effects of the TACS. Using the MLR, the loads are offset so they have

a zero y-intercept.

∆MxFT (q, δTACS) = MxFT (q, δTACS)−MxFT (q, δTACS = 0) (4.2)
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To perform the comparisons between Nastran and the flight test data, unit TACS deflection

cases were run in Nastran with same flight conditions as the flight test loads. Based on the

assumption of linear aerodynamics of the potential flow solution and the consistency between

each TACS sweep flight test point, only four unit cases were computed. The loads were then

interpolated to get the correct value of q for a given δTACS. The aerodynamic Mx was then

extracted for each Nastran loads case.

Using the Nastran unit radian case, a least squares fit was applied to match the Nastran

loads to the flight test loads. The resulting scaling factor (SF ) of this case is the necessary

TACS deflection needed to meet the moment due to flight test TACS deflections.

min(R2(SF )) = min
(∑[

∆MxFT (q, δTACS)−∆MxNAS(q, δTACSNAS = 1 rad)× SF
]2)
(4.3)

The final step is to divide TACS required by geometric δTACS to compute ηδTACS .

ηδTACS =
δTACSNAS × SF

δTACS
(4.4)
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Figure 4.1: TACS efficiency correction factors.
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4.2 Wing and Winglet Tuning Results

The purpose of this section is to describe the Nastran loads model wing and winglet tuning

procedures and results. The model lifting surfaces were tuned for both CLo and CLα by

scaling all aerodynamic boxes by scaling factors using the functionality of Nastran Direct

Matrix Input (DMI) commands.

A summary of the different DMI matrices used to tune the model are provided below [13].

• W2GJ: The W2GJ matrix is known as the Static Aerodynamic Downwash matrix

and provides an offset to the doublet lattice downwash matrix. The W2GJ matrix is a

vector that contains an input angle (radians) for each aerodynamic box. This can be

used to tune the CLo of the aerodynamic boxes for downwash offsets that may arise due

to camber and twist. For the Model 525B, the W2GJ matrix was computed from the

wing geometric camber and twist and was used in the untuned Nastran loads model

to generate α = 0 degree pressure coefficients on the aerodynamic boxes to be scaled

in the FA2J matrix. Also, it is important to note that the WKK matrix affects the

entire downwash term, scaling both the CLo and CLα terms, and therefore should be

considered when computing the W2GJ matrix.

• FA2J: The FA2J matrix is very similar to the W2GJ matrix, except that it provides

pressure coefficients that provide an offset to the total pressure coefficient computed

on each aerodynamic box. The FA2J is a vector that contains an input coefficient of

pressure (dimensionless) for each aerodynamic box. Like the W2GJ, this can be used
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to tune the CLo of the aerodynamic boxes for downwash offsets that may arise due to

camber and twist. For the Model 525B, the FA2J is computed by scaling the untuned

α = 0 degree pressure coefficients on the aerodynamic boxes to match flight test data.

• WKK: The WKK matrix is a matrix of correction factors used to scale each aerody-

namic box lift curve slope. This can be used to tune the CLα on each aerodynamic

box to agree with flight test data. The WKK is a square matrix containing one scal-

ing factor (dimensionless scalar value) for each aerodynamic box lift and moment in

the diagonal. The off diagonal terms of the WKK matrix contain scaling factors for

aerodynamic box influences on one another, but were left unchanged as they provide

little value for the scope of this project. For the Model 525B, the WKK matrix was

computed by comparing bending moment due to aerodynamic forces on the wing and

winglet to the flight test values.

Aerodynamic box tuning is perfomed with respect to an effective angle of attack (αeff ) on

each aerodynamic box. This allows wing and winglet tuning to be grouped into a single

optimization routine. αeff is a function of α, β, and the wing dihedral, (Γ). The equation

to compute αeff is shown below.

αeff = α cos(Γ) + β sin(Γ) (4.5)

This methodology provides a single parameter that can be used to relate the direction of the

freestream flow to the orientation of an aerodynamic box at an arbitrary position and angle

on the wing.
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A total of 38 specific flight test points were extracted for tuning. Each of these cases were

selected to envelope the entire range of flight test wind-up turn maneuver and slideslip

maneuver flight conditions. The data were extracted by averaging all points within a small

tolerance of a nominal Nz for wind-up turn maneuvers, and likewise within a small tolerance

of a nominal β for sideslip maneuvers. Flight test data were post-processed to remove inertial

loads from the measured net loads, resulting in an aerodynamic bending moment distribution.

The aerodynamic bending moments were used in the comparisons to the Nastran loads.

Subsequently, Nastran cases were run with identical flight conditions to the 38 flight test

points. Lift on each aerodynamic box, Lbox was extracted for the flight test points. Using

the lift on each aerodynamic box, and flight test points for the same wind-up or sideslip

maneuver (where the flight conditions q, M , dTACS, are virually constant), Nastran CLαeff

and CL0 for each aerodynamic box can be derived. These parameters are required for the

Nastran aerodynamic scaling DMI matrices. The equation used for deriving these values is

shown below for reference.

Lbox = qS
(
CLαeffαeff + CL0

)
(4.6)

Once the CLαeff and CL0 terms were found, Eq. 4.6 can be modified to include the relevant

scaling factors; the WKK scaling for the lift-curve slope (WKKbox), and the FA2J for the

zero-lift offset (FA2Jbox).

Lboxscaled = qS
(
WKKboxCLαeffαeff + FA2JboxCL0

)
(4.7)

The lift on each aerodynamic strip, Lstrip, was computed by summing lift on each aero-
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dynamic box at constant chordlines. Using the lift on each strip, Mx on the wing was

computed using a “forward rectangular rule,” where the outboard shear is first derived by

summing the spanwise lift, then the shear is multiplied by the distance between centroids

of the aerodynamic strip of interest and the outboard aerodynamic strip to compute the

moment increment. Summing this moment increment with the outboard moment provides

the moment at the strip of interest. This method is selected because it is consistent with

Nastran’s methods used for the computation of beam moments, which are the final moments

extracted for net loads outputs. Because this is a numeric procedure that differs from the

common trapezoidal rule, the derivation is provided explicitly below.

Sy =

ntip∑
i=n

−Lstripisin(Γi) (4.8)

Sz =

ntip∑
i=n

Lstripicos(Γi) (4.9)

MxNAS =

ntip∑
i=n

−Syidzi +

ntip∑
i=n

Szidyi (4.10)

For Eq. 4.8 - Eq. 4.10 dyi and dzi are the distance between the centroid of the aerodynamic

strips at indices n and n + 1. The WKKbox and the FA2Jbox parameters are computed

using a simple optimization. The optimization is designed to minimize the true percent

relative error, εt, between the Nastran and flight test aerodynamic Mx loads for all flight

test conditions considered. This is shown below in Eq. 4.11.

min(εt) = min

(
nFTPoint∑

i=1

|MxFT i −MxNASscaled i
|

|MxFT i |

)
(4.11)

Both WKKbox and the FA2Jbox are scaled using a second order polynomial along the main
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portion of the wing. This scaling factor varies with the wingspan and is represented below

for reference.

WKKboxwing = C2WKK
y2 + C1WKK

y + C0WKK
(4.12)

FA2Jboxwing = C2FA2J
y2 + C1FA2J

y + C0FA2J
(4.13)

WKKbox and the FA2Jbox are scaled using constant factors for the entire winglet surface,

CwingletWKK
and CwingletFA2J

, respectively. In total, the optimization function includes a total

of eight independent variables, C0WKK
, C1WKK

, C2WKK
, CwingletWKK

, C0FA2J
, C1FA2J

, C2FA2J
,

and CwingletFA2J
, which are used to minimize the true percent relative error between MxFT

and MxNASscaled
, as shown in Eq. 4.11.

The resulting scaling factors developed along the length of the span are shown below with

respect to the normalized wingspan, η, of the Model 525B airplane including the ATLAS

modification.



Nicholai K. K. Olson Chapter 4. Model Tuning 25

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Normalized Span, η [-]

S
c
a
lin

g
 F

a
c
to

r 
[-

]

Side

 of Body

Begin

Winglet

Vertical

Clα Scaling

Clo Scaling

Figure 4.2: WKK and FA2J Scaling Factors.

The following plots are provided to show the effect of tuning on the moment response with

respect to load factor (Nz) and spanwise moment distributions for a low speed, high angle

of attack wind-up turn maneuver with the TACS in the neutral position (δTACS = 0 deg).

In the left hand plot, the bending moment for an inboard wing section is plotted for the

untuned and tuned Nastran models versus the flight test results. Fig. 4.3 shows that a

significant amount of error in both the slope and offset of the moment curve was present

before tuning, but is greatly improved after tuning. The right hand plot shows the families

of spanwise moment distributions data points extracted at 1g and 2g. The untuned model

shows a generally good match at low load factors, but an increasing deviation at high load

factors. The tuned model shows a much better match to flight test for all conditions.
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Figure 4.3: Tuning results for low speed wind-up turn maneuver with δTACS = 0 deg

Fig. 4.4 shows the same data for a high speed case with the TACS deflected upward to -20

degrees. Nastran is a poor predictor of trailing edge device loads, which can clearly be seen

in the untuned model. The tuned model shows a much better fit of the moment response

with respect to Nz as well as the spanwise distributions.



Nicholai K. K. Olson Chapter 4. Model Tuning 27

Figure 4.4: Tuning results for high speed wind-up turn maneuver with δTACS = −20 deg
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Fig. 4.5 shows a comparison of the moment response with respect to sideslip angle, β, of

the winglet surface. As with the two previous examples, this plot shows a mismatch in the

untuned model, with the tuned model improving the fit significantly.

Figure 4.5: Winglet tuning results for sideslip maneuver.



Chapter 5

Nastran Model Validation and

Uncertainty Quantification

This section describes the validation and uncertainty quantification of the Nastran loads

model with experimental flight test data. Several methods are explored to best quantify the

uncertainties and improve the model predictions. For all validation techniques, the tuning,

validation, and model form uncertainty quantification of the Nastran Model developed herein

would be referred to as “intrusive” methods [19], as the wing planform distribution is updated

to better match the experimental data before performing an uncertainty quantification, as

shown in Chapter 4. Separate datasets are used for tuning and validation to ensure that

model updating provides results that are repeatable and reliable. The parameter we are most

interested in quantifying and validating is the estimated model form uncertainty between

the flight test loads data and the Nastran loads data.

29



Nicholai K. K. Olson Chapter 5. Nastran Model Validation and UQ 30

Three different validation techniques are provided in this chapter. The first, presented in

Chapter 5.1, follows traditional techniques used in industry of showing accurate flight test

data, then validating the model within the validation envelope. This technique is presented

to give a baseline for the subsequent strategies. The second technique, presented in Chapter

5.2, uses prediction intervals to quantify uncertainties of the Nastran model and extend those

uncertainties to the critical flight test data points along the boundaries of the operational

envelope. Finally, a method using a Multiple Linear Regression model (MLR) to quantify the

error of the Nastran model is developed. The final method is the most accurate comparison

between the Nastran data and the flight test loads and is presented in Chapter 5.3.

For validation, the Nastran loads set was expanded to include several hundred cases with

flight conditions covering the entire experimental flight test envelope. A 5D linear interpo-

lation on each of the independent variables (Nz, M , q, δTACS, and β) was performed to

be able to compare Nastran loads to flight test loads at the same flight conditions as each

individual flight test data point. The selection of these independent variables follows the

methodology of matching the type of flight test maneuver with Nastran balanced maneuver

conditions discussed in Chapter 2. Using the Nastran values interpolated to the same flight

conditions as each flight test point, flight test and Nastran were simply subtracted to find

the difference for each flight test data point.

Throughout this chapter loads plots, uncertainty quantification, and validation plots are

presented to qualitatively show the results. These plots are provided for three different

locations along the wing: at a location on the inboard third of horizontal portion of the
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wing, a location on the outboard third of the horizontal portion of the wing, and at a

location on the winglet. In each of the different validation and uncertainty quantification

techniques, comparisons are made between flight test and Nastran loads. For reference, a

comparison of flight test and Nastran loads is provided below to show relative magnitudes

of the two datasets. Fig. 5.1, Fig. 5.2, and Fig. 5.3 provide comparisons for the inboard

wing, the outboard wing, and the winglet, respectively.

Figure 5.1: Inboard Wing flight test and Nastran Mx
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Figure 5.2: Outboard Wing flight test and Nastran Mx

Figure 5.3: Winglet flight test and Nastran Mx

Several different techniques will be provided for presenting the estimated model form uncer-
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tainties throughout this section. Results are presented qualitatively using a variety of plots,

primarily relying on loads normalized to the maximum positive limit load for each location

on the wing presented.

Estimated model form uncertainties and error are plotted against flight test data and the

operational envelope in a variety of contexts to give insight to the model accuracy and

uncertainty the at critical flight conditions. These various plots will be explained further in

the context of the relevant plot. V-Mx diagrams, a variation of the common V-n diagram

shown in Chapter 2, are used to show normalized gust and maneuver loads at a particular

wing station across the operational loads envelope. This plot allows for the estimated model

form uncertainties and error to easily be overlaid in a manner familiar to loads engineers to

show the model accuracy and how it differs based on the changing flight conditions across

the operational envelope. V-Mx diagrams showing only the Nastran model predictions for

inboard and outboard sections of the horizontal portion of the wing are provided in Fig.

5.4, Fig. 5.5. The plots compute loads for vertical gusts and steady pitching maneuvers

on the aircraft, and dominate loads on the horizontal portion of the wing. V-Mx diagrams

for the winglet are provided in Fig. 5.6 and subsequent winglet V-Mx plots display sideslip

maneuver loads, as winglet loads have been found to be dominated by overshoot maneuvers

and the winglet stall angle.
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Figure 5.4: Operational V-Mx envelope for inboard wing for the Nastran predicted envelope.
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Figure 5.5: Operational V-Mx envelope for outboard wing for the Nastran predicted enve-

lope.
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Figure 5.6: Operational V-Mx envelope for winglet showing the Nastran predicted envelope.

Finally, curves of normalized spanwise loads at the critical gust and maneuver cases are also

provided. These plots provide another way to interpret the results and better understand the

capabilities of the Nastran model. An example showing only the Nastran model predictions

along the span for the critical gust and maneuver cases is provided in Fig. 5.7.
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Figure 5.7: Nastran prediction intervals along the span of the wing.

Throughout this section, flight test data and Nastran model predictions will be used to

describe the validation and uncertainty quantification process. Furthermore, the difference

between the flight test data and Nastran model predictions, ∆MxFT−NAS , is found at discrete

flight test points and used for comparisons throughout this section. These values are the

error in the Nastran model, and will be denoted throughout this document as ∆Mx.

∆Mx = MxFT −MxNAS (5.1)

Subsequent sections use these methods as the foundation for Nastran model validation and

uncertainty quantification. These methods are further built upon and described later, and

additional plots are provided to give more insights into the complete model validation process.
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5.1 Traditional Methods

Traditional methods typically involve validating analytical flight loads to flight test data

using a piecewise approach. First, flight test data are analyzed and shown to be repeat-

able using a variety of methods, usually by calculating confidence bounds and showing that

data from multiple flights are repeatable within those bounds. Next, the analytical model

is validated within the validation domain, or the portion of the operational envelope that

was flight tested (see descriptions of flight test data in Chapter 2). Comparisons are often

plotted in the form of Mx vs. Nz plots, or Mx vs. α plots and shown to fall within a

predefined percentage bound (e.g., +/- 10%). From here, the robustness of tools developed

for conventional aircraft, such as the Nastran Doublet Lattice Method, are often relied upon

to extrapolate to higher airspeeds, load factors, Mach numbers, etc. Testing and validat-

ing a small portion of the operational envelope is an acceptable approach because linear

aerodynamics can be used to extrapolate the loads to the envelope cases with reasonable

accuracy. These extrapolations are often made only with respect to the most dominant flight

parameter, Nz or α.

For loads analysis on conventional, fixed-wing aircraft this is a good approach, but it falls

short in quantifying the effect of secondary variables on the loads and their effect on the

uncertainty of the critical loads cases. As a result, large uncertainties can be seen in cases

with large magnitude of secondary variables, such as Mach, or how simplifications of un-

modeled variables, such as aileron deflections, affect the overall model predictions.
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Furthermore, critical loads cases rarely occur at speeds higher than the design cruise Speed

(VC), where loads flight testing is easily conducted. At high speeds (> VC), the airplane

tends to be stiffness driven for aeroelastic constraints, as opposed to strength driven, and is

substantiated using other methods. Aeroelastic substantiation relies on separate validations

of the flutter analysis methods, referring more to acceleration and aerodynamic damping

on the airplane. Nevertheless, the loads predictions help to build the foundations for the

aeroelastic models, and should be as accurate as possible.

The analyses in Chapter 5.2 and Chapter 5.3 present methods to better understand and

quantify error and uncertainty at enveloping loads cases. This section provides an example

of traditional methods plotted on V-Mx diagrams, which are used to provide a “baseline”

for comparisons to other methods presented in subsequent sections.

As mentioned above, an industry accepted approach to flight loads validation is to validate

discrete flight test points to within a prescribed percentage bound, which is typically agreed

upon by regulatory authorities and the designer at an early stage in the project. Two plots

are provided below, one for the inboard wing and one for the outboard wing, each showing

how typical correlations are made between the flight test data and the Nastran model.
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Figure 5.8: Operational V-Mx envelope for inboard wing including traditional validation

techniques.
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Figure 5.9: Operational V-Mx envelope for outboard wing including traditional validation

techniques.

5.2 Nastran Interval Estimate Methods

This section provides a method of computing the uncertainties in the Nastran by comparing

the results directly to the flight test data and developing prediction intervals from the mean

square error between the two datasets. The prediction intervals were computed on Nastran

MxNAS for 95% prediction bounds using the equation shown in Eq. 5.2[20].

ŷi ± tα
2
,n−(k+1)

√
σ̂2(1 + xi(XTX)−1xTi (5.2)
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The one-sided student t-value was found for the sample sizes described in Chapter 2. The

equation is typically used for linear regression models, but was modified be a function of the

mean square error between the Nastran model and flight testing. While Nastran uses a 5-D

interpolation, the predictor variables were selected to be of the correct order as the doublet

lattice theory implemented in Nastran [14][12] and were used to develop an equivalent pre-

diction interval for the Nastran model. The resulting predictor array of predictor variables,

xi, had 8 terms for each point: M , M2, q, Nz, δTACS, δ2TACS, δ3TACS, and β.

Using this methodology, the errors in the bending moments are computed and plotted against

each of the independent variables. Figures in the subsequent section show the estimated

model form uncertainties for the wing Nastran Mx with respect to M , q, Nz, and δTACS.

β is excluded from wing figures because the horizontal portion of the wing is not very

sensitive to the sideslip angle. The estimated model form uncertainties of the winglet Mx

are examined separately with respect to β and q, the independent variables with the most

significant contributions to winglet bending moments.
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5.2.1 Nastran Model Uncertainty Quantification

In this section, the estimated model form uncertainties of the Nastran model are plotted

in terms of prediction intervals. The prediction intervals show the interval for where 95%

of the model predictions will fall. Prediction intervals are presented in the figures as two-

dimensional slices of a six-dimensional space. In other words, for each subplot shown the

independent variable on the x-axis is allowed to vary while the other four independent vari-

ables are held constant, which results in the Nastran Mx plotted on the y-axis. The flight

test data shown in each figure are points selected to be within a given tolerance of the slice

values. The prediction intervals are computed across the entire range of of the Model 525B

operational envelope to show the relative comparison of the validation envelope versus the

application envelope.

Fig. 5.22 and Fig. 5.23 provide the estimated model form uncertainty for a section of

the inboard wing. The values for the independent variables held constant are M = 0.55,

q = 1.60 lbf/in2, Nz = 2.0 g, δTACS = −20 deg, and β = 0 deg. Flight test data points

shown are bounded by 0.50 ≤ M ≤ 0.60, 1.55 ≤ q ≤ 1.65 lbf/in2, 1.95 ≤ Nz ≤ 2.05 g,

−20.5 ≤ δTACS ≤ −19.5 deg, and −1.0 ≤ β ≤ 1.0 deg.
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Figure 5.10: Prediction intervals on Nastran Mx for the inboard wing.

Fig. 5.24 provides the estimated model form uncertainty for the winglet. The values for the

independent variables held constant are M = 0.37, q = 0.60 lbf/in2, Nz = 1.0 g, δTACS = 0

deg, and β = −8 deg. Flight test data points shown are bounded by 0.27 ≤ M ≤ 0.47,

0.59 ≤ q ≤ 0.61 lbf/in2, 0.8 ≤ Nz ≤ 1.2 g, −1.0 ≤ δTACS ≤ 1.0 deg, and −1.0 ≤ β ≤ 1.0

deg.
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Figure 5.11: Prediction intervals on Nastran Mx for the outboard wing.

Figure 5.12: Prediction intervals on Nastran Mx for the winglet.
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5.2.2 Nastran Model Validation

The validation of the prediction intervals is performed by comparing a new set of flight

test data to the original prediction intervals. For a 95% prediction interval, 95% of the

dependent variables calculated by the model, in this case bending moments, should fall

within the calculated interval. Therefore, validating the model using these methods is a

trivial exercise requiring that the prediction intervals be calculated for every data point of

a the validation dataset, and it must be shown that 95% of the data points lie within the

Nastran prediction intervals.

Comparing the original model prediction intervals in the validation domain to a new set of

flight test data shows that the model is accurate and reliable. These validation methods

are very similar to those presented in Chapter 5.1, except that the prediction intervals

provide a method of predicting error at the edges of the operational envelope using the same

mathematical technique as those used to validate the model. Furthermore, it includes the

multivariate aspect of the problem in the calculation of the uncertainties.

The Nastran model was easily validated using these methods, with close to 100% of the data

points from the validation dataset falling within the Nastran prediction intervals.
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5.2.3 Uncertainties in Airplane Operational Envelope

A V-Mx diagram for the inboard wing is shown in the following image.

Figure 5.13: Operational V-Mx envelope for inboard wing showing Nastran prediction inter-

vals.
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A V-Mx diagram for the outboard wing is shown in the following image.

Figure 5.14: Operational V-Mx envelope for outboard wing showing Nastran prediction

intervals.
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A V-Mx diagram for the winglet is shown in the following image.

Figure 5.15: Operational V-Mx envelope for winglet showing Nastran prediction intervals.

A plot of the estimated model form uncertainties along the span of the wing for the limit

load gust and maneuver cases is shown in the following image.
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Figure 5.16: Nastran prediction intervals along the span of the wing.

5.3 Multiple Linear Regression Error Modeling

Quantification of the uncertainty is achieved by using a Multiple Linear Regression model

(MLR) of the error term between the Nastran and flight test loads. First, the model form of

the flight test data is developed in this section to be the minimum order to effectively model

the flight test data. Using this model form, a MLR of the error between the Nastran and

flight test data is developed, allowing for an accurate prediction of the error term between

the two datasets. This error term effectively allows for a validated uncertainty of the Nastran

model bending moments to be computed alongside any flight condition for which the model
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is used to predict the loads.

Using this methodology, the errors in the bending moments are computed and plotted against

each of the independent variables. Similar to the methodology shown in Section 5.2, this

section shows estimated model form uncertainty for the wing ∆Mx with respect to M , q,

Nz, and δTACS, and estimated model form uncertainty of the winglet ∆Mx with respect to β

and q, the independent variables with the most significant contributions to winglet bending

moments.

A nuance of this methodology is that the error term is not necessarily zero mean due to

the limitations of the Nastran model tuning. For static loads, the error term predicted by

the MLR can be used as an extension of the Nastran model in post-processing to correct

the loads for even higher fidelity predictions, which would make static loads error term zero

mean. Either way, the estimated uncertainties in the methodology are predicted by the

width of the prediction intervals, and can be validated by using additional datasets and by

showing that the required percentage of additional flight test data falls within the prediction

intervals for the desired confidence level. For other Nastran solutions (see Chapter 3), the

error term can be used as an indicator of the error to be expected at a given flight condition,

and could be expanded to predict the error on other parameters (such as CLα itself) that

may be more applicable to the other solutions.
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5.3.1 Flight Test Multiple Linear Regression Model

The flight test data are also fit with a multiple linear regression (MLR) model to find

a regression model form that can effectively characterize the data. The data are fit for

aerodynamic bending moment on the wing about the aircraft x-axis (longitudinal axis), Mx.

This flight test MLR is not used for tuning or validation, but is instead used to characterize

the model form of the flight test data. This same MLR composition is used in Chapter

5 to quantify uncertainty in the Nastran model by developing prediction intervals on the

difference between flight test loads and Nastran loads (∆Mx). In an alternative approach,

this MLR could be used to characterize the flight test load for any combination of the

predictor variables, and could be validated on its own using procedures similar to those

presented in Chapter 5. However, as is described in Chapter 3, tuning of the Nastran model

is desired for higher fidelity loads results and for use in other Nastran solutions.

The predictor variables (Nz, M , q, δTACS, and β) of the model were determined based on

the first principles of the trimmed flight condition, but the need for iteration of the terms in

the MLR was necessary to find the best fit with the minimum number of terms. The final

model form contains 13 terms for the 5 predictor variables, and is shown below. Note that

the coefficients of the MLR here are denoted as ‘Bi’ instead of the customary ‘β ’ to remove

ambiguity.

MxFT = B0 +B1Nz +B2qM +B3qNzM +B4qβM +B5qδTACSM +B6qδ
2
TACSM +B7qδ

3
TACSM

+B8qNzM
2 +B9qβM

2 +B10qδTACSM
2 +B11qδ

2
TACSM

2 +B12qδ
3
TACSM

2

(5.3)
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The quality of fit was assessed using basic regression parameters, which were readily available

and straightforward. All fits were developed to have high coefficients of correlation and model

variables were selected to have low standard errors and p-values [20]. Standard errors were

highest in higher-order terms, especially M2 and δ3TACS terms, which can be seen consistently

throughout the plots presented in this document. For the Mach terms, this higher error is

likely due to testing only in low Mach regimes where the Mach terms are mostly linear

with respect to dynamic pressure, q, making the mach terms mostly redundant. This error

was deemed acceptable because Mach uncertainties are important to consider for an aircraft

capable of flying in transonic regimes. For the TACS deflection terms, the error is due to a

cubic response of the TACS deflection data that is not much higher in magnitude than the

noise of the data itself, causing larger errors than other terms. These errors are recognized

and deemed acceptable because they follow the physical response of the system and will help

to capture uncertainties in the real-world flight test environment.

Fig. 5.17, Fig. 5.18, and Fig. 5.19 show the frequency distribution and normal probabilities

of the residuals for the inboard wing, outboard wing, and winglet, respectively.
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Figure 5.17: Frequency and normal probability of inboard wing residuals
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Figure 5.18: Frequency and normal probability of outboard wing residuals
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Figure 5.19: Frequency and normal probability of winglet residuals

Some of the most substantial residuals in the plots above can be traced back to sideslip

maneuvers. These errors were identified using leverage and Cook’s distance plots, which

were also used to help the development of the MLR. These plots were used to help identify

variables that had a considerable amount of influence on the fit of the MLR [21]. The large
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spikes in residuals on the left hand side of the histograms in Fig. 5.17 and Fig. 5.18 are traced

back to sideslip maneuvers, which have significantly more leverage on the horizontal portion

of the wing than they should (per first principles and the reliable response of the doublet

lattice method for this phenomenon). This is most likely due to transients experienced during

the sideslip maneuvers, which are ultimately dynamic maneuvers in a real-world flight test

environment, especially when the pilot is balancing roll moments in the yaw maneuver with

aileron (see Chapter 2.2). A test was performed by developing an MLR without the sideslip

maneuvers, and the fit for each location on the wing improved considerably. In the end,

however, the sideslip maneuver were deemed necessary to improve the fit of the winglet, as

these were by far the most influential maneuvers on winglet bending moments. The leverage

and Cook’s distance plots for the resulting MLRs are provided below. The sideslip maneuvers

are represented by the largest spikes in roughly the center of the Cook’s distance plots for

all locations on the wing.
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Figure 5.20: Frequency and normal probability of winglet wing residuals
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The MLR correlation is shown graphically for the wind-up turns in Fig. 5.21.

Figure 5.21: Visualization of Flight Test MLR at δTACS = 0, -10, and -20 deg.

Chapter 5 uses this model form to quantify and validate the uncertainty between the flight

test loads and the Nastran model.

An MLR of the error is developed next. The MLR model form is the same as the original

developed for the entire flight test dataset. Using the same model form ensures that the

error terms are predicted to the same and correct order as the original flight test data, which

ensures that predictions beyond the validation envelope are accurately captured. As before,

the final model form contains 13 terms for the 5 predictor variables (Nz, M , q, δTACS, and

β), and is shown below.

∆MxFT−NAS = Mxerror = B0 +B1Nz +B2qM +B3qNzM +B4qβM +B5qδTACSM

+B6qδ
2
TACSM +B7qδ

3
TACSM +B8qNzM

2 +B9qβM
2 +B10qδTACSM

2

+B11qδ
2
TACSM

2 +B12qδ
3
TACSM

2

(5.4)
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With a validated MLR, the error of the Nastran model can now be quantified at any flight

condition. The error on the Nastran model is calculated using the equation shown below.

Mx = MxNAS +Mxerror (5.5)

Alternatively, substituting the validated MLR results for the Mxerror gives us the final Mx

with a validated error.

Mx = MxNAS + ∆MxFT−NAS (5.6)

This result can be applied at any flight condition, or it can be computed for bounds of

the operational envelope to give an accuracy of the model as a whole. For example, the

standard V-n Diagram presented in Fig. 2.1 can be customized for a new application to give

the accuracy of the model for the gust and maneuver envelopes.
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5.3.2 ∆Mx Multiple Linear Regression Uncertainty Quantification

In this section, the uncertainties of the MLR model are quantified. The methods are similar

to those presented in Chapter 5.2.1, but the bands of uncertainty are much smaller than the

previous methods because the error terms are no longer included as an uncertainty. The

MLR technique of error prediction and uncertainty quantification is much more descriptive

than the other methods, but it comes with the assumption that the Nastran model is robust

and reliable, and thus does not validate the model further than was performed in Chapter

5.2.2. Instead, as described in Chapter 5, this method adds another, dependent model into

the mix to describe the relationship between Nastran and flight test data, and validates this

new model.

To present the estimated uncertainties, figures similar to those in Chapter 5.2.1 are provided.

However, note the large reduction in the size of the interval and the change in mean values

of the intervals as these are uncertainties of the Nastran model error, ∆Mx. Each of these

figures are selected two-dimensional slices of a six-dimensional space. In other words, for

each subplot shown the independent variable on the x-axis is allowed to vary while the other

four independent variables are held constant, which results in the ∆Mx response plotted on

the y-axis. The flight test data shown in each figure are points selected to be within a given

tolerance of the slice values. The prediction intervals are computed across the entire range

of of the Model 525B operational envelope to show the relative comparison of the validation

envelope versus the application envelope.
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Fig. 5.22 and Fig. 5.23 provide the estimated model form uncertainty for a section of

the inboard wing. The values for the independent variables held constant are M = 0.55,

q = 1.60 lbf/in2, Nz = 2.0 g, δTACS = −20 deg, and β = 0 deg. Flight test data points

shown are bounded by 0.50 ≤ M ≤ 0.60, 1.55 ≤ q ≤ 1.65 lbf/in2, 1.95 ≤ Nz ≤ 2.05 g,

−20.5 ≤ δTACS ≤ −19.5 deg, and −1.0 ≤ β ≤ 1.0 deg.

Figure 5.22: Prediction intervals on ∆Mx for the inboard wing.
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Figure 5.23: Prediction intervals on ∆Mx for the outboard wing.

Fig. 5.24 provides the estimated model form uncertainty for the winglet. The values for the

independent variables held constant are M = 0.37, q = 0.60 lbf/in2, Nz = 1.0 g, δTACS = 0

deg, and β = −8 deg. Flight test data points shown are bounded by 0.27 ≤ M ≤ 0.47,

0.59 ≤ q ≤ 0.61 lbf/in2, 0.8 ≤ Nz ≤ 1.2 g, −1.0 ≤ δTACS ≤ 1.0 deg, and −1.0 ≤ β ≤ 1.0

deg.
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Figure 5.24: Prediction intervals on ∆Mx for the winglet.
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5.3.3 ∆Mx Multiple Linear Regression Validation

In this section, methods for validating the MLR model of ∆MxFT−NAS shown in Eq. 5.4

are described. The MLR model is validated using nearly identical methods to those of

the Nastran interval methods described in Chapter 5.2.2. Prediction intervals are validated

using a new dataset that was not used for the tuning or prediction interval development.

If the results are repeatable, 95% of the predictions will lie within the computed prediction

intervals [9]. 95% bounds are selected for this study as this value is most customary, but

other bounds may be selected as necessary.

Validating the MLR of ∆MxFT−NAS proved to be more difficult than validating the lone

Nastran model to flight test data (Chapter 5.2.2) or validating the MLR based onMxFT alone.

The data used in this study proved to be insufficient, with around 25% of the ∆MxFT−NAS test

points to be within the prediction intervals, which is significantly less than the 95% required

to validate the model. The added accuracy of the model made the model more sensitive to

error in the measured data. This difficulty indicates that the original assumptions of this

method should be revisited, additional modeling fidelity should be included, or additional

data should be taken. The validation data set differed slightly in aircraft weight and center

of gravity configurations, as well as system operation during the flight test maneuvers. While

these differences are minor, they are not negligible for this validation technique. The solution

to the problem is to either add the validation datasets to the model development datasets

and take more validation data, thereby increasing the error and making the model more

robust, or adjust the assumptions of the model to incorporate more variables.
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5.3.4 Error Prediction in Airplane Operational Envelope

Changing the V-n diagram to a V-Mx diagram allows the gust and maneuver loads at a

particular wing station to be depicted across the operational loads envelope and the error to

easily be overlaid to show the model accuracy. In the following images, the bending moment

is normalized to the value of the positive limit load Mx case at each particular wing station.

Likewise, the Mx error term is normalized to the same value. A V-Mx diagram for the

inboard wing is shown in the following image.

Figure 5.25: MLR predicted error in operational V-Mx envelope for inboard wing.
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A V-Mx diagram for the outboard wing is shown in the following image.

Figure 5.26: MLR predicted error in operational V-Mx envelope for outboard wing.
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A V-Mx diagram for the winglet is shown in the following image.

Figure 5.27: MLR predicted error in operational V-Mx envelope for winglet.

A plot of the estimated uncertainties along the span of the wing for the limit load gust and

maneuver cases is shown in the following image.
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Figure 5.28: MLR predicted error along the span of the wing.



Chapter 6

Conclusion

The framework presented herein describes a method used for tuning and validating flight

loads of a Part 23 aircraft. In this study, the framework was applied to a Cessna Model 525B

business jet installed with the Tamarack R© ATLAS R© modification.

The tuning process presented herein provides thorough methods for developing an accurate

doublet lattice flight loads model from flight test data. The Model 525B test aircraft was

thoroughly instrumented using industry standard methods and a complete flight loads survey

was completed. Three types of maneuvers were flown and used for the development and

validation of the flight loads model; TACS sweeps, wind-up turns, and sideslip maneuvers.

Each of these maneuvers were used to develop and tune the flight loads model as described

in Chapter 4 and separate datasets were used for validation and uncertainty quantification

purposes. Tuning was carried out using an optimization of the wing spanwise lift distribution

70



Nicholai K. K. Olson Chapter 8. Conclusions 71

to improve the match between the aerodynamic bending moments derived from flight test

and those output from the Nastran model.

The focus of this study was the validation and uncertainty quantification presented in Chap-

ter 5. Two methods were explored for this effort. The first method employed was a very

straightforward statistical analysis computing prediction intervals of the Nastran model,

which is a function based on the number of sample datasets and the error between the tuned

model and the flight test data. The prediction intervals themselves quantify the estimated

model form uncertainties and are straightforward to validate.

A second method employed the use of a Multiple Linear Regression (MLR) model to better

quantify the error between the Nastran loads model outputs and the flight test loads. This

model provided a more accurate description of the error between Nastran and flight test loads,

gave more insight into the response of the model, and showed where improvements could

be made. Any divergences between the Nastran and flight test loads results are indicators

of modeling limitations, where more flight test data, model updating, or erroneous flight

test data may be present. Furthermore, this method reduces the uncertainties in the model.

While providing these valuable insights, this method also proved to be more problematic to

validate as it is more sensitive to sparse data. Therefore, its greatest value may be in a check

for the validity and reliability of flight test data, where it can be used for a “quick and dirty”

check of reliability and repeatability.

The two methods provide a trade-off between simplicity and improved accuracy and un-

derstanding of the model predictive capabilities. The first model is a very straightforward
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and simple approach, but will deliver greater uncertainty bounds. The second method was

added because of nearly unavoidable, but predictable nonzero mean errors between a compu-

tational physics model like the doublet lattice method in practical applications. This method

quantifies those errors by adding a secondary model, significantly increasing complexity but

adding very valuable insights into the limitations of the doublet lattice methods. The specific

application of the validation techniques and the accuracy to which they must be validated

should dictate which method to use.
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