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INTRODUCTION 

The phenomenon of decreasing strength ot materials wi tIl increase in 

size of the specimen tested has been of interest for the last sixty years. 

M:tst of the work which ha.s been done in this field has been on coal, with 

a view to obta:ining a. method of correlating laboratory tests on small 

specimens with the supporting properties of mine pillars, or to examining 

the properties of coa.l with respect to mining the mineral, transporta­

tion, or preparation for selling it. 

A consensus of t1le people who have worked with coals varying over a 

Vide range of rank, from. anthracite to semi"",bitumlnous coal, and aize, 

varying fMm specimens weighing 10-9 grams, to cubes mea.suring 64 inches 

on the side, confirm. the existance of an inverse square root law relating 

the strength per unit area. to the edge dimension, or related parameters. 

The a.pplic3.tion of this law to a.ll coals has, however I been seriously' con­

tested by competent authorities. 

Surprisingly, simila.r work all other geologic materia.ls has been almost 

completely neglected. The work G.esJ:ribed in this thesis has been conducted 

upon cubes 01' shale, limestone and Plaster of Paris in order to examine the 

possibility of the existence of similar power laws relating strength to edge 

dimension for these materials. An attempt is made to review the various 

theories ot failure which have been put forward in order to explain the 

phenomenon of decreasing strength with increasing size. 
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Although relatlvelJr little work has been done on the subject of var­

iation of compressive strength with the size of sample tested, experiments, 

almost entirely on coal, have been carried out over the last sixty years. 

T.be Scranton Engineers Club in July' 1900 appointed a committee to 

ma.ke a general. investigation of the compressive strength of anthracite 

(Griff! th and Connel", 1912). Three sizes of specimen were used: one I 

two, and tour inches high, all with a base two inches by two inches. 'l'he 

samples were prepared vi th their base parallel to the bedding plane. ot 

the seam. A total of 425 eamples were tested at Cornell University, Lehigh 

University, and Pennsylvania state College, on behalf of the CoDIDittee. 

From an inspection of the result. of the tests, the committee reached 

the folloWing conclusions: !tIn general, other things being equal, the 

crushing strength of mine pillars would vary inversely as the square root 

of the thickness of the bed. If 

A series 0'1 teat. vere conducted on anthracite spectmens tram Pennsyl­

vania by Daniels and llbore (1907) at Lehigh University. 'lhe conclusions 

from theae teata were: u'lhe crushing strength per square inch at small 

cubes 1s greater tban that for larger cubes'! .. 

Bunting (1907) concluded that "it is evident that coal prisms follow 

some law ot strength :rela.ti ve to height and ,brea.dth If, from a series at tests 

on anthracite specimens of different seams. 

He also reports a series at tests by Protessor Bausah1nger on SWiss 

sandstone, tor which Professor Johnson (1898) obtained the formula: 
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where P is the strength in pounds per square inch. 

b1 is the least lateral dimension. 

h is the height 01' the specimen in inches. 

Professor Johnson aJ.so obtained the tormula.: 

stre$ 01' prism = 0.778 "" 0.222 !?:t 
stre of cube h-

from an analysis of Professor Bauschinger's results on sandstone. 

From his teata on 647 specimens of coal, Bunting proposed the formulae: 

P = 1750 ~ 750 E1 
, h 

Strength 01' prism. • 0.70 + 0·30 £1 
strength ot cube h 

since the curves of these formulae appeared to give the closest tit to his 

observed results. 

In 1914 Rice and Sa1 til ot the United States Bureau ot Mines carried out 

testa on 15 cubical specimens of coal ranging in size from e! inches to 

54 inches, obtained from the U. S. B. M. experimental mine at Bruceton, 

Pennsylvania. In testing the samples it vas noted that cutting and trans­

porting the sample., especially tor the larger sizes weakened the structure. 

Pblloving these tests the Bureau of N[nea conducted further tests 

(Greenwald, Howarth, Hartman, 1939) in Situ, in the experrtmental mine, on 
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samples of coal in the Pi ttsburgb. seam. Seven small pilla.rs were tested, 

wi th dimensions va.ry1ng from about 30 inches to 70 inches. In subsequent 

tests five further pillars were tested. 

From an analysis of the results of the Bureau of Mines proposed the 

following formula. for the Pittsburgh coal: 

where P is the crushing strength of the coal in pounds per square inch. 

w is the width of the pillar in inches. 

h is the height of the pillar in inches. 

In 1937 Holland and Lawall reported tests on twenty-two coal beds 

in west Virginia. The compressive strengths and moduli of elasticity 

of the coals were determined.. In summarizing the tests it ms noted that 

tttbe unit compressive strength is less when determined on large cubes 

than When determined on small cubes It • 

In a. paper published in 1954 steart reports tests of small pillars 

of coal l nine inches square, a.nd of different heights, from Durban Navi­

gation Colliery, Nata.1, South Africa.. The author exp.l.a.ins the frdocture 

of the specimens as that of a. double wedging action, and, therefore, as the 

pover of a wedge is proportional. to its length when its width j."'ema.ins con­

stant, it tollows that the strength of pillara of coal Vi th the same 

width is in inverse ratio to the height .. 
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On the basis of the mechanical principle involved" 8S seen by steart, 

and his observations from the laboratory tests and mine practice" the fol­

lowing rules relating size and strength of mine pillars were proposed: 

1. 'lbe strengths per unit area of pillars of constant width var:r 

as the square root of their heights. 

2. ihe strengths per un! t area of pillars of constant height vary 

as the square root of their Widths. 

3. The strengths per unit area of pillars of cube tom vary in 

inverse ratio to the square root of their dimensions. 

These rules are illustrated graphically in Figure 1, page 12. 

Mil.lard, Newman, and lhilllps published a paper in 1955 reporting 

test. covering a. wide range of rank in British coals. *J.he tests were 

conducted on two ranges of size; lumps weighing 10-2 grams to 103 grams I 

and 10-9 grams to 10-5 grams. 'lhree different systems of loading were 

uaedj one platen remained a plane I while the other was either a plane I 

a rod or a sphere. 

For three different coal types the law relating the crushing strength 

of the cubes to their weight vas found to be respectively - 0.52 :. 0.02, 

0.51 - 0.05" and .0.49 - 0.04_ - -
'lhe authors explained the power lav using Gritfi th t Ii crack tbeor.r" 

vhich is reviewed in a later section ot this thesis. 

~ (1956) published a paper in vh1ch he reported tests on cubes of 

coal tram the Pittsburgh coal seam from the U.S. Bureau of Mlnes experimental. 

mine at Bruceton, Pennsylvania, and also from the Clintwood., Ftlcahontas No.4" 
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Variable Dimension 

Figure 1. Chart showing Rela.tionship of strengths 

of Pillars to Their Heights and Widths 

in Varying Ratios, as Determined by 

steart. 



Harlan and Marker coal beds. The test.s were conducted on cubes ranging in 

size from two inches to nine inches. The Ie su1ts of the teats on the 

Pittslrurgh coal were correlated With the results mentioned above, obtained 

by the Bureau of Mines in earlier tests.. The results were plotted in 

logarithmic form ot strength per unit volume against volume of the speci­

men, and the power law obtained for the combined re8ul,,?s was found to be 

-0.53, which was considered to be close 1 wi thin the lim! ts of experimental 

error, to -0 .. 5, and also appeared to fit the results better than the power 

of -5/6 obtained by the Bureau of Mines, when plotted over a Wider size 

range. 

1he results of the tests; on the other coal seams gave powers respec­

tively of -0.46" -0.42, -0.55 and -0.49, which were considered to be suf­

ficiently close to one half to Justif'y a universal inverse sflU&re root law 

for the types of coal tested. 

In 1961, Evans, Pomeroy and Berenbaum, working at the Mining Research 

Establishment of the National Coal Board in Britain, published a paper on 

the compressive strength of coal. 

Tests were conducted on specimens ranging in size from 1/8 inch to 

2 inches, eut on a universal grinding machine. The coals were from two dif­

ferent seams With widely differeing characteristics, the Deep Duttryn coal 

and the Barnsley Bards. The results were plotted on a loga.ritbtn1a saale; 

the mean strength against the average dimension of the side of the cube. 

The power lava obtained were respectively -0.32 ±. 0.02, and -0.17 .! 0.02. 

~ese results contradict the one halt power stated previously by several 



authon ties. The authors explain the power law on the basis of a. statistical 

theory, which is reviewed later. 

lethod 

In all the work reported previously on the subject of reduction of 

strength wi tb increase in size of teat specimens, a.ll except one aeries of 

experiments were concemed With coal. This stud,y vas, therefore, conducted 

in order to compare the beha.vior ot limestone, shale, and Plaater of Paris 

with that ot coal. 

']he limestone used was in the fom ot blocks quarried tor building pur­

poses.. 'll1e shale I also in the form ot large bJ.ocks, was roof' rock obtained 

from above the Pocahontas No. 4 coal seam, from the U. S .. steel Company's 

coal mine at Gary, Vest Virginia. An analysiS of the shale is given in 

Table I. 

TABLE I 

ANALYSIS OJ' PCCAHONTAS NO. 4. ROOF SHALE 

Constituent Percentage 

Sand (ri/16 mm) 40 

Silt (1/16 to 1/256 mm) 47 

Chlorite 2 

K'aolinite (-1/256 mm) 2 

Illite 9 



As may be seen fram the Table the shale has a high sand and silt con­

tent, With a. low clay mineral and water content. It we thus 11 tt1e 

affected in the wet cutting process. 

The Plaster of Pari s was molded into large blocks in a wooden mold, 

approxtmately a one foot cube, though the blocks were east only about five 

inches deep, due to the difficul.ties encountered in making a homogeneous mix .... 

ture of large quantities of Plaster of Paris. The hlocks were allowed to 

dry thoroughly at room temperature before cutting into smaller specimens 

far telirc,ing. 

Since the materials under investigation were all obtained in large 

blocks wi thou'!; any particular correlation between the original posi tiona 

in the geological C01UUU1, although blocks were selected w.hich resembled 

each other physic.ally a.s close.ly as possible, the whole size range was cut 

from a. single block. J'or the large shale specimens, however, this waa not 

possible, since to cut four inches and five inches s:pec1!nene requires 

very large blocks. 

The specimens were cut on a Clipper vet type masonIi{ saw, eq~pped with 

a 14 inch diamond impregnated blade 11 A cutting table capable of precise 

parallel' JOOvement vas used, which enabled the materials to be eut 1;.1 yell 

shaped cubes. 

'!'he limestone and the plaster ot Paris were reati vely homogeneous and 

were easily cut into well shaped cubes., The shaJ.e, however, otten had well 

marked traetares running through the blocks, and showed a tendency to spll t 

into conc0idal tractu...-es "'4i1e being cut. 



After cutting a.ll the spec:iJllcns were ca.pped with Plaster of Paris on 

a glass sheet in order to present perfectly flat su.rfa.ces to the testing 

machine, thereby eliminating any large local stresses. After allowing a 

few c1a.ys for the caps to dry out, the specimens were measured to the 

nearest 1/100 inch, across the middle of three faces mutually at right 

angles. The specimens were then crushed in a 'r1nius Olsen 400,000 pounds 

compression machine, the upper platen of vhich was mounted in a vell 

lubricated bearing block, to ensure uniform application of the load. 

The limestone specimens, in which signs of bedding were almost a.bsent, 

were crushed in random directions with respect to the bedding.. Bedding was 

totally absent in the Plaster of Paris. '!'he shale had very marked bedding 

planes J and were therefore crushed in a direction perpendicular to the 

planes .. 

The load was a.pplied to the specimens at amte of approximately 700 

polmds/ square inch/second. This rate vas judged by the operator.. The 

justification for this approxtmation is that although the rate of loading 

has been shown (Hardy, 1959) to a.ffect the elastic properties and the 

strength of materials ,over the small range ot loading rates Wi thin the 

lim! ts of the judgment 8.'IlY' variations in the final strength would be im­

perceptible. 

Design of Experiments 

III order to obtain consistent statistical information, the testIng 

vas designed according to the following theory proposed by Tucker (1945): 
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Let Oil be the standard deviation of compressive strer~hs of eubes 

of un! t area I and let 6b be the standard 4ev1ation of compressive strengths 

of cubes of b units in cross-section. Then 

(1) 

Now, a.s J area depends upon edge dimension, the standard deviation of 

compression strength of cubes is inverse~y proportional to the edge dimen-

sion.. Thus, :ror tests upon cubes of different size, consider a. universe 

of n cubes With mean strength U. The stu,ndard deviation of cubes of unit 

. 1 0.­S1.ze s Ii · 
ThE4~ the standard deviation of cubes with edge dimensions of y unitsl 

for n cubes is J£ . 
.:1m 

An increase in precision is obtained for the sa.tl1e number at larger 

cubes, and in order to obtatn the same accuracy it is only necessary to 

test -9t cubes. Thus" for equal statistical information from. each size 

of specimen tested, numbers are used in the ratio of the areas of the 

specimens. 

In a.ccordance with this theory a design. was set up, shown in Table II, 

page 18. 

In view, however" of the tact that the ranges of size were cut, as 

far as poSSible, from the Bante blocks, it was not possible to adhere to 

this design strictly. The general pattern was folloved, and the results 

obtained tram the tests appear to justify the pattern used. 



TABLE II 

NUMBERS OF CUBICAL SPECIMEl~S OF PARTICULAR SIZES 

TO BE 'l'EsrED, TO OBTAIN UNIFORM 

srA'l'ISTICAt INFORMATION 

Edge Dimension 
of Cubes 

Inches 

1 

l~ 

2 

~ 

3 

4-

5 

EXPERIMENTAL RESULTS 

Limestone 

1'1umber of 
Specimens 

50 

23 

13 

8 

6 

4-

2 

A total of 68 specimens of limestone were crushed, ranging in size 

from one inch edge dimension to three inches. IJ:litially, some half-inch 

specimens were also tested, but their small size a.nd area in relation to 

the size and area of the spherica.1.1y mounted upper platen of the testing 
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machine caused the specimens to fail a.t stresses beloy the normal crushing 

strength. ~is was because the friction and inertia of the upper platen 

were too great to a.lloy the platen to align itself exactly With the upper 

surface ot the specimen, thus causing high local stresses along one edge 

of specimen. 'lbe upper size lim! t of three inches was the limit imposed 

by the testing machine, since its maxintum capacity was 400,000 pounds. 

The resul.ts of the tests of the liDlestone specimens, all cut from 

the SUle block, are shown in Table III below. 

TABLE III 

Rlsur.trs OF CRUSHING TESTS IN CUBICAL SPECIMENS CUT FROM 

A SINGLE BLOCK OF LIMEgroNE 

Number Average Average standard 
of Edge D1- Crushing Deviation 

Specimens mension Strength 
Inches lbs/in2 lbs/in2 

25 1.004 24,500 4241 

27 1·517 24,400 3071 

9 2.035 25,800 3063 

6 2·510 24,100 3657 

1 3·00 20,600 -. 

As may be seen from the Table, the variation in strength of specimens 

of any one size was quite considerable, giving rise to high standard devia­

tions. 
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Evans, Pomeroy, and Berenbaum (1961) showed by a statistical ana­

lysis that the size attribute involved in the realtionship under examina­

tion is that of edge dimension for specimens of coal. In view of the 

experimental layout used for the experiments described in this thesis, 

however, good probability curves for the crushing strength of the larger 

sizes of the materials tested could not be obtained. As the distribution 

of results obtained were very similar to those obtained in testing coal, 

it was a.ssumed that this ame result applies for the materials tested, and 

the average edge dimensions of the cubes vere used in analyzing the 

results of the tests. 

The results are shown graphically on logarithmic paper in Figure 2, 

page 21. The slope of the line , obtained by linear regression, was found 

to be -O.ll. However, statistical analysis shows tha.t this slope is not 

significantly different tram zero. 

Slale 

Three separate bl.ocks of shale were tested on the Tinius Olsen test­

ing machine. A total of 78 specimens ranging in size from one inch to 

three inches were cut from the first block, 83 specimens from one to three 

inches from the second block, and five specimens of four and five inches 

from the third block. The upper limit of five inches vas again that imposed 

by the limi tations of the available testing machine. 

The results are shown in Tables IV, V, and VI, pages 22 and 23. The 

results from the separate tests were plotted on logarithmic graph paper, 

as shown in Figure 3, page 24. The slope of the lines from the ditferent 



-21-

60,000 '--.-.-.. 

I I 
I i 

50,000 I i 
i 

i , 
I 

40,000 i 
! 

I I 

~ 
! 

i 
............ . 

30,000 foG 

~ 
~ 

! 

I 

'" ~ 
t! 

I---- ~ 
f(: ~ <. 

I 

I -- i - I 
~ I 

~ 20,000 
s:t .,... 

... -<. 
! 
! i 

is i 

i! u I " 

i i 

10,000 I I 
I 

I i 
2 3 4' c 1) 

Cube Edge Dimension in Inches 

Figure 2. Graph Showing the Relationship Between the Crushing Strength 

of Lime stone I and the Edge Dimension of Cubical Specimens 
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TABLE IV 

RESUIIfS OF CRUSHING BBlS ON CUBICAL SPBCIMINS CU'1' PROM !rBI 

:rIRSl BLOCIC OJ' POCAHOrf.1'A8 NO. 4 ROOF SB'.ALE 

Number Average Average Standard 
of Edge di- Crushing Deviation 

Specimens _naion 
:~ Inches 1ba/in2 

36 1.020 16,100 2418 

15 1·509 14,000 2192 

17 2.007 13,000 2116 
r"l 2,,501 12,900 2750 I 

3 2·998 14,800 1510 

TA'BLE V 

RESULTS or CRUSHIlfG BaTS ON CUBICAL SPmIMDS CUT J'BOM TBI 

SlCOND BLOCK OF POCAHONTAS NO. 4. Roar SB'.ALE 

NUraber Average Average stancJar4 
ot Bage DJ.- Crushing Deviation 

Spee1m.ena mension Stre~ 
lbS/irF Inches lb8/1~ 

45 1.014 14,400 1661 

22 1.527 14,500 1885 

9 2.053 13,800 1661 

3 2·512 13,,100 2794 

4 3·030 10,600 924 
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'fABLE VI 

BBStJLTS OF CRUSHING BSl' Oli CUBICAL SPBCDIINS cur DOM THE 

THIIm BLOCK OF POCAI10NfAS NO. 4. ROOF SHALE 

Number Average Average Standard 
of Edge Di ... Crushing Deviation 

Spealmens mension strength 
Inches lbs/ln2 lbs/irfJ. 

2 4.043 ll,500 424 

3 5·030 ll,300 854 

blooks are very close to each other, and therefore the data va8 com­

bined, giving the values shown in Table VII, below. 

TABtB VII 

COMBINED DStJLD OP CIU18HING BSrS ON CUBICAL 8P.ICIMBNS 

OJ' POCAlIO~lrAS NO.. 4. HOOP SH.AL'B 

l'lumber Average Average sta.nda.rd 
of Ease 1>1- Crushing Deviation 

Specimens .ension Stren~ 
Inches lbs/in2 lbs/in2 

81 1.017 15,200 2019 

J( 1.520 14,300 1985 
26 2.023 13,300 1930 
10 2·504 12,600 2603 

3 .. 016 12,400 1090 

2 4.043 11,500 424 

3 5·0~ 11,300 854 
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These results are plotted graphically in Figure It., page 26. '!be 

slope ot the line, again obtained by linear regression, is -0.20, which 

is significantly different from zero. 

P1aster at Paris 

Two separate bl.ocks of Plaster of Paris were tested on a Baldwin 

200 ,000 pounds testing machine. 'Ibis machine vas used due to its 

greater sensi ti vi ty a.t the much lower strengths of Plaster of Paris. 

The results of the first bloek, the specimens ranging in size from one 

inch to three inches 1 were so erratic that they l"ere disca.rded. This 

was proba.bly due to inadequate mixing, and inadequ.ate drying period be­

fore testing. The second bloclt was, therefore 1 given several weeks in 

which to dry out, after cutting the specimens. Seventy six specimens, 

ranging from one inch to three inches were tested, The upper limi twas 

imposed by limited mixing facilities for the Plaster of !\\riB. To cast 

a. five i'ncil thick block Lt was found necessary to ha.ve very good mixi.ng 

facilities, and to observe great care in eliminating lumps :from. the 

mixture. 

The second block gave much more uniform results, which are shown in 

Table VIII, page 27. 

The results are plotted on loga.rithmic paper in Figure 5, page 28. 

T.he slope of the line, obtained by linear regression is -0.10, but statis­

tica.l analysis shows tha.t this value is not significantly different from 

zero .. 
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TA.BLE VIII 

RESULTS OF CRUSHING TESTS ON CUBICAL 

SPECIMENS OF PLASrER OF PARIS 

Number Average Average Standard 
of Edge Di- Crushing Deviation 

Specimens mensioll Stren~ 
Inches l1Js!in2 Ibs/ln2 

39 ·993 1360 180 

20 1.479 1460 154 

10 1 .. 983 1500 121 

4 2.469 1520 77 

3 2.991 1510 114 

Analysis of Results 

The Griffith crack theory of :failure (Griffith, 1912), reviewed 

ill the f'ollowin.:'; section of thts thesis, predicts tha.t the value ot the 

power law relating strength to edge dir.rlensions of specimens tested will 

lie between zero and one half, the lower values for relatively unfissured 

materials, and the upper values 1'or materials con.taining many random 

fissureS. 

'lbe experimental worl\. described above appears to support these pre-

dictIons well.. The limestone, and the Plaster of Paris, which ha.ve little 

or no natural cleating developed on a. small scale, give values which are 
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very close to zero. The sha.le, vhi ch usually ha.s similar 1 though les8 

well developed cleating to the coal seam over which it lies, gi vea a 

power of -0.20, higher than the limestone and shale, but lover than the 

values previously reported tor coa.l, as would be expected from the theory. 

In analyzing the results J however, two major points m.ust be eon­

sidered. Firstly, due to the Sll1all range of specimen sizes tested, 

limi ted by the available fa.cili ties, the a.ccuracy of the power laws ob­

tained is in some doubt. Ideally very much larger specimens should be 

tested, ranging up into tens and hundreds of inches on the side, but this 

'WOuld require exceedingly large testing machines. It is felt, however, 

tha.t more useful results could be obtained if a machine capable of loads 

up to 4,000,000 pounds were availa.ble The second consideration is that 

of the relative size of the testing machine and the specimen. For the 

smaller sizes of specimen tested on both machines used the spherically 

mounted upper platen was considerably larger and heavier than the speci ... 

m.ens, and both platens required a considerable force to move them. in their 

mountings. 1b.is probably ga.ve rise to high local stresses at the edges 

of the specimens, particularly in the case of the weaker Plaster of Paris, 

causing the smaller specimens to fa.il at lower values of stress than 

normally. ibis effect J in direct oppoal tion to the reduction in strength 

effect in the larger sizes, probably masked the reduction in strength 

effect, and gave a loyer magnitude tor the power law than would otherwise 

have been obtained, Thus, in order to obtain true values of crushing 

strength for small specimens It is necessary to use small testing 



machines with small, vell lubricated, sensitive spherically mounted upper 

platens .. 

An examination of the stanc1a.rd deviations obtained tor each size ot 

each material indicate. the Justification in using the lower number of 

specimens of the larger sizes, since the standard deviations are very 

close to each other for each material. 

THEORETICAL EXPLAN.eION OF THE FAILURE OF ROCK 

In several theoretica.l expla.nations of the behavior of coal and 

rock under stress it has been assumed that for all practlcal·:purposes 

rock is perfectly elastic, homogeneous 1 and isotropic. In actual 

fact ,rock has none of these properties developed to a sufficient extent, 

as bas been pointed out by several authorities (Corlett, Emery, 1959), 

to justify a theory based on these assumptions. 

Any theory concerning rock behavior under stress must explain the 

following facts which have been observed by many people working with 

rock. 

1. Rock is not usually perf'ectly elastic substance, but al.ao 

exhibits a time dependent plastic flow. The rate of appli­

cation of stress, therefore, affects the slope ot the stre •• -

strain relationship, and the f'inal crushing strength. Due to 

the plastic effect, the stress-strain relationShip is not a 

straight line. 
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2. Rock is not a homogeneous substance, but contains any flaw. 

and irregularities, which may affect the strength considerably. 

3· All geologic materials contain som.e torm. ot regular Jointing 

and bedding to a greater or smaller extent. 

4.. The drushing strength at rock varies over a wide range tor 

the same sized specimens tested under the ~e conditions. 

5· For coal and apparently for some rocks the crushing strength 

decreases with increase in the size at the specimen tested. 

This decreaee otten appears to tallow an inverse power law. 

6. The actual tal lure of the specimen takes place qui te rapidly 

once a critical value at stres3 is ret\eLed. 

7 • All examination at the tra.gm.enta at rock created by crushing 

show. that considerably energy is involved in the crushing pro­

cess. A large quantity of tine dust is created in add! tioD to 

quite a wide size distribution ot fragments. 

8. 1'.b.e larger tragulents caused by crushing appear to be of two 

principal types. Wedge shaped tragments, Vi th slickensided 

surfaces, and vertical fragments, the surfaces of which ahow 

no relative vertical movement, and have evidently broken in 

tension. 

Phenomenological Explanation of Rock Behavior 

A method of explaining rock behavior under stress, which appears to 

give a close representation of the observed phenomena is by creating an 

analogue, conSisting ot a combination of a number of simple physical models. 
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Where only slow variations of stress are involved the models con-

siat of combinations of elastic and viscous elements. Mlre rapid varia.-

tiona require an additional element, allowing for the inertia of the 

system" Time strain studies by Terry (1956) on coal, Ross (1958) on con ... 

crete I i!ldicate that the time-strain behavior of these materials a.ppears 

to follow the Burgers model. This model consists of the series combina-

tion of two basic units, the ~ell unit, conslstlng of an elastic unit 

and a viscous element in series, and a. KelvIn unit, and elastic and a. 

viscous unit in parallel. This model is illustrated in Figure 6, page 33. 

The elastic unit consists of a spring, and the viscous element is a. dash-

pot, with an equivalent viscosity of ~ . 

For the Burgers model the strain a.t any time is given by the following 

equation: 

(2) 

and 

5 = :L 
E 

'Where E... is the strain. 

P is the applied stress~ 

t is the time at'f;er applica.tion of the strese. 

5 is the retarClation time, necessary 'for the strain due to the third 
1 

factor in equation (2) above, to go to Wi thin e at its maximum strain. 

E and E are the e1a.stic elements. a 
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~~ and ~ are the viscous elements associated vith the Maxwell and 

the Kelvin units respectively. 

The viscoelastic constants, Ea.' Yi.e>.. , E, and 1. , are related to the 

properties of the materia.l under study. 

Tests by Hardy (1959) indi cate that this model a.pplies to several 

types of rock, in addition to the materials already mentioned. 

The Application of Dimensional Analysis 

From the work performed on rock, and from previous work on coal and 

on other materia.ls, it appears that the factors most likely to affect 

the compressive strength of cubes of rock are: 

The applied stress, P. 
The edge dimension of the cube, a. 
!be rate of strain of the specimen,~ . 
The surface energy contained in the specimen, 0( 

The elasticity of the material, E. 
The solid viscosity of the material, ~ • 

Applying the principles of dtmensional analysis: 

Substituting the dimensions of the parameters: 

From the aooYe equ.atlon: 

1 = d - e .. f 

;"1 = b - e - f 

2 • c .. 2d - 2e - f 

(4) 

(6) 

(7) 

(8) 



&>1 ving in terms of d and f: 

ecl-d-f 

b = ~c 
c = f 

'lberefore 

!bua, 3 dimensionless groups are obtained. Nov for specimens made 

from the same material the elastIci ty and the solid viscosity are the 

same, a.nd it the specimens are tested on the lame machine by the same 

ope:'l'at,~T the rdtes of strQ.in will be approxima.tely the same, and therefore". 

the dimensionless group, <-i- ~ ) is a. constant for specimens 01' the same 

material a.nd is independent of the size of the speclmen tested .. 

Therefore 

(10) 

It the result that. the strength of specimens ot rock depends upon 

the inverse square root of the depth of the specimen, obtained _piri­

aally by several independent people, 1s used, a value of t tor d is 

obtained; then: 

(11) 

This value is the same as that obtained from Griffith t s crack theory 

of failure, reviewed later. 

Alterna.tlvely, the value which must be used for the p::nrer d in 

equation (lO) 1s that obtained trom the tests for the particular rock 

under consideration. 



Grift! th 's Crack 'lheory of Failure 

This theory was used by Griffith to explain the fa.ct that the tensile 

strength of simple crystals when calculated by other theories g1 vee a. 

much higher value than that measured experimentally. He explained the 

phenomenon by the presence of large numbers of minute creeks in the 

material, and demonstrated their existence by experiments on glass. 

'lhe effect of the crack is to produce a very high concentration 

of stress at its edge. The solution for the stress produced obtained by 

C. E. Inglis was then used to obtain a. mathematical a.na.lys.~.s of the 

fa.ilure. The amount of the stress produced can be calc1".11ated from the 

" result that the maximum. tensile stress in a. flat plate contatning an 

ell.iptica.l hole of major axis 2c, and sub.Jected to an a.verage tensile 

stress, 5, in a dIrection perpendicular to the major axis is given. by: 

1 
To = 2s (tv )2 

Where fJ is the radius ot curvature at the ends of the major axis. 

The maximum. stress occurs at the ends of the major s.."CisJ and aSf"'O 

i.e., the ellipse tends to a flat crack, the stress tends to infinity. 

For the type of crack under consideration, f may be estimated as the 

order of the intermolecular spaCing, m. 

The crack will spread if the stress given by the formula 1s equal 

to Sm, the maximum tensile stress in the :material which ca.n be susta.ined 

Wi thout cracking. To estimate this the process of cracking must be con-

s:idered. '!his produces two new surfaces within the material whose dis­

tance apart is of the order of the intermolecular spaCing, m, and which 
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each possess surface energy x, per unit area. which may be regarded as an 

intrinsic, measurable property of the material. '!his surface energy must 

be provided by the strain energy stored in the solid before cracking, and 

the quantity available will be of the order of that stored in the volume 

of the crack. This is !I, Sa per unit a.rea of the crack. 
2E 

Equating the two energy expressions gi ves 

Sa = 2 (~) ~ 
m. 

and putting f::::rn a.nd equat1.11g To and (12) gives: 
1 

To :. (~r2 
c 

where T<:; 1s the tensile strenGth of the spec.imen. 

(12) 

(13) 

Values of To calculated from this formula prove to be of the right 

or<ter of Ul8Jgnltude. 

purely compress:lve tests between plane surfaces Griff:tth showed 

that the crushing strength sho1.l.1d be eight times the plane tensile strength. 

Phillips at a1 (1955) relate t..be above theory to the diminution of 

strength 'Wi tb increase in specimen size according to the folloWing reason. 

Assuming that c, the ~ dimension of the largest cra.cks, is equal to 

lin times the specimen dimension, the folloving fo!mula 1s obtained: 
1 

log W = log 8(nEri )2' + t logM 
t.r 

(14) 

'Where W is the load a.t ret.ilure. 

M is the mass ot the specimen 

d is the denSity of the materIal. 

'Ihese quantities ma.y all be measured except cL and n. 
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Putting n equal to 1.5, implying that the cracks a.re nearly co-

extensive with the lump. This is justifiable by the extensive cracking 

in all geologic materia.ls. 

Griffithts theory applies to a crack in an infinite body, and. its 

applica.tion to a crack which is nearly coextensive With the body requires 

justification. '!he solution tor a finite body is not available, but an 

indication ot the error in truncating an intinte solution can be obtained; 

this may be done by considering what proportion of the extra load on the 

surrounding materlal., due to the presence of the crack is borne by the 

materia.l in the immediate vicinity. In the interest of matbema.tical sim-

plietty an4 lince the estim.a.te is in any caae only approximate, the solu ... 

tion gf ven by Sneddon (1951) for the two dimensional case is used. 

From Sneddon's equations (102) and (104) the stresses at and normal 

to the plane of the crack (x III 0) are given by: 

Integrating over the plane of the crack in two 

J,/ SA:.' d~ 
fA SiC . d Cj 

(. 

.l. a _(().l._ c:1 )1-

C - (fA -( a.:&- C~):t] 

:J > C (15) 

stages 

(16) 

If the bod;y is truncated at the planes y : :. a, the load that is 

supported by the material that is lett is increased in the ratio 1 +~ 

over its former value, (the etfect of the new boundary condi tion 5~. 0) 

at y = t a is ignored). Thus, if ale: 1.5 i.e.,the crack 1s 2/3 the 

dimension of the specimen, the load on the uncraeked portion is increased 
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by only 60;' compared with 1 ts share of the load. in an infinite body. 

Phillips et s1. regard this a8 sufficient justification for applying Grif­

f! th t S theory to an extensively cracked material ~ 

Blillips and his co-workers explain their results by Grim th ' s 

crack theory. However, several responsible sources have obtained power 

laws :for coal which are Significantly different from one halt, and the 

results of the present study are pjver lav8 tor different materials which 

are also significantly different from one half. 

In their analysis by Griffith's crack theory the authors make the 

assUJl'l]?tlon that the length of the cracks in the materia.l (coal) under con ... 

sideratlon bears a constant relationship, 2c = a/n, to the dimension 01' 

the specimen, 8.. For extensively cracked materials such as sott coal this 

1s probably the ease. !he blocks from. which the specimens are cut will 

contain many cracks of all sizes. However I in cutting smaller specimens, 

those which have large cracks with the same or greater dimensions than 

the specimen dimension vill break during the cutting process and be dis­

carded :i..:mmediately. 'lb.ose specimens with cracks nearly co-extensive With 

the edge dimension will not break. Due to the random distri but10n of 

cracks in the block, in this way nearly all the specimens, regardless ot 

size, will have cracks nearly co-extensive with the block. This argument 

is justified by the ta.ct that many people who have worked with coal have 

reported the difficulty due to frequent breakage in cutting coal specimens. 

The one half power obtained by Phillips et al., Gaddy, and many others, thus 

justified by the Griff1 th crack theory, probably represents the highest power 

obtainable relating crushing strength to edge dimension, since it is not 
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posSi hle to obta:Ln cracks more than co-extens.i ve with the speim.ens tested. 

At the other end of the scale, in solid materials such as glass, 

and possibly some hard rocks, it is possible that even though the cracks 

do exist, as shown by Griffith in glass, they arevi.thin a small range of 

size distribution, and far from co-extensive vith the specimen. In this 

ca.se the cracks would bear no relation at all to the 81 ze of the specimen 

( except possibly in very large specimens of hard rocks) I and the Griffith 

crack theory would predict that the strength 'WOuld be UJlatfected by the 

size of specimen since 1 tis unrelated to crack s1 ze, i. e ., that the power 

in the relationship would be zero. 1b.is would then represent the lower 

limi t of the power. Thus, for all brittle materials the power would lie 

between zero and one half, the higher value for e.xtensi vely cracked materials, 

and the lower value tor mater.ials which are more solid. 

The results of this study on limestone, shale, and Plaster of Paris, 

and of the many previous studies on coa.l seem to be in close accord With 

this prediction. ihe limestone which was comparatively solid and uncleated 

pve a value ot the power near to zero. The shale, which was more jointed 

gave a value of .20, and the'Pla.ster,'of Paris which had no initial natural 

cracks also gave a value near to zero" In the work on coal, vaJ.ues rang­

ing from .5 to .rr were obtained, the latter lJing tor the Barnsley hards, 

which is very hard, grey coal, containing large quanti_a of durain, and. 

which is relatively uncracked. The people who ol')ta.ined the values of 5 

usually reported the d:itficulty in cutting large specimens due to breakage 

of the coal. 



Statistical Theory of Jailure 

1his theory has been put forward by Evans and Berenbaum , and 

Pomeroy (1961) to explain their results of testing different types of 

coalS.. The power laws which they obtained were different for each type 

of' coal and significantly dlfferent from one ha.lf. They rejected the 

Griffith cra.ck theory put forward earlier by Pbill.Lps, MLllard and New­

man (1955)" on the gronnds that their results did not agree with the 

halt power law, and that the Gri ffi th theory does not concern i tselt Vi th 

the great variation of strength among cubes of the same size. 'lbey , 

therefore, put forward the weakest link theory to explain their results. 

The theory is based on 1.be fa.ct that the crushing strength of coal 

cubes of a particular size shows a. vide variation in strength" and that 

the mean crushing strength decreases as the size of cube increases. 911. 

leads to a statistical analysis. 

Consider a mechanical system ot un1 ts joined end to end and let the 

probabilities of these units surviving the application at a particular 

stress by P11 P21 P3' •••• , Pn - iben if P is the probabillty of the 

qstem aurvi ving the stress, 

P: Pl.P2.P3.~ •••••••••• Pn (17) 

It any probability is zero, then P • 0, and it P1 1: P2 • '3 :I P4 = 
.. -. !I. Pnl then P = (, where Po is the probability ot a basic element 

surviving the stress. 

Let '. be the probabillty of cubes of side a surviving .. particular 

stress. 1'hia cube is assumed to be ~Ied ot r ot the basic wits. :rt 



1s then desired to relate the probabil1 ty ot survival ot the cube to another 

cube ot side b, consisting of ba.sic units. Then: 

lb = P; (19) 

O/Jr 
Pt> :: Pi,,' (20) 

"0 
'V /r it then related to the relative size of the cubes, say (alb) , 

vherefhas a value near to 1, 2, or 3, according to whether the Size 

attribute affecting the strength of the specimen 1s height, area, or 

volum.e. 

1b.en 

Therefore 

J! : p{b/a)O 
b 

0" log (:Q.1 : log (log Pa ) 
m (log lb) 

(21) 

(22) 

ihe general valid! ty of tIli. expression haa been tested tor speti­

mens of coa~. matogram., as ahovn in Figure 7 I pe.gef~4 3 were constructed., 

Probability curves are then constructed by summing the individual column.s 

of the histogram. The curves are of the form of Figure 8, page 44 'lbe 

extremities ot the curves were neglected by the criterion of rejection. 

The values ot P were then compared at particular a:breases for which all the 

curves lie between 1 and .9.. The value of Pa at So particular stress vas 

taken to be the most accura. tc value) and va.lues of lb were read trom the 

other curves· In this way corresp:>nding values of iOg~ and b/a were 
og a 

obtained, and when plotted on a log scale, linear regression gave a value ot 
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1, indicating that the sl.ze attribute is that of length of the side of 

the specimen. 

Thus, if the cube consists of a. basic element} then the proba.bility 

of the cube surviving a particular stress ia'rI' . 
o 

Now consider Po to be d,;ttved from a distr1.bution :f\mctton, cf (X-) 

of the strength, x, of the elements, so that 

Po (:;!) = lC<:JfC X-)d X 

x 
"(23) 

Let ~(X)be the distribution function of the strength of the com-

post te body, then: 

l~ ~ (~) d x = [1 be cp eX) d x r (24) 

Whenee. g?(x) ma.y be obtained by differentiating With respect to x:-

~ n-l 
~ (x) = n~(x} Po (x) (25) 

The distribution curves or specimens of cool tested by Evans, 

:taneroy and Berenbaum (1961) were approximately normal, and, therefore, 

Poisson's distribution may be used for an a sized cube: 

- 7i. 1T. 0 
(26) 

Where u is the mean strength, and () is the standard deviation. 

Equation (26) above may be conveniently written 

(27) 

'Where y : x ... u 

and h: l/fi6-



Eq..-tio:n (25) then. becomes: 

h h~ L • I - e t (1\ 'j) f ]n-I 

= Y1 -% e x. p (- 'j) [2. (28) 

Where ert(hY) is the error furlction, equal to: 

k 1" ~ e x. p (- ,,>- :.1'"") - d h !1 

~e model strength of b size cubes is obtained from: 

d lb (~~ o (29) 
dx.. 

(30) 

q The implication of this equation is that the model strength decreases 

for multiple element spec:Lm.ens, and increase for sub-elements, i. e. 

fractional values of a. For small 8um..elements, where the modal strength 

becomes large in relation to that of the element: 

[ (- er~ O\:J~) = rff 1"" ex p (- h>-::J>-) . d h!1 

~ =- l><J e:x. R (j _ hJ.~.L.2 [1 _ -L- + ... oj 
- JTf z(hj) 4(h!::l'J 

(31) 

Sabsti tuting this in equation (go) 

01.. 
=- ). 

(x-u) (32) 

This a~ximation is allowable by the assumption already made that 

x :::» u, and. it is likely tha.t the assumption itself is valid for coal. 
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The sub-elements to which equation (31) refers may be thought of 

1n the case of coal, as ama1l cubical domains. If the length of the 

domain is a 1 I and the length of the cube which shows a normal distribution 

is a, then n = ! t, and so from eqlJa.tion (32) 
a. 

(33) 

'Ihese doains are considered each to contain an innate weakness in 

the form of a crack. Tbe physical size of the doms.in limits the crack 

it can contain and it is reasor-Able to assume that the modal length, 01 

of such cracks is directly related to a Ii. e .. 

1 
X OC (0) .... 2 

This expression is identical to Griffith f s equation. 

In conclusion to their statistical theory of failure, Evans and 

l'tmleroy :malta the :following statements: 

1. Given the strength distribution of any particular sized 
cube the diatr::tbution for s.:ny other sIze can be ca.lculated 
from the equation Ph • Pab/&. 

2. The rela.-tion between log modal stress and log side of cube 
which appears to be a. straight line over the ra.nge studied, 
is probably a portion of a curve with a continuously chang­
ing slope. The straight line may be a tolerable approxima­
tion over & Wide size range. 

1 
3.. nritfi th ~ 8 theory 1 x oc a. -2, is probably int versally appli-

cable only for small spec mens. For larger specimens the 
cra.ck length, 20, must be used instead of' the side of the 
cube. For large specimens the law would approxilnate to 
similar expreslIlona in which the power has a value less 
tha.n one ha.lf.. Thus} the crushing load; ii, for a. cube of 
material that breaks by the propagation ot a single Griffith 
crack would be expected to be related to size by an equation 
of the form: 
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and for an unf'lawed materia.l: 

For brittle materials the exp:>nent of a. would be between 
1.5 and 2. 

'lbrough their statistical reasoning Evans and lQmeroy den ve the 

same expression as postulated by Gri:tf1th, and as obtained by the dimen-

aional analysis. They alao reach the same conclusiOns a.s reasoned above 

directly from Grim th 's theory, that the power relating crushing strength 

to edge dimension of cubes l1es between zero and minus one half I a result 

which 1s t-lrmly supported by the results of tests on cO&l, limestone and 

shale. 

In their reasoning Evans and Pbmeroy suggest that the power law 

for an tfunflawedll material should be zero. Griffith, however, showed 

that even glass had minute flaws, suffiCient to cause failure, and 

therefore it seems unlikely that an .tuntlawed!! material exists at any 

rate in geologic materials. In this instance the reasoning above that 

the distribution of size of flaws determines the power law seau a more 

plausible explanation. 

In experiments on gl.ass Poncelet '(1946) showed that during the 

stressing of speCimens cracks were formed parallel to the direction of 

crushing even when the load was applied uniformly to a perfectly even sur-

face. He also shoved that it was impossible to eliminate the cracks. 

In work on concrete Jones (1958) shoved that cracks are formed in con-

crete, parallel to the direction of loading, at loads considerably below 

the final crushing load. 



Further, in comparing Griffith t s theory of failure with other 

theories, such &8 1t>hr t s theory of failure 1 Grim th 's theory predicts 

values of strength which are much nearer to the experimental values 

than any other theory (Jaeger, 1956, Clausing, 1959). It seeu probable, 

therefore, that Griffith r s theory gives a fairly close idea of the 

mechanism of failure. It also explains the decrease in strength Vi th 

increase in size. 

CONCLUSIONS 

This study of the variation at compressive strength of limestone, 

shale, and Plaater of Paris indicates that the strength of cubes of 

shale decreases with increase in edge dimension, for specimens varying 

in size from one inch to five inches, following a power law of the 

form.: 

where P is the compress! ve strength in pounds per square inch. 

a 18 the edge dimension of the cube. 

k is a constant 

Over a size range from one inCh to three inChes the strength of 

limestone and Plaster of Paris appears to be little affected by the size 

of the cubetested, although it seems probable that over a larger size 

range, where the effect of the inertia and friction of the platen ot the 

testing machine i8 less, some decrease in strength would occur. 
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The Grift! th crack theory appears to give the best explanation ot 

the mechanism ot failure currently available, since it is substantiated 

by both quanti tat! ve and qualitative observations of the process of 

:f'a.ilure in brittle materials" ft.n analysis of the Griffi th theory in­

dicates that the theory predicts that the power law relating the 

strengtb of specimens to theIr edge d:i.mension should vary between one 

halt and zero, the higher value for cracked materials, and the lower 

value for initially uncracked materials. This latter prediction 1s sub­

stantiated both by the results of these tests, and by the results ot 

many previous studies of coal. 

In order to substantiate the findings of this theSis 1 t is neces­

sary to test further specimens of these materia.ls over a much larger 

size range, involving much larger testing machines than those used in 

this study. 

1'b.e results of this study indicate that the upper value ot the power 

law in the relationship between strength and size ot brittle materials 

-0.5, and that va.lue applies tor cracked materials. Thus, it the value 

of -0.5 is used to design mine pillars the error involved will be on the 

side of safety. 

Cubes of coal have been tested in compression in the past, and it 

ha.s been round that the folloWing formu.la. J relating the compressive 

strength to the size of the cube can be applied: 

P = k.a-n 
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Where P is the compressive strength in pounds per square inch. 

a. is the edge dimension of specimens tested. 

n is a constant. 

k 18 a constant. 

'!he value of n has been found by a majority of people working on 

coa.l to be 0.5, however, lower values have also been found. 

In this study limestone, shale and Plaster of' Paris cubes, varying 

in size between one and three inches, and one and five inches in the case 

of the shale, were tested in compression. The results were converted to 

logarithmic form, and the value of n determined for each material. It 

was found for the limestone and the Plaster of ]?aris that the value of n 

was close to zero over the range of Sizes tested, indicating that the 

strength is independent of the size of the specimen over the ra.nge one 

inch to three inch cubes. A value of 0 .. 20 was found for the shale over 

the range one inch to five inches. 

The Griffith crac.k theory of failure gives the following result: 

P = k.c·O•5 

Where P is the compressive strength in pounds per square inch. 

2c is the length of cracks in the material. 

k is a. constant. 

'!bus, depending upon the relationship between c and 8..1 the Griffith 

theory predicts that the value of n should be 0.5 for cracked mterials 

where the length of crack is directly proportional to the edge dimension ot 

the specimen, and zero where the length of crack 1s independent of the 

edge dimension ot the specimen, in re1a.tively uncracked materials. 
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The Griffith theory is supported both by the results ot compression 

tests, and by the results ot the tests in this study and those previously 

conducted on coal. 



,~; 
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Cubes ot coal have been tested in compression in the past, and it 

baa been found. that the folloWing tormula, relating the compressive 

strength to the size of the cube can be applied: 

k -n P. .& 

Where P is the compress1 ve strength in pounds per square inch. 

a is the edge dimension ot spectmena tested. 

n is a. constant" 

k is a constant. 

'Dle value ot n has been found by a major! ty ot people working on coal 

to be 0.5, however, lover values have also been found. 

In this study limestone 1 shale and Plaster of Paris cubes, varying in 

size between one and three inches, and one and ii ve inches in the ease ot 

shale, were tested in compression.. The results vere converted to logarithmic 

torm, and the value of n determined tor each material. It was found tor 

the limestone and the Plaster of Paris that the value of n was close to 

zero over the range of sizes tested, indicating that the strength is inde-

pendent of the size of the spec1men over the range one inch to three inch 

cubes" A value ot 0" 20 vas found for the shale over the range one inch to 

ti ve inches. 

The Grim th crack theory of failure g1 ves the following result: 



Where P is the compressive strength in pounds per square inch. 

2c is the length of cra.cks in the material. 

k 1s a constant. 

'Blus, depenc11ng upon the relationship between e. and a, the Grifflth 

theory predicts that the value of n should be 0.5 for cracked materials 

where the length of crack: 1s directly proportional to the edge dimension 

0'1 the specimen, and zero where the length ot crack is independent of 

the edge dimension ot the specimen, in relatively uncraeked materia.la. 

ihe Griffith theory 1s supported both by the reault. ot eompression 

tests, and by the results ot the teats in this study and those previously 

conducted on coal. 




