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SYMBOLS AND NOTATIONS

a€A a 1is an element of the set A
m(A) the measure of the set A
Mg_A the set M is a subset of the set A
MCaA the set M 1s a proper subset of the set A
ANB the intersection of the sets A and B
A\B the complement of the set B with respect to the set A
CL2 set of continuous square integrable functions
L2 set of square integrable functions
o] denotes a metric or a weight function
{q)n> the set of functions @, ¥, « . .
”f” the norm of the function £
(f, &) the inner product of the functions f and g
Ma) the Gamma function
pn(x) an orthogonal polynomial of degree n
(CL) B)
Py (x) a normed Jacobi polynomial
J (G"B)(x) a non-normed Jacobi pol i
0 - polynomial
Pn(x) a non-normed Legendre polynomial
Cn(x) a non-normed Chebysheff polynomial
Bn(x) a non-normed polynomial defined by equation T7.1d
th ‘
Kn(x,t) the n~ kernel of an orthogonal system
th

Ln(x) the n Lebesque functioﬁ of an orthogonal system
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(B)l 3 denotes the 1,J element of the matrix B
dp (x
() p ()
n dx
inf greatest lower bound
sup least upper bound
Bf(ti)
—_— the row vector of partial derivatives of f at time
Ok
A= KO with respect to the parameters in the vector A,

evaluated at A = KO
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INTRODUCTION

The purpose of study 1s to investigate the conditions under which
an arbitrary member of a certain class of functions may be associated
with a series and in what manner the associated series represents the
given function. The class of functions is taken to be L2, the set of
all functions whose square is integrable in the Lebesgue sense. The
method of series association is that of generalized Fourier series
defined as follows. Let {F%‘x{} be an orthonormal system in 12
and let f€L2. Then the generalized Fourier series of f with respect
to<jvn(x)} is the series whose general term is a, Qn(x), where a
is the inner product of f and mh(x) over ‘the interval of
orthogonality of the system {cpn(x)} .

The relationship is denoted

00

£~ Z a o (x)

n=1

without regard to convergence.
The first five sections of this paper consists of background
material, a proof of the existence of a complete orthonormal system
in L2 and a discussion of some of the properties.of generalized
Fourier series corresponding to rather general orthogonal systems.
Sections 6 and T restrict the discussion to systems of
orthogonal polynomials arising from the Gram-Schmidt orthonormalizaﬁion

of the system { x°}, in the interval [-1, 1], with respect to a
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given weight function. The Jacobi polynomial systems are treated as.
a subset of orthogonal polynomial systems.

The remainder 6f £he paper consists of considering the solution to
the potential equation, with boundary conditions, in terms of Jacobil
polynomials. Under simplifying assumptions this problem is solved in
terms of three special Jacobl systems. The method of solution is
least-squares, differential correction, applied to discrete observa-
tions of the boundary conditions. This method 1s analogous to the
techniqﬁes frequently used in gravitational field determination from

observations of an artificial satellite.
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1. INTRODUCTORY MATERIAL

It is assumed that the applicability of series expansion for
arbitrary functions to the field of applied mathematics is well known.
For the interested reader an excellent brief historical summary of
Fourier series is presented in the Carslaw reference. The purpose of
this paper is to investigate the conditions under which an arbitrary
member of a certain class of functions may be associated with a series
and in what manner the associated series represents the given functiqn.
Interest will be in defining a class of functions and selecting from
this class a proper subset which may be combined in such a way as to
approximate all members of the class. Consideration will be limited
to real valued functions of a real variable.

When dealing with a certaln class of functions having a common
domain of definition and certain specified properties it is conceptually
helpful to consider this class as a space and the individual functions
as elements or points in this space. Assume for the present that a
function space is given. A method of combining elements of this space

is defined as follows.

Definition 1.1: A linear combination of a set fl, f2, «ee of
functions defined on a set A 1is an expression of the form:
&y f + 8, f + ..
where 81, 85y -+ are real numbers and addition and multiplication

are defined:

(a £, +a, f,+ '--) (x) = 8y fl(x + a, f2(x cee
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[+ ]
This definition permits construction of series of the form 2: &, fn(x).

n=1
Since the aim is to associate series of this form with functions of the

given space, the concept of a function space being closed under finite
linear combinations is introduced. The following theorem provides
conditions under which a function spéce is also a linear space.

Theorem 1.1: A function space S 1s a linear space if and only
if (1) whenever f, g€ S sois f + g and (2) whenever f € S, so is
af for any real number a.

It is generally desirable for the class of functions under consideration
to constitute a linear space since any finite combination yields a
function having the same properties as the original elements of the
space.

Theorem 1.1 gives an indication of the possible existence of a
proper subset of a linear space S such that any member of S may be
expressed as a linear combination of the elements of this subset. If
such a subset exists its elements would be likely candidates for use
in series expansions of the remaining functions in S. However, there
are additional properties which will prove desirable for an expansion
set. These properties are introduced by the following definitions.

Definition 1.2: The system of functions £, £,
linearly dependent if there exists constants c, Chs +vs Cp» not all

**y £ are
n

zero, such that
¢ fy ¥ et £,=0
If, however, this equality implies ¢, =0, 1 =1, 2, ***, n, the system

is linearly independent.
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Definition 1.3: The infinite system of functions fl’ f2,
is linearly independent if every finite subset is linearly

independent.

Definition 1.4: If £, f «++ are elements of a linear function

1’ 27
space S, the subspace of S which consists of all linear combinations
of these functions is called the linear closure of the functions
fl, f2, «++ denoted M{?ﬁ}. The closure of the set M{?ﬁ} is called
the closed linear closure and is denoted ﬁ{?ﬁ}.

Definition 1.5: The system of functions {?n)’ is called complete
if ﬁ<?ﬁ} is the whole space. |

In light of these definitions a more appropriate set of functions
for expansion purposes would be any linearly independent complete set
of functions in the space S since it is a minimal set which spans S.

In order to state how well a series represents a given function a
concept of distance is needed, the properties of which are now defined.

Definition 1.6: A distance functional is a real valued function
defined for pairs of functions f and g of a space S, denoted

d(f,g), which has the following properties:

1. 4a(f,g) >0

2. d4(f,g)
3. 4(f,1)

k. a(f,h) < a(f,g) + d(g,h).

d(g,f)

0]

A space with a distance function is called a distance space or a
pseudo-metric space. If the distance function also satisfies:
5. d(f,g) >0 for f f g

then the space is called a metric space.
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This definition of distance also incorporates a concept of
magnitude which is made precise by the following definition.

Definition 1.7: Let f Dbe an element of a linear distance space
S. The distance from the O element of S to f is called the norm
and denoted £, that is; a(0,f) = | £|.

This brief introduction of general concepts provides a basis for
describing specific examples which will have application to the theory

of generalized Fourier series.
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2. THE NORMED LINEAR FUNCTION SPACE L2

The class of functions which will be of primary interest is the
set of all measurable real valued functions f defined on a bounded
measurable subset A of the real continuum such that fe(x) is
integrable (summable) in the Lebesgue sense over A. The set A will
generally be restricted to be a finite interval [a, ta. This class
of functionsrshall be denoted by L2. That L2 is a linear space is
proven on the strength of theorem 1.1 and the following two theorems
whose proofs follow from the definition of the Lebesgue integral.

Theorem 2.1: If f, g € L2 then f + g € L2.

Theorem 2.2: If f € L2 and a is an arbitrary real number,
then a f(x) € 12,
The distance function for L2 is defined: » 1/2

Definition 2.1: d4(f,g) = {f [£(x) - g(x)] dx}

It follows from the propertieﬁ of the Lebesgue integral that this
function satisfies the properties of a distance function as enumerated
in definition 1.6, although it does not constitute a metric if one
distinguishes between functions which differ on a set of zero Lebesque
measure. In order to avoid this difficulty two functions f and g
will be considered equivalent in A 1f the subset of A wupon which
f and g differ is of zero measure. Distinction will not be made
between equivalent functions, so that each point in L2 becomes a class
of equivalent functions. In particular the zero function 6 1is the
class of all functions f such that f(x) = 0 almost everywhere

in A.
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The norm for the space L2 is defined:
Definition 2.2: If f € I° the norm of f is:
I s{f Fl? e .
A
Additional concepts which will later prove extremely useful are
those of a "scalar" or "inner product," orthogonality, and normality.

Definition 2.3: The inner product of f, g € L2, is:

(£,8) = fA £(x) g(x) ax .

Definition 2.4: If f, g €'L2, they are orthogonal on A if
and only if (f,g) = O.
Definition 2.5: If f € L2, f is normal if and only if ||f|l= 1.
Definition 2.6: A set of functions {§n>' which are both
orthogonal and normal will be called an orthonormal set of functions.
Provided now with the linear metric space L2, definitions of norm
and orthogonality, the discussion is directed to the problem of
associating with each element in L2 a serles expansion in terms of

a subset of L2.
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3. DEFINITION OF GENERALIZED FOURIER SERIES

Assume for the present that a function f € L2 and an orthonormal
system of continuous functions {@n(xi> C L2 are given and it is known

that f(x) can be expanded in a uniformly convergent series,

oo

Z a @ (x),

n=1
with respect to {@n(xi>. For this special case a procedure can be

described for determining the constant coefficients a -

By hypothesis ' w
f(x) = E: a @n(x) .

n=1

Multiplication by an arbitrary ¢n(x) does not affect the property
of uniform convergence. It is also known from the theory of infinite

series that termwise integration is permitted. Thus

(2]

.
J a0 as ) a, [ 000 ax

n=1

Due to the orthonormality of the {@n(xx> this equation reduces to

b/; £(x) @m(x) dx = a_ . _ (3.1)

The coefficient an determined by this formula is called the Fourier
coefficient with respect to the orthonormal system {@n(xi>.

The hypotheses of the preceeding discussion severely limit the
class of functions which can be expanded in a series having coefficients

given by equation (3.1). In particular thé requirement that
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Y a0,

n=1
converge uniformly forces f(x) to be continuous. However, this
example does providg some motivation for extending the assoclation to
arbitrary elements of Lg.

Definition 3.1: Let {?n(x{> be an orthonormal system in L2
and let f € L2. Then the generalized Fourier series of f with
respect to {@n(x)} is the series whose general term is & ¢n(x)
where a, is the Fourier coefficient Cf, Qn). f 1is said to be
expanded in a generalized Fourier series with respect to {¢n(XX}
and the relationship is denoted,

o]
-~
f~ 211 a, wn

n]
[}

without regard to convergence.

Under definition 3.1 the existence of the associated series is
guaranteed 1f the system {@n(xi> exists and @n is Lebesque
integrable, n = 1, 2, --- . Since by the Holder inequality if £ € LP,
for the integral \/; £(x) @n(x) dx to have meaning it is necessary

and sufficient for @ ¢ L2 vhere % + 11, (ref. 1, page 18.)

q
However, there is no a priori reason why the series in definition 3.1
should converge, or if it converges, should represent the given function
f. Thus there are three f&ndamental areas of investigation; (1) the
existence of a denumersble, orthonormal complete set of functions in L2,

(2) convergence of the associated generalized Fourier series and (3) the

way in which a convergent series represents the associated function.
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i, EXISTENCE OF A COMPLETE ORTHONORMAL SYSTEM IN 12

Proof of the exlistence of a complete orthonormal system <F%;> in
L2 wlll be conducted along the following lines.

1. Prove the set of continuous functions in Lg, denoted C_2, is

L

separsble; that is, contains a denumerable everywhere dense
subset.

2. Prove that CL2 is dense in L2.

3. Prove that if a set E contains an everywhere dense separable
subset El’ then E isvseparable, and thus conclude that L2
is separable.

4. Prove that given an everywhere dense denumerable subset in L2
a complete orthonormal system can be constructed in L2.

The proof of proposition 1 begins with the following lemma.

Lemma 4.1: The space C of all continuous functions f on the

finite interval [a, b], with metric

P, (£,8) = max |£(x) - g(x)]; x<[a, D)
is separable.
Proof: By a well known theorem due to Weierstrass (ref. 2, page
5T1) every function f(x) continuous on a finite interval may be

represented as a limit of a uniformly convergent sequence of polynomials
n

T

Q(x) =) a x

i=0
where ay is a real number. Note that uniform convergence is conver-

gence in the metric of C. Thus for any € >0 a Qn(x) can be found

such that

pe (£5 ) <% :
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Take as a denumerable set the set D of all polynomials

n

Pn(x) = Z r; <

i=0
where the ri are rational numbers. Since the rational numbers are

dense in the real numbers a Pn(x) exists such that

Pe (% Pa) <3
Therefore,
Pe (f’ Pn)-<- Pe (f’ Q‘n) T Pe (Qn’ Pn) <€

Hence the denumberable set D 1is dense in C and therefore C is
separable.

For the space CL2 the metric is:

1/2

b 2
och (t, g) = fa [:f(X) - g(X)J dx

If f and g are continuous on a finite interval, f - g is bounded
there. Let M = max [f(x) - g(x)| . Then

P2 (£ 8) < (2 o - ) < uo - )72

Now if g —f 1in the sense of the metric pc, this implies M - 0.
Hence g — f in the sense of the metric Po o* Thus the set D 1is

L

dense in CL2 and therefore CL2 is separable.

The proof of proposition 2 will be initiated with the introduction
of the Lebesque integral in terms of simple functions, that is,
measurable functions which take on a finite or countable number of

values.
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Definition 4.1: Let f(x) be a simple function which assumes
the values Yys Yo wees ¥y oo The integral of f(x) over A is

defined by the equation

o

\‘/‘; f(x) dx = Z ¥, {x : xeA, f(x) = yn} (4.1)

n=1

f(x) is called integrable over A 1if the sequence of partial sums of
the series 4.1 converges absolutely. If f(x) is integrable, then the
sum 4.1 is called the integral of f(x) over A.

Definition 4.2: The function g(x) is integrable over the set
A if there exists a sequence of simple functions fn(x) which are

integrable over A and converge uniformly to g(x). Thus

L/; g(x) dx = nli?; \/; £ (x) ax .

It was previously shown that uniform convergence implied conver-
gence in the metric of CL2’ which is also the metric of L2. Thus it
follows immediately from definition 4.2 that the simple functions
belonging to L2 are densé in L2.

Now let A be a metric space having a measure which satisfies the
condition that all open and all closed sets in A are measurable and
for any set M S A, m(A) = inf m(G) = sup m(F) , where the lower

MCG FCM ‘
bound is taken over all open sets G containing M and the upper
bound is taken over all closed sets F which are contained in M.
These conditions are satisfied by the Lebesgue measure. (ref. 3,

chapter 8.) Proposition 2 is restated and proven as follows.

Theorem 4.1: The set CL2 1s dense in L2. (ref. 4, page 98.)
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Proof: It is first shown that any simple function f € L2, and
hence any function in L2, can be approximated as closely as desired

by simple functions which take on a finite number of values.

Let f(x) take on the values ¥y» ***» ¥ tc+ on the sets
El’ ceey, En, ses, Since f 1is integrable, the series
\ 2 2
L vl a(E) - [, £ e
n

converges. Thus for any € > 0O there exists on N such that
—_ .
24 2 HE)< €
Yn m( n) :
>

Let

Then

fA EE‘(x) - fN(x):|2 dx = Z yn2 m(En) <e.

n>N

Therefore the simple functions in L2 which take on only a finite
number of values are dense in L2.

It is sufficient now to show that the continuous functions are
dense in the simple functions which take on a finite number of values.
Furthermore, since every simple function of this type is a linear

combination of the characteristic function Wm(x) of measurable sets,

it suffices to give the proof for these characteristic functions. Let
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M be a measurable set in the metric space A. Then for any € >0 a
closed set FM and an open set GM can be found such that FM CcCMC GM

and m(GM) - m(FM) < €, Define the function cpe(x) by

o (x) < p(x A\Gy)
€T p(x A\Gy) * (X, Fy)

where A\GM is the complement of GM with respect to A and

p(x, A\GM) and p(x, FM) are the distances from x to the sets
A\GM and F, respectively.

The function @_(x) =0 for x€A\Gy and equals 1 for x€F.

It is continuous since the functions p(x, A\GM) and p(x, FM) are

continuous and since their sum is never equal to zero. The function
\JrM(x) - cpe(x) is not greater than unity of GM\FM and is zero outside

this set. Therefore

2
fA EIfM(x) - cpe(x)] x < €,

which completes the proof of the theorem.
Proposition 3 is now restated and proved.

Theorem 4.2: If an everywhere dense subset El of the metric

space E (with metric p) is a separable space, then E 1is separable.
(ref. 5, page 98.)

Proof: Let A Dbe a denumerable everywhere dense subset of El'

Take x€E and assume € > 0. Since El is everywhere dense in E

there exists x'¢E, N E such that o(x, x') < s

2
everyvwhere dense in E there exists x!' '€(A N El) N E such that

; and since A 1is

1
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p(x', x'') < ; . Hence p(x, x'') <€ . Due to the arbitrariness of
€ 1t follows that ‘A is everywhere dense in E. Hence E 1is
separable.

From theorems 4.1 and 4.2 and the separability of CL2 it is
concluded that L2 is separable. Thus let (gﬁ} be a countable
everywhere dense set of functions in L2. Discarding from this set
those functions which are linearly dependent with the preceeding ones
yields a set {?n}' which is linearly independent and complete since
each g 1s a linear combinatiop of the elements in {?n}' and {gn>
is dense in L2.

The discussion has now led. to the principal theorem of this
section.

Theorem 4.2: (Gram-Schmidt Process) Let the system of functions
{?n} be linearly independent. Then there exists a system of functions
<?ﬁ} satisfying the following conditions.

1. The system <@ﬁ} is orthonormal;

2. every function mn is a linear combination of the functions

15 £y voey T

where an £ 0,

5. every function fn is a linear combination of the functions

Cpl’ q)2’ (AR ani

fn = bnl ¢l + oo + bnn @n

where bnn # 0. Every function of the system {@;} is uniquely

determined (up to the sign) by conditions 1-3. (ref. 7, page 151.)
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Proof: Let
£ (x)

Va

d; = J/‘; [fl(x):|2 dx, q;l(x) =

Let
(0 = 7,00) = 0 900, Gy = [ T00 @ () e
2 G2(x)
d2 = /; [GE(X)] dx, CPQ(X) = -——\/_d=2— .
Then
fA G,(x) o (x) dx = 0 = fA P,(x) @ (x) dx
and

A l’:cpe(x)]2 dx = 1 .

In general, let ¢3(x), cpu(x), .+« be defined successively by
the relations: |
n-1
(1) = 5,00 - ) o o), = [ 00 90 ax
k=1

6,(%)

[ ] e 000
d = G’ X dX, ¢ X = .
n A n n ,dn

It follows from the definition that each cpn is orthogonal to
q’l ey P g and is normalized. By construction each cpn is a linear
combination of the functions f., f,, :++, £ , and conversely. Also

1’ "2 > "n

d #0 since if d =0 then
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n-1 2

' n-1 2
f fn(x) - }d‘cnk ¢k(x) dx = J[ fn(x) - E: e x fk(x) dx = 0 .

J
A k=1 A k=1

ne-
fn(x) = Zl ek fk(x)

k=1

Thus

almost everywhere in A, which contradicts the hypothesis that

‘<?n(x§} is a linearly independent set. Hence the theorem if proven.
Since the existence of a countable dense set in L2 has been

shown, theorem 4.3 establishes tﬁe existence of a complete countable

orthonormal system in Lg.
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5. CONVERGENCE OF GENERALIZED FOURIER SERLES

Before such a vague concept as convergence can have mathematical
application it is essential that the intuitive idea of nearness be made
precise. Two forms of convergence have already been encountered in
section 4; (1) uniform convergence as convergence in the metric of the
space C, and (2) convergence in the mean as convergence in the metric
of L2 (more exactly, convergence in the mean of order two). Two
additional concepts are introduced by the following definitions.

Definition 5.1: The sequence of functions fn(x) defined on
some space with measure S, is said to converge almost everywhere to
the function F(x) if

lim fn(x) = F(x)
n—

except on a point set of zero measure.

Definition 5.2: The sequence of measurable functions fn(x)

converges in measure to the function F(x), if for any € >0
1lim m{% : lfn(x) - F(x)l > %} =0 .
n—-o

The following four theorems, whose proofs are given in reference
4, give the relations between these forms of convergence.

Theorem 5.1: If the sequence {?n(xz} of functions in IL°
converges uniformly to f(x), then f(x) € L2 and {?n(x)> converges
to f£(x) in the mean.

Theorem 5.2: If the seQuence {?n(x)} converges to f(x) in
the mean, then one can select from it a subsequence {fnk(xf} which

converges to f(x) almost everywhere.



- 26 -

Theorem 5.3: Let the sequence of measurable functions fn(x)
converge in measure to f(x). Then one can select from the sequence
{?n(xX} a subsequence {fnk(xx> which converges to f(x) almost
everywhere.

Theorem z.h; If a sequence of measurable functions fn(x)
converges almost everywhere to some function F(x) then 1t converges
to the same limit function F(x) in measure.

The above convergence relations ére sumarized by the following

scheme (ref. L4):

Uniform convergence
1

A2 ¥
Convergence in Convergence almost
mean everywhere

...... i)

L
\

Convergence in
measure

where the dashed arrow means that from a sequence which converges in
measure a subsequence can be obtained which converges almost everywhere.

It is most appropriate to consider first the question of conver-
gence in the mean of an associated generalized Fourier series since
this concept incorporates the metric of L2.

This quesfion is answered. by the next theorem.

Theorem 5.5: For any function with an integrable square, the
Fourier series with respect to any orthogonal‘system converges (in the

mean) in the metric space Le.

To prove theorem 5.5 the following two theorems are presented.
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Theorem 5.6: In order that a sequence {?n(xx> of L° functions

2

should converge in the mean to a function f£(x) in L%, it is necessary

and sufficient that ”fm - fn“ -0 for m, n > ®,

Proof: See reference 8, page 12.

Theorem 5.7: Bessel's Inequality. Of all the polynomials of the
nth order with respect”to an orthogonal system {@n(x;>, the best
approximation in the metric space L2 for f(x) € L2 is given by the
nth partial sum of its Fourier series with respect to this system.

Proof: Let (¢i’ ¢2, coe, Qn) be a finite orthonormal family
of functions in L2. Let @ = Bi ml + 82 P, + oe. + Bn @n and £ ¢ L2.
The objective is to select the Bi in such a way as to minimize
[a(s, o) = "f - (By P+ et By cpn)||2. Expand the right-hand side
as the inner product (f - ¢, f - @), taking into account the orthonor-

mality of the Py to obtain:

Ei (f, @ﬂg ”f”2 + Z 312 -2 l}l (£ ®p) *ooee By (£ q)n)]

i

2 B - @ o)+ {el® - Z e %))

Since the Bi occur only in the first summation it follows that

[t}

a(f, ) 1is a minimm for By = (f, ¢i). Hence d(f, ) is a minimm
when the Bi are the Fourier coefficients of f with respect to
(@é}. Note that when the Bi are so chosen the following inequality
is obtained for each n: |

n

) 82 <|ef .

i
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Returning now to the proof of theorem 5.5 it will be shown that the
partial sums Sn(s) of the Fourier series for f(x) € 12 satisfy

the conditions of theorem 5.6. For any integer n and any p>1:

Qf B cw()I2
K kx,

k=n+1

[8p(2) = 8,007

2

b n-+
f By cpk(x) dx
a

k=n+1

nt
2
Zpek ‘

k=n+1

]

i

since the system {@n(xi} is orthonormael. By virtue of Bessel's

o

inequality it is known that if f(x) € Lg, then z 82<sw,

k
k=1
Therefore for any € > 0 it is possible to find an N such that

iff Bke < €2 for n >N and hence
k=nt1

"Sn+p(x) - Sn(x)" <e.

Thus by theorem 5.6 the Fourier series for f(x) € L2 converges in
12, | |

It should be noted that only the convergence in L2 has been
proven. It does not follow that this sum should be equal to f£(x) in
the sense of the L2 metric. To resolve this guestion it is necessary
to consider the completeness of the system {@n(x5>. Definition 1.5

of a complete system is rephrased in the following form.
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2
Definition 5.%: The system {#gﬂx}} is complete in L~ if

for any f(x) € L2 and any € > 0 it is possible to choose the

numbers Qs Gy vy @ so that

f(x) - ii o @ (x)|| <e .

k=1

For future reference the concept of a closed system is introduced
here. (These definitions of closed and complete systems are frequently
interchanged in the literature.)

Definition 5.4: The system {@n(x{> is closed in I [é, ﬁj
if the only function f(x) € 12 [%, ﬁ] which is orthogonal to every
@n(x) is the function f(x) = O almost everywhere in [é, 6].

Theorem 5.8: In the space L2 the completeness and closure of a
system are equivalent.

Proof: See reference 1, page 62.

Now let {@n(xx> be a complete system in 1° and f(x) be any
element of L2. Then given € > 0 it is possible to select numbers

Ay Qo vovy A such that;

n

() - ) oy gl <

k=1
But in proving Bessel's inequality it was shownrthat the best
approximation to f(x) in the L2 metric is given by the polynomial
ﬁi By ¢k(x), where the B, are the Fourier coefficients of f(x).

k=1

Therefore
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n n
£(x) - Z B, P [ |I£(x) - Za'kq)k <e.

k=1 k=1
Since n n
2 2 2
£(x) - Z Be P = lifﬂ ) Z By
k=1 k=1
it follows that
n
2
0< ufﬂ - E: Bk2 < 62
k=1
Hence in the limit
n
2 2
D 87 = lel?
k=1

This equality i1s known as Parseval's equality.
The foregoling discussion can be considerably strengthened by the
next theorem, which also assures the uniqueness of the Fourler series.

Theorem 5.9: Riesz-Fischer: Let c_ (n=1,2, ...) be any

-}

sequence of numbers for which Z cn2 <+ o and {Qn(x)} be any
i n=1 o

orthonormal system. Then there exists an f(x) € L= such that the

c, are its Fourier coefficients with respect to {@n(x]}; if the

system is complete, then there exists only one such f(x).

Proof: Let the sequence Sn = ﬁi ) mk be set up. Since
k=1

00

cn2 converges then for any € > 0, an N can be chosen such
n=1 |
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E: cn2 < €., But then
N+1

o n+ _
= ZP ck2<€ (n>N, p>0) .

k=n+1

Sn+p(x) - Sn(x)

Hence there exists an f(x) € 12 such that f(x) = 1lim Sn(x),

© n —>v
that is, f£(x) = Z c, Cpn(x). Multiplying both sides of this equation
n=1

by Qm and integrating it is seen, due to the orthonormality of the

b .
<§ﬁ> that c =L/; f(x) Qm(x) Qx. -
‘ To prove the uniqueness of f(x), assume g(x) = j{: c Qn(x),
b n=1
g(x) # £(x). Then L/; [% - é] ¢, dx =c -c =0, for every n.
Hence f - g # O is orthogonal to every @, which contradicts the
hypothesis that {@n} is closed, that is, complete.

Being assured that for any f € L2 there exists a unique expansion
which converges to i1t in the sense of the L2 metric the question
arises as to what can be said with regard to other more stringent
concepts of convergence. Consider then the question of the convergence

properties of a general orthogonal series

@

Y <, 9,005 (5.1)

n=0
where nothing more than orthonormality in [}, @] is assumed about
the system {q)n(x)}. In this event the problem of convergence almost
everywhere appears to be the only appropriate consideration. To
clarify this, note that the values of the functions Qn(x) can be

chosen arbitrarily on a set N C [;, é] of zero measure without
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effecting the orthonormality of the system. Obviously‘ such an
arbitrary selection of values could also make the series ZCH q>n(x)
divergent on N. Suppose then that only orthonormality of the system
is assumed and it is desired to determine convergence features of the
series (5.1) from properties of the coefficients {cn}. In this study
the coefficients {cn} are assumed to be the Fourier coefficients

associated with some f € L2. Thus from Bessel's inequality it follows

[ ]

that Z cn2 < ® ; even though this sum may be arbitrarily large as
n=0 '

is asserted by the following theorem.

Theorem 5.10: If {cpn(x)} is any orthogonal system for which

|cpn(x), < A, then a continuous function can be found for which the

Fourier coefficients Cn with respect to {cpn(x)} satisfy

©

2-€
Z 'C | = 4+ ®©
n

n=1
for any € > 0.

Proof: Reference 1, page 341.

[+ <]
Now assume the condition Z ICn| < ®, This condition implies
n=0

the absolute convergence of (5.1) almost everywhere, since by the

Cauchy-Schwartz inequality

©

) b = 3
Z Jf lCn (pn(x)l dx < (b - a) Z‘ |Cni \/ \/ CPnz(x) dx
o Ve . a

n=0

]

= (b - a) z lcn‘ <o, (5.2)

n=0
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The desired conclusion can now be drawn with the aid of the following

theorem due to B. Levi (ref. 8, page 11).

Theorem 5.11: If '{fn(x)} is a monotone increasing sequence

of L-integrable functions and

b
f fn(x) dx
a

then the limiting function £(x) = 1lim fn(x) is also L-integrable
n v

<cC (n=0,1, :-.)

and

b b
lim / fn(x) dx =f f(x) dx .
n— o a a

If in particular {un(x)} are L-integrable functions such that

> b
z f I un(x)l dx < »
n=0 a

then the series Z un(x) is absolutely convergent almost everywhere.

oo

n=0
Proof: The sequence {f‘n(x) - fo(x)} is monotone increasing,

f(x) - fo(x) is its limiting function and fn(x) - fo(x) > 0.

Now the hypotheses imply

b ) b
f [fn(x) - fo(x)] dx < 1lim f [fn(x) - fo(x)] dx

n >
b
<C+ J/; ‘fo(x)l dx .

By Fatou's theorem (ref. 8, page 10) f(x) is also L-integerable

b
f f(x) dax <C .
a

and
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Hence

!pb : b
J. [f(x) - £,(x)] ax < lim fa [Fa() - £,(x)] ax .

n -

The reverse inequality follows from:
f(x) - fo(x) > fn(x) - fo(x) .

Thus
b b
Jf [?(x) - fO(XX] dx = 1lim \/p [?n(x) - fo(xi] ax ,
a a

n -

Which is equivalent to the first assertion of the theorem. The second

assertion is proven by letting

£ (x) = z |uK(X)|-
k=0

Applying the second part of theorem 5.11 to the relationship (5.2)

completes the proof that o

16 <=

n=0
is a sufficient condition for the orthogonal series (5.1) to converge.
Thus it follows that convergence tests on the coefficients lie between
the conditions z an < o and z lCnl < o, Due to the considerable
number of preliminary theorems required, some of the following theorems

are presented without proof.

Theorem 5.12: Rademacher-Menchoff. Let {cpn(x)} be an

orthonormal system. The orthogonal series
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o0

!

). e, () (5.3)

n=0

is convergent almost everywhere if the condition
o
Cn? log2 n<w (5.4)
n=1
is fulfilled.
Proof: Reference 8, page 80.
The question of whether condition (5.4) can be relaxed is

answered in part by the next theorem.

Theorem 5.1%: If {?n} is a positive monotone decreasing

sequence of numbers for which

holds then there exists in [é, ﬁ] an orthonormal system {?n(xx>
dependent on {Cn> such that the orthogonal series
[+
=2
\

C, Qn(x)

o

n=0
is divergent everywhere in [é, ﬁ].
Proof: Reference 8, page 88.
Therefore if complete generality is permitted in the choice of an
orthogonal system and the function to be expanded it follows from

theorems 5.12 and 5.13 that condition (5.4 is both necessary and
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sufficient for convergence almost everywhere. The following theorem
can be derived as a consequence of theorem 5.12.

Theorem 5.14: If the series

{& m'n+l
/ (1og n)2 E: Ck2
n::l kzmn‘l'l

is convergent, then the sequence'<:sm (x)> of the partial sums of the
orthogonal series (5.3) is convergentnalmost everywhere.

Proof: Reference 8, page 83.

Since the above theorems are based on the_properties of the
coefficients it is natural to ask what properties are to be expected
for the Fourier coefficients for an f € Lg. From Bessel's inequality
it follows that the Fourier coefficients tend to zero. What is of
primary interest is the rate at which they tend to zero, however little
additional can be said unless conditions are imposed upon either the
orthogonal system or the functions f +to be expanded. For the present
assume only that the orthonormal system {@n(x)j> consists of bounded
functions. Then the next two theorems imposing conditions on the
functions f can be proven.

Theorem 5.153 Mercer's Theorem. If for an orthonormal system

{?n(xx> the functions are all bounded; that is

|cpn(x)[ <M a<x<b (n=1,2, )

then the Fourier coefficients of any summable function with respect

to this system tend to zero.
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Proof: Let f(x) be summable and € >0 be given. First find

b
a function F(x) for which b/\ ‘f(x) - F(x)' dx < €, while F(x)
a

is bounded. This is possible by the very definition of the Lebesque

integral.

Since any bounded function belongs to L2 it follows that the

Fourier coefficients of F(x) tend to zero, that is, there exists an

b
[ %6 o0
a

< €, Also

N such that for n > N,

< Me,

b
ECRECIEO RS

hence

< e(1 + M)

b
f £(x) o (x) dx

a

for n > N. Thus

b
Jf £(x) @n(x) dx -0 as n oo,
a

Theorem 5.16: Riesz's Theorem. Let <@n(x)> be an orthonormal

system of bounded functions.

1. 1f fer® (a, b), then the Fourier coefficients of f with

respect to {?n)’ satisfy the condition
2

oo <” " Il

2. If for a sequence of numbers Cn’ ”C"p < + » then there

exists a function f(x) € IP (a, b) satisfying

b
C, =\/P f(x) @n(x) dx

for all n such that
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2
"f"q < M ”C“p :
where
o i
' qa
Il = ) |cn|0}
n=0
1
b q
_ a
ol ={ [ 1 e
and
N
p q

Proof: Reference 1, page 219.

It appears that convergence features for orthogonal expansions
might be improved if more was assumed about the expanded function f
than that f € L2. However this is not necessarily the case since
Banach (ref. 9) has proved the following deep theorem.

Theorem 5.17: There is a continuum of orthonormal'systems

<§n(xi> such that the Fourier expansion

(e <]

(0 ~ ), 9,0

n=0
for every differentiable function f(x) is divergent almost

everywhere.
It is apparent then that to continue the discussion requires more
restrictive conditions on the system <¢n(x)}.. Due to the limited

scope of this study, further discussion will be restricted to the
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particular orthonormal systems obtained by orthogonalization of the

linearly independent system {xn> in the interval [a, b:l.
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6. ORTHOGONAL POLYNOMIALS

Let p(x) be a nonnegative function integrable over (a, b) and

b
positive on a set of points such that L/“ p(x) dx > 0. Let the system
a

1
{[poc) ¢ xn} (6.1)

be taken as the linearly independent set in the Gram~Schmidt Process
(theorem 4.3). The results o{ orthonormalizing the system (6.1) yields
functions of the form [?(xi]§ pn(x) where pn(x) is a polynomial of
degree n in X, since these are linear combinations of the elements
of the system (6.1). It is assumed that the coefficient of the highest
degree term in pn(x) has been chbsen positive. The pn(x) are
orthonormal polynomials with respect to the welght function p(x), that
is,

. .
f p(x) py(x) p (x) dx = 0 m # n,

a

b 2
f p(x) [Pn(x)] dx = 1 .

a
The polynomials pn(x) thus generated are unique in the sense of the
following theorem.

Theorem 6.1: The only orthonormal system {@n(xx> with respect
to the weight function p(x) in which Qn(x) is a polynomial of degree
n with positive leading coefficient is {?n(xi}.

Proof: Obviously every power of xk can be represented in the

form

k ,
X = BO po(x) + Bl pl(x) +eee B pk(x) ;
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Hence any polynomial ¢n(x) of degree n can be represented in the

form

9. (x) = i 7 2 (%) (6.2)
k=0

Conversely the polynomials pk(x) can be represented as a linear
combination of Pys Py "'5‘¢k" Thus it follows that for k < n,
pk(x) is orthogonal to @ . Multiplying both sides of (6.2) vy

p(x) Pv(x)’ v < n and integrating yields;

- b . b
Z 7y f p(x) p,(x) p(x) ax = 7, = f o(x) 9.(x) p (x) =0
k=0 & #

for v=0,1, ***, n - 1. Hence Qn(x) =7, pn(x) and therefore
2 [P

b
1= J/; p(x) <Pn2(X) dx = 7 J, p(x) pn?‘(X) dx = 7 % .

Since both Qn and P, have positive leading coefficients it follows
that mn = P,

The next theorem follows immediately ffom the completeness of the
polynomials in [é, ﬁ] (see Lemma 4.1) and the fact that any polynomial
can be represented as a linear combination of the pn(x).

Theorem 6.2: The orthonormal system of polynomials pn(x)
with respect to the weight function p(x) 1is complete in L2.

The polynomials pn(x) will be used in the expahsion of functions
f e L2 in a manner entirely analogous with that of definition 3.1,
that is, f(x) 1is said to be expanded in a series with respect to

p (x) 1if
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©0

() ~ ) 8 B0 (6.3)
n=0
where
b
a, = ‘/F g(x) £(x) pn(x) dx . (6.4)
a

The selection of the system pn(x) is in part motivated by the
following theorem.
Theorem 6.3: Among all the polynomials nn(x) of degree not

greater than n the integral

b 2
b/\ [?(x) - nn(xi] p(x) dx
a

attains its minimum value for nn(x) = Sn(x) where Sn(x) is the nth
partial sum of the expansion of f(x) in the polynomials pn(x).
Proof: The proof follows that of theorem 5.7 after noting that
nn(x) can be written as a linear combination of the pk(x),
k=0,1, ***, n.
Before returning to the question of convergence it is of interest
to consider some of the properties of the pn(x). In particular a
recursion relationship will now be developed. Let 8 and bk denote
the coefficients of the kth and k - 1lst powers of x 1in pk(x)
and consider the expression of xpn(x) as a finite sum of the pk(x);
k=0,1, ***, n+ 1, that is,

n+l

xp (x) = ) e p(x) (6.5)
k=0
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where

b
e = [ P00 m () B(w) ax . (6.6)

a

If k<n -1, xpk(x) is of degree less than n, hence pn(x) is

orthogonal to xpk(x) with respect to the welght function, thus from

(6.6) it follows that ¢y =0 for k<n-1. Comparison of the
n+l an
coefficients of x in (6.5) ylelds ¢ = — Also from
n,ntl a
a nt+l
n-1
(6.6) C . = G, hence ) nel = nln l Therefore (6.5)

reduces to the following recursion relationship:

a8 a
xp (%) = —— p . (x) +c b (x)+ L2 p () (6.7)
n+l n

Comparison of the coefficients of 2 in (6.7) yilelds

o’

bn+l

a
n+l

n
(o] = e—
nn a

=]

If the assumption is made that p_l(x) = 0, a ., =0, then equation (6.7)

-1
holds for all nonnegative n.

Consider next the case in which the interval {:a, ﬂ] of orthogo-
nality is symmetric with respect to the origin, that is, [}, ﬁ] = E%b Eﬂ
and p(x) 1is an even function. Let g(x) be an arbitrary polynomial
of degree less than n, and consider the integral;

f'b
I= | p(x) p (-x) g(x) ax .
b

Change the variable of integration by letting t = - x. Then
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-b b :
I-= fb p(-t) p (t) g(-t) at = j; o(t) p_(t) g(-t) at = 0

since pn(t) is orthogonal to every polynomial of degree less than n.
Due to the arbitrariness of g(x) it follows that pn(-x) has the same
orﬁhogonality property as pn(x). Also it is readily seen that pn(-x)
is normalized and (-1)" pn(-x) has a positive leading coefficient.
Hence by theorem 6.1, (-1)° pn(-x) = pn(x). Thus pn(x) can consist
of only even powers of x or only odd powers of X, depending on
whether n 1is even or odd. Hence‘in this case the coefficient bn of
pn(x) is zero and equation (6.7) reduces to:

a a 1
pn+l(x) + an pn-l(

XPn(X) = E;:I x)
In addition the following theorem holds.

Theorem 6.4: If the set of polynomials {?n(XX} is orthogonal
with respect to p(x) > 0 over [é, @], the zeros of pn(x) are all
distinct and all lie in the open interval (a, b).

Proof: Reference 10, page 149.

If additional highly restrictive assumptions are made about the
weight function p(x), the next theorem can be proven.

Theorem 6.5: If the weight function p(x) satisfies the
differential equation

‘p'(x)' D + Ex

PIX) 7 ) 4 Bx + ox°
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in which A, B, C D, and E are constants and (A + Bx +'Cx2) p(x)
vanishes at the end points of [é, ?] then the pn(x) satisfy a

differential equation of the form:

a(x) o' (x) + B(x) p_'(x) + 7(n) p_(x) = O,

in which a(x) is a polynomial of second degree, specifically
A+ Bx + Cx2, B(x) is a polynomial of the first degree, specifically
[:(B + D) + (2C + E):ﬂ and 7(n) = - E)n (n+1) + En:l‘

Proof: Reference T, pﬁge 164,

Returning to the question éf convergence, let Sn(x) denote the

nth partial sum of the series (6.3); that is,

n

5.0 = ) 5 p(x) (6.9)

k=0

Letting t be the variable of integration in (6.4) and substituting

the expressions for the a  into (6.8) yields:

S (x)

b
0 f p(t) £(t) Z p (t) p(x) dt

k=0

b ,
f p(t) f£(t) Kn(x,t) dt .

The sum Kn(x,t) is called the nth kernel of the orthogonal system
<?n(xi>. For later reference, the nth Lebesque function of the system
is defined:

L (x) = fb o(t) IKn(x,t)‘ dt .

a
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A relatively simple expression for the nth  kernel of the system can

be developed as follows. Let equation (6.7) be multiplied by pn(t):

a
n-1
a

n

a
I
a

n+l

xp (x) p(t) = P (%) B (8) +c b (x)p (t)+ p,_1(x) p (t).

If this équation is subtracted from the corresponding form with t and
x interchanged, the term c_. pn(t) pn(x) cancels and the result may
be expressed in the form:

a

(t - x) p(¢) p (%) = = [pnﬂ(t) p (x) - p (t) pnﬂ(X)]

nt+l

a
n

.
n-1

- [pn(t) p,_,(x) -» (%) pn(X)}.

If this equation be written with n replaced successively by

n-1, n-2, ..., O, addition of the n+l equations thus obtained yields:

I a
(t - x) 2 p (t) p (x) = ;ﬁ—l- [pnﬂ(t) p (x) - p (t) pnﬂ(le

k=0 (6.9)

This identify is known as the Christoffel-Darboux formula. Thus the

nth kernel of the system can be expressed;

€ (k) - :n P, (t) p (x) - p (t) p_ ., (x) (6.10)

n+1 t-x

From equation (6.10) it is possible to deduce a convergence theorem
having application to Fourier series. First, a function f(x) is said
to satisfy a Dini-Lipschitz condition of order a at the point § if
for sufficiently small values of h the inequality

[£(& + n) - f(§)|<-rI3§TEﬂ a (C = constant)

holds. The theorem may now be stated in the following form.
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Theorem 6.5: If the function f£(x) € I? satisfies a Dini-
Lipschitz condition of order o at the point € with o >1 and if
in a neighborhood of & both the weight function p(x) and the

orthogonal system {?n(xi> are bounded, then the expansion

00

20 ~ ) a7 ()

n=0

converges at the point & +to f(&). If these conditions are satisfied
uniformly in the whole subinterval [:al, bl] of [a, b] then the
convergence to f(x) is uniform in every inner subinterval of [?l’ bi].

Proof: Consider the difference

b
8,(8) - £(6) =f [x(t) - 2(&)] o(t) K (¢, &) at.

a

From the Christoffel-Darboux formula

a b p (&) »_,,(t) - p (t) p . (E)
s_(&) - £(&) = an-r:l f Le(t) - £(8)]e(2) &
& (6.11)
a_ £-3 E+D b
= + +
an+l \/; \é:b ‘/;+8

where 8 > 0 1s chosen so small that in [ﬁ - B8, &+ 8] the functions
Jpn(t),, Ipn+l(t)l and p(t) remain less than some constant C
and f(t) satisfies the Dini-Lipschitz condition. The first and

third integrals may be estimated as follows:
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Define the function F(t) by;

fgti)::f(ﬁ te[a,g-a) and te(§+5,@

0 telt-5,¢+8)

F(t) =

By virtue of f € 1° then F e I° and it follows from theorem 6.3
that the Fourier coefficients of F tend to zero; that is, for

arbitrary € > 0 there exists an N such that for n > N

b
f F(t) p(t) pn(t) dt < € .

Thus for n > N the following inequalities hold.

£-5
f <e {|pn(§)| + |pn+1(§)D < 2eC (6.12)
a
~b
J <e {\pn(é)l + |pn+1(§)§ < 2eC (6.13)
E+5 |

a
Consider next the fraction

By equation (6.7)
n+l

b an b 5
fa (1) By (6) o, () a0 = fa o(t) p_,,% (¢) at

b
+ f o(t) p o (t) a (t) dt

a

where qn(t) is a polynomial of degree less than nt+l, hence the last

integral vanishes. Therefore by the Cauchy-Schwartz inequality
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a
n

a
n+1

re ‘
< e8] [phy (8) o (3)] at
a

1
2

b b
< max (lal, [b]) {f o(8) " (9) a6 [ o(®) B 2(5) at

max (Ia’) b]) = A .

(6.14)

From (6.11), (6.i2), (6.13), and (6.14) it follows that

.f&i%.;.giill at + heac .

+5

[5,(8) - 2(8)] < 2ac? fg
| o

By the Dini-Lipschitz condition

f§+8 ft)_f(g),dt<xf§+8 dt
£-5 R I

-5 |t - & |rog|t - &] ©

) 2K
(@ -1) |10 8

|a,-l

Since a -1>0 and % >0 may be chosen arbitrarily small, the
right-hand side can be made less than €. Therefore for n > N,
|sn(§) - f(§)| < 21\e(03 + 20). The above estimates hold uniformly
in every subinterval [_81 , bl] if the conditions for the theorem are
fulfilled uniformly in [31’ bi], which completes the proof. It can
also be shown that theorem 6.5 1s valid if f(x) satisfies in an

interval [al, bl] a Lipschitz condition.of order a, that is, if in

(222 1]
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[£(x + n) - £(x)| < K|n]® (K = constant)

where O <a <1. (Reference 8, page 29.)

Both the Lipschitz and Dini-Lipschitz conditions are more
restrictive than continuity. That such a restriction is essential is
asserted by the following theorem.

Theorem 6.6: If the Lebesque functions Ln(x) of the orthogonal
system {?n(xX} increase without bound for some X, that is,

lim Lnx0 = ® then there exists a continuous function F whose
n —»®
Fourier series diverges for that x.
Proof: As was seen earlier in this section, the nth partial sum

of the generalized Fourier series associated with the function f can

be written;
b
Sn(x,f) = fa p(t) £(t) Kn(x,t) at .
Then if |2£(t)[ <1

|8, (x,1)| < fb p(x) |Kn(x,t)j at = L (x) (6.15)

a

If the function f is chosen by:

£(x) = sign[K (x,t)],
then sn(x,f) = Ln(x). This f may be discontinuous, however, a

continuous approximation fn of f can be found such that

'fn(x)l <1 and S xo,.fn) Z‘% Ln(x ) for each n

0
(6.16)
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If the Fourier series of any fn diverges at Xy the theorem is
proved. Therefore suppose that the Fourier series of each fn
converges to 7n(xo).

Define the function F(x) by

00

) - ) w £, (0 (6.17)
k=0 "
where o o
ak>0,2ak<w,2apf%ak. (6.18)
o . k+1
For example take % = 7"k. From the above conditionms,
z £ (x)] < Z @ <@ .
L Pt 5

Hence the serieé
[+ o]
\"
/. % fnk(X)
k=0
converges. Thus given an € > O there exists an Ni such that
N

F(x) - i oy fnk(x-) <.§- .

k=0

From the monotone decreasing property of the 0 it follows that an

N2 can be found such that aN < €. Take N -equal to the maximum of
2
Nl and N2. Then
(<<} B *]
F(x)-z f <F(x)-i f +z
% o | S !, % fn %
k=0 k=0 N+1
€ , €
S-2-+6<€.



-52 -

Thus the series of continuous functions E: % fhk converges uniformly
and therefore its sum F(x) is continuous and its Fourier series is
obtained by addition of the Fourier series of the terms in (6.17).

Now chose the n, by induction as follows. " Given Dy sy My gy

choose n.K such that

k-1
\' 1
X Lnk (XO) - % Z % "n (XO) < 7 % Lnk (XO)°
0 b
Since k-1 k-1
Sn Xyr a,p fn - a, Yn 0
0 D 0 b

it may be supposed that o, is so large that

k- k-1
1
Snk xo,iapfn S2Zap 7n.|56 akLnk (xo).

0 P 0 P
(6.18)
Also by (6.15) and (6.18)
S X, o f <L X a <:L L X
Pk okzlpnp —nk(O)kZ:L P-Baknk(o)
(6.19)

Finally it follows from (6.18) and (6.19) that
1 1 |
Snk (xo, F): Snk (xo, o fnk) -7 %Y Lnk (xo) -z Lnk (xo)

o1
qukLnk (XO)-) © ,

Hence the Fourier series of F diverges at xo.
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Several examples of the type function whose existence is established

by theorem 6.6 have been constructed. (Refs 1 and 11.) However, if

the expansion of a specific function is being considered then conver-
gence tests have been developed which consider properties of the
orthogonal system as reflected in its Lebesque functions and properties
of both the system and the function to be expanded as reflected in the
Fourier coefficients. For the general orthogonal system the following

theorem holds.

L_(x)
7\n

set EC [a., b:l where {)\n} is positive and nondecreasing, then

Theorem 6.7: If the relation

<K for all n, holds in the

n=0

implies the convergence of the orthogonal series }: cy @n(x) almost
everywhere in E.

Proof: Reference 8, page 175.

The Lebesque functions for the orthogonal polynomials of this
section, under assumptions of boundedness, satisfy the first condition
of this theorem. In particular the next theorem has been established.

Theorem 6.8: If <?n(x)}. is a system of orthonormal polynomials
with respect to the weight function p(x) and if the functions {?n(xx}
as well as p(x) are bounded in E:, d] C(a, b) then |

L, (x)
log n

<K

for all n (K constant) and this condition holds uniformly in

every inner subinterval of (c, d).
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Proof: Reference 8, page 179.
Thus the next theorem follows as a corollary to theorems
6.7 and 6.8.
Theorem 6.2:v If {bn(x)} is an orthonormal system of polynomials
with respect to the weight function p(x) and if the functions <?n(x)}
as well as p(x) are bounded in the interval [?, é] C (a, b) then the

relation

o0

2
E: <, log n <

n=0
implies the convergence almost everywhere in (c, d) of the orthogonal

series
[+ ]

Z c, p(x) .

n=0

The question of boundedness of the system {bn(xi> has been
prevalent in the last few theorems. This question is difficult to
answer and even the problem of pointing out sufficient conditions in
order that the functions obtained by orthogonalization of a given
system of functions should satisfy certain requirements of boundedness
has not been satisfactorily solved. However under certain conditions
the boundedness of one orthogonal system can be deduced from the
boundedness of another system. For example, let {bn(xi} be the
orthonormal system of polynomials with respect to the weight function
p(x) and let {?n(xX} be the orthonormal system with respect to the
weight function p(x) o(x) with o(x) > 0 almost everywhere.

Then a boundedness relationship can be stated and proven as follows.
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Theorem 6.10: Suppose that at a point x,€ (a, b) the following

conditions are fulfilled:

1*. p, (xo) = 0(1)
2%, o’(xo) >0,

o(t) - o(xo)

— = 0(1) 1in a neighborhood x., - € <t <x_+ €
0

3*.

b
W, JC o(t) o(t) p,2(t) at = 0(1),

b p, - (t)
5%. ‘jf o(t) T dt = 0(1)

then q (xo) = 0(1), where the notation O means that if {%ﬁ} is a

arbitrary and {(Db a positive sequence of numbers, a_ = 0 (b

> "n n
Ia
b

n
If the conditions 1* - 3% are uniformly satisfied at the points

signifies that ~—

is bounded, independent of n.
x of an interval |c, d] C (a, b) then qn(x) = 0(1) holds uniformly
in |c, é].

Proof: Expanding qn(x) at the point x. 1in the functions

0
{pn(x)> yields

b
B() = Balk) | o) g,(8) m(e) av

a
n-1

b Nl
+ f p(t) q (t) 2_‘ P (t) B (%) dt -

& k=0

Since qn(x) is the nth orthonormal polynomial with respect to the
weight function p(x) o(x) it is orthogonal with respect to this

weight function to every polynomial of degree less than n. Thus
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re by
J p(t) o(t) g (t) Z‘ p (t) B, (%) dt =0 .
& k=0

Hence because of condition 2% the expansion of q, can be written

b
4, (%) = Py (xo)f p(t) q,(t) p (t) dt

n-1
1 b
it S e o) - o) kzo 2 (1) B (xg) & -

Applying the Cauchy-Schwartz inequality and using condition 5% yields

the following estimate for the first integral,

b b (t)
J/; < »/a o(t) \’c(t) ,q_n(t)] l—i!)—f_(—t_)-l- dt
2

b 5 b p, (t) 2
5{[ p(t) o(t) q (t) dt f p(t) < &) = o(1) .

1

Now by considering conditions 1* and 2% the following estimate is

obtained

b
'qn(x0)|= o(1) + o(1) f o(t) ‘a(t)
n-1

- c(xo)llqn(t4 }: pk(t) pk(xo) at .
k=0

Applying the Christoffel-Darboux formula to the sum under the integral

sign and using the relationship (6.14) yields
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o(t) - c(xo)
t - X

b
4 (50)] = 0@ + o) [ eo) %] | [2al)

+ ,En-l(t)l] at .

Divide the interval of integration into three parts: [a, Xy - {],
- * *
EXO € Xy * e:’ and [xo + €, b]. On account of 4* and 5% the

integral over [a, Xy - 6:] can be estimated as follows:

‘jpxo_e <1 \/pxo_e o(4) [o(xg) + o(t] ,qn(t)' []pn(t)l + ]Pn-l(t{ﬂ dt

) [\Xo-e O(XO)
o) j 7 el®) \o(®) ay(®)] [\/J(T) + \o (%) ﬂpn(t)l
+ ‘pn_l(t)ﬂ dt

) xo-e 5 xo-e o(xo)
= 0(1) {fa p(t) oft) q ~(t) dt fa p(t) [c,__(t)
2 2
+ \’c(t)} Upn(t)| + lpn_l(t)l] dt

X -€ 21:) 24
_ o(1) {;/“ 0" 4) p, (%) + 1 =(t) dt

a a(t)

x -€ 1
o [T o) o) Ejng +pn_12(tﬂ d%
a

= 0(1) .
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b
In the same way the estimate ‘jr = 0(1) can be obtained. For the
X =€
0

middle integral it is inferred from conditions 3* and 5* that

fx0+€ o) fxo+€ o(t) 'qn(t)l [lpn(t)' + ’pn_l(t),] dt
xo-e xo-e

2 2
x +€ x +€ p_(t)+p” (%)
o<1>{f © pwe(e) g (8 av [ O p(y) Bl
XO-G

1]

- €
%o

0(1)

Thus the theorem is proven.

Again it seems appropriate to further restrict the class of
orthogonal systems under discussion. Thus, in the material that
follows interest will be limited to the particular class of orthogonal

systems known as Jacobi polynomials.

ol =

dt
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T. JACOBI POLYNOMIALS

The particular class of orthonormal polynomial systems arising
from application of the Gram-Schmidt process to the linearly independent
system {%rl} for a weight function p(t) = (b - x)¥ (x - a)B with
a> -1, B>-1 are called Jacobi polynomials.‘ For simplicity the
interval Eé,'ﬁ] is usually taken to be [}l, %J so that the weight
function becomes p(x) = (1 - x)® (1 + x)B. The general case can be

reclaimed from these results by the linear transformation

X - a

t=-1+2 Y

When o = B the corresponding polynomials are called ultraspherical
polynomials. Two special cases of particular interest are a =8 =0
and a =8 = - % which correspond to the Legendre and Chebysheff
polynomials, respectively.

Due to the wide range of interest in the Jacobi polynomials they
have been treated rather extensively in the literature. Therefore,
some of the properties peculiar to these polynomials will be presented
without proof, an appropriate reference for the proof being given.
First, note that if it is assumed that the Jacobi polynomials are
bounded then they become a subset of all previous systems considered
in this paper and therefore satisfy the requirements of all preceeding
theorems.

Denote by pn(m’e)(x) the nth normed Jacobi po;ynomial belonging

B

to the weight function p(x) = (1 - x)¥ (1 + x)° and by Jn(a,B)(x)

the nth not normed Jacobi polynomial. It‘has been shown (ref. 8,
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page 30) that JH(G’B)(x) satisfies the following relationship

Jn(“’B)(x) (-0 @+x)? -1)” -d—z El - ) (14 x)B+n:l .

n!2" dx
(7.1a)
The relationship between pn(a’B)(x) and Jn(a’B)(x) is given by

(ref. 7, page 172)

1/2
2, (%8 (x) - ~:rn(°L’B)(x)/6n (7.22)
where
p+B+l Ma+n+1) T(B+n+1)
5n "o+ B+2n+1 n! M{la + B+n+1) (7.32)
If

n=a+B8+1=0, 50=1"(a.+l) (B +1) .

The pn(a’B)(x) being orthonormal polynomials in a symmetric

interval satisfy the recursion relation developed in section 6:

a &,
‘ xpn(a,B)(x) - = n Pn+l(G:;B) (x) + _:_"_].: pn-l(x) . (7.)4-&)
n

n+1

Evaluation of the leading coefficients yields (ref. 7, page 172)

1 Ma+ B8+ 2n+1)

n12 Mo + B +n+1)

(7.5a)

Hence the recursion relation becomes
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(o+B+2n) (a+B+2n+1) (a+B+2n+2) xJn(c"B)(x)
c2(m+1) (@+8+n+1) (a+8+en) g (@P)(x)

+2(a+mn) (B+n) (o + B8+ 2n+ 2) Jn_l(“’B)(x)

(7.6a)
The weight function p(x) = (1 - x)¥ (1 + x)B satisfies the conditions

of theorem 6.5 since

o' (x) __a . _B (B - a) - (g + B)x (7.7a)

p(x) 1 -x 1+x 1 - x

Comparing the coefficients in (7.7a) with those in theorem 6.5 yields

A=1,B=0,C=-1,D=8-a, E= =~ (o + B).

Hence the Jacobl polynomials satisfy the linear homogeneous differential

equation

(1 - x2) Jn"(a’B)(X) + [P -a- (au+ B+ 2)%] Jn'(a’e)(x)

+n(e+B8 +n+1) Jn(“’B)(x) =0 .

The same equation 1s obviously satisfied by pn(a’B)(x). From equation
(7.4)and the Christoffel-~Darboux formula equation (6.10) it follows

that the nth kernel of the Jacobi polynomials is given by:
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2n+1) Ma+B+n+2) Ma+B +2n+1)
TMa+B+n+1) a+B +2n+ 3) )

Kn(x,t) =

(7.92)

D l(a':B)(t) Pn(a,B)(x) - Pn(a’B)(t) Pn+1(a’B)(x)

n+

t - X

For the Legendre polynomials equations (7.1la), (7.2a), (7.3a),
(7.58), (7.6a), (7.8a), and (7.9a) reduce, respectively, to:

(_1)n n

fo]]

2)“

Pn(x) = on E;H (1 - X (7.1p)

1
p (90(x) - Pn(x)/ 5. (7.20)

where

% = BT T (7.30)
_ 1 M(2n + 1) &1
n T 8n1/2 P(n + 1) (7.50)
@n+]J}@éx)=(n+1)Pm1&)+1fml@) (7.6b)

(1 - x2) Pn"(x) - 2x Pn'(x) + n(n + 1) Pn(x) =0 (7.8p)

n+1 Pn+1(t) Pn(x) B Pn(t) E
2 t - x

n+l(x)

Kn(x,t) = (7.90)
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For the Chebysheff polynomials these equations become:

1 1
2 n .n n- =
217 (-1) 4d 2 2
cn(x) = (1 - x) R (_1;5 (1 - X ) (7.1¢)
(- . _1_) 1
pt 2 Fw =c (nfs? (7.2¢)
where
2
1
1 F(n * §)
5 = =— T.3¢)
no2n ¢ op(n) (T3¢
1 I'(2n)
= 7.5
L 5. */% I(n) (7:2¢)
n(2n -1) (2n + 1) an(x) =n(n+1) (2n - 1) Cn+1(x)
1\2
+ (n - -2-) (en + 1) C__ (x) (T7.6c)
(1 - %2) c_'"(x) - xC_'(x) + n? c (x) =0 (7.8¢)
K (x,t) = bn(n + 1) n! I(n +1) I'(2n) Cn+1(t) Cn(x) B Cn(t) Cn+l(x)
n*’ -

r(2n + 2) E‘(n+%)]2 t-x

The normed Chebysheff polynomials are sometimes introduced by the

(7.9¢)

following definition

-
ol
-
1
ol
~—
—
E]
o
/]
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(- -2)
-z, - =
2 e (x) = \ﬁ% cos (n arc cos x), n =1, 2,

Pn
(7.10)
To show that this definition is valid, introduce the variable
t = arc cos x. Then for m # n
o
J[ ————— cos (m arc cos x) cos (n arc cos x) dx
-1 V1 - %@
T
= b/\ cos mt cos nt dt = O
0
and for m =n
1 rx
Jf L cos® ( n arc cos x) dx = L/ cos® nt dt
-1 V1 - ¥ 0
% s for n>1

t , for n=20

Hence the system <Ccos (n arc cos xi} is orthogonal with respect to
-1/2
the weight function p(x) = (1.— xe)

From the relationship

N~
cos nt = 2°71 cos® ¢ + ZET a cos® ¢ (n>1)
k=0

It follows that cos (n arc cos x) is a pblynomial of degree n
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having the leading coefficient 2n—l. Since by theorem 6.1 the ortho-

normal system of polynomials, with respect to the weight function

p(x) = (l - xa)“l/2 with positive leading coefficients in unique it
follows that {%§ H J% cos (n arc cos xz} is the system of Chebysheff
polynomials.

It can also be seen from the transformation t = arc cos x that

=,J§cosnt <J:éT
P16 -\

for x€(-1, 1). Now let the o(x) of theorem 6.10 be defined
a + % B + =
o(x) = (1 - x) (1 + x)

2

Then o(x) satisfies conditions 1%, 2%, and 3% of theorem 6.10 and
conditions 4* and 5% are fulfilled since the Chebysheff polynomials
are uniformly bounded. Hence it can be concluded that the Jacobi
polynomials in general are uniformly bounded in (-1, 1).

For one additional system to be considered later in an applied

problem, let a = B8 = 1/2. Then the above properties reduce to:

1

1 1
( 2)- .2- (_l)n dn ( 2)11 + §
Bn(x) =1~ x " E;E 1-x (7.14)
(3 3 1 |
22 Bx) = B () f5, (7.24)

h 2
where 6 . [é(? s %iJ

n-Tn+1) nl In+2)




- 66 .

8 o1 I'(2n + 2) (7.54)

noo% ot 8n112 Mn + 2)

(2n+1) (n+1) (2n+3) xB (x) = (n+1) (n+2) (2n+1) B (x)

2
+ (n + %) (en + 3) B (x) (7.6d)

(l - x2) Bn"(x) - 3% Bn'(x) + n(n + 2) Bn(x) =0 (7.84)

(t) Bn(x) - Bn(t) B

_(0+1)° M(n+3) M2n + 3) nt Pnn e (%)

K (x,t) = 5
"’ I'(2n + 4) E‘(n+-é—ﬂ t-x

(7.94)

The remainder of this paper will consist of applying the three
particular Jacobi polynomials introduced here to the problem of solving

Laplace's equation with boundary conditions.
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8. APPLICATION OF JACOBI POLYNOMIALS TO THE PROBLEM

OF GRAVITATIONAL FIELD DETERMINATION

Application of Newton's law of gravitation to an inertially fixed
bounded distribution of matter M shows that the gravitational attrac-
tion at a point P_ exterior tQ M can be represented as the gradient
of a scalar function U. (ref. 12.) The physical assumption that there
exist no gravity sources or sinks exterior to M 1is the mathematical
equivalent of saying U 1is a harmonic function in the region exterior

to M, that is, satisfies Laplace's equation:

V2 U=0.

Represented in spherical coordinates Laplace's equation has the

form

—_ sin 6 +— == =0
or or sin 6 00 36 sin® © a¢2

d (ra aU) 1 9 BU) 1 %

where r 1is radius, 6 1is colatitude, ¢ is longitude. Simplifying

the problem by assuming no longitude dependence yields:

) 2 U 1 0 . ou
&G §)+mﬁ Sln9%)=0. (8'1)

Separation of variables by assuming U(r, 6) = R(r) T(8) 1leads to

a system of differential equations of the following form.

r2 R'' +2rR' = n(n+ 1) R=0 (8.2)

T'' +cot 8T +n(n+1) T=0 (8.3)
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Transforming equation (8.3) by letting x = cos 8 yields
(; e T - 2xT' +n(n+1) T=0 (8.3a)

which is Legendre's differential equation. Application of the physical
constraints that the gravitational force vanish at infinity and be
continuous in the region exterior to M yields the followling particular

solution. (ref. 7, page 109.)

AP (cos 0)

Un(r, 8) = 3 r>1; 0<06<m (8.4)

n+l
r

Suppose that boundary conditions are given at some fixed radius,
o by a suitably well behaved function F(fo, G). The solution to

(8.1) which satisfies these boundary conditions is given as follows.

oo

E: A P (cos 8)

U(r, 8) = oFL (8.5)

n=0

where the coefficients An are chosen such that
U"(ro, B) = F(ro, 9) (8.6)

In applying the procedure outlined above to the problem of
determining the gravitafional field of a celestial body, the bounded
distribution of mass is defined to be the celestial body of interest.
The corresponding gravitational field is defined as the gradient of a
potential function of the form (8.5) and is assumed to be sufficiently
well behaved so that this series converges uniformly. The boundary

conditions are frequently defined through observations of a spacecraft
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orbiting the body. These observations consist of measurement of some
property of.the spacecraft's motion and relating them to the gravita-
tional force field constitutes a rather/sophisticated problem in the
field of dynamics. Let it be assumed that such a relationship has been
provided so that for a physically observable property of spacecraft
motion, say f(t), there exisfs a mathematical model which yields a
corresponding computed value, fcomp(t)' The observable f(t)/ is
certainly a function of forces acting on the spacecraft. In the
context of this discussion it is only the gravitational force which
must be considered. Since this force is defined as the gradient of the

function (8.5),

f(t) = f(AO’ Aly % An’ *tt t)'

Suppose that at times ti’ i=1,2, ¢+, K, ««. observations of
f are made which are corrupted by errors € that 1s, the observation

is £ (ti) = f(ti) + €. The problem then is to determine the constant
" coefficients An from the discrete observations fdb(ti)' One of the
more common techniques for handling this problem is the differential
correction, weighted-least-squares procedure which is discussed in
detail in reference 13 and in outline form below.

The differential correction, least-squares technique proceeds as
follows. Given the functional form of a measurable event; f£(t) = f(t,A)
where A is in this case a finite set {}é},i < n of coefficients in

a series approximation to the potential equation; linearize the

relationship by setting
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as(t) =(a_f£-‘fl) i . (8.7)
\ 3z

Now if K observations, K > n, of f(t) have been made at times

ti’ i=1, ...y, K there exists the set @ob (’ci s K)> Corresponding
to each of these observations a value of f(t) is computed based on
some initial estimate Ko of the coefficients A.. This generates

the set <fcomp (ti, Ao)>. Analogous to the differential equation (8.7)

the following incremental correspondence 1s set up at each time ti:

Af(ti) = T omp Gi’ Ko) - Tob (ti’ K)
(8.8)
bf(ti) _
a’A‘ e (o) i
=A
)

i}

where A -‘E‘o = Ko - & and € 4 15 an error arising from such sources as
measurement and computational errors, nonlinearities in the relation-
ship and an incomplete mathematical model due to considering only a
finite number of terms in the approximation to the potential function.
Simul taneous consideration of all observations yields the following

linear matrix equation whose elements are given by equation (8.8).

A?:BAKO+'€' (8.9)

where

Af = K x 1 known matrix,

A'Ko =n x 1l fixed but unknown matrix,
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€ = K x 1 unknown matrix,

B = K X n known matrix of coefficients.

The problem then is to find the "best" estimate Aﬁb of Aﬁs in
terms of B and Af. Denote by AT = BSKO the "best" estimate of

the true observsble and AF - Af = AT - BAA = € as the "best" estimate
of the residual vector. The criterion of "best" as defined in the
least-squares procedure is that gstimate Aﬁb which minimizes the

sum of the squares of the components of the residual vector E; that is,
minimizes ET 2. It is shown in reference 13 that this estimate is
given by:

A?xo _ " B]pl BY AT .

Substituting from equation (8.8) yields

g T T 7
R S af(t) af(t) £ af(t)
MA = Z = * Z L Af (t,)
ic OA JOA ol A :
A=A A-A A=A
_ (o] [e) B - [e] B
(8.10)

where Aﬁb + K6 minimizes

K
Z[fob (ber B) - Toomp (b1 Ko)}

i=1
If observations are made with sufficient frequency to justify sub-

2
. (8.11)

stituting integration for summation the general element of the matrix

BTB can be written



-T2 -

t
k
(BTB)lm= f %f—%)- | -a_%:;)_ at , (8.12)
ty AR E-K

k
f [fob (t, &) - £ comp (t, Ko)]g at . (8.13)

Consider now the followlng application of the above procédures to
a problem of determining the gravitational field of a celestial body.
Assume that the gravitaetional field has no longitude dependence so that
its potential function may be given by equation (8.5). For simplicity,
assume that the potential can be directly measured at some fixed radius
r, 8o that the boundary conditions thus provided are in the form of
equation (8.6). Since this is a practical application only a finite
number of terms can be consideréd, thus the problem may be stated as
follows.

Based upon discrete observations of the boundary conditions

U(ro{ 9) = F(ro, 9) determine the coefficients An in the finite

approximation
Z A P (cos 0)
Um(r, 9, Pn) = 2 rn+l (8.1k)
n=0

such that
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k
2
jﬁ EF(ro, Gi) - Uh(ro, Gi, Pn)] (8.15)
ic1
is a minimum.

Since it is assumed that T, is known, let Uﬁ be

written in the form

Um(ro’ 8, Pn) = a P (cos 8) (8.16)

N

where the an are the coefficlents to be determined.

Applying the least-squares procedures in order to update initial

estimates _OE of the coefficients a yields

AE = (575 T AT
where

k
(8%). . - ﬁ
1

J L

P, (cos 8) Pj (cos 8) . (8.17)
i=1

In the limiting case of continuous observation the following
relationships hold.

6.

" ,
(BTB)lj = ‘/P P, (cos 8) Pj (cos 8) d6 (8.18)

%



-7}4-

<] m

(BT AT) =\/P kP (cos 8)| F(r_, © -<:1 a P (cos B)| dd
1 1 ( o’ ) /, onn
91 n=0
ek
= F(ro, G)Pl (cos 8) ds
9l
m ek
-;{: o®n u/‘ P (cos 0) P (cos 8) ao (8.19)
and Abg minimizes
ek 2
f F(rys ©) - (%o’ e)] ae (8.20)
el

The case just presented is a simplified analogue of the techniques
frequently applied in practice in the area of gravitational field
determination. This formulation was seen to be quite natural since the
separation of variables in Laplace's equation and the transformation
from colatitude to cosine of colatitude led to consideration of
Legendre's equation, with the independent variable ranging over the
interval [?1,1] . Due to the completeness of the Legendre polynomials
in [-1,1] the requirement to satisfy the boundary condition
FC?O, 9), 0 <6 < 7w, did not necessitate conslidering another form of
approximation. However, this particular expansion leaves much to be

desired when the techniques of least-squares are applied to determine
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coefficients. To be more specific, consider the case of continuous
observation represented by equations (8.18) - (8.20). It is seen that
even if observations span the interval [0, n] in colatitude the
integral in equation (8.18) is in general not zero, since the

orthogonality condition for the Legendre polynomials can be written
x

‘/p P, (cos. 8) P (cos 8) d cos 8 =\/F sin 0 Pl(cos 8) P (cos 6) a6 = 0 .

-1 o

It is apparent from both equations (8.18) and (8.19) that the solution
would be simplified if the polynomials used in the approximation were
chosen to be orthogonal with respecﬁ to the unit weight function in
the interval [0, n]. If they had been so chosen thén it follows from
theorem 5.7 and equation (8.20) that the least squares solution yields
the Fourier coefficients of F(?o’ 6). Also by theorem 6.3, the
minimum value for equation (8.20) (among all polynomial approximations)
would have been obtained. In addition the matrix inversion required in
equation (8.10) becomes a trivial operation.

Although the above features may not be essential, a serious
problem in the practical application of the Legendre expansion can be
rectified if they are required. This problem arises when in practice
consideration must be restricted to a finite term approximation for a
function which requires an infinite term expansion. To illustrate .
this, consider the following situation.

Let y(x) = y(xl, Xy eees xn) be a linear function of the n

parameters X which are to be determined.
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Then

dy =(a-%>d§ =B dx . (8.21)

assume that due to practical limitations only m < n of these
parameters can be considered at one time. Then the matrix equation

(8.21) can be written in partitioned form as follows:

=]
dy:[B1§B2] Z-:'-L .
2

The least-squares procedures leads to the matrix equation

B, "B B, "B, dxy B~ dy
= (8.22)
T T - T
By By BBy | (9% | |By av)

Solving the first of these equations for dii ylelds an expression
which shows the dependence of dii on both the magnitude of the parame-
T

ters in dx2 and the matrix Bl B2:

=1
- T T T -
dx, = | B 131] {31 dy - B "B, dxe} . (8.23)

However under the restriction that the parameters in §é cannot be

considered, the least-squares solution obtained is now

-1
A T T
ax, = [%1 Bl] B" dy . (8.24)

Subtracting equation (8.23) from (8.24) shows the bias introduced in

the solution for dii to be
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A — T -1 T]— 8
dx, - ax; = |B"B; }Bl B, | dx, (8.25)

For the Legendre expansion it was shown in equation (8.18) that
the elements of [élTBé] would in general be nonzero. Thus, the
parameter estimates depend upon the parameter set being solved for.
This is a highly undesirable situation since quite often in practice
the incompleteness of the mathematical model is discovered after the
fact. Subsequent extension»of the model makes previous results invalid
since the inclusion ofbadditional parameters will effect the parameter
estimates already obtained.

A second variation of this problem occurs when it is not possible
to consider simultaneously all parameters and thus the solution must be
sequentially conducted for subsets of the total parameter set. In
this situation all estimates obtained will be biased.

Suppose then that a system of polynomials in cosine of colatitude,
orthogonal with respect to the unit weight function in 0 < 8 < x, had
been used in equation (8.14). Then the off-diagonal terms of the
matrix BTB are zero, hence the desirablg features noted above are
realized. The most important advantage is that parameter estimates
no longer depend upon the parameter set being solved for. The
exlstence of such an orthogonal system will now be demonstrated.

Consider the Chebysheff polynomials Cn(x) of section 7. The

orthogonality property of these polynomials is

1 -1/2
f (1 - %) / Cn(x) Cm(x) dx = 0, n # m.

-1



- 78 -

Letting cos 6 = x transforms this equation to the following form:

1 -1/2
JF (1 - cos@ 8) C, (cos 8) C, (cos 8) d cos 8
-1

= k/ﬂt C, (cos 8) Cy (cos 8) d6 = 0 . (8.26)

° .
It remains theﬁ to express the function Um(r, 8, Pn) of equation (8.16)
in terms of Chebysheff polynomials. This is certainly possible since
the nth polynomial in any particular Jacobi system is an nth' degree
polynomial, it can obviously be expressed as a linear combination of
the first n polynomials.in any other Jacobi system. This transforma-
tion from the first few Legendre polynomials to Chebysheff and the
Bn polynomials will be given in the next section. Hence, in terms
of Chebysheff polynomials the finite term appoximation of F(ro, e)

becomes

m
— A
n ;
Um(ro’ 9, Cn) = 211 —T 8, Cp (cos 8) (8.27)

n=0 ‘o k=0

As in the establishment of equation (8.16), since the radius r  is

assumed constant and known, let equation (8.27) be written in the form

m
Um(ro’ 9, Cn) =Z b C# (cos 8) (8.28)

n=0

where the coefficients bn are to be determined.
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Before leaving this section, consider one additional problem
encountered in gravitational field determination based on observations
of an artificial satellite. Generally the satellite is placed in an
orbit inclined to the equatorial plane of the celestial body. (see
Fig. 1). In many instances this inclination is small so that the
satellite perturbations due to gravitational forces arising in the
polar regions of the celestial body are extremely small, in some cases
not measurable. (Ref. 14). This situation has the analogue under the
simplifying assumptions of this section, of being able to observe the
boundary conditions F(ro, Q) oﬁly in the restricted region
0<a<6<b<nx. The problem then is to determine the coefficients
in a finite term approximation to F(ro, 63 based on observations in
this restricted region in such a way as to yleld the most valid
representation of F(ro, 9) in the whole interval [O, n] .

In light of the above discussion, consider the Fourier coefficients
of F(ro, 9) for the Legendre, Chebysheff and B, polynomials of
section 7, (these coefficients include as a factor the norm of the nth

polynomial)

n
b =f F(ro, e) C, (cos 8) d8

(o]

x
a, =\/ﬂ sin 6 F(ro, 9) P (cos 0) ade

o

b14
2 .
d =f sin~ 6 F(ro, e) B, (cos 6) a8
o
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Thus it appears that the Fourier coefficients of the Bn polynomials
are least dependent upon information about F(ro, 9) in the polar
regions and hence these polynomlials may be a more appropriate selection
for the expansion of F(ro, 9) in the case of restricted range of
observation.

To check the observations made in this section, the final section
of the paper will consist of numerical results obtained by programing
for digital computer solution, a least-squares, differential correction,
discrete observation procedure for solving equation (8.5) with boundary
conditions (8.6) in terms of Leéendre formulation (8.14), the
Chebysheff formulation (8.28) and the B polynomial formulation given

below.

g A
n_ Y’
U(for © B)- ), o1 [, k() By (cos ©)
n=0 "o k=0

m

= Z d B (cos 6) (8.29)

n=0
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9. NUMERICAL RESULTS

This section presents numerical results obtained by programing
for digital computer solution a least-squares, differential correction,
disérete observation procedure for solving equation (8.5) with boundary'
condition (8.6) in terms of the Legendre expansion (8.1k4), the
Chebysheff expansion (8.28) and the B  polynomial expansion (8.29).
Table I lists the first four polynomials in each of these systems and
figure 2 shows plots of these polynomials.

On the strength of the Welerstrass theorem it was assumed that the

boundary condition F(ro, 9) was of the form.

2 e
1 n n
Z —ﬁﬁ cos O (9.1)
r
n=0 "o

F(ro, 9)

To simplify the analytic determination of the Fourier coefficients of
F(ro, 9), the series was terminated at n = k4.

The solution to equation (8.5) which satisfies (9.1) is

A P, (cos 6)

Uy(rs 65 B) = z T . (9.2)

n=0

Evaluation at r = T yields

"

Uh(ro’ 8, Pn) = Z a P (cos 8) .
n=0

It can be verified from table I that the following relationships hold

between the Legendre, Bn and Chebysheff polynomials.
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2
P. =B =2C
5

1 1= 20

P2=—;-B2—%BO=2C2+%CO
P3=-1%B3—%B1=203+-E-Cl
Pu=-Z—Bl&-1-36-1‘32+‘1%BO=201++%C2+%CO

Thus in terms of the Bn polynomials equation (9.2) takes the form

A A A 2 24, 3A
0 ma(0 B) =By (- 2 2 ) n (L Shg (2
n ° dr 128 5 3r 6r 5r5 161?

+ B E?; +Bu(—5-Ai> . (9.3)
3 Tr 91‘5

Evaluation at r = T, ylelds

4

Uu(ro, 9, Bn) = 2 d B (cos 8)
n=0

where



7roLL
Ay = 4
9r5
A = —2 4
L 5 L, (9.4)

Similarly

Evaluation at r = rol ylelds
I

[oe)
=]
<~

"

o'
=]

Q
o

—~

0

(e}

/2]

D

~

Uh(ro’ ®

where



ro“
A= bs
ro5
A.u = —2— b)+ . (9.6)

The Fourier coefficients for these three series are presented in
table IT.

Table III presents the Fourier coefficients evaluated at

ry = 1.1 e, = 0.5
e, = 10.0 e3 = .33
el = l.O eh‘ = .25

and the results of the least squares determination of the coefficients
in the Legendre, Bn and Chebysheff expansions of F(ro, 9). Five cases
are presented for observations of F(ro, 9) at 0.5 degree intervals
for 0 <8 < x. Case 5a corresponds to a solution for the coefficients
of a five term approximation and thus represents a complete
mathematical model. Cases 4a, 3a, 2a, and la correspond respectively
to solutions for the coefficients in a 4, 3, 2, and 1 term expansion of
F(Tor 8). Exemination of case 5a on tables IIIa, IIIb, and IIIc shows
that in each expansion the least squares solution yields the Fourier
coefficients when the mathematical model is complete. Examination of
table IIIc shows this to be true for all cases (within an allowable
tolerance for numerical error) when the expansion is in terms of
Chebysheff polynomials. However, tables IIIa and IITb shows that the

coefficients obtained are not the Fourier coefficients in the case of



-8 -

an incomplete mathematical model due to the bias discussed in
section 8 and given by equation (8.25).

Insight into the source of bias can be gained from inspéction of
the inverse of the normal matrix [BTBJ-I of equation (8.10), which

is rewrlitten below in a slightly different form.
T -
A = [onp ] B7AF (9.7)
where

[s%) "

DND

w
]

= diag [ ————morH .

Note that N is a normalized matrix in the sense that its diagonal
elements are unity and its off-diagonal elements are less than or
equal to unity in absolute value, since by construction [BTB]-I

is symmetric and positive semi-definite. Thus, with each parameter
ai in AR of equation (9.7) there can be associated a vector which

is the ith row of N. Call this vector V,. Then a measure of the

i
linear correlation between ay and a.J can be obtained by
T, -7
-:———1:1- » which has the absolute value 1 when 8y and aJ are
1% |V -

perfectly correlated and O when they are completely independent.
The N matrices corresponding to cases 5a of tables IITa, IIIb,

and IIIc are shown in table IV. It can be inferred from mental
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approximation of the vector product discussed above that Nij can be
used as a megsure of the correlation between the ith and jth
coefficients ﬁeing solved for. vFrom table IV it is seen that the
highest correlations exist'for yhe Bn expansion and the lowest for
the Chebysheff expansion. (The Chebysheff correlations would have
been zero for continuous observation of F(ro, 9».

Since matrix inversion is involved in the solution process, high
correlations indicate an ill-conditioned numerical process. This can
be verified from an inspection of the sum of the squares of the
residuals resulting from the solutions obtained in cases Sa-la for
each expénsion. Since each nth term expansion is an nth degree
polynomial, the Legendre, Bn and Chebysheff expansions should yield
almost equivalent approximations to F(ro, Q) in the event their
coefficients can be determined with equal numerical accuracy. The
sum of squares for each of the above cases is shown in téble V and
verifies this assertion. For case 5a the difference in the sum of
squares is due to the numerical ill-conditioning arising from high
correlations. Reduction of the dimension of the matrix to be inverted
in cases 4a-la improves the numerical conditioning and yields
essentially identical approximations. For completeness, residual plots
corresponding to cases Sa-la are sﬁdwn in figure 3.

Analogous to the cases presented above, a corresponding sequence
of cases (5b-1b) were run for a restricted region of observation,
60° < 8 < 120°. The resulting solutions are shown in table VI,
illustrating the effect of correlations in all cases. The N matrices

for case 5b of each expansion is shown in table VII, showing that for
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this region of observation the Bn polynomials are the least correlated
and hence solution in terms of them yields the most valid solution as

is borne out by the sum of squares shown in table VIII. Again reduction
of the dimension of the matrix improves numerical conditioning and
subsequent incomplete expansions yield comparable approximations to

F Too 9). Agein for completeness the residuals corresponding to cases

5b-1b are shown in figure 4.
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10. CONCLUSIONS BASED ON NUMERICAL RESULTS

The theoretical assertions of section 8 have been verified by the
numerical results presented in section 9. It has been shown that for
a differential correction least-squares solution based on discrete
observations, the greatest numerical accuracy is achieved when the
partial derivatives occurring -in the normal matrix are orthogonal over
the region of observation. This leads to a better approximation to the
function being observed. Analogously for & restricted region of
observation, 0 <a <8 <b < x, 1t has been shown that the most valid
approximation to the observable in the region 0 < 8 < n in terms of
polynomial systems orthogonal with respect to a weight function in
[b, n] is obtained when the observable is expanded in terms of the
system which 1s more nearly orthogonal with respect to unity in |a, p].

Finally, for the problem considered it was shown that for an
expansion of the observable ih terms of polynomial systems orthogonal
with respect to a weight function in [Cb nj, completeness of the
mathematical model is sufficient fér the least-squares procedure to
yield the Fourier coefficlents, regardless of the weight function.
However, for an incomplete mathematical model the Fourier coefficients
were obtained only for the expansion in terms of avsystem orthogonal

with respect to the unit weight function.
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TABLE T

SPECIAL JACOBI POLYNOMIALS

Legendre polynomials

P (cos 9)

P, (cos

P, (cos
P cos
5 (e

P, (cos

6)

6)

8)

D
~

it

"

1

cos ©

% cos29 -3

g co§56 - % cos O

%? coshe»- %? cos26 + g

Chebysheff polynomials

Co (cos 8) =1

¢, (cos 8) = % cos 6

c, (cos 8) = E cos-8 - %

C3 (cos 8) = % cos’8 - %2 cos 8

C, (cos 8) = %% costo - %% cos 0 + %%g
B_ polynomials

B, (cos 8) =1

B (cos 8) = % cos 6

B, (cos 8) = % cogge - %

B5 (cos 8) = %? cos?8 - %% cos ©

B), (cos 8) = %; cos*d -%gg coso8 + %%g
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TABLE II
k e
n - n
FOURIER COEFFICIENTS FOR F(ro,9)= z T cos O
n=0 rO
n a b d
n n n
1 1 1 3 1 1
0 eo+-5-e2+—5- eo+'2-e2+8'el+ eo+He2+§-
3 3 2 1
1 el+5e3 2el+§e5 --B—el+-3-e5
2 L 4 2 3
2 3 62 + -,? eu -3 82 + -3— e)+ -5 e2 + E e)+
5 g. e }- e —8—' e
573 5 73 35 73
L4 -8— e E e 8 e
35 b 35 4 83 "L




TABLE III.- COEFFICIENTS FOR SERIES APPROXIMATION OF F(ro, 9)

(a) COEFFICIENTS FOR LEGENDRE EXPANSION (0 < 6 < )

Fourier Determined by least squares solution
a_ Case 5a Case la Case 3a Case 2a Case la
9.2472 9.2472 9.2485 9.2485 | 9.3377 9. ;3377»
L9617 .9617 L9617 .9958 .9958
.3390 .3391 3541 23541
.0902 .0902 .0902
.0355 -0355




TABLE III.- CONTINUED.

(b) COEFFICIENTS FOR B~ EXPANSION (0 < 6 < x)

Fourier

Determined by least squares solution

dn Case 5a Case l4a Case 3a Case 2a Case la
9.20k2 ~ 9.2042 9.2042 9.2042 9.3377 9.5577

6261 6261 6261 6639 6639

.1968 .1968 2124 2124

.0515 .0515 .0515

.0197 .0197

_96-



TABLE III.- CONCLUDED.

(c) COEFFICIENTS FOR CHEBYSHEFF EXPANSION (0 < 6 < x)

Fourier Determined by léast squares solution
'bn Case Sa Case l4a Case 3a . Case 2a Case la
_t
9.3369 9.3369 9.3370 9.3370 9.33T1 | 9-3377 |
1.9910 1.9910 1.9910 ;.9916 1.9916
.7079 7079 .T7081 .7081
.1803 .1803 .1803
.0710 .0710

-L6_



TABLE IV.- CORRELATION MATRICES FOR LEAST-SQUARES

..98_

(a) N MATRIX FOR LEGENDRE CASE 5a

SOLUTIONS

f—————= ﬂ, —
1.0000 0.0000 -0.3271 -0.0001 -0.0859
.0000 1.0000 .0000 -.5179 .0000
-.3271 .0000 1.0000 .0000 - .k997
-.0001 -.5179 .0000 1.0000 .0000
-.0859 0.0000 - .k9o7 0.0000 1.0000
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TABLE IV.- CONTINUED.

(b) N MATRIX FOR Bn POLYNOMIAL CASE 5a

ey
1.0000 0.0000 -0.4083 0.0000 0.0000
.0000 1.0000 .0000 -.7090 .0000
-.4083 .0000 1.0000 .0000 - 7090
.0000 - 7090 .0000 1.0000 .0000
.0000 .0000 -.7090 .0000 1.0000




(¢) N MATRIX FOR CHEBYSHEFF CASE 5a
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TABLE IV.- CONCLUDED.

1.0000 0.0000 -0.0039 0.0000 -0.0039
.0000 1.0000 .0000 -.0055 .0000
-.0059 .0000 1.0000 .0000 -.0055
.0000 -.0055 .0000 1.0000 .0000
-.0039 .0000 -.0055 .0000 1.0000
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TABLE V

SUM OF SQUARES OF THE RESIDUALS FOR SOLUTIONS BASED

ON UNRESTRICTED REGION OF OBSERVATION (0° < 6 < 180°).

Case no. Legendre Bn Chebysheff
S5a 0.18 x 1077 0.31 x 1072 0.09 x 102
ha .068 .068 .068
3a 64 .64 .6l
2a 13.4 13.4 13.h
la 192.9 192.9 192.9




TABLE VI.- COEFFICIENTS FOR SERIES APPROXTMATION F(ro, 6)

(a) COEFFICIENTS FOR LEGENDRE EXPANSION (60° < 6 < 1200)

Determined by least squares solution

Fourier
a, Case 5b Case 4b Case 3b ~ Case 2b Case 1b
9.24kT2 9.24T7h 9.2266 9.2266 9.1260 9.J_é6o
L9617 .9617 L9617 8613 8613
«3390 <3397 2732 2732
3 .0902 .0902 .0902
L .0355 .0356

- 20T -



TABLE VI.- CONTINUED.

(b) COEFFICIENTS FOR B, EXPANSION (600 < 6 < 120°)

Fourier Determined by least squares solution
a_ Case 5b Case 4b Case 3 | Ccase2b | case 1b
9.20k2 9.2043 9.1925 9.1925 9.1260 9.1é6o.
6261 6261 6261 57h2 57h2
.1968 .1969 .1639 .1639
.0515 .0515 .0515
f0197 .0198

- ¢OT -



TABLE VI.- CONCLUDED.

(c) COEFFICIENTS FOR CHEBYSHEFF EXPANSION (60° < 8 < 120°)

Fourier Determined by least squares solution
b Case 5b Case 4b Case 3b ~ Case 2b Case 1b
9.3369 9.3376 9.2949 9.2949 9.1260 9.1260
1.9910 1.9910 1.9910 1.7227 1.7227
.7079 L7104 546k 546k
.1803 .1803 .1803
.0710 .0721

-1-(0"[..



(a) N MATRIX FOR LEGENDRE CASE 5b

- 105 =

TABLE VII.- CORRELATION MATRICES FOR LEAST-SQUARES SOLUTIONS

1.0000 -0.0001 0.9991 -0.0001 0.9922
-.0001 1.0000 -.0001 .9892 -.0001
.9991 -.0001 1.0000 - .0001 .99&9
-.0001 .9892 -.0001 1.0000 - .0001
.9922 -.0001 .9949 -.0001 1.0000
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TABLE VII.- CONTINUED.

(b) N MATRIX FOR Bn POLYNOMIAL CASE 5b

= e
1.0000 -0.0001 0.9978 -0.0001 0.9885
-.0001 1.0000 -.0001 .9822 -.0001
.9978 -.0001 1.0000 -.0001 .9926
-.0001 .9822 -.0001 1.0000 ;.0001
.9885 -.0001 .9926 - .0001 1.0000
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TABLE VII.- CONCLUDED.

(c¢) N MATRIX FOR CHEBYSHEFF CASE 5b

—— ==
1.0000 -0.0001 0.9997 -0.0001 0.9950
- .0001 1.0000 - .0001 .9939 -.0001
-9997 ~.0001 1.0000 -.0001 .9966
- .0001 9939 - .0001 1.0000 - .0001
.9950 ~.0001 9966 - .0001 1.0000
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TABLE VIII

SUM OF SQUARES OF THE RESIDUALS FOR SOLUTIONS BASED

ON RESTRICTED REGION OF OBSERVATION (60° < 6 < 120°)

Case no. Legendre Bn Chebysheff
5b 0.11 x 1072 0.02 x 1077 0.36 x 1072
4b 1.38 1.38 1.38
3b 5.2 5.2 5.2
2b 32.9 32.9 32.9
1b 209.1 209.1 209.1




Figure 1.- Coordinate system and orbital orientation.
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(a) Legendre polynomials.

Figure 2.- Jacobi polynomials.
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Figure 2.- Continued.
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(c) B polynomials.

Figure 2.- Concluded.
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Figure 5.- Residuals for unrestricted region of observation.
(0° < 8 < 180°)
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Figure 4.~ Residuals for restricted region of observation.
(60° < 8 < 120°)



NOTES ON GENERALIZED FOURIER SERIES
WITH APPLICATION TO GRAVITATIONAL FIELD DETERMINATION
by

Walter Thomas Blackshear
ABSTRACT

Let {mn(x)} be an orthonormal system in the set of Lebesgue
2
square integrable functions L . Let feLz. The generalized Fourier

series of f with respect to {@n(x)} is the series

-]

L (£, @n) @n(x), where (£, @n) is the inner product of the functions
n=0

f and Qn. The existence of a complete orthonormal system in L2 is
proven. Conditions for convergence of the generalized Fourier series
are presented. A discussion of orthogonal polynomials with special
emphasis on the Jacobi polynomial systems is presented. A least
squares, differential correction, discrete observation procedure is
employed to solve the potential equation with boundary conditions in

terms of three special Jacobi systems.



	0001
	0002
	0003
	0004
	0005
	0006
	0007
	0008
	0009
	0010
	0011
	0012
	0013
	0014
	0015
	0016
	0017
	0018
	0019
	0020
	0021
	0022
	0023
	0024
	0025
	0026
	0027
	0028
	0029
	0030
	0031
	0032
	0033
	0034
	0035
	0036
	0037
	0038
	0039
	0040
	0041
	0042
	0043
	0044
	0045
	0046
	0047
	0048
	0049
	0050
	0051
	0052
	0053
	0054
	0055
	0056
	0057
	0058
	0059
	0060
	0061
	0062
	0063
	0064
	0065
	0066
	0067
	0068
	0069
	0070
	0071
	0072
	0073
	0074
	0075
	0076
	0077
	0078
	0079
	0080
	0081
	0082
	0083
	0084
	0085
	0086
	0087
	0088
	0089
	0090
	0091
	0092
	0093
	0094
	0095
	0096
	0097
	0098
	0099
	0100
	0101
	0102
	0103
	0104
	0105
	0106
	0107
	0108
	0109
	0110
	0111
	0112
	0113
	0114
	0115

