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INTRODUCTION

"The Fine Topology'" on C(X,Y) where (Y,d) is a metric space is
referred to, in an exercise in [14], as the topology generated by basic
open neighborhoods of the form B(f,€) = {g: d(f(x),g(x)) < €(x)} where
€ 1s a positive continuous real valued function. So in the fine
topology, a function g is close to f if g(x) is continuously close to
f(x); whereas in the uniform topology, g(x) must be uniformly close to
f(x), that is, within a constant distance of f(x). So the fine topology
is an obvious refinement of the uniform topology.

This topology has not been extensively studied before, and it is
the purpose of this paper to see how the fine topology fits in with the
lattice of other well studied topologies on C(X,Y), and to study some
properties of this topology in itself. Furthermore, other results on
these well studied topologies will be examined and compared with the
fine topology.

Most of the termilology used is described as used. Some excep-
tions are the following. The symbols Q and R refer respectively to the
rational and real numbers. The symbols [0,2] and [0,w] refer to the
set of ordinals starting at zero up to and including respectively the
first uncountable ordinal, 2, and the first infinite ordinal, w, with
the order topology. Analagous definitions can be made for the symbols
[0,Q) and [O,w). A space X is said to have non-trivial path if there
are distinct points x, and X, in X, and a continuous function

1
¢: [0,1]——X such that ¢$(0) = X, and $(1) = X,. A space X is said to

be hemicompact if there is a sequence'{Kj} of compact sets in X such




that if K is any compact set in X, then K & Kn for some n.



CHAPTER 1

A LATTICE OF TOPOLOGIES ON C(X,Y)

Let X and Y be topological spaces, and let C(X,Y) be the set of
all continuous functions from X to Y. In this chapter we will look at
the different topologies on C(X,Y), and see how they fit together to

form a lattice.

1. Set-open topologies

If t is a topology on C(X,Y), then CT(X,Y) will stand for the set

C(X,Y) with topology t. If 3 and T, are two topologies on C(X,Y), then

we will write C_(X,Y) < C_(X,Y), C_(X,Y) £ C_(X,Y), C_(X,Y) < C_(X,Y),
1 ) "1 - N "1 T2
ctix,y) = CT§X,Y), and cTix,Y) # CTZ(X,Y) if 1, €1y, 1y ¢ T Ty g Tys

Ty T Ty and T # T, respectively. Furthermore, we will write C(X) and

1
CT(X) for C(X,Y) and CT(X,Y) respectively when Y = R.

Let S be a family of subsets of X, and define (E,V) = {f ¢ C(X,Y):
f(E) € V}. The {(E,V): E € S and V open in Y} forms a subbase for a
topology on C(X,Y) called a set-open topology. If S = {{x}: x e X},
then the topology generated is called the point-open topology and is
indicated by w. If S = {K: K compact in X}, then the topology is

called the compact-open topology and is denoted by k. An obvious result

is that C_(X,Y) < C_(X,Y).

2. Topologies generated by uniformities

If Y is Tychonoff with compatible uniformity u, then we can define

uniformities on C(X,Y) in the following ways:




a) Define a base for a uniformity L by {E :Deyu and F finite},

D,F

where ED F =>{(f,g): (f(x),g(x)) € D and x ¢ F}.

b) Define a base for a uniformity Ku by'{ED K D € u and K compact
’

in X}, where E = {(f,g): (f(x),g(x)) € D and x € K}.

D,K

c) Define a base for a uniformity u, (just call it u) by

{ED: D € p}, where E, = {(f,2): (f(x),g(x)) ¢ D and x € X}.
The uniform spaces given in a), b), and c) are denoted C“(X,Y),

CK(X,Y), and Cu(X,Y) respectively. The uniformities are calles the

un;formity of pointwise convergence, the uniformity of compact conver-

gence (or uniform convergence on compacta), and the uniformity of
uniform convergence respectively, and are denoted by nu, Ku, and u
respectively. The topologies generated are called respectively the
topology of pointwise convergence, the topology of compact convergence
(or uniform convergence on compacta), and the topology of uniform

convergence (or the uniform topology). We also let the symbols C"(X,Y),
CK(X,Y), and Cu(X,Y) represent the generated topological spaces. *

’ The fact that Cn(X,Y) = Cn(X,Y) and CK(X,Y) = CK(X,Y) can be seen
in [18]. Therefore, C"(X,Y) anz CK(X,Y) are independint of our choice

H H
of uniformity on Y. However, this is not true for the uniform topology.

If ED,K[f] is a basic open neighborhood of f in CK(X,Y), then
u
ED[f] c ED K[f] and since ED[f] is a basic open neighborhood of f in
Cu(X,Y), ED,K[f] is open in Cu(X,Y). Consequently CK(X’Y).ﬁ Cu(X,Y),

u
and we have formed the composite lattice structure:

¢ (X,¥) < C (X,Y) < C (X,Y)

for all uniformities u on Y.




If (Y,d) is a metric space with bounded metric, define d on C(X,Y)

by d(f,g) = sup{d(f(x),g(x)): x € X}. The metric space so obtained is
denoted by Cd(X,Y) and the topological space generated by this metric is
likewise denoted by Cd(X,Y)

Now if u is a uniformity generated by a bounded metric d, then
¢, (X,V) = ¢, (X,Y).

Let (Y,d) be a metric space (d is not necessarily bounded). Put
d'" = min{d,1}, and p and u' be the uniformities generated by d and d'

respectively. Then y=p', and furthermore

So we need not be too particular about how we call them, and will
in the future write Cu(X,Y) or Cd(X,Y), and will for the purpose of
proving results, assume that d is bounded.

Since we use the symbol Cu(X,Y) as both a uniform space and a
topological space, the term "Cu(X,Y) is metrizable'" will mean as a
topological space, not as a uniform space. So by (*), if (Y,d) is a
metric space, and if u is the uniformity generated by d, then Cu(X,Y) is

metrizable.

3. Open cover topology

*) 6, (X, 1) = C, (X,1) = Gy, (X, 7).
Let T(Y) = {V: Vv is an open cover of Y}, and define V(f) =

{g € C(X,Y): for all x ¢ X there is a V ¢ V such that f(x),g(x) € V}

where V € T(Y). Let y be the topology generated by the subbase ‘

{V(f): £ € C(X,Y) and Ve T(Y)}.




It is shown in [11], that; for all topological spaces Y,

CK(X,Y)‘i Cy(X,Y); and for all metric spaces (Y,d), Cd(X,Y) f_Cy(X,Y).
So if Y is a topological space, we have
Cw(X,Y) E.CK(X’Y).i Cy(X,Y)
and for (Y,d) a metric space, we have

€ (X,¥) < C (X,Y) < C,4(X,Y) <c (&Y.

4. Graph and m—topologies

If f ¢ YX, the graph of f, denoted by G(f), is defined by

G(f) {(x,f(x)): x € X}. For E cX x Y, let N(E) = {f ¢ C(X,Y):

n

G(f) € E}. The graph and m-topologies on C(X,Y) are therefore defined
as follows:
a) The graph topology, g, is generated by the basis
{N(U): U is open in X x Y}.

b) The m-topology, m, is generated by the basis

{N(C): C is a cozero set in X x Y}.
These two topologies have been widely studied, and some results about
them can be found in [6], [15], and [16].

It can easily be seen that Cm(X,Y) S_Cg(X,Y).

Theorem 1.4.1: Cy(X,Y) f.Cg(X,Y).

Proof: Let g e V(f). We need only show there is an open set N(U) in
Cg(X,Y) such that g € N(U) < V(f).

Let x ¢ X. Since g ¢ V(f), there is an open set Vx e Vsuch that
f(x), g(x) ¢ V- By the continuity of f and g, there is an open neighbor-

hood Wx of x such that if y ¢ Wx, then f(y), g(y) ¢ V. Put U= W, xV,,




and U = U{Ux: x € X}. We will be through if we can show g ¢ N(U) c y(f).

For each x ¢ X, (x,g(x)) ¢ WX x Vx = Ux cU. So G(g) cU and
g € N(U).

Let h € N(U). By definition G(h) < U. Let y € X. Then
(yv,h(y)) e U = U{UX: x € X}. So (y,h(y)) ¢ Ux = Wx x Vx for some x, and
h(y) € Vx for some x. But by the definition of Wx, f(y) € Vx’ and so

h(y), f(y) ¢ V. € Y. Consequently, h € V(f) and N(U) < V(f).

Q.E.D.

Theorem 1.4.2: If Y is Tychonoff, then CK(X,Y) §_Cm(X,Y).

Proof: Let (K,U) be a subbasic open set in CK(X,Y). We wish to show
that it is open in Cm(X,Y). To do this, let f ¢ (K,U). We have to find
a cozero set C X x Y such that f € N(C) < (K,U).

Now f(K) is compact and £(K) £ U. Therefore, since Y is Tychonoff,
there is a continuous function g:Y——[0,1] such that g(f(K)) = {0} and
g(Uc) = {1}. Define the continuous functions h:Y——[0,1] by h =1 - g,
and ¢:X————+[O,1]Iby ¢ = gof. Now Z = ¢_1(0) is a zero set in X, and
Z' = h_l(O) is a zero set in Y. Therefore 2, = Z x Y and Zy,=Xx z'
are zero sets in X x Y. So put C = z€ where Z = Z1 N Z2 is a zero set
in X x Y. We need only show f ¢ N(C) & (K,U).

Agsume X € X. We would like to conclude that (x,f(x)) € C. If
not, (x,f(x)) € Z = Z1 n 22. That is, (x,f(x)) € Z1 =7 x Y and
(x,f(x)) ¢ 2, =X xZ'., So x e Z and f(x) € 2'. But if x ¢ Z, then

2
$(x) = 0, and if f(x) ¢ 2', then h(f(x)) = 0, that is ¢(x) g(f(x)) = 1;

which is a contradiction. Therefore (x,f(x)) € C, and G(f) SC. So f € N(C).



Now ¢(x) = 0 on K and ¢(x) = 1 off f-l(U), since if x ¢ f_l(U), then

£(x) ¢ U, that is f(x) e US. But g@U®) =1, so ¢(x) = g(f(x)) = 1.

Therefore, K cZ c f—l(U). Also h(x) = 0 on Uc, so U< z' and 2'% < U.

So now if 1 € N(C) and x ¢ K, then (x,1(x)) ¢ C where
c=(z N z,)¢ = z3 Uzj. Therefore (x,1(x)) € z$ or (x,1(x)) € Z5.
If (x,1(x)) € Zi = (Z X Y)C, then x # Z. But x € K €Z, which is a
contradiction. Therefore (x,1(x)) ¢ Z; = (X x Z')c and 1(x) € z' €,
But 2'¢ ¢ U, so 1(x) € U and 1 ¢ (K,U). Consequently N(C) < (K,U).

Q.E.D.
Because of this Theorem, and other previous results, we have the

following lattice structures:
a) If X, Y are topological spaces, then
L, CY(X,Y) S
Cﬂ(X,Y) j_CK(X,Y) . C (X,Y).
Cm(X,Y) 4
b) If X is topological space and Y is Tychonoff, then

c (X,Y)

L
7 u

c_(X,Y) < C _(X,Y) < CY(X,Y) %cg(x,Y).

m

/4|

c_(X,Y) -

5. The Fine Topology

If (Y,d) is a metric space, then Cd(X,Y) is generated by basic
open sets of the form S(f,€) where
S(f,€) = {g e C(X,Y): d(f(x),g(x)) < € for all x ¢ X}
where € € R+ and R+ signifies all positive real numbers.
The most obvious generalization of this topology is to define a

topology fd on C(X,Y) which is generated by the basic open sets of the



form B(f,c) where
B(f,€) = {g € C(X,¥): d(fx),g(x)) <e(x) for all x ¢ X} and

€ e C(X,R).
Note: a) 1In S(f,6), € is a positive real number, while in B(f,€), € is
a continuous positive real valued function on X.

b) The topology, fd’ is called the fine topology generated by
(the metric) d, or if d is understood it is called the fine topology and
denoted f£.

c) Also C.(X,Y) = Cf(X,Y) where d' = min {d,1}. So for the

d d’'
purpose of proving results, we can assume without loss of generality

that d is bounded.

Obviously Cd(X,Y) f_Cf(X,Y), and Cféx,Y) fits very nicely into
d
the existing lattice with the following result.

Theorem 1.5.1: If (Y,d) is a metric space, then Cféx,Y) E.Cm(X’Y)'

Proof: Let B(f,£) be a basic open neighborhood of f in Cféx,Y). We
need to show that B(f,€) is open in Cm(X,Y). To do this, it will
suffice to find a cozero set C € X x Y such that £ € N(C) € B(f,€).
So define F: X x Y—R by F(x,y) = max {€(X) - d(y,f(x)),0}.
Clearly F is continuous on X x Y. So put Z = F—l(O) and C = z°.
Now F(x,f(x)) = max{ € (x) - d(f(x),f(x)),0}
= €(x) >0,
so (x,f(x)) € C and G(f) € C. Therefore f € N(C).

If h € N(C), then G(h) < C and F(x,h(x)) > 0 for all x X. That

is, €(x) - d(h(x),f(x)) > 0 for all x € X. Consequently,
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d(h(x),f(x)) < €(x) for all x € X, and h € B(f,€). Therefore,

N(C) € B(f,¥€).

Therefore, we have the following lattice structure:
¢ CY(X’Y) <
C,n_(XaY) i CK(X9Y) i Cd(XyY) < - = 4 Cg(X’Y)
S C(XY) < € (X,Y) 7
— “m
d
for X a topological space, and (Y,d) a metric space.
We can also define a uniformity fu on C(X,Y), call it the fine
uniformity, by choosing 8= {u(€): € ¢ C(X,R+)} where
u(e) = {(f,g): d(f®),g(x)) < €(x) for all x e X}.
That 8 is a base for a uniformity fu can be seen by the following:
a) For all u(€) ¢ 9, A = {(f,f): £ ¢ C(X,Y)} < u(€),.
b) If u(€), u(d) € 9, then if n = min {€,8} then u(n) ¢ O and
u(n) € u(€) N u(s).
c) If u(€) € 8, then u(s)ou(s) < u(e) for 6§ = %€ and u(s) € Q.
d) If u(€) € 8, then u(é)n1 = u(€) e 9.
u
uniformity fu' This symbol shall also be used for the generated
topological space.

Theorem 1.5.2: Cf(X,Y) = Cf(X,Y).
u d

We shall use the symbol Cf(X,Y) to denote the set C(X,Y) with

Proof: The {B(f,€): f e C(X,Y) and € ¢ C(X,R+)} forms a basis for

Cf(X,Y), and {u(é)[f]: f e C(X,Y) and € ¢ C(X,R+)} forms a basis for |
d

Cf(X,Y) as a topological space.
u
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However, u(€)[f] = {g: (g,f) € u(€)}

{g: d(f(x),g(x)) < €(x) for all x ¢ X}

B(f,€).
Q.E.D.
We have now completed our discussion on the topologies of C(X,Y).
In chapter 2 we will discuss situations where these inequalities are
strict, and characterize some cqnditions for which equality holds. 1In
chapters 3, 4, and 5 we will answer questions of separation, countability,

and completeness, especially for Cf(X,Y).



CHAPTER II

EQUALITIES AND NONEQUALITIES

BETWEEN TOPOLOGIES OF C(X,Y)

1. Characterization Theorems

The first five characterization theorems will be indicated here
without proofs; as these results are already known, and their location

in the literature is so indicated.

Theorem 2.1.1 [8]: If X is a Tychonoff space, and (Y,d) is a metric

space, then Cd(X,Y) = CK(X,Y) if and only if X is compact.
It should be noted that this theorem does not imply that X need be
compact for CK(X,Y) to be metrizable. Hemicompactness of X would be

sufficient to force CK(X,Y) to be metrizable.

Theorem 2.1.2 [9] & [11]: If X is a Tychonoff space, and (Y,d) is a

metric space with non-trivial path, then Cd(X,Y) = CY(X’Y) if and only
if X is pseudocompact.

The following two theorems are characterizations of when
Cu(X,Y) = Cg(X,Y). The difference between the two is that they assume

completely different restrictions on Y.

Theorem 2.1.3 [6]: If X is a topological space, and (Y,d) is a metric

space with a non-isolated point, then Cd(X,Y) = Cg(X,Y) if and only if

X is countably compact.

Theorem 2.1.4 [16]: If X is a topological space, and Y is a first

countable non-discrete locally compact topological group, then

12
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Cu(X,Y) = Cg(X,Y) if and only if X is countably compact.
As in Theorem 2.1.4, Theorem 2.1.5 requires that Y be a locally

compact topological group.

Theorem 2.1.5 [16]: If X is a topological space, and Y is a non-discrete

locally compact topological group, then Cu(X,Y) = Cm(X,Y) if and only if
X is pseudocompact.
Finally we come to a characterization theorem for the fine topology,

which is not found in the literature.

Theorem 2.1.6: 1If X is a topological space, and (Y,d) is a metric space

with non-isolated point, then X is pseudocompact if and only if

Cd(X,Y) = Cféx,Y).

Proof: (——) We already know that Cd(X,Y) §_Cf§X,Y), so we need only
show cfgx,Y) j_Cd(X,Y) if X is pseudocompact.

Thus assume X is pseudocompact, and B(f,€) is a basic open set in
Cféx,Y). Since X is pseudocompact, € is bounded away from zero, and
there is a § > 0 such that § < €(x) for all x ¢ X. So f € S(£f,8) < B(f,€),
and B(f,€) is open in Cd(X,Y). Therefore, Cféx,Y) = Cd(X,Y).

(+—) Assume X is not pseudocompact. Then there is a C-embedded
copy of N in X, call it X = {xl,xz,x3,...}, and a positive continuous
real valued function € defined on X such that E(xi) =1/i.

Since Y has a non-isolated point Yo» S(yo,l/n) contains points other

than y. for all positive integers n. For each positive integer n, pick
0

y_ € S(yo,lln) such that Y, # Yo» and let §j be the constant function

n

§j(x) =7, for all x ¢ X and j = 0,1,2,.... Now §0 € B(§0,€) and if
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B(§0,e) were open in Cd(X,Y), it would have to contain an open set of
the form S(;O,lln) for some positive integer n.

We wish to show that this is not true, and have to show that
S(§0,1/n) ¢ B(§0,E) for any n. So let n be a fixed but arbitrary
positive integer. Now y e S(yo,l/n), and d(yo(x),yn(x)) = d(yo,yn) >0
for all x € X. So pick k such that 1/k < d(yo,yn). Therefore,

d(yo(x)>y,(x)) = d(yy,y) > 1/k = €(x,), and y_ £ B(y,,€).
Consequently, S(;O,I/n) ¢ B(§0,€) for any n, and so B(§0’€) is not open
in Cd(X,Y). Therefore, Cf(X,Y) # Cd(X,Y).

d
Q.E.D.

Theorem 2.1.6 tells us that, if X is pseudocompact, then Cf(X,Y) is
d
metrizable. With a little stronger hypotheses on both X and Y, we will
actually see that it is also necessary that X be pseudocompact for

Cf(X,Y) to be metrizable.
d

Theorem 2.1.7: If X is Tychonoff, and (Y,d) is a metric space with

non-trivial path, then the following are equivalent:
i) X is pseudocompact.

ii) Cf(X,Y) = Cd(X,Y).

d

iii) Cf(X,Y) is metrizable.
d

iv) Cf(X,Y) is first countable.
d

Proof: i) — ii) This is by Theorem 2.1.6.
1i) — iii) This is immediate.
iii) — iv) This is immediate.
iv) —> i) Assume X is not pseudocompact. Let

X = {xl,xz,x3,...} be a C-embedded copy of N in X, and let
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¢o: I onto, P &Y be an arc in Y with Vo = ¢(0). Put ;0 as the constant
function yo(x) =Yy for all x ¢ X. let @B = {B(yo,en)}n=l be any
countable collection of basic open neighborhoods of ;0. In order to
show that Cf(X,Y) is not first countable, we need only find a positive
d

continuous real valued function € such that B(§O’E£) ¢ B(§0,€) for any
n. To do this, we will a) find functions fn £ C(X,Y) such that
fn # Yo and fn € B(yo,En), and b) define € such that fn ¢ B(yO,G) for
all n.

a) Let n be a fixed but arbitrary positive integer, and put

€, = min {en,l}. Pick W to be a neighborhood of x such that
€N = (€ (x)/2,% (x)/2). Let g(y) = d(y,,y) and put
V= g-l([O,En(xn)/Z)). Let [0,x) be a neighborhood of 0 in I such that

$([0,x)) € VN P. Now pick a continuous function hn on X (by complete

regularity of X) such that hn: X——[0,=/2] with hn(xn) /2 and

hn(Wc) = 0, and let fn = ¢ohn. We want to show that fn # Yo» and

£, ¢ B(yo,en).

Now h (x ) = =/2 # 0, so £ (x) = ¢(h (x))) = ¢(=/2) ¢ y,.
Therefore, fn # Yo

If x € X, then x € Wor x ¢ Wwe. So if x ¢ W, then
gn(x) > én(xn)/Z. Now hn(x) e [0,x), so
£.(0) = ¢(h () € $([0,<)) SV NP cV, and
dF(®),£ () = dlyy,£ () = g(£_(x)) < € (x)/2 < € (x). And if
X € Wc, then hn(x) = 0, and fn(x) = ¢(hn(x)) = ¢(0) = Yor So
d(;o(x),fn(x)) = d(ygpsyy) = 0 < én(x). Therefore, in all cases

d(¥o(x), £ (%)) < E (%) < €(x), and £ & B(F,,€).
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b) Now for every n, fn(xn) # Ygs 8O for each n, put
m = d(yo,fn(xn)) > 0, and define € on X by é(xn) = mn/2. Since X
is C-embedded in X, extend € to € on X. But

dyo(x ) (x)) = dlygsf (x ) = m >m /2 = €(x ),
and therefore fn ¢ B(§O’€)' Consequently B(;o,en) ¢ B(§0,€) for any n,
and Cféx,Y) is not first countable.
Q.E.D.

A similar statement can be made with respect to Theorem 2.1.2, but
requires considerably more restrictions on both X and Y. For this
purpose we make the following definitions. Space Y will be called an
extensor of space X if every continuous function from a closed sub-
space of X into Y has a continuous extension from X into Y. Space Y
will be called a local extensor of X if Y has no isolated points and
for every y ¢ Y and open neighborhood V of y in Y, there exists an open
W in Y such that y ¢ W €V and W is an extensor of X.

It should be noted in the next theorem, that for metric spaces,

compactness and pseudocompactness are equivalent.

Theorem 2.1.8 [11]: Let X and (Y,d) be metric spaces such that Y is a

local extensor of X, and Y contains a non-trivial path in every non-
empty open set. Then the following are equivalent:
i) Cy(X,Y) = C4(X,Y)
ii) Cy(X,Y) is metrizable.
iidi) Cy(X,Y) is first countable.

iv) X is compact.
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Because of Theorems 2.1.2 and 2.1.6, we can state the following
result:

If X is a Tychonoff space, and (Y,d) is a metric space with non-
trivial path, then the following are equivalent:

1) X is pseudocompact.

i1) CY(X,Y) Cy(X,1).

iif) Cf(X,Y) = Cd(X,Y).
d
This suggests some kind of relationship between Cy(X,Y) and
Cf(X,Y). In fact it will be shown in the next section that
d

C (X,Y) < C_(X,Y) for X binormal.
Y - i

2, Another Equality Theorem

X is said to be binormal if X is normal and countably paracompact.

Themrem 2.2.1 [4]: X is binormal if and only if for all 1lsc (lower

Proof: 1If x

semicontinuous) 1 and usc (upper semicontinuous) u such that

u,l:X—R with u < 1 there is an f ¢ C(X) such that u < f < 1,

Lemma 2.2.2: Let (Y,d) be a metric space. Let f € C(X,Y), W open in

X, and V open in Y. Define ué V:X———¥R by
’
u§ V(x) = d(f(x),VC), if x € W. Then ué v is 1lsc.
b4 ’

0, otherwise

i
o

. c £
0 is a fixed but arbitrary element in W, thep uW,V(XO) =
f .
Assume « < uw,V(XO) = 0, then for every neighborhood U of Xgs X € U
f f c f
implies that (x) >0 >« So is 1scon W'. On W (x) =
P v 2 W,v » YLV

d(f(x),Vc) is continuous, and therefore, ué v is 1lsc on W. Consequently,
bl
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ué v is 1lsc on X.
b

Q.E.D.

Theorem 2.2.3: If X is binormal, and (Y,d) is a metric space, then

C (x,Y) = cféx,Y).

Proof :

(>) This follows from the fact that by Theorem 1.5.1
Cféx,Y) f_Cm(X,Y), and the obvious fact that Cm(X,Y) f_Cg(X,Y).

(<) Let N(U) be a basic open neighborhood of f in Cé(X,Y) where U
is open in X x Y, To show N(U) is open in Cfsx,Y), we need only show
there is a positive function € € C(X) such that B(f,€) < N(U).

Now G(f) < U, and U is open in X x Y. -So for each x € X, there
exist open sets Wx and VX in X and Y respectively such that
(x,f(x)) € Wx X Vx c U. So define a cover Wy of X by b = {WX: x € X},
and define u(x) = sup'{d(f(x),V;): (x,f(x)) ¢ W& X Vy and Wy e W}.

‘This defines a function u:X—R, and in fact, it is easy to see that

u = sup {ué v oXce X}. But by Lemma 2.2.2 each ué v is 1sc, and so
x’ ' x x’'x

u is 1lsc. Now u is obviously positive, so by Theorem 2.2.1 there is a

function € € C(X) such that 0 < € < u. We need now only show that

B(f, € < N(U).

Let h € B(f,€) and x € X. So d(f(x),h(x)) < €(x) < u(x) =
sup {d(f(x),V;): (x,f(x)) € Wy X Vy and Wy e W}. Therefore, there exists
a W e W such that d(f(x),h(x) < €(x) < d(f(x),V;), and
(x,h(x)) ¢ W& x Vy € U. Therefore, for all x ¢ X (x,h(x)) € U. So
G(h) €U, and h € N(U).

Q.E.D.
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Corollary 2.2.4: If X is binormal, and (Y¥,d) is a metric space, then

¢, (X,7) f_cféx,y),

Proof: Now Cy(X,Y) f_Cg(X,Y) by Theorem 1.4.1

Cféx,Y) by Theorem 2.2.3.
Q.E.D.

It should be noted that, binormality of X is a sufficient condition
in Theorem 2.2.3 and Corollary 2.2.4, but it is certainly not a necessary
condition. If X is countably compact but not normal (for example, the
Tychonoff Corkscrew Topology of [17] p. 109), then

Cy(X,Y) = Cféx,Y) = Cg(X,Y)

Theorem 2.2.5 [16]: If X is a topological space, then Cf(X) = Cm(X).

3. Nonequalities

a) CK(R) f_Cn(R) is obvious.

b) Cd(R)_i CK(R) by Theorem 2.1.1.

c) CY(R) i_Cd(R) by Theorem 2.1.2,

d) Cg(X) f_Cy(X) by Theorems 2.1.3 and 2.1.2 where
X = [0,0] x [0,w] ~ {(Q w)}. X is pseudocompact, but not
countably compact.

e) Cg(X) f_Cm(X) by Theorems 2.1.3 and 2.1.5 where X is pseudo-
compact, but not countably compact.

£) CféR) f_Cd(R) by Theorem 2.1.6.

g) Cf(R,Q) f_CY(R,Q) since as shown in [9] Cd(R,Q) = Cy(R,Q), but

d
Cd(R,Q) < Cf(R,Q) by Theorem 2.1.6.
d

The above list would be complete if we could find an X and Y such
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that Cm(X,Y)_i CféX,Y). If such an X and Y can be found, then it has
been ascertained that X can not be binormal, and Y can neither be R nor
any non-discrete locally compact topological group which is pseudocompact.

In Theorem 2.1.2 it was stated that Y had to contain a non-trivial
path. That this condition is necessary, can be seen in example g)

above. However, in Theorem 2.1.7 this condition is stated without

counterexample to prove its necessity.




CHAPTER III

SEPARATION PROPERTIES

In this chapter, as before, § will represent the constant function

in C(X,Y) defined by y(x) = y for all x ¢ X, where y ¢ Y.

Lemma 3.1: If Yys ¥y are distinct points of Y such that all neighbor-

hoods of Yy contain Yos then all neighborhoods of §1 in Cg(X,Y) contain

Yoo

Proof: Let N(U) be a basic open neighborhood of ;1. We need only show
that §2 e N(U).

If x € X, then (x,yl) = (x,§1(x)) ¢ U. Now there are open sets
U, in X, and V

1
therefore by hypothesis Yy € A

1 in Y such that (x,yl) € Ul X V1 cU. So vy € Vis and

1t Thus (x,yz(x)) = (x,yz) € U1 x Vl c u.
Consequently, G(§2) c U, and ;2 e N(U).

Q.E.D.

Theorem 3.2: If Y is not T,, then Cg(X,Y) is not T

0’ 0’

Proof: If Y is not TO’ there are vy # Y, in Y such that every neighbor-
hood of Yy contains Yo and every neighborhood of Y, contains Yq- But
by Lemma 3.1 every neighborhood of ;1 in Cg(X,Y) contains §2 and every
neighborhood of §2 in Cg(X,Y) contains ;1. Therefore, Cg(X,Y) is not

TO.

Q.E.D.

Theorem 3.3: If Y is not T then Cg(X,Y) is not T

1’ 1°

21
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Proof: If Y is not T there are Y1 # Yy in Y such that every neighbor-

1’
hood of Yy contains Y,s OT every neighborhood of v, contains i With-
out loss of generality, assume that every neighborhood of vy contains
Yo Thus by Lemma 3.1, every neighborhood of ;1 in Cg(X,Y) contains
Yoo Therefore, Cg(X,Y) is not Tl.
Q.E.D.

Theorem 3.4: If ¢:Y——C (X,Y) is defined by ¢(y) =y, then ¢ is an

embedding for 7 = m, Kk, and u.

Proof: (t = k) To show continuity, let (K,U) be a subbasic open
neighborhood of §0 = ¢(y0) in CK(X,Y). We will be through, if we show
that ¢(U) € (K,U) N¢(Y). But if y € U, then y(K) = {y} € U, and
o(y) =y e (K,0).

To show that ¢ is open, we need show that ¢(U) = ({xo},U) n ¢ (Y)
for U open in Y and some X, € X. Actually, we pick X to be arbitrary

in X. But, y € U if and only if ;(xo) =y ¢ U; that is, if and only

if ¢(y) =y ¢ ({xo},U). Consequently, ¢ is an embedding from Y to
c (X,Y).
(t = ™) The fact that we have ¢(U) = ({xo},U) N ¢(Y) for each fixed

X in X, and every open set U in Y, is sufficient to guarantee that ¢ is

an embedding from Y to CH(X,Y).

(T = u) Let § be a base for the uniformity u on Y of open,
symmetric subsets of Y x Y. Now {D[yl: y ¢ Y, D e 9} forms a basis for
Y as a topological space, and {ED[§] N¢(Y): ye Y, De N} forms a basis
for ¢(Y) in Cu(X,Y) as a topological space. So we need only show that

¢(D[y0]) = ED[}_ro] N ¢(Y) where Yo is a fixed but arbitrary element in Y.




Proof: If Y is T

Proof: If Y is T
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But v ¢ D[yo] if and only if (y,yo) e D, and this is true if and only if
(;(x),§o(x)) = (y,yo) e D for all x ¢ X; that is if and only if
y e ED[§0] N $(Y). Consequently, ¢ is an embedding from Y to Cu(X,Y).

Q.E.D.

Theorem 3.5: The following are equivalent:

i) Y is T1 (respectively TO).
ii) Cﬂ(X,Y) is Tl (respectively TO).
iii) CK(X,Y) is Tl (respectively TO).
iv) CY(X’Y) is T1 (respectively TO).

v) Cg(X,Y) is T1 (respectively TO).

0’ Tl respectively, then YX (with the Tychonoff
topology) is TO’ Tl respectively. Since C"(X,Y) is a subspace of YX,
CW(X,Y) is respectively TO’ and Tl. Since

CH(X,Y) i_CK(X,Y) j_CY(X,Y) f_Cg(X,Y),
then CK(X,Y), Cy(X,Y), and Cg(X,Y) are respectively TO’ and Tl.

T, respectively, then since

If Cﬂ(X,Y) or CK(X,Y) or CY(X,Y) is TO’ 1
CW(X,Y) i_CK(X,Y) f_Cy(X,Y) j_Cg(X,Y), Cg(X,Y) is TO, 'I‘l respectively.
Therefore, Y is TO, T1 respectively by Theorem 3.2 and 3.3.

Q.E.D.

Theorem 3.6: If Y is T2, then CY(X,Y) and Cg(X,Y) are T2'

2 then YX (with the Tychonoff topology) is TZ' Since
C“(X,Y) is a subspace of YX, CH(X,Y) is T2 also. Since

c, (X,Y) f_CY(X,Y) j_Cg(X,Y),




Cy(X,Y) and Cg(X,Y) are T2 also.

Q.E.D.

Theorem 3.7: The following are equivalent:
i) Y is T2 (respectively T3, T3%).
ii) C"(X,Y) is T2 (respectively T3, T3%).

iii) CK(X,Y) is T2 (respectively T3, T3%).

Proof: Assume Y is T2’ then as in the proof of Theorem 3.6 Cﬂ(X,Y) is
T2, and since Cﬂ(X,Y)li CK(X,Y), CK(X,Y) is T2 also.
If Y is T3, then as done in [7] p. 151, it can be shown that

CK(X,Y) is T An analogous proof shows that CW(X,Y) is T3.

3
If Y is T3L’ then Y is uniformizable. But as was emphasized in
2
Chapter I, this makes Cn(X,Y) and CK(X,Y) uniformizable. Consequently,
Cﬂ(X,Y) and CK(X,Y) are TB%'
Assume C"(X,Y) or CK(X,Y) is T2, T3, T3% respectively. Then by
Theorem 3.4 ¢:Y———*CT(X,Y) where t = m, k is an embedding, and therefore,

Y can be treated as a subspace. Consequently Y is T2’ T3, TB%

respectively.

Q.E.D.

Theorem 3.8: If Y is Tychonoff, then Cu(X,Y) is Tychonoff and Cm(X,Y)

is at least T2.

Proof: TIf Y is Tychonoff, then Y is uniformizable, and consequently
Cu(X,Y) also. Therefore, Cu(X,Y) is Tychonoff.

If Y is Tychonoff, CK(X,Y) j_Cm(X,Y) by Theorem 1.4.2. But by
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Theorem 3.7 CK(X,Y) is at least T2, S0 Cm(X,Y) is at least T2 also.

Q.E.D.

Theorem 3.9: If (Y,d) is a metric space, then Cf(X,Y) is Tychonoff.
d

Proof: By theorem 1.5.2 Cf(X,Y) is uniformizable. Consequently
d
Cf(X,Y) is Tychonoff.
d
Q.E.D.



CHAPTER IV

COUNTABILITY PROPERTIES

In metric spaces the concept of Lindelgf, second countable, and
separable coincide. Here, we will list some necessary and sufficient
conditions for CT(X,Y) to be second countable, separable, and/or
Lindelof for all the topologies T we are considering in this paper.

A topological space X has a metrizable compression if its topology
contains some metrizable topology on X. Such a space is also called
submetrizable. A similar definition can be given for a space to have a

separable metrizable compression.

Theorem 4.1 [13]: If X is a Tychonoff space, then CH(X) is separable if
and only if X has a separable metrizable compression.

A space X is a Urysohn space if C(X) separates points of X.

Theorem 4.2 [12]: If X is a Urysohn space, then CK(X) is separable if

and only if X has a separable metrizable compression.

Lemma 4.3 [12]: If X is locally compact, then:

i) If X and Y are second countable, then CK(X,Y) is second

countable.

ii) If CK(X) is second countable, then X is second countable.

Theorem 4.4: If X is locally compact, and Y is a topological space

containing an arc, then CK(X,Y) is second countable if and only if X and

Y are second countable.
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Proof:

(—) Let P be an arc in Y with end points Pgs P> and put

P="P - {po,pl}. Then CK(X) is second countable, since

Therefore, by Lemma 4.3(ii), X is second countable.

3.4, Y = 9(Y) € CK(X,Y), so Y is second countable.

Lemma 4.5 [3]:

only if Cd(X) is second countable.

Theorem 4.6:

trivial path.

i)

ii)

iii)
iv)
v)
vi)
vii)
viii)

ix)

xi)

(+——) This is Lemma 4.3(i).

c X = cK(x,ﬁ) € C (X,Y).

Also, by Theorem

Q.E.D.

Let X be Tychonoff, then X is compact and metric if and

Let X be Tychonoff, and (Y,d) a metric space with non-
Then the following are equivalent:

X is compact metric, and Y is second countable
(equivalently separable, Lindelgf).

Cd(X,Y) is second countable (equivalently separable,

Lindelof).

Cf(X,Y) is second countable.

d
Cf(X,Y) is
d
Cf(X,Y) is
d

separable.
Lindelof.

CY(X’Y) is second countable.

CY(X,Y) is separable.
C, (X,Y) is Lindelof.

Cm(X,Y) is second countable.

Cm(X,Y) is separable.

c (X,¥) is Lindelof.
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xii) Cg(X,Y)Ais second countable.
xiii) Cg(X,Y) is separable.

"
xiv) Cg(X,Y) is Lindelof.

Proof: (i—j where j = ii, iii,...,xiv) Since X is compact, then by
Theorems 2.1.1 and 2.1.3, CK(X,Y) = Cd(X,Y) = Cg(X,Y). So
CK(X,Y) = CT(X,Y) for t = d,fd,y,m, or g by the lattice structure on
page 10. Now since both X and Y are second countable, then by Lemma
4.3, CK(X,Y) = CT(X,Y) are second countable. But since Cd(X,Y) is
metric, CT(X,Y) = Cd(X,Y) are also separable and Lindelof.

(xii——xiii,xiv), (ix—x,xi), (vi—vii,viii), and
(iii——iv,v) This is obvious, since second countable always implies
both separable and Lindelgf.

(j——ii, for j = iv, v, vii, viii, x, xi, xiii, xiv) This is
immediate, since for any two topologies 21,002 set Z, if (Z,Tl)
is separable (respectively Lindelgf), then (Z,Tz) is separable
(respectively Lindelgf).

(ii——1) Let P be an arc in Y with end points PysPys and put
P="P « {po,pl}. Then Cd(X) is second countable, since

Cq(X) =cd(x,f>) S C (X,Y).

Consequently, by Lemma 4.5, X is compact and metric. But by Theorem 3.4,
Y = ¢(Y) € Cd(X,Y), so Y is second countable.

Q.E.D.



CHAPTER V

COMPLETENESS

In this chapter, we want to discuss some completeness properties
for function spaces. The terms we will be using are '"complete' both as
a uniform space and as a metric space, "Cech-complete", "pseudo-complete’,
and "Baire".

If (Y,d) is a metric space, then a sequence {xn} is Cauchy; if for
every €> 0 there is an N such that, if n,m > N then d(xn,xm) <e¢ . A
metric space (Y,d) is complete if every cauchy sequence converges in Y.
A topological space is completely metrizable if there can be found a
complete metric on Y which generates the same topology.

If (Y,u) is a uniform space, then a net {XA}A e A is Cauchy; if
for every D € p there is a XO e A such that, if Al,kz Z-AO then
(xxl,xxz) € D. A uniform space (Y,u) is complete if every cauchy net
converges in Y. If (Y,d) is a metric space, and u is a uniformity
generated by d, then (Y,u) is complete as a uniform space if and only
if (Y,d) is complete as a metric space.

A Tychonoff space Y is Cech-complete if Y is GG in BY. In [5], it
is shown that closed and Gé subspaces of Cech-complete spaces are Cech-
complete. In metrizable space, Cech-complete is equivalent with
completely metrizable.

A pseudo-base for Y is a collection of non-empty open subsets of Y
such that every non-empty open subset of Y contains a member of this
collection. A space is quasi-regular if every non—empty open set contains

the closure of some non-empty open set. A space is pseudo-complete
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provided that it is a quasi-regular space having a sequence'{F;} of

pseudo-bases such that if Pn € P; and cl(P c Pn for each n, then

n+1)

©
n Pn # @. Closed subsets of pseudo-complete spaces are not necessarily
;;iudo—complete. As is indicated in [1], a metrizable space, in fact a
Moore space, is pseudo-complete if and only if it contains a dense
completely metrizable subspace. Cech-complete implies pseudo-complete.

A space Y is said to be Baire if for any countable collection {An}
of closed sets in Y such that int(An) = (), the union has empty interior.
It is a well known result that, Y is Baire if and only if every open set
in Y is second category (in itself). It can be easily seen from this,
that open subspaces of Baire spaces are Baire, but closed subspaces are

not necessarily Baire. Also, it should be noted that, pseudo-complete

implies Baire.

Theorem 5.1: If ¢ is the embedding from Y to CT(X,Y) where T = m, «,

or u in Theorem 3.4 and Y is T2, then ¢(Y) is closed in CT(X,Y).

Proof: Because of the lattice structure on C(X,Y), we need only show

that ¢(Y) is closed in C“(X,Y). If £ ¢ ¢$(Y), then there are x, # X,
such that f(xl) # f(xz). Since Y is T2, there are disjoint open sets

V, and V

1 in Y respectively containing f(xl) and f(xz). But

2
(xl,Vl) n (xz,Vz) is an open neighborhood of f in Cn(X,Y) containing no -

constant functions, and so ((I)(Y))C is open.

Q.E.D.

Theorem 5.2: If CT(X,Y) is a complete uniform space where v = w, k, or

U
u, then (Y,u) is a complete uniform space.
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Proof: It is easy to see that'{yk} is a cauchy net in Y if and only if
{§A} is a cauchy net in ¢(Y). But ¢(Y) is closed in the complete space
CT(X,Y), sol{§k} converges to a point y in ¢(Y). Consequently, {yx}

u
converges to the point y in Y, and Y is complete.

Q.E.D.

Theorem 5.3: (Y,u) is a complete uniform space if and only if Cu(X,Y)

is a complete uniform space.

Proof: This follows immediately from Theorem 5.2 and [18] on page 281.

Q.E.D.
A topological space X will be called a kR-space if continuity on

compact subsets implies continuity.

Theorem 5.4: If X is a kR—space, then CK(X,Y) is a complete uniform
u
space if and only if (Y,u) is a complete uniform space.

Proof: This follows immediately from Theorem 5.2 and [18] pages 285-286.
Q.E.D.
Because of Theorem 5.2, we might wonder if the condition in
Theorem 5.4, that X be a kR—space, could be weakened. The next theorem

indicates that it, in fact, can not be weakened.

Theorem 5.5 [2]: If X is Tychonoff, then X is a kR—space if and only 1if

CK(X) is complete.

Theorem 5.6: (Y,d) is complete metric if and only if Cd(X,Y) is complete

metric.
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Proof: (——) If (Y,d) is complete metric, let {fn} be a cauchy
sequence in Cd(X,Y). "So for all x ¢ X, {fn(x)} is cauchy in Y. But
(Y,d) is complete, so there is an f(x) such that fn(x)-——+f(x). It can
easily be seen that f ¢ C(X,Y) and fn—~—»f in Cd(X,Y).

(+—) Now ¢(Y) is closed in Cd(X,Y). So if Cd(X,Y) is complete
metric, then so too is ¢(Y). But d(yl,yz) = 5(51,52), and Y is complete.

Q.E.D.

Theorem 5.7: For Y Tychonoff, if Cu(X,Y) is Cech-complete then Y is

Cech—-complete.

Proof: Now Y = ¢(Y), and ¢(Y) is closed in Cu(X,Y). But closed sub-
spaces of Cech-complete spaces are Cech-complete. Therefore ¢(Y) and

Y are Cech-complete.

Q.E.D.

Theorem 5.8: If (Y,d) is complete metric, then Cf(X,Y) is a Baire space.
d

Proof: Let {Fn} be a sequence of closed meager sets in Cf(X,Y), and
d
B(fO,GO) be an arbitrary basic open set in Cf(X,Y). We want to show
d

that there is a function f ¢ B(fO,EO) such that f ¢ Fn for any n; that
is, that B(f;,€)) £ UF_.

Pick f1 € B(fO,EO/B) such that f1 ¢ Fl’ and choose El-i min{1,€0/3}
such that B(fl,Gl) n F, = @. It is easily seen that B(fl,El) < B(fO,GO).
Pick f2 € B(fl,El/S) such that f2 ¢ FZ’ and choose 62'5 €1/3 such that
B(fz,E ) F\FZ = (. Again, it is easily seen that B(f2,€2) c B(fl,el).

Assume f, and €, have been chosen such that f. ¢ F., £. ¢ B(f. ,6, ),
N h| k| i’ 73 j-1’ j-1

éj 5'63_1/3, B(fj,Gj) N Fy = @, and B(fj,Gj) c B(fj_l,Gj_l) for all
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j=1,2,...,i. Pick f ;¢ B(fi’ei/3) such that f, . ¢ Foi1e and choose

) ¢

€ 5_61/3 such that B(f

)N Fi+1 = (. Again B(f

i+1 1+1°€141 1+1°€441

B(fi,ei), and it is easily seen that if g e B(f l), then

j+l’€j+
d(g(x),fj(x)) < 2€j(x)/3 for each j = 1,2,...,1.

So'{fn} has been defined inductively; and for each N and x e X,
d(fn(x),fm(x)) < 2/3N for allAn,m > N. Consequently, {fn(x)} is cauchy
in Y. Since Y is complete, there is an f(x) such that fn(x)———+f(x).
It is easily shown that f ¢ C(X,Y), and we need only show that

fe 'ﬂ B(fi,Gi).
i=1

If x ¢ X, we want to show that d(f(x),fi(x)) < Gi(x). So let i be

fixed but arbitrary. Since f(x) = lim fn(x), there is an N such that
n->-oo

d(f(x),fn(x)) < €i+l(x) for alln > N. If n > N, i+1, then

fn e B(f ), and d(fn(x),fi(x)) < ZEi(x)/B. Therefore,

i+1’€i+1
d(£(x), £, (¥) < d(E@),E (1) + d(f (x),£; (X))

A

€i+l(x) + 2€i(x)/3

A

€, (/3 +2€, (/3

= ei(x).

=]

Therefore, f ¢ B(f,,£.) for all i, and f ¢ U F_.
i’ i =1 P

Q.E.D.

However, Cf(X,Y) (or Cd(X,Y)) Baire does not even imply that Y is
d

pseucocomplete, much less complete metric. To see this, pick X to be a
one point set and (Y,d) to be Baire but not pseudo-complete. Here

Y = Cf(X,Y) = Cd(X,Y). It is also my suspicion that we can find a metric

d
space (Y,d) which is not Baire but such that Cf(X,Y) (or Cd(X,Y)) is
d

Baire.



A metric space (Y,d) is convex if for each Xq # 3 there is an
Xy such that d(xo,x%) = d(x%,xl) = %d(xo,xl). So let X # Xy be two
fixed points in the convex metric space (Y,d). We will define
inductively a one-to-one correspondence between the diatic rationals
D in [0,1] and Z € Y such that for each t, t' in D with t < t', we have
d(xt,xt,) = (t' - t)d(xo,xl).

{0,1}, and Z. = {x

(k = 0) Put D 0 O,xl}.

0 There is an Xy such that

d(xq,xy) = d(xy,x;) = %d(xo,xl).

,and Z, =2,  UZ

(k = 1) Put Dl 1 0 1

(%), Z, = {x%}, D, = 50 U ﬁl

For each tl’ t, € Dl’ t - tl)d(x ). Now

2 0°*1
there are Xy, X3 such that d(xo,x%) = d(x%,x%) = %d(xo,x%) = %d(xo,xl),
and d(x%,x%) = d(x%,xl) = %d(x%,xl) = %d(xo,xl). Thus

d(xgoxg) < d(xpoxy) + day,%3)

= %d(xy,%;) + %d(x,%,)

%d(xo,xl), and
d(xo,xl) < d(xo,x%) + d(x%,xl)
= d(xo,x%) + %d(xo,xl).
So d(XO’x%) z_%d(xo,xl), and d(xo,x%) = %d(xo,xl). It can similarly be
shown that d(x%,xl) = %d(xo,xl).
(k = 2) So put 52 = {%,3}, 22 = {x%,x%}, D, =D U 52, and
t

z, = 2; U Zy. Now for t e D, with £ 2ty d(x

1° "2 2 t t
9 tl)d(xo,xl).

(Assume true for k = n) That is, if ﬁn = {a/Zn: 0 < ac< 2n, and

n
a odd}, Dn = Dn U Dn—l = ngDj, Zn = {xt: t e Dn}, then for ti»
t, € Dn with t; <ty d(xtl,xtz) = (t2 - tl)d(xo,xl).
(Show for k = n+l) Put ﬁn+1 = {a/2n+1: 0 <ac< 2n+1, a odd}. To
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define Z let t be a fixed but arbitrary element in Bn+1’ put

n+l’
n+l

t, =t - 1/2 and t, = t + 1/2

n+1
1 2 ‘

The symbols indicated here will

be referred to as (*). Now there is an X, such that d(xt ,xt) =
1

d(x_,x. ) = ¥d(x. ,x. ) = (1/2%1yd(x.,x.). So for t, t,, and t, in (¥),
t t2 tl t2 0’71 1 2

d(xtl,xt) = (t - tl)d(xo,xl) and d(xt,xtz) = (t2 - t)d(xo,xl). Therefore,

put 2n+l = {xt: t e Bn+1}’ and it will be shown in Lemmas 5.9 and 5.10

that the formula holds for k = n+1.

Lemma 5.9: i) If t ¢ D . and t' < t with t' ¢ Dn’ then d(xt.,xt) =

1
(t - t')d(xO,Xl).

ii) If t e 5n+ and t < t" with t" € D, then d(xt,xt,,) =

1
(" - t)d(xo,xl).

Proof: i) Let t, tl’ and t2 be as in (*). Then t' i-tl <t < t2’ and
d(xt'.xt) < d(xtv ’xtl) + d(xtl,xt)

— ' —-—
(t1 t )d(xo,xl) + (t tl)d(xo,xl)

(t - t')d(xo,xl).
Also d(xt"xtz)-i d(xt,,xt) + d(xt,xtz), so
— ' -
(t2 t )d(XO’xl)-i d(xt,,xt) + (t2 t)d(xo,xl). Therefore,

d(x xt) z_(t2 - t')d(xo,xl) - (t2 - t)d(xo,xl) = (t - t')d(xo,xl),

t"
= 4t
and d(xt,,xt) = (&t - t )d(xo,xl).

be as in (*). Then t, <t < t, < t", and

ii) Let t, ts and t 1 2

2

I A

d(xt’xt") d(xt’xtz) + d(xtz’xt")

(t2 - t)d(xo,xl) + (" - tZ)d(XO’xl)

= (t" - t)d(xo,xl .
Also d(xtl,xt") i d(xtl,xt) + d(Xt,th), sSO (t" - tl)d(xo’xl) i
(t - tl)d(xo,xl) + d(xt,xt"). Therefore,
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d(xt,xt"),z (" - tl)d<xo,xl) - (t - tl)d(xo,x1> = (t" - t)d(xo,xl),
and d(xt,xt") = (" - t)d(xo,xl).
Q.E.D.

Lemma 5.10: If t', and t" are in Bn+l’ and t' < t", then d(xt,,xt") =

t" - t')d(xo,xl).

Proof: We need only show the formula works for the case t' < t'". Pick

(ad]
-

t* e D_ such that t' <t < t" < t*, then by Lemma 5.9

)

d(xtv axtn) < d(xt' ,XE) + d(xE’xt"

(t - t')d(xo,xl) + (&" - E)d(xo,xl)

"o t
(t t )d(xo,xl).

Now d(x xt*)-i d(xt.,xt") + d(xt",xt*), so by Lemma 5.9

t"
(t* - t')d(xo,xl) f-d(xt"xt") + (t* - t")d(xo,xl). Therefore,

dx eox ) 2 (8% = t1)d(xy,x)) = (t% - t")d(xy,x)) = (t" - ') d(xy,x,),
and d(xt,,xt") = (t" - t')d(xo,xl).

Q.E.D.

[

[+ ]
So the diatic rationals D = U Dn’ and we define Z = UO Zn'
n=0 n=

Theorem 5.11: If Y is convex, metric and X, # x, in Y, then if D is

1

the diatic rationals in [0,1], there is a subset Z of Y and a one-to-

one function ¢:D22£2+Z such that ¢(t) = X, and for t' < t", d(xt.,xt") =

" - t')d(xo,xl). In particular, if t is a diatic rational such that

0 <t <1, then d(XO’xt) = td(xO,xl) and d(xt,xl) = (1 - t)d(xo,xl).

Proof: The proof is done by induction. We define the sets Dn and Zn
inductively as was done in pages 34-35. Then Z is defined as was done

above, and the function ¢ is defined inductively on the sets Bn by




p(t) = X, as was done on pages 34-35. The equality was shown to hold
for k = 0,1,2 on page 34. Assuming the equality holds for k = n,
it is shown to also hold for the case k = ntl in Lemmas 5.9 and 5.10.

Therefore, by induction it holds on all of D.

Q.E.D.

Theorem 5.12: If (Y,d) is a complete, convex metric space, and

X, # X € Y, then there is a one-to-one function ¢:[0,1]2252+Z € Y such

that if r' < r", then d(xr.,xr") = (" - r')d(xo,xl).

Proof: Let r be a fixed but arbitrary element in [0,1]. Then there is

a sequence {di} <D such that di———+r. Now since'{xd } is cauchy and

i
since Y is complete, there is an X, € Y such that X4 ——-+xr.
i
Put Z = {xr: r ¢ [0,1]}, and ¢(r) = X - It is only necessary to

show the formula works for r' < r". So let {di} and {d;} be two

sequences such that d!——r' and d!—r". But x,,—X_, and X ,—X_u,
i i di T di r
and there is an N such that for all i > N df > dj. So
d(Xrl,xr") = lim d(xd"xdll)
i i i

1->00

= 1im d(x,,,Xn)
i di di
1>N

= 14 no_ ot
lim (di di)d(XO’xl)
{00
i>N
= (" - r')d(xo,xl).
Q.E.D.

The following two lemmas will relate the concept of closure in

Cféx,Y) and Cd(X,Y). If F € C(X,Y), then closure in Cféx,Y) will be
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written clf(F), and closure in Cd(X,Y)_will be written clu(F). Also
keep in mind that B(g,€) = {f: d(f(x),g(x)) < €(x) for all x ¢ X}
where € ¢ C(X,R+) and Rf signifies all positive real numbers, while

S(g,€) = {f: d(£f(x),g(x)) < € for all x ¢ X} where € ¢ R+.
Lemma 5.13: If h e clu(B(g,G)), then d(g(x),h(x)) < €(x) for all x e X.

Proof: Assume the hypothesis is true and the conclusion is false. So
there is an Xy € X such that d(g(xo),h(xo) > €(x0). Put
1= d(g(xo),h(xo)) - E(xo), and k € S(h,1). Then d(h(x),k(x)) < 1 for
all x € X, and in particular, d(h(xo),k(xo)) < 1. Now

d(g(xp),h(xg)) < d(g(xg) k(xg)) + d(k(xg) ,h(xy))

< d(g(xo),k(xo)) + 1. Therefore

d(g(xy) sh(xg)) < d(g(xy),k(xy)) + d(g(xy),h(xy))) - €(x,), and
- d(glxy),k(x))) > €(xy). Therefore k e (B(g,€)°, and S(h,1) & (B(g,€))°,
which is a contradiction.

Q.E.D.
A metric space Y is said to have the unique convergence property if
for each r ¢ [0,1], x # y; d(zn,x)———+d(z0,x) = rd(x,y), and
d(zn,y)-——+d(zo,y) = (1 - r)d(x,y) implies z —z,. In a complete,
convex metric space Y with the unique convergence property, there is for
each r € [0,1] a unique zq such that d(zo,x) = rd(x,y) and d(zo,y) =

(1 - r)d(x,y) for each pair of distinct points x, y € Y.

Lemma 5.14: If Y is a complete, convex metric space with the unique

convergence property, then clu(B(f,E)) = clf(B(f,E)).

Proof: (2) Now clu(B(f,E)) is a closed set in Cd(X,Y) containing B(f,g),




S0 clu(B(f,E)) is a closed set in Cf(X,Y). Since clf(B(f,e)) is the
d

smallest closed set in Cf(X,Y) containing B(f,€), clf(B(f,E)) c
d
clu(B(f,G)).

(S) let g ¢ clu(B(f,é)), and B(g,8) a basic neighborhood of g in

Cf(X,Y). We need only find k ¢ b(g,8) n B(f,g€). Put
d
d(f(x),g(x)) 8 (x) }
€(x) P d(f(x),g(x)) + 1 7

p(x) = min {

and define k(x) to be that unique z such that d(g(x),z) = p(x)d(f(x),g(x))
and d(£(x),z) = (1 - p(x))d(f(x),g(x)).

If £(x) = g(x), then d(g(x),z) = 0 < 6(x). If f(x) # g(x), then
d(g(x),z) = p(x)d(£(x),g(x))

< §(x)
—d(f(x),g(x)) + 1

< §(x).

d(f(x),g(x))

Therefore d(g(x),k(x)) < §(x).

If f(x) = g(x), then d(f(x),2z) = 0 <€(x). If f(x) # g(x), then
d(f(x),z) = (1 - p(x))d(f(x),g(x))

< d(f(x),g(x))
< €(x) by Lemma 5.13.
Therefore d(f(x),k(x)) <€ (x).

Consequently, we only need to show that k € C(X,Y). So let €> 0,
and let X be a fixed but arbitrary element in X. Since Y has the unique
convergence property, there is a 6 > 0 such that if
Id(z,g(xo)) - d(zo,g(xo))| < §, and ld(z,f(xo)) - d(zo,f(xo))!< §; then
d(z,zy) < € Since p(x)d(£(x),8(x)) and (1 - p(x))d(£(x),g(x)) are
continuous, there is an open neighborhood U1 of X such that if x € Ul’

then |p(x)d(£(x),8(x)) - p(x)d(£(xy),8(xy))| < §/2, and
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| (1 - p(x))d(£(x),g(x)) - (1 - p(xg))d(f(xy)),8(x))| < §/2. That is,
[d(g(x),k(x)) - dglxy) k(x| < 6/2, and

|d(£(x),k(x)) - d(f(xo),k(xo))] < §/2. Since g(x) and f(x) are contin-
uous, there is a U2 such that if x ¢ U2’ then d(g(x),g(xo)) < 6/2 and
d(£(x),£(xy)) < 6/2. So if x e U= Uy NU,, it can be shown by
manipulating the inequalities, that ld(f(xo),k(x)) - d(f(xo),k(xo))l < 8§,
and ld(g(xo),k(x)) - d(g(xo),k(xo))[ < §; and therefore

d(k(x),k(xo)) < €. Consequently, k is continuous at g

Q.E.D.

Theorem 5.15: If Y is a convex metric space with the unique convergence

property, then (Y,d) complete implies Cf(X,Y) is pseudo-complete.
d

Proof: Since Cf(X,Y) is Tychonoff, Cf(X,Y) is certainly quasiregular.
d

So define $; = {B(f,©): €< l/2n}, and assume {B(fn,en)} is such that
Bifn,én) € Pn and clf(B(fn+l,en+l) c B(fn,en). We need only show that
N B(fn,en) # @¢. Now {fn} is a cauchy sequence in Cd(X,Y). But Cd(X,Y)

n=1
is complete, so there is an f ¢ C(X,Y) such that fn———+f in Cd(X,Y)

However, for each n, fm € B(fn+1’€n+l) for all m > n, and since fn~——+f

clf(B(f )) by Lemma 5.14

n+l’€n+1
B(fn,En).

in Cd(X,Y), we have f ¢ clu(B(fn+l,€n+l))

in

Therefore £ ¢ 0 B(f ,€_ ), and C_(X,Y) is pseudo-complete.
n=1 n’™n fd
Q.E.D.

Corollary 5.16: If Y = R" with the usual metric d, then Cf(X,Y) is
d

pseudo-complete.
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It is also my suspicion that the unique convergence property
occurs in Banach spaces, and if this is true, the result of Corollary
5,16 will also hold for Banach spaces Y.

Now Cféx,Y) (Cd(X,Y)) pseudo-complete does not imply that Y is
complete metric. To see this, pick X to be a single point set, and
(Y,d) to be pseudo-complete but not complete. Also, Y in Theorems 5.4,
5.6, 5.8, and 5.15 can not be weakened to pseudo-complete. In [10]
there is defined a pseudo-complete separable metric space Y such that
C"(I,Y), CK(I,Y), and Cd(I,Y) = Cf(I,Y) where I = [0,1] are first

d
category, and therefore obviously not Baire.
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THE FINE TOPOLOGY AND OTHER

TOPOLOGIES ON C(X,Y)
by

Anthony D. Eklund
(ABSTRACT)

The fine topology on C(X,Y) is defined as the topology generated
by basic open sets B(f,€) = {g: d(f(x),g(x)) < €(x) and x ¢ X} where
f e C(X,Y), d is a metric on Y, and €is a positive continuous real
valued function on X. This topological space is denoted by Cféx,Y)

(or Cf(X,Y) if the metric d is understood), and the topology is an
obvious refinement to the topology for the uniform space Cd(X,Y).

The fine topology is shown to fit in with the lattice of topologies
on C(X,Y) which include the point-open and compact-open topologies, the
open cover topology, and both the graph and m-topologies. The
m-topology is the topology generated by basic open sets N(C) where C is
a cozero set in X x Y.

A characterization is made as to when Cféx,Y) = Cd(X,Y), and
similar characterizations are noted between other topologies in the
lattice. Separation properties are discussed for the topologies in the
lattice, and it is shown, in particular, that Cf(X,Y) is Tychonoff.
Also, a characterization is made as to when Cf(X,Y) is second countable

(separable, Lindelof), and some conditions are introduced which force

Cf(X,Y) to be pseudo-complete.



