Sensitivities in Option Pricing Models

Tirtha P. Timsina

Dissertation submitted to the Faculty of the
Virginia Polytechnic Institute and State University

in partial fulfillment of the requirements for the degree of

Doctor of Philosophy
in

Mathematics

Ekkehard W. Sachs, Professor of Mathematics, Chair
Jeffrey T. Borggaard, Professor of Mathematics
Michael T. Cliff, Professor of Finance

Martin V. Day, Professor of Mathematics

August 13, 2007

Blacksburg, Virginia

Keywords: Adjoint equations, Gradient method, Jump diffusion, Optimization,

Sensitivity



Sensitivities in Option Pricing Models

Tirtha Prasad Timsina

(Abstract)

The inverse problem in finance consists of determining the unknown parameters of
the pricing equation from the values quoted from the market. We formulate the
inverse problem as a minimization problem for an appropriate cost function to min-
imize the difference between the solution of the model and the market observations.
Efficient gradient based optimization requires accurate gradient estimation of the
cost function. In this thesis we highlight the adjoint method for computing gradi-
ents of the cost function in the context of gradient based optimization and show its
importance. We derive the continuous adjoint equations with appropriate boundary
conditions for three main option pricing models: the Black-Scholes model, the Hes-
ton’s model and the jump diffusion model, for European type options. These adjoint
equations can be used to compute the gradient of the cost function accurately for
parameter estimation problems.

The adjoint method allows efficient evaluation of the gradient of a cost function F(o)
with respect to parameters o where F' depends on ¢ indirectly, via an intermediate
variable. Compared to the finite difference method and the sensitivity equation
method, the adjoint equation method is very efficient in computing the gradient
of the cost function. The sensitivity equations method requires solving a PDE
corresponding to each parameter in the model to estimate the gradient of the cost
function. The adjoint method requires solving a single adjoint equation once. Hence,
for a large number of parameters in the model, the adjoint equation method is very

efficient.



Due to its nature, the adjoint equation has to be solved backward in time. The
adjoint equation derived from the jump diffusion model is harder to solve due to its
non local integral term. But algorithms that can be used to solve the Partial Integro-
Differential Equation (PIDE) derived from jump diffusion model can be modified to

solve the adjoint equation derived from the PIDE.

il



DEDICATION

To my family for all their support.........

v



ACKNOWLEDGEMENT

I would like to express my sincere appreciation and gratitude to my advisor, Pro-
fessor Ekkehard W. Sachs. Thank you for believing in me, being patient with me,
supporting me and guiding me throughout this thesis. I would like to thank Profes-
sor Day, Professor Borggaard and Professor Cliff for serving on my committee.

I am very thankful to my friends and family for supporting me while I have been
working on my dissertation. Thank you to all of my school teachers, undergraduate
professors and the Virginia Tech Mathematics department for all their support.
Of course I can not thank enough my parents, brothers and sisters without whose
support I would not have come this far.

People too numerous to mention, have made my time in America and especially at
Virginia Tech very productive and enjoyable. I would like to take this opportunity
to thank all of them. Last, and certainly not least, I thank my wife Sarita for her

support and patience.



TABLE OF CONTENTS

Acknowledgement . . . . . . . ... v
List of Tables . . . . . . . . . . ix
List of Figures . . . . . . . . . . . .. X
1 Introduction . . . . . . . .. L 1
2 Financial derivatives . . . . . . . . . .. Lo 6
2.1 Introduction . . . . . . . ... 6
2.2 Derivation of the Black-Scholes Equation . . . . ... ... ... .. 9
2.3 Implied volatility and volatility smiles . . . . . . . ... . ... ... 13
2.4 Stochastic Volatility Models . . . . . ... .. ... ... ... ... 16
2.4.1 Introduction/ . . . . . . . . ... 16

2.4.2  Model motivation . . . . . ... ... oL 17

2.5 Jump diffusion model . . . . . ..o 23
2.5.1 Introduction/ . . . . . . . . ... 23

2.5.2  Motivation of the integral term/ . . . . . . . ... ... .. 23

2.5.3 The pricing equation for finite jumps . . . . . . . .. .. .. 26

3 Numerical method for option pricing . . . . . .. . ... ... .. .... 29
3.1 Introduction to finite difference . . . . . .. ..o 29
3.2 Finite difference method for the Black-Scholes PDE . . . . . . . .. 31
3.2.1 Explicit finite difference method . . . . . . . . .. ... ... 32

3.2.2  Implicit finite difference method . . . . . . . . .. ... . .. 33

3.2.3 Crank-Nicolson method . . . . . .. ... ... ... .... 35

3.3 Numerical analysis of PIDE for jump process . . . . . . . .. .. .. 36
3.3.1  Transformation of PIDE . . . . .. .. ... ... ... ... 38

3.3.2  Truncating the integral . . . . . .. .. ... 0000 40

3.4 Solution of PIDE using the finite difference method . . . . . . . .. 41

vi



3.4.1 Explicit finite difference method for PIDE . . . . . . . . ..

3.4.2 Implicit finite difference method for jump diffusion model . .

3.4.3  Explicit-Implicit method . . . . . . .. ... ... ... ...

35 Stability . . ... ... ...

3.6 Consistency . . .. ... ...

3.7 Solution of PIDE using iterative methods . . . . . . . . ... .. ..

3.7.1 Discretization of PIDE (fully implicit scheme using BDF2) .

Parameter estimation . . . . . . . .
4.1 Introduction . . . . . .. . ..

4.2 Gradient estimation/. . . . . .

4.2.1 Sensitivity equation method . . . . . .. ..o

4.2.2 Adjoint equation method . . . . . . ..o

4.2.3 Derivation of Adjoint Equation . . . . ... ... ... ...

4.3 Derivation of gradient using adjoint equations . . . . . . .. .. ..

4.3.1 Simple Heat Equation

4.4  Adjoint equation for Option Pricing Models . . . . . . . .. .. ..

4.4.1 Black-Scholes model .

4.4.2 Heston’s Stochastic volatility model . . . . . . . ... .. ..

4.4.3 Adjoint equation for the PIDE model . . . . . . .. ... ..

4.4.4  Adjoint of the PIDE model with respect to the jump distri-

4.5 Finite difference for adjoint equations . . . . . . . ... .. ... ..

4.6 Adjoint of finite difference . .

4.7 Finite difference for adjoint of PIDE model . . . . . . . . .. .. ..

Optimization . . . . ... ... ..

5.1 Optimality conditions for unconstrained minimization . . . . . . . .

5.2 First order necessary condition

vil

41
42
44
46
49
50
52
95
55
o7
58
60
61
63
63
65
65
69
74

78
81
83
85
89
89
91



5.3 Second-order necessary condition| . . . . . . ... .. ... ... .. 91

5.4 The second-order sufficient condition . . . . . . .. ... ... ... 92
5.5 Parameter identification . . . . .. .. ..o L 93
5.5.1 One variable unconstrained optimization/ . . . . . . .. . .. 94

5.5.2  Multi-variable constrained optimization in PIDE model . . . 95

5.5.3 Sensitivity analysis . . . . ... 97

5.5.4  Sensitivity with respect to the weights, o . . . . . . . . .. 97

5.5.5  Sensitivity with respect to the Jump sizes, J; . . . . . . . .. 98

6 Conclusion and future direction . . . . . . . . . . .. ... ... 100
Appendix . . ... 102
References . . . . . . . . . 104
Vita . . o o 109

viil



3.1
4.1

5.1

LIST OF TABLES

Comparing three finite difference schemes . . . . . . . .. ... .. ..
Calculating ‘g—‘;, the derivative with respect to o when o = 0.3 for Black-
Scholes equation three different methods. Other parameters in the model
are fixed. . ... L

Put price for some product XXXX quoted on a certain day . . . . . . .

X

47



2.1
2.2

3.1

3.2

3.3

3.4

5.1

LIST OF FIGURES

Payoft function for typical Put and Call options with strike price 10.|. .
Implied volatility surface generated by Black-Scholes model for a partic-
ular stock trading at $40. . . . ... ...
In explicit finite difference scheme, information at time step ¢ is used to
calculate the information at time step ¢+ 1. . . . . . .. .. ... ...
In implicit finite difference scheme, known information at time step 7 is
expressed in terms of unknown information at time step ¢ + 1. A linear

system of equations has to be solved to calculate the information at time

Explicit finite difference scheme is not always stable. In the first case
we have 0t = .01,05 = 1 resulting in a stable solution where as in the
second case we have (0t = .02,05 = 1) that resulted in instability. . . .
Even when explicit method is unstable for certain values of (dt,05),

explicit-implicit method and implicit methods are still stable for the same

Sensitivity with respect to jump size J; and weight «; for a sample prob-

lem when J; = .8 and a; = .74 where strike price is 10. . . . . . . . ..

8

14

33

35

43

46

99



CHAPTER 1
INTRODUCTION

The Brownian motion has played an important role in describing the evolution of
market prices. A market described by Brownian motion relates the stochastic prob-
lem of finding a fair price for derivatives with the solution of a deterministic partial
differential equation with constant coefficient. With few more assumptions about
the market, the approach proposed by Black-Scholes [11] has gained a great success
among practitioners because it is simple has a closed form solution. Unfortunately,
the real market data do not always follow the assumptions made in the Black-Scholes
model. Hence it does not adequately describe the underlying asset price process. A
key assumption of the Black-Scholes model is that the underlying asset price follows
a geometric Brownian motion with constant volatility. However, the implied volatil-
ities from the market prices of the options tend to vary across both strike prices and
maturities. To reduce the model specification error, various alternative models that
relax the unrealistic assumptions in the Black-Scholes model have been proposed.
Although the Brownian motion implies a continuous market evolution, discontinu-
ous and unforeseeable abrupt movements of markets are common in reality. Hence
the price process can also jump with the possibility of high or infinite jump frequen-
cies. This gave arise to a new class of models called the jump diffusion models.
Jump diffusion models can be categorized into finite activity models and infinite
activity models which are a part of Lévy models. In jump diffusion models the
log-price of the underlying asset follows a diffusion process with rare jumps at some
random time. These random time jumps can be modelled using a compound Poisson
process. This approach can be reasoned by the observation that most of the time
the price only changes marginally in a small time period. Once in a while the stock

price tends to jump by a significant amount for example after a new trade deal,



winning a court case or a terrorist attack.

A first notable attempt to correct the lack of fit was made by Merton [37]. He
added jumps to the continuous model, where the jumps are counted by a Poisson
process and the jump amplitude are assumed to be log-normally distributed. Using
most features of the Black-Scholes model, he obtained a closed form solution for the
jump diffusion pricing problem. Similarly, Kou’s model [29] is another example of a
jump diffusion model that assumes that the jump sizes follow a double exponential
distribution. The Merton and Kou’s model are a class of finite activity Lévy models.
The Variance Gamma process introduced by Madan and Seneta [34] is an example
of an infinite activity Lévy process. Just to remain simple and consistent we will
only consider finite activity models. For infinite activity models see [14, 17, 19] and
references within. Most jump-diffusion models do not have a closed form solution
and have to be solved numerically

As option contracts and pricing PDE’s become more complex, the numerical tech-
niques for solving nonlinear pricing PDEs become very important. Jump-diffusion
models like the ones described by Merton and Kou are getting popular as they can
explain observed features like the non-normal log-returns and the volatility smile.
Under certain assumptions the jump-diffusion models lead to a partial integro-
differential equation (PIDE) involving a non-local integral term. Because of the
non-local integral term it is much harder to solve than the Black-Scholes PDE.
Stochastic volatility models are also a modification of the Black-Scholes model that
assumes that the volatility is no longer a constant. Stochastic volatility models
have been studied extensively by Cox-Ingersoll-Ross [20], Heston [24], Hull-White
[25] and Lewis [31]. Although each of the authors have their own assumptions about
the volatility process, the most popular one is the model derived by Heston as it
has a closed form solution.

Parameter estimation is very important issue in option price modelling. Without



correct parameters, mispricing can still occur even if the model is correctly speci-
fied. Normally, the parameters in the underlying financial model are not directly
observable from the market and have to be determined indirectly from other observ-
able quantities. In financial modelling, calibrating a model means finding numerical
values of its parameters such that the model is consistent with the market. Re-
construction of volatility surfaces from market data is an example of a calibration
problem. A well calibrated models fit the observed market prices within acceptable
tolerances. Hence, parameter estimation is an inverse process that consists of de-
termining the coefficients of the differential equation governing the option pricing
processes. The inverse problem is formulated as a minimization problem for an ap-
propriate cost function. The cost function depends on the parameter vector p and
it is minimized with respect to the set of all parameters. Parameters are found by
solving the inverse problem that is formulated as minimizing a cost function. So
the calibration problem is the inverse of the pricing problem. Instead of computing
prices in a model with given values for its parameters, one computes the values of
the model parameters that are consistent with observed prices. Pricing and hedging
financial derivatives depend heavily on the knowledge of parameters such as volatil-
ity.

As pricing models become more complex calibration also becomes hard. Compared
to the calibration problem for a generalized Black-Scholes model with a constant
or deterministic local volatility function in [15], the calibration problem under the
jump diffusion model is harder and substantially more expensive in terms of com-
putational time.

Gradient based methods are an efficient way of solving minimization problems when
gradient of the cost function F is available. However, it is not always possible to
evaluate the gradient of the cost function efficiently. The easiest way of finding

the gradient in minimization problem is by using finite difference method. When



the gradient of the objective function F' is not computable in a closed form, or not
computable numerically with the required accuracy, as an alternative to gradient
methods, derivative free optimization methods are used. As opposed to gradient
methods, these algorithms use only the values and not the gradient of F' and typi-
cally require a lot of function evaluations.

In this thesis, we introduce an efficient way of evaluating the gradient of the objec-
tive function by using adjoint equations. This involves the derivation of an adjoint
equation of the model partial differential equation and the solution of the adjoint
equation. The adjoint method consists of constructing a reverse model in order
to compute the derivative of objective function with respect to the model parame-
ters. The solution of the direct problem depends critically on the choice of some of
the parameters and to a lesser degree on the other parameters. This leads to the
problem of determining the sensitivities of the solution with respect to each of the
parameters involved. Hence we also highlight the importance of sensitivity analysis

in parameter estimation.

OUTLINE OF THIS THESIS

Chapter 2 reviews the basic assumptions about the popular financial models. As
a motivation, without much mathematical rigor and complexity the Black-Scholes
PDE is derived. The weakness of the model is shown by an implied volatility smile
and an implied volatility surface. Next, the PDE for stochastic volatility is pre-
sented and its scope and popularity is highlighted. Finally a jump diffusion model
is derived. This model assumes that the stock price follows geometric Brownian
motion with finite intensity jumps that are log-normally distributed. The resulting
model is called a PIDE model.

Chapter 3 is concerned with the available finite difference methods to solve the

PIDE model. Strengths and weaknesses of implicit, explicit and implicit-explicit



methods for solving the PIDE are discussed. When the integral term is non-local,
the possibility of truncation and replacing the integral term with a linear combina-
tion of delta functions is also discussed.

Chapter 4 contains the main findings of this thesis. To estimate the unknown
parameters in any of the financial models we first reformulate it as an optimization
problem. Gradient based optimization techniques utilize the gradient information
to identify search directions and are generally more efficient than non-gradient op-
timizations for well-behaved functions. We derive adjoint equations for all three
types of option pricing models and use the adjoint method to efficiently evaluate
the derivatives of the objective function depending on the solution of a partial dif-
ferential equation (PDE). The adjoint method gives rise to a powerful and efficient
way of estimating parameters in option pricing models. The advantage of adjoint
equations method over other methods is also highlighted.

Chapter 5 gives the basics of gradient based optimization and some examples of
gradient based parameter estimation. Finally in conclusion we summarize the con-

tribution of this thesis and highlight future research directions.



CHAPTER 2
FINANCIAL DERIVATIVES

2.1 INTRODUCTION

A derivative is a financial instrument that has a value determined by the value or
values of one or more underlying assets or indices of assets. Derivatives can be based
on stocks, bonds, currencies, and even indices of these various things, such as the
Dow Jones Industrial Average. A derivative can depend on almost any variable from
the harvest of coffee in South America to the number of hurricanes striking Florida
in one season. For example, the current price of a stock of a particular company
is determined by the market; however, the future price of the stock typically is
uncertain. A month or a year in the future, the price may increase, decrease, or
remain the same. Hence, the buyers and sellers often like to hedge their assets
against this uncertainty about future price by signing a contract for future trading
at a specified price. Hence, derivatives can be used to reduce risk by allowing the
investor to hedge an investment or exposure and function as an insurance policy
against adverse market movements. Derivatives, unlike the underlying assets, are
mostly synthesized by investment banks and other financial institutions. They can
either be made specific to a particular client or, general enough to be traded in a
financial market, just like the underlying assets. The range of possible derivatives
is essentially unlimited but the most common types of derivatives are the called
options.

An option is a derivative with a specified payoff function that can depend on the
prices of one or more underlying assets. As the name suggests, the holder of an
option has no obligation to buy or sell the underlying asset. The time when the
contract ends is known as the expiration date or the maturity date of the option.

The price at which the asset may be bought or sold is called the strike, or exercise



price. Most options can only be exercised once, and have a fixed expiration date,
after which the option is no longer valid. There are many different schemes for
prescribing when an option can be exercised. If the asset can only be bought or
sold at expiration, the option is said to be European. If the option can be exercised
at any time up to the expiration, the option is called American. The options of
European type are also known as plain vanilla options. At a fundamental level

every option is divided into two categories; call options and put options.

Call option gives its holder the right, but not the obligation to buy an asset

at an agreed expiration date (¢t = T') at an agreed strike price (K).

Put option, gives holder the right, but not the obligation, to sell an asset at

an agreed expiration date (¢t = T) at an agreed strike price (K).

The price at which the asset will be bought or sold is called the strike price (K). The
strike price is set at the time of writing the option. Options may also be used as a
hedging instrument against a possible increase or decrease in value of the underlying
asset. For example, if Starbucks needs a particular commodity, such as coffee beans,
on a regular basis, then they can guard against a rise in the price of coffee beans by
purchasing a put option. If the price of coffee beans remains low, then the option is
not exercised and coffee beans are bought at the current price in the market. If the
price rises above the strike price, then the option is exercised to buy coffee beans at
a below-market value.

A holder of a call option will only buy the underlying asset at strike price K if the
price of the asset is higher than the strike price of the option. In the case of a put
option, the asset will only be sold at strike price K if the price of the asset is lower

than the strike price of the option. If S(#) is the asset value at time ¢, then at the



time of expiration (¢t = T'), the payoff for the European option is:

max [S(T') — K, 0] for call options
pay off =

max [K — S(7),0]  for put options
This is because if S(T") > K the call option will be exercised for a profit of S(T") — K.
If S(T) < K the call option will not be exercised. Similarly, a put option is exercised
only if the asset price falls below the strike price for a profit of K — S(7T"). If
S(T) > K, the put option will not be exercised. A typical payoff graph for a call

and a put options at strike price of 10 is given in Figure 2.1l
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Figure 2.1. Payoff function for typical Put and Call options with strike price 10.

The blue line indicates the pay off values at the time of expiration and the red line
indicates the option values when time to expiration is 1 year for both call and put
options where other variables are fixed. Throughout this thesis, we will consider
only the European options as they are the most popular and mathematically less
complex than American options. General background to the mathematical theory
including arbitrage pricing, Ito calculus and Brownian motion is not considered

here. For general introduction to the theory of financial mathematics and stochastic



calculus see, among others, [9, 10, 26, 140, [42], 49].

2.2 DERIVATION OF THE BLACK-SCHOLES EQUATION

The Black-Scholes option-pricing model, first introduced in the 1973 paper, The
Pricing of Options and Corporate Liabilities, is probably the most widely taught,
and the best-known option pricing model in finance. In spite of its unrealistic as-
sumptions about the market, the concepts behind the Black-Scholes model provides
an important framework for studying the basics of option pricing. The Black-Scholes
model proved the importance of mathematics in the field of finance. It also led to
the growth and success of the new field of financial mathematics. Since the intro-
duction of the Black-Scholes model, all other option pricing models have been either
an extension or a generalization of this model. Prices derived from the Black-Scholes
model are good approximations to the actual option prices in the market. Hence
traders often use it as a base model and prefer to think of the options in terms of
the implied volatility and not the actual price of the options.

Let us assume that an asset corresponds to the price of a stock traded in the market
and we have a call option on the stock. An option derives its value primarily from
three sources. The first source is the intrinsic value, the value for an investor who
exercises the option immediately. This value would be the difference between the
stock price and the exercise price. If a call option is in the money, the stock price
is greater than the exercise price and the investor will benefit from exercising the
option to buy the stock at the agreed exercise price and sell it immediately at the
market price. Conversely, if a call option is out of the money the stock price is less
than the exercise price, and the investor will not benefit from exercising the option
immediately.

The second source is the time value. If an option is out of the money now, there is

still a possibility that it will be in the money at expiration. The time value of the



option is derived from the time remaining to maturity. In pricing the time value,
an investor needs to take account of both the probability of the option maturing in
the money, as well as the degree to which it will be in the money.

The third factor contributing to the value of the option is the volatility of the under-
lying asset. Volatility can be defined as the degree of uncertainty with respect to the
future price of the asset. The higher the volatility, the wider the range of potential
future prices. This results in a proportionately wide range of possible outcomes for
the shareholder. A large decrease in the stock price would result in a large loss while
a large increase in the stock price would result in a large gain.

The value of financial derivatives is known at the time of expiration. The derivative
pricing problem is concerned with finding, if it does exist, a fair price for a deriva-
tive at any time ¢t < T. So we want to find a deterministic function that can give
the fair price of the derivative any time before expiration. The original work by
Black-Scholes is the basis for modern financial mathematics. Black-Scholes uses a
hedging strategy to derive the Black-Scholes derivative pricing equation. It regards
the possibility for the writer to minimize the risk associated to the derivative he is
going to sell. In this case one looks for a deterministic hedging strategy. In this
section we provide an introduction to this model, proving its completeness in the
absence of arbitrage. Moreover we deduce the deterministic partial differential op-
erator related to the hedging technique for pricing derivative. In their paper, Black
and Scholes made some assumptions on the kind of market they were working in.

These are listed below:

1. The asset price processes follows a Geometric Brownian Motion (GBM) with

constant variance.

2. Borrowing and lending take place at a constant interest rate r, and the under-

lying stock does not pay cash dividends.
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3. Markets are perfect; there are no transaction costs, taxes, or short-sale restric-

tions.
4. Trading takes place continuously in time.

A market described by a Brownian Motion relates the stochastic problem of finding a
fair price for derivatives to the solution of a deterministic partial differential equation
with constant coefficients. Let S be the price of a stock at time ¢. Consider a small
time interval dt during which the price of the underlying asset S changes by an
amount dS. Then the value of underlying asset S follows a stochastic differential

equation (SDE)
dsS = pSdt+oSdw (2.1)

where p is the interest rate of risk free asset, o the volatility of the stock and dW,
the Brownian motion that follows normal distribution N (0, \/f), with mean 0 and
variance t. Let V' be the value of the option given by V' = V (¢, .S) where V (¢, 5) is
twice differentiable in S and differentiable in . Applying Ito’s lemma we get

0*V
0Sot

10°V

o .V . 1PV LV,
2 012

dV(S,t) = oAt + 5=dS + 5w(dsf -
ov oV 1, 0%V

— Lt 2as + —02822 L gt
ot 559 37 g

dt)? + dt dS

After substituting for dS from equation (2.1), and using the fact that lim dt — 0,

dt-dS =0, dt*> =0, and lim dS — 0,dS? = dt, the equation simplifies to

OV OV 1, 0%V oV

Let us construct a portfolio of one option and -A of the underlying asset. The value

of such a portfolio is I = V' — AS and A is held fixed between times t and ¢ + dt.

11



Therefore the change in the value of such a portfolio during the time dt is given by:

dll = dV — AdS

OV OV 1, 00 v
= (g +nSag + 50" gz )t + oSS dW — A(uSdt + oSdW)
VOV, 0 v

We can eliminate the randomness in the above PDE by choosing A = 9V/9S. Then
this portfolio will be totally risk-free. Since this portfolio contains no risk, any risk-
less portfolio must earn the risk-less interest rate r. If it earned more, then one
could make a profit by selling the risk free securities and using the proceeds to buy
this portfolio. If the portfolio earned less, then one could make a risk less profit by
selling the portfolio and buying the risk-free securities. Hence, we must have:

o V)dt =rlldt =r(V — a—VS)d (2.3)

ov 122
o oS

T Ot 05?2

Thus we can rewrite equation (2.3) to get:

WV 1, ,0°V oV
ot 127 g =V~ 55g)
0V 1 oV oV

The resulting equation (2.4) with appropriate boundary and final conditions is a
second order parabolic partial differential equation, called the Black-Scholes Partial
Differential Equation. Since the value of the option is known at the time of expiration
(final time T), the Black-Scholes equation is a final value problem. It has a closed

form solution given by:

SN(dy) — Ke ""N(dy) for call option
V(S,K,1,0) =

—SN(—dy)+ Ke ""N(—dz)  for put option

where N(-) is the cumulative distribution function for a standard normal random

12



variable, given by

N(u) = \/LQ_W /“ exp(—%)dz.

 In(S/K) +7(r+ %) ~ In(S/K) +7(r— %)
and  dy = e , = e !

T=T—1.

The derivation of the closed form solution of Black-Scholes equation is straight
forward and is found in a variety of literature in finance and economics [10], [11],
[48] and many others for its full derivation.

The Black-Scholes model derived from Brownian motion has gained a great success
among practitioners because it has a closed form solution and the PDE analysis
allows a simple numerical computation to the problem. In spite of its simplicity, the
model ignores some of the features like market jumps and crashes which are rare but
significant events. The Brownian motion implies continuity of the market evolution,
but in reality price process can jump. Also, the real market prices do not appear
to be distributed log-normally as assumed but have heavier tails and asymmetric
features. In addition, the Black-Scholes model assumes a constant volatility, but
the implied volatility curve does not represent constant flat lines as assumed but

resembles a smile.

2.3 IMPLIED VOLATILITY AND VOLATILITY SMILES

Option prices obtained from the Black-Scholes model are functions of the following
five parameters: the time ¢, the strike price K, the risk-free rate r, the current
underlying price S and the market volatility o. The only unknown parameter that
is not directly observed from the market is the volatility of the market o and it has
to be estimated. Estimation of volatility from the historical data of the underlying

is called the historical volatility. Since there is only one unknown parameter in the

13



Black-Scholes model namely the volatility o, there is a one-to-one correspondence
between the value of any financial derivative contract, such as an option, and the
volatility of its underlying asset. In general, the more volatile the asset, the more the
derivative contract is worth. Thus, when a market has set the price for a contract, it
is often the case that this price corresponds to a unique implied volatility. Suppose
we use the Black-Scholes model to infer the volatility used by option traders to price
the option. We search for a volatility such that the model represents an option price
that corresponds to the market price. The volatility obtained this way is called the

implied volatility. The Black-Scholes model assumes that the implied volatility is

Implied Yolatility Surface
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Figure 2.2. Implied volatility surface generated by Black-Scholes
model for a particular stock trading at $40.

constant and homogeneous for options on the same underlying with different strikes
and maturities. However, in practice the implied volatility of call or put options at
a given time ¢ is a function of the strike price and the time to maturity 7'—¢. Often
deeply out of the money or deeply in the money options have significantly higher
implied volatilities than options at the money. The graph of the strike price and
the implied volatility forms a shape of a smile called the volatility smile. The col-

lection of implied volatilities for different strikes and maturities is called the implied
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volatility surface. Figure 2.2 shows an implied volatility surface for a particular
stock obtained by using Black-Scholes formula. We can see that for options close to
expiration that are either highly in the money or highly out of the money have high
implied volatility and give the smile effect. As the time to expiration increases, the
smile effect eventually smooths out.

Black-Scholes model being a constant volatility model is unable to explain the
volatility smile and the volatility surface caused by this discrepancy. The short-
coming of the Black-Scholes model has led to a considerable amount of research and
alternative models that attempt to explain the dynamics of the underlying asset
in terms of alternative distributions which match a representation of the implied
volatility surface. A first outstanding attempt to overcome the lack of fit was made
by Merton [37]. He added a jump component to the continuous model, where the
jumps are counted by a Poisson process and the jump amplitude is log normally
distributed. Merton’s model also has a closed form solution. In recent years differ-
ent versions of jump diffusion models have been proposed by different authors and
all of these models require numerical solutions. Heston [24] proposed a stochastic
volatility model by adding more parameters to the model. In his model, volatility
is assumed to be stochastic. In recent years there have been attempts to combine
jumps with the stochastic volatility models and also to derive the jump diffusion
models through Lévy process with a different jump distribution.

However, none of the more complex models have been very popular among the prac-
titioners due to the fact that they are computationally expensive, complex, and lack
the market information needed to calibrate the models. We will now explore some

basics of stochastic volatility and jump diffusion models.
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2.4 STOCHASTIC VOLATILITY MODELS

2.4.1 Introduction

In this chapter we discuss continuous-time stochastic volatility models. By this
we mean two-dimensional diffusion models where only one of the coordinates is
observable and where the stochastic differential equation has a special form. The
models were introduced in the financial mathematics literature in the late eighties
as modifications of the classical Black-Scholes model.

The Black-Scholes model is a constant volatility model. An alternative theory to
the Black-Scholes model considers the volatility to be stochastic process. Stochastic
volatility models in finance have been extensively studied by Wiggins [47] , Hull
and White [25], Hull [26], Stein and Stein [43], Heston [24], Bates [§], Lewis [31],
Bakshi, Cao and Chen [6] giving rise to the whole family of stochastic volatility
models. In this section we will consider a general stochastic volatility model and
derive a partial different equation arising from the Heston stochastic volatility model.
A stochastic volatility model introduces more random sources then traded assets,
hence the model is incomplete. Pricing in a market with stochastic volatility is thus
an incomplete market problem, which means that the derivative cannot be perfectly
hedged. Heston [24] obtained an analytical formula for the option price starting
from the characteristic function of the risk neutral probability and the inverse of the
Fourier transform.

Stochastic Volatility Models are widely used in the financial market as a refinement
of the Black-Schole’s model. They explain why the options with different strikes and
expirations have different Black-Scholes implied volatilities and have the smile effect.
In particular, traders who use the Black- Scholes model to hedge must continuously
change the volatility assumption in order to match market prices. Their hedge ratios
change accordingly in an uncontrolled way. More interestingly for us, the prices of

exotic options given by models based on Black-Scholes assumptions can be wrong
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and dealers in such options are motivated to find models which can take the volatility
smile into account when pricing these options. In stochastic volatility models the
value of an option is usually specified by a partial differential equation. Since closed-
form solutions are often unavailable we have to rely on numerical techniques to

estimate the value of an option.

2.4.2 Model motivation
Let S be the value of an underlying asset such as a stock at time ¢t. The value of

underlying asset S follows a stochastic differential equation (SDE)
dS = pSdt+ oSdWw, (2.5)

where o is the average rate of growth, o the volatility of the stock and dW;, the
Brownian motion that follows normal distribution N (0, /%), with mean 0 and vari-
ance t. Volatility of the underlying asset o is given by the square root of the variance
v, ie v = o2,

To get to Heston’s PDE we follow the derivation done by Gatheral [22]. Let the

variance be defined by another stochastic process
dv = «a(S,v,t) dt+& B(S,v,t) v dW, (2.6)

where o and § will be defined later. The covariance of two stochastic processes is
given by Cov(dWy,dWs) = pdt and ¢ is defined as the volatility of volatility. If
V(S,v,t) is twice differentiable function in S and v and differentiable in ¢, then

applying Ito’s lemma we get

1% oV 9)% o’V
dV = — dt+ — d —d —_— ds,d 2.
V 5 t+85 S+8y V+8S(91/ Cov(dS, dv) (2.7)
10%V 10%V
‘|‘§@ Var(dS) + §WVCLT(CZV)
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Similarly, applying Ito’s lemma in equation (2.5) we get

(dS)* = p* 8% (dt)* +2p S* dtv/v AWy + v S* (dW1)? (2.8)

= uS(dW))? = vS¥dt
Similarly applying Ito’s lemma in equation (2.6) we get

(dv)? = o dt* +&28% v (dW,)? + 2a dt € Bv7 (dWs) (2.9)

— 52 62 VQ’y dt
Since u, S, &, a, B are all known at time t,

Cov(uSdt + /vS dWy,adt + £BvY dWy) = Cov(y/vS dWy, ELvT dWsy)

= VOt SEBpdt (2.10)

Substituting equations (2.8)), (2.9) and (2.10) in (2.7) we get:

A% oV oV 0%V
— R — —_— —_— ’Y+2
dv o i+ anS+8 dv + V" 2 SEfpgendt +
1,0V , 27(9 1%

1
= <Vt + Wasgﬁpvsy + §VSQV55 + 552621/2%”) dt + VsdS + V,dv

(2.11)

Let IT be the portfolio containing the option whose value is V' (¢, S, v), the quantity
—A of stock and —A! of another asset whose value V! depends on volatility i.e

V1=Vt S, v). Therefore

I = V-AS-AWV? (2.12)
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Taking the derivative on both sides we get:

dll = dV — AdS — AtdV?t

= (V; + 172868V, + %I/SQVSS + %g%%ﬂm& dt + VsdS + V,,dv — AdS
—Al[(v;} +UTESEBpVE + %USQVSlS + %52@21/2%1”) dt + VidS + V' dv]
= (Vi SOV, + S Vs + GBIV )
—Al (th + ﬂ*%SﬁBpVE}V + %1/52‘/515 + %525%27‘/”11,) dt

+(Vs — A — A'V§)dS + (V, — AW Hdv (2.13)

To make this portfolio instantaneously risk free, we must eliminate the risky terms

containing S and v by setting each part to 0 separately. Hence, we have

V, —A'W!=0 and (Vs—A—-AVG) =0

v

. Vi .
So, from the first condition, we have A = Vi and from the second condition also
14

have

Vi
V= A= 5VE=0, or A=V

Vi

vV

For the portfolio (2.12) to be risk free, its return has to be same as the return from

risk free rate r. Hence,
dil = rldt=r(V —AS — A'V)dt

From equation (2.13) and with substituting appropriate values for A and A! as

given above we get:

r(V—AS—A'WVYdt = (V,+ 17 256BpVs, + %VSQVSS + %5252’/27%1/)6175 -
V,

1 1
STV ESEBV, + guS Vs + 5 € BV )t

(2.14)

19



Collecting all the terms containing V' on one side and V! on the other side we get:

Vi + 117 28EBpVs, + 3vS?Ves + 3882V, — rV + 1SV
v,
_ Vi v SERpVS, 4 SV + 3E VIV, — 1V 4+ rSVS
= 7

(2.15)

We see that the left side depends only on V' while the right side depends only on
V1. This is only possible if there is a function f that depends on the variables S, v, ¢

such that the above quantity is equal to f. So,

V 'Y"F%S V,/ 1 SQV 1¢232 ZFYVVV_ V SV
L+ 117 3SEBpVs, + §v s;ymfﬁv ATV - (a— 68) = f(t,5,v)

where 3 # 0. Rearranging the terms we get,

1 1 1
Vi 172 5E80Vs, + 508 Vs + 5800 Vi — 1V SV = —(a — M)aa_‘:

(2.16)

Conventionally, ¢(t,S,v) is called the market price of volatility risk. This tells us
how much of the expected return of V is explained by the risk of v in the asset
pricing.

If we replace a = —A(v(t) —v), B = 1 and v = 1/2 in equation (2.6) we get the
Heston Model

dS(t) = pS(t)dt++/v(t)S(t)dWw;

dv(t) = —XNwv(t) —v)dt + E\/v(t)dWadt
where, )\ is called the speed of reversion of variance v(t) to its long term mean v. If
we replace a and (3 with the new values from the Heston Model in equation (2.16),
we get:

1 1

Vi +vSEpVs, + QVSQVSS + §§2VVW —rV +1rSVs = (Aw(t) —v) — 9)V,
(2.17)
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Various models suggest that the market price of volatility risk ¢ is proportional to
volatility. Therefore we can set ¢ = v for some constant 6.

Define risk adjusted parameters A and 7 as A=\ — 6 and ¥ = AU sothat A =
A+0and 7= Ap/)\. Therefore,

ANy —v)—¢ = )\(V—%)—HV
= A —A—0Ov

= A+0p—A\b—6v
= Mr—17)
Since, ¢ does not appear in the new equation, new parameters are called the risk

adjusted parameters. So the above equation (2.17) can be written in terms of risk

adjusted parameters as:
1 1 ’ ,
Vi +vS&pVs, + §I/S2V53 + 5521/‘/,,1, —rV+rSVs = Av(t) —v)V,
= ANv—-p)V, (2.18)

Now, let = In(S). Then dz/dS = 1/S and d*z/dS? = —1/5? Then we have:

oV 1

95 ~ 5"

oV Vie Vi 1

@ T oy m gV

If we consider only the log transformed values of stock prices and write it in terms
of variable x as defined above and substitute these values in equation (2.18) we get:
1 1 1, _
Vi+ 51/‘/33;3 +(r— 51/)‘/;3 + vEpVy + 55 W, = Av—=0)V, =1V =0
(2.19)

Using the conditions given by Apel, Winkler and Wystup [4] equation (2.19) has

the final conditions for European options as
max [e® — K,0]  for call options
V(T,z,v) =

max [K — €*,0] for put options
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and the boundary conditions for put options given by

V(t,—oo,v) =Ke "™ V(t,oo,v) =0

V(t,x,00) = Ke "

By analogy to Black Scholes formula for European option with strike price K and

time to maturity 7, Heston guessed the solution of the call option of the form
V(r,z,v) =e"P, — Ke "™ Py (2.20)

where P; and P, are unknown functions such that they represent similar probabil-
ities as in the case of Black Scholes model. P, and P, are calculated through the
Fourier transformation of the characteristic function. For detail of the derivation
and justification readers are referred to [22], [24] and [31].

For the Heston partial differential equation (2.19), we can find its solution via the
Fourier transform method. The solution however can not be expressed in terms of
elementary functions. It has to be computed by numerical integration.

Although stochastic volatility model is based on more realistic assumption about
the volatility and prices derivatives better than the traditional Black-Scholes model,
the model is mathematically complex. For many stochastic volatility models, closed-
form solutions are not available and numerical computation is expensive. The Hes-
ton model does have a closed form solution but it still requires numerical computa-
tion to find the probabilities, P; and Ps.

The Black-Scholes and the Heston model assume that the evolution of stock price
follows a continuous Brownian motion. In reality, the market responds drastically
to some unexpected news and market jump or crash is seen once in a while. These
events can not be explained solely by the Brownian motion. To explain the jump

phenomenon that appears frequently in the market we have another class of models
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called the jump diffusion models. We are reviewing few of the popular derivative
pricing models with unknown parameters. We will use these models to derive an effi-
cient technique to estimate gradient of the cost function that is needed for parameter

estimation in gradient based optimization.

2.5 JUMP DIFFUSION MODEL

2.5.1 Introduction

To price financial derivatives under actual market conditions, more complex models
are required. In this section we will present and motivate a jump diffusion model
where the asset prices evolve by jumps and crashes added to the standard Black-
Scholes diffusion driven by Brownian motion. The jump diffusion model looks more
realistic then other previously defined models. It adds the idea of sudden price
movement caused by discrete economic events such as surprised high earnings, win-
ning a major government contract or a sudden terrorist attack to the idea of an
otherwise efficient market driven by Brownian motion. This assumption leads to
the pricing equation to be a parabolic, partial integro-differential equation (PIDE).
The jumps in the logarithm of the prices may be distributed by any finite activity
process such as the the normal distribution in the case of Merton’s model and the

exponential or double exponential distributions in the case of Kou’s model.

2.5.2 Motivation of the integral term

Let stock S follow the geometric Brownian Motion equation given by
dS = pSdt + o SdW (2.21)

From Ito’s lemma, after log transformation of the stock price we get

2

d(log S) = ( — %)dt + odW (2.22)
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Suppose that we have asset price at discrete times ¢;, such that S(¢;) = S; and

At = t;1 1 — t;. Then from (2.22) we have

, 2
log S;11 — log S; = log Sgl ~ (pu— %)At + opV AL (2.23)

where ¢ is N(0,1). If At is very small, then At is much smaller than v At. After

ignoring the terms with At equation (2.23) can be written as

log (M) = log (1 + %) ~ ooV AL (2.24)
. . Sit1— S .
Let return in the period [t;11,t;] be R;. Then R; = — and equation (2.24))

becomes log (1 + R;) ~ R; = oV At.

Definition 2.1. A random process X (t) is said to be a counting process if X (t)
represents the total number of events that have occurred in the time interval (0, 7).

A counting process must satisfy the following conditions:
1. X(t) >0, X(0)=0
2. X(t) is integer valued
3. X(s) < X(t)if s<t
4. X(t) — X(s) equals the number of events that have occurred in the interval
(s,t)
Definition 2.2. A Poisson process is a counting process with intensity A > 0 if
1. X(0)=0
2. X (t) has independent and and stationary increments

3. P[X(t+dt) — X(t) = 1] = Adt + o(dt) where P is the probability
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4. PX(t+dt) — X(t) > 2] = o(dt) where

lim oldt)

dt—0 dt =0

In the contest of our problem, we can define the Poisson process dq as follows

0 with probability 1 — A\dt
dq =
1 with probability A\dt
where ) is called the Poisson arrival intensity. The jumps of the Poisson process are
not at all deterministic. The process P(t) is stochastically continuous such that there

is zero probability of having a jump at any deterministic time, i.e. limg o P(t +

dt) — P(t) = 0. Now, the mean and variance of dq is

E(dq) = Adt-1+(1—Adt)-0=Adt
Var(dg) = E[(dg— E(dq))’] = E[(dg — Adt)?]

= (1= Adt)>Xdt + (0 — Adt)*(1 — \)dt = Adt + O(dt)?

Consider a situation where most of the time nothing happens, but occasional jumps
in stock price. The jump size is independent of time interval but the probability
of jump occurring depends on time. Suppose a jump occurs in [t,t + At] with
probability Adt such that the stock moves to a new value S — JS where J is the
size of the positive jump. Then the change due to a jump in the stock price is given

by [dS]jump = (J — 1)Sdq. If a jump occurs then

S(after jump) T S(before Jump) + (ds)(]ump)
= S(before Jjump) + (J - 1)S(b6f07“6 Jump)

- JS(before Jump)

So, if stock price follows a combination of Brownian Motion and rare jump events,
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then change in stock price is given by

dS = pSdt + o SdW + (J —1)Sdq

The first part of the equation is due to Brownian motion and the second part is
due to jump. Assume that the jump size has some known probability density g(.J).
Given that a jump occurs, the probability of a jump in [J, J + dJ] is g(J)dJ. Also,
/OO g(J)dJ = /Oog(J)dJ = 1, and we consider only the positive jumps such that
g(_;? =0if J < 8. If f = f(J), then expected value of f is

E(f) = /O " g(T)dd (2.25)

2.5.3 The pricing equation for finite jumps
Suppose we have one option worth V' and A shares at price S. If II is the value of

the portfolio then I = V' — AS. Consider the change in the value of portfolio

(dH)total = [dH]brownian + [dH]]ump (226>
From Ito’s lemma
0232
[dH]browman = ‘/t + ,U,S‘/S + B ‘/33 — A/LS dt + oS [‘/s — A] dW (227)
Noting that jump is of finite size,
(AL jump = [V (JS,t) — V(S,t)]dg — A(J — 1)Sdq (2.28)

If we now hedge Brownian Motion risk by choosing A = V;, then equation (2.26))

gives us

2Q2

dIl = {Vt +2 VSS] dt +[V(JS,t) = V(S,t)]dg — V,(J—1)S dg  (2.29)

The change in the value of portfolio still has a random component dq which can’t

be hedged away. So, we take the expectation on both sides to get

0252

EldI] = E( [vt + vss] dt) + E[V(JS,t) — V(S,1)] Eldg] —
Vs S E[(J —1)]Eldq] (2.30)
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We have assumed that the probability of jump and probability of jump sizes are
independent. Now, define E[J — 1] = &, then equation (2.30) becomes

0252

B[dII] = [vt + V] dt + E[V(JS,t) — V(S, )] \dt — V,SkA dt  (2.31)

Assume that investor holds a diversified portfolio of hedging portfolios for different
stocks. We assume that the jumps for these portfolios are uncorrelated and the
variance of the portfolio of portfolios is small (there is little risk). The expected

return should be
E[dII] = rlldt (2.32)

Now equating equations (2.31) and (2.32) we get:

0252

‘/t+2

Vi + (rS — SEAVa — (r + M)V + E[V(JS, t)]A = 0 (2.33)

Using equation (2.25) in (2.33) gives

0252

Vt+2

Vis + (1S — SENV, — (r+ ANV + )\/OO g(HV(JS,t)dJ =0 (2.34)

Equation (2.34)) is called a Partial Integro Differential Equation (PIDE) that models
jump diffusion in option pricing. Here, g(J) can follow any appropriate probabil-
ity density function. For example Merton’s model assumes g(.J) to be log-normal
whereas Kou’s model assumes it to be double exponential. More careful derivation
of jump models with Lévy process can be found in Cont and Tankov [17] and is not
repeated here. Other sources for jump diffusion models and its derivation include
Bates [8], Cont and Voltchkova [19], Kuo [29] and many others.

Since additional parameters A, x,J and the jump distribution ¢g(J) in equation
(2.34) are all unknown in jump diffusion model the parameter estimation problem
become more complex. It is important to estimate these parameters correctly and
efficiently to price the financial derivatives correctly.

In this chapter we have given the basic insight to the three types of option pricing
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models. After finding a good pricing model it is important to be able to find the
solution of the pricing equation efficiently. Although Black-Scholes and the Hes-
ton PDE have analytical solution in a closed form, they can be solved numerically
efficiently. Since the PIDE have no closed form solution, they have to be solved
numerically. Next chapter highlights some of the popular numerical methods used

to solve pricing problems.
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CHAPTER 3
NUMERICAL METHOD FOR OPTION PRICING

FINITE DIFFERENCE METHOD

Solving partial differential equations (PDEs) is of concern to all areas of applied
analysis from physics to finance. Most PDEs encountered in practice do not have
analytical solutions and have to be solved numerically. Numerical solution of PDEs
is very extensive and quite advanced. In this section, we try to understand the
basics of one of the numerical methods, the finite difference method, used to solve
the types of PDE that arises in finance.

The most common finite-difference methods for solving the diffusion type equation
seen in finance are the explicit method, the fully implicit method, and the Crank-
Nicolson method. We will briefly describe each of the methods in relation to solving
Black-Scholes equation. We will also introduce explicit-implicit method (a combina-
tion of implicit and explict methods) to solve a Partial Integro-Differential Equation
(PIDE) that arises from Jump Diffusion process. Finally we will solve the PIDE
derived from Merton’s Jump diffusion model using splitting technique as done in

27] .

3.1 INTRODUCTION TO FINITE DIFFERENCE

Finite Difference Method are capable of evaluating many types of linear and non-
linear Partial and Ordinary Differential Equations. The finite difference method
consists of transforming the partial derivatives in difference equations over a small
interval. This method attempts to solve partial differential equations by approx-
imating the partial derivatives using an explicit, an implicit or some combination
of both of the methods. Finite difference method can produce accurate numerical

solutions to many partial differential equations including those arising in finance.
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In finite difference methods, we replace the partial derivatives by approximations

based on Taylor series expansions of functions near the point of interest.

Lemma 3.1.1. Let u(r,z) be a function of independent variables x and 7. If
u(T, x) is continuously differentiable with Lipschitz continuous derivative then partial

ou
derivative — approzimated by

or
ou  u(r +07,2) — u(r, )

0
1s called the forward finite difference approximation and the partial derivative gu

or
approximated by
ou  u(t,z) —u(t — 7, )

o = - +0(57) (3.2)

1s called the backward finite difference approximation.

Lemma 3.1.2. Let u(r,z) be a function of independent variables x and 7. If
u(T, x) is continuously differentiable with Lipschitz continuous derivative then partial

0
derivative gu approximated by

or
Ou _ u(r + 67, x) —u(r — o7, )
or 20T

+ O((67)%) (3.3)
1s called the central finite difference approrimation.

The proof of the above lemma comes directly from Taylor expansion of the function
u(T, ).

When applied to diffusion equation, forward difference in a—:_b leads to an explicit
finite difference scheme and a backward finite difference scheme leads to a fully
implicit scheme.

Finite difference of u(7,x) in terms of the variable z is also defined exactly the
same way as stated by the above lemma. The central difference approximation with

respect to x is give by

ou _u(r,x+0x) —u(r,v —

o) 2
a9z %51 + O((02)*). (3.4)
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2
u

Similarly, the symmetric central difference for the second derivative 92 is approx-
x

imated as

92u _u(r,x+0x) — 2u(T, z) + u(r,r — O1) )
ox? (02)2 + O((6z)"). (3.5)

Assume that u is a function of independent variables x and 7. For finite difference

method, we subdivide the x — 7 plane into sets of equal rectangles of sides dx =
h,dT = k by equally spaced grid lines. Suppose, x is divided into N equally spaced
units of length h and 7 is divided into M equally spaced units of length £, then we

will have grids of the form
xj=jhfor j=0,1,2,..., M and 7, =tk for 1 =0,1,2,..., N.
Let the value of u at the representative mesh point P(ik, jh) be given by
up = u(ik, jh) = u; ;.

Then we can write finite difference quotients defined in (3.1) , (3.4) and (3.5) as:

ou _ Uiy1,5 — Uiy

or k

ou Ui j41 — Ujj—1

B Pt - N S 3.6
ox 2h (36)
32u ~ Us j+1 — 2um~ + Uj 51

dx2 h?

with leading error terms of O(h?), O(h?) and O(k) respectively.

3.2 FINITE DIFFERENCE METHOD FOR THE BLACK-SCHOLES

PDE

Consider the Black-Scholes PDE with stock price S given by

ov 1, ,0V  _aV B
at+205852+r585—r\/—0 (3.7)
V(T,S) =max (0,5 — K),
V(t,0) =0,
V(t,S)~ S — Ke "™ for large S
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for European call options where K is the strike or exercise price of the option. This
is a final value parabolic PDE with variable coefficients. To make it an initial value
problem with constant coefficient we need to make some transformations.

Lets introduce a time variable 7 = T'— t and x = In(S). Then equation (3.7) in

terms of new variables 7 and x such that V (¢,S) = U(r,z) is given by:

ou 1 5 OU
or 2% g g7, HU=0 (3.8)
U(0,z) = max (0,e” — K),
U(T7 xmzn) = 07

U(r,z) =e* — Ke ', for large z.

Tmin in equation (3.8) is the truncated minimum value of the log stock price. The
value of European call option is given by the solution of the partial differential
equation (3.8). Equation (3.8) can be solved using appropriate finite difference

method.

3.2.1 Explicit finite difference method

Consider the discretization of space variable x into M equally spaced units of size
0x = h and the time variable 7 into N equally spaced units of 07 = k. The
discretization of the log asset price x and time 7 can be written as:

Tj = Tmin +Jh for j =0,1,2,..., M and 7; =tk for ¢ = 0,1,2, ..., N.

Note that o = 2, and z); = Tee are truncated approximations for minimum

2
and maximum log stock prices. Substituting central difference for (Z—U and g—g,

x x

and forward difference for E;—Uim (3.8) , we get:
T

Uisr1; — Ui B 0_2 Uijs1 —2Ui; +U; j B (3.9)

oT 2 (0x)? '

o? Uz’,j+1 - Ui,jfl
(’l”— 7) (T) +7’Ui7j =0
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with initial and boundary conditions given by
Up; = max (0,e" — K) for j =0, ..., M,
Ui,M = eu’vM _ Ke—rn‘ and Ui,O =0 for 7 = 0’ - N. (310)

Since initial and boundary conditions are given for U, the above equation is explicitly

solved for every value of U(r;, z;) as :

Ui+17j = CLUZ‘,]'_1 + bUiJ + CUZ‘7j+1

where a = [Q(Ex)Q - (T - %2)%] (57’, b= [1 — (& + 7“)(57’

2

and ¢ = |:—2(ga:)2 +(r — %)ﬁ} ST

1 & n
& \J
! §
1 C O
known va{ues unknowh values

—————————

i i+1

Figure 3.1. In explicit finite difference scheme, information at
time step ¢ is used to calculate the information at time step ¢+1.

3.2.2 Implicit finite difference method

Explicit finite difference method requires very small time steps o7 for it to be rea-
sonably stable. The implicit finite difference method often overcomes the stability
limitations of explicit methods. Implicit finite difference methods allows us to use
large number of z-mesh without having to take very small time steps. Finite differ-

ence approximations for each of the derivatives in x is same as in explicit method
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mentioned above but it uses the backward difference approximation for the %—g. This

leads to:

Ui+1’j — Ui’j B 0_2 Ui+1,j+1 - 2Ui+1,j + Uz‘+1,j—1 _ (3 11)
oT 2 (6z)2 .
CJ'2 Ul 1,5+1 — Ui-{—l,‘—l
(r=%) < BT > Fris =0

with the initial and boundary conditions given by equation (3.10) and after ignoring
the terms of O(d7) and O((dx)?) as in the case of explicit method. Rearranging

equation (3.11), implicit finite difference can be written in more compact form as

C_LUH_L]‘_l + EUH—Lj + EUi+1’j+1 = Ui’j (312)

where 0 = [ 525 + (r = %)k | 67, 5 = [1+ (5 + 1)o7

From the initial condition Up; is known for all j. From the boundary conditions
Ui and U; o are also known. From equation (3.12) it is clear that the unknown
values at any time index 7 + 1 depends implicitly on the known values at time index
1. Hence, with the given boundary and initial conditions, the unknown values are
obtained by solving a linear system of equations at each time index ¢ until we reach

7 =T. Therefore, for each time index 7 = 1,2, ..., N — 1, we solve the system

b ¢ 0 0 ... 0 Uit11 Uix aUsi o
a b ¢ 0 ... 0 Uiy12 Ui 0
0O a b ¢ ... 0 Ui13 Uis 0
O —

a b ¢ Uiyi,m—2 Ui m—2 0
O 0 0 ... a b Uiy1,m1 Uini—1 cUim
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Writing the above system of equations in more compact form, we solve

AUin = Ui—y

= U = AU —vy)

where A~! is the inverse of matrix A. Practically inverting matrix A to find the
solution requires O(N?) arithmetic operations and is not efficient for large systems.
Instead, more efficient techniques like LU decomposition and SOR. that requires
O(N) operations are preferred. For details of LU decomposition and SOR methods,

readers are referred to [23], [48].

j+1 i

1 {

known values unknown values

i+1

Figure 3.2. In implicit finite difference scheme, known informa-
tion at time step ¢ is expressed in terms of unknown information
at time step i+ 1. A linear system of equations has to be solved
to calculate the information at time step ¢ + 1.

3.2.3 Crank-Nicolson method
The Crank-Nicholson implicit finite difference method can be seen as the average

of explicit and implicit methods. Taking the forward difference from equation (3.9)
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and backward difference from equation (3.11) and averaging, we get:

dUi-&-Lj—l + (1 + B)Ui-i—l,j + EUi-&-Lj-&-l (313)

=aU;j_1+ (1 +b0)U;+cU; j+a

where a, b, c and @, b, € are defined in the explicit and implicit finite difference meth-

ods above. Equation (3.13) can be written in matrix form as:
AUy = BU;

where U; is the known value evaluated in the previous step and A and B are tridi-
agonal matrices. If we write the matrix vector product BU; = b;, then we will

have
Uy = A'b;

Both implicit and explicit finite difference methods have the rate of convergence
of O(671). Averaging implicit and explicit schemes has a similar effect as making
a central difference approximation at time %(TZ + 7;41). Hence we improve the
rate of convergence from O(d7) to O(d7%). Crank-Nicolson method inherits the
unconditional stability of the implicit method and is not more complex than the

implicit method.

3.3 NUMERICAL ANALYSIS OF PIDE FOR JUMP PROCESS

Numerical methods for PIDEs occurring in Jump-diffusion models are quite new
in mathematical finance. Although these PIDEs looks very similar to the Black-
Scholes equation, they are harder to solve. The unknown solution U(7,z) appears
in both the differential and the integral term. Also, the PDE and the integral term is
defined in an infinite interval. To solve it numerically the infinite interval has to be

truncated to construct a finite difference mesh. After discretizing the Black-Scholes
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PDE using implicit scheme, we get a tridiagonal system which is easy to invert.
With the presence of integral term, discretizing the PIDE with implicit scheme
leads to a full dense matrix which is hard to invert. Explicit methods suggested by
Amin [2] and Zhang [50] suffer from instability problems and have poor convergence.
Implicit methods which have better convergence and better stability properties are
preferred for most finite difference methods but they involve the solution of a dense
full matrix equations. Matache, Schwab, Wihler [36] use the wavelet compression
technique to replace the dense matrix by a sparse matrix to solve the PIDE. The
Alternating Directions Implicit (ADI) method used by Andersen and Andreasen,
[3] requires computation of convolution and discrete Fourier transformation which
is not straight forward to implement. More recent work by Cont and Voltchkova
[19] use an explicit-implicit method and have studied the stability and convergence
using the viscosity solution. La Choima [30)] in her thesis suggests unconditionally
stable and relatively easy to implement explicit-implicit finite difference scheme by
truncating the integral domain. Recent work by Almendral and Oosterlee [1] and
Tkonen and Toivanen [27] have suggested an efficient iterative techniques based on
simple splitting of the dense matrix derived from Merton’s and Kou’s model and
the use of fast Fourier transformation to help speed up the process.

In the next section, we will describe two efficient methods to solve the PIDE derived
from the jump process. The method proposed by Cont and Voltchkova [19] and
Lachioma [30] is called the explicit-implicit finite difference scheme. This scheme
solves a system of equations without having to invert a dense matrix. The method
proposed by Almendral and Oosterlee [1] uses implicit discretization of the PIDE on
uniform grid and use splitting technique combined with FFT to accelerate matrix

vector product to solve a system of equation.
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3.3.1 Transformation of PIDE
Consider the option pricing PIDE based on jump diffusion model derived in chapter

2. For call options

AV 1 , ,0°V ov
e S 952 +(7’—/£)\)Sas —(r+ AV +
A/ V(t,JS)g(J) dJ =0 (3.14)
0

V(T,S) =max (0,5 — K),
V(t,0) =0,

V(t,S) =S — Ke "™ for large S.
where,
e )\ is the jump intensity,
e J is the jump size,
e g(J)>and [;~g(J)dJ = 1.

Unlike the Black-Scholes equation, equation (3.14) has no closed form solution and
even the numerical procedure is not straight forward. We still try to solve this
equation using the finite difference method. It is a combination of implicit and
explicit methods called the explicit-implicit method. Before we proceed to solve
equation (3.14), we need some variable transformation to obtain a forward in time
problem with constant coefficients as done in equation (3.7) to obtain equation (3.8)).
In addition, we also need to change the variables that appear in the integral term.
Let S = e® and J = e¥ so that V(S) = V(e®) = V(z) and V(SJ) = V(e%e¥) =
V(e*tY) = V(x +y).

Then,

ov oV PV OV LV
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Similarly, the integral term becomes / V(t,JS)g(J) dJ = / V(t,z+y)f(y) dy
0 —0o0

where f(y) = g(e¥)e¥. Again, we change the variables in the new integral term,

z=x+y=y=z—x and dy = dz. The partial integro-differential equation (3.14)

in terms of the new transformed variables z, z and 7 =T — ¢ will be:

1 ,0%V 1, oV _
e S P S S NV —
dr 20 72 (r 20 a )&E i+ AV

/\/_OOV(T,z)f(z—x) dz =0

For notational simplicity we can replace V (7, x) with U(r, ) to get:

U 1 ,0°U 1, oU
E-50’w-(7"-50’ —/ﬁ?)\)%‘f—(r‘i‘)\)U—
)\/ U(r,2)f(z—2) dz=0 (3.15)

with initial conditions given by:
U(0,2) = ¢(x) for —oo <x < o0

where

max [e* — K,0]  for call options
U(x) =

max [K — ", 0] for put options.
Since the log price of the underlying is denoted by x =1In S, lim S — 0,
r — —oo and lim S — oo,  — o0.

The boundary conditions are given by

(

etmar — (e for call options
U(Ta xmaz) =
0 for put options
\
.
0 for call options
U(T7 xmzn) —
Ke ™™ for put options
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where x,,,, and x,,;, are the truncated maximum and minimum values of z.
The original problem has been changed from a final value to an initial value problem
with constant coefficient so that equation (3.15) can be solved more efficiently using

finite difference method.

3.3.2 Truncating the integral
The domain of the solution of PIDE (3.15) is infinite in the space variable x. So
artificial boundaries and boundary conditions will be required to define the numerical

(e}

solutions on a finite domain. Consider an integral of the type / g(y) dy. To

use finite difference to estimate the integral, first we need to truncate the integral

domain. We choose A and B such that

I/_Zg(y) dy—/ABg(y) dy |[< e

for some tolerance ¢ > 0. For example, lets assume that jumps follow a Gaussian

probability density function as in the case of Merton’s model of the form

1 =2

9(y) = Vo 27

€252,
g(y) is symmetric about y = 0 and also goes to zero very quickly [19]. To choose

the limits of integration we look at the function when

gly) > e —\/—2(52 log (ev2m) <y < \/—252 log (ev/2) (3.16)

Hence, by symmetry A = —\/—252 log (ev/27) and B = —A. This type of trunca-
tion is justified by Duffy and La Chioma [21, 30]. Next the truncated integral is
approximated by some quadrature method as

B B-AE
/A 9y) dy ~ — > wig(y)).
§=0

The transformed PIDE given by equation (3.15) with the truncated limits can now
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be written in terms of derivative and integral parts as:

oU
e DU + 71U (3.17)
such that
1 , 02U 1, ou
DU = 50’ W—i_(r_io- —Ii/\)a—x—(T+)\>U
B
U = /\/ U(r,2)g(z —x) dz
A

3.4 SOLUTION OF PIDE USING THE FINITE DIFFERENCE
METHOD

3.4.1 Explicit finite difference method for PIDE

In explicit finite difference method, we try to find the next value U(7 + d7,2) in
terms of previously known values explicitly. Let J and D be the discretization of
the integral Z and differential D in equation (3.17). Then using the explicit finite

difference as described in section (3.2.1) we get:

Uiy1 — U;

-

for all j. Hence, unknown values at U;,; can be found simply by multiplying the
known values U; by matrix [ + A7(D + J)] for each 1 =1,..., M — 1.

Consider the PIDE (3.15) with the jump density function estimated by delta func-
tions where oy, are constant weights whose sum is 1. Using the explicit finite differ-
ence scheme, the PIDE can be written as

Ui+1,j == an’j_l + bUi’j + CUi,j+1 — 57’)\ Z OékU(TZ‘, Ij + yk) (318)
k=1

where a = <% — 5= (r— 307 — /<;>\)) or, b = <1 — (& +r +)\)57) and ¢ =
<% + ﬁ(r — %2 — K)\)). To implement the explicit scheme numerically we use

the boundary and initial conditions as:
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e U(0,2) = max (K — e®) 0) where j = 1....M

e U(7,0) = Ke ") where i = 1....N and U(7, e*ma=) = ()
for put options and

e U(0,z) = max (" — K,0) where j =1....M

o U(r,emar) = ePmas — Ke () wwhere 4 = 1....N

o U(r,0)=0

for call options. The above Partial Integro-Differential equation (PIDE) is then
solved starting with time 7 = 0 and marching forward in time (7). The option
values at ¢ + 1 is a simple function of values at ¢ and U, ;; can be found explicitly in
terms of U;.

Figure 3.4.1 shows an example of an explicit scheme for equation (3.14) using the
jump sizes of J =[0.8,0.9,1,1.1], a = [1/4,1/4,1/4,1/4] and A = 2 in the integral
term Z,]f:l apV (t;, JiS;). First graph shows a smooth solution for 05 = 1, §t = 0.01
with other parameters being fixed. For second graph we increased 6t to 6t = 0.02.
We see that increasing the size of time step just a little causes the scheme to be
unstable. Hence, explicit finite difference scheme is a simple scheme that requires
restrictions on the step size and is conditionally stable. Small step size requires
more computation time which can be very costly. Thus we look for unconditionally

stable schemes that is relatively cheaper.

3.4.2 Implicit finite difference method for jump diffusion model

In the implicit method we represent the values U (7 + d7, ) implicitly from U(7,x)
as stated in section (3.2.2). In terms of discretized operators D for the derivative
and J for the integral, the implicit scheme can be written as:

Uit1 — U;

v DUy + JUipr = [I — AT(D + J)|Ui41 = U;
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Explicit finite difference scheme
becoming unstable for larger time steps

Explicit scheme stable
for small time steps

Put option price
Put option price

30

Time Stock price

Figure 3.3. Explicit finite difference scheme is not always stable.
In the first case we have 6t = .01,05 = 1 resulting in a stable
solution where as in the second case we have (6t = .02,65 = 1)
that resulted in instability.

forall j =1,..., M. To solve for U;;; we need to invert the matrix [/ — A7(D + J)].
Matrix .J, in this case can be a full matrix. Hence, it is computationally expensive
to solve the system with a full matrix.
Consider the PIDE (3.15) with the jump density function estimated by linear com-
bination of delta functions. Using the implicit finite difference scheme, the PIDE
can be written as

aUit1j-1 4+ bUiy1j + cUipq j41 — 0T Z apU(mip1, 25 +ye) = Uy (3.19)

k=1

where «j, are constants and a = (—% + ﬁ(?“ — %0'2 — /i)\)) oT,
b= (1—1—(%%—7’—1—/\)57) and ¢ = (—%—ﬁ(r—";—/{)\)) OT.
Using the initial and boundary conditions given in previous section, we have to solve
the linear system of the type AX=Db where A is a dense matrix and b is a known
quantity.
The full implicit scheme is unconditionally stable but it requires significant com-

putational time. Since we have to solve with a dense matrix, this method is not

preferred when the size of matrix A is large.
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3.4.3 Explicit-Implicit method
The explicit-implicit scheme can be written in terms of discretized operators D for

the derivatives and J for the integral part as

Uiry — Uy
% = DUy + JU;j = [I — ATD|Usyy,; = [I + ATJ)U
-

To solve for U1 ; we need to consider the matrix [/ — A7D]. The right side of the
system consists of known quantities. Thus, this system can be solved using an LU
decomposition or SOR with reasonable computational cost as described in section
(3.2.2).

In terms of discretization, the PIDE (3.15) with the jump density function as delta
functions can be written in a similar way to fully implicit scheme as,

an—i—l,j—l + bUi_H’j -+ CUi-‘rl,j-‘rl — 0T Z OékU(TZ', X + yk> = Uz',j (320)

=

J

T
where a, b, and ¢ are defined as in equation (3.19). To solve this system of equations,
the integral part is evaluated exactly the way it is done in the explicit scheme. The

system is then solved like a usual implicit system.

b ¢ 0 0 ... 0 Uit11

a b ¢ 0 ... 0 Uit1,2

O a b ¢ ... 0 Uit13

; =
0O 0 .. a b c Uit1.m-2

00 0 .. a b Uit1,m-1
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Ui,l + 57’)\(1)1‘71 CLUZ"O

Ui72 + 57’)\(1)1'72 0
UZ'73 + (57’)\(1)@3 O
0

Uini—2 + 0T NZL)i -2

Uini—1 +0TANZL)in-1 cUi i

The entries a, b, ¢ form the diagonals of a trigonal matrix A. Using an LU de-
composition or a conjugate gradient method the system of equations can be solved
easily. The explicit-implicit scheme is stable and gives as good results as the fully
implicit scheme. Since this does not require inverting a dense matrix, the system
can be solved pretty fast.

To compare the stability of these three methods, ds is set sufficiently small (ds = 1
in this case) and dt is varied slowly. The table shows that initially all three schemes
are stable for ds = 1 and dt = 0.01. Once the size of dt is increased slowly, the ex-
plicit scheme becomes unstable quickly. The implicit and explicit-implicit schemes
are stable for any values of ds and dt.

Figure [3.4.3 shows graphs of implicit and explicit-implicit schemes for J =
[0.8,0.9,1,1.1], « = [1/4,1/4,1/4,1/4], A = 2, strike(X)=10, interest rate(r)=.03,
time to expiration(T)=1 year, market volatility (0)=.3, Maximum stock price
(Smax)=30, §S =1, dt = 0.02.

Although implicit and explicit-implicit are both stable schemes the latter one is

more feasible for computation involving large linear systems.
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Figure 3.4. Even when explicit method is unstable for certain
values of (dt,45), explicit-implicit method and implicit methods
are still stable for the same (0t,0.5).

Implicit-explicit finite difference
method

Implicit finite difference method |

put price

&b o N B o o O

@

Explicit finite difference method |

3.5 STABILITY
Theorem 3.5.1. The explicit-implicit finite difference scheme derived from equation

(3.14) is stable provided |r — kA < o2,

Proof: Consider the PIDE (3.14) with the integral term approximated by delta

functions. In terms of explicit-implicit finite difference scheme it can be written as

N
ajViH,j,l + bj‘/;JrLj + Cj‘/;+17j+1 + (St)\ Z akV(ti, Jij) = V;J (321)
k=1

where a; = (‘;j26t+%(rj—jm\)), b, = (140226t +6t(r+\) and ¢; =
(~252 = %= inn).

Let Vi = [Vio,Via, ..., Vi), be the solution vector for the above equation. Sup-
pose the initial solution vector is perturbed so that \70 = Vo + Ey, where E; =

[Eio, Ei1, ..., Ei p]. Then, we get the following equation for the perturbation:

N
ajEi+1,j—1 + bjEi-l—l,j + CjEH-Lj-Fl + Ot Z OZkE(ti7 JkS]) = Ez}j
k=1
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Table 3.1. Comparing three finite difference schemes

dt Explicit | Explicit-Implicit | Implicit
0.01 stable stable stable
0.015 | stable stable stable
0.02 | unstable stable stable
0.05 | unstable stable stable
0.1 | unstable stable stable
or
N
3| 1] < |Eij| + |¢jBivt ol + la;Bipa joa| + 0t awl E(ti, JiS;)|
k=1

N
Define || £ ||;= max; |E; ;| with Zak =1, then
k=1

05| Eivr sl < E i Hlel | E llivr +lagl | E llien +0EN || £ [l; (3.22)

Equation (3.22) is valid for all j < M. So, it is true for any node j., where

max;|Eiyy j| = |Eig1.]- So, from equation (3.22) we get

0. | Eia I<I]E [l (1 4+ 6EA)+ [ E [l (Jag,

+cj.

)

or

I Eiga [| {10,

—laj.| = leg. [T <l Bl (14 5tX) (3.23)

From the given condition, if |r — kA| < 02 then r — kX < 0% < 0%j and —r + kA <
0% < ¢?j for any j > 0.

Hence, £(r — k) < 024, or £(r — kA)j < 0?52, Multiplying both sides of inequality
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by , we get

ot
(£(r — &A)j — 0%5%) 3 <0
ot ot
or (r— /{)\)jE 02j25 <0
ot ot
and — (r — k\)j— — %5 = <0
2 2
Hence, a; = (r — kA)j% — 0258 < 0 and ¢; = —(r — kA)j% — 02j2% < 0 for any
node j.
Therefore,
bi| = laj.| = el = b +a; +c
9 —o?5? o, .
= (1+0%%0t +5t(r+ ) + ( 5 ot + 5(7"] — JKA))
2.2
o°je6t ot . .
(T )
= 146t + ) (3.24)
Hence |bj,| — |a;,| — |¢;.| = 1+ 0t(r + X) > (14 tA) for any node j. So, we have
(1+dtX) 1
L+6t(r+X) =

Now, using this information and substituting in equation (3.23), we get

(1+ 5tA)

|| E ”Z—l—l_ m

I E i<l E |

or

HH—l
<1
TEI:

Since error E is bounded for every time step, the finite difference scheme is stable.

Hence, proof is complete.
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3.6 CONSISTENCY
A finite difference scheme is consistent if the scheme reduces to the original differ-

ential equation as increments in the independent variables tend to 0.

Theorem 3.6.1. The explicit-implicit finite difference scheme derived from equation

(3.14)) is consistent.

Proof: Consider the PIDE (3.14) with the integral term approximated by linear
combination of delta functions.
Let

2Q2

2

l
LY =Vi+ T2V 4+ Vy(rS = SkA) = (r + WV 4+ XS ayV (5, i) = 0 (3.25)
k=1

Now, using the Taylor series approximation for the solution V' of (3.25),

(dt)° (0)°

Vigrj = Vig +6t(Vi)iy + T(Vtt)z‘,j + T(Vitt)z’,j + O(5t*) (3.26)
5S5)? 59)3

Vitr,j41 = Viz1,; +0S(Vs)it1,; + %(VSS)Z‘—HJ + %(VSSS)H—L]‘ + 0(55%3.27)
552 5S)3

Vigrj1 = Vigr; — 08 (Vs)ir1; + %(VSS)HIJ - %(VSSS)HIJ + 0(65%3.28)

Adding (3.27) and (3.28), we get
Vitt g1 + Visrjo1 = 2Vie1y + (65)*(Vas)ipry + O(05%)

or

Vierjer — 2Viga; + Vip i

(55)2 = (VSS)iJrl,j + O(éSQ) = (VSS>i,j + 0(652)

Subtracting (3.28)) from (3.27), we get

Visrjs1 — Visrj-1 = 20S(Vis)is1,; + O(65°)
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or

WH,]-H?;S%HM = (V&)is1y + O(65%) = (Vi) + O(65%)

In terms of finite difference scheme, the original PIDE is written as

Vi — Vi 0%(8)? (Vigrj1 — 2Viga; + Vigaj
LY = 5t + 9 (55)2 +
Vit iog — Viepio
S(r — KA) ( +1J+12 S 17 1) — (r+ N Vi, +

l
AV (JiSjt) + O(5t + 65?) (3.29)

k=1

Let L4V be the finite difference scheme for our PIDE. Replacing the derivatives in

(3.29) by the Taylor series expansion derived above, we get

a*(5;)?

(LaV)ij = Vi)ij + 5

(Vss)ij + Si(r — kA)(Vs)iy — (1 + A Vi +

l
A "V (JiSjti) + O(0t +68%) = (LaV)iy + O(St +65%)  (3.30)

k=1
This implies that for imdS — 0, dt — 0,, we obtain (LV),;; = (L4V);; for each

1, 7. Therefore, the finite difference scheme is consistent and proof is complete.

3.7 SOLUTION OF PIDE USING ITERATIVE METHODS

We have seen that the solution of the PIDE derived from the jump diffusion process
is much harder to solve if we discretize it by implicit method that results in a dense
matrix. Almendral and Oosterlee [1] used the second order backward difference for-
mula (BDF2) on a uniform grid to discretize the PIDE. They used the solver based
on a splitting of the resulting dense matrix and used a fast Fourier transformation
to speed up the method. It is shown that a finite difference method combined with
BDF2 can be fast and efficient to solve a dense system arising from implicit dis-
cretization of the PIDE. In this section we summarize the procedure given in [1} 144]

for solving a dense linear systems arising from discertizing the PIDE model.

20



Consider the PIDE model given by equation (3.15). We truncate the domain for
x=1InS to Q = (—A, A) where A is chosen such that the integral over the Q¢ =
(—00,—A) U (A, 00) is sufficiently small. As shown in [19], the truncation error
decreases exponentially with domain size if we use the payoff function as boundary
condition. However it is not sufficient to impose only boundary conditions at z = A
and x = — A because of the nonlocal integral term. To estimate the integral on the
complement of the computational domain, we use the boundary conditions u(7, z) ~
0 when z € (—o0,—A) and u(1,z) =~ ¢* — Ke™"™ when x € (A, 0co) for call option.
So, the remainder R(7,x, A) of the integral [, u(7,z)f(z — x) dz outside Q will be
estimated by

R(r,z, A) = /A T = Ke) f(z — w) de. (3.31)

For detail explaination, see Almendral and Oosterlee [1]. In the case of Merton’s
model f(x) is assumed to be a normal density function with mean p and variance 0.
Using the cumulative distribution for standard normal distribution we can simplify

the remainder R in (3.31)) by using the change of variables y = (2 — ) /0 as follows:

&0 1 o 2 2 dz
Flo—o)de = —— / o~ (ex)/(20%) 82
/A ( ) \V2m Ja o

1 /°° 2
= — e Y /Qdy
V2T Ag;f”

A—zx

1 N g 2
= _— -y /2d
V 27T /oo ‘ Y
x—A
S Vet (3.32)

oJ

For the second integral we set y = (z —x)/o; and §y =y — 0. So,
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o.¢] e¢]
/ eflz—x)dz = L/ ez_(z_I)Q/(QUE)%

A V2T Ja oj
1 & 2
- = ory+r—y?/2
V2T /Agz ‘ dy

_ L /oo 6_(y2—20—Jy+o'3)/26:17+0'3/2dy

V2T AU*JI

ex—i—a%/? )

= 67172/261_
\/271‘ fi;]:c_o_J y
2
_ q) (.T_I:"'O-J) 633-"-0'3/2 (333)
J

Now using the integration of (3.32) and (3.33)) in (3.31), we get

— 2 —
R(r,x, A) = *T3/%® (w) + Ke ""O (x A> : (3.34)

aJ aJ

For more detail of the derivation see [1], [44].

3.7.1 Discretization of PIDE (fully implicit scheme using BDF2)

We denote the minimum truncated value x = A as x,,;,. To discretize the integral
domain we use T; = Ty + (j — 1)0z for j = 1,.., M and 7; = (i — 1)o7 for i =
1,...,N. The integral term [ U(7;, z) f(z — ;) is approximated using the composite

trapezoidal rule as

h
/RU(Ti,Z)f(Z —x;)dz = 5

m—1
Ui fie + 2 Z Usjfrj+ UN,MfM,n]
=2

+R(Ti,x]’,$min), VJ - {2, ,M — 1}, (335)
with fi; = f(x — x;) and U; ; = U(7;, ;). The remainder term R is defined as

R(7, 2, Tpmin) = /00 (e* —Ke ") f(z —x)dz

Tmin

— A+ o2 —A
— 6$+0’3/2¢ (m——i_a—‘]) _|_ Ke—TTq) (3j ) (336)

ag 0j
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as given by (3.34). Following the same finite difference scheme proposed in [1], we

will have:

(%ui’j - 2u,-_17j -+ %UZ‘_QJ‘)/(ST for ¢ Z 2,
ur (73, ) &~

(wij — wi-15)/0T forv =1,

o Wigy1 — 25+ Ui

ua:a:(Tiy xj) ~ 51’2 3
Wij41 — WUij—1
20x '

uy (1, 25) =

In this finite difference scheme, the backward difference formula of second order
(BDF2) is used to find the time derivative for ¢ > 2. For Spatial derivatives a
second order central difference is used. This implicit scheme results in a linear

system
(u)()] + C + D)Ui—l-l = bZ

where
1 fori=1,
Wy =

% for i > 2,

This linear system has to be solved for every time step 7;. If we let the matrix

A = (wol + C + D), then the M x M matrix A can be written as:

% 0 0 0
b— §f2,1 d a—cfas —cfau _gflM
—tfsy b—cfss d —5[3m
—Cfap

a— CfM—z,M—1
—ng—m —CfM—1,2 b— CfM—1,M—2 d a — %fM—LM

0 0 0 0

W
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where a = (—55y — 5= (1 — 202 = KA))OT, b = (—52g + 5= (r— % — KA))IT ¢ = 6702\
and d = %—l— (% +7+ )01 —cfy;. From the initial and boundary conditions, we have
Uii = b;1/wo and U; pp = by fwo = (e¥min — Ke™ ") from the last and the first row
respectively. Now, the remaining (M — 2) x (M — 2) matrix say T = (A; ;)2<ij<m—1
is dense but structured and belongs to a class of Toeplitz matrices. When the jump
is Gaussian as described by Merton’s model, we have f; ; = f;; and the matrix 7" is
symmetric except at the first upper and lower diagonals. Strauss [44] has suggested
a way of making the matrix 7" symmetric by removing the convection term using
transformation to the PIDE model. This way a broader range of applicable methods
can be used to solve the PIDE efficiently. Strauss [44] has also suggested a fast
Preconditioned Conjugate Gradient (PCG) method using the generating function
for Toeplitz operator. For a non-symmetric matrix 7', which arises when the jump
distribution is asymmetric (eg Kou’s model), [1] and [27] have used as linear solvers

the splitting iterations or GMRES. These can be applied to non-symmetric linear

systems and are also fast.
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CHAPTER 4
PARAMETER ESTIMATION

4.1 INTRODUCTION

Unknown parameters in a our financial model cannot be measured directly from
the market data. These models contain adjustable parameters which need to be
determined from available market price. From the observed data from the market,
our aim is to adjust the parameters in our model so that the model reproduces the
market values as close to as possible. Hence, parameter identification is an inverse
problem. The appropriate financial model that models the market is already chosen,
and the problem is to find the parameter values that best approximate the observed
market values.

It is rare that any parameter set can exactly match the given data. Hence parameter
identification can be challenging for several reasons. Sometimes the existence of a
solution is not guaranteed, especially when a certain phenomenon is overlooked by
the model. There is also a possibility of multiple solutions. Apart from this, stabil-
ity is also a concern for parameter identification problems. Some of the estimated
parameters have significant influence in the model where as some have less. Hence,
sensitivity analysis is done on the estimated parameters to check which parameters
are the most influential and which are the least influential in the model.

To identify the unknown parameters for the given problem we formulate the problem
as an optimization problem. There are several search methods for solving optimiza-
tion problems. We can categorize them in terms of whether derivative information
is used or not. Search methods that use only function evaluations are used for very
nonlinear functions or functions with discontinuities. When the gradient of an ob-
jective function is continuous and computable, gradient methods are more efficient.

Higher order methods like the Newton’s method that use information of the second
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derivatives are computationally expensive.
Let x € R"” represent the parameter values, d € R"™ represent the observed values,
and y(.) : R" — R™ represent the solution to the given problem for parameter

values x. Then

F) =l y(x) —d | (4.1)

is a least-squares objective function. If P represents the set of all possible parameter
values, the optimization problem for parameter identification is to find some x, € P

such that

f(x) < f(x)

for all x € P.

In parameter estimation process where the objective function has the form of equa-
tion (4.1), the number of data points m is usually much bigger than the number of
variables n. If more observation points exist than parameters, the nonlinear least-
squares problem can be viewed as an over determined system of equations. In this
case, if the optimal set of parameters x exist, they may not be unique.

Parameter estimation is very important in financial models. For the simple Black-
Scholes model the only parameter to be estimated is the volatility . As models
become complex, parameter estimation becomes increasingly difficult. Various au-
thors have used different methods to estimate parameters in more complex financial
models. Avellaneda, Friedman, Holmes and Sampieri [5] use relative entropy mini-
mization to calibrate volatility surface where as Cont and Tankov [16],[18] use similar
procedure to calibrate jump diffusion option pricing models driven by Lévy process.
Various authors have used gradient based optimization procedure with regulariza-
tion to estimate parameters. From practical experience, no matter what algorithm
we are using to solve a nonlinear optimization problem, the better the gradient is

computed, the better the optimal solution of the problem is calculated.
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4.2 GRADIENT ESTIMATION

In order to use gradient information in optimization, the gradient has to exist, be
continuous and should be computable with reasonable expense. The latter of these
requirements may present a substantial obstacle in gradient based optimization.
Gradient based optimization techniques utilize the gradient information to identify
search directions. As a result these methods usually require fewer steps then direct
search methods to obtain an accurate approximation of a locally optimal solution.
However, gradient based methods tend to get attracted to a local extremum close
to the initial guess and we may never reach the global minimum that we are looking
for. For a thorough overview of such techniques, and the underlying theory, we refer
to the textbook [39].

Gradient free optimization techniques are direct search methods. In high dimen-
sional parameter spaces, gradient free methods require a large number of function
evaluations just to identify a downhill direction. Hence it is difficult to get close to
an extremum. An advantage of non gradient based optimization is that they tend
to be harder to be distracted by local extrema and more likely to find solutions that
are good in a global sense. For more information on gradient free methods we refer
to [38]. If gradient information is available we prefer gradient based optimization
for parameter estimation.

The choice of the method by which the gradient of the cost function is determined
is important. We will explain two different approaches for gradient computation in
optimization problems namely sensitivity equations method and adjoint equations
method. These are not the only possible choices. Finite differences and automatic
differentiation are also popular ways of finding the gradient. In the context of our
problem, the sensitivity equation method computes the sensitivity of the solution
V' of our model partial differential equation with respect to the model parameters p

in some way. The gradient of the objective function is then evaluated by applying
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ov
the chain rule of differentiation, using the sensitivity 0 For simplicity, we define
p

the objective function to be minimized as a least-squares problem given by

Fo) = [ [(V(t0i0) =~ Via(t.0)? e da (42)

where V' is the solution of some PDE. Our goal is to find p* € R" such that,
F(p*) < F(p), Vp € R". Effective minimization algorithms require the gradient
F’(p) with respect to the parameters p at a given point pg. There are fast gradient
based optimization methods available for problems of this type, but they require
efficient computation of gradient of the objective function F' with respect to each of
the parameters p. In constrained optimization even small errors in the derivative can
lead to serious problems in the application of optimization algorithms [32]. Using

the chain rule we differentiate the objective function (4.2) as follows:

dF _ OF 0V

- = 7 4,
dp 0V Op (43)

Since the relationship between the cost function F' and the state variable V' is ex-

plicit and simple, the partial derivative g—‘}; is easy to calculate exactly. However,
the relationship between state variables V' and parameters p is only implicit. Hence
the partial derivatives OV/0p; require differentiating the state and boundary equa-
tions and solving the resulting linearized equation at a particular set of state and

parameter values.

4.2.1 Sensitivity equation method

Sensitivity is defined as the derivative of a dependent variable with respect to a
model parameter. Sensitivity equation method can be used for computing the gra-
dient of the objective function. Apart from obtaining the gradient information, we
can also use this method to predict the effects of small perturbations on solutions of

differential equations. In the sensitivity equation method, we differentiate the state
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equation with respect to the parameter of interest leading to a linear equations on
the sensitivities. In deriving sensitivities, we assume that derivative defining the
sensitivity exists and the order of differentiation commutes.

As an example, lets consider the heat equation given by

ou  J%u

ot~ "o

u(0,z) = f(z),
u(t,0) = u(t,1) = 0 (4.4)

Let u(t, z; k) be the solution of the heat equation (4.4). Define the sensitivity with

ou(t, x;
respect to k by w(t,z) = w&a. Then, the sensitivity equation is given by
K
ow  JPw N 82u5
ot "oxz a2
w(0,x) =0,
w(t,0) =w(t,1) =0 (4.5)

First we solve the main problem (4.4) for u(t, ). Then the linear sensitivity equation
(4.5) can be solved separately after computing the solution for u(¢,x). Finally,
the gradient of the cost functions as defined by equation (4.3) can be computed
using the sensitivity equation (4.5). Sensitivity equations provide more than simply
the gradient of the cost function. They can be used to predict the behavior of
model parameters as well. It is important to identify highly sensitive and influential
parameters in mathematical models. This is done by solving sensitivity equations to
predict the model behavior under the influence of parameters. Sensitivity analysis
is beyond the scope of this thesis. We refer to [12], [41], [46] for more elaborate
study and use of sensitivity equations.

Sensitivity equations have a similar structure to the original governing equations
and thus can often be solved by the same routine as the original PDE. In case when

there are m parameters and m is a large number, we need to solve the sensitivity
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equation (4.5) m times for all basis vectors dx to obtain the sensitivity for all m
parameters. This could be tedious or in some cases practically not feasible. Hence
it is advantageous to use the sensitivity equation approach only when the number of
parameters m is relatively small. When the number of parameters to be estimated
is large, we have to look for more efficient methods to estimate the gradient of the
objective function. The adjoint method is efficient for problem with large number

of sensitivity parameters and few objective functions [33].

4.2.2 Adjoint equation method

The adjoint equations method is an efficient way of calculating gradient of a con-
strained optimization problem, even for very large dimensional problems. In the
adjoint equations method, one additional equation beyond the governing equation
is solved. It is important to note that there is only one adjoint equation to be solved
for one governing equation, no matter how many unknown parameters are involved.
The adjoint equation for our problem has the characteristic of being zero at the final
time and hence solved from the final time backwards to the initial time unlike the
governing equation.

Adjoint equations are increasingly popular in wide area of applied mathematics
for data assimilation, model calibration and sensitivity analysis. Some area with
their extensive use include optimal design, meteorology and oceanography. In this
section, we will describe the use of adjoint equations for gradient estimation in a
simple minimization problem. Later in the chapter, we will extend this method to
calibrate parameters in some popular option pricing models. The adjoint equations
method is a growing area of interest to many scientists and engineers and there are
even books and articles solely devoted to adjoint equations. For general derivation
of adjoint equations of linear and nonlinear partial differential equations readers are

referred to [35]. We will begin this section by considering a simple one dimensional
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heat equation as an example to highlight the basics of the derivation of the adjoint
equation. Then later in the section we will use the adjoint equation method to
derive gradient information of the objective function of our interest for much more

complex differential equations.

4.2.3 Derivation of Adjoint Equation
In this section we will derive an adjoint of a simple problem as an example. Consider

a simple partial differential equation with initial and boundary conditions given by

0 0?
8—? = H@%S +f, t>0,
Qb(O?x) =0,
o(t,0) =0, ¢(t,1) =0. (4.6)

Assume that ¢ is a sufficiently smooth, continuously differentiable function in ¢
on [0,7] and twice continuously differentiable in = on [0,1]. Let us also assume
that ¢(t,z) has prescribed values at the boundary and initial conditions given as
in equation (4.6). Let ¢* be a sufficiently smooth twice differentiable function. Let

us introduce an inner product of the functions ¢(t, z) and ¢*(¢, ) with the domain

Q = (T,0) x (0,1):

<¢*,¢>:/OT/01¢*¢d:cdt

Let L be the differential operator such that

oo %

L= e

Then equation (4.6) becomes L¢ = — f. Consider the inner product of the functions

¢* and L¢ and integrate by parts,
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< ¢", Lo >

- /I/ch*[wm—cm] dt da

. //qmqsmdtdx—//mstdtdx

/0 [qﬁ ¢x|0dt—/¢¢>mdx] dt — /[qb O[T dr — /gbtudt] dz

_ /T {(aﬁ b — BO)L + / %cbdx} at - /0 [¢*¢|0T do - /0 ¢:¢>dt} s

= (K@, + &7] ¢ dt dx+ n(cb*@—@iaﬁ)!é dt — 1¢*¢10T dx
0

If we use the given initial and boundary conditions for ¢ and choose ¢* such that
¢*(t,0) =0, ¢*(t,1) =0, ¢"(T,z) = 0, the quantity outside the double integral

vanishes. Hence we get

1 T
<& Lé> = /0/0 K%y + 6] 6 dt da
= <L'¢", ¢ > (4.7)

L* is called the adjoint operator and ¢* is the solution of the adjoint equation

L*¢* = g corresponding to the main equation (4.6). Hence the adjoint equation is

given by
8¢* a2¢*
pu— <
BT —Hi&p? g, O0<z <1, 0<t<T
¢*(t,0) = ¢*(t,1) =0, ¢"(T,z)=0. (4.8)

Unlike the main problem (4.6) which is an initial value problem, the adjoint problem
(4.8) is a final value problem with final value given at t = 7. Hence, for time depen-
dent problems, adjoint solutions have to be calculated backward in time, starting
from the final time 7". In next section we will show how the adjoint equation method

is used to calculate the gradient of the objective function.
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4.3 DERIVATION OF GRADIENT USING ADJOINT EQUATIONS

4.3.1 Simple Heat Equation
Consider the heat equation given by (4.4) and the corresponding sensitivity equation

given by (4.5). Then we have the following theorem:

Theorem 4.3.1. Let the objective function to be minimized be:

F(k) = % /0 ' /0 1 [u(t, ; k) — Udata(t, z)]° da dt

The gradient of the objective function is given by

T 1
F'(k) = / / Uz d di
o Jo

where p s the solution of the adjoint equation
— Pt = KPaz + u(t, T3 K) — Udata
with the final condition and the boundary conditions given by:
p(T,z) =0
p(t,0) =0, p(t,1)=0

Proof:

Suppose the objective function to be minimized is
1 T 1
F(’i) - 5/ / [U(t,ZL’, ’i) - udata(t7x)]2 dx dt (49)
0o Jo

ou e :
Let w = a—é/ﬁ be the sensitivity of u with respect to parameter £ and w(t,x)
K

solves equation (4.5). Taking the derivative of the objective function with respect

to parameter k, we get

F'(k)ok = /OT /01 [u(t, z; k) — Udata(t, )] %5,‘1 dx dt
_ /0 ' /0 a2 8) — vt 2)] w e dt (4.10)
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Let p(t, ) be a smooth function with the final condition given by
p(T,x) = 0. Using the initial condition from equation (4.5) and the final condition
on p, we will have w(T, x)p(T,x) — w(0,2)p(0,z) = 0. Hence,

0:/1

1

(T, 2)p(T, x) — w(0,z)p(0, z) dx

g

Ti w(t, z)p(t,x)] dt dx

o
o8
~

’ﬂ

[e=]

T

[l
/ /0 [(wi(t, 2)p(t, ) + w(t, 2)p,(t, 2))] dt dz
[

T 1
= / K {pwzb dt—/ Py dx} dt+/ / (puz0K + wpy) dt dx
0
T
= / m{(pwx—pxw)]é%—/ DagW d:z:} dt—l—/ / POk + wpy dt dx
0 0 0o Jo

1 T T
= / / ([FDze + pi) W + pugok) dt de+ / K(pw, — pxw)\[l) dt
o Jo 0

RWgz + UzrOK) p + wpy dt dx

Choose p(t,x) such that p(t,0) = p(¢,1) = 0. Then using the boundary conditions
on w(t, z) from equation (4.5), the quantity outside the double integral is 0.

Hence, we have

T
/ / (KDgs + D)W + pugdok dt de =0
0o Jo
Adding and subtracting the term (u(t, z; k) — Ugqq)w inside the integral, we get
T
/ / (KPae + P + u(t, 3 K) — Udata)W + PUpedk — (u(t, 5 K) — Uggre)w dt dz =0
0
The first part of the equation is zero. Using the previously defined conditions on p,

— Pt = KPgo + u(ta x, K) — Udata,

p(T,z) =0, p(t,0)=p(t,1)=0. (4.11)
Hence the second part of the equation is also zero,

/ / POk — (u(t, T3 K) — Ugare)w dt dz = 0.
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Rearranging the above equation, and using equation (4.10) we get

5&—/ / u(t, T; K) — Ugae)w di d:r;—/ / Pl Ok dt dx

1 T
F/(H):/O /0 Py, dt dz (4.12)

Hence, the theorem is complete.

Therefore

Theorem (4.3.1) states a way of finding the gradient of the cost function using the
adjoint method. Although, the model equation (4.4) is simple and has only one
unknown parameter, the theorem can be extended to much more complex problems
with multiple unknown parameters. Without regard to the number of unknown
parameters in the model, we have only one adjoint equation for the minimization
problem. Finding the gradient of the cost function involves solving the model equa-

tion and the adjoint equation just once.

4.4 ADJOINT EQUATION FOR OPTION PRICING MODELS

4.4.1 Black-Scholes model

Consider the Black-Scholes equation for European put option

AV _ 1,0V OV
—w 27 e s Y

V(T,S) =max (K — S,0),
V(t,0)=Ke "D V(t, Spaz) = 0. (4.13)

Let = In(S). Then the partial differential equation in terms of the new variable x

will be:

dv 1 , 0*V 1,0V
~ 7 =3 axQ—l—(r——U)——rV

ox
V(T,z) = max (K —¢",0),
V(t, Tomin) = Ke ™0 V(t, Zppaz) = 0. (4.14)
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ov
Suppose w = 8_507 be the sensitivity of V' with respect to o, then
o

ot \ Oo

Hence, the sensitivity equation is given by:

0 (8\/

dw 1 ,0%w 1, 0w 0*V

= 0’ —— 4+ (r— =0%)=— —rw + 00— — 00—

Cdt 20 Ox? 20 ox 0x?

with final and boundary conditions

w(T,z) =0,
w(t, ) =0, w(t,z)=0.

Theorem 4.4.1. Let the objective function to be minimized be:

1 T T
F(J) = 5/ / [V(U?th) - ‘/data]2 dl? dt
0 Jz

The gradient of the the objective function is given by

T T
F'(0) :/0 / 0(=Vie + Vo)p dz dt

where p s the solution of the adjoint equation

0.2 2

o
Pz — (T - 7)])1 —Tp— V(J7 ta .T) + Vdata

pt:2

with the initial and boundary conditions given by:

p(0,2) =0,

p(t,z) =0, p(t,T) =0

Proof:

Suppose the objective function to be minimized is

1 T T
F(o) = 5/0 / Vo, t,2) — Viua)” da dt
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Taking the derivative of the objective function with respect to parameter o, we get
T r oV
F'(o) = / / [V (o,t,2) — Viata) 8—50 dx dt
o

_ / / Vgt w d dt (4.17)

Let p(t,z) be a test function with initial condition p(0,x) = 0. Then we will have

,x))dt dz

[(w(t, z)p(t, x) + w(t, x)p(t, x))] dt dx

2

7T 1 T T 1 . T
/ 50 o2 (w,p|” — / We Py d:p)} dt —/ (r — 502) {wpﬁ —/ WP, dm} dt +
0 T 0 T

T
/ / rwp + wpy) + 000 (—Vye + Vi )p dt dx
0

T 1 - o T T 1 =
- / [——az(wxplﬁ — wp, |3 + / WPea dl’)} dt — / [(r = 502)wP|§+
0 z 0

1 T T T
(r — 502) / wp, dz|dt + / / (rwp + wpy) + 000 (—Vae + Vi )p da dt
x 0 T

r 1
// [——awm—(r——a )wx—l—rw—oéa%m—kaéa\/]pdtdx+//wptdtdaz
0

\)

Now, choosing the boundary conditions p(¢,Z) = 0 and p(¢,z) = 0 on p(¢,x) and
using the boundary conditions given for w(t,z), the terms outside the integrals
with respect to x are zero. Adding and subtracting (V (o, t,2) — Vjate) w inside the

integral, we get:

T T 1 1
0= / / |:—§0'2pzm + (r — 502)]% +rp+p+ (V(o,t,x) — Viaa) | w dt dx
0 T

T T
+/ / [_(V(U7 tv J}) - Vdata)w + 0-50-(_‘/;90 + V;U)]p dx dt
0 T

(4.18)
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The first part of equation (4.18) is zero due to the adjoint equation

1 1
P = 50°Dss = (1 = 50" )pe =P = V(0,1,2) + Vitara (4.19)

p(0,2) =0, p(t,z) =0, pt,T)=0.
Then the second part of the equation (4.18) is also zero,
T 7
/ / [—(V(o,t,2) = Vagta)w + 000 (= Ve + Vo) p dz dt = 0. (4.20)
0 T

This implies that

T 7 T T

| [ Wt = Viwaw dode= [ [ odo(=1e + Vapp o d
0 T 0 Jz

From equation (4.17) we have

T 7 T %
F'(0)do = / / [V(o,t,2) — Vigte] w dx = / / 000(—Ve + Vo)p dx dt
0 T 0 i

where p is the solution of the adjoint equation (4.19).

Now, the gradient of the cost function (4.16)) is given by:

T T
F'(o) = /0 / 0(=Vee + Vo)p d dt.

Hence the proof is complete.

Suppose that the volatility is a function of time, 0 = o(t). Then we will have:

F'(0)do = /0 T(

= < [Vt vp 00,800 >

T

(—Vaa + Va)p dx)o(t)do(t) di

T~

Hence, even for time dependent volatility, obtaining the gradient of the objective

function through the adjoint method does not need much modification.
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4.4.2 Heston’s Stochastic volatility model
In this section we follow the procedure as we did with the Black-Scholes model while
deriving the the adjoint equation for gradient information. Consider the stochastic

volatility model given by Heston:

ov. vV

v oV vV 0*V _ oV
o " 2a2 T3

Yoz TV guan T Ve, T 0, TV

(4.21)
with the following final and boundary conditions for a put option:
V(T,z,v) = maz(K — Ke®,0), V(t, Zmin,v) = max(K — Ke " T,
V(t, x, Vmin) = maz(K — Ke®,0), V(t,Tmaz, V) =0, V(t,2,Vmaz) =0

where x = In(S/K). For convenience and notational sSimplicity Zmin, Tmazs Vimin, Vmaz

will be replaced by x, 7, v,V respectively.

v
Suppose w = 2—77677, be the sensitivity of V with respect to 7, then %—ZJ =
2 8_1/677 . The sensitivity equation is given by:
ot \ dn
o~ 202 20z " "ozow T 2 o2
_ Ow 0?V 0*V
Ay — )= — = 4.22
My =0)5 " = rw + g b + v (non) (4.22)

with final and boundary conditions given by:

w(T,z,v) =0, w(t,z,v)=0, w(t,z,v) =0,

w(t,z,v) =0, w(t,z,7)=0
Theorem 4.4.2. Let the objective function to be minimized be:
1 T v T 9
F(n) = 5 V(n,t,x,v) — Viaa]” dx dv dt (4.23)
0 Jv Jz
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The gradient of the the objective function corresponding to equation (4.23) is given

by
T v T
F'(n) = / / / wpVe, +vnV,,|p dx dv dt =0
0 v Jz

where p s the solution of the adjoint equation

2

- ( - )Pz + + 1
= Ppx— (" — 5 — v —v
Pe 2pxa: r 2 np)Px PNV Py 2 Puvv
+M* A —=N))p, — A —=1r)p+V(n, v, t,7) — Viata (4.24)

with the tmatial and boundary conditions given by:

p(O,JZ,IJ) :()7 p(t,f,l/) 207 p(t7£7lj) :()7

p(thav) = 07 p(t>$a£) =0

Proof: Suppose the function to be minimized is given by equation (4.23).

Taking the derivative of the function with respect to n we get

F/( 6 - T v T 8V
7]) n= [V(na t7x7 V) - ‘/data] 8_7]577 dx dv dt
0 Jv Jz
T v T
= / / / [V(T/’ t,x, V) - Vdata] w dx dv dt (425)
0 Jv Jz

1%
where w = 8—577. Let p(t,x,v) be the solution of the adjoint equation that satisfies
n

the final condition p(7,x,v) = 0. Following the same procedure as in the case of

Black-Scholes model, we will have

0 = /V/$/OT%(w(t,a:, V)p(t,z, v))dt dv dv

v T T
/ / [(we(t, z,v)p(t,x,v) + w(t,z,v)p(t, z,v))] dt doe dv
xT 0
vz T 4 1 772 _
/ / [_éywmmp - (T - §V)wzp — PNV WP — gyww/p + )‘(V - Q)ZUV]) + rwp
T 0
v T T
—wpVa + vV, (0n)p dt dx dv +/ / / wpy dt dx dv
v Jz JO
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Now, integrating each part above with the proper initial and boundary conditions.

e For the first part we have,

v T T 1
— / / / —VWgep dx dv dt
= ——/ / Wy — WPy \x / WPge dv dv dt
— _/ / / — WPy dx dv dt
0 v Jzx 2

The quantity outside the triple integral will be zero after choosing p(¢, z,v) =

0, p(t,7,v) = 0 and using the conditions on w from equation (4.22).

e For the second part we have,

/{—%V]wxpdxdudt
// i—/ wp, dx dv dt
:///r——wpxdxdydt

The quantity outside the triple integral is zero after choosing p(t,Z,v) = 0,

l\DIt \a

using the conditions defined for p above and the conditions on w from equation

(4.22).

e For the third part we have,

T T v
= —,077/ w(ypm)|z+/ W(VPyy + pa) dv dx dt
0 z v

T 77 T
= —m / [w,,up\ﬁ—/ w,,ypm] dx dv dt
0 z

8

T T v
— / / —n(Vpry + pr)w dv dx dt
0 v

71



The quantity outside the triple integral is zero using the conditions defined for

p above and the conditions on w from equation (4.22).

e For the fourth part we have,

1
—5 2/ / / w,,vp dv dx dt

l’j—/ w,(vp), dv > dx dt

— (vp)ywl +/ (vp)yw dv dx dt

DO | —

/\
g
I
S
Z

I
|
3l\D
C\q S
\a\ ‘\a\ \&\
<
S
AN

/ (vpy, + p)yw dv dx dt

T T2
— / / / ?(l/pw, + 2p,)w dv dx dt
0 T v

The integral outside the triple integral is zero after choosing p(t,z,7) =

I
|
NS,
c\
S
)

0, p(t,z,v) = 0, using the conditions defined for p above and using the condi-

tions on w from equation (4.22).

e For the fifth part we have,

/ / / v —0)w,p dv dx dt
~ ) / [ (1t~ 0 - [ w0+ w) doa
= —)\/ /I/ (v —0)p,w + pw) dv dx dt

The integral outside the triple integral is zero using the conditions on p as

defined above and the conditions on w from equation (4.22).
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Now, combining all these parts we get:

/// [wip + wpy] dt dx dv

2
v n
= / / / — wpm 7" — §)wpx — ,077(1/pr + px)w - E(pr + 2pu)w -

—p, + p)w + rpw — wpy — [VpVy + nrV,,](0n) dt dx dv

f v 772
= pxm T - §)pz - pn(Vp:m/ + px) - E(pr/ + 2pu) -

- —Ap+rp+ pw — [wpVe, + vV, (0n)p dx dv dt (4.26)

Now, adding and subtracting (V' (n,t, z,v) — Vgu,) w inside the integral, and setting

the first part of equation (4.26)) to zero, we arrive at the adjoint equation

14 ( 14 ) i i 772
a - - a5 T VDzv a
2pacac T 9 np)p pnvp 5

_(T - )‘)p + V(na ta z, V) - V;lata' (427)

bt = VD + (772 + /\<V - é))pV

If the first part of the equation (4.26) is zero then the remaining part of equation

(4.26)) should also be zero. Therefore, we get

/ / / (wpVe, + vV, (0n)p — [V(n, t, 2, v) — Vaga|w dx dv dt =0

T v x
/ / / [Vp‘/;w + anw]@n)p dx dv dt
0 Jv Jz
T v T
0 Jr Jz

From equation (4.25) the gradient of the objective function is given by

T v T
((n)oy = / / / Vst ) — Vaga]w da dv dt.
0 v Jzx

Therefore, we get
T v T
= / / / [VpVe +vnV,,p dx dv dt
0 v Jzx

where, p is the solution of the adjoint equation (4.27).

Hence the proof is complete.
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4.4.3 Adjoint equation for the PIDE model
Consider the PIDE model with boundary and final conditions for a put option given

by the equation

v

1, 0%V ov >
= 0 g (= NS — (r AV + A/O V(t, JS)g(J) dJ (4.28)
V(T,5) = max(K — 5,0), V(t,0)=Ke """ V(t, Spaea) = 0.

028

Let S = e* and J = e¥ so that V(S) = V(e?) = V(z) and V(SJ) = V(e%e¥) =
V(e*tV) = V(z +y).
Then,

ov. oV PV OV OV

Similarly, the integral / V(JS)g(J) dJ = / V(z +y)f(y) dy where f(y) =
0 —00
g(e¥)e?. The partial integro-differential equation (4.29) in terms of the new variables

x and y will be:

dV_l 282‘7 1, oV I/ Ty
_E;_ggaﬁ+@_§a_Kmag—w+»v+x/ V(t,x+y)f(y) dy.

—00

For notational simplicity we can replace V (¢, z) with V (¢, z) to get:

vV 1,0V 1, ov
_%_50W+(T_§J —Ii/\)%—(’f"i‘)\)‘/‘i‘
A [ Ve nf) dy (4.29)

From now onwards for notational purposes let Z and z be x,,4, and x,,;, respectively.

ow
Suppose w = ——do, be the sensitivity of V' with respect to o, then a5 =
o [0V
g (a—&r) . The sensitivity equation corresponding to the equation (4.29) is given
o

74



dw _1 0w 1 Ow 2V oV

— =50 w—l—(r—%a —mA)%—(r—l—)\)w%—aéa(W—%)—l—
3wt o) fw) dy (430

with the conditions
w(T,z) =0, w(t,z)=0 for z € [—o0,z] and z € [T, 0]. (4.31)
Theorem 4.4.3. Let the objective function to be minimized be:

1 T T
- / / V(0. 7) — Viega? do dt (4.32)
0 T

The gradient of the the objective function corresponding to equation (4.32) is given

/ / Ve + Vo)p dzx dt

where p is the solution of the adjoint equation

by

Dy = %O-prw —(r— %oj — K\)pe — (r+A)p+
A / T plta —y)f() dy ) — (V(o,t,2) — Via) (4.33)

With initial and boundary conditions

p(0,2) =0, p(t,x) =0 for x € [—00,z] and x € [T, ]

Proof

Suppose the objective function to be minimized is

1 T T
=2 / / Vo, t,2) — Vi) da dt (4.34)
0 z

Taking the derivative of the objective function with respect to parameter o, we get

v oV
[V(Ju t,ZE) - ‘/data] 8_0_50' dx dt

!
S
I
O\ﬂ
S

T

[V(o,t,x) — Viate) w dz dt (4.35)

L
%
S~
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Let p(t, x) be the solution of the adjoint equation with the initial conditions p(0, z) =
0.
Following the same procedure as we did with the Black-Scholes PDE to find the

adjoint equation we will have

0 = /x/T%(w(t,x)p(t,x))dt dx
= / / {—p+w—ﬂ dt dx

1
= / / [—502wmp —(r— 502 — KN wgp + (r + N)wp —
0 T

)\(/Oow(t,x—l—y)f()dy dtdx+// —000 (Ve — Va)p + wpy] dt dx

—00

Let us consider each part of the integral separately. Integrating by parts with respect

to the variable x we get:

e The first term becomes

8|

T 1 1 _
/ —502wmp dr = —502([10,3]9 — WPy + / WPy dv)

8

T

> | wpe, do

g

1
2

e~

after using the boundary conditions w(t,z) = w(t,7) = 0 and choosing the

adjoint boundary conditions as p(¢,7) = p(t,z) = 0.

e The second term becomes

; ) 1 -
/ —(r — 502 — KN wgp de = —(r — 502 — KA [wpl; — / wp, dz]

v 1
= / (r — 502 — KA\)wp, dx.
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e The integral term becomes

[ ([ wtasnsw a)

(t,z) dx

!

w(t,x +y)p(t, x) dx

8 8

w(t, z)p(t,x —y) dx

8|
N—— N—

!
:

[l
\e\é\N
M~

See the appendix for detail.

Now, combining all of the above separate parts, we get:

/I/T%W(tw)p(m))dt dz

1
/ / ——a P + (1 — 502 — KA)paw + (1 + AN)pw + wp, —

/Oo (t,x —y)f(y) dy )w dtdm+// —060(Vye — Vi)p dt d.
(4.37)

Adding and subtracting (V' (o, t, ) — Via) w inside the integral and setting the first

part to zero, we get:

Py = %GQPM —(r— %a2 — RA)pe — (r+ AN)p+
)\(/_oo pt,e —y)f(y) dy ) — (V(o,t,2) — Viara)- (4.38)

With initial and boundary conditions for p

p(0,2) =0, p(t,z) =0 for = € [—o0, z] and z € [T, o).

If the first part of the above integral is zero, the remaining part of the same integral

should also be zero, i.e.

7

f (/_Zp(t’ z—=y)fy) dy) w(t,z) d.



T T
/ / [—000 (Ve — Vo )p] — [V(0,t, ) — VaareJw dt dx = 0,
x 0

or

z T T T
/ / [—060 (Ve — Vo)p| dt dzx = / / [V (o,t,2) — ViataJw dt dx.
z 0 T 0

But, from equation (4.35)

T
[V(Uv t? .Z‘) - ‘/data]w dt dx

!
S
>
]
Il
h‘
N

Therefore

F(o) = / : /0 (Ve — Vi)p] dt da. (4.39)

Hence the theorem is complete.

4.4.4 Adjoint of the PIDE model with respect to the jump distribution
oV

Consider the PIDE model given by (4.29). Suppose w = W(b, is the sensitivity of

V with respect to the Lévy measure f, then the sensitivity equation corresponding

to the equation (4.29) is given by:

dw 1 ,0%w 1, Ow
—E—ig W—F(T 50' HA)& (T"’)\)U)"‘
3wt s dy+ [ Ve o) dy (4.40)

with the final and boundary conditions w(7T,z) = 0, w(t,z) = 0 for z € (—o0, z]

and = € [T, 00).

Theorem 4.4.4. Let the objective function to be minimized be:

1 T T
mfinF(f) = 5/0 /z V(f.t,2) — Vaaa)® da dt. (4.41)
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The gradient of the the objective function (4.41) with respect to Lévy measure f(y)

corresponding to equation (4.29) is given by

Fin=s/ | ' ( / Vitx+yplt.2) dx) dto(y) dy

where p is the solution of the adjoint equation

Py = %Uszz —(r— %0’2 — KAN)pz — (r+A)p
A [t = 9)1w) dy =~ (Vit,2) = Vi) (4.42)

The initial and boundary conditions given by p(0,z) = 0, and

0 fo € (—OO,Q]
p(t,ZE) =
0 ifxe(r,00)

Proof

Suppose the objective function to be minimized is given by equation (4.41). Then

the derivative of the objective function with respect to the Lévy measure f(y) is:

Fo= [ [ ) -va) (Gr0) o a (4.3

Lets choose a test function p(t, z) with the following boundary and initial conditions:
p(0,z) =0, and

0 ifzxe (—o0,z]
p(t,x) =
0 ifze(r, o)

Following the same procedure as we did in proving the previous theorem, we have

(7T ow dp
_ / /O {Epjuwa] dt do
= / / {——02wmp — (r — =0% — KNwep + (1 + Nwp—
« Jo 2 2
3 [ wlts ) dy e+ [ Vi n)ot)dy plts) + wm| di da
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Considering each term separately and integrating by parts we get,

T T

1 1

0 = / / [—502pmw + (r — 502 — KA)pzw + (1 4+ N)pw + wp, —
z 0

)\(/OO itz — 9)f(y) dy Jw dtdx+)\/// V(t x +y)é(y) dy p(t,z) dt do

o0

(4.44)

Adding and subtracting (V' (f,,x) — Vaue) w inside the integral we get:
T T 1 ) 1 )
/ / <_§U Paa + (1 — 50 — KNPz + (1 + A)p + pi—
x 0
)\/ p(t,x —y)f(y) dy —i—(V(f,t,x)—Vdata)) w(t,x) +

/ / / Vit +9)oly) dy plt,o) do df - /: /OT(V(f,m) — Vaata)w(t, ) dt dz =0

The first part of the equation is zero due to the adjoint equation

1 1

A / ot — ) f ) dy — (V(ft,) — Vi) = 0 (4.45)

o0

The remaining part to also zero,

/T /x(v(f’t’“’) — Vita)w(t, ) dt da

—/\/// V(t,z +y)é(y) dy p(t,z) dt do

But from equation (4.43)), we have

o= / / (f,t,2) = Vaasa)w(t, ) dt da (4.46)

Therefore, we get

F'(f)o = )\/_: /OT (/:V(t,x + y)p(t, x) d$> dt ¢(y) dy (4.47)
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Hence, the proof is complete.

4.5 FINITE DIFFERENCE FOR ADJOINT EQUATIONS

Consider the objective function

1 T T
”®:§K;/[W@t@—%mf®wt

and its derivative with respect to o as

T [z
F'(o) = / / 0(=Vie + Vi)p dz dt
0 T
where p is the solution of the adjoint equation

1 1
- 50_2prx + (T - 50_2)171‘ +7rp +pt + V(Ua ta .T) - ‘/data =0

p(0,z) =0, p(t,z) =0, p(t,T)=0.

Discretizing the corresponding derivatives of p, we get:

. @ _ Pit1j — Dij

ot ot

o @ _ Dij+1 — Pij—1
ox 20z

. 0%p _ Pijt1 = 2Pij + Pij-1
0z? (0x)?

The discretized equation (4.50)) becomes:

Dit+1,j —Pij 0_2 Pij+1 — 2Pij + Pij—1 n
ot 2 (0x)?
o’ <pz',j+1 — Pij-1

(r— ?) 281 ) +7pij + Vij — Vaata = 0.

The discretized adjoint equation is then explicitly solved as :

Pij+1 — 2pi +pi,j1> B

st
Pit+1, = Dij + o (62)?

2 .
(575(7‘ _ U_) (M) —otr Dij — (575(‘/;,]' - Vdam)-

2 201
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(4.49)

(4.50)
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The derivative equation (4.49) in terms of discretization of adjoint equation can be

written as:

L pigdx 6t (4.53)

5:6) 20z

i=1 j=1
where V' is the solution of the Black-Scholes PDE and p the solution of the adjoint
equation.

The second way to compute the same gradient is through the sensitivity equation
method. Consider the objective function given by equation (4.48). The derivative

of the objective function with respective to the parameter o is

T T
Flo) = / / V(0 1,2) — Vil b dar dt
0 z 80‘

_ [ V(o t,2) — Viard] W da dt (4.54)
Iy

where W is the solution of the sensitivity equation given by equation (4.15). We
see that both equations (4.49) and (4.54) give the derivative of the same objective
function (4.48)) is a different way.

The approximate derivative of (4.48) can also be found using finite difference as

follows:

) fOT ff V(o +do,t,2) — Vaga)| — [V(0,t,2) — Viara] dz dt
F'(o) = = :
oo

However, the gradient obtained from finite difference is an approximate gradient and
does not match exactly with the gradient obtained from the adjoint or sensitivity
equation methods.

Table (4.1) shows the computed derivative values using different methods. When At
and Az are small all the derivative values match quite well except the one obtained
from the exact Black-Scholes formula. Since the sensitivity equation method and

the adjoint equation method compute the derivative of the discretized Black-Scholes

equation, it is going to be different as shown in the table. As we solve one sensitivity
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Table 4.1.

Calculating ‘g—‘;, the derivative with respect to o

when o = 0.3 for Black-Scholes equation three different meth-
ods. Other parameters in the model are fixed.

At Az | Finite Diff | Exact Black-Scholes Diff | Sensitivity Eqn | Adjoint
0.0200 | 0.1638 | -3.1145 -3.0755 -3.1146 -3.1146
0.0133 | 0.1092 | -3.0841 -3.1271 -3.0842 -3.0842
0.0100 | 0.0819 | -3.0772 -3.1169 -3.0774 -3.0774
0.0067 | 0.0546 | -3.0751 -3.0836 -3.0752 -3.0752
0.0050 | 0.0409 | -3.0756 -3.0585 -3.0757 -3.0757
0.0033 | 0.0273 | -3.0621 -3.0676 -3.0623 -3.0623
0.0025 | 0.0205 | -3.0598 -3.0592 -3.0599 -3.0599

and one adjoint equation to compute the gradient in this example, computational

time is comparable in this case.

4.6 ADJOINT OF FINITE DIFFERENCE

Let the gradient of the cost function (4.48) in discrete form be

~2

N M
Z ‘/z] ‘/;lata Wzg 5t (5ZE

i=1 j=1

where W;; solves the descretized version of the sensitivity equation

aw

dt

1 02w

20 0x?

1, 0W
ox

83

0*V ov
‘|’(7"—— )——TW‘FUdUﬂ—U(SU%

(4.55)

(4.56)




with the conditions W(T,z) =0, W(t, Zmaez) = W(t, Tpin) = 0.

Writing equation (4.56) in discrete form

o2 ot
Wi;= Wi, + 352 (Wit js1 — 2Wigaj + Wigajo1) +
o2 ot
(r— ?)E (Wis1j41 — Wigaj—1) + 1 0tWigy j +
ot o ot
053 (Vitr+1 = 2Vigry + Vigrj-1) — 550 (Vigrj41 — Vigrj-1) (4.57)

Let W;, G; ,H; € R™. Define H; = (V; — Vyaia,)- Then we can rewrite equation
(457) as, I/VZ = AWi+1 + Gi+1 fori =N — 1, ,0 and A € ]RMXM with WN = 0.

N
Therefore, F'(0) = Z H;"W; and W; — AW, = Giyq fori = N —1,...,0.
i=0

Theorem 4.6.1. Let W, ; solve the discretized sensitivity equation ([4.57) such that

W; = AW, 11 4+ Giy1. Then the gradient of the objective function (4.48) is given by
N
F'(o) = szrlGiH
i=0
where p solves the discrete adjoint equation
pir1 = ATp; + H;,
fori=1,...,N.
Proof: Let p; € RM™. We have
Wi— AW = Gi
For i = N —1,...,0. Multiplying by piTJrl both sides, we get:

p?—i—l(m_AWiJrl) = pz'T+1Gi+1

piTHWi— (ATpiJrl)TWiJrl = piTHGiH
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Summing over all t =0,..., N — 1,

N-—1
Z p;'l:l—lGi-f—l = Z pz+1W Z pz+1 z-‘rl
i=0
= Z pzT-HI/Vi - Z(ATpi)TVVi
=0 =1

N-1

= Z(Piﬂ — ATp) Wi + py "Wy — (ATpn) Wy

i=1
Since Wy = 0, (ATpn)"Wx=0. Now adding and subtracting z H;"W; and
setting the first part to 0, we get p;y1 = Alp; + H; for i = 1,..., N with py = Hy.

From the second part we get

me 1= pra ZHTW F(o).

Hence proof is complete.

4.7 FINITE DIFFERENCE FOR ADJOINT OF PIDE MODEL
Let us consider the PIDE model given by equation (4.29) and the corresponding
sensitivity equation with respect to the parameter o given by equation (4.56). The

adjoint equation corresponding to the PIDE (4.29) with the time variable ¢ is

1 1
P = s — (1 = S0t — KA — (4 N+
A / ptx — ) ) dy + V(o t,z) — Vige. (4.58)

Before we solve the adjoint equation (4.58) we perform a variable transformation
as done with the PIDE model. Let z = z — y, then dz = —dy. f(y)dy = f(z —
2)(—dz) = —f(xz — 2)dz. In the case of normally distributed jump distributions (as
in Merton’s model), f is symmetric and we can write f(x — 2) = f(z — z). Hence

the new adjoint equation with a variable transformation is:

1 1
202pm (r — 502 — KAN)pe — (r+ A)p+ (4.59)

A / p(t ) (2 — 2) dz — V(0 1,2) — Viesa]

Pt =
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with vanishing initial and boundary conditions. We would like to solve the adjoint
equation (4.59)) efficiently using the similar procedure as solving the pricing equation
given in Section 3.7
Any of the numerical methods for solving the PIDE model proposed by [I} 3, 19,
13,27, 44] and many others can be used to solve the adjoint of the PIDE. Because
of its similarity between the given pricing PIDE and the adjoint equation, we can
use a similar finite difference scheme for both the pricing and the adjoint equation.
Here we propose the iterative method used by [I}, 44] to solve the adjoint equation.
Pricing PIDE is solved forward in time variable 7 where as the adjoint equation is
solved backward in 7. If we change the time variable from 7 to t, then equation
(4.59) becomes a forward problem. Hence we can use the forward solver with minor
adjustments to solve the adjoint problem.
Using the discretization scheme used by [I, 44] in the PIDE model we have the
following similar discretization for the adjoint equation (4.59):

Gop =207 + 50"k form >2

pt(tmaxi) ~
(p —pzm’l)/k form=1

Pity — 2p" + 0ty
72
Pit1 — Dity

2h

prz(tma zz) ~

where k = 0t and h = dx. The term inside the integration sign is discretized using

a simple trapezoidal rule:
h n—1
/ Pt ) f(2 = 2i) dz 2 o | fia +2 ) 0 iy + 7 fim (4.60)
R ,
Jj=2

Since the boundary conditions are zero at the both ends, the remainder term
R(tm, x;, &) will also be zero at the boundary. For details see [1], 44].
The main equation (4.29) is solved forward for time variable 7. But we can use the

same code with minor adjustments to solve the adjoint equation by working with

86



time variable ¢ instead of 7. In this case the adjoint equation will also be a forward
problem on the variable . The solution procedure is similar to the one described in
section 3.7. Hence, solving the adjoint equation is similar in complexity to solving

the main pricing equation.

In this section, we discussed the derivation of adjoint equations for some of the
option pricing models. This technique allows efficient evaluation of the derivative
of a function F(p) with respect to parameters p in situations where F' depends on
p indirectly, via an intermediate variable V(p). The derivative of V(p) could be
computationally expensive to evaluate. Adjoint method has been used in the case
of parameter estimation for Black-Scholes model and our theory has been supported
by numerical experiments. Application of adjoint method for more complex model
like the PIDE model is yet to be verified by numerical experiments.

The use of the adjoint model has two advantages over other methods for gradient

computation:

1. In the case of large number of parameters n, the adjoint model saves a lot of

computation time.
2. The gradient obtained through adjoint model is exact.

Adjoint method can be used to calculate the sensitivity of the cost function with
respect to the parameters. The knowledge of the sensitivities provides a better un-
derstanding about the model parameters. The benefit of using optimization theory
has been utilized more with the discovery of faster methods to obtain the gradi-
ent. Gradient-based methods depend on the smoothness of the variation of the cost
function with the model parameters. This requires the existence of continuous first
derivatives of the cost function; namely the gradient, and possibly higher derivatives.

Simple gradient-based methods only require the gradient of the objective function
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with respect to the model parameters. Gradient-based methods generally require
a much smaller number of iterations to converge to an optimum than non-gradient

based methods. However, only convergence to a local minimum is guaranteed.
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CHAPTER 5
OPTIMIZATION

Optimization is a method of minimizing or maximizing the objective function of
several variables over a feasible region. Normally, the objective function is set up
as a least-square minimization problem and optimization is done by numerical op-
timization algorithms. For the solution of least-squares problems it is efficient to
use the gradient-based algorithms. There are many variations of gradient-based
optimization methods, but their common feature is the utilization of first and sec-
ond derivatives of the objective function. Gradient method use information about
the slope of the function to decide the direction in which minimum is supposed
to lie. Optimization methods that use gradient information often converge much
faster than those that do not. Gradient information of the objective function can

be obtained efficiently using the adjoint methods described in chapter 4.

5.1 OPTIMALITY CONDITIONS FOR UNCONSTRAINED MINI-

MIZATION
Definition 5.1. Suppose f : R® — R"™. The derivative of f at x is the matrix

Df(x) € R™™, given by

ci=1,....m, j=1,..n, (5.1)
provided the partial derivatives exist.

If the partial derivatives exist, we say f is differentiable at . When f is a real-
valued function (i.e., f : R™ — R), the derivative D f(x) is a 1 X n matrix, i.e., it is

a row vector. Its transpose is called the gradient of the function f given by:

v f(z) = Df(x)", (5.2)
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which is a column vector, in R". Its components are the partial derivatives of f:

v flx): = 855”), i=1,..n. (5.3)

Definition 5.2. Consider a real valued function f : R® — R. The second deriva-

tive of f at z, denoted by /2 f(x), is given by

*f(z) :
2 . = — e
Ve f(x) iz, i=1,...,n, j=1,..n, (5.4)

provided f is twice differentiable at x where the partial derivatives are evaluated at

x.
Consider an unconstrained minimization problem

maneRnf(l')
where f: R"™ — R is a smooth function.

Definition 5.3. Suppose f : R" — R is given. Then z* € R" is a local minimizer

of f if there exists 6 > 0 such that
|z —a" |[<d= f(z") < f2)
The point z* is a strict local minimizer if
0<|[z—2"|<d= flz¥) < f(x)
Thus, z* is a local minimizer of f if locally, f does not attain a smaller value.

Definition 5.4. Suppose f : R™ — R is given. Then x* € R" is a global minimizer
of fif

f(z*) < f(x) for all x € R"
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Therefore, a global minimizer yields the absolute minimum of f. The definition of
local minimizer is of little use in recognizing a solution. Algorithms for nonlinear
problems are usually iterative that require an initial estimate of the solution z(®.
The definition of local minimizer requires that f(2(®)) be compared with f(x) for
every z in the neighborhood of z(®. So, even if the starting point is the solution
the algorithm still tries to improve upon z(®). Optimality conditions are essential in
numerical optimization. A necessary condition must be satisfied by any solution but

necessary condition can be satisfied by non solution as well. But if a point satisfies

a sufficient condition, then it is guaranteed to be a solution.

5.2 FIRST ORDER NECESSARY CONDITION
Theorem 5.2.1. Suppose f : R® — R has a local minimum at x = x*. If [ is

differentiable at x*, then
Vf(z*)=0.

A point z* satisfying V f(2*) = 0 is called a stationary point of f. If V f(x*) # 0 then
the vector —V f(z*) defines the direction in which f decreases. Let p = =V f(z*).
Then f(z*+hp) < f(x) for all h sufficiently small. The first order condition is only
a necessary condition. If x* is a local minimizer of f then z* is a stationary point.
But, x* is a stationary point does not guarantee that it is also a local minimizer.
For general nonlinear problems, there is no first order sufficient condition. To obtain

the sufficient condition, we have to examine the second derivatives as well

5.3 SECOND-ORDER NECESSARY CONDITION
Suppose f : R" — R is twice differentiable at z* and z* is a local minimizer of f,

then
flx) = f(@*) + V() (@ — a*) + %(w — )V f(a*) (= 2*) + o] @ — 2™ |).
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Let x = x* 4+ hy, for some scalar h and some vector y. Applying the first-order

necessary condition, we get:

2
Fla 4 hy) = F) + oy 9 f )y + ol

2
Since the error term o(h?) is small compared to %yTVZf(x*)y for small h, f(z* +

hy) > f(z*) for all h sufficiently small. This implies that

h2 T2
PL Vaf(a")y >0

or y!' V2f(x*)y >0 (5.5)

because V?f(z*) is a symmetric matrix. This must hold for all y € R™ if z* is a
local minimizer of f. This is called the second order necessary condition for a local

minimizer.

Definition 5.5. Suppose A € R™" is symmetric. If y? Ay > 0 Vy € R™, then A is
said to be positive semidefinite. If y” Ay > 0 Vy € R",y # 0, then A is said to be

positive definite.

Theorem 5.3.1. Suppose f : R™ — R is twice differentiable at x* and x* is a local

minimizer of f. Then V2 f(x*) is positive semidefinite.

5.4 THE SECOND-ORDER SUFFICIENT CONDITION
Theorem 5.4.1. Suppose f: R™ — R is twice differentiable at x*. If V f(x*) =0

and V2 f(x*) is positive definite then x* is a strict local minimizer of f.

Proof: The function y” V?f(z*)y is continuous and positive over the compact set

{y € R":|| y ||=1}. Therefore, there exists a > 0 such that
lyll=1=y"V*f(a")y > a (5.6)
Since f is twice differentiable at z* and V f(z*)=0 by assumption,
W’ ron 2
Fla 4 hy) = £+ DT )+ o(h?) (5.7)
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h2
By definition,|o(h?)| < 5 for all h sufficiently small. Hence there exists hy > 0 such

that 0 < h < hg and || y ||= 1, implies

h2
UV F () + o(h?) > 0

Together with equation (5.7), this shows that f(z* + hy) > f(z*) for all h,y with

0 <h < hg,| yl|=1. Since
T+ hy:0<h<hyllyll=1=2:0<]||z—2"||<ho

it follows that 0 <||  — 2™ ||< ho = f(2*) < f(z) and hence that z* is a strict local

minimizer of f. This ends the proof.

Note that 2* can be a local minimizer of f and yet V2f(2*) may not be positive

definite. So, The sufficient condition is not necessary for z* to be a minimizer.

5.5 PARAMETER IDENTIFICATION

Some parameters in financial models have to be determined from the available mar-
ket price. Parameter estimation is done through least-square minimization. The
technique of finding the minimum of an objective function is iterative. Iteration
starts from an initial value xq, and then in each iteration search direction p, and
step length «,, are computed to give xpi1 = xx + axpr. A natural choice for the
search direction is the negative gradient —V f(x). The step length must be chosen
so that ;. reduces sufficiently. The iteration stops when z} is sufficiently close to
minimum. The details of numerical optimization is found in [39, 28] 45] and many
others.

Once the parameters are estimated through optimization, it is important to know
the stability of the estimated parameters. Sensitivity analysis is done on the esti-

mated parameters to check the stability of the parameters.
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Gradient descent method The resulting algorithm is called the gradient algorithm

or gradient descent method.

5.5.1 One variable unconstrained optimization
Consider the Black-Scholes model

0252

2

Vi+ Vs +17SV, — 1V = 0. (5.8)

In this model, we assume that the actual market price V' (¢, S) and all other variables
are known except the market volatility. We consider an inverse problem of finding
the market volatility ¢ using the procedure of numerical optimization. Suppose
V(t,S) is the current option price of a stock trading at S. Let V,(¢,5,T, K,r,0) be

the function of the unknown variable o only. We want to find o such that
\V(t,S)—V.(t,S, T, K,r o)
is minimized. Our goal is to compute the zero of the function
flo) =1V (t,S) = Vu(t,S, T, K,r,o) (5.9)
The minimization problem is set as follows:
ming f(o) = > [V(t,8) = Vo(t, 8, T, K, r,0))? (5.10)

For this single variable unconstrained optimization, the only parameter to be esti-
mated is 0. For the Black-Scholes model the estimate is called the implied volatility
of the market.

Here is an example from the market. Various put option prices for different expi-
ration dates is given for a particular product we name it XXXX. This product is

currently trading at $38.00 per share.
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Table 5.1. Put price for some product XXXX quoted on a certain day

Strike price | V(38,0.4) | V(38,0.6) | V(38,1.2) | V(38,2.2)
25 0.05 0.05 0.2 0.5
30 0.15 0.25 0.65 1.1
35 0.7 0.9 1.6 2.15
40 2.9 2.65 3.3 43
45 7.9 6.7 6.9 7

If we use the Black-Scholes pricing model, the only unknown parameter is the volatil-
ity of the market. Therefore, the objective function to be minimized for this problem
is given by equation (5.10). From the information given in the table above, we want
to find the optimal ¢ that minimizes the objective function.

Using the standard optimization subroutine in matlab and implicit finite difference
method for the Black- Scholes equation, the optimal volatility ¢ was estimated to

be 0.2027 which gave the residual norm of 2.0234.

5.5.2 Multi-variable constrained optimization in PIDE model

Consider the PIDE model

0252

2

Vit 220, 4+ (rS — SKNV, — (r + AV + AE[V(t, JS)] = 0 (5.11)

where k = E[J — 1].
In equation (5.11), we replace the expectation by a linear combination of the delta

functions as follows

E[V(t,JS)] =Y ayV(t, Ji5)
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Hence our simplified model is given by

2 G2 N
Vi + ﬁvss +(rS = SENV. = (r+ WV + A V(t, J,S) =0.  (5.12)

2
k=1

In this model, apart from the market volatility o, jump sizes .Ji, weights «a;, and the
parameter A also have to be estimated from the market data. In addition we also
have certain conditions on the weights, i.e. Zszl ar = 1 and Ji are all positive.

Hence, our optimization problem is
MANe N oty J (O Qs Ji) = Z[V(t, S)—V.(t,8,T,K,r, 0,0, Ji)]? (5.13)

subject to the (:onstraints,z:fj:1 ar = 1 and Jg,o0, A > 0. The problem becomes a
multi-variable optimization with constraints. Here, equality constraints are written

as:
a;t+oas+...+tay=1
and inequality constraints as:

)\,0‘, Ji, Ja, ..., I >0

For this problem, a reasonably few jumps J, and weights «; are chosen to save
the computational time. Initially three of each J; and aj are chosen in addition to
unknown o and A. So, we have total of eight parameters to be estimated in equation
(5.13). Also, certain restrictions were imposed on the the parameters. For example,
it is reasonable to assume that 0.5 < J, < 1.5, 0 < o < 1 and also 0 < o < 1.
With these additional bounds on the parameters, the estimated parameters were
as follows: o = 0.2069, J = [0.8653,1,0.6], @ = [0.7403,0,0.2597] and A = 0.2662.
With these estimated values the residual norm was 1.8195. This is better than
the one given by Black-Scholes model. The estimated parameters were not always
unique but depended on the starting values. If the constraints were relaxed to some

extent, the residual was smaller than the one obtained from Black-Scholes model.
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5.5.3 Sensitivity analysis

The reliability of the parameters found by optimization can often be examined by
sensitivity analysis. The derivative of the solution with respect to a parameter of
interest is a measure of the sensitivity of the solution with respect to small change.
Continuous sensitivity equations method examines the change in solutions to the
problem with respect to small changes in the model parameters. To find this sensi-
tivity, the equations are formally differentiated with respect to the parameter leading
to a linear equation for the sensitivity (see chapter 4 for tetails). For our purpose we
assume that the sensitivities exist and satisfy the sensitivity equation. Examining
the sensitivity of solutions to small change is important because small changes in
the parameter can play a large role in the solution process. Sensitivity also provides
valuable information showing where the solution is sensitive and which ones are
more sensitive then the others. Since the sensitivity equation is very similar to the
original problem, one can couple the sensitivity equation to the original system and
simply solve them simultaneously.

Sensitivity analysis is a vast area of research and is beyond the scope of this thesis.

However, we will present a simple example to show its importance.

5.5.4 Sensitivity with respect to the weights, «;

Lets consider the PIDE model given by equation (5.11). Let the derivative of V'

3(‘; = W. Then,

with respect to «; be

B 0252 N
o (w Ve + (1S = SEAV = (r + AV + A ; arV(t, JkS)> —0

or

0252

2

N
Wes + (rS = SENW, — (r + AW + 1)~y W (¢, Ji.S)
k=1

—ASJ Vs —AV(t, J,S)  (5.14)

Wi+
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Now, the final and boundary conditions for W is given by:
W(t,0) =0, W(t, Spaz) =0, W(T,S) = 0. This equation is similar to the original
pricing equation with non homogeneous right hand side. This can be solved the

same way the original pricing equation is solved.

5.5.5 Sensitivity with respect to the Jump sizes, J;

Let the derivative of V' with respect to .J; in our PIDE model (5.11) be gy =Z.
Then we get the following PDE which looks similar to equation (5.14): Z
0252
Zy + Zss+ (rS —SkN)Zs — (r + N Z + M, SZ(t, J;:S) — SAa;Vs = 0
(5.15)

with the final and boundary conditions:

Z(t,0) =0, Z(t,Smaz) = 0, Z(T,S) = 0. This can be solved the same way as the
original equation with very little modification.

Figure 5.1 shows how sensitivity evolves across both time and space horizons for a
model problem with strike price at 10. Since this problem is solved backwards in time
sensitivity increases as time decreases. It is important to know which parameters
are the most influential and which are least influential in the given time horizon.

This can be done through sensitivity analysis of the parameters in a model.
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Figure 5.1. Sensitivity with respect to jump size J; and weight

«; for a sample problem when J; = .8 and a; = .74 where strike
price is 10.
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CHAPTER 6
CONCLUSION AND FUTURE DIRECTION

Parameter estimation is a very important issue in option price modelling. As the
financial contracts become more complex, the need to price the derivatives and es-
timate the model parameters accurately becomes extremely important. Even if the
model is correctly specified, mispricing can still occur if model parameters are not
correct. In financial modelling, calibrating a model means finding numerical values
of its parameters such that the model is consistent with the market. Parameter
estimation is done through optimization.

For problems with a large number of parameters, the most efficient algorithms are
gradient based algorithm. Gradient based optimization techniques utilize the gradi-
ent information to identify search directions and require far fewer steps to obtain an
accurate approximation of a locally optimal solution then the non-gradient based
optimization. The main concern with the gradient method is to effectively compute
the gradient of the objective function that has to be minimized.

In this thesis I have developed an improved computational methodology for estimat-
ing parameters in the popular financial models like the Heston stochastic volatilty
model and a special case of the Merton jump diffusion model. I have done so by
adapting methodology known as the adjoint approach from control theory, which
allows for efficient computation of gradients in least-squares estimation algorithms.
An alternative to an adjoint approach to estimate the gradient would be the sensitiv-
ity equation approach. This approach first computes the sensitivity of the solution
V of the PDE/PIDE with respect to each of the parameters P; by solving sensitivity
equations. When the number of parameters n in the model is really large, n number
of sensitivity equations corresponding to each parameter has to be solved. This

could be computationally expensive process.
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The difference between the two approaches is that the solution of the adjoint equa-
tion is specific to the minimizing function i.e. one adjoint equation is computed
per cost function and used in the computation of all components of the gradient.
On the other hand, the sensitivity equations are specific to the parameter i.e. one
sensitivity 0V/0P; is computed for each component of the parameter vector P and
can be used to calculate the derivatives of the required objective function. The costs
for solving the adjoint or one of the sensitivity equations are comparable, and are
the most significant costs for either method. Thus, it is advantageous to use the
sensitivity equation approach if the number of parameters m is fairly small while
it is more efficient to use the adjoint approach if a large number of parameters is
present. Hence gradients can be efficiently evaluated using the adjoint approach as
this approach is independent of number of parameters. Once the gradient is com-
puted, any of the gradient based optimization can be used.

I have not been able to verify the theoretical results with the numerical results for
the financial models in this thesis. However, the adjoint approach has been used
extensively in optimal control problems for parameter estimation and has been very
successful. A similar approach taken by Barth [7] using adjoints for discretized
PIDE models have shown promising results. Numerical verification of the adjoint
approach for the financial models described in this thesis will be a continuing part
of my future work. Future work could go in a number of directions, including but
not limited to the extension of jump-diffusion models to wider class of Lévy models.
Derivation of adjoints for such models and estimating Lévy measure through the
adjoint process will be challenging. As the pricing models become more complex,
efficient parameter estimation and sensitivity analysis will be essential. The ad-
joint approach will gain popularity and lead the way for parameter estimation and

sensitivity analysis in complex financial models in the future.
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APPENDIX

INTEGRAL ADJUSTMENT

Consider the integral:

/w w(t,x 4+ y)p(t, ) dx

where i, and x,,q, is written as x and T for notational simplicity.
Let w(t,z) = 0 for x € [—o0,z] and x € [T, 00]. Also, p(t,z) = 0 for x € [—o0, z]

and = € [T, 00].

Suppose z = x +y. Then z = z — y and dr = dz. Therefore

/xw(t, z+y)p(t,z) doe = /Hyw(t, 2)p(t,z —y) dz (1)

z+y

Then, w(t, 2)p(t,z —y) = 0if w(t,z) =0 or p(t,z —y) =0
w(t,z) =0 when z > T or z < z.

p(t,z—y)=0when z —y>T < 2>7T+y

orz—y<zez<z+y.

For the upper limit

e Ify>0thenZ <z2<T+y= w(zt)=0.

o Ify<0,thenT+y<z<7T=p(z—y,t)=0.
For lower limit

e Ify>0,thenforz<z<z+y=p(z—uy,t)=0.
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o If y <O, then forz+y <z <z= w(zt)=0.

Therefore, w(z,t)p(z — y,t) = 0 in all cases mentioned above. Hence,

T4y T
/ w(z, t)p(z —y,t) dz = / w(z,t)p(z — y,t) dz.

z+y
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