1 Design of Composite Laminates by a Genetic Algorithmwith MemoryN. Kogiso1 , L. T. Watson2 , Z. G�rdal3 , R. T. Haftka4 and S. Nagendra5 Virginia Polytechnic Institute and State UniversityBlacksburg, VA 24061, USAABSTRACTThis paper describes the use of a genetic algorithm with memory for the design of minimumthickness composite laminates subject to strength, buckling and ply contiguity constraints. A binarytree is used to efficiently store and retrieve information about past designs. This information is usedto construct a set of linear approximations to the buckling load in the neighborhood of each memberof the population of designs. The approximations are then used to seek nearby improved designs ina procedure called local improvement. The paper demonstrates that this procedure substantiallyreduces the number of analyses required for the genetic search. The paper also demonstrates that theuse of genetic algorithms helps find several alternate designs with similar performance, thus givingthe designer a choice of alternatives.INTRODUCTIONThe design of composite laminates is often formulated as a continuous optimization problem withply thicknesses and ply orientation angles used as design variables (e.g., Schmit and Farshi [1] ).However, for many practical problems, ply thicknesses are fixed and ply orientation angles arelimited to a small set of angles such as 0ß, 90ß, and –45ß. Designing the laminate then becomes astacking sequence optimization which can be formulated as an integer programming problem.The laminate stacking sequence design problem with frequency constraints has been formulated byMesquita and Kamat [2] with the numbers of plies as the design variables, leading to a nonlinearinteger programming problem which was solved by using the branch and bound algorithm. Haftkaand Walsh [3] showed that the use of ply identity design variables linearizes the integerprogramming formulation of the stacking sequence buckling maximization design problem.1 Visiting Student, Dept. of Aerospace Engineering.2 Professor, Depts. of Computer Science and Mathematics.3 Associate Professor, Dept. of Engineering Science & Mechanics.4 Christopher Kraft Professor of Aerospace and Ocean Engineering.5 Research Associate, Dept. of Engineering Science & Mechanics.6 A version of the paper was published as part of the proceedings of the AIAA/ASME/ASCE/AHS/ASC35’th Structures, Structural Dynamics, and Materials Conference, April 18-20, 1994, Hilton Head, S. C.

2However, when strength constraints are included, the problem becomes nonlinear again. Thebuckling maximization of laminates with strain constraints has been solved by Nagendra et al. [4]using a sequential linear integer programming technique based on the branch and bound algorithm.More recently, Le Riche and Haftka [5] solved the laminate stacking sequence design problem bygenetic algorithms (GA) [6, 7] which can handle nonlinear integer problems without the need forlinearization. Nagendra et al. [8] applied the same approach to the design of stiffened compositepanels. In both works it was found that the genetic algorithm can find a variety of alternativedesigns with similar performance, thus giving the designer a choice of alternatives. However, thecost of the genetic search is high requiring thousands of analyses.Kogiso et al. [9] considered the use of information about past designs (memory) for the purpose ofreducing the number of analyses required by the genetic algorithm. The information was stored in abinary tree format and was used to construct a set of linear approximations to the buckling load inthe neighbourhood of each member of the population of designs. The approximations were thenused to seek nearby improved designs in a procedure called local improvement. The procedure wasapplied to the problem of buckling load maximization for given laminate thickness. Substantialreductions in the number of required analyses were achieved by this use of memory of pastdesigns.The present work applies the same strategies to the dual problem of the minimum thickness designof laminates subject to buckling and strength constraints. Because the number of plies in thelaminate varies, coding the designs as genetic strings is more complex. Also, the objective functionis more complex, involving the laminate thickness, constraints margins and constraint violations,dealt with by penalty parameters. The paper investigates the effect of the variable string length andthe use of penalty parameters on the performance of the algorithm.ANALYSISThe simply supported plate, shown in Figure 1, has longitudinal and lateral dimensions of a and b,respectively, and is loaded in the x and y directions by lNx, lNy, respectively, where l is a loadamplitude parameter. The laminate is assumed to be balanced, symmetric, and made up of 0, 90,and –45 plies of thickness t each. The maximum number of plies that may be encountered duringthe optimization process is denoted by N. To reduce the number of design variables and enforce thebalanced condition, the laminate is constrained to be made up of stacks of two 0 degree plies, two90 degree plies, or a +45 and -45 pair of plies. These stacks are denoted by 02, 902, and –45.

3Taking into account the symmetry, at most N/4 ply orientations are required to define the entirelaminate.For a simply supported plate under biaxial compression loading, the plate buckles when the loadamplitude parameter l reaches the critical value lcb given by

λ cb m,n( )

π 2 = D11 ma� �4 +2 D12 +2D66

( ) ma� �2 nb� �2 + D22 nb� �4

ma� �2 Nx + nb� �2 Ny , (1)where m and n are the number of half waves in the x and y directions, respectively, that minimizelcb. The Dijs are the flexural stiffnesses, which depend on the lamination sequence. For a laminatemade out of a single fibrous material, the flexural stiffnesses can be expressed in terms of only twolamination sequence parameters and material constants (e.g., Miki and Sugiyama [10] ),

D11 = h312 U1 +U2W1* +U3W2*

( ) ,

D22 = h312 U1 - U2W1* +U3W2*

( ) , (2)

D12 = h312 U4 - U3W2*

( ) ,

D66 = h312 U5 - U3W2*

( ) ,ωηερε Υι (ι=1,...,5) αρε τηε ματεριαλ χονσταντσ, η ισ τηε τοταλ πλατε τηιχκνεσσ, ανδ Ω1∗ ανδ Ω2∗ αρετηε βενδινγ λαμινατιον παραμετερσ

W1* = 12h3 z2 cos2θ dz

- h 2h 2∫ = ξ2 cos2θ dξ

- 1 21 2∫ , (3)

W2* = 12h3 z2 cos4θ dz

- h 2h 2∫ = ξ2 cos4θ dξ

- 1 21 2∫ ,defined in terms of the ply orientation angle q. The flexural stiffnesses D16 and D26 are assumed tobe negligible. Here, x=z/h is introduced to normalize the thickness, h, of the laminate. Equation (3)shows that, once normalized, the bending lamination parameters W1* and W2* are independent ofthe laminate thickness.

4It is clear from (1) - (3) that the buckling load divided by the cube of the thickness of the plate,lcb/h3, depends only on the bending lamination parameters, which are functions of the stackingsequence. Here, lcb/h3 is called the normalized buckling load and is used for local improvementdiscussed later.The strain failure constraint requires that all strains remain below their allowable limits. In our casegxy is zero, and the laminate strains are related to the loads on the plate by the relations

λ Nx = A11εx + A12εy , (4) λ Ny = A12εx + A22εy .The strains in the ith layer are obtained from the laminate strains by the transformation

ε1i = cos2 θiεx +sin2 θiεy , ε2i = sin2 θiεx +cos2 θiεy , (5)

γ12i = sin2θi εy - εx ( ) ,ωηερε τηε Αιφσ αρε τηε ιν-πλανε στιϕϕνεσσεσ, ανδ θι ισ τηε πλψ οριεντατιον ανγλε οϕ τηε ιτη πλψ. Τηεσεστιϕϕνεσσεσ χαν αλσο βε εξπρεσσεδ ιν τερμσ οϕ ιν-πλανε λαμινατιον παραμετερσ ανδ τηε ματεριαλχονσταντσ ασ

A11 = h U1 +U2V1* +U3V2*

( ) ,

A22 = h U1 - U2V1* +U3V2*

( ) , (6)

A12 = h U4 - U3V2* ( ) ,ωηερε τηε ιν-πλανε λαμινατιον παραμετερσ αρε δεϕινεδ ασ

V1* = 1h cos2θ dz

- h 2h 2∫ = cos2θ dξ

- 1 21 2∫ , (7)

V2* = 1h cos4θ dz

- h 2h 2∫ = cos4θ dξ

- 1 21 2∫ .

5Τηε νονδιμενσιοναλ ϖαριαβλε ξ ισ ιντροδυχεδ το δεμονστρατε τηατ τηε ιν-πλανε λαμινατιον παραμετερσαρε αλσο ινδεπενδεντ οϕ τηε τηιχκνεσσ, ασ αρε τηε βενδινγ λαμινατιον παραμετερσ. Τηε στραιν ϕαιλυρελοαδ λχσ ισ τηε λαργεστ λοαδ ϕαχτορ λ συχη τηατ αλλ τηε πρινχιπαλ στραινσ ιν εϖερψ λαψερ αρε λεσσ τηαν ορεθυαλ το τηε αλλοωαβλε στραιν ϖαλυεσ.Ιτ ισ χλεαρ ϕρομ (4) - (7) τηατ τηε στραιν ϕαιλυρε λοαδ διϖιδεδ βψ τηε τηιχκνεσσ, λχσ/η, ισ ονλψ ρελατεδ τοτηε ιν-πλανε λαμινατιον παραμετερσ ανδ ισ χαλλεδ τηε νορμαλιζεδ στραιν ϕαιλυρε λοαδ. Τηε νορμαλιζεδστραιν ϕαιλυρε λοαδ ισ υσεδ ϕορ τηε βιναρψ τρεε δισχυσσεδ λατερ.Τηε χριτιχαλ λοαδ λχρ ισ δεϕινεδ ασ τηε σμαλλερ οϕ τηε βυχκλινγ λοαδ ανδ τηε στραιν ϕαιλυρε λοαδ:

Fitness =

m+1- i k k=1 m ∑ = 2 m+1- i ( ) m m+1 ( ) . (9)Τηε ϖαλυε οϕ τηε ϕιτνεσσ ισ εθυαλ το τηε ϕραχτιον οϕ α σιμυλατεδ ρουλεττε ωηεελ ασσιγνεδ το τηε δεσιγνιν τηε προχεσσ οϕ σελεχτινγ παρεντσ. Τηυσ τηε βεστ δεσιγν (ι=1) χοϖερσ αν αρεα οϕ 2/(μ+1) ον αρουλεττε ωηεελ ωιτη τοταλ αρεα οϕ 1, ορ σλιγητλψ λεσσ τηαν τωιχε τηε αϖεραγε πορτιον.Οβφεχτιϖε Φυνχτιον ϕορ Τηιχκνεσσ ΜινιμιζατιονΤηε οβφεχτιϖε οϕ τηισ παπερ ισ το ϕινδ τηε μινιμυμ τηιχκνεσσ χομποσιτε πλατε δεσιγν συβφεχτ το τηεχονστραιντσ τηατ τηε πλατε σηουλδ νοτ βυχκλε νορ ϕαιλ υνδερ α γιϖεν αππλιεδ λοαδ ϕαχτορ λαπ. Τηετηιχκνεσσ οϕ τηε πλατε μυστ βε αν ιντεγερ μυλτιπλε οϕ τηε πλψ τηιχκνεσσ. Ωε υσε τηε τοταλ νυμβερ οϕσταχκσ Νσ ασ α συρρογατε ϖαριαβλε ϕορ τηε τηιχκνεσσ, ωηερε Νσ χαν τακε ονλψ ιντεγερ ϖαλυεσ.Αδδιτιοναλλψ, τηε μαξιμυμ νυμβερ οϕ χοντιγυουσ πλιεσ οϕ τηε σαμε οριεντατιον ισ λιμιτεδ το ϕουρπλιεσ το αλλεϖιατε ματριξ χραχκινγ προβλεμσ (Λε Ριχηε ανδ Ηαϕτκα [5]). Τηε τοταλ νυμβερ οϕ πλιεσ ιν αγιϖεν λαμινατε ισ Νπ = 4 Νσ.

7Τηε οπτιμιζατιον προβλεμ χαν βε ϕορμυλατεδ ασμινιμιζε

Npsubject to (10)

g1 = λ ap - λ cr ≤ 0,

g2 = maximum number of contiguous plies of the same orientation≤ 4 .The stacking sequence affects the performance of the laminated plate, even if the thickness of theplate is fixed. Consequently, it is often possible to obtain many minimum thickness designs thatsatisfy all the constraints. Though these optima satisfy all of the constraints and have the samethickness, they have different constraint margins. Ideally, the preferred design is the one which hasthe highest constraint margin of all minimum thickness designs. This is accomplished by reducingthe objective function slightly based on the constraint margin.In addition to the constraint margins, the strength and the buckling constraints must be factored intothe objective function, because genetic algorithms cannot easily directly deal with constraints. Theconstrained optimization problem was, therefore, transformed into an unconstrained one bycombining the number of plies and the constraint margins and violations into an objective functionf defined as

ϕ = pcn Np + ε λ ap - λ cr ( ) { } ifg1 ≤ 0 , pcnNp λ cr λ ap ( )pλ ifg1 > 0 ,

�(11)ωηερε πχ (ηερε 10/9 ) ισ α πεναλτψ παραμετερ ϕορ τηε πλψ χοντιγυιτψ χονστραιντσ, ανδ ν ισ τηε νυμβεροϕ ϖιολατιονσ οϕ τηε χοντιγυουσ πλψ χονστραιντ . Ωηεν τηε χριτιχαλ λοαδ χονστραιντ ισ σατισϕιεδ (λχρ ≥λαπ), α σμαλλ ϕραχτιον, ε, οϕ τηε χονστραιντ μαργιν ισ συβτραχτεδ ϕρομ τηε νυμβερ οϕ πλιεσ. Ωηεν τηεχριτιχαλ λοαδ χονστραιντ ισ ϖιολατεδ (λχρ < λαπ), τηε οβφεχτιϖε ϕυνχτιον ισ πεναλιζεδ βψ διϖιδινγ βψ τηεχριτιχαλ λοαδ ρατιο ραισεδ το τηε ποωερ πλ > 0.Τηε χοντιγυουσ πλψ πεναλτψ ισ χομπυτεδ ασ ϕολλοωσ. Φορ εξαμπλε, ωηεν α λαμινατε ηασ τηρεεχοντιγυουσ 02 ορ 902 σταχκσ, τηε οβφεχτιϖε ϕυνχτιον ισ πεναλιζεδ βψ (10/9) ϕορ εαχη οχχυρρενχε οϕτηρεε χοντιγυουσ σταχκσ. Φουρ χοντιγυουσ 02 ορ 902 σταχκσ ιν τηε λαμινατε αρε ρεχογνιζεδ ασ τωοσυχχεσσιϖε ϖιολατιονσ οϕ τηε χοντιγυουσ πλψ χονστραιντ ανδ πεναλιζεδ βψ (10/9)2 ϕορ εαχη οχχυρρενχε 8οϕ ϕουρ σταχκσ. Μορεοϖερ, ωηεν τηε λαμινατε ηασ τωο συχχεσσιϖε 02 ορ 902 σταχκσ αδφαχεντ το τηεμιδ πλανε, ιτ ισ ρεχογνιζεδ το ηαϖε ϕουρ συχχεσσιϖε 02 ορ 902 σταχκσ τηρουγη τηε μιδ πλανε ανδπεναλιζεδ βψ (10/9)2.Τηε ϖαλυεσ οϕ τηε παραμετερσ πλ ανδ ε ηαϖε το βε τυνεδ ϕορ βεστ περϕορμανχε. Τηε ϖαλυε οϕ ε μυστβε σμαλλ ενουγη σο τηατ α τηιχκερ δεσιγν ωιτη α λαργε μαργιν ωιλλ νοτ βε ϕαϖορεδ οϖερ α τηιννερϕεασιβλε δεσιγν. Το εστιματε αν υππερ λιμιτ ϕορ ε, ωε νοτε τηατ ωηεν τηε πλατε τηιχκνεσσ ισ μυλτιπλιεδβψ α ϕαχτορ οϕ ϕ > 1, τηε βυχκλινγ λοαδ ισ αππροξιματελψ μυλτιπλιεδ βψ ϕ3 ανδ τηε στρενγτη ϕαιλυρελοαδ βψ ϕ. Ασσυμινγ τηατ ατ τηε οπτιμυμ λχρ ≈ λαπ, α χονσερϖατιϖε ρεθυιρεμεντ ισ τηερεϕορε

Np ≤ fNp - ε f3 - 1( )λ apor

ε ≤ Np

λ ap f 2 + f +1

( )

.(12)In the present work, lap=1 and Np is around 50 and Ns around 12. Since comparable designshave Ns+1 or Ns+2 stacks, f is around 1.1 or 1.2 in this problem. To be on the safe side, here eis chosen to be one to satisfy the bound of Eq. (12) with f=2.Similar considerations apply to the choice of pl (except that now f < 1 ). This power should belarge enough so that thinner designs which violate the critical load constraint will have higher valuesof the merit function f than thicker designs with less constraint violation. The ratio lcr/lap isproportional to Np (for strength) or proportional to Np3 (for buckling). When the plate thickness ismultiplied by a factor of f < 1, and again assuming that at the optimum lcr ª lap, the requirement istherefore

λ ϕορ βυχκλινγ , (13) p p pλ ϕορ στρενγτη ,ωηερε λ h_3 ≈ λ^0 h_3

+ AΔW^1_* + BΔW^2_{*,(15)where l0 is the buckling load of the nominal design, and h is the plate thickness of the nominal andinterchanged designs. DW1* and DW2* are the change in the bending lamination parameters (W1*,W2*) from the nominal design. The coefficients A and B are determined as follows. First, thebinary tree is searched for the five nearest neighbors of the nominal design in the Euclidean (W1*,W2*) plane. Since the normalized buckling load is used here, the thicknesses of the nearest}

11neighbors do not matter. The coefficients A and B are determined by the best least squaresapproximation of the form Eq. (15) to the five nearest neighbors.The approximate buckling load is then used to evaluate the objective function for all the perturbeddesigns, and the best one is used to replace the nominal one. An example of the effectiveness of thislocal improvement is shown in Figure 5. This data was obtained from the 10th generation of asingle genetic optimization run when the population size was set to eight. Figure 5 (a) shows thebuckling load of nominal and best interchanged designs for the entire population. The first columnof each group is the buckling load factor of the nominal design. The second column represents theexact value of the buckling load factor for the best design which replaces that nominal design. Thethird column represents the approximate value for the best design used by the local improvementprocedure to select the best design. Figure 5 (b) shows a similar plot for the total objective function.The Designs 1, 5, and 6 in Figure 5 (b) are not replaced, because these nominal designs are betterthan all of the interchanged designs. Despite the fact that the buckling load of interchanged designwas lower than the nominal design, the 3rd design was replaced, because the objective functionwas greatly improved. The nominal Design 3 violated the contiguous ply constraint, while the localimprovement selected the design which had a smaller buckling load factor but satisfied thecontiguous ply constraint.The accuracy of the approximations for all the perturbed designs of Figure 4 is shown in Figure 6.The horizontal axis in Figure 6 is the distance from the nominal design in the bending laminationplane. The vertical axis is the buckling load normalized by the buckling load of the nominal design[902/(–45/02)4/–452/902]s. When the circles (approximate analysis) overlap the diamonds (exactanalysis), the approximation works well. The approximation fails completely when it predicts anincrease in buckling load while the true buckling load is actually less than the nominal value. Figure6 indicates such failures are likely to occur only when the change in the buckling load from thenominal design is small (in fact no such failure is observed in Figure 6). Thus, it is unlikely that thedesign selected as the best among the perturbed designs on the basis of the approximation is worsethan the nominal design. Note that the design which has the highest buckling load is not alwaysselected as the best perturbed design, because the selection also considers the contiguous plyconstraint.The distribution of accuracy of all points from one genetic optimization run is shown in Figure 7.The horizontal axis is the normalized improved value by approximation (lapprox - lnom) / lnom,and the vertical axis is that by the exact analysis (lex - lnom) / lnom. When the approximationworks well, points lie close to the 45ß line where lapprox is equal to lex. When the point lies above

12the line, the approximation underestimates the buckling load, otherwise, it overestimates the load. Ifthe point is in the first or the third quadrants, the approximation predicts correctly whether theinterchange increases or decreases the buckling load. When the point is in the second or the fourthquadrants, the approximation does not even capture the sense of the effect of the interchange. Ascan be seen from the figure, very few points lie in the bad quadrants, and these have smallnormalized values. So, these points are not likely to be selected as the best among the perturbeddesigns.RESULTSResults were obtained for a graphite-epoxy plate with the following material properties:E1=18.50x106 psi (127.55 GPa); E2=1.89x106 psi (13.03 GPa); G12=0.93x106 psi (6.41 GPa);n12=0.3; t = 0.005 in. (0.127 mm). The ultimate allowable strains are e1ua=0.008, e2ua=0.029,g12ua=0.015. These allowable strains were reduced by a safety factor of 1.5. The plate haslongitudinal and lateral dimensions of a=20 in. (0.508 m) and b=5 in. (0.127 m), respectively.The genetic algorithm was applied for three load cases. Load case 1 has Nx=13000 lb/in(2.277x106 N/m) and Ny=1625 lb/in (2.846x105 N/m). Load case 2 has Nx=12500 lb/in(2.189x106 N/m) and Ny=3125 lb/in (5.473x105 N/m). Load case 3 has Nx=9800 lb/in(1.716x106 N/m) and Ny=4900 lb/in (8.581x105 N/m). These loads correspond to load ratios ofNy/Nx = 0.125, 0.25, and 0.5, respectively. These load magnitudes are chosen for consistencywith Kogiso et al. [9] so that the optimum design for each load case is a 48-ply plate.The (best known ) global optimal design has the largest constraint margin out of the multipleminimum thickness designs. In this problem, there are many near optimal designs. Since the valueof the objective function is dominated by the penalty values, e and pl, it is not sufficient to discussthe near optimal designs only in terms of the values of the objective function itself. To evaluate thenear optimal designs correctly, the designs whose critical loads are within a tenth of a percent of thecritical load of the global optimum, which have the minimum thickness, and which satisfy thecontiguous ply constraint, are called practical optima here. To evaluate the efficiency of thealgorithm we define a normalized price, which is the average number of evaluations (also calledprice) of the objective function divided by the probability of reaching a practical optimum (calledpractical reliability). In the present work such properties were obtained by averaging 100 runs.The convergence criterion is defined as the number of generations without improvement in theobjective function, and called the stopping criterion. If the objective function has not improvedduring this number of generations, the genetic algorithm is considered to have converged.

13Average prices and practical reliabilities were calculated by performing one hundred geneticoptimizations for each of the three load cases. The algorithm was considered satisfactory only if thepractical reliability was at least 0.8. This means that a single genetic optimization run has at least an80 percent chance of finding practical optimum designs. The requirement of 0.8 practical reliabilitywas used to determine the stopping criterion. The following parameters of the genetic algorithmwere considered as default values (based on Le Riche and Haftka, [5]). The population size is 8; thecrossover probability is 1.0; the permutation probability is 1.0; and the mutation probability is 0.01.The Effect of String LengthFor the plate geometry and loading considered, the global optimal design has a 48 ply laminate. Thecorresponding number of nonzero digits in the chosen string length is 12 because of the assumedplate symmetry and the encoding of two-ply stacks. First, we investigated the effect of the stringlength on the performance of genetic algorithms.Table 1 shows the effect of the string length on the average performance of the three load caseswithout local improvement. The performance was averaged over 100 optimizations for each loadcase for a total of 300 optimizations per line in Table 1. The performance is measured both in termsof the number of analyses (price) and number of different designs, and hence the number ofanalyses required (nodes in the binary tree). The difference between the two numbers represents thecontribution of the binary tree to avoiding repeated analyses of the same designs. The price andnumber of nodes in the binary tree are reported as a mean and standard deviation. The tableindicates that the shorter string length has higher performance because the design space is smaller.However, if the string length is set to smaller than 12, no design can satisfy the critical loadconstraint. Since, in general, we do not know the solution ahead of time, we selected a string lengthof 16 for subsequent studies.Performance of Genetic Algorithms without Local ImprovementThe optimal designs are presented in Table 2, obtained with the parameter settings e =1.0 and pl=1.0. Le Riche and Haftka [5] investigated the performance of genetic algorithms without localimprovement for the critical load maximization problem and reported the optimal designs for a 48ply laminate plate. The optimal designs obtained from the thickness minimization problem are thesame as their optimal designs.Table 3 shows the performance of genetic algorithms without local improvement for the individualload cases for both the minimum thickness and the maximum critical load designs. For the

14minimum thickness design problem, load case 2 had the highest price for 0.80 practical reliability.The number of practical optima influences the performance of genetic algorithms as observed earlierby Kogiso et al. [9]. Thus load case 1, with the largest number of practical optima, requires thesmallest number of analyses for convergence to a practical optimum.For all load cases, the prices are higher for the minimum thickness designs than those for the criticalload maximization problem. For the minimum thickness design problem, designs must converge tothe minimum thickness first before reaching the practical optima. As some generations arenecessary to reach the minimum thickness before reaching the practical optima, more calculationsare required to reach practical optima with 0.80 reliability. Figure 8 shows the effect of the stoppingcriterion on average performance from 100 optimization runs for load case 2 without localimprovement. The probability of attaining minimum thickness is the proportion of runs where thebest design has the minimum thickness (48 plies), when the stopping criterion is satisfied. Theprobability of constraint satisfaction is the proportion of runs where the best design is at theminimum thickness and also satisfies the critical load constraint (lcr ‡ 1) but not necessarily thecontiguous ply constraint. No design which satisfies the load constraint but does not have theminimum thickness is included in the probability of constraint satisfaction.Figure 8 shows that more than 15 percent of the runs converged to thicker designs when thestopping criterion was set to less than 30 generations. This means that several generations wererequired to reach the minimum thickness, before reaching practical optima. For the buckling loadmaximization problem, the practical reliability was almost 0.8 (0.78 to be exact) when the stoppingcriterion was 63 generations without improvement. For the thickness minimization problem, astopping criterion of about 90 generations was required to reach a practical reliability of 0.8, seeFigure 8.Performance of Genetic Algorithms with Local ImprovementTable 4 shows the performance of genetic algorithms with local improvement. Compared withTable 3, the performance improves by about 30 percent for load case 1, and improves by more thana factor of three for load case 2. For load case 3, however, the performance becomes worse anddoes not reach 0.80 practical reliability even if the stopping criterion is increased to 88 generationswithout improvement in the objective function. The average performance of these three load cases isworse than that without local improvement due to the poor performance of load case 3 which isexplained next.Performance of NZP Seeding

15Kogiso et al. [9] showed that the reason for the poor performance of the local improvement wasthat optimal designs for load case 3 were singular optima . The optimum design has no zero plies,but designs with few zero plies are improved by adding more zero plies rather than by removingthem. Seeding the initial population with "no-zero-ply" (NZP) designs was a remedy for thesingularity problem. With the population sized fixed at 8, we tried two, four, or six initial NZPdesigns. This corresponds to 25%, 50%, or 75% of the population. The NZP designs are createdrandomly from the genetic codes 0, 2, and 3. The appearance probability of zero is set to 25% , andthat of the others is set to 37.5% to keep the ratio of the empty stacks as 25%.Table 5 shows the performance of NZP seeding for load case 3 with and without localimprovement. NZP seeding reduces the number of analyses both with and without localimprovement. However, with local improvement the practical reliability does not reach 0.8 even ifthe stopping criterion is increased to around 100 generations. The performance is also worse thanwithout local improvement. This is a substantially different trend compared to the critical loadmaximization problem (Kogiso et al. [9] ), where seeding and local improvement were much moreeffective and improved the performance by more than a factor of ten.Performance of the NZP seeding for the average of the three load cases with and without localimprovement is shown in Table 6. Combined with local improvement, the NZP seedingreduces the normalized price and number of nodes in the binary tree by 30 - 40 percent.Nevertheless, the effect of NZP seeding on the performance is not so strong as in the case of criticalload maximization problem (Kogiso et al.[9]).Kogiso et al. [9] discussed the effect of singularity for the fixed thickness case. The singularitythere was due to the fact that as the 0ß plies are removed from near optimum laminates, the criticalload deteriorated until the last 0ß ply is removed. Once the last 0ß plies are removed, the critical loadincreases suddenly. However, the singularity does not seem to be an issue for the next thickerdesigns which have 13 stacks (totally 52 plies). The best 13-stack designs for load case 3 areshown in Table 7 (these designs are far from practical optima). It is clear that the best 13-stackdesigns have a lot of zeros, and good stacking sequences are completely different for the 12 stackand 13 stack cases. Therefore, for this load case, the transition from 13-stack designs to 12-stackdesigns is difficult, and many runs get stuck with 13-stack designs.The results also demonstrate that local improvement can reduce the probability of finding the globaloptimum if measures to maintain population diversity are not taken. Here, seeding with NZPdesigns was such a measure.

16Simultaneous Load CasesWe also checked the case where all three loads are applied at once. To compare with the bucklingmaximization case, the load is set to Nx=12000 lb/in (2.1015x106 N/m), Ny=1500 lb/in(2.6269x105 N/m) for load case 1, Nx=10800 lb/in (1.8914x106 N/m), Ny=2700 lb/in(4.7284x105 N/m) for load case 2, and Nx=9000 lb/in (1.5761x106 N/m), Ny=4500 lb/in(7.8807x105 N/m) for load case 3, which represents a constant Nx+Ny of 13500.The application of all three loads simultaneously is handled by choosing the failure load to be theminimum of the three individual failure load factors (each of which is the minimum of the bucklingload factor and the strain failure load factor). For local improvement, the approximation was appliedto each load case independently, but the same five nearest neighbors were used to construct anapproximation. This procedure leads to a compromise optimal design where several failure loadsare critical. Table 8 shows the optimal and near optimal designs for this case. It is seen that whilethe buckling load for load case 3 is the critical load, the other two buckling loads as well as thestrength failure load for load case 1 are near critical and constrain the design. Only four designs arewithin the region of the practical optima. These are the same designs as Kogiso et al. [9] found forthe buckling load maximization problem.For this combined load case, the multiple constraint and the small set of practical optima have adramatic effect on the performance of the algorithm without local improvement as shown in Table9. Even when the stopping criterion is increased to 625 generations, the practical reliabilities do notreach 0.80. With local improvement, on the other hand, as seen from Table 10, good reliability canbe achieved at a cost which is not much higher than the cost of a single load case (compare to Table4). Comparing Tables 9 and 10, local improvement reduces the number of analyses an order ofmagnitude.Tuning of Penalty ValuesTuning of the penalty values (pl and e) is important for accuracy and good performance. Asdiscussed after Equation (13), pl > 1 is necessary to avoid having infeasible designs with betterperformance than the true optimum. However, large values of pl ,which intensify the penalty forconstraint violations, have a detrimental effect on the search.During the optimization, the optimal thickness design can be created from the next thicker or thenext thinner design by the mutation operator, but the probability of mutation was set to a low value(0.01) in the present work. For the load cases considered in the present study, the optimal designhas a small constraint margin (0.03 -- 0.05). In this case, most of the minimum thickness designs

17violate the critical load constraint. When the design violates the constraint, but the effect on theobjective function is not too large, that minimum thickness design can survive. If the effect ofconstraint violation is too large, this minimum thickness design will probably not survive.Figure 9 shows the effect of pl on the performance for load case 2 without local improvement. Thebest performance was obtained when pl was set to around 1.0. When it is set to a larger value, thegenetic algorithm experiences difficulty finding minimum thickness designs. While if it is set to asmaller value (greater than 0.5), the genetic algorithm tends to converge to designs which violatethe constraints and have small objective function values.Figure 10 shows the effect of e on the performance for load case 2 without local improvement.When e is set to a large value, the difference in the objective function values between 12 stacks and13 stacks becomes small, and the genetic algorithm tends to converge to thicker designs.These parameter values depend on the magnitude of the load or the constraint margin of the optimaldesign. We also investigated another load case, Nx=14000 lb/in (2.4518x106 N/m), and Ny=1750lb/in (3.0647x105 N/m), where Ny/Nx = 0.125. The load ratio is the same as for load case 1. Thisload magnitude is larger than the critical load of the optimal design for load case 1. Therefore, theoptimal designs become 52 ply (13 stacks). Table 11 shows the optimal design and sample designswith the highest critical load for 12-stack and 14-stack designs. The value of the objective functionunder several critical load penalty values is shown in Table 12. The combinations of pl and e werechosen to keep the optimum design at 13 stacks. Figure 11 shows the probability of reaching theoptimal thickness under several combinations of the penalty parameters. A 13-stack design isoptimum for all the combinations. For e =15 and pl=1, the probability is getting worse eventhough the stopping criterion is increasing. For this combination of e and pl, the genetic algorithmtends to converge to 12-stack designs which have lower values of the objective function (see Table12). Note, however, that for e and pl in the theoretically predicted range, this type of failure rarelyoccurs.The results indicate that the present form of the penalty function may lead to sensitivity of thereliability to choice of penalty parameters. A modified form of the penalty function which reducesthis sensitivity is discussed in [13].CONCLUDING REMARKSA genetic algorithm with memory was applied to the problem of minimum thickness design ofcomposite laminates subject to buckling, strength and ply contiguity constraints. Information about

18designs encountered during the genetic search is stored in an efficient binary tree structure. The useof memory avoids duplicating the analyses of previously encountered designs. Furthermore, thememory is used to construct approximations to the buckling loads that are then used to findimproved designs in the neigbourhood of the designs generated by the genetic search. The localimprovement scheme proved to be effective for reducing the number of analyses needed for theoptimization, particularly under multiple load cases, where it reduced the number of requiredanalyses by an order of magnitude. Additionally, the present case of minimum thickness design wascompared to previous results for the dual problem of maximizing buckling loads for a givenlaminate thickness. It was found that the minimization of thickness is more difficult and requiressubstantially more analyses for the genetic search. Thus, to recapitulate :- The use of memory avoids duplicating the analyses of previously encountered composite laminate designs.- Local improvement works well when the population of designs is diverse, but for small populations, it may reduce the probability of finding a global optimum in the presence of local optima. - Local improvement reduced the number of analyses by an order of magnitude for design under multiple load cases.- Minimization of thickness requires substantially more analyses for the genetic search as compared to the dual problem of load maximization for fixed thicness.ACKNOWLEDGMENTSThis work was supported in part by NASA grants NAG-1-168 and NAG-1-643, Department ofEnergy Grant DE-FG05-88ER25068, Air Force Office of Scientific Research Grant F49620-92-J-0236, and a scholarship from the Osaka Foundation of International Exchange.References 1. Schmit, L. A., and Farshi, B., "Optimum Design of Laminated Fiber Composite Plates", International Journal of Numerical Methods in Engineering, Vol. 11, pp. 623 - 640, 1977. 2. Mesquita, L., and Kamat, M. P., "Optimization of Stiffened Laminated Composite Plates with Frequency Constraints", Engineering Optimization, Vol. 11, pp. 77 - 88, 1987. 3. Haftka, R. T., and Walsh, J. L., "Stacking-Sequence Optimization for Buckling of Laminated Plates by Integer Programming", AIAA J., Vol. 30 (3), pp. 814 - 819, 1992. 4. Nagendra, S., Haftka, R. T., and G�rdal, Z., "Stacking Sequence Optimization of Simply Supported Laminates with Stability and Strain Constraints", AIAA J., Vol. 30 (8), pp. 2132 - 2137, 1992. 5. Le Riche, R., and Haftka, R. T., "Optimization of Laminate Stacking Sequence for Buckling

19 Load Maximization by Genetic Algorithm", AIAA J., Vol. 31 (5), pp. 951 - 956, 1993. 6. Holland, J. H., Adaptation in Natural and Artificial Systems, The University of Michigan Press, Ann Arbor, MI, 1975. 7. Goldberg, D.E., Genetic Algorithms in Search, Optimization and Machine Learning, Addison- Wesley publishing Company, Inc., Reading, MA. 8. Nagendra, S., Haftka, R. T., and G�rdal, Z., "Design of Blade Stiffened Composite Panels by a Genetic Algorithm Approach", Proc.of the 34’th AIAA/ASME/AHS Structures, Structural Dynamics and Materials Conference , held at La Jolla, CA, April 19-22, pp. 2418-2436, 1993. 9. Kogiso, N., Watson, L. T., G�rdal, Z., and Haftka, R. T., "Genetic Algorithms with Local Improvement for Composite Laminate Design", Structural Optimization, to appear.10. Miki, M., and Sugiyama, Y., "Optimum Design of Laminated Composite Plates Using Lamination Parameters", Proc. of the AIAA/ASME/ASCE/AHS/ASC 32nd Structures, Structural Dynamics and Materials Conference, Baltimore MD, Part 1, pp. 275 - 283, 1991.11. Kernighan, B. W., and Ritchie, D. M., The C Programming Language , Second Edition, Prentice Hall, Englewood Cliffs, N.J., pp. 139-143, 1988.12. Tovey, C. A., "Low Order Polynomial Bounds on the Expected Performance of Local Improvement Algorithms", Mathematical Programming, Vol. 35, pp. 193 -224, 1986.13. Le Riche, R., and Haftka, R.T., "Genetic Algorithms for Minimum Thickness Design of Composite Laminates", First International Congress on Composite Engineering, New Orleans, LA, August 28-31, 1994.

20FIGURE TITLES :Figure 1. Laminated plate geometry and loading.Figure 2. Pseudocode for genetic algorithm with local improvement.Figure 3. Calculation of objective function with the aid of a bianary tree.Figure 4. Example of the distribution o~˚perturbed designs obtained by stack interchange, nominal design [902 / (–45 / 02) 4 / – 452 / 902]s, W1* = 0.09838, W2* = 0.11806.Figure 5. Example of the effect of local improvement during the 10th generation.Figure 6. Exact versus approximate normalized buckling loads. Nominal design and perturbed designs showed in Figure 4.Figure 7. Distribution of accuracy of all designs from a single run.Figure 8. Effect of stopping criterion on practical reliability and probability that best design in the final population satisfies constraints and attains the minimum thickness. Population size = 8, permutation probability = 1.0, mutation probabilility = 0.01, e = 1.0, pl = 1.0.Figure 9. The effect of the penalty value (pl ) on the performance for load case 2 without local improvement. Population size = 8, permutation probability = 1.0, mutation probabilility = 0.01, pl = 1.0.Figure 10. The effect of the penalty value (e) on the performance for load case 2 without local improvement. Population size = 8, permutation probability = 1.0, mutation probabilility = 0.01, pl = 1.0.Figure 11. Probability of reaching the optimum thickness for several combinations of penalty parameters.

21TABLES :Table 1. The effect of the string length on the average of three load case.Table 2. (a) Optimal designs for load case 1*.Table 2. (b) Optimal and near-optimal* designs for load case 2.Table 2. (c) Practical optimal designs for load case 3.Table 3. Performance without local improvement.Table 4. Performance with local improvement.Table 5. The performance of NZP seeding for load case 3.Table 6. The average performance of NZP seeding for three load cases.Table 7. The 13-stack designs with the highest constraint margin for load case 3.Table 8. Global optimum, practical optima, and near-optimal design for multiple load case (Nx=12000 lb/in, Ny=1500 lb/in; Nx=10800 lb/in, Ny=2700 lb/in; Nx= 9000 lb/in, Ny=4900 lb/in). Critical load parameter values are pl=1.0 and e=1.0Table 9. The performance of multiple load case without local improvement.Table 10. The performance of multiple load case with local improvement.Table 11. Optimal designs and designs with higher critical load for Nx=14000 lb/in and Ny=1750 lb/inTable 12. Objective function and the penalty parameters.