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Abstract Constructing sparse, effective reduced-order
models (ROMs) for high-dimensional dynamical data
is an active area of research in applied sciences. In
this work, we study an efficient approach to identifying
such sparse ROMs using an information-theoretic indi-
cator called causation entropy. Given a feature library
of possible building block terms for the sought ROMs,
the causation entropy ranks the importance of each
term to the dynamics conveyed by the training data
before a parameter estimation procedure is performed.
It thus allows for an efficient construction of a hier-
archy of ROMs with varying degrees of sparsity to
effectively handle different tasks. This article examines
the ability of the causation entropy to identify skill-
ful sparse ROMs when a relatively high-dimensional
ROM is required to emulate the dynamics conveyed
by the training dataset. We demonstrate that a Gaus-
sian approximation of the causation entropy still per-
forms exceptionally well even in presence of highly
non-Gaussian statistics. Such approximations provide
an efficient way to access the otherwise hard to compute
causation entropies when the selected feature library
contains a large number of candidate functions. Besides
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recovering long-term statistics, we also demonstrate
good performance of the obtained ROMs in recovering
unobserved dynamics via data assimilation with par-
tial observations, a test that has not been done before
for causation-based ROMs of partial differential equa-
tions. The paradigmatic Kuramoto—Sivashinsky equa-
tion placed in a chaotic regime with highly skewed,
multimodal statistics is utilized for these purposes.
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1 Introduction

Complex dynamical systems appear in many scientific
areas, including climate science, geophysics, engineer-
ing, neuroscience, plasma physics, and material science
[45,97,105,114,117]. They play a vital role in describ-
ing the underlying physics and facilitating the study of
many important issues, such as state estimation and
forecasting. However, direct numerical simulation is
often quite expensive due to the high dimensionality
and the multiscale nature of these systems. The situ-
ation becomes even more computationally prohibitive
when ensemble methods, such as ensemble data assim-
ilation and statistical forecast, are applied to these sys-
tems. Therefore, developing appropriate reduced-order
models (ROMs) becomes essential not only to reduce
the computational cost but also to discover the domi-
nant dynamics of the underlying system.

There exists a vast literature on ROM techniques [2].
On the one hand, when the complex nonlinear govern-
ing equations of the full system are given, one sys-
tematic approach to developing ROMs is to project
the full governing model to a few leading energetic
modes through a Galerkin method. At the core of such
Galerkin projections are empirical basis functions con-
structed with various techniques such as the proper
orthogonal decomposition (POD) [51], the dynamic
mode decomposition (DMD) [88,93], and the principal
interaction patterns (PIPs) [48,66]. Once the projection
is implemented, supplementing the resulting equations
with closure terms is often essential to compensate
for the truncation error [19,25,37,80,102,109,121].
On the other hand, many data-driven methods have
been developed to learn the dynamics directly from the
observed or simulated data associated with the large-
scale features or dominant modes of the full systems
[2,18,27,34,50,71,78,84,101]. The full system does
not necessarily need to be known in such a case. It is
worth mentioning that there are also many recent devel-
opments in non-parametric ROMs or surrogate mod-
els, including those resulting from machine learning
methods [21-23,28,30,31,35,77,79,83,90,103,116].
Many of these developments focus primarily on provid-
ing efficient forecast results, while less effort is put into
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developing a systematic way of quantifying the impor-
tance of each constitutive term in the utilized ROMs.

When the ROMs are given by parametric forms, one
would hope that the model is not only skillful in describ-
ing the underlying dynamics but also simple enough
to facilitate efficient computations. While dynamical
models arising from real-world applications usually
have a parsimonious structure [ 110], data-driven ROMs
derived from these full models typically do not inherit
such parsimony. On the contrary, as the underlying full
system s typically nonlinear, ROMs obtained from pro-
jection methods often contain a large number of nonlin-
ear terms. This is because nonlinear interactions among
different spatial modes usually cannot be confined to a
small subspace spanned by a few spatial modes unless
special cancellation properties exist, taking (14) below
as an example. Similarly, starting with a comprehensive
nonlinear model ansatz, applying a standard regression
technique to the observed time series typically leads to
a high percentage of the terms with non-zero coeffi-
cients. Eliminating the terms with weak contributions
to dynamics is crucial in balancing the complexity and
accuracy of the resulting ROMs.

For this purpose, it is important to quantify and rank
the contribution of each potential constitutive term in
a ROM. By the very fabric of chaotic systems, the
dynamical contribution of a given term is not sim-
ply characterized by the amplitude of its coefficient
or even the energy carried by the term. Indeed, remov-
ing terms with even a tiny amount of energy can cause
a drastic change in the ROM’s dynamics, especially
when the underlying full model admits sudden transi-
tions such as bursting behaviors [8,9,40]. Due to these
reasons, an intuitive approach of ranking the model’s
coefficients and removing the terms with small coef-
ficients can fail. Instead, constrained linear regression
subject to £1-norm regularization, called the least abso-
lute shrinkage and selection operator (LASSO) regres-
sion [91,111], has been widely used to discover sparse
models from data [15,18,38,87,92,94]. By adjusting
the degree of shrinkage (i.e., the level of the ¢ regu-
larization), the LASSO regression can achieve a vary-
ing degree of sparsity since the ¢ constraint penalizes
the absolute values of the model coefficients, pushing
some of them to become precisely zero. However, while
the importance of each candidate constitutive term in a
ROM can be ranked by repeatedly applying the LASSO
regression with different degrees of shrinkage, the total
computation in such an approach is costly when the
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total number of candidate terms is large, a situation
typically faced when the dimension of the ROM is not
small. It is also known that LASSO does not handle
severe multicollinearity well [49].

In this paper, we take instead an information-
theoretic approach based on the concept of causal infer-
ence [5,6,42-44,57,106] to efficiently construct skill-
ful sparse ROMs. The use of information-theoretic met-
rics for identifying dynamical models already has a
long history, and some pioneer works can be traced
back to the 1970s due to H. Akaike [3,4]. Over the
years, several entropy-based metrics have been stud-
ied to quantify information flow or the potential causal
influence of one set of data on another, and their
scopes of usage span far beyond model identification
[58,70,72,75]. For our purpose here, we utilize the con-
cept of causation entropy recalled in (2) below, and
explore its ability to rank the relative importance of
each potential constitutive term in a ROM.

Initially introduced in [106] in the context of net-
work inference, causation entropy extends the concept
of transfer entropy [95] to allow for the condition-
ing on all other candidate terms’ influence when the
influence of a particular term is considered. Previous
studies illustrated that causation entropy, as well as
other related variants, are appropriate surrogates for
quantifying the dynamical relevance of each candi-
date term [6,36,42,57]. Additionally, as demonstrated
in [6], under certain circumstances such as robustness
toward noise and outliers, a causation-based criterion
can lead to better sparse ROMs than those constructed
from purely cost-function-based minimization tech-
niques including least squares, LASSO, and SINDy
(sparse identification of nonlinear dynamics).

Essentially, causation entropy quantifies the infor-
mation brought by a given term to the underlying
dynamics beyond the information already contained in
all the other terms. A larger causation entropy implies
that the associated term has a more significant influ-
ence/causal effect on the model concerned. Once a fea-
ture library of building block functions is chosen as
the candidate constitutive terms, the causation entropy
associated with each term in the library is computed
based on training data using (2); see Sect. 2.2. Then, dif-
ferent cutoff thresholds can be used to construct ROMs
with different complexity. From a ROM identification
perspective, causation entropy offers a natural way of
ranking the importance of each potential term in the
ROM before a parameter estimate step is invoked to

learn their corresponding optimal model coefficients
(see Step 3 and Step 4 in Sect. 2.1). This separation of
the model structure identification (Step 3 in Sect. 2.1)
from the parameter estimation (Step 4 in Sect. 2.1) is
a key feature of the causal inference framework that
distinguishes it from purely cost-function-based min-
imization techniques. As we demonstrate in Sect. 3,
it allows for an efficient construction of a hierarchy
of ROMs with varying degrees of sparsity to effec-
tively handle different tasks such as recovering long-
term statistics and inferring unobserved dynamics via
data assimilation.

Despite the attractive features of causal inference,
previous studies on sparse identification using entropy-
based metrics focused mainly on either relatively low-
dimensional problems or partial differential equation
(PDE) models placed in parameter regimes exhibiting
chaotic but nearly quasi-periodic dynamics. This article
aims to take a modest next step by examining the ability
of causation entropy to identify skillful sparse ROMs
when a relatively high-dimensional ROM is required to
emulate the PDE’s dynamics and statistics. By doing
s0, we also demonstrate that a Gaussian approximation
of the causation entropy can still perform exceptionally
well even in presence of highly non-Gaussian statistics,
which is encouraging since a direct computation of the
causation entropy is infeasible when the feature library
contains a large number of candidate functions. We also
examine the performance of the obtained ROMs for
data assimilation, a test that has not been done before
for PDEs using causation-based ROMs. We carry out
our experiments for the Kuramoto—Sivashinsky equa-
tion (KSE) [65,99], which is a paradigmatic chaotic
system with rich dynamical features.

As shown in Sect. 3, the corresponding causation-
based ROMs can indeed successfully reproduce both
key dynamical features and crucial statistics of the
studied KSE model. We also illustrate that to main-
tain good modeling skills, the level of sparsity achieved
depends both on the type of orthogonal basis used in
constructing the ROMs and the goals of the ROMs.
In that respect, ROMs built from two types of spatial
bases are investigated, including the analytical Fourier
and data-driven bases built from POD. Due to the par-
ticular form of nonlinearity in the KSE, its Galerkin
projections under the Fourier basis already exhibit a
very sparse structure. This is not the case for Galerkin
projections constructed on a POD basis. It is shown in
Sect. 3.2 that the causation-based ROMs can recover
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almost perfectly the sparse structure in the Fourier—
Galerkin projections and also reproduce their dynam-
ical and statistical properties, while the ROMs built
from the POD basis require far more terms to achieve a
similar level of dynamical and statistical performance
as reported in Sect. 3.3. We also show within the POD
setting that when the goal is switched to performing
state estimation using data assimilation, we can use a
much sparser ROM even if we only observe the time
evolution of a few relatively large-scale POD modes;
see Sect. 3.4.

The rest of the article is organized as follows. We
first outline in Sect. 2 the general procedure to deter-
mine the causation-based ROMs, with in particular the
core concept of causation entropy and a computation-
ally efficient approximation of this concept recalled in
Sect. 2.2. The usefulness of this ROM framework is
then illustrated on the Kuramoto—Sivashinsky in Sect. 3
in the context of deriving sparse data-driven ROMs to
capture either the long-term statistics of the solution
or to recover unobserved dynamics using data assim-
ilation. Some additional remarks and potential future
directions are then provided in Sect. 4.

2 A causation-based ROM framework
2.1 Overview

With the background and motivations of using causal
inference to construct sparse ROMs clarified in the
Introduction, we now describe the procedure to deter-
mine causation-based ROMs from training datasets.
We break it into four steps, with details for the causal
inference step and the parameter estimation step pro-
vided in Sects. 2.2 and 2.3, respectively.

As a starting point, we assume that the training data
correspond to the time evolution of a dynamical quan-
tity for which we aim to build a ROM. The training data
can come from either observation or the simulation of
a finite- or infinite-dimensional full model. For sim-
plicity, we assume that the data are collected at equally
spaced time instants, with the time step size denoted
by At. Once such a dataset is available, we adopt the
following steps to construct a causation-based ROM.

Step 1. Determining the state vector of the ROM via
data compression. Usually, the dimension of
the state space for the training data is much
higher than the dimension of the sought ROM.
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Step 2.

In such cases, a data compression procedure is
performed to learn a set of empirical basis func-
tions from the training data and then project
the training data onto the subspace spanned by
the identified basis functions. This data com-
pression procedure is a standard integral part
of any projection-based ROMs, and different
techniques are available for constructing these
basis functions, as reviewed in the Introduc-
tion. The output of this process is a set of scalar-
valued time series, {aij ci=1,...,n,j =
1,..., N;}, where n denotes the number of
empirical basis functions utilized for the pro-
jection, and N; denotes the total number of
time instants at which the data are recorded.
Viewing aij as the value of a state variable a; at
time j At, the state vector for the sought ROM
is then taken to be @ = (ay, ..., a,)T. While
the choice of the dimension, n, of the ROM
depends apparently on the dynamical nature
of the modeled quantity as well as the goals
of the ROM, one can also draw insights from
existing works on rigorous ROM error esti-
mates to assist with this task; see Remark 1.
We also note that there are situations where
the state vector consists simply of the vari-
ables for which the data are provided, taking
the paleoclimate proxy records from Green-
land ice cores [14] and certain physiological
time series [86] as particular examples. Then,
data compression is not needed, and Step 1 is
skipped. Namely, in these situations, the reduc-
tion aspect is reflected only in reducing the
possible number of terms in the ROM’s right-
hand side without lowering the dimension of
the state space.

Constructing a feature library F of (scalar)
candidate functions, from which the constitu-
tive terms of the sought ROM for a are selected
in Step 3. Generally, one should use prior
knowledge about the possible model behind the
training data to inform a judicious choice of
the candidate functions. But in case no prior
knowledge is available, some typical choices
are monomials in terms of the components
ai, ..., a,ofauptoacertain degree, as well as
trigonometric functions or any other common
elementary functions in these variables. Time-
dependent forcing terms can also be included
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in the library in case a non-autonomous vec-
tor field is expected. At the same time, the
computational cost to perform Step 3 below
increases when the number of functions in the
library increases. Note also that to avoid degen-
eracy when computing the covariance matri-
ces in Step 3, I should not contain constant
functions. Instead, a constant forcing term can
be added afterwards in Step 4 at the stage of
parameter estimation; see Sect. 2.3.

Step 3. Computing the causation entropy for each
function in the feature library F to determine
the ROM’s model structure. This step ranks
the importance (in the sense of direct causal
relation [106]) of all the functions in F for
the time evolution of each derivative da; /dt;
see Sect. 2.2 for details. Subsequently, we can
select different cutoff thresholds for the com-
puted causation entropies to construct a hier-
archy of ROMs with different sparsity levels.
This separation of the model structure iden-
tification step from the parameter estimation
step is a salient feature of the causal inference
framework that distinguishes it from purely
cost-function-based minimization techniques.

Step 4. Estimating both the model parameters for
the model structure identified in Step 3 and
the associated noise amplitude matrix for the
model residual, using, e.g., the maximum like-
lihood method. See Sect. 2.3.

We end this subsection with the following remark
that provides a couple of more comments about the
causal inference framework.

Remark 1 When the training data is noisy, one may
need to de-noise the data before performing Step 1
above. Various noise reduction techniques are available
for this purpose, including for instance low-pass filter-
ing [55], singular-spectrum analysis [115], and total
variation based regularization [89].

In general, it is difficult to determine the appropriate
dimension of the sought ROM in advance. But typi-
cally, the state vector identified in Step 1 needs to cap-
ture a significant amount of energy contained in the
training data. In certain situations, one can also benefit
from a priori ROM error estimates to get an idea about
how large the dimension should be; see, e.g., [59,64].

Like other data-driven methods, this causation-
based approach also requires data for the time deriva-

tive of the state vector a. As a result, the time step At
used in recording the training data should not be too
large, unless the time derivative data can be collected
through other means rather than by applying a finite
difference scheme to the data of a obtained in Step 1.

Itis also worth noting that when constructing ROMs
for highly chaotic systems, one typically needs to
include closure terms to take into account the impact
of the orthogonal dynamics not resolved by the ROMs.
Additionally, the ROM vector field may also need to
respect certain symmetry or energy conservation con-
straints to ensure stability and accuracy. See Sect. 4 for
further discussion along these lines.

2.2 Determining model structure using causation
inference

We now provide details about how to carry out Step
3 in the previous subsection, once the state vector
a = (ay,...,a,)T and a feature library F are iden-
tified according to Step 1 and Step 2, respectively. For
this purpose, we assume that ' contains a total of M
candidate functions, f1, ..., fy, for some M > O:

F={ft,-.s fm-ts s fnt1s -, S} )]

2.2.1 The definition of causation entropy

The importance of a candidate function f;, in I to the
dynamics of @; is measured here by the concept of cau-
sation entropy. To introduce this concept, let us denote
the time derivative of a; by ;. For any f, in F, let
also I\ f;,, be the set of all functions in F excluding f;,.
The causation entropy, Cy, 4|[F\ f,,]» Measures new
information provided to @; by f,, in additional to the
information already provided to ¢; by all the other terms
in the library IF\ f;,. Namely, C, 4. |[r\ f,,) quantifies
to what extent the candidate function f;, contributes to
the right-hand side of the equation for ;. Its precise
definition is given by [106,107]:

Clsis B\ o] = H @i [F\ fin]) = HGi| [F\ fn], fin)
= H(a;| [F\ fn]) — H (G F), )

where the term H (-|-) is the conditional entropy, which
is related to the Shannon entropy H(-) and the joint
Shannon entropy H(:, -) as follows. For two multi-
dimensional random variables X and Y (with the corre-
sponding states being x and y), the following identity
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(known as the chain rule) holds [39, Theorem 2.2.1]:
HY|X)=H(X,Y) - H(X), (3)

where the involved quantities are defined by

H(X) = — / p(x) log(p(x)) dx,
H<Y|X)=—/fp(x,y>1og(p<y|x)>dydx, @
xJy

H(X,Y)= —//p(x,y)IOg(p(x,y))dydx,
xJy

with p(x) being the probability density function (PDF)
of x, p(y|x) the conditional PDF of y given x, and
p(x, y) the joint PDF of x and y. Regarding the log-
arithm function log() involved in (4), commonly used
bases are 2, 10, and Euler’s number e. For our purpose,
the choice of the base is not essential as long as the
same base is used for the calculation of all causation
entropies since one can convert from base a to base
b with the inclusion of a common conversion factor
log, b [39, Lemma 2.1.2]. This factor is precisely the
conversion factor between different units used to mea-
sure entropies. For instance, the unit associated with
base 2 is called bir and the one associated with base e
called nat, and 1nat = log,(e) bits. To fix ideas, we
use base 2 in Sect. 3.

On the right-hand side of (2), the difference between
the two conditional entropies indicates the information
in g; contributed by the specific function f,, given the
contributions from all the other functions. Thus, it tells
if f;, provides additional information to ¢; conditioned
on the other potential terms in the dynamics.

Note that the causation entropy Cy, 4, |[F\ f,,] aCtu-
ally coincides with the conditional mutual informa-
tion of @; and f,, given F\ f,,, usually denoted by
I(a;; fn|F\ fm), which is always non-negative [39,
Section 2.5]. Interestingly, even though conditional
mutual information [120] is introduced much earlier
than causation entropy, its usage for model identifica-
tion does not seem to be explored until very recently
[12,72]. Additionally, by using (3) in (2) (see also
the second line in (5)), we get that Cy, 4R\ f,,] =
Cii— ful[F\ f,,]- Namely, given I\ f;,, the new informa-
tion provided to a; by f;, is the same as the new infor-
mation provided to f, by a;.

It is also worthwhile to highlight that the causation
entropy in (2) is fundamentally different from directly
computing the correlation between ¢; and f,, as the
causation entropy also considers the influence of the
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other library functions. If both 4; and f;, are caused
by another function f,, then @; and f;, can be highly
correlated. Yet, in such a case, the causation entropy
C ., —a;|[F\ f,,] Will be close to zero as f;, is not the
causation of ;.

2.2.2 An efficient approximation of causation entropy.

We need to compute the causation entropy C 7, ¢, |[F\ f,.]
for each of the M candidate functions in F and for
each component ag; of the n-dimensional state vector
a. Thus, there are in total nM causation entropies to
be computed, which can be organized into an n x M
matrix, called the causation entropy matrix. Note that
the dimension of X in (4) is either M — 1 (correspond-
ing to I\ f,;;) or M (corresponding to IF) in the context
of calculating the causation entropy given in (2). This
implies that a direct calculation of causation entropies
involves both the estimation of high-dimensional PDFs
and high-dimensional numerical integrations when the
number of library functions M is large, which is known
to be computationally challenging. As an alternative,
we approximate the joint and marginal distributions
involved in (4) using Gaussians. In such a way, the
causation entropy can be approximated as follows [1]:

Cz-xyy =HX|Y)-HX|Y,Z)
=HX,Y)—HY)-HX.,Y,Z)+ H(Y, Z)

1
~ - (Tog(det(Rxy)) ©)

— log(det(Ry)) — log(det(Rxyz) + log(det(Ry2)) ).

where det(-) denotes the determinant of a matrix, Rxy z
denotes the covariance matrix of the state variables
(X, Y, Z), and the other covariance matrices Ry, Rxy
and Ryz are defined in the same way.

Thus, by assuming that all the involved PDFs fol-
low multivariate Gaussian distributions, the computa-
tion of causation entropies boils down to estimating
covariance matrices and computing the logarithm of
the determinants (log-determinants) of these covari-
ance matrices. This is a much more manageable task
when the number of library functions M is too large
for other entropy-estimation techniques [41,61,62,95]
to operate effectively while ensuring accuracy and data
efficiency.

Admittedly, when the concerned data exhibit highly
non-Gaussian statistics, the use of Gaussian approx-
imations to compute the associated causation entropy
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can lead to errors. At the same time, as shown in Sect. 3,
even though the statistics of the full model’s dynam-
ics are highly skewed and multimodal (as revealed
in the PDF of the kinetic energy shown in Fig. 6),
the Gaussian approximation (5) still performs excep-
tionally well as verified using a setting in which the
true sparsity structure is known; see Fig. 3. In that
respect, note also that Gaussian approximations have
been widely applied to compute various information
measurements in the literature and reasonably accurate
results have been reported [17,58,75,112]. Finally, we
would like to point out that even the computation of the
log-determinants can be expensive when M is too large,
and some further discussion about this is provided in
Sect. 4.

2.2.3 Determining the model structure of the ROM.

With the n x M causation entropy matrix in hand, the
next step is determining the model structure. This can
be done by setting up a threshold value for the causation
entropies and retaining only those candidate functions
with the causation entropies exceeding the threshold.
When there is a visible gap in the causation entropies
(see,e.g.,Fig.2),itcan serve as a strong indication to set
the threshold within this gap. Otherwise, the threshold
can be chosen to enforce that a given percentage of the
terms in the feature library is kept in the ROM, allowing
thus for a hierarchy of ROMs with varying degrees of
sparsity by changing the cutoff threshold accordingly;
see Sect. 3.3. It should also be emphasized that deter-
mining the importance of the terms using causation
entropy fundamentally differs from that by first rank-
ing the absolute values of the ROM’s model coefficients
learned from regression and then removing the terms
with small coefficients. The latter does not explicitly
quantify statistical significance of the eliminated terms
and can lead to ROMs with much less accurate results
as shown in Sect. 3.4.

2.3 Parameter estimation

The final step is to estimate the parameters in the result-
ing model. For this purpose, we denote the total number
of terms in the identified model structure from Step 3
by s, and we use a column vector ® € R’ to denote the
corresponding s model coefficients to be estimated. We

introduce next an n x s matrix function of the state vec-
tor a, denoted by M, whose entries are built from the
s terms identified in Step 3 as follows. We first put all
the s identified terms into each row of M, arranged in
the same order, then for the ithrow (i = 1, ..., n), we
replace those terms that do not appear in the equation
of a; by 0. As a result, the model of a can be written in
the following vector form:

da . )

a5 ®(a) +oW(t), with ®(a)=Ma)®. (6)
In the above model, aW(t) is a stochastic term, with
W(t) e RI¥! being a white noise for some d > 0, and
o € R"™*4 being the noise amplitude matrix. This term
o W(t) aims to model the residual % — ®(a) since
usually there does not exist a ® for which ®(a) fits
perfectly the training data % except in some overfit-
ting scenarios. Typically, the dimension of the noise,
d, is the same as the dimension of the state variable n.
However, in rare situations when the residual % —®(a)
computed from the training data associated with an esti-
mated ®(a) has a degenerate covariance matrix, the
dimension of W would be lower than n.

The parameter vector ® and the noise coefficient
matrix o in (6) can be determined using, e.g., the maxi-
mum likelihood estimation (MLE) [20]; see [29] for the
technical details. Notably, the entire parameter estima-
tion can be solved via closed analytic formulae, making
the procedure highly efficient. Note also that the opti-
mal parameter ® estimated from the MLE is the same
as that obtained from the standard linear regression in
the special case when the noise amplitude matrix o is
an n x n diagonal matrix [96, Chapter 3]. MLE can
handle constrained minimizations too. Algebraic con-
straints among certain model parameters can be impor-
tant depending on specific applications. For instance,
the quadratic nonlinearity in many fluid systems repre-
sents advection and is a natural energy-conserved quan-
tity. To explicitly enforce energy conservation for the
corresponding ROM’s quadratic nonlinearity can help
prevent the finite time blowup of the solution and also
enhance accuracy [47,76]. Remarkably, closed analytic
formulae are still available for parameter estimation in
the presence of such constraints; see, e.g., [36, Section
2.5].

As mentioned in Step 2 of Sect. 2.1, constant func-
tions are excluded in the feature library I to prevent
degeneracy. To add such a constant forcing vector
b € R" to (6), we just need to add n additional entries
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to the parameter vector ®, say after the last entry of
the original @, and also augment M with an n x n
identity matrix appended to the right of the last column
in the original M. Usually, if the mean of the resid-
ual % — ®(a) computed from the training data is not
close to zero, it can be beneficial to add such a constant
forcing vector to the ROM.

Note also that if one has precise prior knowledge
about a portion of the full model’s vector field, it can
be advantageous to include it in the ROM. Denoting
the projection of this known portion of the vector field
onto the ROM subspace by @, the drift term ®(a) in
(6) takes then the following form

®(a) = M(a)® + Q(a), )

where Q@ € R” is a column vector that can depend
on a but does not involve any free parameters to
be estimated. Of course, in this case, we should
compute instead the following causation entropies
Cf—a|(IF\ f],0) for all i and m when determining
the model structure in Step 3.

With the causation-based ROM framework outlined
above, we now turn to a concrete application to illus-
trate its efficiency in identifying effective parsimonious
ROMs for the Kuramoto—Sivashinsky equation.

3 Reduced-order models for the
Kuramoto-Sivashinsky equation based on causal
inference

3.1 Preliminaries and background

The Kuramoto—Sivashinsky equation (KSE) [65,99] is
a fourth-order dissipative partial differential equation
(PDE) that can exhibit intricate spatiotemporal chaotic
patterns. It is a prototypical model for long-wave insta-
bilities, which has been derived in various contexts of
extended non-equilibrium systems that include unsta-
ble drift waves in plasmas [68], laminar flame fronts
[99], pattern formation in reaction-diffusion systems
[65], and long wave fluctuations in thin film [11, 100].
Due to its rich dynamical features, the KSE has served
as a test ground for various model reduction methods
as well as data assimilation techniques in recent years;
see, e.g., [6,25,54,69,73,74,81,104].
We consider the one-dimensional KSE:

Ot = —Viyyxx — Duxy — yuuy, (8)
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which is posed on a bounded interval, D = (0, L), and
subject to periodic boundary conditions. In (8), v, D
and y are positive parameters.

Under the given boundary conditions, since the spa-
tial average is a conserved quantity for the solution
u(x, t) of Eq. (8), for simplicity, we restrict to initial
data with mean zero by imposing

L
/ u(x,t)dx =0, Vr=>0. ©)
0

To build up understanding, throughout the numeri-
cal experiments reported below, we will also utilize
Galerkin truncations of Eq. (8) constructed using either
the eigenbasis of the linear operator in (8) or an empir-
ically constructed basis built from the POD.

3.1.1 Galerkin projections of the KSE under the
Fourier basis

Due to the assumed periodic boundary conditions, the
eigenfunctions of the linear operator A = —vdyyxy —
Do, in Eq. (8) consist of sine and cosine functions.
Thus, the eigenbasis coincides with the Fourier basis.
The corresponding Galerkin approximations of Eq. (8)
can be determined analytically as given below.

First note that the eigenvalues of the linear operator
A subject to the periodic boundary conditions and the
additional mean-zero condition (9) are given by

16vr*n*  4Dn?n?

,3n=_ 14 + 12 , neN, (10)
where N denotes the set of all positive integers.
Each eigenvalue is associated with two eigenfunctions
(labeled by a superscript £):

\/%cos <2”%>, if ¢ =0,

(an
2 sin (’MTX) if¢=1.

These eigenfunctions are normalized so that their
L?(D)-norm equal to 1.

Since the eigenfunctions occur in a sine and cosine
pair for each wave frequency, we consider Galerkin
approximations of Eq. (8) of even dimensions. Denote
the 2N-dimensional Galerkin approximation of the
KSE solution u under the Fourier basis by

el(x) =

N 1
uG(x,t) = Zzaﬁ(t)eﬁ(x). (12)

n=1¢=0
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Then the amplitudes, a,f’s, satisfy the following 2N- Table 1 System parameters for the KSE (8)

dimensional ODE system N D L v At N,
8 1 207 1 0.01 128

,Bna + Z Z <B(e£1 eez) e >ap af}z,
p.q=141,l=
1<n<N, tef{0,l1}, (13)

where B(u,v) = —yuv, denotes the quadratic non-
linear term in Eq. (8), and (-, -) denotes the L2-inner
product for the underlying Hilbert state space. By direct
calculation, we have

0 0 Oy 0 1 1y 1 0 1
(Blep. eg). e,) = (Bley,, e4), €,) = (Ble,, €,), €y)
= (B(ey. ep),€0) =0, ¥ p,q.n, (14)

0 1 0y __ 1 0 0
<B(€p,eq), en> - (B(eqs ep)s en>

— e itn=pta
= |52, itn=1p—dl. (15)
0, otherwise,

and

(B(el. e en)

(=D Fhn. ifn=p+q. (0.1},
=\ B ifn=|p—ql. £ €{0,1}, (16)
0, otherwise.

Formulas (14)—(16) reveal that most of the nonlin-
ear interaction coefficients (B (e D eqz), e ) in (13) are
zero. The resulting Galerkin system (13) has thus a
sparse structure. We will show below in Sect. 3.2 that
the causal inference criterion presented in Sect. 2 can
be used in a data-driven modeling framework to recover
this sparse structure with high fidelity.

3.1.2 Galerkin projections of the KSE under the POD
basis

In many applications, empirically computed orthogo-
nal bases can be a more favorable choice than ana-
lytic bases due e.g. to their data-adaptive features.
We will thus also assess the skill of the causation
inference approach when an empirical basis is used
instead. Among the most common choices are the
POD [46,52,98] and its variants [108]. Of demon-
strated relevance for the reduction of nonlinear PDEs
are also the PIPs [40,48,66,67] that find a compromise
between minimizing tendency error with maximizing

explained variance in the resolved modes. In the last
decade, related promising techniques such as the DMD
[88,93,118] have also emerged; see [113] for a discus-
sion on the relationships between PIPs, DMD, and the
linear inverse modeling [85].

To fix ideas, we use the POD modes to construct

the data-driven Galerkin approximations. Given a cut-
off dimension N, we denote the POD basis by {¢;
j = 1,..., N}, where the basis functions are ranked
by their energy content. Recall that the basis functions
are orthonormal, i.e., (¢}, @x) = d; for all j and k.
The corresponding N-dimensional POD-Galerkin sys-
tem of Eq. (8) reads

a,°” POD 4FOP 470D,
J— n
i ZAnﬂ Y B

i,j=1
1§n§N, (17)

where

Anj = (Apj, en), B, = (B(gi,¢j).¢n),  (18)
with A = —vyxxx — D0y and B(u,v) = —yuvy
as before. Once (17) is solved, the corresponding spa-
tiotemporal field that approximates the KSE solution u
can be reconstructed via

ug?P(x, 1) = ZaPOD(tm(x) (19)

n=1
3.1.3 Parameter regime and numerical setup

Throughout Sect. 3, we consider the KSE (8) in the
parameter regime given by Table 1. For the chosen
regime, there are six unstable eigen directions associ-
ated with the linear part of the KSE, and the KSE solu-
tion is chaotic. As revealed by the “bifurcation tree”
shown in panel A of Fig. 1, the selected regime (with
v = 8) is very close to the borderline in the parameter
space where a transition from chaos back to steady state
solutions occur as the diffusion coefficient v of the sta-
bilizing biharmonic term —uy .y is further decreased.
This interlace between chaotic and non-chaotic dynam-
ics by varying certain model parameter is well doc-
umented in the literature, and is not limited to KSE
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(A) From KSE
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Local extrema of F(t)
>

Fig. 1 Local extrema of the kinetic energy E for the KSE (8)
(panel A) and its 20-dimensional Fourier—Galerkin approxima-
tion (panel B) as the diffusion parameter v in (8) is varied, while
the other parameters in (8) are fixed to be those given in Table 1.
The kinetic energy E for the KSE’s solution u(x, t) is defined

tobe E(t) = fOL u?(x, 1) dx, and for the Galerkin system we
have E(t) = Z,llozl é:o (aﬁ (1))2, where aﬁ ’s are the state vari-

[24,53]. We argue that setting v close to this transi-
tion borderline creates a challenging scenario to test
the performance of the causation-based ROMs, since
the discrepancies between the identified ROMs and the
full model can easily push the ROM’s dynamics into
the steady state regime.

On the implementation side, we solve the KSE
by a pseudo-spectral code [56], in which the result-
ing stiff ODE system is integrated using the expo-
nential time-differencing fourth-order Runge—Kutta
(ETDRK4) method. We use N, = 128 pairs of Fourier
modes (hence 128 equally spaced grid points for the
spatial domain) to perform the pseudo-spectral dis-
cretization, and we use a time step Az = 0.01 to inte-
grate the resulting ODE system with the ETDRK4; see
Table 1.

It has been checked that a Fourier—Galerkin sys-
tem with dimension 20 is sufficient to reproduce the
dynamical features in the solution of the KSE for the
chosen regime; see Fig. 1, in which we show that the
20-dimensional Fourier—Galerkin system reproduces
accurately the bifurcation tree of the KSE as the diffu-
sion parameter v is varied in an interval where the KSE
dynamics make transitions among steady states, peri-
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(B) From the 20-dim Fourier-Galerkin system
I I — VU = 8‘

30

5000 6000 7000 8000 9000
t

Local extrema of F(t)

ables of the 20-dimensional Galerkin system of the form (13).
Note that the linear operator A = —vdyxxy — Ddyx of the KSE
has more unstable eigen directions as v is decreased; see (10).
Thus, in principle a regime with a smaller v value would require
a higher-dimensional Galerkin system to reproduce the KSE’s
dynamics. We can see that the 20-dimensional Galerkin system
recovers vey well the KSE’s dynamics for the range of v values
shown here

odic dynamics, and chaos. While generating a similar
bifurcation tree for the 20-dimensional POD-Galerkin
system is challenging, since this type of data-driven
systems trained for a fixed parameter regime typi-
cally cannot be used to infer the dynamics in another
parameter regime. Instead, we have checked that the
leading Lyapunov exponents for the 20-dimensional
Fourier—Galerkin system and the 20-dimensional POD-
Galerkin system for the regime given in Table 1 are
close to each other, with the leading three exponents for
each of these systems given by 0.0087, 0.0066, 0.0049
and 0.0088, 0.0067, 0.0048, respectively. Instead of
estimating from generated solution time series, these
Lyapunov exponents are computed by evolving the cor-
responding nonlinear ODE system and their associated
variational equations over a long time window [0, 6E5],
following [119, Section 3]

The above dynamical insights suggest that the 20-
dimensional Galerkin systems (either constructed from
the Fourier basis or the POD basis) approximate reason-

! We did not compute the Lyapunov exponents for the full KSE
system due to high computational cost, since the method of [119,
Section 3] would require to solve an ODE system of dimension
(128 + 1282%) over long time interval.
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ably well the full KSE model’s dynamics for the cho-
sen parameter regime. We will then test 20-dimensional
causation-based ROMs with different sparsity percent-
ages in the contexts of both Fourier basis and POD
basis. We intentionally choose a parameter regime
in which the dimension of a high-fidelity Galerkin
approximation is not too large in order to not inflate too
much the number of candidate functions in the learn-
ing library used for computing the causation entropys;
see again Sect. 2.2. See also Sect. 4 for some discus-
sions about applying the framework to obtain larger
causation-based ROMs with dimensions in the hun-
dreds when needed.

All the Galerkin approximations of the KSE (8),
either constructed from the Fourier basis or the POD
basis, are solved using the fourth-order Runge—Kutta
method. The causation-based ROMs as well as the
thresholded POD-Galerkin systems to be introduced
later are simulated with their drift parts approxi-
mated using the fourth-order Runge—Kutta method and
the stochastic terms approximated using the Euler—
Maruyama scheme. The system (27) involved in the
data assimilation experiment below is simulated using
the Euler—-Maruyama scheme for simplicity, which
turns out to be sufficient since the involvement of obser-
vational data helps alleviate the stiffness of its drift part.
The time step size At for all these models is the same
as the one used for solving the PDE itself.

The initial data for the KSE is taken to be ug =
cos(2mx /L), and the computed solution over the time
window [10%,5 x 10*] is used for learning the POD
basis as well as for training the related ROMs used
in Sects. 3.3 and 3.4. To compute the coefficients
involved in the POD-Galerkin system (17), we approx-
imate each POD basis function using 64 pairs of
Fourier modes and then perform the differentiation and
integration involved in (18) analytically. For reasons
explained in Sect. 3.2, the causation-based ROMs used
in this subsection are trained using the solution for the
Fourier—Galerkin systems, still over the time window
[10%,5 x 10%].

3.2 Data-driven inverse models under the Fourier
basis

As pointed out in Sect. 3.1.1, the Galerkin approxi-
mations of the KSE (8) under the Fourier basis have a
sparse structure. Such systems thus provide a good first

proof of concept testbed to check whether the causal
inference criterion presented in Sect. 2 can differenti-
ate monomials appearing in the Fourier—Galerkin sys-
tems from those that do not when all possible linear
and quadratic terms are included in the function library
used for model identification.

For this purpose, we place the KSE in the parameter
regime given in Sect. 3.1.3 and use the 20-dimensional
Fourier—Galerkin system of the form (13) as the true
model to generate the training data. We then follow
the four-step procedure given in Sect. 2.1 to construct
the sought ROM, as detailed below. Since we aim to
check whether the constructed ROM can recover the
sparse structure in the chosen Galerkin system, the
state vector of the ROM is the same as that of the
Galerkin system. Thus, Step 1 of Sect. 2.1 for state
vector identification is not needed here. For Step 2,
we include all possible linear and quadratic monomi-
als in the feature library [F. There are thus a total of 230
candidate functions, consisting of 20 linear terms and
210 quadratic terms. To facilitate later discussions, we
adopt the following ordering to arrange the 230 library
functions. We arrange the 20 unknowns aﬁ € =0,1,
n = 1,...,10) of the Galerkin system into a vector
a = (a(l), .. .,a?o, all, .. .,a%O)T, and denote the ith
entry of a by a;. The functions in the feature library [F
are arranged in the order of

{ar,...,ax0} followedby {ajar|1<j <k <20},
(20)

where the following lexicographic order for (j, k) is
adopted for the quadratic terms: (ji, k1) < (jo2, k2) if
(1 < j2)or j1 = jopand ky < k.

Regarding Step 3 of Sect. 2.1 for identifying
the ROM’s model structure, following the descrip-
tion in Sect. 2.2, we compute the causation entropy
C f,,—a;|[F\ f,,] for each library function f,, in IF and
each component g; of a, according to the approxima-
tion formula (5). In total, there are 230 x 20 = 4600
causation entropy values to compute. These values are
shown in Fig. 2, which are grouped by equation, with
the first 230 values (from left) for the first equation and
the next 230 values for the second equation, etc. There
is a visible gap in Fig. 2 that separates large causa-
tion entropy values (such as those above the red dashed
horizontal line) from the smaller ones (below the blue
dashed horizontal line), with only very few exceptions
falling in between. One is then tempted to suspect that
the cutoff threshold for the causation entropy value used
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Fig.2 Causation entropy that ranks the importance of the library
functions for learning a data-driven quadratic inverse model of
the 20-dimensional Fourier Galerkin system of the form (13).
The candidate function library F includes all of the 230 linear
and quadratic monomials constructed from the 20 components
of the unknown a as listed in (20). The causation entropy from
each library function f;, to the ith equation, Cy, 4 [F\ > 1S
computed according to the approximation formula (5) given in
Sect. 2.2. The parameter regime is the one given in Sect. 3.1.3.

The causation entropy values are grouped by equation, with the
first 230 values (from left) for the first equation, and the next
230 values for the second equation, etc. Also shown are two cut-
off thresholds, 0.65 (red line) and 0.05 (blue line). It has been
checked that the causation entropy values for all the terms appear-
ing in the true Galerkin system are above the blue line, confirming
thus the relevance of this casual inference criterion in identifying
constituent terms in the data-driven model

(A) Distribution of non-zero terms: Fourier-Galerkin model

N A S Y
S T S, -2
20 40 60 80 100 120 140 160 180 200 220
(B) Distribution of non-zero terms: Causation-based ROM
RN T
10~ A . .
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(C) Mismatch
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10— . . . L
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Fig. 3 Visualization of the distribution of the constituent terms
in the 230 function library for the true Galerkin model (panel
A) and the learned model (panel B). The learned model is con-
structed with the cutoff threshold for the causation entropy taken
to be 0.65 (red line in Fig. 2). In each panel, the vertical axis
consists of 20 rows with each row corresponding to one equa-
tion, and the horizontal axis consists of 230 columns with each
column corresponding to one function in the learning library.
They form thus a 20 x 230 mesh. A black square in the (i, j)-th
grid indicates the jth monomial in the library is present in the
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ith equation. The functions in the library are ordered in the way
given by (20). In particular, the linear terms are placed before
the quadratic terms. For instance, the left-most diagonal block
in panel A shows that the linear part of the true Galerkin model
is diagonal. The mismatches between the learned model and the
true model are shown in panel C. There are 12 mismatched terms,
all of which are quadratic terms. It has been checked that all these
12 terms are present in the true model, but are missing in the
learned model
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for the model structure identification should fall within
this gap.

In the remainder of this section, we use the more
severe cutoff threshold marked by the red dashed line
in Fig. 2 as the cutoff threshold, which corresponds to
a numerical value of 0.65 in contrast to 0.05 for the
blue dashed line. There are 283 terms whose causation
entropy values are above this threshold of 0.65. It turns
out all these 283 identified terms are present in the true
Galerkin model, which itself has 295 terms. Figure3
(panel B) shows the distribution of the identified 283
terms, while that for the true 20-dimensional Galerkin
model (13) is shown in panel A of this figure. The 12
terms in the true model not identified with this cutoff
threshold are shown in panel C of Fig. 3.

As can be seen in Fig. 3, the causation entropy cri-
terion is remarkably successful in identifying the true
sparse model. In particular, it has a negligible mismatch
rate of 12/(20 x 230) = 0.26% for the total 4600 pos-
sible terms to be sifted through. It turns out that all
these 12 mismatch terms are quadratic terms, while all
the linear terms of the model are correctly identified.
Indeed, the linear part of the true model is a diagonal
matrix with eigenvalues on the diagonal (see Eq. 13).
This is represented by the left-most diagonal block in
panel A of Fig. 3 due to the way that the library func-
tions are arranged; see again (20). These linear terms
are fully captured using the chosen cutoff threshold as
shown in panel B of this figure.

With the constituent terms of the ROM identified
now, we follow Step 4 of Sect. 2.1 and use a standard
MLE to determine the model coefficients; see Sect. 2.3.
For this purpose, we use the same training solution data
used in the previous causal inference step. Among the
283 coefficients in O, 20 coefficients on the diago-
nal of the matrix are to be learned for the linear part,
and the remaining 263 coefficients are for the nonlin-
ear terms. The numerical values of these coefficients
are graphically shown in Fig. 4. For the linear part (top
panels of Fig. 4), the learned model coefficients recover
these for the true model with high precision. We have
checked that the relative error is below 0.06% for all the
20 coefficients. For the nonlinear terms (bottom panels
of Fig. 4), the largest differences between the learned
model coefficients and the true ones occur at the 12
mismatched terms, as expected. Outside of these mis-
matched terms, the error is one-order smaller (on the
scale of 1073) compared with those shown in panel F
of Fig. 4. Note also that the causation entropy for the

mismatched terms all fall below the red dashed line in
Fig. 2 and thus being filtered out in the learned model
for this chosen cutoff threshold. We then expect that
they play a less important role than the other 283 terms
in “orchestrating” the dynamics in the true model. We
also note that the learned noise amplitude matrix o
associated with the Gaussian noise term (see aW(t)
in (6)) comes with very small entries on the scale of
107 Thus, the noise term is essentially negligible in
the resulting causation-based ROMs. It turns out that
the learned model with this cutoff threshold can already
capture faithfully the true dynamics as shown in Figs. 5
and 6.

In particular, we show in Fig. 5 the reconstructed
spatiotemporal field for the true Galerkin model defined
by (12) (left panel) and its analog from the causation-
based ROM (right panel). The solutions are shown in
a time window that is far beyond the training window
[10%, 5 x 10*]. The chaotic dynamics from the learned
model are essentially indistinguishable from those in
the true model, with local maxima (reddish patches)
and local minima (bluish patches) progressing in a
zigzag way as time evolves, forming a rich variety of
local patterns. In that respect, we also point out that the
long thin reddish strip observed in the left panel formed
in the time window [2.96 x 10°,2.97 x 10°], which
propagates from the left side of the domain (x = 0)
all the way up to almost the right side of the domain,
has also been observed in other time windows for the
learned model. This good reproduction of the dynamics
is further confirmed at the statistical level as shown in
Fig. 6 for the energy spectrum Ej (top panels) as well
as the PDF and the autocorrelation function (ACF) of
the kinetic energy E (bottom panels); see the caption
of this figure for further details.

Going back to Fig. 2, when the more conservative
cutoff threshold 0.05 (corresponding to the blue dashed
line) is used, the corresponding causation-based ROM
contains a total of 354 terms, which includes all of
the 295 terms appearing in the true Galerkin model.
The performance of this new causation-based ROM is
similar to those shown in Figs. 5B and 6. This indicates
that the terms whose causation entropy values fall in
between the gap marked by the red and blue dashed
lines in Fig. 2 already play very little role in determining
the dynamics of the learned model.

We also note that the existence of a clear gap to
separate the larger and smaller causation entropy val-
ues, such as shown in Fig. 2 seems to be tied to the
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Fig. 4 Visualization of the model coefficients for the 20-
dimensional Fourier—Galerkin system (true model) and the
causation-based ROM (learned model). For the true model, all
non-zero coefficients occur for the terms marked by black squares
shown in panel A of Fig. 3. We separated the linear terms (panel

(A) Solutlon ﬁeld from Fourier-Galerkin model

Fig.5 Comparison of the reconstructed solution fields obtained
using (12) for the 20-dimensional Fourier—Galerkin system (13)
(left panel) and for the causation-based ROM of the same dimen-

fact that the Fourier—Galerkin systems (13) themselves
admit a sparse structure; see again (14)—(16). When
other (global) basis functions are used, the correspond-
ing Galerkin system may no longer be sparse. As such,
one should no longer expect a clear gap to present in the

@ Springer

A here) from the nonlinear terms (panel D here) for a better visu-
alization, since the coefficients for some of the linear terms are
two-order larger than those for the nonlinear terms. The sparsity
structure for the learned model is the one shown in panel B of
Fig. 3

(B) Solution field from causatlon—based ROM

sion (right panel). The results are shown here in a time window
well beyond the training window [10%, 5 x 10%]

causation entropy plot. However, as shown below using
the POD basis, the ranking of the library terms provided
by the causation entropy still offers a compelling way
to obtain skillful yet significantly sparsified models.
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(A) Energy spectrum (cosine modes)

104l Causation-based ROM ]
—o—Fourier-Galerkin model 5
2 4 6 8 10
Cosine modes
(C) Probability density function
0.15 —— Causation-based ROM |
—— Fourier-Galerkin model
= 0.1
@)
.
0.05F
0 1 L n
5 10 15 20 25

Fig. 6 Comparison of statistics between the 20-dimensional
Fourier—-Galerkin system and the associated causation-based
ROM. The energy spectrum Ej shown here is computed out-
side of the training window by averaging (a,‘(Z (1))? over the time
window [5 x 104, 3 x 103], for all the components k = 1, ..., 10

3.3 Data-driven inverse models under the POD basis

We turn now to examine the situation when the underly-
ing orthogonal basis is constructed empirically instead,
which is taken to be the POD basis here. For bench-
marking purposes, we will compare the performance of
the learned model with that of the POD-Galerkin sys-
tem (17) as well as a thresholded version of the Galerkin
system obtained by removing terms whose coefficients
in absolute value are below a given threshold to achieve
a specified sparsity percentage.

The causation entropy, as computed using the 20-
dimensional POD projection of the KSE solution, is
shown in Fig. 7. Unlike the case with the Fourier basis
shown in Fig. 2, we no longer see a gap that sepa-
rates a small fraction of larger causation entropy val-
ues with the remaining smaller causation entropy val-
ues. As mentioned at the end of the previous subsec-
tion, a plausible reason is that the POD-Galerkin sys-
tem (17) itself does not have a sparse structure. Recall
that the 20-dimensional Fourier—Galerkin system (13)
utilized in the previous subsection has only 295 terms

(B) Energy spectrum (sine modes)
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and ¢ = 0, 1. The cosine modes correspond to £ = 0 (Panel A)
and sine modes correspond to £ = 1 (Panel B). The PDFs and
the ACFs (shown in the bottom panels) for the kinetic energy
E(t) = Z,l((il Zé:o (a,f (1))? are computed over the same time
window [5 x 10%,3 x 10%]

in its vector field, accounting for about 6.41% of the
total 20 x 230 = 4600 possible monomials in a 20-
dimensional quadratic vector field (excluding constant
terms). In sharp contrast, almost all the 4600 terms are
present in the 20-dimensional POD-Galerkin system
(17). As shown in Fig. 8, the absolute value of the coef-
ficients falls in the range [1072, 1071 for 96.5% of the
terms (namely 4439 terms) in this POD-Galerkin sys-
tem.

Due to the lack of any obvious cutoff thresholds
appearing in the distribution of the causation entropy
values, a possible way to proceed is to construct a hier-
archy of inverse models that maintain different sparsity
percentages by adjusting the cutoff threshold. There
are two different ways to carry out this cutoff proce-
dure. One way is to choose a uniform cutoff thresh-
old for all the equations, such as indicated by the red
dashed line in Fig. 7. Apparently, this approach only
ensures that a given percentage of terms is removed
from the learned model but does not guarantee that
the percentage of terms removed is the same for each
equation in the system. The other way is to choose a
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Fig. 7 Causation entropy that ranks the library functions for
learning a data-driven quadratic inverse model of the 20-
dimensional POD Galerkin system (17). The causation entropy
values are grouped by equation in the same way as done in Fig. 2.
Also shown are the cutoff thresholds for ensuring 20% sparsity
based on two strategies: the red dashed line corresponds to the
threshold 6 x 10~ that separates the lower 20% of all the 4600

causation entropy values from the remaining 80%, while the blue
dashed line segments correspond to the thresholds that separate
the lower 20% of the 230 causation entropy values for each of
the 20 equations. The total number of terms kept in the learned
models based on these two strategies are the same, but the con-
stituent terms kept in the corresponding identified models are
slightly different

2000 —
1000 |~

39.89% 32.74%

500 |- 13.83%

100 - 2.48%
501

0.28%

Number of coefficients

0.043%

10.04%

0.17%

0.087%

1078 1077 1076 10-°

10~ 1073 1072 107! 0 10

Absolute value of model coefficients

Fig. 8 Distribution of the model coefficients for all the 4600 terms in the 20-dimensional POD-Galerkin system (17) of the KSE (8),

for the parameter regime given by Sect. 3.1.3

custom cutoff threshold for each equation, such as indi-
cated by the blue dashed lines in Fig. 7 to achieve the
same sparsity percentage for each equation. In princi-
ple, the two cutoff procedures can lead to quite different
reduced models, especially when the range of the cau-
sation entropy values varies significantly from equation
to equation. However, for the model considered here,
it has been checked that the ROMs obtained by the
two approaches for a given sparsity percentage lead to
similar modeling performance. For all the numerical
results reported below, the causation-based ROMs are
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constructed using the latter approach to gain the same
sparsity percentage for all the equations. Once the con-
stituent terms are determined based on a chosen cutoff
threshold strategy for the causation entropy values, we
use again the MLE to determine the model coefficients
in the causation-based ROMs; see Sect. 2.3.

In Fig. 9, we present the skill of the 20-dimensional
causation-based ROM with a 20% sparsity. As can be
observed, even though the ROM contains 20% fewer
terms than the corresponding POD-Galerkin system,
it can faithfully reproduce the essential dynamical fea-
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(A) Solution field from POD- Galerkm system

C) Energy spectrum

(D) Probability density function

(B) Solution ﬁeld from causation-based ROM
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Fig. 9 Performance of the 20-dimensional causation-based
ROM under POD basis, with a 20% sparsity cutoff per equa-
tion, in comparison with the 20-dimensional POD-Galerkin sys-
tem. The reconstructed solution fields are shown in Panel A for
the POD-Galerkin system and Panel B for the learned model.
The energy spectrum Ej is shown in Panel C. The PDFs and

tures and the associated statistics appearing in the solu-
tion of the POD-Galerkin system. We also checked that
even by increasing the sparsity percentage to 50%, the
causation-based ROM can still produce chaotic tran-
sient dynamics over a long time window with the corre-
sponding solution field resembling that shown in Pan-
els A and B of Fig. 9, although the solution eventu-
ally becomes periodic after about 3.6 x 10° time-step
iterations. This slow drift to periodic dynamics after
long-time integration observed for “severely” truncated
causation-based ROMs is not a surprise. The KSE is
known to have many periodic dynamics regimes inter-
laced with chaotic dynamics regimes [53]. In other
words, the chaotic attractors observed for the KSE may
be prone to instability under perturbations depending
on the parameter regimes considered. Since a ROM can
be viewed as a perturbation of the original KSE model,
it is possible for the dynamics of a highly truncated
ROM to be (gradually) pushed towards the basin of
attraction of a periodic attractor in a nearby regime.

1
—— Causation-based ROM —— Causation-based ROM
—POD-Galerkin
0.5
=
@]
<
0
-0.5
15 20 25 0 500 1000
E Lags (time unit)

the ACFs of the kinetic energy E are shown in Panels D and
E, respectively. The energy spectra Ej’s and the kinetic energy
E are computed in the same way as described in the caption of
Fig. 6. Like in Fig. 6, the time window used for computing Ej
and E is [5 x 10%,3 x 10°], which is outside of the training
window [10%, 5 x 10%]

Although the dynamical features of the KSE dictate
that one may not be able to use a too sparse ROM
to capture long-term statistics for certain parameter
regimes, the fact that such a causation-based ROM
can still reproduce accurately short-time features sug-
gests its potential usage for other purposes such as data
assimilation and short-term trajectory prediction. In the
next subsection, we demonstrate the advantage of such
highly sparse causation-based ROMs in the context of
data assimilation with partial observations.

3.4 Application to data assimilation with partial
observations

We now illustrate the performance of causation-based
ROMs in the context of data assimilation to recover
unobserved higher-frequency mode dynamics based
on observation data for a few low-frequency mode
dynamics. As abenchmark, we also compare the results
obtained from a thresholded stochastic POD-Galerkin
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model described below. For simplicity, we assume that
the observation data is available continuously in time,
and we perform the data assimilation with the ensemble
Kalman-Bucy filter (EnKBF) [7,10] for both reduced
systems.

The thresholded Galerkin system is obtained from
the true 20-dimensional POD-Galerkin system as fol-
lows. We rank the coefficients of the true Galerkin
system from large to small in absolute value and then
drop the terms with coefficients below a cutoff value
that is determined to ensure the number of monomials
retained is the same as that of the employed causation-
based ROM. After identifying the terms to be kept, we
use the MLE to estimate the model coefficients and the
covariance matrix of the additive noise term in the final
thresholded Galerkin model.

For the sake of clarity, we first provide below
some details about the EnKBF applied to a generic n-
dimensional SDE system of the form (6):

da _ & W 21
Tl (@) + o W(1), (21)

in which the noise amplitude matrix o is assumed to
be n x n-dimensional and the first ¥ component of a is
taken to be observed while the remaining components
to be unobserved. We denote

= (ar+l»~--7an)Ta
Wiy = Wepr, ..., W) .
(22)

y:(a11'~-7ar)Tv
Wi=Wi,...,w)T,

We also decompose ¢ into four submatrices

0110

o — 11012 ’ (23)
02] 022

where the dimensions of o ;] and o, are r X r and

(n —r) x (n — r), respectively. We then rewrite (21)
using (y, z) as follows

dy .

— =gy, 2) +o1Wi(),

dt

dz (24
Fri 82(y,2) 02 W (1),

where g and g, denote respectively the first  and the
remaining n — r components of the (nonlinear) func-
tion @ in (21). Note also that compared with the orig-
inal system (21), we decoupled the noise terms in the
y- and z-subsystems by dropping o 12W5(t) in the y-
subsystem and o7 W1 (#) in the z-subsystem for sim-
plicity. In practice, the noise amplitude matrix o is
oftentimes diagonally dominant. This is, in particular,
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true for the KSE problem considered here. Addition-
ally, the noise in both the causation-based ROM and the
thresholded POD-Galerkin system is very weak. Thus,
such an approximation has little impact on the accuracy
of final data assimilation results.

Assume that a total of p ensemble members are used
in the EnKBF. Denote the collection of all the p ensem-
ble members at time ¢ by

Z(t) = (z1(1), 22(), ..., 2p(t)".

Denote also the observation data of y at time ¢ by
Yobs (£). We define then

_ 1<
Z(t)y =~ 20,
P =1

1 p
2000 20 = > g (Yons®). 2e(1). (29

(=1
and
1 < _
N Qo). 20) = 5 > (ze(t) = Z(1))
p =1 (26)
T
(820oms (0 26(0) = B (). Z4D)) €7,
where C = 62207,.
Then, each ensemble member z;,i = 1,2,..., p,
of the EnKBF is computed using
dz;

O 2> (Yobs (1), 20) + 022 Wa (1)
— N (Pops (1), Z(1)) 27)
(21 Dobs (@) 20) = Fobs () + o1 Wi ()],

where W1 ; and W ; are respectively r-dimensional
and (n — r)-dimensional Brownian motions for i =
1,2,..., p, with their components to be all mutually
independent.

The setup of the data assimilation experiment is as
follows. We observe the amplitudes of the first three
POD modes of the KSE solutions and aim to recover
the amplitudes of the few dominant unobserved modes
by applying the EnKBF to either the 20-dimensional
causation-based ROM with a large sparsity percent-
age or the corresponding 20-dimensional thresholded
POD-Galerkin system with the same sparsity percent-
age. We take the size of the EnKBF ensemble to be
p = 500, and the unobserved variables are initialized
to be zero for all the ensemble simulations. The sparsity
percentage of the ROMs is taken to be 90%, resulting in
460 terms in the drift part of both the causation-based
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ROM and the thresholded POD-Galerkin system. The
KSE is simulated over the time window [0, 2000] with
the initial data taken to be the solution profile at the last
time instant of the training data utilized for construct-
ing the POD basis function as well as the training of
the ROMs.

In the first row of Fig. 10, we show the time series of
the three observed POD modes. On average, these three
modes capture about 63.5% of the kinetic energy in
the KSE solution for the considered parameter regime,
while above 99% of the kinetic energy is captured by
the first 10 POD modes. As shown in Fig. 10 (black
curves), modes 4 to 10 still have quite large amplitude
oscillations almost comparable with those of the first
three modes, and they evolve on different time scales.
The fact that the unobserved dynamics still contain, on
average, nearly 40% of the kinetic energy and that their
projected dynamics reveal multi-scale, highly chaotic
oscillatory features present arguably a challenging test
ground for the data assimilation experiment.

The red curves in Fig. 10 represent the poste-
rior mean of the unobserved modes a4 through a;s
(red curves) obtained from the EnKBF applied to the
causation-based ROM, in comparison with the corre-
sponding true POD projections of the KSE solutions
(black curves). Despite its highly sparse nature, with
90% sparsity compared with the true POD-Galerkin
system of the same dimension, the causation-based
ROM is able to recover with high fidelity all the ener-
getic unobserved modes, a4, . . ., aj2. The skill for the
remaining small amplitude modes, a3, ..., ax, dete-
riorates as the mode index increases, as can be seen in
Fig. 10 for modes a3, a4, and a;5. However, these 8
modes contain, on average, only approximately 0.13%
of the solution energy.

As a comparison, the corresponding results for
the 20-dimensional thresholded POD-Galerkin sys-
tem with 90% sparsity are shown in Fig. 11. The
skill is significantly worse than that obtained from the
causation-based ROM. When comparing these unob-
served dynamics at the spatiotemporal field level, it also
reveals that the thresholded POD-Galerkin system with
this high truncation ratio suffers particularly severely
when there is a relatively abrupt change in the solution
dynamics, such as shown at around ¢t = 1450 in Fig. 12.
Finally, we mention that the time series for all the 500
ensemble members in the data assimilation essentially
coincide with each other for both of the two ROMs ana-
lyzed due to the fact that the involved noise amplitude

matrix o for both ROMs employed has entries all close
to zero.

The above results show that causation entropy can
indeed be utilized to rank the relative importance of
candidate terms from a given function library for the
construction of skillful sparse inverse models. The
obtained superior data assimilation skills compared
with those from the thresholded POD-Galerkin sys-
tem also illustrate that a naive truncation based on the
numerical values of the model coefficients in e.g. a
POD-Galerkin system may not be appropriate, espe-
cially when a highly truncated ROM is sought.

4 Discussion and conclusions

In this article, we analyzed an efficient approach to
identifying data-driven ROMs with a sparse structure
using a quantitative indicator called causation entropy.
For each potential building-block function f in the
vector field of the i-th component a;, the associated
causation entropy measures the difference between the
entropy of g; conditioned on the whole set of candidate
functions and the one conditioned on the set without f;
see (2). Thus, it quantifies statistically the additional
contribution of each term to the underlying dynam-
ics beyond the information already captured by all the
other terms in the model ansatz.

The ranking of the candidate terms provided by the
causation entropy leads to a hierarchy of parsimonious
structures for the ROMs controlled by a cutoff thresh-
old parameter. The model coefficients for the corre-
sponding causation-based ROMs can then be learned
using standard parameter estimation techniques, such
as the MLE; cf. Sect. 2.3. Illustrating on the Kuramoto—
Sivashinky equation, we showed in Sect. 3 that the
obtained causation-based ROMs are skillful in both
recovering long-term statistics and inferring unob-
served dynamics via data assimilation when only a
small subset of the ROM’s state variables is observed.

We conclude by outlining some potential future
directions to be explored. For this purpose, we want to
emphasize first that, when building up the causation-
based ROMs, it is straightforward to add additional
physically relevant constraints, such as skew symme-
try for certain linear terms and energy conservation
for the quadratic nonlinearity. For the results shown in
Sect. 2.3, the obtained ROMs turn out to be stable with-
out enforcing energy conservation constraints, even
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Fig. 10 The black curves show the projections of the true KSE
solution onto the first 15 POD modes, with the first three compo-
nents ap, ap, and a3 taken to be the observed modes in the data

assimilation experiments. The red curves show the assimilated
ensemble mean dynamics of the unobserved POD modes from
the 20-dimensional causation-based ROM, with 90% sparsity
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Fig. 11 The assimilated ensemble mean dynamics of the unob-
served POD modes from the EnKBF of the 20-dimensional
thresholded POD-Galerkin system with 90% sparsity (blue

though the quadratic term in the Kuramoto—Sivashinky
equation conserves energy. However, such a constraint
isexpected to be important, e.g., in the reduction of fluid
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curve), in comparison with the POD projections of the true KSE
solution (black curves)

problems in turbulent regimes. To enforce such con-
straints, we just need to make sure all relevant terms are
included in the identified model structure since it can
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Fig. 12 Comparison of the
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happen that the causation entropy for some but not all
of the terms involved in the constraint is above a given
cutoff threshold. Of course, the subsequent parameter
estimation is subject to the desired constraints as well,
which can be performed using, e.g., the constrained
MLE [36, Section 2.5].

Oftentimes, when constructing ROMs for highly
chaotic systems, one needs to include closure terms to
take into account the impact of the orthogonal dynam-
ics not resolved by the ROMs [2]. Different strate-
gies can be envisioned to extend the current frame-
work for this purpose. For instance, after the drift
part of the causation-based ROM is identified (i.e., the
@ (a)-term in (6) or (7)), instead of fitting the resulting
training residual data by a noise term o W(t), we can
explore more advanced data-driven techniques such
as multilevel approaches and empirical model reduc-
tion [60,63,76], nonlinear autoregressive techniques
[13,33,37,73], or neural networks. Alternatively, one
could first learn a higher-dimensional causation-based
ROM, then use parameterization techniques [25,26] to
approximate the newly added components by those to
be kept.

t

To what extent one can sparsify a ROM depends
apparently on the purposes of the ROMs. However,
it can also be tied to the underlying orthogonal basis
employed. As already seen in Sect. 3, the causation-
based ROMs constructed using the eigenbasis come
with a much sparser structure than those built from the
POD basis, for the PDE considered. It would be inter-
esting to explore if a coordinate transformation exists
that can further enhance the sparsity of the ROMs built
on a POD basis. For instance, if we rewrite the POD-
ROM under the eigenbasis of the ROM’s linear part,
we can oftentimes achieve a diagonalization of the lin-
ear terms since eigenvalues with multiplicity one are
generic. However, whether this transformation can also
help aggregate the nonlinearity to form sparser struc-
tures (after re-computing the causation entropy matrix
under the transformed basis) is up to further investiga-
tion.

Another aspect concerns the efficient computation
of the causation entropy matrix when the number of
functions, M, in the learning library is in the order of
several thousand or beyond, which can, for instance, be
encountered for ROMs with dimension 100 or higher.
The computational cost for determining a causation
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entropy lies in the calculation of the log-determinants
of the four covariance matrices involved in formula
(5), which are of dimension either M x M or (M =+
1) x (M £ 1). For a ROM of dimension N, there
are a total of N x M causation entropies to deter-
mine. Thus, we need to compute the log-determinants
of 4 x N x M covariance matrices, each with dimension
about M x M. To gain computational efficiency when
M is large, one may benefit from techniques for approx-
imating the log-determinant of a high dimensional sym-
metric positive definite matrix [16,82], although addi-
tional investigation would be needed to see how one
can strike a balance between the computational effi-
ciency gained and the approximation error made on
each entry of the causation entropy matrix. Alterna-
tively, we can try to reduce the number of functions in
the feature library either by an iterative approach using
a greedy algorithm [107] or by exploring potential
physical/modeling insights for the considered applica-
tions. For instance, in [36], a localization strategy is
introduced to significantly reduce the size of the feature
library when constructing an efficient causation-based
ROM for the two-layer Lorenz 1996 model.
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