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Utility Accrual Real-Time Scheduling: Models and Algorithms

Peng Li

(ABSTRACT)

This dissertation first presents an uniprocessor real-time scheduling algorithm called the

Generic Benefit Scheduling algorithm (or GBS). GBS solves a previously open real-time

scheduling problem: scheduling activities subject to arbitrarily shaped, time/utility function

(TUF) time constraints and mutual exclusion resource constraints. A TUF specifies the

utility of completing an application activity as an application- or situation-specific function

of when that activity completes. GBS considers the scheduling objective of maximizing

system-wide, total accrued utility, while respecting mutual exclusion constraints. Since this

problem is NP-hard, GBS heuristically computes schedules in polynomial-time.

The performance of the GBS algorithm is evaluated through simulation and through

an implementation on a Portable Operating System Interface (POSIX)-compliant real-time

operating system. The simulation studies and implementation measurements reveal that

GBS performs close to, if not better than existing algorithms for the cases that they apply.

Further, the results verify the effectiveness of GBS for its unique model. We also analyti-

cally establish timeliness and non-timeliness properties of GBS including bounds on activity

utilities and mutual exclusion.

GBS targets real-time systems that are subject to significant non-determinism inherent

in their operating environments e.g., completely unknown activity arrivals. When system un-

certainties can be stochastically characterized (e.g., stochastic activity arrivals and execution

times), it is possible to provide stochastic assurances on timeliness behavior.

The dissertation also presents algorithmic solutions to fundamental assurance problems

in TUF-driven real-time systems, including stochastically satisfying individual, activity util-

ity lower bounds and system-wide, total utility lower bounds. The algorithmic solutions

include algorithms for processor bandwidth allocation and TUF scheduling. While band-

width allocation algorithms allocate processor bandwidth share to activities to satisfy utility



lower bounds, TUF scheduling algorithms schedule activities to maximize accrued utility.

The algorithmic solutions and analysis are extended with a class of lock-free and lock-based

resource access protocols to satisfy mutual exclusion constraints. We show that satisfying

utility lower bounds with lock-based resource access protocols does not imply doing so with

the lock-free scheme, and vice versa. Finally, the dissertation presents a rule-based framework

for trading off assurance requirements on utility lower bound satisfaction.

This work is partially supported by the U.S. Office of Naval Research (ONR) under Grant N00014-99-

1-0158 and N00014-00-1-0549, the MITRE Corporation under Grant 52917, and the QNX Software Systems

Ltd. (SSL) through a software grant. The views and conclusions contained in this document are those of

the author and should not be interpreted as representing the official policies, either expressed or implied, of

ONR, MITRE, or QNX SSL.
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Chapter 1

Background and Introduction

Real-time computing is fundamentally concerned with satisfying application timing constraints. The most

widely studied timing constraint is the deadline. A deadline timing constraint for an application activity

essentially implies that completing the activity before its deadline accrues some “utility” to the system and

that utility remains the same if the activity were to complete anytime before the deadline. Furthermore,

completing the activity after the deadline is unacceptable. With deadline timing constraints, one can specify

the hard timeliness optimality criterion of always satisfying all deadlines and use hard real-time scheduling

algorithms, such as Rate Monotonic Scheduling and Earliest Deadline First [42] to achieve the criterion.

This dissertation focuses on dynamic real-time systems that occur at any level(s) of an enterprise—

examples in the defense domain include those at the device level (multi-mode phased array radars [22]),

platform level (surveillance aircrafts [23, 21, 16]), and mission level (netted sensor-to-shooter control loops

in network-centric warfare [20, 66]). Such systems include time constraints which are “soft” (besides those

that are hard) in the sense that completing an activity at any time will result in some (positive or negative)

utility to the system, and that utility depends on the activity’s completion time. Moreover, they often desire

a soft timeliness optimality criterion such as completing all activities as close as possible to their optimal

completion times—so as to yield maximal collective utility—is the objective.

Many enterprise-level real-time systems are subject to significant non-determinism that is inherent

in their operating environments, causing great run-time uncertainties in application and system behavior.

Typically, in such systems, application workloads, which determine execution and communication latencies,

and event and failure occurrences are non-deterministically distributed. For example, US DoD combat

systems such as Navy’s Aegis [73] and Air Force’s AWACS [16] include radar-based tracking subsystems that

1
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associate sensor reports to airborne object tracks. The number of sensor reports generated, and the number

of hostile “threats” detected and weapon-launch commands activated per radar sweep significantly change at

run-time, as they vary from one sweep to another.

A highly desirable feature of such dynamic real-time systems is their ability to adapt to run-time

uncertainties. In systems such as [16], when significantly large number of sensor reports arrives, it exceeds

the system capacity, causing overloads, resulting in important tracks to go undetected. A desirable behavior

during such situations is to adapt by gracefully degrading performance—e.g., process more important reports

and discard less important ones. Such adaptive behavior is inconsistent with the hard real-time timeliness

optimality.

1.1 TUFs and UA Scheduling

Jensen’s time/utility functions [33] (or TUFs) allow the semantics of soft time constraints to be precisely

specified. A TUF specifies the utility to the system of completing an application activity as an application-

or situation-specific function of when that activity completes. Figure 1.1 shows the conventional deadline

(downward step) and several soft time constraints specified using TUFs.

-
Time

6Utility

(a) Step

-
Time

6Utility

(b) Soft-Step

-
Time

6Utility

Q
Q

Q
Q

QQ

(c) Linear

-
Time

6Utility

(d) Parabolic

-
Time

6Utility

(e) Multimodal

Figure 1.1: Deadline and Example Soft Timing Constraints Specified Using TUFs

When time constraints are expressed with TUFs, the scheduling optimality criteria are based on max-

imizing the accrued utility from those activities—e.g., maximizing the sum, or the expected sum, of the

activities’ attained utilities. Such criteria are called Utility Accrual (UA) criteria, and sequencing (schedul-

ing, dispatching) algorithms that consider UA criteria are called UA sequencing algorithms. In general,

other factors may also be included in the optimality criteria, such as resource dependencies and precedence

constraints.

UA scheduling inherently facilitates adaptivity and graceful performance degradation during resource-

constrained situations. For example, a desirable behavior for many radar-based tracking subsystems such

as [16] is to process all tracks when resources are sufficient, and “drop” less important tracks before dropping
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more important tracks when resources are insufficient and thereby gracefully degrade performance during

overloads.

A UA algorithm that maximizes the sum of activities’ attained utilities will seek to meet all activity

time constraints (e.g., deadlines) when sufficient processor cycles are available for doing so. Further, when

overloads occur, such an algorithm will naturally tend to favor activities that are more important (from

whom greater utility can be accrued) than those which are more urgent. (Example such UA algorithms

include [44, 17].)

The mapping of utility to application-specific metrics such as track quality, track accuracy, and track

importance is intuitive and natural — the work in [16] demonstrates how that can be done.

1.2 Scope and Contributions

This dissertation considers two fundamental problems in UA scheduling:

1. Scheduling activities subject to arbitrarily shaped TUF time constraints and mutual exclusion re-

source constraints, to maximize system-wide, total attained utility; and

2. Providing stochastic assurances on timeliness behavior, including, stochastically satisfied individual,

activity utility lower bounds and system-wide, total utility lower bounds.

1.2.1 Scheduling Arbitrary TUFs Under Resource Dependencies

Scheduling tasks with non step TUFs has been studied in the past, most notably in [44], [15] and [72]. How-

ever, to the best of the author’s knowledge, Locke’s algorithm [44], called LBESA, is the only algorithm that

considers arbitrarily shaped TUFs. Another closely related work is that of Strayer’s [63], where a framework

for scheduling using “importance functions” is presented. An importance function can be arbitrarily shaped

and has a similar meaning as that of a TUF.

Besides arbitrarily shaped TUFs, dependencies often arise between tasks due to the exclusive use of

shared resources or precedence relationships. Sharing of resources that have mutual exclusion constraints

between deadline-constrained tasks has received significant attention in the past. Research on such task

models has resulted in a number of protocols including the Priority Inheritance Protocol [57], Priority

Ceiling Protocol [57], and the Stack Resource Policy [7].

However, little work has been done for sharing resources (that have mutual exclusion constraints) be-
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tween tasks that have TUF time constraints. In [17], Clark considers mutual exclusion resource dependencies,

but for tasks with only step TUFs. Further, none of the prior research on step TUFs [36, 48] and non step

TUFs [15, 72, 44, 63] consider resource dependencies.

This dissertation combines these two task models. We consider the problem of scheduling tasks subject

to arbitrarily shaped TUF time constraints and mutual exclusion resource constraints, to maximize system-

wide, total attained utility. This scheduling problem can be shown to be NP-hard. Thus, we present

a heuristic algorithm for this problem, called the Generic Benefit Scheduling algorithm (or GBS). 1 GBS

computes schedules with a polynomial-time cost of O(n3), given n tasks in the ready queue.

We study the performance of GBS through simulation and through an implementation on a Portable

Operating System Interface (POSIX)-compliant real-time operating system (RTOS). To implement GBS on

POSIX systems, which do not support TUFs and UA scheduling, we develop a middleware-level scheduling

framework called meta-scheduler. Meta-scheduler’s middleware-level architecture eliminates the need for

modifying the OS kernel for conducting UA scheduling. This facilitates scheduler portability and usage of

commercial off-the-shelf (COTS) RTOSes. We are not aware of any other such framework that allows UA

scheduling on COTS POSIX RTOSes.

Our experimental results—from simulation studies and from implementation measurements—reveal that

GBS performs close to, if not better than existing algorithms for the cases that they apply. Examples of such

task models include independent tasks with non step TUFs and tasks with step TUFs and mutual exclusion

resource dependencies. Further, our experimental results verify the effectiveness of GBS for its unique model

of arbitrary TUFs and resource constraints.

We also analytically establish timeliness and non-timeliness properties of GBS including bounds on

activity utilities, mutual exclusion, and freedom from deadlocks.

1.2.2 UA Scheduling with Stochastic Assurance

Most existing UA scheduling algorithms provide assurances on timeliness behavior for some special cases,

such as optimal timeliness during under-load situations for step TUFs [44, 17, 74] or assured lower bounds

on accrued utilities for deterministic task arrival models [75].

Another form of assurance considered in the past is the notion of competitive ratio. A scheduling

algorithm A has a competitive ratio of ϕA if and only if it can guarantee a cumulative utility ΓA ≥ ϕAΓ∗,

where Γ∗ is the cumulative utility achieved by the optimal clairvoyant scheduler.

1GBS is later renamed as Generic Utility Scheduling algorithm (GUS).
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In [8], the authors show that when the processor load ρ > 2 (see [14] for a definition of processor

load), the best competitive ratio an on-line scheduling algorithm can guarantee is 1
/

(1 +
√

k)2, where k is

the important ratio between the highest and the lowest utility density. Notice that this upper bound on

competitive ratio is valid only for tasks with step TUFs, which seriously limits its applicability. Furthermore,

the competitive ratio provides a measure of how well an on-line algorithm performs with respect to the optimal

clairvoyant scheduler. Though this is an important metric, it is not related to the absolute performance of

an algorithm that is measurable by an end-user e.g., the amount of accrued utility.

The problem of timeliness assurance is complicated by the fact that the systems of interest are dynamic

and they cannot be described using deterministic task models. For example, task execution times in [16, 46]

are highly context dependent, and therefore worst-case execution time (WCET) analysis is infeasible, or is

too pessimistic to be useful. Furthermore, task arrivals do not have known minimum inter-arrival times.

The aforementioned non-determinism naturally lends itself to a stochastic task model, where task ex-

ecution times and inter-arrival times can be stochastically described using random variables. We consider

such a stochastic model. Further, we allow tasks to share resources, which are subject to mutual exclusion

constraints. Furthermore, we consider application-specified lower bounds on individual task utilities that

must be probabilistically satisfied i.e., a tuple 〈APi, AUi〉 is specified for each task Ti, which implies that

task Ti needs to accrue at least AUi utility with the probability APi. AP is called Assurance Probability,

and AU is called Assurance Utility. We also consider a lower bound on system-wide, total utility that must

be asymptotically satisfied.

For such a model, we consider the problem of scheduling tasks to satisfy the individual and collective

utility lower bounds and maximize system-wide, total attained utilities.

Note that satisfying individual task utility lower bounds may contradict with satisfying the system-wide

utility lower bound and vice versa. To resolve this contradiction, precedence rules may be specified by the

application e.g., satisfying individual utility is more important than satisfying collective utility. Such rules

allow tradeoffs between contradicting assurance requirements.

We present algorithmic solutions to the problem of providing performance assurance for TUF-driven,

dynamic real-time systems. The algorithmic solutions include algorithms for processor bandwidth allocation

and UA scheduling. While bandwidth allocation algorithms allocate processor bandwidth share to activities

to probabilistically satisfy individual and collective, utility lower bounds, UA scheduling algorithms schedule

activities to maximize accrued utility.

We extend our algorithmic solutions with a class of lock-free and lock-based resource access protocols

to satisfy mutual exclusion constraints on shared resources. We prove that satisfying utility lower bounds
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with lock-based protocols does not imply doing so with the lock-free scheme, and vice versa. Further, we

establish the conditions under which lock-based protocols are “stronger” than the lock-free scheme, and vice

versa.

Finally, we present a rule-based framework that allows tradeoff and negotiation between utility lower

bound satisfaction and utility maximization, and that between individual and collective utility lower bound

satisfaction.

To the best of our knowledge, our algorithm solutions for the UA assurance problem are the first of its

kind. We are not aware of any other efforts that address this problem.

1.2.3 Summary of Contributions

Thus, the contributions of the dissertation include:

1. The GBS scheduling algorithm that schedules activities subject to arbitrarily shaped TUF time

constraints and mutual exclusion resource constraints, to maximize system-wide, total attained utility;

2. The meta-scheduler scheduling framework [40] that facilitates UA scheduling on COTS POSIX

RTOSes; and

3. The class of algorithmic solutions that provide stochastic assurances on timeliness behavior on ac-

tivities subject to TUF time constraints and mutual exclusion resource constraints, including, stochastically

satisfied individual and collective utility lower bounds.

1.3 Organization of Dissertation

The rest of the dissertation is organized as follows. To provide motivation for the TUF/UA model, we

summarize two significant applications that were successfully implemented using that model in Chapter 2.

Chapter 3 surveys existing scheduling algorithms, focusing on overload scheduling, UA scheduling algorithms,

and single machine scheduling theories that are related to UA scheduling. In Chapter 4, we introduce our

task and resource models considered by the GBS algorithm. We also describe the scheduling objective of

GBS in this chapter.

Chapter 5 present the GBS algorithm. Timeliness and non timeliness properties of the GBS algo-

rithm are established in Chapter 6. We evaluate performance of GBS through simulation in Chapter 7 and

through implementation in Chapter 9. We present an overview of the meta-scheduler scheduling framework
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in Chapter 8.

Chapter 10 leads the presentation for stochastic assurance problem. Chapters 11, 12 and 13 discuss our

solutions for the task-level and system-wide performance assurance problems, respectively.

Finally, this dissertation concludes by describing its contributions and proposed work in Chapter 14.



Chapter 2

Motivating Application Examples

As example real-time systems requiring the expressiveness and adaptability of TUF time constraints, we

summarize TUFs of two applications. These include: (1) AWACS (Airborne WArning and Control System)

surveillance mode tracker system [16] built by The MITRE Corporation and The Open Group (TOG); and

(2) a coastal air defense system [46] built by General Dynamics (GD) and Carnegie Mellon University (CMU).

We only summarize some of the application time constraints here; other details can be found in [16, 46],

respectively.

2.1 TUFs in AWACS

The AWACS is an airborne radar system with many missions, including air surveillance. Surveillance missions

generate aircraft tracks for command and control (C2) and battle management (BM). The surveillance tracker

consists of several different activities. Its most demanding computation, called association, associates sensor

reports to aircraft tracks. The tracker employs two sensors that sweep 180 degrees out of phase with a

ten second period. Thus, association has a “critical time” at the period length. If the computation can

process a sensor report for a track in under five seconds (half the sweep), that will provide better data for

the corresponding report from the out-of-phase sensor. Thus, prior to critical time, utility of association

decreases as critical time nears.

After the critical time, the utility of association is zero, because newer sensor data has probably arrived.

Thus, if the processing load in one sensor sweep period is so heavy that it cannot be completed, probably

the load will be about the same in the next period. So there will not be any resources to also process sensor

8
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data from the previous sweep.
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Figure 2.1: AWACS Track Association TUF

This timeliness behavior, which requires the expressiveness and adaptability of soft yet mission-critical

time constraints, would be difficult to describe using priorities. An effective solution is to describe it using

TUFs.

The described semantics establish association’s TUF shape: a critical time tc at the sweep period;

utility that decreases from a value U1 to a value U2 until tc; and an utility value U3 after tc. U1, U2, and

U3 are determined using Application QoS (AQoS) metrics such as: (1) track quality, which is a measure

of the amount of sensor data incorporated in a track record; (2) track accuracy, which is a measure of the

uncertainty in the estimate of a track’s position and velocity; and (3) track importance, which is measure of

track attributes such as its threat. Figure 2.1 shows the association thread’s TUF.

The tracker creates threads for each airborne object that it tracks. The threads perform a sequence of

activities, including association. The TUFs of all threads have the same basic shape shown in Figure 2.1,

but use different values for U1, U2, and U3. The system’s UA scheduling algorithm resolves the resource

contention among all the association (and other) threads and schedules system resources to maximize the

total summed utility.
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Figure 2.2: Average Number of Dropped Tracks Under Decreasing Association Capacity
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The AWACS surveillance tracker implementation was done using TOG’s MK7 operating system [64].

MK7 contains the UA scheduling algorithm described in [44]. To understand how well MK7’s UA algo-

rithm is able to schedule system resources in a mission-oriented way, significant performance measurements

were made. Different scheduling algorithms, including FIFO and fixed priority, were compared with [44].

Figure 2.2 shows the average number of dropped tracks for the three scheduling policies under decreasing

association capacity. The figure illustrates that the UA algorithm minimizes the number of dropped tracks,

thereby illustrating the adaptivity of the TUF/UA paradigm.

2.2 TUFs in Coastal Air Defense System

The coastal air defense system defends the coastline from incoming cruise missiles and bombers, using a

variety of assets including guided interceptor missiles. Time constraints of three activities in the GD/CMU

coastal air defense system, called plot correlation, track maintenance, and missile control are shown in

Figures 2.3(a), 2.3(b), and 2.3(c), respectively.
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Figure 2.3: TUFs of Three Activities in GD/CMU Coastal Air Defense

AQoS metrics such as track quality and weapon spherical error probable are used to define how each

service’s timeliness contributes to its utility to the current state of the mission. Note that the TUF for

sending guidance updates to interceptor missiles have shapes that evolve during the course of each missile’s

engagement with its incoming target. This adaptive effect is extremely difficult to achieve with priorities.

Performance evaluation of the system proves the effectiveness of TUF/UA. For brevity, here we skip the

details of TUFs, application implementation, and adaptive timeliness measurements; these can be found

in [46].



Chapter 3

Literature Review

Uniprocessor real-time scheduling algorithms can be broadly classified into two categories: (1) deadline

scheduling and (2) overload scheduling. Algorithms in the first category generally seek to satisfy all task

deadlines, if possible. Furthermore, all scheduling decisions are solely based on task deadlines. In contrast,

algorithms in the second category deal with deadlines as well as non deadline timing constraints such as non

rectangular TUFs, wherever proper. For example, if it is impossible to satisfy all task deadlines, the second

category algorithms seek to maximize accrued task utilities.

Besides the existing real-time scheduling theories, there is a rich set of single machine scheduling theories

that originate from the Operational Research (OR) community. Some of the optimization objectives are

directly related to job completion times. Thus, algorithms for these optimization objectives are naturally of

interests for UA scheduling.

3.1 Deadline Scheduling

The problem of optimal scheduling for satisfying all task deadlines has been extensively studied in the

literature. The Rate Monotonic scheduling algorithm [42] and the Earliest Deadline First (EDF) scheduling

algorithm [26] have been established to be optimal for fixed and dynamic priority scheduling, respectively.

Furthermore, deadline scheduling has been extended to variants of the hard timeliness optimality criterion

of satisfying all deadlines. For instance, in [54], the author presents an overload management scheme that

can satisfy deadlines of at least m instances of a periodic task within k consecutive releases, which is called

the (m, k) firm guarantee.

11
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The aforementioned scheduling algorithms only deal with sharing CPU cycles among real-time tasks that

are subject to deadlines. The same or similar algorithms can be used for other shared resources individually,

such as semaphores or disk I/O. When real-time tasks need both CPU cycles and other shared resources

simultaneously (which is a fairly common scenario), interferences due to resource dependencies must be

bounded by using real-time resource access protocols.

In the context of lock-based access, examples of real-time resource access protocols include the Priority

Inheritance Protocol [57], the Priority Ceiling Protocol [57], and the Stack Resource Policy [7]. Furthermore,

shared resources may be accessed in a lock-free manner, where a task is not blocked upon a failed access.

Rather, the task continuously attempts to access the resource. The lock-free access scheme is a viable

alternative to the lock-based access scheme, as shown in [6].

3.2 Overload Scheduling

Many existing algorithms for overload scheduling consider rectangular TUFs. In the event of no overload,

EDF is optimal in the sense that it can satisfy all deadlines. Thus, these algorithms aim to mimic the behavior

of EDF during under-loaded situations as closely as possible. Furthermore, they seek to optimize other

performance metrics during overloaded situations, since all deadlines cannot be satisfied during overloads.

One important performance metric that is considered by many algorithms during overload situations is

the sum of utility (or “value”) that is accrued by all tasks. In [8], the authors show that the upper bound on

the competitive factor of any on-line scheduling algorithm is 1/(1 +
√

k)2, where k is the importance ratio of

the task set. Note that k is defined as the maximum task value density divided by the minimum task value

density of the task set.

The 1/(1 +
√

k)2 upper bound on the competitive factor is achieved by the Dover algorithm presented

in [36]. However, the optimal competitive ratio does not imply the best performance for Dover. This is

because, Dover may overly reject tasks to cope with the worst-case task sequences so that it can achieve the

highest competitive factor, no matter how strong the “adversary” is. In fact, in Chapter 7, we observe that

Dover performs the worst among all algorithms for random tasks.

Besides the optimal Dover algorithm, heuristic algorithms have also been developed for effective schedul-

ing during overloaded situations. In [44], Locke presents the LBESA algorithm that uses the notion of value

density, which is complemented with feasibility tests. Locke’s work is extended by several others includ-

ing [48, 4]. These variant algorithms are also similar to LBESA in that they reject tasks, by ascending order

of task value density, or a variant metric of value density, to resolve any overload situation. Performance of
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the algorithms presented in [48] is better than LBESA’s, but in general, it is very close.

Apart from the rectangular time-utility model with one segment of execution per task, the concept

of “imprecise computations” has also been proposed in the literature as an effective technique to handle

overloads [43]. The imprecise computation model assumes that the task execution consists of mandatory

and optional parts. The scheduling objective is then to satisfy all deadlines of the mandatory parts, with

the option of rejecting optional parts. In essence, the imprecise computation model assumes two versions for

each task: execution of the mandatory part is necessary to yield a result, but execution of both mandatory

and optional parts can produce higher quality results.

As an example, the RED (Robust Earliest Deadline first) algorithm presented in [12] combines many

features including graceful performance degradation during overload, deadline tolerance, and resource re-

claiming.

Our work fundamentally differs from the RED model in that there is no deadline tolerance specifications.

Rather, a task may yield any utility for completing anytime before the deadline time. Furthermore, the RED

algorithm does not specify any particular policy to reject tasks when overload occurs. In the case of rejecting

tasks in ascending order of task value densities, the RED scheduler behaves like the LBESA scheduler.

Thus, we do not directly compare the performance of GBS with the RED algorithm (but indirectly through

LBESA).

The work on feedback control theory scheduling further extends the imprecise computation model and

assumes the presence of N versions of the same task (N ≥ 2) [45]. Each version of a task consumes different

system resources such as CPU cycles and yields different levels of quality of service (QoS).

Our work fundamentally differs from all the aforementioned algorithms in that we consider arbitrarily-

shaped TUFs and mutual exclusion resource constraints. All the previously mentioned algorithms, except

for the LBESA algorithm, only consider rectangular TUFs. Furthermore, the LBESA algorithm does not

consider mutual exclusion constraints.

In [3], the authors present the concept of “timeliness-functions.” Unlike a rectangular time-utility

function, which drops to a zero utility at the task deadline, a timeliness-function linearly decreases to zero

when the laxity of a task reaches zero. In [4], the same authors show that scheduling the task with the

highest Dynamic Timeliness-Density (DTD) is more effective than scheduling the highest value density task.

The DTD heuristic is echoed in a special case of GBS, where tasks do not share resources. For that scenario,

the GBS algorithm selects a task only if the task value density is positive, which essentially requires positive

laxity as in DTD.

Non-increasing TUFs have been explored in the context of non-preemptive scheduling of independent
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activities. The BPA [72] and CMA [15] algorithms precisely address such a model. We show the comparison

of GBS with BPA and CMA in Chapter 7 and Chapter 9. Again, note that GBS allows preemption, arbitrary

TUFs (including non-increasing functions), and mutual exclusion resource dependencies.

In [63], Strayer presents a framework for scheduling using “importance functions.” An importance func-

tion can take arbitrary shapes, and has the same meaning as a time-utility function. Furthermore, Strayer

shows that several algorithms such as First-In-First-Out, RMA and EDF can be mapped to the importance-

function framework. However, no new scheduling algorithms are presented in [63]. Furthermore, the task

model considered in [63] do not consider resource dependencies.

In the context of overload scheduling, few work consider shared resources that have mutual exclusion

constraints. The DASA algorithm [17] considers shared resources with mutual exclusion constraints, but

only for rectangular TUFs. The GBS algorithm is similar to DASA in the sense that GBS considers the

potential utility density—called“potential value density” in DASA—as a metric in constructing the schedule.

However, GBS allows arbitrarily shaped TUFs, whereas DASA is restricted to rectangular functions. To the

best of our knowledge, DASA and GBS are the only two algorithms that schedule both CPU cycles and

other shared resources while allowing timing constraints to be expressed using TUFs.

There are however, a significant number of algorithms that can simultaneously manage multiple shared

resources (either multiple units of the same resource or multiple resources). These algorithms usually combine

resource reservation and admission control mechanisms to guarantee certain levels of application QoS.

As an example, the Q-RAM model [53] allocates portions of shared resources to real-time tasks, such

that the overall system utility is maximized. However, the Q-RAM model assumes that each task can be

executed in a number of ways, where different executions require different amount of shared resources, but

yield different utilities. Furthermore, task timing constraints in Q-RAM are limited to deadlines. Thus, the

Q-RAM task model fundamentally differs from that of GBS.

3.3 Single Machine Scheduling Theories

Single machine scheduling theories arise from the need of allocating scarce resources, mostly machines in

shops, to jobs (also called “tasks”) over time. There is a rich set of literatures on single machine scheduling

theories that consider different job models and different optimization objectives. Many of the optimization

objectives are dependent on job completion times and thus have direct counterparts in terms of maximizing

the sum of accrued utilities. These objectives and their corresponding TUFs are summarized as follows:

1. Minimizing the total weighted completion times, 1||∑ wiCi, where Ci is the completion time of job
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Ji.

Consider that each job Ji has a linearly decreasing TUF, i.e., Ui(t) = Um
i − wit,∀t ≥ 0. Thus, the

problem of maximizing
n
∑

i=1

Ui(Ci) becomes the 1||∑ wiCi problem.

This problem has an optimal solution by using the Weighted Shortest Processing Time first (WSPT)

rule, i.e., tasks are executed in the decreasing order of wi/pi, where pi is the processing time (execution

time) of job Ji [58].

2. Minimizing the (weighted) number of tardy tasks, 1||∑ wiUi, where Ui is one if job Ji is tardy, and

is zero otherwise.

Let each job Ji has a step TUF, i.e., Ui(t) = wi, t ≤ di and Ui(t) = 0, t > di. Then, the objective

max
n
∑

i=1

Ui(t) is equivalent to minimizing the weighted number of tardy jobs.

This optimization problem is NP-hard. In addition, observe that a special case of is the so-called

knap-sack problem if all task deadlines are equal. To solve this problem, one popular heuristic is to use

the WSPT rule. Furthermore, a pseudo-polynomial time solution based on dynamic programming is

due to Lawler and Moore [37] with a complexity of O(n
n
∑

i=1

pi). Fully polynomial-time approximation

algorithms are also presented in [56] and [19].

3. Minimizing the total (weighted) tardiness, 1||∑ wiTi, where Ti = max(Ci − di, 0) is the tardiness of

job Ji.

This optimization problem corresponds to soft-step TUFs:

Ui (t) =







Um
i

Um
i − wi (t − di)

. (3.1)

If all weights are equal, the problem is NP-hard in the ordinary sense. Thus, pseudo-polynomial

solution similar to the Lawer and Moore algorithm [37] can apply. However, if the weights are

different, the problem is NP-hard in the strong sense. A variety of heuristics have been proposed.

Not surprisingly, some heuristics come directly from the WSPT rule or the EDF rule, as they are

optimal in some sense. Furthermore, a class of heuristics, called Composite Dispatching Rules, that

seek to combine the benefits of several rules have been proposed. An example rule is the Apparent

Tardiness Cost (ATC) heuristic [68] that combines WSPT and Minimal Slack first (MS) rule.

4. Minimizing the total (weighted) sum of earliness and tardiness, 1||∑ wiEi +
∑

wiTi, where Ei =

max(di − Ci, 0) is the earliness of a job.

Observe that minimizing the weighted sum of earliness implies that completing a job too early may

actually accrue less utility than a job’s optimal utility. Thus, this optimization objective corresponds



16

to an increasing TUF. Combining with minimizing the total weighted sum of tardiness, TUF of each

job becomes V-shaped:

Ui (t) =







Umin
i + wit, t ≤ di

Umax
i − wi (t − di) , t > di

. (3.2)

This problem is obviously NP-hard, as it subsumes the 1||∑ wiTi problem. Thus, heuristics are

popular ways to solve this problem. However, for some special cases, such as all jobs have the same

deadlines, a number of properties of the optimal schedule can be derived and utilized [51].

5. Minimizing the expected sum of weighted completion times.

This problem is the counterpart problem of 1||wiCi when job execution times are stochastically

specified. Naturally, the WSPT rule is optimal for some scenarios. In [51], the WSPT rule is proven

to be optimal in the class of nonpreemptive static list policies as well as in the class of nonpreemptive

dynamic list policies. It is also optimal in the class of preemptive dynamic policies when job processing

time distributions are Increasing Completion Rates (ICRs).

Besides the above optimization problems in single machine scheduling theories, interested readers are

referred to Pinedo’s introductory book [51] for a more complete descriptions. Furthermore, in [76], the

authors survey the applications of single machine scheduling theories for transmitting time-sensitive web

objects. In addition to step and linear functions, the authors also discuss several other functions and the

cases of dependencies.

It is worth noting that most of the single machine scheduling theories only consider some special TUFs,

such as step, linear, and exponential. Arbitrary TUFs, as considered by the GBS algorithm, clearly lead

to NP-hard problems in general. Thus, heuristics have to be employed to solve the optimization problem.

Most of the conventional heuristics used for scheduling systems such as Tabu search, local search, and

simulated annealing are computationally intensive (see the book by Morton and Pentico [47] for a collection

of heuristic algorithms used in scheduling systems). Therefore, they may not be directly used for solving

the problem considered by GBS. On the other hand, notice that some approximation algorithms provide

bounded performance distance from the optimal algorithms. These approximation algorithms, however, do

not provide performance assurance in the form that can be measured by an end-user, e.g., the amount of

utility an algorithm can accrue.



Chapter 4

GBS Models and Objectives

This chapter describes the task and resource models, and the optimization objectives of GBS. In describing

the models, we outline the scope of the research.

4.1 Task Model

We consider the“thread”abstraction—a single flow of execution—as the basic scheduling entity in the system.

In this dissertation, a ”thread” is equivalent to a “task” or a “job” in the literature. We denote a thread as

Ti.

Note that some activities are not implemented as threads and thus not sequenced as the same way as

threads. For example, interrupt service routines are not implemented as threads. Consequently, their timing

constraints are usually expressed as upper bound on completion times [34]. The proposed GBS algorithm

does not apply to those activities.

A thread can be subject to certain timing constraints. As Jensen points out in [32], a timing constraint

usually has a “scope”—a segment of the thread control flow that is associated with a timing constraint. We

call such a scope as a “scheduling segment.” Following [32], we call a thread a “real-time thread” while it is

inside a scheduling segment. Otherwise, it is called a “non real-time thread,” because no timing constraint

is imposed here.

Similar to Real-Time CORBA 2.0 [50], GBS allows disjointed and nested scheduling segments. Thus,

it is possible that a thread executes inside multiple scheduling segments. If that is the case, GBS uses the

17
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timing constraint associated with the inner most scheduling segment for scheduling, because the inner most

scheduling segment carries the latest timing constraint. Therefore, for a real-time thread, the scheduler only

uses one timing constraint for scheduling purpose at any given time. From the perspective of the scheduler,

a scheduling segment corresponds to a real-time thread. Thus, the terms “scheduling segment,” “thread,”

and “task” are used interchangeably in the rest of the dissertation, unless otherwise specified.

The objective of the GBS scheduler is to schedule the real-time threads such that their timeliness is

maximized. The non real-time threads are scheduled only if no real-time threads are competing for the CPU

time or shared resources. Thus, the real-time threads always have privileges over the non real-time threads.

Hence, the activities of non real-time threads can be considered as “background noise,” as they will not affect

the behavior of the scheduler and the real-time threads.

4.2 Resource Model

To model resources and resource requests, we make the following assumptions:

A.1 Resources are reusable and can be shared, but have mutual exclusion constraints. Thus, only one

thread can be using a resource at any given time;

A.2 Only a single instance of a resource is present in the system;

A.3 A resource request (from a thread) can only request a single instance of a resource.

Assumption A.1 applies to both physical and logical resources. Examples of physical resources include

disks and network interfaces (for performing disk I/O and network I/O, respectively). In fact, a group of

POSIX functions, namely flockfile(), ftrylockfile() and funlockfile() allows explicit application-

level locking for FILE * objects [27]. An application thread can use these functions to delineate a sequence

of I/O operations that are executed as a unit. Other physical resources include application resources such

as a valve or a robot arm in a control system.

Assumption A.1 also applies to logical resources such as critical code sections that are guarded by

mutexes or other synchronizers. Note that physical resources can be mapped onto logical resources and thus

be examined in a consistent manner.

Assumption A.2 implies that systems with multiple identical resources or multiple instances of the same

resource are not allowed. However, we can model such systems by considering each identical instance of a

resource as a distinct resource. For example, two physically identical network interface cards (NICs) attached
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to the processor are two different resources in our model. Furthermore, Assumption A.2 implies that a thread

must explicitly specify which resource it wants to access. Thus, in the aforementioned example, a thread

must identify the specific NIC that it wants to access with a resource request. Hence, the thread can only

request one specific NIC with each request. With Assumption A.2, deadlocks can be elegantly handled with

little effort.

Without loss of generality, we use Assumption A.3 mainly for practical reasons. If multiple resources are

needed for a thread to make progress, the thread must acquire all the resources through a set of consecutive

resource requests.

4.3 Resource Request and Release Model

During the life time of a thread, it may request one or more shared resources. In general, the requested time

intervals of holding resources may be overlapped.

In Figure 4.1 and Figure 4.2, we show an example thread with two scheduling segments. During schedul-

ing segment 1, the thread first requests resource R2, then requests resource R1 before it releases resource

R2. Thus, the time intervals during which the thread holds resources R1 and R2 are nested. Similarly, dur-

ing scheduling segment 2, the requested time intervals are overlapped. Note that a pair of req_CPU() and

rls_CPU() functions delimit a scheduling segment, while req_resource() and rls_resource() functions

are used to request and release a resource, respectively. Furthermore, when a thread requests a resource, it

is still subject to timing constraints associated with the inner most scheduling segment—timing constraint

is the essential characteristic of a scheduling segment.

We assume that a thread can explicitly release resources before the end of its execution. Thus, it

is necessary for a thread that is requesting a resource to specify the time to hold the requested resource.

We refer to this time as HoldT ime. The scheduler uses the HoldT ime information at run time to make

scheduling decisions.

4.4 Abortion of Threads

There are several reasons to abort a thread. First a thread may have to be aborted to resolve a deadlock.

Secondly, in case of resource dependencies, the scheduler may decide to abort the current owner thread and

grant the resource to the requesting thread. The motivation for doing so is that executing the latter thread

(that became eligible to execute with the granting of the resource) may lead to greater total timeliness utility
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Figure 4.1: A Thread and its Resource

Requests

Figure 4.2: Code Skeleton of an Example Thread

than executing the former owner thread, in spite of the overhead associated with doing so.

We say that a thread is executing in ABORT mode if it is being aborted; otherwise, the thread is

said to be executing in NORMAL mode. An abortion usually involves necessary cleanup operations, which

consumes a certain CPU time. We refer to this time as AbortT ime.

In general, an AbortT ime is always associated with a shared resource. AbortT ime is needed because of

the physical and logical constraints that may necessitate the state of the affected resource to be changed to

a safe and consistent state, when the owner thread of the resource is aborted. Examples of such constraints

include resetting a valve controlled by an aborted thread to a safe position, and setting a database record to

a value that is consistent with others.

Note that term “shared resource” should be understood in a general sense: any system or application

resource that requires non negligible cleanup time (if the owner thread is aborted) should be viewed as

a shared resource, even if only one thread uses the resource. For example, consider a thread T that is

controlling a valve and assume that T is the only one that will manipulate the valve. In case T is aborted,

it needs to move the valve back to a safe position, which consumes certain amount of CPU time. Thus, the

valve should be modelled as a shared resource associated with some abortion time.

Furthermore, it is important to note that not all threads can be aborted due to application-specific

constraints, such as unacceptable loss of life as a consequence of thread abortion. In the meanwhile, threads

may not allow abortion at arbitrary points. We refer to this aspect of a thread as its “abortability.”
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We assume that the abortability of a thread is application-specific. An application may or may not

allow abortion of a thread. For those threads that can be aborted, an application can specify the allowable

abortion points. These abortion points could be any time during the execution of the thread, or some

well-defined times in the thread control flow.

As an example, we consider the POSIX abortion (or “cancellation” as in POSIX) mechanism [27]. The

POSIX specification uses pthread_cancel() to force a thread terminate. Once a cancellation is acted

on a thread, cancellation handlers (similar to exception handlers) of the target thread should be invoked

before the thread terminates. Moreover, POSIX uses pthread_setcanceltype() to control the points at

which a thread may be asynchronously cancelled. Cancellation type PTHREAD_CANCEL_ASYNCHRONOUS allows

cancellations be enacted whenever a pthread_cancel() is issued to the target thread; cancellation type

PTHREAD_CANCEL_DEFERRED delays the action of cancellation, if any, until the next cancellation point in the

control flow of the target thread. POSIX also denotes a set of functions, such as the standard C function

getc() as cancellation points. Furthermore, POSIX call pthread_testcancel() allows a user to explicitly

create cancellation points in the thread code.

If a thread can be asynchronously cancelled (or aborted), execution time of its cleanup handler(s) is

measured as AbortT ime in our model. In case that abortions can only happen at well-defined cancellation

points, AbortT ime consists of the execution time of the thread cleanup handler(s) and the execution time

from acquiring the resource until the nearest cancellation point. 1 The exception is for the case where the

nearest cancellation point happens after the resource is released, i.e., after a rls_resource() call is made.

For this case, AbortT ime should be set to ∞, to indicate that the thread cannot be aborted while it is

holding the resource. Likewise, the infinite AbortT ime can be used for other cases where it simply means

that a thread is not abortable, holding a resource or not.

If a thread Ti requests a resource R that is currently held by thread Tj , we say that the thread Ti is

dependent on the thread Tj . Thus, Tj is the immediate predecessor of Ti.

4.5 TUFs and A Soft Timeliness Optimality Criterion

We use Jensen’s TUFs to specify the timing constraint of a thread. A time-utility function describes a

thread’s contribution to the system as a function of its completion time. We denote the time-utility function

1This time interval only measures the upper bound on the time needed to reach the nearest cancellation

point. At run-time, a thread may need less time to reach the nearest cancellation point, because the thread

may have held the resource for some amount of time.
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of a thread Ti as Ui (.). Thus, the completion of a thread Ti (since the release of the thread) at a time t will

yield a utility Ui (t).

A TUFs Ui, i ∈ [1, n] has an initial time Ii and a termination time TMi. Initial time is the earliest time

for which the function is defined and termination time is the latest time for which the function is defined.

That is, Ui(.) is defined in the time interval of [Ii, TMi]. Beyond that, Ui(.) is undefined. If the termination

time of Ui is reached and the thread has not finished execution (of the scheduling segment), an exception

is raised. Usually, the exception causes abortion of the thread. We discuss details of how GBS handles this

exception in Chapter 5.
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Figure 4.3: Example TUFs

Furthermore, a TUF is allowed to take arbitrary shapes, as shown in Figure 4.3. For t ∈ [Ii, TMi],

Ui(t) could be positive, zero, or negative. However, Ui does not need to have zero or negative values i.e., it

may never touch the time axis. This kind of TUF’s implies that completion of an activity can always yield

some utility to the system no matter when the activity finishes, which is particularly useful for describing

non real-time activities. For example, a constant TUF (see Figure 4.3(c)) can be used for representing a

non-time constrained activity: the height of the constant TUF could be used as a way for expressing the

activity’s relative importance.

Note that our model does not use the “deadline” notation as in hard real-time computing. However, a

deadline timing constraint can be specified as a rectangular time-utility function (see Figure 4.3(b)). That is,

completing the activity before the deadline accrues some uniform utility and accrues zero utility otherwise.

Given TUFs to describe the timing constraints of dependent threads, we consider the soft timeliness

optimality criterion of maximizing the total timeliness utility that is accrued by the completion of all threads

i.e., maximize
∑n

i=1 Ui(fi), where fi is the finishing time of thread Ti.

This scheduling problem is NP-hard, as it subsumes the problem of: (1) scheduling dependent tasks

with rectangular-shaped TUFs; and (2) scheduling independent tasks with non rectangular-shaped, but non-

increasing TUFs. Both these scheduling problems have been shown to be NP-hard in [17], and in [15],

respectively. Thus, the scheduling problem that we consider is NP-hard. The GBS algorithm presented here
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is therefore a heuristic algorithm that seeks to maximize the total accrued utility while respecting all thread

dependencies.



Chapter 5

The GBS Algorithm

This chapter presents details of GBS algorithm. Before the GBS scheduling algorithm is invoked upon the

arrival of a scheduling event, deadlock needs to be detected and resolved, if any, in a way consistent with

the scheduling objective, i.e., maximizing the sum of accrued utilities. Therefore, we discuss GBS deadlock

handling mechanism in Section 5.3.

Rationale of the algorithm is discussed in Section 5.1. This discussion is followed by description of the

GBS algorithm at high-level in Section 5.4. Sections 5.5 and 5.6 further discuss several key algorithms used

in GBS. Recall that each time-utility function has a termination time and an exception may be raised if the

termination time is reached. We show how GBS handles this exception in Section 5.7. Finally, we analyzes

the complexity of GBS in Section 5.8.

5.1 Algorithm Rationale

The key concept of GBS is the metric called Potential Utility Density (or PUD), which was originally

developed in [17]. 1 The PUD of a thread simply measures the amount of value (or utility) that can

be accrued per unit time by executing the thread and the thread(s) that it depends upon; it essentially

measures the “return on investment” for the thread. Furthermore, by considering the dependent threads in

computing the PUD, we explicitly account for the dependency relationships among the threads.

Since we cannot predict the future, the scheduling events that may happen later such as new thread

1In [17], this metric was called Potential Value Density (or PVD).
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arrivals, new resource requests, cannot be considered at the time when the scheduler is invoked. Thus, a

reasonable heuristic is to use a “greedy” strategy, which means selecting a thread and the threads that it is

dependent on (i.e., its predecessors), whose execution will yield the maximum PUD over others.

To deal with an arbitrarily shaped TUF, our philosophy is to regard it as a user-specified “black box” in

the following sense: The black box (or the function) simply accepts a thread completion time and returns a

numerical utility value. Thus, we ignore the information regarding the specific shape of TUFs in constructing

schedules.

Therefore, to compute the PUD of a task Ti at time t, the algorithm considers the expected completion

time of Ti (denoted as tf ), and the expected finishing times of Ti’s predecessors as well. For each task Tj in Ti’s

dependency chain that needs to be completed before executing Ti, its expected finishing time is denoted as tj .

PUD of task Ti is calculated as Utotal/(tf −t), where the expected utility Utotal = Ui(tf )+
∑

Tj∈Ti.Dep Uj(tj).

GBS does not mimic a deadline-based scheduling algorithm such as EDF, unlike many overload schedul-

ing algorithms such as Dependent Activity Scheduling Algorithm (referred to as DASA here) [17], who mimics

EDF to reap its optimality during under-loads. This is because, for a task model with arbitrarily shaped

TUFs, the deadline of a thread (with an associated TUF) may neither specify its timing urgency nor its rel-

ative importance with respect to other threads. Thus, an “optimal” schedule—one that accrues the maximal

possible utility—may not be directly related to the thread deadlines. Furthermore, for non-step TUFs, the

notion of an under-load situation in terms of timeliness feasibility does not make sense, as threads can yield

different timeliness utility depending upon their completion times.

5.2 State Components and Auxiliary Functions

State components are used to facilitate the algorithm description and are described as follows:

1. Resource requests and assignments

Each resource in the system is associated with an integer number, denoted as ResourceId. This integer

serves as the identifier of the resource and is used by the scheduler and by the application threads. For each

resource R, R.Owner denotes the identifier of the thread that is currently holding the resource R. If resource

R is not held by any thread (i.e., is free), R.Owner is set to φ to indicate this status. We use Owner(R) to

denote the task that is currently holding the resource R.

A request for a resource is a triple ResourceElement = 〈ResourceId,HoldT ime,AbortT ime〉, where ResourceId

refers to the identifier of the requested resource, HoldT ime is the time for holding the resource, and
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AbortT ime is the time for releasing the resource by abortion. The ResourceElement triple can also apply

to the resource that is currently held by a thread. In that case, ResourceId is the identifier of the resource

that is being held and HoldT ime is the remaining holding time for the resource.

Let function holdT ime (T,R) return the holding time that is desired for a resource R by a thread T . Similarly,

function abortT ime (T,R) returns the time that is needed to release the resource R by aborting the thread

T (which is holding R).

2. State components of threads

Recall that abortion of a thread essentially transfers the thread’s control flow to its cleanup handlers, if any

(see Chapter 4). Thus, a running thread can either follow its normal control flow, or execute its cleanup

handlers. We denote this aspect of a thread as its “mode” of execution. The current execution mode of a

thread is denoted by Mode ∈ {NORMAL, ABORT}. A thread has the ABORT mode if it is executing its cleanup

handlers; a thread has the NORMAL mode otherwise.

ExecT ime denotes the currently remaining execution time of a thread. Recall that we assume that a thread

will release all resources it acquires before it ends. Thus, it follows that for any resource R held by a thread

T , holdT ime (T,R) ≤ T.ExecT ime.

AbortT ime denotes the currently remaining time to abort a thread. As discussed previously, AbortT ime

is always associated with shared resources. Thus, whenever a thread acquires a shared resource, which is

requested as 〈R,HoldT ime,AbortT ime〉, the thread’s AbortT ime is increased. Furthermore, we assume that

resources are released in the reverse order that they are acquired if the owner thread is aborted. 2

ReqResource is a ResourceElement triple that describes the resource requested by a thread. Note that our

resource request model does not allow multiple resources to be requested as part of a single resource request.

Thus, for any thread, there is only one ReqResource component. A thread not requesting any resource is

described as ReqResource = 〈φ, φ, φ〉. We use the function reqResource (T ) to denote the identifier of the

resource that is currently requested by a thread T .

HeldResource = {〈Ri,HoldT imei, AbortT imei〉} denotes the set of resources that is currently held by a

thread, meaning zero or more resources are held by the thread.

3. The schedule

The output of the scheduling algorithm is an ordered sequence of triples, called a “schedule.” A schedule

2POSIX specification requires maintaining a stack of cleanup handlers for each thread. These cleanup

handlers are pushed into the stack by invoking pthread_cleanup_push() and can be popped out by using

pthread_cleanup_pop().
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consists of zero or more triples of SchedElement = 〈ThreadId,Mode, T ime〉, where ThreadId is the identi-

fier of a thread, Mode is the execution mode of the thread (either NORMAL or ABORT), and Time is the CPU

time allocated to the thread for the current execution.

It is possible that the same thread may appear at several positions within a schedule. This situation may

happen because the scheduler may decide to execute a thread just long enough (either in NORMAL mode or

in ABORT mode) so that the thread releases the resource requested by other threads. The remaining portion

of that thread may be scheduled to execute later.

5.3 Deadlock Handling

The deadlock handling mechanism is invoked upon a scheduling event and before the GBS algorithm is

executed. We consider a deadlock detection and resolution strategy, instead of a deadlock prevention or

avoidance strategy. Our rationale for this is that deadlock prevention or avoidance strategies normally pose

extra requirements e.g., resources are always requested in ascending order of their identifiers. Furthermore,

some resource access protocols make assumptions on the resource requirements. For example, the Priority

Ceiling Protocol [57] assumes the highest priority of the threads that will access a resource, called “ceiling”

of the resource, is known. Likewise, the Stack Resource Policy [7] assumes “preemptive levels” of threads a

priori. Such requirements or assumptions, in general, are not practical, due to the dynamic nature of the

real-time applications that we are focusing in this paper.

There can be different strategies for deadlock detection and resolution. We present one such mechanism

in Algorithm 1, which considers the loss of utility.

For a single-unit resource request model, the presence of a cycle in the resource graph is the necessary

and sufficient condition for a deadlock. Thus, the complexity of detecting a deadlock can be mitigated by a

straightforward cycle-detection algorithm.

The deadlock handling mechanism is therefore invoked by the scheduler whenever a thread requests a

resource. Initially, there is no deadlock in the system. By induction, it can be shown that a deadlock can

occur if and only if the edge that arises in the resource graph due to the new resource request lies on a cycle.

Thus, it is sufficient to check if the new edge produces a cycle in the resource graph.

However, the main difficulty here is to determine a thread to abort such that the loss of utility re-

sulting from the abortion is minimized. Our strategy for this follows: For any thread Tj that lies on a

cycle in the resource graph, we compute the utility that the thread can potentially accrue by itself if it

were to continue its execution. If the thread Tj were to be aborted, then that amount of utility is lost.
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input : requesting task Ti; the current time t;1:

/* deadlock detection */
Deadlock := false;2:

Tj := Owner(reqResource(Ti) );3:

while Tj 6= ∅ do4:

if Tj .Mode = NORMAL then5:

Tj .LossPUD := Uj (t + Tj .ExecT ime) /Tj .ExecT ime;6:

else7:

Tj .LossPUD := 0;8:

if Tj = Ti then9:

Deadlock := true;10:

break;11:

else12:

Tj := Owner(reqResource(Tj) );13:

/* deadlock resolution if any */
if Deadlock = true then14:

abort(The minimal LossPUD task Tk in the cycle);15:

Algorithm 1: Deadlock Detection and Resolution in GBS

Thus, the loss of utility per unit time by aborting a thread Tj called LossPUD, can be determined as

Uj (t + Tj .ExecT ime) /Tj .ExecT ime. Once the LossPUD’s of all threads that lie on the cycle are com-

puted, the algorithm then aborts the thread whose abortion will result in the smallest loss of utility. Note

that here LossPUD cannot be calculated by taking into account Tj ’s predecessors in the graph, since Tj lies

on a cycle.

5.4 High Level Description of The GBS Algorithm

The scheduling events of GBS include the arrival of a thread, the completion of a thread, a resource request,

a resource release, and the expiration of a time constraint such as the arrival of the termination time of a

TUF.

A description of GBS at a high level of abstraction is shown in Algorithm 2. The algorithm accepts an

unordered task list and produces a schedule. The format of the GBS schedule differs a simple ordered list of

thread (or task) identifiers in the following two ways: (1) any given thread must execute in a certain mode,

either NORMAL or ABORT; and (2) a thread may be split into several segments within the same schedule, where

each segment executes for some designated time Time.

When the GBS scheduler is invoked at time tcur, it first builds the chain of dependencies for each

task (line 5-6). Then, each task’s PUD is computed (line 7-8) by considering the task and all tasks in its
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dependency chain, called a PartialSchedule. Note that Ti.T otalT ime and Ti.T otalUtility (line 7) are the

total execution time and the utility of Ti’s partial schedule, respectively. Finally, the maximum PUD task

and its dependencies are added into the current schedule (line 9-12), if they can produce a positive utility.

input : An unordered task list UT ;1:

output: An ordered schedule Sched;2:

Initialization: t := tcur, Sched := ∅;3:

while UT 6= ∅ do4:

for ∀Ti ∈ UT do5:

Build dependency list of Ti: Ti.Dep := buildDep(Ti);6:

〈Ti.PartialSched, Ti.T otalT ime, Ti.T otalUtility〉 := createPartialSched(Ti, Ti.Dep);7:

Ti.PUD :=
Ti.T otalUtility

Ti.T otalT ime
;

8:

Pick the largest PUD task Tk among all tasks left in UT ;9:

if Tk.PUD > 0 then10:

Sched := Sched · Tk.PartialSched;11:

UT := delPartialSched(UT, Tk.PartialSched);12:

t := t + Tk.T otalT ime;13:

else14:

break;15:

return Sched;16:

Algorithm 2: A High-level Description of the GBS Algorithm

Note that a partial schedule is appended to the existing schedule (Algorithm 2, line 11), instead of being

inserted. This is because of the way we compute the PUD for each task, where we assume that the tasks are

executed at the current position in the schedule. If the selected partial schedule is inserted into the existing

schedule, the previously computed PUDs become void. Furthermore, the algorithm does not consider the

deadline order, due to the reasons we discussed in Section 5.1.

Once a partial schedule is appended to the schedule, GBS updates the time t, which is the starting

time of the next partial schedule if there exists one. We call this time variable t as virtual time in the rest

of the paper, because it denotes time in the future. GBS repeats the procedure until either it exhausts the

unordered list, or no tasks can produce any positive utility.

We discuss details of creating and deleting partial schedules in Section 5.5. A sub-problem of creating

a partial schedule is to determine the execution mode of tasks in the dependency chain, and it is addressed

in Section 5.6.
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5.5 Manipulating Partial Schedules

A partial schedule is part of the complete schedule, containing a sequence of SchedElement’s. We use

Ti.PartialSched to denote the partial schedule that is computed for task Ti. Ti.PartialSched consists of

task Ti, and all of, or portions of Ti’s predecessors. We show how GBS computes the partial schedule for Ti

in Algorithm 4.

Before GBS computes task partial schedules, the dependency chain of each task must be determined.

This procedure is shown in Algorithm 3. The algorithm simply follows the chain of resource request/ownership.

Each task Tj in the dependency list has a successor task that needs a resource that is currently held by Tj .

For convenience, the input task Ti is also included in its own dependency list, so that all other tasks in the

list have a successor task. The buildDep algorithm stops either because a predecessor task does not need

any resource, or the requested resource is free.

Note that we use the operator “¦” to denote an append operation. Thus, the dependency list starts with

the farthest predecessor of Ti (which can be retrieved by the function Head(Ti.Dep) and ends with Ti itself.

input : task Ti;1:

output: dependency list of Ti: Ti.Dep;2:

Initialization : Ti.Dep := Ti;3:

PrevT := Ti;4:

while reqResource(PrevT) 6= ∅∧

Owner( reqResource(PrevT) ) 6= ∅ do5:

Ti.Dep :=Owner(reqResource(PrevT) ) ·Ti.Dep;6:

PrevT := Owner(reqResource(PrevT) );7:

Algorithm 3: buildDep(): Build Dependency List

The createPartialSched() algorithm accepts a task Ti, its dependency list Ti.Dep, and a virtual

time t. The virtual time t is the time to execute the partial schedule to be created. On completion, the

createPartialSched() algorithm produces a partial schedule for Ti, the total execution time of the partial

schedule called TotalT ime, and the aggregate utility that can be obtained by executing the partial schedule

at time t, called TotalUtility. The algorithm computes the partial schedule by assuming that tasks in Ti.Dep

are executed from the current position (at time t) in the schedule while following the dependencies.

The total execution time of task Ti and its predecessors consists of two parts: (1) the time needed to

release the resources that are needed to execute Ti; and (2) the remaining execution time of Ti itself. The

order of executing the corresponding tasks or portions of tasks, in their particular modes, together becomes

the partial schedule.

Lines 4-14 of Algorithm 4 compute the first part and lines 15-21 compute the second part. Note that,

to release a resource R, a task Tj can either execute in NORMAL mode for holdTime(Tj, R) or in ABORT mode
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for abortTime(Tj, R). These two alternatives are accounted for in lines 6-14 of the algorithm by calling the

algorithm determineMode().

Since our application model requires explicit release of resources before the end of a thread, it is possible

that a task is selected to execute for only a portion of its remaining execution time, after which one or more

of the resources that it holds are released. The remaining portion of that task may be scheduled to execute

later.

input : task Ti and its dependency list Ti.Dep; t: the time to start executing the partial1:

schedule;
output: a partial schedule PartialSched; the total execution time of PartialSched, called2:

TotalT ime; the total utility accrued by executing PartialSched, called TotalUtility;
Initialization: PartialSched := ∅; TotalT ime := 0; TotalUtility := 0;3:

/* consider tasks in Ti’s dependency chain */

for ∀Tj ∈ Ti.Dep
∧

Tj 6= Ti, from head to tail do4:

R := reqResource(Tj → Next);5:

Mode :=determineMode(Tj, T otalUtility, TotalT ime, t);6:

if Mode = NORMAL then7:

PartialSched := PartialSched · 〈Tj , NORMAL, holdTime(Tj, R)〉;8:

TotalT ime := TotalT ime+ holdTime(Tj, R);9:

if holdTime(Tj , R) = Tj .ExecT ime then10:

TotalUtility := TotalUtility + Uj (t + TotalT ime);11:

else12:

PartialSched := PartialSched · 〈Tj , ABORT, abortTime(Tj, R)〉;13:

TotalT ime := TotalT ime+ abortTime(Tj, R);14:

/* consider Ti itself */

if Ti.Mode = NORMAL then15:

PartialSched := PartialSched · 〈Ti, NORMAL, Ti.ExecT ime〉;16:

TotalT ime := TotalT ime + Ti.ExecT ime;17:

TotalUtility := TotalUtility + Ui (t + TotalT ime);18:

else19:

PartialSched := PartialSched · 〈Ti, ABORT, Ti.AbortT ime〉;20:

TotalT ime := TotalT ime + Ti.AbortT ime;21:

return 〈PartialSched, TotalT ime, TotalUtility〉22:

Algorithm 4: The createPartialSched() Algorithm

If a task Tj is scheduled to complete it’s execution after it releases resources that are needed by its

successor, then Tj may accrue some utility. This is accounted for in lines 10-11. Finally, task Ti itself may be

executed in either NORMAL or ABORT mode, which has been determined before the current scheduling event.

If Ti is executing in NORMAL mode, naturally, it may accrue some positive utility (line 18). Otherwise, no

utility can be accrued from the execution of Ti.

If the selected partial schedule contains the remaining portion of a task T , either in NORMAL mode or

in ABORT mode, task T needs to be removed from the unordered task list UT . Consequently, if the selected
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partial schedule only contains a portion of task T ’s remaining part, state components of T need to be updated

to reflect this.

The GBS algorithm uses another algorithm called delPartialSched to delete a partial schedule from

an unordered task list, as shown in Algorithm 5. The delPartialSched algorithm examines the partial

schedule, from the head to the tail. If a task T has been determined to execute in NORMAL mode, then its

remaining execution time is updated (line 11). Moreover, T may release one or more resources during the

allocated time. Therefore, the HoldT ime’s of the resources that are currently held by T are also updated

(lines 6-10). In the event that T is selected to complete its execution such that it can release the resources,

then T is completely removed from RUT (lines 12-13). Furthermore, we consider the abortion of a task as

the execution of a different piece of code segment for the task. Thus, the same procedure applies to those

tasks that have been determined to execute in the ABORT mode (lines 15-22).

If a task T is not the tail of a partial schedule, it must release at least one resource. This is because, the

only reason for executing the task T , either in NORMAL mode or in ABORT mode, is to release the requested

resource, so that the successor of task T is able to execute. However, task Ti (recall that the partial schedule

is due to task Ti)must complete in the partial schedule. Therefore, it is completely removed from RUT

(line 23).

5.6 Determining Task Execution Mode

Besides resolving deadlocks, abortions can also be used to improve the aggregate utility. The intuition for

doing so is that the time to abort a task may be different from the normal resource hold time, which in turn

may affect the timeliness of the tasks that depend upon it. Thus, determining the execution mode of the

tasks in a dependency list is necessary to achieve better performance.

Algorithm 6 determines the execution mode of a task Tj in the dependency list of task Ti. In case

that task Tj is running in ABORT mode, the determineMode() algorithm immediately returns ABORT mode

(lines 3). If a thread cannot be aborted (i.e., AbortT ime is infinity), the algorithm immediately returns

NORMAL mode (line 4).

In other cases, to determine which execution mode is better, the algorithm compares the PUD’s of

Ti, when Tj is executed in the two modes—NORMAL mode (lines 5-6) and ABORT mode (lines 7-8). The

required time and accrued utility are computed under the two execution modes (called NormalT ime and

NormalUtility for the first scenario; AbortT ime and AbortUtility for the second scenario). The algorithm

then follows the dependency chain to examine Tj ’s successors in Ti.Dep except Ti, assuming that all of them
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input : a partial schedule Ti.PartialSched and an unordered task list UT ;1:

output: a reduced task list RUT ;2:

Copy UT into RUT : RUT := UT ;3:

for ∀ 〈T,Mode, T ime〉 ∈ PartialSched
∧

T 6= Ti from head to tail do4:

if Mode = NORMAL then5:

for ∀ 〈R,HoldT ime,AbortT ime〉 ∈ T.HeldResources do6:

Update HoldT ime: HoldT ime := HoldT ime − Time;7:

if HoldT ime := 0 then8:

T.HeldResource := T.HeldResource − 〈R,HoldT ime,AbortT ime〉;9:

R.Owner := ∅;10:

Update T.ExecT ime, T ∈ RUT : T.ExecT ime := T.ExecT ime − Time;11:

if T.ExecT ime = 0 then12:

Remove T from RUT : RUT := RUT − T ;13:

else14:

for ∀ 〈R,HoldT ime,AbortT ime〉 ∈ T.HeldResources do15:

Update AbortT ime : AbortT ime := AbortT ime − Time;16:

if AbortT ime = 0 then17:

T.HeldResource := T.HeldResource − 〈R,HoldT ime,AbortT ime〉;18:

R.Owner := ∅;19:

Update T.AbortT ime, T ∈ RUT : T.AbortT ime := T.AbortT ime − Time;20:

if T.AbortT ime := 0 then21:

Remove T from RUT : RUT = RUT − T ;22:

Remove Ti from RUT ;23:

return RUT ;24:

Algorithm 5: Removing a Partial Schedule from a Task List delPartialSched()
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execute normally (lines 5-20) if they are not currently in ABORT mode. This assumption is reasonable even

though the execution modes of those tasks have not yet been determined when Tj is examined, because a

task’s initial mode is NORMAL, unless changed by the scheduler.

Finally, the algorithm considers task Ti itself (lines 21-28), whose mode has been determined before the

current scheduling event. If Ti is in NORMAL mode, it requires Ti.ExecT ime to finish the execution of the

task. This may or may not produce some positive utility. On the other hand, if Ti is being aborted, it needs

Ti.AbortT ime to complete the abortion. However, this will not produce any utility.

Once total execution times and total utilities under the two scenarios are computed, the algorithm

computes the two different PUD’s. If executing Tj in NORMAL mode will yield a higher PUD for Ti, then the

algorithm decides to execute Tj normally (lines 29-30). Otherwise, Tj is aborted (lines 31-32).

Note that our approach to determine a task execution mode is different from that of the DASA algo-

rithm [17]. DASA seeks to acquire the requested resource as soon as possible. Thus, if the abort time of

a task is shorter than its execution time, the task is aborted. Otherwise, the task executes normally. This

simple criterion works well for step time/utility functions, because the timeliness of a task will not be neg-

atively affected if the task finishes earlier than its deadline. However, this is not true for arbitrarily shaped

time/utility functions. In fact, for non-increasing time/utility functions, the GBS determineMode() algo-

rithm can simply return the NORMAL mode if a task’s abort time is longer than its execution time; otherwise

it can return the ABORT mode.

5.7 Handling Termination Time Exceptions

Each TUF Ui has a termination time TMi (see Chapter 4). If the termination time is reached and thread Ti

has not finished execution or even not yet started execution, an exception should be raised. Normally, this

exception causes abortion of Ti, which implies execution of the thread’s cleanup handlers, if any.

In this paper, we assume that an handler for a termination time exception is associated with an

application-specific time constraint—i.e., a time/utility function. Thus, the termination handler is scheduled

in the same way as other threads. In fact, execution of the exception handler is simply part of the thread

itself.
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input : task Tj ∈ Ti.Dep, the current accumulative utility of Ti, TotalUtility; the current1:

accumulative execution time of Ti, TotalT ime, the current virtual time t;
output: the execution mode of Tj ;2:

/* Tj is currently running in ABORT mode */

if Tj .Mode = ABORT then return ABORT;3:

/* Tj is not abortable */

if Tj .AbortT ime = ∞ then return NORMAL;4:

/* scenario I: assuming Tj executes normally */

NormalT ime := TotalT ime+ holdTime(Tj, reqResource(Tj → Next) );5:

NormalUtility := TotalUtility + Uj (t + NormalT ime);6:

/* scenario II: assuming Tj aborts execution */

AbortT ime := TotalT ime+ abortTime(Tj, reqResource(Tj → Next) );7:

AbortUtility := TotalUtility;8:

NextT := Tj → Next;9:

while NextT 6= ∅ do10:

/* consider tasks in Ti’s dependencies */

if NextT.Mode = NORMAL then11:

NormalT ime := NormalT ime+ holdTime(NextT , reqResource(NextT → Next) );12:

NormalUtility := NormalUtility + UNextT (t + NormalT ime);13:

AbortT ime := AbortT ime+ holdTime(NextT , reqResource(NextT → Next) );14:

AbortUtility := AbortUtility + UNextT (t + AbortT ime);15:

NextT := NextT → Next;16:

else17:

NormalT ime := NormalT ime+ abortTime(NextT , reqResource(NextT → Next) );18:

AbortT ime := AbortT ime+ abortTime(NextT , reqResource(NextT → Next) );19:

NextT := NextT → Next;20:

/* consider Ti itself */

if Ti.Mode = NORMAL then21:

NormalT ime := NormalT ime + Ti.ExecT ime;22:

NormalUtility := NormalUtility + Ui (t + NormalT ime);23:

AbortT ime := AbortT ime + Ti.ExecT ime;24:

AbortUtility := AbortT ime + Ui (t + AbortT ime);25:

else26:

NormalT ime := NormalT ime + Ti.AbortT ime;27:

AbortT ime := AbortT ime + Ti.AbortT ime;28:

/* determine the execution mode of Tj */

if NormalUtility/NormalT ime ≥ AbortUtility/AbortT ime then29:

Mode := NORMAL;30:

else31:

Mode := ABORT;32:

return Mode;33:

Algorithm 6: determineMode(): Determining Task Execution Mode



36

5.8 Complexity of GBS

To analyze the complexity of the GBS algorithm (Algorithm 2), we consider n tasks and a maximum of r

resources in the system. Observe that, in the worst case, each task may hold up to r resources and may be

split into (2r + 1) partial schedules. Thus, the while-loop starting at line 4 in Algorithm 2 may be repeated

O (nr) times. Each execution of the loop body examines up to n tasks (or portions of the tasks) that remain

in the unordered task list. Clearly, complexity of the while-loop body is dominated by the complexity of

creating a partial schedule (Algorithm 2, line 7), which in turn is dominated by the cost of determining

execution modes of up to n tasks in the dependency chain. Since Algorithm 6 costs O(n) for each task, the

worst-case complexity of Algorithm 4 is n×O(n) = O(n2). Therefore, the worst-case complexity of the GBS

algorithm is nr ×
(

n × O
(

n2
))

= O
(

n4r
)

.

Note that dispatching using the GBS algorithm is sufficient, unlike most other scheduling algorithms.

This is because, a new partial schedule is appended by GBS only at the tail of the existing schedule, and

cannot affect the partial schedule at the head (of the existing schedule) by any means. Thus, for GBS to work

as a dispatching algorithm instead of a scheduling algorithm, the while-loop starting at line 4 in Algorithm 2

can be eliminated. In this case, the complexity of GBS as a dispatching algorithm can be reduced to O(n3).



Chapter 6

Analytical Results: Timeliness and

Non-Timeliness Properties

This chapter presents two classes of properties for GBS. Fist, we consider the timeliness properties of GBS,

as a real-time system fundamentally differs a non real-time system in that correctness of a real-time system

requires timeliness properties. We then discuss several non timeliness properties of GBS, such as safety.

6.1 Timeliness Feasibility Condition

Timeliness feasibility conditions are conditions under which a real-time system will satisfy its desired time-

liness properties [38]. In the context of our task model, the feasibility condition of primary interest is the

condition under which the system will accrue a desired lower bound on aggregate utility. Timeliness feasibility

conditions lie at the heart of constructing real-time systems with predictable timeliness behavior.

To derive the feasibility condition of GBS, we consider the sporadic task arrival model. That is, each

task Ti has a minimal inter-arrival time of δi. Note that the periodic task model is a special case of the

sporadic task model, where the task inter-arrival times are always the same as its minimal inter-arrival time.

We first derive the upper bound of task response times under GBS (the lower bound is trivia i.e, is

always the task execution time). To do that (for task Ti), we consider interferences from all other tasks,

which is sufficient but may not be necessary. This upper bound of task response times are then substituted

into task TUF’s, to compute the bound on accrued utilities. The analysis of GBS feasibility condition is
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inspired by the work presented in [39].

To determine the upper bound on the response time of a task Ti under the GBS scheduling algorithm,

denoted as R (Ti), we restrict our analysis to independent task sets, because the analysis for dependent task

sets under GBS is intractable.

To illustrate the intractability of analyzing response time bounds for dependent tasks, consider a task Ti

that holds a resource R. Assume that Ti has reached its termination time and thus is kept in DeadQ queue

(see Chapter 5). If another task Tj were to arrive and to request the same resource R, GBS will schedule

Ti first to release R. Thus, the execution of Tj is interfered by Ti that can arrive arbitrarily long ago. This

phenomena implies that a task may suffer unbounded inferences from other tasks, if shared resources are

present in the system. This unbounded interference is partly because of the dynamic nature of our task

model; tasks can arrive at arbitrary times and can request arbitrary number of resources. Techniques similar

to the blocking time analysis in Priority Ceiling Protocol [57] do not apply here, because they require a prio

known information of all resource requests from all tasks.

For systems without shared resources, a thread that has reached its termination can be safely aborted.

Let A(Ti) denote the arrival time of a task Ti and let TM(Ti) denote its termination time. We also denote

the length of time interval [A(Ti), TM(Ti)] as d(Ti).

To compute the upper bound on the response time, we consider the strongest adversarial situation,

where all other tasks in the task set T are unfortunately scheduled before task Ti. Thus, we need to compute

an upper bound on the number of tasks that can interfere with the execution of task Ti, denoted as r(Ti),

and their total execution time, denoted as u(Ti).

Observe that a task Tj may interfere with the execution of another task Ti only if Tj arrives during

the time interval [A(Ti) − d(Tj), A(Ti) + d(Ti)], which has the length: (A(Ti) + d(Ti)) − (A(Ti) − d(Tj)) =

d(Ti) + d(Tj). This is because, if Tj were to arrive before (A(Ti)− d(Tj)), then Ti would have either finished

its execution or has been aborted by GBS. Thus, Tj will not be able to interfere with the execution of

Ti. Similarly, GBS will not execute Ti after A(Ti) + d(Ti). Therefore, the upper bound on r(Ti) can be

established as:

r(Ti) =
∑

Tj∈T

(⌈

d (Ti) + d (Tj)

δ (Tj)

⌉)

. (6.1)

Let C(Tj) be the execution time of Tj . It follows that

u(Ti) =
∑

Tj∈T

(⌈

d (Ti) + d (Tj)

δ (Tj)

⌉

× C(Tj)

)

. (6.2)
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Therefore, the upper bound on the task response time R (Ti) is computed as the sum of the maximum

interference time and the execution time of Ti itself, which becomes R (Ti) = u(Ti) + C(Ti).

6.2 Non-Timeliness Properties of GBS

This section presents a class of non-timeliness properties of GBS, including resource safety and task execution

mode assurance.

Lemma 6.1. A task within a partial schedule is either ready to execute, or becomes ready after its predecessor

task within the same partial schedule executes. We call a partial schedule “self-contained.”

Proof. This lemma can be shown to be true by examining the createPartialSched algorithm (Algorithm 4).

Consider a task Ti within a partial schedule PS. If Ti lies at the head of PS, then it must also lie at the

head of the dependency chain. Thus, it is ready to execute and the resource that it needs is available.

If Ti does not lie at the head of PS, then let Tj be the immediate predecessor task of Ti in PS. Let

R be the resource requested by Ti. If Tj is added into the partial schedule in NORMAL mode, then it must

execute for holdTime(Tj, R) time units (line 8). On the other hand, if Tj is selected to execute in ABORT

mode, then Tj is aborted after abortTime(Tj, R) (line 13) time units, releasing resource R. Thus, resource

R must be free when Ti is scheduled to execute.

Lemma 6.2. A complete schedule is self-contained if every partial schedule within it is self-contained.

Proof. We consider a task T within a complete schedule. Since a complete schedule is a concatenation of a

set of partial schedules, T must also belong to a partial schedule PS. By Lemma 6.1, this lemma is therefore

true.

Theorem 6.3. When a task Ti that requests a resource R is selected for execution by GBS, the resource R

will be free at the time of execution of Ti.

Proof. The theorem can be proved using Lemma 6.1 and Lemma 6.2.

Theorem 6.4. If a task Ti is executing in ABORT mode, GBS will not later schedule Ti to execute in NORMAL

mode.

Proof. This theorem is a natural requirement, because our task model assumes that an aborted task cannot

execute in NORMAL mode in the future, although the abort operation may be split into several stages. The
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correctness of this theorem can be seen from lines 3-3 of the determineMode() algorithm (Algorithm 6).

This mode information is further used in the createPartialSched() algorithm. If a task is executing in

ABORT mode, the algorithm will append the task in ABORT mode at the tail of the partial schedule (lines 12-14

and lines 19-21).

Recall that a non-abortable thread is associated with infinite abortion time. Thus, by similar argument

(see line 4-4 of Algorithm 6), we can prove the following theorem.

Theorem 6.5. If a task Ti is not abortable, GBS will not schedule it to execute in ABORT mode.



Chapter 7

Simulation Results

We conducted simulation studies to evaluate the performance of GBS. Two sets of experiments were per-

formed. The first set of experiments are “static” simulations in the sense that each experiment examines a

task ready queue at a particular scheduling event and produces a schedule. That is, these simulation exper-

iments do not involve time variables.1 The major advantage of conducting such static simulations is that

we can compare the schedule produced by GBS with the optimal schedule that is obtained by exhaustive

search.

The second set of experiments are “dynamic” simulations, as we randomly generated streams of tasks

at run time and measured the aggregate utility produced by GBS. The simulation system is developed using

the OMNet++ discrete event simulation toolkit [67].

For performance comparison, we considered the DASA [17], LBESA [44], BPA [72], CMA [15], and

Dover [36] algorithms. The DASA algorithm is the only algorithm that we are aware of that schedules

dependent tasks with rectangular TUFs. LBESA, BPA, and CMA algorithms consider independent tasks

with non-rectangular TUFs. However, all these algorithms are heuristic algorithms. On the other hand, the

Dover algorithm is optimal for independent tasks with rectangular TUFs. Dover is optimal in the sense that

it has the optimal competitive factor.

1A static simulation is also called a Monte Carlo simulation (see pp.403-404 in [28]).
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7.1 Static Simulation Results

To reduce the impact of random factors, we considered three probability distributions, including uniform

distribution, normal distribution, and exponential distribution. Each experiment input is a randomly gen-

erated 9-task set with certain distributions. Furthermore, we compared the performance of the algorithms

with the schedule acquired by exhaustive search. Thus, we normalize the accrued utility with that accrued

by the exhaustive search. We call such a performance metric as normalized accrued utility ratio or “nor-

malized AUR” for short. Furthermore, a single data point was obtained as the average of 500 independent

experiments.

Table 7.1: Simulation Parameters

Distribution ExecTime Static Deadline InterArr Time Dynamic Laxity

uniform U[0.05, 2Cavg] U[0.01, 2Davg] U[0.01, 2Cavg/ρ] N[0.25, 0.25]

normal N[Cavg, Cavg] N[Davg, Davg] N[Cavg/ρ, 0.5] N[0.25, 0.25]

exponential E[Cavg] E[Davg] E[Cavg/ρ] N[0.25, 0.25]

Let Cavg be the average task execution time and let Davg be the average task relative deadline. Since

static simulations evaluate the scheduler output at particular scheduling events, task relative deadline is

equivalent to task absolute deadline. Given a 9-task set, the average load ρ can be determined as ρ =

9CAvg/Davg. This load calculation is based on the observation that no matter what the deadline order is for

the nine tasks, the average total execution time demand of the task set is 9Cavg. Given the average deadline

Davg, the load factor for the longest deadline task is 9CAvg/Davg, which is also the maximum load factors

among all others calculated for other shorter deadline tasks.

Following [13], the load factor for the entire task set is the maximum load factor among all others.

Therefore, one can calculate Davg from ρ and Cavg. In all the simulation experiments, we chose Cavg as 0.5

sec.

In Table 7.1, we show the simulation parameters. Parameters for the static simulations are shown in

columns 2 and 3 of the table. 2

Our first static simulation experiments involve five scheduling algorithms for independent tasks with

rectangular TUFs: DASA, LBESA, GBS, BPA, and CMA. The Dover algorithm requires a timer for Latest

2We use U[a, b] to denote a random variable that is uniformly distributed between a and b. N[a, b] specifies

a normal distribution with mean value of a and variance of b. Similarly, E[a] is an exponential distribution

with mean value of a.
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Start Time so that it can achieve the optimal competitive factor [36]. Thus, it can only be dynamically

simulated.

(a) Without Dependencies (b) With Dependencies

Figure 7.1: Performance of Algorithms Under Rectangular TUFs and Uniform Distributions

In Figure 7.1(a), we show the performance of the algorithms under uniform distributions. As shown in

the figure, BPA has the best performance during light and medium load situations. However, during heavily

loaded situations, DASA and GBS outperforms BPA. Also, observe that DASA and GBS have very close

performance for the entire load range, and DASA occasionally performs slightly better than GBS. On the

other hand, CMA and LBESA exhibits the worst performance among all algorithms.

Our experiments with normal and exponential distributions showed consistent results. These are shown

in Figures A.1(a) and A.1(b) in Appendix A. Thus, we conclude that GBS, in general, has close performance

to DASA for independent task sets with rectangular TUFs.

We also considered dependent tasks that share resources, which can only be scheduled by DASA and

GBS. As an example, the performance of DASA and GBS schedulers for dependent tasks is shown in Fig-

ure 7.1(b). The experiments were performed for tasks that have rectangular TUFs and uniformly distributed

task parameters. Furthermore, resource request parameters such as the number of resources to be requested,

resource request times, and resource hold times are all uniformly distributed.

Observe that in Figure 7.1(b), GBS performs worse than DASA for dependent task sets. Furthermore,

the performance gap increases when more resources are present in the system. We attribute this worse

performance of GBS to the fact that GBS ignores tasks deadlines in making scheduling decisions. Though

deadline order may not be appropriate for arbitrarily shaped TUFs (see Chapter 5), it can be beneficial for

tasks with rectangular TUFs. On the other hand, DASA only outperforms GBS for no more than 10% in

terms of normalized AUR, even if the system is overloaded and has five shared resources.
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(a) Without Dependencies (b) With Dependencies

Figure 7.2: Performance of GBS Under Arbitrarily Shaped TUFs and Uniform Distributions

In Figures 7.2(a) and 7.2(b), we show the performance of GBS for tasks with arbitrarily shaped TUFs.

We characterize an arbitrarily shaped time-utility function by a polynomial, a deadline di, and a maximum

utility maxUi. In general, a time-utility function represented as a continuous and derivable curve may

be approximated by a polynomial. Without loss of generality, we choose 3rd order polynomials yi(t) =

a0 + a1 × t + a2 × t2 + a3 × t3. Furthermore, each coefficient abides the normal distribution with equal mean

and variance. These means (or variances) are 9, 11, 7, and 8 for a0, a1, a2, and a3, respectively. Thus, given

yi(t), di, and maxUi, the time-utility function of task Ti is determined as

Ui(t) =























0 if t ≥ di,

maxUi if yi(t) > maxUi

yi(t) otherwise.

, (7.1)

Note that the error bar around each data point in the plots represents the 90% confidence of that

data point, since each single data point is an average of 500 independent experimental results. As shown

in the two figures, GBS does not suffer abrupt performance degradation with or without shared resources.

Furthermore, if the system is not heavily overloaded, GBS can accrue most of the utility (over 80%) that can

be accrued by an optimal schedule. Simulation results for normal distribution and exponential distribution

are shown in Appendix A.
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7.2 Dynamic Simulation Results

Our main motivation in conducting dynamic simulations is to compare the performance of GBS with the

Dover algorithm, which cannot be investigated in static simulations. Each dynamic simulation experiment

generates a stream of 1000 tasks. Given the task average execution time Cavg and a load factor ρ, the

average task inter arrival time can be calculated as Cavg/ρ. This average task inter arrival is applied to

different distributions, as shown in column 4 of Table 7.1. Furthermore, the task laxity is modelled as a

random variable with normal distribution N[0.25, 0.25] (Table 7.1, column 5). To compare the algorithm

performance, we consider independent tasks with rectangular TUFs. Again, the maximum values of the

TUFs abide normal distribution N[10, 10].

Figure 7.3: Performance of Algorithms Under Rectangular TUFs Without Dependencies (Uniform Distribu-

tions)

We show the performance of the six scheduling algorithms in terms of Accrued Utility Ratio (AUR)

in Figure 7.3. Note that AUR is defined as the accrued utility divided by the maximal utility that can

possibly be accrued from the tasks. As shown in the figure, the Dover algorithm performs the worst among

all six algorithms. This result is consistent with that presented in Section 8.5 of [14]. The poor performance

of Dover is because the algorithm rejects more high utility tasks than it should, to guarantee the worst-

case performance [14]. Furthermore, the competitive factor only measures the worst-case performance of a

scheduling algorithm, whereas we measure the average performance for large number of tasks here.

Interestingly, BPA, DASA, CMA, and GBS all have close performance. On the other hand, LBESA

and Dover are among the worst two algorithms. Recall that in static simulation, we show that BPA, DASA,

and GBS have superior performance over LBESA and CMA, and LBESA performs better than CMA. We

attribute this result to the different operational environment. In static simulation, the input task queue

for each experiment consists of nine tasks, whereas the average queue length for all schedulers in dynamic
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simulation is less than 3.25.



Chapter 8

The Meta-Scheduler Implementation

Platform

Implementation of arbitrary schedulers in research environments has typically involved custom-designed op-

erating systems, or kernel-level modifications to existing commercial-off-the-self (COTS) operating systems,

notably Linux [77, 59].

The meta-scheduler is an application-level framework for implementing arbitrary scheduling algorithms

on POSIX-compliant operating systems [27], without modifying the operating system. Using a model-

checking tool, we have formally specified and verified the behavior of the meta-scheduler, establishing several

critical properties including its safety, correctness, mutual exclusion, deadlock-/livelock-freedom in [40].

Our major motivation to consider the meta-scheduler framework for implementing GBS and other

scheduling algorithms (as opposed to using an OS kernel environment) is simple: It is significantly easier to

implement and debug scheduling algorithms, and instrument algorithm performance in the meta-scheduler

framework, as good tools are available that can aid that process. Development, debugging, and instrumen-

tation in kernel environments, on the other hand, are difficult, as few tools are available. Furthermore, we

believe that, it is important to demonstrate the effectiveness of GBS “on top of” POSIX-compliant operating

systems, as POSIX is a major OS standard that is supported by a number of vendors and enjoys a wide

installation base. In the meanwhile, the meta scheduler maintains reasonably low overhead (from 10 usec

to a few hundred usec in a common hardware platform) and enjoys small footprint (approximately 10KB

binary code).

The meta scheduler framework is first presented in [41], and then in [40]. This chapter provides with
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an overview of the meta scheduler framework.

8.1 The Event-Driven Computation Model

Traditionally, a real-time system consists of a set of timer-driven periodic tasks. Additional aperiodic tasks

are only allowed to use the spare processor capacity. Hence the schedulability of the periodic task set is

preserved. This time-driven model fits well into uniprocessor real-time systems that are simple and low-

level, such as direct monitor and control of physical devices. However, in real-time distributed systems that

are large and complex in nature, a task execution may span several physical processing nodes and have

end-to-end timing constraints. Furthermore, most of the task executions are triggered by external events,

such as a data message arrival from the network. Due to the distributed nature of the system, even if the

initial data are sampled periodically, the release jitters in the later stages of processing may be too large

to apply the periodic task model. Thus, the task interarrival time at a particular processor may not have

known lower bound.

For these reasons, an event-driven model is more suitable for those real-time distributed systems that

are large and complex. Here, an “event” refers to an occurrence that causes an execution of a task. Examples

of a event include the arrival of a data message to be processed by a task, timer expiry, etc.

In our event-driven model, each application program has a main thread, which handles external events

and may create child threads in response to these triggering events. Normally the main thread creates a child

thread for every triggering event. For example, the main thread may be blocked on a receive() function

call, waiting for the arrival of new data messages. Once a data message arrives, the main thread creates a new

child thread to process the data. Our reason for choosing multi-threading as the basic concurrency mechanism

is due to its low overhead. However, the meta-scheduler can schedule threads within different application

processes in a system-wide manner. Furthermore, since the most significant part of the computation task is

executed by the child threads, they become the entities to be scheduled by the meta-scheduler.

8.2 The Approach

The scheduling problem is, in its basic nature, a synchronization problem. All child threads need to synchro-

nize their executions with the meta-scheduler, such that at any time there is only one child thread from an

application process is executing. Furthermore, that child thread must be the one selected by the scheduling

algorithm. Since a POSIX-compliant OS always schedules threads based on their priorities, it is possible to
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synchronize threads executions through priority operations.

Thus, the key idea of our meta-scheduler architecture is dynamic priority mapping and adjustment

according to the user-specified scheduling algorithm. The child threads from all application processes are

provided with two distinct priorities e.g., P1 and P2 where P2 is higher than P1. The meta-scheduler

dynamically adjusts the priorities of all application child threads in response to a scheduling event. Moreover,

the thread selected by the scheduling algorithm is assigned the higher priority P2, while all other application

child threads are assigned the lower priority P1. Therefore, once the scheduling decision is made, the

underlying priority-driven POSIX scheduler will execute the selected child thread and preempt all other

child threads if necessary. The priority adjustment can be implemented by using the POSIX system call

pthread_setschedparam().

Another possible scheduling decision is to abort a child thread. For example, a child thread may be

aborted due to its timing failure. We view abortion as a separate execution path leading to the thread

termination. The abortion operation can be implemented through POSIX pthread_cancel().

8.3 The Meta-Scheduler Architecture

Inspired by the General Scheduling Automaton Framework (GSAF) proposed in [17], we developed a similar

architecture that consists of one meta-scheduler process, and zero or more application processes. Each

application process may contain one or more threads, as discussed previously. The application threads

interact with the meta-scheduler through a set of scheduling primitives.

8.3.1 Architecture and Code Skeleton

Besides the main thread, each application process also contains another thread, called sched stub, to facili-

tate the dynamic priority adjustment on the application child threads. This is because some implementations

of the POSIX specification may not allow one thread to adjust the priority of another thread residing in a

different process. The sched stub thread is thus responsible for accepting the meta-scheduler commands and

dynamically adjusting the priorities of the threads. The main thread of an application process creates the

sched stub thread by calling init_sched(). Figure 8.1 shows the code skeleton of an example application

main thread. After the sched stub is created, the main thread enters an infinite loop, waiting for triggering

events such as new data messages. Once triggered, the main thread creates a new child thread to handle

the triggering event.
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main()
{
  ... ...
  /* initialize the sched_stub thread */
  init_sched(); 

  while(1)
  {
     /* blocked here */
     receive(....); 
     ... ...
     pthread_create(..,foo,..);
  }
  ... ...
}

Figure 8.1: The main Thread Skeleton

void *foo(void *arg)
{
   /* initialization code */
   ... ...

   /* blocked until this thread is selected */
   request_cpu(...);

   /* process the data */
   ... ...

  /* notify the meta-scheduler it is done */
  release_cpu(...);
}

Figure 8.2: The child Thread Skeleton

Figure 8.2 shows the skeleton of an example child thread. At the beginning of its execution, the child

thread issues the request_cpu() primitive that transfers the control flow to the underlying meta-scheduler.

The request_cpu() primitive may be blocked indefinitely until the calling thread is selected to execute by

the meta-scheduler. Similarly, at the end of an application thread execution, it issues the release_cpu()

primitive, notifying the meta-scheduler that the currently running thread has finished execution.

8.3.2 Priority Assignment Policy

As discussed in Section 8.2, the application child threads use two priorities, P2 and P1. To allow a new thread

to be created at arbitrary time, it is necessary to assign a higher priority to the main threads than those of

the child threads. We denote the priority of the main thread as P3. Similarly, the sched stub thread should

also have higher priority than P2. However, it is desired that the executions of the main and the sched stub

threads are “atomic,” if they are not interrupted by higher priority threads. That is, the main thread will

not execute until the currently running sched stub thread finishes, and vice versa. Note that since the body

of both the main thread and the sched stub thread are infinite loops, an execution of these threads should

be understood as one execution of the loop body. This “atomic” property can be achieved by assigning the

same priority (P3) to both threads and by using the FIFO scheduling policy (SCHED FIFO in POSIX).

Furthermore, a newly created child thread simply inherits the priority of its creating main thread

(P3), such that it can preempt any other child threads in the system, and successfully issues the req_cpu()

primitive. Finally, the meta-scheduler has the highest priority over all other threads. This highest priority is

denoted as P4. Thus, the meta-scheduler architecture only uses four distinct priorities — this requirement is

satisfied by all nowadays POSIX-compliant OS’s. An interesting aspect of the priority assignment is that the
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OS may support more priorities than needed by the meta-scheduler architecture. Furthermore, other threads

in the system may have already been assigned higher priority than P4. Thus, the activities of those threads

imposes interferences on the real-time application threads. This is acceptable as we are not targeting the

hard real-time applications with timing constraint approaching the hardware limitations. In the meanwhile,

selecting four high priorities will help to reduce the interferences.



Chapter 9

Implementation Results

In this chapter, we discuss an actual implementation of GBS and measurements that were obtained from the

implementation. We implemented GBS and all other scheduling algorithms (used in the simulation studies)

in the meta-scheduler framework.

Our experimental uses an implementation of the meta-scheduler on the POSIX-compliant, QNX Neu-

trino 6.2.1 real-time operating system. In our experiments, the meta-scheduler and all the scheduling al-

gorithms are implemented as a user process.1 The experimental hardware platform is a Toshiba Satellite

1805-S254 laptop that has common processing power for nowadays desktop computers. We summarize the

specifications of the experimental hardware platform in Table 9.1.

Table 9.1: Hardware Specifications of The Experimental Platform

Processor family Intel Pentium III

Processor speed 1GHz

L2 Cache size 256KB

SDRAM size 256MB

Motherboard/Data bus speed 100MHz

1Since the QNX Neutrino OS is a micro kernel architecture, there is essentially no difference between user

processes and system processes.
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9.1 Experimental Setup

We used synthetic workload to evaluate the performance of the different scheduling algorithms. During each

experiment, 100 tasks are generated with randomly distributed parameters such as task execution times and

deadlines. In addition, each experiment was repeated three times with independent random seeds, and the

average performance was taken as the final result. We now discuss the details of the task parameters.

1. Worst-Case Execution Times, Inter-arrival Times, Laxities, and Deadlines

In our experiments, the worst-case execution times (WCETs) of tasks 2 are exponentially distributed with a

mean of 500 msec. To be practical, we artificially set 5 sec as the upper bound on the task execution times.

Otherwise, a single experiment can generate tasks with execution times that are in the order of hours. Given

a workload ρ, we calculate the mean inter-arrival time as the mean execution time divided by ρ. In addition,

the laxity of a task is uniformly distributed between 50 msec and 1 sec. The task relative deadline is the

sum of the task execution time and laxity.

2. TUFs

We use TUFs with six different shapes in our experimental study. These are shown in Figure 9.1.
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Figure 9.1: TUFs Considered in Experimental Study

Note that the time-utility function of a task depends not only on its shape (i.e., one of the six shapes), but

2WCETs are equal to exact execution times in our experiments.



54

also on task parameters such as relative deadline and maximal utility. Furthermore, observe that TUFs I to

IV are non-increasing functions, while V and VI are not. In our experiments, the maximal utility of tasks

are uniformly distributed between 10 and 500.

3. Resource Requests

We use uniform distributions to define resource request parameters in our experimental study. The number

of resources that is requested by a task is uniformly distributed between 0 and the maximal number of

resources in the system. The resource hold times and abort times are also uniformly distributed. Without

loss of generality, we always generate abort times that are less than or equal to the corresponding hold times.

Furthermore, the requested resource hold time segments are arbitrary in the experiments — they could be

isolated, overlapped, or nested.

9.2 Performance Measurements

We implemented five scheduling algorithms including DASA, LBESA, BPA, Dover, and GBS as part of

our experimental study. The CMA algorithm that we had considered in the simulation studies was not

implemented because it requires significant amount of memory space and CPU time for median number of

ready tasks, and therefore is impractical.

Furthermore, we considered all six TUFs shown in Figure 9.1. We measured the performance of the

algorithms in terms of cumulative deadline-satisfaction ratio (DSR) and accrued utility ratio (AUR).

Table 9.2: Experiment Grouping

Experiments DASA LBESA BPA Dover GBS

R-N Y Y Y Y Y

R-D Y Y

NINC-N Y Y Y

NINC-D Y

ARB-N Y Y

ARB-D Y

Observe that all algorithms with the exception of GBS, have certain restrictions. For example, DASA

can deal with dependency relationships but only for rectangular TUFs. Therefore, we partitioned the exper-

iments into six groups according to different shapes of TUFs and the presence of dependency relationships.

In Table 9.2, we show this experiment grouping, where ‘Y’ means that the experiment applies for the
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corresponding algorithm.

We now discuss the results for each experiment group in the subsections that follow.

1. Rectangular TUF’s Without Dependencies (R-N)

Experiments in this class is interesting because all five algorithms can deal with the task model. The results

are shown in Figures 9.2(a) and 9.2(b).

(a) Deadline Satisfaction Ratio (b) Accrued Utility Ratio

Figure 9.2: Performance of Algorithms Under Rectangular TUFs and No Dependencies

From the figures, we observe that the performance of the five algorithms do not significantly differ for light

load and medium load conditions (workload is less than 0.8). However, DASA and LBESA show superior

performance for heavy and overloaded situations. Furthermore, we observe that GBS performs worse than

DASA and LBESA, but better than BPA and Dover.

It also worth to observe that Dover does not perform the best in our experiments, although it is an opti-

mal algorithm. This experimental result is consistent with our simulation results and has been explained

previously.

2. Rectangular TUF’s With Dependencies (R-D)

This task model applies only to DASA and GBS. Our experiments in this class used three shared resources

as an example scenario. The results of the experiments are shown in Figures 9.3(a) and 9.3(b).

We would expect DASA to outperform GBS for this class of experiments, because GBS neither conducts a

feasibility test, nor considers the deadline order for scheduling the feasible task subset. The figures, however,

show that GBS actually performs better than DASA during light workload situations. Performance of the

two schedulers are very close during overloaded situations.
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(a) Deadline Satisfaction Ratio (b) Accrued Utility Ratio

Figure 9.3: Performance of DASA and GBS Under Rectangular TUFs and Dependencies

We conjecture that the better performance of GBS is because of its lower CPU time cost in making scheduling

decisions. Another aspect of interest is the significant performance degradation of the algorithms compared

with no shared resource scenarios. In our simulation studies (Chapter 7), we observed that a small number

of shared resources (such as three resources) generally do not cause severe performance degradation, which

is in contrast to the experimental results from our implementation. This inconsistency suggests that the

schedulers may incur significant overhead for dealing with dependency relationships. In Section 9.3, we

provide further evidence for our conjecture by measuring scheduling overheads.

3. Non-increasing TUF’s Without Dependencies (NINC-N)

This task model is applicable to LBESA, BPA and GBS schedulers. We show the results of the experiments

in Figures 9.4(a) and 9.4(b).

From the figures, we observe that LBESA performs the best in terms of DSR, but GBS performs slightly

better than others in terms of AUR. Overall, the three algorithms have close performance for non-increasing

TUFs. This is because all of them use heuristics similar to the “value density” that was first developed in

LBESA.

4. Arbitrarily Shaped TUF’s Without Dependencies (ARB-N)

This task model is applicable for LBESA and GBS. The results are shown in Figures 9.5(a) and 9.5(b).

From Figure 9.5(b), we observe that LBESA and GBS exhibit close performance in terms of AUR (similar

to the results for the class of non-increasing TUFs without dependencies).

On the other hand, from Figure 9.5(a), we observe that LBESA satisfies more task deadlines than GBS does.

This is not surprising, because LBESA seeks to avoid overload situations by testing for task feasibility and
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(a) Deadline Satisfaction Ratio (b) Accrued Utility Ratio

Figure 9.4: Performance of LBESA, BPA, and GBS Under Non-Increasing TUFs and No Dependencies

(a) Deadline Satisfaction Ratio (b) Accrued Utility Ratio

Figure 9.5: Performance of LBESA and GBS Under Arbitrary TUFs and No Dependencies
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rejecting infeasible tasks. However, as discussed in Chapter 5, deadline order or deadline-based feasibility

test is not appropriate for non-rectangular TUFs.

5. Non-increasing and Arbitrarily Shaped TUF’s With Dependencies (NINC-D and ARB-D)

This task model considers dependencies for non-rectangular TUFs, which can only be handled by GBS. We

show the experimental results in Figures 9.6(a) and 9.6(b).

(a) Under Non-Increasing TUFs (b) Under Arbitrary TUFs

Figure 9.6: Performance of GBS With Dependencies

Although the performance of the algorithm cannot be interpreted from the figures in an absolute sense, it

indicates graceful performance degradation during increasing workload situations.

Furthermore, observe that the DSR is much higher than the AUR. This is due to the way we calculated

the AUR, which is defined as the accrued utility divided by the maximal possible utility. In the case of

non-rectangular TUFs, a task may not be able to accrue its maximal possible utility (maxUi in the figures),

even if there is no interference.

9.3 Overhead of Scheduling Algorithms

Our objective in measuring the scheduling overhead is twofold: (1) determine whether the overhead of GBS is

reasonable for general-purpose processor systems; and (2) determine the reason for the inconsistency between

the simulation performance and the implementation performance of GBS.

We show the average scheduling overhead of all five scheduling algorithms in Figure 9.7. In Table 9.3,

we show the 90% confidence intervals of the scheduling overhead.
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Figure 9.7: Average Scheduling Overhead

Table 9.3: 90% Confidence Intervals of Scheduler Overhead in Microseconds

Exp. DASA LBESA BPA Dover GBS

R-N 246.98 ± 14.83 214.72 ± 53.62 159.25 ± 9.58 289.51 ± 81.69 254.49 ± 44.54

R-D 753.38 ± 240.83 n/a n/a n/a 668.72 ± 354.64

NINC-N n/a 218.81 ± 15.13 175.55 ± 10.89 n/a 110.55 ± 4.78

NINC-D n/a n/a n/a n/a 100.76 ± 6.01

ARB-N n/a 141.12 ± 9.66 n/a n/a 156.04 ± 7.79

ARB-D n/a n/a n/a n/a 101.09 ± 5.70
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As can be seen from the table, the scheduling overhead may vary in a large range. For instance, the

overhead of the GBS scheduler is as low as 101.09 usec for the ARB-D class of experiments, but as high as

668.72 usec for the R-D class of experiments. Furthermore, observe that the GBS overhead is roughly 100

usec less than that of the DASA scheduler for the R-D class of experiments. This less overhead of the GBS

scheduler justifies our conjecture that the reason why GBS performs better than DASA for the R-D class of

experiments is due to its less overhead.



Chapter 10

Overview of Performance Assurance

10.1 Problem Statement

We consider the problem of providing performance assurance to the end-user and maximizing total accrued

utility. Examples of performance assurance include bounds on accrued utilities for individual tasks and

bound on system-wide accrued utility. More specifically, we consider two types of assurance requirements:

• Probabilistic bounds on individual tasks’ accrued utility; and

• Bound on system wide Accrued Utility Ratio.

A probabilistic bound on a task Ti’s accrued utility is specified as a tuple 〈AUi, APi〉. This specification

indicates that task Ti is expected to accrue the utility of AUi with the probability of APi. Note that this

specification only expresses the end-user’s minimal requirement. A stronger performance assurance, such as

higher accrued utility or higher assurance probability is desired.

The bound on system accrued utility is specified as a lower bound on system wide Accrued Utility Ratio

(AUR). AUR measures the amount of utilities that can be accrued with respect to the maximal possible

utility accrual.

We discusses several important issues involved in performance assurance. The solutions are at the

abstract level. Detailed algorithms for solving a specific assurance problem are presented in the chapters

that follow.
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10.2 Design Tradeoff

Recall that an end-user is allowed to specify several assurance requirements. Given n tasks, there are up

to n task-level assurance requirements. In addition, the end-user can specify a lower bound on system wide

AUR. Therefore, a system can be subject to n + 1 assurance requirements. Ideally, all requirements are

satisfied. However, in case that some of them cannot be satisfied, a negotiation and tradeoff mechanism shall

be available. This mechanism must be user-oriented and allow user-specified tradeoff.

We assume the existence of a set of user-specified rules. These rules specify the order of assurance

requirements that are considered and satisfied. Particularly, they indicate that in case not all requirements

can be satisfied, which requirement(s) need to be sacrificed. The rules can be static and predefined, or

situation specific.
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Figure 10.1: Rules of Tradeoff

Figure 10.1 shows the matrix of rules. In an ideal case, both system requirement and task requirements

can be satisfied—no need for any rule. However, under other cases, rules are needed to resolve conflicting

requirements. For example, Rule 1 is used when system assurance requirement can be satisfied while none

of the task assurance requirements are satisfied. If Rule 1 prefers system requirement, resource allocation

for satisfying system requirement is finalized. Otherwise, resources will be allocated in a manner to satisfy

task requirements as much as possible.

Note that the “Partial” column in Figure 10.1 means that some, but not all of the task requirements

are satisfied. This result implies an order of allocating resources to individual tasks. Assume that the order

is Ti followed by Ti+1. Then, the first k < n tasks’ assurance requirements are satisfied under the “Partial”

result.

Independent of the tradeoff rules, there are three basic assurance problems:
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1. Satisfying task requirements without considering system requirement;

2. Satisfying system requirement without considering task requirements; and

3. Satisfying both task requirements and system requirement.

We present our solutions to the first basic problem in Chapters 11 and 12. Solutions to the second and

third basic problems are discussed in Chapter 13.

10.3 Handling Unexpected Tasks

Achieving assurance for a task Ti requires properties of the task is known at design time. This assumption

is justified for many applications. However, for some highly dynamic systems, “unexpected” tasks may be

created and demand performance assurance. These tasks are “unexpected” in the sense that they are not

known or even do not exist at design time.

For example, consider a satellite that has a software problem while it is flying in deep space. After some

research, the ground support scientists decide to write a piece of software to correct the problem. Thus,

they need to upload the new code into the satellite computer, which means a set of “unexpected” tasks are

initiated and executed in the satellite computer system.

Unexpected tasks may have two consequences. First, since the existing performance assurance is based

on the assumption of no such unexpected tasks, it may be violated. Second, performance assurance for the

unexpected tasks may not be possible, if the system does not have spare processing power, and degrading

the existing performance assurance is not allowed.

One way to handle unexpected tasks is to ignore the assurance requirement of the unexpected task and

does not allow it to interfere existing performance assurance. This approach is similar to how a hard real-time

system handles overloads. The second approach is so called “best-effort” manner. Since assumptions of the

system are violated when unexpected tasks arrive, an algorithm should seek to maximize some user-specified

performance metrics, such as the sum of accrued utilities. We believe how unexpected tasks are handled are

highly application- and scenario-dependent. Therefore, we leave details open.



Chapter 11

Achieving Task-Level Probabilistic

Assurance

The problem solved in this chapter can be informally stated as follows. Suppose an end-user is allowed to

specify a tuple 〈AUi, APi〉 for each task Ti in the system. The tuple indicates that each task Ti needs to

accrue at least the utility of AUi with the probability of APi. In the meanwhile, the end-user also desires to

maximize the system wide accrued utility. Then, the central problem is how to satisfy the per task assurance

requirement as well as maximizing system wide utility.

In Section 11.1, we first present the problem in details. An approach of using processor bandwidth

allocation and proportional share is then discussed in Section 11.2. Section 11.3 shows a sufficient feasibility

condition for computing the required processor bandwidth of a task. Solutions to the feasibility condition

are explored in Section 11.4. Finally, we present a utility accrual, job scheduling algorithm that seeks to

maximize the accrued utility.

11.1 Models and Objectives

11.1.1 Recurring Task Models

The problem considered in this chapter concerns with the probability of satisfying task assurance require-

ments. A probability, in general, is a measure of frequency of occurrences [60]. In that context, a task that
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is released only once has inherent difficulties of obtaining probabilistic assurance. For example, consider

a one-shot task with an unknown execution time and an unknown arrival time. In the extreme case, the

processor is always idle whenever the task arrives. Also suppose the task of interest has a deadline. Then,

calculating the probability of meeting the task’s deadline is meaningless unless it may arrive again in some

future times. Otherwise, for the single occurrence of task arrival, the task’s deadline can either be satisfied

or not. Probability of satisfying the task’s deadline is thus meaningless.

Thus, for achieving task-level probabilistic assurance, a recurring task arrival model is assumed. We

elaborate the task arrival model in Section 11.1.2. Throughout the discussion of task assurance, we assume

that a task Ti may be released repeatedly. Each instance of task Ti is called a job of task Ti, denoted as

Ji,j , j ≥ 1. In case that we are only interested in generic jobs without task-specific, the first subscript may

be dropped.

Observe that this recurring task model is in contrast to the model assumed in the GBS work. The

GBS scheduling algorithm examines the task ready queue at every scheduling instant. Scheduling decisions

are made solely based on information of the existing tasks and no information of future task arrivals are

assumed. This is because the GBS algorithm considers a highly dynamic system where arrival patterns of

tasks are impossible to derive, or are unknown. Therefore, the GBS algorithm falls into the class of “best-

effort” scheduling algorithm in the sense that it seeks to accrue as much utility as possible. However, no

performance assurance similar to that discussed in this chapter is possible.

Considering recurring task models has been an important aspect that differs real-time scheduling from

machine scheduling [51]. In the domain of machine scheduling theories, majority of the algorithms assume

that “jobs” (scheduling entities) are ready at the event of scheduling, or will be ready in some known,

future time instants. Scheduling decisions, therefore, are based on the properties of tasks and optimization

objectives, e.g., minimizing maximal lateness. Furthermore, because the time scale in canonical machine

scheduling theories are usually in the magnitude of days or even longer, there seems no compelling reason

for considering recurring job arrivals.

On the other hand, recurring task models, particularly periodic task models have been the dominant

models in real-time scheduling theories. The periodic task model naturally arises from device-level, monitor

and control real-time tasks which periodically poll devices, or send control commands to devices. With its

regularity, the periodic task model enjoys solid analytic results, such as necessary and sufficient feasibility

conditions under a variety of scenarios. From the perspective of how task arrivals are seperated, the periodic

task model is one extreme point of the spectrum of recurring task models. The aperiodic task model where

no information of task inter-arrival time is assumed lies on another end of the spectrum. In the middle of the

spectrum, there exist models which are neither completely regular, nor completely irregular. The spectrum



66

of regularity with example models is depicted in Figure 11.1.
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Figure 11.1: The Spectrum of Regularity

The sporadic model assumes a minimal separation between two consecutive arrivals. The “recurring

tasks” model [9] generalizing the sporadic model by introducing the structure of a task, which is represented

as a Directed Acyclic Graph (DAG). Note that the “recurring tasks” in Figure 11.1 refers to the specific

model in [9]. The “request curve” abstraction [65], borrowed from the networking research community, uses

an envelope curve to bound the processor demand during any time interval. More formally, the request curve

αr of a request function R(t) satisfies R(t) − R(s) ≤ αr(t − s),∀s ≤ t, where R(t) is the processor demand

of a task up to time t. In [65], the authors propose a polynomial time algorithm to derive the request curve

for a task represented by a DAG similar to that in [9]. Therefore, we group the “request curve” abstraction

with the “recurring task” model.

The Rate-Based Execution (RBE) model [30] is inspired by task arrival patterns in real-time distributed

systems, such as a video-conferencing system. In such a real-time distributed system, packets and corre-

sponding processing tasks may not have minimal inter-arrival times due to network communication jitters.

In fact, tasks can arrive simultaneously, provided that the application only requires x events be processed

every y time units. The unimoal arrival model [25] associates a tuple 〈a,W 〉 with a task, meaning the

maximal number of task arrivals during any sliding time window of W is a. Again, a tasks may arrive

simultaneously. Finally, our Probabilistic Unimodal Arrival Model (PUAM) model provides high degree of

flexibility by allowing the probability of some number of arrivals be specified. The PUAM model is presented

in Section 11.1.2.

11.1.2 The Probabilistic Unimodal Arrival Model

Observe that unimodal arrival model only specifies the worst case scenario, i.e., the upper bound on

the number of arrivals during an interval of length w. Therefore, it is intrinsically suitable for hard real-time

analysis, where feasibility is analyzed in a deterministic sense by assuming the worst case scenarios. This

deterministic feasibility analysis in in contrast to our goal: a probabilistic feasibility analysis framework for
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utility accrual. Therefore, we augment the unimodal arrival model with the probabilities of the number of

arrivals in a time interval of w. We call this augmented task arrival model Probabilistic Unimodal Arrival

Model (PUAM).

A PUAM specification is a tuple of 〈p(k),W 〉,∀k ≥ 0, where p(k) is the probability of k arrivals during

any time interval W . Note that we have
∞
∑

k=0

p(k) = 1.

We present some examples of the PUAM specifications as follows. By doing so, we provide intuitive and

concrete instances of the PUAM model. Furthermore, we show that the standard unimodal arrival model,

periodic arrival model, and sporadic arrival model are special cases of the PUAM model.

Binomial PUAM: p(k) =





n

k



 θk(1 − θ)n−k, k = 0, ..., n and p(k) = 0, k > n. This Binomial

PUAM specification is useful for modeling the number of occurrences during n Bernoulli trials. For example,

consider a task that is responsible for monitoring n communication channels. Each channel has a probability

of θ to generate a triggering message during any time window of W . Thus, the number of task arrivals during

a window of W can be modeled using a Binomial PUAM specification.

Poisson PUAM: p(k) = e−λλk
/

k!, k ≥ 0. The Poisson distribution is another widely used discrete

distribution, particularly for queueing systems. For example, the number of requests received by a server,

e.g., a web server thread, during a time window is usually modeled as a random variable following a Poisson

distribution.

Worst Case PUAM: p(k) > 0, k = 0, ...,m and p(k) = 0, k > m. This worst case PUAM specification

implies that there are at most m arrivals during any time interval of W . Furthermore, the probability for a

particular number of arrival p(k), k ≤ m is unknown. It can be seen that a Worst Case PUAM is equivalent

to the standard unimodal arrival model.

Periodic PUAM: p(1) = 1 and p(k) = 0,∀k 6= 1. This specification indicates that there is always one

task arrival during a time window of W , i.e., a periodic task arrival model.

Sporadic PUAM: p(0) = λ, p(1) = 1 − λ and p(k) = 0,∀k > 1. This specification is a special case

of the Worst Case PUAM with m = 1. It means that for every time interval of W , there is at most one

task arrival. It is also possible that no task arrives during a particular time window. Therefore, any two

consecutive arrivals are separated by at least W .

Remarks: Notice that majority of the existing task arrival models assume a minimal separation between

two consecutive arrivals. This is done to bound processor demand. The RBE model is one of the exceptions,

for which the processor demand is bounded by properly postponing some task deadlines. However, in our

case, processor demand only needs to be probabilistically bounded. This need motivates our design of the
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PUAM model.

11.1.3 Task Execution Time and Time Constraints

The execution time of a task Ti is modeled as a non-negative random variable, denoted as ci. The execution

time of a job Ji,j , represented as ci,j , is an instance of the random variable ci.

One example of non-negative random distributions is the gamma distribution. The gamma distribution

rises naturally in modeling the waiting time between Poisson distributed events. A gamma distribution

Γ(α, θ) has two free parameters, namely α and θ. The standard exponential distribution is a special case

of a gamma distribution with α = 1 and θ = 1/λ, where 1/λ is the mean of the exponential distribution.

Figure 11.2 shows probability density functions of two example gamma distributions.
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Figure 11.2: Probability Density Functions of Gamma Distributions

Notice that a normal distribution is usually not a good model for task execution time, because of

its probability of generating negative values. This negative-probability can be negligible if the normal

distribution is close to some positive mean value.

We focus on unimodal TUFs, as they encompass the majority of time constraints in many applications.

The TUF for task Ti is denoted as Ui(t). For each task, a user also specifies the assurance requirement as

a tuple 〈AUi, APi〉. AUi is the desired utility that Ti needs to accrue and APi is the probability that Ti

accrues at lease the utility of AUi.

One difficulty of scheduling tasks with unimodal TUFs lies on the fact that a TUF could be increasing.

This increasing TUF semantics is in contrast with many existing time constraints, e.g., the earlier the better.
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To deal with increasing TUFs or increasing segment of a unimodal TUF, we propose the“early execution”

technique. The idea is to postpone the completion of a task with an increasing TUF until its optimal time,

if possible. In that sense, the proposed scheduling algorithm may allow CPU idleness even if task ready is

queue is not empty, i.e., it is a non work-conserving scheduling algorithm.

If a TUF of task Ti, i.e., Ui(t) contains an increasing segment we can transform it into a non-increasing

TUF U ′
i(t) by the following procedure.

1. Find the latest time topt such that ∀t > topt, Ui(t) < Ui(topt);

2.

U ′
i(t) =











Ui(topt) ∀t ≤ topt

Ui(t) otherwise

, (11.1)

Let U ′
i(t) be the transformed TUF for task Ti. In the case of a non-increasing TUF, U ′

i(t) is simply the

same as Ui(t). Once we complete the TUF transformation, all transformed TUFs, all U ′
i(t) should now be

non-increasing functions.

11.1.4 Objective

Given a set of tasks T = {Ti|i = 1, ..., n} and their attributes, including arrival patterns, execution time

profiles, TUFs, and assurance requirements, our objective is two-fold:

1. Satisfy all tasks’ assurance requirements, if possible; and

2. Maximize the accrued utility from all tasks.

The first requirement is the constraint that our algorithm aims to satisfy. The second requirement is

merely an optimization objective. Notice that the first requirement shares conceptual similarities with the

canonical deadline scheduling problems, where the objective is to schedule a set of tasks to satisfy their

deadlines, if possible. In fact, we later show that the problem of satisfying task-level assurance requirements

can be solved by probabilistic feasibility analysis and resource allocation techniques in Section 11.2. How-

ever, the second requirement distinguishes our assurance problem from the problem of simply meeting task

deadlines—scheduling and resource allocations must be performed in a manner of maximizing accrued utility.
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11.2 Approach

The problem of satisfying 〈AUi, APi〉 is a binary optimization problem in the sense that the constraint

can either be satisfied or not. Recall that a deadline constraint is also a binary optimization objective. Nat-

urally, there is a relationship between these two problems. For non-increasing TUFs, satisfying a designated

AUi requires that the task’s sojourn time is upper bounded by a “critical time” (CTi). Given a desired

assurance utility AUi, CTi satisfies that ∀t1 ≤ CTi, ui(t1) ≥ AUi and ∀t2 > CTi, ui(t2) < AUi. In other

words, the critical time of a task is the latest time instant after which the accrued utility is below AUi.

Figure 11.3 shows two examples TUFs and their critical times. Once the requirement of accruing AUi is

converted to bounding task sojourn time by CTi, a deadline-based probabilistic feasibility analysis can be

conducted.
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(a) A decreasing TUF
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(b) A non-increasing TUF

Figure 11.3: Example TUFs and their critical times

The basic approach we take to tackle this assurance problem is to allocate a certain portion of processor

time to each task. Our rationale is that without dedicated resource for each task to some extent, performance

assurance is not possible.

In our context, resource allocation does not necessarily imply resource reservations as in hard real-time

systems [52]. In hard real-time systems, the goal is to reserve a portion of system resources to a task so that

the task never misses deadlines. Probabilistic deadline satisfaction is not an objective in general. Another

major difference is that a resource reservation technique such as [52] is not aware of time utilities of tasks. It

also worth to note that the canonical deadline-driven scheduling of periodic tasks [42] guarantees a portion

of processor time for each periodic task. Given a periodic task with period D and worst case execution

time C, in a feasible system, the EDF scheduling policy essentially allocates C units of processor time to

the task every D time units. The other extreme case is the server approaches for handling aperiodic tasks

(See Chapters 5 and 6 in [14]). The server approaches cannot accommodate aperiodic tasks subject to time
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constraints—the objectives of the algorithms are to satisfy deadlines of periodic tasks and to minimize the

average response time of aperiodic tasks. Therefore, all aperiodic tasks compete for the processor time left

by periodic tasks.

In this work, we use processor bandwidth as the first class abstraction for resource allocation. The

processor bandwidth is defined as follows:

Definition 11.1. If a task is actively competing for processor time in a time interval [t, t + L] and has a

processor bandwidth ρ, then it receives at least ρL processor time in that time interval ∀t, L > 0.

Since the granularity of assurance requirement considered in this chapter is on a per task basis, processor

bandwidth is allocated to each task. This strategy can be easily extended to deal with assurance requirements

for task groups and subsystems.

Once tasks are allocated processor bandwidth, jobs compete for the processor bandwidth allocated to

their parent task. With known, probabilistically bounded processor demand of a task, i.e., assuming the

PUAM model and random execution times, it is possible to calculate the probability of satisfying the task’s

critical time. If the calculated probability is lower than APi, a higher processor bandwidth is desired.

Notice that competition among jobs of the same task is resolved by a job scheduler. In that sense,

our approach shares similarities with hierarchical scheduling (See [55] for example). In practice, similar

approach has been used in scheduling user-level threads by many thread packages, such as the FSU PThreads

library [49] and the GNU Portable Threads [18].

There are three problems yet to be answered:

1. How to realize and enforce the bandwidth allocated to a task?

2. How much bandwidth is needed for a given task to achieve its assurance requirement?

3. How are competition among jobs of the same task resolved?

We present our solutions to these problems in the sections that follow.

11.2.1 Realizations of Bandwidth Allocation

The definition of processor bandwidth naturally lends it to a class of techniques called proportional share

(PS) [62, 24, 69]. In a proportional share system, each client (an entity competing for shared resources, e.g.,

a process) has a weight wi. If a client i is active in time interval [t1, t2], then it receives a service time of

si(t1, t2) = wi

∫ t2

t1

1
∑

j∈A(t) wj

dt. (11.2)
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A(t) is the set of active clients at time t. If each task Ti is assigned a weight of wi = ρi, then the processor

bandwidth of Ti is in deed at least ρi, if
∑

i ρi ≤ 1.

Equation 11.2 represents the service time for a client in an ideal “fluid” model, where the time quantum

can be infinitely small. However, an infinitely small quantum is impractical. Therefore, one major perfor-

mance metric of proportional share algorithms is so-called lag. For a scheduling entity i, its lag at time t,

denoted as lagi(t) is defined as the difference between the service time it should receive in an ideal fluid

model and the service it actually receives. Let t0 be the time when a scheduling entity becomes active for

competing shared resources. And let si(t0, t) be the service time it actually receives until time t, Si(t0, t) be

the service time it should receive in an ideal fluid model. Then, lagi(t) is

lagi(t) = Si(t0, t) − si(t0, t). (11.3)

The earliest-eligible-virtual-deadline-first (EEVDF) algorithm [62] is proven to be an optimal propor-

tional share algorithm in the sense that it has the minimal, optimal lag. Given a quantum size Q, the lag of

a client at any time in an EEVDF-scheduled system is bounded by Q

−Q < lag(t) < Q. (11.4)

Other proportional share algorithms [70, 71, 24] cannot achieve this optimal lag. Therefore, we focus our

discussion on the EEVDF algorithm hereafter.

Besides proportional share, resource reservation is another widely used paradigm. In [55], the authors

classify resource reservations into four types:

• basic, hard: RESBH x, y

• basic, soft: RESBS x, y

• continuous, hard: RESCH x, y

• continuous, soft: RESCS x, y

The “basic” reservation guarantees that there exists a time t such that for every integer i, a task of

interest will receive x units of processor time during the time interval of [t + iy, t + (i + 1)y]. The standard

RMA and EDF algorithms provide basic reservations. The “continuous” reservation relaxes the requirement

on the time t. It indicates that for any time t, a task will receive x units of processor time during the

interval of [t, t + y]. The Rialto/NT real-time kernel [35] is an example of continuous reservation. A “hard”

reservation does not allow extra processor time to be used by a task, while a “soft” reservation does.

In [61], the authors point out the duality between resource reservation and proportional share. Later,

in [55], the authors show that converting the guarantee provided by a resource reservation to that of a

proportional share is possible, and vice versa.
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Other bandwidth management techniques include several server approaches, such as the Constant Band-

width Server (CBS) algorithm [1]. Again, a duality exists between the CBS approach and proportional share,

and each has advantages as well disadvantages under certain conditions [2].

11.2.2 Motivations for Considering Proportional Share

In essence, proportional share provides each task with a “virtual processor” that executes in a fraction of the

original processor speed. This property facilitates and simplifies the design and analysis of job scheduling

algorithms.

Recall that our assurance problem has a two-fold objective, i.e., to probabilistically satisfy task utility

bounds and to maximize the accrued utility. The second requirement needs a UA scheduling algorithm for

resolving competition among jobs of the same task. In general, UA scheduling algorithms are dynamic and

complicated. This is particularly true during overloads, while overloads (at least transient overloads) are

inevitable for systems with stochastic parameters. Therefore, designing and analyzing UA job scheduling

algorithms on a “virtual processor”, rather than considering competitions from other tasks, is highly desired.

Another advantage of using proportional share is to have the capability of temporal isolation, i.e., the

behavior of one task does not affect the bandwidth received by another task. Consider a complex system

that is built by groups of develops across several enterprizes. Each group is responsible for developing a

component of the system or a subsystem. Due to a variety of reasons, e.g., different security levels and/or

management, proprietary techniques, it is very difficult, if not impossible, for any one to have a global

knowledge of the system. The lack of global knowledge prevents system designers from conducting system

wide, holistic analysis. Therefore, the provision of“virtual processors”can greatly aid system design, analysis,

and testing.

Due to the duality between proportional share and resource reservation, the latter can also provide

a “virtual processor” to each task. However, resource reservation algorithms often concern with providing

processor time in period-like intervals, i.e., the y parameters in the four types of reservations. Proportional

share, on the other hand, provides processors time in any time interval of any length, which is a more

natural model for realizing bandwidth allocations. The same argument also applies to the server approaches.

Therefore, we assume a proportional share scheduling algorithm, particularly the EEVDF algorithm, is used

for realizing bandwidth allocation.
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11.3 A Sufficient Feasibility Condition

This section presents our answer to the question: how much bandwidth is needed for a given task to achieve

its assurance requirement? Our solution first establishes the relationship between processor bandwidth and

achievable assurance. Given a task-level assurance requirement, the required processor bandwidth is then

solved from this relationship.

To analyze the feasibility of tasks with stochastic parameters, we consider the “processor demand anal-

ysis” approach [10]. The processor demand analysis analyzes and compares the available processor time with

the processor demand on any time interval. Let Cp(t, t + L) be the processor demand of a task on a time

interval [t, t + L] and let Sp(t, t + L) be the available processor time for the task on the same time interval.

A task is schedulable if and only if

∀t, L > 0, Sp(t, t + L) ≥ Cp(t, t + L). (11.5)

By “schedulable”, we mean that a task’s deadline or critical time can be satisfied.

The processor demand approach has been used to analyze the schedulability of real-time tasks under a

variety of conditions. In [10], the authors develop the necessary and sufficient schedulability condition for a

set of periodic tasks with relative deadlines shorter than their periods. Later, Jeffay and Stone [31] use the

processor demand approach to account for the overhead of interrupt handlers. A more recent work using the

processor demand approach is performed in the context of Rate-Based Executions [30].

Theorem 11.1. Suppose a task T has a unimodal model arrival pattern 〈k,W 〉. Also assume all jobs of

T have identical relative deadline D. Then, all job deadlines can be satisfied if T has at least a processor

bandwidth of ρ = max{C
/

D,C
/

W}, where C is the total execution time of k jobs in a time window of W .

Proof. The necessary and sufficient condition for satisfying job deadlines is

Sp(0, L) ≥ Cp(0, L),∀L > 0 (11.6)

Let ρ be the processor bandwidth allocated to T . Thus, Sp(0, L) = ρL. Furthermore, the total amount

of processor time demand on [0, L] is Cp(0, L) =
(⌊

(L − D)
/

W
⌋

+ 1
)

C. Therefore, condition 11.6 can be

rewritten as

ρL ≥
(⌊

L − D

W

⌋

+ 1

)

C,∀L > 0 (11.7)

Since
(⌊

L−D
W

⌋

+ 1
)

≤
(

L−D
W

+ 1
)

, it is sufficient to have ρL ≥
(

L−D
W

+ 1
)

C,∀L > 0. This leads to

ρ ≥ C
L − D + W

LW
=

C

W

(

1 +
W − D

L

)

,∀L > 0 (11.8)



75

Case 1: W > D

It is easy to see that ρ monotonically decreases with L. Furthermore, notice that if L ≤ D, Cp(0, L) = 0

because no job has a deadline earlier than D. Thus, it is sufficient to consider the case of L = D, where

ρ ≥ C
/

D.

Case 2: W < D

For such a case, ρ monotonically increases with L. Therefore, the maximal ρ is reached when L → ∞.

This leads to ρ ≥ C
/

W . Since we know W < D, ρ ≥ C
/

W > C
/

D.

Case 3: W = D

ρ is independent of L under such a case. It can be seen that ρ ≥ C
/

W = C
/

D.

Combining the above three cases, we have a sufficient condition ρ ≥ max{C
/

D,C
/

W}.

Observe that in Theorem 11.1, the processor bandwidth is allocated to accommodate the maximal

processor load. This maximal load occurs only if the k jobs arrive simultaneously. Since the unimoal arrival

model does not require a minimal separation between consecutive arrivals, simultaneous arrivals are possible.

Theorem 11.1 assumes that an arbitrary processor bandwidth of ρ can be perfectly realized. Recall that

a bandwidth allocation realized by a proportional share algorithm has an optimal lag of Q, the size of one

time quantum. The following theorem gives a practical bandwidth requirement under proportional share.

Theorem 11.2. Under the condition of Theorem 11.1, if bandwidth allocation is realized using a proportional

share algorithm with a maximal lag Q, then the required processor bandwidth is ρ = max{(C +Q)
/

D,C
/

W}.

Proof. With a maximal lag of Q, Equation 11.7 becomes

ρL − Q ≥
(⌊

L − D

W

⌋

+ 1

)

C,∀L > 0 (11.9)

By the same argument as in Theorem 11.1, ρ satisfies

ρ ≥ C

W
+

1

L

[

(C + Q) − DC

W

]

(11.10)

Case 1: C + Q > DC
W

. The maximal ρ occurs when L = D, which leads to ρ ≥ (C + Q)
/

D.

Case 2: C + Q < DC
W

. The maximal ρ is reached when L → ∞. That is, ρ ≥ C
/

W > (C + Q)
/

D.

Case 3: C + Q = DC
W

. Obviously, ρ ≥ C
/

W is sufficient.

Combining these three cases, it is sufficient to have ρ ≥ max{(C + Q)
/

D,C
/

W}.
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In Theorems 11.1, solution ρ ≥ C
/

D implies D < W , i.e., the relative deadline of a job is shorter than

the specification time window, which is often the case. For example, in a periodic task model, this case

corresponds to a task with a relative deadline shorter than its period. For brevity in presentation, we focus

on solution ρ ≥ C
/

D in Theorem 11.1 and solution ρ ≥ (C + Q)
/

D in Theorem 11.2 hereafter. Discussions

and techniques assuming the aforementioned solutions can be easily extended to other solutions.

An important property of proportional share is that its time quantum is at least the maximal size of

all task critical sections that are measured on a dedicated processor. Otherwise, mutual exclusion on shared

resources may be failed. In [5], the authors use a lock-free scheme to demonstrate that even in the presence

of shared resource, the maximal lag of a proportional share system is still bounded by Q, which is now the

maximal size of all task critical sections. By doing so, Theorem 11.2 can be applied in a proportional share

system with exclusively accessed shared resources.

The approach of using a large time quantum for resource access works well when all critical sections

are relatively short. However, it is not efficient for handling long critical sections. One direct consequence

of a large time quantum is over-allocating bandwidth. For each task Ti, Q/Di bandwidth may be overly

allocated compared with the ideal case. If one critical section in a system is considerably large, then all tasks

are forced to suffer the same bandwidth over-allocation. We develop several lock-based, time/utility driven

resource access protocols for large critical sections in Chapter 12.

Corollary 11.3. Under the condition of Theorem 11.1 and Di < Wi,∀i, a set of tasks are schedulable if
n
∑

i=1

Ci

/

Di ≤ 1. Under the condition of Theorem 11.2 and (Ci + Q)
/

Di > Ci

/

Wi,∀i, a set of tasks are

schedulable if
n
∑

i=1

(Ci + Q)
/

Di ≤ 1.

Proof. This corollary can be directly derived by observing that a set of tasks are schedulable if and only if
n
∑

i=1

ρi ≤ 1.

Corollary 11.3 naturally serves as a criterion for schedulability test. Next, we show that our feasibility

conditions are equivalent to the Liu and Layland condition for periodic tasks [42], and are stronger sufficient

conditions than that in [10] for periodic tasks with deadlines shorter than their periods. In addition, our

bandwidth allocation and feasibility condition are applicable for a broader range of task models, e.g., aperiodic

tasks, while the the existing sufficient and necessary conditions are true only for periodic task models.

Theorem 11.4. Consider a set of periodic tasks with deadlines equal to periods, T = {Ti|i = 1, ..., n}. If

T is schedulable under the Liu and Layland condition [42], then it is also schedulable under the condition in

Corollary 11.3. The reverse statement is also true.
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Proof. Observe that a periodic task has a arrival pattern of one arrival during any time interval of length w,

which is called “period” and equals to task relative deadline in this special case. Therefore, Ci becomes Ti’s

job execution time. Furthermore, recall that the Liu and Layland condition requires
n
∑

i=1

Ci

/

Di ≤ 1. This

requirement essentially is the same as that of Corollary 11.3.

Theorem 11.5. Consider a set of periodic tasks with deadlines shorter than periods (i.e., Di < Wi),

T = {Ti|i = 1, ..., n}. If T is schedulable by Corollary 11.3, then it is also schedulable under the condition

of Baruah, Rosier, and Howell [10]. The reverse statement is not true.

Proof. Let wi and Di be the period and relative deadline of a task Ti, respectively. And let D = {di,k|di,k =

kwi + Di, di,k ≤ min(Bp,H), i = 1, ..., n, k ≥ 0}, where Bp is the busy period of the task set and H is its

hyper period.

The condition of Baruah, Rosier, and Howell [10] states that T is schedulable if and only if

∀L ∈ D, L ≥
n

∑

i=1

(⌊

L − Di

wi

⌋

+ 1

)

Ci (11.11)

To prove this theorem, we need to prove two statements are true.

1. Statement 1: If
n
∑

i=1

Ci

/

Di ≤ 1 (Corollary 11.3), then Equation 11.11 also holds.

Since Di < Wi,
n
∑

i=1

(⌊

L−Di

Wi

⌋

+ 1
)

Ci <
n
∑

i=1

(⌊

L−Di

Di

⌋

+ 1
)

Ci. Furthermore,
⌊

L−Di

Di

⌋

+ 1 ≤
(

L−Di

Di

)

+

1 = L
Di

. Therefore
n
∑

i=1

(⌊

L−Di

Wi

⌋

+ 1
)

Ci <
n
∑

i=1

(⌊

L−Di

Di

⌋

+ 1
)

Ci

≤ L
n
∑

i=1

Ci

Di
≤ L

(11.12)

2. Statement 2: If Equation 11.11 holds,
n
∑

i=1

Ci

/

Di may be greater than 1, i.e., the reverse statement is

not true.

Observe
n
∑

i=1

Ci

/

Di ≤ 1 requires that L
n
∑

i=1

Ci

/

Di ≤ L,∀L > 0. Therefore, to demonstrate the reverse

statement is not true, we need to prove that for some Ci,Di and L,

n
∑

i=1

(⌊

L−Di

wi

⌋

+ 1
)

Ci < L
n
∑

i=1

Ci

Di

⇒
n
∑

i=1

(⌊

L−Di

wi

⌋

+ 1 − L
Di

)

Ci < 0
(11.13)

Notice that x − 1 ≤ ⌊x⌋ ≤ x,∀x ≥ 0. Therefore, it is possible that

n
∑

i=1

(⌊

L−Di

wi

⌋

+ 1 − L
Di

)

Ci =
n
∑

i=1

(

L−Di

wi
− L

Di

)

Ci

<
n
∑

i=1

(

L−Di

Di
− L

Di

)

Ci = −
n
∑

i=1

Ci < 0
(11.14)
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Having examined the bandwidth requirement and feasibility condition for unimodal arrival models, we

now proceed with tasks specified by PUAM arrival models.

Let Ni be the random variable for the number of arrivals during a time window of Wi. The, the processor

demand of task Ti during a time window of Wi is Ci =
Ni
∑

j=1

ci,j . By Theorem 11.2, ρi ≥ (Ci + Q)
/

CTi,

where CTi is the critical time assigned to task Ti. To satisfy the assurance probability, we require that the

probability of satisfying Theorem 11.2 is at least APi.

Pr [∀j, si,j ≤ CTi] = Pr





Ni
∑

j=1

ci,j ≤ (ρiCTi − Q)



 ≥ APi (11.15)

The above condition is the fundamental bandwidth requirement for satisfying a task’s critical time.

In case that Ni = k, the total processor time demand during a time window becomes
k
∑

j=1

ci,j . Therefore,

Equation 11.15 can be rewritten as a sum of a set of conditional probabilities:

Pr [∀j, si,j ≤ CTi] =
∞
∑

k=1



pi(k) × Pr





k
∑

j=1

ci,j ≤ (ρiCTi − Q)







 ≥ APi (11.16)

11.4 Solutions to The Feasibility Condition

11.4.1 A General Solution

This section presents a general solution to the problem of computing the minimal bandwidth for a task

(Equation 11.15). The only assumed information is the average number of task arrivals in a specification

time window and the average execution time of a task. In general, distributions of task arrival pattern and

execution times are difficult to obtain. However, the average values may be obtainable through measurements

for many applications.

Let Ni be the number of arrivals during a time window of W and let Cp =
Ni
∑

j=1

ci,j . The feasibility

condition can be rewritten as:

Pr [Cp ≤ ρiCTi − Q] = 1 − Pr [Cp ≥ ρiCTi − Q] ≥ APi (11.17)

Note that Ni is a random variable and follows a distribution specified by pi(a). Thus, Cp is also a

random variable. By Markov’s Inequality, Pr[X ≥ t] ≤ E(X)/t for any non-negative random variable X.
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Therefore,

Pr[Cp ≤ ρiCTi − Q] = 1 − Pr[Cp ≥ ρiCTi − Q] ≥ 1 − E(Cp)

ρiCTi − Q
(11.18)

If we can determine a ρi so that 1 − E(Cp)
ρiCTi−Q

≥ APi, Pr[Cp ≤ ρiCTi − Q] ≥ APi is also satisfied. This

leads to

ρi ≥
E(Cp)

CTi (1 − APi)
+

Q

CTi

(11.19)

Furthermore, by Wald’s Equation, E(Cp) = E

(

Ni
∑

j=1

ci,j

)

= E(ci)E(Ni). Thus,

ρi ≥
E(ci)E(Ni)

CTi (1 − APi)
+

Q

CTi

(11.20)

This solution is applicable for any distributions of ci and Ni. Naturally, it is pessimistic for some distri-

butions. For example, consider a periodic task (Ni = 1) with a constant execution time Ci. Equation 11.20

yields a solution of ρi = Ci

/

(CTi(1 − APi)) + Q/CTi. However, the required bandwidth for a periodic task

is only Ci

/

CTi. This phenomena suggests that high performance assurance may yield a highly pessimistic

bandwidth allocation, particularly for tasks with regular patterns of arrivals and of execution time.

In addition, the second term in Equation 11.19 is due to the lag in proportional share. Ideally, Q ≪ CTi.

Otherwise, the bandwidth allocation will be too pessimistic to be useful.

11.4.2 A Binary Search Strategy

The previous section assumes the minimal information regarding task arrivals and execution times, e.g.,

only average values are assumed. Therefore, the solution in Equation 11.20 is applicable for any distribution,

but may be pessimistic for some distributions. This section presents a binary search strategy that demands

and utilizes the information of full distributions of task arrivals and execution times. Thus, in general, this

binary search strategy can yield a tighter solution that requires smaller bandwidth than that resulting from

Equation 11.20.

To avoid wordy presentation, we introduce a shorthand notation for the left hand side of Equation 11.16.

Let feasibleProbi(ρi) =
∞
∑

k=0

(

pi(k) × Pr

[

k
∑

j=1

ci,j ≤ ρiCTi − Q

])

. This function calculates the probability

of satisfying all job critical deadlines if task Ti were assigned a processor bandwidth of ρi.

Then, Equation 11.16 can be restated as solving the minimal ρi that satisfies feasibleProbi(ρi) ≥ APi.

Notice that function feasibleProbi(ρi) is a monotone in terms of ρi. Therefore, a binary search is applicable
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on the set of ρi ∈ [0, 1].

The Binary Search strategy, presented in Algorithm 7 works as the following. The algorithm accepts

a range to search the minimal bandwidth, denoted as [a, b], and the required assurance probability APi. In

our case, invoking minBW (0, 1, APi) returns either the minimal required ρi, or failure if even the maximal

processor bandwidth, i.e., ρi = 1, cannot satisfy APi. The algorithm recursively search half of the input

search range until the range is smaller than a predefined allocation error ǫ.

It is obvious to see that in the worst case, function minBW (a, b, APi) performs log2((b−a)/ǫ) searches.

If a = 0 and b = 1, the worst case complexity of minBW (0, 1, APi) becomes log2(1/ǫ).

Parameters ǫ: the maximal acceptable allocation error ;1:

Input : a, b, APi2:

Output : the minimal ρi that satisfies feasibleProb(ρi) ≥ APi for task Ti; failure if3:

the maximal bandwidth b cannot satisfy APi

if feasibleProbi(b) < APi then4:

return failure;5:

if b − a ≤ ǫ then6:

return a;7:

if feasibleProbi((a + b)/2) ≥ APi then8:

return minBW (ǫ, a, (a + b)/2, APi);9:

else10:

return minBW (ǫ, (a + b)/2, b, APi);11:

Algorithm 7: minBW(a, b, APi) Function

Given a task arrival pattern 〈pi(a),Wi〉, Algorithm 7 requires calculating Pr

[

k
∑

j=1

ci,j ≤ ρiCTi − Q

]

so

that feasibleProbi(ρi) can be computed. Recall that a task specification only states the distribution of job

execution times. Computing the sum distribution of a set of independent random variables, i.e., the sum of

k job execution times, requires convolutions. In practice, convolutions are performed for small k. When k

is large, the sum distribution can be approximated by the Central Limit Theorem (CLT), regardless of the

original distribution of job execution times.

Let Sk =
k
∑

j=1

ci,j . And let the mean and variance of task Ti’s execution time be µi and σ2
i , respectively.

The Central Limit Theorem states that when k is large, Sk converges to a normal distribution N (kµi,
√

kσi).

Let Φ(t) be the cumulative distribution function of the standard normal distribution X ∼ N (0, 1), i.e.,

Φ(t) = Pr[X ≤ t]. The probability that the sum of k job execution times is less than or equal to t can be

approximated as

Pr[Sk ≤ t] ≈ Φ

(

t − kµi√
kσi

)

(11.21)
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The CLT approximation is accurate when k is large. The problem of how large a k should be remains

unsolved. That is, the error between an approximation using CLT and its actual value needs to be bounded.

The most widely used bound for such an approximation is the Berry-Esséen bound, if the third absolute

central moment of a task execution time is finite.

If E
(

|ci − µi|3
)

< ∞, the Berry-Esséen Theorem states that

∣

∣

∣

∣

Pr

[

Sk − kµi√
kσi

≤ t

]

− Φ(t)

∣

∣

∣

∣

≤ 33

4

E
(

|ci − µi|3
)

√
kσ3

i

(11.22)

Or:
∣

∣

∣

∣

Pr [Sk ≤ t] − Φ

(

t − kµi√
kσi

)∣

∣

∣

∣

≤ 33

4

E
(

|ci − µi|3
)

√
kσ3

i

(11.23)

This theorem indicates that the rate of converging to a normal distribution is on the order of 1
/√

k.

Therefore, the probability of Pr[Sk ≤ t] is lower bounded by

Pr [Sk ≤ t] ≥ Φ

(

t − kµi√
kσi

)

− 33

4

E
(

|ci − µi|3
)

√
kσ3

i

. (11.24)

The problem of computing the minimal bandwidth becomes determining a minimal ρi so that

Pr

[

∞
∑

k=1

(

pi(k) ×
(

Φ

(

ρiCTi − Q − kµi√
kσi

)

− 33

4

E
(

|ci − µi|3
)

√
kσ3

i

))]

≥ APi (11.25)

The Central Limit Theorem and Berry-Esséen Theorem may provide a better approximation for ρi than

that can be computed from Section 11.4.1. However, for some special cases, we can compute the exact values

of Pr[Sk ≤ t], rather than by approximation. These special cases include constant job execution times, and

gamma distributed execution times.

1. Constant execution time Assume task Ti’s execution is a constant, denoted as Ci. Then, Sk = kCi.

Pr[Sk ≤ t] can either be zero or one.

Pr [Sk ≤ t] =







1, k ≤
⌊

t
Ci

⌋

0, otherwise

Therefore, feasibleProbi(ρi) =
k0
∑

k=0

pi(k), where k0 =
⌊

ρiCTi

/

Ci

⌋

.

2. Gamma distributed execution time If the execution time of a task Ti, i.e., ci is gamma distributed

with parameters α and θ, then E(ci) = αθ and V ar(ci) = αθ2. Furthermore, Sk =
k
∑

j=1

ci,j is also

gamma distributed with parameters of kα and θ. Therefore,

Pr[Sk ≤ t] = P

(

kα,
t

θ

)

(11.26)

where P (a, z) is a regularized gamma function.
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Table 11.1: An Example Task Set

Task Arrival Pattern Execution Time (s) APi CTi

T1 P(6), W1 = 2 constant, 0.1 0.7 1.8

T2 P(3), W2 = 2 Γ(1.2, 0.1) 0.6 1.6

T3 B(10, 0.2), W3 = 3 constant, 0.05 0.85 2.1

T4 B(5, 0.3), W4 = 2.2 Γ(0.8, 0.2) 0.8 1.7

Table 11.2: Bandwidth Allocation for The Example Task Set (ǫ = 0.05, Q = 1ms)

Task Upper Bound CLT Approximation Exact Solution

T1 1.1111 0.3750 0.3750

T2 0.5625 failure 0.2500

T3 0.3175 0.0938 0.0938

T4 0.7059 failure 0.5313

11.4.3 Numerical Examples

In this section, we present an example task set with four tasks. We calculate and compare bandwidth al-

location using the pessimistic estimation in Section 11.4.1 (abbreviated as “Upper Bound”), Central Limit

Theorem approximation in Section 11.4.2 (abbreviated as “CLT Approximation”), and exact solution (ab-

breviated as “Exact Solution”).

The arrival patterns of the tasks follow either Poisson distributions, or Binomial distributions. For task

execution time distributions, we consider constant execution times and gamma distributed execution times.

Notice that exact solutions for these two execution time profiles can be easily computed because the sum

distribution Pr[Sk ≤ t] is known. Therefore, they serve as illustration examples. Exact solutions of other

execution time distributions may be computed using convolutions.

The arrival patterns, execution time distributions, and timeliness requirements of the task set are

summarized in Table 11.1. The bandwidth allocation results using the aforementioned approaches are listed

in Table 11.2.

Observe that the “Upper Bound” values are loose, compared with the exact solutions. However, they

indicate the worst case bandwidth requirements. If a task set is schedulable using the “Upper Bound”

bandwidth allocation, a feasible bandwidth allocation must exist.

On the other hand, the CLT approximation works well for constant execution times, but is significantly

inaccurate for gamma distributed execution times. This is because the Berry-Esséen bound is large in this

particular task set. For example, in Table 11.1, task T3’s execution time follows Γ(0.8, 0.2). Even when k = 5,
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the Berry-Esséen bound is computed as 11.6783 ≫ 1 ≥ Φ(t). This large bound yields Sk(t) ≥ −10.6783,

which is certainly useless. This phenomena suggests that a combination of convolution (for a small number

of jobs) and CLT approximation (for a large number of jobs) may result in a more accurate bandwidth

calculation. Particularly, a Binomial distribution has a limited number of task arrivals, for which convolution

is more appropriate.

11.5 A Utility Accrual Job Scheduling Algorithm

EDF is known to be optimal in terms of satisfying all deadlines if they can be satisfied. In our context, all

jobs of the same task have identical relative critical time. Thus, EDF is equivalent to FIFO for scheduling

jobs of the same task. However, EDF is not directly related to maximizing accrued utility under two cases:

• The processor is overloaded. The EDF algorithm is known to suffer “domino” effects during over-

loads [44] and cannot selectly miss job deadlines. Essentially, all job deadlines will be missed once the

processor becomes overloaded.

• A task has a non-step TUF. If the task has a downward step TUF and the processor is not overloaded,

satisfying all deadlines implies maximizing accrued utilities, because there is no benefit of completing

a job earlier that its deadline time. However, if a job has a non-step TUF, e.g., an exponentially

decreasing TUF, an early completion can actually accrue higher utility than that at the deadline

time. Furthermore, a late completion can also be beneficial as it may accrue some utility.

Therefore, we aim to develop a utility accrual job scheduling algorithm that possesses several properties:

1. If all job deadlines can be satisfied by EDF, then UJS should be able to do so and accrue at least the

same utility as EDF does; and

2. In case that not all jobs deadlines can be satisfied, UJS seeks to accrue as much utility as possible.

In the meanwhile, a fast job scheduling algorithm is desired. This is particularly true in the context of

proportional share, where the proportional share mechanism itself may be implemented by another scheduling

algorithm, such as EEVDF [62]. Thus, we adopt the Highest Utility Density First (HUDF) heuristic as a

way to improve accrued utility. Our rational for doing so is because HUDF is easy to implement, incurs

small overhead, and has exhibit high performance both during underloads and overloads, which has been

partly reflected by GBS’ performance.

Let t0 be the time instant when a scheduling event occurs. On a dedicated processor, the Utility

Density (UD) of a job J is defined as the ratio of its utility at predicted completion time over its remaining
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execution time. That is, UD = U (t0 + c(t0)) /c(t0), where U(t) is the TUF of job J and c(t0) is J ’s remaining

execution time at instant t0. On a virtual processor provided by the underlying proportional share algorithm,

the expected completion of J is prolonged to t0+(c(t0)+Q)
/

ρ. Therefore, the UD of J on a virtual processor

is U(m)/m, where m = (c(t0) + Q)
/

ρ.

Input : a queue of ready jobs, denoted as RQ1:

Output : job Js to be executed next; or NULL2:

if RQ is empty then3:

Select NULL job;4:

Let Ud be the accrued utilities of all jobs in RQ under EDF;5:

Let Uh be the accrued utilities of all jobs in RQ under Highest Utility Density First6:

(HUDF);
if RQ is feasible under EDF then7:

if RQ is feasible under HUDF and Uh > Ud then8:

Select the highest utility density job;9:

else10:

Select the earliest deadline job;11:

else12:

Select the highest utility density job;13:

Algorithm 8: UJSsched Algorithm

The design of the UJSshced algorithm closely follows its desired properties. As shown in Algorithm 8,

the algorithm first examines if the set of ready jobs are schedulable under both EDF and HUDF, assuming

jobs are executed on a virtual processor with an execution rate of ρ. If they are, the highest utility density

job is selected. If the jobs are only schedulable under EDF, then the earliest critical time job should be

executed. In case that the jobs are not schedulable, the next job is selected by HUDF.

Without loss of generality, we assume that at time instant t0, k jobs of a task Ti compete for the

processor bandwidth allocated to Ti. Furthermore, jobs are in the order of non-decreasing absolute deadlines,

i.e., di ≤ di+1. Then, the set of jobs are schedulable under EDF if and only if

∀i = 1, ..., k,

∑i
j=1 cj(t0) + Q

di

≤ ρ (11.27)

This condition is a direct extension to that for a set of generic tasks on a dedicated processor [11].

Lemma 11.6. If all job deadlines can be satisfied by EDF, then UJSsched algorithm should be able to do so

and accrue at least the same utility as EDF does.

Proof. The ability to satisfy all job deadlines is obvious, because UJSshed() is invoked only if it can produce

a feasible schedule.



Chapter 12

Resource Access Protocols

This chapter is motivated by the fact that proportional share uses large time quanta to ensure mutual

exclusion. Using large time quanta works well for short critical sections. However, we conjecture that for

some cases, a small time quantum combined with lock-based, resource access protocols may yield lower

bandwidth requirement.

12.1 Problem Statement and Terminologies

When time quanta are smaller than the length of critical sections, preemptions of a task while it is inside a

critical section may happen. Therefore, we use a lock-based approach to ensure mutual exclusion. That is,

a job is required to acquire the lock guarding a shared resource R before it can start using R.

Due to the use of locks, three types of blocking may occur:

1. Direct Blocking If a job Ji,m requests a resource R that is currently held by another job Jj,k, we

say that job Ji,m is directly blocked by job Jj,k. Job Jj,k is called the blocking job. Because processor

bandwidth is allocated on a per task basis, we also say that task Ti is blocked by task Tj .

2. Transitive Blocking If a job Ja is blocked by Jb which in turn is blocked by job Jc, we say that job

Ja is transitively blocked by Jc.

3. Queue Blocking Suppose a set of tasks T B = {Tb1, Tb2, ..., Tbk} are simultaneously blocked on a

resource R, held by task To. When To releases R, one of the blocked tasks, e.g., task Tbm will acquire

R and continue execution. Thus, another task Tbn will suffer additional blocking time due to Tbm,

85
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besides the blocking time due to To. We call such an additional blocking queue blocking as it is caused

by a queue of blocked tasks. This definition can be expanded to the case of multiple tasks in T B
being granted R before Tbn.

The objective of resource access protocols is to effectively bound or reduce the blocking time suffered

by a task. In this chapter, we present three protocols. The first protocol is called Bandwidth Inheritance

(BWI). The BWI protocol speeds up the execution of a blocking task and thus reduces direct blocking

times. The second protocol, Resource Level Policy (RLP), can bound the queue blocking time suffered by

a task. However, neither BWI nor RLP can solve the problem of transitive blocking. Furthermore, without

additional mechanism, deadlock may occur. Therefore, a third protocol, called Early Blocking Protocol

(EBP) is proposed. The EBP protocol can avoid deadlock as well as bounding the duration of transitive

blocking.

Recall that we use the UJSsched algorithm (Section 11.5) to resolve competition among jobs of the

same task. Therefore, resource blocking can occur among jobs, which complicates the analysis of the job

scheduling algorithm. Furthermore, notice that assurance requirements are at the task level. Therefore, we

simply disallow preemptions while a job holds a resource. From the perspective of the virtual processor, the

UJSsched algorithm is invoked when a new job arrives and when the currently executing job completes.

Observe that both transitive blocking and deadlock can occur only in the presence of nested critical

sections. This observation is formulated in Lemma 12.1. Therefore, both BWI and RLP protocols only

consider the case of no nested critical sections.

Lemma 12.1. Transitive blocking can occur only in the presence of nested critical sections. That is, if a

job Ja is transitively blocked by another job Jc, there must be a job Jb that is currently inside nested critical

sections.

Proof. By the definition of transitive blocking, there exists a job Jb that blocks Ja and is blocked by Jc at

the same time. Since Ja is blocked by Jb, Jb must hold a resource, e.g., R1. In addition, the fact that Jb is

blocked by Jc implies that Jb requests another resource, e.g., R2 which is currently held by Jc. Therefore,

Jb must be inside nested critical sections.

Besides the property of no transitive blocking, lacking nested critical sections also prevents deadlocks,

because one of the necessary condition for deadlock, namely hold-and-wait is not possible. Therefore, the

BWI and RLP protocols are suitable for the cases of no nested critical sections.

Before we proceed with our resource access protocols, we discuss notations and assumptions as follows.

• zi,j denotes the jth critical section of task Ti.
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• di,j denotes the duration of critical section zi,j on a dedicated processor without processor contention.

• Ri,j is the resource associated with critical section zi,j .

• dj
i denotes the duration of task Ti’s critical section that accesses resource Ri

• zi,k ⊂ zi,m means that zi,k is entirely contained in zi,m.

• All critical sections are “properly” nested, i.e., for any pair of zi,k and zi,m, only one of the following

conditions is true:

– zi,k ⊂ zi,m

– zi,m ⊂ zi,k

– zi,k

⋂

zi,m = ∅.
• All critical sections are guarded by binary semaphores. Thus, only one job can be inside a critical

section at any given time.

12.2 Bandwidth Inheritance

Bandwidth Inheritance (BWI) is inspired by Priority Inheritance (PIP) [57]. However, in the context of PIP,

the primary objective is to avoid so called “priority inversion” and thus to bound task blocking times. In our

context, priority may not play a role. Rather, our objective is to reduce direct blocking times.

The basic idea of BWI protocol is to speed up the execution time of a blocking task, e.g., T by

transferring all bandwidth of tasks that are blocked by T . Consequently, these blocked tasks lose their

bandwidth and thus are stalled.

12.2.1 Protocol Definition

The Bandwidth Inheritance Protocol is defined as a set of rules:

1. If a task Ti is blocked on resource R that is currently held by Tj , the processor bandwidth of task Ti

is inherited by task Tj . That is, the processor bandwidth of task Tj is temporarily increased to ρi +ρj

until Tj releases resource R. In the meanwhile, the bandwidth of task Ti becomes zero. Thus, Ti is

stalled even if some jobs of Ti are eligible for execution.

2. Bandwidth inheritance is transitive. That is, if a task Ta is blocked by Tb which in turn is blocked by

task Tc, then the bandwidth of Ta is also transferred to Tc.

3. Bandwidth inheritance is additive. Suppose a task Ta holds a resource R, and a set of tasks T B =

{Ti,∀i = 1, ..., k} are all blocked on R. Then, the bandwidth of Ta is increased to ρa +
k
∑

i=1

ρi.
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Recall that we have identified three types of blocking, i.e., direct blocking, transitive blocking, and

queue blocking. The three rules of our BWI protocol explicitly indicate how the bandwidth of blocked tasks

can be transferred to the blocking task for the three types of blocking. Thereby, we can reduce the duration

of the blocking task’s critical section.

Furthermore, transferring of task bandwidth can be implemented as dynamical task join and leave.

The ability to allow tasks joining and leaving a system while maintaining a constant lag is one of the unique

features of the EEVDF algorithm.

12.2.2 Blocking Time under BWI

Having defined the BWI protocol, one problem remains unsolved: what is the upper bound on the blocking

task’s duration of critical section? Given a duration of di on a dedicated processor, the answer obviously

depends on how much bandwidth the blocking task has.

Assume that the blocking task has a total bandwidth of ρ, possibly through bandwidth inheritance.

Then, the duration of the critical section is di/ρ. Therefore, the key to bound the duration is to lower bound

the processor bandwidth allocated to a blocking task. An arbitrarily small bandwidth essentially yields an

unbounded blocking time.

In Chapter 11, we have developed methods to calculate the minimal bandwidth to satisfy a task’s time-

liness requirements, assuming no resource blocking. In the following theorem, we establish the relationship

between the bandwidth requirements with and without resource blocking.

Theorem 12.2. For the same task model assumed in Theorem 11.2, if a task may be blocked on resource

access, then the minimal required bandwidth is ρ = (B+C+Q)
/

D, where B is the total blocking time suffered

by jobs of the task during a specification time window of W .

Proof. The proof is similar to that of Theorem 11.2. To satisfy job deadlines, the available processor time

during any time interval [0, L], excluding the blocking time, should be greater than or equal to job processor

demand.

Sp(0, L) − Q −
(⌊

L − D

W

⌋

+ 1

)

B ≥
(⌊

L − D

W

⌋

+ 1

)

C,∀L > 0 (12.1)

This leads to

ρL ≥
(⌊

L − D

W

⌋

+ 1

)

(B + C) − Q,∀L > 0 (12.2)

By the same argument as in the proof of Theorem 11.2, we have ρ ≥ (B + C + Q)
/

D.
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Therefore, if ρmin
i = (Ci + Q)

/

Di is Ti’s processor bandwidth by assuming no resource blocking, it is

safe to use ρmin
i as the lower bound on Ti bandwidth even in the presence of resource blocking. Furthermore,

observe that if Ti is a blocking task, it must inherit the bandwidth of at least one blocked task. Let T R be

the set of tasks that may be blocked by Ti. Ti’s total bandwidth while it is inside the critical section (of

using resource R) is at least ρmin
i + min{ρmin

j |j 6= i
∧

Tj ∈ T R}. The direct blocking time caused by Ti

is upper bounded by (di + Q)
/

(

ρmin
i + min{ρmin

j |j 6= i, Tj ∈ T R}
)

, where di is the duration of Ti critical

section of using resource R. This blocking time calculation is repeated for all critical sections of a task and

for all jobs of a task in a specification window.

12.2.3 Bandwidth Allocation under BWI

Assume that each task Ti may access ni shared resources, numbered as Ri,j , j = 1, ..., ni. We also introduce

the following notations:

• dRi,j
is the maximal length of the critical section that a task accesses resource Ri,j

• ρmin
Ri,j

is the smallest ρmin among all tasks that may access resource Ri,j

The direct blocking time that Ti may suffer when accessing Ri,j is

BRi,j
=

dRi,j

ρmin
Ri,j

+ ρmin
i

(12.3)

The direct blocking time that a job of Ti may suffer is

BD =

ni
∑

j=1

BRi,j
=

ni
∑

j=1

dRi,j
+ Q

ρmin
Ri,j

+ ρmin
i

, (12.4)

where ni is the number of critical sections that Ti may use.

According to Theorem 12.2, we require that the probability of satisfying task critical time is at least

APi. This leads to
∞
∑

k=0

pi(k) Pr[B + C + Q ≤ ρiCTi] ≥ APi

⇒
∞
∑

k=0

pi(k) Pr

[

k
ni
∑

j=1

dRi,j
+Q

ρmin
Ri,j

+ρmin
i

+
k
∑

j=1

ci,j + Q ≤ ρiCTi

]

≥ APi

(12.5)

For all tasks, we first calculate the minimal bandwidth requirements without resource blocking, i.e.,

ρmin
i , using the techniques presented in Chapter 11. The direct blocking time for each job of Ti, namely BD

is then calculated. Observe that the net effect of resource blocking is to increase the task execution time. In

the case of direct blocking, the execution time of a job is increased by BD, which has been calculated. Once

the blocking time is calculated, the bandwidth requirement under BWI can be computed from Equation 12.5.

Solutions in Chapter 11 can be applied to solve Equation 12.5 for ρi.
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12.3 Resource Level Policy

12.3.1 Protocol Definition

The Resource Level Policy (RLP) protocol is specifically developed to bound queue blocking times. The idea

is to associate a static numeric value with each task, called Resource Level (RL) of the task. The RL of a

task is static is the sense that it is assigned when a task is created, maintains intact during the life time of

the task, and is the same for all jobs of the same task. By using static RLs, we aim to produce predictable

order of accessing a shared resource in case a queue of tasks are blocked on the same resource. Therefore,

queue blocking times may be bounded. Similar technique has been used in the Stack Resource Policy [7],

where each task is assigned a static Preemption Level.

If there are n tasks in a system, the RLs of tasks are integers from 1 to n. We assume that a larger

numeric value means higher resource level. However, there are different ways of assigning static RLs. In

general, the way of assigning static RLs should reflect our goal of utility accrual, i.e., maximizing the accrued

utilities. Therefore, we propose several criteria for assigning static RLs:

1. Maximal Heights of TUFs For any pair of tasks, if maxUi > maxUj , then RLi > RLj . maxUi is

the maximal height of a TUF, i.e., maxU = {Ui(t)|Ii < t < Xi}. The approach is easy to implement

and works well for step TUFs. However, it ignores the task execution time information. Furthermore,

for non-step TUFs, the maximal height of a TUF may be much higher than that can be accrued by

a task.

2. Pseudo Slopes The pseudo slope of a task is defined as follows: pSlopei = Ui(Ii)/(Xi − Ii). The use

of pseudo slope seeks to capture the shape information of a TUF. Still, task execution time is ignored

from the calculation.

3. Pseudo Utility Densities The pseudo utility density of a task measures the amount of utility it

can accrue, by average, per unit time of execution. pUDi =
Ui(ρ

min
i E(ci))

ρmin
i

E(ci)
.

Using static RLs, the task with the highest RL shall be granted a resource R if there is a queue of tasks

blocked on R. Therefore, when calculating the queue blocking time for task Ti, we only need to consider

tasks with RLs higher than that of Ti. For example, if RLi = i, then task Ti only suffers queue blocking due

to tasks Tj , j = i + 1, ..., n.

Unfortunately, this scheme of using static RLs may yield unbounded queue blocking times for low RL

tasks. Figure 12.1 shows an example of why static resource levels are not adequate. In Figure 12.1, task T2

is blocked on a resource request and is later starved.
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Figure 12.1: An Example of Using Static Resource Levels

To overcome the difficulty with static resource levels, we introduce the concept of Effective Resource

Level (ERL). Besides RL, each task is associated with an ERL, which may increase over time. The idea is

to use ERL to prevent a few high RL tasks from dominating the usage of shared resources.

Now, the revised resource level policy with effective resource levels works as follows.

1. If a task is not blocked on any resource, its ERL is the same as its static RL.

2. Whenever a resource R is released, the ERL’s of all tasks that are currently blocked on R are increased

by n, where n is the number of tasks in the system.

3. When a resource R becomes free, one of the blocked tasks with the highest ERL is granted resource

access. If a tie among the highest ERL tasks occurs, the task with the longest blocking time wins.

4. When a task acquires the resource on which it was blocked, its ERL returns to its static RL.

Theorem 12.3. Under resource level policy, a task Tk can be queue blocked on a resource R for at most the

duration of (m − 2) critical sections, where m is the number of tasks that may access R.

Proof. Consider a set of tasks T B, including task Tk, are blocked on a resource R. Obviously, |T B| ≤ m−1,

because one task must be holding the resource. Assume at time instant t0, resource R is released by the

current blocking task. Thus Tk’s ERL is increased to RLk +n, which is higher than RLi,∀i. This high ERL

effectively ensures that no tasks that are blocked on R after t0 can queue block Tk. Therefore, Tk can only

suffer additional queue blocking from existing blocked tasks, which are at most (m − 3) critical sections.

Note that at t0, one of the tasks from T B, i.e., Tm is granted resource R. Therefore, the number of the

remaining blocked tasks, excluding Tk, is |T B − Tk| − 1 ≤ (m − 3). This theorem follows by summing up

queue blocking times before and after instant t0, i.e., 1 + (m − 3) = (m − 2).
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The above proof also holds in the presence of multiple resources. Observe that a task, i.e., Tm that is

blocked on R after t0 must not be blocked on any other resources when it requests R. Therefore, by the

RLP protocol, its ERL must be the same as its RL, which is lower than that Tk. This argument is true even

if Tm holds other resources.

Corollary 12.4. The ERL of a task Ti is within the range of [RLi, (m − 1)n + RLi], where m is defined in

Theorem 12.3 and n is the number of tasks in the system.

Proof. According to Theorem 12.3, a task can suffer a queue blocking time of at most (m − 2) critical

sections. In addition, it suffers one direct blocking. Upon releasing a shared resource, these blocking tasks

increase the ERL of a task (m − 2) + 1 = m − 1 times. Since each increase is n, the ERL of Ti is bounded

by (m − 1)n + RLi.

Theorem 12.5. Let TR be the set of tasks that may access resource R. The bound on queue blocking time

in Theorem 12.3 is tight for any task Ti ∈ TR, except the highest RL task in TR.

Proof. Without loss of generality, let TR = {T1, T2, ..., Tm} and RLi = i. We prove this theorem by showing

that there always exists a resource access pattern so that any task Ti ∈ TR, i < m suffers a queue blocking

time of (m − 2) critical sections. The resource access pattern can be constructed as follows. Note that ti is

a time stamp and satisfies ti+1 > ti.

• t0: Task Ti+1 is holding resource R and tasks T B = {Tk|Tk ∈ TR, k 6= i
∧

k 6= i + 1} are blocked on

R. |T B| = (m − 2).

• t1: Task Ti+1 releases R. A task in T B, say Tr is granted resource R. ERL’s of remaining tasks in

T B are increased by n.

• t2: Task Ti+1 requests R and is blocked on R.

• t3: Task Ti requests R and is blocked R.

Now, at time t3, the ERL of task Ti is lower than those of all other tasks in the blocked task queue,

which includes (m− 2) tasks. Therefore, Ti will suffer a queue blocking time of (m− 2) critical sections.

We can now revisit the example in Figure 12.1. In Figure 12.2, we show the behavior of tasks by using

the dynamic resource level adjustment rules. Note that the numbers on each timeline of a task indicates the

ERL of that task. In this case, m = 4. Therefore, task queue blocking times should be bounded by m−2 = 2

critical sections, which is consistent with Figure 12.2. Observe that task T2 is queue blocked for exactly two

critical sections (of T3 and T4, respectively). On the other hand, task T3 suffers one critical section of queue

blocking for its resource requests; task T4 only incurs one critical section of queue blocking during its second

resource request.
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Figure 12.2: Dynamic Resource Levels

12.3.2 Queue Blocking Times under RLP

We consider a task Tb, along with a queue of k tasks, are blocked by a task Ta. This scenario is illustrated

in Figure 12.3.

k
 tasks
T
a
 T
b


Figure 12.3: An Example of Queueing Blocking

To calculate the queue blocking time for Tb, we examine the blocking time due to each task in the

k − task queue. Observe that the qith task in the k − task queue executes with a processor bandwidth of

at least ρmin
qi +

k
∑

j=i+1

ρmin
qj + ρmin

b =
k
∑

j=i

ρmin
qj + ρmin

b due to bandwidth inheritance. Thus, the total queue

blocking time resulting from the k tasks is

BQ(k) =
k

∑

i=1

dqi + Q
k
∑

j=i

ρmin
qi + ρmin

b

(12.6)

Let dq = max{dqi|i = 1, ...,m− 2} and ρmin
q = min{ρmin

qi |i = 1, ...,m− 2}. Then, BQ(k) is bounded by

Bm
Q (k) =

k
∑

i=1

dq + Q
k
∑

j=i

ρmin
q + ρmin

b

=

k
∑

i=1

dq + Q

(k − i + 1)ρmin
q + ρmin

b

=

k
∑

i=1

dq + Q

iρmin
q + ρmin

b

(12.7)
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Now, we need to determine a k such that Bm
Q (k) achieves its maximal value and therefor to bound

task Tb’s queue blocking time. We show that the maximal queue blocking time occurs when there are the

maximal number of tasks in the queue, i.e., k = (m − 2).

Lemma 12.6. The Bm
Q (k) function defined in Equation 12.7 monotonically increases with k.

Proof. We define two auxiliary functions B−
Q(k) and B+

Q(k). B−
Q(k) is the amount of blocking time that may

be reduced if a (k + 1)th blocked task is added into the existing k − task queue. B+
Q(k) is the additional

queue blocking time due to the (k + 1)th blocked task. That is, B−
Q (k) =

k
∑

i=1

dq+Q

iρmin
q +ρmin

b

−
k
∑

i=1

dq+Q

(i+1)ρmin
q +ρmin

b

and B+
Q(k) =

dq+Q

ρmin
q +ρmin

b

= B+
Q .

By using B−
Q(k) and B+

Q , one can derive the relationship between Bm
Q (k + 1) and Bm

Q (k)

Bm
Q (k + 1) = Bm

Q (k) + B+
Q − B−

Q(k) (12.8)

Furthermore, observe that

B−
Q (k)

/

(dq + Q) =
k
∑

i=1

1
iρmin

q +ρmin

b

−
k
∑

i=1

1
(i+1)ρmin

q +ρmin

b

=
k
∑

i=1

(

1
iρmin

q +ρmin

b

− 1
(i+1)ρmin

q +ρmin

b

)

= 1
ρmin

q +ρmin

b

− 1
2ρmin

q +ρmin

b

+ 1
2ρmin

q +ρmin

b

− 1
3ρmin

q +ρmin

b

+ ... + 1
kρmin

q +ρmin

b

− 1
(k+1)ρmin

q +ρmin

b

= 1
ρmin

q +ρmin

b

− 1
(k+1)ρmin

q +ρmin

b

= 1
ρmin

q +ρmin

b

kρmin

q

(k+1)ρmin
q +ρmin

b

= 1
ρmin

q +ρmin

b

kρmin

q

kρmin
q +ρmin

q +ρmin

b

< 1
ρmin

q +ρmin

b

= B+
Q

/

(dq + Q)

Therefore, Bm
Q (k + 1) = Bm

Q (k) + B+
Q − B−

Q(k) > Bm
Q (k).

By Lemma 12.6, the queue blocking time a task Ti can suffer is

BQ =

ni
∑

j=1

Bm
Qj

(mj − 2) (12.9)

where Bm
Qj

(mj − 2) is the maximal queue blocking time for accessing resource Ri,j .

Bm
Qj

(mj − 2) =

mj−2
∑

l=1

(dqj + Q)
/

(

lρmin
qj + ρmin

i

)

(12.10)

Using a technique similar to that in Equation 12.5, the bandwidth requirement under RLP is

∞
∑

k=0

pi(k) Pr[BD + BQ + C + Q ≤ ρiCTi] ≥ APi

⇒
∞
∑

k=0

pi(k) Pr

[

k
ni
∑

j=1

dRi,j
+Q

ρmin
Ri,j

+ρmin
i

+ k
ni
∑

j=1

Bm
Qj

(mj − 2) +
k
∑

j=1

ci,j + Q ≤ ρiCTi

]

≥ APi

(12.11)
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12.4 The Early Blocking Protocol

The Early Blocking Protocol (EBP) is specifically designed for dealing with nested critical sections. Nested

critical sections create two problems, namely potential deadlocks and transitive blocking.

One common approach for handling nested critical sections is to disallow them. If critical sections

zi,j ⊆ zi,k, then disallowing nested critical sections requires that resources Ri,j and Ri,k are requested

and held simultaneously over the complete duration of zi,k. The advantages are easy implementation and

deadlock-free. The disadvantage is reduced concurrency. If zi,k is considerably longer than zi,j , concurrency

will be significantly reduced. Thus, in general, disallowing nested critical sections assumes that critical

sections are short and preemptions are rare. If that is the case, little can be gained by allowing nested

critical sections. This assumption has been the basis for the Earliest Deadline First/Dynamic Deadline

Modification (EDF/DDM) algorithm [29].

Our research is motivated by the fact that not all critical sections are short. For example, the time to

access some physical devices, e.g., a valve, can be on the magnitude of milliseconds or even longer. In this

section, we present the EBP protocol. We show that the EBP protocol avoids deadlock as well as bounding

the duration of transitive blocking.

12.4.1 Protocol Definition

The basic idea is to block a “unsafe” resource request even if the requested resource is free. An “unsafe”

resource request has the danger of causing deadlocks. Hence, the name “early blocking” reflects this design

approach. In the meanwhile, a safe resource request is granted. Similar approach has been explored in the

Priority Ceiling Protocol (PCP) [57] and Stack Resource Policy (SRP) [7].

Assume that a task T invokes nest req resource(R′, RV ) for requesting to enter nested critical sections.

In their order of access, RV is a list of resources that T may access while it is inside nested critical sections.

We call RV a “resource vector.” R′ is the first element in RV .

For single-unit resources, as we assume in this work, the necessary and sufficient condition for deadlock

is the existence of a cycle in the resource graph. A cycle can only be formed by at least two tasks inside

nested critical sections. Furthermore, there is at least one resource R that is requested by one task Ti and

is held by another task Tj , both of which are inside nested critical sections. In other words, the resource

vectors of Ti and Tj overlap. Therefore, the EBP protocol compares the resource vector of a requesting task

with those of the existing tasks. If any overlap of resource vectors exists, there is a possibility of deadlock.

Thus, the requesting task is blocked.
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Let T be the requesting task that invokes nested req resource(R′, RV ). We formulate the EBP protocol

as follows:

1. If R′ is currently held by another task, T is blocked.

2. If R′ is free, nest req resource(R′, RV ) may or may not be granted:

(a) Let Tnest be the set of tasks that are currently inside nested critical sections. For any task

Ti ∈ Tnest, let RVi be Ti’s current resource vector.

(b) If for any Ti ∈ Tnest, RV
⋂

RVi = ∅, nest req resource(R′, RV ) is granted; the request is

blocked otherwise.

3. Whenever a task exits a nested critical section, the protocol is invoked to check if granting any pending

nest req resource(R′, RV ) is safe. If more than one pending nest req resource(R′, RV ) become safe,

the Resource Level Policy shall be invoked.

12.4.2 Properties and Transitive Blocking Times under EBP

Next, we establish that the EBP protocol is deadlock-free and can bound transitive blocking times. This is

done through a set of lemmas and theorems.

Lemma 12.7. Under EBP, for any pair of tasks that are currently inside nested critical sections, their

resource vectors do not have comment elements.

Proof. Suppose two tasks T1 and T2 enter nested critical section at instants t1 < t2, respectively. If

RV1

⋂

RV2 6= ∅, T2 cannot enter its nested critical sections. Therefore, the resource vectors of T1 and

T2 do not have comment elements.

It seems that a race condition may arise if t1 = t2. However, because we only consider uni-processor

systems, T1 and T2 cannot make resource requests at the same time, though simultaneous resource requests

may occur on virtual processors.

Theorem 12.8. The EBP protocol avoids deadlock.

Proof. We prove this theorem by contradiction. Suppose deadlock happens under EBP. Then, a cycle exists

in the resource graph, as shown in Figure 12.4. Notice that all tasks on the cycle are inside nested critical

sections. Furthermore, any pair of adjacent tasks on the cycle have a common element in their resource

vectors, which contradicts Lemma 12.7.
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Corollary 12.9. Under EBP, if a task T1 is blocked by T2 while T1 is inside nested critical sections, then

T2 is not inside nested critical sections.

Proof. Suppose T2 is inside nested critical sections. If T1 is blocked by T2, then T1 needs a resource R that

is currently held by T2. Thus, R is a common element in T1 and T2’s resource vectors. This phenomena

violates Lemma 12.7.

Theorem 12.10. Under EBP, a chain of transitive blocking includes three tasks.

Proof. We use Ti → Ri to denote that task Ti needs resource Ri. Similarly, Ri → Ti means that resource

Ri is currently held by task Ti. Thus, a chain of transitive blocking has the form of T1 → R1 → T2 → R2 →
T3 → ... → Tn. It is easy to see that any task Ti, i 6= 1

∧

i 6= n must be inside nested critical sections. By

Corollary 12.9, if T2 is inside nested critical sections, T3 cannot be inside nested critical sections. Therefore,

T3 must be at the end of the chain. Thus, n = 3.

Theorem 12.11. Suppose a task T requests for resource Ri. Let Ti,j be the set of tasks that have a resource

vector in the form of RV = {..., Ri, ..., Rj , ...} and let Tj be the set of tasks that may access resource Rj.

The transitive blocking time of T ’s request for Ri is bounded by (dmax + Q)
/

(ρmin + ρmin
Ri,j

+ ρmin
Rj

). ρmin

is the minimal bandwidth for task T , dmax = max{dj
k|Tk ∈ Tj}, ρmin

Ri,j
= min{ρmin

k |Tk ∈ Ti,j}, and ρmin
Rj

=

min{ρmin
k |Tk ∈ Tj}.
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Figure 12.5: Illustration of Transitive Blocking
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Proof. Consider a chain of transitive blocking as in Figure 12.5. Task T1 is transitively blocked by task T3

when it requests resource Ri. By Theorem 12.10, the scenario illustrated in Figure 12.5 is the only possible

scenario.

Furthermore, task T3 has a bandwidth of at least ρmin
1 + ρmin

2 + ρmin
3 due to bandwidth inheritance.

We further consider the worst case where the most pessimistic bounds are assumed. That is, ρmin
2 =

ρmin
Ri,j

= min{ρmin
k |Tk ∈ Ti,j} and ρmin

3 = ρmin
Rj

= min{ρmin
k |Tk ∈ Tj}. These pessimistic bounds lead to the

theorem.

12.5 Formal Comparison with The Lock-free Scheme

As discussed earlier, our conjecture is that for some cases, our lock-based, resource access protocols may work

well. For other cases, the lock-free scheme, i.e., setting quantum size as the longest critical section in the

system [5], may perform better. This section explores the conditions under which resource access protocols

may be beneficial, and the reverse conditions as well.

The discussion focuses on two aspects: (1) bandwidth requirement for a given task; and (2) feasibility

of a task set. Given a set of n tasks and their allocated bandwidth, if
∑n

i=1 ρi ≤ 1, we say that the task set is

feasible for the particular bandwidth allocation. Otherwise, the task set is said infeasible for the particular

allocation.

We first introduce some notations:

• ρp
i : bandwidth requirement of task Ti under lock-based resource access protocols

• ρnp
i : bandwidth requirement of task Ti under the lock-free scheme (also called non-preemptive scheme

as there will be at most one preemption while a task tries to access a resource [5])

• Qp: quantum size under the lock-based resource access protocols

• Qnp: quantum size under the lock-free scheme

Lemma 12.12. Suppose Qnp equals to the length of a critical section of task Tm (accessing resource Rm).

If a task Ti may be blocked on Rm, then ρp
i > ρnp

i .

Proof. Let dR = Qnp be the length of the critical section. If task Ti may be blocked on R, it suffers at least

one direct blocking due to access to R. The direct blocking time is calculated as

BD = k

ni
∑

j=1

dRi,j
+ Qp

ρmin
Ri,j

+ ρmin
i

≥ dR + Qp

ρmin
R + ρmin

i

≥ dR + Qp > dR (12.12)
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The total blocking time is B = BD + BQ + BT ≥ BD > dR. Given the total execution time of C during a

specification time window, we have

B + C + QP > dR + C + Qp = Qnp + C + Qp > Qnp + C (12.13)

Recall that the fundamental bandwidth requirement under resource access protocols is

∞
∑

k=0

pi(k) Pr [Bk + Ck + Qp ≤ ρp
i CTi] ≥ APi (12.14)

and under the lock-free scheme is

∞
∑

k=0

pi(k) Pr [Ck + Qnp ≤ ρnp
i CTi] ≥ APi (12.15)

where Ck is the sum of k job execution times, Bk is the total blocking time of k jobs. Since Ck + Qnp <

Bk + Ck + Qp,∀k, ρnp
i < ρp

i .

Lemma 12.13. Suppose Qnp equals to the length of a critical section of task Tm (accessing resource Rm).

If a task Ti may not be blocked on Rm, then ρp
i can be smaller than ρnp

i .

Proof. We prove this lemma by considering an extreme case where resource Rm is only accessed by task Tm

and another task Tk. All other tasks in the system do not use any shared resources. For any task that does

not use any shared resource, its blocking time is zero. Furthermore, Qp can be smaller than Qnp. Therefore,

B + C + Qp = C + Qp < C + Qnp (12.16)

If that is the case, ρp
i is smaller than ρnp

i .

Theorem 12.14. If a task set is feasible under the lock-free scheme, it can be infeasible under resource

access protocols, and vice versa.

Proof. We prove this theorem by examples.

1. A task set is feasible under the lock-free scheme, but infeasible using resource access protocols.

Suppose all tasks access a single resource R in a system. By Lemma 12.12, ρnp
i < ρp

i ,∀i = 1, ..., n. Thus,

n
∑

i=1

ρnp
i <

n
∑

i=1

ρp
i (12.17)

Also assume
n
∑

i=1

ρnp
i = 1 for this particular task set. Then,

n
∑

i=1

ρp
i > 1, and hence the task set if infeasible

under resource access protocols.

2. A task set is feasible under resource access protocols, but infeasible under the lock-free scheme.



100

Consider a system where only two tasks, T1 and T2 need to access a resource R. Other tasks do not

need to access any shared resources. Let

Up =
n
∑

i=1

ρp
i = (ρp

1 + ρp
2) +

n
∑

i=3

ρp
i

Unp =
n
∑

i=1

ρnp
i = (ρnp

1 + ρnp
2 ) +

n
∑

i=3

ρnp
i

(12.18)

By Lemma 12.12, ρnp
i < ρp

i , i = 1, 2. However, if ρp
1 + ρp

2 is small enough, we have

Up ≈
n
∑

i=3

ρp
i

Unp ≈
n
∑

i=3

ρnp
i

(12.19)

By Lemma 12.13, ρp
i < ρnp

i , i = 3, ..., n. Therefore, Up < Unp. If Up = 1 for this particular task set, then the

task set if infeasible under the lock-free scheme.

Through the proofs of the above lemmas and theorem, we demonstrate that neither the lock-free scheme,

nor the resource access protocols are always better than the other. Specifically, if only a small number of

tasks share a few resources, then using resource access protocols is beneficial. If resources are shared by most

of the tasks in the system, then the lock-free scheme is more suitable in terms of bandwidth requirement.

Another hybrid case is that tasks can be partitioned into logical groups. Tasks in each logic group

closely interact with each other and share resources. In addition, resource sharing across group boundaries

is rare. For example, in a networked computer, device drivers may share the protocol input/output queues

with the network protocol stack. On the contrary, a word processor is very unlikely to access the protocol

queues. For this hybrid case, if the critical sections in a logic group are considerably longer than those in

other groups, resource access protocols may still help to reduce bandwidth requirement. If all critical sections

are on the same magnitude, little can be gained by using resource access protocols. Resource access protocols

may even adversely affect system performance, because smaller time quanta result in higher overhead.



Chapter 13

Achieving System Wide Performance

Assurance

This chapter presents our solutions to the last basic assurance problems in Section 10.2.

1. Satisfying system requirement without considering task requirements; and

2. Satisfying both task requirements and system requirement.

13.1 Problem Statement

Let ui,j be the utility accrued by job Ji,j . The system wide, asymptotical accrued utility ratio is calculated

as

AUR = lim
m→∞





n
∑

i=1

m
∑

j=1

ui,j

/

m
n

∑

i=1

Umax
i



 , (13.1)

where Umax
i is the maximal possible utility accrued by task Ti.

Our goal is to maximize AUR. If the maximized AUR is greater than the user-specified system assurance

requirement, then the requirement is met. Thus, the fundamental problem is to maximize system accrued

utility ratio.

Since the system is random in nature, the sojourn time of a job si,j and the corresponding utility ui,j

are also drawn from random variables. Let ui be the random variable for the accrued utility of task Ti. The

101
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optimization criterion of AUR can be re-written as:

AUR =

n
∑

i=1



 lim
m→∞





1

m

m
∑

j=1

ui,j









/

n
∑

i=1

Umax
i =

n
∑

i=1

E (ui)

/

n
∑

i=1

Umax
i (13.2)

Thus, the optimization problem essentially requires maximizing the sum of the expected utilities of all

tasks.

The optimization problem may be subject to task-level assurance constraints. As in Chapter 11, our

basic mechanism for satisfying task-level assurance is bandwidth allocation and control. Therefore, this

constrained optimization problem can be solved by first allocating bandwidth to task-level requirements.

The remaining bandwidth, if any, then is used to improve system wide accrued utility. In other words, the

unconstrained and constrained optimization problems can be solved in a similar manner.

13.2 Solutions

We first establish the relationship between task-level assurance and system AUR. Recall that our band-

width allocation is performed on a per task basis. By establishing the relationship, we can understand how

bandwidth allocation affects system AUR.

Lemma 13.1. If a task Ti has a non-negative TUF and can accrue utility AUi with the probability of at

least APi, then the mean of its accrued utility, i.e., E(ui) is at least AUi × APi.

Proof. Let pi(u) be the probability density of task Ti’s accrued utility. By the definition of E(ui) and the

assumption of non-negative TUFs, we have:

E(ui) =
+∞
∫

0

upi(u)du =
AUi
∫

0

upi(u)du+
+∞
∫

AUi

upi(u)du

≥
+∞
∫

AUi

upi(u)du ≥ AUi ×
+∞
∫

AUi

pi(u)du

(13.3)

Since
+∞
∫

AUi

pi(u)du is the probability that ui is greater than AUi, we have
+∞
∫

AUi

pi(u)du ≥ APi. The lemma

thus follows.

Theorem 13.2. The system wide accrued utility ratio (AUR) is lower bounded by
∑ n

i=1
(AUi×APi)

∑

n
i=1

Umax
i

.

Proof. This theorem directly follows by combining AUR =
∑n

i=1 E(ui)
/

∑n
i=1 Umax

i and Lemma 13.1.
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By Theorem 13.2, a reasonable approach to maximize system AUR is to maximize its lower bound, i.e.,
∑n

i=1(AUi ×APi). The term AUi ×APi represents task Ti’s contribution to system AUR. For convenience,

we define yi = AUi × APi.

Recall that the general solution presented in Section 11.4.1 establishes a relationship between processor

bandwidth ρi and the resulting CTi and APi.

ρi =
E(ci)E(Ni)

CTi(1 − APi)
+

Q

CTi

. (13.4)

Combining Equation 13.4 with AUi = Ui(CTi), we have

yi(CTi, ρi) = Ui(CTi) ×
(

1 − E(ci)E(Ni)

ρiCTi − Q

)

(13.5)

We then define fi(ρi) = maxCTi≥0 yi(CTi, ρi). Given a ρi, fi(.) is the maximal value that task Ti can

contribute to system AUR.

Lemma 13.3. Function fi(ρi) monotonically increases with ρi.

Proof. Observe that function yi(.) monotonically increases with ρi. Given a ρi, assume CTm
i yields the

maximal yi(.), i.e., fi(ρi) = yi(CTm
i , ρi) = max

CTi≥0
yi(CTi, ρi). Then, yi(CTm

i , ρi) is also a monotone of ρi.

This lemma thus follows.

Once the fi(.) function of all tasks are derived, the optimization problem becomes

Objective: max
n
∑

i=1

fi(ρi)

Subject to:
n
∑

i=1

ρi ≤ 1
(13.6)

Though fi(.) has been shown to be an increasing function of ρi, it may not be continuous. This is

particularly true if Ti’s TUF is piece-wise continuous. Therefore, an analytic solution, such as Lagrange

relaxation, may not be appropriate. We show a greedy search procedure in Algorithm 9.

Next, we consider the constrained optimization problem. Similar to the unconstrained optimization

problem, the key is to determine the relationship between ρi and yi. To ensure that task-level requirements

are satisfied, we keep APi intact. Therefore, given a ρi, CTi can be solved as

CTi =
1

ρi

(

E(ci)E(Ni)

1 − APi

+ Q

)

(13.7)

Then, yi becomes a function of ρi. We use gi(ρi) to represent this function, i.e., yi = Ui(CTi)×APi = gi(ρi).

Assume the bandwidth required to satisfy task Ti’s assurance requirement is ρ0
i . An search algorithm similar

to the unconstrained case is presented in Algorithm 10.
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Initial bandwidth allocation: ρi = 0,∀i = 1, ..., n;1:

ρ = 1;2:

repeat3:

Allocate ∆ρ bandwidth to the task Tk that satisfies4:

fk(ρk + ∆ρ) − fk(ρk) = max{fi(ρi + ∆ρ) − fi(ρi)|i = 1, ..., n};
ρ ← ρ − ∆ρ;5:

ρk ← ρk + ∆ρ;6:

until ρ < ∆ρ;7:

Algorithm 9: Allocating Bandwidth to Maximize System AUR

Initial bandwidth allocation: ρi = ρ0

i ,∀i = 1, ..., n;1:

ρ = 1 − ∑n
i=1

ρ0

i ;2:

repeat3:

Allocate ∆ρ bandwidth to the task Tk that satisfies4:

gk(ρk + ∆ρ) − gk(ρk) = max{gi(ρi + ∆ρ) − gi(ρi)|i = 1, ..., n};
ρ ← ρ − ∆ρ;5:

ρk ← ρk + ∆ρ;6:

until ρ < ∆ρ;7:

Algorithm 10: Allocating Bandwidth to Satisfy Task-Level Requirements and
to Maximize System AUR



Chapter 14

Conclusions and Contributions

Our simulation results have shown that the GBS algorithm has comparable performance with algorithms

such as DASA, LBESA, and Dover for all the application scenarios where they apply. In addition, GBS

can handle task sets with arbitrarily shaped TUFs and mutual exclusion resource constraints; none of the

existing algorithms can schedule such a task set. Furthermore, we establish several fundamental properties

of GBS.

Measurements from our implementation of GBS (using the meta-scheduler scheduling framework) on a

real-time POSIX-compliant operating system also reveal the strong effectiveness of the algorithm.

It is important to note that the measured performance of GBS from the implementation is not an

“absolute” measure. The measurements only demonstrate the effectiveness of GBS, despite its O(n3) worst-

case complexity. In fact, the meta-scheduler implementation will incur additional overhead compared with a

kernel implementation, as the scheduler itself is scheduled by the underlying kernel scheduler. This obviously

can negatively impact the scheduler performance. Therefore, we conjecture that the performance of GBS

will be better when implemented inside an operating system kernel.

GBS targets real-time systems that are subject to significant non-determinism that is inherent in

their operating environments e.g., completely unknown activity arrivals. When system uncertainties can

be stochastically characterized (e.g., stochastic activity arrivals and execution times), it is possible to pro-

vide stochastic assurances on timeliness behavior.

The dissertation also presents algorithmic solutions to fundamental assurance problems in TUF real-

time systems, including, stochastically satisfying individual, activity utility lower bounds and system-wide,

total utility lower bounds. The algorithmic solutions include algorithms for processor bandwidth allocation
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and UA scheduling. While bandwidth allocation algorithms allocate processor bandwidth share to activities

to probabilistically satisfy individual and collective, utility lower bounds, UA scheduling algorithms schedule

activities to maximize accrued utility.

We extend our algorithmic solutions with a class of lock-based and lock-free resource access protocols

to satisfy mutual exclusion constraints on shared resources. We prove that satisfying utility lower bounds

with lock-based protocols does not imply doing so with the lock-free scheme, and vice versa. Further, we

establish the conditions under which lock-based protocols are “stronger” than the lock-free scheme, and vice

versa.

Finally, we present a rule-based framework that allows tradeoff and negotiation between utility lower

bound satisfaction and utility maximization, and that between individual and collective utility lower bound

satisfaction.

Thus, the contributions of the dissertation include:

1. The GBS scheduling algorithm that schedules activities subject to arbitrarily shaped TUF time

constraints and mutual exclusion resource constraints, to maximize system-wide, total attained utility;

2. The meta-scheduler scheduling framework [40] that facilitates UA scheduling on COTS POSIX

RTOSes; and

3. The class of algorithmic solutions that provide stochastic assurances on timeliness behavior on ac-

tivities subject to TUF time constraints and mutual exclusion resource constraints, including, stochastically

satisfied individual and collective utility lower bounds.
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Appendix A

Additional Static Simulation Results

for GBS

(a) Under Normal Distribution (b) Under Exponential Distribution

Figure A.1: Performance of Algorithms Under Rectangular TUFs and No Dependencies
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(a) Under Normal Distribution (b) Under Exponential Distribution

Figure A.2: Performance of Algorithms Under Rectangular TUFs and Dependencies

(a) Under Normal Distribution (b) Under Exponential Distribution

Figure A.3: Performance of GBS Under Arbitrary TUFs and No Dependencies
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(a) Under Normal Distribution (b) Under Exponential Distribution

Figure A.4: Performance of GBS Under Arbitrary TUFs and Dependencies



Appendix B

Additional Dynamic Simulation

Results for GBS

(a) Under Normal Distribution (b) Under Exponential Distribution

Figure B.1: Performance of Algorithms Under Rectangular TUFs and No Dependencies
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