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Immersed Finite Elements for a Second Order Elliptic Operator
and Their Applications
Qiao Zhuang
(ABSTRACT)

This dissertation studies immersed finite elements (IFE) for a second order elliptic operator
and their applications to interface problems of related partial differential equations.

We start with the immersed finite element methods for the second order elliptic operator
with a discontinuous coefficient associated with the elliptic interface problems. We introduce
an energy norm stronger than the one used in [111]. Then we derive an estimate for the
IFE interpolation error with this energy norm using patches of interface elements. We prove
both the continuity and coercivity of the bilinear form in a partially penalized IFE (PPIFE)
method. These properties allow us to derive an error bound for the PPIFE solution in the
energy norm under the standard piecewise H? regularity assumption instead of the more
stringent H? regularity used in [111]. As an important consequence, this new estimation
further enables us to show the optimal convergence in the L? norm which could not be done
by the analysis presented in [111].

Then we consider applications of IFEs developed for the second order elliptic operator to
wave propagation and diffusion interface problems. The first application is for the time-
harmonic wave interface problem that involves the Helmholtz equation with a discontinuous
coefficient. We design PPIFE and DGIFE schemes including the higher degree IFEs for
Helmholtz interface problems. We present an error analysis for the symmetric linear/bi-
linear PPIFE methods. Under the standard piecewise H? regularity assumption for the
exact solution, following Schatz’s arguments, we derive optimal error bounds for the PPIFE
solutions in both an energy norm and the usual L? norm provided that the mesh size is
sufficiently small.

In the second group of applications, we focus on the error analysis for IFE methods de-
veloped for solving typical time-dependent interface problems associated with the second
order elliptic operator with a discontinuous coefficient. For hyperbolic interface problems,
which are typical wave propagation interface problems, we reanalyze the fully-discrete PPIFE
method in [143]. We derive the optimal error bounds for this PPIFE method for both an
energy norm and the L? norm under the standard piecewise H? regularity assumption in
the space variable of the exact solution. Simulations for standing and travelling waves are
presented to corroborate the results of the error analysis. For parabolic interface problems,
which are typical diffusion interface problems, we reanalyze the PPIFE methods in [113].
We prove that these PPIFE methods have the optimal convergence not only in an energy
norm but also in the usual L? norm under the standard piecewise H? regularity.



Immersed Finite Elements for a Second Order Elliptic Operator
and Their Applications

Qiao Zhuang

(GENERAL AUDIENCE ABSTRACT)

This dissertation studies immersed finite elements (IFE) for a second order elliptic operator
and their applications to a few types of interface problems.

We start with the immersed finite element methods for the second order elliptic opera-
tor with a discontinuous coefficient associated with the elliptic interface problem. We can
show that the IFE methods for the elliptic interface problems converge optimally when the
exact solution has lower regularity than that in the previous publications.

Then we consider applications of IFEs developed for the second order elliptic operator to
wave propagation and diffusion interface problems. For interface problems of the Helmholtz
equation which models time-Harmonic wave propagations, we design IFE schemes, including
higher degree schemes, and derive error estimates for a lower degree scheme. For inter-
face problems of the second order hyperbolic equation which models time dependent wave
propagations, we derive better error estimates for the IFE methods and provides numeri-
cal simulations for both the standing and traveling waves. For interface problems of the
parabolic equation which models the time dependent diffusion, we also derive better error
estimates for the IFE methods.
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Chapter 1

Introduction

Many simulations in science and engineering are carried out in domains consisting of different
media separated by curves or surfaces, from which interface problems arise. We begin this
introductory chapter with a description of typical second order elliptic interface problems
and a brief survey about their applications. Then, we review some numerical methods for
interface problems, including immersed finite element (IFE) methods. After that, we describe
additional studies of IFEs for a second order elliptic operator and related applications carried

out in this thesis. At last, we outline the layout of the thesis.

1.1 Second Order Elliptic Interface Problems and Some

Applications

We consider a domain  C R? (d = 1,2,3) that is divided by an interface I' into two
subdomains: 2~ and Q. We assume that each of the subdomains is formed by one material

such that the diffusion coefficient 8 of () is a piecewise positive constant function:

p= for X € Q,
B(X) = (1.1)
BT for X € QF.
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In Q, we consider the following typical second order elliptic boundary value problem (BVP):

~V - (BVu) = f, Q=0 UQt, (1.2a)

u=yg, on . (1.2b)

Because of the discontinuity in the diffusion coefficient 3, the exact solution u to the boundary

value problem is a piecewise function

(x) u- for X € Q7|
u =
ut for X € QF,

that is assumed to satisfy the following jump conditions across the interface I':

[ulp == u'|p—u|pr =0, (1.2¢)

[BVu-n], = *Vu'-n|r -4 Vu -nlp =0, (1.2d)

where n is the unit normal vector to the interface I', and the restriction of a function onto I
is in the sense of its trace. From now on, we call the problem described by (1.2) the second

order elliptic interface problem.
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Bt

Figure 1.1: The domain of the interface problem

There are many applications that involve this model interface problem. One example is
the particle-in-cell method for plasma particle simulation [40, 70, 87, 88, 151] where the
electrostatic potential field u is modeled by the interface problem described by (1.2). Another
example is to solve some inverse problems associated with the interface problem (1.2) by
shape optimization [61, 65, 125, 133, 146] where we need to minimize a cost functional
J (T, u(T")) subject to the model interface problem (1.2) whose solution yields a value of
this cost functional for each interface I'.  We note that in a shape optimization, a chosen
optimization algorithm repeatedly drives the interface from one configuration to another

such that the associated interface problem (1.2) has to be solved at each iteration.

1.2 An Overview of IFE Methods

To solve the interface problems numerically with optimal convergence by traditional finite el-
ement methods, body-fitting meshes are usually employed for discretization [16, 23, 37, 142].
An important requirement of body-fitting mesh is that the mesh has to be tailored to fit
the interface: each element is essentially located on one side of the interface. In other
words, the mesh suitable for using a traditional finite element method to solve an interface

problem is interface dependent. This requirement, however, impedes the efficiency of finite
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element methods, especially in applications where the interface varies because of physical
laws [99, 137] or the set-up of specific algorithms (for instance, those for shape optimization
[27, 130]). Under those circumstances, meshes have to be repeatedly regenerated, which can

be very time consuming.

To remove the burden of remeshing, numerical methods based on interface independent
meshes have been developed, such as immersed interface methods (IIM) [97, 101, 102] and
matched interface and boundary method (MIB) [136, 153] in finite difference approach; and
difference potentials methods (DPM) based on difference potentials approach [25, 129]. As
for methods based on finite element approach, they can be classified into two categories. The
methods in the first category modify the weak formulation near the interface, for instances,
unfitted finite element methods [18, 66, 69] using Nitsche’s penalty along the interface and
cut finite element method (CutFEM) [29, 138] adding stabilization terms to control the jump
of the finite element functions near the interface. The methods in the second category modify
the local shape functions on the interface elements, such as the partition of unity method
[15], extended finite element methods (XFEM) [18, 29, 117], and multi-scale finite element
methods (MsFEMSs) [39, 80]. Immersed finite element (IFE) methods discussed in this thesis

also belong to the second category.

We now provide an overview about immersed finite element methods (IFE), which are nontra-
ditional finite element methods developed recently for solving interface problems on meshes
independent of the interfaces. The basic idea of IFE methods is, as it is illustrated in Fig-
ure 1.2, to use standard polynomials as local IFE shape functions on non-interface elements,
but employ Hesie-Clogh-Tocher type macro polynomials [22, 41] as the local IFE shape func-

tions on interface elements which satisfy the jump conditions in some weak sense.
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Figure 1.2: IFE shape function on left: non-interface element; right: interface element.

Instead of fitting the interface with the mesh, IFE methods adapt the interface with special
finite element functions constructed on the interface elements, which enable IFE methods to
solve interface problems on highly structured interface-independent meshes, such as Carte-

sian meshes.

A key issue in an IFE method is the construction of an IFE space according to the interface
jump conditions. We use two dimensional IFE spaces to explain the basic ideas for construct-
ing IFE shape functions in terms of macro polynomials. We start from the construction of
lower degree two dimensional IFE spaces, including the linear IFE spaces [54, 94, 100] and
the bilinear IFE spaces [70, 71, 107], that relies on an approach such that all the jump con-
ditions are imposed on a line that connects the intersection points of the interface and the
boundary of the element (i.e., the linear approximation of the curve I'), as shown in Fig-
ure 1.3. One reason for this approach is that the IFE shape function on an interface element
is supposed to be a piecewise polynomial which does not necessarily satisfy the interface
jump condition across the interface curve unless the interface has a simple geometry. The

IFE spaces constructed using this approach are proved to have the optimal approximation
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capabilities [72, 100]. However, the linear approximation of a curve has an intrinsic O(h?)
limitation that hinders the application of this approach to higher degree polynomials. Thus
imposing the jump conditions along the interface I is a viable idea to construct higher degree
IFE spaces. For example, in recent works [57, 59, 67|, lower order IFE spaces are constructed
by imposing jump conditions along the interface, and the optimal orders of approximation

capability are proved for those IFE spaces.

But there is still an issue for developing higher degree IFE spaces: the original jump condi-
tions (1.2c¢) and (1.2d) are not enough to determine the degree of freedom in a higher degree
IFE shape function. To settle this issue, in addition to the original jump conditions (1.2¢c)
and (1.2d), normal extended jump conditions (1.3) and Laplacian extended jump conditions

(1.4) are proposed [3, 6, 128] for constructing higher degree IFE spaces:

du ,
T
' Au .
{ﬁ anj] —0, j=0,1,2---p—2 (1.4)
T

One idea to construct a higher degree IFE shape function is to penalize each interface
condition (including the extended ones) through an L? inner product of a suitably chosen
polynomial space on the interface, and this approach has been employed to construct arbi-

trary p-th degree IFE shape functions [5, 154].
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Figure 1.3: left: triangular interface element; right: rectangular interface element.

Another key issue is a suitable variational formulation for using an IFE space to solve inter-
face problems at the desirable convergence rates. IFE methods in the literature are mostly
for solving second order elliptic interface problems described by (1.2). The earlier works
[70, 71, 100, 104, 107] use the linear or the bilinear IFE space in the classical Galerkin for-
mulation to solve the elliptic interface problems and it has been demonstrated by numerical
results that the IFE solutions have the optimal orders of convergence to the exact solutions
in H' and L? norms. For the purpose of obtaining more stable numerical simulation, inte-
rior penalty ideas are utilized in partially penalized IFE (PPIFE) methods, discontinuous
Galerkin IFE (DGIFE) methods [58, 70, 73, 77, 111, 112, 152], and enriched IFE methods
[8] for solving the elliptic interface problems. It has been proved that these penalized IFE
methods can converge optimally in energy norms provided that the exact solution possess a

sufficient regularity.

IFE methods developed for second order elliptic interface problems naturally extend to in-
terface problems of other related types of partial differential equations, such as the diffusion
interface problems and wave interface problems. For instance, for the diffusion interface prob-

lem based on the standard parabolic equation defined by the second order elliptic operator,
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the authors in [13] investigated IFE methods for semi-linear parabolic interface problems,
proving the optimal convergence for semi-discrete and fully-discrete (backward Euler) solu-
tion. The authors in [113, 144] designed IFE methods with interior penalties (PPIFE and
DGIFE methods) for linear parabolic interface problems, proving the optimal convergence
of the solutions in an energy norm provided that the exact solution has the piecewise- H?
regularity in the space variable. The authors in [56, 76| discussed IFE schemes for parabolic
interface problems with moving interface. For the second order hyperbolic interface prob-
lems, the author in [143] studied PPIFE methods where an optimal error estimate in an
energy norm is provided under the assumption that the exact solution has the piecewise-H?

regularity in the space variable.

IFE methods can also be applied to interface problems based on other types of differential
operators. For example, IFE methods have been applied to solve the interface problems
related to a system of partial differential equations. For interface problems of the time
independent planar elasticity system, authors in [52, 53, 103, 145] investigate linear IFE
methods. Among these works, it has been observed that the proposed nonconforming IFE
methods [52, 103, 145] converge in the L™ norm at the rate of O(h) at least; while the
optimal order of convergence O(h?) in L> norm is observed for conforming IFE methods
in [53]. The authors in [106, 110] also have discussed linear, bilinear and rotated-Q; IFE
methods for planar elasticity interface problems, and numerical examples indicate that these
IFE methods can converge optimally in the L? norm and the semi-H' norm. The optimal
approximation capability of linear, bilinear and rotated-Q); vector IFE spaces for solving
elasticity interface problems is proved in the recent article [60] by a vector multi-point Taylor
expansion. The authors in [64] then use linear and a bilinear vector IFE spaces to develop

a PPIFE method for the planar elasticity interface problems, and they have proved this
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PPIFE method can converge optimally in both an energy norm and the L? norm. As
another extension, an IFE method has been developed for solving the interface problems for
the Stokes system in [4, 32] where the authors propose an immersed (1/Qy finite element
space according to the location of the interface and the related interface jump conditions.
Numerical results generated by this IFE method demonstrates the optimal convergence in
the L? norm and the semi H! norm. Two dimensional Stokes interface problem with moving
interface and axisymmetric three dimensional Stokes interface problem are also solved by
IFE methods in [7, 32]. The authors in [2, 120] propose immersed DG (DGIFE) methods
for solving interface problems described by a first-order hyperbolic system. In these articles,
numerical results demonstrate the optimal orders of convergence and the stability analysis

of the numerical scheme is conducted.

1.3 Topics of the Thesis

The research to be reported in this thesis is for both the development of IFE methods and

their related error analysis. We can put the research projects into two groups.

The first group is about the fundamentals of IFE methods associated with the second order
elliptic operator whose coefficient is discontinuous. We will investigate the conditioning issue
in a least squares framework for the construction of higher degree IFE spaces for solving the
second order elliptic interface problems, which, as we will report later in this thesis, are nec-
essary for solving wave propagation interface problems with a large wave number. Another
research goal in this group is to improve the error estimation for the linear PPIFE method
for the second order elliptic interface problems so that its optimal error bounds follow from
the standard piecewise H? regularity assumption instead of the fastidious piecewise H® reg-

ularity used in the related literature.
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The second group of research projects extend the IFE methods and related analysis to other
types of interface problems in which the partial differential equations involve the second
order elliptic operator. For a Helmholtz interface problem that models time-harmonic wave
propagation in a domain consisting of different materials, we develop a PPIFE method and
a DGIFE method and carry out an error analysis for the PPIFE method in a symmetric
configuration. For a hyperbolic interface problem, we analyze a PPIFE method discussed
in [143] for the interface problems of the second order hyperbolic equation modeling time
dependent wave propagation across a domain formed by different materials. Our new anal-
ysis shows that this PPIFE method can converge optimally in both an energy norm and the
L? with the standard regularity assumption instead of the stringent piecewise H? regularity.
We then move on to reinvestigate the IFE methods in [113] for a parabolic interface problem
which can be considered as the time dependent counterpart of the fundamental second order
elliptic interface problem. Again, we prove that these PPIFE methods can actually converge

optimally in both an energy norm and the L? with the standard regularity assumption.

We now provide a little more descriptions for these research projects to be reported in this

thesis.

1.3.1 Research projects for the fundamentals of IFE methods

A stabilized construction for higher order IFE spaces:

Higher degree IFE methods are desirable for accuracy and for their performance in dealing
wave propagation with a large wave number. The authors in [5] proposed an approach

to construct higher degree IFE spaces based on a least squares framework. In this work,
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the authors reported an issue that the local linear system to determine the coefficients of
IFE shape functions can be very ill-conditioned if one of the subelements partitioned by
the interface is very small. As a consequence, the performance of the methods using this
higher degree IFE space can deteriorate. To deal with this conditioning issue, we propose a
stabilized construction for higher order IFE spaces. This construction method is still based
on the original least squares framework, but we will resort to the idea of element extension
for a better stability. This idea, such as a patch of an interface element introduced in
[39] and a triangular annulus introduced in [67], has been used in numerical investigations of
interface problems on non-body fitting meshes [39, 67]. We plan to construct IFE spaces using
fictitious elements, which are extensions of the original elements. Using fictitious elements
can help avoid the situation that one of the sub-elements is very small, thus improve the

conditioning in constructing higher degree IFE spaces.
An improved error estimation for a linear PPIFE method:

For the model second order elliptic interface problem (1.2), the authors in [111] employed a
piecewise H? regularity assumption for the exact solution to derive an optimal convergence
in an energy norm for the PPIFE solutions. However, given the body force term f € L?(Q),
the exact solution to the interface problem (1.2) only has piecewise H? regularity [45] in
general. This motivates us to investigate whether the PPIFE methods developed in [111] can
converge optimally in an energy norm under the standard piecewise H? regularity assumption
instead of the excessive piecewise H? regularity. In addition, we note that the piecewise H?
regularity assumption in [111] hinders the derivation of the optimal error estimates in L?
norm, although the optimal convergence in L? norm has been numerically observed. We will
prove the optimal convergence of the PPIFE solution for the elliptic interface problem in L?

norm under piecewise H? regularity assumption of the exact solution.
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1.3.2 Research projects for extending IFE methods

There are many real-world interface problems related to the second order elliptic operator.
Two typical applications are of great interest. The first is the wave propagation and the
second is the diffusion process in domains consisting of different materials because partial
differential equations defined by the second order elliptic operator can be used in the related

mathematical models.

Wave propagation is a ubiquitous phenomenon that involves the travels of waves that appear
when an object or a system reacts to a perturbation and transmits it to its neighbors [55].
Interface problems related to wave propagation process can arise in wave diffraction [44, 134],
wave scattering [34, 150], and wave reflection /transmission [21, 38] in composite media. Wave
propagation processes can be simulated by the time-domain and frequency-domain wave
equations, respectively. The second order hyperbolic partial differential equations are typical
time-domain wave equations. Applying the Fourier transform to the hyperbolic equations, we
can convert them to the frequency-domain wave equations such as the Helmholtz equations.
Both the second order hyperbolic equations and Helmholtz equations contain the second
order elliptic operator. Therefore, it is natural to explore how to extend the IFE methods
developed for the second order elliptic interface problems to interface problems arisen in

wave propagation.

Diftusion is the process by which matter is transported from one part of a system to another
as a result of random molecular motions [43]. Interface problems related to diffusion process
can arise in drug transportation [30], geochemical kinetics [140], and molecular dynamics
[116] in heterogeneous media, to name just a few. The diffusion process can be described by
the Fick’s law, the Fick’s first law is used to describe the steady-state diffusion, while the

Fick’s second law is used to describe the non-steady state diffusion [141]. The Fick’s second
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law leads to a parabolic partial differential equation that defines the change in concentration
within a phase due to the process of molecular diffusion [90]. The parabolic equation contains
the second order elliptic operator. Therefore, the techniques used to study IFE methods for
elliptic interface problems are promising for diffusion interface problems governed by the

parabolic equation.
IFE methods and related error analysis for Helmholtz interface problems:

The Helmholtz equation
— Au—wu = f, (1.5)

which arises in many areas in physics such as electromagnetism [91], seismology [92], and
acoustics [50], can be derived by taking the Fourier transformation of the second order
hyperbolic equation which has the following general form

10%(, 1

¢z Ot?

— Ag(x,t) = q(x,t). (1.6)

The Helmholtz interface problems arise in the process of wave propagation in heterogeneous
media. In a suitable physical configuration, the amplitude of the wave can be described by
the Helmholtz equation. Across the interface between two different materials, the amplitude
is required to satisfy the jump conditions [86, 155] imposed according to pertinent physics,
such as the continuity of pressure, the normal velocity or volume flow [21, 38, 86, 149]. These
considerations lead us to consider the following interface BVP for the Helmholtz equation

26, 93, 114]: find u(X) that satisfies the Helmholtz equation and the boundary condition

~V - (BVu) —w*u=f, inQ UQt, (1.7a)

ﬂaaTuQ +iwu =g, on 0, (1.7b)
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together with the jump conditions across the interface [21, 26, 38, 86, 93]:

[ulp == ut|p —u"|p =0, (1.7¢)

[BVu - n]F = tVut -njp — 8 Vu -njr =0. (1.7d)

Here the domain  C R? is divided by an interface curve I' into two subdomains 2~ and
O, occupied by a different material each, with Q = Q- UQF UT, i = v/—1, w is the wave
number, ng is the unit outward normal vector to 92, u® = u|gs, s = £, n is the unit normal
vector to the interface I', and the coefficient S is a positive piecewise constant function

representing different materials such that

B~ for X € O,
B(X) =
Bt for X € QF.

There are many numerical methods for solving the Helmholtz boundary value problems
(BVPs), among them are the classic finite element methods [14, 17, 82, 84]. More sophis-
ticated finite element methods such as the interior penalty Galerkin (IPG) method [28, 47]
and discontinuous Galerkin (DG) method (including interior penalty DG, IPDG for abbre-
viation) [49, 50, 51, 85, 95, 122] have been developed for solving Helmholtz BVPs. Penalty
terms in IPG and IPDG methods can enhance the stability, and DG methods allow efficient
refinement in either the mesh or the finite element degree [42]. The main challenge for the
error analysis for Helmholtz-type problem lies in that the coercivity of the corresponding
bilinear form is not necessarily guaranteed, thus the process of the error analysis for the
elliptic problem might not be applied to the Helmholtz problem directly. In some earlier
works [84, 122, 131], the optimal orders of convergence of numerical solution in the energy

norm or broken H' norm is proved provided that the mesh is fine enough using Schatz’s
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argument. Recently, the authors in [50] show the optimal order of convergence in broken H*
norm and sub-optimal order of convergence in L? norm without any mesh constraint using
DG method. We note that, when applied to interface problems, traditional finite element

methods in the literature need to use interface dependent meshes.

In recent years, numerical methods based on interface-independent meshes are also applied
to Helmholtz interface problems, such as [150] using IIM and [135, 155] using CutFEM.
As another mesh-independent technique for solving interface problems, we will extend IFE
methods to Helmholtz interface problem. Since the Helmholtz equation contains the elliptic
operator and the interface jump conditions specified in (1.7¢) and (1.7d) are the same as those
for the elliptic interface problem (1.2); therefore, it is natural for us to develop IFE methods
for the Helmholtz interface problems by using the IFE spaces constructed for the second
order elliptic interface problems, except for that the IFE solution is complex valued. We will
also apply penalizing techniques in the IFE methods for Helmholtz interface problems. We
will explore higher degree IFE methods because it is well known that higher degree finite
element methods have desirable features for wave propagation problems [10, 20, 132], such as
reducing the numerical dispersion and errors in solution due to the pollution effect caused by
a large wave number [83, 139], and it was found that employing higher degree finite elements

requires less degrees of freedom for numerical solutions to attain a specific accuracy [83].

In the error analysis for finite element methods for Helmholtz interface problems, following
the framework of Schatz argument, the authors in [35, 68] analyzed the stability and proved
the optimal error bounds for the finite element solution under the assumption that the mesh
size is small enough. In this thesis, we aim to conduct error estimation for the proposed
PPIFE methods for Helmholtz interface problems with Robin boundary condition. In par-

ticular, under suitable regularity assumption of the exact solution [119, 135] and a mesh
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constraint, we intend to establish optimal error bounds in both an energy norm and the L?

norm for these IFE methods.
Improved analysis for a PPIFE method for hyperbolic interface problems:

Hyperbolic interface problems appear in the physical processes of wave propagation in in-
homogeneous media [1, 115, 123] in many fields such as acoustics [19, 115], elastodynamics

[115], seismology [19] and electromagnetism [11].

In recent years, numerical methods using interface-independent meshes to solve hyperbolic
interface problems have appear in the literature, for instance, IIM method [147, 148] and
DGIFE [2, 120] method for first-order hyperbolic system. For solving the second order time-
domain hyperbolic interface problems directly without transforming them into a coupled
first-order system, the authors in [98] investigated a hyperbolic BVP with equivalued surface
on a domain with an interface, discussing the existence and uniqueness of the solution. The
authors in [19] studied a second order hyperbolic interface problem with conventional finite

element methods using body fitting meshes.

Recently, the author in [143] investigated a class of PPIFE methods for solving second order

hyperbolic interface problems in the following form: find u(X,t) such that

uy — V- (*Vu) = f, in Q- UQ te0,T], (1.8a)
u‘ag = g<X7 t)a te [OaT]v (18b)
u(X,0) = wo(X), u(X,0) =w (X)) X €Q, (1.8¢)

together with the usual interface jump conditions:

[u]r = UJF’I* — uih" = O, (18(1)

[*Vu-n]. = (¢")*Vu' n|r - (¢7)*Vu -n|r =0, (1.8¢)
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where the domain 0 C R? is divided by an interface curve I' into two subdomains Q= and
O, with Q@ = Q- UQFtUT, and the coefficient ¢ is a positive piecewise constant function

such that

¢ for X € Q7
o(X) =
ct for X € QF.

In [143], optimal error estimates for these PPIFE methods have been derived in an energy
norm under the assumption that the exact solution to the hyperbolic interface problem has a
piecewise H? regularity in space. But, to our best knowledge, the L? error estimates for these
PPIFE methods were not given in any published research works. This motivates us to further
study the error analysis for these PPIFE methods. We aim to reanalyze the fully discrete
PPIFE method proposed in [143] for the second order hyperbolic interface problems, we will
establish optimal error bounds in an energy norm and the L? norm with less demanding
regularity of the exact solution, i.e., u is assumed to be piecewise H? in space. Also, we
intend to discuss the stability of the scheme and present numerical examples for realistic wave
propagation with traveling waves including incident, reflected, and transmitted waves. To
our best knowledge, those results are generated by IFE methods for second order hyperbolic

equations for the first time.
Improved analysis for PPIFE methods for parabolic interface problems:

Parabolic equations are used to describe the diffusion phenomenon such as heat conduction,
diffusion of vorticity [124], and dynamics of population densities [121]. Parabolic interface
problems appear in many real world processes such as chemical diffusion in heterogeneous

media [89], channel-flow of a viscous fluid [33], and electrodynamics [46], to name just a few.

IFE methods [13, 76, 105, 108, 109, 113, 144], including penalized IFE methods [113, 144],
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have been applied to solve parabolic interface problems in the following form:

% —V-(BVu)=f, inQ UQt tel0,T], (1.9a)
ulaq = g(X,t), te€0,T7, (1.9b)
uli=o = up(X), X €099, (1.9¢)

together with the following jump conditions:

[ulp = u'lp—u"|r=0, (1.9d)

[BVu-n], = *Vu'-n|r -4 Vu -nlp =0, (1.9¢)

where the domain © C R? is divided by an interface curve I' into two subdomains 9~ and
Qf, with Q = Q- UQFt UT and the coefficient § is a piecewise positive constant function

such that
G5~ for X € O,

B(X) =
Bt for X € QF.
For the above parabolic interface problem, the authors in [113, 144] considered some PPIFE
and DGIFE methods and they proved that these IFE methods could converge optimally
in an energy norm under a piecewise H? regularity assumption for the exact solution. But
these articles did not address the optimal convergence in the L? norm for these IFE methods.
Recently, using the patch idea [64], the authors in [63] developed PPIFE method for elliptic
interface problems where optimal orders of convergence of the solutions in an energy norm
and the L? norm are guaranteed by only requiring piecewise H? regularity of the exact
solution. Motivated by this work and the patch idea, we will improve the error estimation
for IFE methods developed in [113] for parabolic interface problems. We will show optimal

orders of convergence in both an energy norm and the L? norm under piecewise H? regularity
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assumption in the space variable.

1.4 Outline of the thesis

The outline of the thesis is as follows.

In Chapter 2, we introduce notations, assumptions, and recall the linear/bilinear IFE spaces

that will be used throughout this thesis.

In Chapter 3, we introduce a stabilized construction of higher degree IFE spaces based on
least squares framework, which will be utilized to solve Helmhotlz interface problems in

Chapter 5.

In Chapter 4, we provide an improved error analysis for the linear /bilinear PPIFE methods
for second order elliptic interface problems based on the patch idea, which will serve as the
theoretical foundation for the error analysis for their related applications (IFE methods for

wave propagation and diffusion interface problems in Chapters 5, 6 and 7) in this thesis.

In Chapter 5, we study linear/bilinear and higher degree PPIFE and DGIFE methods for
Helmholtz interface problems. The error analysis is conducted for the linear /bilinear PPIFE
methods utilizing the framework of Schatz’s argument. Numerical examples are presented
to demonstrate the features of IFE methods and validate the theoretical results of error

analysis.

In Chapter 6, we study the error analysis of a PPIFE method for the hyperbolic interface
problems. The optimal error bounds are derived in an energy norm and L? norm under the
assumption that the exact solution has the piecewise H? regularity in the space variable.
Numerical examples are presented including stationary and travelling waves when the linear

or curved interface is embedded.
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In Chapter 7, we study the error analysis of a group of PPIFE methods for the parabolic
interface problems. The optimal error bounds are derived in an energy norm and L? norm un-
der the assumption that the exact solution has piecewise H? regularity in the space variable.

A Numerical example is presented to corroborate the results of error analysis.



Chapter 2

Notations, assumptions, and

linear /bilinear IFE spaces

In this chapter, we will introduce notations, assumptions, and IFE spaces that will be used

throughout the thesis.

2.1 Notations and assumptions

Let 2 be a bounded domain. For every open set 2 C Q, let W*2(Q2) be the standard Sobolev
space on {2 with the standard norm || - |4.pa and the semi-norm [v], . If QO =QNQs #£0,
s = 4, we let the related Sobolev norms and semi-norms be

| 2

I lipe = e 1 e T lipa=1lpa 1 ke

Furthermore, we introduce the following spaces on € in the case Q5 # 0, s = =+:

PWk’p(Q): u:u~S€Wk’p(Q5), s==; [u| =0, [Vu-nr —0onl'NQ ., p>1,
Q

PC*(Q) = {u g € C3(Q°), s=4; [u] =0, [BVu-np]=0onT N Q},

21
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for suitable k and p such that the involved quantities on I' N Q) are well defined. Here, nr is

the unit normal vector of I' and we adopt the jump notation such that [v] = v™|p — v~ | for

a function v such that v* = v|qs, s = . Also, we will omit p = 2 from the pertinent norms

and semi-norms for H*(Q) = W*2(Q) and PH*(Q) = PW*2(Q).

We let T;, be a triangular or a rectangular mesh for the domain 2 C R2, and, without loss of
generality, we assume that Q = Uper, T. Let A, be the collection of the nodes in the mesh
Tn. We use T," and T, to denote the sets of interface elements and non-interface elements,
respectively. We denote the set of interior interface elements as 7O7f, the set of boundary
elements (elements who have at least one boundary on the boundary of the domain) as 7,
the set of boundary interface elements (interface elements who have at least one edge on the
boundary of the domain) as 7. Also, we denote the set of interior edges by éh, the interface
edges by &, the interior interface edges by 5}1, and the interior non-interface edges by é,?,
respectively. In addition, we denote the set of boundary edge as &7, the set of boundary
interface edges by €. Asin [5, 70, 71, 74], we make the following assumptions for the mesh
Th:

(H1) The interface I cannot intersect an edge of any element at more than two points unless
the edge is part of T'.

(H2) IfT intersects the boundary of an element at two points, these intersection points must

be on different edges of this element.

(H3) The interface T' is a piecewise C* function, and the mesh 7y, is formed such that on

every interface element 7' € 7/, T NT is C2.

(H4) The interface I is smooth enough so that PC?(T) is dense in PH?(T) for every interface

element T € Tj'.
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In general, these assumptions can be satisfied when the mesh size is small enough.

We will also adopt the following standard notations for the penalty terms on edges of a mesh
Tn. Let v be a piecewise function defined by elements of 7;,. Then, on each e € &, shared

by two elements 77 and T, we let

. and {u}.=

((v

e )|e + (v T;)e)- (2.1)

N | —

[v]e = (v

Tf) e— (v T;)

But for e € £, we define

[v]e = {v}e = vle. (2.2)

For each interface element T', let T°, s = 4+ be the two subelements of T" partitioned by I' and
let v be a piecewise function defined on these subelements. Then, we can similarly define

the jump and average of v on the interface inside this interface element as follows:

(v* v 4+ v rar) (2.3)

N | —

[Wrar = v rer — v Irar and {v}rar =

15,8 = . And we also recall the following underlying piecewise H' function

where v° = v

spaces:
V() = {v € LX(Q) : v|r € H(T). Vu-nlor € L*(0T), ¥T € T, (2.4)
o). =0, Ve &}, |
and
Vio(§) = {v € L%(92) : vly € H(T), Vo -nlor € LOT), VT € Ty, (25)

R]e =0, Ve &l vlppen = o}.
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2.2 Local linear and bilinear IFE spaces

For each element T € T, its index set is either Zp = {1,2,3} when T is triangular or
Ir = {1,2,3,4} when T is rectangular. Let A;, i € Zr be the vertices of an element
T € T,. Then, the interface partitions the index set Z into Z, = {i : A; € T~} and
Z) ={i: A; € T*}. On each element T € Ty, we consider the standard linear or bilinear

Lagrangian shape functions:
bir(Ai) = 05, Vi, j € Ir. (2.6)
As usual in IFE methods, we use the polynomial space
PY(T) = Span{¢;r,j € Ir} or QUT) = Span{¢;r,j € Ir} (2.7)

as the local IFE space on the non-interface T" according to whether 7' is triangular or rect-

angular. For simplicity, P*(T) and Q'(7T') are denoted as P(T) and Q(T') in this thesis.

On the other hand, on each interface element 7', we will use the linear and bilinear IFE shape
functions [70, 71, 75, 100, 104, 107]. To be specific, let the interface I intersect the edges of
T at the points D and E, as shown in Figure 1.3. Let [ be the line passing through points
D and E with the normal vector n = (72,,n,). This line partitions 7" into two subelements

T7=. When this interface element 7T is triangular, a linear IFE shape function ¢r(x,y) is a
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piecewise linear polynomial specified by [75, 100, 104]:

op(z,y)=a x+by+c, if(z,y) el

o (z,y) =atx+bTy+ct, if (x,y) € T)F,
or(z,y) = (2.8)
¢r(D) = ¢7(D), ¢7(E) = ¢7(E),

+ 99 _0dr
A" P =0

When T is a rectangular interface element, a bilinear IFE shape function ¢r(x,y) is a

piecewise bilinear polynomial specified by [71, 75, 107]:

or(r,y)=ax+by+c +duay, if(z,y) e,

o7(z,y) =atz + bty +ct +dtey, if (z,y) € T,
¢r(T,y) = (2.9)
¢7(D) = ¢7r(D), ¢7(E) = ¢r(E), d- = d¥,

Folons _9¢r,
\fﬁ(6+% - %)ds = 0.

It has been shown [70, 71, 100] that there is a unique IFE shape function ¢; r(z,y),i € Zr

in the format of (2.8) or (2.9) satisfying the nodal value conditions

Then the local IFE space on an interface element 1" is defined as

Span{l/h',T,Z': 172,...,|I‘}7 Teﬁ”,
SHT) = (2.11)

Span{¢;r,i =1,2,...,|Z|}, T €T

For simplicity, the linear /bilinear IFE space S} (T) is denoted as Sj,(T') in the thesis.



Chapter 3

Stabilized construction of higher

degree IFE spaces

3.1 Introduction

In this chapter, by following the least squares framework proposed in [5], we will study
a stabilized construction of higher degree IFE spaces for solving the second order elliptic
interface problems described by (1.2). The stabilization is to overcome the conditioning
issue reported in [5] caused by the situation that one of the sub-elements is too small. Using
fictitious elements in constructing the IFE spaces can avoid this situation and thus improving
the conditioning; therefore, we propose a stabilized construction of higher degree IFE spaces
in this chapter with fictitious elements. This chapter consists of four additional sections. In
Secton 3.2, we recall a construction method proposed in [5] for local higher degree IFE spaces.
In Section 3.3, we present a stabilized construction of higher degree IFE shape functions using
fictitious elements. In Section 3.4, we numerically test the approximation capabilities of the

proposed higher degree IFE spaces. Finally, we make some brief conclusions in Section 3.5.

26
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3.2 A least squares method for constructing higher de-

gree IFE spaces

Here we briefly review the work from [5] for constructing the local higher degree IFE spaces
with a least squares framework. Let 7, be a triangular mesh of the domain €2 on which the
second order elliptic interface problems described by (1.2) are considered. On each element
T € Ty, we first introduce the index set Z = {1,2,--- ,W} for an integer p > 1, and
denote the usual local Lagrange nodes on T' by N;, ¢ € Z. Let v, j € Z be the standard

p-th degree Lagrange finite element shape functions on 7" such that

Yir(N;) = di, Vi, jel. (3.1)
We use the standard p-th degree polynomial space

PP(T) = Span{¢;r,j € I} (3.2)

as the local IFE space on each non-interface elements 7" € 7,".

For each interface element T € T}, the interface T splits it into two subelements T~ = Q™ NT
and TT = Qt NT. Consequently, I also divides the index set Z into two subsets:
I-={i: N;eT }andZ" ={i : N, € T"}, with Z =Z~ UZ*. In [5], the IFE shape

functions are chosen from the following space
PP(T) = {q D qlp- € PP(T7) and g¢|r+ € IP’p(T+)}, (3.3)

which is isomorphic to the product polynomial space SP(T) = [PP(T)]2, through a map
Fr : SP(T) — PP(T), with Fro|pi = v, i = £, Yo = (v1,v9) € SP(T). This isomorphism
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enables one to develop the IFE shape functions by working on SP(T') = [P?(T')] ? instead of
PP(T). Based on this configuration, the fundamental idea in [5] is to partition SP(T") into

two subspaces

Vi =Span{&r € SP(T) i€}, Vy=Span{n,recS’(T):ie€1}, (3.4)
where
(¢i,Ta 0)7 if i € Ii: (07 @Z)i’T), if 1 € Zi,
§ir = and n;r = (3.5)
(0, ir), ifieI™, (ir, 0), ifieTt,

in which the subspace V; is used to handle the nodal degrees of freedom imposed on shape
functions and Vs, is utilized to handle the jump conditions. In addition, SP(T') is the direct
sum of V; and Vs, i.e., SP(T) =V, @ V,. Furthermore, for any [ C T, we consider a linear

operator [[-]|z defined on SP(T):

[W]lf = vilg —v2lg, Vo= (v1,02) € SP(T). (3.6)

According to the two types of extended jump conditions (1.3) and (1.4), the authors in [5]
considered two bilinear forms Jj : SP(T) x SP(T) — R, k = 1,2 defined on a portion of

interface 'y satisfying ' V7" C T'z: for the normal extended jump conditions (1.3),

Ji(v,w) = WO/

Ir

ol (1wl ds + Zw Lol [[5]] e en
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and for the Laplacian extended jump conditions (1.4),

o) = [ (e [y [ oo [[ﬁg—nﬂ Hﬁg_zﬂ s

p2 07 N & Aw
*Z“’/ %], %)),

where wy = max{8~,87}? and w; = [T NT|¥, j > 1. Under the isomorphism Fr, given a

(3.8)

component & = Y. - v;& p € V) determined by the nodal degrees of freedom v;, i € Z, each
IFE shape function, expressed by & + np with np = Y. 7 ¢nir, is defined as a minimizer

over &7 + Vs, in terms of the semi-norms | - |7 induced from the bilinear forms Jj, k = 1, 2.

The minimizer is solved from the least squares formulation by letting Ji ({1 + nr, nir)=0,

1 € Z, which satisfies the linear system

AWc = b, (3.9)

with b = —B®v, v = (v1, vy, ...,v))" and ¢ = (¢y, ca, ..., )T, where
AW = (jk(ni,T777j7T))i,j€I € RFXH, (3.10)
B® = (jk(éz‘,Tanj,T))mez e RIFXH, (3.11)

The existence of solutions to (3.9) is guaranteed by Theorem 2.1 in [5]. The authors in [5]
also provided some conditions of the uniqueness of the minimizer. Then the IFE function

associated with the nodal value vector v is defined as

¢r = ZieI* v Yir + ZieZ+ ciir, onT™,
Or = (3.12)

OF =iz Vithir + D ier- Cithir, onTH.
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Specifically, choosing v = e;, with e; = (0,---,1---,0), i =,1,2,...,|Z|, the ¢ in (3.12)

becomes a local IFE shape function ¢; r on the interface element 7.

In summary, the local IFE space on an element T" € T,, which is either an interface element

or a non-interface element, can be defined as

Span{¢;r, i =1,2,--- |Z|}, for T €T},
st.(1) - 019

Span{¢;r, i =1,2,--- | |Z|}, for T €T,

where k£ = 1,2 according to the given jump condition. Again we refer readers to [5] for more

details in this formulation.

The similar idea is also used in CutFEM [29] which minimizes an energy globally involving
the Nitsche’s penalty on the interface. In that method, if one of the subelements is too
small, the whole scheme becomes unstable and some special weights related to the area of
the subelements need to be added in the penalty for stablization. Similar phenomena is also
observed in [5] that A®) in the linear system (3.9) becomes extremely ill-conditioned when
T~ or T is too small. So instead of imposing the bilinear forms on I' N T, the authors in
[5] considered an extended interface T'z out of the interface element. By such a strategy,
the conditioning can be improved, but still not satisfactory in some extreme cases that the

condition number can be as bad as 10'® according to the example given in [5].

3.3 IFE shape functions by a fictitious element

To further improve the conditioning of the linear system (3.9), we propose not only to
extend the local interface, but also extend the element, i.e., for the purpose of constructing

IFE shape functions on an interface element, we consider a fictitious element associated with
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this interface element. The motivation behind this idea is that the subelements on a fictitious

element can not have an extremely small size.

3.3.1 Construction of fictitious elements

In this subsection, we describe the construction of fictitious elements by a similarity trans-
formation. Specifically, for each interface element T' = AA; A; A3 whose center of gravity
is denoted by G, we define its fictitious element as Ty = AA] A} A% such that A} is on the
line determined by GA; with [A/A;|/|[GA;| = A, where \ is a non-negative parameter, see
the illustration in Figure 3.1. Here X\ is used to control the size of T\ and we call it the
extension ratio. It is obvious that the constructed fictitious element T} is similar to the

interface element 7T such that

S

A;|
| Ai Al

!/
(2

=14X i,je{1,2,3}, i#] (3.14)

Ay

Figure 3.1: sketch of the construction of the fictitious element

On an interface element T', an unfavorable case may happen that one of the subelements T~

and T is too small, which may make the linear system (3.9) ill conditioned. To investigate
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how small a subelement can be compared to the whole element, given any measurable set Q

such that QN T # 0, we define

r(€) = min {'QS| } (3.15)

Obviously r(€2) < 1. In the following, we show that it is possible to choose a suitable
extension ratio such that both of the two subelements in the fictitious element T are not

too small so that (7)) is lower bounded by a certain positive constant.

Lemma 3.1. For A € |0, 3], assume that I' is a straight line inside the fictitious element T

of an interface element T, then the following holds:

4\?

T(T)\) 2 m

(3.16)

Proof. Without loss of generality, we assume I' cuts the edges A; A3 and Ay A;. Consider an
auxiliary element T with the same vertices as Ty and an auxiliary linear interface T’ such
that T is parallel to ' but goes through the vertex As. It is clearly that r(Ty) > r(T)).
In addition, we shall note that the function r is invariable under linear transformation.
Therefore, without loss of generality, we only consider the case that the fictitious element
T) is the reference element, i.e., A] = (0,0), A, = (1,0), A5 = (0,1) and I' cuts through the
vertex As. In the following, we let the equation of the linear interface be y = kx + b and

separate our discussion into three cases.
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Figure 3.2: case 1 Figure 3.3: case 2 Figure 3.4: case 3

Case 1: the interface I' cuts the edges A} A} and A5 A%, as shown in Figure 3.2. In this case,

the interface can only vary above the two rays A3A| and A3A} which have the slope 1 + %

and —;‘1—2):\, respectively. Hence we have k € [—;’j—;/\, 1+ %] Then, by direct computation,
we have

IADEAY|  A2(k + 2)?
IAATALAL] 91+ N)2(k + 1)

= f(k).

One can directly verify that the minimal and maximal values of f(k) over k € [—;’j—ﬁ, 1+ %]

are given by

42 3 3+ A A
fmi”:f(o):m’ fm“““":f<1+X):f(_3+2A>:3+2A'
Therefore
) 4\2
T(T/\) > mln{fmina 1- fmaz} = m (317)

Case 2: the interface I' cuts the edges A,A% and A5 A}, as shown in Figure 3.3. By an

A+3

1=, 00) and

argument similar to above, we have k € (—oo, —2] U |

IADEAY 3+ A+3k+2Mk)* 1)
|IAALALAL T 91+ A)2k(k+1) O
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It can be directly verified that for k € (—oo, —2] U [252, 00), A < 3,

A
1 A+3 3+ A
min — —2) = ) max —— - .
/ 1(=2) 2 / / ( A ) 342\
Therefore, for this case we have
r(T\) = min{ fiin, 1 — fumax} = A (3.18)
AN = min; max S — 3+2>\ .

Case 3: T' cuts the edges A5 A and A} AL, as it is shown in Figure 3.4. In this case, the

slope k can only vary over [— ,—%] and we have
|ADAE] _ (A= Ak + 3)? — (k)
|AA] AL AL —9k(1+N)? '
For k € [—2, —2’\/\%], the straightforward calculation yields

fmin:f(—Z):%’ fmax=f< A+3) 3+ A

ToA+3)  3+42n

Hence, we have

A
342\

T<TA) Z min{rmina 1- Tmax} = (319>

Then the desired result (3.16) follows from the estimates (3.17), (3.18) and (3.19).

Utilizing the above lemma, we can derive the following theorem that can provide a lower

bound for r(T)) when T" is a generic curve and when mesh size h is sufficiently small.

Theorem 3.1. For A € [0, 3], there ezists a constant C' independent of the interface location
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such that the following holds for an interface independent mesh T, with h small enough:

AN |
;—Ch, VT €T, (3.20)

r(Ty) = m

Proof. According to the assumptions (H1) and (H2), we can let D and E be the intersection
points of I' with OT. Assume the line DE partitions the fictitious element T} into 7', and

T;\r. Lemma 3.1 shows that

[T} AN?
P . 3.21
Ji“fi{ 5] 7 9(1+A)? 321

Consider the region wy = (T, NTy) U (Tj\r N T ) which is the subelement of T bounded by

the segment DE and the interface I'. From [100], there exists a constant C' independent of

the interface location such that |wy| < Ch3. Using (3.21) and the fact |Ty| = O(h?), we have

[T [ (T3] — |l 4N2
Eall > — Ch. 3.22
= { VD == T 9(1+ \)? (322)

Theorem 3.1 suggests that, for a mesh fine enough, the subelements of fictitious elements
partitioned by the interface curve can not be extremely small for a suitably chose A > 0.
As an example, provided that the mesh is fine enough (h is small enough), when A = 0.5
and A = 1, the most unfavorable situation is that the smaller 7\* (s = —, +) will account
for about 1/20 and 1/10 of the total area of T, respectively. We believe the fundamental
geometric estimation in Theorem 3.1 might be useful for establishing theoretical analysis of

the conditioning of (3.9) related to fictitious elements.



36 CHAPTER 3. STABILIZED CONSTRUCTION OF HIGHER DEGREE IFE SPACES

3.3.2 Local IFE shape functions on interface elements

Now we discuss the construction of local IFE spaces on interface elements through their
fictitious elements. For simplicity of presentation, in the following discussion, we denote J;,
k = 1,2 as the bilinear forms J;, in (3.8) defined on I'r = T NTy, A > 0. In particular, J?
is defined on the portion of interface inside the original interface element, i.e., ' =T NT.
After choosing a suitable extension ratio A, we can use the following procedure to construct

the proposed local IFE shape functions on every interface element 7' € T;":

Algorithm 3.1 Construction of local IFE shape functions

step 1: construct a fictitious element T} associated with T', then generate the local basis
functions &; p, and n; p, on Tj;

step 2: form the bilinear forms J}, k = 1,2 in (3.7) and (3.8) according to the given
extended jump conditions on I'y = I"' N T};

step 3: form the matrices A(Ak) = (T2 iy, mimy))ijer and

B(Ak) = (IM& 1y mim))ijer, and solve for the coefficients ¢; from Af\k)ci =
—Bg\k)ei with e; = (0,---,1---,0)7 being the i-th unit vector;

step 4: use ¢ = ¢;, ¢ € Z, in step 3 to form ¢; r, as a piecewise polynomial on 7, and
Ty by (3.12), then generate the shape functions on the interface element T’ by
restricting ¢; 1, to 1"

bir = dimy|r- (3.23)

Then using (3.23), the new local IFE space Sf ,(T') on the interface element 7' € 7,/ is defined

as

Si,h(T) = Span {Qﬁi,Ta 1= 1727 T ‘I|}7 k= 17 2. (324)

Compared to the original construction approach in [5], in the proposed approach in Algorithm

3.1, the computations in the least squares framework for constructing the p-th degree IFE
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shape functions are carried out on the fictitious element T} instead of the interface element

T itself such that the involved matrices are

k k
AV = (T2 imysmm))igers and BY = (T (& mimy))ijer-

We note that these matrices are not only generated by the bilinear forms defined on a rela-
tively larger interface portion I'y = I'NT}, but also formed by the Lagrange polynomials &; 7,
and n; r, associated with a relatively larger element 7. Furthermore, according to Theorem

2.1 in [5], the local IFE shape functions also always exist in this approach.

To demonstrate the effectiveness of the proposed construction method based on the fictitious
element, we apply the method to a particular interface element 7" with vertices (—0.6,0),
(—0.4,0), (—0.6,0.2) and its fictitious elements T\ with A = 0.5, 1 and 1.5. We assume to
use the Laplacian extended jump conditions, i.e., using the bilinear form J;' and we present
numerical results to show the effects on the condition numbers of the corresponding matrices
Ag?). In these numerical results, we consider a series of circular interfaces I' : 22 +y*—r* =0
with » = 0.42, 0.41, 0.405 and 0.401. The interface element (fictitious element) is cut by
the interface curve I into the left sub-element T (7) and the right sub-element 7~ (7T} ).
An extreme case was shown in Figure 3.5 with » = 0.401 where we can see the original right
sub-element 7'~ is very small while the right sub-elements 7, of fictitious ones are relatively

larger.

In addition, we fix 3~ = 1, let 87 = 10 or 50 and compute the condition numbers of A(f)
for the quadratic and cubic polynomials associated with the original element 7', see Table

3.1, and the fictitious elements, see Tables 3.2-3.4. The numerical results clearly confirm our
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expectation that the conditioning of A&Q), A =0.5,1, 1.5, is significantly better than the con-
ditioning of AéQ), especially for the cases that T~ is extremely small. In particular, the results
show the pattern that the condition numbers will stay around a certain magnitude depend-
ing on the ratio 87 /8~ and the polynomial degree, as \ increases beyond some value. This

observation suggests that it is not necessary to choose A to be very large in real computation.

We also have carried out numerical experiments for computing the condition numbers of
Ag\l) (the normal extended jump conditions) with various A, 5~ and S, and we have ob-
served similar phenomena. The improved conditioning of the linear system to determine
the coefficients of IFE shape functions by using fictitious elements inspires us to discuss
the approximation capabilities of the constructed higher degree IFE spaces, which will be

presented in the next section.

04

035

TA when A=1
03r interface curve I' 0.035

original element 0.045 ]
T, when A\=0.5
- 0.04| ]

0.25 q 0.03 -
02r 4 0.025
015 0.02 -

0.015
01
0.01
0.05
0.005

-0.05 1
-0.005

01 L L L L L L L L L
-0.8 -0.6 -0.4 -0.2 -0.45 -0.44 -0.43 -0.42 -0.41 -0.4 -0.39

Figure 3.5: left: the interface curve I' intersects the original element 7' and its fictitious
elements T} for different A; right: the zoom-in view of I' intersecting original element 7.
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ﬁ2:107p22

P2 =10,p =3

52:50,]?:2

62:50,]):3

r=0.42

9.3408E+06

1.7619E+12

2.1177E+08

4.4394E+13

r=0.41

1.9990E4-08

5.4211E+14

4.5242E+09

1.3255E4-16

r = 0.405

3.8133E+09

1.5957TE+4-17

8.6070E+10

1.2160E4-18

r = 0.401

2.7868E+12

2.8297E+18

6.2597E+13

7.5143E+19

Table 3.1: Condition number of A® on the original interface element 7.

/62:107]9:2

/32:10ap:3

ﬁ2:50,p:2

62:507]):3

r=0.42

6.0635E+04

1.2803E4-08

1.2778E4-06

2.7307E+09

r =041

1.0988E4-05

2.8910E4-08

2.3339E+06

7.3167E409

r = 0.405

1.5183E+-05

4.7575E+08

3.2372E+06

1.2299E+-10

r = 0.401

1.9962E+05

7.5319E+08

4.2688E+06

1.9469E+-10

Table 3.2: Condition number of AE\2) on T\ when \ = 0.5.

P2 =10,p =2

P2 =10,p =3

52:50,]?:2

62:50717:3

r=0.42

1.3469E+-04

8.0643E+07

2.4519E+05

1.7465E4-09

r=0.41

1.8638E+-04

1.3409E4-08

3.4575E+05

2.8925E+09

r = 0.405

2.2237E+04

2.7091E4-07

4.1502E+05

5.0375E+08

r = 0.401

2.5759E+04

3.3369E+07

4.8269E+05

6.2290E+08

Table 3.3: Condition number of Ag?) on T\ when A = 1.

39



40

CHAPTER 3. STABILIZED CONSTRUCTION OF HIGHER DEGREE IFE SPACES

ﬁ2:107p22

ﬁ2:107p23

52:50,]?:2

62:50,]):3

r=0.42

6.6256E+03

2.4006E+07

9.9996 E+04

4.4647E+08

r=0.41

7.9543E+03

3.6492E+07

1.2334E+05

6.9655E+08

r = 0.405

8.7862E+03

4.4968E+07

1.3817E+05

8.5857E+08

r = 0.401

9.5606E+03

5.3157TE+07

1.5194E+-05

1.0142E+09

Table 3.4: Condition number of Ag\z) on T\ when A = 1.5.

3.4 Approximation capabilities

We can use the local IFE space constructed by the least squares method with fictitious
elements to construct a global p-th degree IFE space as follows:
(3.25)

Spa(@) ={v e L*(Q) : vlr € S},(T) VT € T},

where k = 1,2 according to the given extended jump conditions. We use the L? projection to
demonstrate that this IFE space has the optimal approximation capability. Specifically, for
a function u smooth enough, we define its p-th degree local IFE projection on each element

T €Ty as Ppru € S, (T) such that

(u— Pyru,v), =0, Vve S, (T), (3.26)

where (-, )7 is the standard L? inner product on each element T € Ty,. Accordingly, we can
define the p-th degree global IFE projection of u as Pu € S, (€2) such that
(Puu)lr = Prru,

VT €Ty (3.27)
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We perform the computations of projection errors on the domain 2 = (—1,1) x (—1,1) with

the circular interface I' : 22 + y* — r = 0, ro = 7/6.28 and the subdomains

Q ={(z,y): 2+’ <rj}, QT=0\0".

We consider the following function u:

ﬂira, (x,y) € Q,
ul,y) =4 L (3.28)
5—+Ta + (ﬁ__ — 6—+) ry,  (x,y) € QF,

where r = /22 + 4% a =7, 7 =1, f7 =5 or 50. We note that this function (3.28)

satisfies both types of the extended jump conditions.

The computations are carried out on a sequence of triangular Cartesian meshes, with the
size specified in Table 3.5 . We use A = 0.5 for the fictitious elements in the construction
of the local IFE spaces on interface elements. The convergence rates are generated by the

projection errors on two consecutive meshes.

Clearly, the numerical results demonstrate that with the stabilization using fictitious el-
ements, IFE spaces constructed with either the normal or the Laplacian extended jump
conditions show the optimal approximation capabilities in terms of the L? norm and H'
semi-norm. We have also carried computations with other choices of \, 8%, and similar

behaviors can be observed.
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B, h normal Laplacian
st h llu — Prullo,o rate |u — Prul1,0 rate v — Prullo,o rate lu — Pruli,0 rate
1/10 1.8506e-04 NA 7.9069e-02 NA 1.8329¢-04 NA 7.9002¢-02 NA

1/20 1.0445e-05 4.1471 1.0027e-02 2.9793 1.0329e-05 4.1493 1.0023e-02 2.9786
5 1/40 6.3384e-07 4.0425 1.2590e-03 2.9934 6.2787e-07 4.0401 1.2588e-03 2.9932
1/80 3.8887e-08 4.0268 1.5765e-04 2.9975 3.8578e-08 4.0246 1.5762e-04 2.9975
1/160 2.3968e-09 4.0201 2.9991e-05 2.9991 2.3871e-09 4.0144 1.9717e-05 2.9989

1/10 4.7679e-05 NA 1.0041e-02 NA 4.2242e-05 NA 9.8978e-03 NA

1/20 2.8530e-06 4.0628 1.6140e-03 2.6372 2.7934e-06 3.9186 1.6081e-03 2.6218
50 1/40 1.6521e-07 4.1101 2.1477e-04 2.9098 1.6131e-07 4.1141 2.1435e-04 2.9073
1/80 9.6341e-09 4.1000 2.7995e-05 2.9396 9.4858e-09 4.0879 2.7979e-05 2.9376

1/160 5.6426e-10 4.0937 3.5774e-06 2.9681 5.6644e-10 4.0658 3.5841e-06 2.9646

Table 3.5: Projection errors and convergence rates for cubic IFE spaces using normal and
Laplacian extended jump conditions, 3~ =1, 7 =5 and 50, A = 0.5.

3.5 Conclusion

Using the fictitious finite elements, we propose a stabilized construction of higher degree
IFE spaces based on the least squares framework proposed in [5]. Significant improvement
of conditioning in constructing the local IFE shape functions is observed through numeri-
cal experiments. And we have also observed the optimal approximation capability of the

constructed higher degree IFE spaces in the numerical experiments.



Chapter 4

Improved error estimation for some
IFE methods for elliptic interface

problems

4.1 Introduction

In this chapter, we study the error estimation for IFE methods for the model elliptic interface
problem (1.2) under piecewise H? regularity of the exact solution. Our study will focus on

the following fundamental elliptic interface problems:

~V-(BVu)=f, inQ=Q UQt, (4.1a)

u=g, onodfl, (4.1b)

where the domain 0 C R? is divided by an interface curve I' into two subdomains Q= and

Q1 on which the coefficient 3 is a positive piecewise constant function defined as

p= for X € Q,
B(X) = (4.1c)
Bt for X € QF,

43
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with the following jump conditions

lulp == u|lr—u|r =0, (4.1d)

[BVU . n}F = B*Vu'-n|p — B Vu -n|p =0, (4.1e)

where n is the unit normal vector to the interface I'.

In the error estimation to be presented, we first introduce a new energy norm stronger than
the one used in [111]. Inspired by [67], we derive an estimate for the IFE interpolation
error gauged by this energy norm by using the patches of interface elements. Furthermore,
under this energy norm, the continuity and coercivity both hold for the bilinear form in the
PPIFE method developed in [111]. Thanks to these properties, we are able to derive an error
bound for the PPIFE solution in the energy norm under the standard piecewise H? regularity
assumption. The improved estimation further enables us to show the optimal convergence
in the L? norm, which, to our best knowledge, has not been reported in the literature for
this PPIFE method. This chapter consists of four additional sections. In Secton 4.2, we re-
derive the PPIFE method for the elliptic interface problems. In Section 4.3, we introduce the
patches for the interface elements and discuss the approximation capabilities of IFE spaces
on these patches. In Section 4.4 we show the optimal convergence of the PPIFE solution.

Finally, we make some conclusions in Section 4.5.

4.2 PPIFE methods for elliptic interface problems

Here, we re-derive the PPIFE methods discussed in [111] in a slightly more general configura-
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tion that allows the interface to intersect with the boundary of the domain (i.e. T'NOQ # ().
As usual, multiply equation (4.1a) by a function v € V},¢(€2) and integrate on each element
T € Ty, where Ty, is either a triangular mesh or a rectangular mesh on the domain €. Then,

by Green’s formula and the interface jump condition (4.1e), it follows:

/ BVuNVvdX — [ pVu-nrvds — {AVu - np}pvlds = / fudX, (4.2)
T ar rnT T

where the third term on the left hand side of (4.2) disappears because v|r € H'(T), VT € Ty,.
We recall some set notations about the edges in Chapter 2: the set of interior edges is éh,
the set of interface edges is &}, the set of interior interface edges is S}L, the set of boundary
edges is £, the set of boundary interface edges is €Y. Then, summing (4.2) over all T' € T,

leads to

Z /TﬁVUVUdX - Z /e{ﬁvu -1 Hv]ds — Z BVu - nevds = /vadX. (4.3)

TeTh e ecgb V¢

By assuming that u is in PH2(Q) so that [u]. = 0, Ve € &, , we have

50
>3 / (@90 nlulds =0, 37 / ], [e]eds =0, (4.4)
e€&; e€&;

with parameters ¢, and ¢° > 0. Add these two terms in (4.4) to the left side of (4.3). Also

add the terms € Y [{8Vv-n.}[ulcds and 3 % [ [u]e [v]eds on both sides of (4.3), then
ecEl ecel’
we can see that the solution u to the elliptic interface problem (4.1) satisfies the following

weak form:

ap(u,v) = Le(v), Vv € Vj0(), (4.5)

where the bilinear form a(-,-) @ Vi(2) x V,(©2) — R and the linear form Ly : V,(Q2) = R
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are given by

an(u,v) = 2 / BV - VudX — g / {8V - 1.} [v]eds
+ee€§/{BVU n.}e[u ds+§| |/ (4.6)
- Zgj / BVu-nds+e» 2 / BV - nouds + Zg: el / uvds,
L(v) = / fodX + Zg: i / vgds + ¢ py / BYv - nugds. (@7)

By enforcing the continuity on the mesh nodes, we can define the global IFE space as

Sp(Q2) :{v € L*(Q) : vlr € Su(T), YT € Ty, v is continuous at each A; € Nh}, 43

Sho() = {U € LA(Q) 1 vE Si(Q), gy = o} ,

where Sj,(T') is the local IFE space on the element T" € T, defined by (2.11). Then, as
n [111], the weak form (4.5) suggests us to consider the following PPIFE schemes for the

interface problem (4.1): find uy, € S,,(92) such that

ah(uh, Uh) = Lf(vh), \V/Uh - Sh70(Q). (49)

We follow [111, 127] to consider the PPIFE methods associated with three common choices
e = 0,—1,1, respectively, and we call the corresponding PPIFE method the incomplete
PPIFE (IPPIFE), the symmetric PPIFE (SPPIFE), and the non-symmetric PPIFE (NPPIFE)

method, respectively.
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4.3 Approximation capabilities on a patch

In this section, following similar ideas in [63, 64, 67], we consider the approximation capability
of the IFE spaces locally around an interface element. We recall some notations about the
set of elements defined in Chapter 2 that will be used in the later discussion: the set of
interface elements 7,7, the set of interior interface elements 7(2", and the set of boundary
interface elements 7", For each interface element T € 7' , we consider a patch around it

defined as follows [63, 64]:

Definition 4.1. (Patch of an interface element) For each interface element T € T}, its

patch is defined as the union of the neighbor elements:

wr=U{T" €T, :T'NT # ¢} . (4.10)

Figure 4.1 and Figure 4.2 illustrate the patch of an interior interface element and a bound-
ary interface element, respectively. In the analysis presented later, we make the following
assumption on these patches [63]:

Patch Assumption: As it is shown in Figure 4.1 and Figure 4.2, for every interface element
T and its patch wr, let e be an interface edge of T'. We assume that for s = +, there exists
a triangle T C Q° Nwy and two constants C7, Cy independent of the interface location such

that e N7 is one edge of T, and
CilenT?|h <|T7| < CylenT?lh, s=—,+. (4.11)

For example, for the interface element T = AA;A;As and the interface edge e = A; A, in
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Figure 4.1 and Figure 4.2, it is easy to see that
TH=ANADP T, =AAyDQ

can be used to fulfill the Patch Assumption for this interface element 7', here, D € e is the
intersection point of the interface I' and 9T, P € wy and () € wr are points whose distance
to the line passing A; and Ay is about h. Basically, the inequality (4.11) to be satisfied
in the Patch Assumption means that: the auxiliary triangle 77 corresponding to the edge
eNT* has a height O(h). We then summarize the conditions for the Patch Assumption to

be satisfied in the following two remarks:

Remark 4.1. As it is shown in Figure 4.1 for the interior interface elements T € 72", when
the mesh size h is sufficient small so that the interface is locally flat enough, the Patch

Assumption can be satisfied.

Remark 4.2. As it is shown in Figure 4.2 and Figure 4.3 for the boundary interface elements
T € T, the Patch Assumption can be satisfied under the following conditions (i) The mesh
size h s sufficient small so that the interface is locally flat enough. (ii) The mesh is
sufficiently fine such that the interface I' does not cut the corner of the domain, i.e., only
one edge of a boundary interface element is on the boundary of the domain. (iii) There is
a constant m independent of T, such that min{A, D, DAy} > mh; (iv) Let the acute angle
between the interface and the boundary is «, and tan(«) > m/2 (This condition is derived

based on MN > mh in Figure J.3).
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Figure 4.1: The patch of a triangular interior interface element

'
—6—

Figure 4.3: The patch of a triangular boundary interface element and the acute angle between
the interface and the boundary
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We now proceed to investigate the approximation capability of the IFE space on the patch
of each interface element. As a preparation, we first consider a few subsets formed according
to the interface geometry inside the patch of an interface element. Let T be an interface
element. We recall [ is the line that passes through the two intersection points of I" and 0T
The interface I and the line [ split the patch wr into the sub-patches wj and @5 (s = £),
respectively. Let 05 = wi U L%, s = +, and we can see that Or = (0] Nwy) U (O Nwy) is

the sub-patch sandwiched between [ and I". Following [59, 60], we consider the sub-set

Wi = U{l; Nwr : ; is a tangent line to T' Nwr} . (4.12)
For every vertex A; of T, i € Ip, and each point X € wy\wi, the line segment A; X has
either zero or one intersection point with I' N wy. When there is no intersection point, A;
and X have to be on the same side of I' N wy; while when there is one intersection point, A;
and X are on the different sides of I' N wy. We further denote wy® = (05 Nwi)\wit, s = +,
and wi = wr\(wy~ Uwy ™). By Lemma 3.4 of [60], when the mesh size is small enough, there
holds
|wi| < Ch?. (4.13)

For every X € wy’®, we let Yi(t,X) = tA; + (1 — t)X. When X and A; are on different
sides of T, we let £; = £;(X) € [0,1] such that Y; = Y;(£;, X) is on the curve T NT. Let
n(X) = (7.(X),7,(X)) be the normal vector to ' at every point X € T' Nwyp. Recall
n = (n,, n,) be the normal vector to [ and denote X+ as the projection of a point X onto [.
It can be shown, by the similar discussion as the Lemmas 3.1 and 3.2 in [57], that, for any

X € T Nwry, there holds

| X — X4 <Ch?, |n(X)-n| <Ch. (4.14)
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As in [71, 100], for a function v € H*(Q~ UQT), we let I,u € S,(Q2) be its IFE interpolation

defined by

Iiou(X) = e, w(A)ir(X), VX €T, VT €T,
[hu\T = [h,Tua with

Luru(X) = Y ieq, w(A)ir(X), VX €T, VT €Ty

On each interface element 7', every IFE shape function ¢;r(X),7 € Zr can be naturally
considered as a piecewise polynomial defined on the patch wr according to the sub-patches
Wi, 8 = —,+. Therefore, for a function v € H*(Q~ U QT), we can consider its local IFE
interpolation I, 7u(X) on an interface element 7" as a piecewise polynomial defined on the
patch wy according to sub-patches w7, s = 4, and we proceed to the analysis of its accuracy
in the rest of this section. In the discussions below, we denote s = +,s = F, namely, s
and s’ take opposite signs whenever a formula have them both. Also, we adopt the following

notations: X = (z,y) and x1 = z, 29 = y.

Following the same arguments in [57], we have the following expansions for Iu — u:

O, (Inu(X) = (X)) = > (B} + F})0,i0(X) (4.15)
ieTs’
+ R0,,0i7(X), VX €Wy, s=4=,
i€
al’dl’d/ [h,TU(X) = Z (Ezs + Fis)axd:cd/ ¢17T(X) (416)
iezs’

+ Z Ri0pya, 0ir(X), VX €wp®, s==,

1€T
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(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

52
8a:d]h,Tu = Z Riaxdqbi,T(X), VX e w},
1€T
830d55d/ ]h,Tu = Z Riaa;d$d,¢i7T(X)’ VX € w},
i€l
where d,d = 1,2 and
Rf(X> = Rfl(X) + Rf2(X) + Ri&;(X)a'i S 1—8/7 X e W;’s7 with
( t; d2us
Ry() = [T -0 i X))
0
1 d2us’
Ry(x) = [ (1= (e X)) dt,
ti
£
s hy td S(\/ s
R = (=) [ 4 (00 = 1) Tur (e X)) - (4= ) ) .
B = ((MS(Y/,) - Ms) Vus(X)) <Al - ?;) , ieT
F=— (T -V (x) (V=Y ), ieT,
1
. d
R(x) = [ L@, €T
o dt
in which M~ = (N*)"!N-, M* = (N-)"'N+, M =(N")"'N , M =(N )'N", with
. iy (X)  —fg(X _ Ay~
N* = N*(X) = ol ? ( ~) and N*® = Y
Big(X) B, (X) P 571y

Now we show the optimal approximation capabilities for the IFE spaces in terms of the

interpolation errors on the patch wr for each interface element 7. This result is stated in

the following theorem and it is complementary to that given in [57, 71, 100].

Theorem 4.1. Assume that the mesh Ty, is sufficiently fine, then there exists a constant C'



4.3. APPROXIMATION CAPABILITIES ON A PATCH 53

independent of the interface location such that the following estimate holds on each patch wy

associated with every interface element T':

IV Unzw = )l 2y + 7 [V Unru = u)]| 1o,
om0 [ .

<Ch (Jullprrzgury + 10l prrspy ) - Vi € PH(wr).

Proof. Using Lemma 4.1 in [57] and the fact [|[4; — X|| < Ch for i € Z, X € wr, we directly

have

||R§||L2(w;’s)

_ (/w (/01(1 C (A — X)TH Y X)) (A — X)dt>2 dX)

1/2

X ) 1/ (4.26)
§0h2/ (/ (1—2&)22|8$k8wlus(Yi,t)|2dX> dt
0 \Jwr® k=1
<CP* ||ull prr2(ug -
where H; is the Hessian matrix given by
w, (Yi(t, X)) ul, (Yi(t, X
Hi (e, x)) = | oA ) (127)

Uye (Yilt, X))y, (Yi(2, X))

Note that (4.14) implies the ||M*(Y;) — M’|| < Ch, s = £. Then, because of (4.21), we

further have

1Bl oy IMP(T) = M9 o 1 As — T
<CHIM (V) = TVl 2 (4.28)

§0h2||u||PH2(wT)-
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Next, (4.14) yields

Y-V

||E‘s||L2(w;vS) <|[M" - ]||||VUS||L2(W;S)

(4.29)
§0h2||u||pH2(wT).

In addition, using |wi| < Ch® from (4.13) and the similar argument as the one used in

Lemma 3.2 in [59], we have

1 Rill 2y < CR2||ul| pwi (),
P r (4.30)

10n,1ll 2203y < Chllullpwsser);

where d = 1,2. Note that the IFE shape functions have the following bounds [57, 71, 100]
|G 7o (o) < CRTF k= 1,2. (4.31)
Based on the estimations above, it follows from the expansions (4.15)-(4.18) that

10z, (Inru — u) HLz(w;S) (4.32)

Sch_l Z (“EfHL?(w;’S) + ||ES||L2(w;’S)> + Z ||Rf||L2(w;’S)

iezs’ ieT

<Ch HUHPHQ(wT)’

Haacdwd/ (Ih,Tu - U) HLQ(UJ;’S) (433)

<O [ 32 (1B lngaey + 1 Dy ) + SRS ey | +10msey tll iz

iezs’ i€l

<C HUHPH2(UJT)’
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102, (Inru — W)l 22wy (4.34)
<Ch™ Y IR 2wy + 10r,ull 2wy < Chllull pw o),
€L
||8xdxd/ ([h,TU - u)HLz(w}) (435)
<Ch™? ) I1Rill 2wy + 10, ull 2y < € <HUHPW176(wT) + HUHPH%WT)) ,

i€

where d,d’ = 1,2. Note that wy = wiUws ™ Uwi™, thus (4.25) follows from (4.32)-(4.35). O

4.4 FError estimation for the PPIFE methods

In this section, we will derive optimal estimates for the errors of PPIFE solutions under the
usual piecewise H? regularity assumption for the exact solution. As usual in the error analysis
and without loss of generality, we assume that the interface problem has a homogeneous
Dirichlet boundary condition, i.e., g = 0 in (4.1b). We use the following quantities to gauge

the errors of PPIFE solutions:

oz = S0 /Tﬁuw|2dx+ Zag/nye\lﬂ[v]}fds, Yo e Vi(Q),  (4.36)

T€Th eES}L

ol = vl + Z(Og)lf\llel\m {BVv-n.}*ds, Vv € Vi(Q). (4.37)

ect}
In fact, the following lemma shows the quantities defined in (4.36) and (4.37) are indeed

energy norms on the underlying space V().

Lemma 4.1. || - ||, and ||-||, are both norms on V3 (£2).
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Proof. We only present the proof for ||-||, and the argument for || - ||, is similar. Suppose
[|vlll,, = 0 for some v € V;,(2). Due to the construction in (4.36), it is easy to see that v is
a piecewise constant on each element and sub-elements of interface elements. Besides, from
II-ll,, = 0, it follows easily that v = 0 on &' and v is continuous across £y'. Thus v = 0 on
T € TY. v is continuous across all the non-interface edges, we have v = 0 on UrerrT. In
addition, the second term in (4.36) vanishing implies that v is actually continuous over all
the interface edges, and thus, v = 0 on UreriT. Hence, v = 0 on the whole ). Since it is

easy to verify that [||-[||, is a semi-norm, we conclude that ||-||, is a norm. O

We note that the energy norm (4.36) was already used for the analysis in [111]. It is easy to
see that

[olln < fllvlll,, v e Va(€). (4.38)

The following lemma shows the norms respectively defined by (4.36) and (4.37) are actually

equivalent when restricted on the IFE space Sp(€2).

Lemma 4.2. For sufficiently large 02, there exists a constant C independent of the interface

location such that ||vl||, < C|lv||n, Yv € Sp(2).

Proof. For each e € 8}1, let 7Y and T be the two elements sharing the same edge e. By the
trace inequality given by Lemmas 3.2 and 3.5 in [111], there exists a constant C' independent
of the interface location on both Tf and Ty, such that for each v € S,(€), there holds for

eecél

Y - neHi?(e) +|BVulzg 'ne||2L2(e))

2

/H|6|l/2{ﬁVU . ne}H2d8 < Ch <HBVU
6 (4.39)

<o||vav

Y
L2(TEUTS)
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for e € 5;;1'

SNt 590 nay P as < n (1590 i) <€ [ VB (4.40)

2
L2(T)

Therefore, for e € £}, adding and subtracting the term Zeegi(ag)’l INIEREEALE me}H2 ds

in || - ||, yields
ol > (1- 3¢ > /5||Vv||2dX+ ZUO/H|6|_1/2[U 1||” ds
h 08 T . ¢ e "
TeTh ect],
(4.41)
#3000 [ I35 n | as.
865}; e

where the constant C' is from (4.40). It is easy to see that the desired result follows from

taking o large enough in (4.41). O

The following theorem derives an optimal bound for the error in the flux of the IFE inter-

polation of a piecewise H? function on interface edges.

Theorem 4.2. Assume that the mesh Ty, is sufficiently fine and satisfies the Patch Assump-

tion. Then there exists a constant C' independent of the interface location such that:

2
> AV (u = Liw) - ne}l[egy < Chllullbge), Yo € PH?(S). (4.42)
et}
Proof. For each interface element T € T, let ¢ € & be one of its edges and let ¥ =
en)®, s = £. According to the Patch Assumption, there exists an auxiliary triangle T C wr,
possessing e as one of its edges, such that 7 C Q° and |e®|/|T¢| < Ch™!, s = +. Letting

Bmaz = max{f~, 1}, applying the standard trace inequality on T and using the estimation
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in (4.25), we have

18V (u = Thu) - ne| 12
<Brmaz (Hv(lh,TU - U)HLz(e—) + IV (Inu — U)HL2(€+))

<C 30 (D (19 G = @)y + Doz = ) o

s=—,+

§0h1/2 <||UHPH2(MT) + ||u||PW1’6(wT)) '

(4.43)

For each interface edge e € 5,?” let Tf and Ts be the two neighbor elements. Then (4.43)

implies

> BV (u = Lyw) - n}7a,

ecEl
<C) (Hﬁv(“ — Tnrgw) - mel[fagy + 1BV (= Dugg) ne\\;(e)) (4.44)
e€él
<Ch Y (Il sz + lellwrany)
TeT;

For each interface edge e € £ and the corresponding boundary interface element 7' € T,

Z {8V (u — Ihu) - ne}HiQ(e)

eES#
<C 3" (189w — Igu) - nelZay + 1890 — Do) nel2a)) ()
665%
2 2
<O 3" (Jullpeony + lilroen)
TeT)

Then from (4.44) and (4.45) we have:

ST BV (u — L) -0} 22y <Ch (lbrrsiey + lelBuwnogey ) (4.46)

eegi
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where we have utilized the finite-overlapping property of the patches wr, T € T;'. Then (4.42)
is obtained by applying the standard embedding inequality [126] ||w]|16.0s < Cllw||2.0s, s = £
to (4.46). 0

Remark 4.3. Note that, in Theorem 4.2 and the rest parts of the thesis, Ty is sufficiently
fine means that: for some fized parameter € € (0,4/2/2) and & € (0,1], the mesh size h is
such that [57]:

h<min{ VR 6},

V2(1+ (1—2e2)732)K K

where k is the curvature of the interface I'.

The following theorem is about the approximation capabilities of the IFE spaces in the

energy norms on the whole domain €2.

Theorem 4.3. Assume that the mesh Ty is sufficiently fine and satisfies the Patch Assump-

tion. Then there exists a constant C' independent of the interface location such that
| Ihu — ully, < Chllullprziq), Yu € PH*(Q) (4.47)

and

1Zyu — ull, < Chllullpragy, Yu € PH(S). (4.48)

Proof. By (4.38), estimate (4.47) follows from (4.48). Estimate (4.48) simply comes from
the estimate (4.42) and the definition (4.37) together with the global optimal approximation

capabilities of the linear and bilinear IFE spaces given in [71, 100]. [

Now we prove the coercivity and continuity for the bilinear form ay(-,-) defined in (4.6) in

terms of the energy norm |||-|||,,.
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Theorem 4.4. For ay(-,-) defined in (4.6), if 00 is sufficiently large, then there erists a
constant Kk such that

an(vn, vn) > &l|vallz,  Von € Sh(5). (4.49)

Proof. Note that

an (v, vp) Z /5Vvh VurdX

TeT,

(e—1) Z/{ﬁVz}h n,}e[vp] ds—i-z |/Uh [vp]eds. (4.50)
e€s} e€E},
For an interior interface edge e € 5}1, we have
1
> [trven nalats <03 VBV, Il
6651 665’
(4.51)
2 C’ )
DSl VA IR S 17
2(T) |
T€ETh eEEZ

for a boundary interface edge e € &' and its corresponding boundary interface element

TEEM

Z /{BVvh ne Huoplds < C Z H\/_Vvh‘

e |1/z|| onllzzco

ec&bt eESb’
" (4.52)
Z H\/_ )LQ(T) 20 Z ] | s “L2
TeTbL
Therefore

Uh,Uh >Z/ﬁVvh Vvth—i—Z

el || Unlell 2(e)
TeT, GEZ
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2 C 1
1 | =5 I 4.53
o= (03 [VAVu L+ 55 2 g el (4.5
TeTh e€&;
2 Cle—1 a?
> e oe-1) Y [vEval, o (16 S S0 i,
L2(T) 2609 el
TET, e€s;
Consider the least favorable situation (e is smallest) where e = —1, by choosing § = § and
0¥ = 5C', we have:
an(vn,vn) > Kllallz, Yo € Su(). (4.54)
The proof for other values of € follows similarly. 0

Theorem 4.5. For ay(-,-) defined in (4.6), there exists a constant C' such that

an(w, v) < Cffjwll,lvlly,  Vw, v € Vi(€). (4.55)

Proof. Note that

ja(w,v)| < | Y /TWdeX £ {8V nflds
o T (4.56)
+ {BVv-n }w]| + %< Lw]v]ds| .
byl >/

Denote each term on the right in (4.56) as Q;(i = 1,2,3,4). Applying Hélder inequality on
Q;, we have

Q1] < Cllwllza@yllvllzey < Cllwll, vl (4.57)
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(@21 < Y IH{BVw 0 Hl g 0]l 2

eES}l
1/2 1/2
0y—1 1/2 2 0 —1/27, 1||? (4.58)
< [ S0 el Ve b | (3 o el 20
e€&; e€&;
< [lfew Il 101l ,-
Using the similar argument above, we obtain
|Qs| < [l[wlll, [l (4.59)
|Qal < l[wlllll[oll, (4.60)
Thus, (4.55) follows from applying (4.57)-(4.60) to (4.56). O

We note the estimate for ||I,u — u||;, given in (4.47) was also established in [111], but we
prove it here by alternative arguments such that (4.47) follows from (4.48), which is the
optimal approximation capability of the IFE space in the stronger energy norm |||-|||,. More
importantly, adopting the stronger norm |||-[||, in the error estimation allows us to establish
both the coercivity and continuity for the bilinear form ay(-,-) employed in the PPIFE
methods, which are critical components in obtaining the optimal error estimates for the

PPIFE solutions with the standard PH?(Q2) regularity in the following theorems.

Theorem 4.6. Assume that the exact solution u to the interface problem (4.1) is in PH*(Q)
and uy, is the related PPIFE solution with ¢° in ay(-,-) large enough on a mesh Ty, fine

enough. Then there exists a constant C' such that

e = wunll, < Chllullprzo)- (4.61)
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Proof. From (4.5) and (4.9) we have
ap(up, — Iyu,v) = ap(u — Iyu,v), Yo € Sp(Q). (4.62)
Letting v = uy, — Iyu and using both the coercivity and the continuity of ay(-,-), we have

Kl||up — Ihu|||i < ap(up — Iyu, up, — Iyu) =ap(u — Iy, up — Iyu) (4.63)

<Clllw = Inullllun = ull,-
Thus, ||up, — Inull|, < Cl|lu — Inull|,. Then, by (4.48), we have
e = unlll, < lllw = Znulll, + llun = Lyull,, < 1+ Ol = Inull, < Chllullprzg),

which proves (4.61). O

Because of (4.38), the estimate given by (4.61) leads to
lu = unl[n < Chllullpr(q), (4.64)

which is not only an optimal error estimate for the PPIFE solution wu; in the energy norm
| - ||n but also a better estimate than the one given in Theorem 4.3 of [111] because (4.64)

requires a standard and less stringent regularity assumption for the exact solution wu.

Furthermore, using the standard regularity assumption in the error analysis allows us to
derive an optimal error estimate in the L? norm in the following theorem, which could not
be accomplished by the analysis approaches employed in [111] that relied on the excessive

PH3(Q) regularity.
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Theorem 4.7. Under the conditions of Theorem 4.6, there exists a constant C such that

lu = unll 2@y < CR2|ullpree). (4.65)

Proof. The proof is based on the standard duality argument. Let w € PH?*(Q2) be the
auxiliary function that is the solution to (4.1) with f at the right hand side replaced by

u — up. Then, following standard arguments we have
Ju = unl|72i0) = an(w, u— up). (4.66)

Let Irw be the interpolent of w in IFE space. Since Iyw € S,(2), by (4.5) and (4.9) we have
ap(Inyw,u —uy) = 0 which leads to aj(w, u —uy) = ap(w — Iw,u —uy). Then, by (4.66) and

the continuity of ay(-,-), we have
lu = ) = an(w — Inw,u — up) < Cllw = Lywllly [lu — upl,,- (4.67)
According to (4.48) and the regularity for the elliptic interface problem [45], we have
llw = Ihwlll, < Chllwllpr2@) < Chllu — usl[L2@)- (4.68)
Putting (4.68) to (4.67) leads to
[ = unllz2(@) < Chfllu — ], (4.69)
which yields (4.65) by applying (4.61). O

To finish this section, we present a numerical example to corroborate the optimal error

estimates obtained in Theorems 4.6 and 4.7. Consider the domain Q = (—1,1) x (—1,1)
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that is separated by the circular interface T' : 2% + y*> — r2 = 0, 70 = 7/6.28 into two

subdomains

Q ={(z,y): 2+ <rj}, QT=0\Q.

On Q, we choose functions f and g such that the interface problem (4.1) has the following

exact solution:
__Tav (l’,y) € Qi?
U(.’I}, y) = 1 N 1 1 N n (470)
ﬂ_+r + BT_BT Tos (l’,y)EQ,
in which « = 1.5,7r = /22+92, 3~ = 1, and g = 10. It can be verified that v €
PH*(Q)\PH?(Q2). Table 4.1 presents errors of the PPIFE solution wu;, generated on a se-
quence of uniform triangular meshes 7, of {2 in which h = 2/N with the integer N listed in
the first column in Table 4.1. The data in this table clearly demonstrates that the PPIFE

solutions converge optimally in both the L? and H! norms to the exact solution v that is a

function in the Sobolev space PH?(2) but not in PH?((2).

N | |lu—upllon rate | |u—wupl1o rate

10 2.9428e-03 NA 3.2747e-02  NA

20 8.4280e-04  1.8039 | 1.5430e-02 1.0856
40 1.9635e-04  2.1018 | 7.8261e-03 0.9793
80 4.5931e-05  2.0958 | 3.9244e-03 0.9958
160 | 1.1242e-05 2.0305 | 1.9596e-03 1.0019
320 | 2.9990e-06 1.9064 | 9.7966e-04 1.0002
640 | 7.7099e-07 1.9597 | 4.8967e-04 1.0005

1280 | 1.9814e-07 1.9602 | 2.4490e-04 0.9996

Table 4.1: Errors of SPPIFE solutions, 5~ =1, 8 =10, o = 1.5.
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4.5 Conclusions

In this chapter, we have employed a new analysis framework to derive the error bounds
for the PPIFE methods developed in [111]. This new framework uses an energy norm |||,
which is stronger than ||- ||, norm originally used [111]. There are two key-components in this
analysis framework. First, it employs a patch technique to show the optimal approximation
capability on interface edges for the flux of the IFE interpolation of a function with the
standard piecewise H? regularity. Second, it shows that the bilinear form ay(-,-) in the
PPIFE methods is both coercive and continuous in terms of the stronger energy norm ||-||,.
Benefitted from these two key-components, not only can we show that the IFE space has the
optimal approximation capability gauged by the energy norm |||-|||,, but also we can show the
PPIFE solution converges optimally in both ||-[||, and || - ||, with the standard piecewise H?
regularity for the exact solution. As a very important consequence of the standard piecewise
H? regularity assumption, we can further show that the PPIFE solution converges optimally
in the L? norm, which the analysis techniques used in [111] could not achieve. The error
analysis for IFE for the second order elliptic operator based on the patch will serve as the
theoretical foundation for the analysis of the IFE methods for Helmholtz, hyperbolic and

parabolic interface problems in the coming chapters.



Chapter 5

IFE methods for Helmholtz interface

problems

5.1 Introduction

In this chapter, we present our exploration for applying IFE methods to solve the Helmholtz
interface problem described by (1.7), which we recall here for easy reference: find u(X) that

satisfies the Helmholtz equation and the boundary condition

~V-(BVu) —w*u=f, inQ UQt, (5.1a)

0
ﬁ—u +iwu =g, on J9, (5.1b)
877,9
together with the jump conditions across the interface [21, 26, 38, 86, 93]:

[ulp :=u"|p —u”|p =0, (5.1¢)

[BVu-n], :=p*Vu' -nlp -5 Vu -n|p = 0. (5.1d)

Here the domain 2 C R? is divided by an interface curve I' into two subdomains = and

O, occupied by a different material each, with Q = Q- U QT UT, i = v/—1, w is the wave

number, ng is the unit outward normal vector to 092, u® = ulqs, s = £, n is the unit outward

67
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normal vector to the interface I', and the coefficient [ is a positive piecewise constant function

representing different materials such that

g~ for X € Q7
AX) =

Bt for X € QF.
Both the PPIFE methods and the DGIFE methods, including the higher degree schemes, will
be developed to solve the Helmholtz interface problems. As for the error estimation, we follow
the framework of Schatz’s argument to carry out the error analysis for the linear and bilinear
symmetric PPIFE methods. To be specific, we utilize the coercivity and continuity of the
bilinear form corresponding to the elliptic operator [63, 111] to establish Garding’s inequality
and continuity of the bilinear form in these PPIFE methods which are key ingredients in
Schatz’s argument. We also derive a special trace inequality that is valid for IFE functions
which are not H' functions in general. Consequently, under suitable assumptions about the
regularity of the exact solution and the mesh size, we are able to establish the optimal error
bounds in both an energy norm and the standard L? norm for these PPIFE methods for

solving the Helmholtz interface problems.

The layout of this section is as follows: In Section 5.2, PPIFE and DGIFE methods are
derived for the Helmholtz interface problem (5.1). In Section 5.3, optimal error bounds are
derived for the linear /bilinear symmetric PPIFE method in both the energy norm and L?
norm with Schatz’s argument [62]. We present numerical examples to show the features of
the proposed IFE methods in Section 5.4. Some concise conclusions and remarks are given

in Section 5.5.
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5.2 IFE methods for Helmholtz interface problems

All the IFE methods developed for the elliptic interface problems such as those in [3, 73,
100, 104, 111, 112] are expected to be extended to Helmholtz interface problems since they
share the same second order elliptic operator. We will herein focus on the PPIFE methods
and DGIFE methods because it has been observed that these methods have the enhanced

stability and accuracy with the added penalty terms in the schemes.

To describe the IFE spaces to be used to solve Helmhotlz interface problems, we specify the

collection of the nodes N}, for a mesh T;, of Q as follows:

/

U {Xir,1<i<(p+1)(p+2)/2} when 7y, is a triangular mesh,
TeT,
Ny =
U {4Air, 1 <i<4} when 7}, is a rectangular mesh,
\T€Th

where X; 7,1 < i < (p+ 1)(p + 2)/2 are the local nodes associated with the standard p-th
degree Lagrange finite element shape functions in a triangular element 7" and A; r,1 <@ <4

are vertices of a rectangular element 7.

Then the complex local IFE space to be used is
SHT) = {v = Uy + vy 1 V1, Vg € g,’j(T)} . VT € Tp, (5.2)

where the real linear /bilinear local IFE space S} (T) is the same as S}(T) in (2.11), and the

real higher order IFE space S?(T) (p > 2) is the same as ST,(T) in (3.13) (we only consider
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normal extended jump condition herein when constructing higher degree IFE spaces). Ac-
cordingly, the complex global IFE space used in the PPIFE method for Helmholtz interface

problems is defined as:

SP(§2) :{v € L*(Q) : vlr € SY(T), VT €Ty, v is continuous at each X € Nh}, (5.3)

while the complex global IFE space for the DGIFE method is defined as:

DSP(Q) :{v € LX(Q) : v|p € SY(T), VT e n}. (5.4)

We note that v, € S7(€) is either a piecewise p-th degree polynomial or a piecewise bilinear
polynomial. The continuity of v, € SF(Q2) at every X € N, implies that v, is continuous
across every non-interface edge e € éﬁ, but, in general, v, € S7(€2) can be discontinuous
across each interface edge e € S}L, see [73, 100] for more related explanations. As usual, each

function vy, € DSF(§2) can be discontinuous across all edges of the mesh.

Furthermore, for each function v, € S¥(Q) or DSY(R), it can be shown that v,|r € HY(T)
for p = 1 because vy|r is continuous across | = DE, see Figure 1.3, and v,|r ¢ H'(T) for
p > 2 because the piecewise polynomial v, cannot be continuous across an interface curve I'

in general.

5.2.1 PPIFE methods for Helmholtz interface problems

First we derive the PPIFE scheme. For simplicity, we assume that I' N 9Q = (). Multiply
equation (5.1a) by the complex conjugate of a function v, € S7(€2) and integrate on each

element 7" € T,. Then, by Green’s formula and the interface jump condition (5.1d), it
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follows:

/ BVuVTRdX — BVu - npopds — {BVu - np}[Tp]ds — w? / uvpdX

oT T T (55)
- / e
T

where the third term on the left of (5.5) disappears when 7" € 7,".

Here we recall some set notations from Chapter 2 for sets of edges and elements to be used
in the later discussions: the set of interior edges is éo'h, the set of interface edges is &£}, the set
of interior interface edges is 5}” the set of boundary edges is £, the set of boundary interface
edges is E'; the set of interface elements T;!, the set of interior interface elements 702, and

the set of boundary interface elements 7,7

Summing (5.5) over all T € Ty, leads to

> [ avavmax = 3 [(5vu-noyflds = Y [ 6Vu- nods

TeT eegh ggb €

= / (BVu - nrd[Erlds — w / wTdX = / fondX. (5.6)

TeT;

Because of the continuity of 7, € S} () across non-interface edges, we can write (5.6) as

Z/ﬁVquth Z/{BVU e} vh]ds—z BVu - nupds

TeTh 665’ 6682 ¢

-) {ﬁvu-nr}[mds—wz/

TEThi ror Q

wTrdX = / fordX.
Q



72 CHAPTER 5. IFE METHODS FOR HELMHOLTZ INTERFACE PROBLEMS

Applying the boundary condition (5.1b), we can reduce the above equation to

Z /6VUVUth Z /{/BVU ’n,e} ’Uh dS —|—Z(,u Z /uvhds

TETh ccEi ecE?
< (5.7)
- Z /{ﬁVu nr }on|ds — /uvth /fvth + Z /gvhds
TET; ecgl V€

By assuming that u is in PH?*(Q) so that [u]. = 0, Ve € &, and applying the interface jump

condition (5.1c), we obtain

€ Z /{ﬁvv_h : ne}e[u]eds = 07

e

e€ty

0
— 0Y __
ey {8V - nr}rfulrds =0, i) el [ulr [on]rds = 0,
fez: T ol

with parameters ¢, and ¢? > 0. Adding these four terms to the left hand side of (5.7), we
can see that the solution u to the Helmholtz interface problem (5.1) satisfies the following
weak form:

bfp(u,vh) = Lf(Uh), VU}L S Sﬁ(ﬂ),
(5.9)

with 0y (u,vp) = af " (u, vn) + iw(u, vp)oo — w?(u, vp) 20

where the bilinear form af (-, ) : PH?(Q) x S¥(Q) — C and the linear form L(-) : S?(Q) —
C are defined as:

TET, €

ar ¥ (u,vp) = BVu - VodX — {6Vu - n.}.[v3] ds—i—ez {6V - n.}lul.ds
>, oyl J

eEé’}L

+in/uv_hds+z’Z €|/ e [Une / {BVu - nr}[vy|rds
ecgl © ecé TET
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0
. lops __
+6§ / {va-nr}r[u]pdsﬂi Tel [u]r [On]rds, (5.10)
TGThi ror TEThi ror
Ly(vy) = /va_thjLE /g’u_hds. (5.11)
665;: ¢

The weak form (5.9) suggests the PPIFE method for the Helmholtz interface problem (5.1):

find uy, € S7(Q2), p > 1 such that

bfp(uh,vh) = Lf('l}h), Y, € S,ZZ(Q) (5.12)

Remark 5.1. The continuity of vy|r, YT € Ty, for every v, € S}(Q) implies that the last
three terms in the bilinear form al¥'(-,-) defined in (5.10) can be ignored in the PPIFE

method based on the linear and bilinear IFE spaces.

We will proceed to derive the DGIFE method for the Helmholtz interface problems in the

next subsection

5.2.2 DGIFE methods for the Helmholtz interface problems

For the DGIFE methods, we begin with (5.6) by using v, € DS} () instead of v, € Sh(€2).
Then, similar to the derivation of PPIFE scheme for Helmholtz interface problems, by as-
suming that v is in PH2(Q) so that [u]. = 0, Ve € &, and applying the interface jump

condition (5.1c), we have

e

e€én e€En (5.13)
0
e/{ﬁvmnp}p[u]pds — 0, i%/[u]p[mpds — 0.
I I

> [(avar nduds =0, i3 % [l fl.ds =0,
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Similar to the derivation of the PPIFE scheme, we add the four terms above to the left hand
side of (5.7), then we can see that the solution u to the Helmholtz interface problem (5.1)
satisfies the following weak form:

by (u,vn) = Ly(vy), Yo, € DSP(Q),
(5.14)

with b2 (u, ) = aP% (u, vp) + iw(u, vp)aq — W (u, vy,
where the bilinear form a?%(-,-) : PH*(Q2) x DS?(Q) — C and the linear functional L(-) :
DS?(Q) — C are defined by

aPC(u,v,) = / BVu - VopdX — /{ﬁVu N} [0n]eds + € Z /{BVU;L ‘1, fefulods

TET eegh e€ép

+iw Z /uvhds—l—z Z ] / e [On)e /{ﬁVu nr o rds (5.15)

+e/{ﬂVﬁ~np}p pds+z—/ r [Un]rds,
I

r

Li(vp) = /va_th—i-Z/gv_hds (5.16)
eESZ €

The weak form (5.14) suggests the DGIFE method for the Helmholtz interface problem: find

up € DSY(2), p > 1 such that

by (un,vn) = Ly(vy), Vo, € DSE(Q). (5.17)

Remark 5.2. Similar to the PPIFE method, the continuity of vy|p, VT € Ty, for every
v, € DSH(QY) implies that the last three terms in the bilinear form aP%(-,-) defined in (5.15)

can be ignored in the DGIFE method based on the linear and bilinear IFE spaces.
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The following section will provide the error analysis for the linear/bilinear PPIFE methods

for Helmholtz interface problems.

5.3 Error analysis of symmetric linear/bilinear PPIFE

methods

The error estimation to be presented here is for the symmetric linear /bilinear PPIFE methods
described by (5.12) (when p = 1 and € = —1). In addition to the energy norm || - ||, and |||,
defined in (4.36) and (4.37), we will also use the following new energy norm and broken H'

norm for functions v € V3, () (V,(§2) is defined in (2.4)):

2 2
vl = el + w*llvlZz @), (5.18)
it =" Ivlir o= v}z (5.19)
TeTh TeTh

For simplicity, we assume that: the interface does not intersect the boundary, i.e., I'NOQ = (.

Also, we make the following assumption on the regularity of the exact solution

Assumpsion 5.3.1. Assume that the exact solution u to the interface problem (5.1) is in

PH?*(Q) and the following estimate holds for some constant C':
lulloe < € (w+w7) (1120 + N9l iaonmy) - (5.20)

Assumption 5.3.1 can be satisfied when the 0Q2 and I are sufficiently smooth, see [50, 118§]
and [119] for more details. Next we recall a standard estimate for the trace of a H! function

on Jf) in the following lemma.
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Lemma 5.1. Assume that v € H'(Q), then there exists a constant C' such that

2
o120 < € oy (0l 2@y + Iohia) (5.21)

Proof. This result is given in (4.37) in [96]. O

For each function v € PH?*(Q) & S,(Q), we let Jyv be its interpolation in the standard
continuous (i.e., H') linear or bilinear finite element space defined on the same mesh 7, such

that

JhU|T = Jh’TU, with Jh,TU Z v(A sz , VX € T, VT € 77“ (522)

€L

where ¢; r(X), ¢ € Zr is the linear or bilinear shape functions on the element 7. Upper

bounds of J,v are given in the following lemma.

Lemma 5.2. There exists a constant C' such that the following hold for all v € PH?*(Q2) @

||JhU|IL2(Q) S ||U||L2(Q) —|— Ch|U|17Q, (523)

|Jh'U|1’Q S C|'U|17Q. (524)

Proof. Let v € PH*(Q) ® S,(Q). Then v|r € HX(T) on T € T," and v|r € PH*(T) & Sy,(T)
on T € T;'. Denote Y;(t,X) =tA;+ (1 —t)X, t € [0,1]. By the first order Taylor expansion,
we have

v(A) = v(X) + /01 Vo (Yi(t, X)) - (A — X) dt. (5.25)

Using (5.25) and the partition of unity of the linear and bilinear finite element shape functions
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on T € T, we have

Tio(X) = Juro(X) = o(X)+ Y ( /0 Vo(Y(t, X)) - (A — X)dt) i(X), VX € T. (5.26)

€L
Since there exists a constant C' such that [|1);||(r) < C and ||4; — X|| < Ch, from (5.26),
we have

1/2

> /1 Vo(Y;(t, X)) - (4 — X)dt) dX

i€l

Z/ ”V“(Yi(t,X))||2dX)2dt (5.27)

1€Lr

| Jnvllzzcry <|vll2ay + C /T<

1
<||v|l 2¢ry —I—C’h/ (
0

<||v[|L2(ry + Chlv|i 7.

Similarly, by ||V 1| ey < Ch™F, we have

IV Il 2y = ‘ > v(A) Vi r(X)

1€l

(1

§Ch*10h|”u]1,T

LA(T)
1/2

Z/O VU(Y%(KX))(Ai—X)dtV%,T(X)) dX (5.28)

i€l

SC”U|17T.

Then, summing (5.27) and (5.28) over all elements 7' € 7T, leads to estimates (5.23) and

(5.24), respectively. O

Since the IFE space S;,(£2) is not a subspace of H'(£2) in general [71, 100], the trace inequality
cannot be applied to functions in PH?(Q)) @ Sy,(£2), for which, nevertheless, we can derive a

similar trace inequality as follows.
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Theorem 5.1. There exists a constant C' such that for every v € PH*(Q) @ Sp(Q) the

following inequality holds:

o2 < € (I0ll 2y + blvhie) 0] - (5:29)

Proof. Let v be a function in PH?(Q2) @& S,(Q2) and let J,v be its standard finite element

interpolation described by (5.22), and we have

o200y < 2 (v = Jnvlaon + 1m0 l2c00 ) (5.30)

We estimate the second term on the right hand side of (5.30) first. Since Jyv is in H'(Q),

by Lemma 5.1 and Lemma 5.2, we have

2
10200 SC 100l 2y (100l 2y + i)
<C (oll oy + Chlvlie) (0] a@) + Chloha +vhe) — (5:31)

<C (Jvll 2y + hlvle) [[v]l10

For the first term on the right hand side of (5.30), we note that v € H*(T) on T € T
(where we recall that 7, is the set of boundary elements) because of the assumption that
the interface I" does not touch boundary elements when h is small enough. Then, using

the standard trace inequality on T € 7,? and the approximation capability of finite element
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space, we have

2 2
v — th“L?(aQ) < E v — JhUHL?(aT)
TeTk

<Ch™ Y (o = dnvlliary + B2V (0 = Joo) ey

TeT?

<Ch™' 3" (CRo} 7+ B* - Clofur)” (5.32)

TET?

<Ch Z ‘UE,T

TeT?

SCh\v\iQ.

Finally, the inequality (5.29) follows from applying (5.31) and (5.32) to (5.30). O

For each function u € PH?(Q), we recall that its interpolation in the IFE space S;,(Q) is as

70, 71, 100]

[h,Tu(X) = ZiGZT U(A,L>¢17T(X), VX € T, VT € 7;3,
Lyl = I ru, with (5.33)

]h,TU<X) = ZiEIT U<Az)¢z,T(X)a VX € Ty7 VT € 7;:1
The following theorem provides a description about the approximation capability of the IFE

spaces in terms of the energy norm |||,

Theorem 5.2. There exists a constant C' such that the following estimate holds for every
u € PH*(Q):
1w = ully, < Chllullzq, Yue PH*(Q), (5.34)

provided that wh < Cy for some constant Cy.
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Proof. By Theorem 3.14 in [71], Theorem 3.7 in [100], and Theorem 4.3, it follows

2 2
M = wlly, = l2hw = ully + @ Ihu — 2@,

< Ch?||ull3 o + Cw?hull3 o < CR*[lull3

which proves (5.34). O

We now proceed to the error estimation for the symmetric PPIFE methods described by
(5.12), and we will follow Schatz’s argument [131]. We start from the Garding’s inequality

for bI'F(.,.) in the following lemma.

Lemma 5.3. There exist constants Cy and Cy such that the following inequality holds for

o? sufficiently large
6EF (v,0)] > Chl[vll3, — Cow?||v]|z2(), Vo € SK(Q). (5.35)

Proof. First of all, we note that

1
|bfp(v,v)| > (Re (bfp(v,v)) + Im (bfp(v,v)))
\{5 (5.36)
=7 (Re (ar " (v,0)) +Im (3" (v, 0)) +w vaz(am —w? HUH§,2(Q)) :

V2

Next, we introduce the bilinear form a(.,.) : V,(2) x V,(©2) — C such that

an(u,v) = a;F (u,v) —i Z % /[u]e []eds, Vv € Vi(Q).

e€&}

For each v € S,(Q2), we let v = vy + vy with v; = Re(v) € S,(Q2) and vy, = Im(v) € S,(Q).
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Since ay(.,.) and a(.,.) are both bilinear and symmetric, we have

a,”(v,0) = ay " (vi,v1) + aF (va, va).

It follows that

g

Re(ay” (v,v)) +Im(ay” (v,v)) = an(vi,v1) + an(va, v2) + Z f’ /[vl]e [U1]eds

et}

+ 3 %% [, s,

e€&l

(5.37)

Because vy, v; € Sp(Q), we can apply Theorem 4.4 to (5.37) so that there exists a constant

k > 0 such that
Re (ar,"(v,v)) +Im (az, " (v,0)) 2 wllodll + llozllz) = ol (5.38)
Therefore, applying (5.38) to (5.36) we have

2
657 (0,0 > <= (II0lIE + w0l ) — (1 + ) ol )

>

Sl =Sl

(lloll3, = w21+ m)l0)32(q) )
which proves (5.35). O

The following lemma is about the continuity of the bilinear form b7 (-, ).

Lemma 5.4. There exists a constant C such that for every y,v € PH?*(Q) & Si(Q) the
following inequality holds

6"y, 0)] < Cllyllp vl (5.39)

provided that wh < Cy for some constant Cy.
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Proof. By the same arguments used for proving Theorem 4.5, we can show that there exists

a constant C such that

. (y 0) < Cllylll o]l

Since [[yllx = Fllyllz2(), then

101" (v, )] < Clllll Mol + @2yl z@llvll 2@ + Cwllyllrzemllvl o) (5.40)

< Cllyllsalloll + Mslllolly, + Collgllzzon Iol2o0)-
For the third term on the right hand side of (5.40), applying Theorem 5.1, we have
2 2
o 112 0 10 200y <C® (2 + Blyh) (Holagey + Alolsa) Iyl ol

—C (@llyll ey + whlylie) (w10l 2y +whlvhie) 1wllg 0]

2 2
<Cllyllz vl

(5.41)

Thus, applying (5.41) to (5.40) leads to (5.39). O

Following Schatz’s argument [131], we now derive a posteriori error estimate for the sym-

metric PPIFE solution in the following lemma.

Lemma 5.5. Let u € PH?(Q) be the exact solution to the problem (5.1), and let uy, be the
solution produced by symmetric PPIFE method (5.12) with o¥ large enough, then there exists

a constant C such that

ot — | 2oy < € (w + 1/w) Bl — (5.42)

provided that wh < Cy for some constant Cy.
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Proof. We define an auxiliary function z € PH?*(Q)) as the solution to the problem (5.1),
with f replaced by e, = u — uy, and g replaced by the zero function. In the weak form (5.9)

for z, choosing v = e;, as the test function yields
”eh“%Q(Q) = bfP(Z, en)-
Let Iz be the interpolant of z in IFE space S,(€2) defined by (5.33). Then, it follows

b (Ihz,en) = b)Y (Inz,u) — bF ¥ (Inz, up)

= (f, [hZ)Q + (9, [hz)ag —(f, [hz)ﬂ — (9, Ihz)ag

=0.

Thus bf 7 (2, e5) = bi T (2 — Iz, e,). Therefore, by Lemma 5.4, Theorem 5.2 and Assumpsion

5.3.1, we have
lenll72) =by, " (2 — Inz, en)
< Cllz = Inz|l3 llenlls
< Chlz[|2,elenlls
< C(w+ 1/w) hlenl| 2 () llenll
which proves (5.42). O

Now, we are ready to derive the optimal error bounds in both the energy norm and L? norm

for the symmetric PPIFE methods described by (5.12).

Theorem 5.3. Under the conditions of Lemma 5.5, there exists a constant C' such that

e = unllly, < Chijull2.0; (5.43)
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provided that (w? + 1)h is sufficiently small.

Proof. First, we assume that (w? + 1)h is sufficiently small such that kh < Cy for some
constant Cy. Denote e, = u — uy, €, = up, — Ipu, then by Lemma 5.3 and Lemma 5.4, we

have
Cullenllz, — Cow?llenll gy < b (8ns ) = b7 (u — Inu, ) < Cllu — Inullyllenlly,-
By the fact that ||é4]],, > wl|én]|L2(), We then have

~ 2 ~ ~
llenllz, < Cllw = Inulllyllénlly, + Cw?llénlZ2q)

< Clllu = Inullyllenlly, + Cwllenlllyllenllzzq)-

Therefore, using Theorem 5.2, we have

lenlly, < Clilu = Inully, + Cwllénlr2),

< Chlfullzo + Cw (llenll 2y + e = Tl o) -

Furthermore, by Lemma 5.5 and the approximation capability of IFE spaces [71, 100], we

have

léallse SCP ullyq + Coo (€ + 1/w)hllenlly, + Ch2 lully o)
<Chl|ulls.0 + Cw(w + 1/w)h|lenll,, + Cwh?|ull2q, (5.44)

<Chllull2,0 + C(w® + 1)h||en|l;,-
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Hence, by (5.44), we have

llenllly, < lllw = Inully + lllenlly,

< llw = Inully, + Chllullzg + C(w?* + Dhllenlly,.

Then, by Theorem 5.2 again, the inequality above becomes
(1= C(w* + 1)A) lllenllly, < Chllullze,

which proves (5.43) provided that (w? + 1)h is sufficiently small. O

Remark 5.3. According to [131], if uy, is a PPIFE solution corresponding to u = 0, then
from Theorem 4.6 it follows that u, = 0 provided that h is sufficiently small guaranteeing
(w? + 1)k is sufficiently small. This implies that the linear system to solve uy, induced from
the symmetric PPIFE scheme (4.9) is nonsingular; therefore, the PPIFE solution uy, defined

by (5.12) exists and is unique.

Theorem 5.4. Under the conditions of Theorem 5.3, there exists a constant C, such that
= wnll oy < € (w0 + 1) Bl (5.45)

Proof. The estimate (5.45) follows directly from Lemma 5.5 and Theorem 5.3. O

5.4 Numerical Examples

We now present two numerical examples for the Helmholtz interface problems. The first
example (to be precise, the first group of examples) aims to illustrate the feature of the IFE

methods, especially the higher degree methods. While the second example aims to corrob-
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orate the theoretical results of error analysis in Section 5.3. In these numerical example,
the solution domain is Q@ = (—1,1) x (=1,1) on which we form a rectangular mesh 7, by
partitioning €2 into N x N congruent squares of size h = 2/N or we construct a Cartesian
triangular mesh 7, by further dividing each rectangular element in the previous rectangular
mesh into two congruent triangles along its diagonal line. The Helmholtz interface problem
to be considered is such that it has an interface T' : 2% + y* — r2 = 0, ry = 7/6.28 separating

) into two subdomains

0O = {(x,y) sty < 7“(2]}, O =0\Q-.

Example 5.4.1. Functions f and g in the Helmholtz interface problem (5.1) are chosen

such that its exact solution is:

BTU(T)7 (Jﬁ,y) € Q_’
u(,y) =9 L (5.46)
6—+U(r)+ (ﬁ_—_ﬁj) Ulro), (z,y) €T,

where r = /2?2 +y2 U(r) = Cosfuw) — COS(w)HSin(w)) Jo(wr), and J,(z),y7 = 0,1 are the 0-th

w(Jo(w)+iJ1(w)

and 1-st order Bessel functions of the first kind.

For the PPIFE and DGIFE scheme, we choose € = —1, so the PPIFE and DGIFE schemes
are symmetric PPIFE (SPPIFE)/symmetric DGIFE (SDGIFE) schemes, respectively, and
we choose the penalty parameter 0% = 30max{8~,37}. We apply these IFE methods to
Helmholtz interface problems with 3~ = 1, 87 = 5 or 50 representing small and moderately
large discontinuity in the coefficient 3, and to Helmholtz interface problems with w = 10 or

50 for small and larger wave numbers.

Figures 5.1-5.4 compare the cubic DGIFE solutions to the exact solutions of two groups
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of Helmholtz interface problems. Figures 5.1 and 5.2 are for the interface problems whose
coefficient (3 is such that = = 1,37 = 50, but Figures 5.3 and 5.4 are for 3~ = 50, 8" =
1. These plots demonstrate that the proposed IFE methods can satisfactorily solve the
Helmholtz interface problems with either a small wave number w = 10 or a moderately large

wave number w = 50.
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Figure 5.1: magnitude of cubic DGIFE solution, exact solution and errors between them at
finite element nodes when w = 10, 3~ =1, 8T = 50, N = 160.
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Figure 5.2: magnitude of cubic DGIFE solution, exact solution and errors between them at
finite element nodes when w = 50, 8~ =1, 7 = 50, N = 160.



88 CHAPTER 5. IFE METHODS FOR HELMHOLTZ INTERFACE PROBLEMS

1 1 1
22

5d 016 o8 016 oE
2

06 014 06 014 06
< 18
04 012 0.4 012 0.4 16
0z b 02 s 02 14
> 0 > 0 > 0 12
008 008 I

02 02 02
006 006 08

04 04 04
004 004 ="

06 06 06
04
08 002 -08 002 0.8 02

A - i - El

4 05 0 05 1 El 05 ) 0s 1 El 05 0 05 1
X X X

(a) cubic DGIFE solution (b) exact solution (c) error

Figure 5.3: magnitude of cubic DGIFE solution, exact solution and errors between them at
finite element nodes when w = 10, 3~ =50, T =1, N = 160.
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Figure 5.4: magnitude of cubic DGIFE solution, exact solution and errors between them at
finite element nodes when w = 50, 3~ = 50, 8T =1, N = 160.

From Figures 5.1-5.4, we also observe that the solution u oscillates more for the Helmholtz
interface problem with a larger wave number, and u has a smaller magnitude in the subdo-
main where § has a larger value. It is well known that the oscillation in the exact solution
u to the Helmholtz equation dictates the mesh size for its numerical solution; otherwise, the
accuracy or convergence of the numerical solution cannot be guaranteed if the mesh size is
not sufficiently small to resolve the oscillation. For the convergence, we recall the critical

mesh size discussed in [50] that indicates when the numerical solutions start to converge:

Definition 5.1. (critical mesh size) For fivred w and f, the critical mesh size is defined

to be the maximum mesh size H(w, f) such that
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(C1) e(h,w) <1 for h< H(w, f),

(C2) e(h,w) — 0 as h — 0,

where e(h,w) = |u — upl1.0/|ul1q is the relative error in semi-H' norm.

By the data in Table 5.1, we can see that the linear PPIFE solution converges from a coarse
mesh with A = 2/10 when the wave number in the interface problem is small w = 10, and
this suggests the critical mesh size H (10, f) < 2/10. However, for the interface problem with
a large wave number w = 50 but a small discontinuity in 3, the critical mesh size for the
PPIFE solution seems to be much smaller H(50, f) < 2/170. When the discontinuity in /3
is larger, the critical mesh size for the linear IFE solution H (50, f) < 2/230 which is even
smaller. Even though not presented here for the sake of controlling the page consumption,
we have observed in our numerical experiments that, for either small or large discontinuity in
B, the critical mesh size for the cubic PPIFE solution is about 2/10 when the wave number
is small w = 10, but for a large wave number w = 50 it becomes about 2/30. Therefore,
higher degree IFE methods can start to converge on rather coarse mesh even for higher wave

numbers. Similar behaviors are also observed for the DGIFE solutions.

From the data in Table 5.1, we can see that IFE solutions do not converge optimally until
the mesh is further reduced beyond the critical mesh size, and this motivates us to introduce

the optimal mesh size to characterize this phenomenon:

Definition 5.2. (optimal mesh size) For fized w and f, the optimal mesh size is defined

to be the mazimum mesh size H(w, f) such that
(O1) [lu— unllog = CHP*! for h < H(w, f),

(02) |u —up|10 = Ch? for h < If](w,f),

where p > 1 is the degree of polynomials used in S} (2) and DS} ().
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From the data presented in Table 5.1 and Table 5.2, we can see that when the wave number
is small w = 10 and the discontinuity in S is small, the optimal mesh size for the linear
PPIFE solution seems to be H(10, f) < 2/360. But when the discontinuity in £ is larger, the
optimal mesh size for the linear PPIFE solution seems to be a little smaller H (10, f) < 2/420.
However, for a larger number w = 50, the data in Table 5.1 indicate that the optimal mesh
size for the linear PPIFE solution seems to be drastically smaller such that H(50, f) =
2/1280, and we note that H (50, f) < H(50, f), i.e., the optimal mesh size for the linear
PPIFE solution is much smaller than its critical mesh size. Similar characteristics is observed
for bilinear PPIFE solution, linear DGIFE solution, and bilinear DGIFE solution, and this
clearly demonstrates the inefficiency of using lower degree method to solve a Helmholtz

interface problem with a large wave number.

On the other hand, for this Helmholtz interface problem with a small wave number w = 10,
the data in Table 5.3 show that the optimal mesh size for cubic PPIFE solution seems to be
such that H (10, f) < 2/40 when $ has a small discontinuity, and H (10, f) < 2/80 when 3 has
a larger discontinuity. For a large wave number w = 50, the data in Table 5.3 show that the
optimal mesh size for cubic PPIFE solution seems to be such that H(50, f) < 2/260 which
is much larger than the optimal mesh size for the linear PPIFE solution. Therefore, the
higher degree IFE methods are advantageous because they can converge optimally on much
coarser mesh than lower degree PPIFE methods. Similar behavior has also been observed

for DGIFE methods in our numerical experiments.

We can also see the advantage of higher degree IFE methods from the point of view of the
global degrees of freedom and accuracy. According to the discussions above, for a small wave
number w = 10 and a small discontinuity in 3, the linear PPIFE solution starts to converge
optimally once its mesh size is such that h = H(10, f) < 2/360, and on such a mesh, the

global degrees of freedom (GDOF) in this linear PPIFE solution is about (361)? = 130321.
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In comparison, the cubic PPIFE solution starts to converge optimally once its mesh size
is such that h = H(10, f) < 2/40, and the GDOF in this cubic PPIFE solution is about
(3 x 40 4 1))? = 14641 which is about 9 times smaller than the GDOF of the linear PPIFE

solution.

Far more importantly, by comparing data in Table 5.1, Table 5.2, and Table 5.3, we can
see that, on meshes whose mesh sizes are smaller than the optimal mesh sizes, the cubic
PPIFE solution is obviously far more accurate than the linear PPIFE solution even though
the GDOF of the linear PPIFE solution is much larger. Similar advantages are also observed
for higher degree DGIFE methods. Therefore, for wave propagation interface problems, the
higher degree IFE methods should be preferred even though the development of higher degree

IFE methods is still in its early stage, its research deserves more attention.

By design, the linear and bilinear IFE spaces are consistent with their corresponding FE
spaces, i.e., the linear/bilinear IFE space becomes linear/bilinear FE space when 5~ = +.
Also, the formulations for the PPIFE method and the FE method are quite close to each
other, they differ only on interface elements whose union forms a small band around the
interface. Therefore, it is interesting to know how the PPIFE and FE solutions behave from
the point of views of the critical mesh size and the optimal mesh size. From the data in
Table 5.4, when the wave number is small w = 10, the critical mesh size for the linear FE
solution is about 2/10 which is not much different from the critical mesh size for the linear
IFE solution according to the data in Table 5.1. For a larger wave number w = 50, the data
in Table 5.4 indicate that the critical mesh size for the linear FE solution is about 2/140
which is again not much different from the critical mesh size for the linear IFE solution which
is about 2/170 when the discontinuity in S is small according to the data in Table 5.1, but
the difference becomes a little more obvious when the discontinuity is larger. We also have

observed that the critical mesh size of a cubic IFE method is just slightly smaller than that
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of its FE counterpart.

As for the optimal mesh size, by Table 5.4, when the wave number is small w = 10, the
optimal mesh size for the linear FE solution seems to be about 2/100 which is obviously
larger than the optimal mesh for the linear PPIFE solution which is about 2/360 when the
discontinuity in § is small. However, for a large wave number w = 50, the data in Table 5.5
suggest that the optimal mesh for the cubic FE solution is about 2/260 which is comparable
to the optimal mesh size for the cubic PPIFE solution suggested by the data in Table 5.3.
Similar behaviors are also observed for DGIFE and DG methods. In summary, for Helmholtz
problems, higher degree IFE methods and FE method behave somewhat similarly, especially

when the discontinuity in £ is small or from the point of view of the optimal mesh size.

Example 5.4.2. In the second example, we let functions f and g in the interface problem

(5.1) be generated with the following exact solution:

94
%Taa (ZC?y) € Qi?

u(z,y) = 2+Z'ra+(2—|—i_2—|—z') o () € QF (5.47)
B+ g g )0 ’

where o = 1.5, r = \/m This numerical example is designed to validate the error
estimates in Theorems 5.3 and 5.4. We note that the group of examples in Example 5.4.1
provides quite a few numerical examples to illustrate the features of the PPIFE methods
developed there for solving the Helmholtz interface problems, showing optimal convergence

rates.

However, the exact solutions in the examples presented in Example 5.4.1 have a regularity
better than piecewise H" with » > 2. Hence, it is interesting to see how the PPIFE solu-
tion converges when the exact solution only has piecewise H? regularity. Actually, for the

chosen « value in this example, it can be verified that, u € PH?(Q)\PH?(Q)). By choosing
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0¥ = 30max{8~, 8"} for the parameter required in (5.10), Table 5.6 presents errors of the
symmetric linear PPIFE solutions u;, generated on a sequence of uniform triangular meshes

Tr, of © in a certain configuration of w, 8=, f7.

The results demonstrate that, for fixed w, the symmetric PPIFE solutions converge optimally
in both the semi-H"' and the L? norms to the exact solution u € PH?(Q)\PH?(2), and this

validates the theoretical results established in Theorem 5.3 and Theorem 5.4 in Section 5.3.

5.5 Conclusion

In this chaper, we have considered two IFE methods: the PPIFE and DGIFE methods for
solving the Helmholtz interface problem. For the Helmholtz interface problem with a small
wave number, the proposed PPIFE and DGIFE methods can produce optimally convergent

approximate solutions on interface-independent meshes whose mesh size is fine enough.

However, when the wave number is large, the lower degree (linear or bilinear) IFE methods do
not seem to be good choices because they usually do not demonstrate the optimal convergence
unless the mesh size is extremely small. Instead, our explorations strongly suggest to use
higher degree IFE methods because they can quickly start to converge optimally and produce
far more accurate numerical solutions when the mesh size is reduced. Numerical experiments
demonstrate that a large discontinuity in the coefficient g will challenge the PPIFE and
DGIFE methods, but this kind of challenge seems to be at a level far lower than the challenge
from a large wave number. We also have observed that higher degree IFE methods and higher
FE methods behave somewhat similarly from the point of view of the critical mesh size and

the optimal mesh size.

For the error analysis, we have conducted an error estimation for the symmetric linear/-
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bilinear PPIFE methods. Under the assumption that the exact solution possesses a usual
piecewise H? regularity, the optimal error estimates for the PPIFE solutions are derived in
an energy norm and the usual L? norm provided that the mesh size is sufficiently small. The

follow-up numerical example validates the theoretical results of error estimates.
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w | Bt N |lw —upllo,0 rate lu —upl1,0 rate e(h,w)
10 | 8.2104e-02 NA | 7.4639e-01  NA | 7.2748e-01
20 | 4.9816e-02  0.7208 | 4.7736e-01  0.6448 | 4.6526¢-01
10| 5 | 40 | 1.6991e-02  1.5519 | 2.0544e-01  1.2164 | 2.0023e-01
80 | 4.5312e-03  1.9068 | 8.7699e-02  1.2281 | 8.5477e-02
160 | 1.1495e-03  1.9789 | 4.1293e-02  1.0867 | 4.0247e-02
320 | 2.8953e-04  1.9892 | 2.0208¢-02  1.0245 | 1.9784e-02
640 | 7.2356e-05  2.0005 | 1.0106e-02  1.0062 | 9.8499¢-03
1280 | 1.8062e-05  2.0021 | 5.0476e-03  1.0015 | 4.9197e-03
10 | 6.4644-02 NA | 7.5030e-01  NA | 7.5659e-01
20 | 3.3762e-02  0.9371 | 4.0855e-01  0.8769 | 4.1197e-01
10 | 50 | 40 | 2.0716e-02  0.7047 | 2.4551e-01  0.7347 | 2.4756¢-01
80 | 1.0567e-02  0.9712 | 1.2749e-01  0.9454 | 1.2856e-01
160 | 3.4762e-03  1.6039 | 5.1411e-02  1.3102 | 5.1841e-02
320 | 9.1923e-04  1.9190 | 2.1448e-02  1.2612 | 2.1627e-02
640 | 2.3301e-04  1.9800 | 1.0022¢-02  1.0976 | 1.0106e-02
1280 | 5.8619e-05  1.9910 | 4.9165¢-03  1.0275 | 4.9576e-03
80 | 3.9451e-02  -0.3967 | 1.6817e+00 -0.3401 | 1.4876e+00
160 | 2.8478¢-02  0.4702 | 1.1843e+00  0.5059 | 1.0357e-+00
50 | 5 | 170 | 2.5688¢-02  1.7007 | 1.0693e+00  1.6846 | 9.4531e-01
180 | 2.2661e-02 21937 | 9.4548¢-01  2.1536 | 8.3582¢-01
190 | 1.9804e-02 24923 | 8.2939e-01 24231 | 7.3319e-01
200 | 1.7282e-02  2.6557 | 7.2717e-01  2.5642 | 6.4283e-01
320 | 5.1669¢-03  2.5689 | 2.3826e-01  2.3740 | 2.1095¢-01
640 | 1.2047¢-03  2.1006 | 7.5049¢-02  1.6666 | 6.6484e-02
1280 | 2.7773e-04 21170 | 3.0119e-02  1.3171 | 2.6673e-02
2560 | 6.8813e-05  2.0129 | 1.4235e-02  1.0813 | 1.2664e-02
160 | 4.0513e-02  0.0049 | 1.8752e+00 0.0178 | 1.7055¢+00
210 | 3.3354e-02  0.7150 | 1.5637e+00  0.6680 | 1.4222¢+00
50 | 50 | 220 | 2.7486e-02  4.1599 | 1.2931e+00  4.0842 | 1.1761e+00
230 | 2.2856e-02  4.1500 | 1.0792e+00  4.0680 | 9.8156e-01
240 | 1.9322e-02  3.9462 | 9.1595e-01  3.8543 | 8.3306e-01
250 | 1.6556e-02  3.7845 | 7.8804c-01  3.6846 | 7.1673¢-01
320 | 7.5321e-03  3.1904 | 3.7059¢-01  3.0562 | 3.3705e-01
640 | 1.4355e-03  2.3915 | 8.6787e-02  2.0943 | 7.8931e-02
1280 | 3.3874e-04  2.0833 | 3.1457e-02  1.4641 | 2.8610e-02
2560 | 8.3515¢-05  2.0201 | 1.4101e-02  1.1576 | 1.2825¢-02
Table 5.1: Errors in linear SPPIFE solution and convergence rates for = = 1, different S+

and w
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w | BT | N | |lu—unloa rate lu —upl1,0 rate e(h,w)

320 2.8953e-04 NA 2.0298e-02 NA 1.9784e-02
330 2.7060e-04 2.1969 1.9676e-02  1.0115 | 1.9178e-02
10 5 340 2.5617e-04 1.8364 | 1.9092e-02  1.0099 | 1.8608e-02
350 2.4053e-04 2.1725 1.8540e-02  1.0115 | 1.8070e-02
360 2.2829e-04 1.8539 1.8022e-02  1.0064 | 1.7565e-02
370 2.1555e-04 2.0964 | 1.7529e-02  1.0129 | 1.7084e-02
380 2.0469e-04 1.9384 | 1.7066e-02  1.0037 | 1.6633e-02
390 1.9430e-04 2.0050 1.6622e-02  1.0129 | 1.6201e-02
400 2.0469e-04 2.0265 1.6206e-02  1.0029 | 1.5795e-02
410 1.9430e-04 1.9657 | 1.5806e-02  1.0114 | 1.5405e-02

400 5.9551e-04 NA 1.5353e-02 NA 1.6780e-02
420 5.4036e-04 1.9919 1.5761e-02  1.1128 | 1.5893e-02
10 | 50 | 440 4.9144e-04 2.0400 1.4969e-02  1.1085 | 1.5094e-02
460 4.5041e-04 1.9613 1.4260e-02  1.0924 | 1.4379e-02
480 4.1440e-04 1.9577 | 1.4260e-02  1.0840 | 1.3731e-02
500 3.8156e-04 2.0225 1.3617e-02  1.0848 | 1.3136e-02
520 3.5217e-04 2.0434 | 1.3027e-02  1.0795 | 1.2591e-02
540 3.2554e-04 2.0840 1.1996e-02  1.0773 | 1.2090e-02
560 2.8306e-04 1.9568 1.1538e-02  1.0611 | 1.1207e-02

580 2.6451e-04 1.9994 1.1118e-02  1.0574 | 1.0812e-02

Table 5.2: Errors in linear SPPIFE solution and convergence rates for 5, = 1, different
and w
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w | BT | N | |lu—unloa rate lu —unli,0 rate e(h,w)
40 1.7107e-06 NA 4.1486e-04 NA 4.1486e-04
50 6.9536e-07 4.0343 2.1274e-04 29930 | 2.1274e-04
10 5 60 3.3424e-07 4.0180 1.2326e-04  2.9937 | 1.2326e-04
70 1.7995e-07 4.0168 7.7668e-05  2.9960 | 7.7668e-05
80 1.0543e-07 4.0033 5.2073e-05  2.9941 | 5.2073e-05
80 1.0522e-07 NA 5.1511e-05 NA 5.1942e-05
90 6.5444e-08 4.0319 | 3.6176e-05  3.0005 | 3.6478e-05
10 | 50 100 4.2864e-08 4.0164 | 2.6386e-05  2.9950 | 2.6607e-05
110 2.9224e-08 4.0187 1.9829e-05  2.9973 | 1.9995e-05
120 2.0628e-08 4.0033 1.5276e-05  2.9982 | 1.5404e-05
130 1.4951e-08 4.0218 1.2009e-05 3.0060 | 1.2110e-05
50 5 160 1.0869e-06 4.3450 | 9.8166e-04  2.9970 | 8.6781e-04
180 6.5893e-07 4.2427 | 6.8980e-04  2.9983 | 6.0979e-04
200 4.2458e-07 4.1736 5.0307e-04  2.9978 | 4.4472e-04
220 2.8662e-07 4.1252 | 3.7808e-04  2.9972 | 3.3423e-04
240 2.0079e-07 4.0882 2.9128e-04  2.9976 | 2.5750e-04
260 1.4498e-07 4.0646 2.2913e-04  2.9993 | 2.0256e-04
280 1.0736e-07 4.0497 1.8349e-04  3.0001 | 1.6220e-04
300 8.1240e-08 4.0363 1.4921e-04  2.9984 | 1.3190e-04
320 6.2625e-08 4.0245 1.2296e-04 2.9963 | 1.0870e-04
50 | 50 160 1.0830e-06 4.4365 | 9.4940e-04  2.9972 | 8.6348e-04
180 6.5049¢-07 4.3017 | 6.6717e-04  2.9970 | 6.0680e-04
200 4.1663e-07 4.2111 4.8660e-04  2.9963 | 4.4257e-04
220 2.8016e-07 4.1513 | 3.6573e-04  2.9960 | 3.3263e-04
240 1.9577e-07 4.1099 2.8179e-04 2.9962 | 2.5629e-04
260 1.4112e-07 4.0807 2.2170e-04 2.9956 | 2.0164e-04
280 1.0438e-07 4.0646 1.7754e-04  2.9965 | 1.6147e-04
300 7.8916e-08 4.0491 1.4437e-04  2.9958 | 1.3131e-04
320 6.0794e-08 4.0364 1.1898e-04 2.9948 | 1.0821e-04

Table 5.3: Errors in cubic SPPIFE solution and convergence rates for f3;

and w

= 1, different [
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w | Bt N lu — unllo,n rate lu —upl1,0 rate e(h,w)
10 1.4494e-01 NA 1.5230e+00 NA 9.2162e-01
20 6.4454e-02 1.1692 7.9105e-01 0.9450 4.7870e-01
10 1 40 1.8912e-02 1.8572 3.1627e-01 1.3221 1.9139e-01
80 4.9128e-03 1.9713 1.3738e-01 1.1335 8.3135e-02
90 3.8919e-03 1.9778 1.2056e-01 1.1089 7.2956e-02
100 3.1583e-03 1.9823 1.0748e-01 1.0901 6.5040e-02
110 2.6138e-03 1.9856 9.7007e-02 1.0755 5.8703e-02
80 4.2659e-02 NA 2.1287e+4-00 NA 1.2300e+00
90 4.1340e-02 0.2668 | 2.0649e+00 0.2584 | 1.1931e+-00
50 1 100 4.0504e-02 0.1937 | 2.0246e+00 0.1874 | 1.1698e4-00
110 3.9731e-02 0.2023 | 1.9877e+00 0.1929 | 1.1485e4-00
120 3.8340e-02 0.4094 | 1.9218e4-00 0.3876 | 1.1104e+-00
130 3.6248e-02 0.7011 | 1.8218e+00 0.6671 | 1.0527e+00
140 3.3800e-02 0.9438 | 1.7040e4+-00 0.9021 9.8458e-01
150 3.1281e-02 1.1224 | 1.5821e+00 1.0758 9.1415e-01
160 2.8836e-02 1.2611 | 1.4632e4-00 1.2106 8.4544e-01
Table 5.4: Errors in linear FE solution for f; = 5 =1
w | Bt N lu —upllo,0 rate lu —upl1,0 rate e(h,w)
240 3.1879e-07 4.1290 | 4.6238e-04  2.9985 | 2.6717e-04
250 2.6955e-07 4.1100 | 4.0911e-04  2.9986 | 2.3638e-04
260 2.2952e-07 4.0982 | 3.6372e-04  2.9987 | 2.1016e-04
50 1 270 1.9674e-07 4.0840 3.2480e-04  2.9987 | 1.8767e-04
280 1.6963e-0 4.0763 | 2.9124e-04  2.9989 | 1.6828e-04
290 1.4708e-07 4.0655 | 2.6215e-04  2.9989 | 1.5147e-04
300 1.2816e-07 4.0607 | 2.3680e-04  2.9990 | 1.3683e-04
310 1.1222e-07 4.0518 2.1463e-04  2.9990 | 1.2401e-04
320 9.8681e-08 4.0491 1.9513e-04  2.9991 | 1.1275e-04

Table 5.5: Errors in cubic FE solution for 5, = £, = 1.
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N lu — unllo,0 rate lu —upl1,0 rate
10 3.6019e-02 NA 5.2313e-01 NA
20 1.6412e-02 1.1340 2.5292e-01 1.0485
40 6.6539e-03 1.3025 1.1802e-01 1.0997
80 1.3425e-03 2.3092 5.1500e-02 1.1964
160 2.7744e-04 2.2747 2.4983e-02 1.0436
320 7.7328e-05 1.8431 1.2427e-02 1.0075
640 1.9455e-05 1.9909 6.1961e-03 1.0040
1280 4.7698e-06 2.0281 3.0947e-03 1.0015

Table 5.6: Errors of the linear PPIFE solution, w = 10, 8~ =1, 87 = 10.
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Chapter 6

IFE methods for hyperbolic interface

problems

6.1 Introduction

In this chapter, we investigate the error estimation for a fully discrete PPIFE method pre-
sented in [143] under piecewise H? regularity assumption in space for the second order

hyperbolic interface problems described by:

uy — V- (*Vu) = f, in Q- uUQt, tel0,T], (6.1a)
u‘@Q = g(X7 t)v te [OaT]v (61b)
u(X,0) = wo(X), u(X,0) =w(X) Xe€Q, (6.1c)

together with the following jump conditions across the interface:

[U]F = u*]p — uih“ = O, (61d)

[*Vu-n], = (¢")*Vu’ -n|p—(¢7)*Vu -n|p =0. (6.1e)

Here the domain © C R? is divided by an interface curve I' into two subdomains Q~ and QF

with Q@ = Q- U QT UT, and the coefficient ¢ is a piecewise positive constant function such

100
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that
¢~ for X € Q7

o(X) =
¢t for X € Q.
We will prove that this PPIFE method is unconditionally stable and establish optimal «
priori error estimates in both an energy norm and the L? norm under the standard regu-
larity assumption for the exact solution [9], i.e., u is piecewise H? in space. To validate
the theoretical error analysis, numerical results are presented for standing waves as well as

realistic traveling wave propagations with incident, reflected and transmitted waves around

a material interface.

This chapter is organized as follows: In Section 6.2, we recall the fully discrete PPIFE scheme
from [143] for the hyperbolic interface problem and discuss its stability. In Section 6.3, we
conduct an error analysis of this PPIFE method and derive optimal error bounds for this
method in an energy norm and the L? norm. In Section 6.4 we present several numerical
examples to validate the theoretical results. We discuss our results and conclude with a few

remarks in Section 6.5.

6.2 A Fully discrete PPIFE method

In the rest of this thesis, we will use K instead of T to denote an element in T}, since we use

T to represent the endpoint of the time interval.

For functions of both the spatial variable X in a domain Q and temporal variable ¢ € 0,77,

we will use the standard function spaces L2(0, T; L2(Q2)) and L2(0,T; PH?()) whose norms
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are defined by:

T 1/2
P ( / ||v<X,t>||iz(Q)dt) | Vo(X, 1) € L0, T TA(S),

1/2

T
||U||L2(O,T;PH2(Q)) = (/0 ||U(X7t)||§7§2dt) ) VU(th)GLQ((),T;PH?(Q))’

Besides, we also consider the space L*°(0,T; PH?(2)), equipped with the norms

1ol o 0.r:P () = ess sup (X, t)lloq» ¥ 0(X, 1) € LX(0,T5 PH*(Q)).
€|0,

We recall some set notations about the edges in Chapter 2: the set of interior interface edges

is £ the set of boundary edges is £, and the set of boundary interface edges is .

Then we recall the PPIFE method which has been discussed in [143] for solving the hyperbolic
interface problem (6.1). Assume that the initial and boundary data and the source term f
in (6.1a) have enough smoothness such that the exact solution u(.,t) of (6.1) is in PH?({)
for all £ > 0. Then, a weak formulation of (6.1) can be derived similarly as the elliptic
interface problem in Section 4.2, which is slightly more general than that in [143], allowing
the interface to intersect with the boundary of the domain (i.e. T'N9Q # (). Specifically,

the weak form is to find u: [0,7] — PH?*(Q)) that satisfies (6.1d), (6.1e), and

(wge, v) + ap(u,v) = L¢(v), Yo € Vio(Q2), >0,
(6.2a)

u(X,0) = wo(X), w(X,0)=w(X), VX e€Q,
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where the bilinear form ay : V4 (2) x V,,(2) — R is defined as

an(u,v) = 3 /K V- VodX — 3 / (V- n,}.[o].ds

KeTh ecé) " °
0
+e€ Z /{C2Vv ‘N feluleds + Z 0—e| /[u]e [v]eds — Z *Vu - n,vds (6.2b)
o .
ecéi € ecé] ¢ ecghi " ©
0
+e Z /CQVU -nuds + Z 0—7 /uvds, Yu,v € Vi, (),
ecghi v ¢ ecEl? €l Je

and the linear form L; : V;,(2) — R is defined by

0
Li(v) = /vadX + € Z /CQV’U ‘n, gds + Z %‘/vgds, Yo € Vi (), (6.2¢)

el e

where € is the penalty parameter, the constant 60 > 0, and the spaces V},(Q) and V},o(Q) are

defined by (2.4) and (2.5).

To discretize the temporal variable ¢, we introduce a uniform partition of [0, T

L ={0="<t'<--.<tM=T}, 7=t"—t""', n=12,..., M.

*

For a function v(X,t), we let v™ = v(X,t") and introduce the following notations

n+1 n n—1 n+1 n
ol/a =Y + 20" +v oz =Y +v

4 ’ 2 ’
6.3
UnJrl _ Unfl n+l _ o™ ( )

v
n n+1/2 n
2T T T

Since the IFE space Sp,(2) (Sh,0(€2)) defined by (4.8) is a subset of V;,(€2) (V,,,0(€2)), the above

weak formulation suggests the following fully-discrete PPIFE method discussed in [143] for
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the interface problem (6.1): find a sequence {u?}*, C S;,(2) such that

(Owuy,, vp) + ap (UZ’1/4>"Uh> = Ly (vn), Vo € Sno(),
(6.4)

u) = Who, U, =, VX €,

where wpo and ) are the elliptic projections (to be defined in Definition 6.1) of wy and
u*, respectively, with u* = wo + 7w (X) + éutt(X, 0) in which uy(X,0) is provided by
(6.1a). Following the convention of interior penalty discontinuous Galerkin methods [127],
we consider three typical choices for the parameter € in a;(-,-): €¢ = —1,0, 1, which leads (6.4)
to the symmetric PPIFE method, incomplete PPIFE method, and non-symmetric PPIFE

method (SPPIFE, IPPIFE,NPPIFE), respectively.

We now discuss the stability of this PPIFE method. Following the standard convention
in the stability /error analysis, we assume that the interface problem has a homogeneous
boundary condition such that g = 0 in (6.1b). Also, we let Ny be the set of interior nodes
of the mesh 7, and we assume that all the nodes of 7, are indexed such that the first
)Nh‘ of them are interior nodes. Using the basis functions {ng,}lg’l‘l of the IFE space S,,(Q2)
described by (4.8), we can write this PPIFE method in the matrix form as follows. First,
we express the IFE solution u} defined by (6.4) as u}} = l%| cl @i, let M be the mass matrix
such that (M), ; = (¢4, ¢;), let K be the stiffness matrixzzstlch that (K);; = an(¢;, ¢;), and
let F be the vector such that (F); = Lfn_% (), with 1 < 7,5 < ‘Nh‘ Then, the coefficients

c™ = (ch,cB,.. )T of the IFE solution u} are determined by the fully discrete PPIFE

T
., C -
7 TN

scheme in the matrix form as follows:
72 -2 2
(M + ZK) cmtl) — (21\/1 — 7K) c™ — (M + ZK) ™V 4 77F. (6.5)

We will still use the energy norms in (4.36) and (4.37) (with 8 replaced by ¢?) to discuss the



6.2. A FuLLy DISCRETE PPIFE METHOD 105

PPIFE method. We recall the coercivity [111] and the continuity [63] of the bilinear form

an(+,-): for 0% in (6.2b) large enough, there exists some constants £ > 0 and C' > 0 such that

an(v,v) >k ||v|7 Yo € Spo(9), (6.6a)
|an(u, 0)] < Cllulll, vl Y, v € Vio(62). (6.6b)

The coercivity given in (6.6a) guarantees that the PPIFE method described by (6.4) or
by its matrix form (6.5) is well defined. Also, we note that the PPIFE method (6.4) is
similar to the well known Dupont’s finite element method [48]; hence, this PPIFE method
has properties similar to those of its finite element counterpart. For example, following the
standard stability analysis [31], we can show that the SPPIFE method is unconditionally

stable.

Theorem 6.1. The fully discrete symmetric PPIFE method (6.4) is unconditionally stable.

Proof. By the symmetry and the coercivity of the bilinear form, we know that the generalized

eigenvalue problem Kv = AMv has a set of ‘Nh‘ eigen-pairs (A1, vy), (A2, va), ..., (A vwh‘)

such that A; > 0 and v/ Mv; = §;;, 1 <i,j < ‘Nh’ From (6.5), assume the source term

f =0 and use c ZWQL‘ Q; )v; to obtain

IVl

) 2 2
> ((M + ZK) (1) <2M —~ %K) o™ + (M - TZK) 045"_1)) vi =0,
1=1

which yields

T2\ YA AN\ - :
(<1+ 4> almth — (2—%>a§)+(1+74 )a§ U)Mvi:O, i=1,2,..., [N




106 CHAPTER 6. IFE METHODS FOR HYPERBOLIC INTERFACE PROBLEMS

(n)

Assuming a;"” = X", we obtain the principal equation

7—2>\i

(L)X =200 =p)x+(1+p) =0,  p=—,

with roots
Xi: (l—p)j:Q\/ﬁz'
1+p '

A direct computation shows that |x*| = 1, which implies the absolute stability of the PPIFE

method. O]

Then we will proceed to derive error estimates for the PPIFE methods.

6.3 Error estimates for the PPIFE method

In this section, we will conduct an error analysis for the PPIFE method discussed in Section
6.2. Without loss of generality and following usual convention in error analysis of finite
element methods, we still make the following assumption: (i) the interface problem has a
homogeneous Dirichlet boundary condition, i.e., g = 0 in (6.1b); (ii) the interface does not
intersect the boundary, i.e., ' N 9Q = (). To proceed, we herein introduce the definition of

elliptic projection:

Definition 6.1. (elliptic projection) For a function u € PH?*(Q), its elliptic projection is

the IFE function 1y, € Sy 0(S2) determined by:

ah(ﬁh, Uh) = ah(u,vh), Yy, € S]L()(Q). (67)

The elliptic projection iy, for every u € PH?(Q) exists and is unique because of the coercivity
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of ap(-,-). Assuming that the exact solution u to the interface problem (6.1) is such that
u(-,t) € PH*(S)), we can then use the elliptic projection ay(-,t) of the exact solution u at
the time level ¢ € [0,7] to split the error in the IFE solution u; determined by (6.4) as:

u(X,t) —up(X,t) = n(X,t) — (X, t), with

n(X,t) = u(X,t) —ap(X,t), &(X,t) =up(X,t) —un(X,t). (6.8)

We derive the bound for n which is the error in the elliptic projection. We first consider the

estimation in the energy norm ||-||,.

Lemma 6.1. Assume that o° in ay(.,.) defined by (6.2b) is large enough and the mesh is
fine enough. Then there exists a constant C' such that for every t € [0,T], the following

estimates hold

Proof. By definition of elliptic projection, we note that

8ku<'7 t)
otk

otk

i OFu(-,t)

PH?*(Q), k=0.1,...4,. 6.9
o ok € (), 1, , (6.9)

SCh’

h

ah(u, ’Uh) = ah(ﬂh,vh), \V/Uh € Sh,O(Q>'

Then, following the same arguments for proving Theorem 4.6, we have

(], < llnll, < Chllullyq (6.10)

which leads to the estimate in (6.9) for £ = 0. The other estimates in (6.9) can be proved
similarly by using the fact that the time differentiation and elliptic projection commute [113].

]
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The estimation of the elliptic projection in the L? norm follows the usual duality argument.
Specifically, we consider the following auxiliary elliptic interface problem for fixed t € [0, T:

find w such that

V- (*Vw) = f, in Q”UQt, (6.11a)
wlpa =0, (6.11Db)
[wlr =0, [*Vw-n], =0. (6.11c)

According to [45] and assuming that T' has piecewise C? smoothness, we know that this

auxiliary elliptic interface problem has a solution w € PH?(2) such that

|mmﬂgcwmm®,vfeﬁgn (6.12)

Then we have the following lemma about the elliptic projection error in L? norm

Lemma 6.2. Under the conditions of Lemma 6.1, there exists a constant C' such that for

every t € [0,T], the following estimates hold

OFu(.,t)

< Ch?
otk

L2(Q)

k .
T prg) k=01, 4 (6.13)
2.0 at

(., t)
oth

Proof. For fixed t € [0, T], consider the auxiliary elliptic problem (6.11) and let

f=n (6.14)

then it can be derived that w is the solution of the following weak problem

ap(w,v) = (n,v), Vv € Vh,o(Q)-
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Choosing v = 7, it follows as(w,n) = ||77||iQ(Q). Then, following the same arguments in

proving Theorem 4.7 and utilizing (6.12), together with (6.9), we have
171l 20y < CRllnll, < CA* Jlull,gq

which yields the estimate in (6.13) for k£ = 0. By letting f= % (k=1,2,3,4), respectively,

in (6.14), we can prove the other estimates in (6.13) in a similar way. O

We now present the estimation for the finite difference approximations of time derivatives of

n(X,1).

Lemma 6.3. Under the conditions of Lemma 6.1 and uy € L*(0,T; PH?(RY)), then there

exists a constant C' > 0 independent of the interface location such that the following estimates

hold
N-1 9
T Z “att(atnn+1/2)|lL2(Q) < Ch4 ||uttt||iz(0,T;PH2(Q)) ) N = 2a 37 SR M —1. (616)
n=1

Proof. From the estimate (3.37) in [113], the following holds

tn+1

n|2 2
10un™ |72() < 17112 0
1

3T Jin—

from which (6.15) follows easily by using (6.13). For the estimate in (6.16), by the Taylor

expansion at t = t" with integral remainder, we have

tnt2 (tn+2 _ t)Z

0"t =" 4 2y + 270 + / Mt

—dt,
t'/L 2

72 tntl L )2
=" T+ 5?72: + / Mett =5 ) dt,
tn
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3 ,7_2 t" t—tn_l 2
77n 1 _ 77n _ 7_17;1 + 577; +/ Uttt%dt
t 1

n—

which in turn yields

(2 =™ =20 =) + (" =)

tn+2

2 )2 tntl t— ¢nt1y2 tn t— ¢n—1)2
:/ nttt%dt + 3/ nttt%dt +/ nm%dt'
tn tn tn—l

Therefore

L2
Ou(0m™2)

1
r@ 12 =) = 2™ =)+ 0" = 0" e

a
2
<C H77tttHL2(tn—1,tn+2,L2(Q)) ’

where we have used the Cauchy-Schwarz inequality. Then, summing the estimate from n =1

ton =N — 1 and applying Lemma 6.2 leads to (6.16). O

We now discuss estimates about £&. We note that ¢ is an IFE function. For a preparation,

we recall the patch of each element K € 7, defined in (4.10)
wK:{Uf(]KeﬁsuchthatKﬂK%@}.

We assume that the mesh 7, satisfies the Patch Assumption defined in Section 4.3, i.e., there
exists a constant C' such that for each interface edge e € 8}1 associated with an interface
element K with e® = eN()® s = %, there exist auxiliary triangles K C wg, possessing e® as
one of its edges, such that K* C Q° and |e®|/|K?| < Ch™!, for s = &, respectively. Then, on

each interface edge e € S}L associated with an interface element K, by applying the standard
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trace inequality on e®* = e N Q% s = £, we have the following estimate for v € PH?(2):

12V0 2y < e (1o + vyl ) £ V26 (190l g2y + V0l )
s s|\1/2 —
<O Y (KDY (190 ey + 1920 oy ) < O 0y
S=—,+

(6.18)

where ¢pax = max{c~,c¢"}. Summing (6.18) over all interior interface edges we obtain

el ?EVo - n| o,y < Cllvllyg, Vv e PH(Q). (6.19)

el

Lemma 6.4. Let u be the solution of (6.1) such that
u(.,t) € PH*(Q), t>0, and uy € L=(0,T; PH*()).

and o in (6.2b) large enough. Then there exists a constant C independent of interface

location such that

H£1||L2(Q) < or’ [weet|| oo 0.7 PR2(02)) 5 (6.20)
H§1/2||L2(Q) <cr et 1o 0,7, Pr2(0) » (6.21)
le2]l, < c7? [teae || Lo 0,7, P12 (02)) 5 (6.22)
||8t§1/2||L2(Q) < Cr? H“tttHLw(o,T;Pm(Q)) : (6.23)

Proof. By the coercivity of the bilinear form ay(+,-) in (6.6a) and the elliptic projection in

(6.7) we obtain

l€']l; < Can (€'.€") = Can (uh, — @}, €") = Can (a, — @, £') = Cap (u —u',¢").



112 CHAPTER 6. IFE METHODS FOR HYPERBOLIC INTERFACE PROBLEMS

Then, by the boundedness of a(-,-) given in (6.6b), it follows

le'llz < cll

=, el (6:24)

Since u* — u' € PH?*(Q), the jump [u* — u!]|. =0 for e € 8}L and

I

u* — ulHﬁL = Z / 2 HV(u* — ul)H2dX + Z(a?)‘l / "\6]1/2{02V(u* —ut)- ne}||2ds
K e

KeTn ecEl

<C|

x 1”2
U U 207

where we have used (6.19). Substituting this bound into (6.24) and using the equivalence of

the norms [||¢t]|], and [|€1]], for &' € Si(2) (see Lemma 4.1), lead to

)

€], < |

w =, <O

o

Next, by the Taylor expansion with integral remainder, we have

T —t2
Jeil < Ol =il = | [ 5 vt 0t

< C7* |usse || oo 0. P12 () - (6:25)
2.0

On the other hand, applying piecewise Poincaré-Friedrichs inequality [12, 24], we have

€1l 2y < ClIEN, Y€ € Sh(€). (6.26)

By definition, £ = 0; hence, £!/% = 1¢' and the estimates in (6.20), (6.21) and (6.22) follow

directly from (6.25). Furthermore, estimate in (6.23) also follows from (6.25) by the fact
L ¢

that 9p¢2 = & = &, O

T

In the next lemma we state and prove estimates for time discretizations of u and wy
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Lemma 6.5. Let u be the exact solution of (6.1) satisfying the conditions specified in Lemma

6.3. Then there exists a constant C' independent of the interface location such that

< Or° HuttHLw(o,T;Pm(Q)) , n=12...,M—-1, (6.27)

L*(Q)

N
n n (|2 2
T Z ||(9ttu — utt||L2(Q) S 07_4 ||utttt||L2(0,T;PH2(Q)) s n = 17 2, Ce 7]\4 — 1. (628)
n=1

Proof. To prove (6.27), we apply Taylor’s theorem with integral remainder to write

tn+1 tm
un+1 =u" + TU,? + / (tn+1 — t) Uttdt, ’LLn_l =u" — TU/? + / (t - tn—l) uttdt7
m tn—1
then
s 1| "
‘ un’Z — un = — / (thrl — t)uttdt - / (t — tn71>uttdt
L2(Q) 4 o -1
L2(Q)

< Cr? HuttHLOO(O,T,PH2(Q)) :

Similarly, for (6.28), we can use the following Taylor expansions:

2 3 tn Tl n41 3
T T (tt —t
1
UnJr =u" + TU;L + Euz + Euzt + / Tuttttdt,
t’VL

2 3 t" n—1\3
T T (t—
n—1_ n n n n
U =u" —Tu + Eutt — Euttt + / B Upgprdt,
tnfl

so that

2

1
2
(| Ou™ — UZHB(Q) Ry

n n—1

"t ntl 3 " n—1\3
t —1 t—t
/ Quttttdt + / Quttttdt
¢ 6 ¢ 6

2@ (6.29)

IN

cr? ||uttttHi?(t"*l,t"HfH?(Q)) )

where we have used Cauchy-Schwarz inequality. ]
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The following lemmas establish estimates for three inner products to appear in the error
estimation for the PPIFE methods. The first one involves 1 and £ and the second one

involves u and &.

Lemma 6.6. Let u be the exact solution of (6.1) satisfying the conditions specified in Lemmas

6.1, 6.3 and 6.4, then the following estimates hold for alld >0 and N =1,2,..., M — 1:

N
n n 2 2
TZ [(Oun", 0" )al < C <h4 HutttHLz(o,T;pm(n)) +h' ||uttHL°°(0,T;PH2(Q))
=t (6.30)

s

Y

N-1
9 2 T 2
+7° ”uttt”LOO(O,T;PH2(Q))> +0 H€N+1/2”L2(Q) + 9 Z ’ £2(9)
n=0

where C' is a constant such that C = max{Cy,C2/d}, with generic constants Cy and Cy

independent of 9.

Proof. When N =1, we use (6.3) to write

_ 8- (@+e)-(re) gt

2T 2T T ’

;¢!

therefore,

T ‘(&tt??l,atfl)ﬂ’ = ‘(@ml;fH% - 5%)9) < ’(@ml,f”%)Q’ + |(att771;§1/2)ﬂ‘

1 1](2 14+1/2]|2 1 1|2 1 1/2(|2 (6.31)
< EH&*W HL2(Q)+5H£ HL?(Q) + 5“8“77 HLQ(Q)_'_§||£ HL?(Q) ’

where we used Young’s inequality
2 1 2
|(u, v)| < dflullze) + 5Vl for 6> 0.

Applying (6.15) and (6.21) to (6.31), we establish (6.30) for N = 1. For case N > 1, by
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(6.3), we have

gn-i—l _ Sn—l _ (fTH-l + gn) _ (571 + gn—l) _ érnJr% _ Snf% '

o= - :
Therefore
N N
™2 @un" 0"a) = (> (Gum €2 =€),
n=1 n=1
N N-1
= Z (3tt77”, Sn+l/2)Q _ (atmn+17 £n+1/2)Q
n=1 =0

2
L

= (attnn - 0tm"+17 §n+1/2)9 + (8tt77N7 §N+1/2)Q - (attnla §1/2)Q

3
Il
—

By the definition of the finite difference operator 0, given in (6.3), we then have

N

Z (@m atf

n=1

N-1
T Z att 81577n+1/2) aan/Q)Q + (attnN75N+1/2)Q - (0tt771,€1/2)9
n=1

L=l
Hatt O )z + 5 Z [ P

1 2
L2(Q)> + <§ H(f)ﬁnlulﬂ(ﬂ) + 92 HSI/QHL‘Z(Q)) .

Again, we have used Cauchy-Schwarz and Young’s inequalities. We complete the proof by

IN

||F12

-
2 4

+ (5 HatmNum ol

using (6.15), (6.16) and (6.21) to the right hand side of the above inequality to establish
(6.30) for N > 1. O

Lemma 6.7. Let u be the exact solution to (6.1) satisfying the conditions specified in Lemma
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6.1 and uyy € L=(0,T; PH*(Q))). Then the following estimates hold for 6 <1,

N N-1

2

n n n T n41
7Y (Ouu” =, 06" a| < O w720, 1.p ey + 5 > ‘ 0" L2
n=1 n=0 @ (6.32)
0 N+1/2]|2
+T |06~ Y HLZ(Q) N=1,2...,M—1,
N
T3 (!t = O, 0€)o| < CT* |20 1 pro(eny
n=1

HiQ(Q)’ ]\7:1,2,...,]\4—17

r 1 T
T2 Hat'fwr§ Y ™2
n=0

2
L2(Q

where C' is a constant such that C' = max{Cy,Cy/d}, with generic constants Cy and Csy

independent of 6.

Proof. To prove (6.32), we use (6.3) for n > 1 and Young’s inequality to obtain

2

||a€n||2 B M 2 B gn-ﬁ-l _ gn + gn _ fn—l
= 21 L2() N 27 L2()
(6.34)
1 1
=3 H8t€n+1/2 +at§n—1/2H;(Q) < 5 (Hatgnﬂ/zH;(m n Hatgn—l/zniz(m) .

When N =1, by Young’s inequality, we have

N

T Z (attun - U?t, 8t§")9

n=1

= |7 (O’ = iy 0E7)

T )
< T ot = gy + 0 -

Next, using (6.28) and (6.34) to the previous inequality we obtain

N
n n n 2 70 1|2 2
T E (Ouu” — ufy, 0" )| < crt ||Utttt||L2(o,T;PH2(Q)) + 1 <‘ 02 L2(9) + Hatgl/QHH(Q)) ’
n=1

which leads to the estimate in (6.32) for N = 1if § < 2. When N > 1, by Young’s inequality



6.3. ERROR ESTIMATES FOR THE PPIFE METHOD 117

again, we have

N N-1 N-1
n n n T n n |2 T ni2
7Y (O = ufy, 0" | < 5 > 10" = upll72 ) + 5 > 10170 6.35)
n=1 n=1 n=1 635

T 7'(5
55 [|onu™ — [y + P (Xl Py

Next we apply (6.28) to the first and third terms and apply (6.34) to the second and fourth

terms of the right hand side of (6.35) to yield

M-

(attun - U?m atgn)g

2
< Ot w2 0.1 p 2 (c2))

n=1
N-—1
T n 2 n— 2 7‘5 2 _ 2
* Z — (Hatg +1/2HL2(Q) + Hat§ 1/2||L2(Q)> + Z (||at§N+l/2”L2(Q) + ”6th 1/2||L2(Q))
- N-1 )
§C7'4Hutttt||%2(0,T;PH2(Q)) -+ Z Z Haté&n—l-thLz(Q)
n=0

N-2
T . 2 T 2 1212
- 4 Z Hatg +1/2HL2(Q) + 4 (HathH/zHB(Q) + H@th 1/2HL2(Q)> :
n=0

Taking 0 < 1 in the estimate above leads to

N N-1
n n n 2 T n 2
7Y (Ouu” = uf, g | < O7 w2 0.1 p 12 + 5 > o +1/2HL2(Q)
n=1 n=0

70 2
+ 4 Hath+l/2HL2(ﬂ)’

which proves (6.32) for N > 1. To prove (6.33), we first note that upt = faun =

1
<u?t’4 — uﬁ) + (up, — Ogu™). Thus, forn =1,2,..., M — 1, we have

N N

TZ <U?t’1/4 - attunyat§n>ﬂ < TZ <UZi - U?ﬁ&tf”)ﬂ'
=t S (6.36)
=+ |7 Z (UZ — 8ttu”, 3t§n)g .
n=1
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By (6.27), we obtain

< C’07_2||utttt||L"°(O,T;PH2(Q))7 n = ]-7 27 BRI M — 17 (637)

1
n,g n‘
H ! "l L2

where () is a constant independent of §. Finally, the estimate in (6.33) follows from applying
(6.37) together with the Cauchy-Schwarz and (6.32) to (6.36). O

With all the preparations above, we can now derive an error estimate for £7+1/2.

Theorem 6.2. Let u be the exact solution of (6.1) and 2% € L>(0,T; PH*(Q)), k =

otk

0,1,...,4 . Then, for 6% in (6.2b) large enough, there exists a constant C' such that the

following estimate holds:

where C' is a constant such that C' = max{Cy,Cy/d}, with generic constants Cy and Cy

at€n+% £n+ %

|

<C(R+7%), n=12,...,M—1, (6.38)
L2(Q) h

independent of 9.

Proof. When n = 0, (6.38) is an immediate consequence of Lemma 6.4. When n > 1, we

note that a,(n",v,) = 0,V v, € Sp(2), and we write

(Ou€", Uh)g + ap, (fn’1/47 Uh) — (Oun", Uh)g
= (0u (& —n"),0n)q + an (€% vn) — ap (™%, vs)
= (Ou (up —u™),vp)q + an (uZ’IM, vh> —ap (u™*,vp) (6.39)
= (Onup,vn)g + ah(uZ’1/4,vh) — <ah(u"’1/4,vh) + (uﬁ’1/4,vh)g)

+ (’U/Z;l/[l — attu", Uh)Q N V'Uh - Shp(Q).
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By (6.2) and (6.4), the first three terms on the right hand side of (6.39) vanish and we have
(0" )+ an (€4, 0n) = O vn)g = (™" = O™ vn)_, Von € Sio(Q). (6.40)

It is easy to check the following identities

ntl _ 9en + n—1 o n+1/2 __ o n—1/2 ) n+1/2 + 0, n—1/2
a0 = (ST g - (M0 A8 0E )
T Q T 2 Q

1 n 2 ne1/21(2
= 5 (10 gy = 106 )

(6.41)
and
» ) 7i £n+1+€" €n+1_’_§n> B (fn_’_gnl §”+£n1>>
a:@ g = o (ah ( 2 2 R (6.42)
= E (ah (€n+%7£n+%> — Qp <€n7%7é&n*%>> .

Letting v, = 0,£™ in (6.40) and then using (6.41) and (6.42), we have

(s

=(0un", 0" ) + (UZ:JM — Opu”, 0" )a.

0"

2 1 1 1
o) * m (@R et )

2
@) ‘

Summing (6.43) over n, by the telescoping property, we obtain

=

2 1 1
+ ap <§N+§a€N+§>
2(@)

= (02 + an (g%,g%) tor i ((&tn", 0™ + <u$’1/4 — D™, atgn)g) .
n=1
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By the coercivity and continuity of a(-, ) described in (4.49) and (4.55), we obtain

< 10| ) > (w0 -+ (i~ 0w 0€7) ) o
< 0 ey ( (@™, 00l + | (i = du”, 04" ),

where we used the equivalence of ||£]|, and ||[£]||, for & € Si(2). Applying (6.22),(6.23),(6.30)
and(6.33) to the right hand side of (6.44) with § < 1 we obtain

"<t eny + Do, o]
B 2 I 12(Q) L2(Q)
N—1 (6.45)

73 (106 ey + 162 o)
n=0

+K H£N+%

P N+1 2
2
o 4],

Applying the piecewise Poincaré-Friedrichs inequality (6.26) to ||§”+1/ 2” 120 O1 the right

hand side of (6.45), then the following holds for § small enough:

N-1
H@é’N“ + H€N+2 < O(r' + ) +CTZ <Hat€n+1/2Hi2(Q) I anﬂ/zHi)
n=0
N-1
<O+t + 0 >0 ([0 21y + €21
n=0

By the standard discrete Gronwall-Bellmann inequality and Lemma 6.4, we have

<C(r + h4) + T (||o€

at£N+2

+ HgN+2

< O(r* + Y + CN7 (Ha V2|7 g+ 5 Hgl/?”i)

HLQ(Q H§1/2H><Ch4+7'> N:l,Z,...,M—l,

which proves the estimate in (6.38). O
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We are now ready to state and prove our main theorems which provide the optimal a prior:
error estimates for the PPIFE solution to the hyperbolic interface problem (6.1) in the energy

norm || - ||, and the L? norm, respectively.

Theorem 6.3. Let u be the exact solution of (6.1) satisfying the conditions of Theorem 6.2,

then we have the following estimate

|

where C' is a constant such that C = max{Cy,Cy/0}, with generic constants Cy and Cy

+1/2
Z /2 _ /2

<C(h+7"), n=01,...,.M—1, (6.46)

h

independent of 9.

Proof. From Theorem 6.2, we have
[& 2|, < C (B +7%), n=0,1,...,M —1.
Then, applying the triangle inequality and (6.9), we have

thc(h"'7'2)a n=0,1,..., M.

UZ—H/Q B un+1/2Hh < ||§n+1/2Hh i Hnn+1/2

O

Theorem 6.4. Let u be the exact solution of (6.1) satisfying the conditions of Theorem 6.2,

then we have the following estimate
up — u*||r2@) < C(R*+7°), n=0,1,..., M, (6.47)

where C' is a constant such that C' = max{Cy,Cy/0 }, with generic constants Cy and Cy

independent of 9.
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Proof. From Theorem 6.2, we have

|0+ <COM*+72), n=0,1,...,M—1,

‘gn—i-l _ Sn
T £2(9)

HL2(Q) - ‘

which for 7 < 1 yields
1€ = €| oy < C(B* +72). (6.48)

On the other hand, by Theorem 6.2 and Inequality (6.26), we also have
€2 2qy < CE2], < C(R? 4+ 72),

L2 (Q) =

which can be written as

1€ + €| joqy < CBZ +72). (6.49)

Combining (6.48) and (6.49) we have
1€ |2y < C(R*+7%), n=0,1,2,..., M. (6.50)
Applying the triangle inequality we have
up, — u"{|2) < 1€"|220) + 10"l 22), n=0,1,..., M.

Finally, applying (6.50) and Lemma 6.2 to the above inequality yields the estimate in (6.47).
0
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6.4 Numerical Examples

Numerical examples demonstrating the optimal convergence feature of the PPIFE method
were already reported in [143]. We present a few numerical examples in this section to
demonstrate other features of this PPIFE method. Without loss of generality, all the exam-
ples are posed on rectangular domains which are partitioned by Cartesian triangular meshes.
Such a mesh 7, is obtained by dividing a rectangular domain into Ns x Ns rectangles and
each rectangle is further divided into 2 right-angle triangles by the line connecting the lower

right vertex to the upper left vertex.

Example 6.4.1.

We note the exact solutions in those examples reported [143] all have a piecewise H? regular-
ity in the space variable. The main purpose of this example is to show, as predicted by the
error analysis in the previous section, that the PPIFE method actually converges optimally
if the exact solution has a piecewise H? regularity in the space variable. Specifically, let us
consider the hyperbolic interface problem (6.1) posed on the domain Q = (—1,1) x (—1,1)
which is divided by the circular interface I' = {(z, y)|z? + y* — r2 = 0} with 7o = 7/6.28 into

two sub-domains:
Q" ={(z,y): 2" +y*<rj}, and Q" =Q\Q.

We select ¢™ = 1, ¢ = /10, T = 1, and let f, g, wo(X), w1 (X) in the interface problem (6.1)

be generated such that the following u(X, ) is the exact solution of the interface problem:

%Ta cos(2t), (X,t) € Q™ x [0,1],
w(X,t) = (6.51)

- (B%Lra + (Bi_ — 6%)7‘8‘) cos(2t), (X,t) e QF x[0,1].
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where @ = 1.5, 7 = /22 + y2. We note that u(X,t) represents a standing wave, and it can
be verified that u(X,t) € PH?*(Q)\PH?3(Q) for each fixed t. Therefore, u(X,t) does not
possess the regularity required by the error analysis in [143], but it satisfies the regularity

requirement in Section 6.3.

We apply the SPPIFE with 0¥ = 30 max{(c™)?, (¢")?} = 300 to solve the interface problem
configured above on the Cartesian triangular meshes 7, for ¢t € [0, 1], uniformly divided
as 0 =ty <t <ty < -+- <ty =1, with M = Ns, i.e., h = 2/Ns and 7 = 1/Ns.
We present the PPIFE errors |[(u — up)(-,t)|0.0 and [(w — up)(-,t)|1.0 at t = 1 and their
rates of convergence in Table 6.1. The data presented in Table 6.1 clearly demonstrate the
optimal convergence, in both semi-H' and L? norms, of the PPIFE method for the second-
order hyperbolic interface problem whose exact solution is just in PH?*(Q)\PH?(Q), and

this example corroborates the error analysis of the PPIFE method presented in Section 6.3.

Numerical results presented in Table 6.2 are generated on a mesh for the domain 2 with
N, = 640 but with a variety of time steps. On this fixed spatial mesh, the IFE method
produces numerical solutions whose errors are within the bounds given in Theorem 6.3 and
Theorem 6.4 for time step sizes chosen from 7 = 0.25 to 7 = 0.0015625, and of course, the
numerical result with a smaller time step size is more accurate. These results suggest that
the stability of the IFE method is not influenced by the ratio of the time step size and the
mesh size for the space variable, and this corroborates the unconditional stability of the IFE

method given in Theorem 6.1
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Ns | |lu—uplloo rate | |u—wuplio rate
10 2.0414e-03 NA 3.4810e-02 NA
20 2.9650e-04  2.7835 | 7.3560e-03 2.2425
40 8.1983e-05  1.8546 | 4.3716e-03 0.7508
80 1.9021e-05  2.1077 | 1.8753e-03 1.2210
160 | 4.6367e-06 2.0364 | 8.9223e-04 1.0716
320 | 1.1541e-06  2.0063 | 4.2540e-04 1.0686
640 | 2.9069e-07 1.9893 | 2.0765e-04 1.0347
1280 | 7.4786e-08 1.9586 | 1.0297e-04 1.0120

125

Table 6.1: SPPIFE Errors and convergence rates at ¢t = 1 for Example 6.4.1 when M = N,.

T/h | |lu—upllon |u—upho
80 2.1499e-03  1.1510e-02
40 1.8691e-04  1.2218e-03
20 | 1.0086e-05 8.2378e-04
10 4.8491e-06  1.0108e-03
5 1.4629e-06  3.8330e-04
2.5 | 3.7134e-07  2.7363e-04
0.5 | 2.9069e-07 2.0765e-04

Table 6.2: SPPIFE Errors for different time step sizes at t = 1 for Example 6.4.1 when

N, = 640.

Example 6.4.2.

The second example is a hyperbolic interface problem simulating travelling waves with a

linear interface across which the jump conditions are determined by the well known Snell’s
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law. Specifically, we consider the interface problem (6.1) on the domain 2 = (—10,10) x
(=10, 10) split by the interface I' = {(z,y) € Q | z = 0.37} into

QO ={(r,y) €Q|2-037<0}, and QF =Q\Q~.

The exact solution u consists of an incident wave u! starting in Q~ and travels at speed ¢~ in
the direction of v = (2, 1) until it hits the interface I which causes it to split into a reflected

wave u* and transmitted wave u? [120, 147]:

Wl (X, 1) = : 1>2C (t _ xcos(0r) +ysin(61)> ,
C C
R —xcos(0r) + ysin (0
WX t) = (C_>2¢ (t— ( ’)C_ ( ’)) , (6.52)
Tr zcos(Or) + ysin(br)
T — _
u (X7t)_ (C+)2C(t ot )
. Fcteos(01)—p~c”cos ~cteos .
with R = Z+c+cos§2§;+2_c—cosgg;;’ Tr = p+c+c023p(91)+p_(cei)cos(9T)7 C(f) - Szn(é.)exp(_Zng)’ where

p~ = 1/(c7)% pt = 1/(c*)? 0; = arctan(1/2), and 67 determined by 22 — #00  The
functions f, g, wy and w; in the interface problem (6.1) are generated such that the following

function u(X,t) is the exact solution:

u' (X, 1) +u(z,y,1), (X,t) € Q x[0,06],
u(X,t) = (6.53)
u' (X, 1), (X,t) € Q" x [0,0.6].

Also we choose ¢~ = 1.5 and ¢* = 0.34 in (6.1) for simulating an acoustic wave propagation in
the domain €2 formed with air-water-like materials. We apply the SPPIFE method to solve
this interface problem on Cartesian triangular meshes and present the related numerical
results at time ¢ = 0.6 in Table 6.3 which clearly indicate the optimal convergence of the

PPIFE method when the mesh is fine enough. We also plot the PPIFE solution with Ns =
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160 and 7 = 0.00375 and the corresponding pointwise errors ¢t = 0.6 in Figure 6.1. Both

the data and the plots presented here suggest that the PPIFE method can handle traveling

waves in interface problems.

Ns | [lu—uplloo rate | |u—uplio  rate

40 4.5917e-01 NA | 2.9764e4+00 NA

80 1.9732e-01  1.2185 | 2.3571e+00 0.3366
160 | 6.6826e-02 1.5621 | 1.3879e+400 0.7641
320 | 2.0061e-02 1.7360 | 6.7514e-01  1.0397

640 | 5.1868e-03 19515 | 3.2171e-01 1.0694

1280 | 1.3067e-03  1.9890 | 1.5845e-01 1.0217

Table 6.3: Errors of SPPIFE solutions, ¢~ = 1.5, ¢t = 0.34 at ¢ = 0.6.

015
04
0.05
0
005
0.1
045

Figure 6.1: SPPIFE solution u; (left) and the error u — uy (right) at ¢ = 0.6 for Example
6.4.2 with ¢ = 1.5, ¢* = 0.34, Ns = 160.

Example 6.4.3.

In this example, we consider an application of the PPIFE method to a hyperbolic interface

problem with a more sophisticated material interface. Specifically, we consider a non-square

domain = (—2,2)x (-2, 3) split by an elliptic interface I' = {(x, y)| L=z 4 (y;go)2 —1= 0}

2
Tz
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into:

RY: 2 _
Qi = {(x’ y> |(~r ;UO) + (y 2yo) < 1} , and Q+ — Q\Q_7
r2 rl
where (xg,v0) = (1.15,0), r, = 7/4.84,r, = 7/1.97. Let ¢ =1, ¢ =2, and let f =0,9 =
0,w; = 0,7 = 0.6 in the interface problem (6.1) and uy(X,0) = 0 in (6.4), but the initial

pulse wy = u(X,0) is selected to be

0, X ¢85,
u(X,0) = ,
a-exp(K =~ ), X es,

T—1c)24(y—ye)?—r?|

where S = {(z,y)|(z —2.)* + (y — y)* — r* < 0}, with r = 0.2,a = 20, (z,y.) = (0,0.8). We
note that the exact solution to this interface problem is not easy to derive, if not impossible.
Hence, instead of using actual numerical errors to demonstrate the performance of the PPIFE
method, in Figure 6.2, we compare the numerical results generated by the PPIFE method
against the corresponding numerical results produced by the standard linear finite element
method with a fitted mesh for this interface problem which are theoretically supposed to be
accurate. The meshes, both the Cartesian meshes and body-fitting meshes, used to generate

numerical results in this example are illustrated in Figure 6.3.

For the numerical results presented in Figure 6.2, the PPIFE method uses ¢? = 120 on the
Cartesian mesh with Ns = 641 with 7 = 0.6/ N, and this mesh has 821762 elements. On the
other hand, the fitted mesh used by the finite element solution has 1343488 elements. The
plots in Figure 6.2 compare numerical results before and after the wave hits the interface,
we can see that the PPIFE solution simulates the wave propagation as well as the standard
finite element solution even though the PPIFE solution uses a much simpler Cartesian mesh

with significantly less degrees of freedom than the finite element solution.
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. ‘.
15
1
05
a
-05
-1

S w IS @ @ ~

Figure 6.2: SPPIFE solution uj; on Cartesian mesh with Ns = 641 (left) and FE solution u
(right) at ¢t = 0,0.305,0.6 (top to bottom) for Example 6.4.3 with ¢~ =1, ¢* = 2.
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Figure 6.3: Cartesian mesh for PPIFE methods (left) and the body-fitting mesh for standard
FE method (right)

6.5 Conclusion

We have investigated a fully discrete PPIFE methods for solving second-order hyperbolic
interface problems in inhomogeneous media. This method is able to solve the interface
problems on Cartesian meshes which do not align with the interface in general. We have
performed an a priori error analysis for this method under a piecewise H? regularity as-
sumption in space, proving that it converges optimally in an energy norm and the L? norm.
Numerical examples with both simple linear and more sophisticated interfaces as well as both
standing and traveling wave solutions are presented, and these numerical results corroborate

the theoretical error analysis.



Chapter 7

IFE methods for parabolic interface

problems

7.1 Introduction

We now study the error estimation of the PPIFE methods for parabolic interface problems

under piecewise H? regularity assumption in space. We recall the interface problem herein:

%—V-(BVU):J‘, inQ-uUQt telo,T), (7.1a)
u|aQ = g(X, t), t e [O,T], (71b)
ulmo = up(X), X €09, (7.1c)

together with the following jump conditions:

[u]r = u+’1“ — uih‘ = O, (71d)

[BVu-n], = *Vu' - n|p -4 Vu -nlp =0, (7.1e)

where the domain  C R? is divided by an interface curve I' into two subdomains Q= and

OF, with Q@ = Q- UQFt UT and the coefficient 8 is a piecewise positive constant function

131
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such that
G~ for X € O,

AX) =
Bt for X € QF.
By adopting a patch technique for the essential error analysis on each element [63], we present
a new error analysis for PPIFE methods considered in [111] and we are able to show that
these methods can converge optimally in a suitably designed energy norm and the standard
L? norm under the usual piecewise H? regularity assumption. To be specific, we will show
that a standard semi-discrete PPIFE method and two typical fully discrete PPIFE methods

converge optimally in both the energy norm and the L? norm under the usual piecewise H?

regularity assumption in the space variable for the exact solution.

The layout of this chapter is as follows. In Section 7.2, we recall a group of PPIFE schemes
from [113] for parabolic interface problems, including a semi-discrete scheme and two typi-
cal fully discrete schemes: the Backward Euler scheme and Crank-Nicolson scheme. Error
estimates for these PPIFE methods are derived in Section 7.3. In Section 7.4, a numerical

example is presented to validate the theoretical results established in Section 7.3.

7.2 PPIFE methods to be analyzed

In this section, we recall PPIFE methods for parabolic interface problems developed in [113].
Throughout this chapter, as we stated in Chapter 6, since we will use T" to represent the
endpoint of the time domain, we use K instead of T to denote element in the mesh 7}, of
). We also recall some set notations about the edges from Chapter 2: the set of interior
interface edges is 5}1, the set of boundary edges is £, the set of boundary interface edges is

bi
£l
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Similar to the elliptic interface problem in Section 4.2, we can derive a weak form of the
parabolic interface problem described in (7.1), which is essentially the same as that in [113],
with a slightly more general configuration that allows the interface to intersect with the
boundary of the domain, i.e., ' N 9Q # ). These considerations lead to the following weak
formulation of the parabolic interface problems (7.1): find u: [0, 7] — PH?*(Q) that satisfies

(7.1d), (7.1e) and

(ur, v) + ap(u,v) = Le(v), Yv € V,0(Q),

(7.2)
u(X,0) =up(X), VX €Q,
in which the bilinear form ay(-,-) : V4(Q) x V,(2) — R is defined by
ap(u,v) = Z / BVu - VodX — Z /{BVU N }e[v]eds
KeT, 7 K ecéi ”©
o;

+ey /{wv ‘ntefuleds + ) el /[u]e [Wleds — Y [ BVu - nevds (7.3)

eci ”° ecél ¢ eceli €

0

+€ Z /GBVU -nyuds + Z %l /euvds, Yu,v € Vi(Q),

ecght ecght

with V3,(Q) and V},0(€2) defined in (2.4) and (2.5), and the linear form Ly : V,(Q) — R is
defined by

0
/BVU ‘n, gds + Z % /vgds, Vo € Vi (). (7.4)

¢ 665;7

Li(v) = /vadX—l—e Z

eEE};i

Since the linear /bilinear global IFE space S;(2) defined in (4.8) is a subspace of V;(£2), the
above weak form of the interface problem naturally suggests the following PPIFE methods

[113] to be analyzed in the next section.
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Semi-discrete PPIFE methods: find uy, : [0,7] — Si(€2) such that

(Wh,t,vn) + ap(up, vp) = Ly(vp), Yop € Spo(Q2), 75)

Uh(X, O) = ah()(X), VX € Q,

where Gpy € Sp(R2) is either an IFE function defined as the elliptic projection as defined in

(6.7) or the interpolation of ug in the IFE space Sp,(€2).

Fully discrete PPIFE methods: we will use a uniform partition in time such that

C={0=t"<tt <. <M =T},
(7.6)

r=t"—t""1 n=1,2 ..M,
with M a positive integer. For a function ¢(X,t), as usual, we let ¢"(X) = ¢(X, "), and let

00— (x)

T

09" (X) (7.7)

A group of fully-discrete PPIFE methods can be described as: find a sequence {up}M, C
Sp(€2) such that

(Byuy, vn) + an (Oup + (1 — 0)uy =" vy) = OLgn(vy)
+ (1 — 9)Lfn—1(1}h), Yy, € Sh70<Q)7 (78)

up(X) = an(X), VX €Q,

where 6 € [0,1]. Two cases are of special interests when § = 1 and # = 1/2, and the
above reduces to the backward Euler PPIFE method and Crank-Nicolson PPIFE method,

respectively.
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We note that the bilinear form ap(-,-) in (7.3) is almost the same as that used in the
interior penalty DG finite element methods for the standard elliptic boundary value problem
[36, 78, 127] except that the penalties are applied only over interface edges instead of all the
edges. Following the convention in DG finite element methods, we usually consider three
choices for the parameter € in this bilinear form: e = —1, 0, or 1, which leads to a symmetric
bilinear form ay(+, <) when € = —1, and a nonsymmetric bilinear form, otherwise. The related
PPIFE methods described either by (7.5) or (7.8) will be called SPPIFE methods or NPPIFE

methods, respectively.

The PPIFE methods in this paper can be extended to the parabolic interface problem with a
non-homogeneous flux jump condition by constructing an additional IFE function according
to the technique presented in [74]. In addition, these PPIFE methods can be extended to
the parabolic interface problem where 5(X) in (7.1a) is a variable matrix. Indeed, we may
employ the averaging idea presented in [79, 81] by which 3% can be specified as the average
of B(X) on K& respectively, for constructing the needed IFE functions on each interface

element K. However, the remaining issue is the related error analysis.

7.3 Error analysis of parabolic PPIFE methods

In this section, we will derive a priori error estimates for the PPIFE methods recalled in the
previous section. Without loss of generality and following usual convention in error analysis
of finite element methods, we assume that: (i) the interface problem has a homogeneous
Dirichlet boundary condition, i.e., g = 0 in (7.1b); (ii) the interface does not intersect the
boundary, i.e., TNAON = . We note that assumption (ii) here is just a technicality for a clear
presentation of main ideas in the error estimations and the analysis can be extended to the

case without assumption (ii). This is because the error estimations for the related elliptic
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interface problems given in the previous chapter have such an extension under a suitable

assumption about how the interface intersects with the boundary of 2.

We will still use the energy norms ||v||;, and [||v]||, defined in (4.36) and (4.37) for v € V,(Q2)

in the error analysis. Recall that || - ||, and [|-[|, are norms on V;,(€) [63] such that
[ollw < [l[olll,, Vo € Va(Q) and vl < Cllvlln, Vo € Spo(€), (7.9)

for a certain constant C, where Sj,((Q2) is defined in (4.8). The following lemma recalls
coercivity of the bilinear linear form ay(+,-) defined in (7.3) with respect to either of these

two energy type norms.

Lemma 7.1. If 60 is sufficiently large, then there exists a positive constant k such that
an(v,v) > &|[vl2 and an(v,v) > K||0]]7, Vv € Sho(Q). (7.10)
Proof. These results follow directly from Lemma 4.1 in [111] and Theorem 4.4. O]

From (6.7), we can see that the elliptic projection @y, of a function u also satisfies

ap ((fbh)t, Uh) = ah(ut, Uh), ah((ﬂh)tt,vh) = ah(utt,vh), \V/’Uh - Sh,O(Q)a (711)

provided that u(-,t) € PH?(Q) and uy(-,t) € PH?(Q) are suitably defined. Note that here
we also have the error estimates for the elliptic projection as it is stated in Lemma 6.1 and
Lemma 6.2, except for that the bilinear form ay(.,.) is defined by (7.3), where the coefficient

B is used, rather than c?.
Error estimate for the semi-discrete PPIFE method:

In the following discussions, we will use the standard splitting u—u, = n—¢& with n = u—1y,
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& = up, — Uy, and 14y, is the elliptic projection of u defined by (6.7). We first estimate the error

in the ||-||, norm for the PPIFE solutions.

Theorem 7.1. Assume that the exact solution u to the parabolic interface problem (7.1) is
in HY(0,T; PH?(Q)) for e = —1 but in H*(0,T; PH*(Q)) for e = 0,1, and ug € PH*(Q).
Let uy, be the PPIFE solution defined by the semi-discrete method (7.5) and up(-,0) = G
being the elliptic projection of ug. Then there exists a constant C' such that, for e = —1, we

have

Ju(,t) —un(-, )|l < Ch <||U0”2,Q + ”UtHL2(o,T;PH2(Q))> , VE=0, (7.12)

and for e =0 or 1, we have

[l t) = un(, ) n

(7.13)
<Ch (HUOHQ,Q + [Jue (-, 0)”2,9 + HutHL2(0,T;PH2(Q)) + HuttHLQ(O’T;pH2(Q))) , Vit > 0.
Proof. For e = —1, by arguments similar to those for (3.16) in [113], we have
I 1 !
5 [ Nyt + 3@ < € [ Il (7.14)
0 0
By the piecewise Poincaré-Friedrichs inequality [12, 24], there holds
1]l z2() < Cllnel|n- (7.15)

Then, applying (7.15), Lemma 4.1, and the coercivity of ay(-,-) to (7.14), we have

1€ell L2 0.6:22(0)) + Illn < Chllue||L20,7;pH2@)- (7.16)
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Because u — u, = n — &, by the triangle inequality, (6.9) with k£ = 0, and (7.16), we have

fuCt) = (Dl < Oh (Jull + ol gy ) . V020, (7.07)
By u € HY(0,T, PH*(2)), we have

t
[u(, t)ll20 < lluoll2e +/ [ur[2,0d7
0 (7.18)

< luollz.a + Cllutl|z20,7.pr2(2))-

Then, estimate in (7.12) follows from applying (7.18) to (7.17).

For ¢ = 0 or 1, by arguments similar to those for the second last inequality in the proof for

Theorem 3.1 in [113], we have

t t
/O €lZaedr + JEIZ < C / (Il + lmall2) dr + Cl OB, (7.19)

where we have used the estimate in (7.15). Applying (6.9) with £ = 1 and k£ = 2 to (7.19)

leads to

[€lln < Ch <||“t('70)H2,Q + Hut||L2(0,T;PH2(Q)) + HuttHL2(0,T;PH2(Q))> : (7.20)

From u—u;, = n—¢ again, applying the triangle inequality and estimates in (6.9) with k =0
and (7.20), we have

lu —unlln < Ch (Hqug + fJue (-, O)||2,Q + ||UtHL2(0,T;PH2(Q)) + ||uttHL2(o,T;PH2(Q))> - (7.21)
Finally, the estimate in (7.13) follows by applying (7.18) to (7.21). O

We now estimate the error in the usual L? norm.
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Theorem 7.2. Assume that the exact solution u to the parabolic interface problem (7.1) is
in H'(0,T; PH*(QY)). Let uj, be the PPIFE solution defined by the semi-discrete method
(7.5) and up(-,0) = o being the elliptic projection of uy. Then, there ezists a constant C

such that

i, 2) = un( )2y < OB (Jlwolly o + el oo iy ) - (7.22)

Proof. By (7.2) and (7.5), we have
(ue — upt, v) + ap(u — up,v) =0, Yv € Spo(R),

which leads to

(& —m,v) + an(6 —n,v) =0, Yo € Spo(R). (7.23)

Because n = u — 1y, by (6.7), we have ap(n,v) =0 for v € S,(2). Thus, by (7.23), we have

(&, v) +an(§,v) = (7, v), Yo € Spo(9). (7.24)

Using v = £ in (7.24) and applying the coercivity of a(+,-) given in (7.10), we have

1d
55”5”2@(@ < mell 2@ €l L2 - (7.25)

Then, integrating (7.25) leads to

t
1€@) 22y < 16(0)][ L2 +/0 17| 220 it (7.26)

in which [|£(0)||z2() = 0 since iy is assumed to be the elliptic projection of ug. Therefore,
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applying (6.13) with £k =1 to (7.26) we have

t
1€ 22 () S/ 1mel| 2ydr < Ch?||ug|| 20,7 P2 (02) - (7.27)
0

Then, by the triangle inequality, (7.27), and (6.13) with & = 0, we have

[ = unllz2) < NE@) 220 + 1Nl L2() < Cn? (||ut||L2(O,T;PH2(Q)) + ||u(,t)||29> - (7.28)
Finally, the estimate in (7.22) follows from applying (7.18) to (7.28). O

We now proceed to conduct the error analysis for the fully discrete PPIFE methods.
Error estimates for fully discrete PPIFE methods:

We provide error estimates for two types of fully discrete PPIFE methods: backward Euler

methods and Crank-Nicolson methods.

Backward Euler methods: The backward Euler methods correspond to the scheme in
(7.8) when 6 = 1. First we have the following error estimate on backward Euler PPIFE

solutions in the energy norm || - ||5.

Theorem 7.3. Assume that the ezact solution u to the parabolic interface problem (7.1) is
in H2(0,T; PH?*(Q)) N H3(0,T; L*(Q)) and ug € PH*(Q). Let the sequence {uf}M , be the
solution to the backward Euler PPIFE method described by (7.8) with @ = 1. Then for o° in
ap(-,+) large enough, there exists a positive constant C' independent of h and T such that, for

e = —1, we have, forn=1,2,.... M,

luh = u"[ln <

(7.29)
O (h (uollogo + el oz ) + 7 el oirzacay )
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and for e =0 or 1, we have

luh = u™[ln <

1 2
Ch HUOH2,Q + HUtHL?(o,T;PH?(Q)) + Hutt||L2(o,T;PH2(Q)) + <;HUtHL2(0,T;PH2(Q))> (7_30)
1 3
+C7 HuttHLQ(O,T;L?(Q)) + HutttHL2(0,T;L2(Q)) + (;Hutt”LQ(O,T;Lz(Q))) .

Proof. The proof follows the same arguments as those used in the proof of Theorem 3.2 in

[113] except for using Lemma 6.1 for all the estimates about ||n:||, and ||n:||5. O

Then, we consider the error estimates in L? norm for the backward Euler PPIFE solutions.

Theorem 7.4. Assume that the exact solution u to the parabolic interface problem (7.1) is
in H'(0,T; PH?*(Q2)) N H?(0,T; L*()) and ug € PH?*(Q). Let the sequence {ul }*., be the
solution to the PPIFE backward Euler methods described by (7.8) with 0 =1 and u) = @y
being the elliptic projection of ug. Then for o in ay(-,-) large enough, there exists a positive

constant C' independent of h and T such that forn =1,2,...., M,

[[up — unHL?(Q) <

(7.31)
C (h2 <||U0||2,Q + ||Ut||L2(o,T;PH2(Q))> +7 Hutt“LQ(O,T;LZ(Q))) :
Proof. Recall the following identity from [113] ((3.24) in that article):
(0™, vp) + an(€",vn) = (O™, vn) + (", vn), Von € Spo(€2), (7.32)

where " = —(u} — Jyu"). Letting v, = £" in (7.32) yields

€n_€n71€n+ noeny — (9. N n o ¢en
77 ah(évé)_<tn7§)+(r7§>‘
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Using the coercivity of a(+,-) in Lemma 7.1, and applying Holder inequality to the right

hand side of the above equation, we have

(€& — (¢

B n||2 n n n n
- + €M, <C <||at77 20y 1€ |22y + 17" 122y 1€ ||L2(Q)> :

By Holder inequality again, we have

n |2 n— n n n n n
1€ 120 = 1€ ] p2 g €7 120y < O (Ilf)m 20y 16" |22y + 17" r2(y 1€ HLQ(Q))7

which leads to

1€ 20 = €7 2y < O (107" oy + 1"l gy ) -

Summing the inequality above from n =1 to k, we have
k
k n n
164 Loy~ 1€ 0y < ©7 3 (1000 ey + 15" ) - (7.33)

n=1

According to (3.28) in [113], and using the estimate in (6.13) with £ = 1, we have

2 e 2 cnt " 2
10 ey < - / 22t < R (7.34)
T tnfl T tnfl
From (3.29) in [113], it follows
2 T (" 2
I By < 5 [ Tualaoe (7.35)
n—

Applying (7.34) and (7.35) to (7.33), and noting the fact that ||£%),2¢) = 0 since g is
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chosen to be the elliptic projection of ug in (7.8), it follows

160122 () < ChH|uelliz0.0.p a2 () + CT° w7201 20) (7.36)

Then the estimate in (7.31) follows from applying the triangle inequality, (6.13) with k£ = 0,

together with (7.18), and (7.36) to the standard splitting u — u, = n — &. O

Crank Nicolson methods: We now consider the error in the IFE solutions produced by
the Crank-Nicolson schemes described by (7.8) with § = 1/2. First, we have the following

error estimate in the energy norm for the SPPIFE Crank-Nicolson scheme.

Theorem 7.5. Assume that the exact solution u to the parabolic interface problem (7.1) is
in H(0,T; PH?*(Q)) N H3(0,T; L*(Q)) and ug € PH*(Q). Let the sequence {uf }M , be the
solution to the PPIFE Crank-Nicolson methods described by (7.8) with @ =1/2 and e = —1 .
Then for a2 in ay(-,-) large enough, there exists a positive constant C independent of h and

T such that form=1,2,.... M,

luh = u™[ln <

(7.37)
¢ (h <||U0||2,Q + ||ut||L2(0,T;PH2(Q))) +77 ||uttt||L2(0,T;L2(Q))> :

Proof. The proof follows the same arguments as those used in the proof of Theorem 3.3 in

[113] except for using Lemma 4.1 for all the estimates about ||n||, and ||9:||5- O

We then consider the L? error estimate of the Crank-Nicolson PPIFE solutions.

Theorem 7.6. Assume that the exact solution u to the parabolic interface problem (7.1) is
in HY(0,T; PH?*(Q2)) N H3(0,T; L*()) and ug € PH?(Q). Let the sequence {ul }*., be the
solution to the PPIFE Crank-Nicolson methods described by (7.8) with 0 = 1/2 and ul) = @y g

being the elliptic projection of ug. Then for o2 large enough, there exists a positive constant
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C independent of h and T such that form=1,2,.... M,

|up, —u™||z2@) <
(7.38)

O (2 (Itollogy + el e orprrscay ) + 72 el oo recacay )

Proof. By (7.5) and (7.8), and the definition in (6.7), we have

1
(0", vp) + 5 (& + &1 on) = (O™, o) + (17, o) + (r5,vn) . Vou € So(), (7.39)
where 1] = —u?fl/z + 3 (uf +upt), rp = O — u?fl/Q.
Letting v, = " + "1 in (7.39) yields
9 n |2 1 n n—1 ¢n n—1
Al ||L2(Q)+§ah (" + &+
(7.40)

= @&+ &) + (1T + (5,8 ).

By the coercivity of ap(-,-) given in Lemma 7.1 and applying Holder inequality to the right

hand side of (7.40), we have

n 1 n n—
€ 22 + 5RlIE" + €l

< N0 2@ 1€ + € Mz + Ir 22 1€" + € 220y (7.41)

+ 15 2@ I€" + € 2.

By the piecewise Poincaré-Friedrichs inequality [12, 24] we have

g™ + €™ Hlzag) < ClIE™ + 6" -
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Therefore, from (7.41), we have

O WEniey + 5 6" + €I
< O (10" ey + 175 zzcay + I8 ey ) lE™ + €7l
< C (Ilam”llm(m + Il p2@ + ||Tg||L2(Q))2 + i“ J€" + €7
which yields
AU 320 < € (10" 1320 + It ey + I3 ) -
According to (3.48) and (3.49) in [113], we have

tn

Ir? 20 < 07 [

tn—

) e (- )22 (dt, i =1,2.

Then, applying (7.34) and (7.44) to the right hand side of (7.43), we have

T T n—

tn—

1€7 1720y — 1€ 720 p*t [ "
= D<o (% [ ulader [ a0l
t

Summing (7.45) from n = 1 to k and using the fact that £” = 0, we have

T T
||£’“I|i2(m§0(h4 [ tulgar+ o [ |ruttt<.,t>u%2<mdt).

2
R
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(7.42)

(7.43)

(7.44)

(7.45)

(7.46)

Finally, the estimate in (7.38) follows from utilizing the triangle inequality, (6.13) with & = 0,

together with (7.18), and the estimate in (7.46) to the standard splitting u —up =n—¢§. O

Remark 7.1. We note that Theorem 7.5 gives an error estimate in an energy norm that

is comparable to the usual semi-H' norm for the SPPIFE Crank-Nicolson scheme.

With

the error estimate in the L* norm given in Theorem 7.6, we can derive the error estimate

in semi-H' norm for the NPPIFE Crank-Nicolson schemes subject to a CFL condition.
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Specifically, we start from the fact that £ € Sp0(2),n = 0,1,...., M. Then, by the inverse
inequality of IFE function [72, 111],

€ e < CRYIE peery, VT € Ty,
together with the standard inverse inequality on the non-interface elements, we have

€10 < Ch7Y[€" | 12 (0

Thus, by (7.46), we have

T 4 T
n T
't <0 ([ luladr+ g [ T Ol
0 0

By definition, we have |v|1 o < |[v||n for v € Sp(Y). Hence, by (6.9) with k = 0 and the

inequality above, we have

,7_4
o= i < 160 + 10 < O (Tullaorpman + el + o)

Finally, applying (7.18) to the inequality above, we obtain the following error estimate under

the conditions of Theorem 7.6: form =1,2,.... M,

n_

‘uh unll,Q <

2 ) (7.47)

]
1 (ol + Nl mpmon + 2 losalrasioy

The result in (7.47) guarantees the optimal order of convergence in semi-H' norm for the
NPPIFE Crank-Nicolson method provided that the time step T satisfies the CFL condition
T < Ch.
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7.4 Numerical Example

In this section, we will numerically demonstrate the optimal convergence of the PPIFE
methods proved in Section 7.3. We note that several numerical examples were reported
in [113] that showed the optimal convergence of these PPIFE methods for the parabolic
interface problems, but the exact solutions in those numerical examples are piecewise H?
functions. In contrast, the numerical examples to be presented in this section are for an
exact solution in the function space PH?(Q2)\PH?*(2). In preparing numerical results, we
approximately compute the L? and H! semi-norm of the errors in IFE solutions element by
element using Gaussian quadrature with a sufficient accuracy, and we compute the L* norm
of the errors approximately as the maximal absolute value of the errors at all the Gaussian

quadrature points in all elements.

Consider the domain 2 = (—1,1) x (—1, 1) separated by an elliptical interface I' defined by

z?/r2 +y*/r; — 1 = 0 into two subdomains
Q" = {(z,y) : 2*/1 +y2/r§ <1}, Qt=0\0-,

where 7, = 7/4.28,r, = 7/6.28. Each Cartesian triangular mesh 7, in our numerical
examples is obtained by first partitioning €2 into N x N congruent squares and then cutting
each square into two triangles by its diagonal line. And the time domain is ¢ € [0, 1], which
is uniformly partitioned by 0 =ty < t; < ty < ... < tjy = 1, with M = N. Functions f, g,

and ug in the interface problem (7.1) are generated with the following exact solution:

—r%e, (x,y) € Q7

u(t,z,y) = ] ] ] (7.48)
(5_+Ta + (6_— = B_+>) e, (x,y) € QF,
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where v = 1.5,7 = | [a2/r2 4 y?/r2. It can be verified that, for fixed t, u € PH*(Q)\PH*(Q2);
hence, this function u(¢, z,y) does not have the regularity required by the error analysis in

[113], but it has a sufficient regularity for the error estimates derived in the previous section.

Table 7.1 presents errors of the SPPIFE (¢ = —1 in (7.3)) solution uy(1,x,y) generated on
a sequence of uniform triangular meshes of  for two typical configurations of 5~ and 8T,
where 3~ : B = 1 : 20 represents a moderate discontinuity in the diffusion coefficient 3,
while 8~ : 8t = 1 : 1000 represents a larger discontinuity. The data in this table clearly
demonstrate that the SPPIFE solutions converge optimally in both the L? and the semi-H*
norms to the exact solution u which has the usual PH?(Q2)\PH?(Q) regularity instead of
the excessive PH?(Q)) regularity in the space variable. On the other hand, the data in Table
7.1 indicate that the SPPIFE solutions converge only sub-optimally in the L* norm for this

example. Similar behaviors have been observed for the NPPIFE methods.
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BY/B~ | N | |lu—unllocoa rate |u—wuplloo rate |u—wuplio  rate
10 3.6118e-02 NA 1.7086e-02 NA 1.7581e-01 NA
20 1.2235e-02 1.5617  4.1852e-03  2.0294 8.5439%e-02 1.0410
40 4.2133e-03 1.5380  9.8575e-04  2.0860 4.2826e-02  0.9964
20 80 1.4966e-03 1.4933  2.3491e-04  2.0691 2.1337e-02 1.0051
160 5.4176e-04 1.4660  6.1620e-05  1.9306 1.0670e-02  0.9998
320 1.9582e-04 1.4681  1.5943e-05 1.9505 5.3278e-03 1.0019
640 7.0744e-05 1.4689  4.2719e-06  1.9000 2.6620e-03  1.0010
1280 2.5523e-05 1.4708  1.1748e-06  1.8625 1.3307e-03  1.0003
10 4.5293e-02 NA 2.4431e-02 NA 1.9352e-01 NA
20 1.5672e-02 1.5311  7.4969e-03  1.9415 1.0234e-01 1.5182
40 6.4667e-03 1.2771  2.1756e-03  2.0436 5.2366e-02  1.0397
1000 80 1.8625e-03 1.7958  4.4670e-04  2.0230 2.3942e-02 1.0151
160 9.9846e-04 0.8994 1.1160e-04  1.9908 1.1737e-02 1.0039
320 2.4385e-04 2.0337  2.0782e-05  1.8822 5.5251e-03 1.0012
640 7.1122e-05 1.7776  5.154be-06  2.0114  2.7282e-03 1.0181
1280 2.5569e-05 1.4759  1.3078e-06  1.9786 1.3471e-03 1.0181
Table 7.1: Errors of SPPIFE Crank-Nicolson solutions at ¢t = 1 with r, = 7/4.28,r, =

7/6.28.
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