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(ABSTRACT)

This dissertation is concerned with the evaluation of a new statistically sound
reconstruction methodology for continuous 3-D dynamic response fields of harmonically
excited structures in steady-state vibration. This results in an experimental process which
reconstructs the response field from a set of 3-D projections based on Laser-Doppler-
Vibrometer (LDV) localized instantaneous velocity measurements. Included along with an
estimate of the 3-D velocity field, are its statistical characteristics and the inferential tools
required to test the quality of the estimation. This dissertation documents in detail the
development and evaluation of the proposed reconstruction methodology and its relevant
subprocesses which include the formulation of a deterministic laser-structure kinematic
model, and regression models that afford statistical inference for the time-domain and

spatial-domain structural dynamics, as well as for the projection recombination process.
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Chapter 1

Introduction

There are instances when a new method or device unlocks yet another technological
window that allows the fortuitous viewers to see an old problem in a new way. This
research effort relates to such an instant, the device being the scanning Laser-Doppler-
Vibrometer (LDV)[see for example Barker(1992), Drain(1980), Oliver(1991),
Halliwell(1979), or Sriram(1990)], and the problem being structural dynamics.

There are two fundamental goals of this research project: first, to develop a new
algorithm for reconstructing, from within an experimental setting, the 3-dimensional
dynamic response field of vibrating structures. Second, to cast each functional module of
this algorithm in a statistical framework capable of supporting some inferences on the
relevant estimations.

In the context of this research, the dynamic response of real structures is a 3-
dimensional continuous vector field that describes the motion of the surface of the
structure. For instance, consider a structure vibrating at a known frequency, ag. Let its
shape geometry also be known and parametrized with respect to a preselected structural
reference frame joxyz as ¢G(x,y,z). It is desired to develop, from experimental data, a
mathematical model with the capability to predict structural behavior at a local level (for
both in-plane and out-of-plane motion), without compromising the underlying error

structure.
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The overall reconstruction strategy can be summarized as follows. A data acquisition
system was developed that: (a) registers the spatial position of the LDV with respect to
the structure, (b) allows the experimenter to define the spatial area of interest and the scan
grid density, (c) computes the coordinates of each grid node (also called a scanpoint), (d)
outputs the targeting voltages that will aim the laser beam at each scanpoint with
sufficiently high spatial density so as to afford motion prediction at the local level, (e)
acquires the structural dynamic response data measured by the LDV, and (f) performs on-
line, the first statistical data analysis step towards the reconstruction. This data collection
and processing is done from several arbitrary LDV positions in space called laser
viewpoints, each time scanning the same spatial area of the vibrating structure. Each of
these scans constitutes a pinhole projection, from the laser viewpoint, of the velocity field
of the structure. The idea is to reconstruct the true 3-D velocity field from these
projections. Figure 1.1 on the next page illustrates a hypothetical car-door scanning
scenario. The door, in steady-state harmonic vibration, becomes the scan-area composed
of an array of scanpoints, and it is systematically scanned by the LDV from several
spatial locations referred to as viewpoints . Figure 1.1 shows only three such laser
viewpoints but a minimum of four projections are required to obtain statistically sound
estimates of its 3-D velocity field..

The kinematic issues required to translate LDV -referenced measurements into
structure-referenced responses are discussed in Chapter 2. There, all the relevant reference
frames are defined, the deterministic laser-structure kinematic model is developed, and the
laser registration procedure is described at length.

At every scanpoint of every laser viewpoint, a real-valued scalar velocity time-series is
collected which extends over several periods of vibration. This data is fitted to the linear

model:
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Scan Area

{ current
¢ scanpoint

viewpoifit

Figure 1.1 Ilustration of a potential experimental scenario
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u(t, ) =uy+ug cos( @t )—ug sin( @t )+ &, (1.1)

where the parameters of interest are u; and ug, the real and imaginary parts of the

structural velocity. This complex partition provides a useful interpretation of the motion
since the acquired velocity is triggered from the excitation force. Therefore, the model
yields a purely real velocity when it is in phase with the excitation, and a purely imaginary
velocity if they are orthogonal to each other.

Since the optical path of the LDV is known to generate seldom but severe outliers, the
actual parameter estimates are obtained by robust regression via M-estimation. This robust
regression is implemented using the Iterated Reweighted Least Squares (IRLS) algorithm,
which desensitizes the estimates while providing well understood inferential capabilities.
Chapter 3 develops these time-series issues at length.

The net result of this on-line, per-scanpoint time-series data processing, is a spatial-
series of complex velocities with known statistical properties. Each laser viewpoint yields

one such spatial-series which is regressed to the dual univariate Multiple Weighted Least

Squares (MWLS) model:
Us=Xgq B, +Ex (12)
er:Xs'ﬁs"”Es, '
where U = {u,.k}; i=3 % k=1,..,n are the scanpoint data vectors,
B.= { ,B,,,-} ;i=3,%K,j=1,..,p are the fit parameters, and

X;;i=3,% are the design or model matrices.
To eliminate severe fit multicollinearity due to the rectangular nature of the scan, the

set of orthogonal Forsythe polynomials, { F{x)} was chosen as the parametrization basis.

Therefore, once the experimenter decides the respective model orders, g and r, along the
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x and y-directions of the scan area, X; contains the Kronecker product between {Fq(x)}
and { F'(y)} evaluated at the scanpoint coordinates. The Weighted regression scheme is
necessary to account for the heteroscedasticity generally observed among the scanpoint
complex velocity estimates within a given projection. The net result of this spatial-series
processing is a vector-argumented, continuous complex scalar parametric function,
U(x,y,z). Its known statistical properties make it capable of predicting the projected
magnitude of the structure velocity anywhere inside the scan area, as viewed from the
corresponding laser viewpoint.

To eliminate the laser viewpoint reference, a kinematic model of the LDV is used to

determine the velocity direction unit-vector function, A( x,y,z ). This function allows
U(x,y,z) to be transformed into a vector function, U( x,y,z)=N(x,y,z)-U( x,y,z) which
incorporates the direction of the projected velocities as well.

Each laser viewpoint yields one such U( x,y,z ). The last step in the reconstruction is
to recombine these projection functions into one 3-D structural velocity vector field. To
that effect one further regression is required since, due to their experimental origin, the
U( x,y,z ) projections will in general constitute an inconsistent set of functions. From

projective geometry, the following model emerges:

(1(x,,2)] [2,(x,3.2)]

.(x‘y z) &():cyZ) Vixyzre 13

L(UT(X,_)’,Z)_ __9\£T(x’)’y2}_

which returns the 3-D complex velocity prediction vector ¥( x,y,z ) with the appropriate

uncertainty at any arbitrary structural location inside the selected spatial scan area.
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Chapter 5 develops these last reconstruction issues and discusses them at length. Chapter

6 presents the conclusions and ideas for future research.
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Chapter 2

Laser-Structure Kinematic Model Development

One of the claims to fame of the LDV is the ability to accurately target specific
structure locations for measurement. Therefore, a mathematical model of such targeting or
laser-beam positioning that matches the instrument capabilities is required. To that effect,
a kinematic model that follows the path of the beam was formulated following the model
building techniques mostly encountered in the field of robotics [ Gonzales(1982)]. Figure
2.1 on the next page presents a pictorial representation of the laser-beam positioning

system for which a kinematic model is desired.
2.1 Full Laser-Structure Kinematic Model

By visualizing the laser-beam as a robotic arm, the kinematic model of Figure 2.2 was
formulated [Gonzales(1982)]. It contains four revolute joints and three prismatic joints.
The rationale behind the kinematic chains that compose the model of Figure 2.2 is
summarized in the following subsections. Note that all joint reference frames have been
chosen to conform to the Denavit-Hartenberg convention [Denavit and Hartenberg
(1955)]. For clarity, the frame origins ,0xyz,. ,0xyz, ..., ;0xyz have been omitted from

the figure and the axis labels have been retained.
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Figure 2.1 Pictorial representation of the laser-beam positioning system
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Figure 2.2 Schematic representation of the full laser-beam kinematic model
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2.1.1 The Laser-Beam Origin, ,0xyz

The physical origin of the laser beam resides inside the Helium-Neon resonation
chamber where it is created. Kinematically, the origin j,0xyz need not lie exactly at the
place of the laser-beam creation, but to retain the intuitive aspect of the model it will be
placed at the end of the laser gun, where the laser-beam is first seen outside the Helium-
Neon chamber. Since the Denavit-Hartenberg convention does not restrict the orientation
of the zeroth reference frame, we will follow our own convention to place the z-axis along
the path of the laser-beam whenever possible. Therefore, the laser-beam enters the
positioning system along the z,-axis towards the lower mirror, as shown in Figure 2.2 on

the previous page.

2.1.2 The Laser-Beam-Entry Path Correction Link, ,oxyz

This first path correction link arises from the fact that the rotation axis of the lower
mirror (also that of the upper) does not lie along the reflective surface of the mirror.
Therefore, the laser-beam impingement point varies as a function of the lower mirror
angle, 8,. Figure 2.3 on the next page presents the geometry of the problem.

If the default distance between ,oxyz and the mirror surface is given by a,, then a
geometrical analysis of Figure 2.3 leads to the conclusion that a mirror rotation of 6/2 (in

either direction) will cause the laser-beam path length to decrease by the amount

o(8)= J2a 1-cos(6,/2)

Icos((), /2)-sin(8,/2) @1

Laser-Structure Kinematic Model Development Page 10



a,
laser beam
~~~~~~~~~~~ <+
OXYZ
mirror
reflective
surface

mirror
rotation
axis

Figure 2.3 The laser-beam-entry path correction problem
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Since the sole purpose of this prismatic link is to correct for this laser-beam path
length variation, it corresponds to a constrained link (carries no degrees of freedom) and

has a value of

a - J2a 1-cos(6,/2)

al\6,)=a,—-clf)= !
(6,) 6, cos(6, /2) - sin(8, /2)

(2.2)

Finally, we use the Denavit-Hartenberg convention to write the relationship between

the joxyz and the ,oxyz reference frames as follows

(2.3)

1
0]H=Trans =[0R ‘I’T:I=

21,91 01 1 al

o O O e
S O = O
S = O O

2.1.3 The Lower-Mirror Link, ,oxyz

This revolute joint is attached to the mirror surface, at the place of laser-beam
incidence. As seen in Figure 2.2, it deflects the laser-beam by an angle 7/2+6, about the
z,-axis. Therefore, the laser-beam emerges along the x,-axis towards the upper mirror.

Finally, we use the Denavit-Hartenberg convention to write the relationship between

the ,oxyz and the ,oxyz reference frames as follows
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cos(9,) 0 sin(6,) O
p 2 0 1 0 0
%H:Rot__ 8 = lR l]v = (24)
27 e 1 -sin(6,) 0 cos(8,) 0
0 0 0 1

2.1.4 The Inter-Mirror Path Correction Link, ;oxyz

The intra-mirror laser-beam path length varies as a function of both mirror angles for
distinct reasons which contribute multiplicatively to require this constrained prismatic link.
The upper-mirror angle, 6,, dependency corresponds to the correction described in
subsection 2.1.2 since it also happens for the upper mirror that the axis of rotation does
not lie along the mirror surface. In fact, the similarity between these two corrections is
almost complete, the only difference being that angle directions have been reversed.
Therefore, the functional form for this part of the correction is given as the laser-beam

path length decrement of

1-cos(8, /2)
* cos(8, /2) - sin(8, /2)

(6,)=2a (2.5)

The lower-mirror angle, 6, dependency arises from the fact that the perpendicular
distance between the mirrors is fixed to a which also corresponds to the intra-mirror
laser-beam default path length (this can be easily seen in Figure 2.1). Therefore, for non-

zero lower-mirror rotations, the laser-beam path length increases as it is no longer in the
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direction perpendicular to both mirror axes. In fact, as 6, varies, the upper-mirror laser-
beam impingement point slides along a line on the mirror surface parallel to the upper

mirror rotation axis. The functional form of this part of the correction is given by

a,(6,) = —= (2.6)

To arrive at the final functional form for this constrained prismatic link, we observe
that either of the two parts of the correction should affect the outcome of the other.

Therefore, the have a multiplicative relationship that yields the following final form

1 a—2a 1-cos(8, /2)

a3 91’614 = u
( ) cos(6,) cos(0, /2)-sin(6, /2)

2.7)

Finally, we use the Denavit-Hartenberg convention to write the relationship between

the ,oxyz and the ;oxyz reference frames as follows

(28)
0 1

3
R
SH = Trans, ., = [2 gT} =

S © © ~
o O = O
S = O O
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2.1.5 The Upper-Mirror Axis Alignment Correction Link, ,oxyz

Since the laser-beam that leaves ;oxyz reaches the upper-mirror surface at an angle
that in general is not perpendicular to the mirror axis, the Denavit-Hartenberg convention
requires the inclusion of a constrained revolute joint that deflects the laser-beam by the
appropriate angle —6, about its z~axis (as defined in Figure 2.2) so as to realign the
kinematic chain with the upper-mirror axis. Therefore, the laser-beam emerges along the
y~axis towards the upper mirror link. Finally, we use the Denavit-Hartenberg convention

to write the relationship between the ;oxyz and the joxyz reference frames as follows

cos(6;) 0 -sin(0;) 0
4
'R 0 1 0 0
sH=Rot, _, =|?3 ) = (2.9)
e 1 sin(8;) 0 cos(6,) O
0 0 0 1

2.1.6 The Upper-Mirror Link, ,oxyz

This joint deflects the laser-beam incident on the upper mirror by an angle 7/2+6,
about the z;-axis which is now parallel to the actual upper mirror axis of rotation.
Therefore, the laser-beam emerges along the y;-axis. Finally, we use the Denavit-
Hartenberg convention to write the relationship between the ,oxyz and the oxyz

reference frames as follows

1 0 0
JR T _|0 cos 8,) sin(6,)
0 1 0 -sin(6,) cos(6,)
0 0 0

+H =Rot, o =l (2.10)

- o O O
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2.1.7 The Laser-Beam-Exit Orientation Correction Link, ,oxyz

Kinematically, this constrained revolute joint undoes the upper-mirror axis alignment
correction forced upon the model by the Denavit-Hartenberg convention. Thus, it restores
the optical integrity of the model by deflecting the laser-beam by an angle —6, about the
z.-axis. Therefore, the laser-beam emerges along the x,-axis towards the vibrating
structure. Finally, we use the Denavit-Hartenberg convention to write the relationship

between the soxyz and the ,oxyz reference frames as follows

cos(9,) 0 sin(g,) 0
6
R 0 1 0 0
$H=Rot, o =|"° T\ _ (2.11)
’ 0 1 -sin(6;) 0 cos(6,) 0
0 0 0 1

2.1.8 The Laser-Beam-Exit Link, ,oxyz

This prismatic link extends the laser-beam path length along the z,-axis until it reaches
the structure surface. Finally, we use the Denavit-Hartenberg convention to write the

relationship between the (oxyz and the .oxyz reference frames as follows

Tp 7
oH = Trans, . =[6R J]z (2.12)

0 1

S O O
o O = O
S = O O
—_
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Before combining all these links into what would be a very complicated general model
for the laser-beam positioning system, it is worth to consider some potential

simplifications to the model. This is the subject of the next section.

2.2 Simplified Laser-Structure Kinematic Model

The robotics techniques utilized in the previous section have proved intuitive and
efficient for modeling all the relevant kinematic events of the LDV. As a result, the Full
Kinematic Model developed stands as a general, accurate model for the kinematics of the
laser-beam as it makes its way through the LDV towards the vibrating structure.
However, a much simplified, accurate enough model can be formulated from the Full

model by considering the kinematic insignificance of some of the correction links.

2.2.1 Insignificance of ,0xyz

Recall from the earlier discussion that the purpose of this constrained prismatic link
was to correct for the laser-beam path length from the laser-beam origin, ,0xyz to the
lower mirror origin, ,oxyz . This correction resulted from the fact that the lower mirror
axis of rotation did not lie along the reflection surface but at a distance g, behind it. On
the other hand, if we consider the value of a,=0.718 inches [Li (1992)], and that the
maximum lower mirror deflectionis [8/2 ],,,,=6.25° [Ometron (1987)], we can easily

compute from Equation (2.1) that ¢, =0.0011 inches, which would be insignificant even
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assuming a machining tolerance in q, as small as +0.0005 inches. Therefore, it is

practical to eliminate the ;oxyz link.

2.2.2 Insignificance of the a, Contribution to ,oxyz

Similarly, the value of the rotation offset for the upper mirror is a,=0.118 inches, and
the maximum upper mirror deflection is [6,/2],,,.=6.25° , which makes the maximum
correction from Equation (2.5) ¢, ,.=0.0011 inches , again insignificant compared to the
uncertainty in a,. Therefore, the functional form of this constrained prismatic link can be

reduced to that of Equation (2.6), that is,

03(91)=ﬁ3(9,)= (2.13)

2.2.3 Other Kinematic Simplifications

The elimination of ,0xyz and the simplification of ;oxyz, served as motivation to
investigate further modifications to the model that would yield a significantly simplified
model. The loss of some of the intuitive appeal of the Full Model is inevitable, but it will
be compensated, at least partially, by a change in nomenclature that would more closely
relate to the relevant subsystems. The results of the simplification process are shown in

Figure 2.4 on the next page:
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Figure 2.4 Schematic representation of the simplified laser-beam kinematic model
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The modifications can be summarized as follows:

1. The Denavit-Hartenberg conventions were modified to allow the laser-beam to

always leave a reference frame along the z-axis.

2. The lower mirror link was rotated by n/2 rad to eliminate the need to carry the
n/2 rad offset as defined by ,oxyz and oxyz. Furthermore, the simplified intra-
mirror link, ;oxyz, was integrated into this link as a translation of a/cos6, along
the z-axis. Finally, the reference frame origin for this link was renamed as
©oxyz. Thus, the / subscript will make reference to the lower-mirror coordinate

system.
3. The laser-beam origin was translated to coincide with the lower mirror origin,
©xyz . Furthermore, it was renamed ;oxyz. Thus, the L subscript will make

reference to the laser-beam coordinate system.

4. The upper mirror origin was renamed from ;oxyz to ,oxyz. Thus, the u

subscript will make reference to the upper mirror coordinate system.

5. The laser-beam-exit orientation correction link origin, ,0xyz, was renamed

.0xyz. Thus, the e subscript will make reference to this coordinate system.

6. The laser-beam-exit link origin, -oxyz, was renamed ,oxyz . Thus, the b

subscript will make reference to the laser-beam-exit coordinate system.
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Under these changes, the modified Denavit-Hartenberg conventions yield the

following Simplified Kinematic Model:

cos(6;,) O sin(g;) 0
1 L
! L= L
H = Rot. - = _ 2.14
L 0 yL.8 ': 0 1 } —sin(@,) 0 COS(GI) 0 ( )
0 0 0 1
1 0 0
,« iR i 0 1 0
1H= TranSz,,a/cose, =[10, {:Iz 0 0 1 2 (215)
cos(6,)
0 0 O 1
cos(0;,) 0 -sin(6,) O
“g M 0 1 0 0
“H = Rot, 4 =|" J_ (2.16)
i~ 0 0’ 1 sin(el) 0 COS(e[) 0
0 0 0 1
1 0 0 0
eR e 0 cos Gu —Sin eu 0
B =Rot, , =| K |- (%) —sin(0,) (2.17)
uVu 0’ 1 0 Sin(eu) COS(eu) 0
0 0 0 1
cos(6,) 0 sin(8;) O
b b
R 0 1 0 0
*H = Rot, o =| R |- (2.18)
A -sin(8;) 0 cos(9;) O
0 0 0 1
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To obtain the expression for the overall homogeneous transformation, we concatenate

these kinematic chains as follows”H=,"H H\H H H , which yields, after some algebra,

[ cos@, 0 cos@, a-tan, |
sin@,sin@, cos@, —cos6,sinb, 0
CH = (2.19)
—sin@,cos8, sinf, cos6, cosb, a
| 0 0 0 1]

2.3. Laser Registration Analysis

In order to complete the kinematic model of the overall system, the relationship
between the structure and the laser must be established. That is, the homogeneous

transformation SH must be determined. This will allow us to solve two essential problems

of the dynamic response field reconstruction:

(a) The Forward Kinematic Problem, which can be stated as follows: given a set of

laser-beam angles, {6,,6,}, where in the structure will the laser-beam strike?
(b) The Inverse Kinematics Problem, which can be stated as follows: given a set of

structure Cartesian coordinates, ¢{x,y,z}, what laser-beam angles are required

to reach them?
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From the solutions to these two fundamental registration problems, other relevant
questions can be answered, such as, given an LDV position and orientation in space, what
will be the direction of the measured velocity component at an arbitrary structure location?

Solving for £H is in itself a three step process. The following subsections describe each of

these steps.

2.3.1 Registration Set Selection and Measurement

The first step is the experimental step. It involves selecting four or more convenient
structure points, measuring their oxyz coordinates, and then proceeding to manually aim
the laser-beam to each one. The data that must be recorded are the measured structure
coordinates and laser-beam angles required to strike them. This establishes an
experimental set of point correspondences between joxyz and ;oxyz which must be
processed to determine ¢H .

Some thought must go towards the selection of the laser registration set since it
cannot be entirely arbitrary. The general geometrical restriction is that their projections
onto the ;xy-plane should not be collinear. Otherwise, they will cause the problem to
become ill-conditioned. Furthermore, it is strongly suggested that at least four of them be
as far away from the (z-axis as the experimental set-up allows in order to maximize the

contribution of the in-plane velocity components.
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2.3.2 Determination of the Laser Ranges

The second step is the determination of the laser ranges for the selected registration
set. Currently, there exists an algorithm developed by Montgomery(1994), which involves
the solution of a system of nonlinear equations. The Broyden Update solver
[Teukolsky(1992)] is used to iteratively minimize the squared magnitude of a set of

geometry-related error terms.

2.3.3 Determination of {H

The last step makes use of the laser range estimation results of the previous subsection
and the measured data. Therefore, it is clear that a very complex error structure ensues
from the solution to this problem. Currently, three alternative formulations are worth

considering when solving this part of the registration problem.

2.3.3.1 The Nonlinear Unconstrained Optimization Formulation

In the formulation followed by Montgomery (1994), the homogeneous transformation
ZH is considered to be a function of six unknown parameters: three rotation angles, and
three translation distances. A convenient functional form for the rotations is the roll-pitch-
yaw angles convention [Spong(1987)] defined by ordered rotations about the principal

coordinate axes of a given reference frame. Specifically, first a yaw about the x-axis
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through an angle v, then a pitch about the y-axis through an angle 6, and finally a roll

about the z-axis through an angle ¢. Mathematically,

lp_
oR=Roty 4 -Rot, o-Rot, ,

[cos¢p —sing Of cos® 0 sin6f1 0 0
sing cos¢ O 0 1 0 10 cosp —sing
0 0 1|—-sin@ O cosB [0 sing cose (2.20)
[cos¢ cos® —singcose +cos¢sind sing  sing sin@ + cos¢ sin cos
cosOsing cospcosp +singsin@sing —cos@sing +sin@ sin cos ¢
—sinB cos0 sin@ cos0 cos ¢

It is evident from the form of Equation (2.20) that this becomes a highly nonlinear

problem in the angle parameters. Thus, the solution process follows similarly to that of the

previous subsection. The advantage of this formulation is the guaranteed homogeneity of

the estimated transformation, the disadvantage clearly lies in the nonlinearity of the model

and the complexity of the iterative solution procedure.

2.3.3.2 The Linear Quadratic-Equality-Constrained Least Squares Formulation

If the nine elements of the rotation matrix in Equation (2.20) are considered as

unknown parameters instead of the three angles, the model becomes a multivariate

multiple linear model in twelve unknown parameters. However, the standard Least

Squares solution to the problem by itself will not in general result in a homogeneous
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transformation. Physically, this condition would result in undesirable spatial warping.
Therefore, the rotation orthonormality condition, R'R=I, must be included in the
formulation as a set of quadratic (and bilinear) equality constraints. This new problem can
then be solved by a Lagrange multiplier technique [see for example Hestenes(1975),
Wilde(1967), or Fletcher(1968)] to yield a closed form solution to the Least Squares
problem.

The advantage of this formulation is the linearity of the model in the parameters, the
disadvantages are the non-homogeneous nature of the solution (even with the constraints),
and the constraints themselves. The severity of these disadvantages cannot be judged at

this point.

2.3.3.3 The Spherical Regression Formulation

The method of Spherical Regression was developed by Chang(1986, 1989, 1993) to
address the problem of Tectonic plate motion reconstruction. In essence, it provides a
Least Squares solution to the following problem. Consider a set (#,, u,, ..., u,) of unitary-
length vectors randomly distributed along the unit sphere. Let them undergo an unknown
rotation R so as to yield the set (v, v,, ..., v,). From measurements of these set of
vectors, determine the unknown rotation |R.

Although the laser registration problem does not conform directly to the premise that
the vectors lie in a unit sphere, clearly the measurements can be transformed to do so. The
required normalization transformation is nonlinear and, thus carries the penalty of having
to resolve for the error structure through the transformation, but it is certainly worth

investigating.
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2.4 The Inverse Kinematic Problem

Once an estimate for SH has been found, the next logical step is to use it for
predicting the laser-beam angles corresponding to arbitrary structure locations. To this

effect we recall from the Simplified Kinematic Model that

cos 6, 0 sin6, a-tan6,
b sin@,sin@, cosB, —cosB,sinf, 0
H = (2.21)
—sinB,cosB, sinf, cosf,cosH, a
0 0 0 1

And that, from Figure 2.4, the laser-beam exits the model along the z,-axis. In other

words, it will strike the structure at

P = (2.22)

Therefore, to transform this structure intersection vector to the fixed laser-beam

reference frame, we evaluate the following

a, sin@, +a-tan@,
b ~a, cos 0, sin@,
- SH = 2.23
LP=Ld a, cos8,cos6, +a (223)

1
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On the other hand, if this vector is allowed to correspond to an arbitrary location on

the structure, we can write

, , LpP
éhl éhx'sp px
. . L
PeiHp=| | ofep=| 1 |= py (2.24)
’ r L
§h4 .é’%'sp lz

so it becomes possible to solve for the general expressions of ; {6,,6,,a,} which we will

refer to as the kinematic laser-beam coordinates:

L ,-
6, = tan™ S’:‘ sP - (2.25)
Jn'p-a) +(i"sp) +a
6, =tan™ (fi’&i) (2.26)
sh"sp-a
0y = | 4Hsp-a-an0,) +(5h3-p)’ +( 40 5p-a) 2.27)

Equations (2.25) through (2.27) are the inverse kinematic equations that will return
the required laser-beam scan angles (and the distance to the upper mirror as a byproduct)

required to strike it.
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2.5 The Forward Kinematics Problem

Although a logical precedent to the inverse kinematics problem, the analysis of the
forward kinematics problem was left as second because it is the less intuitive of the two. It
can be stated as follows. Given a set of laser-beam scan angles {8,,0,}, determine the
laser-beam impingement point on the structure. Note that the corresponding remaining
laser kinematic coordinate, a,, is left as an unknown since that is the case for the LDV.
To date, only the case of planar structures has been resolved. The solution starts with the

following kinematic relationship

sPx a, sinf; +a-tané,
—a, cos 0, sin@
SPYL o=l M pekb | T O (2.28)
0 a,cos6;cos6, +a
1 1

solving for a, yields

B a[ shyy tan 91+§h33]+§h34

Ehsy cos B, sin6,— §h3 1 Sin6— §h33 cos6,cos 6,

a, (2.29)

Now that we have the complete set of kinematic coordinates, Equation (2.23) can be
used to obtain the corresponding laser-beam Cartesian coordinates which in turn can be

used in conjunction with the estimate for ZH to compute the structure impingement

point, p.

Laser-Structure Kinematic Model Development Page 29



Figure 2.5 Relevant geometry for the development of (A{x,y,z)
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2.6 The Direction of Measurement Problem

A problem related to the inverse kinematics problem is to determine, for any arbitrary
point on the structure, the direction with which the laser-beam will strike. Given the
retroreflective nature of the LDV, it will correspond to the direction of measurement.
Therefore, it is of interest to develop a structure-referenced, vector-argumented, real
continuous vector function, SMx, y,z), that will return a unit-length (directional) vector
along the path of the laser-beam for arbitrary structure coordinates and LDV locations.

From Figure 2.5 on the previous page, it can be seen that

N p)=sN(x.y.2)= S5 (2.30)
Jr-se]

where T isthe (oxyz-to-,oxyz translation vector.

2.7 Summary

In this chapter, full and simplified laser-beam kinematic models were formulated using
modified Denavit-Hartenberg conventions. The resulting model is considered statistically
deterministic since the laser registration errors (experimental or otherwise) have been
assumed to be negligible. Finally, solutions to the forward and inverse kinematic problems
have been provided. In particular, the direction of measurement function, SMx, ,z), will

prove instrumental in the final stages of the 3-D dynamic response field reconstruction.
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Chapter 3

Dynamic Response Field Projection Analysis:
The Time-Series

So far the emphasis has been the laser-beam positioning system and its related issues.
The next step is the analysis of the dynamic response data and how it relates to the
structure. As mentioned in the introduction, for every scanpoint of every laser viewpoint a
pair of real-valued, scalar time-series (force and velocity) are collected by the Data
Acquisition System (DAS). They are generated by very different processes and are quite

distinct statistically. Therefore, they will be analyzed separately.

3.1 Excitation Time-Series Analysis

Figure 3.1 on the next page describes the processes that generate the measured
excitation signal. The actual force applied by the shaker to the structure, £,(7), is sensed
and transformed by a force transducer to yield the measured force, £,(2). Since f,(?) is
typically a small-amplitude signal, it is amplified and transformed by a charge amplifier to

yield f.(t). The next signal processing block is the analog low-pass filter which serves three
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Figure 3.1 A representation of the physical processes that generate the excitation signal
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purposes: (a) it rejects high frequency noise, (b) it further amplifies the signal for full ADC
dynamic-range utilization, and (c) it prevents aliasing due to sampling.

The emerging conditioned signal, £,(7), finally reaches the ADC board where it is
sampled and imported into the computer. The quantized signal, f{A?), corresponds to the
aforementioned excitation time-series. Figure 3.2 on the next page presents a typical f{A?).

The dashed lines are drawn solely to aid in the visualization of the nature of the signal.

3.1.1 Statistical Model Development

An intuitive, physically meaningful model to describe f(A?) is given by
7(a) = £ (1) = Fy+ Fsin(g +9,) +n, G.D

where:
@ 1s the known structural vibration frequency
F, is the unknown DC force signal offset (expected to be
insignificant for AC-coupled data acquisition)
F, is the unknown force signal amplitude
¢, is the unknown force signal phase at ¢,

7, are the unknown experimental errors

The model of Equation (3.1) is, therefore, a general nonlinear model in the unknown
parameters. An equivalent linear model can be formulated by trigonometric expansion to

yield:
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Figure 3.2 A typical excitation time-series
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f(ar)= f(1,) = F, + F, sin(o1,) + F, cos(wgt, )+, (32)

where the relationship between the models is given by

F=yF; +Fy
3.3
¢, = tan” Iy 3-3)
FA

Statistically, the linear model is the preferred formulation to characterize the excitation
signal since F,, F,, and Fp, can be estimated by a standard Multiple Least Squares
(MLS) procedure with well-known inferential capabilities. The MLS model can be

constructed as follows:

[ f()] [ sin(eg,)  cos(og,) ] - [ 7, ]
fo) | |1 sinteg,)  costwg) || | |
_ = ' . A F, |+ . (3.49)
: : : v :
_f(tn»l)J _1 Sin(wstn—l) COS(wstn_l)_ _nn~l_

or, in matrix notation

f=X,-B +n 3.5)
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3.1.2 Statistical Assumptions on the Excitation Model

Before we can proceed to obtain the LS estimates, we must establish all relevant
assumptions of the model. For the excitation time-series, the following assumptions will be

made:

3.1.2.1 Model Correctness Assumption
A statistically necessary statement for this assumption is
£ n]=0 (3.6)
where Z[ - ] is the expected value operator.

Under this assumption, the deterministic quality of the model is proclaimed. It states
that none of the process dynamics left unmodeled are statistically significant. A violation
of this assumption implies a model mispecification. If the model is overspecified, the
model is attempting to characterize nonexistent dynamics and the parameters involved are
referred to as junk variables. If the model is underspecified, the model is failing to
characterize existing dynamics. These definitions are somewhat of a misnomer since they
allow a model to be underspecified and overspecified at the same time (e.g., a model that
attempts to characterize a nonexistent DC offset while failing to model an existing /¢

harmonic component).
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The main consequence of overspecifying a model is that statistical degrees of freedom
are lost on the estimation of the junk variables and, thus, an inflated estimate of the
variance is produced. On the other hand, underspecifying a model produces in general,
severe biases in the estimates of both the model parameters and the underlying error
structure that may render the model unusable. This important case will be expanded on the

next section.
3.1.2.2 Independent and Identically Distributed Errors Assumption

The mathematical statement for this assumption is

o[ n |=0’1 (3.7)
where D[ -] is the dispersion operator.

Under this assumption, we are proclaiming that all measurements are subject to the
same type of errors but that their actual values from sample to sample are mutually
uncorrelated. On the other hand, this assumption does not proclaim anything regarding the
distribution of the errors. And, even though an assumption on the error structure could be
made, it is not necessary to do so given the inferential capabilities of the estimation
methods that will be pursued. Nevertheless, it is of interest to have a basic understanding
as to the approximate nature of the errors involved. To that effect, Figure 3.3 on the
following page presents a 2,000 sample histogram of the regression residuals of a typical

excitation signal.
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Excitation Signal Error Structure Analysis [n=2,000]
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Figure 3.3 Histogram of typical excitation regression residuals
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Excitation Signal Error Structure Analysis [n-2,000]
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Figure 3.4 Normal Q-Q plot of typical excitation regression residuals
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Overlaid on the histogram plot is the theoretical Normal distribution #( f1,6°) with

parameters

2

ﬁ: ei=0

b

£l
N

]
3

and

Gi=—— Y (e- ).
_p i=0

The figure suggests a strong normal trend on the errors. A more quantitative test is
given by the normal Q-Q plot of Figure 3.4 on the previous page, where the strong linear
trend also suggests normality [see Seber(1984) for a good Q-Q plot review]. This result
has many positive implications, such as being able to imply independence from lack of
correlation. It also portrays the force measurement and conditioning process as one that

introduces no gross outliers or other distributional anomalies to the noise.

3.1.3 Multiple Least Squares Excitation Estimation and Inference

With all the relevant model assumptions in place, we can proceed to obtain the

Multiple Least Squares (MLS) estimates of the parameters as [Seber, 1977]

A

_éf = (Xf'Xf)derl (3.8)
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Inference on the parameter estimates can be accomplished using the standard estimate

of the MLS variance-covariance matrix [Seber(1977)],
A ~2 ’ )_I
var B |=67(x,X, (3.9)

if one is willing to follow the suggestion of Figures 3.3 and 3.4 and introduce the
assumption that the excitation time-series errors are normally distributed. Under this
further error distribution assumption, we can then perform F-fests on hypotheses of the

form

qa>p

{Ho.'A_éf =c, where rank(A )zq (3.10)

H,: general alternatives

where A is a constant matrix and ¢ a constant vector, according to the well-known ratio

[Seber(1977)]

14
A

(48, -¢) (alx, x, )'4) (46 )
F, = - (3.11)
q'o-f

which is distributed as F,, , when H,, is true.
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Example

Take the typical excitation time-series of Figure 3.2 for which the least squares

regression returns the following estimates:

£, | [ 0.0005
f’_,: F,|={-32154| and ©J7=4.715x10"

Suppose it is of interest to test if the DC term, ﬁ(',, is zero and whether or not the £ )

term is fen times larger than the F, term. That is, it is desired to test

{HO: £ =0, and F,~10F, =0

H,: general alternatives

This hypothesis can be rewritten in the form of Expression (3.10) where
1 0 O
A= , ¢=0, and q=2
0 1 -10

from which Equation (3.11) yields F=5.16 which is larger than F,,,,,=3.15 thus the

hypothesis must be rejected. On the other hand, if the matrix A4 is replaced by

1 O 0
A=
0 1 -99

the F-ratio test yields /'=2.8/ which is clearly smaller that F,,,,,=3.15 thus failing

to reject the hypothesis.
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3.1.4 Guarding Against Model Spectral Underspecification

For our particular case study of harmonically excited structures, there exists a finite
chance of underspecifying the model since it is not uncommon for the excitation signal to
exhibit significant contributions from higher harmonic components. Fortunately, the
estimates of the model parameters of interest can be made insensitive to this type of
spectral mispecification by selecting a data acquisition strategy that yields an orthogonal
design. To understand how this can be accomplished, let us first recognize that time-series

of harmonic signals do not in general yield designs with mutually orthogonal columns.

Example

Consider the following design matrix, modified from that of Equation (3.4):

[1 sin(og,)  cos(wg,)  sin(2wd,)  cos(2w04,) ]
1 sin(og,) cos(wg,) sin(2o4,)  cos(2wgt,)

X= (3.12)
|1 sinfwg, ) cos(agt, ;) sin(2w4t, ;) cos(2wgt, ;)|
or, in matrix and vector form
X=[Xx, ! X]=[1 x, x| x, x] (3.13)

so that model expressed by Equation (3.5) becomes
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f=[x, X.]-[—f]m (3.14)

which models an excitation signal with both a fundamental and a first harmonic

component. An orthogonal design then implies that

==

n-1
(x x.> =x,'X, =D x,%,=0; ij=0, .. .4 (3.15)

k=0

Only certain combinations of excitation frequency, f,, sampling frequency, f,, and
ensemble length, n satisfy Equation (3.9). To illustrate this, let us select f,=100 Hz and

f,=1,000 Hz. A direct computation can verify that

19 20
>x,x,=0 but D x,-x,#0; ij=0, ..,4

k=0 k=0

The reason for these results is that the orthogonality between the design columns of

any two harmonic time-series is dependent on the following conditions:
(a) The signal must be uniformly sampled.

(b) The sampling frequency must be an integer multiple of both component

frequencies.
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(c) The number of samples collected must correspond to an integer number of

periods for both components.

Therefore, for the selected frequencies of the previous example, it is clear that the first
two conditions are met resulting in a sample density of 10 ppw (points per waveform). As
a consequence, it is evident that only the 20-sample ensemble satisfies the third
condition. It is worthwhile to note that the ability to characterize progressively higher
harmonics is superseded by the limitations imposed by Shannon's (or Nyquist's) sampling
theorem [see for example Oppenheim(1989)] which requires a sampling density greater
than 2 ppw to resolve a particular harmonic component.

From the mutual orthogonality among the columns of the newly considered model, it
follows that X, 1 X.. To see why the estimates of the parameters from Equation (3.8)
which came from the model of Equation (3.5) are unbiased, even if the correct model is

that of Equation (3.14), we solve for the expected value to obtain

E[_ﬂ_f] - 4(Xf'xf)~le'£]

=(x,'x,) X, "€ f]

=(x,'x,) X, [ X, X.]-[%f }

*

y 3.16
=B, +(x,'X,) X, X.B, (3.16)

Lal)
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Therefore, if a data acquisition strategy is implemented that satisfies the three
previously stated conditions, the least squares estimates of the desired model parameters
will be insensitive to harmonic underspecification.

On the other hand, the estimate of variance, the mean squared error, MSE, will still
remain a biased estimate even under an orthogonal design. This can be shown by

computing the expected value of the MSE to obtain

| MSE] =

= f,(I_Xf(Xf’Xf)—IXf')f]

{ojtr(l -H)+E f|1-H)H [_]}

n-p

=ol+[B, ;.][if](l—X,(X,'Xf)"Xf')[Xf X']'[%}

-

:G;+E.Xl‘ X‘—E—‘ (317)

Thus, it can be seen that, even though the fact that X, 1 X. reduces the severity of the

bias, the MSE indeed remains a biased estimator which yields an inflated value for the
variance.

Given the relatively large amount of data typically collected ( i.e., for a typical time-
series n=64 and p=3), the bias due to overspecification is normally considerably

smaller than that due to the result of Equation (3.17).
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3.2 The Dynamic Response Time-Series Analysis

The second time-series recorded by the data acquisition system (simultaneously with
the excitation time-series) for every scanpoint of every viewpoint relates to the structural
dynamic response component along the path of the laser beam. The diagram of Figure 3.5
on the next page, shows the preliminary processes that generate the stored signal. The
actual structural velocity component, u,(%), is sensed by the incident laser beam and
reflected back into the LDV housing as a signal beam with a frequency shifted in
accordance to the Doppler effect. Once inside, it is recombined with an internal reference
beam to yield a phase-modulated signal, @(z). This signal is in turn analogically
demodulated and transformed into the velocity proportional voltage signal #,(?), which is
the final output of the LDV [Ometron(1987)].

Subsequently, w,(?) is filtered by an analog low-pass filter configured in the same
manner as with the excitation signal. This prefilter configuration match is required to
ensure a matched phase distortion between the force and velocity signals. In this manner,
their phase relationship is preserved, which is crucial to the physical meaningfulness of the
synchronized dynamic responses, as it will be shown later. Depending on the application,
u,(t) may be processed by a band-pass filter instead. Regardless of the filter type, it is
good experimental practice to open the pass-band as wide as possible since narrow pass-
bands will tend to over-smooth the signal. This can carry disastrous consequences in light
of the existence of LDV drop-outs, as will be explained later.

The conditioned signal, u (%), is finally sampled by the same ADC board and the
resulting quantized signal, u(Az), is the aforementioned dynamic response time-series.
Figure 3.6 presents a typical #(At). Where, as before, the data is joined by a dashed line

solely as a visualization aid.
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