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Analytical Modeling and Equivalent Electromechanical Loading Techniques

for Adaptive Laminated Piezoelectric Structures

Clayton L. Smith

(ABSTRACT)

Many commercial finite element programs support piezoelectric modeling and composite
modeling to some extent. The popular program ABAQUS, however, has piezoelectric
modeling capabilities only for continuum and one-dimensional truss elements. In situations
where aspect ratio constraints and computational inefficiencies become a significant issue,
such as modeling very large thin structures, alternate modeling techniques are sometimes
required. Much of the focus of this thesis was to introduce equivalent methods for modeling
laminated piezoelectric beams and plates. Techniques are derived based on classical beam and
plate theory, classical lamination theory, and the linear theory of piezoelectricity. Finite
element approximations are used with the principle of minimum potential energy to derive
the static equilibrium equations for piezoelectric laminated structures. Equivalent loading
techniques are derived based on the constitutive equations of piezoelectricity to simulate
actuation forces within the piezoelectric layers. Finite element models using equivalent
modeling techniques as well as equivalent loading techniques for piezoelectric laminated
structures are developed and compared to ABAQUS models, using piezoelectric elements, to
evaluate the error in theoretical assumptions. The analysis will prove that equivalent
structural models and equivalent loading techniques provide excellent means for simplifying

the analysis of thin piezoelectric laminated structures.
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CHAPTER 1

Introduction

1.1 Problem Statement

Bekey Designs Inc. has developed a new concept for implementing very large, extremely low-
weight optical sensing systems in space. The primary component of the system is an
unsupported laminated reflector consisting of two layers of piezoelectric film, such as
polyvinylindene fluoride (PVDEF) in a bimorph configuration and a single layer of shape
memory alloy (SMA), such as Nitinol. The structure will be coated with a reflective surface
on one side to function as the primary reflector of a large telescope. The shape of the
structure will be controlled in space by scanning an electron beam across the piezoelectric
surface, causing local deformations at places where electron charges are deposited. The
structure will not be tensioned by an auxiliary structure, so some actuation forces will be
required to shape the structure into its desired shape in space. The dimensions of the
structure are 25 meters in diameter, with a radius of curvature of 500 meters and a thickness
of 25 microns. The structure will consists of two 10-micron layers of PVDF film bonded to a
4-micron Nitinol (SMA) film with a 1-micron reflective coating on the surface. The PVDF
film will supply the adaptive corrective forces, while the Nitinol deploys the structure from

an initial folded state.



Upon deployment in space, the Sun’s heat will activate the Nitinol causing the membrane to
deploy to its final configuration with minimal surface wrinkles. An electron beam will be
made responsive to an optical figure sensor, observing the shape of the structure, and will
stimulate the PVDF layers to correct surface wrinkles and control the curvature of the

reflector.

Before the concept is implemented in space, the static and dynamic response of the structure
must be evaluated. The purpose of the analysis is to predict the depth and area of the surface
imperfections that can be corrected, based on various layer thickness configurations.

Potential problems expected modeling the structure are

- Modeling the very large and extremely thin laminated structure when
aspect ratio constraints become a significant issue.

- Modeling the structure when computational efficiency becomes a
significant issue (i.e., layers requiring many elements for finite element
analysis).

- Accounting for the electrical and mechanical characteristics of the PVDF
layers.

- Predicting the static and dynamic response of the nonlinear structure.

Within this thesis, all of the issues will be addressed, and an attempt will be made to alleviate
some of the potential problems by deriving equivalent methods for modeling thin

piezoelectric laminated structures.



1.2 Objectives

The objective of this thesis is to facilitate the modeling of a very large, extremely thin,
piezoelectric laminated structure. Many computer programs support piezoelectric analysis to
some extent. Our target structure is extremely thin compared to its in-plane dimensions, and
models must account for both elastic and piezoelectric layers. Solid elements, which have
piezoelectric capability, prove problematic due to the large aspect ratios that result when
modeling the entire structure. Therefore, equivalent piezoelectric laminated elements are
needed to adapt equivalent mechanical loads to simulate actuation within the piezoelectric
layers. The primary objective of this paper is to derive equivalent methods for modeling
laminated piezoelectric structures. Analytical solutions will be derived based on theory to aid
in the derivations of simplified models. Classical lamination theory of beams and plates will
be studied to gain an understanding of laminated structures composed of varying material
properties and layer thickness. The principle of minimum potential energy is used to derive
the static equilibrium equations. Finite element methods will be used to approximate the
solutions for laminated structures. The linear theory of piezoelectricity will be explored to
gain an understanding of the electromechanical coupling effects within piezoelectric
materials. Concepts from all of the theories and studies will be used to derive equivalent
methods for modeling piezoelectric laminated structures. A secondary yet very important
objective is to determine equivalent mechanical loading techniques to simulate piezoelectric
actuation within the piezoelectric layers. Finally, equivalent-modeling techniques will be
generated and compared to ABAQUS models to evaluate any errors in assumptions

applicable to theoretical modeling.



In summary, the objectives are as follows:

1.) Derive mathematical models for laminated beams and plates, and compare results
to ABAQUIS finite element models.

2.) Derive mathematical models for piezoelectric beams and plates, and compare
results to ABAQUS finite element models.

3.) Derive mathematical models for piezoelectric laminated beams and plates, and
compare results to ABAQUS finite element models.

4.) Determine equivalent electromechanical loading conditions to simulate electrical
actuation, and compare results to equivalent models subjected to equivalent

mechanical loading conditions.

1.2.1 Overview

In the first chapter, the problem statements and objectives of this research are presented. The
following section will consist of a review of past and present literature pertaining to the topic
of this research. Chapter 2 consists of discussions on classical lamination theory, energy
methods, finite element methods, and the linear theory of piezoelectricity. In chapter 3,
finite element formulations are derived based on classical lamination theory, piezoelectric
theory, and the principle of minimum potential energy. Also, equivalent loading techniques
are derived for piezoelectric beams and plates by two methods, a technique similar to static
condensation and a technique based on the constitutive equations of piezoelectricity.
Chapter 4 consists of comparisons of analytical solutions with computer based finite element
solutions. Multiple versus single layer modeling, piezoelectric modeling, piezoelectric
laminate modeling and equivalent loading techniques are compared to ABAQUS results.

Finally, in Chapter 5, a summary is given and conclusions are made based on the research.



1.3 Review of Literature

There have been many publications on analytical and finite element formulations for
piezoelectric materials and structures (e.g., [1, 3, 5, 6, 9, 12, 16, 30, 31, 41]). None,
however, specifically address the problem with modeling extremely thin laminated structures,
nor, do any develop piezoelectric actuation by a surface charge using mechanical loading.

Listed below are a few key references pertinent to this work.
Henno A., and Hughes, T. (1970) [10]

Henno and Huges derived tetrahedral piezoelectric elements for vibration analysis. They
introduce the concept of “static condensation of the electric potential degrees of freedom,” in
which the electric potential and loads are written in terms of the mechanical properties of the
structure. An advantage is that a system of equations is derived only in terms of the
mechanical degrees of freedom. The study serves as a basis for electro-elastic finite element
derivations for plates, shells, and axisymmetric solids. The derivations were introduced to

illustrate principles and lay groundwork for piezoelectric finite element modeling.
Suleman, A., and Venkayya, V.B. (1995) [34]

Suleman and Venkayya developed finite element formulations for composite plates with
laminated piezoelectric layers. They developed 24 degrees of freedom piezoelectric plate
elements with one electrical degree of freedom per surface. They make assumptions that the
electrical degrees of freedom were constant along the plane and vary linearly through the
thickness of the piezoelectric layers. An advantage of their methodology is that the analysis
eliminates problems associated with modeling thin plate elements with isoparametric solid
elements, which have excessive shear strain energies and higher stiffness in the thickness

directions.



They conclude that
1.) numerical results generated by the electromechanical finite element plate model agree
well with experimental data and solid element formulations reported in literature.
2.) finite element models with one electrical degree of freedom per piezoelectric layer is
much simpler to formulate and computationally more efficient than models based on
solid element formulations, where the number of degrees of freedom used to model

the problem are significantly larger.

Heyliger P., and Brooks S. (1996) [11]

Heyliger and Brooks present exact solutions for piezoelectric laminates in cylindrical
bending. The paper demonstrates limitations of simplified theories in making
approximations for through-the-thickness elastic and electric fields. The solutions provide a
means of comparisons to assess relative accuracies, advantages, and disadvantages of more

computationally efficient models based on theory.

Saravanos D.A., Heyliger, P.R., and Hopkins, D.A. (1997) [31]

Saravanos, Heyliger, and Hopkins develop discrete layer (layerwise) theories for dynamic
analysis of piezoelectric composite plates. The theory utilizes piecewise continuous
approximations through the thickness of the laminate for both displacements and electric
potentials. Advantages of layerwise approaches are that they capture intra-laminar and inter-
laminar effects in elastic (Reddy, 1987) and elastodynamic (Saravanos, 1993, 1994)
problems of composite plates. Other advantages are that each layer is modeled using
independent approximations for the in-plane displacement components and electro-static
potential in a unified representation, as mandated by the linear theory of piezoelectricity.
They also perform “static condensation of the electric potential degrees of freedom,” in
which the electric potential and loads are written in terms of the mechanical properties.
Finite element models were compared to exact solutions verifying the capability of the

layerwise mechanics to model free vibration of piezoelectric composite plates.



Saravanos, D.A. (1997) [30]

Saravanos developed finite elements that enable the formal analysis of piezoelectric
composite shells. His methodology was based on what is called a “Mixed Laminate Theory.”
This theory utilizes unique approximations for displacements and electric potentials. The
first order shear deformation theory was assumed on the mechanical displacements, while
discrete layer (“layerwise”) approximations are assumed on the electrical potentials. The
advantages of this mixed laminate theory are they
1.) accurately and efficiently model thin and/or moderately thick laminated piezoelectric
shells with arbitrary laminations and electric configurations, and they
2.) capture the through-the-thickness electric heterogeneity induced by the embedded
piezoelectric layers.
Finite element methods were compared to exact solutions [Heyliger, Saravanos (1995)]. The
analysis was justified with excellent convergence and agreement with fundamental

frequencies and through-the-thickness electromechanical modes of moderately thin plates.

Bhattacharya, P., Suhail H., and Sinha, P.K. (1998) [3]

Bhattacharya, Suhail, and Sinha developed quadratic isoparametric piezoelectric elements to
study the effects of stacking sequence, geometric boundary conditions, and applications of
electrical voltages on the free vibration frequencies. They report that applications of electrical
voltages and boundary conditions produce significant changes in the free vibration
frequencies. They conclude that cantilevered beams have frequencies significantly higher
than simply supported or clamped beams subjected to actuating voltages. They also conclude
that the effects of in-plane stress on the overall stiffness are higher as compared to bending

stress with applications of electric loading.



Huang, Y-Q, M Liu, and C-C Wu (1999) [12]

Huang, Liu, and Wu investigated the effects of transverse stress and strength analysis of
piezoelectric laminated structures. They report that electromechanical coupling effects of
piezoelectric layers significantly increase the transverse stresses that can cause de-lamination
and failure. Their primary goals were to produce interface and surface element and to impose
the surface-traction-free condition on the continuity of the interlaminar transverse stress. An
advantage of this type of analysis is that it produces elements that can adequately model thick

piezoelectric laminated structures.



CHAPTER 2

Theory

2.1 Classical Lamination Theory

Important principles for analyzing thin plates were first introduced by Kirchhoff in the mid

1800s. Kirchhoff’s hypothesis states,

(1) Straight lines perpendicular to the midsurface (i.e., transverse normals) before
deformation remain straight after deformation.

(2) The transverse normals do not experience elongation (i.e., they are inextensible).

(3) The transverse normals rotate such that they remain perpendicular to the midsurface

after deformation.

The first two assumptions imply that the transverse displacements are independent of the
transverse coordinate and transverse normal strains are zero. The third implies zero transverse
shear strain [Reddy, 1997]. The assumptions greatly simplify the analysis of laminated
structures and have been verified experimentally by comparison with analysis of the same

problem conducted without exploring the simplifying Kirchhoff hypothesis [Hyer, 1998].



Consider an x-z cross section of a laminated plate given in Figure 2.1a. It is assumed that all
layers are perfectly bonded with no slippage, and the reference surface is taken as the
geometric mid-plane. Line AA’ passes through the laminate and is perpendicular to the

reference surface.

z z
poa A
| @ :
; ] | ..-
e =
4 X -- X
@
A’
Figure 2.1a Undeformed Figure 2.1b Deformed

Kirchhoff’s hypothesis says that line AA’ remain straight and normal to the deformed
reference surface as seen in Figure 2.1b. It rotates and translates as a consequence of mid-
plane deformations, but it does not deform. Because the deformations occur at the reference
surface, the mechanics of the laminate can be expressed in terms of what happens at the

reference surface.

Now, consider the same cross-section with reference plane deformations given in Figure 2.2.
The displacement in the x-direction can be determined from the translation and rotation of

point A, in the x-direction and about the y-axis, respectively.

dx

Figure 2.2 Kinematics of deformation as viewed in the x-z plane
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In fact, the displacement of any point through the thickness of the laminate can be

determined by

u(x,y,2)=u (x,y) — 2 252 (2.1)
ox

W3 2) =" (5, ) = 2 22T (2.2)
dy

W0, 2) = (5, 9) (2.3)

where ", v°, and ’ are the displacements at the reference surface.

If the displacement of the reference surface is known, the displacements, strains and stresses
at each point along the normal line through the thickness can be determined, from equations

(2.1), (2.2), and (2.3). The linear strains are determined from

u(x,y,z) _ou’(x,y) _9’w'(x.y)

& (x,y,2)= o o . =¢g) + zKk? (2.4)
_ (2 _ () wIn)) o,
£,(x,,2)= % = % -z 2’ =€) + zK) (2.5)
Sz(x,y,Z)E aw(xayaz) — aW (xay) — 0 (2.6)
ox 0z
— av(x7 y’ Z) au(x5 y’ Z) o o
}/xZ (x5 y’Z)E aW(x’y’Z) + au(x’y, Z) = 0 (2’8)
ox 0z
Vo y,z)= 2E22)  Mxy) (2.9)
ay oz

11



The strain components through the thickness of the laminate are zero, based on Kirchhoff’s

hypothesis, and the resultant strains are

e.(x,,2) = €7(x, ) + zk7(x, ) (2.10)
€,(x,,2) =€) (x,¥) + zK}(x,y) (2.11)
where

) 2_0
8;(x,y)=au (xﬂy) and K;(x,y)=_a w ('x7y)

ox ox?

o 2.0

dy ox

0 u’(xy) . W (xy) 0 9*w° (x,)

’}/xy(xay)= ay + o and ny(xay)=_2W

The quantitiese e} ,x7 .k .75, .and k7, are the reference surface extensional strains, the
reference surface curvatures, the reference surface in-plane shear strains, and the reference

surface twisting curvatures, respectively.

Applying stress-strain relations (Hooke’s Law), the strains can be defined in terms of the

compliance matrix, S, and the stresses within the laminate are

Sip S 0 Oy

xy

where

1 1 -y -y 1
Sh=—,8n="",8,=5,= J=_21> Syy=—" (2-15)
E; E, 1 E, G,

12



The inverse of the compliance matrix is the called the reduce stiffness matrix, in which the

stresses are written in term of the strains as

Oy O, Op 0 Ex

O, =% On 0 €, (2.16)
Ty 0 0 Q5 Yoy
where
S S S 1
On=—"2—5 Op=——"tmg Op=0y=-—"""5 Ou=rr (2.17)
51182 =Stz 81152 =St 51182 =Stz S33

Substituting the reference surface strains into equation (2.16) yields

O, O, O, 0 €x + zKy
o, [={0u On O £) + zK) (2.18)
Txy 0 0 Q33 ’}/;y + z K'gy

Based on the equation (2.18), the stresses are determined by the strains at the reference
surface of the laminate. However, the stresses depend on z because material properties may
vary from one layer to another. From this expression, the stresses and strains in each layer can

be determined if the deformations of the reference surface are known.

2.1.1 Lamination Stiffness Matrix: The “ABD” Matrix

In the previous section, stress-strain relationships were derived based Kirchhoff’s hypothesis.
In this section, relationships between forces and moments applied at the reference surface are
derived to determine equivalent stiffness matrices. Stress is defined as the force per unit cross-

sectional area, and the moment is defined as the force times the distance from the reference

13



surface. Using these relationships the forces and moments applied at the reference surface can

be determined.
Consider a laminated plate given in figure 2.1.1.

My
Ny Q D\ Ny X

Figure 2.3 Forces and moments applied to laminated plate

From the figure above the in-plane forces and moments per unit length, due to the stress, o,

x

are defined as

h/2 h/2
Nx=_[ o, d, MX=J o, zd: (2.19)
hl2 —h/2

Substituting the expression in equations (2.18) into (2.19) yields

h/2
No= [0 fouess zxd) + Onlel+ kD) + 0i(ra+ 2x%) Jdz (2.20)

h/2 h/2 h/2
N, = |:J O dz:|8§ + |:J oy zdz]K? + |:J O d2:|8}0,
—h/2 —h/2 —h/2

2.21)
hi2 ) 12 . hi2 ]
+ |:J‘—h/2 O Zdz:|Ky + |:J‘—h/2 O3 dz]?’xy + |:J._h/2 O zdz:|ny
The first, third, and fifth terms (2’ terms) in equation (2.21) are defined as
12
=] 0k =0 (2.22)
—h/2

fori=1,j=1,2,3

14



The term in the second, fourth, and sixth terms (z' terms) in equation (2.21) are defined as

hi2
1

By= [ 0y zdz = 0;(h; ~hi ) (2.23)
—h/2

fori=1,j=1,2,3

For multiple layers structures, equations (2.22) and (2.23) become
N hi2 N

4,=3 | of @z =D of iy, (2.24)
k=1 _p/2 k=1
N hi2 1 N

By=2, | Qj zd= = 3 05 (b =hi) (2.25)
k=1 _p/2 k=1

for N=number of layers

By similar analysis, the strains at the reference surface are substituted for the stresses in the

moment equation as follows:

h/2
=" {02+ 2x%) + 0%+ 2x2) + 0", + 2x°) Jzdz (2.26)
h/2 » o h/2 zd o h/2 d o
x_|:J._h/2 O z Z:|£x + |:J._h/2 Oz Z:|Kx + U—h/z On z Z:|£y 027

hi2 2 1 o hi2
+ +
J—h/Z O 27 dz Ky J—h/Z 2

3 Z dz]}/;’y

15
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The first, third, and fifth terms (2’ terms) in equation (2.27) are defined as

hi2
1
B, = J‘ Qy zdz =5 Q,»j(hi—hzf_l)
~h/2

fori=1,j=1,2,3
The second, fourth, and sixth terms (z° terms) in equation (2.27) are defined as

hl/2 1
D;= J QU 22 dz =§ Qy(h/:j —h,f_l)

—h/2
fori=1,j=1,2,3

For multiple layers, equations (2.28) and (2.29) become

N hi2 1 N

By=Y, | Of zdz =2 Y 0f (hi i)
k=1 _j/2 k=1
N hi/2 1 &

p;=Y [ of = =3 N 0 (i =hi)
k=1 _p/2 k=1

(2.28)

(2.29)

(2.30)

(2.31)

The A, B, and D variables make up the laminate, ABD, stiffness matrix. With this definition,

the reference surface loads are determined by the reference surface strains as

16



N [4,, 4, A5 B, B, By Z
N, Ay Ay Ay By By By €y
Ny _ Ay Ay Asz By By By Yo (2.32)
M, By, By, Bj3 Dy Dy, Dy Ky
M, By By Byz Dy Dy Do KO
»Mxy ] | Bs1 By, By D3 Diy Dy K,fy

The ABD matrix defines a relationship between stress resultants (i.e., the loads) applied to a
laminate and the reference surface strains and curvatures (i.e., the deformations). This form
is the direct result of Kirchhoff hypothesis, plane stress assumptions, and the definition of

stress resultants [Hyer, 1998].

To reiterate, for multiple layer structures the A, B, and D variables are defined by

N h/2 N

4= [ 0y d =Y 0m (2.33)
k=1_p/2 k=1
N h/2 1 N

By=Y | 0 zd = > 0, i —h, (2.34)
k=1 _p/2 k=1
N h/2 1 N

Dij:z 0, = d =3 EQJ (hi —hi_) (2.35)
k=1 _p/2 k=1

for N=number of layers

Equation (2.32) can be written in a simplified form as follows:

{Z} i {z i} {i} (2.36)

17



2.2 Energy Methods and Classical Lamination Theory

In the previous section, classical lamination theory was applied to laminated structures. In
this section, classical lamination theory will be integrated into energy methods to serve as a
basis for solution techniques by the principle of minimum potential energy. In this section
only the strain energy equations will be developed to incorporate techniques discussed in the

previous sections for laminated structures.
2.2.1 Laminated Beams

Consider a cross section of a laminated beam as given in figure 2.2.1.

Figure 2.4 Cross-section of deformed laminated beam

From the previous section, the displacements were derived based on Kirchhoff’s hypothesis

and were given as

u(x,y,z)=u’(x,y) — ZM (2.37)
ox

v(x,y,2)=v"(x,y) - Zm (2.38)
dy

w(x,y,z)=w’(x,y) (2.39)
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Here, Kirchhoff’s hypothesis will still apply along with the plane strain assumptions.
Applying plane strain, €=17=7 =0, along with Kirchhoff’s hypothesis, €,=7=7 =0. The

only stress component, £_ will be

== (2.40)

The strain energy for each layer of the beam in figure (2.2.1) is given by

N /2
U, :%2‘” J'O'fx €., dzdxdy, where o =Efe (2.41)
R
k=1 ~h/2

Since the strains in all three layers are equal (i.e., no slip plane), applying Hooke’s law yields

U, =%Z'”R JEkeix dz dx dy (2.42)

hi2 2
U,:%i”R J Ek(% _Z‘;;”J dz dx dy (2.43)

| & e | du : du d*w d*w ’
U,._EZHR [ E (E) ool Ee ol I S (2.44)
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Based on classical lamination theory, equation (2.42) can be simplified using A, B, D
variables [Hyer, 1998], [Reddy,1997].

N h/2 N

A4,=3 | 0f d= = Of Iy (2.45)
k=1 _p/2 k=1
N h/2 | &

Bij :Z Qlf z dz :E ZQ; (h/g _hlg—l) (246)
k=1 _p/2 k=1
N h/2 1 N

Dy=3, | 0 2% d= =3 ¥ 0 (b ~hiy) (2.47)
k=1 _p/2 k=1

The variable Q, were defined previously as the reduced stiffness and are given as

E E
: sz = 2

0, = v, E|
= 12
1=v,v,

1=v,v,

O, =

= 0.=G
1-v,v,, 66 12 (2.48)

With Kirchhoff’s hypothesis and plane strain assumptions, the only strain component is ¢, .

Therefore, the equation for the strain energy is simplified as

2 2 2\
1 du du d*w d~w
- A | &) o, LW p |4 .
U total > JJ.R [ ”(de U + 11[(1’)62 ] ] dx dy (2.49)

The above expression represents strain energy of a laminated beam. For symmetric laminate,

note that B,=0 by the following expression:

hi2 2
J {l,z, 22}dz = {h,O,E} (2.50)

~h/2
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Therefore equation (2.49) reduces to

2 2 2
1 du d“w
U, ota :—J‘J. Ay | — + D | — dx d
total =7 R[ ll(dx) 11[dx2]] 'y

2.2.2 Laminated Plates

(2.51)

To extend the analysis to laminated plates, the plain strain assumption will no longer be

valid. However, Kirchhoff’s hypothesis will still apply, hence, €.=7,=7 =0. The resultant

strains will be given as

du d*w
w5 %

dx dx?

_dv__d’w

Yy dy dyz

du dv d*w
€y =|—+— |2z

dy dx dx dy

The strain energy for each layer of the plate is given as

hi/2
R

U, %2” Jak ¢ dzdxdy

k=1 —h/2

By Hooke’s law, the stresses are

O xx On On O €xx
o »wy = Q21 Q22 0 € wy
o | L0 0 0w lle,
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(2.52)

(2.53)

(2.54)



Substituting the expression for stress into equation (2.53) yields

hi2
| &
U, =52”R J [Q;j.six +20fe e, + 0f el + Of efy] dz dx dy (2.55)
k=1 ~h/2
The above expression in matrix form will be
1 hi2
U, = 3 1-” }:[28 O" e dzdxdy (2.56)

Substituting the expression for strain in equation (2.52) into equation (2.55) results in

du d2

le ka dx de

2 2
dv_zd_w @-lﬂ} 27— dw o & 0 é/_zd_;v dzdxdy
dy  dy
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Equation (2.57) represents the strain energy for each layer of a laminated plate. The strain

energy for a laminated plate, substituting the expressions for ABD given in equations (2.45),

(2.46), and (2.47), is

1 du | dv a ) | A0
Utotal:_JJ e — -t A4y 4y 0
2JJr | dx dy dy dx 0 0 4
33 (
B B 0
du dv du dv . 12
- - —+—|t|By By O
dx dy dy dx
D D 0
d>w d*w d*w " 12
X 4 "Il o o by

du

dx
dv

du
dy

dv

+ —_—
dx )

2
| dxdy |

(2.58)

dx dy

The above expression represents the total strain energy for a laminated plate, where the first

terms represent the strain energy due to stretching, the intermediate terms represent the

stretching and bending coupling effects, and the last terms represent the strain energy due to

bending.
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The intermediate terms in equation (2.58) are zero for symmetric laminates; therefore, the

equation reduces to

du
1 du dv du dv A Az 0 a?:jc
Utotal=_jJ‘ - — —+— |4y 4» O — +
2 JJr | dx dy dy dx dy
0 0 Aj p p
du  dv
|dy  dx|
d*w
D, D, 0 dx?
d>w d*w d*w . 12 d*w
{d : o dedy} Dy Dy, O o dx dy (2.59)
" Y 0 0 Dy Y
d*w
| dxdy|

The derivations of strain energy in this section will serve as a basis for solution techniques by

the principle of minimum potential energy.
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2.3 Linear Theory of Piezoelectricity

The equations of piezoelectricity have been around since the days of Voigt. However, most
of the literature on piezoelectricity was written from different practical viewpoints. One of
the earliest authors to systematically model the electromechanical coupling effects of
piezoelectric materials was Tiersten [1969]. The constitutive equations for piezoelectricity are
derived from the internal strain energy, electric fields, and electric displacements. The

internal energy is given by

U=Lsr+lipe (2.60)
2 2

U= 1 oSSy + 1 e EE. (2.61)
2 by g 2 /)

where

S, = l(u- ;) mechanical strain

y 2 LJ Jst

E, =—¢, electric field

¢ electric potential

g; dielectric constants

Ciia elastic constants

Sk inverse elastic constants

ek =Sy ik piezoelectric stress coefficients

dy =cypy dig piezoelectric strain coefficients
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The constitutive equations of piezoelectricity are derived from the electric enthalpy, which is

defined as

H=U-E,D, (2.62)

yr

1 1
H :EcijleijSkl - eijkEl-Sjk - 58 E. E. (2.63)

Differentiating the enthalpy with respect to the strain, S, and electric field, £, defines the

constitutive equations of piezoelectricity. The equations are

oH

=21 2.64

o= .69
oH

D =2 2.6

- .69
T, = Sy — e By piezoelectric stress (2.66)
D, =eyS, — €, E; electric displacement (2.67)

The equations of motion will be derived by Hamilton’s principles for the piezoelectric

medium. The Lagrangian equation for the bounded piezoelectric medium is defined as
L= _[V T+V)av (2.68)

where 7'is the kinetic energy and V'is the potential energy.
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For the electromechanical medium, the electric enthalpy takes the place of the internal

energy in the Lagrangian density [Tiersten, 1969]. The potential energy is therefore given as
1 1 26
V= _jV SeumSySu = enEiSy ~ ey B Ey |V (2.69)
The kinetic energy is defined as the mass per unit volume (density) and is given as
1 . .

The external work terms are defined as the work done by surface tractions less the flux of

electric energy outward across the surface and is given as

W:L [zuj —G(p:| ds

(2.71)
t — surface tractions, © — surface charge
Applying Hamilton’s principle results in the following:
S(L-w)=0, SL=6W (2.72)
[ 15 Puis = SewSySu + enEiSy + ey EEy v =5[] |iu; —op|ds
(2.73)

The variation with respect to the displacements and electrical potentials results in the

following:

JV(pdjilj_Tkl,kJaul dV—JV Dk’k5¢dV=JS |:(tk—nk‘[k])5u - (O'+nka)5(p:| das

(2.74)
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In the equation (2.73), the variations in the displacements are arbitrary inside the volume;

hence, we define the stress equations of motion as

pujuj—7Ty; =0

(2.75)

Also, the variations in the potential are arbitrary inside the volume; hence, we define the

charge equation of electrostatics as

D=0 (2.76)

From equation (2.74) on the surface,
-Since O u, is arbitrary, either t, — n, T,, =0 or u, is prescribed.

-Since 0 @ is arbitrary either 0 + n, D, =0 or ¢ is prescribed.

Using variational principles, the differential equations and the boundary conditions for the

piezoelectric medium have been defined.
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CHAPTER 3

Analytical Modeling

3.1 Finite Element Analysis

Finite element method is a powerful computational technique for solutions of differential
and integral equations [Reddy,1997]. Exact analytical or variational solutions are difficult to
develop when complex geometries, arbitrary boundary conditions, or nonlinearities are
involved. Therefore, finite element methods are used to represent the domain as an
assemblage of simple geometric shapes for which it is possible to generate approximation

functions required in differential equations of variational methods [Reddy, 1997].

Finite element methods are very similar to Rayleigh-Ritz techniques. Although, developed
independently, the methods both make use of approximation functions and variational
methods to approximate solutions to differential equations. The major difference in the two
methods is that finite element methods uses approximations functions over a small
subdomain of the structure, whereas Rayleigh-Ritz techniques uses approximation functions
over the entire domain of the structure. The approximation functions are practical only if the

geometric boundary conditions are satisfied.
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The static equilibrium equations for beams/plates are derived using the principle of
minimum potential energy and variational calculus. Finite element analysis requires
discretization of the domain such that solutions are approximated over a small subdomain,
which are assembled to obtain the global system representing the structure. Upon imposition

of boundary conditions, the solutions to the system of equations are obtainable.

3.1.1 Interpolation Functions:

The purpose of interpolation functions is to relate the element degrees of freedom to the
displacement field. Beams/plates exhibit C’ continuity in stretching (i.e., axial deformation),
and C' continuity in bending (i.e., transverse deformation). C’ continuity requires that only
the displacements be continuous at the element boundaries, while C' continuity requires that
the displacements and the slopes be continuous at the element boundaries.

3.1.2 Interpolation Functions for Beams in Stretching

Assuming a linear solution across the element subdomain derives the interpolation functions

for C’ elements. The governing equation for beams in stretching is given as

ox?

0 (3.1)

where # is the axial displacement. The solution to the governing equation is approximated as

u(x)= ¢, + cox= 1 x] |:61:| (3.2)

p)
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Consider a two-node beam, given in figure 3.1.

1
+ +>
" e le <

Figure 3.1 A laminated beam element

X

Imposition of the boundary conditions in equation (3.2) and solving for ¢, and ¢, results in

1 0
R RS S L | 33)

1 0 "
u =[xl 1 [ ‘} (3.4)
The interpolations functions are extracted and the approximation function is given in the
following form

2
u(x) = uf yi +usys = D uiws (3.5)

J=1

where #, and #, are the displacement at the boundaries of the beam.
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Therefore the interpolation functions from equation (3.4) for the element are given as

wlt= I 4l _i i ={1—1, i} (3.6)

le e
le le

v, =1_i > Y =£
le le (3.7)

N, :{‘//1 all/z}

3.1.3 Interpolation Functions for Beams in Bending

The interpolation functions for beam in bending are derived similar to the previous
interpolation functions; however, the elements now exhibit C' continuity. The governing

equation for beams in bending is

9w B

ax4 =0 (3'8)

where w is the transverse displacement. The solution to equation (3.8) is approximated as

wx)=c¢, +¢y, X +c3 X2 +¢, x° (3.9)
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To extract the interpolation functions, the approximation will be given the following form:

4

w(x) = wi ¢ + wy @y + w33 + wydy = zwj o; (3.10)
j=1

where w, and w, are the transverse displacements and w, and w, are slopes at the boundaries.

Imposition of the boundary conditions and solving for the four constants, the interpolations

functions will be

2 3 x 2
X X
EaR v R v R G
<;>=312—2i3 6, = —x ) _x (3.11)
3 le l@ ’ 4 l@ l@

Nz:{¢1,¢z,¢3,¢4}

3.1.4 Energy Methods and Lamination Theory

From the previous sections, the strain energy for a symmetrically laminated beam in bending

was given as

2 2 » \2
1 du du d-w dw
Utotal :E J.JR [AII(E) - 2311 E dxz + Dll[dx2 ] ] dXdy (312)

Applying the principle of minimum potential energy, such that
SU-w)=0, sU=6W (3.13)

where Wis the work done on the structure, minimizes the functional.
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Taking the first variation of the strain energy with respect to the axial and transverse

displacements result in

4. dy; dy; - _B. dy; d’¢f .

JJ_ I dx dx ! ' dx o dx? !

5Ut0tal = N
N g (40l ays ) L (4795 dRey
Noax? ax | Noax? dx?

From the above expression, the element stiffness matrices are defined as

52

u

dxdy (3.14)

ow;

| S|

Ky = -” [ Vi dyi }dxdy

d2¢e (3.15)
° dwe
K5, Z_JJRBij[—j%J dx dy

The work done by external loads is

Wt = ” |:[u—z J+ fiw }dxdy + ” [f,u] dy dz (3.16)

where # are traction forces across the surface, f are transverse forces, and f are axial forces.

Taking the first variation with respect to the axial and transverse displacements, the virtual

work done on the beam will be given as

i = [ by Bustsar + [[ b o e o [ Lo -2 2 omaray 317

34



The element force vectors will, therefore, be defined as

Fo= ] lyilasar « [[ s, ]ave:

e @, (3.18)
FZ :JL |:q)jf,—ZEt:|dxdy

Applying the principle of minimum potential energy, equation (3.13), the static equilibrium

equations are defined as

lel K&Hu}z {F} (3.19)
K;l K§2 w FZe
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3.2 Finite Element Analysis for Piezoelectric Beams

The finite element formulations for piezoelectric beams are similar to the formulations for
elastic beams. However, since the material is piezoelectric, the beam will have axial,
transverse, rotational, and electrical degrees of freedom at the nodal locations. The
derivations are not found in many textbooks, but they are based on classical beam theory, the

linear theory of piezoelectricity, energy methods and variational principles.
3.2.1 Interpolation Functions

The interpolation functions for the axial, transverse, and rotational degrees of freedom are

the same as for elastic beams in equations (3.7) and (3.11)

The electrical degrees of freedom for piezoelectric materials are given by the electric
potential, and the electric field, as defined previously, is the gradient of the electrical

potential. Consider the piezoelectric beam given in Figure 3.2.

A
he/2
3
-he/2 ¥

Figure 3.1 A laminated beam element
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The governing equation for the electric potentials is
-Vip=0 (3.20)

Approximating the solution to equation (3.20) results in

P(z)=c, + c,z=[1 <] [cl} (3.21)

Cy

To extract the interpolation functions, the approximation function will be given the

following form
2

P(2) =08 +9,8 =2¢j g; (3.22)
=

where @, and @, are the electric potentials at the top and bottom surface of the beam.

The electric potentials at the boundary are arbitrary, unless specified [Tiersten, 1969], and
may vary along the length of the beam; hence, they will be functions of the thickness and

length of the beam.

Upon imposition of the boundary conditions and solving for the unknown constants the

interpolation functions through the thickness of the beam are

* 1 z * 1 =z
S, =5+ﬁ, Sy =5

2 he (3.23)
vo=F el
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The interpolation function will also be a function of the length of the beam, therefore, the
product of the axial and through the thickness interpolation functions relate the electrical

degrees of freedom to the nodes and is given as
Ne=NaN:={1_i i}{l+i, l_i} (3.24)

Homogenous boundary conditions for the electric potentials will be imposed on the bottom

surface to eliminate rigid body modes. Therefore, the interpolation functions are

1 z by 1 z X
o i)iee 2l
N, ={§1 ,éz}

3.2.2 Energy Methods and Variational Principles

Finite element formulations for piezoelectric beams are derived similar to the derivations for

elastic beams. The electric enthalpy for a piezoelectric medium is defined as

H=U - E,; D, (3.26)

1 1
H :Eci/-leijSkl - ei/-kE,-Sjk - Egl/ Ei Ej (3.27)

For electromechanical medium, the electric enthalpy takes the place of the internal energy in

the Lagrangian density [Tiersten, 1969]. Therefore, the potential energy is given by

1 1
v=-| [Ec,ﬂ{,sgs,{, — e S = 5 E; Ej:I v (3.28)
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Consider the piezoelectric beam given in Figure 3.2, applying plane stress and plane strain

assumptions, the displacement field and strains are

ow(x)

”(X,y, Z)=M(x) -2z (3'29)
ox
ou 92w
e T 520

The electric field is defined as the gradient of the electric potential, which is given as
d

Ei=-¢ur = _8_(5 (3.31)

Upon substitution of the stress and electric field into equation (3.28) yield

2 2
B 1 Ju 02w 0p | du 9w 1 X0
v -—lecw[a—x‘ a_J [a_Ia_a_JE(a_ v 632

The approximation functions were previously defined as

2
ux) = wu, (3.33)
i=1
4
w(x) = 2 o w; (3.34)
i=1
2
o(x.2) =Y &0, (3.35)
i=1

To minimize the potential energy, the first variation is evaluated with respect to the axial and

transverse displacements, and the electric potentials.
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Upon taking the variation, and substituting the approximation functions into equation

(3.32) yields

IV ; dy, aV; 9 ;9
oV = J.V |:cukl( ax] al/)/c )ui_ CWZ[ ax] qu) J i eijk(a_xja_i Su; dV -

0’ 0%0. 920, 0%, JE,
Citia Z ¢2 a!//’ u; — cl-jklzz (Dzj a—(zl w + ey z ‘sz a—é’ 0, [Ow, dV +
v ox* ox ox~ ox ox* dz

Bﬁj a‘//i 85j az(bi aéj d¢;
L{ (a o ] [a_a_ K e DU

(3.30)

Applying methods from classical lamination theory (i.e., ABD), where ¢ represents the

reduced stiffness, Q, the element stiffness is

K —-” [ v avi ]dxdy

oo

k6 =[[ Jor (‘“”J i ]dxdydz
55

i = Jje ("

ks =[] fe [ f]dxdydz
ks =[] Jo [6* dv’z}dxdydz
5 [ e 2 o

(3.37)

ks = [[ e [d5 4 ]dxdydz
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The work done by external loads is defined as
dw
W = _”R [t(u - za)+ fiw - 0'g0:| dxdy + _”R [fau] dy dz (3.38)

where ¢ are traction forces across the surface, f are transverse forces, f, are axial forces, and ¢

are the surface charges.

The first variation of the virtual work, after substitution of the approximation functions, is

W = [[ Wyt 5w axay + [[ b, Jsu; avaz -

do, (3.39)
JIR [ﬁjO' ]5(/)1- dxdy + IJR |:¢j fi- 2%1}5 w; dx dy
The element load vectors will, therefore, be given as
=] lvstlavay + [ by r.lava:
do .
Fe= ] {cbj yome S ] d dy (3.40)

ri-] e lara

The equilibrium equations are now obtainable by the principle of minimum potential energy

as

Kii K Kis | [u Ff

Ky Ky Ky |ywp = B (3.41)
K5 Ky Ky | 19 F
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3.3 Equivalent Electromechanical Loading Techniques

Much research has been conducted on modeling the electromechanical effects of laminated
piezoelectric structures [1, 3, 6, 9, 12, 16, 30, 31, 41]. Many authors have developed finite
element methods for modeling piezoelectric structures [3, 5, 10, 12, 30, 31, 34], and many
software packages support piezoelectric modeling to some extent. However, ABAQUS does
not support piezoelectric elements for dynamic analysis, and only continuum and one

dimensional truss elements are supported for piezoelectric static modeling.

In this section, we introduce equivalent mechanical loading techniques for modeling
piezoelectric materials subjected to electrical actuating forces. Two methods will be
introduced to serve as equivalent loading techniques for modeling piezoelectric structures.
The first method will be developed based on matrix manipulations and techniques similar to
“static condensation,” which has been introduced in a number of publications [10,31]. A
second technique will be developed based on a engineering mechanics and the linear theory

of piezoelectricity.

3.3.1 Equivalent Loading and Static Condensation

Many recent publications have introduced matrix manipulation techniques for deriving
equivalent mechanical models to capture the electromechanical coupling effects of
piezoelectric materials. These models can very well serve as equivalent mechanical models of
coupled electromechanical systems. However, they do not distinctly represent an equivalent
uncoupled purely elastic system. The motivation for developing such a model is to determine
equivalent effects, due to electrical and mechanical loading. Several authors conduct what is
called “static condensation of the electric potentials,” in which equations are manipulated

such that electric potentials are written in terms of the material properties and electrical

loads.
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The static equilibrium equations are

Kmm Km(p um Fm
[K : " ” ] 6.0
om — Qp o %

The electric potential are then written in terms of the stiffness matrices, mechanical

displacement, and electrical loads vectors as
[u(p ]: lK(/:(/I) ( F(p - K(pm Uy )J (343)

The expression in equation (3.43) is substituted in to the equilibrium equations and the

equivalent mechanical system is given as

[Kmm ~Kp Kop (anm )] b )= [ £ = K 7, | (3.44)

An equivalent system is derived from equation (3.44) but the system is still coupled. This

leads to the derivation of an equivalent uncoupled system.

Equation (3.42) is rewritten in term of the displacements and electric potentials, which yield

-1
u K K F
!umj|=[Kmm KmqD} !Fm:l (3.45)
¢ pm (U ¢
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For simplicity, we will let

-1
K K Konm  Km
mm m o
[K "’} = (3.46)
m
om " op on X o
such that
Kokt
u, mm “me || F,
= * % F (347)
“o | |Kom K o
o

Now the assumption is that the loading condition is purely electrical; hence the mechanical
loads are zero. This allows us to solve for the mechanical displacements in terms of the

stiffness and electric loads, which results in

b F [Kfmp][F(p] (3.48)

Now that we know the mechanical displacements for any given electrical load, we can

substitute the expression into a purely elastic model and determine an equivalent mechanical

load as
Fn K 1K || o | (3.49)
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From equation (3.49), the mechanical force vector can be used to determine the equivalent
mechanical displacements of a purely elastic model. The advantage of this method is that we
can model the static response of an electromechanically coupled system using a purely elastic

representation.

3.3.2 Constitutive Equations of Piezoelectricity

The second method of developing equivalent representations of electromechanical-coupled
systems is based on the linear theory of piezoelectricity. The constitutive equation for a

piezoelectric beam is given as

oc=cS —¢e E (3.50)

where § is the strain, ¢ is modulus of elasticity, ¢ is the piezoelectric stress coefficient, and £ is
the electric field. The beam subjected to a distributed surface charge will induce a strain

without causing a stress within the material, as depicted in Figure 3.3.

+H+++ A+t

L] 1.3

X

Figure 3.3 Surface charge applied to piezoelectric beam element

To determine the axial loads, required to restore the beam to its original configuration, the

beam is blocked at both ends as shown in Figure 3.4.
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X

Figure 3.4 Blocked piezoelectric beam with applied electrical loading

The electrical surface charge now induces a stress within the material without resulting in

any strain, so constitutive equation reduces to

o, = —e3 E; (3-51)

Replacing the stress in equation (3.51) with force per unit area results in

P, g (3.52)

zy

The force generated within the material is termed the “blocking force,” and the area is the

cross sectional area of the beam. Solving equation (3.52), the blocking force is

Fy=—e; E5 4, (3.53)

The relationship between charge and electric field for two parallel plates with a dielectric

material occupying the space between is

(3.54)
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where £, is the dielectric constant and A is the surface area of the plate. Substitution of the

above expression into equation (3.53) yields

F = - [ﬂ ]Q (3.55)

Ko Axy

The blocking force given in equation (3.55) represents the equivalent loading condition for

the piezoelectric beam.

A surface-mounted piezoelectric material produces both axial forces and moments, the latter
being a function of the distance the piezoelectric layer and the geometric mid-plane. For a
symmetric bimorph configuration, the axial loads cancel resulting in only equivalent

moments about the geometric mid-plane.
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CHAPTER 4

Quantifications with ABAQUS Results

4.1 Multiple Layer vs. Single Layer Modeling

Multiple layer structures can be model as a single layer with equivalent material properties
based on classical lamination theory. In this section, classical lamination theories were
quantified by comparisons of multiple layers versus equivalent single layer modeling. The
purpose of the analysis was to compare the static response of the modeling to determine the
error in the assumptions made by Kirchhoff and to validate modeling multiple layer

structures with single layer equivalent structures.

The analysis began with three models of a beam subject to identical boundary and loading
conditions. One of the models was composed of two layers of polyvinylidene fluoride
(PVDEF) in a bimorph configuration and a single layer of shape memory alloy (SMA),
Nitinol. The other models were single layer models of equivalent material properties. The
laminated structure was developed using ABAQUS. The element types used for modeling
the piezoelectric layers of the laminated structure were twenty-node, three-dimensional
continuum piezoelectric elements (C3D20RE); for the shape memory alloy layer, twenty-
node, three-dimensional continuum elements (C3D20R) were used. An equivalent model
was developed in ABAQUS using two dimensional beam elements (B23) with equivalent

material properties based on classical lamination theory. A similar model was also developed
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in Matlab using beam elements of equivalent material properties that were derived based on

beam theory, the principle of minimum potential energy, and classical lamination theory.

The beam models were all generated using twenty elements for comparison of the nodal

displacements. The geometric and material properties of the models are given in the

following tables:

Table 4.1 Geometric properties of a piezoelectric laminated beam

Length 10 cm
Width 1 cm

PVDF thickness 0.05 cm (x2)
SMA thickness 0.05 cm
Total thickness 0.15 cm

Table 4.2 Material properties of a piezoelectric laminated beam

PVDF Elastic Modulus: (E) 2 GPa
Piezoelectric stress coefficient: (e,,) -0.14 C/m’
Dielectric constant: (€.,/€ ) 11.98
SMA Elastic Modulus (E) 6.95 GPa

Table 4.3 Equivalent geometric and material properties for a piezoelectric laminated beam

PVDE/SMA/PVDF Elastic Modulus: (E) 2.183 GPa
Piezoelectric stress coefficient: (e,,) -0.14 C/m’
Dielectric constant: (€,./€ ) 11.98

A simply supported beam was subjected to a distributed mechanical load of 1 N/m is shown

in Figure 4.1.

YYYYYYYYYYYYY

YYYYYYYYYYYYY

PVDFE
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Figure 4.1 Multiple and single layer structure with applied distributed loads
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An overlay of the solutions for the multiple layer and single layer equivalent beam models is

shown in Figure 4.2,

x107* Multiple vs. Single Layer Beam with Applied Distributed Load
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Figure 4.2 Comparisons of multiple and single layer modeling

The solutions for the multiple layer and single layer modeling coincide to the third decimal

digit, with a difference of much less than 1%.

A second test case was conducted on the beam with the distributed load applied over a small

patch, as shown schematically in figure 4.3.

vy vy

PVDFE
SMA
PVDF

Equivalent Model

Ve

Figure 4.3 Multiple and single layer structure with applied distributed loads over a small patch
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Numerical comparisons of the multiple layer modeling and single layer models are given in

the following table, and an overlay of the displaced shapes shown in Figure 4.4.

Table 4.4 Numerical comparisons for multiple and single layer modeling

w(x)

Multiple Single Single
x (m) Layer Layer Layer

ABAQUS | ABAQUS | MATLAB

xle-1 (mm) | xle-1(mm) | xle-1 (mm)

0 0 0 0

0.0050 -0.0506 -0.0504 -0.0506
0.0100 -0.1001 -0.0999 -0.1001
0.0150 -0.1476 -0.1473 -0.1476
0.0200 -0.1920 -0.1916 £0.1920
0.0250 -0.2324 02319 0.2324
0.0300 -0.2676 10.2671 -0.2677
0.0350 | 02967 -0.2961 -0.2969
0.0400 0.3187 -0.3181 -0.3189
0.0450 -0.3326 -0.3319 -0.3328
0.0500 | 03374 -0.3366 -0.3376
0.0550 -0.3326 -0.3319 -0.3328
0.0600 -0.3188 -0.3181 0.3189
0.0650 -0.2968 -0.2961 -0.2969
0.0700 -0.2676 10.2671 -0.2677
0.0750 | 02324 -0.2319 0.2324
0.0800 -0.1921 -0.1916 £0.1920
0.0850 | 01477 -0.1473 -0.1476
0.0900 -0.1002 -0.0999 -0.1001
0.0950 | 0:0507 -0.0504 -0.0506
0.1000 0 0 0
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Figure 4.4 Comparisons of multiple and single layer modeling

From the results given in the analysis, it is concluded that Kirchhoff’s assumptions are valid
and classical lamination theory serves as an accurate modeling technique for simplifying the

analysis of multiple layer structures.
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4.2 Piezoelectric Modeling

Finite element methods were developed for piezoelectric beams based on the linear theory of
piezoelectricity. The piezoelectric elements derived include axial, transverse, rotational, and
electrical degrees of freedom. The purpose of deriving such an element was to capture the
mechanical and electrical characteristics of the piezoelectric structure. In this section, finite
element formulations were tested by comparison to models generated using ABAQUS. The
purpose of the analysis was to compare theoretical results to ABAQUS results and to analyze

the errors made in the assumptions used to generate mathematical models.

The analysis began with two finite element models of a piezoelectric beam subject to
identical boundary and electrical loading conditions. One of the models was generated using
the piezoelectric modeling capabilities of ABAQUS, with twenty-node, three-dimensional
continuum piezoelectric elements (C3D20RE). The other model was generated in Matlab,
based on beam theory, the principle of minimum potential energy and the linear theory of
piezoelectricity. Both beam models were generated using twenty elements for comparisons of
the nodal displacements. The material properties of the structures are given in the following

tables.

Table 4.5 Geometric properties for a piezoelectric beam

Length 10 cm
Width 1 cm
PVDF thickness 0.15cm
Total thickness 0.15cm
Table 4.6 Material properties for a piezoelectric beam

PVDF Elastic Modulus: (E) 2 GPa
Piezoelectric stress coefficient: (e,,) -0.14 C/m’
Dielectric constant: (€ ,./€ ) 11.98
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A simply supported beam was subjected to a distributed electrical load of 1e6 C/m, as shown

in Figure 4.5 an overlay of the ABAQUS and Matlab results are shown in Figure 4.6.

t++++++++++

Piezoelectric Beam

Figure 4.5 Distributed electrical load applied to a piezoelectric beam
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Figure 4.6 Comparisons of Matlab and ABAQUS results for piezoelectric beam modeling
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Numerical comparisons of the two models are given in the following table,

Table 4.7 Numerical comparisons for Matlab and ABAQUS models

Axial Displacements
Node Location ute)
ABAQUS MATLAB
results results

1 0 0
2 -0.0302 -0.0302
3 -0.0604 -0.0604
4 -0.0907 -0.0907
5 -0.1209 -0.1209
6 -0.1511 -0.1511
7 -0.1814 -0.1813
8 -0.2116 -0.2116
9 -0.2418 -0.2418
10 -0.2720 -0.2720
11 -0.3023 -0.3022
12 -0.3325 -0.3325
13 -0.3627 -0.3627
14 -0.3929 -0.3929
15 -0.4231 -0.4231
16 -0.4534 -0.4534
17 -0.4836 -0.4836
18 -0.5138 -0.5138
19 -0.5440 -0.5440
20 -0.5743 -0.5743
21 -0.6045 -0.6045

Based on the results given in Table 4.7, the computational and theoretical solutions agree to

four decimal digits, a difference much less than 1%.
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4.3 Piezoelectric Laminated Modeling

The analysis of piezoelectric beams in the previous section resulted in excellent agreement
between theoretical and ABAQUS solutions. In this section, classical lamination theory was
applied to modeling piezoelectric laminated structures. Results generated in ABAQUS were
compared with results from theoretical models based on beam theory, classical lamination
theory, the principle of minimum potential energy, and the linear theory of piezoelectricity.

The purpose of the analysis was to simplify the analysis of piezoelectric laminated structures.

The analysis began with two finite element models of a piezoelectric beam subject to
identical boundary and electrical loading conditions. One of the models was composed of
two layers of polyvinylidene fluoride (PVDF) in a bimorph configuration and one layer of
shape memory alloy (SMA), Nitinol. The piezoelectric layers of the laminated model were
generated using the piezoelectric capabilities of ABAQUS. The elements used for the PVDF
layers were twenty-node, three-dimensional continuum piezoelectric elements (C3D20RE);
the elements used for the SMA layer were twenty node, three-dimensional continuum
elements (C3D20R). The theoretical model was generated in Matlab, based on beam theory,
classical lamination theory, the principle of minimum potential energy, and the linear theory
of piezoelectricity. Both beam models were generated using twenty elements for comparisons
of the nodal displacements. The material and geometric properties of the beams are given in

the following tables.

Table 4.8 Geometric properties of a piezoelectric laminated beam:

Length 10 cm
Width 1 cm

PVDF thickness 0.05 cm (x2)
SMA thickness 0.05 cm
Total thickness 0.15 cm
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Table 4.9 Material properties of a piezoelectric laminated beam

PVDF Elastic Modulus: (E) 2 GPa
Piezoelectric stress coefficient: (e,,) -0.14 C/m’
Dielectric constant: (€ /€ ) 11.98
SMA Elastic Modulus (E) 6.95 GPa

A simply supported beam was subjected to a distributed electrical load of 1e6 C/m, as shown

in Figure 4.7.

+++++++++++

PVDFE
SMA
PVDF

Figure 4.7 Distributed electrical load applied to a piezoelectric laminated beam

A laminated structure generated in ABAQUS was compared to Matlab solutions. Overlays of

the results are shown in the following figure.
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Figure 4.8 Comparisons of Matlab and ABAQUS results for laminated piezoelectric beam modeling
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The Matlab and ABAQUS results in figure (4.8) coincide to three decimal digits. The

difference in the two solutions was much less than 1%.

A second analysis of the laminated structure was conducted to determine the response due to
distributed loads applied over an element. A schematic is shown in Figure 4.9, and an overlay

of the results is shown in Figure 4.10.
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PVDF
SMA
PVDF

Figure 4.9 Distributed electrical load applied over a small patch of a laminated piezoelectric beam
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Figure 4.10 Comparisons of Matlab and ABAQUS results for laminated piezoelectric beam modeling
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The numerical results are given in the Table 4.10.

Table 4.10 Numerical comparisons for Matlab and ABAQUS models

w(x)
x (m) ["TABAQUS | MATLAB
xle-2 (mm) xle-2 (mm)
0 0 0

0.0050 -0.0123 -0.0123
0.0100 -0.0246 -0.0246
0.0150 -0.0369 -0.0369
0.0200 -0.0492 -0.0492
0.0250 -0.0615 -0.0615
0.0300 -0.0738 -0.0738
0.0350 -0.0861 -0.0861
0.0400 -0.0984 -0.0984
0.0450 -0.1107 -0.1107
0.0500 -0.1169 -0.1169
0.0550 -0.1107 -0.1107
0.0600 -0.0984 -0.0984
0.0650 -0.0861 -0.0861
0.0700 -0.0738 -0.0738
0.0750 -0.0615 -0.0615
0.0800 -0.0492 -0.0492
0.0850 -0.0369 -0.0369
0.0900 -0.0246 -0.0246
0.0950 -0.0123 -0.0123
0.1000 0.0000 0

Based on the numerical results given in Table 4.10, the Matlab and ABAQUS results agree
to four decimal digits, a difference less than 1%. From the analysis in this section, theoretical

models (Matlab) produce very accurate approximations.
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4.4 Equivalent Loading vs. Deposition of Surface Charges

Equivalent electromechanical loading techniques were derived, in the previous chapter, to
simulate electrical surface charge actuations of piezoelectric materials. In this section, the
equivalent loading techniques were quantified by comparisons with ABAQUS models of
laminated structures subjected to electrical loading conditions. The purpose of the analysis in
this section was to simplify the analysis of piezoelectric laminated structures subjected to
electrical loads. The goal was to model an equivalent structure with equivalent material

properties that capture the electrical and mechanical characteristics of the structure.

The analysis began with two models of a beam subject to identical boundary and loading
conditions. One of the models was a laminated structure composed of two layers of
polyvinylidene fluoride (PVDF) in a bimorph configuration and a single layer of shape
memory alloy (SMA), Nitinol. The piezoelectric modeling capabilities of ABAQUS were
used to model the piezoelectric layers. The piezoelectric layers were modeled using twenty-
node, three-dimensional continuum piezoelectric elements (C3D20RE); and the shape
memory alloy layer was modeled using twenty-node, three dimension continuum elements
(C3D20R). The equivalent model was generated in ABAQUS using two dimensional beam
elements (B23) with equivalent material properties of the laminated structure. Both models
were generated with twenty elements for comparisons of the nodal displacements. The

geometric and material properties of the beam are given in the following table.
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Table 4.11 Geometric properties of a piezoelectric laminated beam

Length 10 cm
Width 1 cm

PVDF thickness 0.05 cm (x2)
SMA thickness 0.05 cm
Total thickness 0.15 cm

Table 4.12 Material properties of a piezoelectric laminated beam

PVDF Elastic Modulus: (E) 2 GPa
Piezoelectric stress coefficient: (e,,) -0.14 C/m’
Dielectric constant: (€ ,./€ ) 11.98
SMA Elastic Modulus (E) 6.95 GPa

Table 4.13 Material properties for equivalent beam model

PVDF/SMA/PVDF Elastic Modulus: (E) 2.183 GPa
Piezoelectric stress coefficient: (e,,) -0.14 C/m"
Dielectric constant: (€ /€ ) 11.98

A simply supported beam subjected to a distributed electrical surface charge of 1e6 C/m, and
the equivalent model with equivalent electromechanical loading conditions are shown in

Figure 4.11.

+++++++++++

PVDE ¢ E : 3
SMA .
PVDF Equivalent Model

Figure 4.11 Piezoelectric laminated beam with distributed electrical loading and equivalent beam with

equivalent loading

The equivalent mechanical loading conditions were calculated based on methods discussed in
the previous chapter. Two methods for determining the loading conditions were discussed,

and both methods produced identical solutions.

61




An overlay of the results using the equivalent loading techniques versus the piezoelectric

laminated model is shown in Figure 4.12.
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Figure 4.12 Comparison of laminated piezoelectric beam and equivalent model

A second analysis was conducted to compare the response of the beam when subjected to a
distributed load over a small patch, shown schematically in Figure 4.13.
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PVDF Equivalent Model
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Figure 4.13 Piezoelectric laminated beam with electrical loading and equivalent beam with equivalent loading

Equivalent moment and axial forces calculated in the previous chapter were applied to

simulate the surface charge shown in Figure 4.13.
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The numerical results from the analysis are shown in Table 4.14, and an overlay of the

solutions is shown in Figure 4.14.

Table 4.14 Numerical comparisons for laminated piezoelectric modeling and equivalent modeling

w(x)

ABAQUS | MATLAB | ABAQUS
x (m) | Electrical | Electrical | Equivalent

Loading Loading Loading

xle-2 (mm) | xle-2 (mm) | xle-2 (mm)

0 0 0 0

0.0050 -0.0123 -0.0123 -0.0123
0.0100 -0.0246 -0.0246 -0.0246
0.0150 -0.0369 -0.0369 -0.0369
0.0200 -0.0492 -0.0492 -0.0492
0.0250 -0.0615 -0.0615 -0.0615
0.0300 -0.0738 -0.0738 -0.0738
0.0350 -0.0861 -0.0861 -0.0861
0.0400 -0.0984 -0.0984 -0.0984
0.0450 -0.1107 -0.1107 -0.1107
0.0500 -0.1169 0.1169 20.1168
0.0550 -0.1107 -0.1107 -0.1107
0.0600 -0.0984 -0.0984 -0.0984
0.0650 -0.0861 -0.0861 -0.0861
0.0700 -0.0738 -0.0738 -0.0738
0.0750 | 00015 -0.0615 -0.0615
0.0800 | 00492 -0.0492 -0.0492
0.0850 -0.0369 -0.0369 -0.0369
0.0900 -0.0246 -0.0246 £0.0246
0.0950 -0.0123 -0.0123 -0.0123
0.1000 0.0000 0 0
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Figure 4.14 Comparisons of laminated piezoelectric beam and equivalent model

The results given in Table 4.14, show that the two approaches agree within 1%.

From the analysis in this section, modeling laminated piezoelectric structures with electrical
loading conditions have been greatly simplified with equivalent models with equivalent
loading conditions. Equivalent models of laminated piezoelectric beams and plates can now
be accomplished, and deriving theoretical models, based on classical lamination theory,
beam/plate theory, the principle of minimum potential energy, and the linear theory of

piezoelectricity, has validated them.
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4.5 Plate Modeling

Finally, the analysis was extended to plates. Finite element models were developed for
equivalent single layer plate, piezoelectric plate, piezoelectric laminated plates, and equivalent
plate with equivalent loading techniques. Classical lamination theory of plates was used to
derive mathematical solutions for the laminated plate. The plate theory is very similar to
beam theory, only now, the plane strain theory is no longer valid. Plate analysis, therefore,
involves two additional degrees of freedom, one axial, one rotational. The derivations for
piezoelectric laminated plates are included in Appendix A. Comparisons of single versus
multiple layer modeling, single layer piezoelectric modeling (mathematical versus.
ABAQUS), piezoelectric laminated structures (mathematical versus ABAQUS), and
equivalent loading versus deposition of surface charges were all conducted on a plate, as was
done in the previous section on beams. For brevity, in this section only the results for the

laminated structure will be shown.

The analysis began with three models of a plate subject to identical boundary conditions.
One of the models was a laminated structure, generated in ABAQUS, composed of two
layers of PVDF, and one layer of shape memory alloy. The piezoelectric models were
generated in ABAQUS using twenty-node, three-dimensional continuum piezoelectric
elements (C3D20RE), and the shape memory alloy layer was modeled using twenty-node,
three-dimensional continuum elements (C3D20R). The second model was developed based
on theoretical solutions in Matlab using a single-layer equivalent plate elements. The purpose

of this model was to verify equivalent layer modeling techniques and theoretical piezoelectric
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modeling. The third model was developed in ABAQUS, using equivalent, eight-node, two-

dimensional shell elements (S8R5) with equivalent loading conditions. The geometric and

material properties are given in the following tables.

Table 4.15 Geometric properties of a piezoelectric laminated plate

Length 10 cm
Width 10 cm
PVDF thickness 0.05 cm (x2)
SMA thickness 0.05 cm
Total thickness 0.15 cm

Table 4.16 Material properties of a piezoelectric laminated plate

PVDF Elastic Modulus: (E)

2 Gpa (isotropic)

Piezoelectric stress coefficient: (e, e,)

-0.14 C/m’

Dielectric constant: (€,./€ )

11.98

SMA Elastic Modulus (E)

6.95 Gpa (isotropic)

The simply supported plate was subjected to a distributed electrical surface charge of 1e6

C/m and the equivalent model with equivalent loading conditions. A plot of the results are

shown in the following

transverse displacement

displacement in y—dir

0.1

0.04

displacement in x—dir

Figure 4.15 Results for a piezoelectric laminated plate subject to distributed surface charge
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For clarity, the plot shown in figure 4.15, does not depict an overlay. The surface mesh was

generated using the interpolations functions to include rotational degrees of freedom.
The results from the analysis were very similar to the beam analysis results. Numerical

comparisons were made with the nodal displacements. The displacements coincide to four

decimal digits with much less than 1% error.
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CHAPTER 5

Summary, Conclusions,

Contributions and Future Work

5.1 Summary and Conclusions

In summary, there were four major objectives of this thesis.

1.) Derive analytical solutions for laminated beams and plates and compare results to
ABAQUS.

2.) Derive analytical solutions for piezoelectric beams and plates and compare results to
ABAQUS.

3.) Derive analytical solutions for piezoelectric laminated beams and plates and compare
results to ABAQUS.

4.) Determine equivalent electromechanical loading conditions to simulate electrical
actuation and compare results to a equivalent models subjected to equivalent loading

conditions.

All of the items have been addressed and are summarized as follows:
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Item 1
Analytical solutions were derived for both beam and plate analysis based Kirchhoff’s

hypothesis and classical lamination theory. The equilibrium equations were derived by the
principle of minimum potential energy. Finite element models were generated by deriving

approximation functions that satisty the geometric boundary conditions.

Multiple-layer models were developed in ABAQUS to compare single-layer theoretical
solutions to the computational solutions. The analysis results in less than 1% difference in
the solutions using single-layer modeling techniques to represent a multiple-layer structure.
The results serve as justifications for modeling laminate structures as single layer equivalent

structures.

Item 2
Analytical solutions that capture the electrical characteristics of the structure were derived for

piezoelectric beams. The derivations were based on classical beam/plate theories, the
principle of minimum potential energy, and the linear theory of piezoelectricity. Finite
element models were developed, by deriving approximations functions on both mechanical

and electrical degrees of freedom that satisfy the conditions at the boundaries.

A comparison of theoretical solutions with ABAQUS solutions using piezoelectric modeling
capabilities resulted in a difference of less than 1%. The analysis provided a clear
understanding of the electrical and mechanical characteristics of piezoelectric materials. The
results provide justification for assumptions made by beam/plate theory and theory of
piezoelectricity. The analysis also serves as the basis for modeling laminated structures and

deriving equivalent loading techniques.

Item 3
Analytical solutions were derived for laminated piezoelectric beam and plates. The solutions

were based on beam/plate theory, classical lamination theory, the principle of minimum
potential energy, and the linear theory of piezoelectricity. Finite element models were
developed, by deriving approximation functions for mechanical and electrical degrees of

freedom such that the electrical degrees of freedom only exist within the piezoelectric layers.
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A comparison the solutions with laminated piezoelectric structures using the piezoelectric
modeling capabilities in ABAQUS resulted in less than 1% difference. The techniques
greatly simplify the analysis of laminated beams and plates such that laminated piezoelectric
structures can be modeled as single layer structures, which account for the electric and
mechanical characteristics of the piezoelectric material. The analysis also serves as a basis for
deriving equivalent electromechanical loading techniques to simulate electrical actuation

within the piezoelectric layers.

Item 4
Equivalent mechanical loads were determined based on the theoretical solutions previously

discussed and the linear theory of piezoelectricity. Through static condensation, piezoelectric
models were used to calculate a displacement fields for a given electrical load, and the
displacement fields were used to determine the required load to produce an identical
response. Equivalent electromechanical loading techniques were also derived based on the
constitutive equations of piezoelectricity. The method makes use of blocking forces due to
piezoelectric actuation to calculate equivalent loading conditions based on the material and

geometric properties of the structure.

Comparisons of equivalent single-layer models with equivalent loading conditions to
laminated piezoelectric models generated using piezoelectric modeling capabilities in
ABAQUS results in less than 1% difference. This techniques simplifies the analysis of
piezoelectric beams and plates, so that the laminated structure can be modeled as a single
layer, but it can be modeled with equivalent mechanical loads to simulate electrical actuation

within the piezoelectric layers.
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5.2 Contributions

- Demonstrated that multiple layer modeling is achievable by single layer equivalent
modeling using equivalent material properties.

- Derived finite element methods for modeling piezoelectric structures, which
account for mechanical and electrical characteristics of the structure.

- Validated the linear theory of piezoelectricity with ABAQUS models using
piezoelectric elements.

- Demonstrated equivalent single layer techniques for modeling piezoelectric
laminated structures.

- Determined equivalent loading techniques for modeling piezoelectric structures
and piezoelectric laminated structures subject to electrical loading conditions.

- Simplified the analysis of piezoelectric laminated structures such that
computational models can be developed to investigate the static and dynamic

response using equivalent representations of the structure.

5.3 Future Work

The future works pertinent to the topic of this thesis may include

- Conducting an experiment to compare the results to theoretical and
computational results.

- Deriving solutions that account for geometric and material nonlinearities.

- Extending the derivations to dynamic analysis for piezoelectric structures and
piezoelectric laminated structures.

- Deriving solutions for time varying loads to simulate charge dissipation in the

piezoelectric material.
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Appendix A

A.1 Finite Element Formulations for Piezoelectric Plates

The finite element formulations for piezoelectric plates are derived based on energy methods,
classical lamination theory, and the linear theory of piezoelectricity. The derivations are
similar to the analysis of beams except additional degrees of freedom are introduced. The
plane strain assumptions are no longer valid; hence, there are two additional degrees of per
node. The interpolation functions are derived in a similar manner in which the functions

were derived for the beam. The plate element is shown in Figure A.1.

y M4 7v47W4’04x’ 64}7 7(p4 u} »V3 7W3 ’03)(’ 03}7 7(p3
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Figure A.1 Four node rectangular plate element
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For axial displacements, we assume a bilinear polynomial of the following form,

Vv.(x,y)=c tc,x+tc,y+ce,xy (A.1)

Solving the polynomial for the unknown constants given the boundary conditions derives

the axial interpolations functions.

The interpolation functions are:

(A.2)

le, le,

Na={l//1,l//2,l//3,l//4}

For transverse and rotational degree of freedom the polynomial approximation is given as

follows,

0,(x,y) =+ cx+e,y+e, Xt Hexy+ ey e, X+ cgx ty +exy’ +e v’ o Xy +ep, xp°
(A.3)

Solving the above equation for the unknown variable derives the interpolation functions for

transverse and rotational degree of freedom which are given as,
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Transverse and rotational interpolation functions:

o=1-30) -0)C)-3C ) +2 0) +30F €)+3mN f +2¢) -2
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=30) + )¢ )-20) -30mP ©€)-30) f +20) ©€)+2¢F @)
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os=— P +mICF +CF -€)n)
9o=—[)¢)+20F )-0)(©)
do=—)C)+30 ) )+30X Y -20) ¢)-2 ) ()
o =-0N¢F +¢)Vn)
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forn—l— é:_Ze

N, = {¢1,¢2,¢3,¢4,¢5,¢6,¢7,¢8,¢9,¢m,¢“,¢lz}

~20Pw)

(A.4)

The interpolations functions for electric potential through the thickness are given as follows,

Gi=a+ B & =5
fOVﬂ—h—
NS =18
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Zero electrical potential boundary conditions are imposed on the bottom surface. The
electric potential may vary across the element boundaries, as well as through the thickness,
therefore the will be functions of the three dimensions of the plate. The product of axial and
through the thickness interpolation functions produces the interpolation function for the

electric potentials as follows,

M= NN = Lm0 0=, £ -n). GXOY S + )
f=(3+p)0-mi-0) & {5 8)-0)
oo oo
>N =

z )y
or B =— =
Jor B = he le

Ne - {51 > 52 553 554}

For plate analysis the plane strain assumption is not valid; hence the displacement field and

stress will be as follows:

Displacement field:
u(r, 3, 2) = (5, y) — 222V (A7)
dy
w(x, y,z)=w’(x, y) (A.9)
Strain:
ou(x,y,z) u’(x,y) 92w’ (x, ¥)
= = - A.10
£(x 0, 2)= 20 (o) 2wt (A.10)
av(xayaz) avo(xa y) azwu(xa y) A
= = - 11
S}’(xa Yy, Z) ay ay z ayz ( )
wu’(x,y)  Ov'(x,y) 9’ W’ (x, )
= - Q" A.12
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The derivations are based on energy methods and variational principle, the stain energy for

the piezoelectric plate is given as,
1 1 Al
v o= _JV SCuSiSu ~ epEiSy = € E ;| v (A.13)

Substituting the expressions for the strains in the above equation and taking the first

variation, with respect to the axial, transverse, and electric potential results in the following:

du__’w dv 9w 99 \|o[ du__9%w

6V—J.V |:Qll{a—x—Zax—zJ‘Fle[g—Zay—z}—63l(—$]6 a—x—Zax—2 v+
u  *w v 9w 1) o 9w

J.V |:Q21[§—Zax—2]+Q22[5—2@7]—@32[—5]6 g—zay—z dv +

) ) (A.14)
j o AL i Uy I A | PY RCURNECU A
v ox dy dxdy 0z ox dy dxdy
2 2 2
J e3 a_u_za_w +e3, ﬂ—za—w —e36 a—u+i—2za lid + K, _9 0 _9 dv
v dx ox? dy o’ dx dy oxdy dz dz
The approximation functions are given as,
4
u(x) = z W, u;
i=1
4
() = 2 V. v
’;1 (A.15)
wx) =Y 6w
i=1

2
§D(X,ya2) = Z éi(pi
i=1
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Upon substitution of the approximation functions, the element stiffness matrix is defined as

W ayy Hd,,

oy¢ ay?
KU = J oV
J [Qll[ dx Ox +Q66[ dy dy

vyt oy oy’

21 _ J i J i
K J.V [QZ][ o ox ] st[ > o av

] oy’ V] oyt

22 _ J i J i
K JV [sz[ > 9 ] + Q66[ o av

oyl gEe ys e
; i] o [_;”f %] w
IX Z

9%¢ dy¢ 9%¢ a 9%0¢ dy¢
31 i i i 1 i Vi
K __JVZ Q“[ % ox ) le[ oxdy dy v
[ (9% aye 9%¢ aw 2% dy
32 i YVi TYi Vi
Kl/ ——JVZ Qz][_axz 9y ] [ oy ox dv
T 22 ¢, 2% 0% \]
ko] 2 Q“[ n? o o’ I e v
i = z
L (20, (200 2%
2 ay2 9 2 66 dxdy dxdy |
9%¢5 0&f %9f 35 9%9f 0&f
34 _ i i i i Vi Y5
Kj'= .[Vz|:631[ ol oz J é32 [ i 46 oxdy 0z v
K[ [ [ase v J [ae;e v H
v Jz  Ox
42 _ J' afe a"’/ a‘};e a"’/
v dz dy Jz
43 _ a&; o%¢f 9E; 9%9f 9ES 9°9f
Ky __.[Vz|:631[ 0z ox? } 2[ J [ dz Oxdy J:|dV
(A.16)

e o o
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The external work is given as,

Wiotal = J‘J‘R |:tx(u - zfl—:\}]+ty[v - Z%J+ fiw — 0'(p:| dxdy + J‘J‘R [faru]dydz + 'UR [fav“v]dxdz (A17)

Taking the first variation with respect to the axial and transverse displacements, and the

electric potential, the virtual work is,

S Wipsal :‘U E;/jtx ]Eu,- dxdy + ‘U [l//jfa’ ]5u,~ dy dz +J‘J. [l;/j ty ]év,- dxdy + JJR h/’jfar Jév,- dxdz—
w o, (A.18)
_” g0 5(p,dxdy+”~ |:¢jjt z—t —z—yt ]SWidxdy

The resultant force vector is defined as follows,

J Vit, dxdy + H Ey ifa, ]dydz
,, H vt dxdy + J.J' Lyfa ]dxdz

Lo (A.19)
e o 22 |

Fi=-|f lgjo laxay

Based on minimum energy principles the static equilibrium equations are given as,

K K K& K& | [(u

K5 K5 Ki K5 ||y (A.20)
K;l K;Z K3e3 K3e4 w F‘;

K: K& K& Ko |l@
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