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SYMBOLS AND NOTATIONS 

a is an element of the set A 

the measure of the set A 

the set Mis a subset of the set A 

the set Mis a proper subset of the set A 

the intersection of the sets A and B 

the complement of the set B with respect to the set A 

set of continuous square integrable functions 

set of square integrable functions 

denotes a metric or a weight function 

the set of functions ~1 , ~2 , • • • 

the norm of the function f 

the inner product of the functions f and g 

the Gamma function 

an orthogonal polynomial of degree n 

a normed Jacobi polynomial 

a non-normed Jacobi polynomial 

a non-normed Legendre polynomial 

a non-normed Chebysheff polynomial 

a non-normed polynomial defined by equation 7.1d 

the th n kernel of an orthogonal system 

the th n Lebesque function of an orthogonal system 
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denotes the l,j element of the matrix B 

dp (x) n 
dx 

greatest lower bound 

least upper bound 

the row vector of partial derivatives of f at time ti 

with respect to the parameters in the vector A, 
evaluated at A= A0 
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INTRODUCTION 

The purpose of study is to investigate the conditions under which 

an arbitrary member of a certain class of functions may be associated 

with a series and in what manner the associated series represents the 

given function. The class of functions is taken to be L2, the set of 

all functions whose square is integrable in the Lebesgue sense. The 

method of series association is that of generalized Fourier series 

defined as follows. Let ( q:,n (x)} be an orthonormal system in L 2 

and let fEL2 • Then the generalized Fourier series of f with respect 

to f cp (x)} is the series whose general term is a cp (x), where a ~n n n n 
is the inner product of. f and cp (x) over the interval of n 
orthogonality of the system {cpn(x)) • 

The relationship is denoted 

00 

f ~ \ a cp (x) Li n n 
n=l 

without regard to convergence. 

The first five sections of this paper consists of background 

material, a proof of the existence of a complete orthonormal system 
2 in L and a discussion of some of the properties of generalized 

Fourier series corresponding to rather general orthogonal systems. 

Sections 6 and 7 restrict the discussion to systems of 

orthogonal polynomials arising from the Gram-Schmidt orthonormalization 

of the system { xn) , in the interval [-1, 1], with respect to a 
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given weight function. The Jacobi polynomiaJ.. systems are treated as. 

a subset of orthogonaJ.. polynomial systems. 

The remainder of the paper consists of considering the solution to 

the potentiaJ.. equation, with boundary conditions, in terms of Jacobi 

polynomiaJ..s. Under simplifying assumptions this problem is solved in 

terms of three speciaJ.. Jacobi systems. The method of solution is 

least-squares, differentiaJ.. correction, applied to discrete observa-

tions of the boundary conditions. This method is analogous to the 

techniques frequently used in gravitationaJ.. field determination from 

observations of an artificial satellite. 
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1 . INTRODUCTORY MATERIAL 

It is assumed that the applicability of series expansion for 

arbitrary functions to the field of applied mathematics is well known. 

For the interested reader an excellent brief historical smnmary of 

Fourier series is presented in the Carslaw reference. The purpose of 

this paper is to investigate the conditions under which an arbitrary 

member of a certain class of functions may be associated with a series 

and in what manner the associated series represents the given function. 

Interest will be in defining a class of functions and selecting from 

this class a proper subset which may be combined in such a way as to 

approximate all members of the class. Consideration will be limited 

to real valued fUnctions of a real variable. 

When dealing with a certain class of functions having a coIIDnon 

domain of definition and certain specified properties it is conceptually 

helpful to consider this class as a space and the individual functions 

as elements or points in this space. Assume for the present that a 

function space is given. A method of combining elements of this space 

is defined as follows. 

Definition 1,1: A linear combination of a set f 1 , f 2 , of 

functions defined on a set A is an expression of the form: 

where a1 , a2 , 

are defined: 

are real numbers and addition and multiplication 
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This definition permits construction of series of the form f (x). n 

Since the aim is to associate series of this form with functions of the 

given space, the concept of a f'unction space being closed under finite 

linear combinations is introduced. The following theorem provides 

conditions under which a function space is also a linear space. 

Theorem 1,1: A function space S is a linear space if and only 

if (1) whenever f, g € S so is f + g and (2) whenever f € s, so is 

af for any real number a, 

It is generally desirable for the class of f'unctions under consideration 

to constitute a linear space since any finite combination yields a 

function having the same properties as the original elements of the 

space. 

Theorem 1,1 gives an indication of the possible existence of a 

proper subset of a linear space S such that any member of S may be 

expressed as a linear combination of the elements of this subset. If 

such a subset exists its elements would be likely candidates for use 

in series expansions of the remaining functions in S. However, there 

are additional properties which will prove desirable for an expansion 

set. These properties are introduced by the following definitions. 

Definition 1,2: The system of,f'unctions f 1, f 2, ···, fn are 

linearly dependent if there exists constants 

zero, such that 

C f + ••• + C f = 0 1 1 n n 

If, however, this equality implies 

is linearly independent. 

c, not all n 

, n, the system 
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Definition 1.3: The infinite system of functions f 1 , f 2, •·· 

is linearly independent if every finite subset is linearly 

independent. 

Definition L4: If f 1 , f2 , • • • are elements of a linear function 

space s, the subspace of S which consists of all linear combinations 

of these functions is called the linear closure of the functions 

f 1 , f 2 , • • • denoted Mtn}· The closure of the set M{_f'J is called 

the closed linear closure and is denoted M«n}· 

Definition 1.5: The system of functions {fn} is called complete 

if M~n) is the whole space. 

In light of these definitions a more appropriate set of functions 

for expansion purposes would be any linearly independent complete set 

of functions in the space S since it is a minimal set which spans S. 

In order to state how well a series represents a given function a 

concept of distance is needed, the properties of which are now defined. 

Definition 1.6: A distance functional is a real valued function 

defined for pairs of functions f and g of a space s, denoted 

d(f,g), which has the following properties: 

1. d(f,g) > 0 

2. d(f,g) = d(g,f) 

,3• d(f,f) = 0 

4. d(f,h) d(f,g) + d(g,h). 

A space with a distance function is called a distance space or a 

pseudo-metric space. If the distance function also satisfies: 

5. d(f,g) > 0 for ff g 

then the space is called a metric space. 
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This definition of distance aJ.so incorporates a concept of 

magnitude which is made precise by the following definition. 

Definition 1,7: Let f be an element of a linear distance space 

S. The distance from the O element of S to f is called the norm 

and denoted llf//, that is; d(O,f) = llfjj. 

This brief introduction of generaJ. concepts provides a basis for 

describing specific examples which will have application to the theory 

of generaJ.ized Fourier series. 
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2. THE NORMED LINEAR FUNCTION SPACE L2 

The class of functions which will be of primary interest is the 

set of aJ.l measurable real. valued functions f defined on a bounded 

measurable subset A of the real continuum such that r2(x) is 

integrable (summable) in the Lebesgue sense over A. The set A will 

generally be restricted to be a finite interval [a, b]. This class 

of functions shall be denoted by L2 • That L2 ~s a linear space is 

proven on the strength of theorem 1.1 and the following two theorems 

whose proofs follow from the definition of the Lebesgue integral. 
2 2 Theorem 2.1: If f, g EL then f + g EL. 

Theorem 2.2: If f E L2 and a is an arbitrary real number, 

then 2 a f(x) EL. 
2 The distance function for L is defined: 1; 2 

Definition 2.1: d(~,g) = (l [r(x) - g(x)f dx} 
It follows from the properties of the Lebesgue integral that this 

function satisfies the properties of a distance function as enumerated 

in definition 1.6, although it does not constitute a metric if one 

distinguishes between functions which differ on a set of zero Lebesque 

measure. In order to avoid this difficulty two functions f and g 

will be considered equivalent in A if the subset ·of A upon which 

f and g differ is of zero measure. Distinction will not be made 

between equivalent functions, so that each point in L2 becomes a class 

of equivalent functions. In particular the zero function 0 is the 

class of aJ.l functions f such that f(x) = 0 almost everywhere 

in A. 
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The norm for the space 12 is defined: 

Definition 2.2: If f € 12 the norm of f is: 

Additional concepts which will later prove extremely useful are 

those of a "scalar" or "inner product," orthogonality, and normality. 

Definition 2.3: The inner product of f, g € 12 is: 

(f ,g) = l f(x) g(x) dx • 

Definition 2.4: If f, g € 12, they are orthogonal on A if 

and only if (f,g) = o. 
Definition 2.5: If f € 12, f is normal if and only if llfl/ = 1. 

Definition 2.6: A set of functions {~n} which are both 

orthogonal and normal will be called an orthonormal set of functions. 

Provided now with the linear metric space 12, definitions of norm 

and orthogonality, the discussion is directed to the problem of 
2 associating with each element in 1 a series expansion in terms of 

a subset of 12 • 
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3. DEFINITION OF GENERALIZED FOURIER SERIES 

Assume for the present that a function 

system of continuous functions {cpn(x)} C L2 

2 f € L and an orthonormal 

are given and it is known 

that f(x) can be expanded in a uniforn:ily convergent series, 
00 

\ a cp (x) , L n n 

with respect to {cpn(x)}· For this special case a procedure can be 

described for determining the constant coefficients 

By hypothesis 
00 

f(x) = I a cp (x) • n n 
n=l 

a • n 

Multiplication by an arbitrary cpn(x) does not affect the property 

of uniform convergence. It is also known from the theory of inf'inite 

series that termwise integration is permitted. Thus 

00 L f(x) cpm(x) dx = l an 
n=l 

1 cp (x) cp (x) dx • 
A m n 

Due to the orthonorma.lity of the {cpn(x)} this eQuation reduces to 

r J f(x) cp (x) dx = a • 
A m. m 

(3.1) 

The coefficient am determined by this formula is called the Fourier 

coefficient with respect to the orthonormal system {cpn(x)). 

The hypotheses of the preceeding discussion severely limit the 

class of functions which can be expanded in a series having coefficients 

given by eQuation (3.1). In particular the reQuirement that 



00 

a cp (x) 
n n 

n=-1 

converge uniformly forces f(x) to be continuous. However, this 

example does provide some motivation for extending the association to 
2 arbitrary elements of L . 

Definition 3.1: Let 2 be an orthonormal system in L 

and let f € L2 • Then the generalized Fourier series of f with 

respect to {qJn(x)) is the series whose general term is a qJ (x) n n 
where an is the Fourier coefficient (f, qJn) • f is said to be 

expanded in a generalized Fourier series with respect to {qJn(x)) 

and the relationship is denoted, 
00 

n=-1 

without regard to convergence. 

Under definition 3.1 the existence of the associated series is 

guaranteed if the system {qJn(x)) exists and cpn is Lebesque 

integrable, n =- 1, 2, •·· • Since by the Holder inequality if f € LP, 

for the integral l f(x) cpn(x) dx to have meaning it is necessary 
q 1 1 and suf'ficient for cp € L where - + - = 1. ( re1'. 1, page 18.) n P q 

However, there is no a priori reason why the series in definition 3.1 

should converge, or if it converges, should represent the given function 

f. Thus there are three fundamental areas of investigation; (1) the 

existence of a denumerable, orthonormal complete set of functions in 12, 

(2) convergence of the associated generalized Fourier series and (3) the 

way in which a convergent series represents the associated function. 
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4. EXISTENCE OF A COMPLETE ORTHONORMAL SYSTEM IN L2 

Proof of the existence of a complete orthonormal system {~n) in 

L2 will be conducted along the following lines. 

1. Prove the set of continuous functions in L2, denoted CL2' is 

separable; that is, contains a denumerable everywhere dense 

subset. 

2. Prove that CL2 2 is dense in L. 

3. Prove that if a set E contains an everywhere dense separable 

subset ~, then E is separable, and thus conclude that L2 

is separable. 

4. Prove that given an everywhere dense denumerable subset in L2 

a complete orthonormal system can be constructed in L2 • 

The proof of proposition 1 begins with the following lermna. 

Lemma 4.1: The space C of all continuous functions f on the 

finite interval [a, b], with metric 

is separable. 

Proof: By a well known theorem due to Weierstrass (ref. 2, page 

571) every function f(x) continuous on a finite interval may be 

represented as a limit of a uniformly convergent se~uence of polynomials 
n 

Qn(x) ::: i i a. X 
1 

where is a real number. 

gence in the metric of C. 

such that 

Note that uniform convergence is conver-

Thus for any € > 0 a Q (x) can be found n 
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Take as a denumerable set the set D of all polynomials 

where the are rational numbers. Since the rational numbers are 

dense in the real numbers a P (x) exists such that n 

Therefore, 

Hence the denumberable set D is dense in C and therefore C is 

separable. 

For the space CL2 the metric is: 

{ b }1/2 
P"I.2 (r, g) = J.. [r(x) - g(x)J 2 dx 

If f and g are continuous on a finite interval, f - g is bounded 

there. Let M = max lf(x) - g(x)/ • Then 
r, ,11/2 P~ 2 (f, g) < L_M2 (b - a)_j = M(b -

Now if g in the sense of the metric p, this implies M 
C 

Hence g in the sense of the metric p 2· CL 
Thus the set D is 

dense in CL2 and therefore CL2 is separable. 

The proof of proposition 2 will be initiated with the introduction 

of the Lebesque integral in terms of simple functions, that is, 

measurable functions which take on a finite or countable number of 

values. 
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Definition 4.1: Let f(x) be a simple function which assumes 

the values Y1, y 2· "" "' y n 

defined by the equation 

.... The integral of f(x) over A is 

00 L f(x) dx = I Yn m {x x•A, f(x) = yn) 
n=l 

(4.1) 

f(x) is called integrable over A if the sequence of partial sums of 

the series 4.1 converges absolutely. If f(x) is integrable, then the 

sum 4.1 is called the integral of f(x) over A. 

Definition 4.2: The function g(x) is integrable over the set 

A if there exists a sequence of simple functions f (x) which are n 
integrable over A and converge uniformly to g(x). Thus 

1 g(x) dx = lim 1 fn(x) dx . 
A n A 

It was previously shown that uniform convergence implied conver-

gence in the metric of c12, which is also the metric of 12 • Thus it 

follows immediately from definition 4.2 that the simple functions 

belonging to 12 . 2 
are dense in L. 

Now let A be a metric space having a measure which satisfies the 

condition that all open and all closed sets in A are measurable and 

for any set M ~A, m(A) = inf m(G) 
M£G 

bound is taken over all open sets G 

bound is taken over all closed sets 

= sup m(F) , where the lower 
F~ M 

containing M and the upper 

F which are contained in M. 

These conditions are satisfied by the Lebesgue measure. (ref. 3, 

chapter 8.) Proposition 2 is restated and proven as follows. 

Theorem 4.1: The set c12 is dense in 12 • (ref. 4, page 98.) 
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Proof: It is first shown that any simple function f € L2, and 

hence any function in L2 , can be approximated as closely as desired 

by simple functions which take on a finite number of values. 

Let f(x) take on the values y1 , •··, yn' •·• on the sets 

••• , E , •••• 
n Since f is integrable, the series 

l y n2 m(En) = l r2(x) dx 
n 

converges. Thus for any € > 0 there exists on N such that 

I 
n>N 

Let 

Then 

for 

for X€ E. ' i > N 
l. 

Therefore the simple functions in L2 which take on only a finite 

number of values are dense in L2 • 

It is sufficient now to show that the continuous functions are 

dense in the simple functions which take on a finite number of values. 

Furthermore, since every simple function of this type is a linear 

combination of the characteristic function VM(x) of measurable sets, 

it suffices to give the proof for these characteristic functions. Let 
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M be a measurable set in the metric space A. Then for any € > 0 a 

closed set FM and an open set GM can be found such that FMC MC <\i 

and m(<\i) - m(FM) < E, Define the function cp€(x) by 

where A\~ is the complement of <\i with respect to A and 

P(x, A\~) and P(x, FM) are the distances from X to the sets 

A\~ and FM respectively. 

The function cp€(x) = 0 for xEA\GM and equals 1 for x€FM. 

It is continuous since the functions are 

continuous and since their sum is never equal to zero. The function 

tM(x) - cp€(x) is not greater than unity of <\i\FM and is zero outside 

this set. Therefore 

which completes the proof of the theorem. 

Proposition 3 is now restated and proved. 

Theorem 4.2: If an everywhere dense subset E1 of the metric 

space E (with metric p) is a separable space, then E is separable. 

(ref. 5, page 98.) 

Proof: Let A be a denumerable everywhere dense subset of E1 • 

Take x€E and assume € > O. Since E1 is everywhere dense in E 

there exists such that € p(x, x') < 2 ; and since A is 

everywhere dense in E1 there exists x 11 €(A n E1) n E such that 
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E p(x', x'') < 2 Hence p(x, x' ') < E • Due to the arbitrariness of 

E it follows that A is everywhere dense in E. Hence E is 

separable. 

From theorems 4.1 and 4.2 and the separability of C 2 
L it is 

concluded that 12 is separable. Thus let {gn} be a countable 
2 everywhere dense set of functions in L. Discarding from this set 

those functions which are linearly dependent with the preceeding ones 

yields a set {fn} which is linearly independent and complete since 

each is a linear combination of the elements in 

is dense in 12 • 

The discussion has now led to the principal theorem .of this 

section. 

Theorem 4.3: (Gram-Schmidt Process) Let the system of functions 

{fn} be linearly independent. Then there exists a system of functions 

{~n} satisfying the following conditions. 

1. The system {~n) is orthonormal; 

2. every function ~n is a linear combination of the functions 

. . . , ;f • n· 

where a /. o, nn 
3. every function 

••• , cp : n 

f is a linear combination of the functions n 

where bnn /. O. Every function of the system {~n} is uniquely 

determined (up to the sign) by conditions 1-3. (ref. 7, page 151.) 
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Proof: Let 

Let 

Then 

and 

In general, let cp3(x), cp4(x), •·· be defined successively by 

the relations: 

n-1 

Gn(x) = fn(x) - I cnk cpk(x), cnk = L fn(x) cpk(x) dx 

k=l 

G (x) n 

It follows from the definition that each cp is orthogonal to n 

~l •··, cpn-l and is normalized. By construction each cp is a linear n 

combination of the functions f 1 , f 2, •··, fn' and conversely. Also 

d f O since if d = 0 then n n 
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Thus 

almost everywhere in A, which contradicts the hypothesis that 

~n(x)} is a linearly independent set. Hence the theorem if proven. 

Since the existence of a countable dense set in L2 has been 

shown, theorem 4.3 establishes the existence of a complete countable 
2 orthonormal system in L • 
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5, CONVERGENCE OF GENERALIZED FOURIER SERIES 

Before such a vague concept as convergence can have mathematical 

application it is essential that the intuitive idea of nearness be made 

precise. · Two forms of convergence have already been encountered in 

section 4; (1) uniform convergence as convergence in the metric of the 

space c, and (2) convergence in the mean as convergence in the metric 

of 12 (more exactly, convergence in the mean of order two). Two 

additional concepts are introduced by the following definitions. 

Definition 5.1: The sequence of functions f (x) defined 'on n 
some space with measure s, is said to converge almost everywhere to 

the function F(x) if 

lim fn(x) = F(x) 
n 00 

except on a point set of zero measure. 

Definition 5,2: The sequence of measurable functions f (x) n 
converges in measure to the function F(x), if for any € > 0 

lim 
n 

0 • 

The following four theorems, whose proofs are given in reference 

4, give the relations between these forms of convergence. 

Theorem 5 .1: If the sequence {fn (x)) of functions in L 2 

converges uniformly to f(x), then 2 f(x) € L and converges 

to f(x) in the mean. 

Theorem 5.2: If the sequence {fn(x)} converges to f(x) in 

the mean, then one can select from it a subsequence {fnk(x)) which 

converges to f(x) almost everywhere. 
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Theorem 5.3: Let the sequence of measurable functions f (x) n 

converge in measure to f(x). Then one can select from the sequence 

~n(x)) a subsequence {fn 1/x)) which converges to f(x) almost 

everywhere. 

Theorem 5.4i If a sequence of measurable functions f (x) n 
converges almost everywhere to some function F(x) then it converges 

to the same limit function F(x) in measure. 

The above convergence relations are summarized by the following 

scheme (ref. 4): 

Convergence in 
mean 

I Uniforin convergence I 
' 

Convergence almost 
everywhere 

- - - - - _j 
.. Convergence in J ---------~, .-,--------measure 

where the dashed arrow means that from a sequence which converges in 

measure a subsequence can be obtained which converges almost everywhere. 

It is most appropriate to consider first the question of conver-

gence in the mean of an associated generalized Fourier series since 
2 this concept incorporates the metric of L. 

This question is answered by the next theorem. 

Theorem 5. 5: For any function with an integrable square, the 

Fourier series with respect to any orthogonaJ. system converges (in the 

mean) in the metric space L2 . 

To prove theorem 5.5 the following two theorems are presented. 
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Theorem 5.6: In order that a sequence 2 of L . functions 

should converge in the mean to a function f(x) in L2, it is necessary 

and sufficient that 1/fm - fnll 0 for m, n 00 • 

Proof: See reference 8, page 12. 

Theorem 5,7: Bessel's Inequality. Of all the polynomials of the 

nth order with respect to an orthogonal system {q,n(x)), the best 

approximation in the metric space L2 for f(x) € 12 is given by the 

nth partial sum of its Fourier series with respect to this system. 

Proof: Let ( cp1 , cp2, • • •, cpn) be a finite orthonormal family 

of functions in 12 • Let cp = B1 cp1 + B2 cp2 + •·· + Bn cpn and r € 12 • 

The objective is to select the Bi in such a way as to minimize 

@(f, cpJ 2 = II f - (B1 cp1 + .. • + Bn cpn)ll 2. Expand the right-hand side 

as the inner product (f - cp, f - cp), taking into account the orthonor-

mality of the cpi to obtain: 

(f, q,D 2 
= llrll2 + t a/ -2 ~1 (:r, '1':i.) + • • • + a0 (f, 'Pn~ 

= ! l!i - (f, q,i1]2 + ~fll2 - I (f, 'Pi) 2} . 
i i 

Since the Bi occur only in the first summation it follows that 

d(f, cp) is a minimum for Bi= (f, cpi)· Hence d(f, cp) is a minimum 

when the Bi are the Fourier coefficients of f with respect to 

{cpn}· Note that when the Bi are so chosen the following inequality 

is obtained for each n: 
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Returning now to the proof of theorem 5.5 it will be shown that the 

partial sums S ( s) n of the Fourier series for f(x) E 12 satisfy 

the conditions of theorem 5.6. For any integer n and any p 1: 

B 2 
k ' 

2 

dx 

since the system {Pn (x)} 

k=n+l 

is orthonormal. By virtue of Bessel's 
°" 

inequality it is known that if f(x) E 12 , then 
k=l 

Therefore for any € > 0 it is possible to find an N such that 

! a 2 < €2 for n > N and hence k 

Thus by theorem 5.6 the Fourier series for f(x) € 12 converges in 

12. 

It should be noted that only the convergence in 12 has been 

proven. It does not follow that this sum should be equal to f(x) in 

the sense of the 12 metric. To resolve this question it is necessary 

to consider the completeness of the system {~n(x)}· Definition 1.5 

of a complete system is rephrased in the following form. 
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Definition 5.3: The system 

for any f(x) .€ L2 and any € > 0 

2 is complete in L if 

it is possible to choose the 

numbers °1.' °2' •··, ~n so that 

:r(x) - t "k 'l\.c(x) < < • 
k=l 

For future reference the concept of a closed system is introduced 

here. (These definitions of closed and complete systems are fre4uently 

interchanged in the literature.) 

Definition 5.4: The system {cpn(x)) is closed in L2 [a, b] 

if the only function f(x) € L2 [a, b] which is orthogonal to every 

cpn(x) is the function f(x) = 0 almost everywhere in [a, b]. 

Theorem 5.8: 2 In the space L the completeness and closure of a 

system are equivalent. 

Proof: See reference 1, page 62. 

Now let {cp0 (x)) be a complete system in L2 and f(x) be any 
2 element of L • Then given € > 0 it is possible to select numbers 

°1.' ~2, ••• , ~n such that; 

:r(x) - t "k 'l\.c(x) < € • 

k=l 

But in proving Bessel's inequality it was shown that the best 

approximation to f(x)' in the L2 metric is given by the polynomial 

t Bk ~k(x), where the Bk are the Fourier coefficients o:f" :r(x). 
k=l 
Therefore 



f(x) - ! 
k=l 

Since 

it follows that 

Hence in the limit 
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8 2 
k 

This equality is known as Parseval's equality. 

The foregoing discussion can be considerably strengthened by the 

next theorem, which also assures the uniqueness of the Fourier series. 

Theorem 5.9: Riesz-Fischer: 
00 

Let c (n = 1, 2, •.. ) be any n 

sequence 01' numbers for which I en 2 < + 00 and { qln ( x)} be any 
n=l 2 

orthonormal system. Then there exists an f(x) € L such that the 

en are its Fourier coefficients with respect to {q,n(x)); if the 

system is complete, then there exists only one such f(x). 

Proof: Let the sequence ck~ be set up. Since 

00 l cn2 converges then for any € > o, an N can be chosen such 
n=l 



00 

I 
N+l 

2 
C < € • n 
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But then 

(n N, p > 0) • 
k=n+l 

Hence there exists an f(x) € 12 such that f(x) = lim S (x), n 
oo n 

that is, f(x) = \ c cp (x). Multiplying both sides of this equation L n n 
n=l 

by cp and integrating it is seen, due to the orthonormality of the 
m b 

{q,n} that cm = f f(x) cpm(x) dx. 00 

To prove the :iiqueness of f(x), assume g (x) = I C q> (x), n n 

g(x) 'f f(x). 
n=l b 

Then 1 @' - gJ cpn dx = en - en = o, for every n. 
a 

Hence f - g 10 is orthogonaJ. to every cp, which contradicts the n 
hypothesis that {cpn} is closed, that is, complete. 

Being assured that for any f € 12 there exists a unique expansion 

which converges to it in the sense of the 12 metric the question 

arises as to what can be said with regard to other more stringent 

concepts of convergence. Consider then the question of the convergence 

properties of a general orthogonaJ. series 
00 

I 
n=O 

C cp (x); n n (5.1) 

where nothing more than orthonormali ty in ~, is assumed about 

the system {q,n(x)}. In this event the problem of convergence almost 

everywhere appears to be the only appropriate consideration. To 

clarify this, note that the values of the functions cp (x) n can be 

chosen arbitrarily on a set NC [a, b_] of zero measure without 
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system. Obviously such an effecting the orthonormality of the 

arbitrary selection of values could also make the series \ c q> (x) f..., n n 

divergent on N, Suppose then that only orthonormality of the system 

is assumed and it is desired to determine convergence features of the 

series (5,1) from properties of the coefficients {en}· In this study 

the coefficients {en) are assumed to be the Fourier coefficients 

associated with some f € 12 . Thus from Bessel's inequality it follows 
00 

that l en 2 < 00 ; even though this sum may be arbitrarily large as 
n=O 

is asserted by the following theorem. 

Theorem 5,10: If {q,n(x)) is acy orthogonal system for which 

/q>n(x)j A, then a continuous f'unction can be found for which the 

Fourier coefficients en with respect to {q,n(x)) satisfy 

for acy € > O. 

Proof: Reference 1, page 341. 
00 

Now assume the condition l ICnl < 00 • This condition implies 
n=O 

the absolute convergence of (5.1) almost everywhere, since by the 

Cauchy-Schwartz inequality 
00 

\ dx < (b - a) L r'b 2 J q,0 (x) dx 
a 

00 

= (b - a) l I en! < 00 • (5.2) 
n=O 
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The desired conclusion can now be drawn with the aid of the following 

theorem due to B. Levi (ref. 8, page 11). 

Theorem 5,11: If {fn(x)) is a monotone increasing sequence 

of L-integrable functions and 

(n = O, 1, .. •) 

then the limiting function f(x) = 

and 

lim f (x) n is also L-integrable 

lim 
n oo 

If in particular {un(x)} are L-integrable functions such that 

00 

then the series I un(x) is absolutely convergent almost everywhere. 
n=O 

Proof: The sequence {fn(x) - f 0(x)) is monotone increasing, 

f(x) - f 0 (x) is its limiting function and fn(x) - f 0 (x) O. 

Now the hypotheses imply 

dx 

By Fatou's theorem (ref. 8, page 10) f(x) is also L-integerable 

and 

f b f(x) dx < C . 
a 
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Hence 

The reverse inequality follows from: 

Thus 

Which is equivalent to the first assertion of the theorem. The second 

assertion is proven by letting 

Applying the second part of theorem 5.11 to the relationship (5.2) 

completes the proof that 

is a suf'ficient condition for the orthogonal series (5.1) to converge. 

Thus it follows that convergence tests on the coefficients lie between 

the conditions l cn2 < 00 and I lcnl < co. Due to the considerable 

number of preliminary theorems required, some of the following theorems 

are presented without proof. 

Theorem 5.12: Rademacher-Menchoff. Let {~n(x)} be an 

orthonormal system. The orthogonal series 
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00 

\' C cp (x) L n n 

is convergent almost everywhere if the condition 

is fulfilled. 

00 l en2 log 2 n <oo 
n=l 

Proof: Reference 8, page 80. 

The question of whether condition (5.4) can be relaxed is 

answered in part by the next theorem. 

Theorem 5,13: If {en} is a positive monotone decreasing 

sequence of numbers for which 

00 I en 2 log 2 n = oo 

ll=l 

holds then there exists in [a, b] an orthonormaJ. system {~n(x)) 

dependent on {en} such that the orthogonal series 

is divergent everywhere in ~, b]. 

Proof: Reference 8, page 88. 

(5.3) 

(5.4) 

Therefore if complete generality is permitted in the choice of an 

orthogonal system and the function to be expanded it follows from 

theorems 5,12 and 5.13 that condition (5.4 is both necessary and 
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suf'ficient for convergence almost everywhere. The following theorem 

can be derived as a consequence of theorem 5.12. 

Theorem 5.14: If the series 
m 

00 r \ 2 C 2 L (log n) k 
n=l k=m +l n 

is convergent, then the sequence {Smn (x)) of the partial sums of the 

orthogonal series (5.3) is convergent almost everywhere. 

Proof: Reference 8, page 83. 

Since the above theorems are based on the properties of the 

coefficients it is natural to ask what properties are to be expected 

for the Fourier coefficients for an f € L2 . From Bessel's inequality 

it follows that the Fourier coefficients tend to zero. What is of 

primary interest is the rate at which they tend to zero, however little 

additional can be said unless conditions are imposed upon either the 

orthogonal system or the functions f to be expanded. For the present 

assume only that the orthonormal system {cpn (x)) consists of bounded 

functions. Then the next two theorems imposing conditions on the 

functions f can be proven. 

Theorem 5.15; Mercer's Theorem. If for an orthonormal system 

~n (x)) the functions are all bounded; that is 

a<x<b (n = l 2 "·) ' ' 
then the Fourier coefficients of any summable function with respect 

to this system tend to zero. 
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Proof: Let f(x) be summable and € > 0 be given. First find 

a function F(x) for which f b I f(x) - F(x) I dx < €, while F(x) 
a 

is bounded. This is possible by the very definition of the Lebesque 

integral. 
2 Since any bounded function belongs to L it follows that the 

Fourier coefficients of 

N such that for n > N, 

hence 

for n > N. Thus 

F(x) 

If 
tend to zero, that is, there exists an 

F(x) cp (x) dx < €. Also n 

f(x) cp (x) dx 0 n as 

Theorem 5.16: Riesz's Theorem. Let {cpn(x)) be an orthonormal 

system of bounded functions. 

1. If f € LP (a, b), then the Fourier coefficients of f with 

respect to {cpn} satisfy the condition 

_g -1 

llcllq ~MP llfllP · 

2. If for a sequence of numbers en, 1/CI/P < + oo then there 

exists a function f(x) € LP (a, b) satisfying 

C = Jb f(x) cp (x) dx n n a 

for all n such that 
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where 

1 

jjfjjq ~flab J:r/4 a.x}4 
and 

1 1 -+-=l. p q 

Proof: Reference 1, page 219. 

It appears that convergence features for orthogonal expansions 

might be improved if more was assumed about the expanded function f 
2 than that f € L. However this is not necessarily the case since 

Banach (ref. 9) has proved the following deep theorem. 

Theorem 5.17: There is a continuum of orthonormal systems 

~n(x)) such that the Fourier expansion 
co 

f(x) ~ I en cpn (x) 
n=O 

for every differentiable function f(x) is divergent almost 

everywhere. 

It is apparent then that to continue the discussion requires more 

restrictive conditions on the system {cpn(x)). Due to the limited 

scope of this study, further discussion will be restricted to the 
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particular orthonormal systems obtained by orthogonalization of the 

linearly independent system {xn) in the interval [a, b]. 
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6. ORTHOGONAL POLYNOMIALS 

Let p(x) be a nonnegative function integrable over {a, b) and 

positive on a set of points such that lb p(x) dx > O. Let the system 
a 

(6.1) 

be taken as the linearly independent set in the Gram-Schmidt Process 

(theorem 4.3). The results of orthonormalizing the system (6.1) yields 
1 

functions of the form [p(x[} 2 pn(x) where pn(x) is a polynomial of 

degree n in x, since these are linear combinations of the elements 

of the system (6.1). It is assumed that the coefficient of the highest 

degree term in pn(x) has been chosen positive. The pn(x) are 

orthonormal polynomials with respect to the weight function p(x), that 

is, 

l b p(x) p (x) p (x) dx = 0 
a m n m f n, 

l b 2 
p(x) [Pn (xD dx =- 1 . 

a 

The polynomial.a pn(x) thus generated are unique in the sense of the 

following theorem. 

Theorem 6.1: The only orthonormal system {cPn:(x)) with respect 

to the weight function p(x) in which (x) is a polynomial of degree n 
n with positiv.e leading coefficient is {Pn(x)}. 

Proof: Obviously every power of can be represented in the 

form 
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Hence any polynomial cp (x) of degree n can be represented in the n 
form 

(6.2) 

Conversely the polynomials pk(x) can be represented as a linear 

combination of cp0 , cp1 , ••• , cpk. Thus it follows that for k < n, 

pk(x) is orthogonal to q>n. Multiplying both sides of (6.2) by 

p(x) pv(x), v < n and integrating yields; 

for v = O, 1, ···, n - 1. Hence q> (x) = r p (x) n n n and therefore 

Since both q> and p have positive leading coefficients it follows n n 

that q> = p • n n 

The next theorem follows immediately from the completeness of the 

polynomials in [a, €] (see Lemma 4.1) and the fact that any polynomial 

can be represented as a linear combination of the p (x). n 
Theorem 6.2: The orthonormaJ. system of polynomials pn(x) 

with respect to the weight function p(x) is complete in L2 • 

The polynomials p (x) will be used in the expansion of functions n 
f € L2 in a manner entirely analogous with that of definition 3.1, 

that is, f(x) is said to be expanded in a series with respect to 



where 

a =-n 
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00 

f(x) ~ I a p (x) n n 

p(x) f(x) p (x) dx. - n 
a 

(6.3) 

(6.4) 

The selection of the system 

following theorem. 

p (x) n is in part motivated by the 

Theorem 6.3: Among all the polynomials JC (x) n of degree not 

greater than n the integral 

attains its minimum value for JC (x) =- S (x) where S (x) is the nth n n n 

partial sum of the expansion of f(x) in the polynomials p (x). n 
Proof: The proof follows that of theorem 5,7 after noting that 

JCn(x) can be written as a linear combination of the pk(x), 

k =- O, 1, ... , n. 

Before returning to the question of convergence it is of interest 

to consider some of the properties of the p (x). In particular a n 
recursion relationship will now be developed. Let and bk denote 

the coefficients of the kth and k - 1st powers of x in pk(x) 

and consider the expression of 

k =- o, 1, ···, n + 1, that is, 

xp (x) n as a finite sum of the pk(x); 

n+l 

xpn (x) =- l cnk pk(x) 
k=-0 

(6.5) 
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where 

(6.6) 

is of degree less than n, hence p (x) is n 

orthogonal to xpk(x) with respect to the weight function, thus from 

(6.6) it follows that cnk = 0 for k < n - l. Comparison of the 
a ~l ( n coefficients of x in 6.5) yields c = -- • Also from 

n,n+l an+l 
an-l (6.6) cnk = ckn hence c = c = -- . Therefore (6.5) n,n-l n-l,n a n 

reduces to the following recursion relationship: 

Comparison of the coefficients of xn in (6.7) yields 

C nn =- - --a n 

(6.7) 

If the assumption is made that p_1 (x) = O, a_1 = O, then equation (6.7) 

holds for all nonnegative n. 

Consider next the case in which the interval [a, b] of orthogo-

nality is symmetric with respect to the origin, that is, ~, b] = Eb, €J 
and p(x) is an even function. Let g(x) be an arbitrary polynomial 

of degree less than n, and consider the integral; 

Change the variable of integration by letting t = - x. Then 
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I= 1-b_p(-t) p (t) g(-t) dt = 1-b p(t) p (t) g(-t) dt = 0 
b n b n 

since p (t) is orthogonal to every polynomial of degree less than n. n 
Due to the arbitrariness of g(x) it follows that p (-x) n has the same 

orthogonality property as p (x). Also it is readily seen that p (-x) n n 
is normalized and (-l)n p (-x) has a positive leading coefficient. n 

Hence by theorem 6.1, (-l)n p (-x) = p (x). Thus p (x) can consist n n n 

of only even powers of x or only odd powers of x, depending on 

whether n is even or odd. Hence in this case the coefficient b of n 

p (x) is zero and equation (6.7) reduces to: n 

In addition the following theorem holds. 

Theorem 6.4: If the set of polynomials {Pn(x)} is orthogonal 

with respect to p(x) > 0 over [a, b], the zeros of p (x) n are all 

distinct and all lie in the open interval (a, b). 

Proor: Rererence lO, page i49. 

If additional highly restrictive assumptions are made about the 

weight :function p(x), the next theorem can be proven. 

Theorem 6,5: If the weight function p(x) satisfies the 

differential equation 

p I (x) -

p(x) 
D + Ex 

= 2 
A+ Bx+ Cx 
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in which A, B, C D, and E are constants and (A+ Bx+ Cx2) p(x) 

vanishes at the end points of [a, b] 

differential equation of the form: 

then the p (x) n satisfy a 

~(x) p ''(x) + B(x) p '(x) + :r(n) p (x) = o, n n n 

in which ~(x) is a polynomial of second degree, specifically 
2 A+ Bx+ Cx, B(x) is a polynomial of the first degree, specifically 

QB+ D) + (2C + E)JU and :r(n) = - [en (n + 1) + En]. 

Proof: Reference 7, page 164. 

Returning to the question of convergence, let S (x) denote the n 
nth partial sum of the series (6.3); that is, 

sn(x) = ! '\ pk(x) 
k=O 

(6.8) 

Letting t be the variable of integration in (6.4) and substituting 

the expressions for the ak into (6.8) yields: 

S (x) n p( t) f( t) ! pk( t) l\:(x) dt 
k=O 

The sum K (x,t) is called the nth kernel of the orthogonal system n 

{Pn(x)). For later reference, the nth Lebesque function of the system 

is defined: 
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A relatively simple expression for the nth kernel of the system can 

be developed as follows. Let equation (6.7) be multiplied by pn(t): 

a a 
xp (x) p ( t) = _n_ p +l(x) p ( t) + c p (x) p ( t) + n-l p 1(x) p ( t). 

n n an+l n n nn n n an n- n 

If this equation is subtracted from the corresponding form with t and 

x interchanged, the term 

be expressed in the fonn: 

C p ( t) p (x) nn n n cancels and the result may 

(t - x) pn(t) pn(x) = a::l ~n+l(t) pn(x) - pn(t) Pn+l(x~ 

- a::l Gn(t) pn-1 (x) - pn-1 ( t) pn(xi} 

If this equation be written with n replaced successively by 

n-1, n-2, ••• , o, addition of the n+l equations thus obtained yields: 

This identify is known as the Christoffel-Darboux formula. Thus the 
th n kernel of the system can be expressed; 

a p +l(t) p (x) - p (t) pn+l(x) 
K (x,t) = _n_ n n n 

n an+l t - x 
(6.10) 

From equation (6.10) it is possible to deduce a convergence theorem 

having application to Fourier series. First, a function f(x) is said 

to satisfy a Dini-Lipschitz condition of order at the point £ if 

for sufficiently small values of h the inequality 

(C = constant) 

holds. The theorem may now be stated in the following form. 
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Theorem 6.5: If the function f(x) E L2 satisfies a Dini-

Lipschitz condition of order a at the point s with a> 1 and if 

in a neighborhood of s both the weight function p(x) and the 

orthogonal system {pn(x)) are bounded, then the expansion 
(X) 

f(x) ~ I: 
n=O 

a p (x) n n 

converges at the point s to f(s). If these conditions are satisfied 

uniformly in the whole subinterval [ a1, b1J of [ a, b J then the 

convergence to f(x) is uniform in every inner subinterval of [a 1, b1J. 
Proof: Consider the difference 

Sn(s) - f(s) = Jb[t'(t) - f(s)] p(t) Kn(t, s) dt. 
a 

From the Christoffel-Darboux formula 

a lb p ( s) p ( t) _ p ( t) p ( £) 
S (s) - f(s) = _n_ [f(t) - f(s)Jp(t) n n+l n n+l dt 
n an+l a t - £ 

(6.11) 

where 5 > O is chosen so small that in [s - o, s + a] the functions 

]Pn(t)/, jPn+l(t)! and p(t) remain less than some constant C 

and f(t) satisfies the Dini-Lipschitz condition. The first and 

third integrals may be estimated as follows: 
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Define the function F(t) by; 

t E [a, - 5) and t E (~ + 5, 

F(t) = 

By virtue of f E 12 then FE 12 and it follows from theorem 6.3 

that the Fourier coefficients of F tend to zero; that is, for 

arbitrary E > 0 there exists an N such that for n > N 

Thus for n > N the following inequalities hold. 

(6.12) 

(6.13) 

a 
Consider next the fraction n . By equation (6.7) 

an·H 

where 4n(t) is a polynomial of degree less than n+l, hence the last 

integral vanishes. Therefore by the Cauchy-Schwartz inequality 
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1 

< max (I al, I bl) Vab p( t) pn+/( t) dt f._b p( t) pn2( t) dy
2 

= max (lal, lbl) =A, 

(6.14) 

From (6.11), (6.12), (6.13), and (6.14) it follows that 

By the Dini-Lipschitz condition 

2K 
= ------,--~ 

(a. - 1) I log ela.-l 

Since a. - 1 > 0 and 8 > 0 may be chosen arbitrarily small, the 

right-hand side can be made less than €. Therefore for n > N, 

j sn ( t) - f( t) I < 2 A€ ( c3 + 2C). The above estimates hold uniformly 

in every subinterval [~, b1] if the conditions for the theorem are 

fulfilled uniformly in [ ~, bJ, which completes the proof. It can 

also be shown that theorem 6.5 is valid if f(x) satisfies in an 

interval [~, b1J a Lipschitz condition.of order a., that is, if in 

[~, bl] 
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(K = constant) 

where O < < 1. (Reference 8, page 29.) 

Both the Lipschitz and Dini-Lipschitz conditions are more 

restrictive than continuity. That such a restriction is easential is 

asserted by the following theorem. 

Theorem 6.6: If the Lebesque functions L (x) n of the orthogonal 

system {Pn(x)} increase without bound for some x0 that is, 

lim L x = 00 

n n O 
then there exists a continuous function F whose 

Fourier series diverges for that x. 

Proof: As was seen earlier in this section, the nth partial sum 

of the generalized Fourier series associated with the function f can 

be written; 

Then if Jf(t)I 5 1 

I Sn(x,f)I< Jb p(x) j Kn(x,t)j dt = Ln(x) 
a 

(6.15) 

If the function f is chosen by: 

f(x) = sign[Kn(x,t)J, 

then s (x,f) = L (x). This f may be discontinuous, however, a n n 

continuous approximation fn o~ f can be found such that 

lfn(x)j ::: 1 and Sn(xo, .fn) ½ Ln(xo) for each n 

(6.16) 
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If the Fourier series of any fn diverges at x0 , the theorem is 

proved, Therefore suppose that the Fourier series of each f n 

converges to 7n(xo)· 

Define the function F(x) by 

00 

F(x) = I f (x) , 
k=O 

where 
00 00 

> o, I < oo, I 1 
a,p ~ti~ . 

0 k+l 

For example take .. k 
= 7 . From the above conditions, 

00 00 fo Fi< f'\ (x)I < "k < . 

Hence the series 

converges. Thus given an € > 0 there exists an N1 such that 

F(x) -

(6.17) 

(6.18) 

From the monotone decreasing property of the ¾_ it follows that an 

can be found such that °N < E. 
2 

Take N equal to the maximum of 

00 

F(x) - t °k f 

00 

F(x) - I ~f < + I 
k=O k=O N+l 

< € € 
2+b<E · 
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Thus the series of continuous functions l °k fl\. converges uniformly 

and therefore its sum F(x) is continuous and its Fourier series is 

obtained by addition of the Fourier series of the terms in (6.17). 

Now chose the 1\. by induction as follows.' Given ~, •··, 1\.-l' 

choose 1\. such that 
k-1 
\ oo, L 
0 

Since 

a.P "/n , 
p 

it may be supposed that 1\. is so large that 

s"k ("o, r "p fop) < 2 r "p I\, I ::: ½ "k L"k ("o) · 

(6.18) 
Also by (6.15) and (6.18) 

00 

:S LI\ (xo) l a.P :S ¼ °k L (xo) 
k+l I\_ 

(6.19) 
Finally it follows from (6.18) and (6.19) that 

Hence the Fourier series of F diverges at x0 • 
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Several examples of the type function whose existence is established 

by theorem 6.6 have been constructed. (Refs 1 and 11.) However, if 

the expansion of a specific function is being considered then conver-

gence tests have been developed which consider properties of the 

orthogonal system as reflected in its Lebesque functions and properties 

of both the system and the function to be expanded as reflected in the 

Fourier coefficients. For the general orthogonal system the following 

theorem holds. 
L (x) 

Theorem 6.7: n If the relation -A-~ K for all n, holds in the 
n 

set EC [a, b] where {"n) is positive and nondecreasing, then 

implies the convergence of the orthogonal series 

everywhere in E. 

Proof: Reference 8, page 175. 

\ C cp (x) L n n 
almost 

The Lebesque functions for the orthogonal polynomials of this 

section, under assumptions of boundedness, satisfy the first condition 

of this theorem. In particular the next theorem has been established. 

Theorem 6.8: If 0>n(x)) is a system of orthonormal polynomials 

with respect to the weight function p(x) and if the functions {pn(x)) 

as well as p(x) are bounded in ~' d] C (a, b) then 

L (x) n <K log n 

for all n (K constant) and this condition holds uniformly in 

every inner subinterval of ( c, d) • 
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Proof: Reference 8, page 179. 

Thus the next theorem follows as a corollary to theorems 

6.7 and 6.8. 

Theorem 6.9: If {Pn(x)) is an orthonormal system of polynomials 

with respect to the weight function p(x) and if the functions {pn(x)) 

as well as p(x) are bounded in the interval [c, C (a, b) then the 

relation 

2 log n < co 

implies the convergence almost everywhere in (c, d) of the orthogonal 

series co 

\ C p (x) . L n n 

The question of boundedness of the system {pn(x)) has been 

prevalent in the last few theorems_. This question is difficult to 

answer and even the problem of pointing out sufficient conditions in 

order that the functions obtained by orthogonalization of a given 

system of functions should satisfy certain requirements of boundedness 

has not been satisfactorily solved. However under certain conditions 

the boundedness of one orthogonal system can be deduced from the 

boundedness of another system. For example, let {Pn(x)) be the 

orthonormal system of polynomials with respect to the weight function 

p(x) and let {4n(x)) be the orthonormal system with respect to the 

weight function p(x) a(x) with a(x) > 0 almost everywhere. 

Then a boundedness relationship can be stated and proven as follows. 
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Theorem 6.10: Suppose that at a point x0e (a, b) the following 

conditions are f'ulfilled: 

l*. 

2*. 

3*• 

5*• 

then qk (xo) = 0(1), where the notation O means that if {an) is a 

arbitrary and {bn} a positive sequence of numbers, an= 0 (bn) 

signifies that l~nl is bounded, independent of n. 
n 

If the conditions l* - 3* are uniformly satisfied at the points 

x of an interval ~, d] C (a, b) then <\i(x) = 0(1) holds uniformly 

in G, ~. 
Proof: Expanding ~(x) at the point x0 in the functions 

{_Pn (x)} yields 

Since ~(x) is the nth orthonormal polynomial with respect to the 

weight function p(x) a(x) it is orthogonal with respect to this 

weight function to every polynomial of degree less than n. Thus 



Hence because of condition 2* the expansion of can be written 

Applying the Cauchy-Schwartz inequality and using condition 5* yields 

the following estimate for the first integral, 

1 

(lb 2 lb p 2 (t) } 2 
a p(t) a(t) (t) dt a p(t) ~(t) dt = 0(1) . 

Now by considering conditions l* and 2* the following estimate is 

obtained 

n-1 L pk( t) Pk (xo) dt • 
k=O 

Applying the Christoffel-Darboux formula to the sum under the integral 

sign and using the relationship (6.14) yields 
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l'l,, (xo) I " 0(1) + 0(l) lb p( t) a( t: : ~xo) jg,, ( t)I [1 Pn ( t)j 

+ 11'.n-l(t)J] dt. 
Divide the interval of integration into three parts: [a, xO - ~, 

[x0 - E, xO + and [x O + E, b]. On account of 4* and 5* the 

integral over @,, x0 - EJ can be estimated as follows: 

a 0(1) r0-· p(t) ~a(t) 1q,,(t) 1 [~ + -Jc,(t)] Upn(t) 1 

+ lpn-l(t)o dt 
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In the same way the estimate f b == 0(1) can be obtained. For the 
XO-€ 

middle integral it is inferred from conditions 3* and 5* that 

fxo+€ Jx +€ 
Upn(t)I + lpn-1 (t)o dt 0(1) O p(t) I¾ ( t)j == 

X -€ XO-€ 0 
2 2 {rx+E fx +€ p (t)+ p 1 (t) 

== 0(1) J XO~E p( t) cr( t) ¾2(t) dt O p(t) n cr(~j 
X -€ 0 

== 0(1) • 

Thus the theorem is proven. 

Again it seems appropriate to f'urther restrict the class of 

orthogonal systems under discussion. Thus, in the material that 

follows interest will be limited to the particular class of orthogonal 

systems known as Jacobi polynomials. 

1 

dJ 
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7. JACOBI POLYNOMIALS 

The particular class of orthonormal polynomial systems arising 

from application of the Gram-Schmidt process to the linearly independent 

system {xn} for a weight function p( t) = (b - x)a. (x - a) 8 with 

a.> -1, B > -1 are called Jacobi polynomials. For simplicity the 

interval ~, b] is usually taken to be [-1, 1] so that the weight 

function becomes p(x) = (1 - x)a. ( 1 + x) 6• The general case can be 

reclaimed from these rerults by the linear transformation 

t = - 1 + 2 X - a 
b - a 

When a.= B the corresponding polynomials are called ultraspherical 

polynomials. Two special cases of particular interest are a.= B = 0 
1 and a.= B = - 2 which correspond to the Legendre and Chebysheff 

polynomials, respectively. 

Due to the wide range of interest in the Jacobi polynomials they 

have been treated rather extensively in the literature. Therefore, 

some of the properties peculiar to these polynomials will be presented 

without proof, an appropriate reference for the proof being given. 

First, note that if it is assumed that the Jacobi polynomials are 

bounded then they become a subset of all previous systems considered 

in this paper and therefore satisfy the requirements of all preceeding 

theorems. 

Denote by p (a.,S)(x) the nth normed Jacobi n 
to the weight function p(x) = (1 - x)a. (1 + x) 8 

polynomial belonging 

and by J (a.,i3)(x) 
n 

the nth not normed Jacobi polynomial. It has been shown (ref. 8, 
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page 30) that J (a,B)(x) satisfies the following relationship n 

(7.la) 

The relationship between 

(ref. 7, page 172) 

and J (a,S) (x) 
n is given by 

where 

If 

2a+B+l 
6 n = _a_+___,B,--+--.,,,.2n-+--=-1 

r(a + n + 1) r(B + n + 1) 
nl r(a + S + n + 1) 

n: a+ B + 1: O, 60 : r(a + 1) r(B + 1) . 

(7,2a) 

The p (a,B)(x) being orthonormal polynomials in a symmetric n 

interval satisfy the recursion relation developed in section 6: 

Evaluation of the leading coefficients yields (ref. 7, page 172) 

1 r(a + B + 2n + 1) 
a = ----,,--= 
n 2n nl 6 1 2 r(a + B + n + 1) n 

Hence the recursion relation becomes 

(7.5a) 
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(a+ B + 2n) (a+ B + 2n + 1) (a+ B + 2n + 2) xJ (a,B)(x) n 

= 2(n + 1) (a+ B + n + 1) (a+ B + 2n) J 1 (a,B)(x) n+ 

(7,6a) 

The weight function p(x) = (1 - x)a (1 + x) 6 satisfies the conditions 

of theorem 6.5 since 

_P_'(_x_) =-a-+_B_= 
p(x) 1 - X 1 + X 

(B - a) - (a+ B)x 
2 1 - X 

(7,7a) 

Comparing the coefficients in (7,7a) with those in theorem 6.5 yields 

A= 1, B = O, C = -1, D = B - a, E = - (a+ B), 

Hence the Jacobi polynomials satisfy the linear homogeneous differential 

equation 

+ n(a + B + n + 1) J (a,B)(x) = O 
n 

The same equation is obviously satisfied by From equation 

(7.4)and the Christoffel-Darboux formula equation (6.10) it follows 
th that then kernel of the Jacobi polynomials is given by: 
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2(n + 1) r(~ + 8 + n + 2) r(~ + 8 + 2n + 1) 
Kn(x,t) = r(~ +a+ n + 1) I'(~+ 8 + 2n + 3) • 

(7.9a) 

t - X 

For the Legendre polynomials equations (7,la), (7.2a), (7,3a), 

(7,5a), (7.6a), (7.8a), and (7,9a) reduce, respectively, to: 

where 

( ) n n n 
P (x) = -l !_ (1 - x2) 

n '2nd n n. X 

p (o,o)(x) = P (x)/o ½ n n n 

5 = 2 
n 2n + 1 

1 r(2n + 1) 
an= 2n n~ 5 l/ 2 r(n + 1) 

n 

(7.lb) 

(7,2b) 

(7.3b) 

(7.5b) 

(7 ,9b) 



For the Chebysheff polynomials these equations become: 

where 

C (x) n 

1 a = 
n 2n ' n. 

nl r(n) 

r(2n) 
o 112 r(n) n 

n(2n -1) (2n + 1) xCn(x) = n(n + 1) (2n - 1) Cn+l(x) 

(1 - x2) C ' '(x) - xC '(x) + n2 C (x) = 0 n n n 

= 4n(n + 1) nl r(n +1) r(2n) cn+l(t) Cn(x) - cn(t) 

P( 2n + 2) re n + ½)]2 t - X 

(7 .le) 

(7.2c) 

(7,3c) 

(7 .5c) 

(7.6c) 

(7,8c) 

The normed Chebysheff polynomials are sometimes introduced by the 

following definition 
r 1 1) 
- 2' - 2 - 1 Po( (x) ::;: fi 
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Pn(- ½' - ½ )( X) :: /2 ( ) ~; cos narc cos x, n"" 1, 2, •·· 

To show that this definition is valid, introduce the variable 

t = arc cos x. Then for m f n 

f 1 1 cos (m arc cos x) cos (n arc cos x) dx 
-1 Vl - x2 

= fo:J( 

cos mt cos nt dt = 0 

and for m = n 

r1f. 

(7.10) 

J: 1 2 2 cos (narc cos x) dx = I cos nt dt 
\11 - Jo 

:J( for n>l 2 ' 
= 

1f. ' for n = 0 

Hence the system {cos (narc cos x)) is orthogonal with respect to 
-1/2 

the weight function p(x) = (1 - x2) . 

From the relationship 

n-1 n cos nt ""2 cos t + ! °k 
k cos t (n 1) 

It follows that cos (narc cos x) is a polynomial of degree n 



n-1 having the leading coefficient 2 • Since by theorem 6.1 the ortho-

normal system of polynomials, with respect to the weight function 
2)-1/2 

p(x) = (1 - x with positive leading coefficients in unique it 

~allows that ~; ijf; cos (narc cos x~ is the system o~ Chebyshef:r 

polynomials. 

It can also be seen from the transformation t = arc cos x that 

P ( - ½, -½)(x) I (2 .w 
n = v~ cos nt v~ 

for xE(-1, 1). Now let the cr(x) of theorem 6.10 be defined 

cr(x) 
a+½ B+.!. 

= (1 - x) (1 + x) 2 

Then cr(x) satisfies conditions l*, 2*, and 3* of theorem 6.10 and 

conditions 4* and 5* are fulfilled since the Chebysheff polynomials 

are uniformly bounded. Hence it can be concluded that the Jacobi 

polynomials in general are uniformly bounded in (-1, 1). 

For one additional system to be considered later in an applied 

problem, let = S = 1/2. Then the above properties reduce to: 

B (x) n = (1 - x2) (7.ld) 

(7.2d) 

where 
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1 r(2n + 2) 
an= 2n n~ o l/ 2 r(n + 2) 

n 

(7.5d) 

(2n + 1) (n + 1) (2n + 3) xBn(x) = (n + 1) (n + 2) (2n + 1) Bn+l(x) 

+ (n + ½)2 (2n + 3) Bn_1 (x) (7.6d) 

(1 - x2) B ' '(x) - 3x B '(x) + n(n + 2) B (x) = 0 n n n 

t - X 

(7.9d) 

The remainder of this paper will consist of applying the three 

particular Jacobi polynomials introduced here to the problem of solving 

Laplace's equation with boundary conditions. 
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8. APPLICATION OF JACOBI POLYNOMIALS TO THE PROBLEM 

OF GRAVITATIONAL FIELD DETERMINATION 

Application of Newton's law of gravitation to an inertially fixed 

bounded distribution of matter M shows that the gravitational attrac-

tion at a point P exterior to M can be represented as the gradient 

of a scalar function U. (ref. 12.) The physical assumption that there 

exist no gravity sources or sinks exterior to M is the mathematical 

equivalent of saying U is a harmonic function in the region exterior 

to M, that is, satisfies Laplace's equation: 

if U =- 0 • 

Represented in spherical coordinates Laplace's equation has the 

form 

cl 
dr ~ 2 drclUr)· + 1 cl G clU) 1 cl2u -~e ~e sin 8 """a + --.,-- -- =-O . sin oo oo sin2 8 cl¢2 

where r is radius, 8 is colatitude,¢ is longitude. Simplifying 

the problem by assuming no longitude dependence yields: 

cl {_2 clU) 1 cl ~. clU) 
dr di= + sin e d9 \in 8 d0 =-0 · 

Separation of variables by assuming U(r, 8) =-R(r) T(8) 

a system of differential equations of the following form. 

2 r R'' + 2rR' - n(n + 1) R =-0 

T'' + cot 8 T' + n(n + 1) T =- O 

(8.1) 

leads to 

(8.2) 
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Transforming equation (8.3) by letting x = cos 0 yields 

6 -x2) T'' - 2xT' + n(n + 1) T = 0 (8.3a) 

which is Legendre's differential equation. Application of the physical 

constraints that the gravitational force vanish at infinity and be 

continuous in the region exterior to M yields the following particular 

solution. (ref. 7, page 109,) 

A P (cos 0) 
U (r, 0) =-n __ n ___ _ 

n n+l ; r > l; 0 < 0 < (8.4) 
r 

Suppose that boundary conditions are given at some fixed radius, 

r 0 , by a suitably well behaved function F(f 0 , 0} The solution to 

(8.1) which satisfies these boundary conditions is given as follows. 

u(r, 0) = 

00 I A P (cos 0) n n 
n+l r n=O 

where the coefficients A are chosen such that n 

(8.5) 

(8.6) 

In applying the procedure outlined above to the problem of 

determining the gravitational field of a celestial body, the bounded 

distribution of mass is defined to be the celestial body of interest. 

The corresponding gravitational field is defined as the gradient of a 

potential function of the form (8.5) and is assumed to be sufficiently 

well behaved so that this series converges uniformly, The boundary 

conditions are frequently defined through observations of a spacecraft 



orbiting the body. These observations consist of measurement of some 

property of the spacecraft's motion and relating them to the gravita-

tional force field constitutes a rather sophisticated problem in the 

field of dynamics. Let it be assumed that such a relationship has been 

provided so that for a physically observable property of spacecraft 

motion, say f(t), there exists a mathematical model which yields a 

corresponding computed value, f (t). The observable f(t) is comp 
certainly a function of forces acting on the spacecraft. In the 

context of this discussion it is only the gravitational force which 

must be considered. Since this force is defined as the gradient of the 

function (8.5), 

Suppose that at times ti, i = 1, 2, •··, K, •.. observations of 

f are made which are corrupted by errors €i that is, the observation 

is f 0b (ti) = f (t 1) + €i. The problem then is to determine the constant 

coefficients An from the discrete observations f 0b(ti)· One of the 

more common techniques for handling this problem is the differential 

correction, weighted-least-squares procedure which is discussed in 

detail in reference 13 and in outline form below. 

The differential correction, least-squares technique proceeds as 

follows. Given the functional form of a measurable event; f(t) = f(t,A) 

where A is in this case a finite set (A:i),i :'.:: n of coefficients in 

a series approximation to the potential equation; linearize the 

relationship by setting 
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Now if K observations, K > n, of f(t) have been made at times 

ti, i = l, • • •, K there exists the set {! ob (ti, X))· Corresponding 

to each of these observations a value of f(t) is computed based on 

some initial estimate. A0 of the coefficients A. This generates 

the set \fcomp (ti, X0 J. Analogous to the differential equation (8.7) 

the following incremental correspondence is set up at each time ti: 

f comp 
(8.8) 

where b,. A = A - A and €i is an error arising from such sources as 
0 0 

measurement and computational errors, nonlinearities in the relation-

ship and an incomplete mathematical model due to considering only a 

finite number of terms in the approximation to the potential function. 

Simultaneous consideration of all observations yields the following 

linear matrix equation whose elements are given by equation (8.8). 

(8.9) 

where 

& = K x l known matrix, 

M0 = n x l fixed but unknown matrix, 
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€ = K x 1 unknown matrix, 

B = K x n known matrix of coefficients. 

The problem then is to find the "best" estimate 
A A 

of .&.. 
0 

in 

terms of B and &. Denote by M = the "best" estimate of 
0 

_ A _ A 

the true observable and M - M = M - = € as the "best" estimate 
0 

of the residual vector. The criterion of "best" as defined in the 

" least-squares procedure is that estimate M which minimizes the 
0 

" sum of the squares of the components of the residual vector €; that is, 

minimizes 

given by: 

It is shown in reference 13 that this estimate is 

" M 
0 

Substituting from equation (8.8) yields 

K T 
" I elf(\) 

Mo = 
elA i= 

A=A 
0 

where M0 + A0 minimizes 

elf (ti) 

elA 
"k:.X 

0 

f comp 

K 

I elf(ti) 
M(ti) 

elA i=l 
"k:.A 

0 

(8.10) 

(8.11) 

If observations are made with sufficient frequency to justify sub-

stituting integration for summation the general element of the matrix 

BTB can be written 
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dt, (8.12) 

and the function to be minimized can be written 

f comp (8.13) 

Consider now the following application of the above procedures to 

a problem of determining the gravitational field of a celestial body. 

Assume that the gravitational field has no longitude dependence so that 

its potential function may be given by equation (8.5). For simplicity, 

assume that the potential can be directly measured at some fixed radius 

r so that the boundary conditions thus provided are in the form of 
0 

equation (8.6). Since this is a practical application. only a finite 

number of terms can be considered, thus the problem may be stated as 

follows. 

Based upon discrete observations of the boundary conditions 

approximation 

such that 

determine the coefficients A in the finite n 

m 

Um(r, e, Pn) = l 
n=O 

A P (cos 8) n n 
n+l r 

(8.14) 
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is a minimum. Since it is assumed that r is known, let 
0 

written in the form 
m 

U (r , 8, P ) \ a p (cos 8) = Li m o n n n 
n=O 

where the a are the coefficients to be determined. n 

(8.15) 

u be m 

(8.16) 

Applying the least-squares procedures in order to update initial 

estimates a of the coefficients a yields 
0 

where 

k 

L 
i:l 

P1 (cos 8) Pj (cos 8) . 

In the limiting case of continuous observation the following 

relationships hold. 

(cos 8) Pj (cos 8) d8 

(8.17) 

(8.18) 



n=O 

a o n 

and b. a minimizes 
0 
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-f a P ( cos BJ dB ,'.,_, o n n 
n=O 

(cos 0) P n (cos B) dB (8.19) 

(8.20) 

The case just presented is a simplified analogue of the techniques 

frequently applied in practice in the area of gravitational field 

determination. This formulation was seen to be quite natural since the 

separation of variables in Laplace's equation and the transformation 

from colatitude to cosine of colatitude led to consideration of 

Legendre's equation, with the independent variable ranging over the 

interval [-1,1] . Due to the completeness of the Legendre polynomials 

in [-1,1J the requirement to satisfy the boundary condition 

F(r 0 , e), 0 SB Sn, did not necessitate considering another form of 

approximation. However, this particular expansion leaves much to be 

desired when the techniques of least-squares are applied to determine 
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coefficients. To be more specific, consider the case of continuous 

observation represented by equations (8.18) - (8.20). It is seen that 

even if observations span the interval [o, ~J in colatitude the 

integral in equation (8.18) is in general not zero, since the 

orthogonality condition for the Legendre polynomials can be written 
1 J P1 (cos 9) Pm (cos 9) d cos 9 

-1 
= J sin 

0 

9 P (cos 9) P (cos 9) d9 = 0 • l m 

It is apparent from both equations (8.18) and (8.19) that the solution 

would be simplified if the polynomials used in the approximation were 

chosen to be orthogonal with respect to the unit weight function in 

the interval [ 0, J. If they had been so chosen then it follows from 

theorem 5.7 and equation (8.20) that the least squares solution yields 

the"Fourier coefficients of F(r 0 , 9). Also by theorem 6.3, the 

minimum value for equation (8.20) (among all polynomial approximations) 

would have been obtained. In addition the matrix inversion required in 

equation (8.10) becomes a trivial operation. 

Although the above features may not be essential, a serious 

problem in the practical application of the Legendre expansion can be 

rectified if they are required. This problem arises when in practice 

consideration must be restricted to a finite term approximation for a 

function which requires an infinite term expansion. To illustrate 

this, consider the following situation. 

Let y(x) = Y(x1 , x2, ... , xn) be a linear function of the n 

para.meters x. 
l. 

which are to be determined. 
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Then 

(8.21) 

assume that due to practical limitations only m < n of these 

para.meters can be considered at one time. Then the matrix equation 

(8.21) can be written in partitioned form as follows: 

The least-squares procedures leads to the matrix equation 

= (8.22) 

Solving the first of these equations for d~ yields an expression 

which shows the dependence of d~ on both the magnitude of the para.me-

ters in dx2 

(8.23) 

However under the restriction that the parameters in x2 cannot be 

considered, the least-squares solution obtained is now 

(8.24) 

Subtracting equation (8.23) from (8.24) shows the bias introduced in 

the solution for to be 
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(8.25) 

For the Legendre expansion it was sho"Wil in equation (8.18) that 

the elements of [B1 TB2] would in general be nonzero. Thus, the 

parameter estimates depend upon the para.meter set being solved for. 

This is a highly undesirable situation since quite often in practice 

the incompleteness of the mathematical model is discovered after the 

fact. Subsequent extension of the model makes previous results invalid 

since the inclusion of additional para.meters will effect the para.meter 

estimates already obtained. 

A second variation of this problem occurs when it is not possible 

to consider simultaneously all para.meters and thus-the solution must be 

sequentially conducted for subsets of the total para.meter set. In 

this situation all estimates obtained will be biased. 

Suppose then that a system of polynomials in cosine of colatitude, 

orthogonal with respect to the unit weight function in O _5 9 <~,had 

been used in equation (8.14). Then the off-diagonal terms of the 
T matrix BB are zero, hence the desirable features noted above are 

realized. The most important advantage is that para.meter estimates 

no longer depend upon the parameter set being solved for. The 

existence of such an orthogonal system will now be demonstrated. 

Consider the Chebysheff polynomials C (x) n of section 7. The 

orthogonality property of these polynomials is 
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Letting cos a= x transf'orms this equation to the f'ollowing f'orm: 

-1/2 
(1 - cos2 a) C (cos a) c (cos a) d cos a n m 

(cos a) C (cos a) d9 = o. m (8.26) 

It remains then to express the f'unction Um(r, e, Pn) of' equation (8.16) 

ih terms of' Chebyshef'f' polynomials. This is certainly possible since 
th i th the n polynomial n any particular Jacobi system is an n degree 

polynomial, it can obviously be expressed as a linear combination of' 

the f'irst n polynomials in any other Jacobi system. This transf'orma-

tion f'rom the first few Legendre polynomials to Chebysheff and the 

B polynomials will be given in the next section. Hence, in terms n 
of Chebysheff polynomials the finite term appoximation of F(r 0 , 8) 
becomes 

m 

umf o' e, en) = l (8.27) 
n=O 

AF, in the establishment of equation (8.16), since the radius r is 
0 

assumed constant and known, let equation (8.27) be written in the form 

b C ( cos 9) n n 

where the coefficients b are to be determined. n 

(8.28) 
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Before leaving this section, consider one additional problem 

encountered in gravitational field determination based on observations 

of an artificial satellite. Generally the satellite is placed in an 

orbit inclined to the equatorial plane of the celestial body. (see 

Fig. 1), In many instances this inclination is small so that the 

satellite perturbations due to gravitational forces arising in the 

polar regions of the celestial body are extremely small, in some cases 

not measurable. (Ref. 14). This situation has the analogue under the 

simplifying assumptions of this section, of being able to observe the 

boundary conditions F(r 0 , 9) only in the restricted region 

O < a ,:5_ 9 ,:5_ b < n. The problem then is to determine the coefficients 

in a finite term approximation to F(r 0 , 9) based on observations in 

this restricted region in such a way as to yield the most valid 

representation of F(r 0 , 9) in the whole interval [o, nJ. 
In light of the above discussion, consider the Fourier coefficients 

of F(r 0 , 9) for the Legendre, Chebysheff and B polynomials of n 
section 7, (these coefficients include as a factor the norm of the 

polynomial) 

bn =-Jn F(r 0 , 9) en (cos 9) d9 
0 

an=- f 1C sin 9 F(r 0 , 9) Pn (cos 9) d9 
0 

dn =-f 1f sin 2 9 F(r 0 , 9) Bn (cos 9) d9 
0 

th n 
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Thus it appears that the Fourier coefficients of the Bn polynomials 

are least dependent upon information about F(r 0 , a) in the polar 

regions and hence these polynomials may be a more appropriate selection 

for the expansion of F(r 0 , 0j in the case of restricted range of 

observation. 

To check the observations made in this section, the final section 

of the paper will consist of numerical results obtained by programing 

for digital computer solution, a least-squares, differential correction, 

discrete observation proc·edure for solving equation (8.5) with boundary 

conditions (8.6) in terms of Legendre formulation (8.14), the 

Chebysheff formulation (8.28) and the B polynomial formulation given n 
below. 

m A n 
U (r , a, B )= l n I Tk(n) Bk (cos a) m o n n+l r n=O 0 k=O 

m 

= I d B n n (cos a) (8.29) 
n=O 
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9. NUMERIC.AL RESULTS 

This section presents numerical results obtained by programing 

for digital computer solution a least-squares, differential correction, 

discrete observation procedure for solving equation (8.5) with boundary 

condition (8.6) in terms of the Legendre expansion (8.l4), the 

Chebysheff expansion (8.28) and the B polynomial expansion (8.29). n 
Table I lists the first four polynomials in each of these systems and 

figure 2 shows plots of these polynomials. 

On the strength of the Wei~rstrass theorem it was assumed that the 

boundary condition F(r 0 , 9) was of the form. 

00 

=I 
e 

F(r 0 , 9) n n 9 (9.l) n+l cos 
r n=O 0 

To simplify the analytic determination of the Fourier coefficients of 

F(r 0 , 9J, the series was terminated at n = 4. 

The solution to equation (8.5) which satisfies (9.1) is 

4 
u4(r, 0, Pn) = l 

Evaluation at r = r yields 
0 

n=O 

4 
U4(ro, 0, Pn) = l 

A P (cos a) n n 
n+l r 

a P (cos 9) n n 
n=O 

It can be verified from table I that the following relationships hold 

between the Legendre, B and Chebysheff polynomials. n 



P = B = C 0 0 0 
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Thus in terms of the B polynomials equation (9.2) takes the form n 

Evaluation at r = r yields 
0 

where 

d B (cos e) n n 

( 9.3) 
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5r 2 
0 

A2 =2 

7r 4 
0 A3 = -4-

9r 5 
0 

A4 = -5-

Similarly 

Evaluation at r = r yields 
0 

where 

4 
U4(ro' e, Bn) = L 

n=O 

~2 + d4] 

d3 

d4 • 

b C (cos e) n n 

= r; 2 h -i b3] 

";z = r~3 [b< - i2 b4] 

(9.4) 

(9.5) 
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r 5 
0 

The Fourier coefficients for these three series are presented in 

table II. 

Table III presents the Fourier coefficients evaluated at 

r = 0 
1.1 e2 = 0.5 

e = 10.0 e3 = .33 0 

el = 1.0 e4 = .25 

and the results of the least squares determination of the coefficients 

in the Legendre, Bn and Chebysheff expansions of F(r 0 , 9). Five cases 

are presented for observations of F(r 0 , 9) at 0.5 degree intervals 

for O < 9 < ~- Case 5a corresponds to a solution for the coefficients 

of a five term approximation and thus represents a complete 

mathematical model. Cases 4a, Ja, 2a, and la correspond respectively 

to solutions for the coefficients in a 4, 3, 2, and l term expansion of 

F(r 0 , 9)· Examination of case 5a on tables IIIa, IIIb, and IIIc shows 

that in each expansion the least squares solution yields the Fourier 

coefficients when the mathematical model is complete. Examination of 

table IIIc shows this to be true for all cases (within an allowable 

tolerance for numerical error) when the expansion is in terms of 

Chebysheff polynomials. However, tables ·IIIa and IIIb shows that the 

coefficients obtained are not the Fourier coefficients in the case of 
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an incomplete mathematical model due·to the bias discussed in 

section 8 and given by equation (8.25). 

Insight into the source of bias can be gained from inspection of 
· . [Tl~ the inverse of the normal matrix B BJ of equation (8.10), which 

is rewritten below in a slightly different form. 

(9.7) 

where 

Note that N is a normalized matrix in the sense that its diagonal 

elements are unity and its off-diagonal elements are less than or 

equal to unity in absolute value, since by construction [BTBJ•l 

is symmetric and positive semi-definite. Thus, with each para.meter 

ai in /{A of equation (9.7) there can be associated a vector which 

is the i th row of N. Call this vector Vi. Then a measure of the 

linear correlation between ai and aj can be obtained by 

vi - v., 

l'\I I vj I 
, which has the absolute value 1 when ai and aj are 

perfectly correlated and O when they are completely independent. 

The N matrices corresponding to cases 5a of tables IIIa, IIIb, 

and IIIc are shown in table IV. It can be inferred from mental 
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approximation of the vector product discussed above that Nij can be 

used as a measure of the correlation between the 1th and j th 

coefficients being solved for. From table IV it is seen that the 

highest correlations exist for the B expansion and the lowest for - n 
the Chebysheff expansion. (The Chebysheff correlations would have 

been zero for continuous observation of F(r 0 , e». 
Since matrix inversion is involved in the solution process, high 

correlations indicate an ill-conditioned numerical process. This can 

be verified from an inspection of the sum of the squares of the 

residuals resulting from the solutions obtained in cases 5a-la for 

each expansion. Since each th n term expansion is an th n degree 

polynomial, the Legendre, Bn and Chebysheff expansions should yield 

almost equivalent approximations to F(r 0 , 0) in the event their 

coefficients can be determined with equal numerical accuracy. The 

sum of squares for each of the above cases is shown in table V and 

verifies this assertion. For case 5a the difference in the sum of 

squares is due to the numerical il~-conditioning arising from high 

correlations. Reduction of the dimension of the matrix to be inverted 

in cases 4a-la improves the numerical conditioning and yields 

essentially identical approximations. For completeness, residual plots 

corresponding to cases 5a-la are shown in figure 3. 

Analogous to the cases presented above, a corresponding sequence 

of cases (5b-lb) were run for a restricted region of observation, 

60° !Se .5, 120°. The resulting solutions are shown in table VI, 

illustrating the effect of correlations in all cases. The N matrices 

for c~se 5b of each expansion is shown in table VII, showing that for 
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this region of observation the Bn polynomials are the least correlated 

and hence solution in terms of them yields the most valid solution as 

is borne out by the sum of squares shown in table VIII. Again reduction 

of the dimension of the matrix i_mproves numerical conditioning and 

subsequent incomplete expansions yield comparable approximations to 

F(r 0 , 8)• Again for completeness the residuals corresponding to cases 

5b-lb are shown in figure 4. 
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10. CONCLUSIONS BASED ON NUMERICAL RESULTS 

The theoretical assertions of section 8 have been verified by the 

numerical. results presented in section 9. It has been shown that for 

a differential. correction least~squares solution based on discrete 

observations, the greatest numerical accuracy is achieved when the 

partial derivatives occurring in the normal matrix are orthogonal over 

the region of observation. This leads to a better approximation to the 

function being observed. Analogously for a restricted region of 

observation, 0 <a< 8 :Sb< 1(, ~t has been shown that the most valid 

approximation to the observable in the region O < 8 < 1( in terms of 

polynomial systems orthogonal with respect to a weight function in 

[o, ,r] is obtained when the observable is expanded in terms of the 

system which is more nearly orthogonal with respect to unity in [a, b]. 

Finally, for the problem considered it was shown that for an 

expansion of the observable in terms of polynomial systems orthogonal 

with respect to a weight function in [o, 1t], completeness of the 
, 

mathematical model is sufficient for the least-squares procedure to 

yield the Fourier coefficients, regardless of the weight function. 

However, for an incomplete mathematical mode.l the Fourier coefficients 

were obtained only for the expansion in terms of a system orthogonal 

with respect to the unit weight function. 
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TABLE I 

SPECIAL JACOBI POLYNOMIALS 

Legendre :polynomials 

p ( cos 9) = 1 
0 

pl (cos 9) = cos 9 

p2 (cos 9) 3 2 1 
= 2 cos 9 - 2 

P3 (cos 9) - 2 cos39 3 9 - - cos - 2 .. 2 

P4 ( cos 9) 35 4 15 2 3 = 0 cos e - 4 cos 0 + E' 

Chebisheff :pol~omials 

B 

co (cos 9) 

Cl (cos 9) 

c2 (cos 9) 

c3 (cos 9) 

c4 (cos 9) 

= 1 
1 9 = 2 cos 

3 2 3 = 4 cos 9 - 8 
5 3 15 = - cos 9 - - cos 9 2 8 

= 35 cos49 - 13 cos29 + 35 
16 16 128 

n polynomials 

BO ( cos 9) = 1 

Bl (cos 9) 3 = 2 cos 9 

B2 (cos 9) 5 2 5 = 2 cos e - 8 

B3 (cos 9) = if cos 30 - ficos 9 

B4 (cos e) 63 4 
= 8 cos 8 

189 2 63 
- 22 cos 9 + 128 
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TABLE II 

FOURIER COEFFICIENTS FOR 

n a b n n 

0 1 1 1 3 e + 3 e2 + 5 e4 eo + 2 e2 + l:r e4 0 

1 3 
el+ 5 e3 

3 2el + 2 e3 

2 2 4 
3 e2 + 7 e4 

4 4 
3 e2 + 3 e4 

3 2 1 
5 e3 5 e3 

4 8 16 
35 e4 35 e4 

e 

n cos 9 

d n 

1 1 
+ Ji:° e2 + 8 e4 0 

2 1 
3 el+ 3 e 3 

2 3 5 e2 + 10 e4 

8 
35 e3 

8 
b3 e4 



n 

0 

l 

2 

3 

4 

TABLE III.- COEFFICIENTS FOR SERIES APPROXIMATION OF F(r 0 , 8) 

(a) COEFFICIENTS :roR LEGENDRE EXPANSION ( 0 < 8 < 1f) 

Fourier Determined by least squares solution 

a Case 5a Case 4a Case 3a Case 2a n 
C 

9.2472 9.2472 9.2485 9.2485 9.3377 

.9617 .9617 .9617 .9958 .9958 
' 

.3390 .3391 .3541 .3541 

.0902 .0902 .0902 

.0355 .0355 

Case la 

9.3377 



Fourier 

n d n 

0 9.2o42 

1 .6261 

2 .1968 

3 .0515 

4 .0197 

TABLE III.- CONTINUED. 

(b) COEFFICIENTS FOR Bn EXPANSION (0 9 n) 

Determined by least squares solution 

Case 5a Case 4a Case 3a Case 2a 

9.2o42 9.2o42 9.2o42 9.3377 

.6261 .6261 .6639 .6639 

.1968 .2124 .2124 

.0515 .0515 

.0197 

Case la 

9.3377 

\0 
(j\ 



Fourier 

n b n 

0 9.3369 

1 1.9910 

2 .7079 

3 .1803 

4 .0710 

TABLE III.~ CONCLUDED. 

(c) COEFFICIENTS FOR CHEBYSHEFF EXPANSION (o < e.~ ,r) 

Determined by least squares solution 

Case 5a Case 4a Case 3a . Case 2a 

9.3369 9.3370 9.3370 9.3377 

1.9910 1.9910 1.9916 1.9916 

.7079 .7o81 .7o81 

.18o3 .1803 

.0710 

Case la 

9.3377 

\0 
--1 
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TABLE IV.- CORRELATION MATRICES FOR LEAST-SQUARES SOLUTIONS 

(a) N MATRIX FOR LEGENDRE CASE 5a 

1.0000 0.0000 -0.3271 -0.0001 -0.0859 

.0000 1.0000 .0000 --5179 .0000 

·- .3271 .0000 1.0000 .0000 -.4997 

-.0001 -,5179 .0000 1.0000 .0000 

-.o859 0.0000 -.4997 0.0000 1.0000 



1.0000 

.0000 

-.4o83 

.0000 

.0000 
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TABLE IV. - CONTINUED. 

(b) N MATRIX FOR B POLYNOMIAL CASE 5a n 

0.0000 -o.4o83 0.0000 

1.0000 .0000 -,7090 

.0000 1.0000 .0000 

-,7090 .0000 1.0000 

.0000 -,7090 .0000 

0.0000 

.0000 

-,7090 

.0000 

1.0000 
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TABLE IV.- CONCLUDED. 

(c) N MATRIX FOR CHEBYSHEFF CASE 5a 

1.0000 0.0000 -0.0039 0.0000 -0.0039 

.0000 1.0000 .0000 -.0055 .0000 

-.0039 .0000 1.0000 .0000 -.0055 

.0000 -.0055 .0000 1.0000 .0000 

-.0039 .0000 -.0055 .0000 1.0000 
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TABLE V 

SUM OF SQUARES OF THE RESIDUALS FOR SOLUTIONS BASED 

ON UNRESTRICTED RIDION OF OBSERVATION (0° ,:S 8 ,:S 180°). 

Case no. Legendre B Chebysheff n 

5a 0.18 X 10- 9 0.31 X 10- 9 0.09 X 10- 9 

4a .068 .068 .068 

3a .64 .64 .64 

2a 13.4 13.4 13.4 

la 192.9 192.9 192.9 



n 

0 

1 

2 

3 

4 

TABLE VI.- COEFFICIENTS FOR SERIES APPROXIMATION F(r 0, 8) 

(a) COEFFICIENTS FOR LEGENDRE EXPANSION (60° < 8 1200) 

Fourier Determined by least squares solution 

a Case 5b Case 4b Case 3b Case 2b n 

9.2472 9.2474 9.2266 9.2266 9.1260 

.9617 .9617 .9617 .8613 .8613 

.3390 .3397 .2732 .2732 

.0902 .0902 .0902 

.0355 .0356 

Case lb 

b 
9.1260 I\) 



TABLE VI. - CONTINUED. 

(b) COEFFICIENTS FOR B EXPANSION (600 < 9 < 120°) 
n - -

Fourier Determined by least squares solution 

n d Case 5b n Case 4b Case 3b Case 2b Case lb 

0 9.2042 9.2043 9.1925 9.1925 9.126o 9.1260 b 
\..N 

1 .6261 .6261 .6261 .5742 .5742 

2 .1968 .1969 .1639 .1639 

3 .0515 .0515 .0515 

4 .0197 .0198 



TABLE VI. - CONCLUDED. 

(c) COEFFICIENTS FUR CHEBYSHEFF EXPANSION (60° 8 < 120°) 

Fourier Determined by least squares solution 

n b Case 5b Case 4b Case 3b Case 2b Case lb n 

0 9.3369 9.3376 9.2949 9.2949 9.1260 9.1260 

1 1.9910 1.9910 1.9910 1.7227 1.7227 

2 .7079 .71o4 .5464 .5464 

3 .1803 .1803 .1803 

4 .0710 .0721 
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TABLE VII.- CORRELATION MATRICES FOR LEAST-SQUARES SOLUTIONS 

(a) N MATRIX FOR LEGENDRE CASE 5b 

1.0000 -0.0001 0.9991 -0.0001 0.9922 

-.0001 1.0000 -.0001 .9892 -.0001 

.9991 -.0001 1.0000 -.0001 .9949 

-.0001 .9892 -.0001 1.0000 -.0001 

.9922 -.0001 .9949 -.0001 1.0000 
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TABLE VII.- CONTINUED. 

(b) N MATRIX FOR B POLYNOMIAL CASE 5b n 

1.0000 -0.0001 0.9978 -0.0001 0.9885 

-.0001 1.0000 -.0001 .9822 -.0001 

.9978 -.0001 1.0000 -.0001 .9926 

-.0001 .9822 -.0001 1.0000 -.0001 

.9885 -.0001 .9926 -.0001 1.0000 
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TABLE VII. - CONCLUDED. 

( c) N MATRIX FOR 'CHEBYSHEF.F CASE 5b 

1.0000 -0.0001 0.9997 -0.0001 0.9950 

-.0001 1.0000 ... 0001 .9939 -.0001 

.9997 ... 0001 1.0000 ... 0001 .9966 

-.0001 .9939 -.0001 1.0000 ... 0001 

.9950 ... 0001 .9966 -.0001 1.0000 
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TABLE VIII 

SUM OF SQUARES OF THE RESIDUALS FOR SOLUTIONS BASED 

ON RESTRICTED REGION OF OBSERVATION (6o0 8 < 120°) 

Case no. Legendre B Chebysheff n 

5b 0.11 X 10-3 0.02 X 10-3 0.36 X 10-3 

4b 1.38 1.38 1.38 

3b 5.2 5.2 5.2 

2b 32.9 32.9 32.9 

lb 209.1 209.1 209.1 



z 

------ -----

Figure 1.- Coordinate system and orbital orientation. 
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NOTES ON GENERALIZED FOURIER SERIES 

WITH APPLICATION TO GRAVITATIONAL FIELD DETERMINATION 

by 

Walter Thomas Blackshear 

ABSTRACT 

Let(~ (x)} be an orthonormal system in the set of Lebesgue n 
2 2 square integrable functions L. Let feL. The generalized Fourier 

series off with respect to(~ (x)} is the series n 

t (f, ~n) (x), where (f, ~) is the inner product of the functions 
n=O n n 

f d Th . f 1 h 1 · L2 · an ~. e existence o a compete ort onorma system in is n 
proven. Conditions for convergence of the generalized Fourier series 

are presented. A discussion of orthogonal polynomials with special 

emphasis on the Jacobi polynomial systems is presented. A least 

squares, differential correction, discrete observation procedure is 

employed to solve the potential equation with boundary conditions in 

tenns of three special Jacobi systems. 
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