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CHAPI'ER I 

INTRODUCTION 

The wide flexibility available in the design of antenna arrays 

is very useful in applications where factors such as beam shaping, 

side lobe level control and rapid beam steering are of prime 

consideration; however, the design is complicated by the effects of 

mutual interaction between the radiating elements. These inter-

actions are principally evident as (1) a distortion of the radiation 

pattern, (2) an element driving impedance which varies as the array 

is phased to point the beam in different directions, and (3) a 

polarization variation with scan angle in an array with elements which 

can support more than one sense of polarization. The degree to which 

the interelement coupling affects the performance of the array will 

depend upon the element type, the polarization and excitation of each 

element, the geometry of the array, and the surrounding environment. 

In order to study the effects of mutual interelement coupling in an 

array, the analysis must include all of these factors. 

The work reported here is an analysis of the mutual coupling in 

a planar array of circular waveguide fed apertures in an infinite 

conductor as typically illustrated in figure 1. The problem is first 

formulated for arbitrary waveguide apertures radiating into a 

multilayered region and then specialized to circular apertures excited 

in either TE or TM modes. The effects of mutual coupling are mn mn 

determined by first computing the self and mutual admittances among 

all the elements of the array to form a complex admittance matrix, 

1 



2 

z y 

I 

0 , 'O' 
I I I I 

O' 'O' I 

0: :0: :0: :0. 
0 : :0: :0: :0: I 

I I I I I I I I 

0. 0 q 
I I P.: 
I 

I I I I 

,,-- , ... -, 

Figure 1.- Planar array of circular waveguide-fed apertures. 
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which is then operated on to determine the complex scattering matrix 

for the array. The scattering matrix gives the relationship between 

the amplitudes and phases of the waveguide modal fields which are 

incident on and reflected from the apertures. This then allows one to 

determine the reflection coefficient and coupling coefficients of all 

the elements of the array for any phasing or amplitude taper. 



CHAPI'ER II 

REVIEW OF THE LITERATURE 

There are many approaches to the analysis of mutual coupling 

effects upon the performance of phased arrays and each one has its own 

inherent advantages and disadvantages. It is•not the intention of 

the author to present an exhaustive review of all the previous work 

that has been accomplished in the analysis of phased arrays; however, 

a summary will be given of the more pertinent work of which the 

author is presently aware, and more specifically that which is ap-

plicable to planar arrays of apertures. This summary is presented in 

order to acquaint the reader with the scope, depth, and variety of 

attention which phased arrays have received during the past decade. 

The theoretical analyses can generally be divided into two broad 

categories such as infinite arrays and finite arrays. The infinite 

array approach is very useful in the analysis of the impedance and 

radiation characteristics of the elements near the center of a very 

large array, but breaks down when applied to the elements near the 

edge. The finite array approach yields good results for all the 

elements of the array, but the analysis is more complicated, requires 

more computer time to obtain results, and is generally restricted to 

arrays of no more than about 200 to 300 elements, due to the necessity 

of inverting a large matrix or solving a set of simultaneous equation. 

Much effort has been devoted to the analysis of a variety of 

infinite arrays of periodically spaced identical elements (references 

4 
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1-57). These have included the more common aperture elements such as 

infinite slots (references 23-31), rectangular (references 32-47), and 

circular (references 48-54) as well as the ridged waveguide aperture 

(reference 55) and multiple frequency interleaved arrays (references 

56, 57). Some authors have also considered the effects of dielectric 

loading such as plugs in the waveguide apertures (references 29, 31, 

40, 42, 51, 54) or dielectric sheets covering the aperture plane 

(references 11, 21, 24, 26, 28, 29, 30, 40, 41, 49, 51, 54), and the 

effects of higher order aperture fields (references 31, 38-40, 42, 44-

46' 50-54). 

These analyses have been very useful in the study of certain 

resonance phenomena which have been observed in large phased arrays 

and array simulators (references 1, 4, 11, 38, 39, 43, 58-64). This 

resonance is manifested by a null in the array element pattern, or a 

large reflection coefficient at specific scan angles closer to broad-

side than the angle at which a grating lobe can occur; thus limiting 

the angular scan range of a large phased array. This resonance 

could be considered as the electromagnetic analogy of the Woods 

"anomalies" (reference 65) for the diffraction of light from optical 

gratings. This resonance in infinite arrays is generally attributed 

to the excitation of surface waves on the periodic structure 

(references 4, 11, 30, 51, 52, 54, 58, 59, 66) or higher order mode 

aperture fields (references 31, 38, 39, 45, 53, 67, 68). 

Several techniques are available for the elimination of this 

resonance or improving the wide-angle matching capability of large 
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arr~s (reference 69}. These involve the use of such things as conduct-

ing fences or corrugations between the radiating elements (references 

70-74}, irises in the apertures (references 74-77), proper design of 

the dielectric loading (references 78-81}, separate matching networks 

for each element (references 82, 83), interconnecting circuits 

(references 84, 85), selective mode excitation (references 86, 87}, 

or possibly disrupting the periodicity of the arr~ (references 88-92}. 

The wide-angle matching is achieved either by a reduction in the 

interelement mutual coupling or by proper compensation. In either 

case, a detailed knowledge of the interelement coupling or terminating 

impedance is required. 

The theoretical analyses for infinite arr~s and measurement 

techniques (references 93-97) have proven useful in the study of the 

radiation and impedance characteristics of the "typical" elements of 

large arr~s; however, the "nontypical" elements near the edge or the 

elements of a smaJ.l arr~ must be analyzed by other means. 

The characteristics of the edge elements in large arr~s have 

been analyzed by perturbation (reference 98} and modifications 

(references 99, 100) of infinite arr~ techniques. An integral 

equation method has been used to study the radiation properties of 

a finite parallel-plate waveguide arr~ (references 101-103). These 

studies indicate that the impedance and radiation properties of the 

edge elements of an arr~ can be vastly different from those near 

the center. 
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Much effort has also been devoted to the determination of the 

mutual coupling between pairs of waveguide apertures. The most 

comprehensive study of the coupling between various antennas was per-

formed by the group at the University of Michigan (reference 104); 

however, others have also made significant contributions in this area 

using a variety of techniques. Graf (reference 105) investigated the 

effect of mutual coupling between half-wave slots by using the electro-

magnetic duality of slots and dipoles. Tartakovskiy and Rubinshteyn 

(reference 106) introduced a numerical method for solving the system 

of Wiener-Hopf-Fok equations which occur in the diffraction at a 

finite or infinite number of equidistant half-planes and applied it to 

the coupling between two waveguides. Others (references 107-111) 

have used Keller's geometrical theory of diffraction (reference 112) 

to compute the coupling between parallel-plate waveguides. Others 

(references 113-121,123) have used variational techniques to determine 

the mutual coupling between rectangular (references 114-121, 123) 

parallel-plate (references 121, 122) and annular slot apertures 

(reference 113). Some have also considered the effects of a dielectric 

or plasma outside the aperture plane (references 118-121). Fente 

(reference 121) used the concept of an impedance sheet to represent the 

plasma layer under certain restrictions. Galejs (reference 118) 

approximated the external plasma layers by a large dielectric filled 

waveguide. Golden and Stewart (references 119, 120) analyzed·the 

coupling between rectangular slots under an inhomogeneous plasma by 

using an integrated electron density and a stepped approximation for 



8 

the plasma profile. Previous work (reference 122) has indicated 

that stepped plasma profiles can sometimes yield erroneous resonance 

effects which are not present in a practical plasma. The most 

recent published work is by Sugio and Makimoto (reference 123) who 

formulated a variational expression for the scattering coefficients 

of a finite array of rectangular waveguides with dielectric plugs; 

however, no results were given. 

The work to be presented in this paper is a variational 

formulation for the mutual ad.mi ttance of two waveguide apertures 

whi-ch need not be identical in shape nor excitation. The formulation 

is general enough to include the effect of an arbitrary number of 

dielectric and/or plasma layers, each of which may be inhomogeneous; 

however, no stepped approximation to the plasma profile is made nor 

is an integrated electron density approximation used. 

Since no results have been published for finite arrays of 

circular waveguides, the general formulation for mutual admittance is 

evaluated for circular apertures excited in either TE or TM mn mn 
circular waveguide modes and numerical as well as experimental data 

are presented for mutual coupling with either free space or a 

dielectric sheet outside the aperture plane. 

The approach used in the general formulation parallels that for 

the self admittance of one aperture (reference 124). 



CHAPTER III 

THEORY 

A. GENERAL 

It is assumed that each aperture in the array is fed by a uniform 

waveguide whose cross section coincides with the aperture. The 

electromagnetic fields in the apertures will be represented as the 

sum of the waveguide modal fields; therefore the total transverse 

fields in each aperture are given by 

where and e" h11 represent the normalized vector mode q• q 

functions for the TE and TM modes, defined such that in 

Cartesian coordinates 

e' = - [L x + Ly] <I> q ax dy q 

,.. 
h~ = zxe~ 

e" = zX [L x + L y~l ,,, 
q ax ay J ~q 

,.. 
h" = zxe" q q 

9 

(1) 

(2) 

(3) 

(4) 
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where x, y, and " z are unit vectors in the x, y, and z directions, 

and and ''' '+'q are scalar functions which satisfy the differential 

equations 

[ L + a2 J $ + k'24> = 0 
ax2 ay2 q cq q 

[L + a2 J $ + k"21jl = 0 
ax2 ay2 q cq q 

subject to the appropriate boundary conditions of the waveguide 

modal fields. 

The equivalent modal voltages and currents are defined as 

• e'dx ay q 

• h'dx dy 
q 

• e"dx ay q 

( 5) 

(6) 

(7) 

(8) 

where the integrals are taken over the cross section of the waveguide. 

Due to the orthogonality properties of the vector mode 

functions 
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Hg~ . e"dx dy = 0 (9) p 

{: for p = q 
ffg~. e'dx dy (10) p 

for p :f q 

ey{: for p = q f fe~. e"dx (11) p 
for p :f q 

energy propagates along a uniform waveguide in each mode independently; 

therefore, for computational purposes, each modal field in each 

aperture of the array is assumed to be fed by a separate waveguide 

which can only be excited by that single mode. This corresponds to 

treating an array of N waveguide fed apertures as an N times M 

microwave equivalent network, where M is the total number of modes 

needed in each aperture to represent the total field distribution 

adequately. This restricts the analysis to apertures of relatively 

simple shapes (such as rectangular, circular, elliptical, etc.) for 

which the corresponding waveguide modal fields can be determined. 

The transverse electric and magnetic fields of the p.-th mode 
1 

can be represented either as the superposition of an incident (a ) 
pi 

and reflected (b ) wave, or as an equivalent volta~e (V ) and 
pi pi 

current (I ) 
pi 

(12) 
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(12) 

(13) 

where Y is the characteristic admittance of the pi-th mode. 
pi 

Due to coupling or the mutual interaction of the external fields, 

the equivalent aperture voltages and currents will not be independent, 

but will be related by a set of simultaneous equations such as 

N 
I = L 
pi j=l 

(14) 

where N is the total number of apertures in the array and Mj 

total number of modes in the j-th aperture necessary to represent the 

is the 

aperture field adequately. 

The amplitudes of the incident and reflected modal fields are 

related by a similar set of simultaneous equations such as 

(15) 

If each aperture requires M modes to represent the aperture fields 

adequately, the N times M equations such as (14) and (15) would be 

needed to describe the coupling mechanism of the array. In matrix 

notation these are written as 
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[I] = [Y][V] 

[b] = [S] [a] 

By algebraic manipulation of equations (16) and (17), the wave 

scattering matrix {[S]) will be related to the aperture admittance 

matrix { [Y]) as 

[S] = [[Y ) - [Y]]([Y ] + [Y]]-l 
0 0 

(16) 

(17) 

(18) 

where [Y ] is a diagonal matrix whose elements are the characteristic 
0 

admittances of the waveguide modes, and [ ]-l indicates matrix in-

version. Thus the number of apertures (N) and/or the number of modes 

{M) per aperture is limited by the ability of the available computer 

to invert anN by M complex square matrix. 

The coupling problem then reduces to the determination of the 

elements of the aperture admittance matrix which are the mutual 

admittances between each aperture modal field and all others of the 

array. 

B. MUTUAL ADMITTANCE BETWEEN APERTUREE 

a. General 

In order to compute the coupling between apertures, the components 

of the admittance matrix must be determined. As seen from equation 

(14), the component Y {where p. refers to the p-th mode in the 
pi ,qj l. 
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i-th aperture and qj refers to the q-th mode in the J-th aperture) 

is the mutual admittance between modes and qJ with all other 

modal voltages set equal to zero, i.e. 

(19) 

with all V = 0 except V 
qk qJ 

In order to simplify the subscript notation, and since each modal 

field will be treated as a separate aperture, the notation Yi ,J will 

be used to represent the (i,J)-th element of the (N times M) by (N 

times M) admittance matrix. 

A stationary form for mutual impedance for linear antennas and its 

dual for aperture self admittance can be obtained from the electro-

magnetic reaction of the assumed equivalent electric or magnetic 

currents (reference 125,sections 7-9 and 8-12). The mutual admittance 

between two apertures also can be determined from a consideration of 

~! 
]. 

[+E(i)XH+(J)] • A dS 
zi i (20) 

where Vi and VJ are the normalized modal voltages (see eq. 7 and 8), 

E(i) is the assumed electric field of the i-th aperture, H(J) is the 

magnetic field produced in aperture i by an assumed electric field 

E(J) in aperture j. The integral in equation (20) is taken over the 

area (Si) of the i-th aperture. 
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Borgiotti (reference 115) used equation (20) to show that the 

mutual admittance of identical apertures radiating into free space 

can be expressed as the Fourier transform of a function which is ob-

tained from the plane wave spectrum of the field radiated by the aper-

ture. He also showed that this formalism can be used to determine the 

"grating lobe series" for the driving point ad.mi ttance of an element 

in an infinite periodic array of identical apertures. 

A more general expression will be developed here which is applica-

ble to apertures which are not identical in shape or excitation. The 

mutual admittance expression will also include the influence of a 

planar stratified region outside the aperture plane as indicated in 

figure 2. This expression, which is not presently available in the 

literature, is then used to compute the near field coupling between 

circular apertures in a finite planar array. 

Since the tangential component of the assumed aperture field 

is zero over the remaining portion of the infinite aperture 

plane (all other aperture voltages are temporarily set to zero, see 

equation (19)), the surface integral in equation (20) can be extended 

to infinity. 

(21) 

where xi and yi are the coordinate variables of the i-th aperture. 

Ta.king Fourier transforms such that 



" ~ 
~ 

~ 

~ 

i 

Zi=O d1 

E2(zi) 
µ2(zi) ••• 

zi 

Ep( zi) 
µp(zi) 

d2 • • • dp-1 

,...... ,....... 
•rl or{ 

N N .................... 
r-1 r-1 + + Pi Pi 

UI :1. 
• •• 

EN,(zi) 
~,(zi) 

dp dp+l ••• dN 1-l dN' 

Figure 2.- Cross-section of N waveguides radiating into N' dielectric 
layers. 

EI 

µ' 

..... 
(j\ 
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and inversely, 

( ) 100100 ( ) -jk x -jk _ _y . E i (xi,yi) = 1 2 E i (k ,k )e x ie y-idk dk 
(2n) -oo -oo x Y x Y 

H j ( x. ,y. ) = 1 H j ( k' ,k' ) e x 1 e Y i dk' dk' 
( ) £.Loo ( ) -jk'x -jk'y 

i i ( 2n)2 _00 x y . x y 

and substituting equations (24) and (25) into (21) gives 

I 1 
= (2n)4 

e x 1 e y- ie x 1 e y-i dk dk dk.'dk' dx.dy. 
x y x y 1 i 

-jk x. -jk __ y. -jk'x. -jk'_y} } 

Interchanging the order of integration, 

" • z. 
1 

I = 1 2 Jooioo {rE(i) (kx ,k }X foo {oo ifC.j) (k~ ,k' } { 1 2{ooioo 
( 2n} -oo -oo l Y J-eoJ-oo Y ( 2n} -00 -oo 

(22) 

(23) 

(24) 

(25) 

(26) 

(27) 

and using the definition of the delta function o(z-z'), (eq. C-19, ref. 

125) 
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o(z-z') i oo j ( z-z 1 )w 
= L e dw 21T 

-00 

equation (27) can be written as 

I = 1 f 00J00 '[:E(i)(k ,k )xieo{00 H(j)(k',k')o(k +k')o(k+k') 
{21T)2 }_00 _ 00 t X Y _oo,}_00 X Y X X Y y 

elk'elk'] • z.}elk elk x y 1 x y 

which yields 

• z.elk elk 1 x y 

(28) 

(29) 

( 30) 

Equation (30) is recognized as a form of Parseval's theorem (reference 

125, eq. C-15). If k and k are the wave propagation numbers in x y 
the and Yi directions, then one could visualize 

as the bidimensional Fourier transform of a wave whose direction of 

propagation in the x. - y, 
1 1 

plane is reversed. The problem now 
' 

reduces to the determination of the tangential component of 

H(j)(-k ,-k ) at the i-th aperture due to an assumed electric field in x y 
the j-th aperture. 

The electric and magnetic fields external to the aperture plane 

can be uniquely determined from a set of vector potentials 
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(31) 

as follows (see Appendix I) 

1 a2 (A) 1 aF E (x.,y.,zi): - a a - - --xi 1 1 jWE Xi Zi µ E ayi (32) 

1 a2 (A) + 1 aF E ( x. ,y. , zi) = -j ay a ~ Yi 1 1 WE i Zi µ E aXi (33) 

(34) 

( ) = _1_ a2 (F) + 1 aA H x.,y.,z. j ~ ~ - -~r x. 1 1 1 wµ axia z . E µ UJ • 
1 1 1 

(35) 

1 a2 (F) 1 aA H (x. ,y. ,z.) = -j ay a - - - -~ -yi i i i wµ i zi E µ axi (36) 

(37) 

where E and µ are the permittivity and permeability of the exter-

nal medium and w is the angular frequency of the signal. A time 

harmonic variation of the form ejwt has been suppressed. 

Substituting the inverse Fourier transforms (equations A-27, 

A-28, A-29, and A-30) into equations (32), (33), (35), and (36) 

gives, after interchanging orders of integration and differentiation, 



E (k ,k ,z.) xi x y l. 

E (k ,k ,z.) y. x y l. 
l. 

H (k ,k ,z.) xi x y 1 
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k 
= - (x) A'(k ,k ,z.) + jk F(k ,k ,z.) WE Zi X y l. y X y l. 

k 
= - WE(;i) A'(kx,ky,zi) - jkxF(kx,ky,zi) 

k 
= -jky A(kx,ky,zi) - wµ(~i) F'(kx,ky,zi) 

k 
= jk A(k ,k ,zi) - (Y) F'(k ,k ,z.) x x y wµ zi x y 1 

where the primes denote differentiation with respect to zi. 

Then equation (30) becomes 

I = A'(k ,k ,O) A(-k ,-k ,O) x y x y 

F(k ,k ,O) F'(-k ,-k ,o)} dk dk x y x y x y 

where 

A' (k ,k ,O) = [dd A(k ,k ,z.)J x y zi x y 1 = 0 zi 

F'(-k ,-k ,O) = [dd F(-k ,-k ,z.~ x y z. x y l. z = 0 l. i 

If all apertures except the j-th are short circuited, then 

continuity of tangential electric fields over the aperture plane 

gives, from equations (38) and (39), 

(38) 

( 39) 

(40) 

(41) 

(42) 

(43) 

(44) 
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A I (k ,k ,o) x y 
WE(O) lk E{j)(k k 0) 
2 2 x x x' y' j(k + k ) i 

+ k E(j)(k k O)! y y x' y' i x y (45) 

F(k ,k ,O) = 21 2 lk E(j)(k ,k ,0) - k E(j)(k ,k ,O) l (46) 
x y j(k + k ) ( y xi x y x yi x y ~ 

x y 

where E(j) (k ,ky,O) and E(j)(k ,k ,O) are the bidimensional 
xi x Yi x y 

Fourier transforms of the assumed modal electric field in the j-th 

aperture. 

Likewise, if all apertures except the i-th are short circuited, 

we have 

A' (-k ,-k ,O) = x y 

F(-k ,-k ,O) = x y 

wE(O) lk E(i)(-k ,-k ,O) + k E(i)(-k ,-k ,0)~(47) 
j(k~ + k~) x xi x y y Yi x y ) 

-l lk E(i)(-k -k 0) - k E(i)(-k ,-k ,o)f (48) 2 2 x xi x' y' x y. x y j (k + k ) l. x y 

where E(i)(-k ,-k ,O) and E(i)(-k ,-k ,O) are the bidimensional 
xi x y Yi x y 

Fourier transforms of the assumed modal electric fields in the i-th 

aperture with the direction of propagation in the xi and Yi 

directions being reversed. 

Note that the transformed wave equations (A-35) and (A-36) are 

even functions of k and k ; therefore, using equations (45), x y 

(46), (47), and (48) in equation (42), the mutual admittance becomes 
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+ k E 1 (-k ,-k ,O) (.) } 
Y Yi x Y 

(49) 

Now if we make a change of variables in the transform domain to 

cylindrical coordinates such that k = k B cos a and k = k S sin a, x 0 y 0 

sin a - E(j)(a B 0) y. , , 
i 

sin a - E(i)(a,-B,O) cos a}ls dSda 
Yi f (50) 

where A(a,S,O) and F(a,S,O) now satisfy the differential equations 
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d2 1 de:(z1 ) d 2 ~(z1)£(z1) a1 2 A(a,B,z1 ) - e:(zi) dzi dzi A(a,13,zi) + k -0 µ e; 
dzi 0 0 

A(a,13,z.) = 0 (51) 
1 

d2 1 dµ(zi) 
dd F(a,f3,z.) + k2 ~<•1>•<•1> - a2] 2 F(a,f3,zi) - µ( zi) dzi 0 µ e; dz. zi i 0 0 

1 

F(a,13,z.) = 0 (52) 
1 

subject to the boundary conditions (A-37), (A-38), (A-39), and (A-40) 

at each boundary ( z. = dp) in figure 2. . 1 

Assume that the region outside the aperture plane (zi > 0) con-

sists of N' layers whose total thickness is ~·. Also assume that 

the remaining space outside the layered region (zi > dN,) is filled 

with a homogeneous material whose permittivity and permeability are 

e:' and µ'. The solutions to equations (51) and (52) outside the 

layered region (zi >~,)will then be of the form 

-jk z. 
~'+l(a,13,zi) = Cl(a,f3)e z i 

where kz is defined so as to satisfy the radiation condition at 

infinity, i.e. 

(53) 

(54) 
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k = k ~~- 132 
z 0 e: µ 

0 0 

2 ~ 
13 ~ e: µ 

0 0 
(55) 

For convenience, the solutions to equations (51) and (52) for 

each layer (p) will be normalized to the solutions in the outer region 

evaluated at the outer surface of the layered region (zi = dN,) 

according to 

A (a,S,z.) 
( a ) _ p 1 

gp a,µ,zi - A__ ( a a__ ) -"N'+l O.,µ,~, 

which are solutions of 

d2 1 de:(z.) dg (o.,13,z.) 
+ k2 ~(zi )dzi) - a~ - 2- g (cx.,13,z.) 1 l2 1 

d p 1 dz.) dz. dzi 0 µ e: z. 1 1 0 0 
1 

~(cx.,S,zi) = 0 

d2 1 dµ( z.) df (o.,13,z.) 2 [(z.)E(z.) 2] 1 l2 1 + k i i - B - 2 f (cx.,S,z.) - µ(zi) dz. dzi d p 1 0 µoe:o zi 1 

f (a,13,z.) = 0 p 1 

(56) 

(57) 

(58) 

(59) 
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Then using the boundary conditions at each interface (zi. = dp) 

(60) 

(61) 

f'(a,8,d ) p p (62) 

(63) 

starting with the initial conditions 

(64) 

gN 1 (a,8,~,) = 1 (65) 

fN 1 (a,8,~,) = -jkz ~~~'.~·)] (66) 

gN 1 (a,8,~,) = -jkz ~N~'.~·~ (67) 

and solving the differential equations (58) and (59) for each layer 

in turn beginning with the outermost layer and working back toward 

the aperture plane (zi = 0), the mutual admittance for two assumed 

aperture field distributions (E(i) and E(j)) radiating into a plane 

multilayered region can be determined by performing the following 
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integration: 

cos sin a} 

cos a} 

sin a - E(i)(a -BO) 
y ' ' i 

cos (68) 

Only a limited number of dielectric profiles have· so far been 

investigated whereby the solutions to equations (58) and {59) can be 

expressed in terms of well-known functions. A few of these are found 

in (reference 126). No attempt is made here to cover this class of 

problems. It suffices to point out that once the available solutions 

are evaluated in the aperture plane ( zi • 0) , the mutual admittance 

can then be determined. 

For the most general case, the differential equations (58) and 

(59) must be solved numerically, but for the special case of a homo-

geneous dielectric 1S¥er (£ {z.) = £ , µ {z1 ) = µ ), the solutions to p i p p 0 

equations (58) and (59) take the form 
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-jkPz. jkPz 
f (a,8,z.) = A(a,B)e z 1 + B(a,B)e z i p 1 

( 69) 

-jkPz. jkPz. 
g (a,B,z.) = C(a,B)e z 1 + D(a,8)e z 1 
p 1 

(70) 

where the unknown coefficients are determined from the boundary 

conditions (equations 60-67). If the external region consists of 

only one homogeneous layer of thickness d, the ratios of the func-

tions in equation (68) become 

[ko ·~:O) g1 (a,6,0)l (:~) 
Jgi (a,6,0) J ·~:~ -62 

e:1~e: 2 - -=--B + e: e: 
0 0 

~e:' 2 -- B + 
e:o e:o 

e:,~~ ( -~)l j 't°,E:" - e- tan kod,£:" - 8- . 
o o o I 

J ~e:l - 82 tan ~k d~1 - 82 
e: £ 0 £ J 0 0 0 

(71) 

(72) 

where and e:' are the permittivities of the dielectric layer 

and the medium outside the layer respectively. 

If the thickness of the dielectric layer is allowed to go to 

zero, equations (71) and (72) reduce to 



28 

(73) 

(74) 

for a homogeneous half space over the apertures. 

is real, the radical~~ - 62 represents 
2 E 1 o 

If the permittivity E' 

a branch point at S = ....-- ; therefore, to properly acc~t f2r this 
O 2 E 1 

in the integration, the radical must be replaced by -j 6 - ~ 
£ 

for 
E' e2 > ~ ' which corresponds to the radiation condition 
EO 

(55)). 

0 
(equation 

If both and €I are real (lossless dielectric layer), it can 

be seen from equations (71) and (72) that the integrand in equation 

(68) will be infinite for discrete values of 6. These poles on 

the real axis of a complex 8 plane correspond to the excitation of 

surface wave modes and must be properly accounted for by residues for 

the integration on S in the vicinity of these poles; however, this 

problem can be avoided by assuming the dielectric to be slightly lossy, 

thus causing the poles to move off the real 6 axis. In most cases, 

a dielectric loss tangent of 0.001 is sufficient to eliminate the 

numerical integration difficulty near these poles while maintaining 

a 3 or 4 significant figure accuracy when compared to calculations for 

a lossless dielectric. 
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b. Circular apertures 

If the apertures are round holes, the fields in the apertures 

can be described by the set of circular waveguide modes whose 

transverse electric fields (normalized according to equations (7) -

(11)) are given by (reference 127) 

TE: 

TM: 

where 

(75) 

(76) 

E~~)TM(pj,$j) = -C~ J~j(Ajpj)cos(mj$j) (77) 

mj Jm.!(AjPj) 
E~~ )TM( pj ,$j) = c~M Aj~j sin(mj$j) (78) 

Aj = c~~:J ) 
AJ = (~i:j ) 

(79) 

(80) 



with 

and where 

kind, i.e. 
°Xzn'n' j j 

(81) 

(82) 

e: = 1 mj = 0 
mj 

= 2 mj ; 0 

£ I = 1 m' = 0 
mj j 

= 2 m' ; 0 j 

are the zeros of the Bessel function of the first 

(83) 

are the zeros of the derivative of J (x) 
mj 

where the prime on 

the argument. 

= 0 ( 84) 

J (x) indicates differentiation with respect to 
mj 
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From figure 3, a transformation of variables is made such that 

(85) 

(86) 

where 

(87) 

is the center to center spacing between the apertures, 

rp :i:: 4>' - <P' p j i (88) 

is the polarization angle of the fields in the j-th aperture 

relative to those in the i-th aperture, the angle cp is defined as 

and the angles ¢> ! 
l. 

cp = arct an J i - cp ' (y' -y') 
x' - x' i 

and ¢>' j 

j . 1 

are the polarization angles of the 

i-th and j-th aperture fields with respect to a fixed x, y 

coordinate system. 

From Figure 3, the xi and yi components of the aperture 

fields in the j-th aperture are 

(89) 
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y 

y! 
J 

Figure 3.- Coordinate geometry for the i-th and j-th elements of a 
planar array of circular waveguide-fed apertures. 
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Then with the change of variables in equations ( 85) and ( 86) , and 

the definitions k = k S cos a and k = k B sin a, x 0 y 0 

and the transforms of the aperture fields (equation (22)) become 

(J) ] Jk SpJ cos [~J - (a - ~P)]! 
- E (p ~ ) sin (~ + ~ ) e 0 pjdpjd~j 

~j J' j j p 
(93) 

where 



Then for 

E( j )TE( B a) = 
y. ' 

J. 

and for TM m'n' j j 

modes 

modes 

W = k BR cos (a - ~) 
0 (95) 

(96) 

(97} 



35 

Then using trigonometric identities, the integrals over ~j in 

equations (96), (97), (98), and (99) can be expressed in terms of 

integrals of the form 

(98) 

(99) 
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~TI jk BP cos [cp - (a - <I> ) ] 

11 = 0 sin cpj sin m¢ije 0 j j p dcj> j (100) 

\2TI jk Bp cos [cp - (a - <I> ) ] 

12 = 0 sin ¢j cos m¢je 0 j j p d¢ 
j (101) 

2TI jk Bp cos [<I> - (a - <I> ) ] 
1 = \ 0 cos <l>j sin m¢je 0 j j p d<I> 

3 j (102) 

\TI jk BP cos (¢-(a-¢)] 
14 = 0 cos <l>j cos m¢je 0 j j p d<I> 

j (103) 

where m = mj for TE modes or m = mj for TM modes • Then 

\a {m J (A p ) ( j )TE TE jljJ j j m1 j j 
E (B,cx.) = cj e · ALP 

xi 0 j j 

- J~j (Ajpj) [I2 cos $p + r4 sin $pl}pjdpj (104) 

E(j)TE(B,a) = CTEejljJ mj (1 cos ¢ + 1 sin <I> ] \
aj {m/ (Ajpj) 

Yi j O Ajpj 1 p 3 p 

+ J~j (Ajpj )[I4 cos $p - I 2 sin $pl} pjdpj (105) 

TM TM \aj {mJJm' (AJpj) 
E(j) (B,a) = - C ejljJ ) 1 [I cos <I> + 1 sin <I> ] 
xi j O Aj p j 1 p 3 p 

+ J~j (AjPj) [I4 cos $p - I 2 sin $pl} pjdpj (106) 

TM TM \aj {mJJm' (AJpj) 
E(j) (B,a) = C ejljJ 1 (I cos <I> - 1 sin <I> ] 
Yi j O Ajpj 3 p 1 p 

- J~J'AJPJ) [I2 eds $p + r4 sin $pl} pjdpj (107) 
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By writing the trigonometric functions in equations (100) -

(103) as exponentials, the integrals on ¢j become 

l I = ~4 (I + I6 - I - Ia) 2 j 5 7 

l I = ~4 (I - I6 + I - Ia) 3 j 5 7 

where 

j(m+l)(a-cL) \2n-(a-~ ) j(m+l)8 jko$pj cos 8 
I = e TP ) P e e d8 

5 -(a-¢ ) p 

-j(m-l)(a-¢ ) ~2n-(a-¢ ) -j(m-1)8 jk $pj cos 8 
I 6 = e p P e e 0 d8 

-(a-¢P) 

j(m-l)(a-¢ ) ,n-(a-¢ ) j(m-1)8 jk $pj cos 8 
I = e P P e e 0 d8 
7 -(a-¢ ) p 

-j(m+l)(a-¢ ) \n-(a-¢ ) -j(m+l)8 jk $pj cos 8 
I 8 = e P P e e 0 d8 

-(a-¢ ) p 

where a change of variables has been made such that 8 = [ ¢ j -

(a - ¢ )]. Now the integrals in equations (112) - (115) are p 

recognized as a form of the Bessel function of the first kind, 

i.e., (see page 367, ref. 128) 

(108) 

(109) 

(110) 

(111) 

(112) 

(113) 

(114) 

(115) 
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1-m \TT-y j e j e J (z) = ....___ e m e z cos d6 
m 2TT -y 

(116) 

where y is e:ny arbitrary e:ngle. 

Then with the relationship (page 128 of ref. 129) 

J (z) = (-l)m J (z) -m m (117) 

equations (112) - (115) become 

(118) 

(119) 

(120) 

(121) 

Substituting into equations (108) - (111) and combining terms 

yields 

+ J 1 (k Spj) cos [(m-l)(a-¢ )]l m- . o p r (122) 
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+ J l(k apj) sin [(m-l)(a-$ )]l m- o p f (123) 

sin [(m+l)(a-$ )] - p 

- J 1(k 6pj) sin [(m-l)(a-~ )]l m- o p r (124) 

- J l(k apj) cos [(m-l)(a-~ >l} m- o p (125) 

Substituting equations (122) - (125) into equations (104) - {107) 

and using the recurrence equations for Bessel functions 

mJ (z) 
J l{z) = m + J'{z) m- z m {126) 

mJ {z) 
J +l(z) = m - J'(z) m z m (127) 

the transforms of the aperture electric fields become 



4o 

+ cos [(m'-l)a - m'<P ] j j p 

The integrals over pj in equations (128) - (131) can now be 

evaluated in closed form (see page 146 of ref. 129) 

(128) 

(129) 

(130) 



41 

{a J +l(Ap)J +l(k 8p)pdp ) 0 m m o 

= [ 2 1 2 J [(k Ba)J +l(aA)J (k Sa) - a.A.J (aA)J +l(k Ba)] (132) 
A -(k 8) o m m o m m o 

0 

= [ 2 1 2] [(k Sa)J 1 (aA)J 2(k Sa) - aAJ 2(aA)J 1 (k Ba)] 
A _ ( k f3) o m- m- o m- m- o 

0 (133) 

which gives, for the modes 

and for the 

mj (k aj )J (k ajf3) o mj o 
f3 

(134) 

(135) 
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(136) 

(137) 

The transforms of the aperture electric fields then become 

(138) 

( )TE mj+l j 111 TE 
E j (a. 8) = -2(j) e '+'y fIT ~r 
~ , j ,~ 
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m1 o ~ BJ , (k ajB) l 
m' +l 

E(j)TM(a B) = 2(j) j ej~v™ ./TI~ ~1-) 
y ' j m' k i j 0 

The transform fields in equations (138) - (141) are even 

f'unctions of B when mj or mj is odd and odd functions of B 
when mj or mj is even; therefore, 

m. +l ( ) = (-1) 1 E i TE(a,B) x. 
l. 

(139) 

(140) 

(141) 

(142) 
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E(i)TE(a -t3) = (-l)mi+lE(i)TE(a,t3) y. , Yi 1 

E(i)TM(a -t3) 
m'+l 

= (-l) i E(i)TM(a,t3) x. , x. 
1 1 

E(i)TM(a,-t3) 
m'+l 

= (-1) i E(i)TM(a t3) 
Yi y. , 

1 

where E(i)TE(a,t3), E(i)TE(a,t3), E(i)TM(a,t3)' 
xi Yi xi 

and E(i)TM(a,t3) are obtained from equations (138) - (141) by 
Yi 

(143) 

(144) 

(145) 

setting ¢ = ~ = 0 and replacing the j subscripts by i. This p 

will complete the evaluation of the Fourier transforms of the 
• 

aperture electric fields of an open-end circular waveguide. 

Since, the ratios of the solutions to the wave equation and 

their derivatives are independent of Cl (see equations (71) - (74)), 

then the mutual admittance between a TE mode in the i-th m. ,n. 
1 1 

aperture and a TE mode in the j-th aperture can be expressed 
mjnj 

as 

m +l m +m. 
y~,TE = (tn) (-l) i (j) j 1 r 

2 
- m j 
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( y' ~ ~ ~ ''Ill.n. n 
J. J. ·('y' )J' (k a.6) j ·1 (y' )J' (k a 6) k a. "min. mi o i k a 1 ''Illjnj m1 o j 

- o(~.n.~2 l. 2 o(~1nj ~ 2 . 2 
--1:..1: -6 . h -6 
k a. k aj 0 J. 0 

where 

)
TI j(mj+mi)a jk0 6R cos(a-¢) 

r9 = e e da 
0 

)
TI -j(mj-mi)a jk0 6R cos(a-¢) 

I10 = e e da 
0 

)
TI j(mj-mi)a jk0 6R cos(a-¢) 

= e e da 
0 

\
21T -J(mj+m1 )cx jk0 SR cos(cx-¢) 

= e e da 
0 

µl 0 
k fl(6,0 0 µ 

0 

r12 )sio mj$pJ}ad6 
(146) 

(147) 

(148) 

(149) 

(150) 

and by replacing mj by mj and mi by mj_ in equations (147) -

(150), the mutual admittance between a TM , , mode in the i-th 
mini 

aperture and a ™m 'n, mode in the j-th aperture becomes 
j j 
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SdS (151) 

Replacing mj by mj in equations (147) - (150), the mutual 

admittance between a TE mode in the i-th aperture and a ™m'n' 
mini j j 

mode in the j-th aperture can be written as 

] 

(152) 
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and the mutual admittance between a TM 1 1 mode in the i-th 
mini 

aperture and a TE mode in the j-th aperture becomes (with m. 
mjnj 1 

in equations (147) - (150) replaced by m!) 
1 

YTM,TE = 
ij 

~~ { SJ , (k a. B) m. o 1 
. 1 

0 (~ini) 2 - 2 
k a. B 

0 1 

(153) 

Now in the evaluation of the integrals on a, equations (147) -

(150) become 

I9 = 110 = 111 = 112 = 27T, for R = 0 and mj = m. = 0 (154) 
1 

I9 = 110 = 111 = 112 = O ' for R = 0 and mj r mi (155) 

I9 = 112 = 0 , for R = 0, mj = m.' mi r 0 (156) 
1 

(157) 
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and for R # 0, a change of variables is made such that a = a - ¢, 

and equations (147) - (150) can be expressed in the form of a Bessel 

function (see equation (116)) 

m +m. j(m +m.)¢ 
I 9 = 2n(j) j 1 J +m (k 8R) e j 1 

mj i o 

m.-m m -m -j(m -m.)¢ 
I = 2n(j) 1 J (-1) j i J (k 8R)e j 1 
10 mj-mi o 

m -m. j (m -m.) cp 
I 11 = 2n(j) j 1 J (k 8R)e j 1 

mj-mi o 

(158) 

(159) 

(160) 

(161) 

By substituting equations (154) - (161) into (146), (151), (152), 

and (153), and making the following definitions: 

(162) 

(163) 

(164) 

i;;~(8) (165) 
1 



(166) 

and defining ~~(S), ~~E(S) and ~~M(S) by changing the subscript 

i in equations (164) - (166) to j, the mutual admittance becomes, 

for TE and TE modes 
mini mjnj 

YTE,TE _ ~o ~ . - - - e: e: 1j µ m. mj 0 1 

(167) 

where 

(e: - l)cos m.¢ m. 1 p 
1 

, for R = 0 and mj = mi 

= (L) cos m. cp e: 1 p 
mi 

UTiEj ,TE( a) -- ( l)mj l J (k aR) [ ( +m ),i, ,i, ] µ - . · +m µ cos mj i 'f - mj'fp 
mj i o 

- (-1t1J (k SR) cos [ (mj-m1. ')<P - mj<Pp] I , R 1 0 
mj-mi o 
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TE TE mjl V.j' (B) = (-1) J +m (k BR)cos[(mj+m.)¢> - mj¢>] 
l mj i o i p 

for TM , , and TM , , modes m n mn i i j j 

where 

UTiMj,TM(D) = o, f R 0 d I ~ I ~ or = an mj r mi 

for 

~.L) cos m!,i, £ l '+'p' 
m! 

l 

for R = 0 and mj = ml 

= - m' I (-1) j J '+ ,(k BR)cos [(mj1+m11 )¢ - mj'<P ] 
mj mi o P 

m! I + (-1) 1 J , ,(k BR)cos [(m'-m')<P - mj'¢> ] , R 'f 0 
mj-mi o j i P . 

TE m.n. 
l l 

and 

(168) 
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where 

UTEij,TM(a) 0 f R 0 d ' ~ µ = , or = an mj r mi 

(E -1) sin m.¢ , for R = 0 mi 1 p 
and m' = m j i 

m I l U~J'™(S) = (-1) j J '+m (k SR)sin [(mj'+m.)¢ - mj'¢] 
1 mj i o 1 p 

m. I - (-1) 1 J 1 (k SR)sin [ (mj'-m1. )¢ - mj'¢p] , R # 0 mj-mi o 

(170) 

where 



(e , - 1) sin mi'~ , 
mi p 
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for R = O = m! 
l. 

m! I - (-1) 1 J ,(k SR)sin[(mj-mi')~ - mj~ ] , R # 0 mj - mi o P 

The integration on 8 in equations (167) - (170) must be 

numerically evaluated. A computer program has been written for the 

evaluation of the above equations for the mutual admittance of two 

circular apertures radiating into a multilayered region of up to four 

layers, two of which may be inhomogeneous normal to the aperture 

plane. A listing of the computer program is included as appendix II. 



CHAPTER IV 

DESCRIPTION OF EXPERIMENT 

Hardware was constructed and an experiment was performed for the 

purpose of verification of the theoretical analysis. The verification 

was accomplished by comparing the measured and calculated TE11 mode 

mutual coupling between two circular waveguide fed apertures for 

various combinations of frequency, spacing, and polarization. The 

hardware which was constructed and assembled for this purpose is 

shown in figure 4. 

The hardware in figure 4 consists of a 12 inch by 24 inch 

(30.48 cm by 60.96 cm) flat aluminum plate with two 1.5 inch (3.81 cm) 

diameter circular waveguide fed holes which are equally distant from 

the center of the rectangular plate. The circular waveguide sections 

are connected to standard coax adapters (RG 50/U rectangular to type 

N coax) by 10 inch (25.4 cm) circular to rectangular linearly tapered 

transitions. One of these transitions had been used in a previous 

experiment (reference 130) and performed satisfactorily over the fre-

quency range of interest. Since the other transition is dimensionally 

identical, it can be expected to give similar performance. 

Swivel flanges are used to connect the circular waveguide 

sections to the tapered transitions. This allows the polarization of 

each aperture to be changed by rotating the adapter and transition 

through the desired angle. The electric field polarization of both 

apertures in figure 4 is vertical, as indicated by the position of the 
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excitation probes of the coax to waveguide adapters. 

The circular waveguide sections are flange mounted to the aluminum 

plate as illustrated in figure 5 by the unassembled cross-sectional 

view of the aluminum plate and one waveguide. The back side of the 

aluminum plate is recessed and the waveguide end extends out past 

the flange e.n equal amount in order to maintain accurate alignment 

of the waveguide with the circular hole. By mounting each waveguide 

to the aluminum plate in this manner, the same waveguide assembly 

can be used with a variety of flat plates with different hole spacings. 

The one shown in figure 4 is for a center to center spacing of 2.5 

inches (6.35 cm). Other plates were constructed with center to center 

hole spacings of 3,5, 5.0, and 7.0 inches (8.89, 12.70, and 17.78 cm) 

but are not shown since they are identical to the one in figure 4 

except for the different hole separations. 

All parts for the experiment were purchased as commercial stock 

items, with the exception of the rectangular plates which were machined 

from stock aluminum. 

The mutual coupling was measured by exciting one waveguide at the 

coax adapter and comparing the received signal level at the other coax 

adapter to a known reference. This was accomplished by connecting 

coaxial cables to a signal generator and a receiver. The other ends of 

the cables (shown in figure 4) were then connected together to obtain a 

reference signal level at the receiver. The mutual coupling was then 

measured by connecting the cable ends to the coax adapters and 

adjusting in-line calibrated attenuators until the received signal 



Figure 5.- Cross-section of experimental model illustrating method of 
mounting circular waveguide to aluminum plate. 
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level was the same as the reference level. The net change in the 

calibrated attenuators is observed as the relative power coupled 

from the input terminal at one coax adapter to the output terminal at 

the other coax adapter through the open ends of the cir~ular waveguides 

mounted to the flat aluminum plate. 

The insertion loss due to the waveguide assembly was measured by 

the same method with the flat plate removed and the ends of the circular 

waveguides connected together as shown in figure 6. The insertion loss 

was measured at each frequency of interest and all measured data 

presented in the RESULTS section has been corrected for the waveguide 

assembly insertion loss at each measurement frequency. The insertion 

loss correction was between 0.1 and 0.5 dB over the frequency range. 



Figure 6.- Experimental model for determination of waveguide assembly 
insertion loss. 
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CHAPTER V 

RESULTS 

a. Comparison Between Measurements and Calculations. 

The data in this subsection is presented primarily for verification 

of the theoretical analysis. Data for various combinations of aperture 

spacings and polarizations are presented as a function of frequency in 

order to test all facets of the analysis. 

The calculations in this and the following subsections were obtained 

from the computer program listed in Appendix II. The calculated mutual 

coupling values were taken from the appropriate off-diagonal terms of 

the scattering matrix. 

Figures 7 and 8 show a comparison between calculations and measure-

ments for the four different aperture separations. There is excellent 

agreement between the measured and calculated values in figure 7 for 

coupling in the E-plane; however, larger variations in the measured data 

as a function of frequency was observed for the H-plane coupling in 

figure 8. This oscillatory variation with frequency is typical of 

impedance measurements for antennas with a truncated ground plane. A 

slight variation can also be observed in figure 7; however, it is more 

pronounced in figure 8 due to a combination of two things. First, when 

the polarization is such that coupling occurs in the H-plane (figure 8), 

the E-plane dimension of the ground plane is only 12 inches (30.48 cm) 

as compared to 24 inches (60.96 cm) for the E-plane coupling of figure 7 . . 
Past experience has shown that the dimension of the ground plane in the 
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Figure 7,- TE11 mode mutual coupling between two circular waveguides 
radiating into free space (E-plane coupling). 
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Figure 8.- TE11 mode mutual coupling between two circular waveguides 
radiating into free space (H-plane coupling). 
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direction of the aperture electric field vector has the most pre-

dominant diffraction effect. Second, the mutual coupling in the H-

plane is naturally lower than in the E-plane and therefore the measure-

ments become more sensitive to scattering from objects such as the edges 

of the ground plane. This later reasoning is verified by the data in 

figure 8 for the 2.5 and 3.5 inch (6.35 and 8.89 cm) spacings for which 

the mutual coupling is stronger and the scatter in the measured data 

is less. Since the 2.5 inch (6.35 cm) spacing yielded good agreement 

for both polarizations, the remaining data in this subsection will be 

restricted to this spacing. 

Figures 9 and 10 demonstrate the validity of the theoretical 

analysis for an arbitrary polarization of one aperture field with 

respect to the other. In some cases there is considerable scatter in 

the measured data; but, in general, the agreement is very good when 

one considers that only one mode was assumed for the aperture field 

distribution. 

One thing to be observed by the data in figures 9 and 10 is that 

both the measured and calculated results indicate a trend toward 

complete isolation (mutual coupling = -00 dB) for orthogonal polarization 

(¢ = 90°); however, this is not alwa;ys true, as shown in figure 11. 
p 

Here the principal electric fields are orthogonally polarized; 

however, both the measured and calculated results show an appreciable 

level of coupling between the aperture fields. These results indicate 

that, for certain geometries, the cross-polarized fields ma;y have a 

significant influence upon the performance of a large arra;y. Earlier 
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analyses of infinite arrays (references 51 and 53) have shown some 

appreciable changes in the radiation characteristics of a phased a.rrEcy" 

due to cross-polarized fields when the arrEcy" is scanned far off axis. 

It should be noted that the excellent agreement between the 

measured and calculated results in figure 11 demonstrates the feasi-

bility of using the present analysis to study cross-polarized effects 

in finite size circular waveguide phased arrays. Such information is 

important in the design of arrays of circular polarized elements, in 

which case the axial ratio or polarization mEcy" vary drastically as a 

function of scan (reference 51). 

The data in figures 12-15 is presented for the purpose of 

justifying the th~oretical analysis for dielectric covered circular 

apertures. The dielectric constant (2.6) and loss tangent (0.006) used 

in the calculations are those measured by Von Rippel (reference 132). 

The dielectric sheets used for the measurement were the same size as 

the ground plane and the thicknesses were such that only one surface 

wave mode can exist (reference 133). 

Very good agreement between measured and calculated values was 

obtained for coupling in the E-plane (figures 12 and 14); however, 

large variations with.frequency occurred in the measured data for 

coupling in the H-plane (figures 13 and 15) due to the reflections 

of the surface wave from the ends of the dielectric sheet. Previous 

work (reference 134) has shown that for thicknesses such that only one 

surface wave mode exists, the E-plane dimension of the finite dielectric 

sheet produces the largest perturbation in the measured data. This is 
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Figure 12.- TE11 mode mutual coupling between two dielectric covered 
circular waveguides (dielectric constant = 2.6, loss 
tangent = o.oo6)(E-plane coupling). 
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Figure 13.- TE11 mode mutual coupling between two dielectric covered 
circular waveguides (dielectric constant = 2.6, loss 
tangent= o.oo6)(H-plane coupling). 
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Figure 14.- TE11 mode mutual coupling between two dielectric covered 
circular waveguides (dielectric constant = 2.6, loss 
tangent = 0.006)(E-plane coupling). 
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Figure 15.- TE11 mode mutual coupling between two dielectric covered 
circular waveguides (dielectric constant = 2.6, loss 
tangent= o.oo6)(H-plane coupling). 



71 

also evident by the present data as observed in figures 12 and 14 

where, as a result of the larger E-plane dimension, the oscillations 

are smaller and more closely spaced. 

Although large variations in the measured data were observed in 

some instances, the major differences between the measured and calcu-

lated results are due to the finiteness of the ground plane and the 

dielectric sheet, which was not considered in the theoretical model. 

However, the overall qualitative comparison between the measured and 

computed results has established the validity of the theoretical 

analysis. 

b. Computed Higher-Order Mode Effect 

A brief parametric study was performed in order to determine 

the influence upon the mutual coupling due to higher-order modes in 

the apertures. This data is summarized in table I. 

The mutual coupling was first computed for two 0.75 wavelength 

diameter circular waveguides in which the aperture field distributions 

were assumed to be that of the TE11 mode. Next the 4x4 complex 

scattering matrix was computed for two waveguides with two modes in 

each (TE11 plus one higher-order mode). Then the appropriate value of 

the scattering matrix for the coupling between the TE11 modes (s13 in 

this case) was compared to that computed previously for only the TE11 

mode assumption. These differences for both amplitude and phase are 

listed in table I for several of the next higher-order modes. 

It is obvious that those modes, whose first index numbers are 

different, do not influence the mutual coupling calculations. Also, the 
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only mode which has any noticeable effect is the T~1 and then 

primarily only in the phase. In a phase scanning array, this change in 

phase due to the presence of the TM11 mode may be of some significance 

and probably should receive more attention in future work. 

The calculations assuming that the aperture distributions contain 

the first four modes (s15 of the 8x8 matrix) whose first indices are the 

same are also compared to the calculations assuming only the TE11 mode. 

It should be noted that the inclusion of additional modes other than the 

TE11 and TM11 has a negligible influence upon the mutual coupling. 

c. Phased-Array Calculations 

Data are presented in this subsection to illustrate the'variation 

of the reflection coefficient as a function of scan for the elements of 

a finite planar array of circular apertures excited in the TE11 mode. 

The elements of the array will be in an equilateral triangular grid ar-

rangement as indicated in figure 16. The dimensions were chosen so as 

to correspond to those of the infinite array analyzed by .Amitay and 

Galindo (references 51 and 54). They employed a different time conven-

tion (e-jwt) in their analysis; therefore, a change in sign for their 

infinite array reflection coefficient phase calculations (N = 00 ) was 

necessary for a direct comparison with the finite array results. 

Data will be presented for the two finite array sizes indicated 

by the dashed circles inscribed on the array grid in figure 17. The 

elements in each finite array (N = 37 and N = 183) are those whose 

centers lie either on or inside the dashed circle. Data will be 

presented for the center element (C) for both array sizes and for two 
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Figure 16.- Dimensions for equilateral triangular grid array of circular 
waveguide apertures excited in TE11 mode. 
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edge elements (A and B) of the larger arricy. 

The data will be presented as a function of the differential 

phase shifts and ljJ between elements in the H-plane and E-plane y 

directions respectively. These are related to the beam pointing 

directional cosines T and T by (reference 54) x y 

ljJ = 2n(o.714)T x x (171) 

(172) 

The finite phased-arricy calculations are obtained by first 

determining the complex scattering matrix for the arricy. Then the 

complex amplitudes of the incident waveguide fields (a ) are given a 
pi 

phase differential according to 

(173) 

In order to scan the beam in the E-plane, ljJ is set to zero and x 
is varied; and, in order to scan the beam in the H-plane, ljJ y is set 

to zero and \jix is varied. Simultaneous variation of ljJx and ljJY 

would scan the beam in some other direction as determined by the 

directional cosines T and T • At each value of ljJ and ljJ , the x y x y 

ratio of b (determined from the product of the scattering matrix [S] 
pi 

and the column matrix [a]) to a determines the amplitude and phase 
Pi 

of the reflection coefficient of the i-th aperture with all elements 
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excited so as to point the beam in the direction specified by 

T . y 

T and x 

The amplitude and phase of the reflection coefficient for the 

center element of the two finite size arrays is presented in figures 18 

and 19 together with the infinite array calculations (shown dashed) 

of Ami tay and Galindo (references 51 and 54). As the size of the array 

is increased, the reflection coefficient exhibits a resonance behavior 

corresponding to the "blind spot" of the infinite array. Al though the 

reflection coefficient of the finite array never reaches unity, the 

qualitative agreement with the infinite array calculations tends to 

justify the present analysis as applied to finite arrays. 

Figures 20 and 21 show a comparison between the reflection 

coefficients of the center element and the edge elements of the larger 

array (N = 183). Notice that the reflection coefficient of the edge 

element exhibits a much sharper resonance when the array is scanned in 

one direction • When the array is scanned in the opposite direction, 

the edge element reflection coefficient is almost constant and very 

near the isolated element value (N = 1). This asymmetry with scan is 

a general characteristic' of the edge elements in a large periodic 

array (reference 98). 

The resonance phenomena which occurs for the edge element when 

the array is scanned in one direction can be attributed to the 

destructive interference between the direct radiation from the edge 

element and a leaky wave traveling in one direction on the periodic 

structure (reference 30). In the case of the center element, leaky 



360 

300 

,-. 240 . 
bO 
(I) 
rO 

............ 180 
(I) 
Ul 

J! 
P-i 120 

60 

00 30 

1.0 

o.8 

(I) o.6 rO 
;:::! 

+:> 
•rt 
r-l s o.4 

30 

78 

N=oo\, 
I I 

I 
I 

60 90 120 150 18o 

II 
II 
II 
ti 

N '' ::000~\ 
I I 
I I 
I I 
I 

60 90 120 150 18o 
'fy (deg.) 

Figure 18.- TE11 mode reflection coefficient of center element of arrS¥s 
in figure 17 versus E-plane scan. 



. 
bll 
Q) 

.re 

Q) 
re 
::1 
+' 
•rl 
r-1 

! 

120 - - - - - - -J- - - ~ 

N::.oo 

60 

00 30 60 90 

1.0 

o.8 

o.6 

o.4 

30 60 

19 

120 150 180 210 240 270 

I I 
I I 

I I 
I I 

I rN::.oo 
I 
I 

I 
I 
I 
I 

120 150 180 210 240 270 
1jrx (deg.) 

Figure 19.- ~E11 .mode reflection coefficient of center element of arrays 
in rigure 17 versus H-plane scan. 



80 

360 

300 
...rN=-co 

~ ,' I 

bO 
Q) 

/"N=-1 ro 
Q) 
Ul 

~ 
P-1 

60 B 

0 
-180 -120 -60 0 60 120 180 

1.0 I I I 
I I 
I .1 
I I 

II I 

o.8 :~N=-co R 
II 
II 11 B = edge element II II 
II II c = center element II 11 

Q) I I 11 
ro o.6 I I I I 
;:I I I 

+-' I I 
•r-f 
.-{ 

~ 
<I! o.4 

o.__..___._..__.__.__.___.__.__.__.__..__.__._..__.__.___.___.__.__.__.__.....,_.___._..__._~__._~_._~~~~~ 

-180 -120 -60 0 60 120 
1lry (deg.) 

Figure 20.- TE11 mode reflection coefficient versus E-plane scan for 
center and edge elements of 183 element. array. 

180 



360 

,-.... 

00 240 ()) 
'd 

CV 
U) 

JJ 120 
p... 

0 

1.0 

o.8 
()) 
'd o.6 ;:J 
+' 
•ri 
r-1 s o.4 

0.2 

0 
-270 

, ' 
' ' ' ' : \ ..• .--N::.oo 

' ' 

81 

A = edge element 
C = center element 

c" \'. 

\~ .. ~-
~,, ------ -A ------------ ~------... _ - .... 

-210 -150 -90 -30 30 
\jrx (deg.) 

90 

' I 

' 
C'-

, , 
I 

150 

' ' 

, " I o 
I o 

I o 
I 0 

' ' ' ' 

A 

210 

Figure 21.- TE11 mode reflection coefficient versus H-plane scan for 
center and edge elements of 183 element array. 

270 



82 

waves traveling in both directions can produce synnnetrical element 

pattern interference nulls (reference 30) or impedance resonances. 

The calculations in figures 22-24 are for the array geometry of 

figures 16 and 17 with a dielectric cover of 0.5 wavelength thickness 

and dielectric constant of 2.0. In order to avoid numerical difficulties, 

a dielectric loss tangent of 0.0001 was assumed for the finite array 

calculations. Previous results for the self admittance of a dielectric 

covered rectangular slot (reference 124) indicated that a loss tangent 

of 0.001 or less would yield 3 or 4 significant figure accuracy when 

compared to calculations for a lossless dielectric. 

In figure 22, the calculations for the center element reflection 

coefficient of the larger finite array (N = 183) exhibit two peaks 

which appear to correspond to the resonances of the infinite array 

(reference 54). In order to verify this, the reflection coefficient 

amplitude of the edge element (B) is compared in figure 23 to the 

infinite array calculations. When the array is scanned in one 

direction, the edge element "sees" a much larger periodic structure 

and the destructive interference mentioned earlier produces two sharper 

resonant peaks near the infinite arrey- "blind spots". This qualitative 

agreement between the dielectric covered infinite arrey- and large finite 

array calculations tends to further establish the validity of the pre-

sent analysis. 

'Ille reflection coefficient of the center element of the two 

dielectric covered finite arrays is presented in figure 24 as a function 

of the H-plane scan parameter. The infinite arrEcy calculations were not 
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available for comparison. The finite arra:y calculations for this 

case are included since a different type of resonance occurs which 

probably warrants further investigation. It appears to be related to 

the phased array impedance matching techniques by the dielectric 

loading of the aperture plane (references 78-80) and indicates that the 

present analysis may also be of some benefit in the impedance matching 

of finite arrays. Minor modifications (reference 135) of the present 

analysis could also be used to study the impedance properties of 

finite arra:ys with dielectric plugs. 



CHAPTER VI 

CONCLUSION 

A variationaJ. expression has been derived for the self and mutual 

admittances of waveguide fed apertures radiating into a multilayered 

region which may contain inhomogeneous layers. The general expression 

has been evaluated for circular apertures excited in the TE and TM mn mn 
waveguide modes and a computer program written which can include up to 

four external layers, two of which may be inhomogeneous normal to the 

aperture plane. 

Good agreement was obtained between measured and calculated values 

for the TE11 mode mutual coupling of two circular waveguides radiating 

into free space and one dielectric layer. A comparison was made 

between measured and calculated results for several combinations of 

frequency, polarization, and spacing. Very good agreement was obtained 

in all cases, except where the diffractions from the edges of the 12 inch 

by 24 inch (30.48 cm by 60.96 cm) ground plane produced large scatter in 

the measured data. 

By performing a para.metric study, it was determined that the 

only significant effect of higher order modes is due to the TM11 mode 

and then primarily in the phase of the coupling coefficient. 

A comparison was also made between the reflection coefficient of 

an infinite array and the reflection coefficients of several elements of 

two finite arrays. It was shown that the center element of a 183 

element array (approximately 10 wavelengths wide) had similar radiation 
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characteristics to that of the infinite array. Although total 

reflection did not occur in the finite array, a definite peak in the 

reflection coefficient, corresponding to the "blind spot" of the infinite 

array, was observed. 

The validity of the theoretical model has been established by a 

comparison with measurements on two circular waveguide fed apertures 

and with calculations on an infinite periodic array. 

To the author's knowledge, this is the first published work which 

allows the determination of mutual coupling between the elements of a 

finite array of circular apertures including any number of higher-order 

modes and an arbitrary polarization for each aperture field. 

The analysis presented here can also be applied to any aperture 

shape for which the Fourier transforms of the aperture electric fields 

can be determined. 



SUMMARY 

A derivation is presented for the calculation of the interelement 

mutual coupling in a finite size planar array of waveguide fed apertures 

covered by a multilayered dielectric and/or plasma. The general mutual 

admittance expression is evaluated for circular apertures and the 

mutual coupling calculations are verified experimentally for two TE11 

circular waveguide mode excited apertures. A para.metric study of 

higher-order mode aperture fields indicates that the only significant 

change in the circular aperture mutual coupling is due to the T~1 

mode, which introduces an additional phase shift. Qualitative agreement 

between calculations for a 183 element array of circular apertures and 

an infinite array establishes the validity of the finite array theoreti-

cal model. 
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APPENDIX I 

VECTOR POTENTIALS AND WAVE EQUATIONS 

(+A +) The definition of the vector potentials and F in their 
+ + 

relationship to the electromagnetic fields (E and H) and the 

wave equations, as used in this analysis, are given here for 

reference. 

It is assumed throughout the paper that the electromagnetic 

fields contain a harmonic time variation of the form jwt e , then 

Maxwell's equations for a charge free region are 

~:xH - Jwe:E = o 

+ + + V'XE + jwµH = O 

+ µH = 0 

+ e:E = 0 

where the permittivity (e:) and permeability (µ) may be complex and 

also be a function of the xi ,y i ,z1 coordinate variables. 

From equation (A-3), the vector 
+ curl of another vector A, i.e. 

+ 1 .:t:+ 
H = - VXA µ 
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+ µH can be defined as the 

(A-1) 

(A-2) 

(A-3) 

(A-4) 

(A-5) 
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Substituting equation (A-5) into (A-1) gives 

VX(E + jcoA) = 0 

Or since a curl-free vector is the gradient of a scalar, 

.. .... ::t 
E + Jl.llA = -v'i' 

then the electric field is given by 

.... :t + 
E = -v'i' - jl.llA 

.. 

(A-6) 

(A-7) 

(A-8) 

Similarly by defining another vector F which satisfies equation 

(A-4) such that 

then from equation (A-2} 

Then by superposition 

.. l :t .. 
E=--vXF 

E 

.. :t .... 
H = -v~ - jwF 

(A-9) 

(A-10) 
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+ 1±+ ± + E = - - VXF - V~ - jwA 
E 

+ 1±+ ± + 
H = - VXA - v~ - jwF . µ 

{A-11) 

{A-12) 

describes the electromagnetic fields in terms of a set of arbitrary 

vector and scalar functions. 

Since these functions are arbitrary we choose 

+ " A= A z i 

where A is a function of xi,yi,z1 • Then with ~ and F 
temporarily set to zero and using the vector identities 

vx[1 VxA] = v(1.)x[VxA] + 1. [VxVxA] µ µ µ 

vxhl = vcv · !> - v2A 

equation {A-1) becomes 

{A-13) 

{A-14) 

{A-15) 
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Equating either the xi or Yi components to zero gives 

l a (A) 
':!' = - jWE dZi µ 

(A-17) 

Then the components yields 

a!i (~ ;~) + ~i (~ ~i) +a:; m- ! ;~i a:i (~) + k~ c,~~){~) 
1 

= 0 (A-18) 

And if the medium is assumed to be homogeneous in the xi and Yi 

directions, equation (A-18) yields the wave equation 

[ A(x. ,y. ,z. )J 
1 1 1 = 0 
µ(zi) 

adz.) 
1 ~ [A(x. ,y. ,z.)] 2 µ(z.)e(z.) 

a 1 1 1 + k 1 1 
az. µ(zi) 0 µ £ 

1 0 0 

(A-19) 

_.. 
Likewise, if it is assumed that ':!' = 0 and A= 0 

momentarily, and 

(A-20) 

then from equation (A-2) 
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and e: = e: ( z . ) , 
l. 

(A-21) 

2 [ F(x.,y.,z.)] l oµ(z.) ~ [F(x.,y.,z.) 'ii l.l.l. l. 0 l.l.l. 
e:(z.) - µ(z.) ()zi az. e:Cz.) 

l. l. l. l. 
J + k~ _µ_( z_i_) _e:C_z_i_) 

µoe:o 

[ F( x. ,y. , z . ) ] 
l. l. l. -o 
e:(z.) -

l. 

(A-22) 

Therefore, by superposition, the electric and magnetic fields 

can be derived from a set of z. directed vector potentials which 
l. 

satisfy the differential equations (A-19) and (A-22) subject to the 

appropriate boundary conditions on the electric and magnetic fields. 

If bidimensional Fourier transforms are assumed such that 

=Joo Joo [A(x. ,y. ,z. )] -jk x -jk?i 
A(k,k,z.) l. l. l. x i (A-23) µ(zi) e e dxidyi x y l. ;..co -00 

=Joo Joo [F(xi ,y i ,zi )] -jk x. -jkyy· 
F(k ,k ,z.) e:( zi) 

e x l. e l. dxidyi (A-24) x y l. ;...co -CO 

+ = soo Joo + -jk xi -jk y. 
E(k ,k ,z.) E(x.,y.,z1 )e x y l. 

dxidyi (A-25) e x y l. l. l. 
-00 -CO 

+ =Joo Joo + -jk x. -jk?i 
H(k ,k ,z.) H ( x. ,y. , z. ) e x l. e dxidyi (A-26) x y l. l. l. l. 

-00 -00 

and inversely 
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e(xi,yi,zi)]- 1 foo foo jk x. jk;r. 
µ(zi) - (27T)2 

A(kx,k ,z1 )e x 1 e i elk elk 
-co -co y x y (A-27) 

r(xi,yi,zi)j 1 foo foo jk x jk?i 
£( z.) = F(kx,k ,z1 )e xi e elk elk 

( 21T) 2 -00 -00 y x y 
1 

(A-28) 

-+ 1 ioo s= jk x jk?i -+ . x i E(x. ,y. ,z.) "' 
(21T)2 

E(k ,k ,z. )e e elk elk 
1 1 1 -00 -00 x y 1 x y (A-29) 

-+ 1 J<» [ -+ jk xi jk?i 
H(x.,y.,z.) 

I 

(21T)2 
H(k ,k ,zi)e x e elk elk 

1 1 1 -00 -00 x y x y (A-30) 

then the transverse components of the transformed electric and mag-

netic fields become 

k 
E (k ,k ,z.) x A'(k ,k ,z.) + jk F(k ,k ,zi) (A-31) = - we:(zi) x1 x y 1 x y 1 y x y 

k 
E (k ,k ,z.) = - l. A I (k ,k ,z.) - jk F(k ,k ,zi) (A-32) y, x y 1 we:(zi) x y 1 x x y 

1 

k 
H (k ,k ,z.) = -jk A(k k z ) - x F'(k ,k ,zi) (A-33) x1 x y 1 y x' y' i wµ(z ) x y i 

k 
H (k ,k ,z.) = jk A(k ,k ,z1 ) - l. F'(k ,k ,zi) (A-34) Yi x y 1 x x y wµ(zi) x y 

where the primes on A. and F denote differentiation with respect 

to z., and where the transformed potential f'unctions now satisfy 
1 

the differential equations 
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(A-35) 

= 0 (A-36) 

At a boundary (zi = dp) between two media (µp(zi)EP(zi) and 

µp+l(zi) Ep+l(zi)), continuity of the transverse electric and 

magnetic fields or their transforms shows that the transformed 

potentials for the two regions must satisfy the boundary conditions 

A (k ,k ,d ) = A +l(k ,k ,d ) . pxyp p xyp (A-37) 

F (k ,k ,d ) = F +l(k ,k ,d ) pxyp p xyp (A-38) 

[a. d A (k ,k , zi ~ 
E (d ) 

[a.:i Ap+l (kx ,ky,zi >J - p f (A-39) zi p x y z.=d - Ep+l °"p) z =d 
J. p i p 

[a.d F (k ,k ,z. B µ (d ) 
["a!i Fp+l (kx,ky,zi >] - p f (A-40) z1 p x y J. zi=dp - µp+l dp) z =d i p 



APPENDIX II 

COMPUTER PROGRAM FOR THE CALCULATION OF THE SCATTERING MATRIX OF A 

PLANAR ARRAY OF CIRCULAR WAVEGUIDES RADIATING INTO EITHER FREE SPACE 

OR FOUR DIELECTRIC LAYERS 

The computer program listed here computes the complex mutual 

admittances between the modal fields of all the apertures in the array. 

These admittance values are used to form a complex square matrix which 

is operated on with the appropriate matrix algebra and inversion to 

obtain the complex scattering matrix for the array. 

The basic program for the mutual admittance calculation is a 

modification of a previous computer program (reference 131) for the 

calculation of the self admittance of a TE11 mode excited circular 

aperture. The computer program in its present state is limited to a 

maximwn of four external layers over the apertures; however, the third 

and fourth layers may be inhomogeneous normal to the aperture plane. 

The wave equations (equations (58) and (59) with µ(z.) =constant) 
l. 

for the third and fourth layers are solved numerically using a spline 

routine for curve fitting through discrete points of the dielectric 

or plasma profile. The numerical integration of equations (167) -

(170) is performed by a Runge-Kutta method containing a variable incre-

ment which is continuously subdivided until a specified accuracy is 

achieved over each integration step. More detailed discussion of the 

numerical techniques used in the original computer program are given 

in reference 131. 
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The present program accepts as input the following parameters: 

NUMMODE = total number of waveguide modes assumed in each aperture 

(each aperture field distribution is assumed to be a 

superposition of the same waveguide modes) 

NUMHOLE = total number of circular apertures in the array 

NUMTE = total number of transverse electric waveguide modes assumed 

in each aperture field distribution 

NUM'IM = total number of transverse magnetic waveguide modes assumed 

in each aperture field distribution 

(NOTE: NUMMODE = NUMI'E + NUMTM) 

MIJ(I),NIJ(I) =indices of TE modes, I= 1 to NUMI'E (if NUMTE = O, m.n. 
1 1 

omit) 

MMIJ(I),NNIJ(I) = indices of TM , , modes, I= 1 to NUMTM (if NUMI'M = O, m.n. 
1 1 

omit) 

AIJ(I) =radius (a.) of each aperture, I= 1 to NUMHOLE 
1 

XI(I),YI(I) = x,y coordinates of center of each aperture (x!,y~), 
1 1 

I = 1 to NUMHOLE 

PHIJP(I) = angular rotation(¢!) of x. axis with respect to 
. 1 1 

x axis 

for each aperture, I = 1 to NUMHOLE 

F = frequency 

Zl,Z2,Z3,Z4 = distances from aperture plane to outer surfaces of layers 

1,2,3,4 respectively (d1 ,d2 ,d3 ,d4 ) (for radiation into 

free space, set Z4 = 0.0) 

CONVERT = a conversion factor to change all input dimensions to 
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centimeters (i.e. for input dimensions in inches, set 

CONVERT= 2.54) 

ER = relative dielectric constant of material completely filling 

all waveguides {ER= 1.0 for air filled guides) 

(NOTE: For radiation into free space (Z4 = 0.0), no additional input 

data is needed; however, for z4 > 0.0, the relative values of Zl, Z2, 

Z3, and Z4 are compared to determine which external layers are to be 

considered in the calculations and appropriate parameters are read in 

as follows:) 

Vl,Wl = real and imaginary parts of complex relative dielectric constant 

of layer nearest to aperture plane (layer 1) (if Z3 = 0.0, and 

Z4 > 0.0, omit) 

V2,W2 = real and imaginary parts of complex relative dielectric constant 

of layer 2 (if Z3 = 0.0 and Z4 > 0.0, omit) 

NP3 = number of points used in approximation of the inhomogeneous 

profile for the dielectric constant of layer 3 (if Z3 = 0.0 

and Z4 > 0.0~ omit; or if Z2 = Z3 = Z4, omit) 

ZD(I) = distance from aperture plane to discrete points in layer 3 

dielectric profile, (if Z3 = 0.0 and Z4 > 0.0, or if Z2 = 

Z3 = z4 , omit) 

V3(I),W3(I) =real and imaginary parts of relative dielectric constant 

at discrete points, ZD(I), in layer 3 inhomogeneous profile 

(if Z3 = o.o and z4 > o.o, or if Z2 = Z3 = z4, omit) 

NP4 = number of points used in approximation of the inhomogeneous 

profile for the electron density and collision frequency 
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for the plasma of layer 4 (if Z3 = Z4, omit) 

ZND(I)= distance from aperture plane to discrete points in layer 4 

plasma profile (if Z3 = z4, omit) 

NE(I),NU(I) =electron density and collision frequency at discrete 

points, ZND(I), in layer 3 inhomogeneous plasma profile (if 

Z3 = z4, omit) 

(NOTE: The values of ZD(I) and ZND(I) must be monotonically increasing. 

The first value of ZD(I) must equal Z2, the last value of ZD(I) and 

the first value of ZND(I) must equal Z3, and the last value of ZND(I) 

must equal Z4. Any deviation from this will cause errors to occur 

in the calculations.) 

The output of the computer program is as follows: 

YC(II,JJ) = elements of complex admittance matrix 

PRMT(2) = upper limit of numerical integration (maximum value is 

set at 50.0) 

I HOLE 

JHOLE 

IM ODE 

JMODE 

YMN(I) 

S(I,J) 

= i-th aperture 

= j-th aperture 

= p-th mode in i-th aperture 

= q-th mode in j-th aperture 

= characteristic admittance of p-th mode in i-th aperture 

= elements of complex scattering matrix 
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PROGRAM CJRWG(JNPUTtOUTPUTtTAPE5•1NPUTtTAPE6•0UTPUT) 
c 
C*********************************************************************** 
C MJoNloMJoNJ ARE THE SUBSCRIPTS OF THE APERTURE EXCITATION MODES 
C At • RADIUS OF I-TH AP~RTURE 
C AJ • RADIUS OF J-TH AP~RTURE 
C R • CENTER TO CENTER SPACING 
C PHI • ANGULAR ROTATION OF R WITH RESPECT TO XI-AXIS <DEGREES> 
C PHIJPP • ANGULAR ROTATION OF XJ-AXIS WITH RESPECT TO XI-AXIS <DEGe) 
C*********************************************************************** 

DIMENSION AUX(8o4)oD~RY(4)oPRMT(5)oY(4) 
DIMENSION ZD<50)tZNDC50)tNE<50>oNU<50l 

C DIMENSIONS FOR COMMON VARIABLES 
DIMENSION V3(50)tV31 (50)oV32<50)oV33!50>• 

A V4 (50) tV41 <50) •V42 <50 l tV43 (50) • 
B W4<50>tW41 (50)tW42<50>oW43<50>o 
C W3("50)tW31 t"i0)tW32<50)oW33<'50)t 
D Z(50)oZN<5n)oXMNPCBo3)oXMN(8t3) 

C COMMON - DIMENSIONED VARIABLES 

c 

COMMON 
A 

V3oV31oV32tV33tW3tW31•W32•W33tZtXMNPtXMNt 
V4oV•loV42tV41tW4oW41oW42•W43oZN• 

B 
c 

COMMON - UNnlMENSJONED VARIABLES 
BSOoCCA,CCB,O?tKINDtL3oL4oMOSTtTMltTMJ, 
NEWoNP3,NP4oRKERRoRK3oRK4tTERMAoTERMB,TERMCtTERMDt 

0 Vt• V2• V3Xl3•V4Xl4• 
E WltWISOtW2•W2SOtW3Xl3•W4Xl4tXll•Xl2•Xl3tXl4t 
F MltMJoNltNJtM!PtMJP,AKZEROJ,AKZEROJtRKZEROtFACTORltFACTORJ. 
G FACTSOltFACTSOJtCOS~tCOSMtS!NPoSINMtCOSPHJJ,PHIJPP 

LOGtr.AL TMltT"1J 
REAL KZEROtNEtNU,NED,NUDtlSOLATE 
COMPLEX·CCA.cce.coEFFtGAMMAoCONtYCtYTEtYTM,YMNZERO 
COMPLEX AtBt6ETERMtYAP 
DIMENSION YC<25•25l•A<25o25>o8(25t25>•1PIVOT<25>•1NDEX<25t2) 
DI MENS I ON A I J C 25 > t XI < 25 l • Y I < 25 > •PH I JP< 25 ) t MI J C I 0 ) •NI J < I 0 l 
DIMENSION MMIJ!IO)tNNIJ(lOl 
EXTERNAL FINDC 

C FSTABLISH CONSTANTS 
XMNP(lt1)•3eB32~XMNP(lt2>=7e016SXMNPClt3)ztO•l73SXMNPC2,l>=t•84118 

XMNPC2t2l•5•331SXMNP(2t3>=8e536SXMNPC3t1)=3•054SXMNPl3t2l=6•706 
XMNP(3t3)•9•969SXMNP(4t1):4e201SX"1NPC4t2)z8e015SXMNPC"io1)=5•317 
XMNPC5t2)•9e282SXMNP(6tl >=6e416SXMNPC6t2l=!Oe52SXMNPC7o1)=7t501 
XMNPC8tl)=Be'57B 
XMN<t•l >•2e40'5SXMNC2,t )=3.B32SXMN13tl l=5el36$XMNC! o2)::"io520 
XMN!4tl l•6t380SXMNC2,2>=7t016SXMN(5tl l=7t588SXMN(3o2l=Bo417 
XMN<t•3l=8e654SXMNC6,1 >=8e771SXMN<4•2>=9,761SXMN<7•ll=9o936 
XMN!?t3)•10tl73$XMNC~o2l=!le065$XMNC8tl)=l!o086 

Pl=2.0*ASJN(le0) 
TWOP1=2eO*PI 
FORK:TWOPJ/C3e*leF10) 
FOME~A=<TWOPI*B970el**2 

CON=r,MPLX<OeOtJeOl 
C ~TART RFAOTNG JNoUT 
C*********************************************************************** 
C N\JMMODE "' NUMBER OF MODES PER APERTURE 
C ~1MHOLE s NUMBER nF APERTURES 
C ~IMTE = NUMBER OF TE MODES 
C NuMTM : NUMBER OF TM MODES 
C*********************************************************************** 

1 READC5tll>NUMHOLEtNUMMODEtNUMTEoNUMTM 
11 FORMaTC4Jc:;) 



IF(E(')F"o!'5)C)00o2 
2 M•NUMHOLE*NUMMODE 

IF"<M.GT.2'5)3o4 
3 WRITF(6o80) 
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80 FORMAT<1H1*M EXCEEDS DIMENSION OF YC*l 
STOP 

4 IF(NUMTE.GT.10)G0 TO 5 
IF<NUMTMeGT.10)G0 TO 5 
IFCNUMTE.GT.NUMMODE)~O TO 900 
IF<NUMTM.GT.NUMMOOE>~O TO 900 
IFINUMMOOE.GTe20>5o6 

5 WRITF(6o81) 
81 FORMAT<1H1*NUMMODE EXCEEDS DIMENSION OF MIJ AND NIJ*> 

STOP 
6 IF<NtJMHOLEeGTe2'5)7o1:::> 
7 WRITF(6o84) 

84 FORMAT!1H1*NUMH0LE EXCEEDS DIMENSION OF AIJ*> 
STOP 

C*********************************************************************** 
C MJJ!lltNIJ<Il =INDICES OF I-TH MODE TE-MN 
C MMIJCI)oNNIJ!ll = INDICES OF I-TH TM-MN MOOE 
C*********************************************************************** 

12 IFINUMTEeEO•O>GO TO 17 
READ! 5, 14) < (MI J <I l, NI J <I > l, I= 1 • NUMTE > 

17 IF<NUMTMeEO.O>GO TO tO 
READt5t14)((MMIJ<l)o~NIJ<I>loI=loNUMTM) 

10 CONTINUE 
14 FORMAT<2012I1o2Xll 

IFIN11MTE.F:O~O)GO TO m:"'i 
DO 50 I=loNUMTE 
IF<MIJ<IleGT.7.0R•NIJll)eGT.3l GO TO 601 

50 CONTINUE 
55 IF<NUMTM.EO.O)GO TO "'i3 

DO 5~ I•loNUMTM 
IF<MMIJII>•GT•7•0R.NNIJ!ll•GT•3>GO TO 602 

'52 CONTINUE 
53 CONTINUE 

C*********************************************************************** 
C AIJIJ) •RADIUS OF I-TH APERTURE 
C XIII) ANO Yllll = XtV COORDINATES OF CENTER OF I-TH APERTURE 
C PHIJPlll: ANGULAR ROTATION OF XI-AXIS WITH RESPECT TO X-AXIS 
C (DEGREE~ ("0UNTER-CLOCK111 I SE)• 
C*********************************************************************** 

REAOC5o15l <AIJ<IloI:loNUMHOLE> 
READ< 5 • 15) IX I <I ) o l • t • NUMHOLE) 
REA0(5t15) IYill)ol•t•NUMHOLEl 
REA0('5ol5) (PHIJP(J),I=loNUMHOLEl 

15 FORMAT<BF10.2) 
SI Z'='.= 1•0 
POL=o.o 
IFINUMHOLEeGT•l lBo9 

8 DO 60 t•2tNUMHOLE 
J=l-t 
IF (AT J ( I >.NE• A I J ( J l l St ZE • 0 • 0 

60 CONTINUE 
00 St 1•2oNUMHOLE 
J:s 1-t 
IFCPHIJPCl)•NE.PHIJPCJ)) POL=l•O 

51 CONTINUE 
q CONTINUE 
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(*************************•********************************************* 
C F = FREQUENCY I CYCLFS PER SECOND! 
C ZloZ?oZ3oZ4 = DISTANrES FROM APERTURE TO OUTER SURFACE OF LAYERS 
C 1•2•3•4 RESPFCTIVELYo 
C CONVFRT • CONVERSION FACTOR FOR CONVERTING INPUT DIMENSION TO 
C CENTIMETERc <IF INPUT IN CENTIMET~RSo LEAVE BLANKlo 
C ER = RELATIVE DIELECTRIC CONSTANT OF MATERIAL FILLING ALL WAVEGUIDES 
C*********************************************************************** 
C FOR ALL INPUT DIMENSIONS IN WAVELENGTHS 
C SFT F•3e0E10 AND CONVERT•leO 
c 
c 
( 

FOR FREE SPACEoSET Z4=0e0 

REA0(5ol6)FoZloZ2oZ3,Z4oCONVERToER 
IFIERoEO.O.O)FR=1.n 

16 FORMAT<El0e2o7Fl0e2) 
WRITFl6o4ll 

41 FORMAT( IHI) 
RKERR=0,0001 
EPSLN=OeOOOOI 

C RKERR,EPSLN = ERROR TOLERANCES FOR RUNGE-KUTTA INTEGRATION 
C AND SPLINE CURVE-FIT ROUTlNEo 

DlMEN=leO 
lF!CONVERTeNEeOoO)Dl~EN•CONVERT 

WRITF!6t105) 
IF<Z4eNEe0o0>GO TO !q 
WRITF<6o18)FoDIMEN 

18 FORMAT!3X*MUTUAL COUPLING OF CIRCULAR APERTURES RADIATING INTO FRE 
lE SPACE*//5X*F • *El2e5/5X*DIMEN = *Fl0e6/) 

KIND•4 
v1=v2•1.o 
Wl•W?•O,O 
GO TO 21 

19 CONTINUE 
WRITF(6o20)FoZl•Z2oZ3oZ4oDIMEN 

26 FORMAT<3X*MUTUAL COUPLING OF CIRC•LAR APERTURES RADIATING INTO A M 
lULTILAYERED DIELECTRIC UNDER A NONHOMOGENEOUS PLASMA LAYER•*//5X* 
21NPUTS*//2X*F s *E12,~/1X*ZI = *FlOe6/lX*Z2 = *F!Oo6/1X*73 = *FIO• 
36/IX•Z4 = *FIOe6//IX•DIMEN = *Fl0o6) 
WRITF!6ol0~) 

21 CONTJNUE 
WRITF(6o8~)ER 

B~ FORMAT<lx•ER = *FIOo6l 
DO 70 l•loNUMHOLE 
WRITE<6o92ll•AIJ<ll•I•Xl<IloloYlll)oioPHIJP(I) 

92 FORMAT<1X*AIJ<*l2*>=•F8e5o5X*XI<*l2*>=*F8e5o3X*YI<*I2*>r*F8e5o5X*P 
1HIJP<*I2*>=*F8,3* DE~•*> 

70 CONTJNUE 
93 FORMAT<1X*MODE*l2* • TE-*211) 

WRITF(6ol05) 
DO 7? l=loNUMMODE 
IF<I,GToNUMTE)GO TO 71 
WRITF<6•93)loMIJ<IloNIJ(I) 
GO TO 72 

71 IDEMsl-NUMTE 
WRITF<6o91ll•MMIJ<1DFMloNNJJ(IOEM> 

91 FORMAT<1X*MODE•l2* = TM-*211) 
72 CONTJNUE 

WRITF<6o105> 
1F<Z4eEOeOe0>GO TO 100 



FINO INPUT DATA rA5~ 

KIN~:l 

1F<Z4-Z3)26•47,33 
26 WRITF(6•27) 
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27 FORMAT<IOX•l6HJNPUT nATA ERROR> 
GO To 900 

33 IF<Z~>26•40•82 
40 KINO:J 

GO TO 109 
47 1F<Z~-Z2)26•54•6l 
54 KIN0:4 

GO To 82 
61 KIND•2 

C GET OTHER INPUT NEEDED BASED ON INPUT DATA CASE 
C*********************************************************************** 
c v1.w1 • REAL ANO IMAGINARY PARTS OF DIELECTRIC CONSTANT OF LAYER l• 
c v2.w2 • REAL ANO IMAGINARY PARTS OF DIELECTRIC CONSTANT OF LAVER 2. 
C*********************************************************************** 

82 READ<5•13>Vl•Wl•V2tW~ 
WRITF(6•105) 
WRITF<6•83>VltWltV2•W2 

83'FORMAT<3X*Vl = *FB.5,SX*WJ = *F8.5/3X*V2 • *F8e5t5X*W2 • *FBe5/) 
IF<KIND.E0.4) GO TO tOO 

C*********************************************************************** 
C NP3 • NUMBER OF POINTS FOR LAYER 3 DIELECTRIC PROFILE 
C*********************************************************************** 

READ(5•110)NP3 
JF(Np3)89,89t96 

89 WRITF<6•90> 
90 FORMAT(t0X•42HERROR JN NUMBER OF POINTS FOR V3 W3 TABLES/) 

GO To 900 
96 IF<NP3-50)102•102•89 

C*********************************************************************** 
C V3(1),WC3> =REAL ANO IMAGINARY PARTS OF DIELECTRIC CONSTANT AT 
C POINTS Zn<I> INSIDE LAYER 3. 
C*********************************************************************** 

102 READC5tl5> <ZOCl>•l•t•NP3) 
READ(5•15) CV311)tl•!•NP3) 
READl~•l5) <W3<1>•1•ltNP3) 
WRITF<6•l03J 

103 FORMATC14X•lHZt15Xt5HV3<ZJ•12X•5HWJ(Z)/) 
WRITE<6•104J<ZDllJ•V~llJ•W3<I>•l•l•NP3) 

104 FORMATC5Xt3Fl7.5) 
WRIT~<6•105) 

105 FORMAT(IH ) 
IF<KJNO.EOe2) GO TO tOO 

C*********************************************************************** 
C Np4 s NUMBER OF POINTS FOR LAVER 4 PLASMA PROFILE 
~*********************************************************************** 

109 READC5•110)NP4 
110 FORMAT(J5) 

IFCNP4)116•116tl23 
116 WRITF<6•117) 
117 FORMATC10Xt42HERROR IN NUMBER OF POINTS FOR NE NU TABLES/) 

GO TO 900 
123 JF(NP4-50)t30tt30•116 

C*********************************************************************** 
C NECJ),NU<I> •ELECTRON DENSITY <ELECTRONS PER CUBIC CENTIMETER)ANO 
C ELECTRON COLLISION FREQUENCY <PER SECOND> AT POINTS 
C ZNDCI) INSIDE LAYER 4• 
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C*********************************************************************** 
130 REA0('5ol5) <ZND<tlohltNP4) 

REA0(5t13) CNE<lltl•t•NP4) 
READC'5tl3> CNUCll•l•ltNP4) 

13 FORMATC8Et0e2) 
WR I Tl"' ( 6 • 1 38 ) 

138 FORMATC14XtlHZt12Xt5HNE<Zlt9Xt5HNUCZl/) 
WRITEC6•139>CZNOCl)tNE<lltNUCl)ol=l•NP4> 

139 FORMATCBXt 3E14e5) 
WR I Tl"'< 6 • t 0'5) 

100 CONTJNUE 
WR t Tl"' ( 6 • 94) 
DO 1000 lHOLE=l•NUMHOLE 
DO 1000 JHOLE=l•NUMHOLE 
DO 1000 IMODE=l•NUMMODE 
DO 1000 JMODE•ttNUMMODE 
TMl•eFALSEe 
TMJ:s.FALSEe 
IF(IMOOEeGTeNUMTE>TMJ•eTRUE• 
IF<JMODEeGT.NUMTE)TMJ•eTRUE• 
PHl==o.o 
ll•CJHOLE-ll*NUMMODE+IMODE 
JJ•(JHOLE-ll*NUMMODE+JMOD~ 

JFCIHOLE•EOeJHOLE>50nt'503 
500 JF<SJZEeEo.1.01so1,sn3 
'501 IF<IHOLEeGTe1)502o50~ 
502 YCCltoJJ)•YC<IMODEtJMODEl 

GO To 1000 
503 CONTINUE 

94 FORMATClHO*--------------------------------------------------*/l 
Al•AtJllHOLE>*DIMEN 
AJ•Af J(JHOLE>*DIMEN 
IF<T,.,J)'504t505 

504 IDEMslMODE-NUMTE 
PHPlsPHIJPCIHOLEl*Pl/180• 
MI •M"" I J ( I OEM ) 
N t =NN I J ( I OEM) 
GO TO 506 

505 Ml=MJJ!IMODEl 
N t =N t J < I MODE) 
PHPJ:PH!JP!THOLE>*Pl/180. 

506 IF!TMJ)507t508 
507 IOEM:JMODE-NUMTE 

PHPJsPHIJP!JHOLEl*Pl/180. 
MJ=M"11J< 10'='."1) 
NJ=NNI J (IDEM) 
GO TO !'509 

508 MJ•MJJ(JMODE) 
NJ=NtJCJMOOF> 
PHPJsPHIJPCJHOLE)*PT/180. 

5(")9 CONTJNUE 
TFCTMleANOeCMJ.EOeO).AND•<•NOTeTMJ))GO TO 99999 
IFCTMJeANDeCMleEOeOleANDeC•NOTeTMl)lGO TO 99999 
PHIJDP•PHPJ-PHPT 
MIP•Ml+I 
MJP="1J+ I 
XJl=nlMEN*<XICJHOLEl-Xl!IHOLEl> 
YJT=nlMEN*!Yl!JHOLEl-YTCIHOLEl) 
R=SOQT!XJl*XJT+YJl*YJTl 
TF<THOLE.FO.JHOLF)R:n.o 



c 
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IFIARS(PHIJPP)eLTelen~-04)PHIJPOaOe0 

IFITMleANOeeNOTeTMJlPHIJPPzPHIJPP-Pl/2e 
IF<TMJeANOeeNOTeTMl)PHIJPP=PHIJPP-Pl/Ze 
IF<R.Ea.o.O) GO TO 703 
IFIARS<XJl)eLTele0~-06)7000701 

700 PHl•Oe5*PI 
IF<YJleLTeOeO)P~t=PHJ+PI 

PH!sPHl-PHPl 
GO Tr') 702 

701 PHl•ATAN2(YJloXJl)-PHPI 
702 ARG•<MJ+Ml>*PHJ-MJ+PHJJPP 

COSP:COSIARGl 
STNPsSINIARGl 
ARGs(MJ-Ml>*PHl-MJ+PHIJPP 
COSM=COS<ARG) 
SINM:SIN<ARG> 

703 COSPHIJ•COS(PHIJPP) 
KZERO•FORK*F 
AKZEROl•Al*KZERO 
AKZEQOJ•AJ+KZERO 
RKZEQO•R+KZERO 
IF I TM I > 704 • 70c; 

704 FACTnRl•XMN(MfPoNl)/AKZEROI 
GO To 706 

705 FACTORl•XMNPIM!PoNll/AKZEROI 
706 IFITMJ)707o708 
707 FACTORJ=XMN(MJPoNJ)/AKZEROJ 

GO To 709 
708 FACTORJ•XMNP<MJPoNJ)/AKZEROJ 
709 CONTINUE 

FACT~Ol•FACTORI**2 

FACT~OJ•FACTORJ**2 

Xll=~l*KZERO*DIMEN 

Xl2=72*KZFRO*DtMFN 
Xl3•73*KZ~RO*D!MFN 

Xl4=74*KZFRO*DTMFN 
D2=x12-x11 
RK3sQKERR 
RK4=QKERR 
tF<R.Ea.o.o.AND•MleNFeMJ) GO TO 99999 
tF<KtNDeEOe3) ~O TO ?20 
W2SO:W2*W2 
CCA=CMPLX<Vlo-Wl )/CMPLX<V2o-W2) 
IF<KtND.NE.4> GO TO ?10 
TERM("=V2 
TF.RMn•-W2 
GO Tn 14q 

210 CONTINUE 
DO tn7 l•toNP3 
Z<I>=ZD<l>*DIMEN 

107 Z<l>=Z<l)*KZERO 
~ET UP ARRAYS FOQ SPLINE INTERPOLATION 

CALL SPLRED<NP3tEPSLN•ZoV3tV31oV32oV33) 
CALL SPLREDINP3tEPSLN•ZtW3oW31•W32•W33> 
L3=No3 
CALL SPLD21NP3tL3tXI3•ZoV3tW3tV31•W31•V32tW32oV33tW33tV3XI3• 

A W3Xl3oDUMMYtDUMMY) 
IF<KJNDeEOe2>GO TO 146 

220 CONTINUE 
C FSTABLISH V4 AND W4 



OMEGA•TWOPl*F 
OMEG~Q:OMEGA*OMEGA 
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DO 1 .._7 I" 1 • NP4 
ZN<l)=ZND<ll*DIMEN 
OPSO:FOM~GA*NE<Il 

OENOM•OMEGSQ+NUCll**? 
V41l)=le-OPS0/DENOM 
W4(l)=NUlll*OPS0/!0M~GA*DENOMI 

137 CONTtNUE 
00 140 I = l•NP4 

14n ZNll>=ZNlll*KZERO 
CALL SPLRED<NP4tEPSLN•ZNtV4tV4l•V42•V431 
CALL SPLRED<N?4tEPSLN•ZNtW4•W4l•W42tW43) 
L4=NP4 
CALL SPLD21NP4tL40Xl40ZNoV4oW4tV4loW4l•V42•W42•V43oW43•V4Xl4• 

A W4Xl4•0UMMVoDUMMY) 
CALL SPL02<NP4tL4oXl3•ZNoV4•W4oV41oW41•V42,W42.V43tW43•V4Xl3• 

A W4Xl3•0UMMYtDUMMY) 
c ~ET UP INITIAL cnNDITIONS FOR BASE RUNGE-KUTTA INTEGRATION 

IF<KtNDeNEel lGO TO 148 
DENOM•V4Xl3**2+W4Xl3•*2 
TERMA=CV3Xl3*V4Xl3+W~Xl3*W4Xl3l/DENOM 

TERMR=CV3Xl3*W4Xl3-W--Xl3*V4Xl3)/0FNOM 
146 L3at . 

CALL SPLD2<NP3.L3oXl2•Z•V3•W3•V31oW31oV32,W32•V33oW33.V3Xl2• 
A W3Xl2oDUMMY•DUMMV) 

DENOM•V3Xl2**2+W3Xl2•*2 
TERMC•<V2*V3Xl2+W2*W~Xl2l/DFNOM 

TERMn,•CV2*W3Xl2-W2*V~Xl21/DENOM 

GO Tn 149 
148 Vl•V4Xl3 

Wl=W4Xl3 
149 WlSO:Wl*WI 

CCB•~MPLXC-Vl•Wl) 

PRMT C 1) :l'e 
NPR""sO 
PRMTl2)•0e01 
PRMT(31=1PRMT!2l-PRMT(I ll/5e 
VITE~T=Y2TESTaY3TEST:Y4TEST=Oe0 

PRMT(4):RKERR 
15t'J PRMT(5)=0e 

NEW=n 
MOSTsO 
DO 1..;1 I• I• 4 
Y<l )aOe 
Df:RV ( I ) • • 2"1 

151 CONTINUE 
CALL LRKS!IPRMT•V•DERY•4•FINDCoAUXl 
IFIPRMTl5ll1•165•158 

158 IFINPRMeGEe2lGO TO 161 
IF<PRMTClleNEe0e0)~0 TO 162 
WRIT~C6•157lPRMTCl)•PRMTl2l 

PRMT(t l=OeOOt 
PRMT(3)•(PRMTC2l-PRMTl1)l/5e 
PRMT(4)•RKERR 
NPRM:O 
GO Tl') 150 

162 WRIT~!6ol57lPRMT(!)oPRMTl2) 
NPRM:NPRM+I 
PRMT<3l•PRMT<3)/5e 



c 
c 
c 
c 
c 
c 
r 
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GO Tn I '50 
161 PRMT(4)=PRMT(4)*10e 

WRITFl6tl~9>PRMTl4) 

159 FORMATC10Xt42HERR0R TOLERANCE FOR LRKSI INTEGRATION HAS 4/ 
A 10Xt18HBEEN INCRF.ASED TO •El2e5) 

WR I TF ( 6 t 157) PRMT C 1 ) t PRMT < 2) 
157 FORMAT<lOX*PRMT(I >=*F6e3t3X*PRMTl2>=*F6e3) 

GO Tn 150 

165 

166 

INTEGRATION COMPLETE• CALCULATE FINAL ANSWtRS 
v<I l •REAL PART OF YTE INTEGRAL 
VC2> = REAL PART OF YTM INTEGRAL 
Y(3l • IMAGINARY PART OF YTE INTEGRAL 
V(4l = IMAGINARY PART OF YTM INTEGRAL 

CONTINUE 
IF(PRMT<2leLTe6e0ll66•171 
Y1TEC.T=Y1TEST+Y(1) 
Y2TEc.T=Y2TEST+V<2) 
YJTEC.T:Y3TEST+Y<3> 
Y4TEC.T=Y4TFC.T+Y(4) 
PRMT ( 1 ) :PPMT ( 2) 
NPRM•O 
lF<AP!S<PRMT<21-1e0)•LE•1•E-05)PRMT<2>s1e0 
PRMTC1 )•PRMTC2> 
IF I AAS ( PRMT ( 1 )-1 • 0) •LE• I • E-05 I PRMT < 1 I= 1 • 00001 
PRDEL=0e24 
IF<PRMT<2)eGEeOe25eANnePRMT<2leLTe2•0>PRDEL=0•2"5 
JF(PRMT<2>•GEe2e0tANnePRMT<2>•LTe4e0lPRDEL•Oe5 
lFIPRMTl2>·GEt4t0)PRnEL•1·0 
PRMT(2)•PRMT(2)+PRDFL 
IFIARSIPRMT(2)-1tO)eLEe1•~-05lPRMTl2>=0t99999 

PRMT(3l•(PRMT(2)-PRMT(1ll/5e 
PRMT(4)•RKERR 
GO TO 150 

171 IFIPRMT(2)eGEe50e0)G0 TO 175 
IF<ARSCY1TEST)eLTtl•F-200)G0 TO 172 
IF< APIS CY C 1 > /Y 1 TEST) -1 • E-04) 1 72 • 1 6~ • 166 

172 IF<ARSCY2TEST),LTeleF-200)G0 TO 173 
IF<ARS<Y<2)/Y2TEST)-t•E-04)173•166tl66 

173 IF<ARS<Y3TESTltLTe1•F-200>GO TO 174 
IF<ARS<Y<3l/Y3TESTJ-t•E-041174•166t166 

174 IF<ARS<Y4TEST)eLTe1eF-200JGO TO 17~ 
IFIARSCY(4)/Y4TEST>-t•E-0AJ175tl~6t166 

17"5 Y(1):Y(l)+Y1TIO:ST 
Y(2)eYl2)+Y2TEST 
Y(3):Y(3)+Y3TEST 
YC4laYC4)+Y4TEST 
EM I=::>• 0 
EMJ•2e0 
IF<MteEOtO)EMl=ltO 
IF<MJeEO.O)EMJ•leO 
MPLUC.•MJ+MI 
SORTxl=SORTCXMNPIMfP,Nll**2-Ml**2l 
SQRTxJ=SQRTCXMNP(MJP,NJ>**2-MJ**2> 
IF<TMJ)SQRTXl•leO 
IF<TMJ)SQRTXJ•l•O 
MIP=,...J+l 
MJPzMJ+l 
cv=-c,ORT<EMl*EMJ)/(l?O•*PI*SORTXl*SORTXJ) 



COEFl='•CMPLX<OeOtCY> • 
8899 CONTtNUE 

YTE•CO~FF*CMPLX<Y<l>eY<3>> 

YTM•COEFF*CMPl....X<Y<2>,Y<4)) 
JF<R.Eo.o.o,ea91.8e9~ 

8891 IF(TMleANDeTMJ)880t•~B02 
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8801 VB•O,O . 
UB•-<2e/EMl>*COS<FLOAT<Ml>*PHl.JPP> 
GO Tn 8810 

8802 IF<TMJ)8803t8804 
000~ ve•o.o 

UB•<~Ml-leO)*SJN<FLOAT<MI>*PHl.JPP) 
GO Tn 8810 

8804 IF<TMJ)8805te806 
0eo-; ve•o.o 

UB•<F.MI-leO>*SIN<FLOAT<Ml>*PHIJPP) 
GO Tn 8810 

8~06 VB=<~e/EMI>*C~S<FLOAT<MI>•PHJJPP) 
UB•-<EMI-JeO>*COS<FLnATIMI>*PHIJPP) 

881C YTE=VTE*VA 
YTM•VTM*UB 

9892 VC<lttJJ)•VTE+VTM 
WRlTE<6e97>lltJJtYC<JltJJ)tPRMT<2)tlHOLE•IMOOEtJHOLE•JMODE 

97 FORMAT<lX*Y<*I2*•*12•> • *El2•5* +J<*El2e5*>*3X*PRMT<2>•*F6e3t3X*I 
1HOLE=*I2t2X*IMODE~*l2•3X*JHOLE•*l2t2X*JMOOEs*I2/) 
PHIJPP=PHIJPP*l80e/PJ 
R;aR/nl,..EN 
GO Tn lOcn 

09999 vc<II•JJ)•CMPLX<O.o.n.o) 
tOOO CONTINUE 

DO 1 00 l -I HOLE.s l tNUMHnLF.: 
DO 1no1 JHOLE•ltNUMHnLE 
DO 1001 lMOOE=t•NUMMnDE 
DO 1001 JMOOE•ltNUMMnDE 
TMI=,FALSEe 
IFllMODEeGTeNUMTE>TMl••TRUEe 
ll•(fHOLE-l>*NUMMODE+IMODE 
JJ=<JHOLE-1 >*NUMMODE+JMODE 
AKZEROl=AtJllHOLE>*KZERO*OIMEN 
IFITMl)l003t1002 

t00? Nl=NJJ(JMODE) 
MtP=MIJllMOnE)+l 
FACT~Qt•<XMNP<MIPtNl)/AKZEROI>**2 

FTSO:ER-FACTSOt 
IF<ARSIFTSO>eLTeteOE-200>FTSO•OeO 
IFIFTSOeGEeOeO)VMNZERO=<t.o.o.o>•SORTIFTSO> 
tF<FTSOeLTeOeO)VMNZERC=-CON*SORT<-FTSO) 
GO Tl" 1004 

10~3 IOEM:IMODE-NUMTE 
Nl=N"llJC IOEMI 
MIP=MMIJllDEM)~l 
FACT~Of•(XMN<MIPtNI>/AKZEROI>**2 

FTSO:ER-FACTSOI 
CONVl='RT=FTSQ 
IFIAQS(FTSO)eLTeleOE.290>CONVERT=teOE-290 
IF<FT50eGEe0e0)YMNZERO=lleOt0e0)/SQRT<CONVERT> 
lFIFTSOeLTeOeO)YMNZERC=<-l•tOe)/(CON*SORT<-CONVERT>> 

l 004 COt-1T I NUE 
A< l I • JJ > :YC I 11 • JJ > 
8111,JJ>=-YC<Il•JJ> 
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IFlll•EO•JJ)Alll.JJ)•YMNZFR0/1120.•Pl)+YClll•JJ) 
IFll!•EO.JJ)Blll•JJ)aYMNZER0/1120.•Pl>-YClll•JJ) 
YC(( f oJJ)cB( 11 oJJ) 
Y~NZF'RO=YMNZER0/1120.*PI> 

IFll!•EOeJJ>WRITEC6,q8)1loYMNZERO,fHOLEtlMOOE 
98 FORMATCIX*V~N<*l2*> • *El2•5* +JC*E12•5*>*3X*lHOLE•*l2o3X*lMOOE•*I 

12) 
1001 CO""T I NUf:'. 

WRITFl6•94> 
WRITFl6t813> 

813 FORMATllOX*SCATTERING MATRIX*> 
MAX=;>5 
CALL CXINVIAtMtBtMtDF'TERMolPIVOTtINDEXtMAXtISCALEl 
DO Bri2 I "'1, M 
DO 8n2 J=l•M 
BCitJ)sCMPLX«O •• o., 
00 8"!10 Kzt tM 
BCitJ)sBCioJ)+VCCioK)*ACK,J) 

830 CONTINUE 
802 CONTINUE 

WRITF'C6tl05) 
DO en5 l•t •M 
oo ens J•t•M 
XDX=cABSIBCitJ)l 
IF<XOXeLTe5eE-16>GO TO 810 
ISOLATE=20.*ALOGJOCX~X> 

xxxxtzAIMAG<B<l•J)) 
xxxx~=Rf:'.AL<B<t.Jl> 

PHASF•ll80e/PI)*ATAN?IXXXX1oXXXX2) 
WRITF'l6t803)1•J•B«l•J>oISOLATEoPHASE 

803 FORMAT<IX*SC*l2*•*12•> = *E12e5* +JC*El2•~*>*3XtF9e4* DB*3XtF8e3* 
tOF.G•*) 

GO Tn 805 
810 WRITF(6o806)loJtBlloJ) 
806 FORMATl1X*S<*l2*•*12•> : *E12e5* +J<*El2e5*)*3X*BELOW -300 DB*> 
80'5 CONTINUE 

WRITF'l6o9'5) 
95 FORMATllH *+++++++++++++++++++++++++++++++++++++++++++++++++++++++ 

!++++++++++++++•/) 
GO Tr'I 1 

601 WRITF'C6o08> 
88 FORMATllHO*MODE SUBSCRIPTS ARE OUT OF RANGE OF XMNP ARRAY*> 

900 WRITF'C6t901) 
901 FORMATl1H1t10Xo10HENO OF JOB ) 

STOP 
602 WRITFC6t99) 

99 FORMATCIX*MODE SUBSCRIPTS FOR TM MODES OUT OF RANGE OF XMN ARRAY*) 
STOP 
END 
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SUBROUTINE' FINDC<AET/!.•Y•DFRYI 
DIMENSION BE5SEL<211,DERIV(Bl•DERY<l l•EXTRACBtBl•HOLOIBl• 

11 INDEX< 100) .PARM 15l•RUST18 l .SAVE <~00I•Y<1) 
C DIMENSIONS ~OR COMMON VARIABLES 

DI MENS I ON V3 (50 l •V31 (50 I •V32 <r:;O I •V33150 I• 
A V4!50l<V41 (50)•V42<501•V43<50)• 
B W4 < 50 l< W4 l (50 )tW42 <50ltW43150 lo 
C W3150)•11131 <50)•W32<50l•W33<50l• 
D Z<501•ZN<5n),XMNP<8•31,XMN<8~3> 

C COMMON - DIMENSIONED VARIABLES 

c 
A 

B 
c 

COMMON V3.V3l •V32•V3'."l•lll3•W31 tW32•W33•Z•XMNP•XMN• 
V4.V41 •V42•V4~•1114•W41 tW42•W43•ZN• 

COMMON - UNnIMENSIO~~D VARIABLES 
ssa.ccA.CCB.D?•KINDtL3tL4.MOSTtTMl.TMJ. 
NEW.NP3,NP4,R~ERR,RK3,RK4tTERMA,TERMBtTERMCtTERMDt 

D VI• V2• V3Xl3•V4Xl4• 
E w1.w1sa.w2.w2sa.w3x13.w4x14,x11.x12.x13.x14, 
F Ml•MJtN!tNJtM!PtMJP,AKZEROl•AKZEROJ,RKZEROtFACTORltFACTORJ• 
G FACTSOltFACTSQJ,COSPtCOSMtSINP.sINM.COSPH!JtPHIJPP 

LOGICAL TM!tTMJ 
COMPLEX CARGOtCCAtCCRtCCON•COSINEt 

A FIB0tFIPBO•FlPXlltF1XIl•F2PXI2oF2XI2• 
A GIBO,GtPBOoGlPXlltGlXIl•G2PXI2tG2Xl2•Kl,K2tSINE 

FXTFPNAL LAYER3oLAYFP4 
IF(NFW)7tl0"\o7 

C .. IND OUT IF THIS BETA IS IN ~AVE TABLE 
7 IF!BFTA-SAVE<LAST>ll4•B4t~5 

C RETA IS LESS THAN LAST TABLE VALUE USED 
14 LAST:LAST-1 

IF<BFTA-SAVEILAST)l2t•84•28 
21 IF <LAST-I 122 t22 • 14 
?2 WRIT .. <n•23l 
23 FORMAT(!OX•BHFRROR 2~) 

GO TO 900 
28 NEXT:LAST 

LASTsLAST+l 
GO TO 63 

C RETA IS GREATER THAN LAST TABLE VALUE USED 
35 IF(M(')ST-LAST!42t42t4Q 
42 NE'ED:I 

GO Tl"I 109 
49 LAST:LAST+l 

IF<BFTA-SAVE<LAST))5~t84t35 

56 NEXTcLAST-1 
C AT THIS POINT WE KNOW THAT BETA LIES BETWEEN 
C ~AVE<NEXT) ANO S/!.VE<LAST> 

63 IF<ARSC<BETA-SAVE<NEXT))/8ETAl-1•E-6)70o70,77 
70 LAST:NEXT 

GO Tn 84 
77 1FIARS<<BETA-SAVECLA~Tll/~ETAl-t.E-6!84t84,8t 
AI NE'.EO:O 

GO Tn 109 
C GET INTEGRAND VALUES FROM SAVE TABLE 

~4 NOW=JNDEXILAST) 
DO 9t I •t t4 
OERYCll=SAVEINOW) 
NOWaNOW+t 

91 CONTJNUE 
RETU~ 

C AETA IS ZERO 



105 IFC8FTAeNF.e0e0)G0 TO 109 
no 1 ()7 I• 1 • 4 
r'IF~V (I ) =l'l e 

10.., CONTINUE 
GO TO 403 

C <.ALCULATF. INTEGRANDS 
c 
c 
c 
c 
('. 

c 
c 
c 
c 
c 

('. 

c 
c 

c 
c 
c 

c 

RUST ARRAY nEFJNED 
RUST< 1 )•RCXI) 
RUST!2)•SCXll 
RUSTC3l•TCXI) 
RUSTC4)=U<XJ) 
PUST(~)•R-CXJ) 

RUSTC6l•S-CXI) 
RUST <7 l•T-O(f) 
RUSTCAl•U-CXll 

109 BSO=~ETA*BETA 
ROOT:SORTcABS<BSO-Ie)l 
GO TOC154tl33tl54tll~ltKIND 

CASE 4 - XI4=XI3:Xl2 

1 12 RUST c I la I • 
RIJST(2)•0e 
RUST < 3 ) •I • 
RU5T(4)•0e 
IF!BFTA-le)l19~119t1~6 

1 IQ R•JSTC5)•0e 
R•JST c6 l •-ROOT 
RUST!7l•Oe 
R•JST ( 8 l •-ROOT 
GO TO 273 

126 RUST!~l 2-ROOT 

RUST(6)•0e 
RlJST<7l=-ROOT 
RUSTC8l=Oe 
G') Tn 273 

133 ASSJ~N 135 TO JAIL 
PARM ( t l =XI 3 
PARM(2)•Xl2 
PARM(3)•-e5 

I 35 RIJS T < I l = 1 • 
RUST(2)•0e 
RUST(3)•le 
RIJST (4 l •Oe 
JF(BFTA-lell40t140tl47 

140 RVST(5)•0e 
RIJSTc6l•-ROOT 
RUSTc7>=-W3Xl3*ROOT 
RUST(8)•-V3Xl3*ROOT 
GO TO 249 

147 RUSTc5)•-ROOT 
RUSTc6)•0e 
RUSTc7>=-V3Xl3*ROOT 
RUSTc8>= W3Xl3•ROOT 
GO Tn 249 

124 



r 
(" 

(" 
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r-A«;F 1 OR 3 - <;FT INITIAL VALIJF<; Fr)R INTEGRATION 
l"'ROM X 14 Tl") XI-, 

1~4 PARM<l>=xl4 
PARM(2)•Xl3 
PARM(3>•-•"5 

161 PARM (4) •RK4 
PARMC5)•0e 
0'.) 1 ... a I ., t • 8 
DEQIV< 1 >=•12~ 

168 CONTINUE 
RUST< 1 > = 1 • 
RIJST ( 2) =!" • 
R•JST(3l=l • 
RUST<4>=0• 
l~IBFTA-1.>175.175•1~2 

17"i R•J«;T C"i) =o• 
R•JST < 6) =-ROOT 
RUST<7>=-W4Xl4*ROOT 
RUST<8>=-V4Xl4•ROOT 
GO To 189 

182 RUST<5>=-ROOT 
RUSTC6)=0e 
RIJSTC7l•-V4Xl4*ROOT 
RUSTc8>= W4XI4•ROOT 

C INTEGRATE FROM XJ4 TO Xl3 

c 

c 

189 CALL LRK52(PARM•RUST.OERIV•B•LAYER4,EXTRA) 
IF<PARM<5>>900,203t1~6 

196 Rl(4:RK4*1Ce 
WR ?Ts:- 16• 197 )RK4 

197 FORMATl10Xo~9HERROR TOLERANCE FOR LAYER 4 INTEGRATION,/ 
A 1ox.2tHHAS 8ES:-N INCREASED TO. E13e"i/) 

GO Tf' 1 61 

203 IFIKJNn-3)217,210•217 

( r,ASE 3 - Xl3=0 - SET LAYER 1 FUNCTIONS ANn PROCEED 
(" TO FINAL CALCULATIONS 

c 
c 
c 

21 <'! Fl BO:CMPLX IRUST ( 1) •Rt1ST ! 2) l 
GtBO:CMPLXIRUSTl3)tR1JSTl4>) 
FtPBO=CMPLX!RUST!"i)•RUST!6ll 
G1PB"=CMPLX(RU<;T(7)•RUST!8)) 
GO Tn 300 

CASE 1 - ALL LAYFRS - SET INITIAL CONDITIONS 

217 PARM ( 1 ) =x 13 
PARM(2l=XJ2 
PARM('.')=-•<; 
DO 2::>4 1•1•8 
HOLDCll=RU<;T(J) 

224 CONTINUE 
ASSlr.N 231 TO JAIL 
GO Tn 24"5 

2"'1 DO 2~8 1=1•6 
RUST I J l =HOLn I I l 

23A CONTINUE 
?4t; RIJST!7)=TFRMA*HOL0!7)-TFRMB*HOLDIBl 

RUST<8>=TFRMA*HOLD<81+TER"'R*HOLDl7l 
?4q no ?~2 1=1.A 



ni=-o I\/ ( I ) =.I ?"i 
?"i? CONTINUE 

PARM (4) =RK3 
PARM('5)•0e 
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C INTEGRATE FROM XJ3 TO XJ2 
CALL LRKS2!PARMeRUST,DERIVo8oLAYER3oEXTRAl 
!F(PARM(5))900o273o2~9 

2"ilJ RK3::QK3*10e 
WRIT~(6o260)RK3 

260 FORMAT(10Xo39HERROR TOLERANCE FOR LAYER 3 INTEGRATION,/ 
A 10Xo2lHHAS REi=-N INr.Ri=-AsED TO. i=-t3."i/) 

GO Tl"I JAIL•< 13'5o231) 
C. DO Nl"IT PASS GO 
r. DO Nl"IT COLLECT $200 

273 IF<X!4eEa.o.O)G0 TO ~00 

CO 280 I=7o8 
HCLO <I l =RUST I I ) 

2eo CONTJNUE 
RUST!7l•TERMC*HOL0(7)-TERMD*HOL0(8) 
RU5T<8>=TERMC*HOLD!8)+TERMD*HOLD<7l 

C ALGEBRA FROM Xt2 TO XII 
F2X!?•CMPLX(RUST<t )•RUSTl2)) 
G2Xl?•CMPLX<RUST!3)oRUST<4l) 
F2PXJ2=CMPLXIRUST("i),RUST<6ll 
G2PXJ2=CMPLX<RUSTl7),RUSTl8)) 
VMBSO•V2-RSO 
IF(W?)282t2B2o286 

282 l"'!VM95Ql284t283t28"i 
283 F1Xlt=F2Xl2-F2PXl2*D? 

G1Xlt=G2XI2-G2PX12*D? 
FIPXJ1=F2PXl2 
GIPXtl=CCA*G2PXl2 
GO Tn 291 

?R4 P2=0.0 
02=SoRT<-VMR<;O) 
GO Tl"I 287 

2A"i P2=SORTIVMR<;0) 
02=0.o 
GO Tn 287 

286 ROOT:SQRT<VMBSO*VMBSO+W2SQ) 
P2=SORT<e5*fROOT+VMBc;O)) 
Q2=SoRT<e"i*IR00T-VM8c;Ql) 

?87 ~2=CvPLX<P2•-02) 
CARG0=D2*K2 
S!NE=CSINfCARGOl 
COSIN"'=CCOSCCARGOl 
CC:ON:SINF/K2 
F1Xlt•F2Xl2*COSINE-F?PXl2*CCON 
G1Xlt=G2XI2*COSINE-G?PXI2*CCON 
FIPX!l=K2*F2Xl2*SINE+F2PXI2*COSINE 
G!PXIl•K2*CCA*G2Xl2*c;INE+CCA*G2PXl2*COSINE 

C. ALGEBRA FROM XII TO O,O 
;>qt VMBSO•Vl-BSO 

IF<Wt )29~o292o296 
292 IF<V~BS0)294o293o2Q"i 

293 Ft80:F!XI!-FIPXll*Xlt 
GIBO:G!XIl-GIPXl1*Xl1 
FlPRn=i=-IPXII 
GIPAn=GIPXII 
GO Tl"I 30n 



(" 

(" 

(" 

c 
r 
r 
r 

?04 Pl=l"l•I"\ 
Ol=SoRT!-VMR<;O) 
GO Tl'\ ?97 

29"i Pl=SoRT<VMBSOl 
01 ==o.o 
GO Tn 297 

296 ROOT:SORT<VMBSO*VMBSO+W!SO) 
P!=SoRT<.~*<ROOT+VMBcQ)) 

Ot=SORT<."i*<ROOT-VMRcQ)) 
297 K!=CMPLX(Plo-01) 

CAPGl"\=XIl*Kl 
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SINE:CSIN(CARGOl 
COSINE=CCOS<CARGOl 
CCON:SINE/KI 
FIBO:FlXIl*COSINE-FlPXll*CCON 
GlBO:GlXll*COS!NE-GIPXll*CCON 
CCON:K!*SINF 
FIPBn=FlXll*CCON+FIPXIl*COSINE 
GIPBn=GlXIl*CCnN+(';IPxll*COSTNE 

FINAL INTFGRANO rALCULATIONS 

~FT RF<;<;FL FUNrTyON<; NFFOEO 
Rf""SSFL <I l =JO< AR(; l 
BE'O"-ELC2l=JI (ARGl 

301"\ CONTINUE 
IF<R~ZERo.Ea.o.oiGO TO 301 
,..PLL'<:=MJ+MI 
MMTNUS=lllJ-MI 
IF(MMINUS.LT.O)MMINUc::Ml-MJ 
~RG=DKZERO*RETA 

MMP=ll.APLUS+l 
CALL BF.SJS!ARGoBE<;SEL•MMP) 
RESPzRESSFL<MMP) 
MMPrMM!MUS+t 
CALL BESJS!ARGoBESSFLoMMP) 
BESM:RESSFL<MMP) 
IFIMJ•GT.MJ>BESM=<-1.0)*MMJNUS*BESM 
IF<TMl.ANO.TMJ)31lo312 

JI I VeETA=OeO 
UBETA=-<-!eO)**MJ*<BFSP*COSP+<-laO>**MI*BESM*COSM) 
GO Tf'l 315 

112 IF!TMI•OReTMJ)~13o114 
313 VBETA=".'ar. 

UBETA=<-laO>**MJ*<BE<;P*SINP-<-laOl**MI*BESM*SINM) 
GO Tl"\ 3!"i 

314 VBETA=!-leOl**MJ*<BEcP*COSP+<-laOl**Ml*BESM*COSM) 
UBETA=<-l•O>**MJ*<BE<;P*COSP-<-l•O>**Ml*BESM*COSM) 

31'5 CONTINUE 
GO Tf'l 302 

3(")! L'BETA=leO 
VBETA=laO 

302 !FCTMll1310o1320 
1310 MMP=Ml+l 

MMPP:MMP+l 
1F<ARSCFACTSOI-BSQ)-le0E-06)1311o!312o1312 

1311 ARG=xMNCM(PoNJ) 
CALL BESJS<ARGoBESSEL•MMPPl 
xlBETA•BETA*BESSELCMMPPl/C2a*ARGI 



YIBFTA=n.r 
CO Tn 1'50 

131? ~RG=AKZEROl*BETA 
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CALL BESJSCARGtBESSFL•MMP) 
XlBETA=BETA*BESSELCMMP)/!FACTSOr-esa1 
YIBE:TA=OeO 
GO T('I 3'50 

1~2(1 MMP=..,I+I 
IF!ARS!FACTSOI-BS0)-1e0~-06)132le!122el322 

1121 ARG=XMNPCMlPoNJl 
CALL BESJSCARG,B~S5ELtMMP) 
YIBETA=BESSELCMMP>*CARG*ARG-MJ*MJ)/C2e*FACTORll 
GO Tn 1323 

1322 MMPP:MMP+l 
AP.G=AKZEROI*AETA 
CALL BESJSCARGtBESSELtMMPP) 
YIBETA=XMNPCMIPtNll*FACTORl*!Ml*BESSELCMMP)/ARG-BESSELCMMPPll/CFAC 

IT<;QI-B<;Q) 
1321 Y.IBETA=Ml*BFSSELCMMP1/~ETA 

35(') IFCTMJ)l330tl340 
I '."1'."10 MMPo:..,J+ t 

MMPP:MMP+t 
IFCARSCFACTSQJ-BSQl-le0E-06ll331el332tl332 

1311 ARG=xMNCMJPtNJ) 
r.ALL BESJS!ARG,B~SSELtMMPP) 
XJBETA=BETA*B~SSEL!MMPPl/!2e*ARG) 

YJBETA=OeO 
GO TO 360 

1332 ARG=AKZEROJ*BETA 
CALL BESJSCARGtBES~EL•MMP) 
XJBETA=BETA*BESSEL!MMP)/(FACTSQJ-BSOI 
YJAFTA:OeO 
GO Tn 360 

I 340 MMP=..,J+ I 
IFCARSCFACTSQJ-BSO!-!eOE-061134lt1342•1342 

1341 ARG•XMNPCMJPtNJ) 
CALL BESJS!ARGoBESSEL•MMPl 
YJBETA=BESSELCMMPl*<ARG*ARG-MJ*MJ)/12•*FACTORJI 
GO Tn 1343 

1342 MMPP:MMP+t 
ARG=AKZEROJ*BFTA 
CALL BESJSIARGeBESSELtMMPPl 
YJBETA=XMNPIMJPeNJ>*FACTORJ*(MJ*BESSELCMMP)/ARG-BESSELIMMPPll/IFAC 

ITSOJ-B<;O) 
1343 XJBETA=MJ*BESSEL<MMP)/BETA 
~60 CONTINUE 

IFCTMleOReTMJ)VBF.TA•neO 
FACTRM=XJBETA*XJA~TA*UBFTA*BETA 

FACTRE=-YIBETA*YJBETA*VBETA*BETA 
IFIXI4eEo.o.O)GO TO 1015 

~ <;EPARATF REAL ANn IMAGINARY PARTS 
NTYPi:-:0 

3010 IF!ARSCREALCFIB0)1eGTeleEl20>GO TO 3011 
IF<ARSIAIMAG!Ft801)e~TeleE120>GO TO 3011 
IF<ARSIREAL<F1PB01)e~TeleF.120)G0 TO 3011 
IFIARSCAIMAGCFtPB0>>.GTeleEt20>GO TO 3011 
NTYPr.:sO 
GO Tn 3012 

3011 NTYPF•NTYPE+l 
IFCNTYPEeGTe5)G0 TO QOO 



c 

FIBO•FieO*<leE-l20t0e>; 
FlPBfl2FlPBO*<I .E-120,o.) ·; 
GO Tl') 3010' 
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3012 IF<ARS<REAL<G1B0))eGTeleEl20>GO TO 3013 
IF<ARS<AIMAG<GIBO>>•r.TeleE1201GO TO 3013 
JF<A~S<REAL<GlPB01)er.TeleE120>G0 TO 3013 
IF<A~SCAIMAGCGIPBO>>eGTeleEl20>GO TO 3013 
NTYP,..=O ., 
GO TO 3014 

3013 NTYPF•NTYPE+l 
IF<NTYPEeGTe5)G0 TO 900 
G1BOsGtBO*<l•E-l20t0e> 
GlPBO=GlPB0*<1eE-t20t0e) 
GO TO 3012 

3014 CONTINUE. 
CCON=FlPflO/FlBO 
DERY<ll•FACTRE*REAL<~CONI 

DERY(3)•FACTRE*AIMAG(CCON> 
CCON:CCB*GlBO/GlPBO 
DERY(2)=FACTRM*REAL<rCONI 
DERY(41=FACTRM*AIMAG(CCON) 
JF(XJ4eNEeOe0)G0 TO "'016 

3015 DERY(l !•FACTRE*RUST(~) 
DERY<3l•FACTRE*RUSTC61 
DERY<2!•0e0 
DERY(4!•-FACTRM/ROOT 
IF<BFTAeLEeleOIGO TO 3016 
DERY(2!•-DERYC4> 
DERYC4l•Oe0 

3016 CONTJNUE 

C ~AVE INTEGRANDS 
c: 

IF<NFW!449t403o400 
400 JF(NFEDl414o414t407 
403 NEW=! 

C MOVE TO TOP OF BFTA SAVE TABLF. 

c 

407 MOSTaMOST+l 
LAST.MOST 
GO T('I 428 

MAKE SPACE IN MlnDLE OF BETA SAVE TABLF 
414 MOST,.MOST+l 

NA=LAST+l 
MOVE•MOST+NA 
DO 4~1 N•NAoMOST 
M•MOVE-N 
SAVE<M!•SAVECM-1! 
lNDEX<Ml•INDEX<M-ll 

421 CONTINUE 
C SAVE BETA AND POJNT,..R 

428 SAVE<LAST)•BETA 
INDEX<LAST>•l01+4*(MOST-1! 
NOW•JNDEX<LAST) 

C: ~AVE INTEGRANDS 

c 

DO 4 °''5 I• l • 4 
SAVECNOW)•DERY(J) 
NOW=NOW+l 

435 CONTINUE 
rHECK FOR TABLE FULL 

IFCln0-MOST!442o442oROO 



442 NEW-=-1 
GO Tn 800 

c RETA SAVE TABLE rs FULL 
449 KEEP:JNDEX<l> 

JF<N~ED)456t456t470 

130 

C ~USH DOWN SAVE TABLE FROM SAVE<NEXT) 
4"i6 LJMfT:NEXT-1 

DO 4~3 I=l•LIMIT 
SAVE< I >•SAVE< I+I) 
INDEX< I >•INDEX< J + 1 ) 

463 CONTJNUE 
LAST:NEXT 
GO TO 484 

C PUSH DOWN ENTIRE BETA SAVE TABLE 
470 DO 477 1•1t99 

SAVE< I )•SAVE< I+l > 
INDEX<J>•INDEX<I+I> 

477 CONTJNUE 
LASTtMOST 

C ~AVE BETA AND POJNTER 
484 SAVE<LAST):BETA 

INDEx<LAST>=K~~p 

C ~AVE INTEGRANDS 
DO 491 I=lo4 
SAVE<KEEP>•DERV<T> 
KEEP=KEEP+I 

491 CONTINUE 
801') RETUQN 
900 WRJT~!6o901) 

JF<NTVPEeNEe0)WRITE<6•904)FIBOoFIPBQoG1B0oG1PBO 
904 FORMAT!IX*F180=*2El3,5/IX*F1PBO=*~El3t5/1X*G1B0=*2E13e5/IX*GIPBO=* 

12E13,5/)o 
901 FORMAT!lHltlOXtlOHENn OF JOB ) 

STOP 
902 WRIT~!6t903) 
903 FOR~AT<IX*MPLUS EXCEEDES DIMENSION OF ARRAY BESSEL*> 

STOP 
END 
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SUBROUTINE SPLREO<N•FP5LN.x.v.OELY.S2•531 
0 r MEN5 I ON x c I I. y c 1 I. nEL y c I I. 52 ( 1 I. 53 (I I. 

A H < t 00 I• H2 C I 00 I• FH I 00 I• OF.L 5QY ( 1 00 I • C ( 1 00 l 
Nl=N-1 
00 7 l=t tN! 
H( I ):X( l+t 1-X( f) 

7 OELYCI l=IY<t 1-YCl+t ))/H<I I 
00 14 l •2tN1 
H21l)'l=HCl-1 )+Hill 
B ( r ) =. 5*H c r - 1 , /H2 ( l ) 
DELSQY C l I= C DEL Y C l >-Oi:-L Y C I - 1 l > /H2 < I I 
S2Cl)•0ELSOY!ll+OEL50Ylll 

14 CCJJeS2ll)+DEL50Yll> 
S2 C 1 > •O • 
S21N)=Oe 
OMEGA•le071797 

21 E'TA=Oe 
DO 3-: 1•2tN1 
W• IC I I I-BI I I *S2 I I - t >- C e5-B I I I I *S2 I I+ t >-52 < I l ) *OMEGA 
IFIA~S!W)-ETA)35t35t~8 

28 ETA=ABSIW) 
35 S21l)•S21J)+W 

IFIETA-EPSLNJ42t21t21 
42 00 4q l•ltNl 
49 S11J)sl52<1+1)-521JJ)/H<IJ 

RETURN 
END 
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SUBROUTINE SPLD2<NoM,ToXoY•ZoDELYoDELZoS2oT2tS3tT3tSStTToSS1oTTI I 
DI MENS I ON XI I l • Y < 1 ) • OEL Y < 1 l • DELZ ( 1 l • 52 ( 1 I• T2 < 1 ) • 53 I 1 ) t T3 < l > • Z < 1 > 
DATA StXTH/.16666666A666667/ 

7 J:M 
t F C ~ -1 ) 77, 21 • 1 4 

14 1FC~-N)21 o21 o77 
21 JFCT-XC1))63o28o3"i 
28 I• 1 

GO TO t 0'5 
35 IF<T-XCN))42o9to73 
42 IF<T-X<l))56tl05o49 
49 1=1+1 

IF<T-XCl))98ol05t49 
'56 t = 1-1 

IF<T-X< I) )56ol05o 10'5 
63 IF<T-XCt )+l.E-6l65t64o64 
64 T•X ( 1 ) 

GO Tl"l 28 
65 WRlTFC6t70) T 
70 FORMAT<10Xol0HARGUMENT =•El4.6o22HOUT OF RANGE IN SPLD2 ) 

WRITl='C6o71 l IXCLhL=l ,N) 
71 FORMATC/t0Xo24HRANGE OF ARGUMENT VALUES/IE20e6)) 

STOP 
73 IFCT-XCN)-leE-6>7~t7'5t65 

7'5 T•XIN) 
GO TO 91 

77 WRlT1='16o84) 
84 FORMATC10Xo23HM OUT OF RANGE IN SPLD2! 

STOP 
91 I •N 
98 I"' t-1 

1 05 HT 1 •T-X < I ) 
HT2•T-XIJ+l) 
PROO:HT1*HT2 
SS2=~2<1)+HTl*S3<1> 
TT2sT21l)+HTl*T3<1) 
DELSQS•<S2<t>+S2Cl+l>+SS2>*SIXTH 
DELSOT=<T2<1l+T2<1+l)+TT2>*SIXTH 
SS=Y<l>+HTl*DELY<t>+PROD*DELSOS 
TT=Zcl>+HTl*DELZ<l>+PROD*DELSOT 
HI 2=HT1 +HT2 
PRCON=PROD*SIXTH 
SStcoELY<l>+H12*DELSOS+PRCON*S3<1> 
TT1•nELZ<l>+H12*DELSOT+PRCON*T3<1> 
M• I 
RETUPN 
END 
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SUBROUTINE LAYER3<XI,RUSTtOERIVl 
DIMENSION RUST<l)tDERIV(l) 

C DIMENSIONS FOR COMMON VARIABLES 

c 

c 

A 
B 
c 
D 

A 

DIMENSION V3C50ltV31 (50)tV32C50)tV33C50)t 

COMMON 

V4C50ltV41C50)tV42C50ltV43150lt 
W4(50ltW41 (50)tW42C50)tW43(50)t 
W3C50ltW31C50)tW32C50)tW33C50)t 
Z<50)•ZNC50ltXMNP<B•3)tXMNC8t31 

COMMON - DIMENSIONED VARIABLES 
V3tV3l•V32tV33•W3tW31tW32•W33•ZtXMNP•XMN• 
V4tV41•V42tV43tW4•W4ltW42•W43tZNt 

COMMON - UNOIMENSIONEO VARIABLES 
B BSOtCCA.CCB.D2tKINDtL3tL4tMOSTtTMitTMJ• 
C NEWtNP3,~4,RKERR,RK3,RK4tTERMAtTERMB,TERMCtTERMD• 

0 Vlt V2• V3XI3•V4Xl4• 
E w1.w1sa.w2.w2sa.w3XI3•W4Xl4•XI1tXI2•XI3tXI4. 
F MleMJtNitNJ,MIPtMJP,AKZEROI,AKZEROJ,RKZEROtFACTORI,FACTORJt 
G FACTSOitFACTSQJ,COSPtCOSMtSINPtSINMtCOSPHIJ,PHIJPP 
LOGl~AL TMltTMJ 
COMPLEX CCA.cce 
CALL SPLD2CNP3tL3•XltZtV3tW3tV31tW3ltV32•W32tV33tW33tV3XI• 

A W3XI•V3PXf•W3PXll 
DERIV<l >•RUSTC5) 
OERIV<2>•RUST<6> 
DERIVC3>•RUSTC7> 
DERIVC4l•RUSTC8) 
BSOMV•BSO-V3XI 
DERIV<5>•BSOMV*RUST<t >-W3Xl*RUSTC2> 
DERIVC6l=BSOMV*RUSTC?)+W3XI*RUST<l> 
DENOM=V3XI*V3XI+W3Xl*W3XI 
FIRST=V3XI/OENOM 
SECOND•V3PX~*RUSt<71+W3PXl*RUSTC8) 
THIRO=W3XI/OENOM 
FOURTH•V3PXI*RUST<B>-W3PXl*RUSTC7) 
DERiv<7>=FIRST*SECONo-THIRD*FOURTH+BSOMV*RUSTC3)-W3XI*RUST<4) 
DERlv<Bl•FIRST*FOURTH+THIRD*SECOND+BSOMV*RUSTC4J+W3XI*RUSTC3) 
RETURN 
END 
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5UBRnUTINE LAYER4!Xl,RUSTtDERIVl 
OT MENS I ON RUST ( 1 l •OF.RIV( 1 l 

C DIMENSIONS FOR COMMON VARIABLES 
DIMENSION V3!50)oV31 (50l•V32<50)oV33C50)• 

A V4!50)oV41 C50loV42<50loV43C50)o 
B W4<50)oW41 <50)•W42C50loW43C50)o 
C W3(50loW31 (~0)oW32C50)oW33!50)o 
D Z<50)oZNC50)oXMNPC8o3)oXMN!8o3) 

C COMMON - DIMENSIONED VARIABLES 
COMMON V3oV31oV32oV33•W3oW31oW32•W33oZoXMNPtXMNo 

A V4oV41•V42oV4~•W4•W41•W42•W43oZN• 

r. COMMON - UNnlMENSIONEO VARIABLES 
B esa.ccA.cce.02.KINOoL3•L4oMOST•TMloTMJ, 
C NEWoNP3,NP4,RKERRoRK3oRK4oTERMAoTERMBoTERMCoTERMOo 
D Vl• V2• V3Xl3•V4Xl4• 
E w1.w1sa.w2.w2sa.w3Xl3•W4Xl4•XlloXl2•Xl3oXl4• 
F MloMJoNl,NJoMIPtMJP,AKZEROloAKZEROJ•RKZEROtFACTORltFACTORJo 
G FACTSOltFACTSQJ,COSPoCOSMoSINPoSINMtCOSPHIJoPHIJPP 

LOGl<".AL TMloTMJ 
COMPLEX CCAtCCB 
CALL SPLD2CNP4oL4tXl,ZNtV4tW4tV41oW4loV42tW42oV43oW43oV4Xlo 

A W4XloV4PXJoW4PXll 
DERIV!l l=RUSTC5l 
DERIV!2l=RUST!6l 
OERIV!3)=RUST!7) 
DERJV(4)•RUST!8) 
BSOl''1V•BSQ-V4X I 
DERIV!5l•BSOMV*RUST<t l-W4Xl*RUSTC2l 
DERIVC6l=BSOMV*RUSTC~l+W4Xl*RUST<tl 

DENOM=V4Xl*V4XI+W4Xt•W4XI 
F!RST=V4Xl/DENOM 
SECOND•V4PXl*RUST!7)+W4PX!*RUSTC8) 
TH!Rn=W4Xl/DENOM 
FOURTH=V4PXl*RUST!8)-W4PXl*RUST!7) 
DERIVC7>=FIRST*SECONn-THIRD*FOURTH+BSO~V*RUSTC3)-W4Xl*RUST<41 

DERIVC8l=FIRST*FOURTH+THIRD*SECOND+BSQMV*RUST<4)+W4Xl*RUST<3> 
RETlJPN 
END 



SUBROUTINE BcSJS(XX•RJ•MT) 
0 I MENS I ON BJ< 1 > • B ( 1 30) 
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C ROUTINE FINDS BE~SEL J OF X FOR ORDERS ZERO THROUGH MT 
C ANO LOADS THEM INTO BJ<t >THROUGH BJCMT+t>e 

X=AB~CXX) 

BJ < 1 ) : t • 0 
N :: MT + 1 
IF<XeGceBOe)t0,20 

10 Pt=3.141592653589793 
00 t 1 I• t •N 

11 BJ<l)•SORT<2e0/(Pl*X>>*C05<X-Oe25*PI-Oe5*Pl*<I-t>> 
GO TO 220 

20 CONTINUE 
DO 5 I = 2•N 

~ BJ I I) " eO 
IFIX-15e>32o32•34 

32 NTEST • 20e+10e*X-X*•2/3 
GO T('I 36 

34 NTEST = 90e+X/2e 
36 IFIMT-NTEST)40t3B.38 
3A N = ~JTF'.ST - 1 

GO To 45 
40 N • MT 
45 BPREV = eO 

1111 • N+t 
F = ~e/X 
0 = 1e0E-6 

C COMPUTE STARTING VALUE OF M 
JFIX-5el50o60•60 

"iO MA :: X + 6e 
GO Tn 70 

60 MA • le4*X + 60e/X 
70 MB • N+IFIXfX)/4+2 

MZERn = MAXOCMA•MB) 
C ~ET UPP~R LIMIT ('IF M 

MMAX = NTEST 
DO lQO M = MZEROoMMAX•3 
FMI = leOE-28 
FM = el'l 
ALPHA = eO 
IFIM-fM/2l*2>120o110,120 

1 t O JT = -1 
GO Tn 130 

120 JT = 1 
130 M2 • M-2 

00 1 f',0 K • l tM2 
MK = M-K 
BfMK) = F*FLOATIMK)*FMl-FM 

C OVERFLOW TEST 
IF<B<MK)-te0E6B>t40o~20o220 

140 FM = FMt 
FM1 ., BCMK) 
JT = -JT 
S = t+.JT 

160 ALPHA • ALPHA+BCMK>*~ 

B Cl ) • F*FMl-FM 
ALPHA• ALPHA+BC1) 
BTEST • B(Nt) 
BTEST • BTEST/ALPHA 
IF<AASCBTEST-BPREV>-ABS<D*BTEST>>200•200o190 



1qn APRFv = BTF~T 
2"n DO 2t0 r = l•Nl 
21n BJ<r, = 811)/ALPHA 
220 fFIXXeLTeOeO)GO TO 2~0 

Ri::TUON 
2~0 N=llllT+l 

DO 2"'11 f=l •N 
NN=I-1 

231 BJCf)=BJIIl*<-t•O>**NN 
RETUPN 
END 

136 
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SUBROUTINE LRKS2<PRMT•Y•DERYtNOIM,FCT•AUXl 
DIMENSION Y<t >•DERY<t loAUX!Btl l•A<4lt814ltCl4)tPRMT<1) 

50 FORMATl52H MORE THAN 15 BISECTIONS NEEDED IN LRKS2 INTEGRATION) 
51 FORMAT<47H INITIAL INCREMENT IS ZERO ON LRKS2 INTEGRATION > 
52 FORMAT<54H INITIAL INCREMENT HAS WRONG SIGN IN LRKS2 INTEGRATION> 

DO 1 I = 1 •ND I M 
AUX<S•I> = e06666~66~6666667*DERY<I> 
X•PRMT ( l ) 
XEND:PRMTl2l 
H:sPRMTl3) 
CALL FCTIX•Y•DERY) 

C ERROR TEST 
IF<H*<XEND-X!)38t37t? 

c 
C PREPARATIONS FOR RUNGE-KUTTA METHOD 

c 

2 A<l l:e"5 
A<2> = e2928932188t3452 
A<31 = le70710679tt81',55 
Al4) = el66666666~661',67 
B<l 1 .. 2. 
B!2):le 
f'l(3)ele 
8(4)•2· 
C<llt:e5 
C<2l "' A<2> 
C!3) ,. A<3l 
C<4>=•"5 

C PREPARATIONS OF FIRST RUNGE-KUTTA STEP 
DO 3 I :: 1 •ND I M 

c 
c 

AUX ! t • I l = Y ! I l 
AUX<?•l>=DERY!Il 
AUX < °' • I I = 0 • 

3 AUX<I'.• t l=O• 
IREC:O 
H•H+H 
IHLF=-1 
ISTEP=O 
IEND:O 

C START OF A RUNGE-KUTTA STEP 

c 
c 

4 tF<<X+H-XENDl*H>7•6•o; 
!5 H•XEND-X 
6 IEND•l 
7 ITEST • 0 
9 tSTEP•ISTEP+l 

C START OF INNERMOST RUNGE-KUTTA LOOP 
J•l 

10 AJ•A(J) 
BJ•BCJ) 
CJ•C(J) 
. DO 1 1 t • 1 , NO IM 
Rt•H*OERY(J) 
R2•AJ*<Rt-BJ*AUX<6•I)l 
YI I hY< I )+R2 
R2•R2+R2+R2 



11 AUXC6tl)•AUXC6tl)+R2-CJ*R1 
IF C J-4) 12, 15 • 15 

12 J•.J+t 
IF < J-3 > 1 3 • 1 4 • 1 3 

13 X•X+e5*H 
14 CALL FCTCXtYoO'!RY) 

GOTO 10 
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C END nF INNERMOST RUN~E-KUTTA LOOP 
c 
c 
C TEST OF ACCURACY 

15 IF<ITESTl16o16o20 
c 
C IN CASE ITEST•O THERF IS NO POSSIBILITY FOR TESTING OF ACCURACY 

c 
c 

c 
c 

16 DO 17 l•ltNDIM 
17 AUXf4ol )•V( I> 

ITEST•l 
ISTEP•ISTEP+ISTEP-2 

18 IHLF2JHLF+l 
X•X-H 
H••'5*H 

19 

20 

21 

22 

23 

241 

DO lq J::sl,Nr)IM 
V(f):11AUXCltJ) 
DERY!fl•AUXl2•J> 
AUXC6of )=AUXC3tf) 
GOTO 9 

JN CASE ITEST•l TESTING OF ACCURACY IS POSSIBLE 
IMOD•ISTEP/2 
IFCJ~TEP-JMOD-IMOD!2t•23t21 
CALL FCT<XtV•DERY) 
DO 2;:> J "'1 tNnJM 
AUX < ""• I ) • V < I ) 
AUXC7o J )•DERYC l) 
GOTO 9 

COMPUTATION OF TEST VALUE DELT 
DELT•O• 
DO 24 I=t•NDJM 
JF eve 1 > > 242• 241, ;::i42 
OELT • DELT + AUXC8tf) * ABS IAUXl4•f)) 
GO TO 24 

242 DELT,. DELT + AUX18tJ) * ABS((AUXl4•fl - V(f)) / Y(J)) 
24 CONTJNUE 

JFCD~LT-PRMTC4))28t2A•25 

C ERROR IS TOO GREAT 

(' 

25 IFCIHLF-15)26t36o36 
26 00 27 l•l•NOJM 
27 AUXC4ol>=AUXC5tl) 

ISTEP•ISTEP+ISTEP-4 
X•X-H 
IEND:O 
GOTO 18 

C RESULT VALUES ARE GOOD 
28 CALL FCTCXoVtDERV) 

00 2q f::sl,NOIM 
AUX ( 1 • I ) •Y ( I ) 
AUXC;:>tJl=DERV(J) 
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AUX<,•l>•AUXC6tl) 
Y ( I >•AUX ( '!5 • t > 

29 OERYCl>•AUXf7tl> 
30 00 31 l•ttNOIM 

YCl)aAUXfltl> 
31 OERV<l>•AUX<2•t> 

tREC•IHLF 
1Ff JFN0}32•32t40 

c: 
c INCRirMENT GETS DOUBLS:-0 

32 IHLF•IHLF-1 
ISTEP•ISTEP.12 
H•H+H 
IFCIHLF>4•33t33 

33 IMOO•ISTEP.12 
IF<l5TEP-IMOD~IM00>4•34•4 

34 IFCOs:-LT-.02*PRMTC4)),5t:l'5•4 
3"1 IHLF:IHLF-t 

15TE'P•ISTFP.12 
H•H+H 
GOTO 4 

c 
c 
r. RETUQNS TO CALLING PQOGRAM 

36 WRITir<6•50> 
PRMT('!5)•1•0 
GO Tn 40 

37 WRITF<6•51) 
GO Tn 39 

38 WRJTs:-<6•52) 
39 PRMTC'!5>=-l•O 
40 RETUQN 

END 
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SUBROUTINE LRKSl<PRMToYoDERV,NOIMoFCTtAUXl 
DIMENSION Y<l >•DERY(t loAUX<B•2l•A<4loB<4ltC<4>oPRMT<1) 

50 FORMAT<52H MORE THAN 15 BISECTIONS NEEDED IN LRKSl INTEGRATION) 
51 FORMATC47H INITIAL INCREMENT IS ZERO ON LRKSl INTEGRATION > 
52 FORMAT<54H INITIAL INCREMENT HAS WRONG SIGN IN LRKSI INTEGRATION) 

DO 1 I • 1 •ND I M 
AUXCAol) • e0666666666666667*DERY<ll 
X•PRMTCl) 
XENDsPRMTC2) 
H•PR,,,TC3) 
CALL FCT<X•YoDERV) 

C ERROR TEST 
IFCH*CXEND-Xl)3Bo37o? 

c 
C PREPARATIONS FOR RUNGE-KUTTA METHOD 

c 

2 ACll=e5 
AC2) • e29289321BB13452 
AC3l = le7071067B11B655 
A(4) = el6666666666~667 

RC1l=2• 
B<2l=l• 
BC3l•l • 
BC4)•2• 
C<ll:e'5 
C(2l = A<2> 
CC3l • A<3) 
CC4l::e5 

C PREPARATIONS OF FIRST RUNGE-KUTTA STEP 
DO 3 l=loNDIM 

c 
c 

AUX C l • I ) •Y < l ) 
AUX<?oll=D~RY(ll 

AUXC°'ol)•Oe 
3 AUX<6oll•Oe 

IREC:O 
H•H+H 
IHLF=-1 
JSTEP•O 
IEND::O 

C START OF A RUNGE-KUTTA STEP 

c 
c 

4 IF<<x+H-XENn>*Hl7o6•~ 

a; H=XEl\ID-X 
6 IEND=l 
7 !TEST = 0 
9 I STEP= I STE:P+ l 

C START OF INNERMOST RuNGE-KUTTA LOOP 
J•l 

10 AJ=A<Jl 
~J=BCJl 

CJ=CCJ) 
DO l t I = l t NO I M 
Rt=H*DERYCI) 
R2•AJ*CR!-BJ*AUXC6ol)l 
VC I ):VC I )+R2 
R2=R;:>+R2+R2 



11 AUX<6•l>•AUXC6oll+R2-CJ*R1 
I F ( J-4 ) 1 2 • l '.'5 t 1 '.'5 

12 J•J+1 
IF<J-3> 13ol4t13 

13 X•X+•'.'5*H 
14 CALL FCTCXtYoDERYJ 

GOTO 10 
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C END nF INNERMOST RUNGE-KUTTA LOOP 

' c 
C TEST OF ACCURACY 

15 IF<ITEST)16t16o20 
c 
C IN CASE ITEST•O THERF. IS NO POSSIBILITY FOR TESTING OF ACCURACY 

c 

16 DO 17 I•loNDJM 
1 7 AUX< 4 • I > =Y C I > 

ITEST•l 
ISTEP=ISTEP+ISTEP-2 

18 JHLF:!HLF+l 
X=X-H 
H=•"l*H 
DO 1 q I "'t t ND I 'Ill 
Y CI l :AUX C 1 •I > 
OERYCll=AUX<2•I> 

19 AUX<6•l>•AUXC3o!) 
GOTO 9 

C IN CASE ITEST=l TESTING OF ACCURACY JS POSSIBLE 

c 

20 !MOD•ISTEP/2 
!FCI~TEP-IMOO-JMODl2lt23o2l 

21 CALL FCTCXoY~DF.RYl 
DO 2~ JcloNr>!M 
AUX<ci;• I l::i:YC I) 

22 AUXC7ol>=DERYCTl 
GOTO 9 

C COMPUTATION OF TEST VALUE DELT 

c 

23 OELT:O• 
00 24 l•loND!M 
IF <v<I)) 242• 241t ~42 

241 DELT = DELT + AUX<B•!l * ABS IAUXl4•l>> 
GO Tn 24 

242 DELT = DELT + AUXCBo!) * ABSl<AUXC4ol> - VIII> /VII)) 
24 CONTJNUE 

JFIDFLT-PRMTl4))28o2Ao25 

C ERROQ IS TOO GREAT 

(" 

25 IFllHLF-1~)26t36o36 
26 DO 27 I•ltND!M 
27 AUX<4•l>=AUXl5ol) 

!STEP=!STEP+JSTEP-4 
X=X-H 
IEND:O 
GOTO 18 

C RESULT VALUES ARE GOnO 
28 CALL FCTCXtY•DERY) 

00 29 l=loNDIM 
AUX< t • I ) =Y C J > 
AUX<~• I >=OF.RY( t) 
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AUX'C"h I l=AUXC6o I l 
YC I l=AUX<"5• I> 

2Q DERY< I l=AUX<7• I l 
'30 DO 31 I "'1 •ND IM 

Y<Il:AUX<l•I> 
'.'II DERY< I l=AUX<2• I> 

IRFC:IHLF 
f~(fFNDl32t~2t40 

C INCRFMENT GETS DOUBLFD 

('. 

c 

32 I HLF: I HLF-1 
ISTEr::>•ISTE'P/2 
H=H+H 
IF C I HLF l 4 • 33 • 33 

33 IMOD:ISTEP/2 
IF<I~TEP-IMOD-IM00)4t34o4 

34 IF<DFLT-.02*PRMT(4))~5o35o4 

3'5 IHLF:IHLF-1 
ISTEo=ISTFP/? 
H=H+H 
GOTO 4 

C RETURNS TO CALLING PPOGRAM 
36 WRITF(6t'50) 

PRMT("5)"'1 •0 
GO Tn 40 

37 WRITFC6o51) 
GO Tn 39 

38 WRITF(6o52) 
39 PRMTC!5>=-te0 
40 RETURN 

!':ND 
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c 
c 
c 
c 
c 
c 

c 
c 
c 

c 
c 
c 

<: 
c 
c 
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SUBROUTINE CXINV!AtN,BtM•DETtlPIVolNDXoMAXtlSCALEl 

COMPLEX MATRIX INVERSION WITH SOLUTION OF LINEAR EQUATIONS 

CAVM = CABS<A<MAX)l• 
CADM = CABS<DETERM)o 

CAVA= CABS<A<l•J)l 
CAPV = CABS!PIVOT> 

COMPLEX A<MAXtNlt B<MAXoM)t SWAP, OETt P!Vo P!Vlt CO, Cl 
DIM~NS!ON JPIV<N)t INDX<MAX•2! 

CONSTANTS• INITIALIZATION 

co= <0.0.0.01 
Ct = n.0.0.01 
!SCALE • 0 
RL '"' 10e0**100 
RS = t.O/RL 
DET ., Cl 
CADM = 1.0 
DO 2n J=t tN 

2n IPIV(J! "' 0 
DO 5n0 l=l•N 

SFARCH FOR PIVOT FLEMENT 

CAVM = O.O 
DO 105 J•ltN 
IF (JPIV<J! eEOe I! ~OTO 105 
DO 1no K=l•N 
IF C JPJV(K) - 1 I 5!'lt !00t7"i0 

50 CONTINUE 
CAVA = CABS<A<J•K!) 
IF CCAVM eGEe CAVA! ~O TO 100 
!ROW a: J 
ICOL = K 
CAVM • CAVA 

100 CONTINUE 
11'.1"5 CONTINUE 

IF (CAVM .Ea. o.O) GO TO 720 
!PIV<ICOL) • IPIV<JCOLl + I 

INTERCHANGE ROWS TO PUT PIVOT ELEMENT ON DIAGONAL 

IF <JROW eEOe !COL) ~OTO 230 
01':'.T ,. -01':'.T 
DO 200 L=ltN 
SWAP: A<IROWtL! 
AC IROW•L ! a A< !COLoL) 
A<JCOL•L) : SWAP 

200 CONTINUE 
IF <~ .LEe 0> GO TO ~30· 

DO 220 L•l•M 
SWAP• B<IROWoL) 
BCIROW•L! • B<ICOL•L) 
B<ICOLtL) • SWAP 

220 CONTtNUE 
230 CONTINUE 

I NDX ( I • 1 ) • I ROW 
INDXrI t2) = !COL 
PJV • ACICOLolCOL> 



c 
c 
c 

('. 

c 
c 

c 
c 
c 
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CAPV = CABSfPIVl 
IF !('.APV aEae OeO) G~ TO 720 

Sr.ALE DETERMINANT 

PlVl • !'IV 
CADM = CABS(OFTI 
IF <rADM eLTa RL I ~O TO 260 
DET ,. DET/RL 
CADM • CABSfDETI 
!SCALE "' ISCALE + 
IF !('.ADM eLTe RLI GO TO 290 
DET = DET/Qt. 
!SCALE s ISCALE + 
GO To 290 

260 CONTINUE 
lF <rADM eGTe RSI GO TO 290 
OET "' DET*RL 
CADM • CABS!DETI 
ISCALE • ISCALE - 1 
IF !<'.ADM eGT. RS) GO TO 290 
DET '"' DET*l:?L 
ISCALE • ISCALE -

290 CONTINUE 
CAPV = CABS!PIVIl 
IF !('.APV aLTe RL) GO TO 320 
PIVI " PIVl/RL 
CAPV = CABS!PIVI) 
!SCALE • ISCALE + 1 
IF <r.APV aLTe RL) GO TO 340 
PIVI ,. PIVT/RL 
!SCALE • !SCALE + 
GO Tn 340 

320 CONTINUE 
IF <rAPV eGTe RS) GO TO 340 
PIVI • PIVI*RL 
CAPV • CABS(PJVI> 
!SCALE ,. ISCALE -
IF !('.APV eGTe RS) GO TO 340 
PIVI = PIVI*RL 
!SCALE = ISCALE -

340 CONTINUE 
DET : DET * PIVI 

DIVIDE PIVOT ROW ~y PIVOT ELEMENT 

A(JCOLolCOL) "'Cl 
DO 3ci;O L=I•N 

350 A<ICOLoL) = A!ICOLoL)/PIV 
IF (M eLE. 0) GO TO ~80 

00 370 Lzt oM 
370 B(lCOLoLl • B!ICOLoL)/PIV 

R~OUCE NON-PIVOT POWS 

380 CONTINUE 
00 500 Ll=l•N 
IF <Ll •Eae ICOLl GO TO 500 
SWAP= A!LlolCOL) 
A!Ll,ICOL> •CO 



c 
c 
c 
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!')0 4"'0 L=t •N 
4 0 0 A < L I , L l = A < L I , L l - ti < I COL • L l *SWAP 

IF (M eLFe 0) GO TO ~on 

DO 4"'i0 L=l•M 
450 B<Ll,Ll = B<Ll•L) - P<ICOL•L>*SWAP 
"500 CONTJNUE 

INTERCHANGE COLUMNS 

007n0I=l•N 
L = N+l-1 
IF <!NOX<L•I I eEOe INDX<L•2llGO TO 700 
I ROW = I NDX < L • I ) 
ICOL • 1NOX<L•2> 
DO 6q0 K=t•N 
SWAP s ACK,fROW> 
A<K•JROW) = ACKtlCOL) 
A(K,yCOL) = SWAP 

690 CONTINUE 
700 CONTINUE 

GO Tn 7'30 
72n DET ,. CO 

!SCALE ,. 0 
750 RETURN 

END 



The vita has been removed 
from the scanned document 



NEAR FIELD COUPLING BEI'WEEN ELEMENTS 

OF A FINITE PLANAR ARRAY OF CIRCULAR APERTURES 

by 

Marion Crawford Bailey 

(ABSTRACT) 

The mutual admittance between two waveguide-fed apertures 

radiating into a multilayered region is expressed as a double 

integral of a combination of the Fourier transforms of the respective 

aperture electric fields and the solutions to a set of transformed 

wave equations for the layered region. The result is an expression 

which is stationary about variations in the assumed aperture electric 

field distributions. 

The special case of two circular apertures whose electric field 

distributions are assumed to be the same as the TE and TM circular mn mn 

waveguide modes is analyzed in detail. In this case, the admittance 

expression can be reduced to a single integral which simplifies the 

numerical calculation. A computer program was written which can 

include up to four external layers, two of which may be inhomogeneous 

normal to the aperture plane. 

Numerical results for the mutual coupling between two circular 

apertures with TE11 mode excitation agree very well with measurements 

for both free space and one homogeneous dielectric layer. Numerical 

results are compared with measurements of two circular apertures in a 



12 inch by 24 inch flat plate for various combinations of frequency, 

polarization, and spacing in order to veri:t'y all aspects of the solu-

tion. It was noted that in some cases, the diffractions from the 

edges of the ground plane caused some appreciable variations in the 

measured data, although the measurements in all cases tended to 

scatter about the calculated values. 

A numerical study was performed in order to determine the effect 

of higher order TEmn and ™mn modes upon the TE11 mode coupling of two 

circular apertures radiating into free space. The only noticeable 

effect was a change in the phase of the coupling coefficient when the 

T~1 mode was included in the calculations. 

A study of the effects of arra\Y' size upon the performance of a 

triangular grid arrangement of circular apertures indicated that the 

elements near the center of a large phased arra\Y' have similar radiation 

characteristics to those of an infinite arra\Y', except near the scan 

angle at which the "blind spot" occurs. At this angle, the reflection 

coefficient of the center element of the finite arra\Y' exhibited a sharp 

peak, but not total reflection as in the infinite arra\Y'. Also major 

differences were observed between the reflection coefficients of the 

center element and the edge elements of the finite arra\Y' as a 

function of beam scan. 
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