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I. DISCRIMINATION AND THE QUASI-RANK
MULTIPLE CORRELATION COEFFICIENT

1.1 Basis and History of Discriminant Analysis

When individuals forming a sample can be classified into
tWo or more groups, it is of interest to study how the classi-
fication of a given individual might be based on a set of
measurements. Which measurable characteristics of an indi-
vidual are relevant for this purpose is largely a matter for
judgement of a specialist in the field of application.

An early example from the field of plant taxonomy is
provided by Fisher (1936). Wishing to classify a given speci-
men of iris as Iris setosa or Iris versicolor, he utilizes
measurements of sepal length, sepal width, petal length, and
petal width.

A second example is given by Rao (1948) of a problem in
anthropological classification in which an Indian individual
is to be classified as belonging to one of three castes
(Brahmin, Artisan, Korwa) on the basis of measurements upon
four of his physical characteristics.

More recently, Anderson (1958) describes an example from
the field of education - the admissions problem. Prospective
students applying for admission into college are in one of

two groups - those who have potentialities for successful
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completion of the work, and those who have not. Classifi-
cation is based on the results of a battery of tests.

The several measurements can be combined in various ways
to provide a score for the individual. Under certain standard
assumptions it happens that a linear combination of the
measurements is most useful in discriminating between indivi-
duals from distinct groups. In fact, one usually assumes
that the vector of measurements for individuals selected at
random from a given group has a multivariate normal distribu-
tion with covariance matrix Z, X being the same for each
group.

Suppose there are just two groups, TTi and TT%. Assume
as suggested above that the vector-valued measurement X5 for
an individual selected at random from J[; has a multivariate
normal distribution with mean b; and covariance matrix z,

i = i,2. A randomly chosen individual with measurement
vector x may then be from TTl or from [[,. Let R, be the set
of values of x for which the«individualris classified as
belonging to TTi. Considering the problem from the stand-
point of statistical decision functions (an approach first
used by Wald (1944)), Anderson (1958) shows that the best:

?ggion RlVis of the form:
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where k depehds on a-priori probabilities of TTl or TT2 and
also on the relative costs of misclassification. We note
that the Mdiscriminant function," x’ Z_l(gl - By), is a
linear function of the measurement components.

To form this discriminant function, one must know
Bqs Boy and Z, a circumstance which can be assumed in the
presence of a large amount of relevant data.

If this prior information is not available, one could
for calibration purposes employ random samples X112 X900
seey zlnl and X012 Xpps eee ZQ“Z from'TTi, TT; respectively.
With:

= -1 .
10102 _}S. - ?l. 1 - 1’2

2 nyg
1.1.3 (n, +n, -2)s= 1 oz, - x ) (x.. - %)
1 2 i=1 =1 =ij =i"'=1j =i
one might use as criterion of classification (as does Wald)
the statistic W¢
ol

1.1.4 W= x ST (% - E) .

Wald (1944) gives the large sample distribution of W and also
investigates its exact distribution. His results for the
exact distribution are neither simple nor in a form suitable

for applicational use.
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Generalizations can proceed in the direction of:

i) allowing more than two groups, or

ii) relaxing even further the assumptions concerning the
underlying probability distribution.
Further discussion and references to the work of others

may be found in excellent summaries by Anderson (1958) and

Isaacson (1954).

1.2 Some Difficulties in the Standard Discriminant Analysis

Recall from above that unless large calibration samples
are available one is faced with the necessity of developing
better approximations to the distribution of W than are now
available. There are other difficulties.

One is presumed to have a-priori probabilities of‘jj},
Except in special cases, this information is at best only
approximately known.

In the case of animal populations, one has the natural
dichotomy of male and female. Students of plant taxonomy
and anthropology proceed from the hypothesis of distinct
and recognizable species, firmly established as biological
responses to specialized conditions maintained over long
periods of time. But one is perhaps léss able to defend the
hypothesis of distinct groups of human beings with respect

to the possibility of achieving a given educational outcome.
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Calibration samples are assumed to be drawn at random
from TTi and'TTé. To appreciate the force of this assump-
tion, consider the case in which just two measurements (or
tests) are employed. Typical probability contours for TT1

and TTé are represented in Figure I.
Figure T

Test Response Probabilities with Two Populations

Test 2

(j::> TT% contours

4

(i::> TT1 contours

. Test 1

In the iris example one can readily conceive how the
necessary random samples might be selected, utilizing well-
identified pure plantings of iris.

With the admissions problem the situation is not so
clear. It has been suggested that for calibration purposes
one might use two groups - those students who are "unquestion-

ably successful™ and those "clearly unsuccessful", leaving
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out of consideration any students for whom a clear decision
cannot be made one way or the other. An immediate consequence
is that assumptions of normality and random selection of the
measurements are no longer valid. Figure II is included to
illustrate these remarks. If for example the failure group
contours are horizontal sections of a normal surface, the
probability distribution of the "clearly unsuccessful" group

would hardly be normal.

Figure II

Nonnormality of the Probability Surface for Extreme Groups

Test 2

sug
gra

cls

Test 1

’
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The purpose of this thesis is to develop a working model
for a class of problems, including the admissions problem,

for which the assumptions can be more adequately justified.

1.3 Description and Assumptions of the Statistical Model

A battery of tests Tl’ esey Tp is administered to each
of n individuals:.fldl, ...,I).n. The resulting (observable)
scores for individualf).i will be denoted X159 Xp59 o0 xpi'
In addition,.ﬂ.i has non-observable score X0i (on a criterion
test TO) which is reflected in a rank for£7.i which can be
observed. The n individuals are labeled so that this rank

farfjj_is i, and we then have the following array of data:

INDIVIDUAL
TEST (1, 0, 0 .
T (xOl) (XOZ) .o (xon)
T b X cee b’
1 11 12 1n
T' oo o
p *pl *p2 Xpn

in which X01 < X0 < eee < Xop *
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To give a rather general setting for subsequent choice
of a mathematical model, we note that for any individual we
may observe a vector of measurements x and what we shall call
an "indicator™ d. The indicator may take a variety of formss
for example, one may put d = O if the individual lacks a
characteristic (e.g., is in a failure group), d = 1 otherwise.
Using the language of the admissions problem, we may further
refine the classification by letting d take one of three
values according as an individual is unsuccessful, unresolved,
or successful. The most complete subdivision is by ranks,
and it is to this situation that the work of this thesis is
dirscted. Thus the indicator is itself a random variable
correlated in some manner with the elements in vector X.

A "discriminant function™ which might well be used in
the admissions problem is that linear combination of part
scores which produces a maximum simple correlation with ranks.
This maximum simple correlation, which we denote R, is
acqualiy the multiple correlation of ranks with part scores.
In the sequel we shall study the distribution of R, the
"Quasi-rank™ multiple correlation coefficient.

In particular, we find in Chapter 2 the null distribu-
tion of R?, and that the h% moment of R? for general p is
expressible as the h® moment of R? in the case p=1

multiplied by a function of sample size and h alone. Chapter
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3 is devoted, consequently, to the distribution of R in the
case p = 1. We find there, for this case of p = 1, the
first four raw moments of R. We then complete the discussion
begun in Chapter 2, giving the first two raw moments of R?
for general p.

At this stage, we are able to construct tests of
independence based on the statistic R®. Fitting a Pearson
system density to the known moments of R? we approximate
in Chapter 5 the power of such tests. In addition, we
develop the asymptotic relative efficiency of R® compared
with the standard multiple correlation coefficient, and
illustrate our findings in a demonstration study.

The development in Chapter 3 required a knowledge of

n
+
the first four moments of the statistic X, X = X (i - le) Wi

wherein the w; are the standard normal order stitistics from
a random sample of size n. These are found in Chapter L.

As a linear combination of quasi-ranges, it was felt that
the statistic X itself is of sufficient interest to warrant

inclusion in a final chapter the joint moment generating

n
function of X? and S? =2 (wi - w)®? .
1
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II. SOME FIRST RESULTS ON THE DISTRIBUTION OF RZ

2.1 Invariance Properties of R?

We first define some terms which are used in the sequel.

Let V be a p-square positive definite symmetric matrix

’ —

and P’ = (ul, Hos eees up) be a vector of constants. When we
require that a p-component vector x ¢ x = (Xl, Xog o0 Xp)
have the p-variate normal distribution with mean Y and disper-

sion matrix V§ that is, that x have the density:

D 1
2.1.1 (2m) 2 IVI-E exp [-3(x - p) vi (x - p)l
over the domain - < X < ® (i = 1,24¢4.,5n), we shall write
for brevity:
2.1.2 ;ANPEE:V] .

Let V be a p-square positive definite symmetric matrix

)

When we require that matrix C have the Wishart distribution

and C be a p-square matrix with (i,j)-element cij(= 5

with v degrees of freedom and dispersion matrix V3§ that is,

that C have the density:

2el.3
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over the domain of all cij for which C is positive

we shall write for brevity:

R.1.4 C~w, LV : vl

It will be assumed that random vectors:

(in, Xqss s0es Xpi) i = 1,2,¢04,5n

have a (p + 1)-variate normal distribution.

Let di be any "standardized measure of rank".

definite,

That is,

suppose that di is a constant or M"indicator™ associated with

rank i such that:

n
2e1e5 2 d. =0 and
1 1
n 2
L d, =1
1 1
Define:
2.1.7 x; < (Xli’ Xpis oves Xpi) i=
n
= 1
2.1-8 X = = Z X, .
t no5= ti
2.1.9 X = (R Kyy eees E)

The square of the multiple correlation of the

"part scores" X is then:

n _In _ n
2.1.10 R® =2 d.(x. - X)]2 (x:-%)(x.-%) L od.(x,-X)
1 1 1

1,2’oa.’n

di with
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It may seem that for the most complete generality one

should assume:

201011 o o0 ,”mﬁN
X.

That R? does not depend on U is cleary so we may as
well take p = O for the discussion of R? defined by equation
(2.1.10).

It is also easily seen that R? is invariant under trans-

formations of the type:

01| -
0

ld o

i

v e

with a # O and D nonsingular.

1
Taking a = 011'2 and D such that

2.1.13 D222 D Ip
then:

Vo: | 07
2.1.14 cov | 301 -

i I

I?..f

where:

_1
2.1015 —p- = Gll =D G(l) R
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Thus, we may actually without loss in generality take:

XA 1 o
2.1.16 O ow 0 : -
X ptl) = o I
for the discussion of the distribution of R? defined in

equation (2.1.10).

Now the square of the population multiple correlation
coefficient between x,; andig(i) is, under the assumption of

equation (2.1.11), given by:
’ -l
o Z o
2.1.17 R2 = (1) 22 (1)
O o’ *
11

But, from equation (2.1.13) we have:

-1 _ »
201018 222 - D D )

Thus, R§ may be written as:

. o2y D’D o . ) N
RS _ (1) (1) _ [Gll-z D O(\l)] Ejll-z D G(l)] N

%11

In view of the equation (2.1.15) we have:

2.1.19 B§ = "0 .



2.2 Lemmas

We list a series of lemmas which will prove useful in
the development of the distribution of R2®. Since they are
little more than special cases of well-known theorems, their

proofs will be but briefly indicated.

Lemma 1.
If:
(i) giANp(Q : I) G = 1525000,N

(ii) u; is independent of u, for i # j

(iii) A = (a,.) is a symmetric idempotent matrix of rank t

1]

(t > p)
thens
2.2.1 (1_;._1, Upy ooy EN) A (Hl’ Uy eees EN)’

N N

= X Y a..u. u. wW_ (I : .

i=1 j=1 1] B3 EJ M b ( t)

Proof:

This is a special case of Corollary 7.4.1l, p. 165,
Anderson (1958).

Lemma 2.
If:
(1) %, ~ Np{g(l) : M} i =1,2,.0.,n

(ii) x; is independent of x5 for i # j
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(iii) . Ky is orthogonal,

(Kp)iy = kyy
x] [ 11 %]
X5 as 3]
(iv) : = : Ky : v=n-1
_—l’l_ L an J L E\_&

then:

2.2.2a x = a* Z a. x.~N a Z a.p ¢ a~M
= i= p ;] 1

i
1 \
2.2.2b u. ~N g k (m) i = 1,2 v
. L) —i p m=l mi H » l s g0y
2.2.2¢C us is independent of Hj for i f J
202|2d ,_;_E iS independent Of Hi 9 i = 1,2,---,\) .
n a4 o~ v
22,26 Zlx -8 )z - E) mTy oy
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Proof:

From cohdition (iii):

g - _l
as — —
a , 2 2 2
2 _ afa; a®a, ... afay
2e243 Kl - .
. K]_
S -—
a
— n -
Hence condition (iv) can be written in the form:
51; 7 — — A
u X
1 afa; afa, «.. afa 2
2.2.[’; = L]
: g :
L Sy ] S 1 %]

Thus (2.2.2a) and (2.2.2b) clearly follow from condition (i).

Next, identify:

2.2.5 X =u, (a”a, afay, eeey a?a ) = (kln,kzn,,..,knn)

Then (2.2.4) may be written in the form:

_ - -
Ll kyp kpy e kgp] [
22 k1o kpp o oeer K X2
2.2.6 = :
L _n | -_kln k2n LI BN ] knn’—‘ .}__cn\u
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It is now simple to verify that component a of Ug is

independent of component B of u, for s #t and a _
t _1,2,ooo,po

B
Thus (2.2.2¢c) and (2.2.2d) are true.

Finally, (2.2.2e) is an algebraic fact which follows

easily on writing

1=

=SR] 1
X5 - 8y X )
2e2.7 . = Kl'
( EZn T %n ¥ | By
and noting that Kl'Kl = I, .
Lemma 3.

Suppose that:

x 0 1 E,-

(l) .?:-L —~ N J'o.. H '— i.= 1,2,...,1’1
x Pl g I ‘
=i \ = L P

and that

(i1) X51 < X2 < L.l < Xop -
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Then:

2.2.8a 2 | %oy~ e xgy + I -ppr]l 1 =1,2,000n
and:

2.2.8D0 f(gi, XJ’XOi’ XOj) = f(zi’XOi) f(gjlxoj) i#j

i€y X5 and X5 are independent conditional on (in, XOj), and
the distribution of X5 conditional on (XOi, XOj) is independent

of XOj’

Proof:

The strategy is to find the joint density of gr]xor and

zsiXOs for r < s.

To do this, consider the joint density of all the Xij:

iy ) n

2.2.9 L exp {-3 % (x,:% *+ Q.)}

(p+1)n 1 01 i

(v2m) T
where?
L. L 1

2.2.10 T = pr -p e | =(1-p"p)"
and

= - " 4 —l
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Integrate out variates (XOi : gi) for all 1 except for
i = rand i = s.
Dividing this result by the joint density of Xopt X0g?
we obtaint
1 1 1
2.2,12 ———— exp i-3 Q. - —== exp §-2 Q1 .
(v2m)P < = (v2m)Pe s

Thus, conclusions {2.2.8a) and (2.2.8b) are both valid.

2.3 Distribution of R®: Some First Results Under the Alter-

native Hypothesis.

Lemma 3 provides a point of departure in developing the
distribution of R-Z.
Thus, we discuss the distribution of R? given by Formula

(2.1.10), where

2105 Mol xg 1, - o ¢}

EEIXOi is independent of Ej;XOj for i # j
o n
d. is such that £ d. =0 and & d.% = 1.
i 1% Edy

To simplify the form of R?, we first employ a Helmert

transformation.
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with: L
1 1 1 1 e 1
V1.2 V2.3 V3. Y (n-1)n
1 -1 1 1 cee 1
V1.2 V2.3 V3. Y (n-1)n
-2 1 .o 1
2.3.1 K = 1 0 V73 7,3.4 ;;T?:ITE
-(n-1)
0 0 cee —_—
1 © v (n-1)n
_ —
let
2.3.2 [51, Xoy eeey gn]' = K[x, Ups eee) Ev]” vV = hn-1 .

Also, let:

2.3.3 [XOl’ Xops +vs xon]' K[io, Ugps =+ uOV]'

and:

2.3.1’, [dl’ d2, ..., dnJ’ = KI: d, el’ ...’ e\)]’ )
Then

) n _ v
2.3.5 S d.(x; - %) = T e.
1 1

n v
2.3.6 So(x; - xMx;, -%) = Zou ou.’
1 1




and:

2e3:7

By Lemma 2,

203-8

and:

Ei’uOi is independent of gjluoj for

where:

R.3.9

Next, let {? be orthogonal with first row:

Thens

implies that

2.3.10

I

Wy = Q.u_i

w; Jug; A,

TUA
0

25 -

f

k =

. X
mi “Om

1

e

d

Yoi

(ﬁl’ 92, ¢ e g pp), where T

2




\
2.3.11 R2 =% [Z w, _’J'l'_v'_?
;] —1i-1
where:
PN
2.3.12 ’H_Z ei Hi .
1
Let:
1-T3 [o)¢

2.3.13 M = .

.Q. Ip_l
Employ transformation:

-1 ,

2030114, zi = Mz_"/lfi l=l’2,ooo,v
Then:

[ T -

& upy )
0

2.3.15 ¥ lugy ~, o . I, )

\ O /

T
where § T === .
v 1-T%

In terms of the population multiple correlation
coefficient RO’

Rg

5 = .
/ 1-RZ

0
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Also,
Y 1 ~
2 =% -
2.3.16 RR=F[2y; 9717 %
1
where:
g -1
203017 Z - l ei zi [}

R® may be writteh in the alternative form:

2.3.18 R2 = [W+77IE T
where:
V o~
2.3.19 W= i (Zi - ey Z) (zi - e Z) .

Finally, intfoduce Z; i =1,2,¢e.4,v-1 by an orthogonal

transformations
r — o 0= — - oy
o~
I °1 J
Y2 ) 21
2.3.20 = K .
’ : ! :
vy e
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By Lemma 2,
[ o~ \
6.uo
.0 v
. ~ -
203021 ‘if\Np< . . Ip > 'y uo ?_el uol .
0]
\ L Y . y
[ Vv 8 \
8 mil kminm
< R R S
2.3.22 zZy ~ Np . : Ip i = 1,2,c0.,v-1
\ L 0 . /

y and 2, are mutually independent, i = 1,2,,..,v-1

and:

2 Vgt

Thus,

2.3.24 R2 =F (w+HIL Y
where:?

2.3.25 H=%% .
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We hote that W and H are independent, conditional on

the X5 ¢
Nows:
243.26 1 -R =] 1-R? |
=l1-Fw+urt ¥ .
But:
1 ’_{Z
~ = | w+ H|] (1 - R®)
¥ W+ H
= | w+H-H| .
Hence:
w
23427 1 - R = ' ' .
| w+H |

Partitioning W and H:

1 p-1
. 1 v Wi
W:
p-1 Wy Woo
1 p-1
1 kg Hip
H::

p-1 | Hyy Hoo
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we may write

2.3.28 1 - R? =

“Lowow

g | W - Wy T Wy Wy, |

+ + -1
(wy g hy ) [Wp Tl 5+ (v Fhy )75 (W +H, ) (W 1 o) |

W1 |G|
Thyyop

W11

We shall now see with the aid of Lemma 1 that G and L
have Wishart distributions which are independent of Wi and

h and that in fact [G] / |L| has a Beta distribution.

11°
Let:
I
2.3.29 T =]t
J(2)
and
21
2.3.30 Zg =T ] 1T 1,2,.00,v-1
2(2)1
so that
2.3.31 ho. =75.2
11 Y1
v-1
2.3.32 wyq T ) zli2 .
1
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In view of statements (2.3.21) and (2.3.22) we see that
hll and Wy, are independent noncentral Chi-square variates
with noncentrality parameters we denote by Nl and kz
respectively.

Now kl and Kz can be related to the Xo5 ¢

Rewriting K, definition (2.3.1),

~ -—

1
1
2.3.33 k= | _|°P
Dl et
we have:
2.3.34 PP =1,
2.3.35 PP=1 -1y
n n n

where Jn denotes the n-square matrix with each element unity.

Using notions:

(el’eZ""’e\))' -

l
foF

(dl,dz,-oo,dn)’

2336 .
(u01:u02,---,uov) Yn

d

(XOl’XOZ”"’XOh) X,
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and returning to equations (2.3.3) and (2.3.4), we see that:

2.3.37 e’ = d'P
2.3.38 E'O = KO’P .
Thus:
~ ’, — ’, ’,
2.3.39 uy = e’ug = 4"PP x4
n
T di¥o; o
and
1¢2 2 2
2310 AN T30 [i diXOi] .

Also, from (2.3.22),

Lo v-1 Y 2
=6 .§ [>§ Kni uOm:I
i=l m=1

2.3.41 A
= 1 52 . .
z 0 Y Kl Kl %) .

In view of the orthogonality of transformation (2.3.20),
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Thus,
2.3.43 uy KiK'y = xg'PLI, - P7d d"PI P'x,
h 2 (n 2
N ? (XOl - XO) - l? d;X03
and:
n n Q
23l Ny = 1 5% ? (in - 20)2 - i d; Xp; .

In summary, conditional on the xn;3% hll’wll have
independent noncentral Chi-square distributions with degrees
of freedom 1, v-1 and noncentrality parameters kl, KZ

respectively. That is, conditionally:

2.3.L5 ‘hoo o~ XL R (A

11 1 l)

LR
2.3.46 Wy~ X () .

In deriving the distribution of G, it is convenient to

discuss first of all the distribution of G conditional on
2112 %122 ¢ Zyry-1
Using notations:

Re3.47 Jy,op = (1)

2.3.48 D | = diag (2795 Zygs +ees 275, 1)
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G may be written:

v=-1 wv-1 3
2e3.49 G = sil til 8st 2(2)s 2(2)t
where ag = (A)St
and
2.3.50 A=T1 . -—= D _J. .0D .
*or v=1 Wqq v=1 "v=1 “v-1

3 2 =
Noting that J, ¢ D§_ 1 J,_ 1 T wyq J,_1» We see that A

is idempotent. Also:

R.3.51 tr (A) = n-3
Thus, by Lemma 1,

2.3.52 G r~Wp_l(I : n-3) .

Since the conditional distribution of G given by
(2.3.52) does not depend upon le’ 212’ ee sy Zl:v—l’ it is
actually the unconditional distribution of G.

In the same way, consider the distribution of L

P r~
conditional on (zyy, Zyps eees 27, 75 ¥q)-

For ease in discussing this distribution, identify:

2.3.53 I I e ) i
(2) Z(2)v

<%
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Then,

R.3.54 z(2y1 ~ Vo1 {0 : 1} 1 = 1,2,00e,V
and E(Z)i is independent of Z(Z)j for i # j.

With

2.3.55 D, = diag (le, Zios eees Zlv)

L may be written:

vV oV
2.3.56 L= % X Db_ 2 z °
>+ 1 1 St7(2)s (2)¢
where
bst B (B)st
and
Re3.57 B=1I,- ___%?TT—-Dv J, D, -
i o f11
. 2 =
Noting that J, DY J (wy; * hyq) I, we see
- that B is idempotent. Also:
2.3.58 tr (B) = n-2 .
Thus, by Lemma 1,
2.3459 mep_l (I ¢ n-2) ,

and this is the unconditional distribution of L.
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Also, both G and L are independent of Vi1 and of hll’ and

thus from (2.3.28):

W h h
2.3.60 € ([1-r21M} = 3{!}11 = hll] } 8{ﬁh!

conditional on the Xo5 ¢

G
It is our next goal to show that %E% has a Beta

distribution.

To this end, consider the expression

2.3.61 ]
[w + H]
with
a4 \)"l , -~ ~r
2.3.62 W= i zZ; Z; , H=Y z'

as in the allied expression (R.2.27) ,
But this time we assume:

2.3.63  z, AN (0:I) 1= 1,2,.00.,v-1

p

%; independent of Z; i# ]

2.3.6, Y AN (Q: 1)

p

'E independent of Z3 1= 1,2,600,v=-1
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Carrying through the same partitioning and discussion
of expression (2.3.60) as we did for expression (2.3.27),

one obtains:

2.3.65 [ _ M lc]
W+ H| Wy + By L

in which G and L have Wishart distributions identical with

those previously obtained, independent of‘ﬁil and'ﬂil.

But now, ﬁ&l andTlll have independent central Chi-square

distributions:
2.3.66 Wll’ﬂ X2 2
o~
2
203.67 hllm Xl .
Thus,
~ -l
|G W W
L + ot 7
W +H] )+
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Now, under assumptions (2.3.62) and (2.3.63),

2.3:69 mep (I : v-1)

2.3.70 HAW_ (I: 1) )

%

Since W and H are independent,

[ ]
e3.71 ——~ ~U_..q.
lw + H’ polo V"'l
w
and thus¥* T;L'T has the density:
W+ H
V= b _
1 -1 z 1
2.3.72 - _u (1-u) 0<u<1l .
5[4 5 2]
W11 [G]
Also, =~ .= is independent of —
| w1t by L
and has the density:
Sl bl
2.3.73 - 1 — (1-u) 0<u<1l,.
B[LE , 4]
2?2

*For a discussion of the U-statistic, see Anderson, T.W.,
(1958), pp. 191-202.
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Thus, from equation (2.3.65),

9k
2.3.7L E{—— =
{lLlh}

If p =1, then

"
2'3"75 8 ﬂ}; = l h = l,2,ooo
!
and hence
2.3.76 pr ) 180 - G0 =1, x=1
|L| =0, x#1
For p > 1,
g [lel® (%2 e n - 4"
2’3077 8 - = (h)
ks [l’%-l- +h - ]J
|G|
and hence T_T has the density:
L
1 ol el
2.3.78 u (1-u) 0<u<l.
B[X=P » E:;]
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Moment equation (2.3.60) may howvbé written:

2.3.7 € {1 - R2]h> = & ([———1Virp=1
379 [ wp Thyyt (P

or.

Wiy h} P+ h -]

2.3.80 6{[1-R23h} = € {E———.r—h-l-l-:' Pﬁ‘l +h - :l] (h)

W1

ifp>1.

In view of equationé (2.3.79) and (2.3.80) we have
complete knowledge of the moments o:E"lv-R2 subject only to a

. » w1
discussion of the moments of W T n.o

. As a by-product of
11 11 4

a discussion in Chapter III of the distributien of R in the
case p = 1, we shall obtain the first two unconditional

!
moments of ____:;___

wyp T ohgg

2.4 Distribution of R? Under the Null Hypothesis.

Recall from Formula (2.1.19) that RS =p’p .+ According

to the null hypothesis of no correlation in the population,
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2 = .
RO O . Thus‘

2.4.1 @ = p'p=0 ,

and consequently:

2.1.,,.2 6=m =0 .

Returning to statements (2.3.21) and (2.3.22) we now
see that RS = 0 implies conditions (R.3.63) and (2.3.64).
Thus Formula (2.3.65) follows from the null hypothesis, and
the density of 1-R? is the Beta density recorded in (2.3.72).

With alternative hypothesis Ré'} O, the critical region
for a size a test of the null hypothésis is R® > N\, where A

is found from:

243 Pr[R? > N | Ry = 0] = Pr[1-R® < 1-A IRO =0] =a .

Thus, 1-A is the lower 100a % point of the Beta distri-

bution with density:

2.0 — 1 (1-u) 0<u<1
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The lower .5%, 1%, 2.5%, 5%, 10%, 25%, and 50% points of
this Beta distribution are recorded in Pearson (1958),

pp 142-155, for:

|

p =1 (1) 10, 12, 15, 20, 24, 30, LO, 60, 120

v-p =1 (1) 30, 40, 60, 120, oo .
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ITT. DISTRIBUTION OF R IN THE CASE p=l

A major finding in Chapter 2 is expressed in Formula
(2.3.80), wherein the h moment of 1-R2 for general p,
conditional on the set {in}g, is eXpressed as a multiple of
the h? moment of 1-R?, conditional on the set {XOi}?, in
the case p=l. The multiplier depends only on n and hj i.e.,
the multiplier is not a function of the X5 *

In the present chapter we develop formulae for the
first four unconditional moments of R in the case p=l. We
can then write down the first two unconditional moments of
1-R?® when p=l, and thus, through Formula (2.3.80), the

first two unconditional moments of 1-R2? for general p.

3.1 Conditional Density and Moments of R when p=1

Specializing Lemma 3 of Chapter 2 to the case p=1:

3.1.1 xilei ~N(pxy; : 1-p?) i =1,2,...,n

and Xi,XOi is independent of Xj,ij for i # j

Also:

35142 R =




_hh_

In a first transformation of R, let:

= 2 T =
3.1.3 X5 PXg4 + v 1-p Uy i 1,2,cc04n
Thus,
L, )
d.(6x + ou.
0
3.1.4, R = 1 - - 7
_z _5y2
V) E Calxgy-Ry) + (u,-3)]
where
3.1.5 5§ = __p__
v/ 1-p0%
and
3.1.6 Uy ~N(0,1) i = 1,2,.0.,n
and u; is independent of u; for i # j.
Let
[uy *+ 8(xg - X)) 1, (3]
Uy + 6(XO2 - XO) 1 gl
301.7 . = . P . v = n-1
u, t8(xy, - XOU 1 an




._[+5_

where
[ 1 1 1 1
v 1.2 v 2.3 v 3.4 v (n-1)n
-1 1 1 1
v 1.2 v 2.3 v 3.4 v (n-1)n
3.1.8 P = 0 -2 1 R
v 2.3 v 3. v (n-1)n
0 0 0 eee = (n-1)
v (n-1) n
Also, let:
dy 1 0
d2 1 e
3-109 . - P ‘ .
_dn_ -l 4 L&y

The first entry in the vector on the right is zero in
n

view of the condition X di = 0.
1

Then:




\
X e.v
;] i'i
3.1.10 R = —
\/Z v.?
1 1
where:
v, ( [ x XA
1 0l 0
V2 X02 T %0
3.1.11 |, Qep )
L7V \ | *on ™ *0
Introducing the notation:
v
301012 v = ?_ eiVi ’
v
X vi2 may be expressed:
1
v 2 v . )
—_ _ r~ +~
3.1.13 % v, >i (v, - e;v) ¥R,

H orthogonal, let:




3.1.14

Thens?

3.1.15

where?

3.1.16

Thus, vV and the w, are mutually independent,

2.1.17

where

3.1.18

and:

3.1.19

- - - 1~ -
Vl el v
] : L] H .
v w
L V) LV 4L v-1

L.- -

n
a; = [ § d X041

\V ~ 2 v-1

i (vl - ey v)e = i w




Noting that:

3.1.20

V

-1

- 1,8 -

- F(dy,dg,eeesd, ) (dsd, ...

it follows that 2 w;? has a noncentral Chi-square

bution with noncentrality parameter kZ:

3.1.21

The

3.1.22

over the domain:

A

I

=

1

joint density of ¥

X01 ~ %0
X02 - *0
'XOn XOJ

@ e'AZA% y

PHH P’

1 (nt23)-2

1
e”=Y

distri-

L)

§=0

51 2%(n+2j)r[

~-o<x<omw, 0Ly

nt2j-2

2

2
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Letting My = %alz and using standard techniques, the

density of R conditional on the X04 is found to be:

- + .
3.1.23 < e (A +2)
o
! (ntit24-1 i it Qﬁﬁ
iy Jpntitej-1 1rq_..2y ¢
o @ T [EEZEEL] (2n) (1)
= PN =
cy . nt2i-2
i=0 j=0 iljr r {—jf——]
over the domain: -1<r<i1 .

The moments of R conditional on the Xpy are easily

derived using density (3.1.23) and the formula:

o oo A

2. . L.
3.1.2L % X 7£j— 1(a)3(b)f(1+3) =
i=0 j=0 il!j!
Kk
o (N tA,)
L r —Ll 2 p(ptatp)

where a and b are nonnegative integers and f is an

arbitrary function.
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If we define A, (i,3) by:

it o
3.1.25 Ah(i,j) i/ﬂ Ath(1p2)" 2 4y (h,1,3=0,1,2,...)
-1

it is readily seen on using density (3.1.23) that the
expected value of Rh conditional on (XOI’ Xgps tv XOn) is

given bys:

3.1.26 [ ? | {xo;} 1] =

1. . 2 —t
SOug) @ e (a)Ehad Rt
1/1Te 2?1 hl’J hd

i=0 §=0 irj! T3+ 555

Since Ah(i,j) is an integral over a domain symmetric

in r=0, it is clear that:

0 » h+i=1 (mod 2)
3.1027 Ah(i,j) =
|

4+ -
B g+ 953], h+i=0 (mod 2)

so that the odd and even conditional moments of R are best

considered separately.



Case 1: h=2m+1 m=0,1,2,e00

Since exponent it2mtl must be even for A2m+1 to be

nonzero, we replace i by 2a+l in (3.1.25) and obtain:

w2, 5+ B2 (a,j,m = 0,1,2 )
B |a m 53 J > a,J,m 3LsRgeee/e
Thus:

1l

2mtl n
5129 € [ g, 1)

Oy 2 MM Tla+3+m]  rfe+ L]

e . 'l

: a0 570 ¢}3'  Tla+ 2] Tla+ g+ m+ BH
m=0,1,2,¢0.

Case 2: h = 2m m=0,1,2,...

Since eXxponent it2m must be even for A2m to be nonzero,

we replace i by 2a in (3.1.25) and obtain:

301.30 A2m=B[a+m+%’ J+%—2:| (O,,j,m';O,l,Z,..-).
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Thus:
.1.31  E|rem ol =
3.1.3 [R l{ol}l}
0. 3 . + 5 4 b=l
St e @ M tlo sy sq) Dot 5]
a=0 j=0 alj! f[a + %] T{@ T gt 25; + m]

For selected values of m, the double series in
equations (3.1.29) and (3.1.31) can be expressed in simple

series form by applications of summation formula (3.1.24).

Thus:
L o-(vt) @ () p[k+£]
3.1.32 ER {x.}n]=7g2‘e 1) Mty >
011 1 k=0 k! P[k + %l]
3.1.33 S[R‘?onl}ﬂ .
i K N
. (A *A,) . 2 (A + sz)r ; ¢ (n + )
. k70 kl(k 25;) k=0  kl!l(k + Bél)

k ntz2
7\% ~(Ag A) (A +2y) P[k T ]
e PN
1 k=0 K1 r[k+%§]
k n
1 =N N,) @ (Nt N,) T'lk + =5
+%7“-?i R B A 1°.°% 2l
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K
N e‘(k1+k2) ® (A +25) -
1
k=0 nt
k! [k + —55]
K
(Nt A (N, + AS)
k20 g [k + Qii] |
2
- +N) ® (M + M)k
+3 e 1 2 X (2)
v k=0 g [k + Q%l}

These are the first four moments about zero of R

conditional on the set of unknowns X0i°

unconditional moments of R.

3.2 Unconditional Moments of R

Using notations

3.2.1 SR =

= M3

> 2
(x5; = Xp)

2 =
3.2.2 7 [2 a; in]

We now obtain the
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the parameters kl and k2 of Section 1 become:

323 Ny T

1 &2 nz

Dl

324 kz =

=

62 [32 - nZ]

To simplify the exposition to follow, we state:
Theorem 3.2.1
If x4 (i =1,2,...,n) are the standard normal order

statistics from a sample of size n, then:

2
3.2.5 gg is independent of S% .

Proof:

Since io and S® are symmetric in the observations X012
the joint distribution of X, and S® is the same whether the
Xpi are ordered or not. For the unordered sample, it is
well known that (io, S2) is sufficient for (W, ¢?) and that
the density of (%, S?) is complete. Therefore (Xg S2) is
statistically independent of any statistic which is inde-

pendent of scale and location.

2
Now gﬁ is clearly independent of scale and S% is
n
independent of location. Further, since Z di = 0, n® is also
1
independent of location.
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2
Thus, g§ is independent of S% as stated.
Let:
2
3.2.6 0 = M
12
1 _ ntl
b - 5

3.2.7 d. =

i i:l,2,ooo’n r

n
With this choice of the di’ conditions 2 di = 0 and

1
n
Z‘di2 = 1 are clearly satisfied.
1
Further, let:
n

. - . ntl
302.8 X élv-l- (l - 2 ) Xoi *
Then:
3.2.9 2 = —2 [E(- ) ]gz‘“‘_lxz '

R = —— i - 357) x4,

n(n?-1) (3 2 Oi

The first four moments of X are developed in Chapter 4.
Nows

3.2.10 € [nR] = €& [35 s?]



L
o - - L
3.2.11 e [v] - € [ﬁ s ]
L L, n
- ey e s = (n-1)<n+1)8[—£] :
I_Sh S
Thus:
| 1 -1
3.2.12 e [22] = E:iil € [Xﬂ
ands
3.2.13 e[r] - —1 a? e [x4]
e Sh [(n=1)(nt1) *

For obtaining the unconditional moments of R, it will

be necessary to find expected values of quantities of the

form g%k exp[-—%éz Sz] when S® has a central Chi-square
distribution with n-1 degrees of freedom. These expected

values are readily obtained by integration:



_1l g2 a2
3.2.14 e [321‘ o2 6% 8 } =
@ nt2k-1 _7
- X 2 e-’—%(l-{_éZ)X dx =
P[B;‘i 2 z(n-1)
0 2 ]
2k+n-
_ k2n 1 ngl + k]
2K (1+52) .
T n—l]
2

Using formulae (3.2.12) and (3.2.1)) and the indepen-

2
dence of gg and S? we then have:

302.15 8 S e -
- 8% 2+
e |t -7 5T 2] L
L S2.

ntl 2k+tntl
a1 grxa] [ni+l+ k] 2K(1+62) 2
r [531]



Similarly:
- éi 82
3.2.16 €l e 2 " qk] =
+ 2k+n+3
P e R
o7 ELxY] = 27 (116%)
F[n 3J
2
52 n
- = g® T+ x 1
3.2.17 € {32“1 e ° ]= [2n-1] 2K*2(1452)
r [“2 ]
- 6_2_ 82
3.2.18 els*ke 27 | =
+
N T % + k] . _ 2k2n
o "2 €lx] = 27 (1+8%)
r[%]
and:
- .6_% SZ
3.2.19 Elske 2 7
3 n+2 _ 2ktnt2
a 2erx’] [« ] 2K(1+52)  Z
n+2]
r[%
By using the relations:
3.2.20 N o= 28Rn? 5 Ay N, = 38757

Formula (3.1.31) can be written in the form:



3.2.21 € [Rl{in}ﬂ =
© k+y 2k -363s? Tk + 5
kEO t%;] Cs e i %' T %k + ;%1] .

The unconditional expectation, €[R], is then obtained

immediately on applying Formula (3.2.18). We obtain:

342422 E€LR] =
2
521 -Zex] @ e+ 3] o
PEJ (1+82) z = n 4 ofly .,
a k=0 I‘[E] I‘[k 5 ] K
Similarly,
3.2.23 E€[Rr2] =
ntl
- == ntl
DL 4+ -
2 : Eq™ — ., ntl1
k k k + ==
n-1 nt+l
- ® + k- 2 2k
+1 (1+82) 2 % [ 2 ~——
k=0 k k + ==
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3.2.25 ElR°] =
3 nt2
2 - == nt2 2k
9 o T e g _r (o]
; ats o T[EE] TeiE]
1 _n n 2k
+ 3 P2 (ese) 2 ELXI % reed]
2 Ko W~} . n n+—3
k=0 1*[5] I‘[k + B ] K1
and
3.2.25 elrk] =

k=0 k nt5
k + 55 ]
ntl
- ntl 2k
w3 82 (1452)  ELED § {2 +k_l} X
W
k=0 k [k + n+3] 2
2
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Having available four moments of R, it is now possible
to fit a Pearson system curve to the distribution of R for
selected values of n and p, and thus calculate the approxi-
mate power of a test of the null hypothesis, RO = 0.

It may be noted that these moments are expressible in
terms of the generalized hypergeometric function attributed
to Gauss.

Using the notation:

(a)rl =ala+1) eec (@a+*+n-1) n=1,2,...

(a)g = 1

the hypergeometric function of Gauss is the series:

o (a)  (b) n
Fla,bjcyz] = I e n_ Z .
k=0 (c), n!
It is easy to verify that:
2 pe} 2
@ r2lc+ 3] &
k=0 P[k+7] k!
r2 [ 3]
2 +
S P[B B s )] ¢ = 1,2,3



3.2.27

and

3.2.28

Thens:

3.2.29

3.2.30

+]1
© n2 +k -8 p2k
2 nt3
k=0 k k + == -B

P[%i ‘B] + + +
T [gz B] F [1’123 - B HTB -Bs n_2'z -Bsp ] p=0,1,2
> -
_ [s7]2 2 €x] T[%] n n, ntl, »
€[r] = [—2—] (1+8%) al T ﬁ] F[§, 2% "5 9P ]
2
€[Rr2] = 52 2 -%—_J; ELX?] I‘[Q%] ntl ntl,nt3, 2
R2] = 5F (1+52) = P[QJF[Z,Z;.Z;Q'
2
n-1 pfn-1
+1 (1+<52")—I12 :[nz ] F [&2—1—, %l; n*z”lg p2]




3.2.31

3.2.32

- 63 -

e’ =
_ niz
Ff]% (1+53) 2 8[X3] P[E%g] F[n+2, n+2’ n+5; pz]
: ais g T
n
% 2 IS
+ 2 (82) % (14s2) Sf P[I_E_Zé_] P[2, 35 2525 0?]
ekl =
2 nt3 nt3
] L- T
Fgﬂ (1+52) 2 %i?zj P%QEZ% F[nZB’nEB;ng7; pz]
3 82 (l+62)— g%; erxz] L [g%l] F[n+l ntl, nt5, pz]
2 Qo [%5] 2727?27
+ 3 (l+62)_ ngl‘r [ngl] F [n-l n-1, nt3, 2
nt3 5 2 5 9 5 9P ] .
r[5]

However, this generalized hypergeometric function is

not tabulated in the literature as extensively as we require.

We have thus found it convenient to program the original

expressions, formulae (3.2.22) through (3.2.25), for

numerical evaluation on the electronic computer (IBM 1620).
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ntl
—5—)w,

(i - 5

IV. MOMENTS OF X =

RMBS

A major result in Chapter 3 was the set of expressions
- Formulae (3.2.22), (3.2.23), (3.2.24), and (3.2.25) - for
the unconditional moments CLR! : h=1,2,3,4] in the case p=l.
Contained in these expressions are moments 8[Xh : h=1,2,3,4]
which have not as yet been evaluated. We shall show in this

chapter that €[x] is a polynomial of degree 2h in n,

(h=1,2,3,4), and actually find the coefficients.

o]

+
L.l First Raw Moment of X = £ (i - Zdyy.
— 1
Nows
n n+1
Leldsl Elx] =z - 5= ) Elw. ]
1 1

where wi is the iEh standard normal order statistic from a

random sample of size n. Hence:

' . L
l) L o l(lwm)n 1xd dx

Lel.2 8[}(]_[ (11 Haoi:

I—-‘MB

where abbreviations ¢ and P are used rather than the more
cumbersome @(x) and 9(x) for the density and c.d.f. respecti-

vely of the standard normal variate. When multiple integrals
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are considered, we shall use subscripts as in ¢x’ ¢y’ S,

etc., instead of ¢(x), #ly), ©(z), etc.

But:
Lel.3 g n! i-1 (1 )n-i _ (2)
Sl S TEA ! (menr @ -0 noe
and:
Lel.l, g n! i-1 (1 )n i _
v T EeDr(nei)r @ -e oo
Hence:
00 ™
L.1.5 €E[X] = n(2)f xgodx - 3 n(zy xgdx
-0 -0
- 1 n(z) .



Nows:

n . ntl .
L.2.1 Elx2] = = (i- '2—)2 8[W§]
1
2 r (1 - B (5 - 5 ey .

Considering first the term on the right in Formula

(4.2.1) which is a sum of single integrals, we have:

he2.2 (1 - B2 e[ 2] =

HMB

® n ' . .
J( 2 IO (D 2 (1-2)"7 x4 ax

(00]
®© n 1 . .
-(n-2)f g (i—Z)?.(n—i)! ot (1-)" " 1x2g ax
-00
1 ®n n! i-1 n-i
+ Z(n'l)a i EESETCRST o (1-p) " xPedx
-0
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ors
no ntl
Le2.3 (i - —5—)2 Elw,?] =
1 i
o0 © ©
n(3) J( x2gp2dx - n(B{[ x*gpdx + %(n-l)z?[ x2gdx.
-0 -00 -0

The following three integrals are easily evaluated using

integration by parts with dV = x#dx. We obtain:

(0 0)
Le2.L j x2 gdx = 1
-Q0

00
Le2.5 f x? godx = 3
-
oo
Le2.6 Jf x? ¢p? dx = % + 2;53
-00
Hence:
2 ntl
k2.7 (1 - —5—)2 Elw.2] =
1 T
1 1 (3) .1 _(2)

The second term on the right in Formula (L.2.1) is a

sum of double integrals which reduces easily to the formas



Bute

Le2.9
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. +1 . ntl _
iij (i - 25=) (5 - -—2—) 8[wiwj]

S y
n(h)/ f Xp, T . y¢yd§y dxdy
-0 -00
00 ¥
n“"{[ f xp., (EX + my).ypy dxdy
-0 J -0
© ry
+ n(3) [ f X8, (QX - Qy).yysy dxdy
-0 J -00

@ v
x¢p B -y9 0 dxdy =
[ ] weavepm,

o0 (06)
2 2
- o dy + 2 d
j( ye3 o3 dy jr { y}y ¢, 8, Ay
-Q00 -00

Dl



Also,

© [y o
he2.11 J[- J[ X¢X§X-y ¢Y dxdy =
-0 -00 -0

Le2.12

But:

Le2.13

L2 .1

L2415

J.

y
-0

- 69 -
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Hence:

b2.16 T (1= B (5 - B Elww] =

Wl s st

(L) 1 1
[me/B T L4mv3 ]

+2 [s t |

_1 0 (4) 1 (3)
—gTTnL"‘l'mn .

Using results (4.2.7) and (4.2.16) in Formula (L4.2.1),

we obtain:

Le2.17 €[x2] = -[;,177 n(h) + (1% + 2137/3) n(3) + Tl,, n
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L+.3 Third Raw Moment of X =

™M
e
|
)
=

Nows:

L.3.1 8[X3] =% (i-a) 8[wi3]

HMB

+ 3

—

.2 (i-a)(j-a)aetwiwjzjﬂi-a)Z(j-a)&fwgwjj]

6 L (i-a)(j-oa)lk -a)& [w,w.w ] ’
i<gae 0T E 1K
where:

= ntl
h0302 a 2 .

Introducing the normal order statistic densities
appropriate to each term on the right in Formula (L4.3.1)
and recognizing the resulting sums as expansions of a
binomial, trinomial, and quadrinomial, respectively, we

haves:

3 3 ® [y
L.3.3  €E[x"] zd/' Ax ¢de f]( J[ A2X¢X.y2¢ydxdy
-00 -0 /-0

0'0) y (00)] Z N

+ 2

f f A3x pX.ygydxdy +[ / [ Ahxgxyﬁyzﬁzdxdydz
-0 “Z-00 -0 J-007/-00
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where:

b3 ay = a8 34(6-30)n (3524 (7-9a1302)n P g+ (1-0)n

k305 Ay = 3n0%) (g B2 + 2 + 202 R]
+ 304 [(8-30) 2 + (1-0) B2 + (9-4a) 8,R]
+300%) [(2-0)(7-3a) 3+ (1-a)(5-20) R]

+ 3003) (1-q)(2-0)2

be3.6 Ay = 3n(5) (82 R + @i]
+ 304 [(7-30) 82 + (3-20) gR]
+ Bn(B) [(2-a)(5-3a) o + (1-a)® R]

(2-a)(1-a)®
and:

Lbe3.7 A= 6n'©) (5, RS + o, R? + 282 R + 22 5 + mi]

+ 6n1%) [(10-4a) 3 B+(9-30)22+(4-2a)3 S+(1-a) (RSHRR) ]
+ 6n'%) [(6-3a)(3-a) o, + (1-a)(6-2a)R + (1-a)(2-a)s]

+ 6n03) (1-0)(2-0) (3-a)



wheres

L.3.8

and:

Le3.9
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wn
I

5, - 0,

After simplifying the Ai’ integrating by parts to

reduce all multiple integrals to single integrals, and

evaluating the single integrals, we obtain:

L.3.10

e[x’] =

1 1 1 (L), 15 (3)
[(unVZE T Tovm T 7? Ajnt e g2 nt

(5) 45

+[3(4§?h‘+ 8;b§ﬁ )n

1
¢ 2L a0) . 2 L (2)

3
Ry
3

3

11

8ﬁV2ﬁ

32v1r

11

“Blade + o )55 5

N

2 A )n(h)
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where:

(¢3]
Le3.11 A =f g2 p? dx
-0

and terms arising from each of the four integrals on the
right side of Formula (4.3.3) are indicated separately

within square brackets.

Thus:
3.2 exd) =Ll Lo
b Smrv/mr " (SVﬁ @nV@F) "
(3) 1 (2)
+ + 2 + .
(81/17 m/_)n L . 2

. +

L.l Fourth Raw Moment of X = 5

= MB

The approach used in producing €[] for h = 1,2,3
would, if employed in this section, lay on our shoulders
some formidible problems in bookkeeping. Instead, we shall
show first that 8[Xh] is a polynomial of degree eight in n
and fihd the coefficient of n8. Then we shall demonstrate
the method used in finding each of the other coefficients

and report the final result.

Now?.

Ll' =
Loh.l ELxH] T; t Ty * T3 + T[} + Ts ,
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where:
o L
boly 2 T o=t (1 - a)® ELw,*]
Lelyo3 T, =6 X (i-a)®(j-a)?Clw? wj2]

i<

I

bbb Ty LD (1m0 (00 ey Te(1-0) g €y ]

Lolpo T, =12 = (i-a)?(j-a) (k-a)Elw, 2w w, ] +
5 ), 1<3<u [ i-a)<(j-a o )Elw; “w g

(i—a)(j-a)z(k-a)gfwiwjzwk]+(i—a)(j-a)(k a)ze[wl Wi ﬂ

NG T, = 24 X [(i-a)(j-a) (k-a){l-a) & [w.w.w, wpl .
el 5 i< T Ve 13"

Considering the normal order statistic densities

appropriate to each term and the effects of summation, we
conclude:

Tl is of degree five in nj
T2 and T3 are of degree six in nj
Th is of degree seven in nj and

T5 is of degree eight in n.
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Consequently, elx*] is a polynomial of degree eight in

n, so we may write:

aln(l) .

Lelo7 erxhk] =

= Moy

Our strategy from this point shall be, first, to find

g+ Then, we shall find coefficients aj s 1 = 1,25000y7e

To discover ag we need consider only the term T5’ since

T5 is the only term of degree eight. We express:

L.L.8 (i-a)(j-a)(k-a)(f-a) = ijkf
- alijk + ijf + ik{ * jkf)
+a? (ij * ik * if + jk + 3 + k)
ol (it gtk ) tar

Nows

L =
Lels9 a i<j£k<f e[WinWkW{] 0 .

Additional investigation shows that the coefficient of

8

n- in:d
belya10 2o, [-eligk +agf il o+ gul)
1<3<u<f
+ aR(ij + ik + if + jk + jf + kf)
3. . .
-a’(it+j+k+ [)] & [wiijkwr]

is zero.
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Thus, ag is the coefficient of n8 in the summation:

ol % i LW,
Lel 11 21 <<l iikf 8[W1WJWKWI]

Nows:
Lelol2 ijxf = (i-l)(‘*)+2(i-1)(j-i—l)(z)(k-j-l)
+ (i-l)@-i-l)(k-j-l)(2)+(i—1)(j—i-1)(3)
+ (1-1) (3-1-1) ) (fore-1)4(1-1) B (k- 3-1) (2
+ (1-1) P (k- 3o1) (f-k-1)43(1-1) (B) (5-1-1) ()
+2(1-1) B (o1-1) (foke1)4001-1) (B (5-1-1) (k- 3-1)
+ (1-1) BV (foke1)+2(3-1) B (k- 3-1)

+3(1-1) ) (5oi=1)+(3=1) (5-1-1) (k-j-1) (f-k-1)

+ terms with fewer than four factorsj
and?

Leko13 = ikl €lw,w
1<3<k<f H 15"k

8) / [ / [ Xy V92 yW)XP yp zZ@ - dxdydzdw

+ terms of degree less than eight in n, where:

wy]
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Qlx,y,2,w) = 8% + 28RS + TRSZ + RS + ORAT
+ 3282 + ®RST + 3T%R2 + 232RT

+ LgPRS + T + 29°S + 39°R + gRST .

The terms on the right in Formula (4.L4.1lk) have been

written in the order given to correspond respectively with

the terms on the right in Formula (L4.L.12), and:

Leho15

Lelal6b

Lolo17

Lelo18
Hence:
Lelel9
and:

Lolo20

where:

Lol.21

2= o
R=5 -5,
5=18, - &

Ax,y,2z,w) = 2,0,9,0,

8.8=2LPA 3

® .z 00 L.V
A i]( J[. J[..j( x¢xﬁx.wgwgw.y¢ygy.z¢zgzdxdwdydz.
-7 -007 -2 7 ~®
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We now interpose a short list of definite and indefinite

integrals useful in reducing integral A.
hely.22 fu¢25du = _gp + {21, [2} = f¢2 du
Loh.23 [uy!zﬁzdu = -3 g%g° + [5253@ du

Lolo2L, f{Z}u;z@du = -{2}lgp + 3{2}% + j;szQ du

N

Lelio25 f;szQdu = 3 g%p° + fu;zf?*gz du

Definite integrals:

® o
Lol o226 j’ u¢393 du fj’ ¢4Q3 du

(0] 0

0o 0o
Lolyo27 J[. uﬁh o™ au =-jr ¢5 o’ du
- 00 -0

@ (0 0] (0 0)
Lol.28 [ 2}z8 00 du = §/ F o du +/ [2]1#45°du
-0 - -0

0o (0]
Lelye29 3[ {212 ug?pRau -[ {21> ugpdu =

0] (0.0
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e0) (0 0)
Lele30 f {212 ugadu -2f {2} ugRpRdu =
-00 -0
(¢9)
- f #0%du + g
-00

Using indefinite integral (2.4L.22), we have:

Lele31 A =
(e8] Z

f [ [—¢yQy+{2y}]y¢y§§y[§7—+ﬁf@ {2Z}JZ¢Zﬁzdydz )
-00 </-00

Indefinite integrals (4«L.23),(L4.L4.2L), and (L.4.25) are
now employed to simplify Formula (L4.L.31) to the form:

@ (0 0]
b3z A= o apvdan —;—f z g oz
-® -0
00
- % f {2}2953@3 dz
=00
(00 @
o %[3 f {212z 4R p2dz —f {213 zwdz]
-00 -0

+
Y
< |+
2
—
—
8
N
S
=
N
1
)
\
)
=
SN
)
el
v
Q.
N
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But the definite integrals on the right side of Formula
(4.4.32) are those which are listed in like order in

Formulae (4.4.26) through (4.L.30), and we therefore obtain:

Lel.33 A= W .

Hence:

S N T
We have yet to evaluate the remaining coefficients:
al’ a2, ..C, a7.

Returning to Formula (L.L.7), let n = 1. We obtain:
1

boh35  ap =€l >i (i-1) w,I* = o .

To find 8y 835 ey Ay the same approach is used:

n
3 . +
evaluation of €[ £ (i - ngl)w ]k for particular values of

1

n. As a second (and less trivial) illustration, we now
find as e

iet n =2 in Formula (L4L.L.7) to obtain:

2
Leh36 2a, €L T (1 -3) w 1% .
1



That is,

Lol .37

But,

Lelo38

Also,

Lehe39

and:

Lol LO
Thus,

Lelolt1

- 82 -

16 a, = 8[w241n=2]

+ 3€ [wl2 w22|n=2]

- 18 [wy wy” |n=2]

@

8[w2hln=2] =2 Jr xh¢gdx =3 .

8[w12w22ln=2] =

!
N
K\

I
O

8[le33ln=2]

i

ool
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The remaining a; are found in like manner, and are

listed below:

hebeb2 a3 =S5+ 57705

_21 . 2 7
helol3  a E’*—%*n

= 9 1 12
Loloolyl ag fg t it 1> 4 125

= 1
Lol ol5 8 =8t st 33"15% tE T

_ 1
Lol L6 8, = gn t T3



We
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summarize findings of this chapter in three tables.

TABLE I

Decimal Values for Coefficients ay in

8
no. +1 L _ (1)
8[? (1 - 25—) wi] g a;n .

€l % (v - l%;) ijh'

0 I O w1 I W N

.75000 00000
26.88588 01785
307.10662 30236
1966.552,40 1,018
8839.9551L 8668)
31269.46197 L6L7

= v e =

.37500
.10598
.50262
. 76981
.55662
.17140
.00633

00000
00298
92628
74225
8L25L
88133
2573981




- 85 -

TABLE II

n
> : = 2
Values for b and c; in 8[? (i - —5—)w.] byn + b,n® and

n
8[? (i - B%;)wijz = ¢c.n T 02n2 + 03n3 + ¢ nk

-.28209 47918 | -.00946 92671
.28209 47918 .04835 88138
-.11846 70,82
07957 747155

oW N
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TABLE IIT
Values for d. and e, i 8[121 (i - Ili'l)w ]3 = g d.n' and
or i i in 1 2 i 7 i
n 8 .
i £+___l ‘}4‘ = 1

8[? (i - 5 )wi] IZL e;n” .
i di e;
1 -.001.48 16030 -.00043 57134
2 .0032L 9,513 .00022 93585
3 -.00393 801022 .00096 98062
L 01263 341272 -.00241 33013
5 -.03291 16411 .00508 83662
6 02241 839026 -.00386 78320
7 -.00590. 325817
8 .00633 2573981
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V. THE APPROXIMATE POWER OF TESTS BASED ON R?

Having four exact moments of R in the case p = 1 it is
now possible to approximate the power of tests based on R2.
To do this we employ the Pearson system density which agrees
in these moments with the true distribution of R. Approxi-
mate power values for a two-sided test of the null hypothesis
RO = 0 are shown in Section (5.3) for n = 10 and n = 20.

In Section (5.4) we obtain twenty random observations
from a six-variate normal distribution of known structure to
demonstrate a test of the null hypothesis RO = 0. We derive
and calculate the sample discriminant function to which we
referred in Chapter I.

We find that the asymptotic relative efficiency of the
squared quasi-rank correlation coefficient compared with the
squared standard multiple correlation coefficient is inde-
pendent of the number p of predictor variables.

In a final section we discuss an alternative method of
obtaining an approximation to the distribution of R? and thus
an apbroximation to the power of tests based on R®. The
agreement in the case n = 20 with the results in Section (5.3)
is excellent indeed, and provides evidence that either method

will produce good approximations to the exact power.
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5.1 The Pearson System: Four-Moment Solution

We are fortunate in having a treatise by W. P. Elderton
(1938) which provides all formulae needed to select the
appropriate type of Pearson curve and to calculate the
distribution constants. The notation used below is that

of Elderton.

Withs

= 2 _3
5.1.1 By = bE 13
5.1.2 By = by, uéz

one calculates the Mcriterion™ k:
5¢1.3 k = Bl(Bz'i'B)z‘ 4(&82'351)(262‘331'6)

to discover which type of Pearson curve to use. With the
distribution of R, k will in general be negative, which
demands a Type I curve.

Pearson Type I curves are solutions of the differential

equations:

e
501.[‘, y_y al+X a2—X ,—al<X<8.2
in which:

5.1.5 ay > 0, a, >0 .
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Elderton considers for mathematical convenience the sub-
class of solutions of equation (5.1.4) for which the mode is
at x=o. The curve so obtained will correspond with the
given distribution in variance and in shape factors Bl and 52.
A simple translation will produce a curve having in addition
the same mean as the given distribution.

. We calculate in turn:

5.1.6 r = omy + 1 + m, + 1

= 6(B, - By - 1) (3B, - 2B, * 6)7F

5.1.7 g = (ml + l)(m2 + 1)
Bl(r+2) -1
=r2 1++ .
L(ir + 1)
and
5.1.8 p2 = Zorilrtl)

€

At this point we can calculate mq + 1 and m, + 1 as the
roots of quadratic equation:
5.1.9 MR? - M + e =0 .

Now my + 1 is the larger of these roots. To see this,
we record the additional formulae:

b
5.1.10 b= ;T;:ET (m2 - ml), where b = ay + as



- 90 -

5.1.11 by = 2p? (ml+l)(m2+l)(r—2)[r2(r+l)(r+2)] (VR

Since mys My, and r-2 are positive while uB is negative
in our calculations, Formula (5.1.11) implies that p is
negative, and thus m, must be smaller than my (according to
Formula (5.1.10)). Since m; * 1 is the larger of the two

roots of Equation (5.1.9), we obtain:

5.1.12 my = -1+ 3r +3 Y r? - Le
5.1.13 m2=-l+%r-%1/r2—1+8 .
Further,
ml b
5.1.1 a. =
b 1 r -2
_ M P
5-1015 8.2 -
r - 2

This completes the preliminary work of finding the
Pearson curve which corresponds with the given distribution
in 0%, By» and By-

Now ELR] is the mean of the given distribution, while p

is the mean of the fitted curve with mode at x = o.
501'16 S = 8[R] - IJ: °

S is positive in our calculations, and the density we

are seeking has the form:
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m m
5.1.17 Const. (1 + X=25) 1 (1 - 2=-5) 2
al 8.2

over the domain -a, +t s <x<a, ts .

1 2

Now for values of p? close to unity the appropriate

Pearson curve is no longer of Type I. A method is needed to

provide a supplementary approximation.

5.2 The Pearson System: Two-Moment Solution

To obtain a supplementary approximation for large values
of p® one might use that curve of the Pearson system which is
indicated by two moments of R*®. Thus we are led to consider
the Beta distribution, and adjust its parameters by the first
two moments of R%.

It is worthy of mention that the distribution of R?
under the null hypothesis is a Beta distribution. Further-
more, as we shall see, a curve of approximate power derived
from the four-moment solution above appears to agree very
well with the corresponding power curve derived from the two-
moment solution for values of p? for which both solutions
are available. Thus, the two-moment approximation provides
a smooth extrapolation for larger values of pZ.

We now adjust the parameters my and m, in the density

m
5.2.1 L x T (

m
x
Blm, *1, m,*+1]

1 -x O0<x<1
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So that the equations

my + 1
5.2.2 = ¢[R=?]
my + m, + 2
and
(m, + 1)(m, + 1)
5.2.3 = z - €[Rk]

(ml tm, + 2)(m, +m, + 3)

1

are satisfied. Solving for mq and m,, we obtain:

5.2, ny = [2(€[R2])2 - e[R*] - e[RRIE(R*]] o™°
and

5.2.5 m, = [€[R2] - 2€[R4] + e[RRIE(RM]] o2
where

5.2.6 0% = E[R¥] - (E[RR1)Z .

5.3 Approximate Power of Tests Based on R®?

A size B test of the null hypothesis RO = 0 against

alternativesRS # 0 will have a critical region of the type

2
5¢3.1 RS > A
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where ka is determined from the equation

503-2

Solutions for ka can be read directly from Table 13,
Pearson (1958), for « = .001, .005, .01, .02, .05, and .1}
and n - 2 =1 (1) 20 (5) 50 (10) 100.

Knowing ha, the four-moment solution power is easily

found from the equation
Na
| m m
5.3.3 B = constl[ (1+E8) 1 (1 - 2=8) % g
-a; T s

+ -
ka al s

al * as my my
= const, u - (1-u) " du ,

0

reading the value of the final integral from the chart of
Table 17, Pearson (1958).

Similarly, for the two-moment solution one derives the

power from

" My )
5.3.0 B = consty u =~ (1 - u) du .
0
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where A\ is found as before from Equation (5.3.2), and the
value of the integral in Equation (5.3.4) is read from the
chart of Table 17, Pearson (1958).

Values of the approximate power so derived are shown

in Table IV for sample sizes n = 10 and n = 20 taking a = .05.
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TABLE IV

Approximate Power of the Two-Sided Size .05 Test of RO =0

for n = 10 and n = 20

Power, n = 10 Power, n = 20
o2 dolntson Soluvion Soturion  Selution
.00 .05 S .05 *
.05 .08 % .15 *
.10 1L * .25 3
.15 <17 * <37 <37
.20 22 * .50 L8
.25 .28 3 .59 .60
.30 .36 .35 .70 .70
«35 oLl 41 .79 .80
« 1,0 49 L8 * .87
L5 <55 <55 * .93
.50 .63 .62 * .96
<55 * .67 * <99
.60 * .73
.65 * .82
.70 * .87
<75 * .93
.80 % <97
.85 * .99

o Out of the range of the Pearson Chart.
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5.4 Demonstration Study: Test of R§ = 03 The Discriminant

Function.

In this section we illustrate the computations required
to test the null hypothesis RO = 0 against alternatives
Ry 7 O. 1In addition we derive and calculate the vector of
coefficients E in the linear combination E'z,
x = (xl, Xy sees xp)', which would be used to rank subse-
quently chosen individuals in order of merit. Thus, E'E is
the discriminant function to which we referred in Chapter 1
as an alternative to the classical discriminant function of
Fisher.

Given a random sample of size n from a (p * 1)-variate

normal distribution, we rank the vectors Xx.

i = (Xli’XZi" . .,Xpi)

in order of size of the X0:® Xo1 < X0 < v < X0 We form

in turn

n .
5.4.1 Cop = ? di (x; - X)

n — — '
and

2 =
5.4.3 R Cop G171 C1o -



- 97 -

To determine the coefficients B in the linear combination
B°X such that the ﬁ'gi have maximum simple correlation with

the di’ we form the simple correlation coefficient r:
£ Cyo

5Ll r - .
\/.@ Cll B

Since r is independent of scale, we take for convenience

and maximize unconditionally the expression

5046 Q=B Ciy-2NB" Cyq B

over all possible choices of §.

Differentiating with respect to B, we have

29 _
5'&‘,?7 aﬁ Clo 7\ Cll _ﬁ .
Denoting the critical value of § by E} we have on setting
0Q
— = 0 that:
Y
5.L.8 ClO - A Cll Bg=0 .

Multiplying both sides of Equation (5.4.8) by B°, we have

by virtue of Equation (5.4.5) that:

5.4.9 N=8 Cip =R
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where R is the maximized simple correlation coefficient. Also,

-1

11 ©

A:_J:
544410 B=%¢ 0 -
Again, since the scale of B can be chosen for convenience,

we take

N |
5.4.11 B=0Cy7 0y -

For a numerical illustration we obtain a random sample of

) =

size n = 20 of normal 6-component vectors (xy;, X}

(XOi, Xqjs wves XSi) by expressing:

= + + -
Xoi ~ Upg T upy ToUgy - Rugg

5.4.12 X5 = Uqs - 2u2i
X31 = uBl
Xpi T Usg T Wy
Xgg T Upg T Uy Tugyg

in which u , is independent of U, for (m, i) # (v, j) and

each U has the standard normal distribution.
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The squared population multiple correlation coefficient
is then by virtue of Formula (2.1.17),

2:
54413 kg

~Jho
L]

We find on using Formula (2.3.80) together with Formula

(3.2.23) that in this case:
5eLhe1l E[R2] = .5366 .

The critical region of the two-sided size a = .05 test
of the hypothesis RO = 0 is determined as outlined in Section

(2.4), and consists of all R® such that:
5¢4.15 R2 > A\ = .51

Since the asymptotic relative efficiency of R® is shown
(in Section (5.5)) to be independent of p, we obtain an
indication of the power of this test in the case p = 5 from
Table IV which was developed for the case p = 1. The esti-
mate so obtained is 0.90.

The random sample was generated by using Table A-2,
Dixon and Massey (1957), of random normal numbers with u = O
and 0% = 1.

We obtain:

2 = -1
5.4,.16 R COl Cll ClO
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in which
5.4.17 001 =
(L.4519667, -2.9923112, .501151877, .31016855,
3.6394635)
and
544418 Ciq =
- -
L2.829555  _LL.573736 -.678252 -7.368117 10.678235
-LL.573736  125.163006 22.868677 23.759L71 6.051730
-.678252 22.868677  26.,60397 26.060996 -1.107908
-7.368117 23.759L71  26.060996 36.849L465 8.151393
| 10.678235 6.051730 -1.107908 8.151393  34.573935
Calculation provides the sample value of RZ:
5.4¢19 RR = .727

Since R® is in the example beyond the critical value
N = .51 we would correctly reject the null hypothesis: RS = 0.
The coefficient vector for the sample discriminant

function turns out to be:

5.4.20 B = (.017916, -.032856, .168185, -.11635 , .138306)

and the sample discriminant function is

54021 B'x = .017916x; - .032856x, + .168185x, - .116356x

L

+ .138306X5 .
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We now find the simple correlation coefficients of the

n

ﬁ'gi with the Xy;, X5., X359 X540 and Xg individually.

i
These are listed in Table V below as rys Tps T35 T)5 and rs

respectively.
TABLE V

Sample Correlations of the set {@'gi}i with the sets

n —
{x s k=1,2, «.uy 5.

ki’i
i rl ' r2 r3 Th rg
L7952 -.316L .1155 .0597 S J723L

Since in the probability structure of the observations
X5 and XLP are uncorrelated with Xq s it was to be expected
that variates Xq and xLP would have the smallest sample
correlations with the discriminant function.

In Table V, ry and r; are both large. As is the custom
in the multivariate theory, our attention would be drawn to
variables X4 and X5 if it is desired to reduce the dimen-
sions of the predictor variable. This is in accordance with
the structure of (XOi, Xyg0 veeo XSi) wherein x,. and x,

5i

have comparatively large population coefficients with Xo4*
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Finally, by using the sample discriminant function, we
can rank the 20 individuals in the given sample and compare
these estimated ranks with their actual ranks based on X0i*

The following comparative ranks were obtained:

Rank on X04 1 2 3 L 5 6 7 8 9 10

Estimated Rank| 1 2 L 6 5 3 8 9 13 7

fank on x5; 11 12 13 1, 15 16 17 18 19 20

Estimated Rank | 10 11 1, 12 16 17 18 19 15 20

In no case is the discrepancy in rank more than four.

5.5 The Asymptotic Relative Efficiency of RZ

To avoid some confusion we shall in this section employ

the notations:

5.5.1‘ RQ = the quasi-rank correlation coefficients

1

the standard multiple correlation coefficient.

5.5.2 Ry
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Now RS and RZ have identical distributions when Ry = O.
To see that this is true, recall from Chapter 2 that when
Ry =0, u=1- Ré has a Pearson Type I distribution. In
particular, u has the Beta distribution of the first kind
given in Formula (2.3.72).

Further, ;ﬁg has the Beta distribution of the second

kind with density

1 %p-l
X
5¢5.3 — 0 <x< o
2 2
RZ
so that v-p l-u =[V—p] 9
p u P J1-R2
Q
has the density
1 ip-1
5.5.1 rizv] [p]?®  x*P — 0<x<o
Tl (vp) ip] [P) (14 B 0™
R 2
Thus, when RO =0, 2-p Q has Fishert's F distribu-
P 1-RQ2
tion with p and v-p degrees of freedom. But this is
R ?
precisely the distribution of E;E lPR 5 (Anderson (1958), p. 90).
P

Since the null distributions of Ra and R%\are identical,

the asymptotic relative efficiency of RS vis-a-vis R% is:
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5.5.5 A.R.E. [Rs vs Rf)] =
, p 2
0 g [g2 2]
R :
dOR 2 Q RO
0 "RE =0
lim { 3 ‘
n-a g h
_é_z € Rli : RS
aRO - RS =0
\ p,

Now Anderson (1958) presents the moments of RP in

Equation (39), page 96. In particular,

1 .
(1-r?)?Y @ RZL r2livtil T [4pritl]

5. '\06 8[R2] = - ) 2
5 P Tlav]. j=0  11T[3p*ti] T [3vti+1]

Differentiating with respect to RO, and evaluating this

derivative at RS = 0, we obtain:

0 -
5.5.7 Sﬁg 8[R§] = -3p + v+2 (3p + 1) .
RE =0
Thus, lim bRg SERZJI is free of p and in fact:
. s =0
O
5.5.8  lin 25 E[RA] =1 .
n->00 aR RS =0

Equation (3.2.23) above expresses the expected value

of RS. Writing this expected value in terms of RS, we have:
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Q
(k+1)
1, o |3v + k| RE
20 0" x=0o| kx JkxTiv+1
) 1, © vtk -1 Rék
z (1 - RE)* % T Iy .
k=0 k 2

Differentiating with respect to Rog, and'évaluating

this derivative at Ry%, we obtain:

o 2 _ elxel 1,
5.5.10 ORZ E[RE] T ahe) -
RE = O

As we shall see (Chapter L, Equation (4.2.19)),

-1 () 1 (3) . 1 (2)
5.5.11  €[x2] === +(1-§+—2%73)n +5m .

Hence,

‘ . ELXx?] 1| - 3
5.5.12 }lfgo a(vtz) F‘z‘] T

Using the limits recorded in equations (5.5.8) and

(5.5.12) in Formula (5.5.5), we have:

2

5.5.13  A.R.E. [RE vs. RZ] - (%

It is interesting that this result is a constant

independent of the number of measured variates p.
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5.6 An Alternative Approximation to the Distribution of R?

When p = 1.

Though the density of R found in Chapter III did not
seem to be usable for finding probabilities, we were able to
generate four moments of R. In sections 1, 2, and 3 of this
chapter we used these moments to find an approximate density
for R® which does allow calculation of an approximate power
of tests based on RZ.

Using a rather different approach, we find in this
section an alternative approximate density of R?. It will
be clear from the derivation that approximate power so
obtained will be increasingly accurate with larger sample
sizes. Additional evidence of the asymptotic accuracy of
this method is shown by comparing approximate moments of
R? with exact ones for several values of n.

Good agreement of the approximate power obtained in this
section with the corresponding results in Section (5.3) will
be taken as evidence that either method is indeed satisfactory.

Consider once more the distribution of
n

2
(% d;v;)

5.6.1 RR =
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under the conditions:

i) Vectors (x., yi) are randomly selected from the

i
bivariate normal population with correlation

parameter p, 1 = 1, 2, «es,y Ny

ii) Subscripts i in the vectors (xi, yi) are rea

so that x5 is the iEh smallest of the x's3

111) 4. = = (1 -

+ A
i “vali -5 152

In the joint conditional distribution of the y's

ssigned

given

the set of x's, the y; are independent. Vi depends only on

the value of X5 and in fact:

5.6.2 yi'Xif—\N(pXi : 1-0%) .

In the marginal distribution of the set of x's,

the'iEh smallest standard normal order statistic. We
notationss

C is the n-square matrix with (i, j)-element ¢y 4t

5604 af(xi-ii)(xj—éj)] = (C)ij “ciy 3T L2

I

5.6.5 B = (£, Gps eees )

5.6.6 y’ = (yl, Yos eses Yn)

x. 1s
i

use the

ooo,n

000,n



- 108 -

It is readily shown that

5.6.7 8py] =pt

and

5.6.8 E(y-p8) (y-p£)" ] = (1-pR)I + p3%C .

Further,

5:6.9  uy (y) = pluslxy)

and

5.6.10 fg_(ﬁ), . Rle (:i) ‘23“5 (Zi)]
K5 (Yi) [1-p%+p Cii]
i=1,2, ceiy n .

Cn . -2 2
Since o (Xi) is of order 0(n™*) and My, (Xi) - 315 (Xi)
is of order O (n'3) unless i is near to unity or to n
(David and Johnson (1954), it appears that one might consider

for approximation purposes that
5.6.11 yANn[pg : (1 -p%) I+ pRcCl]

unless p? is very close to unity.
However, the elements of C are not simple functions of
n. To have any success in developing the distribution of R?

it seems that we must seek to represent cj . by Eij :
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.6.12 S, = + +
2:b.1 Cij %0 T %185 T apey T agesey
) =+ .
where e, = i - le i=1,2, eeu, n

and the a's are constants to be determined by minimizing the
sum of squares:

n
5.6.13 Z

(c.. - C..)%
i—.:.l .j l lJ lJ

*

s

We find:
AN
5.6.1L aq =
5.6.15 &l = &2 =0
2
N 2 1
5.6.16 o, =a 7l€lx2] - £ (5] )
where
5.6.17 X = (i - By, 3= 1,2, «euy ne

In Chapter IV we found that

n

e
™

)

5.6.18 E[xR] = {6 -iiﬁ

o™ T n-2
Hence
5.6.19 oy =:z"lv

where
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5.6.20 y= 1+2 (3 -2)+8 (53817
= 4882547385 - 3746235346 (a + 1)TT .

With

-
506021 di =0 ei i = l, 2, eo oy
and D the n-square matrix with (i,j)-element

_ i
506.22 (D)ij - didj j - l, 2) o o)

~s

we introduce the matrix C =
5.6.23 C = % J + yD
and study the distribution of

v Dy
5.6.2L R = — I
n

for

5.6.25 v N
Now

5.6426 R =

with
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5.6.27 a=(1-p2) (1-p%+ sz)_l
5.6.28 Q = (1 - p% ¢ vo?)ty D y
5.6.29 Q = (1 - 0?) 71 y (I - % J-Dy -

Ql and Q2 are independent noncentral Chi-square variates

with degrees of freedom 1 and n-2 and noncentrality para-

meters
= 1 p*? S 2
5.6.30 M Tz T Z T2 (i 3 5)
2 n 1 o
6. - 1 P z £ - 5 (% 38.)7]
respectively.

The density of R? is easily shown to be:

5.6.32 o~ (M)

i J L1 . a1l

i=0 j=0 113' Bli+3, j¥i(n-2)] (autl-u)i*i*z(n-1)

D=

It seems infeasible to integrate this density for
probabilities except when a=l. Setting a=l1 is equivalent
to taking &3 = 0. Since by Formula (5.6.19) &3 is of order
n’3, the probabilities should not be greatly affected by
taking &3 = O except possibly for values of n and p such

that n%l—pz)2 is very small (by virtue of Formula (5.6.10)).
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For an example, we take n = 20. The critical region of the

size a = .05 two-sided test of RS =0 is

5.6.33 RZ > .197
and its power is L 1
) Ny
(At ) @ o M 1 o1 g
6. L2y v - ul 2 (1-4)9 %y .

T .197

Since kz is small in this example, we need consider
only terms for j = 0, 1, 2, 3. We obtain the results given in

the following table.

TABLE V

Approximate Power of the Size a=.05

Two-Sided Test of R2=0 for n=20

0

Dz N A Power
1 2

.1 .959 982 .022 139 .257
.2 2.159 960 .0L9 813 .501
.3 | 3.702 789 .085 393 726
ol 5.759 893 .132 831 .891
.5 8.639 81,0 .199 251 971

A comparison of these values with the corresponding
values for n = 20 in Table IV shows the agreement to be very

close for all pZ?.
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As additional evidence of the adequacy of the approxi-
mations in this section, we show in the following table
exact moments 8[(R2)h] for h = 1,2 and the corresponding

approximate moments found from the formula:

- (N HN,)
er(r2)h] = o 12
. 1
< @ 7\‘17\'3 . 1 .
12 1 i+h-3 5+
% . )
1=0 jio 1151 Blitz, j¥9] Jf u (1-u)Y "du

TABLE VI

Approximate and True Values of E[LRZ?]
and €[R%] : n = 3

€[R?] elrk]
0 Approx. True % Error | Approx. True % Error
.1 .5018  .5021 -.06 3768 L3771 -.08
2 <507, .508) -.20 0 .3824 .383L -.26
3 +5183 <5192 -.37 +3923 «3941 -«43
oL .5326  .5350 - 45 078  .L,098 -.49
5 5552 5566 -.25 4307 .4312 -.12
.6 .5885 585 .53 L4649 L4581 1.42
.7 .6385  .6237 2.37 .5173  .L965 .19
.8 7172 L6759 6.11 .6027  .54,60 10.38
.9 8LL0 752 12.17 L7530 L6171  22.02
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TABLE VII

Approximate and True Values of E[R?]
and €[R¥] ¢ n = 10

- E[R?] err"]

P ~ Approx.  True % Error | Approx. True % Error
.1 «1174 .1177 -.25 .0332 .0334 - 42
o2 .1367 1377 -.71 0421, 0429  -1.23
A .1699 <1714 -.89 .0590 L0600 -1.77
oL .2185 2195 -.46 .0852  .0866 -1.62
.5 .2851 .2831 .70 <1249 .1257 -.57
.6 3727 .3636 2.50 .1850 .1820 . 1l.61
o7 4,852 4631 Le75 .2768 .2633 5.12
.8 .6260 <5849 7.03 4,196 .3819 9.88
9 .7954 7338 8.39 6421, .5603  14.66
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TABLE VIII

Approximate and True Values of €[RZ?]
and E[R¥] : n = 20

E[R?] E[RY]

o Approx. True % Error | Approx. True % Error
.1 L0604  .0606 -.30 .0096 .0096 -.55
.2 L0841  .0846 -.69 016}, L0166  -1.43
.3 1242 .1250 -.66 .0295 .0301  -1.94
ol .1818 .1821 -.14 | .0522 .0532 -1.81
.5 2585  .2566 .75 .0898 .0906 -.88
.6 3560  .3493 1.90 .1505 <1491 <9l
.7 L7610 L4616 3.1L <2170 .2386 3.5
.8 L6201 .5949 L+23 .3976 3732 6.51
.9 .7880 .7515 L .86 .6255 5742 8.9L4
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n
VI. Joint Moment Generating Function of S% = I (x,

i

n 1
nn2 = [z (i - I%;)Xi]a, x; = the 1%h standard Normal
1

- )2 and

Order Statistic ig n,

In a preliminary effort to investigate the distribution
of R and develop the moments 8[Rh] in the case p = 1, we
employed the moment generating function of this chapter.
Though an alternative and less cumbersome method of handling
the moment problem has been given in Chapter 3, this chapter
has been included for the additional insight it may provide
regarding the joint distribution of the important statistic

o ntl

1
S® and the linear combination of quasi-ranges q®n = Z(i - 7 )Xi'

No additional light is thrown on the distribution of R however.

2 2
6.1 Expression of ((e,8) = g[ees T gan ] as the Principal

Quadrant Volume Bounded by an (n-1)-Dimensional Normal

Surface.

Using the joint density f(xl, Xos eees xn) of the ordered

f(Xl, X2, seey X ) -

-

n! ]
—— exp [-3

2
pee X5 ], ~o< X <xy <.l < X, o,
(2m)

RMB
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we have from the definition that:
6.1.2  §(e,0) = [oo. [-Bir expl-2Q(x_,x x_) Jdx. dx, . « +dx
b (2ﬂ)§n l, 2,-;., n l 2. . n
_@<xl<x2<...<xn<cn

where

6.1.3 Q(Xl, Xy eees Xn) = Xi2 - 2052 - 2dan® .

= MB

To benefit from the convenience of matrix notation we

introduce the n-square matrices Jn and E:

6010[4, (Jn)ij = l ]J: = l’ 2’ ceegy Il
6.1.5 (E)ij = vy T (21 - ntl)(2j - n+l) 3 = 1,2,e00n

Also, let:

6.1.6 x = 1 - 26
6.1.7 a =

20
n
6.1.8 p = &

6.1.9 x° = (xl, Xy eees xn)

Then,
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‘ n! ,
6.1.10 (¢(e,g) = [jm expl-3x"Cx] dxqdxy...dx

— e e o <
oo<xl<x2< <xn l0e)

where
6.1.11 C=xI *tad - BE .
n n

To obtain a simpler domain of integration we employ the

nonsingular transformation

6.1.12 x =B u

with

6.1.13 B = (lower triangular).

and

6.1.14 u = (ul, Usy ooy u ) o

Thus
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! so-1
6.1.15 §16,¢) = .Ij... -—iLT-exp[-%g Z g]dulduz...dun

(2m)3"
—®<1ﬁ<m
us
0< < ow

o

where
-1 3

601016 Z B C B ]
Now
6.1.17 (371 =ixln+1l-p+n+l-q+ |p-aqll

Pq
ta(n-p+1)(n-q+1)

-B(n—p+l)(n—q+l)(p-l)(q-l)

p =l,2’0.l’n L

Carrying out the integration over Uuqs We obtain

6.1.18 Blo,g) =

7 J[ d/‘ n![Z[%
(ZW)%(n—l),Z(ll)' 2

X -1
o<?< 0 exp[—%g('z)(z(ll)) u(pyd dug, -en du .

*n
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(11)

where I is the cofactor of (Z)ll in £ and gi =

2)

(u2, U.3, LR ] Un) [
Noting from Formula (6.1.16) that

1 -
6.1.19 [z]2 = |c|™*
we may now write

6.1.20 Do, = n!]Cl—% v

where V is the volume in the principal quadrant bounded by

the (n-1)-dimensional normal surface

6ele21 p (u2, Ugs eoes un) =

Z(ll) '% , (ll))—l

It TP ) B(z)d -

In preparation for finding a simplified form for Z(ll)

in Section (6.4) we include the next two sections in which
we evaluate ICI and express C-l in terms of the latent roots

and linearly independent eigenvectors of C.

6.2 Evaluation of [C]|.

|c| is the product of the latent roots of C. A simple
corollary of Theorem 28.5, p. 73, Browne (1958) will aid us

in obtaining these latent roots by inspection.
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Corollary 6.1

Let C be an n-square real symmetric matrix. If the rank
of C - h In is v, then h is a latent root of C of multiplic-

ity n-v.

We recall Equation (6.1.11):

6e2.1 C=xI_+tad_ - BE .
n n

Now

602.2 C - XIn = [0 Jn - BE

is clearly of rank 2. Thus by Corollary (6.1) C has latent
root x of multiplicity n - 2.

Further, each row sum of C is 1, and hence 1 is a
latent root of C.

We denote the final latent root of C as kn. There exists

an orthogonal matrix P such that

6.2.3 P’CP = diag(x, x, eee, x, 1, 7\.n)

Hence

6.2.1, tr(C) = tr(P’CP) = (n-2)x + 1 + N
But |

6.2.5 tr(C) = nx + na - LaB .
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Equating these expressions for tr(C), we obtain

602.6 7\an =X - LI'SI»B 0
Finally,
6.2, c| = xn—z(x - Lap) .

6.3 Linearly Independent Eigenvectors and the Inverse of C.

Recalling that

6.3.1 C = xIn + a Jn - BE ,

that x ¥+ nao = 1, and that the row sums of matrix E are each

zero, we have:

W=

1 -
6.3.2 Cn 2(1,1,...,1)" = n"3(1,1,...,1)" .

That is, a unit eigenvector associated with latent root

A=l ds £t

6.3.3 B = (81(1ys Epgays ees Brggy) © B E(L,1,e..,100
We define
6.3.14 e, =1 -2 i=1,2,...n.
n
Now i e; ~ O, and consequently

6.3.5 Jn(el, €55 eeey en)' = (0,0,4..,0)" .
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n
Also, % e.? =N, so that
1 1
6.306 E(el, 62, e oy en)’ =

h(el: €oy oy en)’(el’ 62: sy en)(el’ 92, so ey en)

= h!l(el, €sy eees € ) .

n
Thus:
6.3.7 Cﬂf% (€15 €ps ey en)’ =
(x - hﬁﬁ):f% (el, €py wees en)',

That is, a unit eigenvector associated with latent root
N= x - LQOB is gzz

7/

-

©.38 Ly = (&1 B2(2)2 w00 B2(n)) T

(el, €y +oes en).

Furthermore,
6.3.9 §1’§2 =0 .

That is, gl and éz are mutually orthogonal unit
eigenvectors of the matrix C associated with latent roots

A=l and A= x- LB, respectively.
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From the discussion on p. 90, Browne (1958), we are
assured that there exist n-2 unit eigenvectors of C,
(§3, ceey ;n), associated with the latent root x and
forming, with §,; and &5, a mutually orthogonal set. The
matrix P whose columns are the eigenvectors gl, 32, ooy én

is orthogonal and satisfies:
6.3010 P’C P = diag (l’ X - AQB’ X, X, LI ) X)
Thus we may now write Formula (6.1.16) in the form:

- 1 . ~1.7
6.3.11 T =B 'P diag (1, I L, L heeh

where B is as defined in Equation (6.1.13).

6.l Z(ll)Writteh as an Explicit Function of 6 and &

As a final step in simplifying Formula (6.1.20) for

@ (6,8) to a form in which © and @ appear explicitly, we

(11)

express % (and thus the volume V') in terms of © and #.

We recall (Formula (6.3.11)) that

6.L|,ol Z = B_lP diag(l, -}-C_-E,:TB— ’ }_];, eee gy %) P’(B_l)’

where
1
-1 1 zZeros
6.,.2 B L= -1 1
Zeros - 1
i -1 1
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Using the notation

_ P,
6.5.3 F (fij) P°(B )

we have on defining

L[ ] L] = i = 2 * 0o 0
Oolyoly in 0 1 1, 2, sy 1

that

6uhe5 qu B gp(q) - gp(q—l)

where gp(q) is the th element of the pth eigenvector of C.

Thus
= ’ 3 ______l ..]_‘ l
6.4.6 X = F diag (1, wlap %’ " X) F
and
Lap
6.l ) = (1-3)yfp 4 £
b7 )pq ( X) 1p71lg  x(x-L4aB) f2p 2q
n
+ 1 = . f.
x ;-1 “ipTiq .
Now 1
n =, q=1
6.8 flq =
o , q~>1
L _1
—§(n-l).ﬂ. = s q = 1
649 £, 1
¢ aF » q9>1
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1, p=q=1
6 ; 2, b~ q> 1
4,10 £, f, = .
i=1 *P 14 -1, Ip-4al =1

O, 'p'q,>‘l

Thus
6 '1],_‘1, p=qg=1
o, otherwise
[%(n—l)]le-l p=q~=1
= 1 —l = > =
60[[,012 fzpfzq —z(l’l—l).n. I p l’ q l or p>l’ q l
ot , p>land q>1
and
_.l ) -
n(1 - X) 0 con 0
O O o ® o O
6elyel3 n = +

3
.
L]




34

x(x-20g)

R

[(Li(n-1)]% -3(n-1) oo
-3(n-1) 1 oo
-%(n-1) 1 e

l -1 O o0 0 O
_l 2 —l . O
0 -1 2 N 0
0 0 0 oo 2

The cofactor of (Z)ll in the matrix & is thus:

6.4.1, 1) -

where

6.4.15

bR

Il

I

e T * e o T
d e e T
e d eoe T
T T cee d
T T cee e
T + 2
T - 1

2¢[1 - 26 - 211¢]‘1
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6.5 Differentiation of Y(e, g).

We have at this point found the joint moment generating

n _ no +1 .
function of S% = I (x; - x)? andnm2==[§ (i - 25—) Xi]2 in
1
the form:
2 + 2.
6.5.1  Ble, g) = €[e75° T #N7]
= nl!
- I(n-2) 3 -V
(1-20) (1-26-208)
where
[z(11))-2
6o5u2 V = 17 . -
(Zn)‘%(n—l)
oo}
1 ‘ (11) -1
b eXp[—§ 2(2) (Z ) 2(2)] dU.2 ) dU.n s
0
E(é) = (u/2) U.B’ ce ey un), and Z(ll) is given as an

explicit function of © and # in formulae (6.4.1L) and
(6e4.15).

However, we actually deal in Chapter 3 with moments of
quantities Ay T A, = £82 52 and N T 16212, TFor this reason,
it seems somewhat more appropriate to discuss the differentia-
tion of the joint moment generating function of kl + A, and

2
7\61.
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Accordingly, we shall differentiate the function

6.5.3 Y(o,p) = e[e207857 T 282007

I

(3620, & .36%) .

Thus

_ n!
6o5ol+ \1/(9,;2!) = ;( 2) T . vV .
(1-820)2'\ 0%/ (1_s2g_52g)=

V is still the form given in Equation (6.5.2), except

that now:
—d e T eee T '{
e d e eee T T
T e d eee T T
605n5 Z(ll) l . L4 . . .
1-8%8 . . . .
T T T .e d e
[T T T ees € d
and
d =1+ 2
6.5.6 e = - l

T
1 -1
}iazg [1-8%8 - 83g] .

Q
1l
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The discussion is somewhat simplified if we notice

(11)

that the volume V is unaltered if Z is replaced by any

matrix proportional to Z(ll).

We choose to replace 5(11) by the (n-1)-square matrix P:
6.5.7 P = (1-820) x(11)
-d e T eee T Tf
e d e cee T T
T e d e T T
T T T oo d e
T T T o e d
Using the formula
6.5.8 1+a7 = (1 - 520)(1-5208 - 53g)~ 1
we then have:
(1var)® ||
n {1+t P
6.5.9 Y(o,9) = .

(1—62@)%(n-1) (Zﬁ)%(n—l)

wherein

6.5:10 uiz) = (U.2, U.3, e oo o un) 3

Two lemmas are now given to facilitate a proof of

Theorem (6.1).
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Lemma 6.1

If Am is the m-square matrix

6.511 A = =P
m
- I T=0

LI ) -1 2
then
6.5.12 lAml =m+ 1 m = 1,2,3500e
Proof:

It is clear that lAll = 2. The proof for general m

is easily obtained by induction.

Lemma 6.2

&1 m-1 m-2 oo 1.2 1 ]
2(m-1) 2(m-2) ... 2.2 2
-1 1
6.5.13 A = o 3(m-2) ... 3.2 3

.
.
L)

LI (m-2).2 m-2
(symmetric) eee (m=-1).2 m-1
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Proof:
W 1 ify that A A T =1
€ merely verily m m m .
Theorem 6.1
- I 2 2,1-1
6.5.14 [P| = n + nat, v =5 6%l - 8% - 8%zl ~,

Let M be the matrix obtained on subtracting the final

row of P from each of its other rows. We obtain:

' 1 -2
1 -2
6.5.15 [P| = M| = As : : o
| 1 -2
| 0 _-=2
O 0 +.. O -l| 3 =3
T T oo T Tl T-1 T2

It is now obvious that |P| is linear in T
6.5.16 |P| = a + BT .

On putting © = O and using Lemma (6.1) with m = n-1 we

have immediately that a = n.
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We obtain B as 4 |P| . Following this differentiation,

dw
we take advantage of the partitioning indicated in Formula
(6.5.15) and obtain B = nfi. This completes the proof of

Formula (6.5.16).

We may now write:

6.5.17 Vi(o,z) = kq(0) ff U dug... du
Uz

0<:<co
Un
where
- 1 .7 -1
and
6.5.19 k,(e) - n: (1-520)-2(n-1) .

/n (ZW)%(n-l)

By inspection of the conditional moments of R given in
formulae (3.1.32) through (3.1.35) it is clear that the

derivatives we require are the following:

- k
™\l _ =(Ns N
6.5.20 gé‘}t/? = 8[(7\.1+7\.2)k e ( 1 2)]
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k+1
0 k= (hth)
5. —x = NN 172
e = -1
2 = O
and
k+2
6.5.22 e a— = 02 (g K (M)
06 5¢3
6 =<1
g = O

In preparation for finding the first of these it is

convenient to use the following two lemmas.

Lemma 6.3
th -1 s
The sum of the elements in the j== column of Am
15(m-3+1). That is,
m _l 1
605.23 .E (Am )ij='§j(m"j+l) j:l, 2, ceey M o
i=1
Proof:
Since Am-l is symmetric,
m m;‘
-1 1 J J
v (A 7). = —==[(m-j+1) 2 1 + 3 = il
j=1 W 1) mfl 1 1

—%j (m—j+l) j=l, 2, a'o,m.
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Lemma 6.1
Let
6.5.2L £ = [1(n-1), 2(n-2), «.., (n-1).11 ,
Then
6.5.25 CR N RS S
7=0

Proof:

Differentiating both sides of the identity P P™T = I_ |
with respect to T, we obtain:
6.5.26 (2P Plep ph = (0) .
Thus,
6.5.27 2 prl —--P'l(g% p) p~t

— ol gopl

where
6.5.28 = (1,1,...,1) is an (n-1)-component vector.
Now ”
6.5.29 pL = An-il

and herice

"C'z
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6.5.30 (é% p~1) T= = - (A 4 3) (An 1 3) .
But
6.5.31 A 7T d 7 [Lemma (6.3)]

and hence Formula (6.5.25) is demonstrated.
We are now ready to state

Theorem 6.2

n-3 ;
X Y (0, g), 'S 2
6+5.32 k - (n-1)
ol (1+8%2)= k
o = -1
5= 0
k=0, 1, 2, «us
Proof:
Noting that
k
6.5.33 5—-}’% = 0 K = 0,1,2,...
: 26
o= -1
g = O

and
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1
bk (l _ 62 e)-z (1’1-1)
06

6.5 oBL[,

2k LR
e ki (2 ) kK =0, 1, 2, «es

(l+62)%(n-l)

we obtain from Formula (6.5.17) the derivative given in
Formula (6.5.32).
To simplify the development of other derivatives we

present three lemmas.
Lemma 6.5

Suppose that {Wi}n is the set of standard normal order
1 ,
statistics from a random sample of size n.

Let
i) u = (ul, Usyy eees un)
ii) 1_1_-(2) = (u2’ 'U.3, e 0 0y un)
iii) w o= (Wl’ Wy eees Wn)
n
iv) X = % (1 - Q%l) W
1 i

Then



VT — n!
6.5.35 €lxV] £ 27 (amE(n-1) )
\Y
J[ Jf Jm=gug | '
I -1
e™% B2y Ano1” B(2)

du2 e e o dun V:O,l,z,ooo
where A _; is the matrix defined in Equation (6.5.11).

Proof:

We transform the integral

v v-LWw
6-5036 8 [X :| 21T 2n f [ X == = l e oo de

—oo<w ...<w <

by means of:

6.5.37 w=B u
with
\ 1 0 0 .. O
1 1 0 oo 0
605.38 B = l l l ‘ L) O hd

.
.
L]
.
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Thus,
1
6.5.39 e[xV] = — - .
(2m)=22 2
@ (0] v -
n-1 iye
[f [ L § J(n—J)uJ+l] -1 U da
o -0
where
[ 1 -1 0 .. 0]
e e it
-1
]
6.5.,0 ¢&=1] 0 ! .
. f An—l
° §
O |
L ! .

Integrating with respect to u,, we obtain:

1

6.5.41 e’y = —= _lel®

(em)z(n-l)2v a7
Vv
N -1
59 (2) 4n-1 ¥(2)
e du2 coe dun

The conclusion [Formula (6.5.35)] follows on noting

D=

1
 that |G] = 1 and lAn_112 = n .
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Lemma 6.6
Let
2 U= P )
ii) j'= (1, 1, «.., 1) [(n-1)-componentsl.
Then
-1
oU | 1 n . . } 72
. 3 - - A Z bd . _
6.5.42 ¥ 5 : jln J)uJ+1]
7=0
and
Xl Y S
6.5. —— = _4& 1 % - ) 2
5.43 > . L : jln 3]
=0
Proof:

Formula (6.5.42) follows immediately from Lemma (6.4).

Now
azU = __b_ 1 4 "1 s, o” "l
6541 % ST (3 2(2) P :12 P 2(2)]
S R [P |
CYP SRR L B D R G 1)
But
6.5.15 (3 L 57 - a
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and
d2U _ .00 =1
6.5.46 e au gz PR 1p)
=0 7=0
= _% (2(2) £)% [Lemma (6.4)]
n-1
= -% [ i jln-jlu gy 12
Lemma 6.7
Let
n! 1
1) kl(e) = ( )%(n-l) (1-629)'§(n-l)
vn (2m
2 1
1) K, (g) = — Lo (1 - s26)72(n*1)
o 2 o n (2m)3A7L)
Ly 1
1i1) K. (8) = n! & _ (1 - 629)-§(n+3)
: 3 v/nn? (Zn)é(n_l)
Then

6.5.47 of . ky(0)f (1)

6.5.08 == I ()£,(7)
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oo}
2 U ou
(1+aT) fo/ e” 3o du2 dun
20(1+aT) / [U bU .o dun
L UrdUy2 , 2°U
+ (1+at) [fe [(37)% * 321 du, «.. duy
o

Making use of the derivative
o1 _ 82 (1tan)?

o £ 1 - 528

and the chain rule

b\lj(e,g) — a\V(@,z) . 0T
6.5.52 0@ ot 07

(o)}
U
[ ]
-
\O
H
|_l
q
Il

1l

6.5.50 f2(’L‘)

6.5.51

we differentiate Formula (6.5.17) and obtain:

6.5.53 0 (gz“’ =k, (0) 1+m)2f f eV &7 duy...du

Likewise,

2We,9) _ > Mo T



_1[4’3..

Theorem 6.2

If‘\y(e,@) is the moment generating function given in

Formula (6.5.17), then:

k n-1+ k
6.5.55 2KV (e,0)) _ 8% o k! > -
b@k bp/ 20, (l+62)%(n+l) J
o = -1
g= 0
and
ntl
6.5.56 5k+§\i}(9,¢)- _ 542 S S k)&[x‘q
= -1
g = 0
k = O’ 1) 2, s s
Proof:
Noting that
ka B
0:5.57 20K -0 k=0, 1, 2, «.s
e = -1
g = 0

and that
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-1
6.5.58 EE;EZL?l _ n! 52p°% k1 (25‘ N k)
e ) e = T T
b@k 't/n.O.(ZTT)z(n_l)(l+62)2(n+1) k
e=-1
k = 0,1,2’...
we obtain
1 52,2k n-1 K
6.5.59 2 Y(0,0) _ 8% k50 ( 2
3 . k T : T '
08" o9 |e=-1 vh:L(Zw)Z(n l)(]_+<5?-)2(n+1) k

= O
k =O’l’2’...

But, by Lemma (6.6),

1 @ n-1 ' ) 2
6.5.60 £, (0) —gf..ﬁ § J(n-—J)ujﬂ_]
0
-1
-1y A u
e “=(2) n-l_(z)duz...dun
and thus, by (Lemma 6.5),
% 3 (n-1)
6.5.61 £,(0) = n® (em)® ELx?] .

2n!

Replacing fl(O) in Formula (6.5.59) by the expression

in Formula (6.5.61), we obtain Formula (6.5.55).
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Similarly, we note that

+1 +
25k, (8) L 2k ntl * k
6 5 62 3 — n!é p k' 2
Tt . 1 1
26K vna? (2n)2(n'l)(1+62)2(n+3) k
= -1
k =0, 1, 2, .
and obtain
ntl + k
kT2 V(e,s) _ Il!él""pzkk!fg(o) =
03:02 k - 01 1152)3(50)
0% D@ vna? (2m)2\0-1/(1+52)2\0 k
6=-1
g= 0

k =0, 1, 2, «.-

But f2(0) is, by use of Lemmas (6.5) and (6.6),

% (Zﬁ)%(n—l)
4 n!

6.5.6,,  f£,(0) =2 elx] :

Replacing fZ(O) in Formula (6.5.63) we obtain Formula
(6.5.56).

We remark that formulae (6.5.3L), (6.5.55), and (6.5.56)
could be used to pass immediately from Formula (3.1.33)
and Formula (3.1.35) to Formula (3.2.23) and Formula (3.2.25)

respectively.
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SUGGESTIONS FOR FURTHER RESEARCH

A generalization of the model in this thesis is
obtained by relaxing the requirement that individuals in the
calibration sample be strictly ranked on the criterion of
interest. Thus, it may be that these individuals can be
assigned to groups so that individuals in distinct groups
are clearly different, but individuals in the same group are
indistinguishable on the criterion of interest. This
generalization is the subject of the Ph.D. thesis of
Mr. Roger Flora now being directed at Virginia Polytechnic
Institute by Dr. J. G. Saw.

If the individuals in the calibration sample are
imperfectly ranked there will be some disturbance in the
power of tests based on the quasi-rank multiple correlation
coefficient and in the ranking of subsequently chosen
individuals. No work has as yet been done to assess the
magnitude of this disturbance for various errors in ranking
of the calibration sample. It is clear that if there is
serious difficulty in obtaining a complete ranking of the
calibration sample, the generalization of Mr. Flora would

be useful.



- 147 -

It would be of considerable interest to have
probabilities of errors in ranking subsequently selected
individuals on the basis of the discriminant function. Thus,
we should like to know the probability that no predicted
rank differs by more than k from the true rank, or the
probability that the rank correlation of predicted ranks
with true ranks is less than vy, etc.

Again, some work might be done in assessing the practi-
cal value of the method outlined in this thesis. Thus, it
could well be, at least for large sample sizes, that one
would lose very little in power by replacing ranks by normal
scores and using a standard regression analysis of the data.

Finally, the statistic m/S introduced in Chapter III
promises to be useful as a measure of normality sensitive to
skewness. Much of the groundwork having been laid in this
thesis, it is the author's intention to investigate this

problem at a later date.
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ABSTRACT

Having available a vector of measurements for each
individual in a réndom sample from a multivariate popula-
tion, we éssume in addition that these individuals can be
ranked on some criterion of interest. As an example of this
situation,.we may have measured certain physidloéical
charécteristics (blood pressure, amounts of certain chemical
substénces in the blood, etc.) in a random sample of .
schizophrenics. After a series of treatments (perhaps shock
treatments, doses of a tranquillizer, etc.) these individuals
might be ranked on the basis of favorable response to treat-
ment. We shall in general‘be interested in predicting which
individuals in a new group would respond most favorably.
Thus, in the example, we should wish to know which individuals
‘would most likely benefit from the series of treatments.

Some difficulties in applying the classical discriminant
function_anélysis to problems of this type are noted.

We have chosen to use the multiple correlation coefficient
of ranks with measured variates as a statistic in testing
‘whether ranks are associated with measurements. We give to
this coefficien£ the name "quasi-rénk'multiple correlation
coefficient", and proceed to find its fifst four exact
moments under the assumption that the underlying probability

distribution is multivariate normal.



Two methods are used to approximate the power of
tests based on the quaéi-rank multiple correlation
coefficient in the case of just one measured variate. The
agreement for a saméle size of twenty is quite good.

The asymptoticrelative efficiency of the squared quasi=-
rank coefficient vis-a-vis the squared standard multiple
correlation coefficient is 9/m?, a result which does not
depend on the number of measured variates.

If the null hypotheéis that ranks are not associated
with measurements is rejected, it is appropriate to use the
measurements in some way to predict the ranks. The quasi-
rank multiple correlation coefficient is, however, the
maximized simple correlation of ranks with linear combina-
tionsvof the measured variates. The maximizing linear
combination of measured variates is taken as a discriminant
function, and its values for subsequently chosen individuals
is used to rank these individuals in order of merit. |

A démonstration study is included in which we employ
a random sample of size twenty from a six-#ariate normal
distribution of known structure (for which the population
- multiple correlation coefficient is .655). The null
hypothesis of no association of ranks with measurements is
rejected in a two-sided size .05 tesé. The discriminant
function is obtained and ié used to "predict" the true ranks

of the twenty individuals in the sample. The predicted

)



ranks represent the true ranks rather well, with no predicted
rank more than four pléces from the true rank. For other
populations in which the population multiple correlation
coefficient is greater than .655 we should expect to obtain
even better sets of predicted ranks. |

In developing the moments of the quasi-rank multiple
correlation coefficient it was necessary to:obtain exact
moments of a certain linear combination of quasi-ranges in a
random sample from a normal population. Since this quasi-
range statistic may be useful in other investigations, we
include also its moment generating function and éome

derivatives of this moment generating function.
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