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Abstract
In this paper we provide a new linear sampling method based on the same data
but a different definition of the data operator for two inverse problems: the
multi-frequency inverse source problem for a fixed observation direction and
the Born inverse scattering problems. We show that the associated regularized
linear sampling indicator converges to the average of the unknown in a small
neighborhood as the regularization parameter approaches to zero. We develop
both a shape identification theory and a parameter identification theory which
are stimulated, analyzed, and implemented with the help of the prolate spher-
oidal wave functions and their generalizations. We further propose a prolate-
based implementation of the linear sampling method and provide numerical
experiments to demonstrate how this linear sampling method is capable of
reconstructing both the shape and the parameter.
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1. Introduction

Inverse scattering and inverse source problems play important roles in geophysical exploration,
non-destructive testing, medical diagnosis, and numerous problems associated with shape and
parameter identification. The linear sampling method, first proposed in [11], is a non-iterative
imaging method for shape identification. It requires little a priori information (such as bound-
ary conditions and the number of connected components) about the object, provides a direct
computational implementation, and is robust to noise. The factorization method proposed later
in [17] gives a complete theory for shape identification and also provides a direct implement-
ation. With the help of the factorization method, a complete theoretical justification of the
linear sampling method was given by [1, 2] and was further developed in [3] (since they called
their formulation as an alternative formulation of the linear sampling method so we simply
refer to their method as the alternative linear sampling method for convenience in this paper).
The generalized linear sampling method proposed in [6] modifies the regularizer and also
provides a complete theoretical justification of the linear sampling method with the minimal
restriction. The linear sampling and the factorization methods play important roles in inverse
problems associated with shape identification such as inverse scattering problem and electrical
impedance tomography. We refer to the monographs [9, 10, 12, 20] for a more comprehensive
discussion.

In this paper we provide a linear sampling type method for shape identification based on a
different definition of the data operator and show that the indicator represents an average of the
unknown which leads to parameter identification/estimation. The demonstration in this paper
is in the context of the multi-frequency inverse source problem for a fixed observation direc-
tion and the Born inverse scattering problems. Part of the motivations are due to the numerical
examples performed by [22] on a multi-frequency inverse source problem in waveguides and
the data-driven basis based on prolate spheroidal wave functions (PSWFs) and their generaliz-
ations in [23]. In this paper we use the PSWFs to analyze and implement the linear sampling
method. In a broader context, it is noted that there are many existing results on parameter
identification for the multi-frequency inverse source problem and the Born inverse scattering
problem, such as [18, 23, 25, 26] and diffraction tomography [16, 28] and the numerous ref-
erences therein. In the recent paper [14], it was shown that the convergence for parameter
identification for the inverse source problem on the ball is of Hölder-logarithmic type where
their analysis was based on the PSWFs in one dimension and the Radon transform. The related
numerical implementation was given in [15].

Shape identification. Our formulation of the linear sampling method is based on solving the
usual data equation for a slightly different data operator by a general regularization scheme
which gives an indicator function that allows to characterize the shape. This indicator function
is similar to an alternative linear sampling method proposed in [3] and is closely related to
the generalized linear sampling method in [6], and as is noted in [3], this formulation can be
dated back to the first paper of linear sampling method [11] where they suggested an alternat-
ive indicator function. Our investigation is in the context of the multi-frequency inverse source
problem for a fixed observation direction and the Born inverse scattering problems. It is worth
noting that the multi-frequency factorization method for the inverse source problem was ini-
tially studied in [13] that motives our present study. In this paper, we first obtain the shape
identification result, based on the assumption that, roughly speaking, the factorization method
theory applies. Several remarks: (1)We obtain shape identification theories based on the altern-
ative linear sampling method and the generalized linear sampling method. Essentially the fac-
torization method, the alternative linear sampling method, and the generalized linear sampling
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method are all capable of shape and parameter identification in our case. (2) The regularized
solution gz,α can be obtained using any general regularization scheme (which can be the stand-
ard Tikhonov or the spectral cut off regularization) so that it is a general shape identification
theory, as is similar to [3].

Parameter identification. The parameter identification is based on the same indicator function
and we show that one can reconstruct the average of 1/q over a small user-defined region
(where q is the unknown parameter). This result is quite general and relates in the classical
setting of the LSM to the convergence of solution to the usual data equation to a specific func-
tion depending on q. We provide a proof in this setting. Additionally we utilize the PSWFs to
prove again the parameter identification theory. This result is stimulated by our efforts to use
PSWFs as a tool for both the analysis and the implementation and demonstrate the relevance
of PSWFs as it is striking, at least to us, that one could use a basis independent of q to obtains
such a result. Again the parameter identification theory is a general theory, since the regular-
ized solution gz,α can be obtained using any general regularization scheme. Different from
the work [13] on shape identification using the factorization method, our method in addition
shows that the linear sampling type method has capability in parameter identification as well.
This is one of the main results in our paper. The work [25] studied the fully nonlinear inverse
scattering problem via the inverse Born series, which may provide us further insights to invest-
igate the fully nonlinear case in the future; in this paper we aim to deliver the message that the
linear sampling method has capability in both shape identification and parameter estimation
by initiating this project using the linearized model as a first step. We also mention a recent
kernel machine inspired framework [24] to obtain both shape and parameter estimation.

Prolate spheroidal wave functions (PSWFs) and their generalizations. The PSWFs and their
generalizations in the context of the restricted Fourier integral operator were studied in [29,
31, 32] and play important roles in Fourier analysis, uncertainty quantification, and signal pro-
cessing. Their remarkable property is due to that the PSWFs are eigenfunctions of a restricted
Fourier integral operator (which is one of the factorized operator associated with the data oper-
ator) and of a Sturm–Liouville differential operator at the same time. The generalizations of
PSWFs in two dimension are referred to as the disk PSWFs. For a more complete picture on
the theory and computation of the (disk) PSWFs we refer to [8, 33, 34] and the numerous
references therein. For extension to domain that are not disk, however with less theoretical
results, we refer to [30] and references therein. Recently, the disk PSWFs were applied to the
inverse scattering problems in [23].

Implementation of the linear sampling method. In addition to our general theory on shape
and parameter identification of the linear sampling and factorization methods, we propose
a prolate-based formulation of the linear sampling method. The key observation is that one
of the factorized operator has (disk) PSWFs as its eigenfunctions. The prolate-based linear
samplingmethod shares a similar spirit to themodal formulation of the linear samplingmethod
in waveguide [7]; see also [21]. In this way we obtain a reduced indicator function in a finite
dimensional subspace. For sake of rigor and completeness, we give the full details on the
computation of the PSWFs and their corresponding prolate eigenvalues that are needed in our
prolate-based linear sampling method.

The remaining of the paper is as follows. We first introduce in section 2 an inverse source
problem for a fixed observation direction and the Born inverse scattering problem, and sum-
marize these two inverse problems into an inverse problem associated with a restricted Fourier
integral operator in section 2.3. For later purposes, we also introduce the (disk) PSWFs that
stimulate our analysis and computation. Section 3 introduces the data operator, analyzes its fac-
torizations and shows a range identity. In section 4, we obtain the shape identification theories
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based on the alternative linear sampling method and the generalized linear sampling method
with the help of the factorization method theory. Section 5 is devoted to the general parameter
identification theory. We prove that our indicator function has capability in reconstructing
the average of 1/q over a small user-defined region (where q is the unknown parameter). In
section 6 we study an explicit example to discuss the nature of the inverse problem followed by
several preliminaries on the computation of PSWFs and the Legendre–Gauss–Lobatto (LGL)
quadrature. We also propose the prolate-based formulation of the linear sampling method.
Finally, section 7 is devoted to numerical experiments that illustrate the shape and parameter
identification theory.

2. The mathematical model for inverse source and Born inverse scattering
problems

In this section, we first introduce an inverse source problem for a fixed observation direction
and the Born inverse scattering problem. We then summarize these two inverse problems in
section 2.3.

2.1. Multi-frequency inverse source problem for a fixed observation direction

In this section we introduce the inverse source problem with multi-frequency data measured
at sparse observation directions. Note that the notations in this section are only for the purpose
of introducing the inverse source model which leads to a model given later by (6), thus remain
relevant only in this section. When considering the acoustic wave propagation due to a source f
in an homogeneous isotropic medium in Rd (d= 2), one has the nonhomogeneous Helmholtz
equation

∆us+ k2us =−f in R2,

where the wave number is denoted by k, the support of the unknown source is denote by Ω
which is a bounded Lipschitz domain in R2 with connected complement R2\Ω. We suppose
that the support of f is a subset of B(0,L). The scattered field us is required to satisfy the
Sommerfeld radiation condition

lim
r=|x|→∞

√
r

(
∂us

∂r
− ikus

)
= 0

uniformly for all directions x/|x|. It is known that

us (x,k) =
ei

π
4

√
8kπ

eikr√
r

{
u∞ (x̂,k)+O

(
1
r

)}
as r= |x| →∞,

and that (see, for instance, [9])

u∞ (x̂,k) =
ˆ
Ω

e−ikx̂·yf(y) dy, (1)

where x̂ is an observation direction belonging to S which denotes the unit circle, and the
wavenumber k belongs to the interval (0,K) with K> 0. Decomposing s := y · x̂ and y⊥x̂ :=
y− sx̂, and identify x̂⊥ as the line orthogonal to x̂, we proceed to

u∞ (x̂,k) =
ˆ
R
e−iks

(ˆ
x̂⊥
f
(
sx̂+ y⊥x̂

)
dy⊥x̂

)
ds=

ˆ
R
e−iksRf (x̂,s) ds,

where Rf(x̂,s) =
´
x̂⊥ f(sx̂+ y⊥x̂ )dy

⊥
x̂ is the Radon transform (see, for instance, [26]).
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Note that

u∞ (x̂,−k) = u∞ (−x̂,k) , k ∈ (0,K) ,

then the knowledge of {u∞(x̂,k) : k ∈ (0,K)}∪ {u∞(−x̂,k) : k ∈ (0,K)} amounts to the know-
ledge of {u∞(x̂,k) : k ∈ (−K,K)} where

u∞ (x̂,k) =
ˆ
R
e−iksRf (x̂,s) ds, k ∈ (−K,K) . (2)

By appropriate scaling, one will be led to the problem (6) in one dimension. In particular
set q(s) :=Rf(x̂,s), equation (2) yields

u∞ (x̂,−Kt) =
ˆ
R
e−i(−Kt)sRf (x̂,s) ds=

ˆ
R
eiKtsq(s) ds, t ∈ (−1,1) .

Note that we have assumed that the support of f is a subset of B(0,L) so that the support of q
is a subset of (−L,L), then one is led to

u(t) =
ˆ 1

−1
ei2ctsq(Ls) ds, t ∈ (−1,1) , (3)

where c= KL/2 and u(t) := u∞(x̂,−2ct/L)/L for t ∈ (−1,1). The inverse problem is to
determine certain information (which will be made precise later) about q from the knowledge
of {u(t) : t ∈ (−1,1)}. In this way one formulates the inverse problems in the form of (3) which
is the one dimensional case of (6).

Remark 1. The above inverse problem associated with (2) and (3) is the multi-frequency
inverse problem for a fixed observation direction. When considering the multi-frequency
inverse problem of determining Rf (or its support) from {u∞(x̂,k) : k ∈ (−K,K), x̂ ∈ S} with
all possible observation directions x̂ and all the k in (0,K) where u∞ is given by (1), one is
led to the problem (6) in two dimensions (after appropriate scaling) with some corresponding
parameter c.

Remark 2. If one is concerned with recovering f or its support, results in that direction could
be found in [13].

2.2. Born inverse scattering problem

In this section we introduce the Born inverse scattering problem. Note again that the notations
in this section are only for the purpose of introducing the Born inverse scattering model which
leads to (6), thus remain relevant only in this section. Let k> 0 be the wave number. A plane
wave takes the following form

ei kx·θ̂, θ̂ ∈ S :=
{
x ∈ R2 : |x|= 1

}
,

where θ̂ is the direction of propagation. LetΩ⊂ R2 be an open and bounded set with Lipschitz
boundary ∂Ω such thatR2\Ω is connected. The setΩ is referred to as the medium. Let the real-
valued function q(x) ∈ L∞(Ω) be the contrast of the medium and q⩾ 0 on Ω. The medium
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scattering due to a plane wave ei kx·θ̂ is to find total wave filed ei kx·θ̂ + us(x; θ̂;k) belonging to
H1

loc(R2) such that

∆x

(
us
(
x; θ̂;k

)
+ eikx·θ̂

)
+ k2 (1+ q(x))

(
us
(
x; θ̂;k

)
+ eikx·θ̂

)
= 0 in R2,

lim
r:=|x|→∞

√
r

∂us
(
x; θ̂;k

)
∂r

− ikus
(
x; θ̂;k

)= 0,

where the last equation, i.e. the Sommerfeld radiation condition, holds uniformly for all dir-
ections (and a solution is called radiating if it satisfies this radiation condition). The scattered
wave field is us(·; θ̂;k). This scattering problem is well-posed and there exists a unique radiat-
ing solution; see, for instance, [12, 20]. This model is referred to as the full model.

Born approximation is a widely used method to treat inverse problems; see, for instance,
[12, 25]. In the Born approximation region, one can approximate the solution us(·; θ̂;k) by its
Born approximation usb(·; θ̂;k), which is the unique radiating solution to

∆xu
s
b

(
x; θ̂;k

)
+ k2usb

(
x; θ̂;k

)
=−k2q(x)eikx·θ̂ in R2.

Note that (see [9])

usb
(
x; θ̂;k

)
=

ei
π
4

√
8kπ

eikr√
r

{
u∞b

(
x̂; θ̂;k

)
+O

(
1
r

)}
as r= |x| →∞,

uniformly with respect to all directions x̂ := x/|x| ∈ S, we arrive at u∞b (x̂; θ̂;k)which is known
as the scattering amplitude or far field pattern with x̂ ∈ S denoting the observation direction.
It directly follows from [9] that

u∞b
(
x̂; θ̂;k

)
= k2
ˆ
Ω

e−ikx̂·p ′
q(p ′)eikp

′·θ̂ dp ′, (4)

therefore the knowledge of {u∞b (x̂; θ̂;k) : x̂, θ̂ ∈ S} amounts to the knowledge of {u∞b,filter(p;k) :
p ∈ B(0,2)} where u∞b,filter(p;k) is a truncated Fourier transform of q given by

u∞b,filter (p;k) :=
ˆ
Ω

ei kp·p
′
q(p ′) dp ′, (5)

and B(0,2) is a disk centered at origin with radius 2. This equivalent formulation is due to (4)
and that B(0,2) is the interior of {θ̂− x̂ : x̂, θ̂ ∈ S}.

Similar to section 2.1 by introducing L such thatΩ⊂ B(0,L), one can reformulate the above
problem (5) to (6) with some corresponding parameter c after some scaling. We omit the
details.

2.3. A model that summarizes the inverse source and Born inverse scattering problem

Since the inverse source problem for a fixed observation direction in section 2.1 and the Born
inverse scattering problem in section 2.2 are both rooted in the restricted Fourier integral oper-
ator, we summarize them as follows: for an unknown function q, we consider determination of
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q and its support given the available data u (and their perturbations which are called the noisy
data) where

u(x) =
ˆ
B
ei2cx·yq(y) dy, x ∈ B⊂ Rd, (6)

with d= 1,2 and B := B(0,1) denoting the unit interval/disk in Rd. This corresponds to the
knowledge of a restricted Fourier transform. Here the unknown function q ∈ L∞(Rd) has com-
pact supportΩ⊂ B, andΩ denotes an open and bounded set with Lipschitz boundary ∂Ω such
that Rd\Ω is connected. The parameter c is a positive constant that is given by the model (cf
section 2.1).

In this paper we consider two classical inverse problems using the linear sampling method
for a new data operator based on u instead of u∞b : determination of the support of q and determ-
ination of the function q. The inverse problem of determining the support of q is referred to
as shape identification and the one of determining the function q is referred to as parameter
identification.

2.4. PSWFs and their generalization

For later purposes we introduce the PSWFs and their generalizations which stimulate our ana-
lysis and computation. In one dimension d= 1, the PSWFs [29] are ψn(x;c) that are eigen-
functions of F c

d where

F c
dψn (·;c) = λn (c)ψn (·;c) , n ∈ Nd := {0,1, · · ·} , d= 1, (7)

and (we choose to normalize the eigenfunctions so that)

ˆ
B
ψm (x;c)ψn (x;c) dx= δmn, m,n ∈ Nd,

here F c
d denotes the operator L

2(B)→ L2(B) given by

F c
d (g)(x) :=

ˆ
B
ei cx·yg(y) dy, x ∈ B⊂ Rd, ∀g ∈ L2 (B) . (8)

In two dimensions, the corresponding normalized eigenfunctions are related to the generalized
PSWFs (specifically the radial part of ψn is called the generalized PSWFs according to [31];
in this paper we simply refer to ψn in two dimensions as the disk PSWFs for convenience).
As such, ψn(·;c) is referred to as the (disk) PSWFs in dimension d= 1,2. Note that in two
dimensions the indexes in (7) and (8) are multiple indexes given by (9) where

Nd :=
{
(m,n, ℓ) : m,n ∈ {0,1,2, · · ·}, ℓ ∈ I(m)

}
, I(m) :=

{
{1} m= 0
{1,2} m⩾ 1

, d= 2. (9)

Note that the eigenfunctions {ψn}∞n=0 are real-valued, analytic, orthonormal, and complete in
L2(B) in both one dimension and two dimensions. All the prolate eigenvalues λn(c) are non-
zero. For more details we refer to [8, 29, 33] for the one dimensional case and [23, 31, 34] for
the two dimensional case.
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3. Data operator, factorization, and range identity

In this section we introduce a data operator defined by the given data (6), and study its fac-
torization and a range identity. Following [13] (see also [22]), we introduce the data operator
N : L2(B)→ L2(B) by

(Ng)(t) :=
ˆ
B
u

(
t− s
2

)
g(s) ds, (10)

where the kernel is given by the data (6). Note that the data u are functions in L2(B).
The above data operator enjoys a factorization as follows. Introduce

SΩ : L2(B)→ L2(Ω) by

(SΩg)(y) :=
ˆ
B
e−i cs·yg(s) ds, ∀g ∈ L2 (B) , y ∈ Ω, (11)

and it follows directly that its adjoint S∗
Ω : L2(Ω)→ L2(B) is given by

(S∗
Ωh)(t) :=

ˆ
Ω

ei ct·yh(y) dy, ∀h ∈ L2 (Ω) , t ∈ B (12)

which is dictated by ⟨S∗
Ωh,g⟩L2(B) = ⟨h,SΩg⟩L2(Ω). Here ⟨,⟩L2(D) represents the L2(D) inner

product with conjugation in the second function, and we further denote ∥ · ∥L2(D) the corres-
ponding L2(D) norm. From now on we drop the subscript L2(B) when the inner product is in
L2(B) and will explicitly indicate a subscript for other cases. Another operator TΩ is needed
for the factorization, namely TΩ : L2(Ω)→ L2(Ω) which is given by

TΩf := qf, ∀f ∈ L2 (Ω) . (13)

Now we are ready to prove the factorization theorem.

Theorem 1. Let the data operator N : L2(B)→ L2(B) be given by (10). Then it holds that

N = S∗
ΩTΩSΩ

where SΩ, S∗
Ω, and TΩ are given by (11)–(13), respectively.

Proof. From the definition (10) of N , one gets

(Ng)(t) =
ˆ
B
u

(
t− s
2

)
g(s) ds=

ˆ
B

ˆ
Ω

eic(t−s)·yq(y) dyg(s) ds

=

ˆ
Ω

([ˆ
B
e−i cs·yg(s) ds

]
q(y)

)
eict·y dy= (S∗

ΩTΩSΩg)(t) ,

for any g ∈ L2(B). This completes the proof.

Several properties hold.

Proposition 1. The operator SΩ : L2(B)→ L2(Ω) is compact, injective and has dense range.
The operator S∗

Ω : L2(Ω)→ L2(B) is compact, injective and has dense range in L2(B).

8
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Proof. Note that the kernel eict·y is analytic, then both SΩ and S∗
Ω are compact. Note that SΩ =

(F c
d)

∗|Ω and Ω has non-empty interior, then SΩ is injective follows directly from that (F c
d)

∗φ
coincide with an analytic function, namely the Fourier transform of a function, φ ∈ L2(Rd),
with compact support in B. This yields that S∗

Ω has dense range in L2(B). Reversing SΩ and
S∗
Ω in the previous arguments give the injectivity of S∗

Ω. This completes the proof.

Proposition 2. Assume that q#sup ⩾ ℜ[eiτq(y)]⩾ q#inf, a.e. y ∈ Ω, for some positive con-
stants q#inf/sup and some constant phase τ ∈ (−π,π]. Then ℜ[eiτTΩ] is self-adjoint and pos-
itive definite.

Proof. From the definition (13) of TΩ, one has for any f ∈ L2(Ω)

ℜ
[
eiτTΩ

]
f =

eiτTΩ +
(
eiτTΩ

)∗
2

f =
eiτqf + e−iτqf

2
= ℜ

[
eiτq

]
f,

then ℜ[eiτTΩ] is self-adjoint and

⟨ℜ
[
eiτTΩ

]
f, f⟩L2(Ω) ⩾ q#inf∥ f∥2L2(Ω)

which completes the proof.

To proceed with the factorization method and linear sampling method, one works with
another operatorN# : L2(B)→ L2(B) given byN# = ℜ[eiτN ].To conveniently illustrate how
the linear sampling and factorization methods go beyond shape identification, we choose to
work in the case that

qsup ⩾ q⩾ qinf > 0 a.e. in Ω (14)

for some positive constants qinf/sup. This is assumed throughout the remaining of this paper.
Note that N is self-adjoint and positive definite due to assumption (14). We now state the

following lemma on range identity.

Lemma 1. Assume that (14) holds. Then it follows that Range(S∗
Ω) = Range(N 1/2).

Proof. Note that the middle operator TΩ is positive definite and self-adjoint, then the proof
follows from [20, corollary 1.22] and proposition 1.

Remark 3. The above factorization in theorem 1 gives a factorization of the data operator. One
can get another factorization of the data operator as follows. Introduce S : L2(B)→ L2(B) by

(Sg)(y) :=
ˆ
B
e−i cs·yg(s) ds, ∀g ∈ L2 (B) , y ∈ B, (15)

and it follows directly that its adjoint S∗ : L2(B)→ L2(B) is given by

(S∗h)(t) :=
ˆ
B
ei ct·yh(y) dy, ∀h ∈ L2 (B) , t ∈ B (16)

which is dictated by ⟨S∗h,g⟩= ⟨h,S∗g⟩. Note that the operator S∗ is nothing but the operator
F c
d . Furthermore, we introduce T : L2(B)→ L2(B) by

T f := qf, ∀f ∈ L2 (B) , (17)

9
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where q is the extension of q given by

q(x) :=

{
q(x) x ∈ Ω
0 otherwise

. (18)

It follows directly that

N = S∗T S (19)

where S, S∗, and T are given by (15)–(17), respectively. It is noted that the middle operator T
is no longer positive definite unless Ω= B, this is in contrast to the first factorization S∗

ΩTΩSΩ

where TΩ is positive definite. It is also noted that S∗ and S are parameter-independent.

For later purposes, we introduce the eigensystem {ζn,µn}∞n=0 of the self-adjoint, positive
definite operator N by

N ζn = µnζn, n= 0,1, · · · , (20)

here ζn ∈ L2(B) and µ0 ⩾ µ1 ⩾ · · ·> 0.
Wewould also like to stress that PSWFs are an interesting object to analyze the data operator

N . Indeed we would like to prove that it sort of compresses the operator N since∣∣⟨Nψj (·;c) ,ψi (·;c)⟩
∣∣= ∣∣⟨T λjψj (·;c) ,λiψi (·;c)⟩ ∣∣
=
∣∣λjλ̄i ˆ

Ω

ψj (y;c) ψ̄i (y;c)q(y) dy
∣∣⩽ ∣∣λjλi ∣∣∥q∥L∞(Ω),

where in the last step we applied the Cauchy–Schwartz inequality twice and the fact that
{ψk(·;c)}k∈Nd is an orthonormal set.

Therefore as evidenced by the super fast decay of the prolate eigenvalues (see, for instance,
[33, equation 2.17]) in one dimension where

|λj (c)λi (c) | ∼ e( j+1/2)(log ec
4 −log( j+1/2))+(i+1/2)(log ec

4 −log(i+1/2)), i, j ≫ 1.

We can deduce that the operatorN has a compressed representation in the basis {ψj(·;c)}j∈N.
This could allow to speed up the computation by truncatedN or to help for denoising the data.

4. Linear sampling and factorization methods for shape identification

In this section we study the factorization method, generalized linear sampling method and a
formulation of the linear sampling method for shape identification. To begin with, let ϕz ∈
L2(B) be given by

ϕz (t) :=
ˆ
Rd

ei ct·yEz (y) dy, (21)

where

Ez :=
1

|R(z, ϵ) |
1R(z,ϵ), 1R(z,ϵ) (x) :=

{
1 x ∈ R(z, ϵ)
0 otherwise

, (22)

10
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here |R(z, ϵ)| is the length/area of R(z, ϵ) that satisfies Rinf|ϵ|d ⩽ |R(z, ϵ)|⩽ Rsup|ϵ|d for some
positive constants Rinf/sup. In practical applications, we usually choose R(z, ϵ) as an inter-
val/square region {x= (x1, · · · ,xd) : |xj− zj|< ϵ, j = 1, · · · ,d} or an interval/disk region {x :
|x− z|< ϵ}.

Throughout the paper we fix the parameter ϵ in the analysis and thereby chose to omit the
dependence of ϕz and Ez on ϵ; we also sample the sampling point z so that R(z, ϵ)⊂ B which
is assumed later on.

The function ϕz allows us to characterize the support of Ω. More precisely we have the
following lemma.

Lemma 2. Let R(z, ϵ)⊂ B. The following characterizations of the support Ω hold.

• If R(z, ϵ)⊂ Ω, then ϕz ∈ Range(S∗
Ω).

• If R(z, ϵ) ̸⊂ Ω, then ϕz ̸∈ Range(S∗
Ω).

Proof. We first prove the first part. Let R(z, ϵ)⊂ Ω, then Ez is supported inΩ so that according
to (12) and (21)

(S∗
ΩEz)(t) =

ˆ
Ω

eict·yEz (y) dy= ϕz (t) ,

which shows that ϕz ∈ Range(S∗
Ω).

For the second part, let R(z, ϵ) ̸⊂ Ω and we prove by showing that if S∗
Ωh= ϕz then h ∈

L2(Ω) mush vanish. To show this we first extend h to h that

h(x) :=

{
h(x) x ∈ Ω
0 otherwise

,

then F c
dh= S∗h= S∗

Ωh= ϕz, i.e. h= (F c
d)

−1ϕz which yields that h= Ez. Note that the left
hand side is supported inΩ but the right hand side is not supported inΩ (sinceR(z, ϵ) ̸⊂ Ω), this
is a contradiction which shows that h ∈ L2(Ω) mush vanish and this completes the proof.

The linear sampling method (LSM) and factorization method (FM) for shape identification
state the following.

(LSM) The linear sampling method solves the data equation

Ngz ∼ ϕz

using a regularization scheme to get a regularized solution gz,α and indicates that

∥gz,α∥L2(B)

is large for zwith R(z, ϵ) ̸⊂ Ω and is bounded for zwith R(z, ϵ)⊂ Ω (due to proposition
1 and lemma 2). This is suggested by a partial theory similar to [11]; we omit this
partial theory since we will show a formulation of the linear sampling method and the
generalized linear sampling method with complete theoretical justification later on.

11
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(FM) A direct application of lemma 1 and lemma 2 yields the factorization method: If
R(z, ϵ)⊂ Ω, then ϕz ∈ Range(N 1/2). If R(z, ϵ) ̸⊂ Ω, then ϕz ̸∈ Range(N 1/2). Here

ϕz ∈ Range
(
N 1/2

)
⇐⇒

∞∑
n=0

|⟨ϕz, ζn⟩|2

µn
<∞, (23)

where {ζn,µn}∞n=0 is the eigensystem of N given by (20).

In this paper, we study a formulation of the linear sampling method in the form of

⟨Sgz,α,1R(z,ϵ)⟩

and we show later that such a LSM has capability in both shape and parameter identification.
We will also show that the factorization method and the generalized linear sampling method
also have capability in both shape and parameter identification. In this section we first demon-
strate its viability in shape identification. The idea is similar to the earlier work [1, 2, 6] in
inverse scattering to justify/generalize the linear sampling method.

To begin with, we introduce a family of regularization schemes {Rα}α>0 by

Rαh :=
∞∑
n=0

fα
(
µ2
n

)
µn⟨h, ζn⟩ζn, (24)

where fα is a regularizing filter that is a bounded, real-valued, and piecewise continuous func-
tion fα : (0,∞)→ R such that

lim
α→0

fα (µ) =
1
µ
for all µ > 0, |µfα (µ) |⩽ d0 for all α⩾ 0 and µ > 0, (25)

here d0 > 0 is a constant.
With this family of regularization schemes {Rα}α>0, one can introduce a family of regular-

ized solutions by gz,α =Rαϕz. Classical regularizations include the Tikhonov regularization
with

fα (µ)→
1

µ+α
so that gz,α →

∞∑
n=0

µn
µ2
n+α

⟨ϕz, ζn⟩ζn,

and the spectral cut off regularization with

fα (µ)→
{

1/µ µ⩾ α
0 otherwise

so that gz,α →
∞∑

µn⩾α

1
µn

⟨ϕz, ζn⟩ζn.

Our shape identification result is as follows.

Theorem 2. Suppose that {Rα}α>0 is a family of regularization schemes given by (24)
and (25) and set gz,α =Rαϕz. The following characterizations of the support Ω hold.

12
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• If R(z, ϵ)⊂ Ω, then ⟨Sgz,α,1R(z,ϵ)⟩ remains bounded as α→ 0. Moreover

lim
α→0

⟨Sgz,α,Ez⟩= ∥gFMz ∥2 (26)

where gFMz ∈ L2(B) is the unique solution to N 1/2gFMz = ϕz.
• If R(z, ϵ) ̸⊂ Ω, then limα→0⟨Sgz,α,1R(z,ϵ)⟩=∞.

Proof. It is sufficient to prove the theorem for ⟨Sgz,α,Ez⟩ since Ez given by (22) differs from
1R(z,ϵ) by a scaling. To begin with, we first remind the readers that one always has R(z, ϵ)⊂ B.
We first derive an expression of ⟨Sgz,α,Ez⟩. From the definition of gz,α, one gets gz,α =Rαϕz
whereby gz,α =

∑∞
n=0 fα(µ

2
n)µn⟨ϕz, ζn⟩ζn, in this way we obtain

⟨Sgz,α,Ez⟩= ⟨gz,α,S∗Ez⟩= ⟨gz,α,ϕz⟩=
∞∑
n=0

fα
(
µ2
n

)
µn|⟨ϕz, ζn⟩|2. (27)

We now prove the first part. Let R(z, ϵ)⊂ Ω, then from the factorization method res-
ult (23) one can obtain that there exists the unique solution gFMz ∈ L2(B) to N 1/2gFMz = ϕz

and ∥gFMz ∥2 =
∑∞

n=0
|⟨ϕz,ζn⟩|2

µn
<∞. Note that fα satisfies (25), then we have from (27) that

⟨Sgz,α,Ez⟩=
∞∑
n=0

fα
(
µ2
n

)
µn|⟨ϕz, ζn⟩|2 ⩽ d0

∞∑
n=0

|⟨ϕz, ζn⟩|2

µn
<∞.

i.e. ⟨Sgz,α,1R(z,ϵ)⟩ remains bounded as α→ 0. Then from the dominated convergence theorem
we can take the limit α→ 0 so that

lim
α→0

⟨Sgz,α,Ez⟩=
∞∑
n=0

(
lim
α→0

fα
(
µ2
n

)
µ2
n

)
1
µn

|⟨ϕz, ζn⟩|2 =
∞∑
n=0

1
µn

|⟨ϕz, ζn⟩|2 = ∥gFMz ∥2.

This proves the first part.
For the second part when R(z, ϵ) ̸⊂ Ω, first note from the factorization method result (23)

that ϕz ̸∈ Range(N 1/2) so that
∑∞

n=0
|⟨ϕz,ζn⟩|2

µn
=∞, then for any large M> 0, there exists

NM > 0 such that
∑NM

n=0
|⟨ϕz,ζn⟩|2

µn
> 2M. Now we chose αM > 0 (due to the property of fα

in (25)) such that fα(µ2
n)>

1
2µ2

n
, ∀α ∈ (0,αM), for all n= 0,1, · · · ,NM, this yields that for any

large M> 0, there exists αM > 0 such that

⟨Sgz,α,Ez⟩⩾
NM∑
n=0

fα
(
µ2
n

)
µn|⟨ϕz, ζn⟩|2 >

1
2

NM∑
n=0

|⟨ϕz, ζn⟩|2

µn
>M, ∀α ∈ (0,αM) .

This proves limα→0⟨Sgz,α,Ez⟩=∞, i.e. limα→0⟨Sgz,α,1R(z,ϵ)⟩=∞ which completes the
proof.

From the above theorem and its proof, one can also prove in the same way the following
result, which uses the indicator of the generalized linear sampling method first proposed by
[6].

Theorem 3. Suppose that {Rα}α>0 is a family of regularization schemes given by (24)
and (25) and set gz,α =Rαϕz. The following characterizations of the support Ω hold.

13



Inverse Problems 40 (2024) 095007 L Audibert and S Meng

• If R(z, ϵ)⊂ Ω, then ⟨gz,α,Ngz,α⟩ remains bounded as α→ 0. Moreover

lim
α→0

⟨gz,α,Ngz,α⟩= ∥gFMz ∥2 (28)

where gFMz ∈ L2(B) is the unique solution to N 1/2gFMz = ϕz.
• If R(z, ϵ) ̸⊂ Ω, then limα→0⟨gz,α,Ngz,α⟩=∞.

Proof. The proof is almost the same as the proof of theorem 2. We omit the details but only
highlight the difference. The difference arises from

⟨gz,α,Ngz,α⟩=
∞∑
n=0

| fα
(
µ2
n

)
|2µ3

n|⟨ϕz, ζn⟩|2,

and one can complete the proof by following line by line the proof of theorem 2.

Theorems 2 and 3 allow to determine an ϵ neighborhood of the supportΩ since it is capable
of determining whether R(z, ϵ)⊂ Ω or R(z, ϵ) ̸⊂ Ω, as is similar to [13, 22]. We show in the
next section that such a formulation has the capability in parameter identification in addition
to shape identification.

5. Linear sampling and factorization methods for parameter identification

In this section we demonstrate that the linear sampling and factorization methods have capab-
ility in parameter identification. We first prove the following lemma.

Lemma 3. Suppose that {Rα}α>0 is a family of regularization schemes given by (24) and (25)
and set gz,α =Rαϕz. Then it holds for any R(z, ϵ)⊂ Ω that

∥SΩgz,α∥L2(Ω) ⩽
d0
qinf

∥Ez∥L2(Ω) =
d0

qinf
√
|R(z, ϵ) |

, ∀α > 0,

where d0 given by (25) is a constant independent of α, and qinf > 0 given by (14) is the lower
bound of q.

Proof. Note that TΩ is self-adjoint and bounded below by qinfI (here I is the identity operator),
then it follows that

qinf∥SΩgz,α∥2L2(Ω) ⩽ ⟨TΩSΩgz,α,SΩgz,α⟩L2(Ω) = ⟨Ngz,α,gz,α⟩. (29)

Note that gz,α is given by gz,α =Rαϕz whereby

gz,α =
∞∑
n=0

fα
(
µ2
n

)
µn⟨ϕz, ζn⟩ζn, Ngz,α =

∞∑
n=0

fα
(
µ2
n

)
µ2
n⟨ϕz, ζn⟩ζn,

which yields (where one notes that fα and µn are real-valued)

⟨Ngz,α,gz,α⟩=
∞∑
n=0

[
fα
(
µ2
n

)]2
µ3
n|⟨ϕz, ζn⟩|2 ⩽ d0

∞∑
n=0

fα
(
µ2
n

)
µn|⟨ϕz, ζn⟩|2 = d0⟨ϕz,gz,α⟩,

14
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this together with ϕz = S∗Ez yields that

⟨Ngz,α,gz,α⟩⩽ d0⟨ϕz,gz,α⟩= d0⟨S∗Ez,gz,α⟩= d0⟨Ez,Sgz,α⟩<∞ (30)

where the last step is due to that Ez is supported in R(z, ϵ)⊂ Ω.
Now combining (29) and (30) we have that ∥SΩgz,α∥2L2(Ω) <∞ and

qinf∥SΩgz,α∥2L2(Ω) ⩽ ⟨Ngz,α,gz,α⟩⩽ d0|⟨Ez,Sgz,α⟩|= d0|⟨Ez,SΩgz,α⟩L2(Ω)|
⩽ d0∥Ez∥L2(Ω)∥SΩgz,α∥L2(Ω),

this proves the lemma by noting that ∥Ez∥L2(Ω) = ∥Ez∥L2(B) = 1√
|R(z,ϵ)|

due to the definition

of Ez in (22).

Now we are ready to prove the parameter identification theorem. For convenience we let
q+ be the pseudo inverse of q given by

q+ :=

{
1/q Ω
0 otherwise

. (31)

The following (disk) PSWFs expansion of Ez and ϕz will be often used. Let R(z, ϵ)⊂ B and
let the (disk) PSWFs expansion of Ez be

Ez =
∑
j∈Nd

⟨Ez,ψj (·;c)⟩ψj (·;c) in L2 (B) , (32)

then it follows directly from (21) that ϕz = F c
dEz and (7) so that

ϕz =
∑
j∈Nd

⟨ϕz,ψj (·;c)⟩ψj (·;c) =
∑
j∈Nd

λj (c)⟨Ez,ψj (·;c)⟩ψj (·;c) in L2 (B) . (33)

Theorem 4. Suppose that {Rα}α>0 is a family of regularization schemes given by (24)
and (25) and set gz,α =Rαϕz. Then it holds for any R(z, ϵ)⊂ Ω that

lim
α→0

⟨Sgz,α,1R(z,ϵ)⟩= ⟨1/q,Ez⟩L2(R(z,ϵ)). (34)

Proof. Throughout the proof, we let f ∈ L2(B) denote the extension of a generic function f ∈
L2(Ω) by setting f = 0 in B\Ω.

(a) We first give representations for ⟨Sgz,α,1R(z,ϵ)⟩ and ⟨1/q,Ez⟩L2(R(z,ϵ)), respectively. For
the regularized solution gz,α =Rαϕz, we get the (disk) PSWFs expansion of qSΩgz,α by
qSΩgz,α =

∑
j∈Nd

⟨qSΩgz,α,ψj(·;c)⟩ψj(·;c), note that q is supported in Ω, then we further
get (where we recall q+ is given by (31))

SΩgz,α =
∑
j∈Nd

⟨qSΩgz,α,ψj (·;c)⟩q+ψj (·;c) in L2 (Ω) ,

15
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so that (by noting that R(z, ϵ)⊂ Ω, q+ and ψj(·;c) are real-valued)

⟨Sgz,α,1R(z,ϵ)⟩= ⟨SΩgz,α,1R(z,ϵ)⟩=
∑
j∈Nd

⟨qSΩgz,α,ψj (·;c)⟩⟨q+ψj (·;c) ,1R(z,ϵ)⟩

=
∑
j∈Nd

⟨1R(z,ϵ)q+,ψj (·;c)⟩⟨qSΩgz,α,ψj (·;c)⟩. (35)

On the other hand,

⟨1/q,Ez⟩L2(R(z,ϵ)) = ⟨1R(z,ϵ)q+,Ez⟩=
∑
j∈Nd

⟨1R(z,ϵ)q+,ψj (·;c)⟩⟨Ez,ψj (·;c)⟩, (36)

where in the last step we used the (disk) PSWFs expansion of 1R(z,ϵ)q+ and (32) to evaluate
their inner product, and the fact that Ez and ψj(·;c) are real-valued.

(b) Note that 1R(z,ϵ)q+ ∈ L2(B) and that the L2(B)-norm of qSΩgz,α is bounded uniformly with
respect to α (due to lemma 3), then the infinite series in (35) is uniformly convergent. By
the dominated convergence theorem, one then gets

lim
α→0

⟨Sgz,α,1R(z,ϵ)⟩=
∑
j∈Nd

⟨1R(z,ϵ)q+,ψj (·;c)⟩ lim
α→0

⟨qSΩgz,α,ψj (·;c)⟩. (37)

By noting that

Sψj (·;c) = λj (c)ψj (·;c) , lim
α→0

Ngz,α = lim
α→0

∞∑
n=0

fα
(
µ2
n

)
µ2
n⟨ϕz, ζn⟩ζn = ϕz,

one has

lim
α→0

⟨qSΩgz,α,ψj (·;c)⟩= lim
α→0

⟨S∗qSΩgz,α,λj (c)
−1ψj (·;c)⟩= lim

α→0
⟨Ngz,α,λj (c)

−1ψj (·;c)⟩

= ⟨ϕz,λj (c)−1ψj (·;c)⟩= ⟨S∗Ez,λj (c)
−1ψj (·;c)⟩= ⟨Ez,ψj (·;c)⟩.

This equation together with (37) yield that

lim
α→0

⟨Sgz,α,1R(z,ϵ)⟩=
∑
j∈Nd

⟨1R(z,ϵ)q+,ψj (·;c)⟩⟨Ez,ψj (·;c)⟩= ⟨1/q,Ez⟩L2(R(z,ϵ)).

This completes the proof.

Remark 4. It is possible to prove the result of theorem 4 using the singular system of SΩ. We
include such a proof since this idea is expected to be generalized to other inverse scattering
problems.

Alternate Proof of theorem 4. The proof is very similar to the previous one except that we
expand the quantity of interest with respect to βn where we have SΩ(αn) = γnβn a singular
system of the operator SΩ. First we have the following expression

SΩgz,α =
∑
j∈Nd

⟨qSΩgz,α,βn⟩L2(Ω)q
−1βn in L2 (Ω) ,
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then we have the intermediate result :

lim
α→0

⟨qSΩgz,α,βn⟩L2(Ω) = lim
α→0

⟨S∗qSΩgz,α,γ
−1
n αn⟩L2(B) = lim

α→0
⟨Ngz,α,γ

−1
n αn⟩L2(B)

= ⟨ϕz,γ−1
n αn⟩L2(B) = ⟨S∗Ez,γ

−1
n αn⟩L2(B) = ⟨Ez,βn⟩L2(Ω).

Finally using

⟨q−1,Ez⟩L2(R(z,ϵ)) = ⟨1R(z,ϵ)q−1,Ez⟩L2(Ω) =
∑
j∈Nd

⟨1R(z,ϵ)q−1,βn⟩L2(Ω)⟨Ez,βn⟩L2(Ω).

And combining the previous expression we obtain the previous results.

Note the connections between the linear sampling method and the factorization method, we
can immediately obtain the following.

Theorem 5. Suppose that {Rα}α>0 is a family of regularization schemes given by (24)
and (25) and set gz,α =Rαϕz. For any R(z, ϵ)⊂ Ω, let gFMz ∈ L2(B) be the unique solution
to N 1/2gFMz = ϕz. Then it holds that

|R(z, ϵ) | lim
α→0

⟨gz,α,Ngz,α⟩= |R(z, ϵ) |
∥∥gFMz ∥∥2 = ⟨1/q,Ez⟩L2(R(z,ϵ)),

where |R(z, ϵ)| denotes the length/area of R(z, ϵ).

Proof. This follows directly from (26) and (28), theorem 4, and Ez = 1
|R(z,ϵ)|1R(z,ϵ).

Remark 5. We highlight the fact that theorems 2 and 3 are able to determine the shape (almost)
exactly. However our above result on parameter identification is ‘blind’ near the boundary of
the obstacle.

Note that theorem 2 is not valid when q is not sign definite. It is mainly an open question
in the general case to deal with sign changing contrast. Two types of results exist: [20] where
it was assumed that one knows in advance two domains that include respectively positive and
negative sign definite contrast and the other [4] where q changes sign strictly inside the support
of the scatterer. The first approach could be extended straightforwardly to our cases however
we will not pursue this as it will need additional a priori information. The second approach
is not possible as our operator TΩ is defined over L2(B) and not over more regular spaces that
allow one to analyze the contribution of q inside Ω as a compact perturbation. Yet our results
on parameter identification allow us to retrieve information even when q changes sign. To do
so one needs to introduce,

q̃ := qinf1D+ q1Ω,

where D⊂ B is a domain that contains Ω. Clearly q̃ is positive definite and the data operator
Ñ is given by(

Ñg
)
(t) =

ˆ
D

([ˆ
B
e−i cs·yg(s) ds

]
qinf

)
eict·y dy+(Ng)(t) = (Ninfg)(t)+ (Ng)(t) .

By applying theorem 4 to Ñ , one can retrieve information on q through the following corol-
lary. In spirit our method is related or inspired by imaging using differential measurements first
introduced in [5], here we compare Ñ and Ninf.
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Corollary 1. We introduce {R̃α}α>0 a family of regularization schemes given by (24) and (25)
where one substitutes N by Ñand sets g̃z,α = R̃αϕz. Then it holds for any R(z, ϵ)⊂ D that

lim
α→0

⟨Sg̃z,α,1R(z,ϵ)⟩= ⟨1/q̃,Ez⟩L2(R(z,ϵ)) =
〈

1/qinf
1+ q/qinf

,Ez

〉
L2(R(z,ϵ))

. (38)

Remark 6. It could be of interest numerically to consider ginfz,α associated to Ninf, which will
give access to an approximation of 1/qinf :

lim
α→0

⟨Sginfz,α,1R(z,ϵ)⟩= ⟨1/qinf,Ez⟩L2(R(z,ϵ)).

Finally introducing the reconstruction formula

Ĩ(z) = ⟨Sg̃z,α,1R(z,ϵ)⟩−1 −⟨Sginfz,α,1R(z,ϵ)⟩−1

which will prove numerically to give better reconstruction than directly using 1/qinf.

6. An explicit example and numerical preliminaries

In this section, we first study an explicit example to discuss the nature of the inverse problem.
Our numerical experiments in shape and parameter identification later on will be based on the
inverse source problem with multi-frequency measurements for a fixed observation direction.
This motivates us to discuss preliminaries for the computation of PSWFs and the evaluation
of integrals involved in the prolate linear sampling method.

6.1. An explicit example

In this section, we study an explicit example in one dimension where q is constant one sup-
ported in (−r,r)⊂ (−1,1). In this regard, one can directly show that for all j = 0,1, · · · ,

[Nψj (·;cr)] (t) =
ˆ
B

([ˆ
B
e−i cs·yψj (s;cr) ds

]
1B(0,r) (y)

)
eict·y dy

=

ˆ
B(0,r)

([ˆ
B
e−i cs·yψj (s;cr) ds

])
eict·y dy (change of variable y→ y ′r)

= r
ˆ
B

([ˆ
B
e−i crs·y ′ψj (s;cr) ds

])
eicrt·y

′
dy ′

= rλj (cr)
ˆ
B
ψj (y

′;cr)eicrt·y
′
dy ′ = r|λj (cr) |2ψj (t;cr)

i.e.

Nψj (·;cr) = r|λj (cr) |2ψj (·;cr) , j = 0,1, · · ·

where λj(cr) is given by (7) with c replacing by cr. This gives the explicit eigensystem of
N for this particular case. This example is extremely simple but delivers several important
messages.

The first message is that the inverse problem is challenging as evidenced by the super fast
decay of the prolate eigenvalues (see, for instance, [33, equation 2.17]) where

|λn (cr) | ∼ e(n+1/2)(log ecr
4 −log(n+1/2)), n≫ 1.
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This indicates that the smaller the radius r, the more ill-conditioned the inverse problem; it also
indicates that the number of eigenvalues (say for a range of c ∈ (5,100)) larger than machine
epsilon is limited (and we will see more in the numerical examples).

The second message is that one is necessarily led to the computation of the eigensystem
{ψj(·;cr),λj(cr)}∞j=0 for this particular case and in general one needs appropriate quadrature
rules for evaluating the integrals involved in the implement of LSM. Note that the PSWFs
can be approximated by truncated Legendre series [8], the LGL quadrature rule is a decent
method (which requires more quadrature nodes than other prolate based Gaussian quadrature
rules such as [8]) that at least serves our needs in this paper. Note also that there exist Gaussian
quadrature rules such as [8] but this requires a little more computational efforts. However
note that equidistant quadrature nodes may be less efficient for approximating some integral
equations (see [19, example 1.16]).

In the next subsections, we discuss the numerical approximation of the PSWFs eigensystem
and introduce the LGL quadrature rule for numerical evaluation of integrals involved in the
implement of LSM.

6.2. Legendre polynomials and LGL quadrature

In the following we introduce the LGL quadrature rule with Nq points that integrates all poly-
nomials of degree less than or equal to 2Nq− 3 exactly (see [27, section 10.1–10.4] for more
details). Denote by Pn(x) the Legendre polynomial of degree n which satisfies the following
recurrence relation

P0 (x) = 1, P1 (x) = x, Pn+1 (x) =
1

n+ 1
[(2n+ 1)xPn (x)− nPn−1 (x)] , n= 1,2, · · · ,

and let Pn(x) := Pn(x)
√
n+ 1/2 (where the overline bar associated with Pn is not supposed to

be confused with the conjugation) be the normalized Legendre polynomial where

ˆ 1

−1
Pm (x)Pn (x) dx= δmn, (39)

with δmn denoting the Kronecker delta.
Let x0, · · · ,xNq−1 be Nq given distinct points over the interval [−1,1], for the approximation

of I( f) =
´ 1
−1 f(x)dx, we consider quadrature rules of the type

INq−1 ( f) =
Nq−1∑
j=0

wjf(xj) ,

where the points xj ∈ R and coefficients wj ∈ R are referred to as the nodes and weights of the
quadrature, respectively. The LGL quadrature rule has nodes and weights given by

x0 =−1, xNq−1 = 1, xj zeros of P
′
Nq−1 (x) , j = 1, · · · ,Nq− 2,

wj =
2

Nq (Nq− 1)
1[

PNq−1 (xj)
]2 .

The LGL quadrature rule, which includes the end points −1 and 1, has degree of exactness
2Nq− 3, i.e. the quadrature formula integrates all polynomials of degree less than or equal to
2Nq− 3.
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6.3. Computation of PSWFs system

One can approximate the PSWFs by the spectral method and the coefficients are determined by
solving a linear system with a symmetric, tridiagonal matrix. It is based on another remarkable
property of PSWFs that {ψn}∞n=0 are also eigenfunctions to the following Sturm–Liouville
differential operator (see [29, section V] or [33, equation 2.1])

Dc
dψn (·;c) = χn (c)ψn (·;c) , n= 0,1, · · · , (40)

where Dc is the Sturm–Liouville differential operator given by

Dc
d :=− d

dx

(
1− x2

) d
dx

+ c2x2, x ∈ (−1,1) , d= 1.

Here the corresponding Sturm–Liouville eigenvalues {χn(c)} are ordered in strictly increasing
order and they satisfy

n(n+ 1)< χn (c)< n(n+ 1)+ c2.

In particular to approximate the first N+ 1 PSWFs and Sturm–Liouville eigenvalues
{ψn,χn}Nn=0, following [8, section 2], one expands

ψn (x;c)≈
Nt−1∑
j=0

BjnPj (x) , n= 0,1, · · · ,N, (41)

where Nt determines the truncation of the Legendre series. We then substitute this expansion
into the Sturm–Liouville problem (40) (and note that the Legendre polynomials satisfies this
equation when c= 0) to get the linear system

Db= χapprox
n b

where χapprox
n is an approximation of the exact eigenvalue χn, bj = Bjn, and the matrix D has

non-zero entries given by

Djj = j( j+ 1)+ c2
2j( j+ 1)− 1

(2j+ 3)(2j− 1)
, j = 0,1, · · ·

Dj( j+2) = D( j+2)j = c2
( j+ 1)( j+ 2)

(2j+ 3)
√

(2j+ 1)(2j+ 5)
, j = 0,1, · · · .

[8, section 2] suggested a truncation with Nt ⩾ 2N+ 30 to have a good approximation of the
eigenvalue χn(c) and ψn(·;c).

After the evaluation of the PSWFs, one can compute the prolate eigenvalues as follows (see
[33, section 2]). First set x= 0 in equation (7) to get

λn (c)ψn (0;c) =
ˆ 1

−1
ψn (y;c) dy≈

√
2B0n,

where in the last step we applied (41) and (39). Note that ψn(x;c) is even for even n and is odd
for odd n (see, for instance, [33, section 2]), thereby ψn(0;c) vanishes for odd n and we first
get the approximation for eigenvalues with even indexes by

λn (c)≈
√
2B0n

ψn (0;c)
, n even. (42)
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Similarly differentiating (7) allows us to get for odd n that

λn (c) =
ic

∂xψn (0;c)

ˆ 1

−1
yψn (y;c) dy≈

√
2
3

icB1n

∂xψn (0;c)
, n odd. (43)

In this paper the formulas (42) and (43) are sufficient to help us implement the linear sampling
method.

6.4. A prolate-based formulation of the linear sampling method

Note that we have highly accurate algorithms to compute the (disk) PSWFs system, in this
section we propose a prolate-based formulation of LSM. To begin with, let J⊂ Nd be the
following set

J := {0,1, · · · ,J} (d= 1) and J := {(0,0,0) ,(0,0,1) , · · · ,J} (d= 2)

where we simply identify J as the maximum index (which is a scalar index in one dimension
and a multiple index in two dimensions). We consider a prolate formulation by∑

j∈J
AJ
jℓg

J
zj = ϕJzℓ, ℓ ∈ J, (44)

where the data operatorN and the z-dependent function ϕz gives the matrix and the right hand
side by

AJ
jℓ := ⟨Nψj (·, ;c) ,ψℓ (·, ;c)⟩, j, ℓ ∈ J, and ϕJzℓ = ⟨ϕz,ψℓ (·, ;c)⟩, ℓ ∈ J. (45)

This is a prolate-based formulation of the linear sampling method where we seek a reduced
solution in the span of (disk) PSWFs {ψj(·;c)}j∈J. We further define

gJz :=
∑
j∈J

gJzjψj (·;c) , ϕJz :=
∑
j∈J

ϕJzjψj (·;c) .

Let gJz,α be a family of regularized solution obtained by regularizing (44) with a family
of regularization schemes (see, for instance, section 4; standard schemes include such as the
Tikhonov regularization and the spectral cut off), then according to theorem 2, it is expected
that the indicator function

⟨SgJz,α,1R(z,ϵ)⟩

remains bounded as J→ Nd and α→ 0 for R(z, ϵ)⊂ Ω and cannot be bounded as J→ Nd and
α→ 0 for R(z, ϵ) ̸⊂ Ω. Moreover according to theorem 4,

⟨SgJz,α,1R(z,ϵ)⟩ → ⟨1/q,Ez⟩L2(R(z,ϵ)), ∀R(z, ϵ)⊂ Ω,

as J→ Nd andα→ 0. It is also possible to establish a semi-explicit convergence result for para-
meter identification with both noiseless and noisy data, this is ongoing work and will be repor-
ted in a forthcoming paper. Finally we remark that the prolate-based linear sampling method
shares a similar spirit to the modal formulation of the linear sampling method in waveguide
[7]; see also [21].
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7. Numerical experiments for parameter and shape identification

To demonstrate the shape and parameter identification theory, in this section we perform relev-
ant numerical experiments for the inverse source problem with multi-frequency measurements
for a fixed observation direction. The inverse source model was given by section 2.1 and we
in particular consider the following different parameters that can be divided into the following
four types:

(i) Constant q. This can be obtained by a constant source f supported in a square given by
(−r,r)× (−r,r) and x̂= (1,0)T. Here 0< r< 1. This leads to

q(s) =Rf (x̂,s) = 2r1(−r,r) (s) . (46)

Note that in this case q is a constant.
(ii) ‘Increasing-decreasing’ q. This can be obtained by a constant source supported in a rhom-

bus given by

{(y1,y2) : y1 ∈ (−r,r) ,y2 ∈ (|y1| − r,r− |y1|)}

and x̂= (1,0)T (which is equivalent to a constant source f supported in a square but with
a π/4-rotated observation direction). Here 0< r< 1. This leads to

q(s) =Rf (x̂,s) = (2r− 2|s|)1(−r,r) (s) . (47)

Note that in this case q is increasing in (−r,0) and decreasing in (0,r).
(iii) ‘Decreasing-increasing’ q. This can be obtained by a constant source f supported in ‘M’

given by

{(y1,y2) : y1 ∈ (−r,r) ,y2 ∈ (0,0.5r+ 0.5|y1|)}

and x̂= (1,0)T (which is equivalent to a source supported in a square but with non-
constant intensities). Here 0< r< 1. This leads to

q(s) =Rf (x̂,s) = (0.5r+ 0.5|s|)1(−r,r) (s) . (48)

Note that in this case q is decreasing in (−r,0) and increasing in (0,r).
(iv) Oscillatory q. This can be obtained by a constant source f supported in an oscillatory

waveguide given by

{(y1,y2) : y1 ∈ (−r,r) ,y2 ∈ (0,0.5r− 0.25rcos(mπ y1/r))}

and x̂= (1,0)T (which is equivalent to a source supported in a square but with oscillatory
intensities). Here m is a positive integer that introduce the oscillatory nature, 0< r< 1.
This leads to

q(s) =Rf(x̂,s) =
(
0.5r− 0.25rcos(mπ s/r))

)
1(−r,r)(s). (49)

Note that in this case q is oscillatory in (−r,r).
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In the following we give details of the implementation of the prolate formulation of the
linear sampling. The PSWFs are computed as detailed in section 6.3 where we use the Matlab
code developed in [8]. The prolate eigenvalues are then computed using the formulas (42)–
(43) by adding a simple Matlab script to the existing code of [8]. The exact data are calculated
analytically by hand using the four different q given by (46)–(49). Given a noisy operatorN δ ,
we obtain a noisy data matrix AJ,δ according to (45) so that

AJ,δ
jℓ = ⟨N δψj (·, ;c) ,ψℓ (·, ;c)⟩, j, ℓ ∈ J,

where the noisy data are given by adding pointwise uniformly distributed noise to the exact
data u( tp−sq

2 ) (i.e. the kernel in (10)) with pointwise relative error by δ.
We integrate the product of the data and the PSWFs using a LGL quadrature rule. The right

hand side is given by (45) and (33) where

ϕJzℓ = λℓ (c)⟨Ez,ψℓ (·, ;c)⟩B(z,ϵ), ℓ ∈ J,

here we approximate the integral over R(z, ϵ)with R(z, ϵ) = B(z, ϵ) = (z− ϵ,z+ ϵ) using again
the LGL quadrature rule in this interval (z− ϵ,z+ ϵ). Having a regularized solution {gJ,δz,α,j}j∈J
computed from the noisy linear system (as is similar to the noiseless case (44))∑

j∈J
AJ,δ
jℓ g

J,δ
z,α,j ∼ ϕJzℓ, ℓ ∈ J,

we then proceed by

SgJ,δz,α =
∑
j∈J

λj (c)g
J,δ
z,α,jψj (·;c)so that ⟨Sg

J,δ
z,α,1B(z,ϵ)⟩=

∑
j∈J

λj (c)g
J,δ
z,α,j⟨ψj (·;c) ,1B(z,ϵ)⟩B(z,ϵ)

and approximate each integral ⟨ψj(·;c),1B(z,ϵ)⟩B(z,ϵ) over (z− ϵ,z+ ϵ) using again the LGL
quadrature rule. We further set the indicator function by

I(z) :=
(
⟨SgJ,δz,α,1B(z,ϵ)⟩

)−1
,

which is a harmonic mean, as expected the numerical examples confirm the well known fact
that harmonic mean is larger than the classical mean. We chose in this paper the spectral cut
off regularization where we chose J such that all the corresponding prolate eigenvalues (with
indexes in J) are larger that the noise level δ. It is possible and encouraged to investigate other
regularization strategies but we have found this criteria works already very good for c<= 100
and noise level δ < 0.2.

We summarize the roadmap of our algorithm.

- Precomputing: We first precompute the PSWFs system following section 6.3, we chose the
PSWFs such that all the corresponding prolate eigenvalues (with indexes in J) are larger that
the noise level δ (or machine epsilon if the noise level is zero). We also precompute the LGL
quadrature following section 6.2.

- Given noisy data operator Nδ , compute the noisy data matrix

AJ,δ
jℓ = ⟨N δψj (·, ;c) ,ψℓ (·, ;c)⟩, j, ℓ ∈ J,

where we evaluate the projection of discretized data onto PSWFs (i.e. the integrals) by LGL
quadrature following section 6.2. The discretized data (i.e. the kernel in (10)) u( tp−sq

2 ) are
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Figure 1. ∥AJ
i,j∥ on the left and ∥ADFT

i,j ∥ on the right in both case 1⩽ i, j ⩽ 400.

given at LGL quadrature nodes {tp}Np=0 and {sq}Nq=0. The noisy data are given by adding

pointwise uniformly distributed noise to the exact pointwise data u( tp−sq
2 )with δ noise level.

- Solve the noisy linear system
∑

j∈JA
J,δ
jℓ g

J,δ
z,α,j ∼ ϕJzℓ, ℓ ∈ J, by a regularization scheme (24)

and (25). Here we apply the spectral cut off regularization where we choose to cut off the
singular values if they are smaller than δ times the largest singular value.

- Compute the indicator function I(z) =
(
⟨SgJ,δz,α,1B(z,ϵ)⟩

)−1
, where ⟨SgJ,δz,α,1B(z,ϵ)⟩=∑

j∈Jλj(c)g
J,δ
z,α,j⟨ψj(·;c),1B(z,ϵ)⟩B(z,ϵ) .

First we illustrate in figure 1 the fact that PSWFs compressed the data operator where we
compare the operator expressed in PSWFs basis which is the matrix AJ with the operator N
discretize on a Cartesian grid and computed using Discrete (fast) Fourier Transform which is
the matrix ADFT.

Motivated by the particular example in section 6.1, it is likely that we need a large index
set J to achieve a sufficiently good approximation to the unknown. This first motivates us
to perform a set of numerical examples with noiseless data where a large index set J can be
available (the index set J cannot be too large since this means that we have to compute many
prolate eigenvalues which is computationally challenging due to the super fast exponential
decay of the prolate eigenvalues; see also the particular example studied in section 6.1).

In figure 2, we plot the indicator function I(z) = [⟨SgJ,δz,α,1B(z,ϵ)⟩]−1 with noiseless data,
ϵ= 0.05, and two different c. Here c= 20 (left column) allows us to have an index set J of
dimension 37 and c= 40 (right column) allows us to have an index set J of dimension 54.
We approximate all integrals using a LGL quadrature rule with 100 quadrature nodes. The
Matlab command ‘ro-’ line represents the indicator function I(z), which is an approximation
(according to theorem 4) to

qavg (z) :=
(
⟨1/q,Ez⟩L2(B(z,ϵ))

)−1
.

It is seen that qavg is an approximation of q, the Matlab command ‘b∗-’ line represents qavg(z)
(plotted only in (−r+ ϵ,r− ϵ)) and the Matlab command ‘k-’ line represents the exact q (plot-
ted only in (−r,r)). The four types of parameters are given by setting r= 0.66 (which is roughly
2/3) in (46)–(49) and we set m= 4 to have 4 oscillations in the case of oscillatory q. It is
observed that the larger the index set J, the better the convergence.
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Figure 2. Plot of I(z), qavg, and q for four different types of parameters with noiseless
data and ϵ= 5× 10−2. Left column: dim(J) = 37. Right column: dim(J) = 54. Row j
corresponds to type j, j = 1,2,3,4.
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Figure 3. Plot of I(z), qavg, and q for four different types of parameters with noisy level
5%. ϵ= 5× 10−2 and c= 20.

To further demonstrate its viability, we report the results in figure 3 by changing the noise
level to 5% for the case when c= 20. The robustness of LSMwith respect to noises is observed.

The next set of examples in figure 4 is devoted to testing the performance with respect to
different c for both noiseless and noisy data. We observe that larger ϵ is expected to give better
convergence for parameter identification, thereby in order to observe a possible convergence
for noisy data, we set ϵ= 1× 10−1 in this set of examples. In the case of noisy data we set noisy
level δ = 5× 10−2. In these examples, we apply the LGL quadrature rule with 100 quadrature
nodes and we report that all the results hold similarly with 40 quadrature nodes. In the case of
noiseless data, we observe similar performance with respect to different c; in the case of noisy
data, we observe that the performance becomes better as c becomes larger.

To illustrate the case of sign changing parameter we report the results in figure 5. First
we show the reconstruction of q+ qinf1D for D of radius 0.8 where Ω is of radius 0.6 which
are similar to the one from the previous examples. Then we show the comparison between
I(z)− qinf(z) and I(z)− Iinf(z) and as expected by remark 6 the superiority of the second recon-
struction similarly to our inspiration from [5].

To conclude this numerical section we would like to report the numerical results for
disjoint supports. Figure 6 shows the results for the case of a constant q with 2 con-
nected component; the distance between the two connected components is from the set
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Figure 4. Plot of I(z), qavg, and q for noiseless data (left column) and noisy data with
noise level δ = 5% (right column). ϵ= 1× 10−1. From top to bottom c= 3,5,7,10.
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Figure 5. Plot of I(z), q+ qinf on the left and I(z)− qinf(z), I(z)− Iinf(z), q on the right
and noiseless data with ϵ= 5× 10−2 and c= 40.

Figure 6. Plot of I(z), qavg, and q for noiseless data and components getting closer and
closer. ϵ= 5× 10−2 and c= 100.

{1.12,0.05,0.04,0.03,0.02,0.01}; ϵ is fixed as ϵ= 5× 10−2. This case is covered by the the-
ory but the results are very promising and theoretical analysis of the resolution limit of our
method is an interesting subject for future work. Extending the result from the Born case to
the fully nonlinear case is another interesting subject for future work.
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