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(ABSTRACT) 

A commonly occurring problem in response surface methodology is 

that of· inconsistencies in the response variable. These inconsis-

tencies, or maverick observations, are referred to here as outliers. 

Many models exist for describing these outliers. Two of these models, 

the mean shift and the variance inflation outlier models, are employed 

in this research. 

Several criteria are developed for determining when the outlying 

observation is detrimental to the analysis. These criteria all lead 

to the same condition which is used to develop statistical tests of 

the null hypothesis that the outlier is not detrimental to the analy-

sis. These results are extended to the multiple outlier case for both 

models. 

The robustness of response surface designs is also investigated. 

Robustness to outliers, missing data and errors in control are examined 

for first order models. The orthogonal designs with large second 

moments, such as the 2k factorial designs, are optimal in all three 

cases. 



In the second order case, robustness to outliers and to missing 

data are examined. Optimal design parameters are obtained by computer 

for the central composite, Box-Behnken, hybrid, small composite and 

equiradial designs. Similar results are seen for both robustness to 

outliers and to missing data. The central composite turns out to be 

the optimal design type and of the two economical design types the 

small composite is preferred to the hybrid. 
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I. INTRODUCTION 

Response Surface Methodology (RSM) is the term applied to a group 

of mathematical and statistical techniques used to solve particular 

types of problems often encountered in the sciences and engineering. 

In these problems the experimenter is interested in the response of 

some system which is influenced by several inputs or independent vari-

ables. The response and the independent variables are usually measured 

on a continuous scale with the independent variables being controlled 

by the experimenter. Of primary importance to the experimenter are 

prediction of the response and optimization of the system. Optimiza-

tion is finding combinations of the independent variables which give 

the optimum response. In some cases the experimenter may also be 

interested in selecting the independent variables which best describe 

the system. 

It is usually assumed that the· system can be approximated by a 

low order polynomial in the independent variables. Normally, a first 

or second order model is used. The first order model has the form 

and the second order model is of the form 

1 
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These models fall in the category of the general linear model, 

J... = XI+£ 

where J_ is an N x 1 vector of responses, X is the N x p matrix of inde-

pendent variables which takes into account the form of the model, I 
is a p x 1 vector of unknown constants to be estimated and E: is an N x 1 

vector of unobservable random error terms. 

The response surface models presented are special cases of linear 

regression models.· The important distinction is that the experimenter 

has control of the independent variables in the response surface model. 

Thus, he can select the levels of these variables to be used in the 

experiment. 

The control of the independent variables by the experimenter does 

not, however, prevent the occurrence of unusual, or maverick data 

points from these experiments. The term outlier has been used to 

refer to any observation which does not seem to be consistent with 

the bulk of the data. An observation can only be detected as an out-

lier, then, with respect to some baseline model used to describe the 

data. A more rigorous definition of what is meant by an outlier will 

be given later. 

Many techniques exist in the literature for identifying outliers. 

Identification of a point as an outlier may lead to its rejection from 

the analysis or replacement of the model being used with another which 

is more appropriate for the data, or the experimenter and collaborat-

ing scientists may decide to take no action at all in regard to the 

outlier. The goal of this research on outliers in RSM is to determine 
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when it is appropriate to delete the observation from the analysis and 

to give diagnostic tools to aid in making this decision in practical 

situations. 

Outliers can be modeled in a number of ways. In Chapter III a 

mean shift model and a variance inflation model will be used to de-

scribe the presence of an outlier. For more details on these models 

refer to Section 2.2. These models will be used in developing cri-

teria for determining when an outlier is detrimental to the analysis 

and should be discarded. Statistical test procedures based on these 

criteria will be developed which are intended for use as an aid to 

the experimenter in deciding whether or not to reject an observation. 

The criteria and test procedures will then be generalized to the case 

of multiple outliers for both outlier models. 

An important consideration in response surface work is the selec-

tion of the levels of the independent variables to be used in the ex-

periment. The combinations of levels of the independent variables 

used is called the experimental design. The experimenter should 

choose the levels in order to achieve certain design properties that 

are desirable for his purposes. It is common to choose designs which 

provide a particular pattern for the variances of _i. 

Another design philosophy is that the design should not only have 

desirable properties when the usual least squares assumptions are met, 

but should also perform well when one or more of these assumptions are 

violated. Designs selected in this manner are called robust designs. 

For example, Box and Draper (1959) discuss designs which are robust 

to violations in the assumption that the model is correct. In par-
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ticular, they consider the case where the model that is fit does. not 

include all of the relevant terms. If the model is misspecified in 

this way then E(E) is nonzero and bias is induced into the estimates. 

The designs Box and Draper reconnnend minimize the effect of this bias 

on the estimated response. (Chapter II gives more details on model 

misspecification.) 

This research will consider several types of design robustness. 

Specifically, designs which are robust to: 

(i) Outliers. Designs will be found which are insensitive to 

the occurrence of an outlier in the data. 

(ii) Missing data. Losing a data point alters the intended 

properties of the design. Designs will be found which minimize the 

effect of losing a single data point. 

(iii) Errors in control. Often the experimenter is unable to 

attain the exact level of the independent variables chosen for the 

design. The effects of these errors will be investigated in an 

attempt to find designs which are robust to them. 

The criteria used for evaluating these types of design robust-

ness will be introduced as each type is discussed. The necessary 

background for understanding each problem is presented in Chapter 

II. 

Designs will be investigated for both first and second order 

models. Theoretical results will be obtained in the first order 

case. Empirical results obtained by computer will be presented for 

several classes of second order designs. The second order designs 

to be considered are the central composite, small composite, Box-
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Behnken, hybrid and equiradial designs. These designs will be de-

scribed in detail in Chapter II. In the final chapter a sunnnary of 

the results will be given along with practical reconnnendations for 

the use of these designs. 



II. LITERATURE REVIEW 

2.1 Response Surface Methodology 

Recently response surface methodology has become more and more 

popular in industrial applications, as well as in fields such as 

chemistry, biology, nutrition and engineering. Researchers are be-

coming more interested in studying the relationships between variables 

in a system and in being able to optimize the system. The techniques 

of RSM are frequently used for these purposes. 

A brief review of response surface methodology will be given in 

the following sections. The necessary background material will be 

given in the next section along with a brief review of the relevant 

RSM literature. Section 2.1.2 will give some important response 

surface design considerations. 

2.1.1 Response Surface Methodology Review 

Response surface methodology is the term which refers to a group 

of techniques used to explore the relationships between variables in 

some region of interest, R. In particular, it is desirable to find 

conditions for the variables which lead to some type of optimality •. 

These techniques were originally presented in a paper by Box and 

Wilson (1951). Davies (1956) devoted a chapter in a book on the 

design and analysis of industrial experiments to the determination 

of optimum conditions. In that chapter Davies presents an exposition 

on the techniques of Box and Wilson, along with new designs which 

allowed the search for the optimum conditions to be done in an effi-

6 
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cient, economical manner. Hill and Hunter (1966) give an overview of 

the RSM techniques in use up to that time. The text by Myers (1976) 

provides a comprehensive account of the RSM techniques as well as 

some of the theoretical developments. 

In RSM the experimenter is interested in investigating a system 

which can be represented as follows: 

(2.1) 

n is the true response of the system, ~l' ••. , ~k are the inputs to 

the system (which are controlled by the experimenter) and f is the 

function relating the input and output variables. Note that n is the 

true response which would be observed in the absence of experimental 

error. The observed response, which is measured with error, will be 

denoted by y. 

In experimental situations the function, f, is unknown and there-

fore must be approximated, usually by a low order polynomial. Rather 

than expressing the polynomial in terms of ~l' ••. , ~k we will in-

stead express it in terms of the variables x1 , ••. , ~' called the 

design variables. The design variables are obtained from the natural 

variables, i.e., the ~'s, by linear transformations. These transfor-

mations amount to a location and scale change for each of the vari-

ables. Generally, we center each variable at O, and scale each to 

the interval (-1,1). The model, then, is expressed as a polynomial 

in x1 , •.. , ~· Usually a first order or second order model is used. 

This research will deal exclusively with first and second order models, 
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although many other polynomial models cou~d be considered. The first 

order model is given by 

k 
y = s0 + E 

i=l 

and the second order model by 

k k 

s.x. + e: 
l. l. 

k-1 k 
E ES .. X.X. + e: • 
i < j l.J l. J 

In matrix notation these models are written: 

.Y. = X_§_ + £ 

(2.2) 

(2. 3) 

(2.4) 

In this notation y is an N x 1 vector of responses, X is an N x p matrix 

of independent variables taking into account the form of the model, 

_§_ is the p x 1 vector of coefficients to be estimated and e: is the N x 1 

vector of random error terms. The usual assumptions made on the e:'s 

are that they are i.i.d. with E(.f..) = Q and Var(£)= o2 I. 

The techniques of RSM are based on least squares estimation of 

the coefficients. There are many other estimation methods available 

(see Draper and Smith (1981)), but only least squares estimation will 

be dealt with in this research. The least squares estimator of~ is 

given by 

(2.5) 
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and the estimated responses given by 

(2.6) 

Under the assumptions stated above S has the following properties: 

E(f) = g (2. 7) 

(2.8) 

A The properties of y are 

E(y) = X~ (2.9) 

(2.10) 

The variance of y is referred to as the prediction variance. If x 

is an arbitrary point in the design region then the estimated re-

sponse at~ is given by 

y = ~'f (2.11) 

and the prediction variance is 

(2.12) 

2.1.2 Design Considerations 

Since one of the primary goals of the experimenter is estimation 

of the response, he will be concerned with the quality of the pre-
A dieted response, y. With the usual assumptions stated above the 

quality of this estimate is reflected in the prediction variance, 
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which is determined by the experimental design chosen. This can be 

seen from (2.10). Thus, the experiment should be well planned and a 

design selected which will have desirable properties and allow for 

good estimation of the response. 

Some of the most cormnonly used design properties are those deal-

ing with the prediction variance, such as rotatabiZity, unifo!'ITI pre-

cision and minimum integrated prediction variance. These properties 

will be discussed in detail, but first it will be helpful to intro-

duce the notion of design moments (see Myers (1976)), which will be 

used to establish the design properties. 

The design moments of interest are given in the moment matrix, 

N-1(X'X), where N is the number of runs in the experiment. In com-

paring this matrix with (2.8) we see that the variances of the co-

efficients are determined by these design moments. For first order 

designs the moment matrix involves first order moments, or simply 

first moments and second moments. The first moments are given by 

[i] 
1 N 

= - L X. 
N u=l 1u 

(2 .13) 

The second pure moments and second mixed moments are given, respec-

tively, by 

[ii] 

and 

1 N 
= -N z: x2 iu u=l 

(2.14) 
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N 
[ij] = i L 

u=l 
X. X. 

1U JU 
(2.15) 

The second order design moment matrix will contain moments through 

order four. A similar notation is used to refer to third and fourth 

moments. For example, 

[iii] 
N 

= _! L X~ 
N u=l iu 

N 
[iiii] = i L 

u=l 

N 
[iiij] = t L 

u=l 

x~ 
1U 

X~ X. 
1U JU 

The design properties mentioned above can now be defined and 

discussed in terms of the design moments. Let 

(2.16) 

be a point in the design region, R, and y(~) be the predicted response 

at the point~· Let p be the distance of the point~ from the center 

of the design. With the variables centered at zero, 

( k ) 1/2 
p = L x~ 

i=l 1 
(2.17) 
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A design is said to be rotatable if the variance of y(~) is a 

function only of p and not of the direction of x from the center of 

the design. Then the contours of constant prediction variance will 

be spheres, or hyperspheres. So, two points equidistant from the 

center will have the same prediction variances. 

The moment conditions for achieving a rotatable design, as de-

rived by Box and Hunter (1957) differ for first and second order 

designs. For first order designs the conditions which yield rotat-

ability are as follows: 

1) [i] = 0 for all i 

2) [ij] = 0 i/j 

and (2.18) 

3) All [ii] must be equal . 

Notice that first order rotatable designs are also orthogonal. For 

second order designs the conditions are 

and 

1) 

2) 

All odd moments through order four must be zero 

All [ii] are equal 

3) [iiii] = 3[iijj] i / j. 

(2.19) 

Another design property presented in Box and Hunter (1957) re-

ferred to as uniform precision results in equal prediction variances 

for all points within the unit sphere, i.e., all points for which 
-

P ~ 1. This property is intuitively appealing since in most cases 

the experimenter has little or no knowledge a priori of the locations 
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within the design region at which he will want to predict well. Thus, 

from this point of view all points are equally important and should 

be estimated with equal precision. Uniform precision is determined 

by the mixed fourth moment, [iijj]. Box and Hunter give values for 

[iijj] which give uniform precision designs. Designs can be found 

which are both rotatable and uniform precision. 

The final design property to be discussed here is based on a 

criterion presented by Box and.Draper (1959). It is desirable to 

use a design whose average prediction variance is a minimum. The 

average is obtained by integrating the prediction variance over the 

region of interest, R. Box and Draper standardize the integrated 

variance to account for differences in sample size and error vari-

ance. The integrated prediction variance is then given by 

V=-NKJ 
o2 R 

Var(y)d~ (2.20) 

where, dx denotes dx1 , dx2 , ..• , d~ and, 

(2.21) 

From (2.12) it can be seen that 

(2.22) 

It is easiest to compute the integrated variance indirectly by 

using region moments (see Myers (1976)). In general, define the 
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region moment matrix to be 

µ = K JR xx'dx 

where, for first order designs~ is defined as in (2.16) and for 

second order designs xis defined as 

So, a general region moment looks like 

Now it can be seen that 

(2.23) 

(2.24) 

(2.25) 

(2.26) 

In practice usually designs are not found.which minimize V, 

rather Vis used as a criterion for comparing designs. An experimenter 

would select a design for which V was smallest when compared with the 

competing designs. 

The design properties discussed here are only a few of the pos-

sible properties to be attained by a design. In practice the experi-

menter will select one or two properties which are important to him 

based on the goals of his research and then select a design having 

these properties. It is generally not possible to achieve all of the 

properties one would like to have with a particular design and thus, 

some compromise must be made. 
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2.2 Outliers 

In RSM, as in any situation where data is observed with error, 

there is always a possibility that discordant observations will appear. 

In this paper the only type of discordant observations to be addressed 

are those which result from inconsistency in the response variable. 

These observations will be referred to as outliers. 

Many models exist for describing outlying observations. In this 

section two such models will be presented, the mean shift model and 

the variance inflation model. These two models will be dealt with 

exclusively in this research. The effects of the outlier on least 

squares estimation will be described and a brief discussion of the 

basic approaches to dealing with outliers will be presented. 

2.2.1 Mean Shift Outlier Model 

The mean shift outlier model is defined by Cook and Weisberg 

(1982) as the following: 

y = X_I + ii rt> + E , (2. 27) 

h d . . d t . th 1 . h · th · · d were . is an in ex vec or wi a int e 1 position an zeros 
-1 

elsewhere, and qi is the amount of the mean shift. Therefore, if qi is 

h . th . . 1· nonzero t e 1 point is an out ier. The usual assumptions are made 

on E and least squares estimation will be employed. 

The outlier in this case induces bias into the least squares 

estimator,]_, and thus into the estimated response, i_, however the 

variances remain the same as in (2.8) and (2.10). The biases are 
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(2.28) 

Bias(y) = (2.29) 

The effect of the experimental design on the biases is seen by the 

role of (X'X)- 1. 

To gain further insight into the effects of the outlier, consider 

the bias in prediction at the design points due to the outlier occur-

. h . th . ring at t e i point. From (2.28) it can be seen that 

(2.30) 

and 

j =I i . (2.31) 

From this we see that the bias in prediction at the point where the 

outlier occurs is a function of the ith diagonal element of the 

following matrix: 

(2.32) 

Also notice that the biases at the other design points are functions 

of the off-diagonal elements of H. The elements of H will be denoted 

by h ..• 
1] 

h .. = x'. (X'X)- 1x. = h .. 
1] -i -J ]1 

(2.33) 
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If i = j then we have the diagonal elements of H. Hoaglin and Welsch 

(1978) refer to Has the hat matrix and the diagonal elements of Has 

the hat diagonals. They discuss the importance of the hat matrix in 

regression which can be seen from (2.6) and (2.10) where 

and 

The role of the hat matrix in identifying "high leverage points" 

(points exerting a great deal of influence on y) is discussed in 

Hoaglin and Welsch (1978) and Belsley, Kuh and Welsch (1980). 

(2.34) 

(2.35) 

Several properties of the hat matrix and hat diagonals which 

will be useful in this reseach are given now without proof. (For 

details see Hoaglin and Welsch (1978).) 

1) His symmetric and idempotent. 

2) 0 ~ h .. ~ 1. 
N 11 

3) I h .. = p (the number of parameters to be estimated). 
i=l 11 

The hat diagonal for a particular point is a measure of the 

standardized distance from the point to the center of the data. So 

if h .. is large (h .. near 1), x. is far from the center thus indicat-
11 11 1 

ing that x. is a high leverage point. The hat matrix (and hat diago-
1 

nals in particular) will play a key role in determining the severity 

of an outlying observation. 
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2.2.2 Variance Inflation Model 

A second model for describing an outlier is a variance inflation 

model described by Cook, Holschuh and Weisberg (1982). In this case 

the model is that given in (2.4), but now the assumptions on the£ 

differ. We still assume that E(E_) = Q and that the elements of£ 

are independent of each other. Now, however, the variance structure .. 
for£ is somewhat altered. Instead of having constant variance, o2 , 

the variance-covariance matrix is given by 

0 

Var(E_) = = V (2.36) 

0 

That is, all of the errors have variance, o2 except for the ith error 

which has variance that is inflated by an amount oi. 
The least squares estimators, 8 and i, will still be used to 

estimate the coefficients and responses. The properties of these 

estimators under the variance inflation model are as follows: 

E({) = ~ (2.37) 

Var(!) = (2.38) 



Var(y) = 

Therefore, 

and 
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E(y) = Xf 

Var(y.) = cr2h .. + cr~h?. 
1 11 u 11 

Var(y.) 
J 

= cr2h + cr2h 2 
• • A • • JJ u 1J 

2.2.3 How to Treat Outliers 

(2.39) 

(2.40) 

(2.41) 

(2.42) 

In this research the outlier problem will be addressed in two 

ways. One is to develop techniques for identifying potentially 

damaging _outliers. Once an outlier has been identified as possibly 

being har!Ilful to the analysis it will be up to the analyst and 

scientists to decide whether or not to eliminate the point. The 

second approach is to employ experimental designs which are insensi-

tive to outliers. Then if outliers should exist their impact on the 

analysis will be minimized. These designs will be discussed in the 

next section. 

2.3 Robust Design 

In this section we will deal with the concept of robust design 

and present results that are necessary to this research. Robustness 

in general refers to an insensitivity of a procedure to violations in 



20 

assumptions, or to nonstandard conditions. Robustness can be achieved 

in one of two ways. Either an estimation technique can be chosen 

which provides this insensitivity or, in the context of RSM, an ex-

perimental design can be selected which will give robustness. Since 

we will be using least squares estimation we will look for designs 

which provide some type of robustness. 

The following types of design robustness will be discussed in 

the next two sections: 

1) Robustness to model misspecifications 

2) Robustness to outliers. 

2.3.1 Robustness to Model.Misspecification 

The original work on robust designs in RSM appeared in a paper 

by Box and Draper (1959). Their work dealt with designs which are 

robust to the assumption that the model is correct, i.e., that 

E(..£) = Q. They deal with a specific type of model misspecification 

in which the model that is fit is of order d and the "true model" is 

of order d + 1. The estimated coefficients of the fitted model are 

biased due to the misspecification. An integrated mean square error 

(MSE) criterion is used to find designs which are insensitive to this 

type of miss·pecification. Three cases are considered: minimization 

of bias only, minimization of variance only and minimization of inte-

grated MSE. 

In the case where the fitted model is first order, as in (2.2), 

and the true model is second order, as in (2.3), the moment conditions 

for a spherical design region are summarized as follows: 
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1) Minimum bias: 

a) [ij] = 0 

b) All third moments equal zero 

c) [ii] 1 = k+2 

(2.43) 

Notice that these conditions give a symmetric, orthogonal design. 

2) Minimum variance: 

a) [ij] = 0 

b) [ii] as large as possible 

This design will also be orthogonal. 

3) Minimum integrated MSE: 

(2.44) 

It turns out that an optimal design in terms of minimum inte-

grated MSE can not be found without knowledge of the unfit coefficients. 

However, the point is made that a small amount of bias can greatly 

effect the least squares estimates, and that bias may be more of a 

proplem than variance. In fact, Box and Draper show that in cases 

where variance and bias are contributing equally to the MSE, the 

optimal design is very close to the minimum bias design. Thus, the 

recommendation when both variance and bias are involved is to compro-

mise. Select a symmetric, orthogonal design with second moments 

between the second moments for the minimum bias design and the 

minimum variance design, but closer to the minimum bias design. 

Similar results are given also for a spherical region for the 

case where the fitted model is second order and the "true model" is 

third order. The conditions for the minimum bias designs are 
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a) All odd moments through order five are zero 

b) 

c) 

d) 

[ .. ] 1 
11 = k+2 

[iijj] 

[iiii] 

1 =-----(k+2)(k+4) 
3 = ~-.,.....,.-~ (k+2)(k+4) • 

Notice that these conditions result in a rotatable design. 

2.3.2 Robustness to Outliers 

(2.45) 

The first research on designs which are robust to outliers was 

also done by Box and Draper (1975). They define criteria for measur-

ing insensitivity of the design to outliers in terms of the hat diago-

nals, as defined in (2.33). They indicate that the hat diagonals 

should be made equal in order to achieve robustness to outliers. In 

the first order case this can be achieved. k For example the 2 fac-

torials and the first order orthogonal fractions have equal hat diago-

nals. These designs will be discussed in more detail in Section 2.4.1. 

In the second order case, however, equal hat diagonals ca~ not be 

achieved and thus, they recommend minimization of the sample variance 

of the hat diagonals. They give results for a specific class of 

second order designs called the central composite design, which will 

be discussed in Section 2.4.2. 

Draper and Herzberg (1979) use an average integrated MSE cri-

terion to find outlier robust designs in the presence or absence of 

model misspecification. They do not recommend the use of this cri-

terion alone in evaluating designs. The criterion is set forth as 

an additional criterion to help evaluate competing designs in terms 

of the fourteen design properties listed in Box and praper (1975). 
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2.4 Design Classes to be Considered 

This section will describe the types of designs to be used in 

this research. Both first and second order designs will be described. 
' k In the first order case the 2 factorial and fractional factorial de-

signs and Plackett-Burman designs will be investigated. The follow-

ing second order designs will be discussed in the following sections: 

1) Central composite 

2) Box-Behnken 

3) Hybrid 

4) Small composite 

5) Equiradial. 

2.4.1 2k Factorial Plans 

The 2k factorial arrays involve variables at 2 levels (usually 

+1 and -1). For example, the following is a 23 design: 

xl X2 X3 

1 1 1 
1 1 -1 
1 -1 1 
1 -1 -1 (2.48) 

-1 1 1 
-1 1 -1 
-1 -1 1 
-1 -1 -1 
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A fractional factorial array is obtained when not all of the 2k 

combinations of design levels are run. In this research only frac-

tional factorials which are first order orthogonal and of Resolution 

III or higher will be considered. 

The first order orthogonality of these designs makes them optimal 

in many ways, some of which have already been noted. The 2k factorials 

will also turn out to be optimal in terms of the criterion developed 

in this research. For details on the 2k factorials and fractional 

factorials see Box, Hunter and Hunter (1978). 

2.4.2 Plackett-Burman Design 

Plackett-Burman designs are two level orthogonal designs which 

are saturated or nearly so, that is, designs in which the number of 

observations is nearly equal to the number of parameters being fit. 

An example will illustrate the construction of these designs. For 

a sample size of 8 Plackett and Burman (1946) give the following 

levels for the first seven levels of the first variable 

+1 +l +l -1 +1 -1 -1 

The levels for other variables (up to seven) are obtained by taking 

cyclic permutations of the levels of the first variable. The eighth 

run is taken with all variables at the -1 setting. Thus, the eight 

run design for four variables is as follows: 
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xl X2 x3 X4 

+1 +1 +1 -1 
+1 +1 -1 +1 

+1 -1 +1 -1 

-1 +1 -1 -1 . 
+1 -1 -1 +1 

-1 -1 +1 +1 

-1 +1 +1 +1 

-1 -1 -1 -1 

Since these designs are first order orthogonal they are also 

rotatable. These designs will be used later in the construction of 

small composite designs. 

2.4.3 Central Composite Design 

A central composite design (ccd) (see Myers (1976)) is obtained 

by augmenting a 2k factorial or fractional factorial with the follow-

ing: 

Xl X2 X3 ... xk 

et 0 0 ... 0 

-Ct 0 0 ... 0 

0 et 0 0 

0 -Ct 0 ... 0 (2.49) 
0 0 Ct ... 0 

0 0 -Ct ... 0 . 
0 0 0 ... Ct 

0 0 0 ... -Ct 
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These points are called axial points and the value of a is referred to 

as the a.xial value. The value of a is chosen by the experimenter to 

achieve certain design properties. Center points, that is observations 

taken at the center of the design, may also be included. The number 

of center points is also left to the discretion of the experimenter. 

The choice of a and the number of center points makes this a very 

flexible class of designs. We will take advantage of this flexi-

bility to obtain robustness. 

An example of a 3 factor ccd is given below. 

xl x2 X3 

1 1 1 
1 1 -1 
1 -1 1 
1 -1 -1 

-1 1 1 
-1 1 -1 
-1 -1 1 
-1 -1 -1 (2.50) 

1.682 0 0 
-1.682 0 0 

0 1.682 0 

0 -1.682 0 
0 0 1.682 
0 0 -1.682 
0 0 0 

0 0 0 

In this example a= 1.682 makes the design rotatable. 
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2.4.4 Box-Behnken Design 

These designs are formed by combining 2k factorials with the 

notion of balanced incomplete block structures. (For details see 

Box and Behnken (1960).) A 22 factorial is formed for each pair of 

variables and the level of the remaining variables is zero. There 

will be(~)• 4 points in addition to center points. An example will 

help to illustrate the construction of these designs. The three 

variable Box-Behnken design is 

xl x2 x3 

1 1 0 
1 -1 0 

-1 1 0 
-1 -1 0 

1 0 1 
1 0 -1 (2.51) 

-1 0 1 
-1 0 -1 

0 1 1 
0 1 -1 
0 -1 1 

0 -1 -1 

0 0 0 

Fork~ 6,2 3 factorials are formed for combinations of three 

variables. For example, the six variable design is 
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xl X2 X3 X4 XS x6 

±1 ±1 0 ±1 0 0 

0 ±1 ±1 0 ±1 0 

0 0 ±1 ±1 0 ±1 
±1 0 0 ±1 ±1 0 . 

0 ±1 0 0 ±1 ±1 

±1 0 ±1 0 0 ±1 

0 0 0 0 0 0 

The notation (±1,±1,±1) refers to the full 2 3 factorial. Notice that 

center points are added to the basic design. 

In this research the optimum number of center points for achiev-

ing certain types of robustness will be determined. 

2.4.5 Hybrid Design 

Roquemore (1976) develops hybrid designs in order to obtain 

designs which have nearly the minimum number of points for estimat-

ing the parameters in the model. Fork variables the designs are 

constructed as follows: 

1) th (k-1) At one level of the k variable, construct a 2 fac-

torial in the remaining variables. 

2) th At a second level of the k variable, construct the axial 

points for a (k-1) ccd as in (2.49). 

3) Construct two axial points for the kth variable. 

4) Possibly include a number of center points. 

The hybrid design in three variables is 
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xl X2 x3 

0 0 CLl 
0 0 CL2 

1 1 a.3 
1 -1 II 

-1 1 II 

-1 -1 II (2.53) 

a. 0 Ct.4 
-CL 0 " 

0 a. II 

0 -CL II 

0 0 0 

So, CL, CL1 , a.2 , a.3 , CL4 and the number of center points are chosen by 

the experimenter. Notice the ccd in the first two variables. The 

most attractive feature of these designs is that they are extremely 

economical, especially for large k. 

2.4.6 Small Composite Design 

These designs are very similar to the ccd's described in Section 

2.4.2. However, in small composite designs the factorial points are 

formed using Plackett-Burman designs rather than 2k factorial designs. 

(See Draper (1983) for a discussion of small composite designs.) This 

class of designs is also very economical. An example of a small com-

posite design for four variables follows: 
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xl x2 x3 X4 

-1 -1 -1 -1 
-1 1 -1 -1 

1 -1 1 -1 
1 -1 -1 1 

-1 -1 1 1 
1 1 1 -1 
1 1 -1 1 

-1 1 1 1 
0 0 0 (2.54) 

a. 

-a. 0 0 0 

0 a. 0 0 

0 -a. 0 0 

0 0 a. 0 

0 0 -a. 0 

0 0 0 a. 

0 0 0 -a. 

0 0 0 0 

The factorial portion of this design is a~ fraction with defining 

contrast I= ACD. This small composite design for four variables 

has N = 18 while the four variable ccd has N = 26, a significant 

savings when obtaining observations is expensive. 

2.4.7 Equiradial Designs 

This is a class of designs for two variables, which are all 

rotatable. The levels of x1 and x2 are obtained as follows: 

x1 = p cos[8+(2,ru)/N 1] 

x2 = p sin[e + (2,ru) /N1] 

u=O,l, •.• ,N1-l 

(2.55) 
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where p is the distance of the points from the center of the design, 

e is the angle the first point makes with the real axis and N1 is the 

number of non-center points in the design. (See Myers (1976) for more 

details.) These designs result in points which are equally-spaced on 

a circle and therefore must include center points to avoid singularity 

of the design matrix. The following example is a design with six 

points on the circle (a hexagon) and three center points. 

xl x2 

1 0 
0.5 !Ts 

-0.5 !Ts 
-1 0 

-0.5 -!Ts . (2.56) 

0.5 -!Ts 
0 0 
0 0 
0 0 

As well as being rotatable the three center points make this design 

nearly uniform precision. The following diagram illustrates the 

geometry of the design: 
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In the next chapter the concept of outliers will be further 

developed. In particular, it will be determined when an outlier is 

detrimental to the analysis. Recommendations will be given for diag-

nosing the effects of discordant observations in an RSM framework. 



III. OUTLIERS 

In response surface studies, as in any data analysis situation, 

it is not unusual for discordant observations to occur. The observa-

tions can only be judged to be discordant relative to some model of 

interest, which in this case is the model given in (2.4). In this 

chapter two techniques for modeling outliers will be investigated, 

the mean shift outlier model and the variance inflation outlier model. 

The effects of the outlier on least squares estimation will be 

investigated in order to aid in determining the appropriate action to 

be taken. In some instances it may be determined to be appropriate to 

discard the outlying observation rather than include it in the analysis 

and in other cases it may be more beneficial to include the point even 

though an outlier has occurred. There are trade-offs, then, between 

the effects of the outlier and the effects of discarding a data point. 

Thus, the decision to eliminate an observation should only be made by 

the analyst in close collaboration with the scientists who are experts 

in the field of experimentation. To aid in the decision-making process, 

criteria will be developed for determining when the effects of the out-

lier outweigh the effects of eliminating the observation and thus the 

outlier should be considered detrimental to the analysis. Statistical 

tests will be developed based on these criteria for both outlier models. 

It is not the intent of this research to recommend the elimina-

tion of observations based solely on a statistical test. These test 

procedures are being set forth as diagnostic tools to assist the ana-

lyst and the scientists in making the decision. However, if a formal 
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statistical test is desired, it will be demonstrated in this re~earch 

that the tests developed here are the appropriate tests to be made. 

3.1 Mean Shift Outlier Model 

One approach to modeling a single outlier in a set of data is to 

assume that the model given in (2.4) is correct except that at one 

. ( h .th . ) h h h'f d point t e 1 point t e mean ass 1 te. The data can then be 

modeled using the mean shift outli~r model given in (2.27). As 

stated in Chapter II, the mean shift outlier will induce bias into 

the estimates of the coefficients and into the predicted responses. 

To determine the effects of eliminating the outlier, let X. 
-1 

denote the (N-1) x p matrix obtained from X by deleting the i th row. 

It can be shown that 

(3.1) 

where h .. is defined as in (2.33) (see Rao (1965), pg. 29). This is, 
11 

apart from cr2 , the variance of the coefficients estimated with only 

the (N-1) "good" points. Since the diagonal elements in the second 

term of (3.1) are obviously positive, the variances of the coeffi-

cients are inflated by eliminating the outlier, as one would expect. 

In fact, the increase in variance will be large if the outlier is 

also a high leverage point (i.e., h .. is close to unity). Thus, the 
11 

bias induced by the outlier must be weighed against the increase in 

variance occurring from eliminating the point. 
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In the next section several criteria will be developed for deter-

mining when the outlier is detrimental to the analysis. The outlier 

is considered detrimental to the analysis if the bias incurred is 

greater than the increase in variance which occurs when the point is 

eliminated. 

3.2 Criteria of Interest 

In this section criteria will be developed for determining when 

the outlier is degrading. The criteria to be considered are as 

follows: 

1) Sum of the mean square errors of coefficients 

2) Sum of the mean square errors of prediction 

3) Mean square error of y. 
l. 

4) Integrated mean square error of 
A 

y. 

3.2.1 Sum of the Mean Square Errors of Coefficients 

In general the mean square error is defined as 

MSE Variance+ Bias2 

From this we define the mean square error matrix for S to be 

MSE (]) = Var(_§_) + Bias (f) • Bias (f)' 

(3. 2) 

(3. 3) 

where Bias(_§) is that given in (2.28). The first term in (3.3) is the 
A 

variance-covariance matrix for f, which has variances of the coeffi-
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cients on the diagonal and covariances between coefficients on the 

off-diagonals. The second term has squares of biases on the diagonal 

and products of biases on the off-diagonals. Thus the diagonal ele-

ments of the matrix given in (3.3) are the mean square errors of the 

estimated coefficients. 

An obvious norm to be used in developing a criterion is the sum 

of the mean square errors of the coefficients, which is obtained from 

MSE(S) by taking the trace of the matrix. It can be seen that 

Trace[MSE(S)] 

(3. 4) 

It is clear from (3.4) that the effect of the outlier on the sum of 

the mean square errors of the coefficients is determined not only by 

th · d f h tl' b t 1 b h 1 · f the 1.th · e magnitu e o t e ou ier u a so y t e ocation o point 

in the design space, as measured by x!(X'X)- 2x .• This quantity, which 
-1 -1 

will be referred to as a "pseudo-hat diagonal", plays an important 

role in the developments of many of the criteria, as will be seen 

later. Although similar to a hat diagonal in that it is a distance 

measure, the pseudo-hat diagonal is not scale free as the hat diago-

nal is. However, this quantity can be used as a diagnostic tool in 

determining the affect of an outlying observation. 

The effects of eliminating the outlier, the ith point, must also 

be considered. Let X . denote the X matrix with the ith row deleted, 
-1 

i . denote the response vector with the ith observation deleted and 
-1 
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a denote the least squares estimator obtained with the i th observa-.l:<.._i 

tion deleted, i.e., 

S. = (X'.X .)-lx•.y., 
--1 -1 -1 -1 -1 

(3.5) 

and we will make the usual least squares assumptions. Then as long as 

N - 1 ~ p it is obvious that 

E(i . ) = B 
-1 

(3. 6) 

and 

Var(S .) = o2 (x' .X .)-1 
--1 -1 -1 

(3. 7) 

Since~ . is unbiased for B, its mean square error matrix is 
--1 -

simply its variance-covariance matrix. Then from (3.7) and the rela-

tion given in (3.1) 

MSE(S .) 
--1 

(3. 8) 

The mean square errors of the coefficients with the ith observation 

deleted are found on the diagonal of the matrix given in (3.8). The 

sum of the mean square errors can then be found by taking the trace 

of the matrix as follows: 



Trace[MSE(g .)] 
--1. 
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x~ (X'X)- 2x 
2 -1 -1. -i 

= cr [Trace(X'X) + l-h.. ] 
l.l. 

(3.9) 

It can be seen from the relationship in (3.9) that the pseudo-hat 

diagonal, x~(X'X)- 2x., not only plays a role in determining the effect 
-1. -1. 

of the outlier (as seen in (3.4)), but also in determining the effect 

of deleting the observation. 

Recall that it is desirable to choose the estimator which is more 

accurate, in this case either 8 or 8 .• If 8 . is more accurate than 
- --1. --1. 

]., this indicates that the outlier is causing undue harm and should 

be discarded. Thus, if the sum of the mean square errors for]. is 

larger than the sum of the mean square errors for S ., the outlier 
--1. 

is degrading the analysis. The following theorem provides the condi-

tion under which inclusion of the point is degrading to the analysis. 

Theorem 3.1 

Trace[MSE(]_)] > Trace[MSE(A .)] iff 
-1. 

1 
1-h· · 1. l. 

(3 .10) 
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Proof 

Trace[MSE(_§)] > Trace[MSE(§. .)] 
-1. 

a2 
¢=::> ¢ 2 >  ---

1-h  .. 
l. l. 

~~  1 
cr2 1-h  .. 

l.  l. 

x! (X'X)-2x. 
-1. -1. 

1-h  .. 
l.l. 

If  the  relationship  stated  in  Theorem  3.1  holds,  then  the  out-

lying  observation  should  be  discarded.  However,  in  practice,  the 

experimenter  will  not  know  for  certain  whether  or  not  this  relation-

ship  holds  and  thus  must  collaborate  with  the  expert  scientists  in 

determining  when  to  delete  the  observation  in  question.  The  statis-

tical  test  to  be  developed  in  Section  3.3  is  intended  as  an  aid  in 

providing  a  probabilistic  basis  for  a  decision  regarding  the  outlier. 

3.2.2  Sum of  the  Mean  Square  Errors  of  Prediction 

In dofng RSM,  predicting  the  response  is  generally  of  more  in-

terest  to  the  experimenter  than  estimation.  Thus,  a  criterion  similar 

to  that  developed  in  the  previous  section  will  be  developed  for  the 

vector  of  predicted  values, y. 
In  determining  the  severity  of  the  outlier,  the  sum  of  the  mean 

square  errors  for  the  predicted  values  will  be  investigated  for  the 
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cases where the outlier is included in the analysis. and where the 

outlier is deleted. The more accurate prediction is the one whose 

sum of mean square errors is smaller. Recall that the mean square 

error matrix of i is defined from (2.10) and (2.29) as follows: 

MSE (i) = Variance (i_) + Bias (i_) • Bias (i) ' 

(3 .11) 

The first term in (3.11) contains variances and covariances of the 

elements of i and the second term contains squares of biases of y's 

on the diagonal and products of biases as·off-diagonal elements. 

The sum of the mean square errors of prediction is obtained by 

taking the trace of the matrix given in (3.11) as follows: 

Trace[MSE(i_)] 

(3 .12) 

where p is the number of parameters being estimated. The effect 

of high leverage (i.e. h .. near unity) on the bias induced by the out-
1.1. 

lier can be clearly seen in the relationship given in (3.12). 

The effects on prediction of deleting the outlying observation 

can be determined by investigating i ., the N-dimensional vector of 
-1. 
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predicted values obtained by deleting the ith observation. Then, 

XS . , 
--1. 

(3 .13) 

where ..6... is as previously defined. Clearly, under the usual least 
-1. 

squares assumptions 

E(y . ) = XB 
-1. 

(3.14) 

and 

Var(y .) = cr2X(X' .X .)- 1x' 
-1. -1. -1. 

(3.15) 

The mean square error matrix for i. is simply the variance-covariance 
-1. 

matrix since i. is unbiased for XB. Using the relation given in (3.1), 
-1. 

MSE(y . ) 
-1. 

(3.16) 

This matrix has mean square errors (i.e. variances) of the elements 

of i. on the diagonal and covariances of these elements as off-
-1. 

diagonals. The trace of the matrix in (3.16) gives the sum of the 

mean square errors for y. as follows: 
-1. 
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Trace[x'(X'X)- 1X'X(X'X)- 1x. = cr2 [Trace[X'X(X'X)-1] + ___ -_i ________ -_1 ] 
1-h .. 

cr2h .. 
= cr2p + 11 

1-h .. 
11 

11 

(3.17) 

As would be expected, the hat diagonal also determines the effect of 

discarding the outlier. 

Once again the trade-off between the effect of the outlier and 

the effect of discarding an observation must be assessed to determine 

the appropriate action. If the sum of the mean square errors for i 
is larger than the sum of mean square errors for .i ., then this indi-

-1 

cates that the effect of the outlier outweighs the effect of deleting 

an observation and the point should be discarded. The following 

theorem gives the condition under which the outlier is having a 

degrading effect on the analysis. 

Theorem 3.2 

Trace [MSE (i)] > Trace [MSE (.i . ) ] iff 
-1 

~ > 1 (3.18) cr 1-h .. 
11 
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Trace [MSE (z)] > Trace [MSE (y . ) ] 
-1 

cr2h .. 
¢:::::;> ~2h .. > 11 

11 1-h .. 

1 
1-h .. 11 

11 

cr2h .. 11 
1-h .. 

11 

This theorem gives the same condition for determining when the 

outlier is detrimental as does the criterion for MSE(].). Thus, 

whether estimation of coefficients or prediction is the main concern 

of the experimenter, the same condition is reached. It is obvious 

from the condition that the leverage of the point determines whether 

or not the outlier is severe enough to require elimination. Recall, 

however, that in practice the experimenter can not know whether this 

condition holds or not. 

3.2.3 " Mean Square Error of yi 

In certain situations in response surface work the experimenter 

may be interested in· the predicted response at the point where the 

outlier occurs. A - f A In these cases the quality of y. - x.B, the estimated 
1 -1-

response at the ith point, is of interest. The effect of the outlier 

on the accuracy of this prediction will be investigated along with 

h ff f d 1 . h .th . tee ect o e et1ng t e 1 point. These results will be used to 

develop a criterion similar to those developed above. 
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From the development in the previous section it is clear that the 

f A • h .th d• 1 1 f h mean square error o y. is t e i iagona e ement o t e mean square 
i 

error matrix given in (3.11). That is, 

(3.19) 

Once again the leverage of the outlying point is seen to determine the 

effect of the outlier. 

Let the predicted response at the ith point obtained by deleting 

the ith point be denoted by A Y_i" Then, 

; = x's -i -i--i 

From previous results it is obvious that 

and 

"' 

(3.20) 

(3.21) 

(3.22) 

The mean square error of y . is then equal to the variance of y . 
-i -i 

since it is unbiased for x~B. Using the relationship in (3.1) gives -i-

h~. 
= a2 [h. . + · 1 ~i ] ii - .. (3.23) 

ii 
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th In terms of the prediction at the i point, the outlier is 

damaging to the analysis if the mean square error of prediction at 

th the i point is larger with the point included in the analysis than 

with the point deleted. This occurs when the condition stated in the 

following theorem holds. 

Theorem 3.3 

Proof 

<1>2 1 ->---
02 1-h .. 

1.1. 

MSE(y.) > MSE(y .) 
l. -1. 

h~ . 
.;::::;. o2h .. + <t>2h~. > o2 [h .. + 1.1. ] 

1.1. 1.1. 1.1. 1-h .. 
1.1. 

q,2 1 
.;::::;, ::7 > cr 1-h .. 

1.1. 

(3.24) 

The same condition then is obtained with this criterion as with 

the previous criteria. It is interesting to note that whether one is 

concerned with estimation at all of the design points or estimation 

only at the outlying point the same condition is obtained. 
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3.2.4 Integrated Mean Square Error of y(x) 

The criteria developed in the previous two sections, although 

prediction-oriented, have a shortcoming which may be of concern to ex-

perimenters involved in RSM. The experimenter is interested in pre-

dicting the response throughout the region of interest, R. The cri-

teria in the previous sections take into account only the prediction 

occurring at the design points, which may be of little or no interest 

to the experimenter. A more appropriate criterion, then, is the inte-

grated mean square error of prediction, where the integration is as 

described in Chapter II. 

Recall that if xis an arbitrary point in R, then the estimated 

response at xis y(x) = x']. and the prediction variance (apart from 

(3 .• 25) 

The predicted response at x will be biased as seen in the following: 

(3.26) 

Thus, the bias in prediction at xis given by 

Bias.(y(x)) = x'(X'X)- 1x.~ 
1 - - -1 

(3. 27) 
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The  integrated  mean  square  error  of  prediction  at  x  (denoted  by 

IMSE(y(x)))  is  defined  to  be 

IMSE(y(x)) =~JR MSE(y(x))d~ 

= ~ J Var(y(x))d~ + ~ J Bias~ (;(~))d~ 
cr R cr R 1 

= NK JR ~'(X'X)- 1~d~ + ~~  JR ~~(X'X)-1~~'(X'X)- 1~id~ 

(3.28) 

where  Kand d~ are  as  defined  in  Chapter  II.  The  first  term  in (3.28), 

the  integrated  variance,  is  given  in (2.26) as 

N Trace[µ{X'X)-1] , (3.29) 

whereµ  is  the  region  moment  matrix  defined  in (2.23). A  development 

similar  to  that  given  in  Chapter  II  for  the  integrated  variance  will 

be  given  for  the  bias  portion  of  the  integrated  mean  square  error. 

N~2 -1 -1 
= .:::t...._ Trace[µ(X'X) x.x!(X'X) ·] 
cr2 -1-1 

(3.30) 
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Combining (3.29) and (3.30) gives 

IMSE(y(~)) = N Trace[µ(X'X)- 1 ] 

N~2 -1 -1 + ~ Trace[µ(X'X) x.x!(X'X) ] 
02 -1-1 

(3. 31) 

To.determine the effects of deleting the outlying observation 

let Xi' y. and ..6.. be as previously defined. Then, let y_i(;) de-
- -1 -1 

note the predicted response at the point~ obtained by deleting the 

ith observation, i.e., 

y . (x) = x']. . 
-1 - - -1 

It is obvious from previous results that 

E(y_/~)) =~'f 

anci 

Var (y . (x)) 
----- 1 ---- = x' (X' .X .)- 1x 

02 - -1 -1 -

Thus, the integrated mean square error of y .(x) is equal to the 
-1 -

(3.32) 

(3.33) 

(3.34) 

integrated variance for y .(x). Clearly, from the development in 
-1 -

Chapter II 



49 

IMSE (y _i (~)) 

= N Trace{µ[(X'X)-1 + 

Now, the two integrated mean square errors must be compared to 

determine under what condition the outlier is deteriorating the anal-

ysis. This condition is given by the following theorem: 

Theorem 3.4 

Proof 

IMSE(y(x)) > IMSE(y .(x)) 
- -1. -

r:. 1 
a2 > 1-h .. 

l.l. 

IMSE(y(x)) > IMSE(y .(x)) 
- -1. -

N~2 -1 -1 
¢::;> ~- Trace[µ(X'X) x.x!(X'X) ·] 

a2 -1.-1. 

iff 

(3.36) 
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Thus, all of the criteria considered, MSE(].), MSE(i), MSE(y.) and 
l. 

IMSE(y(x)), yield the same result. Whether the experimenter is in-

terested in estimation of coefficients or prediction of the response, 

the same condition should be used in determining when the outlier is 

detrimental to the analysis. As pointed out earlier, the experimenter 

in practice will not know whether or not the condition holds. In the 

next section a statistical test, intended for use as a diagnostic tool, 

will be developed, which can aid the experimenter in the decision-

making process. 

3.3 Test Procedure for Mean Shift Outlier 

3.3.1 Test Statistic and Distribution 

From the criteria developed in Section 3.2 it is clear that the 

experimenter need not be concerned with the occurrence of a mean shift 

(i.e., ~ :f:. O), but there should be concern with whether the shift is 

large enough to be damaging (i.e., ~2 /o 2 > 1/1-h .. ). If the outlier 
l.l. 

does not represent a "negative impact" on the results, there is no 

reason to exclude the point from the analysis. 

The data presented in Table 1 was obtained in a consulting proj-

ect through the Statistical Consulting Lab and will be used to illu-

strate the test procedures. The data is from a chemical experiment 

in which the effects of fluidizing gas flow rate (x 1), supernatent 

gas flow rate (x 2), and supernatent gas inlet nozzle opening (x 3) 
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on a heat transfer coefficient (y) were investigated. The design 

used was a central composite design with a= 1.73 and two center 

points. 

A full second order model was fit to the data and the residuals 

(i.e., ei = Yi -yi) obtained are plotted in Figure 1. It can be seen 

from this plot that the residual for observation 13 appears to be 

larger than the other residuals. Although this is by no means con-

clusive evidence, it might appear that this point is a maverick ob-

servation. Cook and Weisberg (1982) give a statistical test for 

determining whether a mean shift has occurred at a given point. 

The test is based on the studentized residual, commonly referred 

to as RSTUDENT, which is defined as 

RSTUDENTi = 1/2 
s .(1-h .. ) 

-1 - 11 

(3. 37) 

where ei is the residual at the ith point and s 2 • is the residual 
-1 

mean square computed without the ith point. Cook and Weisberg show 

( f A ) 2 I: y .-x._a . 
s2. = j;'i 1 -J -1 

-1 N-p-1 

(N-p)s 2-£~/(1-h .. ) 
1 11 =---------N-p-1 (3.38) 

The residuals, hat diagonals and RSTUDENT values for the chemical 

data are listed in Table 2 and a plot of the RSTUDENT values is 

given in Figure 2. It can be seen from the plot in Figure 2 that 
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Table 1 

Chemical Data 

obs xl x2 x3 y 

1 LOO LOO LOO 308.299 
2 LOO LOO -LOO 537.233 
3 LOO -LOO LOO 180.967 
4 LOO -LOO -1.00 362.379 
5 -1.00 LOO LOO 159.955 
6 -LOO LOO -LOO 293.042 
7 -LOO -1.00 LOO 86.043 
8 -LOO -1.00 -1.00 142.467 
0 -L 73 o.oo o.oo 57.907 ~ 

10 L 73 o.oo o.oo 367.200 
11 0.00 -L 73 0.00 9L335 
12 0.00 L 73 0.00 336.102 
13 0.00 0.00 -1. 73 528.764 
14 o.oo o.oo L 73 187.823 
15 o.oo o.oo o.oo 184.368 
16 o.oo o.oo o.oo 190.829 

xl = fluidizing gas flow rate 

x2 = supernatent gas flow rate 

X3 = supernatent gas nozzle inlet opening 

y heat transfer coefficient 
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Table 2 

Chemical Data Diagnostics 

obs Residual RSTUDENT Hat Diagonal 
1 9.9688 0.8911 0.6611 
2 -17.4619 -1. 9047 0.6611 
3 6.8917 0.5920 0.6611 
4 -5.9935 -0.5105 o. 6611 
5 3.5207 0.2949 0.6611 
6 -9.3645 -0.8294 0.6611 
7 14.9891 . 1.4982 0.6611 
8 -12.4416 -1.1649 0.6611 
9 0.6991 0.0547 0.6186 

10 2.6058 0.2049 0.6186 
11 -3.1980 -0.2519 0.61,86 
12 6.5029 0.5227 0.6186 
13 24.9564 4.0140 0.6186 
14 -21.6515 -2.5979 0.6186 
15 -3.2422 -0.2228 0.5000 
16 3.2188 0.2211 0.5000 
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the RSTUDENT value for observation 13 is much larger than the values 

for the remaining points, thus lending additional evidence for this 

observation being a maverick. 

Cook and Weisberg also show that under the null hypothesis 

H0 : cf>= 0, RSTUDENTi has at-distribution with N-p-1 degrees of 

freedom. For convenience (RSTUDENTi)2 will be used here which can 

be shown to have an F distribution with 1 and N-p-1 degrees of free-

dom under the null hypothesis stated above (see Graybill (1976)). 

Then, if (RSTUDENTi) 2 is greater than or equal to the 1- a percentage 

point for the F distribution with 1 and N-p-1 degrees of freedom 

there is evidence that a mean shift has occurred at the ith point. 

For the chemical data (RSTUDENT13) 2 = 16.11 and for a= .01, 

F 5 99 = 10.0. Thus, it can be concluded that a shift in the mean 
1, '. 

has occurred at this point. However, this in no way implies that the 

mean shift is sufficient to warrant elimination of the point. So, 

based on this test the experimenter might decide to discard the out-

lying observation even though, as will be seen later, it is most likely 

not harmful to the analysis. 

As an alternative, a test will be developed based on the same 

statistic, RSTUDENT, which will test the null hypothesis that is 

directed at the performance of the regression: 

r. 1 
0 2 ~ 1-h .. 

11 

cp2 
-> 
0'2 

1 
1-h ..• 

11 

The following theorem gives the distribution of the statistic. 

(3.39) 
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Theorem 3.5 

Under the mean shift outlier model given in (2.27) with the usual 

least squares assumptions on E and with the additional assumption that 

each term in the E vector has a normal distribution, then 

where 

(RSTUDENT.) 2 
1 

... 2 
E. 

1 = ---=----,- - F' s2.(1-h .. ) l,n-p-1,\' 
-1 11 

¢ 2 (1-h .. ) 
11 \ = ----,,.--2 a 2 

is the non-centrality parameter. 

Proof 

Given in Appendix A. 

(3. 40) 

(3. 41) 

Then to test the hypothesis that the mean shift is not harmful, 

(RSTUDENT.)2 will be compared to the appropriate percentage point 
1 

from the non-central F distribution with 1 and N-p-1 degrees of 

freedom. Under the null hypothesis stated in (3.39) the noncentrality 

parameter, >.., will be equal to 1/2. To see this note that under H0 , 

ct,2 1 -=--- 1-h .. 
11 

(3.42) 

Substituting (3.42) into (3.41) gives\= 1/2. The appropriate de-

cision rule for testing the hypothesis in (3.39) is to reject H0 if 

(RSTUDENT.) 2 is greater than or equal to the 1 -a percentage point for 
1 
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the noncentral F distribution with degrees of freedom 1 and N-p-1 and 

non-centrality parameter, A= 1/2. 

In the chemical data example (RSTUDENT13 ) 2 turned out to be 16.11 

and it turns out that Fi,S,l/ 2 ,. 99 ~ 29.78 (see Patnaik (1949)). In 

this case then it should be concluded that the mean shift is not of 

sufficient magnitude to warrant elimination of the point. On the 

basis of the test of the hypothesis that~= 0 the experimenter might 

decide to discard the point in question. However, it is not clear from 

this test that the point is severely degrading the analysis and should 

likely be retained. 

It can be seen from this example that the test described by Cook 

and Weisberg is not the appropriate test to use if a mean shift out-

lier is feared. This test can lead to an incorrect decision regard-

ing the elimination of an outlying observation. The test of the 

hypothesis given in (3.39) is the appropriate test to use in this 

situation. 

As stated previously, the purpose of this research is not to 

advocate the elimination of data based solely on any statistical test. 

Rather, the test developed here can and should be used as a diagnostic 

tool by the scientists and analysts~ If the analyst chooses to do a 

formal statistical test, however, the test developed in this research 

is the appropriate test to be made. 
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3.3.2 Power of Test 

The power of the test developed in the previous section is given 

by 

1- S = P(Rejecting Ho I Ho is false) 

= P((RSTUDENTi)2 > F' It> l ) l,n-p-1,1/2,1-~ cr2 1-hii 

- p (F' ~ F' I A > .!) l,n-p-1,A l,n-p-l,l/2,1-~ 2 (3.43) 

It can be seen from the expression for A given in (3.41) that A (and 

thus the power) is an increasing function of ~2 and a decreasing func-

tion of the leverage, measured by h ..• 
11 

An approximation to the power given in (3.43) can be made using 

the approximation to the non-central F distribution given in Patnaik 

(1949). The approximation states that 

p V V (F' / A) dF' 
l' 2 

(3.44) 

can be approximated by 

Jx 1 -z 2 /2 
-- e dz , 

0 /2; 
(3.45) 

where 
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(3.46) 

and P (F' IA) is the non-central F density function. 
vl'v 2 

3.4 Variance Inflation Outlier Model 

An alternative approach to modeling a single outlier is the 

variance inflation outlier model. Rather than one point (the ith 

point) having a shift in the mean, in this case the point has an 

error variance which is larger than the remaining points. The 

effects of this type of outlier on least squares estimation will be 

investigated. The goal of the investigation is the same as that of 

the previous section; that is, to determine under what conditions 

the outlier is of large enough magnitude to be considered detri-

mental to the analysis. Criteria similar to those developed in 

Section 3.2 will be developed for the variance inflation outlier 

model. It will be seen that the usual least squares estimators of 

the coefficients and the response remain unbiased under this model 

and thus the criteria to be developed will be variance criteria 

rather than criteria based on mean square errors. 
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3.5 Criteria of Interest 

In this section the criteria will be developed for determining 

when the variance inflation outlier is damaging to the analysis. The 

criteria to be developed are the following: 

3.5.1 

1) 

2) 

3) 

4) 

Sum of the variances of coefficients 

Sum of the prediction variances 

Variance of y. 
1 

A Integrated variance of y 

Sum of the Variances of Coefficients 

Recall that the model to be fit is 

(3.47) 

with the elements of .f.. independent of each other, each with expecta-

tion zero and the variance-covariance matrix for Eis that given in 

(2.36). 

It is obvious that the usual least squares estimator, 8, is un-

biased for Ji, i.e., E(B) = Ji• The variance of Sis found as follows: 

Var(_~)= Var[(X'X)- 1X'y] 
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(3.48) 

Since the diagonal elements of the second term in (3.48) are positive, 

the variances of the coefficients are inflated by the presence of the 

outlier. 

Recall, also, that if the outlying observation is deleted then 

the variances of the coefficients are also inflated. Thus, the trade-

off that exists in this case is between the increase in variance 

caused by the outlier and the increase in variance caused by deleting 

a data point. This trade-off will be evaluated by comparing the sums 

of the variances of coefficients to determine when the outlier is 

severe enough to warrant elimination. 

The sum of the variances of the coefficients is found by taking 

the trace of the variance-covariance matrix given in (3.48) as follows: 

(3.49) 
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The similarity between the sum of variances of coefficients in this 

case and the sum of mean square errors in the mean shift case can be 

seen by comparing (3.49) and (3.4). The pseudo-hat diagonal is again 

determining the effect of the outlier on the variances in the same 

way that it determined the effect of the mean shift outlier on the 

mean square errors. 

The effect of deleting the outlier will be the same as in the 

case of the mean shift outlier model. The sum of the variances of 

coefficients found with the ith point deleted is then the trace of 

the variance-covariance matrix of].. given in (3.7). This sum was 
-1 

found in (3.9) to be 

x'.(X'X)- 2x. 
" 2 -1 -1 -1 Trace[Var(.,§._i)] = cr [Trace(X'X) + l-h.. ] (3. 50) 

11 

The sums of variances of coefficients for the situation in which 

the outlier is included, (3.49), and for the outlier deleted, (3.50), 

will be compared to determine when the inflation in variance is large 

enough to be destructive to the analysis. The following theorem gives 

the condition under which inclusion of the outlier is detrimental to 

the analysis. 

Theorem 3.6 

Trace[Var(i)] > Trace[Var({_i)] iff 

cr2 
t:, 1 

- > cr2 1-h .. (3. 51) 
1.1 
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Trace[Var(B)] > Trace[Var(]. .)] 
-1. 

x~ (X'X)- 2x. 
2 -1 -1. -1. 

> CJ [Trace(X'X) + l-h.. ] 

CJ2 
~ _6. > __ 1_ 

CJ2 1-h .. 
l.l. 

x~ (X'X)- 2x. 
-1. -1. 

1-h .. 
l.l. 

l.l. 

It can be seen from this theorem that if the hat diagonal at the 

point where the outlier occurs is large (near unity) then a large in-

flation in the variance can be tolerated without being damaging to 

the analysis. As in the case of the mean shift outlier, the experi-

menter will obviously not know whether this condition holds or not 

and must rely on a statistical test to give information about the 

magnitude of the outlier. 

3.5.2 Sum of Prediction Variances 

The development of the criterion for the sum of prediction vari-

ances parallels that for the sum of mean square errors of prediction 

given in Section 3.2.3, where ~2 is replaced by CJ~. In this case, 

however, there is no bias involved, only variance. The details will 

not be given here. 
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Trace[Var(i._)] > Trace[Var(y_i)] iff 

02 
I:, 1 ->---

02 1-h .. 
l.l. 

(3.52) 

The proof of this theorem is identical to that of Theorem 3.2 

with oi replacing ¢2. 

As might be expected at this pain~ the criteria being developed 

for this case lead to the same condition for an outlier to be counter-

productive. 

3.5.3 Variance of y. 
l. 

The development of this criterion will not be included here since 

it follows that given in Section 3.2.3 for the mean square error of y .. 
l. 

As in the case of the sum of prediction variances, simply replace ¢2 

by o! in that development. 

Theorem 3.8 

Proof 

Var(y.) > Var(y .) iff 
l. -l. 

1 ->--- 1-h .. 
l.l. 

In the proof of Theorem 3.3 replace ¢2 by oi. 

(3.53) 
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3.5.4 Integrated Variance of y(x) 

The development of the integrated prediction variance will not be 

given here since it can be obtained directly from Section 3.2.4 by re-

placing $ 2 by cri. Recall that there is no bias in this case and the 

criterion is a variance criterion rather than a mean square error 

criterion. 

Theorem 3.9 

Proof 

IVAR(y(x)) > IVAR(y .(x)) iff 
-1 . 

a2 
t::. 1 ->---

a2 1-h .. 
11 

Replace $2 by cri in the proof of Theorem 3.4. 

(3.54) 

Thus, we see that the four criteria developed for the variance 

inflation outlier model lead to the sume condition for an outlier to 

be causing undue harm. It also turns out that this condition is the 

same as that found in the mean square error counterpart in the mean 

shift case, with, of course, cr~ replacing $ 2 • Since there is no way 

to ascertain the type of outlier occurring, it is reassuring to know 

that, in terms of the damage being done by the outlier, it makes no 

difference which model is chosen. 

The condition derived here, that the outlier is causing undue 

harm if cr~/cr2 > 1/(1-h .. ), will be used to develop a statistical test 
u 11 

for the variance inflation model similar to that developed in Section 

3.3 for the mean.shift model. 
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3.6 Test Procedure for Variance Inflation Outlier 

3.6.1 Test Statistic and Distribution 

A test procedure similar to that of Section 3.3 will be developed 

for determining when a variance inflation outlier is harmful. The 

chemical data in Table 1 will again be used to illustrate the test 

procedure. The test statistic to be used will be based on the PRESS 

residual 

0. = 
l. 

= , a y. - x.~ . • 
l. -1 -l. . 

(3.55) 

To determine the distribution of the PRESS residual,recall the 

assumptions for the variance inflation outlier model: 

E(~) = 0 

Var(~) = 

0 

and also assume normality of the error terms. 

Theorem 3.10 

Under the assumptions stated above 

2 02 c\ - N(O, 06. +l-h. _) 
11 

0 
(3.56) 

(3.57) 
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Proof 

Given in Appendix A. 

Since the square of a normal variable is a x2 variable with one 

degree of freedom (see Graybill (1976)), it turns out that 

o~ o~(l-h .. ) 
___ 1_,__ = 1 11 _ x2 

2 o o2 +o~(l-h .. ) 1 
o 6. + l-h. . u 11 

(3. 58) 

11 

In the proof of theorem 3.5 it was shown that 

S2 
( ) -i x2 n-p-1 • - -o2 N-p-1 (3.59) 

This is also true for the variance inflation outlier model. 

Theorem 3.11 

o~(l-h .. ) 
l. l. l. 

2 s . 
-1. 

o;(l-h .. ) 
(1+ 0 1.1. ) • F 

0 2 l,N-p-1 (3. 60) 

Proof 

It is known that the ratio of independent x2-variables, each 

divided by its degrees of freedom, is distributed as an F variable 

with degrees of freedom, n1 which is the degrees of freedom of the 

numerator x2 variable and n2 , which is the denominator degrees of 

freedom. (See Graybill (1976).) Ther if o. and s 2 . are independent, 
l. -1. 
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o~ (1-h .. ) 0 2 
l. l.l. 

cr2 + cr~ (1-h .. ) • ~ 
Ll l.l. -l. 

o~(l-h .. ) 
l. l. l. 

s2 
-i • cr2 +cr~(l-h .. ) - Fl,N-p-1 

Ll l.l. 

which can be written as 

o~(l-h .. ) 
l. l. l. 

s2. 
-l. 

cr2 + cr~ (1-h .. ) 
u 1.1. F 
0 2 1,N-p-1 

cr2 
= (l+crf::.2 (1-h .. )) • Fl N 1 • 

l.l. ' -p-
(3. 61) 

It was shown in the proof of Theorem 3.5 that the PRESS residual, o., 
l. 

and s2. are independent and thus, the result holds. 
-l. 

The statistic given in (3.61) can then be used to test the null 

hypothesis, H0 : cr~ = O. It can be shown that this statistic is equal 

to (RSTUDENT)2• To see this, note that the PRESS residual, o., can be 
l. 

written as 

A 

E: • 
l. 

1-h .. ' 
l. l. 

where f. is the ordinary residual. Substituting (3.62) into the 
l. 

statistic in (3.61) gives 

(3. 62) 
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2 "2 oi(l-h .. ) e:.(1-h .. ) 
]. ]. ]. ]. ]. 

--.,,--- = ------
s~i (1-hii)2s~i 

"2 e: • 
]. =-----s2. (1-h .. ) 

-1 ].]. 

= (RSTUDENT.)2 
]. 

Under H0 : o2 = 0, (RSTUDENT.)2 has an F distribution with 1 and 
!::,. ]. 

(3.63) 

N-p-1 degrees of .freedom. This test is equivalent to the test of 

H0 : ~ = 0 given in Section 3.3. Thus, for the chemical data, 

there is again evidence that an outlier has occurred at observa-

tion 13. 

However, it is more appropriate to test the null hypothesis that 

the outlier is not "harmful". The appropriate hypotheses are, then: 

o2 
!::,. 1 <---

02 - 1-hii 

o2 
!::,. 1 ->---

02 1-h. . • 
].]. 

(3.64) 

From (3.61) it can be seen that under the null hypothesis just stated, 

(RSTUDENTi)2 - 2 • Fl,N-p-l • (3.65) 

The null hypothesis in (3.64) should be rejected then if (RSTUDENT.)2 
]. 

is greater than or equal to twice the 1 - a. percentage point for the 

F distribution with 1 and N-p-1 degrees of freedom. For the chemical 

data 2 • Fl,S,.gg = 2(10) = 20 and (RSTUDENT13 ) 2 = 16.11. Thus, there 

is again no evidence that the magnitude of the outlier is large enough 

to be considered counterproductive. 
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As in the case of the mean shift outlier, it has been demon-

strated that a test to determine whether the outlier has occurred 

is not the appropriate test to make and can, in fact, lead to in-

correct decisions on the part of the experimenter. 

Again, it is not being suggested that the decision to eliminate 

any data point be made on the basis of a statistical test alone. From 

this research, however, we see that in situations where a formal test 

is desired either the test developed in Section 3.3 for the mean shift 

model or the test developed here for the variance inflation model are 

the appropriate ones to be used. 

It is also clear from the results presented here that the rules-

of-thumb currently suggested in the literature as cut-offs for 

RSTUDENT (such as the+ or -2 recommended by Belsley, Kuh and Welsch 

(1980)) are inappropriate. A more reasonable guideline would be that 

if RSTUDENT is 3 or larger the data point should be seriously inves-

tigated. 

3.6.2 Power of Test 

The power of the test developed in Section 3.6.1 is 

1- 8 = P(Rejecting H0 I H0 is false) 

2: 2 • F . I cri > 1 ) = P ( (RSTUDENT.) 2 
1 1,N-p-1,1-a cr2 1-h .. 

11 
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a2(1-h .. ) I a2 
= P [ (1 + t:,. 11 ) • F ~ 2 F _! > l ] 

. aZ l,N-p-1 l,N-p-1,1-a 0 2 1-hii 

= P[Fl,N-p-1 
a;(l-h .. ) 

> (2 F ) / (1 + u 11. ) ] 
l,N-p-1,1-a a ' (3.66) 

where a;/a 2 > 1/(1-h .. ). 
u 11 

As in the case of the mean shift outlier test, it can be -seen 

that the power of this test is an increasing function of ai and a 

decreasing function of h ..• 
11 

3.7 Multiple Outliers 

The results of the preceeding sections will now be extended to 

the case in which multiple outliers may occur. Several criteria which 

are natural extensions of those developed in Sections 3.2 and 3.5 will 

be developed for both the variance inflation and the mean shift out-

lier models. In this case the experimenter is interested in deter-

mining if the set of outliers as a whole is damaging to the analysis 

rather than determining if each point, individually, is damaging. 

At this point it is necessary to define some notation to be used. 

Let m be the number of outliers in the data set and for simplicity it 

will be assumed that mis known. Let I be an m-dimensional vector of 

subscripts used to index the outlying observations. The matrix, X, 

will be partitioned such that the first m points are the points where 

the outliers occur. So, XI denotes the submatrix of X where the out-

liers occur and X(-I) will denote the remaining N - m points in X. The 

response vector, y, will be similarly partitioned. The following 
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and 

6 -(-I) 
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(3.67) 

i(-I) = XS(-!) (3.68) 

(3.69) 

(3.70) 

In this notation, then, ].(-I) is the vector of coefficients estimated 

with them outlying observations deleted. The N-dimensional vector, 
A 

y_(-I)' is the vector of estimated responses found with the outliers 

deleted. H1 is the mxm submatrix of H corresponding to the inter-

section of the rows and columns for them outlying points. The mxm 

matrix H(-I) contains variances and covariances (apart from cr2 ) for 

them predicted responses indexed by I found with them outlying ob-

servations deleted. Clearly, these quantities are the natural exten-

sions of the special case of m equal to one. 

3.7.1 Variance Inflation Outlier Model 

In the general case of the variance inflation outlier model m 

points will have variances inflated by the same amount, cri. The model 

to be fit in this case is the usual general linear model 

(3.71) 
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The assumptions on the error vector,.£, are 

E(.£) = 0 

0 m points 
Var(,£) = V = (3.72) 

0 N-m points 

The least squares estimator,..@_, is obviously unbiased for 8 with 

variance-covariance matrix given as follows: 

Var(].)= Var[(X'X)- 1X'y] 

(3. 73) 

Two of the criteria developed in the single outlier case will 

be used here to determine under what conditions the inflation in vari-

ance is large enough to be damaging to the analysis. The criteria are 

• Sum of the variances of coefficients 

• Sum of the prediction variances • 
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The development here is completely analogous to the single outlier 

case. 

As in the single outlier case the sum of the variances of the 

coefficients is obtained by taking the trace of the variance-covariance 

matrix in (3.73) which gives 

Trace[Var(8)] = 

(3.74) 

Notice that the trace of the matrix in the second term of (3.74) is 

the analog to the pseudo-hat diagonal found in the single outlier case. 

The least squares estimator found with the outlying points de-

leted, as given in (3.67) is, clearly, unbiased with variance-

covariance matrix 

(3.75) 

The multivariate extension of the deletion formula given in (3.1) is 

where XI, X(-I) and HI are as previously defined. (For details re-

garding the derivation of this formula see Belsley, Kuh and Welsch 

(1980).) The trace of the matrix in (3.75) gives the sum of the 

variances of the coefficients estimated with the N - m "good" points. 

Using the relationship given in (3.76) that sum can be found as follows: 
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Trace[Var(S(-I))] 

(3. 77) 

Note that the analog to the pseudo-hat diagonal occurs in this sum as 

it does in the sum given in (3.74). It is evident that the sum of the 

variances of the coefficients is inflated by the outliers in the data. 

It is also clear that deleting the outlying observations increases the 

sum of the variances. Thus, the two sums must be compared as in the 

single outlier case to determine when it is best to delete the out-

liers from the analysis. This comparison is made in the following 

theorem. 

Theorem 3.12 

Trace[Var(B)] > Trace[Var(].(-I))] iff 

Trace[XI(X'X)- 2Xi(I-HI)- 1 ] 

Trace[XI(X'X)- 2Xi] 
(3.78) 
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Trace[Var(_@_)] > Trace[Var(S(-I))] 

Trace[X 1 (X1X)- 2Xi(I-H 1)- 1 ] 

Trace[X 1 (X'X)- 2Xi] 

It can be easily demonstrated that the condition stated in (3.78) 

reduces to that given in (3.51) in the special case of m equal to one. 

As in the single outlier case,the experimenter will not know if this 

condition holds in practice. However, a statistical test can be 

developed which will aid the experimenter in the decision-making 

process. 

It is obvious from the preceding development that the estimated 

response vector, i., is unbiased and has variance-covariance matrix 

(3. 79) 

The sum of the prediction variances is given by the trace of the matrix 

in (3.79) as follows: 
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Trace[Var(y)] 

(3.80) 

Note that the Trace[HI] is the multivariate analog of the hat diagona~ 

h ..• It is a measure of the joint leverage exerted by them outlying 
11 

observations. If mis one then obviously, Trace[HI] is equal to the 

hat diagonal. 

The vector of estimated responses found with them points in-

dexed by 1 deleted is given in (3.68). This vector is unbiased and 

we see from (3.75) that it has variance-covariance matrix 

(3.81) 

Substituting (3.76) into (3.81) and taking the trace gives the sum 

of the variances as follows: 
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Trace[Var(y )] 
(-I) 

= a2 Trace[X(X'X)- 1X'] + a2 Trace[X(X'X)- 1X'(I-H )- 1X (X'X)- 1X'] I I I 

(3.82) 

The leverage measure, x1 (X'X)- 1Xi, also affects the sum of the vari-

ances of the estimated responses found with them points deleted, as 

it does the sum of variances of the usual least squares estimator of 

the response. 

The outliers are considered to be causing undue harm if the sum 

of prediction variances found with all N points is larger than that 

found with only the N - m non-outlying points. The following theorem 

gives the conditions under which this occurs: 

Theorem 3.13 

Trace[Var(y)] > Trace[Var(y(-I))] iff 

Trace[H 1 (I-H 1 )- 1] 
Trace[H 1 ] (3.83) 
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Trace[Var(z)] > Trace[Var(z(-I))] 

Trace[H 1 (I-H 1)- 1] 

Trace[H 1 ] 

Note that in the special case of m equal to 1 (a single outlier), 

the condition in (3.83) and that given in (3.78) for the sum of vari-

ances of coefficients do reduce to the same condition, which is the 

condition found in Section 3.5. 

3.7.2 Test Procedure for Variance Inflation Model 

A test procedure similar to that developed in Section 3.6 will be 

developed which can be applied using either condition (3.78) or (3.83). 

Since the procedure is being set forth as a diagnostic aid, it would be 

best to perform the test for both conditions and compare results. This 

will be demonstrated by means of an example using the data in Table 3. 

This data was received as part of a consulting project in the Statis-

tical Consulting Laboratory. 

The data in this example is from blood samples in which the con-

tent of a particular enzyme in the sample was being studied. This 

enzyme occurs in the blood after a heart attack has occurred. The 

experiment involved the control of pH, denoted x1 , and the activity 
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coefficient (which is related to the concentration of the enzyme), de-

noted by x2• In one case the response variable, y1 , is the range of 

the peaks on the response spectrum. That is, the difference between 

the highest and lowest peaks. The second response, y2 , is the corre-

lation coefficient for the calibration curve for the data. The chemist 

is interested in maximizing both the range and the correlation. Notice 

that this data is from a rotatable central composite design with two 

center points. 

The test statistic for this procedure will be based on PRESS-

type residuals for the points indexed by I. These residuals are 

.i.r = Yr - xI].(-I) (3.84) 

The expectation of these residuals is clearly O and the variance-

covariance matrix for _i.1 is found as follows: 

= cr2 (I + H ) + cr2 I m (-1) 6 m (3. 85) 

Notice that if mis one this reduces to the variance of the 

PRESS residual given in (3.57), as one would expect. 
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Table 3 

Blood Data 

obs xl X2 Y1 

1 -1.000 -1.000 0.1718 
2 -1.000 1.000 0.0815 
3 1.000 -1.000 0.0368 
4 1.000 1.000 0.0183 
5 0.000 1.404 0.1082 
6 0.000 -1.404 0.0521 
7 1.404 0.000 0.0116 
8 -1.404 0.000 0.1369 
9 0.000 0.000 0.0226 

10 0.000 0.000 0.0151 

x1 = pH of blood sample 

x2 = Activity coefficient of enzyme 

y1 = Range of the enzyme 

Y2 

0.214 
0.639 
0.857 
0.554 
0.045 
0.988 
0.809 
0.477 
o. 711 
0.740 

y2 = Correlation coefficient for calibration curve 
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For ease of notation let 

Trace[X 1 (X'X)- 2Xi(I-H 1)- 1 ] 

Trace[X 1 (X'X)- 2Xi] 

Trace[H 1 (I-H 1)-1] 

Trace[H 1] 

(3.86) 

(3.87) 

R1 and R2 are the bounds for the conditions given in (3.78) and (3.83), 

respectively. The experimenter would like to discover whether or not 

there is evidence that the ratio of variances, o~/o 2 , is larger than 

the bounds given in (3.86) and (3.87). If·there is evidence of this, 

based on the limited experimental data, them outliers can be con-

sidered detrimental to the analysis, and elimination of the points 

should be considered. Thus, the hypotheses of interest are 

i = 1, 2 (3.88) 

The test statistic given in the following theorem will be used 

to test these hypotheses. 

Theorem 3.14 

Assume that the correct model for the data to be fit is the 

general linear model, J_ = X..@_ +_£,with the assumptions on£ as given 

in (3.72). Also assume normality of the error te~ms. Let si-r) be 
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the error mean square obtained by fitting the data with them out-

liers deleted. Then, under the null hypotheses stated in (3.88) 

i = 1, 2 (3. 89) 

has an F distribution with m and N-p-m degrees of freedom. 

Proof 

Given in Appendix A. 

Notice that the test of 

cr2 = 0 
to. 

VS (3.90) 

can be made with the same test statistic. Under the null hypothesis 

given in (3.90) the test statistic reduces to 

(3.91) 

which also has an F distribution with m and N-p-m degrees of freedom. 

As a diagnostic tool, the test statistic can be calculated for 

all (N) subsets f d · o ata points. 
m 

However, if N is large, this can 

become too time consuming and costly to be practical. Frequently 

the experimenter has prior knowledge of areas where _outliers may occur 

and can limit the diagnostics to those points. For instance, due to 

limitations in equipment, often outliers are a problem at the axial 

points of a central composite design. In that case the experimenter 

knows which two points to check as a possible problem set of points. 



85 

Without such prior knowledge, multiple point diagnostics can be burden-

some and their interpretation· confusing. 

The situation just described is the case for the data in Table 3. 

The experimenter suspected that the axial points for x 2 would be sus-

ceptible to outliers in both y 1 , the range data, and y 2, the correla-

tion data. In this case, then, mis equal to two. 

The residuals, hat diagonals and RSTUDENT values for the range 

data and the correlation data are given in Tables 4 and 5, respec-

tively. It can be observed from the RSTUDENT values that none of the 

points, individually, seems to warrant elimination. In particular, 

notice the RSTUDENT values for observations 5 and 6, the axial points 

for x 2 • For both y1 and y 2 the RSTUDENT values for these observations 

are between two and three, which are not large enough to indLcate a 

harmful outlier. 

For the range data it turns out that R1 = 3.6452 and R2 = 3.16162. 

The hypotheses of interest for the coefficient criterion are 

o2 
6 

~ 3.6452 
o2 

and for the prediction criterion 

02 
6 
2 ~ 3.16162 

o 

02 
6 > 3.6452 

02 

o2 
6 

~2 > 3.16162 • 
o 

(3.92) 

(3.93) 

The null hypotheses in (3.92) and (3,93) should be rejected if the 

test statistic (Ti) exceeds F2, 2 ,, 95 = 19.0. The test statistic for 

the hypotheses in (3.92) is T1 = 10.2141 and for the hypotheses in 
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Table 4 

Diagnostics for Range Data 

obs Residual RSTUDENT Hat Diagonal 

1 .025395 1.3737 0.6286 
2 -.021441 -1.0675 0.6286 
3 .020503 1.0046 0.6286 
4 -.026333 -1. 4594 0.6286 
5 .033835 2. 4811 0.6214 
6 -.032884 -2.2848 0.6214 
7 .00396 0.1670 0.6214 
8 -.003001 -0.1266 0.6214 
9 .003736 0.1369 0.4999 

10 -.003764 -0.1379 0.4999 
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Table 5 

Diagnostics for Correlation Data 

obs Residual RSTUDENT Hat Diagonal 

1 -.198117 -1. 3976 0.6286 
2 .165554 1.0677 0.6286 
3 -.177005 -1.1739 0.6286 
4 .186667 1. 2712 0.6286 
5 -.253216 -2.2692 0.6214 
6 .264834 2. 5912 0.6214 
7 -.009228 -0.0502 0.6214 
8 .020846 0.1136 0.6214 
9 -.014667 -0.0694 0.4999 

10 .014333 0.0679 0.4999 
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(3.93) is T2 = 11.1735. These tests indicate that the magnitude of 

the variance inflation is not large enough to be damaging and thus, 

the two points should remain in the analysis. However, it turns out 

that T0 , the test statistic for the hypotheses given in (3.90) is 

28.9596. Since this does exceed the critical value, 19.0, there is 

evidence that ai > O; however, there is no evidence that ai is large 

enough to be detrimental to the analysis. Thus, it is clear in this 

case as in the single outlier case that the test of H0 : a2 = 0 is 
.~ 

inappropriate and can lead to incorrect decisions regarding the 

elimination of data. 

The correlation data will demonstrate another phenomenon which 

can occur in studying outliers. As mentioned previously, none of the 

observations when considered individually seem to be problematic, 

including observations 5 and 6 which are of interest here. Since 

the same design was used for this response as for the range data, 

the hypotheses are the same as stated in (3.92) and (3.93). The 

critical value, 19.0, remains unchanged as well. It turns out that 

the test statistics for the hypotheses in (3.92) is T1 = 35.6838 and 

for the hypotheses in (3.93) is T2 = 39.0349. Thus, in this case 

for both the coefficient and prediction criteria the test statistics 

·exceed the critical value for the test. (It turns out that the test 

statistic for H0 : ai =O is 101.145.) There is evidence in this case 

that the two points together are damaging to the analysis, even 

though singly they were not. The experimenter, then, should at 

least examine observations 5 and 6 to determine if further action 

is warranted. 
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As in the single outlier case, the test procedure described here 

is being recommended for diagnostic purposes. It is clear, at this 

point, that the appropriate hypotheses to test, should formal tests be 

desired, are those given in (3.88). To apply these tests, even as a 

diagnostic aid, to all (N) subsets of points is, in most circumstances, m 

impractical. Thus, their use should be limited to situations described 

in the example. In that case, not only was m known, but the experi-

menter also had prior knowledge of the points that should be placed 

under scrutiny. 

The non-null distribution of the statistic given in Theorem 3.14 

has not been determined. However, it can likely be approximated by a 

non-central F variable. The power of the test then could likely be 

found,at least approximately. 

3.7.3 Mean Shift Outlier Model 

In the general case of the mean shift outlier model m points 

have mean shifts, ©1 , ¢2 , ••• , ¢m• In the development to follow it 

will be assumed that them shifts may all be different. However, a 

statistical test will be developed for the special case of all shifts 

being equal. 

The general mean shift outlier model (as given in Cook and Weis-

berg (1982)) is 

(3.94) 
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' ' i h. h h . th 1 . . d where D is an N x m matrix n w 1c t e 1 co umn is an in ex vector, 

d . h . h ith . . d 1 h d 1 . th ., wit a one int e position an zeros e sew ere an is e 
-1 

m-dimensional vector of mean shifts, ~l' 

squares assumptions are made on£, i.e., 

E(,£) = 0 

••• , <P • 
m 

The usual least 

and (3.95) 

Var(~)= cr2I 

The usual least squares estimator of the coefficients,_§_, has 

expectation as follows: 

E(B) = E[ (X'X)- 1X'z.] 

= (X'X)- 1X'E(y) 

= (X'X)- 1X' [Xf + Di] 

= (X'X)- 1X'Xf + (X'X)- 1X'D~ 

(3.96) 

The estimated coefficients have bias induced by the outliers, as one 

would expect. The bias vector, 

Bias(_§_) = (3.97) 

is easily seen to be an extension of the bias induced by a single 

outlier which is given in (2.28). The variance-covariance matrix 

for 8 is not affected by the outliers and thus is given by 
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(3.98) 

In order to determine when these mean shift outliers have a detri-

mental affect on the analysis, two of the criteria developed in Section 

3.2 will be extended to take into account the multiple outliers. These 

criteria are analogous to the variance criteria developed for the 

general variance inflation model. The criteria in this case are 

• Sum of the mean square errors of coefficients 

• Sum of the mean square errors of prediction. 

As in the case of the single outlier, these criteria will be used to 

weigh the effects of the outliers against the effects .of deleting the 

points. 
,.. 

The mean square error matrix for 8 in the case of multiple out-

liers is defined as in (3.3) for the single outlier case. From (3.97) 

and (3.98) it turns out that 

MSE(]_) (3. 99) 

The sum of the mean square errors will again be obtained as the trace 

of the mean square error matrix as follows: 

Trace[MSE(].)] = 

= a2 Trace(X'X)- 1 + Trace[¢'X (X'X)- 2X'_i] 
- I I 

= a2 Trace(X'X)- 1 + ¢'X (X'X)- 2x'~ - I · ri (3.100) 
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The multiple outlier analog to the pseudo-hat diagonal, 

x1 (X'X)- 2Xi, is again playing a role in determining the effect of the 

outliers. 

The effect of deleting them outlying observations will be the 

same as in the variance inflation case. Thus, the sum of the mean 

square errors of coefficients for the estimator with them points 

deleted is that given in (3.77), which is 

Trace[MSE(.@.(-I))] 

The conditions under which the outliers are damaging to the anal-

ysis are described in the following theorem. 

Theorem 3.15 

Trace[MSE(B)] > Trace[MSE(].(-I))] iff 

(3.102) 

Proof 

Trace[MSE(].)] > Trace[MSE(].(-I))] 
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Notice that here again if there is only one outlier in the data 

this condition reduces to that given in Theorem 3.1. If this condi-

tion holds, then, them outliers are deteriorating the analysis and 

should be removed. The test to be developed for the special case of 

¢ = ¢ = ••• = ¢ will aid the experimenter in deciding whether this 1 2 m 

is the case or not. 

The mean square error matrix for i can easily be obtained from 
A 

the mean square error matrix for i obtained above. From (3.96) and 

(3.98) it is obvious that the expectation and variance of i are as 

follows: 

E~ (3.103) 

and 

(3.104) 

The bias in prediction induced by them outliers is then 

(3.105) 

From (3.104) and (3.105) the mean square error matrix for i is 

MSE(y) = (3.106) 

Taking the trace of this matrix to produce the sum of the mean square 

errors gives 
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Trace[MSE(i)] 

= cr2 Trace[I] + ~'X (X'X)- 1X'1 p - I I 

(3.107) 

Notice here again the hat diagonals and off diagonals for them out-

liers are determining their affect on the analysis. 

The estimated response vector for the case with them points 

deleted, i(-I)' has the same properties as in the variance inflation 

model. Thus the sum of mean square errors of prediction for i(-I) 

is given in (3.82). The damaging effect of the outliers is greater 

than that of deleting the points if the sum of the variances in (3.107) 

is greater than that given in (3.82). The theorem to follow gives 

the conditions for which the analysis is benefitted from elimination 

of the outliers. 

Theorem 3.16 

Trace[MSE(i)] > Trace[MSE(i(-I))] iff 

~ 'H ct, 
- 02

1- > Trace[H 1 (I-H 1)- 1 ] (3.108) 
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Proof 

Trace[MSE(y)] > Trace[MSE(y(-I))] 

Again, it is seen that this condition is a natural extension of 

the single outlier case. Also, note that if there is only one out-

lier then the conditions given in (3.102) and (3.108) are the same, 

as was the case in the variance inflation model. It can also be seen 

that if them mean shifts are equal, i.e., ¢1 = ¢2 = 

then, the conditions in (3.102) and (3.108) reduce to 

and 

Trace[X 1(X'X)- 2Xi(I-H 1)- 1 ] 

~ 
2 > 

0 

1.. 'X (X'X)- 2X' j 
I I-

Trace[H 1 (I-H 1)- 1] 
. 'H . 

_J_ 11. 

= ¢ = ¢, m 

(3.109) 

(3.110) 

respectively. The vector denoted by .i above is an m-dimensional vec-

tor of ones. The test to be developed will be for this special case 

of equal mean shifts. 
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As in the previous cases examined, the experimenter will not know 

the magnitude of¢. In particular, he will not know if the magnitude 

of¢ is sufficient to consider the outliers damaging to the analysis, 

i.e., if ¢2/cr2 > R1 or R2 • The test procedure is designed to give 

evidence as to the magnitude of the shift. The hypotheses of interest, 

as in the variance inflation case, are 

¢2 
- ~ R. 
0 2 1 

.. 
¢2 
- > R1. 
a2 

i=l, 2 • (3 .111) 

The test statistic will again be based on the PRESS residuals 

given in (3.84). In this case the variance-covariance matrix is 

(3.112) 

as seen from the development of (3.85) and the expectation is found 

as follows: 

E(il) = E(x_I - XIS(-1)) 

= E (yl) XIE(_§.(-1)) 

= XI_§_ + ¢i - XI_§_ 

= cpj_ (3.113) 

where j_ is as previously defined. The following theorem gives the 

statistic for testing the null hypotheses given in (3.111). 
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Theorem 3.17 

Assume that the correct model is 

z = XB + ~Dj + !:_ (3.114) 

with the usual least squares assumptions on E. Also assume normality 

of the error terms. Let str) be as previously defined. Then, under 

the null hypotheses given in (3.111) 

(3 .115) 

is distributed as a non-central F variable with m and N-p-m degrees 

of freedom and non-centrality parameter 

R. \ =Ti' [Im+ H(-I) 1-1i i = 1, 2 (3.116) 

Proof 

Given in Appendix A. 

It is suggested that this test be performed for both hypotheses 

given in (3.111) as described in the variance inflation case. As seen 

in the example given in that case, the results for the two conditions 

will in most instances be nearly the same. Thus, the same conclusion 

would be reached whether using the condition for the coefficients or 

the predictions. 

The non-null distribution of this test statistic is also a non-

central F. The normal approximation to the non-central F distribution 

can then be used to approximate the power of this test. 
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The procedures developed in this chapter are intended for use as 

aids in detecting outliers which have a detrimental affect on the anal-

ysis. It has been demonstrated that procedures for testing that there 

is no outlier are not geared to the goals of the analysis and thus 

are inappropriate and can be misleading. 

It has been suggested in the case of a single outlier to use a 

cut-off of at least+ or -3 for RSTUDENT values. That is, if RSTUDENT 

is larger than three in magnitude, it may indicate that the observa-

tion is counterproductive and needs further investigation. The same 

rule-of-thumb can be used regardless of the model chosen for the out-

lier. 

It is obviously impractical to apply the multiple outlier proced-

ures to all subsets of the data. Thus, it is most practical to apply 

them when there is some knowledge of how many and where the outliers 

might occur. In this case the two models give similar results and 

lead to the same conclusions in most cases. Since the experimenter 

will not know which model is truly appropriate, he should select the 

one which is least complicated to apply. The variance inflation model 

requires the use of only central F values and not non-central F values, 

and thus fewer complications occur. 

In both the single outlier case and in the multiple outlier case, 

these procedures should not be used as the final decision maker in 

determining whether or not to discard data. That decision should 

only be made in collaboration with those who are the experts in-

volved in the experimentation. 
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Another approach to d.ealing with outliers will be addressed in 

the next chapter. In RSM, the experimenter can take advantage of the 

design capabilities to safeguard against outliers. That is, the ex-

perimenter can choose a design which will be insensitive to outliers 

should they occur. Then, if outliers do occur the analysis is not 

greatly affected. Chapter IV presents results for first order designs 

and second order designs will be presented in Chapter V. 



IV. ROBUSTNESS AND FIRST ORDER DESIGNS 

In the preceeding chapter the problem of outliers was addressed 

from the standpoint of diagnosing and dealing with them as they occur 

in the data. The detrimental effects of outliers can be limited by 

proper choice of design. The analysis is rendered relatively insens-

itive to the occurrence of outliers. In this chapter first order 

designs which are robust to outliers will be investigated. 

A second probiem of concern to the analyst is that of missing 

data. It is not unusual in design situations to be left with an 

incomplete set of data to be analyzed at the end of the experiment. 

Data can be lost for any number of reasons; for instance, samples 

can be destroyed or contaminated and mechanical malfunctions or 

human error can render the data unusable. The analyst is then left 

with a "design" which is different from the one originally intended. 

Depending upon the original design choice and the particular design 

points which are lost, the analysis may be substantially affected. 

In many circumstances, then, it would be wise for the experimenter 

to choose a design which is robust to missing data. Of course if 

it turns out that no data is lost in the course of the experiment, 

then the designs should still have desirable properties. Such de-

signs will be found in this chapter for the case of first order 

models. 

Finally, a problem which occurs more often than not in response 

surface studies is that of errors in control. This occurs when the 

intended levels of the design variables can not be attained exactly 

100 
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and, in fact, the true levels actually reached are unknown. These 

errors can occur as the result of such things as mechanical limita-

tions in equipment, or human limitations in reading instruments. 

Box (1963) studied the effects of these errors on the usual least 

squares estimates. These results will be used in this chapter to 

obtain first order designs which are robust to errors in control. 

The next section will include these three types of design ro-

bustness for the first order model involving a single design vari-

able. The last section will extend these results to the case of k 

variables. 

4.1 First Order Designs for k = 1 

The first order model for the special case of a single design 

variable is 

(i=l,2, ••• ,N) (4.1) 

which is in the form of the general linear model of (2.4). In this 

case the X matrix is an N x 2 array of the form 

1 xl 
1 X2 

X = (4.2) 1 X) 
. 
1 ~ 

The usual assumptions, excluding normality, are made on the error terms. 
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4.1.1 Robustness to Outliers 

Let us assume that a single outlier may occur at any one of the 

design points. Since the experimenter does not know a priori where 

the outlier will occur (or in fact, even if it will occur) he would 

like to choose a design which limits the effect of the outlier no 

matter where it occurs. 

The mean shift outlier model given in (2.27) will be used in 

representing the occurrence of an outlier. Recall, that under this 

model the prediction at an arbitrary point in the design space is 

biased. A design will be considered robust to outliers if the aver-

age prediction bias, as given in (3.31), does not become too large 

no matter where the outlier might occur. Let ISB. denote the inte-
1. 

grated squared bias in prediction due to an outlier at the ith design 

point. Then, from (3.31) 

ISB. - NK J Bias 2 (y(~))d~ 
1. - ~ R 

(4. 3) 

For a given design there will then be N possible ISB.'s,one for each 
1. 

of the points at which the outlier could occur. The experimenter 

would like to ensure that none of the N ISB. 'sis large. This can 
1. 

be achieved by minimizing over designs the maximum ISB., where the 
1. 

maximum is over locations in the design. The ISB. for the case of 
1. 

one design variable is given in the following theorem: 
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Theorem 4.1 

Given the mean shift outlier model for a single independent vari-

able and design region, R = (-1,1), then 

(4.4) 

Proof 

Without loss of generality assume the first moment, [1] = O. 

N¢2 -1 -1 ISB. = ~ Trace[µ(X'X) x.x!(X'X) ] 
1 0 2 -1-1 

Note that 

xx' 

and thus 

Also note that 
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and thus 

Since x. = (1 x.) then 
-1. l. 

= N<j)2 (1 ISB. 2 
i cr 

I 1 
N2 

x.) 
l. 0 

The design which is outlier robust, then, is that giving 

minimax(ISB.). The optimal design is described. in the following 
D i 1. 

theorem. 

Theorem 4.2 

For a first order model in one variable and design region, 

R = (-1,1), minimax(ISB.) is obtained for N even with N/2 points at 
D i 1. 

1 and N/2 points at -1 and for Nodd with (N-1)/2 points at 1, (N-1)/2 

points at -1 and one point at O. 

Proof 

Assume N is even. It is obvious from (4.4) that ISB. is a maxi-
1. 

mum with respect to locations in the design when x. is the point in 
l. 

the design with the largest magnitude. Let x represent that point. max 
Then, 
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x2 
N<P2 1 max max(ISB.) = - [- +] 

1 0 2 N2 3{N[ll] }2 

This expression is minimized with respect to design by minimizing 
N 

x2 /3{N[ll]} 2 w.r.t. [11]. Recall that N[ll] = t x2 • Thus, 
~x ~l u 

x2 x2 
max max 3{N[l1]}2 = ___ N ____ _ 

3{ t x2 }2 
u=l u 

and x2 ~ x2 for all u. Therefore, max u 

Thus, we see that 

x2 
max 

N 
3{ t x2 }2 

u=l u 

x2 
max 

~ 3{Nx2 }2 = 
max 

1 
x2 . 
max 

3{N[11]}2 ~ 

1 

with exact equality being obtained when all x 2 are equal and thus the u 

minimum occurs when all x2 equal one. The design giving minimax(ISB.), 
u D i i 

then, is the design with N/2 points at +land N/2 points at -1. 

The proof for Nodd is similar to that for N even and thus will 

not be given here. 

The choice of the design levels at the endpoints of the design 

region, that is, at +land -1, is a somewhat arbitrary choice. From 

the proof above it is obvious that the best design has the levels as 
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far from the center as possible. In practice, however, there is a 

reasonable limit on the levels based on the appropriateness of the 

first order model and thus the endpoints of the design region are 

usually used. 

Myers (1976) shows that this design also minimizes the integrated 

prediction variance and therefore, minimizes the integrated mean square 

error of prediction. Since this design is optimal in terms of its 

variance properties (it also minimizes the variances of coefficients), 

which are unaffected by the presence of an outlier, then the outlier 

robust design is also optimal if no outlier occurs. It turns out that 

this design is also the outlier robust design if the variance infla-

tion model is used to represent the occurrence of an outlier rather 

than the mean shift outlier model. The details are similar to that 

of the mean shift model and thus will not be given here. 

4.1.2 Robustness to Missing Data 

As seen in Chapter III, when data is dropped from the analysis 

for some reason, it causes the variances of the coefficients and pre-

dictions to become inflated. In choosing a design robust to missing 

data the amount of the variance inflation is reduced. In this case 

the effects of losing (or dropping) a single data point will be in-

vestigated and only the effect on prediction variances will be con-

sidered in finding robust designs. 

In (3.26) it is seen that the prediction variance (apart from cr2 ) 

at an arbitrary point xis 
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_v_a r_( ..... 9_( __ x __ ) __ ) = ~, (X, X) -1 ~ 
a2 

(4.5) 

From (3.35) and (3.1) the corresponding variance with the ith point 

deleted from the analysis is (apart from a 2) 

(4.6) 

As mentioned previously since the second term in (4.6) will be positive, 

the prediction variance at an arbitrary point in the design space is 

inflated by losing or dropping a point. 

As in the outlier case it will not be known prior to experimenta-

tion which point will be lost during the course of the experiment. So 

the experimenter should choose a design in this case which will result 

in the analysis being minimally affected if a point is lost, no matter 

which point in the design it might be. As in the outlier case the 

design should have good properties even if no data is lost and the 

entire design is used in the analysis. 

The optimality criterion to be used will be based on the average 

prediction variance with the ith point removed, where the average is 

obtained by integrating over the design region. Let V. denote the 
-1 

integrated prediction variance with the ith point deleted. Then, 

NK f ,.. V. = ~ 2 Var_ 1.(y(x))d~ 
-1 a R 

= NK f x'(X'X)- 1xdx + NK 
a2 R - -- a2(1-h .. ) 

11 
IR ~'(X'X)-1~i~~(X'X)-1~d~. 

(4. 7) 
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Recall that K- 1 is the volume of the design region. From (3.36), then, 

where u is the region moment matrix defined in Chapter II. 

It is obvious that there will be a set of NV .'s, one for each 
-1 

point in the design. The optimal design will be the design which 

minimizes the maximum V. in the design. The following theorem gives 
-1 

V _i for the special case under consideration here, k = 1 and a first 

order model: 

Theorem 4.3 

Given a first order model with a single design variable and de-

sign region R = (-1,1), then 

Proof 

V • 
-1 

1 
= l + 3[11] + 

2 
N 1 xi 

1-h .. [N2 + 3{N[ll] }2] 
11 

Without loss of generality assume [l] = O. In the proof of 

Theorem 4.1 the region moment matrix was found to be 

µ = [ ~ 

and 

(4.9) 
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So, the first term in (4.8) is found as follows: 

[ 1 O J [~ 0 ] N Trace[µ(X'X)- 1] = N Trace O 113 0 N[il] 

1 
= 1 + 3[11] (4.10) 

The second term in (4.8) is found as follows: 

N = Trace 
1-hii 

1 
N 

0 

x2 

0 

1 
3N[ 11] 

N 1 i 
= 1-h .. [N2 + 3{N[11)}2] 

l.l. 

1 
N 

0 

0 

1 
N[ll] 

(4.11) 

Combining (4.10) and (4.11) gives the result stated in the theorem. 

The design which is robust to missing data is that which gives 

minimax(V .), where the maximum is taken over locations in the design 
-l. 

and the minimum is with respect to designs. This design is found in 

the following theorem: 
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Theorem 4.4 

The first order design for one independent variable with design 

region R = (-1,1) which gives minimax(V .) is for N even the design 
-1 

with N/2 points at 1 and N/2 points at -1 and for Nodd has (N-1)/2 

points at 1, (N-1)/2 points at -1 and one point at O. 

Proof 

Since the proofs for N even and Nodd are similar only the proof 

for N even will be given. To find the design giving minimax(V .) 
-1 

first consider only the last term in (4.9): 

2 
N 1 xi 

1-hii [N2 + 3{N[ll]}2] (4.12) 

The design which minimizes the maximum value of (4.12) can be found 

in two stages. First the design must be found which minimizes the 

maximum value of the term in brackets. It will, then, be shown that 

the same design minimizes the maximum h ..• (Recall that O ~ h .. ~ 1.) 
11 11 

The design which minimizes the maximum value of the term in brackets 

was found in Theorem 4.2 to be the design with N/2 points at 1 and 

N/2 points at -1. 

that in this case 

To find the design which gives minimax(h .. ) notice 
11 

2 
1 xi 

hii = N + N[ll] (4.13) 

The maximum h .. for a given design occurs when x. is the endpoint of 
11 1 

the design. Let this point be denoted by X • max So, 
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x2 
1 max 

Max(hii) =_N + N[ll] 

To minimize this with respect to designs only the second term need be 
N 

considered. Recall that N[ll] = I 
u=l 

So, 

x2 x2 
max max = N [11] N 

I x2 
u=l u 

Since x is the endpoint of the design x2 ~ x2 for all u, and thus max u max 

x2 
max 

N 
I 

u=l 
x2 

u 

x2 
.:> max = 1 
- Nx2 N max 

with exact equality (and thus the minimum) occurring when all x2 are u 

equal. So, the design which gives minimax(h .. ) is the design with 
l.l. 

all x2 equal, i.e., a two-level design, regardless of the second u 

moment, [11]. Thus, the design with N/2 points at 1 and N/2 points 

at -1 minimizes the maximum value of (4.12). 

Observing the first part of (4.9), 1 + 1/3[11], it is clear that 

this term is independent of locations in the design and Myers (1976) 

shows that this is minimized by placing half of the points at each 

endpoint. Then, the design which is robust to missing data is the 

design with N/2 points at 1 and N/2 points at -1. 

The design which gives robustness to missing data,then, is the 

same design that gives robustness to outliers. This is also the de-
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sign which is optimal in terms of vartances of coefficients and inte-

grated prediction variance. 

4.1. 3 Example 

An example will illustrate the potential benefits of using the 

robust design. For a sample size of 10 the optimal design for the 

region (-1,1) will in this case have five points at +land five at 

-1. The +land -1 are arbitrary and in practice would be taken to 

be as large as the first order model would allow. This design will 

be referred to as Design 1. Design 2, which will be compared with 

the optimal design, is given by the following diagram, in which the 

design points are indicated: 

+ t 
-1.0 -0.6 -0.3 0 0.3 0.6 1.0 

So, one observation is made at -1.0, -0.3, 0.3 and 1.0 and two obser-

vations are made at each of -0.6, 0 and 0.6. The integrated predic-

tion variances with one point at a time removed, the V ., were calcu-
-1 

lated (apart from a2) for the two designs. All V . (and thus the 
-1 

maximum) for the optimal design are equal to 1.5. The maximum V. 
-1 

for Design 2 is 2.49 and the minimum is 2.06. Thus, no matter which 

point is lost the optimal design always performs better than Design 2. 

Also, the optimal design is better than Design 2 even if no points 

are lost. The integrated prediction variance (apart from cr2 ) with 

all ten points included in the analysis is 1.3 for Design 1 and 1.9 

for Design 2. If a point is lost from the optimal design then there 
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is a 15% increase in the integrated prediction variance. If a point 

is lost from Design 2 the increase is between 8% and 31% depending 

upon the point lost. It is clear that Design 1 is always preferred 

to Design 2 and Design 2 can be much worse than the optimal design. 

4.1.4 Center Points 

In most practical situations the experimenter will want to include 

several center points in the design. From the results above it is 

clear that a design with center points will not be optimal in terms 

of its robustness. To determine the effect of center points consider 

the integrated squared bias given in (4.4). The optimal design will 

have N/2 points at +land N/2 points at -1. The second moment for 

this design will be one and all ISB. will be equal. It is easily 
1 

seen that ISB. will equal 4/3N (apart from ~2 /cr2 ) for the optimal 
1 

design. 

Now, rather than putting all N points.at the extremes of the 

design, suppose we allow N1/2 points at +land -1 and N0 points at 

the center. The total sample size is still N1 +N 0 = N. In this 

case the second moment is N1/N and the maximum ISBi will occur at 

the endpoints. It turns out, then, that the maximum ISB. (apart 
1 

from ~2 /cr2 ) is given by 

Max(ISB.) 
1 

= 1 + N N 3N2 1 
(4.14) 

which is larger than 4/3N. The difference between (4.14) and the 

optimum,4/3N,is 
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(4.15) 

Obviously as long as Nf is close to N2 , that is, few center points 

are used, the difference between the robustness of the two designs 

will be small. 

To illustrate the effect of center points on robustness several 

examples will be given. 

Example 1: For a sample size of ten, minimax(ISB.) = 4/30 = 0.1333, 
]. 

apart from 4i2/cr2 • If two center points are used in the design (N1 = 8), 

then, the max(ISB.) in (4.14) turns out to be 0.1521 resulting in a 
]. 

14% increase over the optimal design. 

If four center points are included (N1 = 6), then the Max(ISBi) 

is 0.1926 and the increase is 44% over the optimum. 

Example 2: If the sample size is sixteen then minimax(ISB.) = 0.0833, 
]. 

apart from ¢ 2 /cr2 • If two center points are used in this case N1 = 14, 

and Max(ISB.) is 0.0897, which is an increase of 7.6% over the opti-
1 

mum. For N1 = 12 there is a 19% difference between the two designs. 

Thus, we see that the use of center points can seriously affect 

the robustness of the design to outliers. However, if the number of 

center points is small relative to the total sample size the robust-

ness of the design will not be unduly affected. 
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The same is true of robustness to missing data. For the optimal 

design h .. = p/N which in this case is 2/N and, again, [11] = 1. Then, 
1.1. 

from (4.9) it turns out that 

V • 
-1. 

1 N2 1 1 
= 1 + 3 + N-2 [NZ + 3N2] 

4 1 = - [l + N-2] 3 

4 [N-1] = -3 N-2 

If center points are used in the design then recall that 

[11] = N1/N and from (4.13) the maximum h .. is 
1.1. 

1 1 max (h .. ) = - + -
1.1. N N1 

(4.16) 

(4.17) 

Then, for a design with center points the maximum V ., which occurs 
-1. 

at the endpoints, is 

+ ___!_ + 
N2N 1 N2 

max(V . ) 1 1 = [N2 + 3N2N] -1. 3Nl N1N-N1-N 1 

1 
N Nl 

[1 
N2 

= + 3N + N N-N -N + )W] 
1 1 1 1 

(4.18) 

For example 1 above in which a sample size of ten is used, 

minimax(V _i) = } [t] = 1.5 
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and if two center points are used ·max(V_i) turns out to be 1.6129. 

This is an increase of 7.5% over the optimal design. For the case of 

four center points max(V .) is 1.6819, a 12% increase over the opti-
-i 

mum. 

For the sample size of sixteen given in example 2 minimax(V .) = 
-i 

1.4286. In this case if two center points are used there is a 3.7% 

increase in the max(V .) and a 9.3% increase if four center points 
-i 

are used in the design. 

Thus, the same trends are seen as in the outlier case. However, 

the effect of the use of center points is somewhat less severe in the 

case of missing data. We see, then, that center points can be in-

eluded in the design without unduly affecting the robustness as long 

as the number of center points is small relative to the total sample 

size. 

4.1.5 Robustness to Errors in Control 

Although in a response surface study the levels of the indepen-

dent variables can be controlled,rnany times the desired levels of the 

variables can not be obtained exactly. th In that case the u obser-

vation for the first order model with a single independent variable 

can be defined as: 

(4.19) 

Thee are the true, but unknown, values of the independent variable u 

obtained in the experiment. Let X denote the aimed at or intended u 

levels of the variable. Then, 
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X = 6 + o (4.20) u u u 

where o represents the error in control of the independent variable u 
th for the u run. 

The model in (4.19) can then be rewritten as follows: 

(4.21) 

The error term, Z , includes the random, or residual, error and the u 

error due to the inability to obtain the specified levels of the de-

sign variable. 

In the results to be developed it will be assumed that E(o) = O, u 

Var(o) = cr2 and the errors in control, the o's, are uncorrelated from u 8 

run to run. The usual least squares assumptions will be made on the 

residual error terms, the E 's, and also assume that E(o E) = pcrcr~. u u u u 

Box (1963) states that the error term, Z , has expectation zero u 

and its variance is constant from run to run. This can easily be seen 

from the following: 



E(Z) = E(E -S 1o ) u u u 

=0-S •O 1 

= 0 

Var(Z) = Var(E -S 1o) u u u 
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(4.22) 

(4.23) 

From (4.23) it is clear that Var(Z) is independent of u and thus u 

remains constant across runs. So, although the error variance is 

inflated by the errors in control it does not affect the estimation 

since the inflated variance is homogeneous across runs and since no 

bias is induced by the errors. The variance-covariance matrix of the 

usual least squares estimator of the coefficiensts is then equal to 

Var(f) (4.24) 

where, cri = cr2 + Sfcr~ - 2S1pcrcr0 • The variance-covariance matrix for 

y, the vector of predicted responses, is given by 

(4.25) 

which is the usual variance-covariance matrix with the residual 

variance, cr2 , replaced by the variance of the overall error term. 
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The prediction variance at an arbitrary point,~' in the design space 

is therefore 

Var(y(x)) (4.26) 

It is clear from this development that the design chosen has no 

affect on the amount that the error variance is inflated due to the 

errors in control. Since no bias is incurred from the errors, the 

design criterion of interest is the minimum integrated prediction 

variance. It should be obvious at this point that the design which 

gives robustness to errors in control is the usual minimum variance 

design. This can be seen in the following development where V denotes 

the integrated prediction variance. 

NK I A V = 02 Var(y(~))d~ 
~ R 

(4.27) 

From the proof of Theorem 4.3 it can be seen that 

1 
V = l + 3[11] (4.28) 

The design which minimizes Vis the design with N/2 points at 1 and 

N/2 points at -1 for N even and (N-1)/2 points at 1, (N-1)/2 points 

at -1 and one point at O for Nodd. 

Therefore, if errors in control are potentially a problem,as they 

usually are in response surface experiments, the optimal design to use 
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for a first order model with one independent variable is the minimum 

variance design obtained by making [11] as large as possible. 

Thus, it has been demonstrated that for the design region (-1,1), 

a single independent variable and a first order model robustness to 

outliers, to missing data and to errors in control are obtained with 

a two-level design synnnetric about zero in which the two levels are 

taken as far from the origin as the first order model will allow. 

(If N is odd the extra point should be placed in the center.) It 

was also seen that even under ideal conditions in which none of these 

problems occur this design is still optimal. 

4. 2 First Order Designs for k > 1 

The results of the previous section will now be generalized to 

the case of multiple independent variables. The first order model 

fork independent variables was given in (2.2) and can also be 

written in matrix notation as in (2.4). First order designs for 

multiple variables will be found which are robust to outliers, to 

missing data and to errors in control. As in the single variable 

case it will turn out that the same conditions will give all three 

types of robustness. 

4.2.1 Robustness to Outliers 

The mean shift outlier model will again be used to model the 

occurrence of a single outlier which may occur at any one of the de-

sign points. The goal, as before, is to limit the effect of the out-

lier no matter where it might occur. 
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The design criterion to be used is that used in the single vari-

able case, the minimax integrated squared prediction bias. Recall 

that the integrated squared bias in prediction due to an outlier 

. h .th . . . (4 3) . occurring at t e 1 pain~ as given in • is 

N¢2 -1 -1 ISB = ~- Trace[µ(X'X) x.x'.(X'X) ] . i 0 2 -1-1 
(4.29) 

The design which minimizes the maximum ISB. is given in the following 
1 

theorem: 

Theorem 4.5 

Given a first order model and a spherical design region, then the 

maximum ISB. is minimized by an orthogonal design with second moments 
1 

as large as possible. 

Proof 

Without loss of generality assume [i] = O. Myers (1976) gives 

the region moments for a spherical design region. The region moment 

matrix,µ, for a first order model turns out to be 

1 

1 0 

k+2 (4.30) µ = 

0 1 
k+2 



122 

Since this region moment matrix is a diagonal matrix of constants, 

finding the design which gives minimax(ISB.) is equivalent to finding 
l. 

the design which gives 

(4.31) 

where the minimum is again over designs and the maximum is over loca-•· 
tions within a particular design. Note that the portion in braces in 

(4.31) can be reduced as follows: 

(4.32) 

Notice that this quantity is the pseudo-hat diagonal which was seen 

repeatedly in the results developed in Chapter 3. Thus, the design 

which results in minimax(ISB.) is equivalent to the design resulting 
l. 

To find this design first consider the sum of the pseudo-hat 

diagonals. 

N 
i: x! (X'X)- 2x. . -1. -1. 1.=l 

N 
= E Trace[x!(X'X)- 2x.] -1. -1. i=l 

N 
= E Trace[x.x!(X'X)- 2 ] -1.-1. i=l 

N 
= Trace i: 

i=l 
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N 
Recall that L x.x! = (X'X). Thus, 

i=l -1.-1. 

= Trace(X'X)- 1 

= 
k 
L 

j=O 

Var(8.) 
J (4.33) 

It has been shown, then, that the sum of the pseudo-hat diagonals is 

equal to the sum of the variances of the estimated coefficients (apart 

from o2 ). 

It is known (see Myers (1976)) that the variances of the esti-

mated coefficients 

larg~ as possible. 

are minimized by 
N. 

So, L !SB., as 
i=l l. 

an orthogonal design with [ii] as 

well as the average !SB., are 
l. 

minimized by the same design. Note, also, that with this design all 

!SB. are equal to the average ISB., and in particular the maximum 
l. l. 

ISBi is equal to the average. Now, let M1 = max(ISBi) for the orthog-

onal design with second moments as large as possible and let M2 = 

max(ISB.) for any other design. 
l. 

other design are smaller than M1. 

If M2 < M1 then all ISBi for the 

Therefore, the sum of the ISB. 
l. 

for the other design is smaller than the sum for the orthogonal de-

sign with large second moments, which is impossible based on the 

development above. Thus, M2 must be at least as large as M1. There-

fore, the design which minimizes the maximum ISB. is the orthogonal 
l. 

design with second moments as large as possible. 
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Examples of such optimal designs are the 2k factorial designs, 

fractions of factorials that are first order orthogonal and Plackett-

Burman designs. 

Recall that the conditions stated in Theorem 4.5 are the same 

conditions that give minimum variances of coefficients. Myers (1976) 

also shows that these conditions give the minimum integrated predic-

tion variance. Therefore, these optimal designs also minimize the 

integrated mean square error of prediction, as was found in the single 

variable case. It is also clear that these designs are optimal based 

on the variance properties even if no outliers occur in the data. 

Nothing is sacrificed, then, in obtaining robustness to outliers. 

It also turns out that the same designs are optimal if the outlier 

is modeled as a variance inflation outlier rather than a mean shift 

outlier. 

4.2.2 Robustness to Missing Data 

For the case of multiple independent variables the effects of 

losing a single data point will now be examined. As in the single 

variable case it is unknown which, if any, of the data points will 

be lost and so the aim will be to find designs which will minimize 

the effe~t of losing a point no matter which point in the design it 

might be. The optimal design will again be that which minimizes the 

maximum integrated prediction variance with a point deleted. The 

maximum is, as before, taken over locations within a particular de-

sign. 
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The integrated prediction variance with the ith point deleted is 

given by V . in (4.8). The design that minimizes the maximum of the 
-1 

NV . is given in the following theorem: 
-1 

Theorem 4.6 

Given a first order model and a spherical design region, then 

the maximum V . is minimized by an orthogonal design with second 
-1 

moment as large as possible. 

Proof 

Without loss of generality assume [i] = 0. The integrated pre-

diction variance with the ith data point deleted is 

To find the design giving minimax(V .), each term in (4.34) will be 
-1 

considered individually. The first term is obviously independent of 

locations in the design. This term is the integrated prediction vari-

ance with all design points included in the analysis. As mentioned 

previously, Myers (1976) shows that this is minimized by an orthogo-

nal design with second moments as large as possible. 

Notice that the numerator of the second term is similar to the 

integrated squared bias in prediction given in (4.29). Thus, the 

design which minimizes the maximum value of this numerator is the 

design just described, the orthogonal design with large second 

moments. It remains to be shown, then,that the same design minimizes 

the maximum hat diagonal, h ..• Since the hat diagonals sum to a 
11 
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constant, the number of model,~arameters, the maximum h .. is minimized 
11 

when they are all equal. For the first order model this occurs when 

the design is orthogonal. 

Therefore, the design which is robust to missing data is the 

orthogonal design with second moments, [ii], as large as possible. 

As previously mentioned the 2k factorials, first order orthogo-

nal fractions and Plackett-Burman designs are examples of designs 

that meet these criteria and thus, are also robust to missing data. 

4.2.3 Example 

The 23 factorial design has design matrix as follows: 

xl X2 x3 

1 1 1 

1 1 -1 
1 -1 1 

D = 1 -1 -1 
1 

-1 1 1 
(4.35) 

-1 1 -1 

-1 -1 1 

-1 -1 -1 

The levels of +land -1 are arbitrarily used in this example. The 

actual levels used in practice should be as far from the origin as 

allowed by the first order model. This optimal design has integrated 

prediction variance (apart from 0 2 ), with all 8 points included, of 

1.6 and the maximum V . of 2.0. In fact, in this case all V . are 
-1 -1 

equal. Thus, if a point is lost from the optimal design, no matter 

which point it might be, the integr~ted prediction variance is in-
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flated by 25%. Contrast this with a similar, but non-optimal design 

given by the following design matrix: 

xl x2 x3 

1 1 1 

1 1 -1 
1 -1 1 

D2 
0 -1 -1 (4.36) = 
0 1 1 

-1 1 -1 
-1 -1 1 

-1 -1 -1 

This design has integrated prediction variance with all 8 points of 

1.76, an increase of 10% over that of the optimal design. The second 

design has maximum V. equal to 2.34. This is an increase of 33% over 
-i 

its integrated prediction variance with all 8 points included in the 

analysis. The second design has maximum V . 17% larger than that of 
-i 

the optimal design. In fact, the minimum V . for the second design 
-i 

is 3% larger than the V . for the optimal design. Thus, no matter 
-i 

which point is lost the optimal design has a smaller integrated pre-

diction variance. Depending upon exactly which point is lost the 

difference may be large. If no points are lost, the optimal design 

still has integrated prediction variance significantly smaller than 

that of the second design. 

It has been seen that the design which is robust to missing data 

is the same design which is robust to outliers. The same design is 

also optimal in terms of the usual integrated prediction variance. 
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4.2.4 Center Pain.ts 

As in the single variable case, center points are usually included 

in the experimental design. To investigate their effect, the optimal 

design will be compared to 2k factorial designs augmented by No center 

points. 

For the optimal design (X'X) = 

~2/cr2, can be found as follows: 

1 ' = -N X.).lX. -1. -1. 

1 
= - x' N -i 

1 

1 
k+2 

1 k 
= N (l + k+2) • 

N • I and the ISB. , apart from 
]. 

1 
k+2 

(4.37) 

Therefore, since all ISB. are equal, minimax(ISB.) is given by (4.37). 
]. ]. 

For the factorial design with center points, let N1 be the number 

of factorial points. The ·total sample size is N1 + N0 = N. It is 

easily seen that in this case 
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Apart from ¢ 2 /o 2 the ISB. is found as follows: 
1 

ISB. = N x'. 
1 -1 

1 
N 

1 
N 

N 
Nf(k+2) • 

k 1 N 
= N + N21(k+2) L j=l 

x~. 
J1 

1 

N 

1 
k+2 

Nf(k+2) 

1 
k+2 

1 
N 

(4.38) 

(4.39) 

Obviously the maximum ISB. for this design will occur at the factorial 
1 

points rather than the center points and thus, 
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1 Nk 
max(ISBi) = N + Nf(k+2) 

The difference in the maximum ISB. for the two designs is 
1 

D Nk k = Nf(k+2) N(k+2) 

k(N2-N2 ) 1 = NNf(k+2) 

(4.40) 

(4.41) 

Notice that for k = 1 this difference reduces to that found in (4.15). 

This difference will be close to zero when Ni is close to N2 • 

The difference in integrated squared bias has been calculated 
k for several 2 factorial designs plus center points. The results are 

given in Table 6 for k = 3, 4 and 5 along with the percentage increase 

in integrated bias over the optimal design and the ratio of center 

points to total sample size. From these results we see that adding 

center points to the design can significantly reduce its robustness, 

especially for smaller values of k. However, ask increases (and 

thus N increases) center points are less detrimental to the robust-

ness of the design. 

For the missing data case, the optimal design will have 

N Trace[µ(X'X)- 1 ] = Trace(µ) 

(4.42) 
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Table 6 

Differences in max(ISB.) as a 
1 

NO 

2 
4 
8 

NO 

2 
4 
8 

Function of Center Points 

D 

0.0338 
0.0625 
0.1125 

D 

0.0098 
0.0187 
0.0347 

D 

0.0027 
0.0053 
0.0100 

% INC 

% 

% 

21 

47 
113 

INC 

11 

22 
50 

INC 

5 
11 
23 

N/N 

0.2 

0.3333 
0.5 

N0/N 

0.1111 
0.2 
0.3333 

N0/N 

0.0588 
0.1111 
0.2 
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This design has all hat diagonals equal to p/N and thus from (4.34) 

it turns out that 

minimax(V .) 
-1 

k 1 k 
= l + k+2 + N(l-p/N) (l + k+2) 

k 1 
= (l+ k+2)(l + N-p) 

For a design with center points we see that 

1 

N Trace[µ(X'X)- 1] = Trace 
1 

k+2 

Nk 
= l + N1(k+2) 

1 
k+2 

The hat diagonals for this design turn out to be 

k 
h. . = _Nl + Nl z: x~ . 

11 1 j=l ]1 

1 

and thus the maximum hat diagonal (which occurs at the factorial 

points) is 

1 k max (h .. ) = - + -
11 N N1 

(4.43) 

(4.44) 

(4.45) 

(4.46) 
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From (4.40), (4.44) and (4.46), the maximum V . for a factorial design 
-1 

with center points is 

max(V .) 
-1 

Nk NNl 1 Nk 
= l + N1(k+2) + NN -N -Nk [N + N2(k+2)] 

1 1 1 
(4.47) 

Fork= 3, 4 and 5 Table 7 gives the difference between (4.47) 

and minimax(V .) given in (4.43) for several values of N0 • The per-
-1 

cent?ge increase and N0/N are also given. The same trends are seen 

as in the outlier case, although the effect of the use of center points 

is less pronounced for the missing data case. 

If center points are to be added to the basic design, only a 

relatively small number can be used without severely diminishing the 

robustness of the design. However, ask increases, a greater number 

of center points can be tolerated. 

4.2.5 Robustness to Errors in Control 

h th b · f . h f" d d 1 . h" h h Te u o servation or t e 1rst or er mo e in w ic t ere 

are errors in control can be written as 

(4.48) 

where e. are the true levels of the design variables obtained in the 
JU 

experiment. Recall, however, that the e.'s are unknown. 
J 

X. will 
JU 

represent the intended levels of the independent variables. So 

X. = 8. + o. 
JU JU JU 

(4.49) 
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Table 7 

Differences in Integrated Prediction Variance 
as a Function of Center Points 

23 NO D % INC N0/N 

2 0.2143 11 0.2 
4 0.4154 23 0.3333 
8 0.8 45 0.5 

24 NO D % INC N0/N 

2 0.0975 5 0.1111 
4 0.1935 11 0.20 
8 0.3824 22 0.3333 

25 NO D % INC N0/N 

2 0.0480 2.7 0.0588 
4 0.0958 5 0.1111 
8 0.1908 11 0.2 
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h ~ h . d . h h . th d . . bl were u. represents t e error associate wit t e J esign varia e 
JU 

th at the u run. The following assumptions are made on the error terms: 

E (e: ) = E(o. ) = 0 for all j u JU 

Var(e:) = 02 
u 

Var(o. ) = 0~ for all u 
JU J 

(4.50)•· 

E(o. o. ) = p .. o .o. iu JU 1J · 1 J 

E(e: o. ) = p0jooj U JU 

So, the usual least squares assumptions are made on the residual error 

terms, e: , the o. have zero expectation and constant variance for each 
u J 

j. It is also assumed that the errors in control may be correlated 

within a run, but are uncorrelated from run to run. 

From (4.48) and (4.49) the model can be rewritten in terms of 

the aimed-at levels of the independent variables as follows: 

= Bo+ BlXlu + ... + B ~ - B1°1u - . .. - Bk0ku + e: k u u 

k k 
= Bo+ r B.X. + (E - r B.o. ) 

j=l J JU u j=l J JU 

k 
= Bo+ r 8.X. + z 

j=l J JU u (4.51) 
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Thus, as in the single variable case, the overall error term is a 

function of the residual error, the unknown coefficients and the 

errors due to missing the intended levels of the variables. 

It is obvious that the Z have expectation zero and the variance u 

of Z can be found as follows: u 

Var(Z) u 

k 
= Var[E - }: 8.o.] 

U j=l J JU 

k 
= Var(E:) + }: S~ Var(o. ) 

U j=l J JU 

+ 2 r E 8.S. Cov ( o. , o . ) 
i<j 1 J 1U JU 

k k 

k 
2 r SJ. Cov(E ,o. ) 

j=l U JU 

= a2 + r S~cr~ - 2 r S.P 0 .aa. + 2 r E p •• a .a. 
j=l J J j=l J J J i<j 1J 1 J 

(4.52) 

As in the single variable case, then, the variance of the overall 

error term, Z , is not a function of u. Thus, u 

(4.53) 

where a~ is the expression given for Var(Zu) in (4.52). As in the 

case of one independent variable the error variance is inflated by 

the errors in control and is a function of the unknown coefficients, 

but the estimation is unaffected by this. 

The variance-covariance matrices for the estimated coefficients 

and predicted responses are given by (4.24) and (4.25), respectively, 

where in this case af is given in (4.52). Again it is clear that the 
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amount of the inflation in variance due to the errors in control is 

unaffected by the design chosen. 

The design criterion to be used, the integrated prediction vari-

ance, is given in (4.27), where, again, cr~ is given in (4.52). Recall 

that the design which minimizes the integrated prediction variance is 

the orthogonal design with second moments as large as possible. The 

2k factorials, first order orthogonal fractions and the Plackett-

Burman designs are again found to be robust, this time to errors in 

control. 

Thus, it has been demonstrated that for a single independent 

variable the design that is robust to outliers, missing data and 

errors in control for the design region R = (-1,1) is obtained by 

using two levels symmetric about zero and as far from the origin as 

practicable. These designs were also seen to be optimal under the 

ideal conditions in which none of these problems occur. For more 

than one independent variable the conditions that give robustness to 

these three problems are orthogonality and second moments as large as 

possible. The 2k factorials, first order orthogonal fractions and 

Plackett-Burman designs are examples of robust designs. These, too, 

are optimal even if none of the problems described actually occur. 

Thus, nothing is sacrificed in obtaining robustness to these problems. 

In the next chapter these results will be extended to the case 

of second order models. The same types of robustness will be inves-

tigated: robustness to outliers, to missing data and to errors in 

control. Results will be obtained by computer foi the case of a 
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single independent variable and for several types of second order de-

signs for more than one variable. The design types to be examined 

are the central composite, the Box-Behnken, the small composite, the 

hybrid and the equiradial design. 



V. ROBUSTNESS AND SECOND ORDER DESIGNS 

In Chapter IV designs were found for the first order model that 

are robust to outliers, to missing data and to errors in control. In 

this chapter the same types of robustness will be investigated for the 

second order model given in (2.3). The criteria developed in the last 

chapter will be used to evaluate the second order designs. Results 

are obtained by computer for outlier robustness and robustness to 

missing data for. the central composite, Box-Behnken, small composite, 

hybrid and equiradial designs. For each of the design classes, recom-

mendations will be made as to the appropriate design parameters to be 

used to achieve robustness. Comparisons will also be made across de-

sign types where appropriate. 

In examining errors in control in a second order response surface 

model, the uth observation can be written as 

k k 
y = a0 + r aie. + r aiiefu + r r a .. e. a. + e , 

U i=l 1U i=l i<j 1] 1U JU U 
(5.1) 

where, as before, the a. represent the true levels of the independent 
1U 

variables obtained in the experiment. The intended levels of these 

variables will again be denoted by X. and differ from the actual 
1U 

levels obtained by an unknown error, o .• That is, 
1U 

X. = a. + o. 
1U 1U 1U 
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(5.2) 
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The assumptions stated in (4.33) will again be made on the errors 

terms. 

Using the relationship given in (5.2) the model in (5.1) can be 

rewritten as follows: 

k k 
Yu= SO+ E Si(X. -oi) + E Sii(X1.·u-oiu)2 

i=l l.U U i=l 

+ E E 13 .. (X. -o . )(X. -o . ) + e: i<j l.J l.U l.U JU JU U 

k k k 
=SO+ E Six. - E Sioi + E S1.'i(X2iu-2Xiuoiu+o2iu) 

i=l l.U i=l U i=l 

+ E E S 'j (Xi X. - xi o. - X. o. + o. oj ) + e: i<j l. U JU U JU JU l.U l.U U U 

k k 
= s0 + E s.x 1 + E siix~ +EE s.jx. xj 

i=l l. U i=l l.U i<j l. l.U U 

+ e: u 

- E E 
i<j 

s .. x1 a. -
1J U JU 

k 
= S + E 

. O k=l 
a.xi + ]. u 

E E 
i<j 

k 
E 

i=l 

a .. x. a1 + E E S .. 1\ o. 
l.J JU U i<j l.J U JU 

a.ix~ + I: E siix. x. + z l. l.U i<j l.U JU U 
. (5. 3) 

The over all error term, Z , then is a function of the residual error, u 

e:u, the errors in control, oiu' the unknown coefficients and is also 

a function of the design chosen, through the X .• 
JU 
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Unlike the first order case in which the Z had expectation u 
zero, in this case the expectation of the overall error term is non-

zero, as seen in the following: 

k k k 
E(Z) = u E(eu) - t aiE(oi) - 2 t aiiX1.·uE(oiu) + t a.iE(oi 2 ) 

i=l u i=l i=l l. u 

- LL a .. x. E(o. ) - LL a .. x. E(o. ) +LL ai.E(oi o. ) 
i<j l.J l.U JU i<j l.J JU l.U i<j J U JU 

k 
= L a.iE(o~) +LL ai.E(oi o. ) 

i=l l. l.U i<j J U JU 

= 

(5.4) 

The expected value of the error term, then, is a function of the un-

known coefficients; however, it is not a function of the design chosen. 

To examine the variance structure of the_ error terms, consider the 

simple case of one independent variable. In that case 

(S.S) 

The variance of this error term is found as follows: 
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2 o2 2 402 2 2 o2 c~2) = 0 + µ1°1 + µ11Xlu0 1 + µ11 Var ulu 

If it is assumed that the o1u's are normally distributed, then it can 

be shown that Var(ofu) = 201. Therefore, Var(Zu) becomes 

(5. 7) 

From this it can be seen that the variance of the overall error term 

is a function of the coefficients, which are unknown, and also differs 

from run to run. The problem of finding second order designs that are 

robust to errors in control then becomes a problem of heterogeneous 

variance. The fact that the variances are functions of the unknown 

coefficients, however, makes solving the problem intractable. Thus, 

robustness to errors in control in second order designs will not be 

examined further. 
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In the next two sections, designs will be found which are robust 

to outliers and to missing data. In the third section,comparisons 

will be made between several of the design classes considered. The 

fourth section will examine robustness in the central composite and 

small composite designs when the region of interest extends beyond 

that defined by the factorial points. A summary of the recommenda-

tions will be given in Chapter VI. 

5.1 Robustness to Outliers 

The basis for examining robustness to outliers in second order 

designs is the same as in the first order case, Recall that the 

criterion developed for that case was the integrated squared bias 

i di . d li i h .th d i i n pre ction ue to an out er occurr ng at t e 1 es gn po nt. 

From (4.3) the integrated bias apart from ~2 ia2 is 

(5.8) 

The region of integration, the unit sphere, will be discussed in more 

detail for each design type, individually. For each type of design 

the optimal choice of design parameters will be tound; that is, the 

design parameters which minimize the maximum !SB .. To do this, the 
1 

maximum !SB. is calculated (apart from ~2 /cr2 ) for each combination 
1 

of design parameters. The special case of a single independent vari-

able is addressed in the following section, 
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5.1.1 One Independent Variable 

In this section the case of a quadratic model in one variable 

will be considered. As in the first order model, the region of in-

terest is assumed to have been scaled to the interval (-1,1). The 

prediction function for this case is 

The X-matrix in general is as follows: 

X = 

1 

1 

1 

x2 
1 

x2 
2 

(5.9) 

(5 .10) 

Two types of designs will be evalu?ted and compared in this case. 

One is the three level design-with levels, -1, 0 and +1. Sample sizes 

of eight to twenty-five will be examined and for a given sample size 

the number of center points, N0 , will be varied and the remaining 

N - N0 points will be evenly distributed between the two endpoints. 

The following diagram illustrates this design. 

-1.0 

N-N 0 
2 

0 1.0 

N-N 0 
2 

number 
of 

points 
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The second design type is a five-level design with levels taken to be .. 

-1, -D, O, +D and +1, where Dis allowed to vary from .1 to .9. As 

well as varying D for a given sample size, the distribution of the 

points at the five levels will also be varied. The number of center 

points and the total number of points at the endpoints, N1 , will be 

varied, with the remaining N - N0 - N1 points distributed evenly between 

the two interior levels. This design is illustrated in the following 

diagram, where N2 denotes N - N0 - N1• 

-1.0 -D 0 D 1.0 

number 
of 

points 

The maximum integrated squared bias in prediction is calculated 

using (5.8) and the X-matrix given in (5.10) for sample sizes of 8 

through 25. Sample results for the 3-level designs for N = 8 through 

20 are given in Table 8. From these results it can be seen that the 

design which is most robust has approximately half of the points in 

the center. It is also obvious from these results that the damage 

due to the occurrence of an outlier can be quite severe if less than 

three center points are used. The same results hold for the larger 

sample sizes. 

For the 5-level designs results are given in Table 9 for sample 

sizes of 8 through 15. It is impossible in this case to give specific 

recouunendations as to the distribution of points. However, the follow-

ing generalizations can be made: 
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1) N0 should be less than half the total number of points; 

2) N0 should be approximately equal to the number of points at 

each endpoint; 

3) the number of points at the extremes should be larger than 

the number of points at the interior levels, i.e., the non-center 

levels; 

4) D should generally be in the range of .4 to .6. 

The same computations were made for sample sizes of 16 through 25 and 

similar results were seen. 

In comparing the 3-level and the 5-level designs, it can be seen 

that neither is clearly the better choice. For a given sample size 

the best 3-level design is at least competitive with the best 5-level 

design in terms of robustness to outliers, and in some cases the 3-

level design is best. TablelO gives the most robust design for a 

given sample size of those 3 and 5-level designs considered. These 

designs can be seen to follow the generalizations made above. 

The generalizations made regarding these designs are intended 

as broad rules-of-thumb and not as hard-and-fast rules for choosing 

a design. In designing an experiment, then, for a quadratic regres-

sion model with a single independent variable these principles for 

achieving robustness should be considered and adapted to the specific 

situation. There are many other types of designs that could be con-

sidered for this case; however, since this is less interesting and 

less practical than the multiple variable case, only these two de-

sign types will be considered. In the following sections the most 
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Table 8 

Maximum Integrated Squared Bias 

k=l, 3-Level Designs 

N NO MAXBIAS 

8 2 1.0667 
8 4 0.2667 
8 6 1.0667 

9 1 4.8000 
9 3 0.5333 
9 5 0.3000 
9 7 1. 2000 

10 2 1.3333 
10 4 0.3333 
10 6 0.3333 
10 8 1.3333 

11 1 5.8667 
11 3 0.6519 
11 5 0.2347 
11 7 0.3667 
11 9 1. 4667 

12 2 1.6000 
12 4 0.4000 
12 6 0.1778 
12 8 0.4000 
12 10 1.6000 

13 1 6.9333 
13 3 0.7704 
13 5 0.2773 
13 7 0.1926 
13 9 0.4333 
13 11 1. 7333 

14 2 1. 8667 
14 4 0.4667 
14 6 0.2074 
14 8 0.2074 
14 10 0.4667 

·14 12 1.8667 
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Table 8 (cont. ) 

N NO MAXBIAS 

15 1 8.0000 
15 3 0.8889 
15 5 0.3200 
15 7 0.1633 
15 9 0.2222 
15 11 0.5000 
15 13 2.0000 

16 2 2.1333 
16 4 0.5333 
16 6 0.2370 
16 8 0.1333 
16 10 0.2370 
16 12 0.5333 
16 14 2.1333 

17 1 9.0667 
17 3 1.0074 
17 5 0.3627 
17 7 0.1850 
17 9· 0.1417 
17 11 0.2519 
17 13 0.5667 
17 15 2.2667 

18 2 2.4000 
18 4 0.6000 
18 6 0.2667 
18 8 0.1500 
18 10 0.1500 
18 12 0.2667 
18 14 0.6000 
18 16 2.4000 

19 1 10.1333 
19 3 1.1259 
19 5 0.4053 
19 7 0.2068 
19 9 0.1251 
19 11 0.1583 
19 13 0.2815 
19 15 0.6333 
19 17 2.5333 
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Table 8 (cont.) 

N NO MAXBIAS 

20 2 2.6667 
20 4 0.6667 
20 6 0.2963 
20 8 0.1667 
20 10 0.1067 
20 12 0.1667 
20 14 0.2963 
20 16 0.6667 
20 18 2.6667 
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Table 9 

Maximum Integrated Squared Bias 

k=l, 5-Level Designs 

N NO Nl D MAXBIAS 

8 2 2 0.2 0.9571 
8 2 2 0.4 0.7219 
8 2 2 0.6 0.4807 
8 2 2 0.8 0.7334 

8 2 4 0.2 0.2864 
8 2 4 0.4 0.3589 
8 2 4 0.6 0.5287 
8 2 4 0.8 0.8309 

8 4 2 0.2 1.0087 
.0 4 2 0.4 0.8577 

8 4 2 0.6 0.6529 
8 4 2 0.8 0.4329 

9 1 2 0.2 1.0276 
9 1 2 0.4 0.7174 
9 1 2 0.6 0.5282 
9 1 2 0.8 2.3242 

9 1 4 0.2 0.2812 
9 1 4 0.4 0.3208 
9 1 4 0.6 0.7303 
9 1 4 0.8 2.3818 

9 1 6 0.2 0.5904 
9 1 6 0.4 0.8159 
9 1 6 0.6 1. 4536 
9 1 6 0.8 3.0807 

9 3 2 0.2 1.0786 
9 3 2 0.4 0.8147 
9 3 2 0.6 0.5309 
9 3 2 0.8 0.3992 

9 3 4 0.2 0.2903 
9 3 4 0.4 0.2634 
9 3 4 0.6 0.3210 
9 3 4 0.8 0.4437 

9 5 2 0.2 1.1358 
9 5 2 0.4 0.9678 
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Table 9 (cont.) 

N NO Nl D MAXBIAS 

9 5 2 0.6 0.7375 
9 5 2 0.8 0.4895 

10 2 2 0.2 1.1440 
10 2 2 0.4 0.7958 
10 2 2 0.6 0.4982 
10 2 2 0.8 0.8516 

10 2 4 0.2 0.3132 
10 2 4 0.4 0.2631 
10 2 4 0.6 0.4093 
10 2 4 0.8 0.8831 

10 2 6 0.2 0.3590 
10 2 6 0.4 0.4517 
10 2 6 0.6 0.6636 
10 2 6 0.8 1. 0399 

10 4 2 0.2 1. 2000 
10 4 2 0.4 0.9078 
10 4 2 0.6 0.5861 
10 4 2 0.8 0.3012 

10 4 4 0.2 0.3230 
10 4 4 0.4 0. 2940 
10 4 4 0.6 0.2506 
10 4 4 0.8 0.2869 

10 6 2 0.2 1. 2629 
10 6 2 0.4 1.0777 
10 6 2 0.6 0.8220 
10 6 2 0.8 0.5461 

11 1 2 0.2 1. 2055 
11 1 2 0.4 0.7964 
11 1 2 0.6 0.5568 
11 1 2 0.8 2.6338 

11 1 4 0.2 0.3353 
11 1 4 0.4 0.2653 
11 1 4 0.6 0.5564 
11 1 4 0.8 2.4322 

11 1 6 0.2 0.2642 
11 1 6 0.4 0.3947 
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Table 9 (cont. ) 

N NO Nl D MAXBIAS 

11 1 6 0.6 0.8737 
11 1 6 0.8 2.8001 

11 1 8 0.2 0.7227 
11 1 8 0.4 1.0001 
11 1 8 0.6 1.7751 
11 1 8 0.8 3.7491 

11 3 2 0.2 1. 2602 
11 3 2 0.4 0.8754 
11 3 2 0.6 0.5230 
11 3 2 0.8 0.4609 

11 3 4 0.2 0.3452 
11 3 4 0.4 0.2908 
11 3 4 0.6 0.2706 
11 3 4 0.8 0.4802 

11 3 6 0.2 0.2486 
11 3 6 0.4 0.2966 
11 3 6 0.6 0.3952 
11 3 6 0.8 0.5449 

11 5 2 0.2 1. 3214 
11 5 2 0.4 1. 0010 
11 5 2 0.6 0.6434 
11 5 2 0.8 0.3307 

11 5 4 0.2 0.3556 
11 5 4 0.4 0.3244 
11 5 4 0.6 0.2770 
11 5 4 0.8 0.2186 

11 7 2 0.2 1.3899 
11 7 2 0.4 1.1875 
11 7 2 0.6 0.9066 
11 7 2 0.8 0.6026 

12 2 2 0.2 1.3171 
12 2 2 0.4 0.8642 
12 2 2 0.6 0.5283 
12 2 2 0.8 0.9736 

12 2 4 0.2 0.3666 
12 2 4 0.4 0.2902 
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Table 9 (cont. ) 

N NO Nl D MAXBIAS 

12 2 4 0.6 0.3447 
12 2 4 0.8 0.9458 

12 2 6 0.2 0.1957 
12 2 6 0.4 0.2691 
12 2 6 0.6 0.4872 
12 2 6 0.8 1. 0439 

12 2 8 0.2 0.4314 
12 2 8 0.4 0.5439 
12 2 8 0.6 0.7982 
12 2 8 0.8 1.2489 

12 4 2 0.2 1. 3765 
12 4 2 0.4 0.9556 
12 4 2 0.6 0.5572 
12 4 2 0.8 0.2981 

12 4 4 0.2 0.3771 
12 4 4 0.4 0.3185 
12 4 4 0.6 0. 2425 
12 4 4 0.8 0.3114 

12 4 6 0.2 0.1863 
12 4 6 0.4 0.2148 
12 4 6 0.6 0.2698 
12 4 6 0.8 0.3465 

12 6 2 0.2 1. 4427 
12 6 2 0.4 1. 0942 
12 6 2 0.6 0.7016 
12 6 2 0.8 0.3610 

12 6 4 0.2 0.3882 
12 6 4 0.4 0.3547 
12 6 4 0.6 0.3033 
12 6 4 0.8 0.2395 

12 8 2 0.2 1. 5169 
12 8 2 0.4 1.2972 
12 8 2 0.6 0.9911 
12 8 2 0.8 0.6590 

13 1 2 0.2 1. 3712 
13 1 2 0.4 0.8708 
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Table 9 (cont. ) 

N NO Nl D MAXBIAS 

13 1 2 0.6 0.6203 
13 1 2 0.8 2.9512 

13 1 4 0.2 0.3872 
13 1 4 0.4 0.2921 
13 1 4 0.6 0.4634 
13 1 4 0.8 2.5245 

13 1 6 0.2 0.1803 
13 1 6 0.4 0.2481 
13 1 6 0.6 0.6281 
13 1 6 0.8 2.6733 

13 1 8 0.2 0.3131 
13 1 8 0.4 0.4683 
13 1 8 0.6 1. 0223 
13 1 8 0.8 3.2388 

13 1 10 0.2 0.8548 
13 1 10 0.4 1.1840 
13 1 10 0.6 2.0970 
13 1 10 0.8 4.4193 

13 3 2 0.2 1. 4286 
13 3 2 0.4 0.9334 
13 3 2 0.6 0.5320 
13 3 2 0.8 0.5246 -

13 3 4 0.2 0.3977 
13 3 4 0.4 0.3154 
13 3 4 0.6 0.2403 
13 3 4 0.8 0.5206 

13 3 6 0.2 0.1842 
13 3 6 0.4 0.1993 
13 3 6 0.6 0.3196 
13' 3 6 0.8 0.5645 

13 3 8 0.2 0.2943 
13 3 8 0.4 0.3519 
13 3 8 0.6 0.4689 
13 3 8 0.8 0.6458 

13 5 2 0.2 1. 4926 
13 5 2 0.4 1. 0361 
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Table 9 (cont.) 

N NO Nl D MAXBIAS 

13 5 2 0.6 0.5958 
13 5 2 0.8 0.2543 

13 5 4 0.2 0.4089 
13 5 4 0.4 0.3461 
13 5 4 0.6 0.2633 
13 5 4 0.8 0.2234 

13 5 6 0.2 0.1883 
13 5 6 0.4 0.1761 
13 5 6 0.6 0.2000 
13 5 6 0.8 0.2455 

13 7 2 0.2 1. 5640 
13 7 2 0.4 1.1875 
13 7 2 0.6 0.7604 
13 7 2 0.8 0.3918 

13 7 4 0.2 0.4208 
13 7 4 0.4 0. 3849 
13 7 4 0.6 0.3296 
13 7 4 0.8 0. 26"04 

13 9 2 0.2 1. 6438 
13 9 2 0.4 1.4069 
13 9 2 0.6 1. 0756 
13 9 2 0.8 0.7154 

14 2 2 0.2 1. 4785 
14 2 2 0.4 0.9300 
14 2 2 0.6 0.5663 
14 2 2 0.8 1. 0976 

14 2 4 0.2 0.4177 
14 2 4 0.4 0.3148 
14 2 4 0.6 0.3057 
14 2 4 0.8 1.0146 

14 2 6 0.2 0.1946 
14 2 6 0.4 0.1871 
14 2 6 0.6 0.3912 
14 2 6 0.8 1. 0646 

14 2 8 0.2 0.2290 
14. 2 8 0.4 0.3156 
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Table 9 (cont.) 

N NO Nl D MAXBIAS 

14 2 8 0.6 0.5666 
14 2 8 0.8 1. 2081 

14 2 10 0.2 0.5037 
14 2 10 0.4 0.6359 
14 2 10 0.6 0.9327 
14 2 10 0.8 1.4580 

14 4 2 0.2 1. 5401 
14 4 2 0.4 1. 0035 
14 4 2 0.6 0.5493 
14 4 2 0.8 0.3370 

14 4 4 0.2 0.4289 
14 4 4 0.4 0.3406 
14 4 4 0.6 0.2396 
14 4 4 0.8 0.3383 

14 4 6 0.2 0.1987 
14 4 6 0.4 0.1753 
14 4 6 0.6 0.2306 
14 4 6 0.8 0.3633 

14 4 8 0.2 0.2177 
14 4 8 0.4 0.2517 
14 4 8 0.6 0.3163 
14 4 8 0.8 0.4058 

14 6 2 0.2 1.6088 
14 6 2 0.4 1.1169 
14 6 2 0.6 0.6366 
14 6 2 0.8 0.2716 

14 6 4 0.2 0.4407 
14 6 4 0.4 0.3738 
14 6 4 0.6 0. 2843 
14 6 4 0.8 0.1883 

14 6 6 0.2 0.2030 
14 6 6 0.4 0.1901 
14 6 6 0.6 0.1699 
14 6 6 0.8 0.1863 

14 8 2 0.2 1.6853 
14 8 2 0.4 1. 2807 
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Table 9 (cont.) 

N NO Nl D MAXBIAS 

14 8 2 0.6 0.8195 
14 8 2 0.8 0.4228 

14 8 4 0.2 0.4533 
14 8 4 0.4 0.4152 
14 8· 4 0.6 0.3558 
14 8 4 0.8 0.2812 

14 10 2 0.2 1.7708 
14 10 2 0.4 1. 5166 
14 10 2 0.6 1.1600 
14 10 2 0.8 0.7718 

15 1 2 0.2 1. 5265 
15 1 2 0.4 0.9429 
15 1 2 0.6 0.6872 
15 1 2 0.8 3.2734 

15 1 4 0.2 0.4369 
15 1 4 0.4 0.3166 
15 1 4 0.6 0.4074 
15 1 4 0.8 2.6405 

15 1 6 0.2 0.2047 
15 1 6 (j. 4 0.1773 
15 1 6 0.6 0.4973 
15 1 6 0.8 2.6242 

15 1 8 0.2 0.1854 
15 1 8 0.4 0.2874 
15 1 8 0.6 0.7092 
15 1 8 0.8 2.9579 

15 1 10 0.2 0.3619 
15 1 10 0.4 0.5416 
15 1 10 0.6 1.1729 
15 1 10 0.8 3.6865 

15 1 12 0.2 0.9868 
15 1 12 0.4 1.3677 
15 1 12 0.6 2.4190 
15 1 12 0.8 5.0903 

15 3 2 0.2 1.5858 
15 3 2 0.4 0.9908 



158 

Table 9 (cont.) 

N NO Nl D MAXBIAS 

15 3 2 0.6 0.5514 
15 3 2 0.8 0.5896 

15 3 4 0.2 0.4481 
15 3 4 0.4 0.3378 
15 3 4 0.6 0.2301 
15 3 4 0.8 0.5633 

15 3 6 0.2 0.2088 
15 3 6 0.4 0.1754 
15 3 6 0.6 0.2729 
15 3 6 0.8 0.5887 

15 3 8 0.2 0.1774 
15 3 8 0.4 0.2314 
15 3 8 0.6 0.3691 
15 3 8 0.8 0.6497 

15 3 10 0.2 0.3398 
15 3 10 0.4 0.4071 
15 3 10 0.6 0.5424 
15 3 10 0.8 0.7466 

15 5 2 0.2 1.6516 
15 5 2 0.4 1.0741 
15 5 2 0.6 0.5733 
15 5 2 0.8 0.2396 

15 5 4 0.2 0.4600 
15 5 4 0.4 0.3659 
15 5 4 0.6 0.2557 
15 5 4 0.8 0.2423 

15 5 6 0.2 0.2131 
15 5 6 0.4 0.1885 
15 5 6 0.6 0.1769 
15 5 6 0.8 0.2586 

15 5 8 0.2 0.1701 
15 5 8 0.4 0.1920 
15 5 8 0.6 0.2320 
15 5 8 0.8 0.2846 

15 7 2 0.2 1.7249 
15 7 2 0.4 1.1977 
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Table 9 (cont.) 

N NO Nl D MAXBIAS 

15 7 2 0.6 0.6788 
15 7 2 0.8 0.2899 

15 7 4 0.2 0.4725 
15 7 4 0.4 0.4013 
15 7 4 0.6 0.3053 
15 7 4 0.8 0.2023 

15 7 6 0.2 0.2176 
15 7 6 0.4 0.2041 
15 7 6 0.6 0.1826 
15 7 6 0.8 0.1546 

15 9 2 0.2 1.8065 
15 9 2 0.4 1. 3739 
15 9 2 0.6 0.8788 
15 9 2 0.8 0.4538 

15 9 4 0.2 0.4859 
15 9 4 0.4 0.4453 
15 9 4 0.6 0.3820 
15 9 4 0.8 0.3020 

15 11 2 0.2 1. 8978 
15 11 2 0.4 1. 6262 
15 11 2 0.6 1. 2444 
15 11 2 0.8 0.8281 
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Table 10 

Most Robust Designs for N = 8 to N = 20 

N NO Nl N2 D MAXBIAS 

8 4 4 0.2667 

9 1 4 4 .3 0.2603 

10 4 4 2 .6 0.2506 

11 5 4 2 .8 0.2186 

12 6 6 0.1778 

13 3 6 4 .3 0.1745 

14 6 6 2 .6 0.1699 

15 7 6 2 .8 0.1546 

16 8 8 0.1333 

17 5 8 4 .3 0.1314 

18 8 8 2 .6 0.1287 

19 9 8 2 .8 0.1197 

20 10 10 0.1067 
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commonly used second order designs for multiple variables will be 

evaluated. 

5.1.2 Central Composite Design 

The central composite design (ccd) described in Section 2.4.3 

will be evaluated in this section and optimal design parameters will 

be found. An analytical expression is given in Appendix·~ for the 

integrated squared prediction bias. From this expression, it can be 

seen that ISBi is a function of a and the n~mber of center points. 

The maximum ISB. was calculated using (5.8) and the (X'X)- 1 
]. 

matrix given in Appendix B for varying a and the number of center 

points. The values of a and N0 which minimize the maximu~ ISBi will 

be found. The region of interest is taken to be a sphere of radius 

one defined by the factorial points. Thus, _it is assumed that the 

experimenter is interested in using the model for prediction only in 

the area inside the factorial points. The design will be scaled so 

that the factorial points lie on the unit sphere. 

The axial value will be varied from 1 to 3 and the center points 

from 1 to 5. Note that with the region of interest as defined, if 

a S 1k' then the axial points are inside the sphere. Otherwise, the 

axial points are on the exterior of the sphere. Results will be 

obtained for k = 2 through 7. For k = 5 two cases will be considered, 

the first in which the factorial portion of the design is a full 25 

factorial design and in the second 

will be used. For k = 6 and 7 only 

the evaluation. 

a~ fraction of a 25 factorial 
1 the 2 fraction will be used in 
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In comparing the robustness of these designs it will be useful 

to compare the rotatable value of o with other axial values. For the 

ccd the value of o which gives a rotatable design is o = 4 /F, where 

Fis the number of factorial points in the design. The axial values 

are given in Table 11 for the relevant designs. 

The maximum ISBi are summarized in Table 12 for selected values 

of o for each value of k. The rotatable (or nearly rotatable) value 

of o is indicated with an asterisk. From these results it is seen 

that large values of ogive robustness to outliers. Thus, for the 

region of interest defined by the factorial points o should be chosen 

as large as practicable based on the suitability of the second order 

model and the constraints of the particular system under investiga-

tion. Secondly, it is apparent that using only one center point can 

result in a design which.is highly sensitive to outliers, unless o 

is very large. Including several center points eliminates this 

problem for reasonably large values of o. However, more than two or 

three center points gives only a marginal gain in robustness in most 

cases and in some cases gives no improvement at all. 

It turns out that the rotatable designs are not robust, particu-

larly if only one or two center points are used. Therefore, if 

rotatability is desired, the experimenter should seriously consider 

a compromise in which the o-level chosen is slightly larger than the 

rotatable value. If at least three center points are used, this de-

sign will be reasonably robust along with being nearly rotatable. 
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Table 11 

Rotatable a-Values for ccd 

k 2 3 4 5 5 6 7 
1 1 1 2 f rac. 2 f rac. 2 frac. 

a 1.414 1.682 2.0 2.378 2.0 2.378 2.828 
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Table 12 

Maximum Integrated Squared Bias for ccd's 

k=2 
CL 

NO 1.0 1.41* 2.0 3.0 

1 o. 7778 2.9907 1.4444 0.6288 
2 0.6746 0.8308 0.6633 0.4118 
3 0.7051 0.4062 0.3961 0.3167 
4 0.75 0.3769 0.2917 0.2907 
5 0.8088 0.4082 0.2956 o. 2779 

k=3 
CL 

NO 1.0 1.682* 2.0 3.0 

1 1.4950 3.2321 2.5979 0.5113 
2 1. 5521 0.8719 0.8768 0.3808 
3 1.6256 0.4133 0.4508 0.3622 
4 1. 7065 0.4315 0.3863 0.3558 
5 1. 7914 0.4560 0.4028 0.3561 

k=4 

CL 

NO 1.0 1.5 2.0* 3.0 

1 3.2563 0.8366 4.1667 0.4594 
2 3.3651 0.8132 1.0833 0,3423 
3 3.4804 0.8200 0.5 0.3367 
4 3.5995 0.8372 0.3727 0.3365 
5 3.7209 0.8590 0.3860 0.3394 

* Rotatable design 



NO 1.0 

1 6.9168 
2 7.0637 
3 7.2142 
4 7. 3671 
5 7.5215 

NO 1.0 

1 4.3866 
2 4.5407 
3 4.6967 
4 4.8540 
5 5.0122 

NO 1. 0 

1 8.5032 
2 8.6858 
3 8.8697 
4 9.0546 
5 9.2402 

* Rotatable design 
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Table 12 (cont.) 

k=5 (full factorial) 
(l 

2.0 2.38* 

2.7748 4.6892 
o. 9271 1. 3460 
0.5633 0.6367 
0.5674 0.3736 
0.5751 0.3449 

k=5 <t frac~ion) 
(l 

1.5 2.0* 

1.0184 1. 7500 
1.0352 0.6323 
1.0605 0.6562 
1.0898 0.6798 
1.1211 0.7032 

1 k=6 (2 fraction) 
(l 

2.0 2.38* 

0.8000 4.0731 
0. 6811 1. 0700 
0.6786 0.4904 
0.6840 0.4462 
0.6928 0.4557 

3.0 

0.5555 
0.3702 
o. 2723 
0.2728 
0.2748 

3.0 

0.7527 
0.5939 
0.5951 
0.6036 
0.6157 

3.0 

1.0414 
0.5585 
0.4234 
0.4274 
0.4330 



NO 1.0 

1 16.8088 
2 17.0160 
3 17.2242 
4 17.4333 
5 17.6429 

* Rotatable design 
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Table 12 (cont.) 

k=7 (~ fraction) 
a 

2.0 2.8* 

1.1899 5.1633 
1.1706 1.5058 
1.1674 0.7120 
1.1712 0.4158 
1.1786 0.3720 

3.0 

2.3284 
0.9895 
0.5479 
0.3491 
0.3102 
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Thus, for the central composite design the following reconunenda-

tions should be followed to achieve robustness to outliers: 

• choose a as large as possible; 

• include 2-3 center points. 

In a later section the ccd's will be evaluated for an alternative 

design region. 

5.1.3 Box-Behnken Design 

In this section the Box-Behnken design, which was described in 

Section 2.4.4 will be evaluated to determine the optimum number of 

center points for achieving robustness to outliers. The region of 

interest is taken to be a unit sphere and the design scaled so that 

the design points lie on the sphere. 

These designs will be evaluated for k = 3 through 7. For k = 6 
2 two cases will be examined, the first is the design based on the 2 

factorial and the second is based on the 23 factorial as illustrated 

in (2.52). For the seven variable case only the design based on the 

23 factorial will be investigated. The number of center points, N0, 

will range from one to five. Since only the number of center points 

can be varied in this design, it is obviously much less flexible than 

the ccd. 

An analytical expression for the integrated squared bias in pre-

diction for the designs based on a 22 factorial is found in Appendix 

B. The maximum ISB. were computed using equation (5.8), where (X'X)- 1 
l. 

is as given in Appendix B, for the 22 factorial based designs. The 
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results are given in Table 13. The six variable design based on the 

22 factorial is denoted by 61 and the design based on the 23 fac-

torial is denoted by 62• As with the ccd, adding center points 

improves the robustness of the design but more than three or four 

center points gives only marginal improvemen~ if any at all. As one 

would expect, using only one center point is not advisable since the 

bias can be very large if an outlier does occur. Thus, for the Box-

Behnken designs to be outlier robust, three or four center points 

should be included in the design. 

5.1.4 Hybrid Design 

In this section the optimal parameters for the hybrid design 

described in Section 2.4.5 will be determined. The parameters to 

be determined are a, the axial value for the ccd portion of the de-

sign, and the four levels of the kth variable, de~oted a 1, a2 , a 3 

and a4 • The first three levels of the kth variable, a1 , a 2 and a 3 

will be varied and the fourth level, a4 , will be determined from the 

first three so that [k], the first moment, is zero. The design will 

be scaled to the unit sphere by multiplying the original design matrix 

by 1/./k. Thus, when a 3 =1, the factorial points in the design will 

lie on the sphere. The designs to be evaluated are for three, four 

and six variables, which are the cases originally presented in 

Roquemore (1976). 

For each combination of the design parameters the maximum inte-

grated squared bias was computed using (5.8) and the design matrix 

described in Section 2.4.5. From the results in Table 14, it is 
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apparent that unless the parameters are chosen properly the resulting 

analysis can be extremely sensitive to outliers. In general the most 

robust designs will have the a-value in the ccd at least two, a 1 

should be no larger than la2 1, which should also be at least two and 

a 3 should not be too large. Although in some cases adding center 

points improves the robustness of the design, center points alone will 

not make the designs with large biases robust. The most sensitive de-

signs, and thus, the designs to be avoided, have a, a 1 and !a 2 1 all 

small and a 3 large. 

The flexibility of these designs allows a reasonable level of 

robustness to be obtained. However, if the parameters are not chosen 

in accordance with the above guidelines, the analysis can be severely 

biased by the occurrence of an outlier. 

5.1.5 Small Composite Design 

The evaluation of the small composite designs (scd) will be simi-

lar to that done for the central composite designs in Section 5.1.2. 

(For a discussion of the scd see Section 2.4.6.) As in the case of 

the ccd, the axial value and number of center points will be varied. 

However, unlike the ccd there is no unique scd for a specific k. Thus 

sample scd's were chosen for this study. The region of interest will· 

again be the unit sphere defined by the factorial points. 

These designs will be examined for 4, 5, 6 and 7 variables. For 

k=4, the design matrix is given in (2.54). The factorial portion of 

the five variable design is the first five columns of a twelve run 

Plackett-Burman design. For the six variable design the factorial 



170 

portion is the first six columns of a twenty run Plackett-Burman de-

sign, and for the seven variable design the first seven columns of the 

twenty-eight run Plackett-Burman design form the factorial portion. 

In practice any of the columns of the Plackett-Burman designs could 

be used. The first k columns were used here for simplicity. 

The small composite design is made rotatable with a= 4/F, as 

is the ccd. Table 15 gives the rotatable axial values for the designs 

to be investigated here. The results for these values will be com-

pared with the results for other axial values in order to evaluate 

the robustness of the rotatable scd. 

The maximum ISB. computed from (5.8) for these designs are given 
i 

in Table 16 where the rotatable designs are indicated by an asterisk. 

As might be expected the designs with large axial values are robust 

and when a is small (i.e., near unity) the bias induced by an outlier 

can be very large. Notice also that the addition of center pqints 

has little affect on robustness and in some cases even slightly re-

duces the robustness. However, in addition to a large axial value, 

using several center points is recommended based on results to be 

discussed later for the missing data case. In Section 5.4 the small 

composite design will be re-examined, along with the ccd, for a de-

sign region which extends to the outermost points of the design. 

It would appear as if the conclusions drawn here concerning the 

scd are specific for these designs chosen for the study. However, 

for a specific k and sample size, the structure of X'X will be either 

the same or very similar for all scd's. Thus, one should consider 

the conclusions as being quite general. 
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Table 13 

Maximum Integrated Squared Bias 
for Box-Behnken Designs 

k NO Maxbias 

3 1 2. 9714 
2 0.8000 
3 0.4821 
4 0.5143 
5 0.5464 

4 1 4.1667 
2 1.0833 
3 0.5000 
4 0.3727 
5 0.3860 

5 1 5.2064 
2 1.3333 
3 0.6067 
4 o. 3492 
5 0.3423 

61 1 6.1000 
2 1.5500 
3 0.7000 
4 0.4000 
5 0.3291 

62 1 4.9000 
2 1.2500 
3 0.5667 
4 0.4325 
5 0.4408 

7 1 4.6061 
2 1.1717 
3 0.5297 
4 0.4451 
5 0.4525 
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Table 14 

Maximum Integrated Squared Bias 

Hybrid Designs 

k=3 

(l al a2 a.3 NO MAXBIAS 

1 1 -3 1 1 2.1549 
1 1 -3 1 3 2.5554 
1 1 -3 1 5 2.9587 

1 1 -3 2 1 1. 9097 
1 1 -3 2 3 2.2379 
1 1 -3 2 5 2.5764 

1 1 -3 3 1 9.5586 
1 1 -3 3 3 10.5674 
1 1 -3 3 5 11.9281 

1 1 -2 1 1 1.8555 
1 1 -2 1 3 2.1861 
1 1 -2 1 5 2.5247 

1 1 -2 2 1 9.6180 
1 1 -2 2 3 9.3879 
1 1 -2 2 5 10.2261 

1 1 -2 3 1 77.4567 
1 1 -2 3 3 66.0681 
1 1 -2 3 5 70.0095 

1 1 -1 1 1 6.2857 
1 1 -1 1 3 5.0776 
1 1 -1 1 5 5.8587 

1 1 -1 2 1 57.1627 
1 1 -1 2 3 60.1753 
1 1 -1 2 5 67.3873 

1 1 -1 3 1 190.4571 
1 1 -1 3 3 225.0857 
1 1 -1 3 5 259.7143 

1 2 -3 1 1 1.6980 
1 2 -3 1 3 1. 9385 
1 2 -3 1 5 2.2230 
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Table 14 (cont.) 

a al a2 a3 NO MAXBIAS 

1 2 -3 2 1 1.6536 
1 2 -3 2 3 1. 8292 
1 2 -3 2 5 2.0776 

1 2 -3 3 1 8.9255 
1 2 -3 3 3 6.7700 
1 2 -3 3 5 7.0733 

1 2 -2 1 1 1.4684 
1 2 -2 1 3 1. 6957 
1 2 -2 ·l 5 1. 9511 

1 2 -2 2 1 8.2304 
1 2 -2 2 3 3.8460 
1 2 -2 2 5 4.4377 

1 2 -2 3 1 28.2038 
1 2 -2 3 3 21. 8097 
1 2 -2 3 5 24.3315 

1 2 -1 1 1 1 .. 3536 
1 2 -1 1 3 1. 5267 
1 2 -1 1 5 1. 7619 

1 2 -1 2 1 5.1573 
1 2 -1 2 3 6.0619 
1 2 -1 2 5 6.9833 

1 2 -1 3 1 19.4910 
1 2 -1 3 3 23.5846 
1 2 -1 3 5 27.4179 

1 3 -3 1 1 1.4669 
1 3 -3 1 3 1. 6572 
1 3 -3 1 5 1. 9013 

1 3 -3 2 1 3.0526 
1 3 -3 2 3 1. 5187 
1 3 -3 2 5 1.7420 

1 3 -3 3 1 9.6381 
1 3 -3 3 3 4.0344 
1 3 -3 3 5 4.6551 

1 3 -2 1 1 2.6116 
1 3 -2 1 3 1. 5023 
1 3 -2 1 5 1.7335 
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Table 14 (cont.} 

a. a.1 a.2 a.3 NO MAXBIAS 

1 3 -2 2 1 3.3129 
1 3 -2 2 3 1.4402 
1 3 -2 2 5 1. 6350 

1 3 -2 3 1 5.7854 
1 3 -2 3 3 6.3809 
1 3 -2 3 5 7.2334 

1 3 -1 1 1 1.1976 
1 3 -1 1 3 1. 3966 
1 3 -1 1 5 1. 6109 

1 3 -1 2 1 1. 4245 
1 3 -1 2 3 1. 5835 
1 3 -1 2 5 1.8318 

1 3 -1 3 1 5.1351 
1 3 -1 3 3 6.2070 
1 3 -1 3 5 7.2137 

2 1 -3 1 1 2.9188 
2 1 -3 1 3 0.6848 
2 1 -3 1 5 0.7856 

2 1 -3 2 1 1.9986 
2 1 -3 2 3 0.4835 
2 1 -3 2 5 0.5353 

2 1 -3 3 1 2.3664 
-2 1 -3 3 3 0.8409 

2 1 -3 3 5 0.9804 

2 1 -2 1 1 2.6507 
2 1 -2 1 3 0.6897 
2 1 -2 1 5 0.7947 

2 1 -2 2 1 2.8032 
2 1 -2 2 3 1. 0973 
2 1 -2 2 5 1. 2587 

2 1 -2 3 1 4.2146 
2 1 -2 3 3 4.3418 
2 1 -2 3 5 5.0502 

2 1 -1 1 1 6.2857 
2 1 -1 1 3 3.4195 
2 1 -1 1 5 3.9456 
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Table 14 (cont.) 

Cl et.1 a2 a3 NO MAXBIAS 

2 1 -1 2 1 16.9916 
2 1 -1 2 3 15.7082 
2 1 -1 2 5 17.5061 

2 1 -1 3 1 46.2000 
2 1 -1 3 3 54.6000 
2 1 -1 3 5 63.0000 

2 2 -3 1 1 3.9246 
2 2 -3 1 3 0.5988 
2 2 -3 1 5 0.6865 

2 2 -3 2 1 4.8463 
2 2 -3 2 3 0.7177 
2 2 -3 2 5 0.5614 

2 2 -3 3 1 5.2380 
2 2 -3 3 3 1.2106 
2 2 -3 3 5 1.3478 

2 2 -2 1 1 2.6188 
2 2 -2 1 3 0.6620 
2 2 -2 l 5 0.7481 

2 2 -2 2 1 8.2304 
2 2 -2 2 3 1.0808 
2 2 -2 2 5 1.1822 

2 2 -2 3 1 15.4708 
2 2 -2 3 3 5.4962 
2 2 -2 3 5 6.0518 

2 2 -1 1 1 1. 0870 
2 2 -1 1 3 0.8503 
2 2 -1 1 5 0.9627 

2 2 -1 2 1 5.5736 
2 2 -1 2 3 4.4876 
2 2 -1 2 5 4.6993 

2 2 -1 3 1 43.2618 
2 2 -1 3 3 22.8469 
2 2 -1 3 5 23.8613 

2 3 -3 1 1 2.1249 
2 3 -3 1 3 0.6555 
2 3 -3 1 5 0.7245 
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Table 14 (cont.) 

a. a.1 a.2 a3 NO MAXBIAS 

2 3 -3 2 1 4.9889 
2 3 -3 2 3 0.7355 
2 3 -3 2 5 0.6192 

2 3 -3 3 1 9.6381 
2 3 -3 3 3 1. 2656 
2 3 -3 3 5 1.1511 

2 3 -2 1 1 1. 2362 
2 3 -2 1 3 0.7475 
2 3 -2 1 5 0.8251 

2 3 -2 2 1 3.0317 
2 3 -2 2 3 0.6781 
2 3 -2 2 5 0.7489 

2 3 -2 3 1 9.7817 
2 3 -2 3 3 2.6081 
2 3 -2 3 5 2.5846 

2 3 -1 1 1 1.1059 
2 3 -1 1 3 0.8752 
2 3 -1 1 5 0.9966 

2 3 -1 2 1 1.5038 
2 3 -1 2 3 1. 0265 
2 3 -1 2 5 1.1361 

2 3 -1 3 1 5.9727 
2 3 -1 3 3 6.0730 
2 3 -1 3 5 6.6729 

3 1 -3 1 1 6.3124 
3 l -3 1 3 0.8895 
3 1 -3 1 5 0.8048 

3 l -3 2 l 3.0791 
3 l -3 2 3 0.6825 
3 l -3 2 5 0.5364 

3 1 -3 3 1 2.6998 
3 1 -3 3 3 0.7169 
3 l -3 3 5 0.5052 

3 l -2 1 1 5.1773 
3 l -2 1 3 0.7179 
3 1 -2 1 5 0.8095 
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Table 14 (cont.) 

Cl al a2 a.3 NO MAXBIAS 

3 1 -2 2 1 3.0919 
3 1 -2 2 3 0.7064 
3 1 -2 2 5 0.6612 

3 1 -2 3 1 2.9435 
3 1 -2 3 3 1. 0575 
3 1 -2 3 5 1.2674 

3 1 -1 1 1 6.2857 
3 1 -1 1 3 3.9361 
3 1 -1 1 5 4.5416 

3 1 -1 2 1 4.4567 
3 1 -1 2 3 4.8233 
3 1 -1 2 5 5.6752 

3 1 -1 3 1 7.4195 
3 1 -1 3 3 7.1134 
3 1 -1 3 5 8.7544 

3 2 -3 1 1 3.2755 
3 2 -3 1 3 0.6636 
3 2 -3 1 5 0.6870 

3 2 -3 2 1 7.0812 
3 2 -3 2 3 0.9571 
3 2 -3 2 5 0.5579 

3 2 -3 3 1 5.3973 
3 2 -3 3 3 0.9957 
3 2 -3 3 5 0.5275 

3 2 -2 1 1 1.9934 
3 2 -2 1 3 0.6737 . 
3 2 -2 1 5 0.7412 

3 2 -2 2 1 8.2304 
3 2 -2 2 3 1.0808 
3 2 -2 2 5 0.7001 

3 2 -2 3 1 7.5522 
3 2 -2 3 3 1.4637 
3 2 -2 3 5 1. 6791 

3 2 -1 1 1 1.8643 
3 2 -1 1 3 1. 4210 
3 2 -1 1 5 1. 3983 
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Table 14 (cont.) 

Cl al Cl2 a3 NO MAXBIAS 

3 2 -1 2 1 8.5413 
3 2 -1 2 3 2.2132 
3 2 -1 2 5 2.7862 

3 2 -1 3 1 24.6016 
3 2 -1 3 3 12.8687 
3 2 -1 3 5 14.5399 

3 3 -3 1 1 1. 2251 
3 3 -3 1 3 0.7003 
3 3 -3 1 5 0.7380 

3 3 -3 2 1 .4.6548 
3 3 -3 2 3 0.8421 
3 3 -3 2 5 0.6025 

3 3 -3 3 1 9.6381 
3 3 -3 3 3 1. 2656 
3 3 -3 3 5 0.5519 

3 3 -2 1 1 0.8223 
3 3 -2 1 3 0.7565 
3 3 -2 1 5 0.8114 

3 3 -2 2 1 2.9280 
3 3 -2 2 3 0.7214 
3 3 -2 2 5 0.6837 

3 3 -2 3 1 11.1424 
3 3 -2 3 3 1.5841 
3 3 -2 3 5 1.3079 

3 3 -1 1 1 1.7708 
3 3 -1 1 3 1.0863 
3 3 -1 1 5 0.9983 

3 3 -1 2 1 1. 5727 
3 3 -1 2 3 0.7793 
3 3 -1 2 5 0.8716 

3 3 -1 3 1 6.6747 
3 3 -1 3 3 4. 3674 
3 3 -1 3 5 4.3365 
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Table 14 (cont.) 

a. a.1 a.2 a3 NO MAXBIAS 

k=4 

1 1 -3 1 1 3.2284 
1 1 -3 1 3 3.6382 
1 1 -3 1 5 4.0387 

1 1 -3 2 1 12.7263 
1 1 -3 2 3 12.1125 
1 1 -3 2 5 12.7091 

1 1 -3 3 1 193.1241 
1 1 -3 3 3 100.3783 
1 1 -3 3 5 115.4891 

1 1 -2 1 1 3.1425 
1 1 -2 1 3 3.4796 
1 1 -2 1 5 3.8366 

1 1 -2 2 1 86.3466 
1 1 -2 2 3 62.6771 
1 1 -2 2 5 68.2712 

1 1 -2 3 1 146.2662 
1 1 -2 3 3 184.0102 
1 1 -2 3 5 211.0609 

1 1 -1 1 1 11.0990 
1 1 -1 1 3 12.0440 
1 1 -1 1 5 13.2191 

1 1 -1 2 1 45.5906 
1 1 -1 2 3 57.2118 
1 1 -1 2 5 65.7667 

1 1 -1 3 1 103.6565 
1 1 -1 3 3 132.2186 
1 1 -1 3 5 153.5508 

1 2 -3 1 1 2.9381 
1 2 -3 1 3 3.2549 
1 2 -3 1 5 3.5914 

1 2 -3 2 1 7.6008 
1 2 -3 2 3 5.0276 
1 2 -3 2 5 5.8546 
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Table 14 (cont. ) 

a a.l a2 a.3 NO MAXBIAS 

1 2 -3 3 1 38.9546 
1 2 -3 3 3 33.1922 
1 2 -3 3 5 36.0294 

1 2 -2 1 1 2.7712 
1 2 -2 1 3 3.0793 
1 2 -2 1 5 3.4008 

1 2 -2 2 1 9.4482 
1 2 -2 2 3 9.9932 
1 2 -2 2 5 10.9491 

1 2 -2 3 1 25.7040 
1 2 -2 3 3 30.9036 
1 2 -2 3 5 34.9162 

1 2 -1 1 1 2.6361 
1 2 -1 1 3 2.9459 
1 2 -1 1 5 3.2565 

1 2 -1 2 1 7.7715 
1 2 -1 2 3 9.2190 
1 2 -1 2 5 10.3861 

1 2 -1 3 1 23.4423 
1 2 -1 3 3 28.6405 
1 2 -1 3 5 32.6390 

1 3 -3 1 1 2.7756 
1 3 -3 1 3 3.0596 
1 3 -3 1 5 3.3748 

1 3 -3 2 1 5.6238 
1 3 -3 2 3 2.8034 
1 3 -3 2 5 3.0981 

1 3 -3 3 1 10.7044 
1 3 -3 3 3 10.2943 
1 3 -3 .3 5 11.2727 

1 3 -2 1 1 2.6743 
1 3 -2 1 3 2.9442 
1 3 -2 1 5 3.2542 

1 3 -2 2 1 3.3069 
1 3 -2 2 3 2.8307 
1 3 -2 2 5 3.1239 
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Table 14 (cont.) 

a. a.1 a.2 a.3 NO MAXBIAS 

1 3 -2 3 1 8.1822 
1 3 -2 3 3 9.6357 
1 3 -2 3 5 10.8176 

1 3 -1 l 1 2.5561 
1 3 -1 1 3 2.8534 
1 3 -1 1 5 3.1532 .. 
1 3 -1 2 1 2.4088 
1 3 -1 2 3 2.7832 
1 3 -1 2 5 3.1108 

1 3 -1 3 1 7.9793 
1 3 -1 3 3 9.4540 
1 3 -1 3 5 10.6543 

2 1 -3 1 1 1. 8496 
2 1 -3 1 3 0.5954 
2 1 -3 1 5 0.6587 

2 1 -3 2 1 3.5520 
2 1 -3 2 3 1. 8495 
2 1 -3 2 5 1. 9816 

2 1 -3 3 1 12.6748 
2 1 -3 3 3 12.7096 
2 1 -3 3 5 13.6027 

2 1 -2 1 1 2.8761 
2 l -2 1 3 0.9357 
2 1 -2 1 5 1. 0130 

2 1 -2 2 1 17.4359 
2 1 -2 2 3 11. 6403 
2 1 -2 2 5 12.1337 

2 1 -2 3 1 99.5579 
2 l -2 3 3 75.1600 
2 1 -2 3 5 78.0043 

2 l -1 1 1 11. 4261 
2 1 -1 1 3 7.2885 
2 1 -1 1 5 7.4993 

2 1 -1 2 1 100.6902 
2 1 -1 2 3 84.1195 
2 1 -1 2 5 86.0793 
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Table 14 (cont.) 

a al a.2 a.3 NO MAXBIAS 

2 1 -1 3 1 485.8557 
2 1 -1 3 3 443.9383 
2 1 -1 3 5 463.1961 

2 2 -3 1 1 3.9884 
2 2 -3 1 3 0.5845 
2 2 -3 1 5 0.6466 

2 2 -3 2 1 9.3665 
2 2 -3 2 3 1. 5497 
2 2 -3 2 5 1. 6258 

2 2 -3 3 1 30.2341 
2 2 -3 3 3 9.2119 
2 2 -3 3 5 9.6703 

2 2 -2 1 1 3.1862 
2 2 -2 1 3 0.6183 
2 2 -2 1 5 0.6786 

2 2 -2 2 1 13.7793 
2 2 -2 2 3 4.8563 
2 2 -2 2 5 4.8558 

2 2 -2 3 1 46.5225 
2 2 -2 3 3 28.3475 
2 2 -2 3 5 28.6985 

2 2 -1 1 1 1.2244 
2 2 -1 1 3 1. 0001 
2 2 -1 1 5 1.0885 

2 2 -1 2 1 8.7696 
2 2 -1 2 3 9.2066 
2 2 -1 2 5 9.9686 

2 2 -1 3 1 38.9738 
2 2 -1 3 3 42.0099 
2 2 . -1 3 5 45.8777 

2 3 -3 1 1 2.9256 
2 3 -3 1 3 0.6077 
2 3 -3 1 5 0.6650 

2 3 -3 2 1 6.3338 
2 3 -3 2 3 0.9474 
2 3 -3 2 5 0.9168 
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Table 14 (cont.) 

0. al a.2 a.3 NO MAXBIAS 

2 3 -3 3 1 15.6702 
2 3 -3 3 3 5.3252 
2 3 -3 3 5 5.3020 

2 3 -2 1 1 1. 5299 
2 3 -2 1 3 0.6497 
2 3 -2 1 5 0.7089 

2 3 -2 2 1 3.1528 
2 3 -2 2 3 2.0031 
2 3 -2 2 5 2.0589 

2 3 -2 3 1 10.3339 
2 3 -2 3 3 9.7462 
2 3 -2 3 5 10.2202 

2 3 -1 1 1 1. 0497 
2 3 -1 1 3 0.6789 
2 3 -1 1 5 0.7470 

2 3 -1 2 1 1.9678 
2 3 -1 2 3 2.1515 
2 3 -1 2 5 2.3603 

2 3 -1 3 1 8.8012 
2 3 -1 3 3 9.7421 
2 3 -1 3 5 10.7323 

3 1 -3 1 1 6.3374 
3 1 -3 1 3 0.9242 
3 1 -3 1 5 0.6727 

3 1 -3 2 1 4.8595 
3 1 -3 2 3 1. 0117 
3 1 -3 2 5 0.5564 

3 1 -3 3 1 6.2751 
3 1 -3 3 3 2.0915 
3 1 -3 3 5 2.3172 

3 1 -2 1 1 6.7167 
3 1 -2 1 3 0.9065 
3 1 -2 1 5 0.7950 

3 1 -2 2 1 8.0246 
3 1 -2 2 3 2.3715 
3 1 -2 2 5 2.5743 



184 

Table 14 (cont.) 

0. o.1 CL2 o.3 NO MAXBIAS 

3 1 -2 3 1 12.6998 
3 1 -2 3 3 10.0181 
3 1 -2 3 5 11. 0501 

3 1 -1 1 1 13.3910 
3 1 -1 1 3 5.3338 
3 1 -1 1 5 6.0802 

3 1 -1 2 1 52.2694 
3 1 -1 2 3 28.8684 
3 1 -1 2 5 30.5973 

3 1 -1 3 1 111. 4507 
3 1 -1 3 3 117.3334 
3 1 -1 3 5 127.4927 

3 2 -3 1 1 4.6091 
3 2 -3 1 3 0.8035 
3 2 -3 1 5 0.6431 

3 2 -3 2 1 11. 5228 
3 2 -3 2 3 1.4540 
3 2 -3 2 5 0.5804 

3 2 -3 3 1 15.0365 
3 2 -3 3 3 2.6060 
3 2 -3 3 5 2.7539 

3 2 -2 1 1 2.4210 
3 2 -2 1 3 0.6171 
3 2 -2 1 5 0.6686 

3 2 -2 2 1 15.3133 
3 2 -2 2 3 2.0358 
3 2 -2 2 5 1.6773 

3 2 -2 3 1 40.6211 
3 2 -2 3 3 9.4799 
3 2 -2 3 5 10.1682 

3 2 -1 1 1 2.0144 
3 2 -1 1 3 0.9998 
3 2 -1 1 5 0.9748 

3 2 -1 2 1 9.3273 
3 2 -1 2 3 7.5601 
3 2 -1 2 5 7.5219 
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Table 14 (cont.) 

Ct a.1 a.2 cx3 NO MAXBIAS 

3 2 -1 3 l 56.5888 
3 2 -1 3 3 41.2389 
3 2 -1 3 5 40.6759 

3 3 -3 1 1 l. 3084 
3 3 -3 1 3 0.6261 
3 3 -3 1 5 0.6639 

3 3 -3 2 1 5.9209 
3 3 -3 2 3 1.1014 
3 3 -3 2 5 0.5960 

3 3 -3 3 1 17.7231 
3 3 -3 3 3 2.3562 
3 3 -3 3 5 l. 6790 

3 3 -2 1 l 1.2277 
3 3 -2 1 3 0.7062 
3 3 -2 1 5 0.6973 

3 3 -2 2 1 3.1804 
3 3 -2 2 3 l. 2307 
3 3 -2 2 5 1.0682 

3 3 -2 3 l 12. 6345 
3 3 -2 3 3 5.4195 
3 3 -2 3 5 4.9578 

3 3 -1 1 l 1.9982 
3 3 -1 l 3 0.8937 
3 3 -1 1 5 0.7469 

3 3 -1 2 l l. 9588 
3 3 -1 2 3 1.5908 
3 3 -1 2 5 1.6730 

3 3 -1 3 1 9.9751 
3 3 -1 3 3 9.6010 
3 3 -1 3 5 10.0794 
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Table 14 (cont.) 

al a.2 a.3 NO MAXBIAS 

k=6 

1 1 -3 1 1 6.9319 
1 1 -3 1 3 7.4398 
1 1 -3 1 5 7.9356 

1 1 -3 2 1 92.3242 
1 1 -3 2 3 72.5047 
1 1 -3 2 5 80.3930 

1 1 -3 3 1. 154.4624 
1 1 -3 3 3 201. 3137 
1 1 -3 3 5 227.6600 

1 1 -2 1 1 7.5400 
1 1 -2 1 3 9.6349 
1 1 -2 1 5 10.8797 

1 1 -2 2 1 75.3578 
1 1 -2 2 3 93.4695 
1 1 -2 2 5 103.8710 

1 1 -2 3 1 118.1780 
1 1 -2 3 3 117.1192 
1 1 -2 3 5 131. 7421 

1 1 -1 1 1 18.4898 
1 1 -1 1 3 21. 0013 
1 1 -1 1 5 22.7306 

1 1 -1 2 1 58.9810 
1 1 -1 2 3 72.6336 
1 1 -1 2 5 81. 4136 

1 1 -1 3 1 130.3614 
1 1 -1 3 3 158.0330 
1 1 -1 3 5 176.6962 

1 2 -3 1 1 6.6938 
1 2 -3 1 3 7.1502 
1 2 -3 1 5 7.6113 

1 2 -3 2 1 23.8639 
1 2 -3 2 3 18.0400 
1 2 -3 2 5 19.1380 
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Table 14 (cont.) 

(l al a2 0'.3 NO MAXBIAS 

1 2 -3 3 1 40.9527 
1 2 -3 3 3 49.3318 

.. 1 2 -3 3 5 54.3018 

1 2 -2 1 1 6.5574 
1 2 -2 1 3 7.0057 
1 2 -2 1 5 7.4571 

1 2 -2 2 1 14.9725 
1 2 -2 2 3 17.2420 
1 2 -2 2 5 18.7309 

1 2 -2 3 1 33.7134 
1 2 -2 3 3 41. 6433 
1 2 -2 3 5 46.5222 

1 2 -1 1 1 6.4512 
1 2 -1 1 3 6.8959 
1. 2 -1 1 5 7.3409 

1 2 -1 2 1 13.9873 
1 2 -1 2 3 16.3111 
1 2 -1 2 5 17.8722 

1 2 -1 3 1 38.5566 
1 2 -1 3 3 45.9739 
1 2 -1 3 5 50.8685 

1 3 -3 1 1 6.5566 
1 3- -3 1 3 7.0000 
1 3 -3 1 5 7.4512 

1 3 -3 2 1 7.9370 
1 3 -3 2 3 6.5772 
1 3 -3 2 5 7.0024 

1 3 -3 3 1 15.0543 
1 3 -3 3 3 17.4165 
1 3 -3 3 5 18.9436 

1 3 -2 1 1 6.4557 
1 3 -2 1 3 6.9014 
1 3 -2 1 5 7.3467 

1 3 -2 2 1 6.1149 
1 3 -2 2 3 6.5370 
1 3 -2 2 5 6.9593 
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Table 14 (cont. ) 

a al a.2 a.3 NO MAXBIAS 

1 3 -2 3 1 13.7064 
1 3 -2 3 3 16.2190 
1 3 -2 3 5 17.8311 

1 3 -1 1 1 6.3755 
1 3 -1 1 3 6.8127 
1 3 -1 1 5 7.2516 

1 3 -1 2 1 6.0826 
1 3 -1 2 3 6.5030 
1 3 -1 2 5 6.9229 

1 3 -1 3 1 14.7899 
1 3 -1 3 3 17.0375 
1 3 -1 3 5 18.6020 

2 1 -3 1 1 0.8884 
2 1 -3 1 3 0.8915 
2 1 -3 1 5 0.9457 

2 1 -3 2 1 26.5718 
2 1 -3 2 3 22.1116 
2 1 -3 2 5 21. 9780 

2 1 -3 3 1 411. 3236 
2 1 -3 3 3 120. 3823 
2 1 -3 3 5 124. 3092 

2 1 -2 1 1 5.3799 
2 1 -2 1 3 4.4137 
2 1 -2 1 5 4.3994 

2 1 -2 2 1 160.7625 
2 1 -2 2 3 96.9726 
2 1 -2 2 5 97.8827 

2 1 -2 3 1 389.6160 
2 1 -2 3 3 429.8369 
2 1 -2 3 5 462.3593 

2 1 -1 1 1 22.2165 
2 1 -1 1 3 21. 8711 
2 1 -1 1 5 22.7448 

2 1 -1 2 1 101. 5390 
2 1 -1 2 3 117.6351 
2 1 -1 2 5 128.8431 
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Table 14 (cont.) 

a. a.1 a.2 a.3 NO MAXBIAS 

2 1 -1 3 1 245.4424 
2 1 -1 3 3 293.1898 
2 1 -1 3 5 325.5891 

2 2 -3 1 1 2.1541 
2 2 -3 1 3 0.8030 
2 2 -3 1 5 0.8505 

2 2 -3 2 1 24.8726 
2 2 -3 2 3 7.8752 
2 2 -3 2 5 8.2476 

2 2 -3 3 1 67.3602 
2 2 -3 3 3 59.1895 
2 2 -3 3 5 59.9077 

2 2 -2 1 1 3.6858 
2 2 -2 1 3 1.6336 
2 2 -2 1 5 1. 6996 

2 2 -2 2 1 18.4493 
2 2 -2 2 3 17.8853 
2 2 -2 2 5 18.5165 

2 2 -2 3 1 56.1401 
2 2 -2 3 3 61. 5770 
2 2 -2 3 5 66.1060 

2 2 -1 1 1 2.1550 
2 2 -1 1 3 2.2778 
2 2 -1 1 5 2.4165 

2 2 -1 2 1 14.9183 
2 2 -1 2 3 16.6333 
2 2 -1 2 5 17.9606 

2 2 -1 3 . 1 48.6524 
2 2 -1 3 3 55.8030 
2 2 -1 3 5 60.8957 

2 3 -3 1 1 2.9823 
2 3 -3 1 3 0.7990 
2 3 -3 1 5 0.8505 

2 3 -3 2 1 7.9791 
2 3 -3 2 3 4.2040 
2 3 -3 2 5 4.2607 
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Table 14 (cont.) 

a. a.1 a.2 Cl3 NO MAXBIAS 

2 3 -3 3 1 19.5590 
2 3 -3 3 3 18.9049 
2 3 -3 3 5 19.5547 

2 3 -2 1 1 1. 8812 
2 3 -2 1 3 0.8143 
2 3 -2 1 5 0.8653 

2 3 -2 2 1 4.7640 
2 3 -2 2 3 4.8847 
2 3 -2 2 5 5.1353 

2 3 -2 3 1 16.4728 
2 3 -2 3 3 18.0019 
2 3 -2 3 5 19.3023 

2 3 -1 1 1 0.9668 
2 3 -1 1 3 0.8221 
2 3 -1 1 5 0.8744 

2 3 -1 2 1 4.2838 
2 3 -1 2 3 4.7100 
2 3 -1 2 5 5.0613 

2 3 -1 3 1 15.4951 
2 3 -1 3 3 17.3550 
2 3 -1 3 5 18.7726 

3 1 -3 1 1 5.0639 
3 1 -3 1 3 0.8207 
3 1 -3 1 5 0.8388 

3 1 -3 2 1 12.5662 
3 1 -3 2 3 5.1391 
3 1 -3 2 5 5.2266 

3 1 -3 3 1 45.0997 
3 1 -3 3 3 35.2587 
3 1 -3 3 5 35.8587 

3 1 -2 1 1 10.4179 
3 1 -2 1 3 2.2359 
3 1 -2 1 5 2.3077 

3 1 -2 2 1 69.1897 
3 1 -2 2 3 27.1403 
3 1 -2 2 5 27.2573 
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Table 14 (cont.) 

Ci. a.1 Ci. 2 a.3 NO MAXBIAS 

3 1 -2 3 1 406.1062 
3 1 -2 3 3 164.7839 
3 1 -2 3 5 166.5846 

3 1 -1 1 1 22.3790 
3 1 -1 1 3 16.8708 
3 1 -1 1 5 16.2757 .. 
3 1 -1 2 1 198.0729 
3 1 -1 2 3 167.1567 
3 1 -1 2 5 165.8374 

3 1 -1 3 1 815.3151 
3 1 -1 3 3 778.6275 
3 1 -1 3 5 799.6303 

3 2 -3 1 1 6.9120 
3 2 -3 1 3 0.9025 
3 2 -3 1 5 0.8339 

3 2 -3 2 1 24.7957 
3 2 -3 2 3 2.9513 
3 2 -3 2 5 3.0948 

3 2 -3 3 1 84.0530 
3 2 -3 3 3 16.1727 
3 2 -3 3 5 17.4114 

3 2 -2 1 1 3.6349 
3 2 -2 1 3 1.1636 
3 2 -2 1 5 1. 0506 

3 2 -2 2 1 19.6463 
3 2 -2 2 3 11.3615 
3 2 -2 2 5 10.6034 

3 2 -2 3 1 79.3694 
3 2 -2 3 3 61.4479 
3 2 -2 3 5 59.5433 

3 2 -1 1 1 1.9322 
3 2 -1 1 3 1. 9372 
3 2 -1 1 5 2.0185 

3 2 -1 2 1 16.3424 
3 2 -1 2 3 16.5358 
3 2 -1 2 5 17.2705 
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Table 14 (cont.) 

Ci. al CL2 CL3 NO MAXBIAS 

3 2 -1 3 1 71.3618 
3 2 -1 3 3 74.5307 
3 2 -1 3 5 78.7066 

3 3 -3 1 1 2.2223 
3 3 -3 1 3 0.7983 
3 3 -3 1 5 0.8428 

3 3 -3 2 1 7.8861 
3 3 -3 2 3 2.5056 
3 3 -3 2 5 2.1781 

3 3 -3 3 1 21.9995 
3 3 -3 3 3 12.6289 
3 3 -3 3 5 11. 7581 

3 3 -2 1 1 1.4241 
3 3 -2 1 3 0.8101 
3 3 -2 1 5 0.8574 

3 3 -2 2 1 4.5420 
3 3 -2 2 3 3.8773 
3 3 -2 2 5 3.8151 

3 3 -2 3 1 19.8051 
3 3 -2 3 3 18.2839 
3 3 -2 3 5 18.5226 

3 3 -1 1 1 1. 7537 
3 3 -1 1 3 0.8168 
3 3 -1 1 5 0.8680 

3 3 -1 2 1 3.6706 
3 3 -1 2 3 3.8279 
3 3 -1 2 5 4.0393 

3 3 -1 3 1 16.6734 
3 3 -1 3 3 17.6859 
3 3 ·-1 3 5 18.7762 
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Table 15 

Rotatable a-Values for scd 

4 5 6 

1.68 1.86 2.12 

7 

2.30 
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Table 16 

Maximum Integrated Squared Bias for scd 

k=4 
CL 

NO 1.0 1.68* 2.0 3.0 

1 6.4311 1.8681 2.8333 o. 7778 
2 6.7957 1. 9394 1.3008 0.7186 
3 7.1641 2.0344 1. 3731 0.7136 
4 7.5347 2.1352 1.4453 0.7244 
5 7.9066 2.2383 1.5176 0.7430 

k=5 
CL 

NO 1.0 1.86* 2.0 3.0 

1 10.6474 2.434 2.0782 1.3461 
2 11.1033 2.5073 2.1397 1. 3476 
3 11.5609 2.6001 2.2201 1. 3761 
4 12.0194 2.6983 2.3048 1.4152 
5 12.4787 2.7986 2.391 1.4593 

k=6 
CL 

NO 1.0 2.1* 2.5 3.0 

1 16.4336 2.8006 3.3754 1.3173 
2 16.9271 2.8525 1. 9578 1.3461 
3 17.4215 2.9250 2.0166 1.3837 
4 17.9165 3.0030 2.0748 1.4235 
5 18.4119 3.0831 2.1329 1.4639 

* Rotatable design 
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Table 16 (cont.) 

k=7 

NO 1.0 2.0 2.3* 3.0 

1 24.3828 6.1499 4.9407 3.0238 
2 24.9645 6.3660 5.0989 3.1357 
3· 25.545 6.557 5.2363 3.2272 
4 26.1244 6.7364 5.3656 3.3109 
5 26.7029 6.9074 5.4909 3.3910 

* Rotatable design 
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5.1.6 Equiradial Design 

These two variable designs, which were described in Section 

2.4.6, will be examined for two cases. The first will be the design 

described in Chapter II in which the points are equally spaced on a 

circle and augmented with center points. In this case the circle will 

be of radius one, the number of points on the circle will vary from 

five to ten and the number of center points will range from one to 

five. The second case will combine two equiradial designs having 

different radii. The first will have its points on a unit circle 

and the second will have its points on a smaller circle, the exact 

radius of which will be varied. In using the combined equiradial 

design rotatability is preserved but the singularity that exists 

with a single equiradial design is eliminated. Thus, there is no 

need to include center points, although it may be desirable to do 

so. The following diagram will illustrate the combined design: 
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The two types of equiradial designs will be evaluated individ-

ually to determine the design parameters which give robustness. Along 

with investigating the designs individually, the two will be compared 

to determine whether it is more advantageous to use a single design 

augmented with center points or to use the combined design. 

The results computed from (S.8) for the first case are given in 

Table 17, where N1 denotes the number of points on the circle. It 

turns out that no matter what N1 is chosen, approximately three cen-

ter points is optimal. Table 18 gives the same results by sample 

size. This illustrates that for a given sample size, the points 

should be distributed with roughly three points in the center and 
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Table 17 

Maximum Integrated Squared Bias 
for Equiradial Designs 

Nl NO Maxbias 

5 1 2.0 
2 0.5833 
3 0.6400 
4 o. 7200 
5 0.8000 

6 1 2.3333 
2 0.6667 
3 0.5000 
4 0.5556 
5 0.6111 

7 1 2.6667 
2 0.7500 
3 0.4082 
4 0.4490 
5 0.4898 

3· 1 3.0 
2 0.8333 
3 0.4074 
4 0.375 
5 0.4063 

9 1 3.3333 
2 0.9167 
3 0.4444 
4 0.3210 
5 0.3457 

10 1 3.6667 
2 1.0000 
3 0.4815 
4 0.2917 
5 0.3000 
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Table 18 

Maximum Integrated Squared Bias 
for Equiradial Designs - By Sample Size 

N Nl NO Maxbias 

6 5 1 2.0 
7 5 2 0.5833 

6 1 2.3333 
8 5 3 0.6400 

6 2 0.6667 
7 1 2.6667 

9 5 4 o. 7200 
6 3 0.5000 
7 2 0.7500 
8 1 3.0000 

10 5 5 o .. 8000 
6 4 0.5556 
7 3 0.4082 
8 2 0.8333 
9 1 3.3333 

11. 6 5 0.6111 
7 4 0.4490 
8 3 0.4074 
9 2 0.9167 

10 1 3.6667 
12 7 5 0.4898 

8 4 0.3750 
9 3 0.4444 

10 2 1.0000 
13 8 5 0.4063 

9 4 0.3210 
.10 3 0.4815 

14 9 5 0.3457 
10 4 0.2917 

15 10 5 0.3000 
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the remaining points on the circle. Thus, having N1 as large as 

possible is not optimal and, in fact, can be a very poor choice of 

designs. As the sample size gets large (greater than about 12), 

additional center points should be added to achieve optimality. 

The results for the combined design appear in Table 19, where 

N is the total sample size, N1 is the number of points on each circle 

and p2 is the radius of the inner circle. From these results, it is 

seen that the second circle of points should be placed about halfway 

between the origin and the outer circle, at a radius of approximately 

.4 to .6. As one would expect, increasing the number of points on the 

circles improves the robustness of the design. 

When the results for the two types of designs are compared, one 

sees that for a particular sample size it is better to use a single 

design with center points than to use the combined design, provided 

the points are dist~ibuted properly. 

5.1.7 Mean Square Error 

In the first order design case, it turned out that the designs 

that gave minimax(ISB.) were also optimal in terms of the mean square 
1 

error of prediction. The same result holds true in the second order 

case. Based on results in Wardrop (1984), it can be shown that the 

design parameters found to be optimal in this case also minimize the 

integrated prediction variance for that design class. Since the 

integrated variance is not affected by outliers, it will be constant 

for a given design. Therefore, the designs that minimize the maximum 

integrated mean square error for a particular design class will be 

those designs recommended above. 
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Table 19 

Maximum Integrated Squared Bias 
for Combined Equiradial Designs 

N Nl p2 Maxbias 

10 5 .1 0.7907 
.3 0.7205 
.5 0.5959 
.7 0.6425 
.9 3.8561 

12 6 .1 0.6589 
.3 0.6004 
.5 0.4966 
.7 0.5335 
.9 3.2134 

14 7 .1 0.5648 
.3 0.5147 
.5 0.4257 
.7 0.4590 
.9 2.7544 

16 8 .1 0.4942 
.3 0.4503 
.5 o. 3725 
.7 0.4016 
.9 2.4101 

18 9 .1 0.4393 
.3 0.4003 
.5 o. 3311 
.7 0.3570 
.9 2.1423 

20 10 .1 0.3954 
• 3 0.3603 . 
.5 0.2980 
.7 0.3213 
.9 1. 9281 
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In the next section the robustness of these designs to missing 

data will be examined. Recommendations will be made for achieving 

robustness to missing data. Then in Section 5.3 comparisons will be 

made across design types to determine which types are most robust to 

outliers and to missing data. 

5.2 Robustness to Missing Data 

The philosophy developed in Chapter IV for determining the robust-

ness of first order designs to missing data will now be applied to 

second order designs. The integrated prediction variance, V ., de-
-1 

fined in (4.7) will again be the basis for this development. The 

maximum V . was computed for each design and the parameters found 
-1 

which minimize the maximum V .• 
-1 

The notion of robustness to missing data will be illustrated with 

an example using the five variable ccd with a full 25 in the factorial 

portion. Two designs will be compared, one with a= 2.0 and the other 

with a= 3.0 and both having one center point. In the following table 

the integrated prediction variance as defined in equation (2.26) and 

the maximum V . as defined in (4.8) are given for the two designs. 
-1 

a Int. Variance Max V -i 
2.0 17.76 28.86 

3.0 11.94 12.67 
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We see that the design with a= 3.0 has a maximum increase in pre-

diction variance of only 6% when a point is lost as compared with a 

maximum increase of 63% for the design with a= 2.0. In addition to 

being a more desirable design in terms of prediction variance with 

the complete data set, the a= 3.0 design is more robust to missing 

data. 

5.2.1 One Independent Variable 

The maximum V . computed from (4.7) for the single variable 
-1 

second order designs are shown in Table 20 for the three-level de-

signs and in Table 21 for the five-level designs. The results for 

the three-level designs show that, as with the outlier robust designs, 

the optimal three-level design has approximately half of the points 

at the origin and the remaining points distributed between the two 

endpoints. In general the best five-level designs are nearly the 

same as those found in the outlier case. That is, the number of 

center points should be less than half the total number of observa-

tions and approximately equal to the number of points at each end-

point and the number of points at the extremes should be larger than 

the number at the interior levels. In this case the location of the 

interior level, D, makes very little difference if the other specifi-

cations are met. 

The most robust design for each sample size is given in Table 

22. As in the outlier case, neither design type is best in all situa-

~ions, although for larger sample sizes the three-level design is 

always best. However, the best three-level design and the best five-
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Table 20 

Maximum Integrated Prediction Variance -i 

k=l, 3-Level Designs 

N NO MAXIVI 

8 2 4.9778 
8 4 2.6667 
8 6 2.9867 

9 3 3.2000 
9 5 2.7600 
9 7 3.2000 

10 2 6.0000 
10 4 2.6667 
10 6 2.8889 
10 8 3.4286 

11 3 3.6667 
11 5 2.4444 
11 7 3.0381 
11 9 3.6667 

12 2 7.0400 
12 4 2.9333 
12 6 2.4000 
12 8 3.2000 
12 10 3.9111 

13 3 4.1600 
13 5 2.6000 
13 7 2.4349 
13 9 3.3704 
13 11 4.1600 

14 2 8.0889 
14 4 3.2356 
14 6 2.4267 
14 8 2.4889 
14 10 3.5467 
14 12 4.4121 
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Table 20 (cont. ) 

N NO MAXIVI 

15 3 4.6667 
15 5 2.8000 
15 7 2.3333 
15 9 2.5556 
15 11 3.7273 
15 13 4.6667 

16 2 9.1429 
16 4 3.5556 
16 6 2.5600 
16 8 2.3111 
16 10 2.6311 
16 12 3.9111 
16 14 4.9231 

17 3 5.1810 
17 5 3.0222 
17 7 2.4178 
17 9 2.3296 
17 11 2.7131 
17 13 4.0974 
17 15 5.1810 

18 2 10.2000 
18 4 3.8857 
18 6 2.7200 
18 8 2.3314 
18 10 2.3600 
18 12 2.8000 
18 14 4.2857 
18 16 5.4400 

19 3 5.7000 
19 5 3·_ 2571 
19 7 2.5333 
19 9 2.2800 
19 11 2.3990 
19 13 2.8906 
19 15 4.4756 
19 17 5.7000 
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Table 20 (cont.) 

N NO MAXIVI 

20 2 11.2593 
20 4 4.2222 
20 6 2.8952 
20 8 2.4127 
20 10 2.2667 
20 12 2.4444 
20 14 2.9841 
20 16 4.6667 
20 18 5.9608 
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Table 21 

Maximum Integrated Prediction Variance -i 

k=l, 5-Level Designs 

N NO Nl D MAXIVI 

8 2 2 0.2 28.2111 
8 2 2 0.4 8.0726 
8 2 2 0.6 4.3010 
8 2 2 0.8 4.0044 

8 2 4 0.2 2.6634 
8 2 4 0.4 2.7387 
8 2 4 0.6 3.2322 
8 2 4 0.8 4.1925 

8 4 2 0.2 53.7986 
8 4 2 0.4 13.6375 
8 4 2 0.6 6. 1224 
8 4 2 0.8 3.6232 

9 1 2 0.2 21. 9854 
9 1 2 0.4 6.9264 
9 1 2 0.6 4.4381 
9 1 2 0.8 13.0384 

9 1 4 0.2 2.7285 
9 1 4 0.4 2.7281 
9 1 4 0.6 3.9734 
9 1 4 0.8 12.8925 

9 1 6 0.2 3.3823 
9 1 6 0.4 4.1289 
9 1 6 0.6 6.6339 
9 1 6 0.8 21. 0479 

9 3 2 0.2 31. 5485 
9 3 2 0.4 8.8268 
9 3 2 0.6 4.4433 
9 3 2 0.8 3.0378 

9 3 4 0.2 2.7418 
9 3 4 0.4 2.7028 
9 3 4 0.6 2.7053 
9 3 4 0.8 3.0124 
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Table 21 (cont.} 

N NO Nl D MAXIVI 

9 5 2 0.2 60.3508 
9 5 2 0.4 15.1678 
9 5 2 0.6 6.7076 
9 5 2 0.8 3.8727 

10 2 2 0.2 24.2599 
10 2 2 0.4 7.4015 
10 2 2 0.6 4.2076 
10 2 2 0.8 4.5028 

10 2 4 0.2 2.8363 
10 2 4 0.4 2.7517 
10 2 4 0.6 3.0439 
10 2 4 0.8 4.4825 

10 2 6 0.2 2.7460 
10 2 6 0.4 3.0331 
10 2 6 0.6 3.6991 
10 2 6 0.8 4.9548 

10 4 2 0.2 34.8997 
10 4 2 0.4 9.6152 
10 4 2 0.6 4.6781 
10 4 2 0.8 3.0113 

10 4 4 0.2 2.8604 
10 4 4 0.4 2.7874 
10 4 4 0.6 2.6933 
10 4 4 0.8 2.6315 

10 6 2 0.2 66.9141 
10 6 2 0.4 16.7134 
10 6 2 0.6 7.3143 
10 6 2 0.8 4.1510 

11 1 2 0.2 20.7139 
11 1 2 0.4 6.8548 
11 1 2 0.6 4.6211 
11 1 2 0.8 13.9368 

11 1 4 0.2 2.9411 
11 1 4 0.4 2.8108 
11 1 4 0.6 3.5840 
11 1 4 0.8 11.8940 
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Table 21 (cont.) 

N NO Nl D MAXIVI 

11 1 6 0.2 2.5347 
11 1 6 0.4 2.9398 
11 1 6 0.6 4.4746 
11 1 6 0.8 14.3330 

11 1 8 0.2 3.8977 
11 1 8 0.4 4.8297 
11 1 8 0.6 7.8827 
11 1 8 0.8 24. 9697. 

11 3 2 0.2 26.5455 
11 3 2 0.4 7.9218 
11 3 2 0.6 4.2161 
11 3 2 0.8 3.3218 

11 3 4 0.2 2.9694 
11 3 4 0.4 2.8270 
11 3 4 0.6 2.7449 
11 3 4 0.8 3.2492 

11 3 6 0.2 2.4868 
11 3 6 0.4 2.6325 
11 3 6 0.6 2.9302 
11 3 6 0.8 3.3749 

11 5 2 0.2 38.2599 
11 5 2 0.4 10.4236 
11 5 2 0.6 4.9580 
11 5 2 0.8 3.0747 

11 5 4 0.2 3.0017 
11 5 4 0.4 2.9031 
11 5 4 0.6 2.7621 
11 5 4 0.8 2.5894 

11 7 2 0.2 73.4847 
11 7 2 0.4 18.2687 
11 7 2 0.6 7.9338 
11 7 2 0.8 4.4460 

12 2 2 0.2 22.4672 
12 2 2 0.4 7.2193 
12 2 2 0.6 4.2952 
12 2 2 0.8 5.0189 
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Table 21 (cont.) 

N NO Nl D MAXIVI 

12 2 4 0.2 3.0828 
12 2 4 0.4 2.8764 
12 2 4 0.6 3.0077 
12 2 4 0.8 4.8132 

12 2 6 0.2 2.4140 
12 2 6 0.4 2.6213 
12 2 6 0.6 3.2963 
12 2 6 0.8 5.0800 

12 2 8 0.2 3.0358 
12 2 8 0.4 3.3997 
12 2 8 0.6 4.2224 
12 2 8 0.8 5.7548 

12 4 2 0.2 28.8386 
12 4 2 0.4 8.4686 
12 4 2 0.6 4. 3242 
12 4 2 0.8 2.9309 

12 4 4 0.2 3.1179 
12 4 4 0.4 2.9308 
12 4 4 0.6 2.7522 
12 4 4 0.8 2.7995 

12 4 6 0.2 2.4059 
12 4 6 0.4 2.4531 
12 4 6 0.6 2.6106 
12 4 6 0.8 2.8204 

12 6 2 0.2 41.6262 
12 6 2 0.4 11. 2447 
12 6 2 0.6 5.2635 
12 6 2 0.8 3.1790 

12 6 4 0.2 3.1570 
12 6 4 0.4 3.0374 
12 6 4 0.6 2.8593 
12 6 4 0.8 2.6377 

12 8 2 0.2 80.0603 
12 8 2 0.4 19.8305 
12 8 2 0.6 8.5617 
12 8 2 0.8 4.7515 
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Table 21 (cont.) 

N NO Nl D MAXIVI 

13 1 2 0.2 20.1007 
13 1 2 0.4 6.9399 
13 1 2 0.6 4.8627 
13 1 2 0.8 15.0406 

13 1 4 0.2 3.1981 
13 1 4 0.4 2.9343 
13 1 4 0.6 3.4567 
13 1 4 0.8 11. 7499 

13 1 6 0.2 2.4384 
13 1 6 0.4 2.6255 
13 1 6 0.6 3. 8262 
13 1 6 0.8 12.4150 

13 1 8 0.2 2.7203 
13 1 8 0.4 3.2320 
13 1 8 0.6 5.0463 
13 1 8 0.8 16.0786 

13 1 10 0.2 4.4382 
13 1 10 0.4 5.5521 
13 1 10 0.6 9.1522 
13 1 10 0.8 28.9681 

13 3 2 0.2 24.2270 
13 3 2 0.4 7.6193 
13 3 2 0.6 4.2151 
13 3 2 0.8 3.6253 

13 3 4 0.2 3.2355 
13 3 4 0.4 2.9691 
13 3 4 0.6 2.8306 
13 3 4 0.8 3.4981 

13 3 6 0.2 2.4354 
13 3 6 0.4 2.4709 
13 3 6 0.6 2.8328 
13 3 6 0.8 3.5688 

13 3 8 0.2 2.6570 
13 3 8 0.4 2.8485 
13 3 8 0.6 3.2274 
13 3 8 0.8 3.7859 
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Table 21 (cont.) 

N NO Nl D MAXIVI 

13 5 2 0.2 31.1370 
13 5 2 0.4 9.0321 
13 5 2 0.6 4.4834 
13 5 2 0.8 2.9009 

13 5 4 0.2 3.2765 
13 5 4 0.4 3.0520 
13 5 4 0.6 2.8014 
13 5 4 0.8 2.5953 

13 5 6 0.2 2.4343 
13 5 6 0.4 2.4360 
13 5 6 0.6 2.4587 
13 5 6 0.8 2.5638 

13 7 2 0.2 44.9969 
13 7 2 0.4 12.0744 
13 7 2 0.6 5.5847 
13 7 2 0.8 3.3072 

13 7 4 0.2 3.3214 
13 7 4 0.4 3.1835 
13 7 4 0.6 2.9739 
13 7 4 0.8 2.7112 

13 9 2 0.2 86.6395 
13 9 2 0.4 21.3969 
13 9 2 0.6 9.1954 
13 9 2 0.8 5.0640 

14 2 2 0.2 21. 5405 
14 2 2 0.4 7.2341 
14 2 2 0.6 4.4550 
14 2 2 o·.0 5.5445 

14 2 4 0.2 3.3531 
14 2 4 0.4 3.0165 
14 2 4 0.6 3.0318 
14 2 4 0.8 5.1646 

14 2 6 0.2 2.4772 
14 2 6 0.4 2.5080 
14 2 6 0.6 3.1332 
14 2 6 0.8 5.2724 
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Table 21 (cont.) 

N NO Nl D MAXIVI 

14 2 8 0.2 2.5008 
14 2 8 0.4 2.7953 
14 2 8 0.6 3.6180 
14 2 8 0.8 5.7212 

14 2 10 0.2 3.3595 
14 2 10 0.4 3.7960 
14 2 10 0.6 4.7698 
14 2 10 0.8 6.5719 

14 4 2 0.2 25.9915 
14 4 2 0.4 8.0416 
14 4 2 0.6 4.2433 
14 4 2 0.8 3.1030 

14 4 4 0.2 3.3957 
14 4 4 0.4 3.0787 
14 4 4 0.6 2.8266 
14 4 4 0.8 2.9807 

14 4 6 0.2 2.4795 
14 4 6 0.4 2.4746 
14 4 6 0.6 2.6084 
14 4 6 0.8 2.9829 

14 4 8 0.2 2.4620 
14 4 8 0.4 2.5772 
14 4 8 0.6 2.7899 
14 4 8 0.8 3.0704 

14 6 2 0.2 33.4394 
14 6 2 0.4 9.6070 
14 6 2 0.6 4.6723 
14 6 2 0.8 2.9242 

14 6 4 0.2 3.4421 
14 6 4 0.4 3.1847 
14 6 4 0.6 2.8755 
14 6 4 0.8 2.5791 

14 6 6 0.2 2.4835 
14 6 6 0.4 2.4697 
14 6 6 0.6 2.4499 
14 6 6 0.8 2.4340 
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Table 21 (cont.) 

N NO Nl D MAXIVI 

14 8 2 0.2 48.3708 
14 8 2 0.4 12.9102 
14 8 2 0.6 5.9164 
14 8 2 0.8 3.4504 

14 8 4 0.2 3.4923 
14 8 4 0.4 3.3378 
14 8 4 0.6 3.0998 
14 8 4 0.8 2.8005 

14 10 2 0.2 93.2214 
14 10 2 0.4 22.9667 
14 10 2 0.6 9.8331 
14 10 2 0.8 5.3814 

15 1 2 0.2 19.8173 
15 1 2 0.4 7.1041 
15 1 2 0.6 5.1341 
15 1 2 0.8 16.2470 

15 1 4 0.2 3.4701 
15 1 4 0.4 3.0719 
15 1 4 0.6 3.4313 
15 1 4 0.8 11.9468 

15 1 6 0.2 2.5270 
15 1 6 0.4 2.5521 
15 1 6 0.6 3.5513 
15 1 6 0.8 11.6945 

15 1 8 0.2 2.4095 
15 1 8 0.4 2.7637 
15 1 8 0.6 4.1575 
15 1 8 0.8 13.3570 

15 1 10 0.2 2.9470 
15 1 10 0.4 3.5572 
15 1 10 0.6 5.6480 
15 1 10 0.8 17.9475 

15 1 12 0.2 4.9915 
15 1 12 0.4 6.2855 
15 1 12 0.6 10.4322 
15 1 12 0.8 33.0051 
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Table 21 (cont.) 

N NO Nl D MAXIVI 

15 3 2 0.2 22.9845 
15 3 2 0.4 7.5584 
15 3 2 0.6 4.3045 
15 3 2 0.8 3.9394 

15 3 4 0.2 3.5140 
15 3 4 0.4 3.1154 
15 3 4 0.6 2.9247 
15 3 4 0.8 3.7541 

15 3 6 0.2 2.5321 
15 3 6 0.4 2.5156 
15 3 6 0.6 2.8058 
15 3 6 0.8 3.7733 

15 3 8 0.2 2.3817 
15 3 8 0.4 2.5676 
15 3 8 0.6 3.0302 
15 3 8 0.8 3.9305 

15 3 10 0.2 2.8699 
15 3 10 0.4 3.1023 
15 3 10 0.6 3.5555 
15 3 10 0.8 4.2190 

15 5 2 0.2 27.7595 
15 5 2 0.4 8.4789 
15 5 2 0.6 4.3289 
15 5 2 0.8 2.8908 

15 5 4 0.2 3.5614 
15 5 4 0.4 3.1996 
15 5 4 0.6 2.8595 
15 5 4 0.8 2.7270 

15 5 6 0.2 2.5385 
15 5 6 0.4 2.5066 
15 5 6 0.6 2.5010 
15 5 6 0.8 2.6925 

15 5 8 0.2 2.3564 
15 5 8 0.4 2.4303 
15 5 8 0.6 2.5609 
15 5 8 0.8 2.7205 
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Table 21 (cont.) 

N NO Nl D MAXIVI 

15 7 2 0.2 35.7447 
15 7 2 0.4 10.1898 
15 7 2 0.6 4.8799 
15 7 2 0.8 2.9784 

15 7 4 0.2 3.6126 
15 7 4 0.4 3.3254 
15 7 4 0.6 2.9655 
15 7 4 0.8 2.6057 

15 7 6 0.2 2.5464 
15 7 6 0.4 2.5207 
15 7 6 0.6 2.4796 
15 7 6 0.8 2.4142 

15 9 2 0.2 51.7472 
15 9 2 0.4 13.7504 
15 9 2 0.6 6.2553 
15 9 2 0.8 3.6038 

15 9 4 0.2 3.6678 
15 9 4 0.4 3.4978 
15 9 4 0.6 3.2337 
15 9 4 0.8 2.9006 

15 11 2 0.2 99.8053 
15 11 2 0.4 24.5390 
15 11 2 0.6 10.4739 
15 11 2 0.8 5.7025 
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Table 22 

Best Designs for k=l, N = 8 to 20 

N NO Nl N2 D MAXIVI 

8 2 4 2 .2 2.6630 

9 3 4 2 .5 2.6860 .. 
10 4 4 2 .8 2.6310 

11 5 6 2.4444 

12 ·6 6 2.4000 

13 5 6 2 .2 2.4343 

14 6 8 2.4267 

15 7 8 2.3333 

16 8 8 2.3111 

17 9 8 2.3296 

18 8 10 2.3314 

19 9 10 2.2800 

20 10 10 2.2667 
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level design for a particular sample size turn out to be nearly equiva-

lent in terms of their robustness to missing data. Therefore, it makes 

little difference in this case whether a three-level or a five-level 

design is used as long as the points are distributed appropriately. 

5.2.2 Central Composite Design 

The maximum integrated prediction variances for the central com-

posite design are given in Table 23. Robustness is achieved with 

large values of a, as was the case with outlier robustness. Center 

points seem to have less affect on these results than they did in the 

outlier case. Almost no difference exists when more than two center 

points are used. For the rotatable designs (indicated by*), at least 

two center points must be included to achieve some degree of robust-

ness. However, even with additional center points the rotatable de-

signs are not very robust in most cases. As in the outlier case, if 

missing data is anticipated then using an axial value somewhat larger 

than the rotatable value (preferably as large as possible) is recom-

mended. 

5.2.3 Box-Behnken Design 

for 

the 

Results for these designs are given in Table 24~ The two designs 
2 six variables, 61 and 62 , refer to the designs based on the 2 and 

23 factorial, respectively. (Only results for multiple center 

points are given since losing a single center point results in a 

singular X'X rnatrix.)From the results in Table 24 it is seen that 

including more than two center points does little to improve the 
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Table 23 

Maximum Integrated Prediction Variance -i for ccd 

k=2 
Cl. 

NO 1.0 1.41* 2.0 3.0 

1 7. 7143 - 7.2188 3.9129 
2 7.8922 5.8344 4.4097 3. 7613 
3 8.3475 4.9046 4.1445 3.7483 
4 8.9000 5.0185 4.1750 3.8050 
5 9.4977 5.2209 4.2814 3.9018 

k=3 
Cl. 

NO 1.0 1.68* 2.0 3.0 

1 16.7721 266.267 18.9911 5.8089 
2 17.4192 8.6815 7.7873 5.5912 
3 18.2168 8.0043 6.9573 5.6040 
4 19.0869 8.1494 6.9739 5.6833 
5 19.9974 8.3955 7.1054 5.8033 

k=4 

NO 1.0 1.5 2.0* 3.0 

1 40.2134 15.3794 - 8.4887 
2 41.4375 15.3271 12.6389 8.3734 
3 42.7562 15.5670 10.9875 8.3862 
4 44.1314 15.9250 11.0056 8.4667 
5 45.5429 16.3424 11.1569 8.5897 

* Rotatable Design 



NO 1.0 

1 93.7908 
2 95.5592 
3 97 .4115 
4 99.3205 
5 101.269 

NO 1.0 

1 78.1817 
2 80.9396 
3 83. 7194 
4 86.5145 
5 89.3208 

NO 1.0 

1 135.6850 
2 138.378 
3 141.123 
4 143.906 
5 146.716 

* Rotatable Design 
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_Table 23 (cont.) 

k=5 (full factorial) 

2.0 2.38* 

28.8586 58. 7143 
18.1724 17.208 
17.4481 15.0 
17.4480 14.6515 
17.5813 14.6636 

k=5 (~ fraction) 
Cl. 

1.5 2.0* 

31.1509 24.1875 
32.0069 21.1739 
32.9552 21.4969 
33.9526 22.0012 
34.9794 22.5831 

k=6 (~ fraction) 
Cl. 

2.0 2.38* 

24.9555 170.9700 
24.8101 22.6336 
24.9945 21.4189 
25.3098 21.4989 
25.6900 21. 7159 

3.0 

12.6698 
12.4176 
12.3468 
12.3672 
12.4435 

3.0 

16.1241 
15.7935 
15.8065 
15.9820 
16.2470 

3.0 

19.6672 
18.7043 
18.6376 
18.7243 
18.8944 



NO 1.0 

1 289.475 
2 292.715 
3 296.017 
4 299.366 
5 302.752 

* Rotatable Design 
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Table 23 (cont.) 

k=7 <{ fraction) 
CL 

2.0 2.8* 

38.3499 66.4438 
38.3394 29.0038 
38.5140 26.5254 
38.7824 26.057 
39 .1049 26.0354 

3.0 

30.9339 
26.1583 
24.9387 
24.7669 
24.7698 
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Table 24 

Maximum Integrated Prediction Variance -i 
for Box-Behnken 

k NO MAXIVI 

3 2 8.8000 
3 8. 85 71 
4 9.1429 
5 9.5200 

4 2 12.6389 
3 10.9875 
4 11.0056 
5 11.1569 

5 2 18.1111 
3 15.8122 
4 15.4524 
5 15.5179 

61 2 25.0325 
3 22.2862 
4 21. 6291 
5 21.6420 

62 2 24. 9609 
3 23.0297 
4 23.0479 
5 23.2261 

7 2 28.7803 
3 27.2652 
4 27.3232 
5 27.5322 
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robustness. In this case, then, the best design is achieved with two 

or three center points. 

5.2.4 Hybrid Design 

Results for the robustness of the hybrid designs to missing data 

are given in Table 25 fork of 3, 4 and 6. The same trends appear in 

all three cases and are the same trends seen in the outlier case. The 

most robust designs have a, a 1 and la 2 j large and a 3 small. As in the 

other designs, several center points are required for optimality. It 

should be noted that if the parameters are not chosen in this manner 

the design can be extremely poor in terms of its robustness to missing 

data. 

5.2.5 Small Composite Design 

Results for selected axial values for the small composite design 

are given in Table 26, where the rotatable designs are indicated by 

an asterisk and a= v'k is indicated by~. In this case there is 

little improvement in robustness for a greater than v'k and in some 

cases the robustness decreases for larger a-values. Adding more than 

two center points does not improve the robustness in most cases. There-

fore, the reconnnended design has a approximatley equal to v'k and two 

to three center points. 

5.2.6 Equiradial Designs 

Results for the single equiradial design with center points 

appear in Table 27. Here again, as in the Box-Behnken design, only 

results for more than one center point are given. These results 
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Table 25 

Maximum Integrated Prediction Variance -i 

Hybrid Designs 

k=3 

a al a2 a3 NO MAXIVI 

1 1 -3 1 1 108.5563 
1 1 -3 1 3 80.9366 
1 1 -3 1 5 82.4598 

1 1 -3 2 1 256.0201 
1 1 -3 2 3 195.7498 
1 1 -3 2 5 201.2146 

1 1 -3 3 1 597.0030 
1 1 -3 3 3 454.5803 
1 1 -3 3 5 466.5999 

1 1 -2 1 1 97.2073 
1 1 -2 1 3 78.2212 
1 1 -2 1 5 81. 7951 

1 1 -2 2 1 191. 6460 
1 1 -2 2 3 157.9572 
1 1 -2 2 5 166.4429 

1 1 -2 3 1 520.4829 
1 1 -2 3 3 377.0993 
1 1 -2 3 5 394.3875 

1 1 -1 1 1 
1 1 -1 1 3 102.2048 
1 1 -1 1 5 116.7857 

1 1 -1 2 1 2186.32 
1 1 -1 2 3 1914.76 
1 1 -1 2 5 2054.94 

1 1 -1 3 1 
1 1 -1 3 3 
1 1 -1 3 5 

1 2 -3 1 1 50.7364 
1 2 -3 1 3 42.7559 
1 2 -3 1 5 45.3633 
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Table 25 (cont.) 

Cl al a2 a.3 NO MAXIVI 

1 2 -3 2 1 61.9637 
1 2 -3 2 3 58.4297 
1 2 -3 2 5 64.0035 

1 2 -3 3 1 97.0050 
1 2 -3 3 3 93.9295 
1 2 -3 3 5 105.2928 

1 2 -2 1 1 42.6741 
1 2 -2 1 3 44.5056 
1 2 -2 1 5 49.9848 

1 2 -2 2 1 
1 2 -2 2 3 91. 5842 
1 2 -2 2 5 104.1777 

1 2 -2 3 1 337.0557 
1 2 -2 3 3 293.1408 
1 2 -2 3 5 318.7516 

1 2 -1 1 1 184.3263 
1 2 -1 1 3 181. 0619 
1 2 -1 1 5 200.4303 

1 2 -1 2 1 92591. 8 
1 2 -1 2 3 79630.9 
1 2 -1 2 5 85005.8 

1 2 -1 3 1 20955.2 
1 2 -1 3 3 17437.1 
1 2 -1 3 5 18428.6 

1 3 -3 1 1 38.8492 
1 3 -3 1 3 37.1451 
1 3 -3 1 5 40.8365 

1 3 -3 2 1 47.9083 
1 3 -3 2 3 50.3395 
1 3 -3 2 5 57.2377 

1 3 -3 3 1 
1 3 -3 3 3 90.6492 
1 3 -3 3 5 102.8429 

1 3 -2 1 1 1985.43 
1 3 -2 1 3 51.5682 
1 3 -2 1 5 59.0266 
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Table 25 (cont.) 

a al a.2 a3 NO MAXIVI 

1 3 -2 2 1 121. 8078 
1 3 -2 2 3 125.0415 
1 3 -2 2 5 139.9140 

1 3 -2 3 1 701. 5600 
1 3 -2 3 3 633.1500 
1 3 -2 3 5 685.3347 

1 3 -1 1 1 2352.44 
1 3 -1 1 3 2180.92 
1 3 -1 1 5 2378.16 

1 3 -1 2 1 8337.94 
1 3 -1 2 3 7079.6 
1 3 -1 2 5 7528.54 

1 3 -1 3 1 6085.39 
1 3 -1 3 3 5040.2 
1 3 -1 3 5 5319.08 

2 1 -3 1 1 176.2554 
2 1 -3 1 3 188.4923 
2 1 -3 1 5 212.9196 

2 1 -3 2 1 21132.7 
2 1 -3 2 3 18447.8 
2 1 -3 2 5 19779.6 

2 1 -3 3 1 1525.41 
2 1 -3 3 3 1297.16 
2 1 -3 3 5 1380.05 

2 1 -2 1 1 61.1199 
2 1 -2 1 3 64.9691 
2 1 -2 1 5 73.2882 

2 1 -2 2 1 2600.24 
2 1 -2 2 3 2255.22 
2 1 -2 2 5 2413.46 

2 1 -2 3 1 7343.11 
2 1 -2 3 3 6196.13 
2 1 -2 3 5 6576.59 

2 1 -1 1 1 
2 1 -1 1 3 42.1726 
2 1 -1 ·1 5 47.5179 
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Table 25 (cont.) 

Ct al a2 a3 NO MAXIVI 

2 1 -1 2 1 589.1040 
2 1 -1 2 3 504.0615 
2 1 -1 2 5 537.2665 

2 1 -1 3 1 1025.16 
2 1 -1 3 3 750.9821 
2 1 -1 3 5 760.2321 

2 2 -3 1 1 108.7736 
2 2 -3 1 3 18.3942 
2 2 -3 1 5 20.5136 

2 2 -3 2 1 63.5560 
2 2 -3 2 3 36.5543 
2 2 -3 2 5 40.1927 

2 2 -3 3 1 115.6398 
2 2 -3 3 3 97.7055 
2 2 -3 3 5 103.7464 

2 2 -2 1 1 20.6621 
2 2 -2 1 3 17.3362 
2 2 -2 1 5 19.2221 

2 2 -2 2 1 
2 2 -2 2 3 33.4324 
2 2 -2 2 5 37.0795 

2 2 -2 3 1 177.5361 
2 2 -2 3 3 82.1583 
2 2 -2 3 5 88.3239 

2 2 -1 1 1 42.9395 
2 2 -1 1 3 36.3009 
2 2 -1 1 5 38.5520 

2 2 -1 2 1 85.9124 
2 2 -1 2 3 66.8722 
2 2 -1 2 5 69.1616 

2 2 -1 3 1 390.1954 
2 2 -1 3 3 138.3554 
2 2 -1 3 5 142.5356 

2 3 -3 1 1 15.5353 
2 3 -3 1 3 14.1412 
2 3 -3 1 5 15.3432 
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Table 25 (cont.) 

O'. al a2 0'.3 NO MAXIVI 

2 3 -3 2 1 67.4578 
2 3 -3 2 3 18.8812 
2 3 -3 2 5 20.8438 

2 3 -3 3 1 
2 3 -3 3 3 32.8456 
2 3 -3 3 5 36.1464 

2 3 -2 1 1 19.5381 
2 3 -2 1 3 16.6597 
2 3 -2 1 5 17.7387 

2 3 -2 2 1 28.0869 
2 3 -2 2 3 24.2575 
2 3 -2 2 5 26.3233 

2 3 -2 3 1 75.4948 
2 3 -2 3 3 39.4199 
2 3 -2 3 5 43.0992 

2 3 -1 1 1 68.6105 
2 3 -1 1 3 49.3499 
2 3 -1 1 5 49.6187 

2 3 -1 2 1 137.0687 
2 3 -1 2 3 101.1345 
2 3 -1 2 5 102.6501 

2 3 -1 3 1 254.2625 
2 3 -1 3 3 183.0910 
2 3 -1 3 5 184.7794 

3 1 -3 1 l 719.7696 
3 1 -3 1 3 830.8272 
3 1 -3 1 5 954.0754 

3 1 -3 2 1 350.3889 
3 1 -3 2 3 306.2097 
3 1 -3 2 5 328.4220 

3 1 -3 3 1 1080.73 
3 1 -3 3 3 875.2305 
3 1 -3 3 5 917.1131 

3 1 -2 1 1 232.6593 
3 1 -2 1 3 267.6975 
3 1 -2 1 5 307.2055 
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Table 25 (cont.) 

a al a.2 a3 NO MAXIVI 

3 1 -2 2 1 350.4531 
3 1 -2 2 3 300.4116 
3 1 -2 2 5 320.3764 

3 1 -2 3 1 1257.18 
3 1 -2 3 3 984.8151 
3 1 -2 3 5 1020.72 

3 1 -1 1 1 
3 1 -1 1 3 114.6734 
3 1 -1 1 5 131.1726 

3 1 -1 2 1 479.6251 
3 1 -1 2 3 441. 5344 
3 1 -1 2 5 480.5485 

3 1 -1 3 1 1959.24 
3 1 -1 3 3 1416.89 
3 1 -1 3 5 1427.51 

3 2 -3 1 1 28.6812 
3 2 -3 1 3 26.4844 
3 2 -3 1 5 28.8486 

3 2 -3 2 1 338.6342 
3 2 -3 2 3 49.5817 
3 2 -3 2 5 55.4155 

3 2 -3 3 1 32474.7 
3 2 -3 3 3 32530.4 
3 2 -3 3 5 36185.3 

3 2 -2 1 1 27.4001 
3 2 -2 1 3 23.9088 
3 2 -2 1 5 25.6317 

3 2 -2 2 1 
3 2 -2 2 3 44.1207 
3 2 -2 2 5 49.4120 

3 2 -2 3 1 3241.59 
3 2 -2 3 3 3202.67 
3 2 -2 3 5 3550.4 

3 2 -1 1 1 51. 3209 
3 2 -1 1 3 39.5806 
3 2 -1 1 5 40.8073 
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Table 25 (cont.) 

(l al a.2 a3 NO MAXIVI 

3 2 -1 2 1 62.9658 
3 2 -1 2 3 52.4011 
3 2 -1 2 5 57.8753 

3 2 -1 3 1 691. 4537 
3 2 -1 3 3 669.8648 
3 2 -1 3 5 738.9268 

3 3 -3 1 
.. 

1 27.1480 
3 3 -3 1 3 20.7187 
3 3 -3 1 5 21. 2834 

3 3 -3 .2 1 29.1235 
3 3 -3 2 3 24. 3895 
3 3 -3 2 5 26.6876 

3 3 -3 3 1 
3 3 -3 3 3 42.9052 
3 3 -3 3 5 47.7536 

3 3 -2 1 1 30.8599 
3 3 -2 1 3 22.4016 
3 3 -2 .1 5 22.6012 

3 3 -2 2 1 31. 4577 
3 3 -2 2 3 27.3602 
3 3 -2 2 5 29.3040 

3 3 -2 3 1 205.7462 
3 3 -2 3 3 42.6528 
3 3 -2 3 5 47.2773 

3 3 -1 1 1 69.8939 
3 3 -1 1 3 49.2269 
3 3 -1 1 5 49.0984 

3 3 -1 2 1 89.2851 
3 3 -1 2 3 69.3707 
3 3 -1 2 5 71. 7012 

3 3 -1 3 1 87.8317 
3 3 -1 3 3 77.1859 
3 3 -1 3 5 82.9186 
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Table 25 (cont.) 

a.2 a.3 NO MAXIVI 

k=4 

1 1 -3 1 1 338.0324 
1 1 -3 1 3 224.8627 
1 1 -3 1 5 214.7250 

1 1 -3 2 1 496.4188 
1 1 -3 2 3 383.8750 
1 1 -3 2 5 386.4949 

1 1 -3 3 1 6180.15 
1 1 -3 3 3 587.5075 
1 1 -3 3 5 629.0958 

1 1 -2 1 1 209.3591 
1 1 -2 1 3 163.4041 
1 1 -2 1 5 165.0015 

1 1 -2 2 1 4668.19 
1 1 -2 2 3 750.4416 
1 1 -2 2 5 802.9840 

1 1 -2 3 1 5373.53 
1 1 -2 3 3 4621. 89 
1 1 -2 3 5 4802.51 

1 1 -1 1 1 2933.71 
1 1 -1 1 3 2785.2 
1 1 -1 1 5 2969.26 

1 1 -1 2 1 4560.66 
1 1 -1 2 3 3266.27 
1 1 -1 2 5 3205.35 

1 1 -1 3 1 22995.7 
1 1 -1 3 3 15226.4 
1 1 -1 3 5 14513.7 

1 2 -3 1 1 122.1572 
1 2 -3 1 3 91. 6429' 
1 2 -3 1 5 91.3675 

1 2 -3 2 1 142.7874 
1 2 -3 2 3 139.6477 
1 2 -3 2 5 149.9400 
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Table 25 (cont.) 

a. ell a.2 .a.3 NO MAXIVI 

1 2 -3 3 1 1121. 5 
1 2 -3 3 3 1068.18 
l 2 -3 3 5 1139.67 

1 2 -2 1 1 92.9623 
1 2 -2 1 3 95.1026 
1 2 -2 1 5 103.1689 

1 2 -2 2 1 2457.74 
1 2 -2 2 3 2314.79 
1 2 -2 2 5 2462.93 

1 2 -2 3 1 2858.58 
1 2 -2 3 3 2441. 54 
1 2 -2 3 5 2532.01 

1 2 -1 1 1 32568 
1 2 -1 1 3 29487.8 
I 2 -1 1 5 31063.9 

1 2 -1 2 1 3635.04 
1 2 -1 2 3 2771.24 
1 2 -1 2 5 2777.47 

1 2 -1 3 1 13445.7 
1 2 -1 3 3 9608.03 
1 2 -1 3 5 9421.41 

1 3 -3 1 1 83.5155 
1 3 -3 1 3 72.6664 
1 3 -3 1 5 75.7454 

1 3 -3 2 1 9293.72 
1 3 -3 2 3 127.9373 
1 3 -3 2 5 140.4544 

1 3 -3 3 1 2537.82 
1 3 -3 3 3 2384.03 
1 3 -3 3 5 2534.98 

1 3 -2 1 1 1172.89 
1 3 -2 1 3 103.5606 
1 3 -2 1 5 113.9945 

1 3 -2 2 1 25839 
1 3 -2 2 3 23853.1 
1 3 -2 2 5 25253 
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Table 25 (cont.) 

a. a.1 a.2 a.3 NO MAXIVI 

1 3 -2 3 1 1837.07 
1 3 -2 3 3 1559.66 
1 3 -2 3 5 1614.74 

1 3 -1 1 1 1754.35 
1 3 -1 1 3 1535.7 
1 3 -1 1 5 1603.4 

1 3 -1 2 1 3567.11 
1 3 -1 2 3 2773.32 
1 3 -1 2 5 2797.01 

1 3 -1 3 1 11272.3 
1 3 -1 3 3 8331. 06 
1 3 -1 3 5 8264.68 

2 1 -3 1 1 114.5532 
2 1 -3 1 3 97.5363 
2 1 -3 1 5 101. 0625 

2 1 -3 2 1 380.5673 
2 1 -3 2 3 302.3639 
2 1 -3 2 5 307.0076 

2 1 -3 3 1 1100.11 
2 1 -3 3 3 824.8131 
2 1 -3 3 5 822.1707 

2 1 -2 1 1 84.3699 
2 1 -2 1 3 77.2669 
2 1 -2 1 5 81. 6361 

2 1 -2 2 1 299.7108 
2 1 -2 2 3 248.2706 
2 1 -2 2 5 255.2390 

2 1 -2 3 1 956.1440 
2 1 -2 3 3 715.6123 
2 1 -2 3 5 712.9040 

2 1 -1 1 1 116.0366 
2 1 -1 1 3 85.5537 
2 1 -1 1 5 91. 5692 

2 1 -1 2 1 860.7003 
2 1 -1 2 3 615.4854 
2 1 -1 2 5 603.6844 
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Table 25 (cont.) 

Ct. et.l et.2 et.3 NO MAXIVI 

2 1 -1 3 1 7998.1 
2 1 -1 3 3 5808.13 
2 1 -1 3 5 5727.41 

2 2 -3 1 1 697.2586 
2 2 -3 1 3 27.1452 
2 2 -3 1 5 29.2726 

2 2 -3 2 1 231.6929 
2 2 -3 2 3 57.9081 
2 2 -3 2 5 61.4666 

2 2 -3 3 1 764.2391 
2 2 -3 3 3 123.8198 
2 2 -3 3 5 129.1429 

2 2 -2 1 1 34.8240 
2 2 -2 1 3 29.2783 
2 2 -2 1 5 31. 5267 

2 2 -2 2 1 132.7980 
2 2 -2 2 3 68.0562 
2 2 -2 2 5 72.2299 

2 2 -2 3 1 368.4634 
2 2 -2 3 3 180.2968 
2 2 -2 3 5 175.2104 

2 2 -1 1 1 128.1401 
2 2 -1 1 3 101.6641 
2 2 -1 1 5 103.1805 

2 2 -1 2 1 1670.13 
2 2 -1 2 3 1199.02 
2 2 -1 2 5 1177.66 

2 2 -1 3 1 18477.9 
2 ·2 -1 3 3 13453.2 
2 2 -1 3 5 13278 

2 3 -3 1 1 28.7895 
2 3 -3 1 3 20.8506 
2 3 -3 1 5 22.2587 

2 3 -3 2 1 65.1466 
2 3 -3 2 3 35.3093 
2 3 -3 2- 5 37.6432 
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Table 25 (cont.) 

a al a2 a3 NO MAXIVI 

2 3 -3 3 1 149.7796 
2 3 -3 3 3 66.7707 
2 3 -3 3 5 70.4634 

2 3 -2 1 1 35.6699 
2 3 -2 1 3 30.7763 
2 3 -2 1 5 32.0066 

2 3 -2 2 1 81.6705 
2 3 -2 2 3 68.3265 
2 3 -2 2 5 70.4452 

2 3 -2 3 1 345.8250 
2 3 -2 3 3 241.9929 
2 3 -2 3 5 235.5198 

2 3 -1 1 1 205.6026 
2 3 -1 1 3 150.1147 
2 3 -1 1 5 148.3035 

2 3 -1 2 1 3947.32 
2 3 -1 2 3 2845.27 
2 3 -1 2 5 2798.51 

2 3 -1 3 1 68065.6 
2 3 -1 3 3 49677.3 
2 3 -1 3 5 49071. 6 

3 1 -3 1 1 114.4731 
3 1 -3 1 3 109.0013 
3 1 -3 1 5 116.2886 

3 1 -3 2 1 1879.97 
3 1 -3 2 3 1575.08 
3 1 -3 2 5 1624.6 

3 1 -3 3 1 97321. 8 
3 1 -3 3 3 79099.1 
3 1 -3 3 5 80866.2 

3 1 -2 1 1 123.1117 
3 1 -2 1 3 89.8796 
3 1 -2 1 5 96.6418 

3 1 -2 2 1 939.5534 
3 1 -2 2 3 777.6336 
3 1 -2 2 5 799.2628 
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Table 25 (cont.) 

a. a.1 a..2 a.3 NO MAXIVI 

3 1 -2 3 1 318730 
3 1 -2 3 3 257353 
3 1 -2 3 5 262587 

3 1 -1 1 1 292.6238 
3 1 -1 1 3 82.1920 
3 1 -1 1 5 88.5823 

3 1 -1 2 1 601. 3748 
3 1 -1 2 3 491.5091 
3 1 -1 2 5 503.3214 

3 1 -1 3 1 25565.6 
3 1 -1 3 3 20513.5 
3 1 -1 3 5 20891.1 

3 2 -3 1 1 33.0286 
3 2 -3 1 3 30.1267 
3 2 -3 1 5 31. 7976 

3 2 -3 2 1 980.1622 
3 2 -3 2 3 65.8369 
3 2 -3 2 5 70.3820 

3 2 -3 3 1 182.5246 
3 2 -3 3 3 159.8034 
3 2 -3 3 5 166.8554 

3 2 -2 1 1 37.6241 
3 2 -2 1 3 31. 4636 
3 2 -2 1 5 32.4353 

3 2 -2 2 1 327.0710 
3 2 -2 2 3 63.0632 
3 2 -2 2 5 67.3428 

3 2 -2 3 1 1987.47 
3 2 -2 3 3 151.9733 
3 2. -2 3 5 159.1336 

3 2 -1 1 1 109.0945 
3 2 -1 1 3 78.2346 
3 2 -1 1 5 76.8111 

3 2 -1 2 1 173.3692 
3 2 -1 2 3 140.0563 
3 2 -1 2 5 142.9265 
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Table 25 (cont.) 

a al a.2 a.3 NO MAXIVI 

3 2 -1 3 1 362.5471 
3 2 -1 3 3 259.0816 
3 2 -1 3 5 265.5809 

3 3 -3 1 1 33.1723 
3 3 -3 1 3 24.4876 
3 3 -3 1 5 24.2827 

3 3 -3 2 1 39.1261 
3 3 -3 2 3 34.4416 
3 3 -3 2 5 36.0140 

3 3 -3 3 1 377.4439 
3 3 -3 3 3 61. 4755 
3 3 -3 3 5 65.2243 

3 3 -2 1 1 47.1581 
3 3 -2 1 3 32.4371 
3 3 -2 1 5 31. 3710 

3 3 -2 2 1 63.4750 
3 3 -2 2 3 49.9123 
3 3 -2 2 5 50.5174 

3 3 -2 3 1 95. 9544· 
3 3 -2 3 3 82.1544 
3 3 -2 3 5 85.2563 

3 3 -1 1 1 150.2805 
3 3 -1 1 3 100.9544 
3 3 -1 1 5 96.7693 

3 3 -1 2 1 276.9842 
3 3 -1 2 3 199.2799 
3 3 -1 2 5 195.8767 

3 3 -1 3 1 437.9219 
3 3 -1 3 3 315.1347 
3 3 -1 3 5 314.5373 
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Table 25 (cont.) 

al a2 a3 NO MAXIVI 

k=6 

1 1 -3 1 1 11603.8 
1 1 -3 1 3 6789.04 
1 1 -3 1 5 6031. 59 

1 1 -3 2 1 6628.87 
1 1 -3 2 3 6724.71 
1 1 -3 2 5 7081.63 

1 1 -3 3 1 51003.7 
1 1 -3 3 3 36619.9 
1 1 -3 3 5 35171. 2 

1 1 -2 1 1 5339.31 
1 1 -2 1 3 4378.87 
1 1 -2 1 5 4378.49 

1 1 -2 2 1 40510.4 
1 1 -2 2 3 30770.9 
1 1 -2 2 5 30087.8 

1 1 -2 3 1 361846 
1 1 -2 3 3 229228. 
1 1 -2 3 5 210469 

1 1 -1 1 1 34804.6 
1 1 -1 1 3 28436.2 
1 1 -1 1 5 28404 

1 1 -1 2 1 613076 
1 1 -1 2 3 395434 
1 1 -1 2 5 365607 

1 1 -1 3 1 
·l 1 -1 3 3 
1 1 -1 3 5 

1 2 -3 1 1 4357.99 
1 2 -3 1 3 2749.78 
1 2 -3 1 5 2520.81 

1 2 -3 2 1 6071. 58 
1 2 -3 2 3 6437.1 
1 2 -3 2 5 6841. 07 
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Table 25 (cont.) 

Ct a.1 a 2 a3 NO MAXIVI 

1 2 -3 3 1 36366.9 
1 2 -3 3 3 28575.7 
1 2 -3 3 5 28226.6 

1 2 -2 1 1 3658.15 
1 2 -2 1 3 3758.55 
1 2 -2 1 5 3968.7 

1 2 
.. 

-2 2 1 33791. 7 
1 2 -2 2 3 27561. 5 
1 2 -2 2 5 27517 

1 .2 -2 3 1 185089 
1 2 -2 3 3 127233 
1 2 -2 3 5 120407 

1 2 -1 1 1 35160.5 
1 2 -1 1 3 29613.4 
1 2 -1 1 5 29826.7 

1 2 -1 2 1 350635 
1 2 -1 2 3 246234 
1 2 -1 2 5 234745 

1 2 -1 3 1 
1 2 -1 3 3 964174 
1 2 -1 3 5 901432 

1 3 -3 1 1 3065.78 
1 3 -3 1 3 2262.17 
1 3 -3 1 5 2192.01 

1 3 -3 2 1 6971. 64 
1 3 -3 2 3 7216.63 
1 3 -3 2 5 7632.01 

1 3 -3 3 1 33611. 4 
1 3 -3 3 3 27403.8 
1 3 -3 3 5 27356.7 

1 3 -2 1 1 4119.92 
1 3 -2 1 3 4398.17 
1 3 -2 1 5 4680.67 

1 3 -2 2 1 33296.8 
1 3 -2 2 3 27780.7 
1 3 -2 2 5 27909.7 
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Table 25 (cont.) 

a al a2 a3 NO MAXIVI 

1 3 -2 3 1 145760 
1 3 -2 3 3 105480 
1 3 -2 3 5 101570 

1 3 -1 1 1 38161.3 
.1 3 -1 1 3 32248.9 

1 3 -1 1 5 32510.3 

1 3 -1 2 1 287850 
1 3 -1 2 3 209844 
1 3 -1 2 5 202548 

1 3 -1 3 1 1040320 
1 3 -1 3 3 720978 
1 3 -1 3 5 684229 

2 1 -3 1 1 1106.45 
2 1 -3 1 3 842.5230 
2 1 -3 1 5 824.4430 

2 1 -3 2 1 1883.81 
2 1 -3 2 3 1652.4 
2 1 -3 2 5 1682.08 

2 1 -3 3 1 57890.7 
2 1 -3 3 3 2210.74 
2 1 -3 3 5 2288.85 

2 1 -2 1 1 628.1181 
2 1 -2 1 3 586.0938 
2 1 -2 1 5 605.7365 

2 1 -2 2 1 2165 
2 1 -2 2 3 1639.64 
2 1 -2 2 5 1689.36 

2 1 -2 3 1 201547 
2 1 -2 3 3 148263 
2 1 -2 3 5 143525 

2 1 -1 1 1 2251. 53 
2 1 -1 1 3 1824.17 
2 1 -1 1 5 1817.81 

2 1 -1 2 1 26828.2 
2 1 -1 2 3 17711 
2 1 -1 2 5 16518.6 
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Table 25 (cont.) 

a. a..l a.2 a.3 NO MAXIVI 

2 1 -1 3 1 128876 
2 1 -1 3 3 80468.6 
2 1 -1 3 5 73461.7 

2 2 -3 1 1 232.7542 
2 2 -3 1 3 223.6314 
2 2 -3 1 5 232.6994 

2 2 -3 2 1 6420.02 
2 2 -3 2 3 598.6820 
2 2 -3 2 5 632.7910 

2 2 -3 3 1 1862.11 
2 2 -3 3 3 1603.11 
2 2 -3 3 5 1624.05 

2 2 -2 1 1 332.0318 
2 2 -2 1 3 337.8605 
2 2 -2 1 5 356.0237 

2 2 -2 2 1 2209.87 
2 2 -2 2 3 1774.96 
2 2 -2 2 5 1764.43 

2 2 -2 3 1 49665.1 
2 2 -2 3 3 36540.2 
2 2 -2 3 5 35374.1 

2 2 -1 1 1 4693.39 
2 2 -1 1 3 3532.42 
2 2 -1 1 5 3444.23 

2 2 -1 2 1 21842.9 
2 2 -1 2 3 15174 
2 2 -1 2 5 14412.4 

2 2 -1 3 1 78003.1 
2 2 -1 3 3 52185.4. 
2 2 -1 3 5 48910.2 

2 3 -3 1 1 72363.6 
2 3 -3 1 3 174.8358 
2 3 -3 1 5 185.6668 

2 3 -3 2 1 647.3113 
2 3 -3 2 3 603.3033 
2 3 -3 2 5 623.3522 
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Table 25 (cont.) 

a al a.2 a.3 NO MAXIVI 

2 3 -3 3 1 2209.41 
2 3 -3 3 3 1770.15 
2 3 -3 3 5 1758.39 

2 3 -2 1 1 456.7377 
2 3 -2 1 3 413.7099 
2 3 -2 1 5 424.5338 

2 3 -2 2 1 2683.55 
2 3 -2 2 3 2064.25 
2 3 -2 2 5 2026.18 

2 3 -2 3 1 22605.6 
2 3 -2 3 3 16635.2 
2 3 -2 3 5 16105.4 

2 3 -1 1 1 37643.9 
2 3 -1 1 3 28105.2 
2 3 -1 1 5 27334.9 

2 3 -1 2 1 20906.3 
2 3 -1 2 3 14773.3 
2 3 -1 2 5 14113.8 

2 3 -1 3 1 64985.6 
2 3 -1 3 3 44757.3 
2 3 -1 3 5 42384 

3 1 -3 1 1 464.9516 
3 1 -3 1 3 423.3007 
3 1 -3 1 5 434.9159 

3 1 -3 2 1 1658.4 
3 1 -3 2 3 1411.45 
3 1 -3 2 5 1425.58 

3 1 -3 3 1 3312.07 
3 1 -3 3 3 2773.65 
3 1 -3 3 5 2789.33 

3 1 -2 1 1 339.9042 
3 1 -2 1 3 337.8211 
3 1 -2 1 5 354.1817 

3 1 -2 2 1 1093.52 
3 1 -2 2 3 1036.39 
3 1 -2 2 5 1075.03 
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Table 25 (cont.) 

(l a.1 a.2 a.3 NO MAXIVI 

3 1 -2 3 1 8218.14 
3 1 -2 3 3 2143.41 
3 1 -2 3 5 2194.15 

3 1 -1 1 1 597.8011 
3 1 -1 1 3 503.8715 
3 1 -1 1 5 507.6040 

3 1 -1 2 1 3188.44 
3 1 -1 2 3 2419.37 
3 1 -1 2 5 2364.91 

3 1 -1 3 1 39968.1 
3 1 -1 3 3 27270 
3 1 -1 3 5 25739.1 

3 2 -3 1 1 121. 7485 
3 2 -3 1 3 108.4789 
3 2 -3 1 5 113.2626 

3 2 -3 2 1 15657 
3 2 -3 2 3 291. 4170 
3 2 -3 2 5 306.3161 

3 2 -3 3 1 80926.8 
3 2 -3 3 3 601.7760 
3 2 ,..3 3 5 627.6181 

3 2 -2 1 1 187.2890 
3 2 -2 1 3 151. 2029 
3 2 -2 1 5 150.5251 

3 2 -2 2 1 577.5724 
3 2 -2 2 3 476.9389 
3 2 -2 2 5 477.8035 

3 2 -2 3 1 1485.78 
3 2 -2 3 3 1173.47 
3 2 -2 3 5 1160.87 

3 2 -1 1 1 1073.52 
3 2 -1 1 3 724.5442 
3 2 -1 1 5 681. 2280 

3 2 -1 2 1 4407.11 
3 2 -1 2 3 3042.48 
3 2 -1 2 5 2883.52 
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Table 25 (cont.) 

CL al a.2 a.3 NO MAXIVI 

3 2 -1 3 1 77722.3 
3 2 -1 3 3 53135.3 
3 2 -1 3 5 50187.5 

3 3 -3 1 1 124.4742 
3 3 -3 1 3 93.7365 
3 3 -3 1 5 91. 4122 

3 3 -3 2 1 275.2883 
3 3 -3 2 3 224.8445 
3 3 -3 2 5 224.5689 

3 3 -3 3 1 581.0763 
3 3 -3 3 3 476.2570 
3 3 -3 3 5 476.1349 

3 3 -2 1 1 277.4631 
3 3 -2 1 3 184.9649 
3 3 -2 1 5 173.1310 

3 3 -2 2 1 818.6944 
3 3 -2 2 3 576.5851 
3 3 -2 2 5 550.2174 

3 3 -2 3 1 1924.79 
3 3 -2 3 3 1367.05 
3 3 -2 3 5 1308.24 

3 3 -1 1 1 1428.12 
3 3 -1 1 3 934.6901 
3 3 -1 1 5 868.9713 

3 3 -1 2 1 6729.37 
3 3 -1 2 3 4490.47 
3 3 -1 2 5 4204.7 

3 3 -1 3 1 200841 
3 3 -1 3 3 137571 
3 3 -1 3 5 130027 



NO 1.0 

1 335.467 
2 232.200 
3 201.822 
4 189.667 
5 184.800 

NO 1.0 

1 3552.39 
2 2166.27 
3 1721. 61 
4 1512.31 
5 1397.16 

NO 1.0 

1 334.742 
2 331.466 
3 331. 279 
4 333.042 
5 336.112 
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Table 26 

Maximum Integrated Prediction Variance -i 
Small Composite Designs 

k=4 
Cl 

1.68* 1. 75 2.0 2.5 

51.2184 45.2476 - 48.3044 
47.5259 43.4046 36.0 41. 7727 
47.8069 44.2310 37.4722 40.7954 
49.0814 45.7248 39.1667 41. 2067 
50.7513 47.4855 40.9500 42.1735 

k=5 
Cl 

1.86* 2.0 2.24 2.5 

126.422 89.2340 - 63.3692 
112. 832 86.4709 65.6607 59.9529 
110.906 87.7673 67.8624 60.3081 
111.897 90.0786 70.2991 61.6061 
114.053 92.7958 72.8299 63.2813 

k=6 
Cl 

2.1* 2. 4D:. 2.5 2.7 

71. 7304 290.589 308.103 55.3586 
70.2669 58.5152 56.4828 54.3652 
70.8578 59.646 57.5284 54. 9616 
72.0703 61.0461 58.855 55.9979 
73.5525 62.5542 60.2942 57.2177 

* Rotatable design 

3.0 

85.6458 
62.7949 
56.4707 
54.2783 
53.7385 

3.0 

84.2867 
65.5457 
60.4970 
58.8715 
58.6151 

3.0 

55.1799 
53.4320 
53.3988 
53.9800 
54.8509 
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Table 26 (cont.) 

k=7 
a. 

NO 1.0 2.0 2.3* 2.6 2.8 3.0 

1 549.962 164.504 137.673 397.280 115.790 116.493 
2 555.267 162.929 136.392 120.395 115.899 114.867 
3 561.826 163.882 137.652 122.508 117.616 115. 712 
4 569.284 165. 776 139.697 124.912 119.753 117.313 
5 577 .409 168.161 142.085 127.431 122.062 119.245 

* Rotatable design 
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Table 27 

Maximum Integrated Prediction Variance -i 

Single Equiradial Designs 

N NO MAXIVI 

6 2 6.6667 
6 3 7.0000 
6 4 7.5000 
6 5 8.0667 

7 2 5.5714 
7 3 5.3968 
7 4 5.6310 
7 5 5.9429 

8 2 5.8333 
8 3 4.8889 
8 4 5.0000 
8 5 5.2000 

9 2 6.1111 
9 3 4.6667 
9 4 4.6944 
9 5 4.8222 

10 2 6.4000 
10 3 4.7667 
10 4 4.5267 
10 5 4.6000 
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turn out to be quite similar to those obtained for the outlier ro-

bustness case. For a given number of points on the circle, about 

three center points turn out to be optimal. When these results are 

examined by sample size (see Table 28), the same trend appears as in 

the outlier case. That is, for smaller sample sizes, two to three 

center points are best with the remaining points placed equidistant 

on the circle. For sample sizes larger than about twelve, addi-

tional center points are required to obtain optimality. 

The results for the combined equiradial design are given in 

Table 29. It is seen from these results that for sample sizes larger 

than twelve the radius of the second circle of points has little 

affect on the robustness as long as it is less than about .8. For 

sample sizes less than twelve the second radius should be approxi-

mately between .5 and .7. 

Comparing the two types of equir~dial designs shows that the 

single design with center points is somewhat more robust than the 

combined design for a given sample size. There is, however, a great 

deal of flexibility in the choice of designs all of which lead to 

comparable robustness. 

It has been observed that for each of the design types,the de-

signs that are robust to outliers are also robust to missing data. 

In the next section these design types will be compared to find the 

most robust classes of designs. 
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Table 28 

Maximum Integrated Prediction Variance -i 

Single Equiradial Designs by Sample Size 

N Nl NO MAXIVI 

8 6 2 6.6667 

9 6 3 7.0000 
9 7 2 5.5714 

10 6 4 7.5000 
10 7 3 5.3968 
10 8 2 5.8333 

11 6 5 8.0667 
11 7 4 5.6310 
11 8 3 4.8889 
11 9 2 6.1111 

12 7 5 5.9429 
12 8 4 5.0000 
12 9 3 4.6667 
12 10 2 6.4000 

13 8 5 5.2000 
13 9 4 4.6944 
13 10 3 4.7667 

14 9 5 4.8222 
14 10 4 4.5267 

15 10 5 4.6000 
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Table·29 

Maximum Integrated Prediction Variance -i 

Combined Equiradial Designs 

N Nl RH02 MAXIVI 

10 5 0.1 202.3172 
10 5 0.3 24.4509 
10 5 0.5 10.3147 
10 5 0.7 7.9279 
10 5 0.9 38.6553 

12 6 0.1 8.5297 
12 6 0.3 7.6197 
12 6 0.5 6.5219 
12 6 0.7 6.8004 
12 6 0.9 36.1386 

14 7 0.1 6.6109 
14 7 0.3 6.2214 
14 7 0.5 5.7421 
14 7 0.7 6.4134 
14 7 0.9 34.7889 

16 8 0.1 5. 9628 
16 8 0.3 5.7023 
16 8 0.5 5.4056 
16 8 0.7 6.2178 
16 8 0.9 33.9474 

18 9 0.1 5.6371 
18 9 0.3 5.4314 
18 9 0.5 5.2182 
18 9 0.7 6.0997 
18 9 0.9 33.3725 

20 10 0.1 5.4412 
20 10 0.3 5.2651 
20 10 0.5 5.0986 
20 10 0.7 6.0261) 
20 10 0.9 32.9548 
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5.3 Comparisons of Design Types 

In this section comparisons will be made of the robustness of 

the various design classes considered. Recall that the criteria used 

for evaluating both types of robustness involved a multiplication by 

the sample size in order to account for differences in size as much 

as possible. Therefore comparisons can be made between the different 

design types, even those that are of quite different sizes. The case 

of two independent variables will be treated in the next section. 

Comparisons of the central composite, Box-Behnken, hybrid and small 

composite designs will be made in subsequent sections. 

5.3.1 Two Independent Variables 

The two variable central composite and the equiradial designs 

will be compared in this section. From the results given in Tables 

12 and 18 for outlier robustness and in Tables 23, 28 and 29 for ro-

bustness to missing data, it can be seen that the ccd can be made 

more robust than the equiradial design provided a can be chosen to 

be at least two. (The differences between the two designs are some-

what more pronounced in the missing data case.) However, if it is 

not reasonable to set the axial value larger than two, then the 

equiradial and the ccd are nearly the same in terms of robustness, 

both to outliers and to missing data. In particular, the rotatable 

ccd and the equiradial design (which is also rotatable), are nearly 

equivalent for both types of robustness. 
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Notice that if a is equal to one, then the ccd fork= 2 is a 

32 factorial design. It turns out that the factorial design is much 

less robust than either the ccd or the equiradial design. 

5.3.2 Central Composite vs. Box-Behnken 

In comparing the central composite designs with the Box-Behnken 

designs for a given k (see Tables 12, 13, 23.and 24), it turns out 

that the robustness of the Box-Behnken designs is nearly equivalent 

to that of the rotatable ccd's. In fact, for k=4 the two are ident-

ical, as one would expect, since the four variable Box-Behnken is 

simply a rotation of the ccd. (This is not true for other values 

of k, however.) The ccd can be made more robust than the Box-Behnken 

design by extending the axial value beyond the rotatable value. Thus, 

the ccd allows more flexibility in achieving robustness than the Box-

Behnken designs. Since the two designs have nearly the same sample 

sizes, there is no advantage in using the Box-Behnken over the ccd. 

However, if a can be taken larger than the rotatable value, the ccd 

is more robust than the Box-Behnken and is the preferred design. 

5.3.3 Central Composite vs. Small Composite 

The results in Tables 12 and 23 for the ccd and in Tables 16 and 

26 for the scd show that the ccd is far more robust than scd. Keep 

in mind that the differences in sample size have been accounted for 

by multiplying by N and so even though the ccd has a much larger 

sample size, it is clearly preferable to the smaller design. Even 

the smaller ccd for five variables in which the 1/2'fraction is used 

for the factorial portion performs much better than the five variable 
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scd. These trends hold for both types of robustness but the differ-

ences between the two designs are more pronounced in the missing data 

case, as might be expected. It is clear that the near saturated nature 

and thus the more complicated form of X'X is responsible for the lack 

of robustness of the scd in comparison to the ccd. 

5.3.4 Central Composite vs. Hybrid 

The results for the hybrid design seen in Tables 14 and 25 show 

that this design is extremely poor in terms of its robustness when 

compared with the central composite design (see Tables 12 and 23). 

The best hybrid designs are never even close to being as robust as 

the ccd, especially with respect to robustness to missing data. Thus, 

even though there is a great deal of flexibility in choosing the 

parameters of the hybrid design, it still can not be made robust. 

5.3.5 Small Composite vs. Hybrid 

The appealing feature of these two types of designs is the small 

sample size. Both are nearly saturated designs. From the above dis-

cussions, one sees that neither design is robust. However, situations 

will arise in which an economical design is required. 

For k = 4 and k = 6, comparisons can be made between these types 

of designs. The results appear in Tables 14 and 25 for the hybrid 

design and in Tables 16 and 26 for the small composite design. From 

these results, it can be seen that for four variables the hybrid de-

sign can be made somewhat more robust than the scd. However, for the 

missing data case the optimal range of parameters is very limited. 



254 

If these levels can not be obtained, the design can be much worse than 

the scd. For six variables the·scd is clearly the better choice. 

When an economical design is required, the small composite is 

the best choice. In terms of its robustness it is in many cases 

better than the hybrid and in the cases where it is not better, it 

is at least comparable. For all but a small region of the design 

parameters the hybrid is far worse than the scd. Choosing the appro-

priate design parameters is much simpler for the scd than for the 

hybrid and the scd can easily be made rotatable and still be more 

robust than the hybrid. Thus, although neither of these designs is 

recommended for general use, in situations requiring an economical 

design the small composite is recommended. 

5.4 Extended Design Region 

In sections 1 and 2, above, it was assumed that the region of 

interest for the composite designs was a sphere defined by the loca-

tion of the factorial points. The region of interest is the region 

in which the experimenter intends to use the model for prediction. 

In many cases the region of interest can not be localized to this 

extent, and the experimenter may wish to define the region to be as 

large as possible. In this case, the region is defined by the de-

sign points that are the largest distance from the center of the 

design. 

A simple example in two variables will illustrate the difference 

in the two regions. The inner circle in Figure 3 is the design region 
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defined by the factorial points a~d the outer circle is the extended 

design region. Notice that if a~ 1k" the two regions are identical. 

However, for a> 1k" the extended region is larger than the region 

described by the factorial points. 

In this section the robustness of the central composite and small 

composite designs will be evaluated for the extended region. These 

results will be compared with the results for the region originally 

defined. The same design parameters will be investigated and the 

design will again be scaled so that the sphere has radius one. 

5.4.1 Central Composite Design 

The maximum integrated squared bias in prediction for the ccd 

is given in Table 30 for the extended design region. For a~ 1k" 

the results are the same as for the original region. The designs 

turn out to be less robust for large values of a. In fact, the 

optimal design (assuming one is free to choose N0) always includes 

a= lk", that is, the case in which all of the non-center points in 

the design lie on the sphere. Thus, the rotatable designs are more 

attractive than in the case of the previous region of interest. 

For one center point the rotat~ble axial value and a= 1k 

should be avoided. For less than three center points, a should be 

taken somewhat larger than lk. For large numbers of center points 

the rotatable value of a or a= 1k are optimal. The best designs 

include at least four center points. 

The results for the missing data case are given in Table 31. 

It again turns out that the optimal designs have a= lk. The 
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Figure 3 

Comparison of Design Regions 



NO 1.0 

1 0.7778 
2 0.6746 
3 0.7051 
4 0.7500 
5 0.8008 

NO 1.0 

1 1.4950 
2 1.5521 
3 1.6256 
4 1. 7065 
5 1.7914 

NO 1.0 

1 3.2563 
2 3.3651 
3 3.4805 
4 3.5995 . 
5 3. 7209 

* Rotatable design 
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Table 30 

Maximum Integrated Squared Bias 
Extended Design Region - ccd 

k=2 
a. 

1.41*6 1.5 2.0 2.5 

2.9907 2.6930 0.7778 1.1990 
0.8308 0.7685 0.6746 1.2531 
0.4062 0.3826 0.7051 1.3394 
0.3769 0.4144 0.7500 1.4383 
0.4082 0.4471 0.8008 1.5432 

k=2 
a. 

1.68* 1. 73/). 2.0 2.5 

3.2216 3.4232 1. 7090 1.0167 
0.8699 0.9129 0.5768 1.0508 
0.4125 0.4311 0.5785 1.1004 
0.4320 0.4220 0.6070 1.1559 
0.4565 0.4455 0.6375 1. 2142 

k=4 
a. 

1.5 2.0*l:i 2.25 2.75 

0.8366 4.1667 1. 8605 0.8757 
0.8132 1.0833 0.6237 0.9002 
0.8200 0.5000 0.5064 0.9295 
0.8372 0.3727 0.5225 o. 9608 
0.8590 0.3860 0.5396 0.9931 

3.0 

2.1445 
2.3172 
2.5128 
2.7184 
2.9293 

3.0 

1.8254 
1. 9253 
2.0326 
2.1435 
2.2565 

3.0 

1.1580 
1.1973 
1. 2392 
1.2824 
1.3264 



NO 1.0 

1 6.9168 
2 7.0637 
3 7.2142 
4 7.3671 
5 7.5215 

NO 1.0 

1 4.3866 
2 4.5407 
3 4.6967 
4 4.8540 
5 5.0122 

NO 1.0 

1 8.5032 
2 8.6858 
3 8.8697 
4 9.0546 
5 9.2402 

* Rotatable design 
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Table 30 (cont.) 

k=5 (full factorial) 

2.0 

2. 7748 
o. 9271 
0.5633 
0.5674 
0.5751 

1.5 

1.0184 
1.0352 
1.0605 
1.0898 
1.1211 

2.0 

0.8000 
o. 6811 
0.6786 
0.6840 
0.6928 

Cl 

2.24 6 2.38* 

5.4229 3.4549 
1.3874 0.9917 
0.6307 0.4691 
0.4001 0.4214 
0.4089 0.4309 

k=5 <i fraction) 
Cl 

2.0* 2.24 

1. 7500 3.4096 
0.6323 0.8840 
0.6562 0.6301 
0.6798 0.6518 
0.7032 0.6735 

k=6 (~ fraction) 
Cl 

2.38* 2.45 

4.0731 4.4959 
1.0700 1.1490 
0.4904 0.5217 
0.4462 0.4432 
0.4557 0.4524 

2.5 3.0 

1. 9052 0.6720 
0.6712 0.6854 
0.4396 0.6998 
0.4476 0.7148 
0.4567 0.7300 

2.5 3.0 

1.4918 1.5494 
0.8696 1.5972 
0.8955 1.6495 
0.9238 1. 7037 
0.9532 1. 7587 

2.75 3.0 
-

1.3228 0.8142 
0.6226 0.8281 
0.6336 0.8444 
0.6459 0.8615 
0.6586 0.8789 



NO 1.0 2.0 

1 16.8088 1.1899 
2 17.0160 1.1706 
3 17.2242 1.1674 
4 17.4333 1.1712 
5 17.6429 1.1786 

* Rotatable design 
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Table 30 (cont.) 

k=7 <{ fraction) 
C4 

2.6~ 2.7 

6.0838 5. 4772 
1.5612 1.4134 
0.7057 0.6401 
0.4629 0.4413 
0.4680 0.4470 

2.8* 3.0 

3.5229 1.1554 
1.0274 0.4916 
0.4858 0.4883 
0.4534 0.4901 
0.4589 0.4938 



NO 

1 
2 
3 
4 
5 

NO 

1 
2 
3 
4 
5 

NO 

1 
2 
3 
4 
5 

260 

Table 31 

Maximum Integrated Prediction Variance -i 
Extended Design Region - ccd 

k=2 
a. 

1.0 l.4l*t. 1.5 2.0 2.5 

7. 7143 - 105.541 7.7143 11.6319 
7.8922 5.8344 5.8078 7.8922 12.5144 
8.3475 4.9046 5.2327 8.3475 13.5195 
8.9000 5.0185 5.4015 8.9000 14.5791 
9.4977 5.2209 5.6517 9.4977 15.6679 

k=3 
a. 

1.0 1.68* 1. 73t. 2.0 2.5 

16. 7721 266.267 - 16.1786 14.263 
17.4192 8.6815 8.6630 9.5095 17.7403 
18.2168 8.0043 7.7939 9.6357 15. 420.8 
19.0869 8.1494 7.9101 9.9410 16.1802 
19.9974 8.3955 8.1328 10.3227 16.9720 

k=4 
a. 

1.0 1.5 2.0*t. 2.25 2.75 

40.2134 15.3794 - 20.7326 20.6470 
41.4375 15.3271 12.6389 13.4927 21.1732 
42.7562 15.5670 10.9875 13.5435 21.8108 
44.1314 15.9250 11.0056 13.7858 22.5052 
45.5429 16.3424 11.1569 14.1111 23.2245 

* Rotatable design 

3.0 

17.9030 
19.5789 
21.3288 
23.1161 
24.9247 

3.0 

22.9804 
24.1533 
25.4222 
26.7423 
28.0929 

3.0 

26.0742 
26.9507 

'27 .8700 
28.8144 
29.7746 



NO 1.0 2.0 

1 93.7908 28.8586 
2 95.5592 18.1724 
3 97.4115 17.4481 
4 99.3205 17.4480 
5 101.2690 17 .5813 

NO 1.0 1.5 

1 78.1817 31.1509 
2 80.9396 32.0069 
3 83. 7194 32.9552 
4 86.5145 33.9526 
5 89.3208 34.9794 

NO 1.0 2.0 

1 135. 685 24.9555 
2 138.378 24. 8101 
3 141.123 24.9945 
4 143.906 25.3098 
5 146.716 25.6900 

* Rotatable design 
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Table 31 (cont.) 

k=5 (full factorial) 

2.24 2.38* 

- 49.0319 
18.1747 18.5856 
15.7500 17.3444 
15.5257 17.3655 
15.5669 17.5165 

k=5 <i fraction) 
a 

2.0* 2.24 

24.1875 -
21.1739 19.2025 
21. 4969 19.2773 
22.0012 19.6260 
22.5831 20.0842 

k=6 (~ fraction) 
a 

2.38* 2.45ll 

170.9700 -
22.6336 22.5157 
21.4189 21. 0405 
21. 4989 21.0886 
21. 7159 21.2831 

2.5 3.0 

25.3067 29.4338 
19.3035 29.8479 
19.1371 30.3459 
19.2815 30.8904 
19.5209 31. 4635 

2.5 3.0 

25.3211 38.8913 
24.2514 39.7681 
24.6823 40.8536 
25.2946 42.0378 
25.9849 43.2764 

2.75 3.0 

30.0622 34.4621 
27.5431 34.9007 
27. 7749 35.4714 
28.1578 36.1030 
28.6093 36.7678 



NO 1.0 2.0 

1 289.475 38.3499 
2 292. 715 38.3394 
3 296.017 38.5140 
4 299.366 38.7824 
5 302.752 39.1049 

* Rotatable design 
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Table 31 (cont.) 

k=7 <{ fraction) 
a 

2.6t. 2.7 

481.5070 318.1800 
30.7156 31.0638 
27.9595 28.6171 
27.6799 28.4644 
27.6899 28.5157 

2.8* 3.0 

57.5738 38.3514 
32.1833 36.6656 
30.9217 36. 7234 
30. 9277 36.9424 
31.0725 37.2384 
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larger axial values are extremely poor in this case. As in the out-

lier case, for one center point the rotatable axial value and a= 1k 

should be avoided; instead, a somewhat larger value should be used. 

Including more than two center points has little affect on the robust-

ness to missing data. 

For this region the design that is optimal both in terms of ro-

bustness to outliers and to missing data has the non-center points 

approximately equidistant from the center and has at least four cen-

ter points. If fewer center points are used, an axial value somewhat 

larger than 1k should be chosen. Except for the case of one or two 

center points, the rotatable designs turn out to be quite robust with 

this design region. 

5.4.2 Small Composite Design 

The results for outlier robustness and for robustness to missing 

data for these designs appear in Tables 3L and 33, respectively. It 

is clear from these results that as long as more than one center point 

is used the axial value should be approximately equal to v'k to achieve 

both types of robustness. If only one center point is used, 1k should 

not be chosen for the axial value since this will lead to near singu-

larity of the X'X matrix. More than two center points affects the 

robustness of the designs only slightly. It turns out that the ro-

tatable scd's are not very robust for this design region. It can be 

observed in this case as in the case of the original design region 

that the ccd is far superior to the scd and thus, the smaller design 



NO 1.0 

1 6.4311 
2 6.7957 
3 7.1641 
4 7.5347 
5 7.9066 

NO 1.0 

1 10.6474 
2 11.1033 
3 11.5609 
4 12.0194 
5 12.4787 

NO 1.0 

1 16.4336 
2 16.9271 
3 17.4215 
4 17. 9165 
5 18. 4119 

* Rotatable design 
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Table 32 

Maximum Integrated Squared Bias 
Extended Design Region - scd 

k=4 
a 

1.68* 1. 75 2. 06 2.5 

1.8681 1.7022 2.8333 1.4562 
1. 9394 1. 7678 1.3008 1.5392 
2.0344 1. 8554 1. 3731 1.6253 
2 .1352 1.9480 1.4453 1. 7119 
2.2383 2.0424 1.5176 1.7984 

k=5 
a 

1.86* 2.0 2. 246 2.5 

2.4340 2.0782 2.9063 1. 9441 
2.5073 2 .1397 1.6761 2.0073 
2.6001 2.2201 1. 7461 2.0844 
2.6983 2.3048 1.8160 2.1646 
2.7986 2.3910 1.8859 2.2460 

k=6 
a 

2.1* 2. 46 2.5 2.7 

2.8006 300808 2.9869 2.2122 
2.8525 2.1376 2.0873 2.2744 
2.9250 2.1989 2.1497 2. 3413 
3.0030 2.2610 2. 2116 2.4088 
3.0831 2.3233 2.2734 2.4762 

3.0 

2. 8072 
2. 9471 
3.0978 
3.2530 
3.4104 

3.0 

3.9587 
4.1152 
4.2792 
4.4461 
4.6144 

3.0 

2.5468 
2.6148 
2.6879 
2.7627 
2.8382 



NO 1.0 

1 24.3828 
2 24.9645 
3 25.5450 
4 26.1244 
5 26.7029 

* Rotatable design 

ti Cl = v'k 

2.0 

6.1499 
6.3660 
6. 5577 
6.7364 
6.9074 
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Table 32 (cont.) 

k=7 
Cl 

2.3* 2.6 2.8 3.0 

4.9407 4.0770 4.3045 4.7564 
5.0989 4.1696 4.4270 4.9252 
5.2363 4.2637 4.5363 5.0641 
5.3656 4.3581 4.6411·· 5.1922 
5.4909 4.4526 4.7456 5.3154 



NO 

1 
2 
3 
4 
5 

NO 

1 
2 
3 
4 
5 

NO 

1 
2 
3 
4 
5 

1.0 

335.467 
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Table 33 

Maximum Integrated Prediction Variance -i 
Extended Design Region - scd 

k=4 
a 

1.68* 1. 75 2.ot. 2.5 

51.2184 45.2476 - 91.4343 
232.200 47.5259 43.4046 36.0000 80.6263 
201.822 47.8069 44.2310 37.4722 79.4103 
189.667 49.0814 45. 7248 39.1667 80.5923 
184.800 50.7531 47.4855 40.9500 82.7335 

k=5 
a 

1.0 1.86* 2.0 2.24t. 2.5 

3552.39 126.422 89.2340 - 92.4201 
2166.27 112.832 86.4709 66. 0723 89.2598 
1721. 61 110.906 87.7673 68.2958 90.4864 
1512.31 111.897 90.0786 70.7523 92.8097 
1397.16 114.053 92.7958 73.3020 95.5717 

k=6 
a 

1.0 2.1* 2.4 2.5 2.7 

334.742 71. 7304 290.5890 279.0480 74.4478 
331.466 70.2669 58.5152 60.1798 74.2820 
331. 279 70.8578 59.6460 61. 4010 75.5576 
333.042 72.0703 61. 0461 62.8726 77. 2322 
336 .112 73.5525 62.5542 64.4447 79.0732 

* Rotatable design 

3.0 

290.246 
215.820 
195.615 
188.966 
187.740 

3.0 

241. 753 
192.835 
180.235 
176.714 
176.825 

3.0 

106.575 
104.750 
105.460 
107 .077 
109.123 
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Table 33 (cont.) 

k=7 
a. 

NO 1.0 2.0 2.3* 2.6t. 2.8 3.0 

1 549.962 164.504 137.673 397.280 139.531 178.637 
2 555.267 162. 929 136.392 120.395 140.562 177.574 
3 561.826 163.882 137.652 122.508 142.971 179.485 
4 569.284 165.776 139.697 124.912 145.740 182.306 
5 577 .409 168.161 142.085 127.431 148.656 185.525 

* Rotatable design 
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should be used only when the economics of the particular situation 

forbids the use of the larger design. 

Whether the central composite or the small composite design is 

used, the optimal design has the axial value near v'k and includes 

several center points when the region of interest extends to the 

extremes of the design. 

As in the case of the original design region it can be shown, 

based on results in Wardrop (1984), that these optimal designs are 

also optimal in terms of mean square error. 



., VI. CONCLUSIONS 

6.1 Summary 

In this research the effects of an outlier on least squares esti-

mation were investigated for both the mean shift and variance inflation 

outlier models. Conditions were found for determining when the outlier 

is of sufficient magnitude to be considered detrimental to the analysis. 

Based on these conditions, statistical tests were developed which can 

be used for diagnostic purposes. From this, a general rule-of-thumb 

can be given that if RSTUDENT is greater than three the outlier may be 

large enough to warrant deletion of the observation from the analysis. 

Criteria were developed for evaluating the robustness of an ex-

perimental design to outliers, missing data and errors in control. It 

turns out that for the first order model the same designs are robust 

to all three of the conditions studied. The orth~gonal designs with 

second moments as large as possible are optimal. 

The robustness of several commonly used classes of second order 

designs was assessed by computer. The aim was to find optimal design 

parameters and optimal design classes. The recommendations for the 

various design types can be summarized as follows: 

Central Composite Design - Factorial Design Region 

• a as large as practicable 

• 2 - 3 center points 

269 
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Central Composite Design - Extended Design Region 

• a near 1k 

• at least 3 center points 

Box-Behnken 

• 2 - 3 center points 

Hybrid Design 

• a, a1 , ia2 i large 

• a 3 small 

• 2 - 3 center points 

Small Composite Design - Factorial Region 

• a as large as possible - for outlier case 

• a near 1k - for missing data case 

• 2 - 3 center points 

Small Composite Design - Extended Design Region 

• a near 1k 

• 2 - 3 center points 

Equiradial Design 

• Single equiradial design 

• 3 center points 

The optimal design class of those considered is the central com-

posite design. The ccd is somewhat more robust than the Box-Behnken 

design (and the equiradial design fork= 2) and a great deal better 

than the other types of designs considered. Of the two small designs 

considered, the small composite is preferred to the hybrid design. 
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6.2 Further Research 

An obvious extension of these results is to re-evaluate these 

designs based on a cuboidal design region. It was seen in the case 

of the composite designs that the region of interest did affect the 

results. Although the optimal design types would probably not change, 

the optimal parameters for a particular type might possibly change for 

the cuboidal region. 

Additional optimality criteria could also be investigated. A 

criterion based on the bias induced on the coefficients by an outlier 

or the inflation in variance due to missing data could easily be 

developed. Two possibilities for the criterion are the trace of the 

mean square error matrix of the coefficients and the determinant of 

this matrix. Of more interest in response surface methodology would 

be the affect of the outlier or missing data on the estimated slopes 

of the response function. A criterion could be developed which takes 

into account the bias or increased variance in the slopes. Since 

the slopes differ from point to point in the design region, an inte-

grated criterion could be developed as was done in this work. 

Another possible extension of this work is to consider robust-

ness to multiple outliers or multiple missing observations. The cri-

terion developed here can be extended to account for multiple outliers 

and missing observations. Since the results are obtained by computer, 

these criteria can easily be evaluated. 
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APPENDIX A 

A.l Proof of Theorem 3.5 

For convenience Theorem 3.5 is restated here. 

Theorem 3.5 

Under the mean shift outlier model with the usual least squares 

assumptions on E and with the assumption that each Ei has a normal 

distribution, then 

where 

Proof 

"2 E, 

(RSTUDENT.)2 = 1 - F' 
1 s2.(1-h .. ) l,N-p-1,\ 

-1 11 

¢2 (1-h .. ) \ = ____ 1_1_ 

2cr2 

Given the model in (2.27) and~ - N(Q,cr 2I) then 

y_ - N(XS+d,cp,cr 2 I) 
- -1 

(Al. l) 

since y_ is a linear combination of E (see Graybill (1976), p~. 101). 

Let 

(Al. 2) 
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From (Al.1) then 

E(E) 

(Al. 3) 

and 

(Al.4) 

Then, based on these results and the theorem referred to above in 

Graybill (1976) 

In particular, 

;, - N(¢(1-h .. ), 0 2 (1-h .. )) • 
i ii ii 

It is known that (see Graybill (1976), pg. 127) 

where 

"2 
E:. 

--=---i __ - X 2 
02(1-h .. ) l,;\ 

ii 

¢2 (1-h .. ) 
ii ,\ = ---,,--202 

(Al. 5) 

(Al. 6) 

(Al. 7) 

(Al. 8) 
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Now, consider deletion of the ith observation. From (Al.l), 

clearly 

It can be shown from Graybill (1976, pg. 135) that 

(N-p-l)s 2 . L.1· [I-X .(X' .x .)- 1X' .].Y 1· 
-1 -1 -1 -1 -1 -----,,.-- = cr2 cr2 - x_~ ""N-p-1 

(Al. 9) 

(Al.10) 

Notice that the matrix of the quadratic form in (Al.10) is idempotent 

of rank N-p-1 and the non-centrality parameter for the variable is 

found as follows: 

, _ 1 , , [ ( , )-1 , ] 
I\ - -2 B X • I - X . X .X . X • X . B 

- -1 -1 -1 -1 -1 -1-

l [B'X' .X .B - B'X' .X .B] = = 2 - -1 -1- - -1 -1- 4> • 

Therefore, the result in (Al.IO) is true. 

From the definition of a non-central F variable it is known that 

the ratio of a non-central chi-square variable and a central chi-

square variable each divided by its degrees of freedom is a non-

central .F variable provided the two are independent. Therefore 

cr2(1-h .. ) f. 
11 1 ----,,.--- = - F' s2. s2. (1-h .. ) l,N-p-1,X 

-1 -1 11 
(Al.11) 

7 
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provided that the numerator and denominator are independent. To see 

this note that 

,.. 
E: • 

l. = 'i -1---h-. -. y i - xi -i 
l.l. 

(Al.12) 

which is the PRESS residual. Obviously, s 2 • and y. are independent 
-l. ]. 

and thus it remains to be shown that s 2 . and .fl.. are independent. 
-l. -1. 

Since s 2 • is a quadratic form in:;.. and S . is a linear form in y. 
-l. -l. --1. -l. 

the two are proven to be independent if the product of their corre-

sponding matrices is a null matrix, (see Graybill (1976), pg. 137). 

This is shown as follows: 

[(X' .x .)- 1x' .][I - X .(X' .x .)- 1x' .] = 
-l. -l. -l. -l. -l. -l. -l. 

This completes the proof of the theorem. 
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A.2 Proof of Theorem 3.10 

For convenience Theorem 3.10 will be repeated here. 

Theorem 3.10 

Given y =XI+£, where E(£) = Q, 

Var(£)= .. 

and the error terms are normally distributed. Then, 

Proof 

a2 o. ~ N(O, cr~ + l h ) 
1 u - ii 

E(o.) = E(yi - x~A .) 
1 -1 -1 

(A2.1) 
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cr2h2 
= cr2 + cr2 + 2h + ii 

A (J •• lh o 11 - •• 

cr2 
= (J2 + ---

!!,. 1-h .. 
· 11 

· 11 

(from (3. 7)) 

(A2.2) 

Since o. is a linear combination of normal variables, it too has a 
1 

normal distribution. Therefore, 

cr2 
oi - N(O, cr~ + 1-h. ) . 

·1i 
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A.3 Proof of Theorem 3.14 

For convenience, Theorem 3.14 is restated here. 

Theorem 3.14 

Assume that the correct model for the data to be fit is the 

general linear model, y = Xf +_£,with the assumptions on£ as given 

in (3.72). Also assume normality of the error terms. Let s(-I) be 

the error mean square obtained by fitting the data with them out-

liers deleted. Then, under the null hypothesis stated in (3.88) 

2 
ms(-I) 

i=l,2 

has an F distribution with m and N-p-m degrees of freedom. 

Proof 

Under normality of the error terms, clearly, the PRESS residuals, 

the o's, are also normally distributed. Thus, from (3.85) and under 

the null hypothesis in (3.88) 

(A3.1) 

Using a theorem from Graybill (1976, pg. 127) regarding quadratic 

forms of normal variables, 

- x2 
m 

(A3.2) 
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The error mean square, s(-I)' can be written as a quadratic form in 

Y(-I) as follows: 

(A3.3) 

Clearly y(-I) - N(X(-I)~' a 2IN-m) and thus it can be shown that (see 

Graybill (1976) pg. 135) 

(N-p-m)s 2 
· (-I) 2 

- X 
0 2 N-p-m (A3.4) 

Using the same logic as in the proof of Theorem 3.5, it can be 

shown that the ratio of (A3.2) divided by m and (A3.4) divided by 

N-p-m is an F variable with m and N-p-m degrees of freedom. It can 

easily be shown that !rand s(-I) are independent using a proof very 

similar to that given in the proof of Theorem 3.5. 

A.4 Proof of Theorem 3.17 

For convenience, the theorem will be restated here. 

Theorem 3.17 

Assume that the correct model is 

I = X.fl. + <PDi + £ ' 

with the usual least squares assumptions on£· Also assume normality 

of the error terms. Let s(-I) be as previously defined. Then, under 

the null hypotheses given in (3.111) 



where 

Proof 
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R. 

- F' m,N-p-m,A. 
l. 

"i =Ti' [Im +H(-I) ]-1.i i=l,2 

Since  the o's are  linear  combinations  of  normal  variables,  they 

also  have  normal  distributions.  From  (3.112)  and  (3.113), 

(A4.l) 

From  Graybill  (1976)  it  can  be  shown  that  under  the  null  condition 

~-
a2 - Ri 

where 

ii [Im+ H(-I) ]-1iI 

a2 

R. 

-x'2 
m, A. 

l. 

"i = T .i' [Im +H(-I) ]-1.i 

In  the  proof  of  Theorem  3.14  it  was  shown  that 

2  . 
(N-p-m)s(-I) 
~~~ ~~ -x2 

02 N-p-m 

and  that s(-I) and _iI are  independent. 

ii[Im +H(-I) ]-1iI 

2 
ms(-I) 

Therefore 

- F' 
m,N-p-m,A. 

l. 

(A4.2) 

(A4.3) 

(A4.4) 



APPENDIX B 

B.l Integrated Squared Bias for ccd 

Recall that 

For the central composite design with design matrix as described in 

Section 2.4.3, (X'X)- 1 can be written as 

a 0 bl I 
=k 0 

0 elk 0 0 

b~ 0 (d-e) Ik + e~l:.i:: 0 

0 0 0 fI.e. 

where 

f. = (k) 
2 

a = (kF + 2a 4 ) /D 

b = -(F + 2a 2 )/D 

C = 1/ (F + 2a 2 ) 

d = (D + J) /2a 4D 

e = J/2a 4D 

f = 1/F 
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D = N(kF + 2a.4 ) - k(F + za.2)2 

J = (F + 2a. 2 ) 2 - NF 

Let the region moment matrix be written as 

1 0 µ21' 
-=k 0 

0 µ2I 
k 

0 0 
µ = 

µ21 
-k 0 (µ 4- 11iJ) 1k + 11iJliJ:_k 0 

0 0 0 11iJ1l 

Then, it turns out that 

ISB. = 1:.1 [a+ b ~ x~. ][a+ b ~ x~. + 112 ~ (b + dxi. + e I: x~.)] 
1 . o2 j=l Jl. j=l Jl. l=l -Ll. j/l Jl. 

k k 
I: [b+dx 2 .+e I: x~.][µ 2 (a+b I: x~.) 

1 Ill. • .J. J l. . 1 J l. n= J,n J= 

+ µ 4 (b + dx 2 . + e I: x~ . ) + µ 2IJ I: (b + dxr + e I: x~ . ) ] 
n1. j/n Jl. fin -t.l. jf,l Jl. 

k-1 I + f 2µ2 I: I x~.x 2 . 
IJ j=l m>j Jl. mi 
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B.2 Integrated Squared Bias for Box-Behnken Design 

The (X'X) matrix for the Box-Behnken designs for k = 3 through 6 

(see Section 2.4.4) is of the form 

... Al I 
-N 0 

~ 
0 

0 Aik 0 0 

A.4 0 (A-B) Ik + Bl:_klk 0 

0 0 0 BI,e 
~ -

where, 

A= the number of non-zero elements for 

each main effect in the X matrix 

B = the number of non-zero elements for 

each interaction term in the X matrix. 

From this it can be shown that 

- -a 0 cl' 0 -k 

0 elk 0 0 

b.4 0 (d-e) Ik + e-41:_k 0 

0 0 0 fl,e ... -



where 
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a = [A+ (k-l)B]/D 

b = -A/D 

c = 1/A 

d = [D+(A 2 -NB)]/D(A-B) 

e = (A 2 - NB) /D (A - B) 

f = 1/B 

D = N[A+ (k-l)B] - kA2 

Since the (X'X)- 1 matrix has the same form as for the ccd, the 

integrated squared bias for these Box-Behnken designs has the same 

form as that given above for the ccd, with a - f as given here. 
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