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Performance and Robustness Assessment for a Robust Port-Hamiltonian
Flight Controller

Samuel B. Widman, 2nd Lt, USAF

(ABSTRACT)

Those conducting research in the field of nonlinear control of unmanned air vehicles are con-
stantly searching to improve robustness and performance of flight control systems through
new control laws. A control law can be designed to provide robustness guarantees due to
the structure of the aircraft dynamics. This work presents an implementation of a novel con-
trol law which simultaneously transforms the nonlinear fixed-wing aircraft dynamics into a
port-Hamiltonian structure using feedback linearization, from which input-to-state stability
guarantees follow. This novel control law is compared to two industry standard meth-
ods, linear quadratic regulator and nonlinear dynamic inversion, which provide a baseline
for comparing robustness and performance. To replicate flight, measurement noise, model
mismatch, wind, and discretization with time delay were implemented in a collection of sim-
ulation studies to understand which disturbances the novel control law was most sensitive
to. Due to the non-additive nature and magnitude of the applied disturbances, the novel
control law was most sensitive to combinations of disturbances of wind, discretization with
time delay, model mismatch, and measurement noise in order of greatest to least sensitivity.
The novel control law performed as expected, and much better than both competitors, when
the disturbances applied did not include wind. This result was due to a particular interac-
tion between the wind disturbance and the construction of the novel control law that was
not present with other disturbances. Future work includes flight testing and extending the
robustness guarantees to non-feedback linearized systems.



Performance and Robustness Assessment for a Robust Port-Hamiltonian
Flight Controller

Samuel B. Widman, 2nd Lt, USAF

(GENERAL AUDIENCE ABSTRACT)

A control law is a mathematical rule used to cause a physical system to follow a user-
defined reference input. Many control laws exist for different systems, and each control law
has inherent properties that make it better or worse for a given application. Two metrics
used to determine if a control law is effective are tracking performance and robustness.
Tracking performance is a measure of how closely a control law can follow a user-defined
reference input, while robustness is a measure of how much a system can be disturbed from
a nominal condition without significant degradation of performance. This work presents the
implementation and analysis of a new control law applied to an unmanned aerial vehicle
that is designed to provide a high level of tracking performance and robustness guarantees
that ensure tracking performance degrades gracefully under the effect of disturbances. The
new control law is compared to two other industry standard control laws in terms of both
performance and robustness onboard a computer-simulated aircraft. A variety of realistic
disturbances are applied to the aircraft, and the results demonstrate that the new control
law is robust to certain disturbances and not to others.
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Chapter 1

Introduction

To leverage the agility of advanced unmanned aircraft, there is a need for control design
methods that provide robust, effective performance over a large domain. The motion of a
fixed-wing aircraft is defined by coupled, nonlinear, ordinary differential equations. Using
the fixed-wing aircraft’s nonlinear dynamic structure to design a control law can improve the
system’s performance and robustness compared to other control design strategies. This is
called model-based control, where the control law is designed around a model of the aircraft
to cause the aircraft to perform as desired.

Model-based control incorporates explicit knowledge of a system’s dynamics, which may
allow better closed-loop performance than non-model-based control such as Proportional-
Integral-Derivative control. A sampling of model-based control methods include linear op-
timal control [2, 25], backstepping and feedback linearization [18, 23, 24], sliding mode
control [46], and adaptive control [3, 28], although a more complete sampling of various
control methods used for flight control can be found in [54]. A general resource for control
methodology is [5].

As noted by the large number of approaches, no one control design method is superior for all
control tasks in all scenarios. For example, linear control techniques are excellent at tracking
a linear, user-defined input where the system state deviations remain small in magnitude,
but performance is severely degraded when either the input or the state deviation becomes
large in magnitude.

A further consideration for flight control is the robustness of each control law. By its nature,
flight introduces many disturbances to the aircraft which stress the control law, sometimes
beyond its capability to maintain satisfactory flight behavior. Disturbances that usually
occur during flight include wind, measurement noise, and model uncertainty. Further, the
act of implementing a control law digitally introduces discretization to continuous dynamics;
most control laws are designed for continuous systems. Since each of these disturbances
cannot be easily accounted for in control design, a general notion of robustness is desired.
Some control techniques such as linear quadratic regulator and H∞ control have inherent
robustness, while other control techniques such as feedback linearization have no robustness
guarantees and therefore may be sensitive to disturbances.

This work presents a novel control law that leverages the structure of fixed-wing aircraft
flight dynamics to impose a port-Hamiltonian structure on the closed-loop system of an in-
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2 CHAPTER 1. INTRODUCTION

tegrator cascade system constructed from feedback linearization, which provides sufficient
conditions for input-to-state stability (ISS) guarantees. The novel control law is the robust
port-Hamiltonian (RPH) control law derived by Willebeek-LeMair in [50], and this work
will analyze RPH by comparing its performance against two other, industry standard con-
trol laws. The first comparator is the linear quadratic regulator (LQR) control law, which is
a linear control law with strong robustness guarantees. The second competitor is nonlinear
dynamic inversion (NDI) control law, which is a nonlinear control law that identically trans-
forms a nonlinear system into a linear system, although there are no inherent robustness
guarantees. All three of the control laws are static state feedback control laws to ensure a
proper comparison.

The effectiveness of a proposed control law must be validated through extensive flight test-
ing before it can be adopted in practice. In order to mitigate risk during such a flight
plan, a thorough simulation study is typically completed before the first flight of any new
technology to reveal any potential issues or unforeseen results. This thesis describes the
implementation and results of such a simulation study. RPH will be compared to LQR and
NDI both in robustness to the above mentioned disturbances commonly present in flight, and
in performance for the control task of output tracking. Each simulation study will test the
impact of different combinations of disturbances, which will be analyzed in the the results
and discussion.

In this work, both the controller design methods and resulting control laws for LQR, NDI,
and RPH are heavily referred to. Especially in Chapters 3-5, referring to the LQR, NDI, or
RPH control laws in full was detrimental to the discussion. Therefore, for the purposes of
clear and condensed writing, those acronyms will be used to refer to the controller design
methods, as well as the control laws as implied by context.

The remainder of this work is organized as follows. Chapter 2 provides a background on
foundational knowledge for this work. Chapter 3 provides specific information on robustness,
derivation, and implementation of each control law. Chapter 4 describes the specific methods
that were used to realistically simulate a flight for each control law. Chapter 5 provides
results and analysis of the completed simulation study. Chapter 6 provides an overview of
this work in its entirety. Appendix A provides specific parameters and settings used in the
simulation study presented. Appendix B provides additional simulation study results that
were not included in the main discussion.



Chapter 2

Background

2.1 Math Preliminaries
Following is an overview of math concepts and notation used in this thesis.

A scalar is denoted in uppercase or lowercase regular text such as V , while a vector is
denoted by a lowercase, bolded letter (e.g., x), and a matrix is denoted by an uppercase,
bolded letter (e.g., A). The first three derivatives with respect to time for a quantity y are
denoted ẏ, ÿ, ...y . Higher number of time derivatives are noted with y(p), where p is the order
of the time derivative. The eigenvalue of a matrix A is denoted by λ(A), while λmin(A)
denotes the smallest eigenvalue and λmax(A) denotes the largest eigenvalue.

• A⊤ denotes the transpose of a vector or matrix A.

• A−1 denotes the inverse of a square matrix A, such that AA−1 = I where I is the
identity matrix with the same dimensions as A.

• A−⊤ denotes the inverse transpose of the matrix A.

• A vector inner product is defined by a⊤b = b⊤a, a⊤a = ∥a∥2.

• A vector outer product is defined by ab⊤.

• A cross product is defined by a× b = −b× a.

• A positive definite matrix P ≻ 0 satisfies x⊤Px > 0 for all x except x = 0. A
negative definite matrix K ≺ 0 satisfies x⊤Kx < 0 for all x except x = 0.

• A positive semi-definite matrix R ⪰ 0 satisfies x⊤Rx ≥ 0 for all x except x = 0. A
negative semi-definite matrix W ⪯ 0 satisfies x⊤Wx ≤ 0 for all x except x = 0.

• A skew symmetric matrix J has the property J = −J ⊤.

Further, below are a selection of types of matrices used in this work.

• I(·) denotes the identity matrix of size shown or implied.

• 0(·)×(·) denotes a matrix of zeros with dimensions as shown or implied.

• ej stands for a unit vector in R3, with a 1 in the “j” place and zeros elsewhere. For
example, e2 = [0, 1, 0]⊤.

3



4 CHAPTER 2. BACKGROUND

• (̂·) denotes a cross-product equivalent matrix for a vector. For example, given v =

[v1 v2 v3]
⊤, v̂ =

 0 −v3 v2
v3 0 −v1
−v2 v1 0


• Rotation matrices R are a set of orthonormal matrices in which RR⊤ = R⊤R = I.

Rotation matrices multiplied together create new rotation matrices.

Linear systems are a subtype of nonlinear systems. Time-invariant systems are a subtype of
time-varying systems.

A nonlinear system is most generally presented in the following form

ẋ(t) = f(t,x,u), x(t0) = x0

y(t) = h(t,x,u)
(2.1.1)

where x(t) ∈ Rn is the state at time t, u(t) ∈ Rm is the control input, y(t) ∈ Rl is the
output of particular interest, f : [0,∞) × Rn × Rm → Rn is a vector field, or a vector of
functions, that defines the evolution of the state, and h : [0,∞)×Rn×Rm → Rl is a vector
field that defines a collection of functions of particular interest.

A linear, time-varying system can be represented in the following state space form [35]

ẋ(t) = A(t)x(t) +B(t)u(t)

y(t) = C(t)x(t) +D(t)u(t)
(2.1.2)

where A(t) ∈ Rn×n is the state matrix, B(t) ∈ Rn×m is the input-state, or control effective-
ness, matrix, C(t) ∈ Rl×n is the output matrix, and D(t) ∈ Rl×m is the throughput matrix.
A linear, time-invariant system is defined in a similar way, except the A, B, C, and D do
not vary with time.

Linearizing a nonlinear system using a Taylor series expansion approximates the nonlinear
system as a linear system. Given the system (2.1.1), suppose f and h are continuously
differentiable in x and u, and that (x∗(t),u∗(t)) is a solution of (2.1.1), that is

d

dt
x∗ = f(x∗,u∗, t), x∗(t0) = x0 (2.1.3)

Let y∗(t) denote the output corresponding to the trajectory (x∗(t),u∗(t)). By Taylor series
expansion,

ẋ = f(x∗,u∗, t) +
∂f

∂x

∣∣∣∣
(x(t),u∗(t))

(x− x∗) +
∂f

∂u

∣∣∣∣
(x(t),u∗(t))

(u− u∗) + Remf (x,u, t),

y = h(x∗,u∗, t) +
∂h

∂x

∣∣∣∣
(x(t),u∗(t))

(x− x∗) +
∂h

∂u

∣∣∣∣
(x(t),u∗(t))

(u− u∗) + Remh(x,u, t)

(2.1.4)
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where the higher order terms (Remf (x,u, t) and Remh(x,u, t)) of the Taylor series expansion
can be neglected when the state and control perturbations are sufficiently small. Defining

x̃ = x− x∗, ũ = u− u∗, and ỹ = y − y∗ (2.1.5)

can cause system (2.1.4) to be rewritten as

˙̃x(t) = A(t)x̃(t) +B(t)ũ(t)

y(t) = C(t)x̃(t) +D(t)ũ(t)
(2.1.6)

where A(t) and B(t) are the Jacobians of f with respect to x and u respectively, and C(t)
and D(t) are the Jacobians of h with respect to x and u respectively, all evaluated along
the nominal trajectory (x∗(t),u∗(t)).

To create a rotation matrix based on a rotation about a unit vector ej by angle θ, the
Rodrigues’ rotation formula is used

eθêj = I+ sin(θ)êj + (1− cos(θ))ê2
j (2.1.7)

Young’s inequality is expressed as

a⊤b ≤ 1

2
a⊤Wa+

1

2
b⊤W−1b, ∀ W = W⊤ ≻ 0 (2.1.8)

The Rayleigh-Ritz inequality is

1

2
λmin (P ) ∥x∥2 ≤ x⊤Px ≤ 1

2
λmax (P ) ∥x∥2 (2.1.9)

A norm on a vector space maps vectors to the non-negative real numbers. Norms satisfy the
following properties:

1. Positive definiteness:
∥v∥ > 0 for all v ̸= 0

∥v∥ = 0 when v = 0
(2.1.10)

2. The scaling property: ∥αv∥ = |α| ∥v∥

3. The triangle inequality: ∥v1 + v2∥ ≤ ∥v1∥+ ∥v2∥

For the vector space Rn, the p-norm is commonly defined as

∥v∥p =

(
n∑
i=1

|vi|p
)1/p

(2.1.11)

for any finite scalar p ≥ 1.
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The p-norm can be used to define a norm on the infinite-dimensional vector space of
continuous-valued, n-dimensional functions of time. From [18], the space Lmp is defined
as the set of all piecewise continuous functions u : [0,∞)→ Rm such that

∥u∥Lp
=

(∫ ∞

0

∥u(t)∥p dt
)1/p

<∞ (2.1.12)

where p ∈ [1,∞] norm in the integrand can be any p-norm.

The L1 norm is
∥u∥L1

=

∫ ∞

0

∥u(t)∥ dt <∞ (2.1.13)

The L2 norm is

∥u∥L2
=

√∫ ∞

0

u(t)⊤u(t) dt <∞ (2.1.14)

The L∞ norm is
∥u∥L∞

= sup
t≥0
∥u(t)∥ <∞ (2.1.15)

This work will solely use the L∞ and L1 norms to compare the control laws based on error
metrics.

Lastly, the concept of different classes of functions are provided in [18] to classify useful
behavior in functions.

• A continuous function α : [0, a) → [0,∞) is said to belong to class K if it is strictly
increasing and α(0) = 0.

• A continuous function α : [0, a)→ [0,∞) is said to belong to class K∞ if it is in class
K, a =∞, and α(r)→∞ as r →∞.

• A continuous function β : [0, a)× [0,∞)→ [0,∞) is said to belong to class KL if, for
each fixed s, the mapping β(r, s) belongs to class K with respect to r and, for each
fixed r, the mapping β(r, s) is decreasing with respect to s and β(r, s)→ 0 as s→∞.

2.2 Flight Mechanics
The state of a system is the collection of time-varying quantities that are chosen by the
user to describe the system. The dynamics of a system are how the state changes through
time; flight mechanics focuses on the dynamics of aircraft. The state of an aircraft in flight
typically includes position, velocity, attitude, and angular rates. Specifically, the user wants
to know where the aircraft is with respect to the inertial frame (inertial position, r), what
the current velocities of the aircraft relative to its own frame of reference (body velocities,
vB), the attitude of the aircraft with respect to the inertial frame (body-frame attitude, Θ or
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q) and the angular rates of the aircraft relative to the current attitude of the aircraft (body-
axis angular rates, ω). This section describes the flight mechanics of airplanes, specifically
propeller-driven airplanes.

The orientation of the aircraft with respect to inertial space is expressed by a rotation matrix
relating a body-fixed reference frame to an inertially-fixed reference frame. The body frame
for an aircraft is defined by the b1, b2, and b3 axes, which are typically called the longitudinal,
lateral, and vertical axes. The longitudinal, or b1, axis is defined positively out the front of
the aircraft, while the lateral, or b2, axis is defined positively out the right of the aircraft,
and the vertical, or b3, axis is defined positively out the bottom of the aircraft. The state
of an aircraft, stated above, fully describes the six degrees of freedom that an aircraft has,
which are translations in the direction of the b1, b2, and b3 axes (forward/back, right/left,
and down/up), and rotations about the b1, b2, and b3 axes (roll right/left, pitch up/down,
and yaw right/left).

The following is how to find each state in the body frame from the inertial frame.

• Inertial position, r(t) = [N(t) E(t) D(t)]⊤, is already in the inertial frame. The
standard convention for the positive direction for an aircraft’s inertial position is North
(N), East (E), and Down (to the Earth’s center).

• Body velocity, vB, is found from the inertial velocity, vI , using the body-to-inertial
frame rotation matrix. This is based on the chosen attitude coordinates, and will be
specified for each attitude coordinate choice. The standard convention for the positive
direction for an aircraft’s body velocity is forward along the longitudinal axis (u), right
along the lateral axis (v), and down along the vertical axis (w).

vB(t) =

u(t)v(t)
w(t)

 = RBIvI = R⊤
IBvI (2.2.1)

• Attitude has many coordinate representations from the inertial frame to the body
frame [37]. The two that are used in this work are Euler angles and quaternions. Euler
angles, Θ, are the standard attitude variables for aircraft due to their intuitive nature,
although at certain attitudes the body-to-inertial rotation matrix becomes singular.
The standard convention for the positive direction for an aircraft’s attitude through
Euler angles is roll right (right wing down, ϕ), pitch up (nose up, θ), and yaw right
(nose right, ψ). Quaternions q are a 4-dimensional representation of attitude that does
not have singularities, although they are much more difficult to visualize.

Θ(t) =

ϕ(t)θ(t)
ψ(t)

 and q(t) =


q0(t)

q̄(t)

 =


q0(t)
qx(t)
qy(t)
qz(t)

 (2.2.2)
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The body-to-inertial rotation matrices for a 3-2-1 rotation of the Euler angles, and the
scalar-first convention for quaternions, are given using the shorthand c = cos() and
s = sin() below. Note that RIB, Euler matches the definition given above, but this is
spelled out for reference.

RIB, Euler =

cθcψ −cϕsψ + sϕsθcψ sϕsψ + cϕsθcψ
cθsψ cϕcψ + sϕsθsψ −sϕcψ + cϕsθsψ
−sθ sϕcθ cϕcθ

 (2.2.3)

RIB, quaternion =
(
q20 − ∥q̄∥

2) I3 + 2
(
q̄q̄⊤)+ 2q0 ˆ̄q (2.2.4)

Euler angles and quaternions can be converted between each other using

Θ(t) =


tan−1

(
q0qx+qyqz

1−2(q2x+q2y)

)
sin−1 (2(q0qy − qxqz))

tan−1

(
q0qz+qxqy

1−2(q2y+q2z)

)
 (2.2.5)

q(t) =


− sin

(
ϕ
2

)
sin
(
θ
2

)
sin
(
ψ
2

)
+ cos

(
ϕ
2

)
cos
(
θ
2

)
cos
(
ψ
2

)
sin
(
ϕ
2

)
cos
(
θ
2

)
cos
(
ψ
2

)
+ cos

(
ϕ
2

)
sin
(
θ
2

)
sin
(
ψ
2

)
− sin

(
ϕ
2

)
cos
(
θ
2

)
sin
(
ψ
2

)
+ cos

(
ϕ
2

)
sin
(
θ
2

)
cos
(
ψ
2

)
sin
(
ϕ
2

)
sin
(
θ
2

)
cos
(
ψ
2

)
+ cos

(
ϕ
2

)
cos
(
θ
2

)
sin
(
ψ
2

)
 (2.2.6)

Further, since quaternions are a 4 dimensional representation of attitude, the following
method of right multiplication is used to combine the rotation of two quaternions into
one, as opposed to directly adding the effect of repeated Euler angles

q1 ⊗ q2 =

[
q0,1q0,2 − q̄⊤

1 q̄2

q0,1q̄2 + q0,2q̄1 + (q̄1 × q̄2)

]
(2.2.7)

• Body-axis angular rates, ω, are different from the rates of the Euler angles (ϕ̇, θ̇, ψ̇)
(inertial angular rates) due to the rotation from the inertial to body reference frame.
The standard convention for the positive direction for an aircraft’s body-axis angular
rate is roll right (p), pitch up (q), and yaw right (r).

ω(t) =

p(t)q(t)
r(t)

 =

 − sin(θ) 0 1
sin(ϕ) cos(θ) cos(ϕ) 0
cos(ϕ) cos(θ) − sin(ϕ) 0


︸ ︷︷ ︸

L−1(Θ)

ϕ̇θ̇
ψ̇

 (2.2.8)

where L−1(Θ) is the rotation matrix from the inertial angular rates to the body angular
rates.



2.2. FLIGHT MECHANICS 9

The reference frames that are important for an aircraft are the body frame, the inertial
frame, the velocity frame, and the wind frame. The e1, e2, and e3 axes are used to notate
rotations that are made about the inertial axes based on defined angles to form new reference
frames. The angles required to convert between each of the frames is given below, along with
their order of rotation about the axes.

• Body to inertial frame: Roll (ϕ), pitch (θ), and yaw (ψ) angles

RIB = eψê3eθê2eϕê1 =
(
e−ϕê1e−θê2e−ψê3

)⊤
= R⊤

BI (2.2.9)

• Inertial to velocity frame: Course (χ) and flight path (γ) angles

RV I = e−γê2e−χê3 =
(
eχê3eγê2

)⊤
= R⊤

IV (2.2.10)

• Wind to body frame: Angles of attack (α) and sideslip (β)

RBW = e−αê2eβê3 =
(
e−βê3eαê2

)⊤
= R⊤

WB (2.2.11)

• Wind to velocity frame: Bank angle (φ)

RVW = eφê1 =
(
e−φê1

)⊤
= R⊤

WV (2.2.12)

The equations that define how an aircraft moves through the air are known as the equations
of motion. These equations are found by applying Newton’s second law to aircraft, and
solving for the six degrees of freedom in which an aircraft can move. The derivation of these
equations is well established [53], so only the final equations are listed below.

The longitudinal equations of motion are the forces and moment which remain in the b1-b3
plane, which are the forces along the b1 and b3 axes (X and Z respectively), as well as the
pitching momentM about the b2 axis. In this formulation, X, Z, andM are decomposed
into more general aerodynamic and thrust moments. This is the most general case in which
includes thrust acting along all six degrees of freedom.

m(u̇+ qw − rv) = −mg sin(θ) +XA +XT

q̇Iyy − pr(Izz − Ixx) + (p2 − r2)Ixz =MA +MT

m(ẇ + pv − qu) = −mg cos(ϕ) cos(θ) + ZA + ZT

(2.2.13)

where m is mass, g is acceleration due to gravity in the inertial positive down direction, Ixx,
Iyy, and Izz are the roll, pitch, and yaw moments of inertia respectively, and Ixz is a product
of inertia. It is assumed that the Ixy and Iyz products of inertia are zero, which is a valid
assumption for most aircraft.

The lateral-directional equations of motion are the remaining three forces and moments,
which are the force Y along the b2 axis and the rolling L and yawing N moments about
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the b1 and b3 axes respectively. Similarly to the longitudinal equations, Y , L, and N are
decomposed into aerodynamic and thrust components.

ṗIxx − qr(Izz − Iyy)− (ṙ + pq)Ixz = LA + LT
m(v̇ + ru− pw) = mg sin(ϕ) cos(θ) + YA + YT

ṙIzz + pq(Iyy − Iyy) + (qr − ṗ)Ixz = NA +NT
(2.2.14)

However, a rearranged and condensed version is more useful for simulation and control
design. By solving (2.2.13) and (2.2.14) for the time rate change of the body velocities and
body-axis angular rates, and adding the equations for the time rate change of position and
attitude quaternions, the full set of vehicle dynamics can be found. In this formulation, all
aerodynamic and thrust forces are combined into forces along their specific axes, and all
aerodynamic and thrust moments are combined into moments about their specific axes. The
time rate change of both Euler angles and quaternions are listed, although in practice only
one set of equations is used.

ṙ = RIBvB

v̇B = vB × ω +RBI(ge3) +
F

m
Θ̇ = L(Θ)ω,

q̇B =
1

2

q̄⊤

q0I
ˆ̄q

ω − ln (∥q∥2) q

ω̇ = I−1(Iω × ω) +M

(2.2.15)

where

L(Θ) =

1 sin(ϕ) tan(θ) cos(ϕ) tan(θ)
0 cos(ϕ) − sin(ϕ)
0 sin(ϕ) sec(θ) cos(ϕ) sec(θ)

 (2.2.16)

is the inverse of the matrix in (2.2.8) and where F is the total force (2.2.17), M is the total
moment (2.2.20), and I is the inertia matrix (2.2.22).

The total force F ∈ R3 along the b1, b2, b3 axes is defined as

F =

X + T
Y
Z

 =
1

2
ρV 2S

CXCY
CZ

+ Te1 (2.2.17)

where ρ is the air density, V is the magnitude of the airspeed, and S is the wind surface
area, and with the thrust T for a propeller-driven airplane is defined by

T =
1

2
ρV 2SCt (2.2.18)
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where
Ct = CxJ 2

c
J 2
c + CxJc

Jc

Jc = J − J0 J =
nD

V
J0 =

ncruiseD

Vcruise

and where J is the inverse advance ratio, Jc is the centered, inverse advance ratio, J0 is the
centering reference value, and Cx(·) are the aerodynamic parameters corresponding to the
appropriate Jc terms. The advance ratio is typically expressed using propeller speed n, in
rev/s. In this thesis, Ω denotes propeller speed in rad/s, and n denotes propeller speed in
rev/s.

The implementation of the nonlinear dynamic inversion control law (NDI) and the robust
port-Hamiltonian control law (RPH) requires the body forces in (2.2.17) to be expressed in
the wind frame. Therefore, the relation of body force F to the wind frame isDS

L

 =

− cos(α) cos(β) − sin(β) − sin(α) cos(β)
cos(α) sin(β) − cos(β) sin(α) sin(β)
sin(α) 0 − cos(α)


︸ ︷︷ ︸

RWB

X + T
Y
Z


︸ ︷︷ ︸

F

(2.2.19)

The total moment M ∈ R3 about the b1, b2, b3 axes is defined as

M =

 LM
N

 =
1

2
ρV 2S

b 0 0
0 c̄ 0
0 0 b

CL
CM
CN

+ uM (2.2.20)

where b is the wing span and c̄ is the mean aerodynamic chord length, and with the control
moment uM defined by

uM =

 uLuM
uN

 =
1

2
ρV 2S

b 0 0
0 c̄ 0
0 0 b

CLδa
0 CLδr

0 CMδe
0

CNδa
0 CNδr

δaδe
δr

 (2.2.21)

where uL, uM, uN are the roll, pitch, and yaw control moments respectively, δa, δe, δr are the
aileron, elevator, and rudder control surface deflections respectively, and CL(·) , CM(·) , CN(·))

are the aerodynamic coefficients corresponding to each control surface deflection.

Lastly, the inertia matrix I ∈ R3×3 is defined as

I =

 Ixx −Ixy −Ixz
−Ixy Iyy −Iyz
−Ixz −Iyz Izz

 (2.2.22)

The aerodynamic coefficients seen in (2.2.17) and (2.2.20) are different for every aircraft,
and therefore must be identified in order to properly derive a model-based control law and
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develop an accurate simulation. The aircraft used in this work is the My Twin Dream (MTD)
aircraft, seen in Figure 2.1 with mass and geometric properties given in Table A.2. The MTD
fixed-wing uncrewed air vehicle is an electrically propelled, commercial off-the-shelf airplane
modified by researchers in Virginia Tech’s Nonlinear Systems Laboratory (NSL). The plat-
form is a robust, low-cost device for testing control and estimation algorithms developed by
NSL researchers. The aircraft supports testing of control and estimation algorithms, using
an onboard autopilot and co-computer. The MTD is equipped with an air data unit that
includes a Kiel probe for Pitot and static pressure, and vanes for angle of attack and flank
angle, as well as landing gear.

Figure 2.1: MTD research aircraft

Using system identification methods and techniques described in [12, 13, 19, 41, 42, 43], a
new aerodynamic-propulsive model of the MTD was found to be

CX = CXαα + CXα2α
2 + CXα3α

3 + CXβ2
β2 + CXJc

Jc + CXJ 2
c
J 2
c + CX0

CY = CYββ + CYr r̂ + CYδr δr

CZ = CZαα + CZα3α
3 + CZq q̂ + CZδe

δe + CZJc
Jc + CZ0

CL = CLβ
β + CLp p̂+ CLr r̂ + CLδa

δa + CLδa3δ
3
a

CM = CMαα + CMq q̂ + CMδe
δe

CN = CNβ
β + CNβ3

β3 + CNp p̂+ CNr r̂ + CNδa
δa + CNδr

δr

(2.2.23)

where the aerodynamic parameters can be found in Table A.3, and

p̂ =
pb

2V
, q̂ =

qc̄

2V
, and r̂ =

rb

2V
(2.2.24)

denote the dimensionless body-axis angular rates.
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2.3 Robustness
Robustness describes how much a control law can resist disturbances before performance
substantially declines. These disturbances include state-dependent endogenous disturbances
due to modeling error and state-independent exogenous disturbances such as the time-varying
external force due to wind. To reduce risk of full scale implementation of a control law, a
robustness analysis is performed on the control law. This analysis can be done in many
ways, from analytical methods to numerical optimization and calculation to find the bounds
a system may face before becoming unstable.

For linear, time invariant systems, [52] provides an in depth analysis on six methods that
can be applied to find the stability bounds of aerodynamic parameter variation. For non-
linear systems, [49] provides a path to extend linear matrix inequalities to nonlinear matrix
inequalities, while [11] use optimal feedback control laws to account for disturbance other
than aerodynamic parameter variation, such as static and dynamic input perturbations and
stochastic disturbances.

For this work, the robustness analysis was completed by a simulation study, where each
simulation included stochastic disturbances. By generating enough simulations, a computa-
tional assessment of the robustness can be determined for control laws. The results produced
by the simulation studies in this work provide general analysis about what disturbances in-
dividual control laws are not robust to, as well as generate specific performance criteria for
simulating flight implementation with realistic disturbances.

Below, Section 2.3.1 describes the four disturbances that were implemented in this work:
measurement noise, model mismatch, wind, and control discretization with time delay. Sec-
tion 2.3.2 discusses two common measures of robustness for linear control laws, which are
gain and phase margin. Section 2.3.3 discusses the background for a primary nonlinear
robustness measure, input-to-state stability.

2.3.1 Disturbances
The selection of the following disturbances was based on disturbances that an aircraft in
flight would likely encounter. Therefore, by implementing these disturbances in a simulation
study, the varied impact of each of the disturbances would become clear. This provides
insight into the impact of different disturbances on the novel RPH, in order to reduce risk
before full scale implementation.

Measurement Noise

Measurement noise is a disturbance that comes from sensor measurements. As the name
implies, this disturbance comes from measurement data that vary, sometimes significantly,
from the true measurement. There are a variety of factors that cause this disturbance, such
as digitization and discretization of the analog, continuous data being measured, electronic
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field interference, or simply data processing.

This disturbance is inherent in all sensors, and therefore is a realistic disturbance to incor-
porate in simulation for flight. Measurement noise could perturb the closed-loop system
outside of the system’s stability bounds. It is assumed that measurement noise occurs at
a much higher frequency than the vehicle motion so that it can be filtered out of measure-
ment data for use in the feedback control law. By comparing the filtered data to unfiltered
data, the statistics of the measurement noise can be found. Therefore, sampling from each
state measurement noise’s distribution will provide realistic noise that can be implemented
in simulation.

Model Mismatch

Model mismatch is a disturbance to the vehicle that comes from incomplete modeling. The
balancing act of system identification is to get a model that matches the flight data well,
and is simple to implement. Therefore, some dynamics of the full aircraft motion from flight
will be left out.

This is the primary disturbance addressed by robustness analysis. In [11, 22, 32, 39], aero-
dynamic model uncertainty is the primary disturbance analyzed. Further, in [52], individual
aerodynamic parameters in (2.2.23) are perturbed to find the percent difference, or standard
deviation, each parameter can have before causing the system to become unstable. However,
in this thesis, the model mismatch is applied by finding the error between the aerodynamic
coefficients found by flight data and by the aerodynamic model.

The error between the flight data aerodynamic coefficients and the model-calculated aero-
dynamic coefficients should be purely Gaussian if the modeling is successful, however most
of the time the error is not truly Gaussian. Despite this, the difference from a Gaussian
distribution is usually negligible and therefore a Gaussian distribution is assumed. By sam-
pling from the error distribution for each aerodynamic coefficient, the model mismatch can
be implemented in the simulation.

Wind

There are many ways to model wind. The basic approach to modeling wind is to incorporate
two elements into the wind model: steady wind and turbulence. Steady wind is the average
velocity of the wind through time. This value can change direction or magnitude slowly,
relative to the aircraft motion, but the steady wind term assumed here to remain constant.
The primary time- and/or location-varying component of modeled wind is the turbulence,
which causes gusts and random variation within the wind model. Turbulence originates in
the boundary layer between a flow and an object, such as the Earth’s surface, or between
two flows moving in shear.

The most common clear air turbulence models are the von Kármán and Dryden models,
which provide power spectral density (PSD) of turbulence in the frequency domain. By
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sampling from the PSDs and converting the frequencies into time-domain signals, the effect
of turbulence can be implemented in simulation.

Discretization and Time Delay

In developing nonlinear control laws, it is common to consider continuous-time dynamics
with continuous control inputs, which means that most robustness and stability guarantees
that come from theory are only valid for continuous-time systems. Reference [17] (with
companion paper [16]) is an example of control law theory applied discrete-time systems,
where a few Lyapunov-based stability theorems. However, the theorems that are provided are
for either linear systems or equilibria of nonlinear systems. Discretization of continuous-time
systems is unavoidable in practice because every continuous signal will become discretized
due to digital implementation for every physically implemented system in simulation or flight.
Therefore, any simulation or flight that attempts to implement theory must consider the
impact of discretization. An approximation of continuous signals can be made by selecting
step sizes that are small enough. Across the literature, this approximation is generally held
to be true given the sheer number of control laws tested by simulation and flight, although
there is relatively little theory bridging the gap between continuous theory and discrete
implementation.

There are two primary methods that can be used to turn a continuous control law into a
discrete control law. The first method is to design a control law around the continuous
system, and then discretize the control law, while the second is to discretize the system,
and then design a discrete control law around that new system [33]. The second approach
is almost singularly used for linear systems due to the difficulty of discretizing nonlinear
systems. However, an example of the construction of a discretized, nonlinear control law
based on feedback linearization is given in [26]. Despite the existence of this control law,
this thesis only implements continuous control laws to ensure a complete and fair comparison
between the other two control laws.

Another necessary consideration when implementing control laws in flight is time delay of
said control laws. Time delay can be caused by differences in transmission rates between the
flight computer and ground station, or simply obstructions to the signal path. The impact
of time delay further exacerbates the impact of discretization on the control input, since
the application of time delay widens the gap between when the control input is calculated
and when the control input is applied. Although this occurs in general for the discretization
of continuous systems, the states of an aircraft before a time delay could be non-negligibly
different from after the time delay, although the control input applied is from before the
time delay.

2.3.2 Robustness for Linear Systems
The classical measures of robustness are gain and phase margin, which describe how much
parameter variation and time delay a linear, time invariant (LTI) system can tolerate before
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becoming unstable. The practical application of gain and phase margin can be seen in [20]
and [1], where certain robustness limits are set to ensure safety of manned and unmanned
systems designed with linear dynamics.

The primary way to determine gain and phase margin is by analyzing the system in the
frequency domain, as seen in [53]. A single-input/single output, closed-loop LTI system can
be represented in the Laplace domain as

L(s) =
KG(s)

1 +KG(s)H(s)
(2.3.1)

where G(s) is the plant transfer function, H(s) is the feedback transfer function, and K is
the input gain.

The closed-loop stability criteria can be determined by rearranging the characteristic equa-
tion, and finding that the stability limit for closed-loop LTI systems is

KG(s)H(s) = −1 (2.3.2)

This means that in order for a system to be closed-loop stable, the open-loop system must
have a log magnitude less than 0 dB when the phase is −180◦.

Figure 2.2: Example Bode plot, used with permission from Dr. Craig Woolsey

To find what the frequency response of the system is, s = iω is substituted into the closed-
loop transfer function (2.3.1), where the real component of L is the gain magnitude in
decibels (dB) and the imaginary component is the phase in degrees. By plotting this on
a semi-logarithmic scale, that is the abscissa axis plots frequency (ω) logarithmically and
ordinate axis plots gain or phase linearly, a Bode plot is formed as seen in Figure 2.2. The
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two top plots display the gain margin, or the magnitude of the transfer function, and the
two bottom plots display the phase margin, or the phase angle of the transfer function, while
the two left plots display positive margins and the two right plots display negative margins.
There are four points in each set of plots that are important for robustness analysis. The
two primary points occur when the gain magnitude crosses 0 dB, the gain crossover point
ωG, and when the phase crosses −180◦, the phase crossover point ωϕ. The two secondary
points occur at the corresponding frequencies on each opposing graph. If the gain and phase
crossover point occur at the same frequency, the system has no gain or phase margin, which
means any disturbance the system experiences would make the system become unstable. For
systems of other than neutral stability, gain margin can be found by identifying the gain
present in the system at the frequency at which the phase crossover point occurs. Similarly,
phase margin can be found by identifying the phase present in the system at the frequency
at which the gain crossover point occurs, and subtracting the phase found from 180◦. If the
magnitude of the system never crosses 0 dB, the system would have infinite phase margin,
and vice versa for infinite gain margin if the phase never crossed −180◦.

The notion of gain margin is used to define the extent of how much the magnitude of the
open-loop system dynamics can be perturbed by while maintaining stability of the closed-
loop system. If the system dynamics perturbations were increased by a factor of 2 without
changing the feedback or control law, this would cause the gain magnitude in the system to
increase by approximately 6 dB.

Factor = 10dB/20 or dB = 20 log10(Factor) (2.3.3)

Therefore, if the system has a gain margin of 22 dB, the system dynamics perturbations
could be increased by a factor of approximately 12.5 before the gain and phase crossover
points would share the same frequency, causing instability. Further, if the system dynamics
were held constant but an external disturbance was applied with a magnitude of 20 dB, the
system would be able to maintain stability since the overall magnitude of the system was
less 22 dB.

Similarly, the notion of phase margin is used to define the extent of how much lag the
open-loop system dynamics can experience while maintaining stability of the closed-loop
system. If the system experienced a delay of 40 milliseconds at a frequency of 2 Hz, then
the corresponding impact to the phase of the closed-loop system would be 30◦ per

ϕL = 360◦f(∆t) (2.3.4)

where f is the frequency and ∆t is the time delay. Therefore, if the system has a phase
margin of 115◦, the system would be able to withstand a significant amount of time delay
(up to 0.15 s at 2 Hz) depending on the frequency of the dynamics.

This idea is expanded upon by [38], where an upper and lower margin for gain and phase
are introduced. The purpose of this is to generalize the perturbation applied to the system,
in case the model of the plant was a factor larger or smaller. For example, if the system
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dynamics were made to be much smaller than the control law was designed for, the system
could become unstable due to the effect of the control input. Therefore, for gain margin gL,
the limits are found within the noninclusive range 0 < gL < gL < gu < ∞, while for phase
margin ϕL the limits are within the symmetric, noninclusive range −∞ < −ϕu < ϕL <
ϕu < ∞. These limits are the chosen robustness measure for the discussion in Section 3.1.2.

Discussion on another linear robustness measure can also be found in [38], where the concept
of disk margin combines the notions of gain and phase margin to include combinations of
both that drive the system unstable. For the system previously described, if a 22 dB gain
disturbance is applied, the system will remain stable. If a 115◦ phase disturbance is applied,
the system will remain stable. However, before reaching both limits simultaneously, the
system will become unstable due to the cross impact. Therefore, the concept of disk margins
combines the two notions in a 2-dimensional plot with gain and phase margin on the axes,
showing the limits of combined disturbances.

2.3.3 Robustness for Nonlinear Systems
Unlike linear control theory, nonlinear control theory does not have standardized measure-
ments to quantify the robustness of a system. Therefore, the robustness of nonlinear systems
is based on providing guarantees of system performance given certain types of inputs and
disturbances. Here, robustness is assessed using the notion of input-to-state stability (ISS),
the focus of this discussion, which follows closely from [18].

The basis for most nonlinear stability theory is from Lyapunov stability, which identifies
functions, when combined with certain inequalities, that provide bounds on the performance
or response of a system. The focus of this work will be on boundedness, which is the notion
of ensuring the state remains below a certain threshold.

Definition 2.1 (Definition 4.6 in [18]). Given a system ẋ = f(t,x), the solutions for x(t)
are said to be

• uniformly bounded if there exists a positive constant c, independent of t0, and for every
a ∈ (0, c), there is β = β(a) > 0, independent of t0, such that

∥x(t0)∥ ≤ a⇒ ∥x(t)∥ ≤ β, ∀t ≥ t0 (2.3.5)

• uniformly ultimately bounded with ultimate bound b if there exist positive constants
b and c, independent of t0 ≥ 0, and for every a ∈ (0, c), there is T = T (a, b) ≥ 0,
independent of t0, such that

∥x(t0)∥ ≤ a⇒ ∥x(t)∥ ≤ b, ∀t ≥ t0 + T (2.3.6)

The respective properties are global if (2.3.5) and (2.3.6), respectively, hold for arbitrarily
large a.
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Consider the time-varying nonlinear system

ẋ = f(t,x,u) (2.3.7)

Definition 2.2 (Definition 4.7 in [18]). The system (2.3.7) is said to be input-to-state stable
if there exists a class KL function β and a class K function γ such that for any initial state
x(t0) and any bounded input u(t), the solution x(t) exists for all t ≥ t0 and satisfies

∥x(t)∥ ≤ β(∥x(t0)∥ , t− t0) + γ

(
sup
t0≤τ≤t

∥u(τ)∥
)

(2.3.8)

where class K and KL functions are defined in Section 2.1. Definition 2.2 defines a local
version of ISS with global guarantees, with further discussion in Section 4.9 of [18].

The inequality (2.3.8) guarantees that the entire time history of the state will be uniformly
ultimately bounded [18] if the input u(t) is bounded, hence the name input-to-state stability.
In other words, ISS boundedness of the state along trajectories on which the disturbance
is uniformly bounded. If all trajectories are perturbed by uniformly bounded disturbances,
then ISS uniform ultimate boundedness of the state with respect to initial conditions and
initial time. Therefore, if a control law is designed with ISS, then the control law will be
robust to any bounded disturbance.

However, ISS only applies to bounded, additive disturbances. The class of non-additive dis-
turbances describes all disturbances that do not enter the dynamics additively. For example,
in the system ẋ = −2(x+w), w is not simply added to the dynamics. On the other hand, if
we defined a new disturbance w̃ = −2w, then w̃ would enter additively. Non-additive distur-
bances can have a more significant impact on trajectories, such that bounded, non-additive
disturbances can cause the state to grow unbounded.

A sufficient condition for ISS for a system can be found in Theorem 2.3, which applies
Lyapunov-like equations to ISS. This theorem was used in the construction of RPH.

Theorem 2.3 (Theorem 2.12 in [31]). Suppose that f is continuous in its arguments,
that (2.3.7) is well posed (for any initial condition and input there is a unique max-
imal solution), and that all uniformly bounded solutions of (2.3.7) are maximal. Let
V : [0,∞)× Rn → [0,∞) be a continuously differentiable function such that

α1(∥x∥) ≤ V (t,x) ≤ α2(∥x∥) (2.3.9)

V̇ (t,x,u) ≤ −α(V (t,x)) + γ(∥u∥∞) (2.3.10)
for all (t,x,u) ∈ [0,∞) × Rn × Rm, where V̇ (t,x,u) is the derivative of V (t,x) along
trajectories, α1, α2, and α are class K∞ functions, and γ is a class K function. Then, the
system (2.3.7) is input-to-state stable.

Once a control law is constructed, or as part of the process, the sufficient conditions for
ISS in Theorem 2.3 are confirmed. Specifically, V (t,x), α1, α2, α, and γ are defined. If the
defined functions satisfy (2.3.9) and (2.3.10), the control law is ISS.



Chapter 3

Control Methods

There are a variety of choices to make when controlling mechanical systems [4]. The first
choice is whether to use a model-based approach or not. Examples of non-model based
methods are proportional-integral-derivative or reinforcement learning control. Tuning the
gains for model-free control laws is often difficult and time consuming.

If the choice is made to use model-based control, the second choice is whether to apply con-
trol to the full nonlinear dynamics, or to a linearized version of them. The arguably simpler
path is to linearize the set of nonlinear system dynamics, and then control the system using
any one of the variety of well-developed linear control methods such as proportional-integral-
derivative control, linear quadratic regulator control (LQR), or H∞ control. However, linear
control laws and linearized dynamics typically only provide reasonable results if the pertur-
bations applied to the system are small. Therefore, linear control is typically only used for
systems which operate within a small maneuvering envelope, such as straight and level flight
for an aircraft. Nonlinear control methods include model reference adaptive control, rein-
forcement learning, nonlinear dynamic inversion control (NDI), and passivity based control
applied to port-Hamiltonian systems.

Another choice to make is between static and dynamic state control laws. Static state control
laws are memoryless functions of the state [18]. These control laws are defined by algebraic
expressions, rather than differential equations, which reduces the computational complexity
of the control law.

Dynamic state feedback control laws are those that require at least one separate state with
dynamics to control the system. This additional state may include: adaptive gains such as
in the field of adaptive control, where the gains adapt based on the magnitude of error or
changing parameters; an integrator state that can be applied to any control law to remove
steady-state error; or a state estimator that can be applied to any control law to estimate any
states that cannot be measured with sensors. The benefit of having a dynamic state control
law is that the gains can change according to prescribed dynamics, accounting for any changes
to the system or tuning the control law for better tracking over time. However, dynamic
state control laws are computationally more expensive, more complicated to implement, and
may be unnecessary depending on the control task.

In this work, two industry standard, static state feedback control laws are compared against
a novel control technique presented in [50]. The two comparators are LQR, which is a linear

20
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control law with robustness guarantees, and NDI, which is a nonlinear control law that
identically transforms a nonlinear system into a linear system through feedback. The novel
technique is a robust port-Hamiltonian control law (RPH), since the construction applies
ISS to a port-Hamiltonian system, given a cascaded set of integrators that can be feedback
linearized.

The three control laws were designed to perform output tracking on the desired quantities of
airspeed V ⋆(t), flight path angle γ⋆(t), course angle χ⋆(t), sideslip angle β⋆(t). These desired
output states for tracking were chosen from the list of options presented in [26].

The remainder of this chapter is devoted to the three control laws implemented in this work.
For each control law, a general overview will be provided. Then the robustness guarantees
inherent to each control law will be explained, followed by the theoretical derivation. Lastly,
the specific implementation of each control law in this work will be discussed.

3.1 Linear Quadratic Regulator
3.1.1 Overview
Linear quadratic regulator control, or LQR, is a method of control applied to linear systems
that is designed to minimize the state error and control inputs based on quadratic penal-
ties. The term regulator in LQR comes from the control task of regulating the state to a
reference state. LQR is part of the field of linear optimal control which includes extensions
on the classical LQR problem, such as linear quadratic gaussian control (which accounts for
measurement noise and other stochastic effects), H2 control (which is a generalization of the
linear quadratic gaussian method), and H∞ control (which is the most robust method of this
group of control laws) [7].

The primary benefits of using LQR are the simplicity of design and implementation, and
robust performance. The simplicity of implementation is evident given LQR involves a linear
control law:

u = −Kx

where K is the gain matrix, and u and x are the perturbations from nominal values of the
control and state, respectively. Although the discussion and implementation presented below
are for linear time-invariant systems, the theory for LQR extends easily to linear time-varying
systems. LQR, and optimal linear control in general, has been studied extensively since the
1960s. More information can be found in [2, 7, 25], among other linear control books. The
other benefits of LQR regarding robust performance and gain tuning are discussed below.

3.1.2 Guarantees
This section describes the inherent guarantees that LQR has, which follows closely from
Chapter 4 in [7]. Since LQR is a linear control law, the robustness measure will be in terms
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of gain and phase margin.

By applying Kalman’s inequality, it can be shown that control laws designed by LQR in-
herently have infinite increasing gain margin (gu =∞), and a decreasing gain margin of 1/2
(gL = 1/2) in each control input channel [7]. LQR control laws also have a phase margin
in each control input channel of ±60◦. This means that LQR control laws can be impacted
by both positive and negative phase shift of 60◦, due to time delay or other factors, and
remain stable if there are no changes to the gain of the system. However, the requirement of
these robustness properties is that the state itself is available for feedback. In the event that
output, instead of state, feedback is used, all of the robustness guarantees are lost. Here, we
assume the full state is available for computing the state feedback control law.

3.1.3 Derivation
For a linear system given by

ẋ(t) = Ax(t) +Bu(t) (3.1.1)

the cost function is given as

J =

∫ ∞

0

(
x⊤Qx+ u⊤Ru

)
dt (3.1.2)

where Q ∈ Rn×n is the positive semi-definite state cost weight matrix and R ∈ Rm×m is the
positive definite input cost weight matrix.

Linear control theory provides a standard control law

u = −Kx (3.1.3)

where K ∈ Rm×n is the gain matrix.

In this work, the following linear control law is used,

u = −K(x− xref) + ueq (3.1.4)

where xref is the reference trajectory state and ueq is the trim control input. This is a valid
extension of (3.1.3), since the standard LQR problem regulates the state to zero. However,
by driving the quantity (x−xref) to zero instead, the same control law will drive the vehicle
state to track the reference state. In order to not pull the system state too far away from
the trim condition about which the aircraft dynamics were linearized, xref is required to be
small.

In the case of LQR, K is found by

K = R−1B⊤P (3.1.5)
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where P ∈ Rn×n is the symmetric, positive semi-definite solution to the algebraic Riccati
equation

A⊤P + PA− PBR−1B⊤P +Q = 0 (3.1.6)
where it is assumed that (A,B) is controllable and (A,

√
Q) is observable, where

√
Q satisfies

Q =
√

Q
⊤√

Q

This provides the minimum cost for the function J above, which penalizes large values of x
if Q is large, or u is R is large.

3.1.4 Implementation
LQR for this work was developed by the following process. First, the linear system in state-
space form is defined by the state and control inputs. For this work, the state chosen for
LQR was

xLQR = [ϕ, θ, ψ, u, v, w, p, q, r]⊤ (3.1.7)
Inertial position (N,E,D) is omitted because the control task is output tracking, not tra-
jectory tracking. Next, the control input chosen for LQR was

u = [δa, δe, δr,Ω] (3.1.8)

where δa/e/r are the aileron, elevator, and rudder deflections respectively, and Ω is the pro-
peller speed in rad/s. The control input was chosen because it includes all of the control
surfaces available on the MTD, in units that the flight computer expects.

For the simulations implemented in this work, there were three trim conditions that LQR
was trimmed about based on the chosen trajectory to find both a trim state and a trim
control input: straight, level, unaccelerated flight (SLUF), constant altitude and constant
radius turn, and wings-level, unaccelerated climb. These trim states and control inputs can
be found in Table A.6. However, only one gain matrix KLQR was used through the entire
flight which was based on the straight and level flight condition.

Once the state and control inputs are chosen, the equations of motion of the system are
linearized about a nominal trim condition using a numerical Jacobian for both the state and
control input to find A and B respectively.

The purpose of the Q matrix is to add weights to the cost function for each state. The
higher the weight, the greater an error in the state will be penalized. In order to tune Q, the
weights should define how much error between the state and reference the user is willing to
handle. The values of Q were chosen to keep the Euler angles within about 10◦ (π/18 rad),
the body velocity within 0.5 m/s, and the angular rates within 30◦/s (π/6 rad/s). Those
values were put into the Q matrix by

κ = [π/18 π/18 π/18 0.5 0.5 0.5 π/6 π/6 π/6]⊤

Q = diag
([
1/(κ)2

])
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where the final Q matrix is given in (A.3.2).

Similarly to Q, the purpose of R is to add weights to the cost function for each control
input. In order to tune R, the weights should be similar to the actuator limits for the
physical system being controlled that the user wants to impose. The values of R were
chosen to penalize actuator deflections of 10◦ (π/18 rad) and propeller rotation of 30 rad/s.
If some actuators had lower limits than others, the values for R can be tuned to account for
that.

R = 10 diag
([
1/(π/18 π/18 π/18 30)2

])
where the final R matrix is given in (A.3.3)

For the gain matrix, there are a variety of methods to solve the algebraic Riccati equa-
tion (3.1.6). For this paper, the lqr(A,B,Q,R) command in MATLAB was used. The final
KLQR gain matrix used in this work is given in (A.3.4).

The final part for LQR implementation regarded converting the reference outputs from (A.1.1).
Since these outputs were chosen for the use in the feedback linearization-based control laws
NDI and RPH, the outputs needed to be converted into the reference usable for LQR.

Given the user-defined desired outputs V ⋆(t), γ⋆(t), χ⋆(t), and β⋆(t), the following equations
were used to compute the necessary reference outputs for LQR to track, denoted (·)⋆(t).

ϕ⋆(t) =− tan−1

(
V

g
ψ̇trim

)
(3.1.9)

θ⋆(t) = θtrim (3.1.10)
ψ⋆(t) = χ⋆(t) (3.1.11)u⋆(t)v⋆(t)

w⋆(t)

 = V ⋆(t)
(
eψ

⋆(t)ê3eθ
⋆(t)ê2eϕ

⋆(t)ê1
)⊤︸ ︷︷ ︸

RBI, ref

(
eχ

⋆(t)ê3eγ
⋆(t)ê2

)︸ ︷︷ ︸
RIV, ref

e1 (3.1.12)

p⋆(t)q⋆(t)
r⋆(t)

 =

 − sin(θ⋆(t))
cos(θ⋆(t)) sin(ϕ⋆(t))
cos(θ⋆(t)) cos(ϕ⋆(t))

 ψ̇trim (3.1.13)

where V is the norm of the aircraft’s current body velocity, g is gravity, ψ̇trim is the trim turn
rate listed in Section A.3.1 and θtrim is the trim pitch angle at each selected trim condition.

An example of the implementation for LQR is shown in Figure 3.1. The first example, Fig-
ure 3.1(a), demonstrates undisturbed, linear output tracking from an off-nominal condition.
Since this is the case that LQR was designed around, the results are stellar in both state
output tracking results and very low magnitude control input.

The second example, Figure 3.1(b), shows undisturbed, large deviation output tracking from
an off-nominal condition. Although LQR was not designed for large deviation tracking, the
resulting outputs are close to the desired state outputs. Small transients can be seen in
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Figure 3.1: Example of LQR control law implementation (a) Linear output tracking without
disturbances, (b) Nonlinear output tracking without disturbances, and (c) Nonlinear output
tracking with exogenous disturbances.
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the state outputs, especially in γ, whenever the nonlinearities grow. However, the control
input figure shows large transients in control effort at times 20, 40, and 55 seconds. This
is due to the sudden switching of the trim conditions. Although there exists a process to
add a transition phase to LQR to smoothly transition between trim conditions, no transition
region was implemented in this work. However, even in the large deviation region, LQR has
relatively low magnitude control inputs.
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Figure 3.2: Example of exogenous disturbances on LQR: Applied exogenous disturbance
(left), and experienced disturbance (right).

Lastly, Figure 3.1(c) demonstrates large deviation output tracking from an off-nominal con-
dition with a generalized applied disturbance. This exogenous applied force and moment
disturbance can be seen in Figure 3.2 on the left, whereas the disturbance experienced by
LQR, which includes model mismatch due to the linearization of nonlinear dynamics and the
exogenous disturbance, is shown on the right. The applied disturbance was chosen to stress
the control law, and is defined in (A.2.1). Despite the applied disturbances, the performance
of LQR is not significantly different from the undisturbed case in Figure 3.1(b), although
there are more small transients in every tracked output, especially during nonlinear maneu-
vers. The disturbance rejection is most clearly seen in the control inputs, where there are
more frequent changes to counteract the disturbance compared to without the disturbance.
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3.2 Nonlinear Dynamic Inversion
3.2.1 Overview
Nonlinear dynamic inversion control (NDI), also known as feedback linearization, is a non-
linear control method that uses feedback to identically turn a nonlinear system into a linear
system.

In a greatly simplified example, consider a single input system

ẋ = a(x) + b(x)u (3.2.1)

where
a(x) = x− x3 and b(x) = 2 (3.2.2)

The method of dynamic inversion would set the control input to be

u =
1

b(x)
(−a(x) + v) (3.2.3)

where v is the linear control term. The ideal control input (3.2.3) would identically transform
the nonlinear system (3.2.1) into the linear system

ẋ = v (3.2.4)

using the control input
u =

1

2

(
−x+ x3 + v

)
(3.2.5)

where v can be determined by any linear control method, such as LQR. In (3.2.1), NDI
canceled a stabilizing nonlinearity, which may be very wasteful compared to other methods.

However, the primary flaw with NDI is caused by the cancellation of only the known non-
linearities. Changing a from (3.2.2) to include some “unknown” nonlinearities,

a = x+ x2 + x3 (3.2.6)

or
a = x− 1

2
x3 (3.2.7)

while applying the same control input (3.2.5) results in different state dynamics after feedback
linearization

ẋ = x2 + v

or
ẋ =

1

2
x3 + v

In both (3.2.6) and (3.2.7), the unknown nonlinearity would cause the system to become
unstable. In (3.2.6), an unknown and unaccounted for term caused nonlinearities to persist,
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while in (3.2.7), a known nonlinearity had an unknown multiplicative factor, which caused
the nominal linearizing control law to introduce a destabilizing nonlinearity. NDI only works
perfectly when the model is exactly known, but by definition that is not possible as discussed
in Section 2.3.1.

The second flaw with feedback linearization is that not all systems can be feedback linearized.
The most generally applicable method of feedback linearization is input-output linearization,
in which some nonlinear dynamics remain after the designer has constructed a linear map-
ping from inputs to outputs. These remaining nonlinear dynamics have no visible effect on
the linearized portion of the closed-loop system, but the linearizing control law depends on
the entire system state, including the state of these unobserved nonlinear dynamics. It is
important to verify that the unobservable “zero dynamics” are well-behaved (i.e., asymp-
totically stable to zero) so that the linearizing control input does not grow so large that it
exceeds the actuators’ capability.

3.2.2 Guarantees
Unlike LQR-designed control laws, there are no inherent stability or robustness guarantees
when a system has been feedback linearized. The primary method of avoiding matrix in-
version singularities is by ensuring the flight envelope of the aircraft stays within set limits.
However, this is not a realistic method since disturbances can cause the aircraft to enter its
singularity condition.

Further, the aircraft model used to calculate NDI is greatly reduced from the model iden-
tified by system identification. This has the effect of constantly applying a disturbance to
NDI, in that there is known (to the user) model mismatch between the aircraft model and
aircraft model used for the construction of NDI. The effect of limiting logic prevents the
control inputs, both u and v in (3.2.5) from growing exponentially. Although the LQR
outer loop control law likely provides some local robustness benefits, those benefits likely
are overstepped immediately by the inherent model mismatch.

There have been methods proposed to improve the robustness of NDI through extensions that
transform NDI into dynamic state feedback. A preliminary example is given in [45], where an
integrator is added to a feedback linearized control law, resulting in a robustness greater than
an unmodified gain-scheduled control law. Another integrator addition is presented in [30],
where the robustness of the dynamic inversion outer loop with a proportional-integral inner
loop is analyzed with promising results. A more in depth set of extensions was presented
in [29], where a robust, and then adaptive, extension was applied to a dynamic inversion
foundation, which resulted in asymptotic tracking guarantees through Lyapunov analysis. A
separate analysis [21] concluded that including sufficient time scale separation improves the
stability of NDI, at the cost of restricting the design freedom.

Another way to mitigate model mismatch disturbances is to change the foundation of the
construction to incremental nonlinear dynamic inversion (INDI). This foundation uses sim-
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ilar construction to NDI, although the equations of motion are manipulated to different
effect and require a greater number of sensor inputs, especially angular acceleration sen-
sors [44]. The primary difference between NDI and Incremental NDI is that NDI computes
commanded control surface deflections at every control calculation, whereas INDI computes
the increments of the control surface deflection by already noting the influence of the control
surfaces previously [40]. This is done by applying NDI to an incremental form of the equa-
tions of motion, which greatly reduces the impact that aerodynamic model mismatch has on
the control law. This is not done simply by canceling the measured acceleration, but by the
structure of controlling changes to the control surfaces instead of absolute deflections. Refer-
ence [40] further proposes a practically attainable version of INDI that incorporates a linear
filter to predict the state of the aircraft, as opposed to assuming instantaneous knowledge of
the state as needed for INDI. Finally, a comprehensive robustness analysis on INDI by [48]
is provided, using Lyapunov methods and nonlinear system perturbation theory to prove the
state of the closed-loop system is ultimately bounded by a class K function of the pertur-
bation bounds. The authors of [48] also show how the incremental nature of INDI rejects
disturbances more effectively than NDI alone using numerical simulation. Lastly, [6, 14]
demonstrates the use of INDI on current US military aircraft.

3.2.3 Derivation
The general derivation of input-output linearization can be found below, which closely follows
Section 13.2 in [18], and [36]. Consider a single-input/single-output control-affine nonlinear
system

ẋ = f(x) + g(x)u

y = h(x)
(3.2.8)

where f(x), g(x), and h(x) are “sufficiently smooth” in a domainD ∈ Rn, and the mappings
f : D → Rn and g : D → Rn are vector fields on D. The Lie derivative of a function h(x)
along a vector field f(x) is defined as

Lfh =
∂h

∂x
f(x) (3.2.9)

and where iterated Lie derivatives are defined as
L0
fh(x) = h(x)

LgLfh(x) =
∂Lfh(x)

∂x
g(x)

L2
fh(x) = LfLfh(x) =

∂Lfh(x)

∂x
f(x)

Lkfh(x) = LfL
k−1
f h(x) =

∂Lk−1
f h(x)

∂x
f(x)

(3.2.10)

Therefore, system (3.2.8) has relative degree r in a region D0 if

Lgψi = 0 for i ∈ {0, 1, ..., r − 1} and Lgψr = 0 (3.2.11)
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for all x ∈ D0 where

ψ1(x) = h(x) and ψi+1(x) = Lfψi, i ∈ {1, 2, ..., r − 1} (3.2.12)

The system (3.2.8) is input-output linearizable in a domain D0 if it has relative degree r ≤ n.
If the system has relative degree r = n, then the system is input-state linearizable.

The above single-input/single-output system (3.2.8) is extended to the square multi-input/multi-
output system

ẋ = f(x) + g1(x)u1 + g2(x)u2 + · · ·+ gm(x)um

y1 = h1(x)

...
ym = hm(x)

(3.2.13)

The multi-input/multi-output system (3.2.13) has vector relative degree (r1, r2, ..., rm) in a
neighborhood D0 if for all x ∈ D0 and for each j ∈ {1, ...,m},

Lg1L
k
fhj = 0 for 0 ≤ k ≤ rj − 2 and i ∈ {1, ...,m} (3.2.14)

and the m×m matrix A(x)

A(x) =

 Lg1L
r1−1
f h1 · · · LgmL

r1−1
f h1

... . . . ...
Lg1L

rm−1
f hm · · · LgmL

rm−1
f hm

 (3.2.15)

is nonsingular. If the system has a well-defined vector relative degree, then the system (3.2.13)
is input-output linearizable.

If a multi-input/multi-output system is input-output linearizable, then the control input is
independent of all except the final derivative of the output mapping. This independence of
the control input is known as integrator decoupling, in that each output function derivative
is decoupled from the others regarding the control input.

If a system has a well-defined vector relative degree, then the state feedback control law

u = −A(x)−1

 Lr1f h1
...

Lrmf hm

+A(x)−1v (3.2.16)

gives the closed-loop system  y
(r1)
1
...

y
(rm)
m

 = v (3.2.17)
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The last consideration with feedback linearization is in regard to the zero dynamics of a
system. It is important to ensure that the feedback linearizing control law (3.2.16) does
not depend on components of the system state that fail to converge asymptotically to zero
when the output is identically zero. When a system is feedback linearized, some states are
unable to be feedback linearized, and therefore become unobservable through the course of
the feedback linearization. Zero dynamics are the unobservable dynamics with the output
held at zero, and a system is minimum phase if the origin is an asymptotic equilibrium for
the zero dynamics. Ensuring that a system is minimum phase guarantees that a control law
will perform as expected with no states becoming unbounded.

For the feedback linearization used in this thesis, the zero dynamics include only the inertial
position, for which the origin is not an asymptotically stable equilibrium. However, since the
control laws are performing inertial velocity output tracking, the position coordinates are
ignorable and are not used at all in the control law calculation. Therefore, the zero dynamics
can be considered empty, which means that the system is minimum phase.

3.2.4 Implementation

The derivation for NDI in this work came from [27], which is a specific application of input-
output linearization. An in depth implementation process is provided below.

The equations of motion for this synthesis are a combined coordinate system of wind and
body axes from [8], which defines the state to be

xNDIinit = [V, γ, φ, χ, α, β, p, q, r, T, Ṫ ]⊤ (3.2.18)

where V is the airspeed, γ, φ, χ are the flight path, bank, and course angles, α and β are
the angles of attack and sideslip, p, q, r are the body-axis angular rates, T is the thrust state,
and Ṫ is the thrust rate. The purpose of this double dynamic extension on thrust was to
ensure the system was feedback linearizable, since the final control input was chosen to be
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uT̈ . The state dynamics are

V̇ = −D
m
− g sin γ

γ̇ = qw cosφ− rw sinφ

φ̇ = pw + (qw sinφ+ rw cosφ) tan γ

χ̇ = (qw sinφ+ rw cosφ) sec γ

α̇ = q − qw sec β − (p cosα + r sinα) tan β

β̇ = rw + p sinα− r cosα

q̇ =
1

Iyy

[
M+ Ixz(r

2 − p2) + (Izz − Ixx)rp
]

[
ṗ
ṙ

]
=

[
Ixx −Ixz
−Ixz Izz

]−1 [
L+ Ixzpq + (Iyy − Izz)qr
N − Ixzqr + (Ixx − Iyy)pq

]
d

dt

[
T

Ṫ

]
=

[
0 1
0 0

] [
T

Ṫ

]
+

[
0
1

]
uT̈

(3.2.19)

where

qw =
1

mV
(L−mg cos γ cosφ)

rw =
1

mV
(−S +mg cos γ sinφ)

pw = p cosα cos β + (q − α̇) sin β + r sinα cos β

(3.2.20)

and pw, qw, rw are the wind-axis angular rates, m is mass, g is gravity, D,S, L are the drag,
side-, and lift forces respectively, L,M,N are the roll, pitch, and yaw moments, and I(·) are
the respective components of the inertia matrix.

Given the aircraft model in (2.2.23), a few changes are made in order to ensure the system
is input-output linearizable.

1. Ignore the dependence on angular rates (p, q, r) and control surface deflections (δa, δe, δr)
from the force terms (CX , CY , CZ)

2. The control input for NDI is chosen to be u =
[
uM uT̈

]⊤, where the control moments
are defined by (2.2.21), and uT̈ which is the double time derivative of the applied thrust.
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Therefore, the aircraft aerodynamic model used for the derivation of NDI and RPH was

CX = CXαα + CXα2α
2 + CXα3α

3 + CXβ2
β2 + [CXJc

Jc + CXJ 2
c
J 2
c ] + CX0

CY = CYββ

CZ = CZαα + CZα3α
3 + CZ0

CL = CLβ
β + CLp p̂+ CLr r̂ + [CLδa

δa]

CM = CMαα + CMq q̂ + [CMδe
δe]

CN = CNβ
β + CNβ3

β3 + CNp p̂+ CNr r̂ + [CNδa
δa + CNδr

δr]

(3.2.21)

where
p̂ =

pb

2V
, q̂ =

qc̄

2V
, r̂ =

rb

2V
Jc =

nD

V
− J0 (3.2.22)

The aerodynamic parameters that are marked by [square brackets] are those terms that are
accounted for by the addition of thrust and the control moments in (2.2.18) and (2.2.21).
Therefore, those terms are not part of the specific derivation process, but instead are used
when calculating the control surface deflection to send to the flight computer.

With the inclusion of the reduced aerodynamic model (3.2.21), the system (3.2.19) is of the
form

ẋ = A(x) +B(x)u

y = Cx
(3.2.23)

which is similar to (2.1.2), with the exception that y ∈ Rm, C ∈ Rm×n, and D(x) = 0.
C can be found by selecting the desired outputs for the task of output tracking. Since the
states chosen for output tracking were V ⋆(t), γ⋆(t), χ⋆(t), and β⋆(t), the implemented matrix
C is given in (A.3.6). It is known that (3.2.19) is of the form (3.2.23) because of the changes
made to the aerodynamic model in 3.2.4. If those changes had not been made, then the state
dynamics would have been based on (2.2.23), which would not have resulted in the linear
analytic form of (3.2.23).

It is convenient to write (3.2.23) in the general form

ẋ = f(x,u)

y = Cx
(3.2.24)

where the matrices A(x) and B(x) can be recovered using

A(x) = f(x,0)

B(x) =
∂f(x,u)

∂u

(3.2.25)

Now that the system (3.2.23) has been defined, the input-output linearization can begin.
The linearization process from [27] is implemented slightly differently than explained in
Section 3.2.3, but the process is nearly identical.
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The primary difference is between the Lie derivative defined in (3.2.9), and the new kth
order differentiation operator, LkA(·) where

L0
A(x) = x and LkA(x) =

[
∂Lk−1

A (x)

∂x

]
A(x) (3.2.26)

The process begins by taking sequential kth order derivatives of each component of the
output, and checking to see if the term multiplying the control input is zero.

y
(di)
i = Cix

(di) = Ci

[
∂Ldi−1

A (x)

∂x
(x)

]
A(x) +Ci

[
∂Ldi−1

A (x)

∂x
(x)

]
B(x)u (3.2.27)

where yi is the ith component of the desired output, Ci is the row of C that corresponds to
the desired output, and d is the final derivative that is taken for integrator decoupling.

This is done most easily through Algorithm 1, which produces A∗
i and B∗

i for each desired
output, as well as the equations to calculate the derivative of every state, Lcounter. For
example,

L1 =
[
V̇ , γ̇, φ̇, χ̇, α̇, β̇, ṗ, q̇, ṙ, Ṫ , T̈

]⊤
L2 =

[
V̈ , γ̈, φ̈, χ̈, α̈, β̈, p̈, q̈, r̈, T̈ ,

...
T
]⊤ (3.2.28)

Stacking each ith component of y, A∗, and B∗ results in the final form for the feedback
linearization.

y(d) = A∗(x) +B∗(x)u (3.2.29)
where

A∗(x) =


C1

∂L
d1
A

∂x
(x)

C2
∂L

d2
A

∂x
(x)

...
Cm

∂Ldm
A

∂x
(x)

 and B∗(x) =


C1

∂L
d1−1
A

∂x
(x)

C2
∂L

d2−1
A

∂x
(x)

...
Cm

∂Ldm−1
A

∂x
(x)

B(x) (3.2.30)

For the desired outputs V ⋆(t), γ⋆(t), χ⋆(t), and β⋆(t),

y(d) =


V ⋆(3)(t)
γ⋆(3)(t)
χ⋆(3)(t)
β⋆(2)(t)

 =


...
V
⋆
(t)...

γ ⋆(t)...
χ ⋆(t)

β̈⋆(t)

 (3.2.31)

In order to input-output linearize the system, the control input is chosen such that

u = [B∗]−1(−A∗ + v) (3.2.32)
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resulting in (3.2.29) becoming
y(d) = v (3.2.33)

The linear control term v is found by transforming the LQR matrix obtained in Section 3.1.4.
Since LQR is a linear control law, system (3.2.29) is rewritten for each ith component in the
form  ẏi

ÿi...
y i

 =

0 1 0
0 0 1
0 0 0

yiẏi
ÿi

+

00
1

vi (3.2.34)

Overall, the system can be written as

ẋNDI = AcxNDI +BcvNDI (3.2.35)

where

Ac = diag
([

02×1 I2×2

0 01×2

]
,

[
02×1 I2×2

0 01×2

]
,

[
02×1 I2×2

0 01×2

]
,

[
0 1
0 0

])
(3.2.36)

and
Bc = diag(e3, e3, e3, e2) (3.2.37)

with the state
xNDI = [V, V̇ , V̈ , γ, γ̇, γ̈, χ, χ̇, χ̈, β, β̇]⊤ (3.2.38)

The states that included time derivatives were calculated using (3.2.28), which were saved
as symbolic functions that could be recalculated.

To solve for KNDI and therefore v, the LQR QLQR and RLQR matrices were transformed to
apply the same gains to the new state xNDI , using lqr(Ac, Bc, QNDI , RNDI). This is done
by choosing QNDI and RNDI such that

QNDI =

( ∂xNDI

∂xLQR+

)−⊤
QLQR 0 0

0
(
∂T
∂Ω

)−⊤
RLQR,Ω

(
∂T
∂Ω

)−1
0

0 0 0

( ∂xNDI

∂xLQR+

)−1

 (3.2.39)

and

RNDI =

[(
∂uM

∂δ

)−⊤
RLQR,δ

(
∂uM

∂δ

)−1
0

0 ruT̈

]
(3.2.40)

by evaluating both QNDI and RNDI at the same trim condition as LQR, given in Table A.6.
The specific equations used to transform from QLQR to QNDI are given in (A.3.7)-(A.3.11),
and the final QNDI , RNDI , and KNDI matrices are found in (A.3.12)-(A.3.15).

Lastly, the linear control method v was set to the LQR solution

v = ẋ⋆ref,ff(t)−KNDI (xNDI − x⋆ref(t)) (3.2.41)
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where the reference outputs given in (A.1.1) are user-defined and time-varying

x⋆ref(t) = [V ⋆(t), 0, 0, γ⋆(t), 0, 0, χ⋆(t), 0, 0, β⋆(t), 0]⊤ (3.2.42)

and since dynamics of the reference model are known (the user specified the time history
of the desired outputs), a feedforward term ẋ⋆ref,ff(t) =

[ ...
V
⋆
(t)

...
γ ⋆(t)

...
χ ⋆(t) β̈⋆(t)

]⊤
is

included to improve tracking performance.

Equations (3.2.32), (3.2.41), and (3.2.42) were implemented in simulation. However, in order
to limit the exponential growth of v and u, control limiting was implemented. The limit
was set notionally at 105 for each component of v and u, which greatly reduced singularities
in the control calculation.

The final implementation step for NDI is the creation of the reference output. For LQR, the
user-defined reference outputs were directly tracked because LQR does not require a differ-
entiable reference input. However, since NDI and RPH do require a differentiable reference
output, a reference model with dynamics was implemented with desirable performance.

Neither the user-defined desired outputs given in (A.1.1) nor the reference model state were
explicitly chosen to avoid commanding the aircraft to enter a state which would cause a
matrix inversion singularity. Therefore, the state of the reference model tracking the desired
outputs was used to compute the inverted control effectiveness matrix B∗ from (3.2.32) for
the entire time history, and verified that B∗ never became singular. Further, since the only
difference possible in the entire reference output history is caused the small variation in the
initial state, because the reference output history did not cause B∗ to become singular once,
B∗ will likely never become singular due to this reference trajectory.

The reference model dynamics were set to

ẋref = (Aref −BrefKref) (xref − x⋆ref(t)) (3.2.43)

where xref is the reference state, Aref is the reference state matrix, Bref is the reference state
input matrix, Kref is the reference gain matrix, and x⋆ref(t) is the desired state, which is
the same as (3.2.42). The initial reference state was calculated to lie directly on top of the
initial vehicle state for the simulation, except the reference state converted into the xNDI
state. This was done to ensure any error metrics come from output tracking itself, and not
an initial transient to match an offset reference model.

The form of (3.2.43) was found by applying the control input uref = Kref (xref − x⋆(t)) to
the state space formulation

ẋref = Aref (xref − x⋆ref(t))−Brefuref (3.2.44)

The matrices Aref and Bref become the same matrices (3.2.36) and (3.2.37), respectively, due
to the same construction in (3.2.34). However, for Kref, a low pass filter is applied to smooth
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out the dynamics of the reference model and reduce the transients in the discontinuous user-
defined desired outputs.

The formulation of the low-pass filter is below. Since V ⋆(t), γ⋆(t), and χ⋆(t) all require third
order response and β⋆(t) only requires second order response per (3.2.31), the third order
derivation will proceed first, followed by the second order derivation.

The transfer function H(s), for the low-pass filter of a third order system with no zeros is

H(s) =
ω3
n

(s+ ωn)(s2 + 2ζωn + ω2
n)

(3.2.45)

where ζ is the damping ratio, and ωn is the natural frequency of the system. The output
function becomes

y = H(s)u (3.2.46)

By substituting in H(s) and rearranging, (3.2.46) becomes

(s+ ωn)(s
2 + 2ζωn + ω2

n)y = ω3
nu (3.2.47)

Rearranging further,

(s3 + (2ζ + 1)ωns
2 + (2ζ + 1)ω2

ns+ ω3
n)y = ω3

nu (3.2.48)

Shifting from the Laplace frame into the time frame, s becomes a derivative, which rear-
ranges (3.2.48) into

...
y + (2ζ + 1)ωnÿ + (2ζ + 1)ω2

nẏ + ω3
ny = ω3

nu (3.2.49)

Solving for ...
y reveals

...
y = −ω3

n(y − u)− (2ζ + 1)ω2
nẏ − (2ζ + 1)ωnÿ (3.2.50)

which is the form of the control input from (3.2.34).

For the second order derivation, the process follows exactly from above, except the low-pass
filter of a second order system is

H(s) =
ω2
n

(s2 + 2ζωn + ω2
n)

(3.2.51)

with a final form of
ÿ = −ω2

n(y − u)− 2ζωnẏ (3.2.52)

Therefore, the coefficients of the gain matrix are

Kref =


ω3
n (1 + 2ζ)ω2

n (1 + 2ζ)ωn 01×8

01×3 ω3
n (1 + 2ζ)ω2

n (1 + 2ζ)ωn 01×5

01×6 ω3
n (1 + 2ζ)ω2

n (1 + 2ζ)ωn 01×2

01×9 ω2
n 2ζωn

 (3.2.53)
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where the values used for simulation are found in Section A.3.2, and the Kref used in sim-
ulation is found (A.3.17). Note: Kref has filler zeros to ensure that the multiplication with
Bref lines up correctly.

Lastly, although (3.2.50) and (3.2.52) have terms on the right hand side that are negative, the
terms are substituted into the gain matrix Kref as positive. This is because of the resultant
dynamics in (3.2.43), where Aref is each ...

y or ÿ term, Bref includes each y, ẏ, and ÿ term
in that order, which causes the above selection of the gain matrix.

An example of the implementation for NDI is shown in Figure 3.3. The first example,
Figure 3.3(a), demonstrates undisturbed, linear output tracking from an off-nominal con-
dition. Further, since NDI and RPH were constructed based on a foundation of feedback
linearization, the exact model used for feedback linearization described in Section 3.2.4 was
implemented as the simulation aerodynamic model for the undisturbed simulation examples.
Although NDI is a nonlinear control law, LQR was applied as an outer loop control law on
the feedback linearized system with the aim of obtaining a fair comparison with LQR control
of the linearized dynamics. To this end, the gain matrix for LQR wrapped around NDI was
calculated and transformed based on the state input, so the gain matrix should be applying
the same weight to the linear errors. Compared to LQR in Figure 3.1(a), NDI used greater
magnitude control inputs but reached the desired state outputs more quickly. This shows
that NDI identically transformed the nonlinear system into a linear system, and achieved
exact output tracking, just like LQR.

The second example, Figure 3.3(b), shows undisturbed, large deviation output tracking from
an off-nominal condition, where the simulated aerodynamic model is the reduced model that
the feedback linearization construction was based on. The large deviation output tracking
from NDI is as exact to the reference model as for the small deviation output tracking, and
the required control inputs have very small magnitudes. Further, unlike the construction
of LQR, the lack of switching ensures minimal transients in the control inputs. This figure
shows the benefits of implementing NDI on an exact system, in that the results are exact
and ideal, and the control input magnitudes are reasonable.

Lastly, Figure 3.3(c) demonstrates large deviation output tracking from an off-nominal condi-
tion with a generalized applied disturbance and the full, system-identified aerodynamic model
implemented in simulation. This exogenous applied force and moment disturbance can be
seen in Figure 3.4 on the left and come from (A.2.1), whereas the disturbance experienced
by NDI, which includes model mismatch due to the construction of feedback linearization
and the exogenous disturbance, is shown on the right. As can be seen, the disturbance from
the model mismatch between the ideal aerodynamic model for construction and the real
aerodynamic model for simulation has a much larger magnitude than the general applied
disturbance. This experienced disturbance is more than enough to make NDI unstable, as
seen in 3.3(c). Although the output tracking is similar to the reference model for V and β,
the remaining outputs are not tracked well. This figure demonstrates the lack of robustness
in NDI, especially compared to the nonlinear, robust performance of LQR, as well as the
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Figure 3.3: Example of NDI implementation (a) Linear output tracking without distur-
bances, (b) Nonlinear output tracking without disturbances, and (c) Nonlinear output track-
ing with exogenous and model mismatch disturbances.
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Figure 3.4: Example of exogenous disturbances and model mismatch on NDI: Applied ex-
ogenous disturbance (left), and experienced disturbance (right).

challenges of creating a robust control law to wrap around the feedback linearization based
on a reduced aerodynamic model.
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3.3 Robust Port-Hamiltonian Control

3.3.1 Overview
Hamiltonian mechanics are a way to find the equations of motion of a system by using
notions of energy transfer, similar to Lagrangian mechanics. However, classical Hamiltonian
mechanics do not account for energy dissipation terms, limiting the applicability of the
produced equations of motion since real systems lose energy to drag, friction, and other
non-conservative forces. A modification to the classical Hamiltonian mechanics presented
in [47] adds energy “ports” to the systems, which provides avenues for the energy to leave and
enter the system. Hence, port-Hamiltonian mechanics are a restructuring of the equations
of motion into a new form based on energy transfer and dissipation.

The input-state-output form of a port-Hamiltonian system [5] is

ẋ = (J (x)−Rx))∇H(x) + g(x)u

y = g(x)⊤∇H(x)
(3.3.1)

where x(t) ∈ Rn is the state, u(t) ∈ Rm is the input, y(t) ∈ Rm is the passive output of the
system, J (x) = −J (x)⊤ is the skew symmetric structure matrix, R(x) = R(x)⊤ ≽ 0 is the
symmetric positive semi-definite dissipation matrix, H(x) is the scalar-valued Hamiltonian
that often is the system’s total energy, the ∇ operator denotes a column-wise derivative, and
g(x) is the input matrix.

The physical interpretation of (3.3.1) relates to how the energy flows in the system. The
J (x) term is from Hamiltonian mechanics, which ensures the energy flows between different
states. The −R(x) term is the dissipation term that comes from the “ports”, allowing
energy to flow out of the system. Lastly, the g(x)u term is the input term that allows
energy to flow into the system, through control, disturbances, or other inputs. Transforming
other forms of the equations of motion into the port-Hamiltonian structure reveals intuitive
relations between components that otherwise would be difficult to understand.

The port-Hamiltonian formalism is broadly applicable in engineering, and has been applied
to many aerospace systems. Notably, the port-Hamiltonian form was first applied to a fixed-
wing aircraft in [9] to construct a passivity-based control law, and it was recently applied
in [51] to construct an input-to-output stabilizing control law.

The construction of the robust port-Hamiltonian control law (RPH) in this work was com-
pleted by Willebeek-LeMair in [50], which uses a similar process to the construction of the
control law in [51]. That is, a change of variables was proposed to convert a closed-loop
aircraft system into the structure of a port-Hamiltonian system, which provides a more
interpretable control law result. The robust description of the control law came from con-
structing the system using ISS techniques, and then ensuring that the sufficient conditions
were met after the analysis was completed.
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3.3.2 Guarantees

As described in Section 2.3.3, the guarantees associated with ISS is robustness to uniformly
bounded inputs, which in this work are disturbances.

3.3.3 Derivation

The purpose of the following derivation is to turn a cascaded nonlinear system into a port-
Hamiltonian structure with ISS.

Therefore, start with a cascaded nonlinear system

ẋ1 = [In1 0n1×(n2−n1)]x2 + g1(x1)w
ẋ2 = [In2 0n2×(n3−n2)]x3 + g2(x1,x2)w

...
ẋN−1 = [InN−1

0nN−1×(nN−nN−1)]xN + gN−1(x1, . . . ,xN−1)w
ẋN = u+ gN(x1, . . . ,xN)w

(3.3.2)

where xj ∈ Rnj , j ∈ {1, . . . , N}, is the state of the jth layer, x = [x⊤
1 , x

⊤
2 , · · · , x⊤

N ]
⊤ is the

state of the system, u is the control input, and w is the unknown disturbance. Note, each
layer must have the same number or more states than the preceding layer, i.e. nj+1 ≥ nj. If
the number of states matches between layers, i.e. nj+1 = nj, then the matrix [Inj

0nj×(nj+1−nj)]
reduces to Inj

. The difficulty in applying feedback linearization to a system of the form (3.3.2)
is that the disturbance is applied to every cascaded state, most of which are unmatched with
a control input. These unmatched disturbances can directly cause a system to become
unstable, especially for systems without robustness guarantees.

The reason this construction approach was taken is to apply an ISS control law to a feedback
linearizable system. Feedback linearization, as discussed in Section 3.2.3, results in an inte-
grator decoupled system where the control input u only appears in the final term. The only
difference from the feedback linearized system in Section 3.2.3 and (3.3.2) is the presence
of the disturbance term. Therefore, this approach was successfully applied to a feedback
linearized system since both shared the same integrator cascade structure, and therefore a
well-defined relative degree.
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The desired port-Hamiltonian structure after the transformation is

d

dt


ξ1
ξ2
ξ3
...
ξN

 =


−R11(t, ξ1) [In1 0]P−1

2 0 · · · 0
−P−1

2 [In1 0]⊤ −R22(t, ξ1, ξ2) [In2 0]P−1
3 · · · 0

0 −P−1
3 [In2 0]⊤ −R33(t, ξ1, ξ2, ξ3) · · · 0

... ... ... . . . ...
0 0 0 · · · −RNN(t, ξ1, . . . , ξN)

∇H(ξ)

+


γ1(t, ξ1)

γ2(t, ξ1, ξ2)
γ3(t, ξ1, ξ2, ξ3)

...
γN(t, ξ1, . . . , ξN)

w

(3.3.3)
where ξj are closed-loop error states and

H(ξ) =
N∑
j=1

1

2
ξ⊤j Pjξj (3.3.4)

is the closed-loop Hamiltonian.

The structure above looks relatively different from the structure provided for a general
port-Hamiltonian structure in (3.3.1). However, by noting the properties of J (x) (skew
symmetric) and R(x) (positive semi-definite), and substituting in w for u, this form can be
reached relatively simply.

The desire of the control law is to be able to input-to-output stabilize ξ1 = x1 − x⋆1 with
respect to the disturbance w for some set of states x1 and some user-defined state history
x⋆1. The following construction is based off that desire, and relies heavily on being able to
match terms between the cascade system (3.3.2) and the port-Hamiltonian structure (3.3.3).

The rate of change of ξ1 along trajectories, also known as the dynamics of ξ1, are

ξ̇1 = ẋ1 − ẋ⋆1 = [In1 0]x2 + g1(x1)w− ẋ⋆1 (3.3.5)

from (3.3.2). Further, from (3.3.3)

ξ̇1 = −R11(t, ξ1)P1ξ1 + [In1 0]ξ2 + g1(x1)w (3.3.6)

By setting these equal to each other, the functions in the port-Hamiltonian structure can be
chosen to match the cascade structure.

γ1(t, ξ1) = g1(x1) (3.3.7)

and
[In1 0]x2 − ẋ⋆1 = −R11(t, ξ1)P1ξ1 + [In1 0]ξ2 (3.3.8)
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Defining ξ2 = x2 − x⋆2, where x⋆2 is any function of t and x1, rearranges (3.3.8) into

[In1 0]x⋆2 = ẋ⋆1 −R11(t, ξ1)P1ξ1 (3.3.9)

The analysis is repeated for j ∈ {2, ..., N − 1}. The rate of change of ξj = xj − x⋆j along
trajectories of (3.3.2) is

ξ̇j = ẋj − ẋ⋆j = [Inj
0]xj+1 + gj(x1, ...,xj)w− ẋ⋆j (3.3.10)

which is consistent with (3.3.3) if

γj(t, ξ1, ..., ξj) = gj(x1, ...,xj) (3.3.11)

and

[Inj
0]xj+1 − ẋ⋆j = −P−1

j [Inj−1
0]⊤Pj−1ξj−1 −Rjj(t, ξ1, ..., ξj)Pjξj + [Inj

0]ξj+1 (3.3.12)

Define ξj+1 = xj+1 − x⋆j+1, where x⋆j+1 is any function of t, and x1 through xj, rear-
ranges (3.3.12) into

[Inj
0]x⋆j+1 = ẋ⋆j − P−1

j [Inj−1
0]⊤Pj−1ξj−1 −Rjj(t, ξ1, ..., ξj)Pjξj (3.3.13)

Lastly, for j = N , the rate of change of ξN = xN − x⋆N along trajectories of (3.3.2) is

ξ̇N = ẋN − ẋ⋆N = u+ gN(x1, ...,xN)w− ẋ⋆N (3.3.14)

which is consistent with (3.3.3) if

γN(t, ξ1, ..., ξN) = gN(x1, ...,xN) (3.3.15)

and
u = ẋ⋆N − P−1

N [InN−1
0]⊤PN−1ξN−1 −RNN(t, ξ1, ..., ξN)PNξN (3.3.16)

The control law that converts the cascaded system (3.3.2) into the desired port-Hamiltonian
structure (3.3.3) is provided in (3.3.16), and the equations that define the disturbance input
matrix γ are (3.3.7), (3.3.11), and (3.3.15).

In order to confirm the sufficient condition for ISS is met, the rate of change of the Hamilto-
nian function H along trajectories of the desired port-Hamiltonian system (3.3.3) is taken.
The following equations omit arguments for readability and brevity.

Ḣ =
N∑
j=1

1

2
ξ⊤j Pj ξ̇j =

N∑
j=1

(
−ξ⊤j PjRjjPjξj + ξ⊤j Pjγjw

)
(3.3.17)
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Applying Young’s inequality (2.1.8) to the second term of (3.3.17), ξ⊤j Pjγjw, results in

ξ⊤j Pjγjw =
(
γ⊤
j Pjξj

)⊤ w = w⊤ (γ⊤
j Pjξj

)
≤ 1

2
w⊤ (bjI)w +

1

2

(
γ⊤
j Pjξj

)⊤
(bjI)−1 (γ⊤

j Pjξj
)

≤ 1

2
ξ⊤j Pj

(
1

bj
γjγ

⊤
j

)
Pjξj +

1

2
bj ∥w∥2

(3.3.18)

which then is substituted into (3.3.17) to find

Ḣ ≤
N∑
j=1

(
−ξ⊤j Pj

(
Rjj −

1

2

1

bj
γjγ

⊤
j

)
Pjξj +

1

2
bj ∥w∥2

)
(3.3.19)

for any coefficients bj such that bj > 0 for all j. By defining b =
∑N

j=1 bj,

Ḣ ≤
N∑
j=1

(
−ξ⊤j Pj

(
Rjj −

1

2

1

bj
γjγ

⊤
j

)
Pjξj

)
+

1

2
b ∥w∥2 (3.3.20)

To ensure the formulation is ISS, choose

Rjj =
1

2
kjP

−1
j +

1

2

1

bj
γjγ

⊤
j (3.3.21)

for any kj > 0. Taking k = min{kj}Nj=1, substituting (3.3.21) in and noting that the ℓ∞
norm is the maximum ℓ2 norm, (3.3.20) becomes

Ḣ ≤ −kH+
1

2
b ∥w∥2 ≤ −kH+

1

2
b ∥w∥2∞ (3.3.22)

which is of the same form as (2.3.10) in Theorem 2.3.

Lastly, since H is quadratic, applying the Rayleigh-Ritz inequality reveals

1

2
λmin (P ) ∥ξ∥2 ≤H(ξ) ≤ 1

2
λmax (P ) ∥ξ∥2 (3.3.23)

where P = diag(P1, ...,PN). Equation (3.3.23) is of the same from of (2.3.9), which fulfills
both sufficient conditions of Theorem 2.3. Therefore, using the above construction, (3.3.3)
is ISS with respect to disturbance w.

3.3.4 Implementation
The initial implementation of RPH is the same as for NDI.
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Applying disturbances to the total forces in the wind frame and total moment changes (2.2.19)
and (2.2.20) toDS

L

 =

− cos(α) cos(β) − sin(β) − sin(α) cos(β)
cos(α) sin(β) − cos(β) sin(α) sin(β)
sin(α) 0 − cos(α)

X + T
Y
Z

+ wF (3.3.24)

and

M =

 LM
N

 =
1

2
ρV 2S

b 0 0
0 c̄ 0
0 0 b

CL
CM
CN

+ uM + wM (3.3.25)

where wF = [wD wS wL]
⊤ is the disturbance force and wM = [wL wM wN ]⊤ is the

disturbance moment. Note the placement of the disturbance: ISS only provides guarantees
for additive, bounded disturbances, where the disturbance is added to the forces and moments
directly, as opposed to being included through non-additive terms.

With the inclusion of the reduced aerodynamic model (3.2.21) and the disturbance forces
and moments (3.3.24) and (3.3.25), the system (3.2.19) is of the form

ẋ = A(x) +B(x)u+G(x)w
y = Cx

(3.3.26)

where w ∈ Rw is the disturbance vector, G(x) ∈ Rn×w is the disturbance matrix, and all
other terms are defined the same as for (3.2.23). Similarly for NDI, it is known that (3.2.19) is
of the form (3.3.26) due to the reduced aerodynamic model and the additions of disturbance
forces and moments.

It is convenient to write (3.3.26) in the general form

ẋ = f(x,u,w)

y = Cx
(3.3.27)

where the matrices A(x), B(x), and G(x) can be recovered using

A(x) = f(x,0,0)

B(x) =
∂f(x,u,w)

∂u

G(x) =
∂f(x,u,w)

∂w

(3.3.28)

The following process is similar to that for NDI (3.2.27), with the difference that the kth
order derivatives of each component of the output include disturbances.

d

dt

((
d

dt

∣∣∣∣
w=0

)di−1
)
yi = Ci

[
∂Ldi−1

A

∂x

]
A(x) +Ci

[
∂Ldi−1

A

∂x

]
B(x)u+Ci

[
∂Ldi−1

A

∂x

]
G(x)w

(3.3.29)
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This modification is most easily implemented using Algorithm 2, which producesA∗
i ,B∗

i , and
G∗
i for each desired output, as well as the equations to calculate the derivative of every state,

just as in (3.2.28), except with different Lcounter values due to the addition of disturbances in
the state dynamics. Therefore, ensure that each Lcounter saved is noted differently between
NDI and RPH.

The result of feedback linearization is a system of the form of (3.3.2) with the difference that
ẋN evolves according to

ẋN = A∗(x1, . . . ,xN) +B∗(x1, . . . ,xN)u+ g∗
N(x1, . . . ,xN)w (3.3.30)

where A∗, B∗, and G∗ =
[
g∗⊤
1 , g∗⊤

2 , · · · , g∗⊤
N

]⊤ are found according to Algorithm 2 and
are similar to the NDI formulation. Note that G∗ has larger dimensions than both A∗ and
B∗ due to each level of the integrator cascade having a disturbance matrix g∗

j .

The ordering of terms and results produced by this method could have some rows and
columns that are zero by the nature of the construction. Changing the state vector (3.2.38)
via the permutation (A.3.18) to [V γ χ V̇ γ̇ χ̇ β V̈ γ̈ χ̈ β̇]⊤ will simplify the computation
by reducing the state from 11 quantities to the 4 relevant quantities, [V̈ γ̈ χ̈ β̇].

In order to input-output linearize the system, the control input is chosen such that

u = [B∗]−1(−A∗ + v) (3.3.31)

resulting in (3.3.30) becoming
ẋN = v + g∗

N(x)w (3.3.32)
where the desired outputs for RPH are the same as for NDI (3.2.31). The outer loop input
v will be constructed to be ISS with respect to the disturbances.

The linear term v is constructed according to (3.3.16), where the following terms are defined

x1 =

Vγ
χ

 , x2 =


V̇
γ̇
χ̇
β

 , and x3 =


V̈
γ̈
χ̈

β̇

 (3.3.33)

As noted in (3.2.31), the outputs V , γ, and χ are third order, while β is second order.
Therefore, in order to have the final derivatives appear in the same output vector, β is offset
by one state x. This offset is why (3.3.3) has [I(·)0]P−1

(·) instead of only I(·)P−1
(·) - the 0 term

enables offset outputs.

As is intuitive, the user-defined desired outputs for x1 are

x⋆1 =

V ⋆

γ⋆

χ⋆

 , ẋ⋆1 =

V̇ ⋆

γ̇⋆

χ̇⋆

 , ẍ⋆1 =

V̈ ⋆

γ̈⋆

χ̈⋆

 , and ...
x ⋆

1 =

 ...
V
⋆

...
γ ⋆

...
χ ⋆

 (3.3.34)
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which were defined in the same way as (3.2.42), with the addition of β⋆ which is included in
x⋆2

The disturbance terms g1(x1), g2(x1,x2), and g3(x1,x2,x3) are defined by partitioningG(x)
into appropriately sized blocks to match x1, x2, and x3. Therefore, g1(x1) was defined as
the first three rows of G(x), g2(x1,x2) was defined as the next four rows, and g3(x1,x2,x3)
was defined as the last four rows.

The final initialization step is for the tuning parameters. The parameters are designed in
three categories: error damping parameters, interconnection parameters, and gain parame-
ters. The error damping parameters k1, k2, k3 are designed to tune how much damping the
error tracking has, where large k(·) values increase error damping and decreases overshoots.
The interconnection parameters p1, p2, p3 are designed to tune how much energy is traded
between different outputs from J , where large p(·) values increase the energy tradeoff, or
interconnection of the system. The gain parameters µ1, µ2, µ3 are designed to tune the
sensitivity of the control law to error, where large µ(·) values increase the aggressiveness of
the control law. Changing each parameter individually will change the control law perfor-
mance, although the ratio of the interconnection parameters also is important for control
law performance. The implemented parameter values can be found in (A.3.19).

The following matches the process described in the RPH Derivation Section (3.3.3), but the
specific matrices are formed to provide an implementable solution. This is done sequentially
as in the derivation.

1. Define the first disturbance matching condition γ1 (3.3.7)

γ1 = g1

2. Define the first interconnection P1 and damping matrix terms R11

P1 = p1I3

R11 =
k1
2
P−1

1 +
µ1

2
diag

([
m−2, (mV )−2, (mV cos γ)−2

])
3. Define the desired state x⋆2 (3.3.9)

x⋆2 = [(ẋ⋆1 −R11P1(x1 − x⋆1))
⊤ β⋆]⊤

4. Define the second disturbance matching condition γ2

γ2 = g2 −
∂x⋆2
∂x1

g1

5. Define the second interconnection P2 and damping matrix terms R22

P2 = p2I4

R22 =
k2
2
P−1

2 +
µ2

2

(
γ2γ

⊤
2

)
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6. Define the desired state x⋆3

x⋆3 =
∂x⋆2
∂x⋆1

ẋ⋆1 +
∂x⋆2
∂ẋ⋆1

ẍ⋆1 +
∂x⋆2
∂β⋆

β̇⋆ +
∂x⋆2
∂x1

[I3 03×1]x2

− P−1
2 [I3 03×1]P1(x1 − x⋆1)−R22P2(x2 − x⋆2)

7. Define the third disturbance matching condition γ3

γ3 = g3 −
∂x⋆3
∂x1

g1 −
∂x⋆3
∂x2

g2

8. Define the second interconnection P2 and damping matrix terms R22

P2 = p2I4

R22 =
k2
2
P−1

2 +
µ2

2

(
γ2γ

⊤
2

)
9. Define the third interconnection P3 and damping matrix terms R33

P3 = p3I4

R33 =
k3
2
P−1

3 +
µ3

2

(
γ3γ

⊤
3

)
10. Finally, the control law v is

v =
∂x⋆3
∂x⋆1

ẋ⋆1 +
∂x⋆3
∂ẋ⋆1

ẍ⋆1 +
∂x⋆3
∂ẍ⋆1

...
x ⋆

1 +
∂x⋆3
∂β⋆

β̇⋆ +
∂x⋆3
∂β̇⋆

β̈⋆

+
∂x⋆3
∂x1

[I3 03×1]x2 +
∂x⋆3
∂x⋆2

x3 − P−1
3 P2(x2 − x⋆2)−R33P3(x3 − x⋆3)

(3.3.35)

Equations (3.3.31) and (3.3.35) were implemented in simulation. Similarly to NDI, control
limiting was implemented to limit the magnitude of each calculated control input from expo-
nentially increasing. The value was similarly set at 105, which greatly reduced singularities
in the control calculation.

The creation of the reference model followed the same process described in Section 3.2.4,
starting with (3.2.43).

An example of the implementation for RPH is shown in Figure 3.5. The first example,
Figure 3.5(a), demonstrates undisturbed, linear output tracking from an off-nominal con-
dition. Further, since NDI and RPH were constructed based on a foundation of feedback
linearization, the exact model used for feedback linearization described in Section 3.2.4 was
implemented as the simulation aerodynamic model for the undisturbed simulation examples.
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Figure 3.5: Example of RPH implementation (a) Linear output tracking without distur-
bances, (b) Nonlinear output tracking without disturbances, and (c) Nonlinear output track-
ing with exogenous and model mismatch disturbances.
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Although RPH is a nonlinear control law, it was applied as an outer loop control law on the
feedback linearized system.

The second example, Figure 3.5(b), shows undisturbed, large deviation output tracking from
an off-nominal condition, where the simulated aerodynamic model is the reduced model that
the feedback linearization construction was based on. The identical performance of RPH
and NDI from Figure 3.3 overall show that the feedback linearization was successful, and
RPH was able to perform equivalently to the LQR outer loop implemented on NDI.
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Figure 3.6: Example of exogenous disturbances and model mismatch on RPH: Applied
exogenous disturbance (left), and experienced disturbance (right).

Lastly, Figure 3.5(c) demonstrates large deviation output tracking from an off-nominal condi-
tion with a generalized applied disturbance and the full, system-identified aerodynamic model
implemented in simulation. This exogenous applied force and moment disturbance can be
seen in Figure 3.6 on the left and come from (A.2.1), whereas the disturbance experienced
by RPH, which includes model mismatch due to the construction of feedback linearization
and the exogenous disturbance, is shown on the right. Recall from the construction of RPH
that the disturbances were added to the forces (3.3.24) and moments (3.3.25), and therefore
bounded, additive disturbances are within ISS. The generalized disturbance in Figure 3.6 is
additive, and therefore it is expected that RPH will be robust to the applied disturbances.
Compared to Figure 3.4, the experienced disturbance is significantly less for RPH than for
NDI, which is likely due to RPH maintaining a stable flight condition which did not excite
more “unknown” dynamics to the feedback linearized control laws. However, the greater dif-
ference between NDI and RPH is seen in Figure 3.5(c), where RPH performs almost exactly
the same with and without disturbances, except for a few, small transients. The control
inputs for RPH appear similar to Figure 3.5(b), which shows that RPH actively countered
every disturbance applied, while maintaining relatively low magnitude control inputs. This
shows that, even on a feedback linearized system, when an additive, uniformly bounded
disturbance is applied to RPH, there will be minimal, if any, change to the output tracking.



Chapter 4

Method of Analysis

The method of comparison used in this thesis is simulation studies, where a large number
of different simulations are run with varied parameters. This allows a full sampling of the
possible simulations variations, compared to doing one simulation at a time. However, due
to the large amount of data produced, only a few metrics are analyzed from each simulation.
For this work, the metrics were L1 and L∞ norms and the failure rate.

In order to replicate flight conditions as closely as possible, the following four exogenous
disturbances were added: measurement noise, model mismatch, wind, and control sampling
discretization with time delay. These four were chosen due to the realistic and important
impacts that each disturbance applies.

4.1 Control Law Comparison
The three control design methods being compared provide static state feedback control
laws for time-invariant systems. LQR design produces a linear control law, which provides
robustness guarantees for the closed-loop LTI system in the form of minimum values for
the gain and phase margin. NDI is a nonlinear control law that transforms a nonlinear
system into a linear system through feedback, but without providing any inherent robustness
guarantees. RPH is a nonlinear control law applied to the feedback linearized system which
ensures robustness to uniformly bounded disturbances.

For the fixed-wing aircraft flight control application considered here, the metric that per-
formance and robustness will be based on is the inertial velocity vector error. The inertial
velocity vector was the chosen metric because the primary objective when designing the
control laws was to control inertial velocity. Each control law will track a user defined time
history of desired outputs V ⋆(t), γ⋆(t), χ⋆(t), and β⋆(t) that is the same across all simula-
tions in this work. Figure 4.1 shows the time history of desired outputs via a visualization
of the aircraft position history.

The inertial velocity vector error is calculated by finding the difference between the vehicle’s
actual inertial velocity vector, and the reference inertial velocity vector. Three metrics
per simulation that are be used to define and compare robust performance between the
control laws: the L1 norm, the L∞ norm, and the failure rate. The L1 norm, indicates the
average error across a single simulation run, which is useful for overall tracking performance.

52
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Figure 4.1: Example of ideal output tracking.

The L∞ norm is computed to determine the largest ℓ2 norm per simulation, that is, the
largest instantaneous velocity tracking error in a given simulation. These two error metrics
provide the majority of the performance data that can be gathered from the simulations, and
therefore no other Lp norms are included. Lastly, the failure rate would display the number
of times a control law failed in a simulation study.

The feedback transformation that converts a nonlinear control system into a linear system
is not guaranteed to hold globally. This thesis considers robustness to uncertain inputs
in general, rather than model parameter uncertainty specifically. The closed-loop system’s
sensitivity to these disturbances can result in large state excursions for which the control
effectiveness matrix may become singular. For this reason, control failures provide some
measure of the non-robustness of a control law. If the transformation becomes undefined
as the system state evolves, then the control method will fail. The failure condition for
the simulation was if the reciprocal of the condition number of the inverted matrix became
very small, or below 10−16. If this happened, the simulation for the specific control law was
stopped and a “control failure” outcome was recorded for the simulation rather than the
two velocity error measures. This approach provides an assessment of robustness, since a
more robust control law should fail less often. Separately, since LQR does not use matrix
inversion, the determination for an LQR control law failure was if the resultant error norm
was exceedingly large, or above 1030. Only two LQR control law failures occurred during
this work (over 20,000 individual simulations). These failures occurred due to the initial
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state lying outside the region of attraction of the LQR controller, which only stabilizes the
system locally. No other LQR control law error norms across the entire simulation testing
of this work exceeded an order of magnitude above the LQR mean for each norm for each
case.

The expected results of the simulation are that RPH will have the lowest error in all metrics,
including having a negligible or nonexistent failure rate due to the nonlinear nature and ISS
of RPH. However, if the applied, non-additive disturbances have a magnitude, or combined
effect that is too large, then RPH may have both higher error and higher failure rate. The
challenge of the chosen disturbances for RPH is that all of the disturbances, individually,
are non-additively bounded. The next best control law is expected to be LQR due to
the robustness guarantees. LQR is expected to have significant error due to the nonlinear
behavior of the aircraft, although four applied disturbances are not expected to impact the
performance of LQR significantly. Lastly, NDI is expected to do the worst due to the lack
of robustness. Although the outer loop LQR may provide some robustness, the inherent
model mismatch from the construction of the feedback linearized system is likely going to
compound with the applied disturbances to become greater than the LQR outer loop is
guaranteed to be robust to, and cause the inversion matrix to become singular often.

4.2 Simulation Set Up
A simulation study was run for each combination of the four applied disturbances (mea-
surement noise, model mismatch, wind, and discretization with time delay), resulting in 15
simulation studies. Each simulation study was run identically to the others, including pre-
initialized parameters, with the only difference in the studies being which disturbances were
applied. In order to save time, the simulations were run using parallel computing (the parfor
function in MATLAB) which uses more cores in the computer to run different computations in
parallel.

Within each simulation study, each simulation that was ran calculated the time history of
the aircraft dynamics based on each of the three control laws, calculated individually. For
example, in a simulation, the 60 second simulation using LQR was run, then the 60 second
simulation with NDI, and then RPH. This allowed each control law to control a vehicle which
experienced the same disturbances.

The first parameter defined in a simulation was the initial condition that was uniformly
randomized within certain bounds; the randomized initial state ranges can be found in Ta-
ble A.1. Then, the full time history of all four exogenous disturbances that would be applied
to the aircraft were precalculated to ensure each control law simulation received the same
disturbance at the same time. Although some of the applied disturbances are typically ap-
plied based on the current aircraft state at each time step (such as wind turbulence), it was
more important to the author to ensure a consistent comparison between the control laws.
Then the state dynamics for each simulation control law was integrated through the full
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time history, and the results were saved as three values (L1 and L∞ norms of the inertial
velocity tracking error and failure rate) per simulation. This integration was accomplished
by a Runge-Kutta 4th order integration scheme (RK4) with a fixed step size. During testing,
the results from RK4 were compared to an adaptive step sizing version of RK4, the MATLAB
function ode45(). The results were very similar (<1% difference) except the ode45() func-
tion would greatly reduce the step size, resulting in individual simulation runs that took
over 100 times longer than the fixed-step size RK4 solver for certain configurations.

LQR produces actuator deflections and propeller speed. NDI and RPH produce control
moments which were converted into control actuator deflections using the inverse of equa-
tion (2.2.21), which is (A.3.9). Thrust is a state of NDI and RPH due to the double dynamic
extension needed to enable feedback linearization. Thrust was converted into propeller speed
by solving for n from (2.2.18) using the quadratic formula. Control saturation was applied
to each control actuator deflection, where the saturation limits are found in Section A.1.
Once the saturation was applied, the actuator deflections and propeller speed were passed
into the aerodynamic model to calculate the aerodynamic forces and moments. Finally, the
angles ψ and χ, for both vehicle output and desired output, were wrapped to [−π, π) and the
angles β and γ, for both vehicle output and desired output, were wrapped to [−π/2, π/2).

The simulations include four sources of uncertainty: measurement noise, model mismatch,
wind, and control discretization with time delay. The signal flow diagram in Figure 4.2
illustrates how each disturbance impacts the system. Measurement noise was applied to the
control law by adding a sample from a purely Gaussian distribution to each state. Model mis-
match was applied the same way to the aerodynamic model coefficients, except by sampling
from a random walk instead of pure noise. Wind was applied to the aircraft body velocities
using the von Kármán turbulence model before calculating the aerodynamic model coeffi-
cients. Control discretization with time delay was applied to the integration scheme to use
the correct control input based on the effects of discretization and time delay.

Figure 4.2: Signal flow diagram
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In this work, every simulation study had at least 1000 simulation runs. In order to ensure
this was a high enough simulation count per simulation study to effectively characterize the
effects of uncertainty, six simulations studies were chosen to be re-simulated using the same
parameters, but different disturbance time histories, and compared against the previously
calculated studies. For each of the six re-runs, the differences in results was not visually
evident in the histograms, and each of the calculated means and failure rates were each
within 1%. Therefore, 1000 simulations per study was decided to be enough. However, on
the primary result presented, the simulation study was run with 10,000 simulations to ensure
an even higher confidence result. The only difference between 1000 and 10,000 simulations
per study is the “smoothness” of the histogram. Since the analysis can easily be conducted
on the 1000-simulation-per-study results, the order of magnitude increase in data collection
was not pursued for other simulation studies.

4.3 Disturbance Implementation
This section describes the implementation of the disturbances presented in Section 2.3.1.

4.3.1 Measurement Noise

The measurement noise model used was designed based on flight data. Before any flight data
are used for processing, all measured data are passed through a low-pass filter with a cutoff
frequency of 10 Hz to remove the high frequency noise. The unfiltered signal less the filtered
signal was taken to be the measurement noise distribution. The statistics of that distribution
are then recorded for simulation, where a sample is taken from that error distribution and
added to the state before the control law calculates the specific control input. The process of
adding noise to every state is trivial except for the attitude, described in quaternions. The
process for adding noise to quaternions is to use right quaternion multiplication (2.2.7).

Figure 4.3 shows an example of the roll rate measurement error histogram used to gather
the statistics in Table A.4.

In the simulation, the applied noise was sampled from a truncated distribution of ±2σ.
This means that any value from the Gaussian distribution larger than ±2σ was resampled.
This sampling method was chosen because realistically, measurement noise is bounded be-
cause sensors inherently have limitations. Further, ISS guarantees only hold if disturbances
are bounded, so the measurement noise was bounded to ensure relevance to formal dis-
cussion. Therefore, the author made an arbitrary choice to bound it ±2σ. Bounding the
measurement noise in this way is not formally motivated and a future effort should use
empirically-motivated bounds.
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Figure 4.3: Example of noise histogram from measurement data.

4.3.2 Model Mismatch
Model mismatch was calculated based on flight data taken during the system identification
of the MTD-4. In order to find the model mismatch, the flight data were analyzed using
Equations 8-11 of [42] to find the true force and moment coefficients. Then, the model found
from system identification was used to find the force and moment coefficients by substituting
in the values from flight. The model coefficients less the flight data coefficients was taken
to be the model mismatch error distribution, and the gradient of the model mismatch error
across the measurement history was taken to be the model mismatch error rate distribution.

a. b.

Figure 4.4: (a) Example of model mismatch error histogram, and (b) Example of model
mismatch error rate histogram.

Mean values were removed from these differences between the measured and modeled force
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and moment coefficients, leaving zero-mean distributions from which the model mismatch
terms were sampled in simulation. Examples for the pitching moment coefficient are shown
in Figure 4.4. The implementation of model mismatch also included rate limiting on the
random variations for the aerodynamic coefficients, so that the stochastic process would be
a random walk instead of pure white noise.

a. b.

c. d.

Figure 4.5: (a) Example of applied model mismatch for CX from flight data, (b) Example
of applied model mismatch for CZ from flight data, (c) Example of applied model mismatch
for CX by choice, and (d) Example of applied model mismatch for CZ by choice.

Figure 4.5 includes plots showing 5 simulations worth of model mismatch for the CX and
CZ coefficients. The horizontal lines reflected about the x-axis are the bounds for the range
in error variation. The purpose of these graphs is to show the difference in trends due to
differences in error standard deviation to error rate standard deviation ratios. These ratios
were found by taking the standard deviation of the error σerror, compared to the standard
deviations of the error rate σrate. For CX , the ratio was approximately 30 to 1, but for
every other coefficient, the ratio was approximately 5 to 1 (demonstrated by CZ). Seen
in Figure 4.5(b), if the ratio is too small, then the model mismatch acts like white noise.
Since CX has a ratio of about 30 to 1, the walk from CX “looks reasonable”, in that the
model mismatch progresses somewhat smoothly through the entire bounded range, without
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jumping too rapidly between the bounds as if white noise or staying too constant as if a bias.
Therefore, given the ratio found from flight data for CX , the error rate standard deviation
for all six coefficients were set to exactly 1/30th of their respective error standard deviation.
Table A.5 shows the standard deviations of the error from flight data, error rate from flight
data, and the precisely chosen error rate.

In simulation, the error standard deviation and the error rate standard deviation were sam-
pled using a resampled Gaussian to be between ± 2σerror or to be within two standard
deviations, and ± 4σrate or to be within four standard deviations, respectively. The error
standard deviation of ±2σerror was a hard limit, even if the random walk of the error rate
was toward greater standard deviation. The purpose of this limiting and resampling was to
ensure the model mismatch remained bounded during the duration of the simulation, which
meant limiting the maximum and minimum values of mismatch. The limiting to ensure
boundedness is reasonable, since, physically, we do not expect aerodynamic coefficients to
become unbounded during flight. This was also an important consideration for RPH, since
the guarantees only hold for disturbances that are uniformly bounded.

The initial model mismatch was sampled between ±2σerror for each aerodynamic coefficient,
and then the rest of the time history came from a random walk. The following equations
shows the resampling process, where C(·) is the model mismatch error and ∆C(·) is the model
mismatch error walk. This is done for each of the six aerodynamic coefficients.

C(·)(1) ∈ [−2σerror, 2σerror]

for k =[1, tfinal − 1]

∆C(·)(k + 1) ∈ [−4σrate, 4σrate]

C(·)(k + 1) = C(·)(k) + ∆C(·)(k + 1)

Enforce C(·)(k + 1) ∈ [−2σerror, 2σerror]

end for

(4.3.1)

4.3.3 Wind

The simulated wind was produced in two parts, steady wind and turbulence, and was pa-
rameterized to be qualitatively similar to the wind shown in [10]. This comparison was
made because the flight vehicles are the same, and therefore would provide a good estimate
of realistic wind conditions. The steady wind was applied by sampling from a Gaussian
distribution.

For the turbulence implementation, the von Kármán turbulence model and turbulence pa-
rameters described in this section was applied from [1]. The von Kármán model specifies
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the power spectral density (PSD) of the turbulence velocities in the body frame using

ϕug(Ω) = σ2
u

2Lu
π

1[
1 + (1.339LuΩ)

2]5/6
ϕvg(Ω) = σ2

v

2Lv
π

1 + 8
3
(2.678LvΩ)

2[
1 + (2.678LvΩ)

2]11/6
ϕwg(Ω) = σ2

w

2Lw
π

1 + 8
3
(2.678LwΩ)

2[
1 + (2.678LwΩ)

2]11/6
(4.3.2)

where Ω is the spatial frequency in rad/m, σ(·) is the turbulence severity, and L(·) is the
turbulence scale length in ft.

For this simulation, the relation for spatial frequency

Ω =
ω

Uref
(4.3.3)

was used to substitute the circular frequency ω in order to correctly apply the fast Fourier
transform. This is because the turbulence field produced using Ω is a frozen turbulence field,
so therefore in order to convert to a circular frequency, Ω is divided by the aircraft velocity
Uref [15].

In order to find this circular frequency ω the frequency resolution was found first where

dω =
2π

ntdt
(4.3.4)

where nt is the number of time steps in the simulation and dt is the size of the time step.
Then, the circular frequency history ω is found by

ω = dω(0 : nt − 1) (4.3.5)

where (0 : nt − 1) denotes a sequence of time indices.

The values for turbulence sensitivity and scale lengths were calculated using the below equa-
tions which pertain to low altitude flight, or below 1000 feet, in [1]. The turbulence sensi-
tivity, which can be though of as the turbulence intensity, was described by

σw = 0.1u20

σu = σv =
σw

(0.177 + 0.000823h)0.4
(4.3.6)

and
Lu =

h

(0.177 + 0.000823h)1.2

Lv =
1

2
Lu

Lw =
1

2
h

(4.3.7)
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where u20 is the mean wind velocity at 20 feet above the ground in knots, and h is the
altitude, in feet. The values of all wind-related parameters implemented in simulation can
be found in Section A.1.

In order to move a frequency distribution into the time-domain, a complex and discrete
turbulence sample needs to be created with the magnitude related to the power spectral
densities. This was done through

G =

√
1

2
Φdω (cos(η) + i sin(η)) (4.3.8)

where G = [gu gv gw]
⊤ is the discrete Fourier spectrum for each axis of the wind, Φ =

[ϕug ϕvg ϕwg ]
⊤ is the vector of von Kármán PSDs, and η ∈ [−π, π] is the randomly generated

phase for the turbulence signal. The phase choice is not significant when generating the
turbulence model because there is no pre-defined value for the phase of turbulence signals
(the phase could be different for each resulting turbulence signal), so the phase is uniformly
randomly sampled between (−π, π).

The input to inverse fast Fourier transforms is a frequency distribution that has frequencies
mirrored about the Nyquist frequency, and includes a bias term. This was done in simulation
by setting the second half of the generated G frequency history equal to the conjugate of
the reverse order of the first half of G. This can arbitrarily be done because this is in the
frequency domain, and up until this point every number has been randomly generated.

Then, the inverse fast Fourier transform is applied to the discrete turbulence frequency
history, and the output is scaled by the size of the number of time steps. Lastly, the steady
wind was added to the time history of the turbulence model. This history was then sampled
from at every time step in the simulation as a pure addition to the vehicle’s body velocity
to create the relative body velocity of the aircraft, which in simulation only impacted the
aerodynamic model.

It is important to note that the turbulence model from [1] is in imperial units. Accordingly,
wind was computed in imperial units and converted to metric units, before application to
the model.

Some examples of the wind model are shown in Figure 4.6, which are qualitatively similar
to the wind shown in [10].

4.3.4 Constant-hold Control Discretization with Time Delay
The discretization implemented in this simulation was continuous dynamics, constant hold
control in order to best replicate real flight conditions. This was done by simulating the
dynamics, reference, and all quantities other than control at the rate of simulation, but
Sampling the control input at the slower control rate and holding the input constant for
the duration of the corresponding control interval. In order to have a nominal value for
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Figure 4.6: Examples of applied wind.

the simulation, a control sampling rate of 25 Hz was chosen whereas the dynamics were
integrated at 100 Hz. The value of 25 Hz was chosen since it is a nominal value from flight
testing.

A time delay was implemented as well to examine the effect of this phenomenon on closed-
loop performance. For this simulation, a time delay was implemented that was uniformly
sampled between 0 and 40 milliseconds. This delay was then rounded to the nearest hun-
dredth of a second due to implementation in the 100 Hz simulation. The maximum delay
was chosen so that the longest period that would occur without a control update was 2
cycles or 80 milliseconds. This time delay was implemented in simulation by creating a time
history of values sampled from the uniform distribution. Each step in this time history was
then applied in the numerical integration section of the dynamics to each integration time
step, delaying the applied control input by the step amount.

Figure 4.7 gives an example of the effect of discrete-time implementation of a continuous-
time control law, with and without time delay. The left column of images in Figure 4.7 is
the full control input time history, while the right column shows a close up view of a section
of the control input time history to make the differences easier to see. Each case presented
was implemented on LQR, as noted by the transients due to switching the trim conditions.

The continuous time implementation shown in Figure 4.7(a) is an example of the control in-
put being updated at the same rate as the aircraft dynamics (100 Hz), which is assumed to be
fast enough that the simulation results should match a true continuous time implementation.

Discretization without time delay is shown in Figure 4.7(b) with a sampling rate of 5 Hz for
visualization purposes. The impact of pure discretization changes the control inputs from
smooth to stair-step functions, with the addition of occasional transients as the delay in
the control update causes a correction by the next control update. However, some of the
transients caused by trim switching in LQR are reduced by the discretization.
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Lastly, Figure 4.7(c) shows the implementation of discretization at 5 Hz with up to a 200
milliseconds delay in control update, which is equivalent to an entire control update delay.
It can be seen that the impact of adding time delay to discretization was larger than the
impact of adding discretization to the continuous system.
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Figure 4.7: Example of Control Discretization for LQR: (a) Continuous Control, (b) Control
sampled at 5 Hz, and (c) Control sampled at 5 Hz with up to 200 ms delay.



Chapter 5

Results and Discussion

In this chapter, the results of the simulation studies are presented in a sequence of histograms
illustrating the distribution of inertial velocity error. These histograms are analyzed and the
relative performance of the studied control laws is discussed. As discussed in Section 4.2,
each of the three control laws from Chapter 3 were implemented in simulation studies,
from which the comparison metrics (L1 and L∞ norms and failure rate) were found for
each simulation. The control task was to perform output tracking while experiencing the
disturbances described in Section 4.3.

There are a few features to focus on when analyzing error histograms. The first is to
understand how the spread and center of each histogram relates to the robustness of each
control law. Tighter spreads indicate that the control law enforced more consistent behavior
despite the presence of disturbances. Conversely, wider spreads indicate that the control
law performed poorly for at least some cases of disturbances. However, the spread of the
distribution does not fully describe robustness. If a control law has a very small histogram
spread, but at a very high error, then the control law is consistently failing, likely in the same
way, as opposed to the control law consistently rejecting all disturbances but still having very
high error [34]. Therefore, a control law can be robust but have a wide spread, as long as
the histogram has low error performance as well. Therefore, the notion of “repeatability” is
introduced, which is when a control law has low variation within the chosen error metric,
such that each simulation had very similar error norm results across the set of simulations.
A histogram for a control law that has high repeatability would have a low spread and a
high peak, regardless of where the center is. The addition of requiring a high peak is the
primary difference between a distribution having a small spread and a distribution having
high repeatability. Therefore, a control law with high repeatability and low error is considered
robust to the applied disturbances.

Another consideration when analyzing error histograms is to consider the histogram tail. In
general, error histogram tails point to an occasional, greater failure mode that cannot be
compensated for, as opposed to an occasional, smaller error. For this work, the presence of
the tails is likely due to the impact of more extreme disturbances that perturb the system
towards the limits of the robustness guarantees inherent to each control law. A longer tail
shows that a control law is more sensitive to disturbances, compared to a short tail which
shows that a control law is not greatly perturbed by the disturbance.

Lastly, the means of each distribution are also reported. These means are primarily used

64
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for comparisons between histograms. Additionally, in the case of multimodal distributions,
the mean shows which mode has the greater number of samples as noted by which mode the
mean is closer to. The means are also useful for a qualitative analysis, by noting how far
from a peak the mean is, compared to how far the mean is from another histogram’s mean.

5.1 Combined Disturbances
The most realistic scenario for simulating a physical flight was implemented in this section.
All of the previously described disturbances (measurement noise, model mismatch, wind,
and discretization with time delay) were applied simultaneously over a 10,000 simulation
study.

Figure 5.1: L∞ norm for all disturbances.

Figure 5.1 shows the histogram of the L∞ norm of the inertial velocity error, which shows
the largest error across each simulation; a few standout conclusions can be drawn. First, it
can be seen that LQR has the highest repeatability and lowest spread of all three control
laws when all disturbances are applied together, even though the error histogram for LQR
is bimodal. The bimodal distribution of LQR is likely due to the robustness guarantees and
linearity of LQR, since the first peak shows performance within the linear regime, while the
second peak shows the degraded performance attained in the nonlinear regime. RPH and
NDI perform similarly, in that the majority of the histograms line up with each other. The
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similarity in the main shape of the RPH and NDI histograms is likely due to the disturbances
greatly surpassing the limits where both control laws remain bounded. It is necessary to
note that the L∞ norm indicates the worst-case excursion of the tracking error over time,
as opposed to a time-averaged error. Therefore, the overlapped histograms show that, a
majority of the time, RPH and NDI had similar maximum ℓ2 norms of the error, although
RPH tends towards lower norms of the error than NDI.

The second conclusion that can be drawn is in regard to the robust performance of each
control law. LQR has the lowest mean error, but the performance of the upper mode
overlaps nearly identically with NDI and RPH. This is possibly due to applying too large
of disturbances, or more likely, the combination of all disturbances compounded the effect
between them. Despite this, the histogram for RPH has a small, lower mode near zero error,
which is due to the collection of simulations for which the applied disturbances were bounded
and of small magnitude for RPH. This shows that, even when RPH has disturbances applied
that are large in magnitude and non-additively bounded, RPH will always perform better
than, or at least as well as, NDI. While this is not a high bar, it shows that RPH is more
robust, but not necessarily more repeatable, than LQR when both provide outer loop control
to a system designed using feedback linearization.

Third, the presence of significant outliers in the data show that NDI can dramatically fail
at output tracking. Each histogram in this work was auto-scaled to show every data point.
Therefore, even if no data points are easily seen along seemingly blank sections of the figure,
outliers are present along the full range. For Figure 5.1, there is at least one outlier at an
L∞ norm error of approximately 400, while smaller outliers from NDI can also be seen at
nearly an error of 210, and a few around 160. There are no outliers from LQR or RPH for
this figure. The purpose of the inset histogram is to provide a more detailed visualization of
the majority of the data.

Complementary information is shown in Figure 5.2, where the L1 norm indicates the average
error across each individual simulation. The most striking data presented shows that the
histogram of LQR barely overlaps with the histogram of NDI, but the histogram of RPH
overlaps heavily where the histograms of LQR and NDI meet, as opposed to all three control
laws overlapping significantly when comparing L∞ error norm in Figure 5.1. LQR, as with
the L∞ norm comparison, has the best repeatability and performance, except for a small
number of simulations in which RPH has better performance. Similarly, NDI, as with the
L∞ norm comparison, has the worst performance, which is significantly separated from the
other two control laws. However, the L1 norm of RPH shows different behavior than the
L∞ norm. The primary analysis regards the histogram shape, since the spread of the RPH
L1 norm histogram is extraordinarily wide. As discussed above, this wide spread alone does
not exclude RPH from being a robust control law. To the contrary, the wide spread shows
that RPH is sensitive to the applied disturbances, but when the disturbances are within ISS,
RPH has the best performance of the control laws. Further, Figure 5.2 shows that, despite
commonly having high error, RPH still performs significantly better than NDI even though
both were constructed on a feedback linearized system.
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Figure 5.2: L1 norm for all disturbances.
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Figure 5.3: Failure for all disturbances.

The control law failure rates in Figure 5.3 complete the analysis of the information presented
above. As can be seen, the failure rate for RPH was nearly half of the failure rate for NDI,
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from 7.5% to 4%. This aligns with the results above, in which the RPH histogram had
high spread but relatively low error compared to NDI. A lower failure rate indicates that
the disturbances did not cause the inversion matrix to become singular for RPH as often,
whereas the disturbances caused a singular inversion matrix in NDI more frequently. The
discussion relating to the LQR failures can be found in Section 4.1.

For the combined disturbance case, the result is clear. The combined impact of all four
disturbances stressed each control law more than the control law could account for due to
the individual disturbances non-additive nature and magnitude. In general, RPH performed
better and failed less than NDI, although RPH performed worse and failed more than LQR.
However, based on this presented combined disturbance case, the specific disturbances or
combinations thereof that caused the unbounded disturbances cannot be known. Therefore,
the following section explores each of the possible combinations to discover which of the
disturbance combinations RPH is most sensitive to, and if there are any cases in which RPH
clearly outperforms both NDI and LQR.

5.2 Selected Disturbance Combinations
The previous section showed the most realistic scenario that a flight control law might face
in flight, but the robustness to individual disturbances was not tested.

The reason for a follow-on section is to find the impact of combined disturbances that maybe
have coupled impacts when implemented together, as well as understanding the sensitivity
of the various control laws to various types of disturbances. The individual disturbance anal-
ysis might suggest modifications that could address particular deficiencies. This individual
disturbance testing is still relevant to reducing risk in flight, since some flights may have less
severe disturbances present such as a calm flight day or less severe measurement noise due
to improved sensors.

The following section presents a selection of all combinations of the four individual distur-
bances with each other, where similar results are grouped together. The 15 cases, including
the previously discussed combined case, were separated into three groups depending on the
shape of the histograms for each control law. The discussion for each group includes the
figures for each case within the group to enable simpler visual comparison between each case.
The case figures were arranged to present an increasing number of disturbances further down
the page, and every figure on the left of the group of cases does not include discretization
with time delay, while every case on the right does.

5.2.1 Group 1: Least Significant Disturbances
The first group consists of the three cases where all three control laws delivered highly
consistent behavior. The cases are

• Discretization with time delay only,
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• Measurement noise only, and
• Measurement noise and discretization with time delay.

a.

b. c.

Figure 5.4: L∞ norm results for (a) discretization with time delay only, (b) measurement
noise only, and (c) measurement noise and discretization with time delay.

The histograms shown in Figure 5.4 are unique among the other cases. Only Group 1 cases
have a hard lower limit for the L∞ norm for LQR and NDI, below which there are no
cases with lower error. Further, despite the high repeatability at the hard lower limit, each
histogram has a thin, but long tail associated with it. LQR performs the most repeatably,
as noted specifically by the close proximity of the mean to the highest peak of the control
law and by the shortest tail of the three control laws, but also consistently has the highest
error. This error is because LQR is tracking a reference input, as opposed to NDI and RPH
which track a reference model. The reference input course angle χ⋆(t) is approximately 90◦

away from any initial state, as opposed to the reference model which is calculated to start on
the initial state. RPH on the other hand has the lowest error, lowest peak, and the longest
tail of all the control laws. Lastly, although the lower limit of RPH has a lower repeatability
than NDI, NDI has much worse wider spread due to the secondary mode at a higher error.

The high peaks on the RPH histogram reveal that many cases are low error, which means
many cases are not greatly impacted by the disturbances. However, any cases that are
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not low error cause a long tail, which means that small error and large error impacts are
nearly equally likely to occur. Given that measurement noise is a purely Gaussian sampled
disturbance and time delay is a purely uniformly sampled distribution, this long tail on RPH
reveals the sensitivity to white noise in the system causing at least one significant transient
with varying error levels. However, the thickness of the tail demonstrates that RPH is not
overly sensitive to measurement noise, and therefore is likely to maintain good performance.

Comparing the three cases reveals further insight. Figure 5.4(c) shows the results of Fig-
ure 5.4(b) with the addition of discretization with time delay. Although LQR remains
unchanged as noted by the mean value, RPH and NDI are more significantly impacted by
the combined disturbance as noted by the drop in the repeatability of both control laws.
Despite that, RPH maintains a much lower error and is without outliers or a second mode
compared to NDI, although in Figure 5.4(c), RPH is beginning to show signs of a second,
higher error, mode that matches the location of the first, lower error, mode of NDI.

a.

b. c.

Figure 5.5: L1 norm results for (a) discretization with time delay only, (b) measurement
noise only, and (c) measurement noise and discretization with time delay.

Interestingly, the histograms in Figure 5.5 are significantly different from Figure 5.4. Notably,
despite the long tail on the RPH L∞ histogram, the RPH L1 histogram shows the highest
repeatability, the smallest spread, and the smallest error by a large margin compared to
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LQR and NDI. This shows that RPH is robust to the disturbances in this group, which is
likely due to the small magnitude of the disturbances.

As noted in Figure 5.4, RPH and NDI are both sensitive to measurement noise and dis-
cretization with time delay, especially together. Although the average error per simulation
(indicated by the L1 norm) is much lower for RPH than for LQR and NDI, the greatest
error per simulation (from the L∞ norm) reveals the sensitivity to disturbances. Therefore,
if these disturbances had a greater magnitude, the error results would likely have increased
as well. This provides an example of confirmation that RPH is able to perform well under
non-additive disturbances, as long as the disturbances have a “small enough” magnitude.
The sensitivity to these disturbances is easily seen when analyzing the histogram for NDI.
Not only is the error much larger and less repeatable for NDI, but the outliers and second
mode are nearly two orders of magnitude above the error values for RPH by examining the
mean values. This is more easily seen by comparing the mean values to the respective his-
togram peaks - RPH and LQR match exactly, while NDI has a significant distance between
the peak and the mean. Lastly, LQR is insignificantly impacted by these disturbances as
noted by the mean values and histograms. The failure rates shown in Figure 5.6 show that
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Figure 5.6: Failure results for (a) discretization with time delay only, (b) measurement noise
only, and (c) measurement noise and discretization with time delay.

LQR and RPH did not fail from these disturbances, which further emphasizes robustness
to these disturbances. This is especially true when comparing RPH to NDI, which had a
failure rate of between 0.4% and 1.1%. This rate is not acceptable for flight, although it is
acceptable for some applications.
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5.2.2 Group 2: Intermediately Significant Disturbances
The second group consists of the four cases that produced greater spread in the L∞ norm
than Section 5.2.1 across all control laws. The cases are

• Model mismatch only,
• Model mismatch and discretization with time delay,
• Measurement noise and model mismatch, and
• Measurement noise, model mismatch, and discretization with time delay.

As listed, the disturbances in this group are all of the model mismatch disturbance combi-
nations that do not include wind. This is because model mismatch is a larger magnitude
disturbance than measurement noise, but smaller than wind. It is expected that the impact
on RPH will be larger for model mismatch than measurement noise due to the fact that
RPH was designed on top of a feedback linearization process.

a. b.

c. d.

Figure 5.7: L∞ norm results for (a) model mismatch only, (b) model mismatch and dis-
cretization with time delay, (c) measurement noise and model mismatch, and (d) measure-
ment noise, model mismatch, and discretization with time delay.

The results shown in Figure 5.7 have a much higher spread and lower repeatability than
every case in Figure 5.4. As noted above and seen by comparing Figure 5.7(a)-(d), the
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difference is solely due to model mismatch. Comparing each of the four figures reveals more
similarities than differences, again suggesting that measurement noise is not a significant
disturbance compared to the other disturbances. However, the impact of discretization with
time delay can be seen by comparing Figure 5.7(a) with (b), and (c) with (d). Figures 5.7(a)
and (c) show higher repeatability and lower spread for RPH than in (b) and (d), which is
the same change that occurred in Figure 5.4(b) to (c). However, NDI received the opposite
impact. Figures 5.7(a) and (c) show large spread for NDI, but (b) and (d) display that
the spread decreases. The observation that discretization reduces error implies that the
poor performance of the NDI controller in the tail is, at least in part, due to the controller
overreacting. That is, when discretized, the controller is no longer able to overreact so the
performance improves. The same effect is not observed for LQR or RPH, since neither
control law is overreacting. Lastly, LQR continues to not be impacted by measurement noise
or discretization with time delay, although the addition of model mismatch was significant
enough to cause the LQR histogram to become bimodal.

a. b.

c. d.

Figure 5.8: L1 norm results for (a) model mismatch only, (b) model mismatch and discretiza-
tion with time delay, (c) measurement noise and model mismatch, and (d) measurement
noise, model mismatch, and discretization with time delay.

Despite the combinations of disturbances, RPH continues to have the lowest L∞ error. This
means that the impact of model mismatch on the magnitude of the error transients is larger
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for LQR and NDI than RPH. These results demonstrate that model mismatch is a more
significant disturbance than measurement noise. Comparing Figures 5.4 and 5.7 reveals the
impact of model mismatch, which is further compounded by the construction of both NDI
and RPH which use an already reduced aerodynamic model.

Figure 5.8 provides a similar result to Figure 5.7, which verifies the discussion above. RPH
continues to have the highest repeatability, the smallest spread, and the smallest error com-
pared to LQR and NDI, although by a smaller margin in this group of disturbance cases.
Although the figure scales are different, comparing the mean reveals that model mismatch,
on average, doubles the mean of LQR, triples the mean of NDI, and increases RPH by an
order of magnitude. However, by comparing pure values and not factors, RPH increases the
least by an L1 norm error of over 200.

Focusing on Figure 5.8(d) reveals the most difficult disturbance case without the wind dis-
turbance. Although RPH is noticeably perturbed by the three applied disturbances, the
performance is much better than LQR and NDI.
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Figure 5.9: Failure results for (a) model mismatch only, (b) model mismatch and discretiza-
tion with time delay, (c) measurement noise and model mismatch, and (d) measurement
noise, model mismatch, and discretization with time delay.

Figure 5.9 completes the discussion by, once again, demonstrating that RPH is more robust
than NDI. RPH continues to lack failures, while the addition of model mismatch increases
the failure rate for NDI from around 1% to above 5%.



5.2. SELECTED DISTURBANCE COMBINATIONS 75

5.2.3 Group 3: Most Significant Disturbances
The third and final group consists of the remaining eight cases that produced the greatest
impacts on RPH. Figure 5.10 illustrates the histograms of L∞ norms for these cases. The
cases are

• Wind only,
• Wind and discretization with time delay,
• Model mismatch and wind,
• Model mismatch, wind, and discretization with time delay,
• Measurement noise and wind, and
• Measurement noise, wind, and discretization with time delay,
• Measurement noise, model mismatch, and wind, and
• Measurement noise, model mismatch, wind, and discretization with time delay (all

disturbances).

A brief survey of the disturbances applied reveals that every disturbance present incorpo-
rates the wind disturbance. The impact posed by wind likely has the largest effect of the
disturbances.

Each of the trends identified in previous cases are demonstrated more clearly in Figure 5.10.
First, the impact of wind greatly impacts RPH specifically, but LQR and NDI are not
significantly changed. This can be seen visually since RPH nearly exactly overlaps the
main histogram of NDI with a secondary mode, while usually maintaining a low-error mode.
This bimodality is likely caused by the same mechanism that splits LQR in two, in that
some simulations were impacted by disturbances that were small in magnitude, while other
simulations were impacted by disturbances were large in magnitude and greatly increased
the error. This is exacerbated by the inclusion of discretization with time delay in the figures
on the right of 5.10 [(b), (d), (f), (h)].

Another trend previously noted was the impact of discretization with time delay decreasing
both the spread and error of NDI compared to the corresponding case without the dis-
cretization with time delay disturbance. This is likely due to the discretization with time
delay limiting the update of the control inputs, which reduces overly aggressive control input
changes.

Although Figure 5.11 appears to demonstrate different results than Figure 5.10, the results
are fully complementary. The addition of the second, high error, mode in the L∞ norm error
compared to previous simulations results changed the shape of the RPH histogram to have
a very wide spread.

Further, it is more clearly seen by comparing figures (d) and (h) that the impact of mea-
surement noise for all of the control laws is minimal. The histogram shapes do not change
significantly other than the smoothness of the histogram in (h), which is due to the order
of magnitude increase in samples. However, the addition of any other disturbance to any
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disturbance combination causes a significant change in the performance of the control law.

Lastly, the impact of discretization with time delay is also clearly visible by comparing the
left column of figures to the right column of figures. Despite the wind, the repeatability
of RPH is much larger than NDI and the spread present is not very large. However, the
combination of wind and discretization with time delay cause the greatest challenge to RPH
by severely decreasing the repeatability and increasing the spread.

The first RPH failures are seen in Figure 5.12. Clearly, the changes to failure rate is due
to the introduction of wind. Although the failure rate for NDI increased to approximately
8-10% with limited change due to the implementation of discretization with time delay, the
failure rate for RPH increased from 0% to 1-1.5% with only wind and 3.4-4.7% with wind
and discretization with time delay.
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a. b.

c. d.

e. f.

g. h.

Figure 5.10: L∞ norm results for (a) wind only, (b) wind and discretization with time delay
(c) model mismatch and wind, (d) model mismatch, wind, and discretization with time delay,
(e) measurement noise and wind, (f) measurement noise, wind, and discretization with time
delay, (g) measurement noise, model mismatch and wind, and (h) all combined disturbances.
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a. b.

c. d.

e. f.

g. h.

Figure 5.11: L1 norm results for (a) wind only, (b) wind and discretization with time delay
(c) model mismatch and wind, (d) model mismatch, wind, and discretization with time delay,
(e) measurement noise and wind, (f) measurement noise, wind, and discretization with time
delay, (g) measurement noise, model mismatch and wind, and (h) all combined disturbances.
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Figure 5.12: Failure results for (a) wind only, (b) wind and discretization with time delay (c)
model mismatch and wind, (d) model mismatch, wind, and discretization with time delay,
(e) measurement noise and wind, (f) measurement noise, wind, and discretization with time
delay, (g) measurement noise, model mismatch and wind, and (h) all combined disturbances.
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5.3 Summary
From the Group 1 (Figures 5.4-5.6) shows that RPH is slightly sensitive to measurement
noise, as well as individually disturbed control discretization with time delay. However,
RPH had lower error and slightly lower failure rate than NDI given the same feedback
linearization architecture. Adding model mismatch to each case in Group 1 (Figures 5.4-5.6)
led to a wider spread in Group 2 (Figures 5.7-5.9). The performance of RPH was degraded
in both error and repeatability, but the performance was still superior than of LQR and
NDI.

Replacing the control discretization with time delay disturbance in Group 2 (Figures 5.7-5.9)
with the wind disturbance in Group 3 (Figures 5.10-5.12) greatly increased the spread of the
histograms. RPH continued to outperform NDI across the cases, although the performance
benefits of LQR became more evident. RPH became bimodal in some cases, although the
second, high error, mode never had greater error than the NDI histogram. Further, the
wind disturbance cases were the only disturbance cases which caused a singularity in RPH,
and the wind and discretization with time delay combination increased the failure rate from
1-1.5% to 3.4-4.7%.

There are likely a few reasons that RPH is especially sensitive to the combination of wind
and control discretization with time delay. First, wind is a non-additive disturbance. As
discussed in Section 3.3.2, bounded non-additive disturbances can quickly become equivalent
to unbounded, additive disturbances. The magnitude of applied wind, although bounded,
likely caused RPH to apply too large of control inputs to counteract the wind at each time
step, although the wind was varying greatly during the entire simulation. This is because
the control law does not have wind as an input, so the only knowledge of wind comes from
the aerodynamic model performing in ways the control law did not know.

Second, the control discretization with time delay made it much more difficult, or nigh
impossible, for RPH to apply appropriate control inputs at the appropriate time. This is
especially difficult when the output tracking is nonlinear and changing, and the aerodynamics
are impacted by both wind and model mismatch. Even a maximum delay of 80 milliseconds,
between the 25 Hz sampling rate and 40 milliseconds time delay, could make normally
bounded disturbances become unbounded to the control law, causing the control law to
become unbounded as well. This is true for each of the applied disturbance combinations;
the addition of control discretization with time delay worsens every disturbance case to
either increase spread (decrease robustness), increase error (decrease robust performance),
or increase the failure rate.

Comparatively, RPH was moderately sensitive to model mismatch (Figures 5.7-5.9). The
addition of model mismatch individually and combined with other disturbances showed that
RPH could handle the impact of model mismatch, measurement noise, and control discretiza-
tion with time delay together, with a corresponding decrease in robustness and repeatability
but not error (Figures 5.4-5.6). RPH consistently had the lowest error across all cases except
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the Group 3 cases, due to wind. The wind had a much larger impact on the aerodynamic
model than model mismatch, likely due to the comparative magnitude of both effects on
the aerodynamic performance. If the effect of model mismatch were increased by raising the
mismatch limit from ±2σ to ±3σ, the impact of model mismatch would likely have a greater
impact than currently, but still not as high as the effect of wind.

The only disturbance that RPH was not overly sensitive to was measurement noise, indi-
vidually and in combinations. This can be seen in Figure 5.4, where NDI and RPH had
similar robustness to measurement noise, except RPH had lower error and failure rates.
This can also be seen by comparing Figure 5.10(a) with Figure 5.10(e), Figure 5.10(b) with
Figure 5.10(f), Figure 5.10(c) with Figure 5.10(g), and Figure 5.10(b) with Figure 5.10(h).
The only addition between those sets of figures is measurement noise and there is hardly
any change to either the mean or histogram shape. In Figure 5.4, the lower error mode of
NDI had a similar histogram shape and tail to RPH, although RPH had much better per-
formance. Therefore, the foundation of feedback linearization likely caused the sensitivity
to measurement noise as opposed to the construction of RPH in particular.

A final factor to consider is the implementation of control logic to limit the exponential
growth of the control input being calculated by RPH. To compare this, each discrete time
case presented above was simulated with and without control limiting on the u and v control
inputs. The result was that adding control limiting brought the rate of failure for RPH down
from over 45% to the presented value at under 4% in the combined disturbance case. This
reduction in failure rate was for every case presented in simulation, since even the most benign
disturbances caused a singular matrix due to unlimited input. This is an important piece
of implementation to consider when the control law has a tendency to attempt inversion of
singular matrices if the control inputs are allowed to grow to match the applied disturbances.

Therefore, when RPH does not mathematically become singular or is perturbed by distur-
bances which can no longer be considered bounded, RPH has the best robust performance
over LQR and NDI. Until another control law is developed, either by applying the construc-
tion of RPH to a non-feedback linearized system or by accounting for disturbances such as
wind in the construction of the control law, the best control law for flight depends highly
on the allowable risk. LQR has the lowest risk of the three control laws, but if the phys-
ical disturbances to the system are small in magnitude for RPH, LQR would have worse
flight performance than RPH. But if the environment is very windy or there are other large
disturbances present, LQR is the control law to use.

LQR performed surprisingly well compared to the nonlinear control laws. Therefore, the
simulations demonstrated above were analyzed to ensure that the perturbations applied to
each control law were within the nonlinear regime. If the applied perturbations remained
within the linear regime, then the results presented earlier in this chapter would not properly
compare the performance of the control laws as the analysis presented. To verify that the
perturbations were within the nonlinear regime, a set of individual LQR simulations was
run, since the response of the linear control law would show whether the perturbations are
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linear or not. For the simulations run for this analysis, the initial state of the aircraft was
set to be the exact initial reference state as listed in (A.1.1), with the exception of an initial
lateral velocity, v0, that was varied between simulations. The lateral velocity state, v, was
chosen since most aircraft are not actuated in the lateral direction.

Figure 5.13 shows an example time history of (x − xref) in (3.1.4) for a single simulation
where v0 = 5 m/s. The transients seen beginning at 20, 40, and 55 seconds are nonlinear
perturbations due to switching between reference trim conditions. Therefore, the remainder
of the analysis will focus on the transient due to the initial condition, which is highlighted by
the inset figure. Note that the transition between reference trim conditions will not exhibit
the linear scaling associated with scaling the initial condition, since the transients due to the
initial condition end after approximately 5 seconds.

Figure 5.13: Time history of (x− xref) for v0 = 5 m/s

Figure 5.14 shows the longitudinal velocity response of the aircraft (u − uref) due to initial
lateral velocities v0 = 1, 3, 4, and 5m/s. For any system with outputs defined by y = Cx, any
choice of C will demonstrate the linear scaling. Therefore, the quantity (u−uref) was chosen
since it is representative of (x−xref) and best displayed the nonlinearities in Figure 5.14. The
chosen values of v0 are representative of the random initial state from Table A.1. The top
graph of Figure 5.14 shows the direct (u− uref) response due to each initial lateral velocity,
while the bottom graph shows the response normalized by the respective values for v0.



5.3. SUMMARY 83

Figure 5.14: Initial transient in longitudinal velocity increment, u − uref, for various initial
lateral velocities, v0.

If the perturbations applied to the system were linear, then each response on the normalized
graph would be identical, i.e. each plotted lines would overlap. However, since the normalized
responses are not identical, the perturbations applied are not linear. Given that only the
initial vehicle state was changed, the nonlinear perturbations come from the aerodynamic
model of the aircraft. This will always impact every control law throughout the entire flight,
and therefore the analysis presented here can be applied to the entire analysis presented
earlier in the chapter. Therefore, the primary results of this thesis present a valid comparison
of the control laws, and the comparatively strong performance of LQR is likely due to
deficiencies of NDI and RPH.

During the testing of this work, the L2 norm was calculated for each simulation in addition to
the L1 and L∞ norms. However, the amount of additional information provided by analyzing
the L2 norm compared to only the L1 and L∞ norms was not enough to justify adding the
L2 norm results to the above section. Therefore, if desired, the figures showing the L2 norm
for each case is provided in Appendix B.



Chapter 6

Conclusions

This work presented the implementation of a novel, nonlinear flight control law, robust
port-Hamiltonian control (RPH), with inherent robustness properties as described in [50].
RPH design involved transforming a system from a cascaded integral structure into a port-
Hamiltonian structure, using feedback linearization, in order to obtain sufficient conditions
for input-to-state stability (ISS) with respect to disturbance inputs. Those robustness guar-
antees state that the state will remain uniformly bounded for any uniformly bounded input
into the system that is additive to the forces and moments, which includes the control
moment and disturbance. This implementation was proved successful by running individual
simulations with a pseudo-randomized additive disturbance, and showing the state remained
uniformly bounded with excellent output tracking performance while being perturbed by
both the additive disturbance and the “unknown” aerodynamic model mismatch that came
from the construction of the feedback linearization control law.

Two comparable alternative control laws, linear quadratic regulator (LQR) and nonlinear
dynamic inversion (NDI), were implemented as well to compare the robustness and control
law construction methods. LQR is a linear control law that has inherent robustness guaran-
tees, while NDI is a nonlinear control law without inherent robustness guarantees. However,
NDI is also constructed using feedback linearization, to which a LQR is applied as a closed-
loop control input to control the identically transformed linear system. The implementation
was proved successful for LQR when the output tracking was less exact than RPH, but the
generalized, additive applied disturbance did not significantly impact the output tracking.
Further, the implementation was proved successful for NDI when the output tracking for an
ideal, nonlinear output track was as exact as RPH, but when the disturbances were added,
NDI was not able to sufficiently perform output tracking anymore.

To test the robustness guarantees and robustness properties of RPH, four stochastic distur-
bances were implemented in a simulation study to mimic a flight environment. Measurement
noise is a disturbance that comes from the aircraft sensors and only impacts the control law
calculation. Model mismatch is a disturbance that comes from system identification and
finding the best model possible, but that model still is not the same as real life. Wind is
a disturbance that is caused by pressure differences in the atmosphere, and therefore any
flying object will encounter wind after enough time in the air. Lastly, the implementation
of a continuous system dynamics and continuous control law on hardware will automati-
cally require that the continuous dynamics become discretized. Further, a time delay due to
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physical communications of the flight computer can cause the system dynamics to propagate
before the calculated control input is applied, further delaying the appropriate control input
from the discretized calculation. The concern regarding ISS for these disturbances is that
each disturbance is non-additive to the forces or moments. Therefore, even a non-additive
disturbance that is uniformly bounded could cause an unbounded response from the system.

All four disturbances were implemented in a 10000 simulation study, where the L1 and L∞
signal norms were calculated for each simulation, as well as the failure rate of each control
law per simulation. The distribution of inertial velocity tracking error using RPH became
bimodal in both the L∞ and L1 norms due to the disturbances violating the condition for
ISS the majority of the time, although a few simulations of disturbance remained within ISS
and had low error. The L∞ performance of RPH nearly exactly matched the performance
of NDI, except RPH was never worse than NDI in any individual simulation. RPH had very
wide spread in the L1 norm due to the disturbances, which proved much better than NDI
which had a lower spread at a higher error. NDI had a failure rate of approximately 7%
while RPH had a failure rate of nearly half at 4%. However, LQR consistently maintained
moderate error and high repeatability (tall peak, small spread) without any failures.

In order to ascertain which applied disturbances were the primary source of error for RPH,
all 15 combinations of the four disturbances were analyzed by the same metrics using a
1000 simulation study for each case. The analysis showed that RPH is most sensitive to
wind, discretization with time delay, model mismatch, and measurement noise in that order.
This aligns with the analysis of the disturbances, since the disturbance magnitude increases
from measurement noise to model mismatch to wind, and discretization with time delay
changes the time the control input is applied and therefore compounds the effects of any
other disturbances.

Extensions of this work include flight testing of the three control laws presented here, deriving
another version of RPH which is more robust, and extending this work to compare dynamic
state feedback control laws. The flight testing of RPH presented in this work would first
require a thorough risk analysis based on the simulation study presented here to ensure the
flight test can be performed safely. Deriving a version of RPH which explicitly includes wind
would theoretically greatly increase the performance and robustness of RPH. However, the
method to do so is fraught with issues. The primary issue is that, unlike disturbances added
to the force and moment terms, there is no way to make a system affine with respect to the
wind. The construction of RPH is expecting the disturbances to apply a force or moment to
the aircraft, which is not applicable for wind since wind can instantaneously change the angle
of attack. A more reasonable version of RPH would be to apply a RPH to a system that is not
feedback linearized, removing the chance of singular matrices. Conversely, another option
would be to apply a disturbance observer to RPH that would estimate the wind disturbance
and apply it as additive forces and moments which RPH is designed to handle. Lastly,
the two other control laws can be extended to dynamic state feedback using a dynamic
extension for each, such as linear quadratic gaussian extending from LQR or a robust or
adaptive extension to NDI.
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Appendix A

Simulation Guidance

This chapter is designed to help anyone attempting to recreate this simulation with specific
guidance. Listed below are simulation values, procedures, and other useful implementation
tips that should help with this process.

A.1 Simulation Parameters
The values listed below are in no particular order, other than what order the values were
implemented in the simulation for this work.

• The total simulation time was set to 60 seconds, with a step size of 0.01.

• The maximum control actuator deflections are δa,max = ±29◦, δe,max = ±27◦, and
δr,max = ±34◦ for the aileron, elevator, and rudder respectively. A notional maximum
thrust of 50 N was applied, but the limit likely did not have an effect on the simulation.

• The cruise revolutions per second for the propeller ncruise was 133 rev/s, the cruise
airspeed Vcruise was found to be 18 m/s, and the centering reference value for the
inverse advance ratio J0 = 1.88.

• The random initial vehicle position was uniformly sampled between the noted range
in Table A.1

Table A.1: Initial random state ranges

(a) Position

Variable N E D

Range 0 m 0 m 0 m

(b) Body Velocities

Variable u v w

Range 18± 5m
s ±5m

s ±5m
s

(c) Euler Angles

Variable ϕ θ ψ

Range ±π
6
rad ±π

6
rad ±π

6
rad

(d) Angular Rates

Variable p q r

Range ±π
2

rad
s ±π

2
rad
s ±π

2
rad
s

with the only change being computing the respective quaternion to remove the chance
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of singularities in the dynamics. For NDI and RPH, the initial control state was set
to be [T, Ṫ ] = [7.5,0] based on testing of the simulation.

• The user-defined reference input that was passed to every control law specified V ⋆(t)
- airspeed, γ⋆(t) - flight path angle, χ⋆(t) - course angle, and β⋆(t) - sideslip angle per
Section 4.2

V ⋆(t) = 18.005 [m/s] For 0 < t < 60

γ⋆(t) =
π

6
[rad] = 20◦ For 40 < t < 55

γ⋆(t) = 0 [rad] = 0◦ Otherwise

χ⋆(t) =
π

2
+
π

2

(
3 cos

( π
20

(t− 10)
))

[rad] For 20 < t < 40

χ⋆(t) =
π

2
[rad] = 90◦ Otherwise

β⋆(t) = 0 [rad] = 0◦ For 0 < t < 60

(A.1.1)

V ⋆(t) was chosen based on the cruise airspeed of the MTD aircraft and β⋆(t) was chosen
to ensure coordinated flight, but γ⋆(t) and χ⋆(t) were chosen to provide nonlinear
output tracking to sufficiently test each control law.

The physical aircraft parameters used are shown in Table A.2.

Table A.2: MTD mass and geometric properties

Property Symbol Value (SI) Value (US)
Mass m 3.644 kg 0.250 slug
Length overall LOA 1.75 m 5.75 ft
Mean aerodynamic chord c̄ 0.254 m 0.833 ft
Projected wing span b 1.83 m 6.0 ft
Projected wing area S 0.465 m2 1.53 ft2
Propeller diameter D 0.254 m 0.833 ft
Roll moment of inertia Ixx 0.2949 kg·m2 0.217 slug·ft2
Pitch moment of inertia Iyy 0.1365 kg·m2 0.101 slug·ft2
Yaw moment of inertia Izz 0.4703 kg·m2 0.347 slug·ft2
Product of inertia Ixz 0.055 kg·m2 0.041 slug·ft2
Products of inertia Ixy, Iyz ∼ 0 kg·m2 ∼ 0 slug·ft2
Number of propellers N 2 2

The aerodynamic parameters for the aerodynamic model of the MTD are shown in Table A.3.
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Table A.3: Aerodynamic model parameters

(a) Force Parameters

CXα CXα2 CXα3 CXβ2
CXJc

CX
J2
c

CX0

0.2526 2.470 1.235 0.3858 0.01520 0.07419 -0.1226

CYβ CYr CYδr

-0.4900 0.2529 -0.09060

CZα CZα3 CZq CZδe
CZJc

CZ0

-4.817 11.12 -16.05 0.3583 -0.04413 -0.2450

(b) Moment Parameters

CLβ
CLp CLr CLδa

CL
δ3a

-0.05439 -0.5072 0.06422 0.1687 -0.2037

CMα CMq CMδe

-0.1599 -5.044 0.2297

CNβ
CNβ3

CNp CNr CNδa
CNδr

0.07088 0.2097 0.05824 -0.1606 -0.04410 0.0437

Table A.4: Measurement noise standard deviation.

State ϕ θ ψ u v w p q r

State σ 7.04×10−4 4.62×10−4 4.56×10−4 0.0025 0.1112 0.0810 0.0329 0.0384 0.0207

Table A.5: Model mismatch standard deviation of the error and error rates.

Error σ Error Rate σ, Flt Data Error Rate σ, 1
30

th

CX 0.0678 0.0023 0.0023
CY 0.0155 0.0024 0.0005
CZ 0.0731 0.0143 0.0024
CL 0.0072 0.0015 0.0002
CM 0.0108 0.0023 0.0004
CN 0.0036 0.0007 0.0001
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A.2 Disturbance Parameters
Wind: Steady wind sampled from a Gaussian distribution with a standard deviation of 1.5,
which has a 3 σ value of approximately 5 m/s. This choice was made because the figures
in [10] appeared to have a steady wind of up to 5 m/s on a self-described “gusty” day. The
other wind parameters are: the freestream velocity of the aircraft Uref = 35 kts, which can
be used to scale the turbulence; the aircraft height h = 300 ft, a normal height to fly aircraft
at VT; and the wind velocity at 20 feet u20 = 10 based on “light” turbulence from [1],
although the MTD is a much smaller aircraft than the MIL-HDBK was providing guidelines
for.

Discretization: The sampling rate was set to 25 Hz, and the maximum time delay was set
to [1/(sampling rate*time step) + 1]. The inclusion of “+1” allowed the random values to
be rounded down to the next integer for use in simulation.

General Disturbance: The equations used to generate the applied general disturbance seen
in Figures 3.2(a), 3.4(a), and 3.6(a) are seen in (A.2.1). The functions were generated to be
pseudo-random, while also having trends of disturbance to stress the control laws the general
disturbances were applied to.

wFX
= 1.2 sin

(
t

12
+ 8 sin20

(
t

24

)
+ sin40

(
2t

3

)
− sin10

(
t

18

)
+ sin

(
t

120

))
wFY

= 0.92 sin
(
t

3
− 4 sin20

(
t

24

)
+ sin40

(
2t

3

)
+ sin10

(
t

18

)
+ sin

(
t

120

))
wFZ

= sin
(
t− 2 sin20

(
t

24

)
+ sin40

(
2t

3

)
− sin10

(
t

18

)
+ sin

(
t

120

))
wML = 1.1 sin

(
− t
2
+ 5 sin20

(
t

24

)
− sin40

(
2t

3

)
+ 3 sin10

(
t

18

)
− sin

(
t

120

))
wMM = sin

(
−4t

7
+ 1

2
sin20

(
t

24

)
+ 2 sin40

(
2t

3

)
− sin10

(
t

18

)
+ 2 sin

(
t

120

))
wMN = 0.87 sin

(
t

5
− 4 sin20

(
t

24

)
+ 4

5
sin40

(
2t

3

)
− 5 sin10

(
t

18

)
− 4 sin

(
t

120

))
(A.2.1)

Each was scaled by a factor of 1/10 in order to not overwhelm any individual control law.

A.3 Control Law Implementation
A.3.1 Linear Quadratic Regulator
The three trim conditions used to implement LQR were defined by: a desired airspeed V ⋆(t)
of 35 kts, or approximately 18 m/s; a trim turn rate ψ̇ of π/20, which was selected based on
the rate of change of desired course angle χ⋆(t) in (A.1.1); and a climb rate of V ⋆(t) sin(π/6),
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which was chosen based on the flight path angle γ⋆(t) in (A.1.1).

The trim states and control inputs for each trim condition are given in Table A.6

Table A.6: LQR control law trim conditions

Condition Trim Values
SLUF xlevel = [ 0 0 0 0.000 0.045 0 18 0 0.806 0.000 0.000 0.000 ]⊤

ulevel =
[
0.000 0.031 0.000 215

]⊤
Turn xturn = [ 0 0 0 0.282 0.046 0 18 0 0.859 −0.007 0.044 0.151 ]⊤

uturn =
[
−0.004 0.040 0.025 214

]⊤
Climb xclimb = [ 0 0 0 0.000 0.393 0 18 0 0.788 0.000 0.000 0.000 ]⊤

uclimb =
[
0.000 0.031 0.000 −34.8

]⊤
Using the SLUF trim condition, the values of A,B, Q, and R were found to be

A =



0 0 0 0 0 0 1 0 0.045
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 −9.80 0 0.15 0 0.664 0 −0.806 0

9.80 0 0 0 −0.69 0 0.806 0 −17.7
0 −0.439 0 −0.758 0 −6.73 0 15.1 0
0 0 0 0 −1.5 0 −14.9 0 1.35
0 0 0 0.068 0 −1.5250 0 −6.11 0
0 0 0 0 1.24 0 −0.679 0 −2.77



B =



0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 −0.0109
0 0 −2.30 0
0 9.08 0 −0.003

95.8 0 2.99 0
0 39.5 0 0

−4.64 0 16.0 0



(A.3.1)

QLQR = diag ([32.8 32.8 32.8 4 4 4 3.65 3.65 3.65]) (A.3.2)

RLQR = diag ([328 328 328 0.0111]) (A.3.3)
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Therefore, the final gain matrix KLQR was found to be

KLQR =


0.436 0 0.256 0 0.0373 0 0.0581 0 −0.784
0 1.06 0 −0.111 0 −0.004 0 0.142 0

0.0168 0 0.185 0 −0.0376 0 −0.0029 0 0.192
0 18 0 −4.23 0 −0.667 0 1.07 0


(A.3.4)

A.3.2 Nonlinear Dynamic Inversion
The equation used to calculate bank angle φ is given below, since the equation was not
easily found by the author. The method of calculating φ is to find the velocity-to-wind
frame rotation matrix RVW , and then calculate the corresponding rotation matrices to go
through the other reference frames [(velocity to inertial) times (inertial to body) times (body
to wind)] RVW = RV IRIBRBW where each rotation matrix is defined in (2.2.9)-(2.2.12).
The calculation for φ comes out to, using shorthand notation c = cos() and s = sin(),

φ = tan−1

(
cα(cχσ1 + sχσ2)− sαcθs(χ− ψ)

cα(cγcϕcθ + cχsγσ2 − sχsγσ1)− sα(−cγsθ + cχcψcθsγ + sχcθsγsψ)

)
(A.3.5)

where

σ1 = cψsϕ− cϕsψsθ
σ2 = sψsϕ+ cϕcψsθ

The matrix used for the input matrix for the kth order derivative in the derivation of NDI is

C =




1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 1 0 0
0 0 0 0 0 1

 05×5

 (A.3.6)

Here are the equations used to transform the LQR K matrix into the state of NDI

xLQR+ = [xLQR, T, Ṫ ]
⊤ (A.3.7)

∂T

∂Ω
= 2CxJ 2

(
D

V

)2

n+
(
CxJ − 2CxJ 2J0

) D
V

(A.3.8)

[
∂uM

∂δ

]−1

=
1

2
ρV 2S

b 0 0
0 c̄ 0
0 0 b

CLδa
0 CLδr

0 CMδe
0

CNδa
0 CNδr

 (A.3.9)

ruT̈ = 0.01 (A.3.10)
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Algorithm 1 kth Order Differentiation Operator for NDI
i← 1
while i < (m+ 1) do

L← x
deriv ← Ci

(
∂L
∂x

)
B(x)

counter ← 1
while deriv = 0 do

L←
(
∂L
∂x

)
A(x)

deriv ← Ci
(
∂L
∂x

)
B(x)

Lcounter ← L
counter ← counter +1

end while
A∗
i ← Ci

(
∂L
∂x

)
A(x)

B∗
i ← deriv

i← i+ 1
end while

However, due to the large symbolic size, ∂xNDI

∂xLQR+
was solved symbolically by

∂xNDI
∂xLQR+

=
∂xNDI
∂xNDIinit

∂xNDIinit

∂xLQR+

(A.3.11)

The translated QNDI matrix was found to be

QNDI =

[
Q1 0
0 Q2

]
(A.3.12)

where

Q1 =


1.88× 103 6.13× 103 −8.26× 106 6.01× 104 4.79× 103 3.32× 10−3

6.13× 103 2.00× 104 1.22× 10−5 1.96× 105 1.56× 104 −4.89× 10−3

−8.26× 106 1.22× 10−5 5.00× 10−7 −2.22× 10−7 −1.34× 10−3 −2.01× 10−4

6.01× 104 1.96× 105 −2.22× 10−7 1.92× 106 1.53× 105 8.92× 10−5

4.79× 103 1.56× 104 −1.34× 10−3 1.53× 105 1.22× 104 0.538
3.32× 10−3 −4.89× 10−3 −2.01× 10−4 8.92× 10−5 0.538 0.0809



Q2 =


32.8 2.27 0 −31.3 0
2.27 91.2 9.28 57.7 3.29
0 9.28 8.71 6.03 5.97

−31.3 57.7 6.03 1.37× 103 4.52
0 3.29 5.97 4.52 7.74


(A.3.13)
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The translated RNDI matrix was found to be

RNDI =


0.816 0 1.58 0
0 11.3 0 0

1.58 0 6.03 0
0 0 0 0.01

 (A.3.14)

Therefore, the final gain matrix KNDI was found to be

KNDI =
[
K1 K2

]
(A.3.15)

where

K1 =


67.5 225 20.7 2.14× 103 364
1.91 7.60 0.893 79.4 22.7
−17.1 −57.3 −4.57 −549 −90.6
−0.0637 −0.538 −0.916 −3.46 −10.6



K2 =


21.7 −0.656 −1.36 −0.504 0.160 −0.0637
5.31 0.477 1.04 0.446 −0.0994 −0.00145
−4.85 2.39 5.66 3.54 −0.619 0.0272
−1.64 −6.22 20.3 6.35 370 38.9


(A.3.16)

The values used in the low-pass filter for the reference dynamics are

1. ωn = 2 - natural frequency,

2. ζ =
√
2
2

- damping ratio for V ⋆(t), γ⋆(t), and χ⋆(t), and

3. ζ = 1 - damping ratio for β⋆(t)

This selection was chosen because: a higher natural frequency ωn caused the control laws to
track the reference model less effectively due to the higher response of the reference model;
a damping ratio of about 0.7 is the ideal combination of rise time and overshoot, which was
perfectly fine for V ⋆(t), γ⋆(t), and χ⋆(t); and a damping ratio of 1 was selected for β⋆(t)
since no overshoot was desired in sideslip.

The final gain matrix for the reference model was

Kref =


8 9.66 4.84 0 0 0 0 0 0 0 0
0 0 0 8 9.66 4.84 0 0 0 0 0
0 0 0 0 0 0 8 9.66 4.84 0 0
0 0 0 0 0 0 0 0 0 4 4

 (A.3.17)

Lastly, the control limiting factor was chosen to be 105 to ensure that each feedback lin-
earization calculated control input, both v and u, did not cause the control calculation to
become singular.
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A.3.3 Robust Port-Hamiltonian Control
The permutation used to turn the state from [V, V̇ , V̈ , γ, γ̇, γ̈, χ, χ̇, χ̈, β, β̇]⊤ to
[V γ χ V̇ γ̇ χ̇ β V̈ γ̈ χ̈ β̇]⊤ for use in RPH is [1, 4, 7, 2, 5, 8, 10, 3, 6, 9, 11], and it was
implemented in simulation using MATLAB

P = [1,4,7,2,5,8,10,3,6,9,11];
I = eye(size(Bstar,2));
Astar = I(P,:)*Astar;
Bstar = I(P,:)*Bstar;
Gstar = I(P,:)*Gstar;

(A.3.18)

The control gains implemented in the construction of RPH are

k1 = k2 = k3 = 10

p1 = p2 = p3 = 1

µ1 = µ2 = µ3 = 0.01

(A.3.19)

Algorithm 2 kth Order Differentiation Operator for RPH
i← 1
while i < (m+ 1) do

L← x
deriv ← Ci

(
∂L
∂x

)
B(x)

counter ← 1
while deriv = 0 do

L←
(
∂L
∂x

)
A(x)

deriv ← Ci
(
∂L
∂x

)
B(x)

Lcounter ← L
Gcounter ← Ci

(
∂L
∂x

)
G(x)

counter ← counter +1
end while
A∗
i ← Ci

(
∂L
∂x

)
A(x)

B∗
i ← deriv

G∗
i ← {Gcounter}dj=1

i← i+ 1
end while

Lastly, the control limiting factor was chosen to be 105 to ensure that each feedback lin-
earization calculated control input, both v and u, did not cause the control calculation to
become singular.



Appendix B

L2 Norm Results

Although the results presented in Chapter 5 discussed only the L1 and L∞ norm results,
the L2 norm results were also found for this work. These results were not included in the
primary results section due to the similarity to the L1 and L∞ norms presented, so the
inclusion of these results would have only distracted the reader and cluttered the space of
results. The inclusion of these results here is to confirm the presented results with another
norm calculation, as well as to demonstrate the slight differences provided by analyzing
the L2 norm. These results are presented in the same manner as above to facilitate the
comparison between the different Lp norms. Further, the presented results above are linked
here for easier comparison if desired.

1. Group 1 results: Figures 5.4 to 5.6

2. Group 2 results: Figures 5.7 to 5.9

3. Group 3 results: Figures 5.10 to 5.12
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a.

b. c.

Figure B.1: L2 norm results for (a) discretization with time delay only, (b) measurement
noise only, and (c) measurement noise and discretization with time delay.

a. b.

c. d.

Figure B.2: L2 norm results for (a) model mismatch only, (b) model mismatch and dis-
cretization with time delay, (c) measurement noise and model mismatch, and (d) measure-
ment noise, model mismatch, and discretization with time delay.
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a. b.

c. d.

e. f.

g. h.

Figure B.3: L2 norm results for (a) wind only, (b) wind and discretization with time delay (c)
model mismatch and wind, (d) model mismatch, wind, and discretization with time delay,
(e) measurement noise and wind, (f) measurement noise, wind, and discretization with time
delay, (g) measurement noise, model mismatch and wind, and (h) all combined disturbances.
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