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CHAPTER I

INTRODUCTION

The wide flexibility available in the design of antenna arrays
is very useful in applications where factors such as beam shaping,
side lobe level control and rapid beam steering are of prime
consideration; however, the design is complicated by the effects of
mutual interaction between the radiating elements. These inter-
actions are principally evident as (1) a distortion of the radiation
pattern, (2) an element driving impedance which varies as the array
is phased to point the beam in different directions, and (3) a
polarizaetion variation with scan angle in an array with elements which
can support more than one sense of polarization. The degree to which
the interelement coupling affects the performance of the array will
depend upon the element type, the polarization and excitation of each
element, the geometry of the array, and the surrounding environment.
In order to study the effects of mutual interelement coupling in an
array, the analysis must include all of these factors.

The work reported here is an analysis of the mutual coupling in
a planar array of circular waveguide fed epertures in an infinite
conductor as typically illustrated in figure 1. The problem is first
formulated for arbitrary waveguide apertures radieting into a .
multilayered region and then specialized to circular apertures excited
in either TEmn or Tan modes. The effects of mutual coupling are
determined by first computing the self and mutual admittances eamong

all the elements of the array to form a complex admittance matrix,






which is then operated on to determine the complex scattering matrix
for the array. The scattering maﬁrix gives the relationship between
the amplitudes and phases of the waveguide modal fields which are
incident on and reflected from the apertures. This then allows one to
determine the reflection coefficient and coupling coefficients of all

the elements of the arrasy for any phasing or amplitude taper.



CHAPTER II

REVIEW OF THE LITERATURE

There are many approaches to the analysis of mutual coupling
effects upon the performance of phased arrays and each one has its own
inherent advantages and disadvantages. It is*not the intention of
the author to present an exhaustive review of all the previous work
that has been accomplished in the analysis of phased arrays; however,
a summary will be given of the more pertinent work of which the
author is presently aware, and more specificelly that which is ap-
plicable to planar arrays of apertures. This summary is presented in
order to acquaint the reader with the scope, depth, and variety of
attention which phased arrays have received during the past decade.

The theoretical analyses can generelly be divided into two broad
categories such as infinite arrays and finite arrays. The infinite
array approach is very useful in the analysis of the impedance and
radiation characteristics of the elements near the center of a very
large array, but breaks down when applied to the elements near the
edge. The finite array approach yields good results for all the
elements of the array, but the analysis is more complicated, requires
more computer time to obtain results, and is generally restricted to
arrays of no more than about 200 to 300 elements, due to the necessity
of inverting a large matrix or solving a set of simultaneous equation.

Much effort has been devoted to the analysis of & variety of

infinite arrays of periodically spaced identical elements (references



1-57). These have‘included the more common aperture elements éuch es
infinite slots (references 23-31), rectangular (references 32-4T), and
circular (references 48-54) as well as the ridged waveguide aperture
(reference 55) and multiple frequency interleaved arrays (references
56, 57). Some authors have also considered the effects of dielectric
loading such as plugs in the waveguide apertures (references 29, 31,
4o, 42, 51, 54) or dielectric sheets covering the aperture plane
(references 11, 21, 24, 26, 28, 29, 30, L0, 41, 49, 51, 54), and the
effects of higher order aperture fields (references 31, 38-40, 42, Lki-
L6, 50-5L).

These analyses have been very useful in the study of certain
resonence phenomena which have been observed in large phased arrsys
and array simulators (references 1, 4, 11, 38, 39, 43, 58-64). This
resonance is manifested by e null in the array element pattern, or a
large reflection coefficient at specific scan angles closer to bprosasd-
side than the angle at which a grating lobe can occur; thus limiting
the angular scan range of & large phased array. This resonance
could be considered as the electromagnetic analogy of the Woods
"anomalies" (reference 65) for the diffraction of light from optical
gratings. This resonance in infinite arrays is generally attributed
to the excitation of surface waves on the periodic structure
(references 4, 11, 30, 51, 52, 54, 58, 59, 66) or higher order mode
aperture fields (references 31, 38, 39, 45, 53, 67, 68).

Several techniques are available for the elimination of this

resonance or improving the wide-angle matching capability of large



arrays (reference 69). These involve the use of such things as conduct-
ing fences or corrugations between the radiating elements (references
T0-Th), irises in the apertures (references TL-T7), proper design of
the dielectric loading (references 78-81), separate matching networks
for each element (references 82, 83), interconnecting circuits
(references 84, 85), selective mode excitation (references 86, 87),

or possibly disrupting the periodicity of the array (references 88-92).
The wide-angle matching is achieved either by a reduction in the
interelement mutual coupling or by proper compensation. In either
case, a detailed knowledge of the interelement coupling or terminating
impedance is required.

The theoretical analyses for infinite arrays and measurement
techniques (references 93-97) have proven useful in the study of the
radiation and impedance characteristics of the "typical" elements of
large arrays; however, the "nontypical" elements near the edge or the
elements of a small arresy must be analyzed by other means.

The characteristics of the edge elements in large arrays have
been analyzed by perturbation (reference 98) and modifications
(references 99, 100) of infinite array techniques. An integral
equation method has been used to study the radiation properties of
a finite parallel-plate waveguide array (references 101-103). These
studies indicate that the impedance and radiastion properties of the
edge elements of an array can be vastly different from those near

the center.



Much effort has also been devoted to the determination of the
mutuael coupling between pairs of ﬁaveguide epertures. The most
comprehensive study of the coupling between various antennas was per-
formed by the group at the University of Michigan (reference 104);
however, others have also made significant contributions in this area
using a variety of techniques. Graf (reference 105) investigated the
effect of mutual coupling between half-wave slots by using the electro-
magnetic duality of slots and dipoles. Tartekovskiy and Rubinshteyn
(reference 106) introduced a numericel method for solving the system
of Wiener-Hopf-Fok equations which occur in the diffraction at a
finite or infinite number of equidistant half-planes and applied it to
the coupling between two waveguides. Others (references 107-111)
have used Keller's geometricel theory of diffraction (reference 112)
to compute the coupling between parallel-plate waveguides. Others
(references 113-121,123) have used variational techniques to determine
the mutual coupling between rectangular (references 114-121, 123)
parallel-plate (references 121, 122) and annular slot apertures
(reference 113). Some have also considered the effects of a dielectric
or plasma outside the aperture plane (references 118-121). Fante
(reference 121) used the concept of an impedance sheet to represent the
plasme layer under certain restrictions. Galels (reference 118)
approximated the external plasma layers by a large dielectric filled
vaveguide. Golden and Stewart (refer;nces 119, 120) analyzed the
coupling between rectangular slots under an inhomogeneous plasmsa by

using an integrated electron density and & stepped approximetion for



the plasma profile. Previous work (reference 122) has indicated
that stepped plasma profiles can sometimes yleld erroneous resonance
effects which are not present in a practical plasma. The most
recent published work is by Sugio and Mekimoto (reference 123) who
formulated a variational expression for the scattering coefficients
of a finite array of rectangular waveguides with dielectric plugs;
however, no results were given.

The work to be presented in this paper is a variational
formulation for the mutuel admittance of two waveguide apertures
which need not be identical in shape nor excitation. The formulation
is general enough to include the effect of an arbitrary number of
dielectric and/or plasma layers, each of which may be inhomogeneous;
however, no stepped approximation to the plasma profile is made nor
is an integrated electron density approximaetion used.

Since no results have been published for finite arrays of
circular waveguides, the general formulation for mutual admittance is
evaluated for circular apertures excited in either TEmn or TMImn
circular waveguide modes and numerical as well as experimental data
are presented for mutual coupling with either free space or a
dielectric sheet outside the aperture plane.

The approach used in the general formulation parallels that for

the self admittence of one aperture (reference 12k).



CHAPTER III
THEORY

A. GENERAL

It is assumed that each aperture in the arrey is fed by a uniform
waveguide whose cross section coincides with the aperture. The
electromagnetic fields in the apertures will be represented as the
sum of the waveguide modal fields; therefore the total transverse

fields in each aperture are given by

T = 1o nan
Et § :quq + §q;vqeq (1)

qQ

-> ~ AL

H = 2 ;I' '+ E I'n" (2)
t T 44 19

tagpd

where 8&, é and 8;, ﬁg represent the normalized vector mode

functions for the TE and TM modes, defined such that in

Cartesian coordinates

av e[ o, 3 &
“q [3xX+8yy ¢’q
t (3)
h' = £X&!

[ (k)
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where X, ¥, and Z are unit vectors in the x, y, and z directions,

and ¢q and wq are scalar functions which satisfy the differential

equations

F"2 2-1
d ) 2
+=—>=| ¢ +k'"¢ =0 (5)
_3x2 ay?_ a ca’a
.2 2]
3 a "2
—+—=| Y +Xk"Y =0 (6)
axe  ay2) e e

subject to the appropriate boundary conditions of the waveguide

modal fields.

The equivalent modal voltages and currents are defined as

(7)

(8)

I" =ff-ﬁ ﬁ"dx dy
Q t Tq

where the integrals are taken over the cross section of the waveguide.
Due to the orthogonelity properties of the vector mode

functions
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'Ua;l . é‘;dx dy = 0 (9)

(‘

1l for p=agaq

l1é - &lax ay = 0

ﬂq 2dx dy =¢ (10)
0 for p#q ‘

-

,.
1 for p

ffé; . é;dx dy =< (11)

0 for p#gq
-

]
Q

energy propagates along a uniform waveguide in each mode independently;
therefore, for computational purposes, each modal field in each
aperture of the array is assumed to be fed by a separate waveguide
which can only be excited by that single mode. This corresponds to
treating an array of N waveguide fed apertures as an N times M
microwave equivalenﬁ network, where M 1is the total number of modes
needed in each aperture to represent the total field distribution
adequately. This restricts the analysis to apertures of relatively
simple shapes (such as rectangular, circular, elliptical, etc.) for
which the corresponding waveguide modal fields can be determined.

The transverse electric and magnetic fields of the pi—th mode
can be represented either as the superposition of an incident (ap.)
and reflected (bpi) wave, or as an equivalent voltage (Vbi) and '

current (I )
Py

(12)
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(p,) A
'ﬁti=y (e -b )h (12)
P; Py Py By
(p,)
-ﬁt i’ Ly s
Py Py
(13)
_,(pi) R
H =1 h
t P; Py

where Yp is the characteristic admittance of the pi—th mode.
i

Due to coupling or the mutual interaction of the external fields,

the equivalent aperture voltages and currents will not be independent,

but will be related by a set of simultaneous equations such as

I 2N: EMJ Y v (14)

where N 1s the total number of apertures in the array and Mj is the
total number of modes in the j=-th aperture necessary to represent the
aperture field adequately.

The amplitudes of the incident and reflected modal fields are
related by a similar set of simultaneous equations such as

J

N M
DY 2 (15)
i J=1 q

S q a
=1 P1*%y
J

If each aperture requires Mmodes to represent the aperture fields
adequately, the N times M equations such as (1L4) and (15) would be

needed to describe the coupling mechanism of the array. In matrix

notation these are written as
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(1]

(Y][v] (16)

(b] = [s](a] (17)

By algebraic manipulation of equations (16) and (17), the wave
scattering matrix ([S]) will be related to the aperture admittance

matrix ([Y]) as
(81 = [[¥] - [¥)10ly ] + (x])™ (18)

where [Yo] is a diagonal matrix whose elements are the characteristic
admittances of the waveguide modes, and [ ]_l indicates matrix in-
version. Thus the number of apertures (N) and/or the number of modes
(M) per aperture is limited by the ability of the available computer
to invert an N by M complex square matrix.

The coupling problem then reduces to the determination of the
elements of the aperture admittance matrix which are the mutual
admittances between each aperture modal field and all others of the

array.
B. MUTUAL ADMITTANCE BETWEEN APERTURES

a. General
In order to compute the coupling between apertures, the components
of the admittance matrix must be determined. As seen from equation

(14), the component Yp a (where 1 refers to the p-th mode in the
i3



1L

i-th aperture and a, refers to the gq-th mode in the j-th aperture)

is the mutual admittance between modes P and qJ with all other

modal voltageé set equal to zero, i.e.

IP
i
= o= (19)
with all V. =0 except V .
Qe QJ
In order to simplify the subscript notation, and since each modal
field will be treated as a separate aperture, the notation Yi 3 will
9

be used to represent the (i,j)-th element of the (N times M) by (N
times M) admittance matrix.

A stationary form for mutual impedance for linear antennas and its
dual for aperture self admittance can be obtained from the electro-
magnetic reaction of the assumed equivalent electric or magnetic

currents (reference 125,sections 7-9 and 8-12). The mutual admittance

between two apertures also can be determined from a consideration of

1 (i) 2(3), . &
Y= A fs‘[ BV xm ) 2, ds; (20)
1

where Vi and Vj are the normelized modal voltages (see eq. T and 8),

(1) 5(d)

is the assumed electric field of the i-th aperture, H is the

magnetic field produced in aperture i by an assumed electric field
2(3)

in aperture J. The integral in equation (20) is teken over the

area (Si) of the i-th aperture.
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Borgiotti (reference 115) used equation (20) to show that the
mutual admittance of identical apertures radiating into free space
can be expressed as the Fourier transform of a function which is ob-
tained from the plane wave spectrum of the field radiated by the aper-
ture. He also showed that this formalism can be used to determine the
"grating lobe series" for the driving point admittance of an element
in an infinite periodic array of identical apertures.

A more general expression will be developed here which is applica-
ble to apertures which are not identical in shape or excitation. The
mutual admittance expression will elso include the influence of a
planar stratified region outside the aperture plane as indicated in
figure 2. This expression, which is not presently available in the
literature, is then used to compute the near field coupling between
circular apertures in a finite planar array.

Since the tangential component of the assumed aperture‘field
E(i) is zero over the remaining portion of the infinite aperture
plane (all other aperture voltages are temporarily set to zero, see
equation (19)), the surface integral in equation (20) can be extended

to infinity.

I =ff GIACR IR =f I E a0 - g axay,  (21)
S
i

-00 00

where X5 and y; are the coordinete variebles of the i-th aperture.

Taking Fourier transforms such that
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Figure 2.- Cross-section of N waveguides radiating into N' dielectric
layers.

9T
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(1) 7 (1) Ty Yy
E (kx,ky) =) ) E (xi,yi)e ax, dy, (22)
+(3) NS Yoy Sy
H' (k) oky) =¢_mJ-w (x;57;)e dx, dy, (23)
and inversely,
(1) 1 foofoo (1) -3k _x, -Jkyyi _
E J.) = E .
(xi yl) (2n)2 ] (k, ky)e e dkxdky (24)
+(3) 1 [ '“’+(a) e LTI
(x;5y;) = (21r)2-[ | ® (k)oK )e | ldkxdky (25)

and substituting equations (24) and (25) into (21) gives

(21,) j 5 {J’_ J J' J: {[ﬁ(i)(kx,ky)ﬁ(J)(k)'(,lt;,)] . 8,

-3k % -3koyy -3k x -,jk
2 vyi}

e te dk dk_dk' d.k'}dxidyi (26)

xX ¥y x VY

Interchanging the order of integration,

"o (21102 fL, {[ e )XL»L» B ){(zn) r :

3k +k)x,  =3(k_+k!)y. . (27)
o x xR yyldxdy dk,'cdk;;]°zidkxdky

and using the definition of the delta function &(z-z'), (eq. C-19, ref.

125)



18

1 [ (z-z')v
8§(z-2') = o e aw (28)

™
00

equation (27) cen be written as

= —= ) Ooj+(i) " w"(J) gt ' '
' (zn)zf.f.w Q[E (kx’ky)xf_iw B9 (o) 10 )6 (k i) )8 (i i)

dk;ﬁk&] . ﬁi}dkxdky (29)

which yields

1= ﬂ” B e e D (e k)] - Byak gk (30)
(2m)2 JoL xy x* Ty iTxy

Equation (30) is recognized as a form of Parseval's theorem (reference

125, eq. C-15). If kx and ky are the wave propagation numbers in

the X and yi directions, then one could visualize ﬁ(")(—kx,-k )

y
as the bidimensional Fourier transform of a wave whose direction of
propagetion in the xi - yi plene is reversed. The pro‘?lem now
reduces to the determination of the tangential component of
—ﬁ(‘j)(—kx,-ky) at the i-th aperture due to an assumed electric field in
the j-th aperture.

The electric and magnetic fields external to the aperture plane

can be uniquely determined from a set of vector potentials
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N
e d A
A= A(xi,yi,zi)zi
> (31)
> A
F = F(xi,yi,zi)zi
J
as follows (see Appendix I)
B (xuy0ny) = 2k ot (&) L L2E (32)
e 9) . 9 - -
x, iV i Jwe Bxiazi M € Byi
E (X y Z)__].____3_2__(_A_)+;L____3F (33)
290 s 96, -
y; 17iMA Jwe Byiazi M € Bxi
=1 9 [1_3_ (A)] _
Ez.(xi’yi’zi) T jw 9z, Le 9z (u)] Juh (34)
i i i
i Gy ozy) = o (£) 4 L2A (35)
%) . 9%, -
LT A A Jwu axiazi € U ayi
2
1 9 F 1 %A
H (x,,¥..2,) = = £ -+ (36)
y, i i*"i Juwu Byiazi (e uooxg
=1 9 [1 3 (F\]._
Hzi(xi’yi’zi) T iw 9z4 [u Bzi (e)] JuF (37)

where € and | are the permittivity and permeability of the exter-
nal medium and w 1is the angular frequency of the signal. A time

harmonic variastion of the form ejwt

has been suppressed.
Substituting the inverse Fourier transforms (equations A-2T,
A-28, A-29, and A-30) into equations (32), (33), (35), and (36)

gives, after interchanging orders of integration and differentiation,
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Exi(kx,ky,zi) = ——TA'(k skoazy) + gk Fle k2, ) (38)
Eyi(kx,ky,zi) = - we(zi A'(k ky,z ) - Ik F(k i) (39)
kx
= - - 1
Hxi(kx,ky,zi) .jky A(kx,ky.zi) W F (kx’ky’zi) (ko)
k
- - 1
Hyi(kx,ky,zi) Ik A(kx,ky,zi) W F (kx,ky,zi) (41)

where the primes denote differentiation with respect to Z -

Then equation (30) becomes

k +k2

Ko + k
X 1 _ :
) F(kx,ky,O) F( ks ky,O)} d.kxdky (L2)
where
A'(kx,ky,o) = d—zi-A(k ky,zi)] s (43)
1
e I -
F (-kx, ky,O) iz, F( K » ky,zi)] o (4L)
- i

If all apertures except the j-th are short circuited, then
continuity of tangential electric fields over the aperture plane

gives, from equations (38) and (39),
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' - - —we(0) (3) (1)
A (kx,ky,O) J(kz N kz) 3kxEXi (kx,ky,o) + kyEyi (kx,ky,0)§
* 7 (45)

o Vo) (3) '
Pk, sk ,0) —-—————————-1k B/ (ky ke ,0) - kxEy'j (kyk 20) (- (46)

j(ki + ki) yox 1

vhere EW) (k Jky,0) and £{3)(x_,k ,0) are the bidimensional
Xy b'd y; X7y
Fourier transforms of the assumed modal electric field in the j-th

aperture.

Likewise, if all apertures except the i-th are short circuited,

we have
ok ok ,0) = —ue(0 (1), D o ol
A'(-k . 0) J(ki ; k§ 3kxExi (-k, ky,O) + kyEyi ( k*’ ky,O)f(MT)
F(-k_,=k_,0) = —== gk £ (e -k ,0) - K E) (<k_,-k o)$ (48)
x? Y j(ki + kg) X xi x? y’ X yi x? y9

where E(l)(-k »=k_,0) and E(l)(-k »~k_,0) are the bidimensional
x4 X y yi X Y
Fourier transforms of the assumed modal electric fields in the i-th
aperture with the direction of propagation in the Xy and ¥y
directions being reversed.
Note that the transformed wave equations (A-35) and (A-36) are

even functions of k_ and ky; therefore, using equations (L45),

(46), (L7), and (48) in equation (42), the mutual admittance becomes
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Yy = —2 waw{ -Jwe(0) [A(l(‘x’ky’o)j]
1 2 ). ). )2, 2| [AT(k_k_,O
ViVJ(2ﬂ) o0 Ko ¥ ky xy

{k E(J)(k ,ky,O) +k E(J)(k k ,0)}Jk E(i)(-k k40)

X5 y yi

(i)
+ kyEyi (—kx,-ky,o)}

(k k_,0)
] lI ’ (3) (3)
+ [m 5 2] F(k kY 07] k E (k ky ,0) - kxEy. (kx,ky,o)}

u(0) (k_ + ky) *i i
(i) (1),
{ vox, (-k -ky,O) - kxEyi (-kx,-ky,o)}}dkxdky (49)

Now if we meke a change of variables in the transform domain to

cylindrical coordinates such that kx = kOB cos a and ky = koB sin o,

2 o

Y=°”
1] (2ﬂ) B 0 GPO

{ o e, ) A(a,8,0) | ) 0
(J J :
JA'(a,B,O) lExi (a,B,0)cos a + Eyi (a,B,0)sin a}

{Eii)(a,-s,c) cos a + Eéi)(a’-B,O) sin a}

JF'(0,8,0) fE(J)(a,e,o) sin o - E(J)(a,B,O) cos o E(i)(a,-s,o)
* 3 E&Ql F(a,8,0) |' %1 Yy H =1
[o]
sin o - E(i)(a,-B,O) cos a}}ﬁ dpda (50)
¥i

where A(o0,B,0) and F(a,B,0) now satisfy the differential equations
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2 ae(z, ) u(z, )e(z,)
a 1 1! a 2 1 i 2
— Ala,B,2,) - Ala,B,z,) + kf | ——"— -8
dz? i e(zi) dz;  dzy i o Ho€o
Aa,B,z;) = 0 (51)
2 du(z, ) ulz,)e(z,)
R I e g FoBhzy) 4G | - 8
dzi H i i i uo o
F(a,B,zi) =0 (52)

subject to the boundary conditions (A-37), (A-38), (A-39), and (A-LO)
at each boundary (zi = dp)in figure 2.

Assume that the region outside the aperture plane (zi > 0) con-
sists of N' layers whose total thickness is dN" Also assume that
the remeining space outside the layered region (z:.L > dN,) is filled
with a homogeneous material whose permittivity and permeability are
€' and u'. The solutions to equations (51) and (52) outside the

layered region (zi > dN,) will then be of the form

_szzi

, AN'+1(Q’B’21) = Cl(a,B)e (53)

Fireg (@8,2;) = Cpla,Ble 2% (54)

where kz is defined so as to satisfy the radiation condition at

infinity, i.e.



(55)
=_Jk° 82_5'_'1:[.'_ 62>£'_E'_

For convenience, the solutions to equations (51) and (52) for
each layer (p) will be normalized to the solutions in the oufer region
evaluated at the outer surface of the layered region (zi = dN,)

according to

( ) Fplchbzy) (56)
f (o,B,2,) = — 5
P 177 Foyq (08,a5,)
A (a,8,2,)
gp(a’s’zi) = A‘N'-q-l(a’B’d'N') (57)
which are solutions of
42 1 ae(zy) dsp(a,B,zi) 5 u(zi)e(zi) 5
~o 8 (a,B,zi) T e(z.) az, dz * kK W€ -8
c.‘lz:.L p i i i oo
gp(Ot,B,zi) =0 (58)
a2 p aul(z) dfp(a,B,zi) o | ulzyle(zy) N
— t (a’B’Zi) T ul(z,) az dz * ko U E -8
dzi P H 2 i i o0

fp(a,B,zi) =0 (59)
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Then using the boundary conditions at each interface (zi'== dp)

fp(a:B:dp) = p+l(a B, d ) (60)
gp(a,B,dp) = p+l(a B, d ) (61)
(a,B,d ) o) (a,B,d_) (62)
£'(a,B,d4 = f a,B,4 2
P PT oM, (8) el P
e (a )
gé(a,ﬁ,dp) = Eﬁ:;%—;y p+l(a B, d ) (63)

starting with the initial conditions

£ (08,dp,) =1 (64)

ng(aasstv) =1 (65)
- =
Wy ()

i (Badye) = -, | N (66)
":N'(d‘l‘:';T

81;Iv(a983d~Nl) = 'sz _——T__—. (67)
_ J

and solving the differential equations (58) and (59) for each layer
in turn beginning with the outermost layer and working back toward
the aperture plane (z. = 0), the mutual admittance for two assumed

>(1)

aperture field distributions (E and E(J)) radiating into a plane

multilayered region can be determined by performing the following
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integration:
€
2
kO‘J%% o (27
Y137 v.v.(2m? (Je=0 Ja=0
i
el(o)
k) —e— & (,8,0) o) 0
o .
JSi(G,B,O) {Exi (x,B,0) cos a + Eyi (a,B,0) sin a,}
{ 1)(a,-B 0) cos a + Eil)(a,-B 0) sin a}
i
Jf'(a B,0) (
J) (3)
ul(o) {Exi (0-,8,0) sin a - Eyi (Q,S,O) cos a}
£, (a,8,0)
l)‘“’-s 0) sin a - E}(,i)(a.-s 0) cos a}}BdBda (68)
i

Only a limited number of dielectric profiles have so far been
investigated whereby the solutions to equations (58) and (59) can be
expressed in terms of well-known functions. A few of these are found
in (reference 126). No attempt is made here to cover this class of
problems. It suffices to point out that once the available solutions
are evaluated in the aperture plane (zi = 0), the mutual admittance
can then be determined.

For the most general case, the differential equations (58) and
(59) must be solved numerically, but for the special case of a homo-
geneous dielectric layer (ep(zi) = ep, up(zi) = uo), the solutions to

equations (58) and (59) take the form
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-Jkpzi Jkpzi
fp(a.B,zi) = A(a,B)e % * + B(a,Ble Z (69)
, —szzi Jkpzi
gp(a,B,zi) = C(a,B)e + D(a,B)e Z (70)

where the unknown coefficients are determined from the boundary
conditions (equations 60-67). If the external region consists of
only one homogeneous layer of thickness d, the ratios of the func-

tions in equation (68) become

El(O) €.\
ko Eo gl(a,B,O) El

[e]
Jgi(ats»o) €l 2
—=-8
€
[}
g (€ € ' €
4+ 2 14& _ g2 L _ g2 ]
=\ - BT + = \: BS tan (kod < B )
[e] [e] Q o] ]
€ ] e! € €
1 2 1 2 1 2
— - BT+ —= - B~ tan |k d4/— - B i
e, Ve €, \E, (o € ;
(11)
in(a,B,o) -
ul(O)
ko 75 £, (a,8,0

(o)

where € and €' are the permittivities of the dielectric lgyer
and the medium outside the layer respectively.
If the thickness of the dielectric layer is allowed to go to

zero, equations (71) end (72) reduce to
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51(0) et
k, €, g (a,8,0) €

€
= eV A
78] (0,8,0) T (73)
= - B ,
(o]
-3t (a,B,0) T ‘ ‘
1 _ _‘E___ 2
k W fl(a,B,O)

for a homogeneous half space over the apertures.

If the permittivity €' is real, the radical ‘gl - 62 ‘represents
a branch point at 82 = 52-; therefore, to properly a2count for this
in the integration, the r:.dica.l must be replaced by -JVBz - -z—‘
for 82 > gl-, which corresponds to the radiation condition (eqzation

o
(55)).

If both € ‘and €' are real (lossless dielectric layer), it can
be seen from equations (71) and (72) that the integrand in equation
(68) will be infinite for discrete values of B. These poles on

the real axis of a complex B plane correspond to the excitation of
surface wave modes and must be properly accounted for by residues for
the integration on B in the vicinity of these poles; however, this
problem can be avoided by assuming the dielectric to be slightly lossy,
thus causing the poles to move off the real B axis. In most cases,

a dielectric loss tangent of 0.001 is sufficient to elimihate the
numerical integration difficulty near these poles while maintaining

a 3 or 4 significent figure accuracy when compared to calculations for

e lossless dielectric.



can be described by the set of circular waveguide modes whose

If the epertures are round holes, the fields in the apertures

b.
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Circular apertures

transverse electric fields (normalized according to equations (7) -

(11)) are given by (reference 12T)

TE:

TM:

where

()
P

()™
E
¥

(pJ,%)

(pj’¢J)

=C

c

=C

J_(A,p,)

g dmy

J

TE
J

cTM

J

T™
J

J
m

J

Jé,

J
J

A,
3°3

(A'p, )cos

J

m' J_,(

m

J

J

sin(m ¢ )

J

A&oj)

3"

(ay0y) cos (my0,)

(m505)

A3y

sin¢m3¢3)

(75)

(76)

(17)

(78)

(79)

(80)



TE _
o = (81)
T
JJ
V?‘—i
CTM = n (82)

with

emJ =1 mJ
=2 mJ
em3 =] mé
= 2 m'j

and where Xm' . are the zeros of the

3"

kind, i.e.

L}
o

#0

Bessel function of the first

5 () = 0 o3
my i}
and Xéjnj are the zeros of the derivative of ij(x)
ar (x)l - =0 (eh)
xX= an

where the prime on Jm

J
the argument.

(X) indicates differentiation with respect to
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From figure 3, a transformation of variesbles is made such that

x, = Rcos ¢ + py cos (¢J + ¢p) (85)
y; =Rsin ¢ + o, sin (ct»J + ¢p) (86)

where
R R R T (87)

is the center to center spacing between the apertures,

= ¢! - ¢! 88
o, = ¢} - & (88)
is the polarization angle of the fields in the j-th aperture

relative to those in the i-th aperture, the angle ¢ 1is defined as

y' - y!
¢ = arctan (;‘?—:—}-)- ¢ (89)

xl

3"

and the angles ¢j'_ and ¢3 are the polarization angles of. the
i-th and J-th aperture fields with respect to a fixed x, ¥y
coordinate system.

From Figure 3, the x; and yi components of the aperture

fields in the J-th sperture are
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<

Figure 3.~ Coordinate geometry for the i-th and J-th elements of a
planar arrey of circular waveguide-fed apertures.
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(J) - (J) (J)
(90)

B 00,0000 = 520001000 oin (8 4 0 + 800,000 con (o 4 0)
%) % P
(92)

Then with the change of variebles in equations (85) and (86), and

the definitions k_ =k B cos o and k_ =k B sin a,
X o y o

[k x, + kyyi] = {k_BR cos (a - ¢) + k _Bp, cos [¢J - (o - ¢P)]} (92)

J

and the transforms of the aperture fields (equation (22)) become

(3)(8 ,a) = Jw.[ ~[2 (J)(D ’¢J) cos (¢J + ¢P)

Jk Bp, cos [¢, - (o = ¢_)]
- 55 (0,,0,) sin (o, + ¢]e O T d

4, Pyap,40,
(93)
8, e
(3) | 5(3)
£ (B,a) = e 3[ J (p .¢ ) 8in (¢ + ¢ )
Vi p,=0 "¢,=0 °3
0%
) e ,jkon'j cos [¢J - (a - ¢P)] .
* B (oppty) con (8 0, E P39 499
(94)

where
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¥ =k BR cos (a - ¢) (95)

Then for TE modes
m.,n

3

(3)TE -
Exi (B,a) =

P S“J %y, %°3) (e (
. +
3 € 0 APy 0 °° byt o) Sin<m3¢3)

JKB0ycos(4 - (a - %”d%] -

Ja
J 2T
- o JmJ(AJpJ) . sin (¢J + ¢p) cos(mJ¢J>

Jk Bp, cos[¢, - (o= ¢ )]
e © 4 J p d¢J:| pjdpj} (96)

Efﬁ JTE(g,q) =

i

a. | m,J (A,p,)
J| 3 m, 37 am
TE _Jy J .
C,j e {so I: Ajpj L sin (¢,j + ¢p) s:.n(mjdaj)

Jk Bp,cos(¢, - (a - ¢_)]

P
d¢J

Saj 21
* )y JmJ(AJpJ) M Y °°s(ma¢a)

JkoﬁpJ cos[¢d, - (o - ¢ )]
3 b
e at, °Jd°3} (97)

and for TM ot modes

SRR



35

E(J)TM(B,a) =
X.
1
a, |miJ_,(A'p,) com
TMJw}SJ Jm, 3 S . -
-C. e - sin (¢, + ¢_) sin(m'¢
3 o L A5, o 3 ¥ ) stn(aje,)
Jk Bp, cos [¢, - (o - ¢ )]
o J P
© aby | P390,
S;J Sf“
Yo [P iea) Y, cos 8y + o) cosajey)
Jk Bp, cos [¢, - (a = ¢_)]
o J J P 8
e ady | pyde, (98)
E(J)TM(B’a) -
Yy

a, |m'J ,(A'p,)
J1 dm3y \em
CTM edw S —_..51____ S cos (¢J + ¢p) Sin( ¢J)

' m!
o A3° 0 J

JkonJ cos [¢J - (a - ¢P)]

e

at, ] Pyde,
8,

3 om
- so ["ms(‘*apa) S o 5in {8y % 9p) cos (®39,)

Jk Bp, cos [¢, - (o - ¢ )]
e © 4 J P d¢3] depr (99)

Then using trigonometric identities, the integrals over ¢J in
equations (96), (97), (98), and (99) cen be expressed in terms of

integrals of the form
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em ' JkosoJ cos [d>.j - (a - ¢P)]
I, = So sin ch sin m4)de d¢d (100)
om Jk Bp, cos [¢, - (o = ¢_)]
= ; oy J P
I, So sin ¢J cos m¢de d¢j (101)
om Jk Bp, cos [¢, - (o - ¢_)]
I, = S cos ¢, sin m¢,e ° 9 J P ae (102)
0 J J J
on Jk Bp, cos [¢, - (o - ¢_)]
I), = SO cos ¢3 cos m¢>Je o "d J p d¢3 (103)
where m = m'j for TE modes or m = m& for TM modes. Then
(Ajpj)
(J)TE (8,a) = TE J‘p % {——.Lp__— [I cos ¢ - I sin ¢ ]
X5 J J
- Jx'nj(AJpj) [12 cos ¢p + Ih sin ¢p]}pjdpj | (104)
3 (%7, AsPy)
E(J)TE(B,a) = cTEIV S {-——ﬂl————-[l cos ¢_+ I, sin ¢ ]
: J P 3 P
i 0 J J
+ JX;IJ(Ajpj)[Ih cos ¢P - I, sin ¢P]} pjdpj (105)
( ) a.:3 'mJva(Aij)
3 ™ <M 3V S .
(B,a) = .j 0{—A‘?-E—— [Il cos cbp + I3 sin ¢p]
X5 373
+ Jx;ls(A' 0.) [Ih cos ¢ - I sin ¢ ]} J J (106)
8y (AJDJ)
(J)TM(B a) = oM IV S {____J._____ [I cos ¢_ - I. sin ¢_]
y J P 1 P
i 0 J J
- Jé,(Aij) [I2 cos ¢p + I) sin ¢P] pjdpj | (107)

J



37

By writing the trigonometric functions in equations (100) =~

(103) as exponentials, the integrals on ¢j become

1

Il=-E(I5-16-I7+18) (108)
_ 1 '
I = 13 (I5 *Ig- 1, - Ig) (109)
I, =3 (I_-1I,+1I -1I.) (110)
3 4375 6 T 8

Ih-%-(15+16+17+18) (111)

where

21r—(a—¢p) j(m+1)0 JKOBp cos 6

I = e (m+1) (a-¢p) e e J ae (112)
—(a—¢p)
-3(m-1)(o~¢_) ¢2m-(o~-¢_) =-J(m-1)6 Jk Bp )
Ig=e i PS P e i e°3cos an (113)
-(a-¢p)
J(m-1)(o-¢_) (em-(a-¢_) J(m-1)6 Jk Bp ]
I,{=em aP\ﬂaPem e°3cos an (11k)
-(a-¢p)
-3 (m*1)(o-¢ ) (2m-(o-¢ ) =-3(m+1)6 Ik Bp 9
Ig=e " P% P e i e°'jcos e (115)
-(a-¢p)

where a change of variables has been made such that 6 = [‘b,j -
(a0 = ¢p)]. Now the integrals in equations (112) - (115) are
recognized as a form of the Bessel function of the first kind,

i.e., (see page 367, ref. 128)
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J_m 2m-y ejmeejz cos 8

J (z) =
.oam
" -y

ae

where Y 1is any arbitrary angle.

Then with the relationship (page 128 of ref. 129)
= (LD
3_(2) = (-1 3 _(2)

equations (112) - (115) become

3 (m+1) (o-0)

I, = 2N(J)m+lJm*l(k06pJ)e

Ig = 2“(3)l-m(-l)m-lJmPl(kOBpJ)e-J(m—l)(a—¢P)
I, = 2n(J)m’lJmFl(konJ)ed(mFl)(a’¢p)

Iy = 2n(3)'m’l(—l)mflJm+1(kOBpj)e-J(m+l)(a-¢p)

Substituting into equations (108) - (111) and combining terms

yields

m+l(konj

I, = -m(J)

m+l
1 i

) cos [(m+l)(a—¢p)]

+ 3,1 (k Bpy) cos [(m~l)(a~¢p)]}

(116)

(117)

(118)

(119)

(120)

(121)

(122)
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I, = (™I, (k Boy) sin [(w1)(a-g )]

+ 3, (k Bo,) sin [(m~l)(a—¢p)]} (123)

I, = m()™ Mg

w1 (KBPy) sin [(m#1)(o-¢ )]
- I,y (6 Boy) sin [(m-1)(a-¢ )]} (124)
I, = (™I (e Bo,) cos [(w1)(a-¢ )]

- 3,1 (k 80,) cos [(m-1)(a-0.)1} (125)

Substituting equations (122) - (125) into equations (104) - (107)

and using the recurrence equations for Bessel functions

nJ (z)

I _i(2) = ——+3!(z) (126)
mJ (z)

I 4q(2) = —0— - J(2) (127)

the transforms of the aperture electric fields become

m, +1
EiJ)TE(B,a) = m(y) 9 c'JfEele
i

&
J
sin [(mg+1)a - m,¢ ] S o ijﬂ(lﬂ-Jpj)JmJ,fl (k Bo,)p,dp,



Lo

a
- sin [(my-1)o - m,¢, ] \i ij_l (AJpJ )ij_l (konJ)depJ (128)
Eéi)TE(B,a) = -Tr(.J)m'jﬂCgEejlp
%)
%cOS[(mjﬂ)a - mj¢p] S . ijﬂ (.“«Jp‘j )ij*‘l (konJ)ﬁdi'j
%
+ cos[(mj-l)a - mjcbjl So ij_l (AjpJ )ij‘l (kOBpJ)depJ§ (129)
E}(C:J)TM(B,a) = n(g)m3+lc§Medw
i
( °3
icOS[(m‘;ﬂ)a - m5¢p] So Jm.; +1(A303)Jm5 ﬂ(koBoJ)depJ
%3
+ cos [(ms-—l)a - mjcbp] So ij_l(Aij)ij_J(kOBpJ)depJ (130)
E;i)TM(B’a) _ n(J)m3+lC'§M LIV
%)
sin[(m3+l)a - m3¢p] S . Jmiﬂ(A';p" )Jm:.,ﬂ(kOBpJ)pddlpJ
8y ,
- sinl(nj-1)a - n3é ] S Tnr o1 (A5Py)30 _, (k By )osdo, (131)

o J

The integrals over p, in equations (128) - (131) can now be

J
evaluated in closed form (see page 146 of ref. 129)
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a
So I 41 (A0)I_ . (k_Bp)pdp

- 1
= [Ag_(k 8)2 ] [(k Ba)d . (ah)J (k Ba) - aAJ (aA)d . (k_Ba)] (132)
o

a
So I _1(Ae)d - (k _Bp)edp

= | —
= [A ] [(x Ba)s ,(an)d ,(k Ba) - aAd (ah)J _. (k Ba)]

2~ (x 8)?
(133)
which gives, for the TEm n modes
JJ
a
S I *Al(JL\ij)JMl (kOBpJ)depj
0 J
1 1 2 1]
2 1 1 2 B
ko ijnJ Xmin1 ) 82
koaJ (134)
%
%o de_—.l(A.ij)JmJ _1(1‘0393)93‘193
s oo )20 kas) Ryl®yn, (oe8)
- (L) m mny | Py ey o . B"
2 ' ' 2
K/ mgm (ij“1> _ g2 (135)
koaJ

and for the TM , , modes
m!n

3
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a
J
(A'p, )0, . (k e )p,d
SO mj+lJJ mj+1 37 J
. : BJmS(koajB)
Y
(1) g ey o\ 2 1)
___.:_,:__) o
k a
oJ

%aj
' - (A'o )J ' (k Bp,)p,d
o ‘my-1"3"3 )~ 37P3%;

' a
) (Ed) Tnr 41 Ogrns (131)
o J
The transforms of the aperture electric fields then become
(DTE( gy = o) d - IV TE 1
Exi (a,8) =2(3) Y e vy /ﬁ\’emj y J-(—T ) -
o jnJ J
_'ﬁa_
X iy J j(k a.JB)
- 2 sin a cos{mj(a - ¢p)}
(xm . ) P
k a
o
m,ijJ(koaJB) . ( y 138)
- 5 cos o s:m{m'j a - ¢p

(J)TE - mfl 3, TE 1 _
E (a,B) = =2(J) Ve oV [‘
Vi : : T emJ ko‘Vé(’;‘JnJ) o
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Koo
(—1:“—) (0, )% <koa38>1

] L J cos O cos{mj(a - ¢p)}
o) ™oe ]
k a
o]
mJJm (koajB)
+ JB sin o sin{mj(a - ¢p (139)

(DT oy = o3 sy 1
E"i (a,8) = 2(3) e?¥V, "’7‘,%3 (ko>
Bij (koaJB)
o \ 2 cos o cos{ms(a - ¢p)} (140)
o) e
k a
o

(@)

m!+l
5, Ma,8) = 23T = (i—)

Bij(koaJB)
(Xm ) 5 sin o cos{ms (o - ¢P)} (141)
'n|
2
-8B

33
k a
oJ

The transform fields in equations (138) - (141) are even

functions of B when m or m' is odd and odd functions of B

J J
when m‘j or m3 is even; therefore,
m,+1
B (a,-8) = (1) T E I (o,p) (152)

i i
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EDTE, _g) = (-1)%* g 1) E (4, 8) (143)
¥y Yy
. '+1
Mg, 8) = (1) 1 5P (q,) (14)
i i
) ml+l ..
g™ gy = (1) & g )™, g) (145)
Yi yi
where Eii)TE(a,S), Eé%)TE(a,B), Eii)TM(a,B),
i i
(i)™

and Ey (a,B) are obtained from equations (138) - (1L41) by
i .

setting Y = ¢p = 0 and replacing the J subscripts by i. This

will complete the evaluation of the Fourier transforms of the
4

aperture electric fields of an open-end circular waveguide.
Since, the ratios of the solutions to the wave equation and
their derivatives are independent of o (see equations (T1) - (T4)),

then the mutual admittance between a TEm n mode in the i-th
i°7i
aperture and a TEm n mode in the J-th aperture can be expressed
Jd

as
E:O
— € €.
yIETE (%“) (—1)mi+l(3)ma+mi ' My, ¥my
m

iJ , :
‘/(Xx;xini) ¢ - mi ‘/(Xx;xjnd)e - m?

, e, (0)
Sw‘{ miJmi(koaiB)-\ mJij(koaJB) o e, £ (8:0)

0 B B 78] (,0)



Xn'n.n.) Cﬂkln )
1 1 4 [ [] 4 ] | i
_ ( k a, (xm;ni)Jmi(koaiB;l ke, (ijnj)ij(koajB) [-inéﬁ;o)
1 1 2 u 0
( ini\) _ g2 J (x’“ana _ 2 lf‘o lu £,(8,0)
k 8, koaj ) -

[(19 + IlO + Ill + Ilz)cos mJ¢P - 3(19 - Ilo + Ill - IlE)Sin mJ¢P}’BdB

(146)
where
P j(mj+mi)0t Jk _BR cos(a-¢)
I, = e e do. (147)
0
21 -j(md-m.)a Jk _BR cos(o-¢)
I, = S e e © do. (148)
0
o J(mj—m.)a Jk_BR cos(oa-9)
I, = e e do. (149)
0
2 -J(mj-'-mi)a Jk BR cos(a~¢)
I, = S e e ° do. (150)
0

and by replacing m, by m! eand m, by m! in equations (147) -

J J i

(150), the mutual admittance between & TM ,,+ mode in the i-th
i"i

aperture and a TM ot mode in the J-th esperture becomes

50
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TM ™ _ '*1 5+m£‘l——
el(o)
.Y»{ (k 8y R) BJm,(koais) k, ‘g;--sl(s,o)
qu mr 2 JSi(B,O)
2 i1 2
(\k a ) -8 ( k a ) -8
o) o i

['(Ig + IlO + Ill + 112) cos m5¢P + j(Ig - Ilo + Ill - 112)Sin m3¢p]}

B4R . (151)

Replacing m, by mé in equations (147) - (150), the mutual
admittance between a TEm n mode in the i-th aperture and a TM e
ii j J

mode in the j-th aperture can be written as

Rl YRR TR ey h ) -

=

el(O)
sm {miJmi(koaiB) 67, (,8,8) l:ko 5 (8:0) }
B v\ 2 3 (8,0)
(Xm!n!) ) 62 1
k a
o]
[—(19 - IlO - Ill + IlQ)Sin m3¢p - 3(19 + IlO - Ill - Ilz)cos m3¢p]}

RdB (152)
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and the mutual admittance between a TMh'n' mode in the i-th
i1
aperture and a TE = mode in the j-th aperture becomes (with m,

J
in equations (147) - (150) replaced by m{)

g; { BJm{(koaiB) mJij(koaJBil ko
' NG B 32! (8,0)
0 (fmini) > J 1
— - B
i

&,
o
[—(19 - Ilo - Il 12)sm m ¢ - J(Ig + 110 - I11 12)cos m,d ]}

" BdB (153)

Now in the evaluation of the integrals on o, equations (147) -

(150) become

Ig=lp=1;=1,= om, for R=0 and my = m = 0 (154)
Ig=Tg=1, = I,=0, for R=0 and m, # m (155)
19 = 112 =0 , for R=0, md = mi’ mi #0 (156)
Io=1,=2r R for R=0, my = m, my #0 (157)
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and for R # 0, a change of variables is made such that 6 = a- ¢,
and equations (147) - (150) can be expressed in the form of a Bessel

function (see equation (116))

m, +m, J(m,+m, )¢
1, =en(y) I 7 Ty om, (5GP @ It (158)
R T NV ij_mi(kOBR)e‘J‘mJ'ma)¢ (159)
;1 < 2ﬂ(J)mj—miJmJ'mi(koBR)ej(md-mi)¢ (160)
1, = e 9 eI (162)

J i

By substituting equations (154) - (161) into (146), (151), (152),

and (153), end meking the following definitions:

. e, (0)
o €
o

Jgi(B,O)

81(6,0)

Wl(B) (162)

in(B,o)
. ul(O)
L ° uO

-

W, (B) (163)

fi(B,O)_

m;J, (ke;8)

£;°(B) = (264)

g, (8) =| o= i o (165)
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BJ ,(k a,B)
m o1
™M) = L (166)

Y
k a, -8
o1

and defining E?E(B), C?E(B) and £§M(B) by changing the subscript

g

i in equations (164) - (166) to J, the mutual admittance becomes,

for TE and TE modes
m,.n, m,n
ii 33
TESTE _"_e_o_ -
13 uo m m'j

: X ;wl(s)agE(s>g *(8)0; " (B)
0

- (S)CTE(B)cTE(B)vfﬁ'TE(s> Bag (167)
where
TE TE(B) = VTE TE(ﬁ) 0, for R=0 and my # m,
=N
Uf?’TE(B) = - (em - 1)cos mi¢p

i
? , for R=0 and m'j =m

V?E,TE(B) - (—2__) cos mi¢p

i emi y
TE,TE, .y _ oy }
Uij (B) = (-1) ; ij+mi(koBR)cos [(mj+mi)¢ mj¢p]

™ :
- (-1) ij_mi(ROBR)cos [(mj—mi)¢ - mj¢p]( s R#0
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TE,TE(

m
v B) = (-1) Hg_ +m, (K BR)cos [ (mym, )6 - m ¢ ]

iJ 5oy

m,
1
+ (-1) ij_mi(kOBR)cos [(mj-mi)¢ - mjcbp] s R#0

for TM , , and TM , , modes
m ng m'n

€
Yo —V-—Q- "e '€ 4
ij g m; mJ

® ™, .\, T™, .. TM,TM
: s 3wl<s)asi (88} (8)0] (e)fsae

0]
where
™,™ _ _ ' '
Uij (B) =0, for R=0 eand m'jaﬁm:.L
™, ™ _ _2__ 1 : - ' = nm!
Ui,j (B) = - (sm'> cos mid)p, for R=0 and m) = mg

i
UTM'TM(B) = - (-l)mj J (k BR)cos [(m'+m!)¢ - m'¢ ]
ij m5+mj'_ o j i J'p
i [} [} - m!
+ (-1) Jms_mi(koBR)cos [(mJ-mi)d> mJ¢P] » R 5‘ 0

for TEm n and TM ' modes

i1 3%

(168)
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‘J‘F ™ _ -9 , J__———
. S §w (e)aTE(s)g (e)uTE TM(e)isas
0

where

TE TM(B) =0, for R=0 eand m3 # m,

TE ™ . _ ' -
1j (B) = (emi 1) sin mi¢p’ for R=0 and my = m

m
ulE Mgy = (1) J

Ui s Smi(k BR)sin [(mitm;)¢ - mi¢ ]

m,
1 s ' - m!
- (-1) ij-mi(kOBR)SIn [(mj—mi)¢ mj¢p] s, R#0

end for T™ , , and TE modes
m/n n

i1 N
€
id uo m mJ

: S }wl(s)sfM(e) "8y}’ TE(B>}~eas
0 .

where

TM TE(B) =0, for R=0 and mj # m{

(169)

(170)
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™, TE

Uij

= - i ! = = ]
B) (em{ 1) sin mi¢p’ for R=0 and m, = mg

T™™,TE, .\ _ By , ,
Uij (B) = (-1) I +mi(k°BR)51n [(md+mi)¢ - mJ¢P]

J
=
- (-1) JmJ _ mi(koSR)81n[(m3'm{)¢ - myo Jts R# 0

The integration on B in equations (167) - (170) must be
numerically evaluated. A computer program hes been written for the
evaluation of the above equations for the mutual admittance‘of two
circular apertures radiating into a multilayered region of up to four
layers, two of which may be inhomogeneous normal to the aperture

plane. A listing of the computer program is included as appendix II.



CHAPTER IV
DESCRIPTION OF EXPERIMENT

Hardware was constructed and an experiment was performed for the
purpose of verification of the theoretical analysis. The verification
was accomplished by comparing the measured and calculated TEll mode
mutual coupling between two circular waveguide fed apertures for
various combinations of frequency, spacing, and polarization. The
hardware which was constructed and assembled for this purpose is
shown in figure L.

The hardware in figure 4 consists of a 12 inch by 24 inch
(30.48 cm by 60.96 cm) flat aluminum plate with two 1.5 inch (3.81 cm)
diemeter circular waveguide fed holes which are equally distant from
the center of the rectangular plate. The circular waveguide sections
are connected to standard coax adapters (RG 50/U rectangular to type
N coax) by 10 inch (25.4 cm) circular to rectangular linearly tapered
transitions. One of these transitions had been used in a previous
experiment (reference 130) and performed satisfactorily over the fre-
quency range of interest. ©Since the other transition is dimensionally
identical, it can be expected to give similar performance.

Swivel flanges are used to connect the circular waveguide
sections to the tapered transitions. This allows the polarization of
each aperture to be changed by rotating the adapter and transition

through the desired angle. The electric field polarization of both

apertures in figure 4 is vertical, as indicated by the position of the
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Figure 4.- Experimental model for mutual coupling measurements.
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excitation probes of the coax to waveguide adapters.

The circular waveguide sections are flange mounted to the aluminum
plate as illustrated in figure 5 by the unassembled cross-sectional
view of the aluminum plate and one waveguide. The back side of the
aluminum plate is recessed and the waveguide end extends out past
the flange an equal amount in order to maintain accurate alignment
of the waveguide with the circular hole. By mounting each waveguide
to the aluminum plate in this manner, the same waveguide assembly
can be used with a variety of flat plates with different hole spacings.
The one shown in figure 4 is for a center to center spacing of 2.5
inches (6.35 cm). Other plates were constructed with center to center
hole spacings of 3.5, 5.0, and 7.0 inches (8.89, 12.70, and 17.78 cm)
but are not shown since they are identical to the one in figure L
except for the different hole separations.

All parts for the experiment were purchased as commercial stock
items, with the exception of the rectangular plates which were machined
from stock aluminum.

The mutual coupling was measured by exciting one waveguide at the
coax adapter and comparing the received signal level at the other coax
adapter to a known reference. This was accomplished by connecting
coaxial cables to a signal generator and a receiver. The other ends of
the cables (shown in figure 4) were then connected together to obtain a
reference signal level at the receiver. The mutual coupling was then
measured by connecting the cable ends to the coax adapters and

" adjusting in-line calibrated attenuators until the received signal
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NN
'W/A

Figure 5.- Cross-section of experimental model illustrating method of
mounting circular waveguide to aluminum plate.
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level was the same as the reference level. The net change in the
calibrated attenuators is observed as the relative power coupled

from the input terminal at one coax adapter to the output terminal at
the other coax adepter through the open ends of the ciréular waveguides
mounted to the flat aluminum plate.

The insertion loss due to the waveguide assembly was measured by
the same method with the flat plate removed and the ends of the circular
waveguides connected together as shown in figure 6. The insertion loss
was measured at each frequency of interest and all measured data
presented in the RESULTS section has been corrected for the waveguide
assembly insertion loss at each measurement frequency. The insertion

loss correction was between 0.1 and 0.5 dB over the frequency range.



Figure 6.- Experimental model for determination
insertion loss.

of waveguide assembly

8¢



CHAPTER V
RESULTS

a. Comparison Between Measurements and Calculations

The date in this subsection is presented primarily for verification
of the theoretical analysis; Data for various combinations of aperture
spacings and polarizations are presented as a function of frequency in
order to test all facets of the analysis.

The calculations in this and the following subsections were obtained
from the computer progrem listed in Appendix II. The calculated mutual
coupling values were taken from the appropriate off-diagonal terms of
the scattering matrix.

Figures T and 8 show a comparison between calculations and measure-
ments for the four different aperture separations. There is excellent
agreement between the measured and calculated values in figure T for
coupling in the E-plane; however, larger variations in the measured data
as a function of frequency was observed for the H-plane coupling in
figure 8. This oscillatory variation with frequency is typical of
impedance measurements for antennas with a truncated ground plane. A
slight variation can also bé observed in figure T; however, it is more
pronounced in figure 8 due to a combination of two things. First, when
the polarization is such that coupling occurs in the H-plane (figure 8),
the E-plane dimension of the ground plane is only 12 inches (30.48 cm)
as compared to 24 inches (60.96 cm) for the E-plane coupling of figure T.

Past experience has shown that the dimension of the ground plane in the
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direction of the aperture electric field vector has the most pre-
dominant diffraction effect. Second, the mutual coupling in the H-
plane is naturally lower than in the E-plane and therefore the measure-
ments become more sensitive to scattering from objects such as the edges
of the ground plane. This later reasoning is verified by the data in
figure 8 for the 2.5 and 3.5 inch (6.35 and 8.89 cm) spacings for which
the mutual coupling is stronger and the scatter in the measured data

is less. Since the 2.5 inch (6.35 cm) spacing yielded good agreement
for both polarizations, the remaining data in this subsection will be
restricted to this spacing.

Figures 9 and 10 demonstrate the validity of the theoretical
analysis for an arbitrary polarizetion of one aperture field with
respect to the other. In some cases there is considerable scatter in
the measured data; but, in general, the agreement is very good when
one considers that only one mode was assumed for the aperture field
distribution.

One thing to be observed by the data in figures 9 and 10 is that
both the measured and calculated results indicate a trend toward
complete isolation (mutual coupling = -© dB) for orthogonal polarization
(¢p = 90°); however, this is not alwaeys true, as shown in figure 11.
Here the principal electric fields are orthogonally polarized;
however, both the measured and calculated results show an apprecisable
level of coupling between the aperture fields. These results indicate
that, for certain geometries, the cross-polarized fields may have a

significant influence upon the performance of a large array. Earlier
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Figure 9.- TEll mode mutual coupling with polarization as a parameter
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Figure 10.- TEll mode mutual coupling with polarization as a parameter
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enalyses of infinite arrays (references 51 and 53) have shown some
appreciable changes in the radiation characteristics of a phased array
due to cross-polarized fields when the arrsy is scanned far off axis.

It should be noted that the excellent agreement between the
measured and calculated results in figure 11 demonstrates the feasi-
bility of using the present ansalysis to study cross-polarized effects
in finite size circular waveguide phased arrays. Such information is
important in the design of arrays of circular polarized elements, in
which case the axial ratio or polarization may vary drastically as a
function of scan (reference 51).

The data in figures 12-15 is presented for the purpose of
Justifying the theoretical analysis for dielectric covered circular
apertures. The dielectric constant (2.6) and loss tangent (0.006) used
in the calculations are those measured by Von Hippel (reference 132).
The dielectric sheets used for the measurement were the same size as
the ground plane and the thicknesses were such that only one surface
wave mode can exist (reference 133).

Very good agreement between measured and calculsted values was
obtained for coupling in the E-plane (figures 12 and 1k4); however,
large variations with. frequency occurred in the measured data for
coupling in the H-plane (figures 13 and 15) due to the reflections
of the surface wave from the ends of the dielectric sheet. Previous
work (reference 134) has shown that for thicknesses such that only one
surface wave mode exists, the E-plane dimension of the finite dielectric

sheet produces the largest perturbation in the measured data. This is
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also evident by the present data as observed in figures 12 and 1k
where, as a result of the larger E-plane dimension, the oscillations
are smaller and more closely spaced.

Although large variations in the measured data were observed in
some instances, the major differences between the measured and calcu-
lated results are due to the finiteness of the ground plane and the
dielectric sheet, which was not considered in the theoretical model.
However, the overall qualitative comparison between the measured and
computed results has established the validity of the theoretical

analysis.

b. Computed Higher-Order Mode Effect
A brief parametric study was performed in order to determine
the influence upon the mutual coupling due to higher-order modes in
the apertures. This data is summarized in table I.
The mutual coupling was first computed for two 0.75 wavelength
diameter circular waveguides in which the aperture field distributions

were assumed to be that of the TE,, mode. Next the Lxlh complex

scattering matrix was computed for two waveguides with two modes in

each (TE 1 plus one higher-order mode). Then the appropriate value of

1

the scattering matrix for the coupling between the TE.. modes (Sl n

11 37
this case) was compared to that computed previously for only the TEll
mode assumption. These differences for both amplitude and phase are
listed in table I for several of the next higher-order modes.

It is obvious that those modes, whose first index numbers are

different, do not influence the mutual coupling calculations. Also, the



Table I

Change in free space mutual coupling between TE;j] modes due to higher order modes assumed

in apertures of 0.75 wavelength diameter circular waveguides.
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only mode which has any noticeable effect is the TMll and then
primarily only in the phase. In a phase scanning erray, this change in

phase due to the presence of the TM,, mode may be of some significance

11
and probaebly should receive more attention in future work.
The calculations assuming that the aperture distributions contain

the first four modes (S._ of the 8x8 matrix) whose first indices are the

15
same are also compared to the calculations assuming only the TEll mode.
It should be noted that the inclusion of additional modes other than the

TEll and TMll has a negligible influence upon the mutual coupling.

c. Phased-Array Calculations

Data are presented in this subsection to illustrate the ‘variation
of the reflection coefficient as a function of scan for the elements of
a finite planar array of circular apertures excited in the TEll mode.
The elements of the array will be in an equilatersl triangular grid ar-
rangement as indicated in figure 16. The dimensions were chosen so as
to correspond to those of the infinite array analyzed by Amitey and
Galindo (references 51 and 54). They employed a different time conven-
tion (e'j“m) in their anelysis; therefore, a change in sign for their
infinite array reflection coefficient phase calculations (N = «) was
necessary for a direct comparison with the finite array results.

Data will be presented for the two finite array sizes indicated
by the dashed circles inscribed on the array grid in figure 17. The
elements in each finite array (N = 37 and N = 183) are those whose

centers lie either on or inside the dashed circle. Data will be

presented for the center element (C) for both array sizes and for two
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Figure 16.- Dimensions for equilateral triangular grid array of circular

waveguide apertures excited in TEll mode.
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edge elements (A and B) of the larger array.

The data will be presented as a function of the differential
phase shifts wx and wy between elements in the H-plane and E-plane
directions respectively. These are related to the beam pointing

directional cosines T, end 'I'y by (reference 5k4)

wx = 21r(0."{1l+)Tx (171)
- . (o]
wy = 27(0.71k)sin 60 Ty (172)

The finite phased-array calculations are obtained by first
determining the complex scattering matrix for the array. Then the
complex amplitudes of the incident waveguide fields (a.P ) are given a

i
phase differential according to

-thxx; + WyY£]
a = e (173)

In order to scan the beam in the E-plane, wx is set to zero and
wy is varied; and, in order to scan the beam in the H-plane, wy is set
to zero and wx is varied. Simultaneous variation of wx and wy
would scan the beam in some other direction as determined by the
directional cosines Tx and Ty. At each value of wx and wy’ the
ratio of bpi (determined from the product of the scattering matrix [s]
and the column matrix [a]) to 8 determines the amplitude and phase

i
of the reflection coefficient of the i-th aperture with all elements



T7

excited so as to point the beam in the direction specified by Tx and
Ty.

The amplitude and phase of the reflection coefficient for the
center element of the two finite size arrays isvpresented in figures 18
and 19 together with the infinite array calculations (shown dashed)
of Amitay and Galindo (references 51 and 5L). As the size of the arrsy
is increased, the reflection coefficient exhibits a resonance behavior
corresponding to the "blind spot" of the infinite array. Although the
reflection coefficient of the finite array never reaches unity, tﬁe
qualitative agreement with the infinite arrsy calculations tends to
Justify the present anelysis as applied to finite arrays.

Figures 20 and 21 show a comparison between the reflection
coefficients of the center element and the edge elements of the larger
array (N = 183). Notice that the reflection coefficient of the edge
element exhibits a much sharper resonance when the arrasy is scenned in
one direction . When the array is scanned in the opposite direction,
the edge element reflection coefficient is almost constant and very
near the isolated element value (N = 1). This asymmetry with scen is
a generel characteristic' of the edge elements in a large periodic
array (reference 98).

The resonance phenomeng which occurs for the edge element when
the array is scenned in one direction can be attributed to the
destructive interference between the direct radiation from the edge
element and a leaky -wave traveling in one direction on the periodic

structure (reference 30). In the case of the center element, lesaky
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waves traveling in both directions can produce symmetrical element
pattern interference nulls (reference 30) or impedance resoﬁances.

The calculations in figures 22-2L4 are for the arrsy geémetry of
figures 16 and 17 with a dielectric cover of 0.5 wavelength thickness
and dielectric constant of 2;0. In order to avoid numerical difficulties,
a dielectric loss tangent of 0.0001 was assumed for the finite array
calculations. Previous results for the self admittance of a dielectric
covered rectangular slot (reference 124) indicated that a loss tangent
of 0.001 or less would yield 3 or U4 significant figure accuracy when
compared to calculations for a lossless dielectric.

In figure 22, the calculations for the center element reflection
coefficient of the larger finite array (N = 183) exhibit two peaks
which appear to correspond to the resonances of the infinite array
(reference 54). 1In order to verify this, the reflection coefficient
amplitude of the edge element (B) is compared in figure 23 to the
infinite array calculations. When the array is scanned in one
direction, the edge element "sees" a much larger periodic structure
and the destructive interference mentioned earlier produces two sharper
resonant pesks near the infinite array "blind spots". This qualitative
agreement between the dielectric covered infinite array and large finite
array calculations tends to further establish the validity of the pre-
sent analysis.

The reflection coefficient of the center element of the two
dielectric covered finite arrays is presented in figure 24 as a function

of the H-plane scan parameter, The infinite array calculations were not
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constant = 2.0, loss tangent = 0.0001, dielectric thickness

0.5\) (E-plane scan).
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available for comparison. The finite array calculations for this

case are included since a different type of resonance occurs which
probably warrants further investigation. It appears to be related to
the phased array impedance matching techniques by the dielectric
loading of the aperture plane (references 78-80) and indicates that the
present analysis may also be of some benefit in the impedance matching
of finite arrays. Minor modifications (reference 135) of the present
analysis could also be used to study the impedance properties of

finite arrays with dielectric plugs.



CHAPTER VI
CONCLUSION

A variational expression has been derived for the self and mutual
admittances of waveguide fed apertures radiating into a multilayered
region which mey contain inhomogeneous layers. The general expression
has been evaluated for circular apertures excited in the 'I‘Emn and Tan
waveguide modes and a computer program written which can include up to
four external layers, two of which may be inhomogeneous normél to the
aperture plane.

Gocd agreement was obtained between measured and calculated values
for the TEll mode mutual coupling of two circular waveguides radiating
into free space and one dielectric layer. A comparison was made
between measured and celculated results for several combinations of
frequency, polarization, and spacing. Very good agreement was obtained
in all cases, except whefe the diffractions from the edges of the 12 inch
by 24 inch (30.48 ecm by 60.96 cm) ground plane produced large scatter in
the measured data.

By performing a parametric study, it was determined that the
only significant effect of higher order modes is due to the TMll mode
and then primarily in the phase of the coupling coefficient.

A comparison wes also made between the reflection coefficient of
an infinite array and the reflection coefficients of several elements of

two finite arrasys. It was shown that the center element of a 183

element array (approximately 10 wavelengths wide) had similar radiation

87
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characteristics to that of the infinite array. Although total
reflection did not occur in the finite array, a definite peak in the
reflection coefficient, corresponding to the "blind spot" of the infinite
array, was observed.

The validity of the theoretical model has been‘established by a
comparison with measurements on two circular waveguide fed apertures
and with calculations on an infinite periodic array.

To the author's knowledge, this is the first published work which
allows the determination of mutual coupling between the elements of a
finite array of circular apertures including any number of higher-order
modes and an arbitrary polarization for each aperture field.

The analysis presented here can also be applied to any aperture
shape for which the Fourier transforms of the aperture electric fields

can be determined.



SUMMARY

A derivation 1s presented for the calculation of the interelement
mutual coupling in a finite size planar arrey of waveguide fed apertures
covered by a multilayered dielectric and/or plasma. The general mutual
admittance expression is evaluated for circular apertures and'the
mutual coupling calculations are verified experimentally for two TEll
circular waveguide mode excited apertures. A parametric study of
higher-order mode aperture fields indicates that the only significant
change in the circular aperture mutusl coupling is due to the TM11
mode, which introduces an additional phase shift. Qualitative agreement
between calculations for a 183 element array of circular apertures and
an infinite array establishes the validity of the finite array theoreti-

cal model.
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APPENDIX I

VECTOR POTENTIALS AND WAVE EQUATIONS
The definition of the vector potentials (K and %) in their
relationship to the electromagnetic fields (E and ﬁ) and the
wave equations, as used in this analysis, are given here for
reference.
It is assumed throughout the paper that the electromagnetic

Jwt

fields contain a harmonic time variation of the form e , then

Maxwell's equations for a charge free region are

§X§ - jweﬁ =0
$XE + quﬁ =0
Veuw=o0
v - eﬁ =0

where the permittivity (€) and permeability (M) may be complex and
also be a function of the xi,yi,zi coordinate variables.
->
From equation (A-3), the vector uH can be defined as the

> .
curl of another vector A, i.e.

iy
f

h o IF"
<y
(<M
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(A-1)

(A-2)

(A-3)

(A-L)

(A-5)
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Substituting equation (A-5) into (A-1) gives

VX(E + juk) = 0 (A~6)
Or since a curl-free vector is the gradient of a scalar,

E+ Juk = V¥ (A-7)
then the electric field is given by

E=-V¥- Jak (a-8)

Similarly by defining another vector % which satisfies equation

(A-L4) such that

E=- oW (a-9)
then from equation (A-2)

B = -Vé - juF (A-10)

Then by superposition
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=y
1]

1 > -> -+
- E’ﬁXF - W - jwA (A-11.)

my
u

%‘§XK - 6@ - wa (A_lé)

describes the electromegnetic fields in terms of a set of arbitrary

vector and scalar functions.

Since these functions are arbitrary we choose

+ ~
A=A 7Z, (A-13)

where A 1is a function of xi,yi,z Then with ¢ and ﬁ

iv

temporarily set to zero and using the vector identities

Vx[%l- VxA] = V(%;)xﬁxfx] + ﬁ- (VxR ) (A-14)
VXVxA = V(V - ) - VAR (A-15)

equation (A-1) becomes

B 2 ]
5 (1\9A . 1 34 ¥ | .
Lazl(u)8x1+u3xiazi+‘jw€8 X
L2 (_1_)3A . L1 _2% +Jwe_a_‘¥_-§
Bzi M ayi M 8yiazi ayi_ i
- (BB 2B LB B 2y 2ok o
ax, \u/ ax; "oy, \w/ oy, Tu 32? oz, 1

(A-16)
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Equating either the 21 or ?i components to zero gives

Then the ii components yields
: 2
SR EGE) - E0)-HEE @) G
=0 (A-18)

And if the medium is assumed to be homogeneous in the x; and y:.L

directions, equation (A-18) yields the wave equation

/2 [A(xi,yi,zi)] . 35(2_1_)__ 5 [A(Xiﬂ;’zi)] .2 u(zi)E(zi)
u(zi5 e(zi) nlzi) o uEl

Bzi Bzi

[A(xi ,yi ’Zi )]
ez ] =° (a-19)
EN

Likewise, if it is assumed that ¥ =0 and A =0

momentarily, and

> A
F=F zi (A-20)

then from equation (A-2)
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¢ = - B%Tu' -5—2: () (A-21)

and, for u = u(zi) and € = e(zi),
.2 [F(xi,yi,zi)] . dulzy) 5 |Fx;»y,,24) V)2 iz, )e(z,)
E(zi) u(zi) 9z 9z e(zi) o ME
[F(xi’yi’zi)]
-—a—z—ij——— =0 (A-22)

Therefore, by superposition, the electric and magnetic fields
can be derived from a set of zg directed vector potentials which
satisfy the differential equations (A-19) and (A-22) subject to the
appropriate boundary conditions on the electric and magnetic fields.

If bidimensional Fourier transforms are assumed such that

(e [A(x,,¥.,2.)] -3k x, -3k y.
= ivi® i x1i. yi -
atiorny) = § L [“"ﬁ‘;)" e Tl T Uaxdy (h-23)
w (oo [F(x ,y.,2,)] =3k x. -3k ¥,
_ i’vi’i x i y'i _
F(kx’ky’zi) -s “[w [—-—ET-ZT_ e e dxiivi (A-2L4)
© (00 _Jk X _Jk y
> _ > x1i yi -
E(kx’ky’zi) —.[w.[w E(xi,yi,zi)e e dxidyi (A-25)

N © (o -Jk_x, -3k
H(kx,ky,zi) =j 5 ﬁ(xi,yi,zi)e *1le Y1 ax, dy; (A-26)

and inversely
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(A(x, ,¥. 2. ) ® foo Jk x. 3k
i-4i° i) _ 1 x i yyi
| wlzy) } (2m)? J:J_m Mipkpergle =7 70 andly (a2D)
(F(x, .Y, 52, ) °°J'°° Jk x, Jk y.
15250 2 X1 YY1 _
) 2) ] (2")2 L ) F(kx,ky,zi)e e c'ikxdky (A-28)
®© (o ‘ Jk.x, Jky.
E(x,5¥,,2,) = (2:;)2 _oo'[co 'ﬁ(kx,ky,zi)e i Y1 k, dk (A-29)

Jk x, Jk y.
ﬁ’(xi,yi,zi),— ffn(kx,ky,zi)e i v dk, dk (A-30)

(2m)? y

then the transverse components of the transformed electric and mag-

netic fields become

"

Exi(kx ,ky ,zi)

-——-—TA'(k k ’Z4 ) + ,jk F(k ok ,zi) (A-31)

k
- ' y -
Eyi(kx,ky,zi) oz, A (kx,ky,zi) - kaF(kx,ky,zi) (A-32)
kx
= e - ' -
i(kx,ky,zl) ,jkyA(kx,ky,zi) :u-ﬁ(—z_;y F (kx’ky’zi) (A-33)
k
= - f -
yi(kx,ky,zi) ,jkxA(kx,ky,zi) m-‘é—; F (kx,ky,zi) (A-34)

where the primes on A, and F denote differentiation with respect
to Z, 5 and where the transformed potential functions now satisfy

the differential equations
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2 ae(z,)
a e L
2 A(k ’k 25 ) - €2z ) dz, dz, dz A(k kY’z )
dzi i
2 2
u(z,)e(z,) kS +k
+ ki [E__l_z__i_._ .lL-zgiﬂ Alk_,k ,2,) =0 (A-35)
uo o] k oyl
)
2 au(z, )
d 1 i~ 4
‘—F(k »K ,Z.) - F(k 2kK_,2 )
dz? xy?%i u(zi) dz;,  dz, xy?*i
5 u(zi)e(z.) k2 + k2
+ k2 — - A Flk ok ,z,) = (A-36)
uo o k y

(o}

At a boundary (zi = dp) between two media (up(zi)ep(zi) and
+l(zi) Ep+l(zi))’ continuity of the transverse electric and
magnetic fields or their transforms shows that the transformed

potentials for the two regions must satisfy the boundary conditions

= s A-
Ap(kx,ky,dp) P+l(kx ky dp) (A-3T7)
Fp(kx,ky p) = Fp+l( x,ky, p) (A-38)

e (d )
[% A Gk g )] e cat [d:i Ay (B, ko )} ] i2-39)

zi—d p+1 P

P i'p
Wy (d ) a
— F_(k_,k_,z,) = (k sk 52, ) (A-L0)
[dzi p( Xy zl] 2,=d p+1(dp) [ dz; Tpr1 y* ] 2=



APPENDIX II

COMPUTER PROGRAM FOR THE CALCULATION OF THE SCATTERING MATRIX OF A
PLANAR ARRAY OF CIRCULAR WAVEGUIDES RADIATING INTO EITHER FREE SPACE

OR FOUR DIELECTRIC LAYERS

The computer program listed here computes the complex mutual
admittances between the modal fields of all the apertures in the array.
These admittance values are used to form a complex square matrix which
is operated on with the appropriate matrix algebra and inversion to
obtain the complex scattering matrix for the array.

The basic program for the mutual admittance calculation is a
modification of a previous computer program (reference 131) for the
calculation of the self admittance of a TEll mode excited circular
aperture. The computer program in its present state is limited to a
maximum of four external layers over the apertures; however, the third
and fourth layers may be inhomogeneous normal to the aperture plane.

The wave equations (equations (58) and (59) with u(zi) = constant)
for the third and fourth layers are solved numerically using a spline
routine for curve fitting through discrete points of the dielectric
or plasme profile. The numerical integration of equations (167) -
(170) is performed by a Runge-Kutta method containing a variable incre-
ment which is continuously subdivided until a specified accuracy is
achieved over each integration step. More detailed discussion of the
numerical techniques used in the original computer program are given

in reference 131.
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The present program accepts as input the following parameters:

NUMMODE = total number of waveguide modes assumed in each aperture
(each aperture field distribution is assumed to be a
superposition of the same waveguide modes)

NUMHOLE = total number of circular apertures in the array

NUMTE = total number of transverse electric waveguide modes assumed
in each aperture field distribution

NUMIM = total number of transverse magnetic waveguide modes assumed

in each aperture field distribution
(NOTE: NUMMODE = NUMTE + NUMTM)
MIJ(I),NIJ(I) = indices of TEm.ni modes, T = 1 to NUMTE (if NUMTE = O,
omit) ’
MMIJ(I),NNIJ(I) = indices of TMmin! modes, I = 1 to NUMIM (if NUMTM = O,
omit) '

AIJ(I) = radius (ai) of each aperture, I = 1 to NUMHOLE

XI1(I),YI(I) = x,y coordinates of center of each aperture (x{,y{),
I=1rto NUMHOLE'

PHIJP(I) = angular rotation (¢i) of Xy exis with respect to x axis

for each aperture, I = 1 to NUMHOLE

F = frequency

Z1,22,23,Z4 = distances from aperture plane to outer surfaces of layers
1,2,3,4 respectively (dl’dz’d3’dh) (for radiation into
free space, set Z4 = 0.0)

CONVERT = a conversion factor to change all input dimensions to



ER

(NOTE:
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centimeters (i.e. for input dimensions in inches, set
CONVERT = 2.5k4)

= relative dielectric constant of material completely filling
all waveguides (ER = 1.0 for air filled guides)

For radiation into free space (Z4 = 0.0), no additional input

data is needed; however, for Z4L > 0.0, the relative values of Zl, Z2,

Z3, and Z4 are compared to determine which external layers are to be

considered in the calculations and appropriate parsmeters are read in

as follows:)

V1i,W1

V2 ,W2

NP3

ZD(1I)

real and imaginary parts of complex relative dielectric constant
of layer nearest to aperture plane (layer 1) (if Z3 = 0.0, and
zZ4 > 0.0, omit)

real and imaginary parts of complex relative dielectric constant
of layer 2 (if Z3 = 0.0 and Z4 > 0.0, omit)

number of points used in approximation of the inhomogeneous
profile for the dielectric constant of layer 3 (if 23 = 0.0

and Z4 > 0.0, omit; or if Z2 = Z3 = Zk4, omit)

distance from aperture plane to discrete points in layer 3
dielectric profile, (if Z3 = 0.0 and ZL4 > 0.0, or if Z2 =

73 = Zh, omit)

V3(I),W3(I) = real and imeginary parts of relative dielectric constant

NPL

at discrete points, ZD(I), in layer 3 inhomogeneous profile
(if 23 = 0.0 and Z4 > 0.0, or if 22 = Z3 = Zki, omit)
number of points used in approximastion of the inhomogeneous

profile for the electron density and collision frequency
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for the plasma of layer 4 (if 23 = 2L, omit)

ZND(I)= distance from aperture plene to discrete points in layer U
plasma profile (if 23 = ZL, omit)

NE(I),NU(I) = electron density and collision frequency at discrete
points, ZND(I), in layer 3 inhomogeneous plasma profile (if
Z3 = Zh, omit)

(NOTE: The values of ZD(I) and ZND(I) must be monotonically increaéing.

The first value of ZD(I) must equal Z2, the last value of ZD(I) and

the first value of ZND(I) must equal Z3, and the last value of ZND(I)

must equal ZU. Any deviation from this will cause errors to occur

in the calculations.)

The output of the computer program is as follows:

YC(II,JJ) = elements of complex admittance matrix

PRMT(2) = upper limit of numerical integration (maximum value is
set at 50.0)

IHOLE = i-th aperture

JHOLE = J-th aperture

IMODE = p-th mode in i-th aperture

JMODE = gq-th mode in j=th aperture

YMN(I) = characteristic admittance of p-th mode in i-th aperture

s(1,J) = elements of complex scattering matrix



C
c
Cc
Cc
C
C
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c
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PROGRAM CIRWG(INPUT «QUTPUT+TAPES=INPUT+TAPES6=OUTPUT)

RERRREERERRRERRERRRERRRERRRERRAERERRERERARRERERERRERRERERRERIRERRRRERERR RN

MIeNI«MJUINJ ARE THE SUBSCRIPTS OF THE APERTURE EXCITATION MODES
At = RADIUS OF 1-TH APERTURE
AJ = RADIUS OF J=-TH APERTURE
R = CENTER TO CENTER SPACING
PH]1 = ANGULAR ROTATION OF R WITH RESPECT TO XI-AX1!S (DEGREES)
PHIJPP = ANGULAR ROTATION OF XJ-AXIS WITH RESPECT TO XI-AXIS (DEGe)

222222 LSS LSS SRS PRSI SS A SRS SR 2SS RS2 2R A 22 Yy L]

DIMENSION AUX(84¢4)DFERY(4)PRMT(S),Y (4)
DIMENSION ZD(S50)¢ZND (50) +NE(50)+NU(S0)
DIMENSIONS FOR COMMON VARIABLES
DIMENSION V3(S0)sV31(50)eV32(50)ev33(5S0)e
V4 (50)sVa]1 (S0)eVAa2(50)4va3(50).
W4 (50)¢Wa1 (S50)eWa2(50)eWa3 (S0
W3(S0) W31 (50)ewW32(50)eW33(S50) 0
Z(SO)eZN(SN) e XMNP (843) « XMN(8,43)
COMMON - DIMENSIONED VARIABLES
COMMON V3eV31eV32sV33eW3eW31 ¢W324W33 e Z¢XMNP ¢« XMN
V4 +sVAa1+VA2:VA34WAIWA] sWA2 e WA3 42N
COMMON - UNNIMENSIONED VARIABLES
BSQeCCA+CCB4D2+KINDIL3 LA sMOSTsTM]I «+TMJI»
NEWINP3,NPQ RKERR«RK3 ¢RK4G ¢ TERMA s TERMB s TERMC « TERMD o
V1e V2« V3X13:VaXlia,
WleWISQeW2eWw2SQeW3XI3eWAXI4eX]I1eXI2eX13eX14,
F MIsMJUINIT NJeMIP MUP ,AKZERO] +AKZEROJ +RKZERO+FACTORI +FACTORJ
G FACTSQl +FACTSQJUeCOSP+COSMSINPsSINMCOSPHIJPHIJUPP
LOGICAL TMI «TMJ
REAL KZEROWNE ¢NUWNED ¢NUD+ I SOLATE
COMPLEX CCA+CCB«COEFF+GAMMACONsYCo YTE2YTM, YMNZERO
COMPLEX A+B+DETERM,YAP
DIMENSION YC(25+25)9A(25+25)+B(25425)¢1PIVOT(25)¢ INDEX(25+2)
DIMENSION AIJ(25)0XI(25)0Yl(25)~pH!Jp(25)oMlJ(lo)tNlJ(IO)
DIMENSION MMIJ(10)eNNTIJ(10)
EXTERNAL FINDC
FSTABLISH CONSTANTS
XMNP (101 )23¢8B328XMNP (1¢2)=T7eD168BXMNP (1¢3)10e173SXMNP(2+1)=1.84118
XMNP (2¢2)25¢3318XMNP (2¢3)=8¢5368XMNP (341 )23¢0548XMNP (3:2)=6e¢706
XMNP (3¢3)29¢969SXMNP (401128201 8XMNP (4:2)x8eD158XMNP (541 )=5e317
XMNP (542129 ¢2828XMNP (641 )1=664168XMNP (642)210e528XMNP (741)=7e501
XMNP (B841)=84578
XMN (101 )E2,805EXMN(2,4,1)1=348B323XMN(341)=5e136EXMN(1+2)=54520
XMN(Aas]1 )26e380EXMN(2,42)=T7e016SXMN(S541)=7e¢5B88EXMN(342)=84417
XMN(]103)=8e6SAEXMN(E 41 )1=847718XMN(4¢2)=9¢7618XMN(T741)=29,936
XMN(24¢3)=210e173EXMN(Z42)=11,0658XMN(8s1)=11,086
Plz2,0%ASIN(1.0)
TWOP 1 =2,0#%P]
FORK=TWOPI/(3,%1.F10)
FOMEGA= (TWOP [ #8970, ) #%#2
CON=CMPLX(0e041¢0)
START READING INDUT

> OO0 ®>»

mooo

a2 2222322 2222222222 2222 X222 2 S 2222 S22 2SS S RS RS 2222 S L)

C
Cc
C
C

NUMMODE = NUMBER OF MODES PER APERTURE
NUMHOLE = NUMBER nF APERTURES

NUMTE = NUMBER OF TE MODES

NUMTM = NUMBER OF TM MODES

CHIRERRHRIR NIRRT NNT IR IR LRRRER RN RRXERR R AR RN
1 READ(Se11)NUMHOLE ¢ NUMMODE « NUMTE ¢ NUMTM

11

FORMAT(415)
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IF(EOF ¢5)90042

2 M=NUMHOLE®#NUMMODE
IF(M,GTe2%)3¢4

3 WRITF(6+80)

80 FORMAT(1HI®#M EXCEEDS DIMENSION OF YC#)
sSToP .

4 IF(NUMTE.GT.10)GO TO S
IF(NUMTM(GTe10)GO TO S
IF(NUMTE «GTeNUMMODE YGO TO 900
IF (NUMTMeGT e NUMMODE YGO TO 900
IF (NUMMODE ¢ GT620)546

S WRITF(6+481)

81 FORMAT(1H] #*NUMMODE EXCEEDS DIMENSION OF M1J AND NIJ#®)
sSTOP

6 1F(INUMHOLE«GTe25)7¢12

7 WRITF(6+84)

84 FORMAT (1H] #*NUMHOLE EXCEEDS DIMENSION OF AlJ#)

sToP

(222222222 222222 2R 222 P2 22222 2 222222 22 g2 s T
c MIJ(I)eNIJ(1) = INDICES OF I-TH MODE TE-MN

c MMIJC(I)eNNIJCI) = INDICES OF I-TH TM-MN MODE

CHERRRRRRERERERERRBRERERERRFRRERFRRRRERRRRREEFRRRRRERRRERRBRRRERERR R R RE
12 IF(NUMTE+EQe0)GO TO 17
READ(Se14)Y((MIU(T)eNTIJ(1))e1=1eNUMTE)
17 IF(NUMTMEQ.0)GO TO 10
READ(Se14) ((MMIU(T)eNNIJ(T))el=1sNUMTM)
10 CONTINUE
14 FORMAT (20(211+2X))
IF(NUUMTE+FQe0)GO TO =5
DO S0 1=1NUMTE
IF(MIJ(])eGTe7eOReNIJ(I)eGTe3) GO TO 601
S0 CONTINUE
55 IF(NUMTMeEQeO0)GO TO =3
DO 52 [I=1NUMTM
IF(MMIJ(TI)eGTeT7eOReNNIJ(I1)eGTe3)GO TO 602
52 CONTINUE

53 CONTINUE
CHARERRRBEREREREFLRERESEERRERRRERARRERRRERAFARRRRRFERRRRRRRRERRERERRRE RS

C A1J(1) = RADIUS OF 1-TH APERTURE

C X1(1)y AND YI(I) = Xey COORDINATES OF CENTER OF I-TH APERTURE
C PHIJUP(1) = ANGULAR ROTATION OF XIl-AX1S WITH RESPECT TO X-AXIS
Cc (DEGREES COUNTER-CLOCKWISE)e

CHERRERFRRRRRRRERRRERRERRRRRERRRRRARERRERERERRERERARREFERRRRRRR IR RE RN
READ(Se15) (AlJ(1)el=1NUMHOLE)
READ(S5¢1S5) (XI1(1)el=1«NUMHOLE)
READ(S+15) (Y1 (1)el=1eNUMHOLE)
READ(S5+15) (PHIJUP(1),1=1NUMHOLE)

15 FORMAT(8F10.2)
S1ZE=140
POL=0e0
IF(NUMHOLE «GTe1)8¢9
8 DO 60 1=2NUMHOLE
J=1-1
IF(ATJ(T)eNESATIJ(J)) SI1ZE=0,40
60 CONTINUE
DO St 1=2+NUMHOLE
Jz -1
IF(PHIUP(1)eNEJPHIUP(J)) POL=1e0
S1 CONTINUE
9 CONTINUE
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CRERIII TN I3 I3 TN TN IR RS ITRINNNRRR RN

(o F = FREQUENCY ( CYCLFS PER SECOND)
C 21e22¢23¢24 = DISTANCES FROM APERTURE TO OUTER SURFACE OF LAYERS
C 142¢3¢4 RESPFCTIVELY.
C CONVERT = CONVERSION FACTOR FOR CONVERTING INPUT DIMENSION TO
Cc CENTIMETERe (IF INPUT IN CENTIMETERS, LEAVE BLANK)e
C ER = RELATIVE DIELECTRIC CONSTANT OF MATERIAL FILLING ALL WAVEGUIDES
C**’*"’************’**{*******{******l*******l**{**********’** 353 % %% % %%
Cc FOR ALL INPUT DIMENSIONS IN WAVELENGTHS
C SFT F=3,0E10 AND CONVERT=1,0
c :
C FOR FREE SPACEJSET Z24=040
c
READ(S5¢16)F +sZ1¢22¢23,Z4+CONVERTJER
IF(FReFQeDe0)IFR=14¢N
16 FORMAT(E1042¢7F10,42)
WRITE(&441)
41 FORMAT(1M1)
RKERR=0,4,0001
EPSLN=0,00001
C RKERRWEPSLN = ERROR TOLERANCES FOR RUNGE-KUTTA INTEGRATION

Cc AND SPLINE CURVE-FIT ROUTINE.
© DIMEN=140
1F (CONVERTeNE +0e0)DIMEN=CONVERT
WRITF(64105)
IF(Z4eNEe0s0)GO TO 190
WRITF(64+418)F DIMEN
18 FORMAT(3IX®MUTUAL COUPLING OF CIRCULAR APERTURES RADIATING INTO FRE
1E SPACE®//SX#F = RE12¢S/SX®DIMEN = #F10e6/)
KIND=4
Vi=v2=1.0
wWisw2=0e0
GO To 21
19 CONT INUE
WRITF(6420)F ¢Z21¢Z22+Z3¢Z4DIMEN
20 FORMAT(3X#MUTUAL COUPLING OF CIRCULAR APERTURES RADIATING INTO A M
I1ULTILAYERED DIELECTRIC UNDER A NONHOMOGENEQUS PLASMA LAYERe®//SX*
2INPUTSR//2XHF 3 RE12,5/1X%Z1 = RF10e6/1XRZ2 = HF10eb/1X%Z3 = %F 100
36/1X8Z4 = #F1046//1X#DIMEN = #F10e6) '
WRITF(6+105)
21 CONTINUE
WRITF(6+8%)ER
8% FORMAT(IXRER = #F10e8)
DO 70 1=1NUMHOLE
WRITE(S¢92)T AT J(1) el eXI(IVelasYI(I)alePHIUP(L])
92 FORMAT(IXRATJ(HIZ2H)=RFBeSeSXFXI (RI2% )=#FBeSsIXRY[(R][2#)ehFBeSSX#P
THIJP (R I2#)=%F84,3% DEGe™*)
70 CONTINUE
93 FORMAT (I XR®MODE#I2% = TE-#211)
WRITF(64105)
DO 72 1=1.NUMMODE
IF(1GTeNUMTEYIGO TO 71
WRITF(6+¢93)1 «MIJU(TYINTIU(T])
GO To 72
71 IDEM=1-NUMTE
WRITF(6+91)1 MMIV(IDFM)«NNIJ(IDEM)
91 FORMAT (IX*MODE#*I2% = TM-%#211)
72 CONTINUE
WRITF(64105)
IF(Z4aeEQe0e0)GO TO 100
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FIND INPUT DATA CASF
KIND=1
1F(Za-23)26447,33
26 WRITF(6427)
27 FORMAT(10X+16HINPUT NDATA ERROR)
GO Tn 900
33 IF(Z7)26+40482
40 KIND=3
GO To 109
A7 IF(Z2-22)26454 461
%4 KIND=4
GO To B2
61 KIND=2
C GET OTHER INPUT NEEDED BASED ON INPUT DATA CASE
C**‘*"*"*’*’l******’*‘l”**}***********l"**’******’}*’*’"’*”'**”*””’
C VieWl = REAL AND IMAGINARY PARTS OF DIELECTRIC CONSTANT OF LAYER 1le
c V2+W2 = REAL AND IMAGINARY PARTS OF DIELECTRIC CONSTANT OF LAYER 2.
C””"”’*&*'*.’***’**’f{"***’***’***{*li*****’********”{{*}* 3 9 33 2 X % % %
82 READ(S5¢13)V1eWl eV2eW2
WRITF(6+4105)
WRITF(6¢83)V]1eWl eV2sWwW2
B3 FORMAT(3XRV] = HFBeS5 SX#W] = #FB¢5/3XHV2 = #FBSeIXXW2 = #FB¢S/)

IF(KINDeEQe4) GO TO 100
C‘l‘f'**"*l*'**l****".‘*"*”**.**{'l*‘l"*““‘l’****l”*l”‘***‘*‘I**””*’
Cc NP3 = NUMBER OF POINTS FOR LAYER 3 DIELECTRIC PROFILE
C*’*"*l“l"'*‘l**’**l**"Il}’**’*l*’**”*"***’*‘*****"'*‘*’**"”*’}*”’

READ(S«110)NP3

IF(NP3)89:89.:96

89 WRITF(6490)

90 FORMAT(10X+42HERROR IN NUMBER OF POINTS FOR V3 W3 TABLES/)

GO To 900

96 IF(NP3-50)102+102.89
C'*”“**.i*"****'*’{‘l’”*’}"{*****{”***”’*”**’*""’****’**"}“***’*”
Cc V3(1),W(3) = REAL AND IMAGINARY PARTS OF DIELECTRIC CONSTANT AT
c POINTS Zn(1) INSIDE LAYER 3.
C*‘}*"”**{**’*”’i*}**’*’}**’****’*****‘***’**{}**’*’*‘**’****‘l********

102 READ(S¢15) (ZD(1)el=1eNP3)

READ(S¢15%5) (V3(1)el=1sNP3)

READ(5¢15) (W3(I)el=1«NP3)

WRITF(6.103)

103 FORMAT (14X e 1HZ 415X eSHV3(Z)e12XeSHW3(2Z)/)

WRITE(64104)(ZD(1)eVa(1)eW3(I)el=]1sNP3I)

104 FORMAT (SXe3F17e5)

WRITF(6+105)

105 FORMAT(IMH )

IF (KINDeEGe2) GO TO 100
C"***l{l’**}***"“*l'*‘.’**}{'****”****‘l*****‘I’*******”’*’****’*‘l******'*
C NP4 = NUMBER OF POINTS FOR LAYER 4 PLASMA PROFILE
2222222222 S LIS SIS LIS S 222 222 R S s R sttty

109 READ(S+110)NP4
110 FORMATI(1S)
IF(NPA)116+01164123
116 WRITF(6¢117)
117 FORMAT(10X+42HERROR IN NUMBER OF POINTS FOR NE NU TABLES/)
GO To 900
123 IF(NPA-S0)1304130e116
C‘l‘***l’”"{}’"’*’****”*’*.*‘l"*‘I***********{**{***’*"**‘I*}”’********’
c NE(1)eNUI(1) = ELECTRON DENSITY (ELECTRONS PER CUBIC CENTIMETER)AND
C ELECTRON COLLISION FREQUENCY (PER SECOND) AT POINTS
c ZND(1) INSIDE LAYER 4.
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S22 T2 IITENETR VTS P FEVTTEIE T Y FFFFEY ¥ PP e P eip oy eggegugegagegupp gegpogggm

130 READ(S5¢15) (ZND(1)el=zloeNP4a)
READ(S¢13) (NE(I)elx=1eNP4G)
READ(S¢13) (NU(1)Yl121NPQ)

13 FORMAT(BE10,2)

WRITF(6+138)

138 FORMAT(14Xe1HZ s 12X eSHNE(Z) e IXeSHNU(Z) /)
WRITE(O«139)Y(ZND(I)eNE(I)I«NUI)sI=1 +NP4G)

139 FORMAT(8X. 3E14.5)
WRITF(64105)

100 CONTINUE
WRITF(6+94)
DO 1000 IHOLE=1 +NUMMHOLE
PO 1000 JUHOLE=1 ¢+NUMHOLE
DO 1000 IMODE=1 +NUMMNODE
DO 1000 UMODE=1 +NUMMNODE
TMI= FALSE.
TMJI= ,FALSE
IF(IMODE«GTeNUMTE ) TM I TRUE o
IF (UMODE ¢ GTeNUMTE ) TMUS ¢ TRUF o
PHI=ne0
11=(IHOLE=] ) #NUMMODE +1 MODE
JJI= (JHOLE~1 ) #NUMMODE 4+ JMODE
IF(IHOLE«EQe JHOLE )50Nn %03

S00 IF(S1ZEeFEQel1¢0)50145n3

501 IF(IHOLE«GTel1)502+507

S02 YC(11eJJ)=YC(IMODE ¢+ JMODE)
GO To 1000

503 CONTINUE

94 FORMAT(IHO* e mr e e e e e e e e e e e e e e e = */)
Al=A1J(IHOLE )#DIMEN
AJ=ATJ(JHOLE ) #DIMEN
IF(TMI)S504¢505

504 IDEM=zIMODE-NUMTE
PHPIsPHIUP(IHOLE)Y®*P] /180
MI=MMTIJ(IDEM)
NI=NNTJ(IDEM)
GO To 506

505 MI=M1J(IMODE)
NI=N1J(IMODE)
PHPI=PHIJUP(IHOLE)Y*P] /180,

506 1IF(TMJ)S07.508

S07 I1DEM=JMODE-~NUMTE
PHPJxPHIJUP (JHOLE)*P1 /180,
MJU=MM1J (IDEM)
NJ=NNTJ (IDEM)
GO Ton 509

508 MJU=MTJ (IMODE)
NJENT1J (IMODF)
PHPJU=PHIJUP (JHOLE)Y®*P] /180,

509 CONT INUE
IF(TM]I ¢ ANDe (MUGEQeO ) (ANDe (e NOTeTMJ))IGO TO 99999
IF(TMJeANDe (M]I ¢EQe0 ) ¢ANDe (e NOTeTMI 1)IGO TO 99999
PHI JDP2PHP J-PHP |
MIP=mMI+1
MUPzMJU+ 1
XJI=NIMEN®#(X]I (UHOLE)-XI (IHOLE))
YII=NIMEN®# (Y] (UHOLE)Y=Y I (IHOLE))
R=SQRTIXJI#XJI+YJII*Y 1)
IF(IHOLE ¢EQe JHOLF)IR=NG,O
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IF (ARS(PHIJUPP) 4L Tel e 0E-08)PHIJUPC=0 40
IF(TMI 6 ANDe e NOT e TMU)IPHI UPPz=PHI UPP~-P[ /2
IF(TMJeANDe e NOT e TMI )PHI UPPzPHI JUPP~P1 /24
IF(R,EQe0e0) GO TO 703
IF(ARS(XJ1)elLToe1e0E~06)7004701
PH1=20.5%4P1

IF(YJlelLTe0e0)PHI=PHI+PI

PHI=PHI-PHP1

GO Tn 702

PHI=ATAN2(YJI e XJ1)=-PHP1

ARGE (MJU4+M] ) #PHI =MJRPKH] JPP

COSP=COS (ARG)

SINP=SIN(ARG)

ARGz (MJU=MT ) #PHI -MJU#PH] UPP

COSM=COS (ARG)

SINM=SIN(ARG)

COSPHIJ=COS(PHIJPP)

KZERO=F ORK*F

AKZEROI =A [ #KZERO

AKZEROJ=AJ#KZERO

RKZEQO=R#KZERO

IF(TM1)704,705
FACTARI=XMN(MIP NI )/AKZERO!

GO To 706

FACTORI=2XMNP (MIP4N1) /AKZERO!
1IF(TMJ)707+708

FACTORJ=XMN(MJUP «NJ)/AKZEROJ

GO To 709

FACTORJ=XMNP (MUP (NJ) JAKZEROJ

CONT INUE

FACTSQIsFACTOR]I #%#2

FACTSQJU=FACTORJ® %2

X11=71 #KZERO*D IMEN

X12=72%#KZFRO#DIMFN

X13=73%KZERO#DIMEN

X14=74 #KZERO*D I MFN

D2=x12-X11

RK3=RKERR

RKA4=RKERR

IF(R,EQeO0eOeANDeMI«NFeMJ) GO TO 99999
IF(KINDeEQe3) B0 TO 220

W2SQ=W2#wW2
CCA=CMPLX (V] +=W1)/CMPLX(V2+~W2)
IF(KINDeNEe4) GO TO 210

TERMC=V2

TERMN=-W2

GO Tn 149

CONT INUE

DO 107 I=1.NP3

Z(1)=ZD (1) *DIMEN

Z(11)=Z(1)#KZERO

QET UP ARRAYS FOR SPLINE INTERPOLATION

CALL SPLRED(NP3+EPSLN«ZsV3sV31eV324V33)
CALL SPLRED(NP3+EPSLNeZ«W34W31eW32.W33)
L3=ND3

CALL SPLD2(NP34L3eXI3¢Z¢V3eW3eV31eW31eV324W32+V334W334V3X13s
A W3X134DUMMY ¢ DIUMMY )
IF(KINDeEQe21GO TO 146

220 CONTINUE

FSTABLISH V4 AND w4
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OMEGA=TWOP | #F
OMEGSQ3OMEGA*OMEGA
DO 127 1=1+NPa
ZN(1)y=ZND(1)*DIMEN
OPSO=zFOMEGA#NE (1)
DENOM=OMEGSQ+NU( T ) *%>
Va(ly=14-0PSQ/DENOM
Wa (13y=NU(1)#0PSQ/ (OMFGA*DENOM)
137 CONT INUE
DO 140 I = 1.NPA
140 ZN(1y=ZN(1)#KZERO
CALL SPLRED (NP4 +EPSLN+ZNeVasVa1sVa24Va3)
CALL SPLRED(NPAJEPSLNeZN+WAG W1 sWA2,Wa3)
La=NPa
CALL SPLD2(NP4+LA«XT14¢ZNIVA WA IVE] eWA1 VA2, WE24VA34Wa34VAX]a4,
A WaX144sDUMMY s DUMMY )
CALL SPLD2(NPA LA sXI3¢ZNsVAWAIVAE] WAL VA2, W4A24VA34Wa3,VAXI13,
A WAX]134DUMMY s DIUMMY )

SET UP INITIAL CONDITIONS FOR BASE RUNGE-KUTTA INTEGRATION
IF(KINDeNE«1)GO TO 148
DENOM=EVAX 3R #24WAX] 3u#2
TERMA= (V3XI3#VAXI3+WaAXI3*WaX13)/DENOM
TERMAR= (V3XI3#%#WaX[3-waxX123%¥vax13)/DFNOM

146 L3=1 .
CALL SPLD2(NP3¢L3eXI2¢ZeV3eW3sV31eW31sV324Ww324V334W33,V3XI2s
A W3X12¢DUMMY « DUMMY )
DENOM=V3IX [ 2% #24+W3X 2842
TERMC= (V2R#V3XI2+W2%#WaX12)/DENOM
TERMND= (V2XW3X]2-W2#VaX12)/DENOM
GO Tn 149
148 Vi=vax!3
wWi=wax!3
149 W1SQ=W)1 *#W1
CCBz= AMPLX(~V1eWl)
PRMT (1 )=0,
NPRM=0
PRMT (2)=20,01
PRMT (3)=(PRMT (2)=PRMT(1))/5,
YITEST=Y2TEST=2Y3TEST=YA4TEST=0,60
PRMT (4 ) =RKERR
1850 PRMT (S5)=0,
NEW=N
MOST=0
DO 181 I=1,a
Y(1)=0,
DERY (1) =e¢2%
151 CONTINUE
CALL LRKS1 (PRMT+Y«DERY 4 +FINDCeAUX)
IF(PRMT(5))1 1654158
158 IF(NPRM¢GE.2)1GO TO 141
IF(PRMT (1 )eNEe0e0)50 TO 162
WRITF(6+157)PRMT (1) PRMT (2)
PRMT (1)=0,001
PRMT (3)=(PRMT (2)=PRMT (1)) /%,
PRMT (4 ) =RKERR
NPRM=0
GO Tn 150
162 WRITF(6¢157)PRMT (1) +PRMT(2)
NPRM=NPRM+1
PRMT (3)=PRMT(3)/5%5.
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GO Tn 150

161 PRMT (4)=PRMT (4)#10,
WRITF(6+1%9)PRMT (4)

159 FORMAT (10X e¢42HERROR TOLERANCE FOR LRKS! INTEGRATION HAS ./
A 10X+ 1 BHBEEN INCREASED TO «E12e¢5)
WRITE(6«¢187)IPRMT (1) «PRMT(2)

157 FORMAT (10X#PRMT (1 )1=2¥F6e3+3IX#PRMT (2)=%#FKe3)
GO Tn 150

INTEGRATION COMPLETEs CALCULATE FINAL ANSWERS
Y(1) = REAL PART OF YTE INTEGRAL

Y(2) = REAL PART OF YTM INTEGRAL
Y(3) = IMAGINARY PART OF YTE INTEGRAL
vy(4) = IMAGINARY PART OF YTM INTEGRAL

165 CONTINUE
IF(PRMT (2) el Teb660)166+171
166 YITEST=YITEST4+Y(1)
Y2TEQTaY2TEST+Y(2)
Y3TERT=Y3TEST4+Y(3)
YaTECT=YaTEST4+Y (4)
PRMT (1 )=PRMT (2)
NPRM =0
IF(ARS(PRMT (2)~140) e EelsE~O0S)PRMT (2)=140
PRMT (1)=PRMT (2)
IF(ABS(PRMT(1)=1e0) e EeleE~O0S5)PRMT(1)=1400001
PRDEL=0+24
IF(PRMT (2)eGE¢0e25eANDePRMT (2) oL T o2« 0 )IPRDEL =025
IF(PRMT (2)eGE e2e¢0eANNePRMT (2 )elL Te840)PRDEL=0e5S
IF(PRMT (2)eGEe4eN)PRNEL =140
PRMT (2 )=PRMT (2 )+PROFL
IF(ARS(PRMT(2)-100)e Eel1eF=05)IPRMT(2)=0+¢39999
PRMT (3) = (PRMT (2)-PRMT(1))/Se
PRMT (4 ) =RKERR
GO Tn 150
171 IF(PRMT(2)+GEeS0,01G0 TO 175
IF(ARS(YITEST)elTel eF~-209)G0 TO 172
IF(ARS(Y(1)/Y1TEST)=1eE~-04)172+1654166
172 IF(ARS(Y2TEST)elLTeler=-200)GO TO 173
IF(ARS(Y(2)/Y2TEST)~1eE=04)17341664+166
173 IF(ARS(Y3TEST)eLTeleF-200)GO TO 174
IF(ARS(Y(3)/Y3TEST)~1eE~04)178:1656+166
174 IF(ARS(YATEST)elLTel e#-200)G0O TO 17%
IF(ARS(Y(4)/YATEST)~1E-04)175,1864166
175 Y(1)=Y{1)+Y1TEST
Y(2)=Y(2)+Y2TEST
Y(3)=Y(3)+Y3TEST
Y(4)=Y(4a)+YATEST
EMI=2,40
EMJ’?.O
IF(MIeEQeO)EMI=1,0
IF(MJeEQeO)IEMI=1,0
MPLUS=MU+M]
SORTXI2SART (XMNP (MIP (N1 ) ##2-M]#%2)
SQRTXJ=SART (XMNP (MUP (NJ ) ¥ %#2-MJ#%2 )
IF(TMIISORTX =140
IF(TMJ)ISORTXJ=1 40
MIP=MT+1
MUP=MJI+1
CY==-SORT(EMI#EMJ) /(120 #P#SQRTX I *#*SQRTXJ)
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COEFF=CMPLX(0e04CY) -
8899 CONTINUE
YTE=COEFFR#CMPLX (Y (1),Y(3))
YTM=COEFFRCMPLX (Y (2),Y(4))
IF(R,EQe0,0)8891,889>
8891 IF(TMI sANDeTMJ)BBO] +aB802
8801 vB=0,0
UB==(2¢/EM] ) RCOS(FLOATI(MI ) #PHI JPP)
GO To 8810
8802 1F(TM])B803.8804
8803 vB=0,0
UB= (FMI =] o0 ) #SIN(FLOAT(MI ) #*PHIJPP)
GO To 8810
8804 1F(TMJ)BB0S.8806
8805 vB=0,0
UB=(EMI=140)%#SIN(FLOAT (MI )#*PH]IJUPP)
GO Tn 8810
BB06 VB=(2¢/EM])#COS(FLOAT(MI)RPHIJPP)
UB=-(EMI-1e0)*COS(FLOAT(MI)*PHIJPP)
8810 YTE=YTE#VB
YTM=yTM#UB
8892 YC(114JJ)=YTE+YTM
WRITE(6+97)114JJeYC(T14JJ)sPRMT(2)4 IHOLE s+ I MODE ¢ JHOLE » JMODE
97 FORMAT(IXRY (#[2%¢¥[2%) = #E12e5% +J(RE12.5#)#IXKPRMT (2)2#FGeIeIXH]
IHOLE=#1242X% IMODE=#124¢ 3X* JHOLE=#[2 4 2X% JMODE=#12/)
PHIJPP=PHIJPP%*180,4,/P1
R=R/NDIMEN
GO Tn 100N
99999 YC(11+¢JJ)=2CMPLX(0404040)
1000 CONTINUE
DO 1001 THOLE=Z1 sNUMHOLF
DO 1001 JHOLE=1 «NUMHALE
DO 1001 IMODE=1+NUMMADE
DO 1001 JMODE=1 +NUMMODE
TMI=,FALSE
IF (IMODE «GTeNUMTE ) TM[ = ¢ TRUE o
11=([HOLE~1 ) #*NUMMODE 4 I MODE
JJ= (JHOLE~1{ ) ¥NUMMODE 4+ JMODE
AKZEROI=ATJ( IHOLF )#KZERO#*DIMEN
IF(TMI)100341002
1002 NI=N1J(IMODE)
MIP=MIJ(IMODE )+1
FACTROI = (XMNP (MIP N1 )/AKZEROT ) ##2
FTSQ=ER-FACTSQ1
IF(ARS(FTSQ)el. Tel ¢eOFE=200)FTSQA=0e0
IF(FTSQeGEeODeO)YMNZERO=(1e040e0)#SORTI(FTSQ)
IF(FTSQelLTe0eO)YMNZFRO=-CON®*SQRT (~-FTSQ)
GO T~ 1004
1073 IDEM=MODE~NUMTE
NI=NNTJ(IDEM)
MIP=MMTIJ(IDEM)+1
FACTRQI=(XMN(MIP NI ) /AKZEROT] j##2
FTSQ=ER-FACTSQI
CONVFRT=FTSQ
1F (ARS(FTSO) el Tel eOF 290 )CONVERT =1 ¢ OE~-290
IF(FTSQeGE«OeO)YMNZERO=(1e04040)/SQRT (CONVERT)
IF(FTSQeLTeOeO0) YMNZERC=(~1040e )/ (CON*¥SQRT (~-CONVERT ) )
1004 CONTINUE
AC1T,39)=YCUTITeJU)
B(114JJ)==YC(11sJJ)
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813

830
802

803

810
805
acs

95

601

88
900
901

602
o9
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IF(11eEQeJJIIA(114UJ)YuYMNZERO/Z(12048PI)+YC(114JJ)
IF(I1eEQeUUIB(I1e¢JJ)=2YMNZERO/(1206%#P1)=YC(11eJJ)
YCUI1eJJ)=B(I14JU)

YMNZFRO=YMNZERO/ (120,%#P1)
IF(11eEQeJJIIVRITE(6498)11,YMNZERO, IHOLE 4 IMODE

FORMAT (IXHYMN(#12%) n RE12:.5% +J(HE12S#)RIXHTHOLEZ#]2,3IX#IMODE=#]
12)

CONT INUVE

WRITF(6+94)

WRITF(6+4813)

FORMAT(1OX#SCATTERING MATRIX#%*)

MAX=25

CALL CXINV(A«MBiMDFTERM, IPIVOT s+ INDEX+MAX, ISCALE)

DO 8n2 I=z=1eM

0O 8n2 J=1eM

B(leJ)=CMPLX (04404

NO 840 K=l M

BlIeJ)I=B(leJ)+YC(IsKYRA(KGI)

CONT INUE

CONT INUE

WRITF(6+105)

DO 805 Ix1eM

DO B80S U=l eMm

XDX=CABS(B(1+J))

IF(XNXelLTeSeE~-16)GO TO 810

ISOLATE=20 #ALOG10(XNX)

XXXX1=AIMAG(B(1+J))

XXXX2=REAL(B(1+J))

PHASFE= (180 /P11 )#ATAND (XXXX1 ¢« XXXX2)
WRITF(6¢803)1eJeB(14J)2ISOLATEPHASE

FORMAT(IXRS(R[2H ¢ #][2%) = HE12e5% +J(RE12:5#)#3XF9 8% DBH3IXFBe3I*
I1NEGen)

GO Ton 805

WRITF(6+4806)1 0B (1))

FORMAT (IXRS(# 2% %[2%) = ¥E12e5% +J(RE12.5#)#XXBELOW -300 DB#*)
CONT INUE

WRITF(64+95)

FORMAT (1H #4444+ 44+44+4444444 4444444444444+ 44444444444 444444444
14+ttt s442/)

GO Tn 1

WRITF(6+88)

FORMAT ( 1HOR®MODE SUBSCRIPTS ARE OUT OF RANGE OF XMNP ARRAY#®)
WRITF (64901)

FORMAT(1H1+10X+10HEND OF JUOB )

SToOP

WRITF (6+¢99) .
FORMAT (I X*MODE SUBSCRIPTS FOR TM MODES OUT OF RANGE OF XMN ARRAY®*)
STOP

END
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SUBRNAUT INE FINDC(BETA«Y«DFRY)
DIMENSION BESSEL (21) DERIV(8)«DERY (1) ¢EXTRA(84+¢8)sHOLD(B)
A INDEX(100) 4PARM(S) RUST(B)¢SAVE(500)eY (1)
DIMENSIONS FOR COMMON VARIABLES
DIMENSION V3(50)eV31 (50)¢V32(50)4v33(S0)e
V4 (50)4Va1 (50)eVa82(50)+4V4a3(50)
Wa(50)sWa1l (S50)eWa2(S0)+sWa3(50)
W3(S0)+W31 (50)eW32(50)W33(50)
Z(S0)eZN(SN) ¢ XMNP (B43) ¢ XMN (B4 3)
COMMOM - DIMENSIONED VARIABLES
COMMON V3eV31eV32e¢V33+W3eW31 s W32eW33¢Z ¢ XMNP ¢« XMN»
Va4 4VAa4]1 eVA2¢VEA s WA WA] 1WA2 eWA3eZN»

COMMON =~ UNNIMENSIOMED VARIABLES
BSQesCCA«CCBsD2+sKINDIL3¢LAsMOSTeTMI ¢ TMU
NEWNP3,MP4 RKERR RK3 ¢RKA4 4 TERMA 4 TERMB ¢ TERMC s TERMD »

Vie V2. V3X1I3«VaX14,

W1 eWISQeW2eWw2SQeW3IXI3oWAXIG4XI1 e X12eXI3eX14,

F MIaMIINT o NJIMIP MUP AKZERO] ¢« AKZEROJ ¢+RKZERO«FACTOR ] «FACTORJ «
G FACTSQI +FACTSQJ+COSP+COSMSINPeSINMCOSPHIJPHIJUPP
LOGICAL TMI«THMY
COMPLEX CARGO+CCA+CCRre«CCON+COSINE
A F1BOFIPBOFIPXI1oFIXI1+F2PX12¢sF2X120
B GlBO+GIPBO+GIPXI14GIX11eG2PX12¢G2X12¢K1 K24SINE
EXTFRENAL LAYER3.LAYFRA&
IFINFW) 7410547
FIND OUT IF THIS BETA IS IN SAVE TABLE
7 IF(BFTA-SAVE(LAST))14+844+35
RETA IS LESS THAN LAST TABLE VALUE USED
14 LAST=LAST-1
1IF(BFTA-SAVE(LAST))121+84.28
21 1IF(LAST=-1)22+22414
22 WRITF(6+23)
23 FORMAT (10XeBHFRROR 21)
GO Tn 900
28 NEXT=LAST
LAST=LAST+1
GO TnH 63
RETA 1S GREATER THAN LAST TABLE VALUE USED
35 IF(MOST-LAST)a2+:42440
42 NFED=1
GO Tn 109
49 LAST=LAST+1
IF(BFTA-SAVE(LAST))58+84+35
56 NEXT=LAST~1
AT THIS POINT WE KNOW THAT BETA LIES BETWEEN
SAVE(NEXT) AND SAVE(LAST)
63 IF(ARS((BETA-SAVE(NEXT))/BETA)—1eE=6)T70:¢70477
70 LAST=NEXT
GO Tn 84
77 IF(ARS((BETA-SAVE(LAGT))/BETA)~1,E~-6)84,84,81
81 NFEED=0
GO Ton 109
GET INTEGRAND VALLUES FROM SAVE TABLE
B84 NOW=INDEX(LAST)
DO 91 I=1.4
DERY (1 )=SAVE (NOW)
NOW=NOW+1
91 CONTINUE
RETURN
RETA IS ZERO

> OO0

mo oo
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140

147

IF(BFTAWNF«040)GO TO 109
DO 107 1=x=1.4
NFRY (1 Y=N,
CONT INUE
GO Tn 403
CALCULATE [INTEGRANDS

RUST ARRAY NEFINED
RUST(1)=R(X1)
RUST(2)=S(X1)
RUST(3)=TIXI)
RUST(4)=UI(XI)
PUST(S)2R-(X1])
RUST(6)=S~(X1)
RUST(7)=T=(XT1)
RUST(8)=zU=(XT1)

BSO=RETAXBETA
ROOT=SQRT (ABS (BSQ-1e))
GO TO(154413341544112)KIND

CASE 4 - X14=XI3=X12

RUST (1)=1,
RIST (2)=0,
RUST (3)=1,
RUST (41)=0,
IF(BFTA=1,)1194119,126
RUST(S5)=0,
RUJST (6)=-ROOT
RUST(7)=0,
RUJUST (8)=-ROOT
GO To 273
RUST (5)=-ROOT
RUST (6)=0,
RUST (7)==-ROOT
RUST (8)=0.,

GN Tn 273

CASF 2 - X14=x13

ASSIAGN 135 TO JUAIL
PARM([1)=X13
PARM(2)=X12
PARM (3 )=~,5
RUST(1)=1,

RUST (2)=0,

RUST (3)=1,
RUST (4 )=0,
IF(BFTA~-1,)1404140,4147
RUST(S)=0,

RUST (6)=~RO0OT

RUST (7)=-wW3XI3#ROOT
RUST (8)=-Vv3X 13%#R0OO0T
GO TO 249
RUST (5) ==-RO0OT

RUST (6)=0, )
RUST (7)==V3X13#R0O0T
RUST(8)= W3XI3#ROOT
GO Tn 249

12k
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154

161

168

175

182

189

196

197

203

217

224

231

238
»a5

249

125

FASE 1 OR 3 - SFT INITIAL VALUFS FDOR INTEGRATION
FROM Xta TN X113

PARM(1)=X14
PARM (2)=¥%X13
PARM{3)=z-,5
PARM (4 ) =RKA4
PARM (S)=0,

DD 148 1=1+8
DERIV(1)=4125%
CONT INUE
RUST(1)=1,
RUST (2)=0,

‘RUST(3)=1.

RUST (4)=0.
I€(BFTA-14)175417541R2
RUST(5)=0,
RUST (6)=-ROOT
RUST (7)=-WaX[4#ROOT
RUST (8)=-va4aX1a#R0OOT
GO To 189
RUST (5)=-ROOT
RUST (6)=0,
RUST (73)=-VvaxX14#ROOT
RUST (B8)= WAX14*ROOT
INTEGRATE FROM X14 TO XI13
CALL LRKS2(PARMIRUST DERIVB+LAYER4 EXTRA)
IF(PARM(5))90042034196
RK4=DK4a#*#1C,
WRITE(6+4197)RKA
FORMAT (10X+s39HERROR TOLERANCE FOR LAYER 4 [NTEGRATION./
10X+ 21HHAS BEEN [INCREASED TOese El13.5/)
GC Tn 161

IF(KINND=3)217+210421~

CASE 3 - X13=0 - SET LAYER 1 FUNCTIONS AND PROCFED
TO FINAL CALCULATIONS
F1BO=CMPLX(RUST(1)«RUST(2)Y)
G1BO=CMPLX(RUST(3)«R1)ST(4))
F1PBO=CMPLX(RUST (5)+RPUST(6))
G1PBN=CMPLX(RUST(7)QUSTI(8))
GO Tn 300

CASE 1 - ALL LAYFRS - SET INITIAL CONDITIONS

PARM(1)=X13

PARM (2)=X12

PARM(3)==,5

DO 224 I=1.8

HOLD (1)=RUST (1)

CONT INUE

ASSIaN 231 TO UAIL

GO Tn 24%

DO 278 1=14+6

RUST (I)Yy=HOLN (1)

CONT INUE
RUST(7)=TFRMA#HOLD(7)y-TERMRB*HOLD (8)
RUST(B)=TFRMA®HOLD(8 )+ TERMRB*HOLD (7)
NO ?2x=2 1=18
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NFRIVII)I=125
25?2 CONT INUE
PARM (4 )=RK3
pApM(S’!O.
INTEGRATE FROM X113 TO Xx12
CALL LRKS2(PARMRUST DERIV+B+LAYERIEXTRA)
IF(PARM(5) 19002734289
259 RK3=QK3#10,
WRITE (6+260)RK3
260 FORMAT(10X+39HERROR TOLERANCE FOR LAYER 3 INTEGRATION./
A 10Xe21HHAS REFEN INCRFASED TOe F13,5/)
GO TA JUAIL«(135.231)
DO NAT PASS GO
DO NAT COLLFCT %200
273 IF(X18¢EQeNe0)GO TO 200
CO 2R0 1=7.8
HOLD(1)=RUST (1)
280 CONTINUE
RUST (7 )=TERMCH*HOLD(7)~TERMD*HOLD(8)
RUST(8)=TERMC*#HOLD (8 )+ TERMD*HOLD (7)
ALGEBRA FROM X12 TO X11
F2X12=CMPLX(RUST (1)eRUST(2))
G2X12=CMPLX(RUST(3)+RUST(4))
F2PX12=CMPLX(RUST(5) RUST(6))
G2PX12=CMPLX(RUST (7) 4RUST(8))
VMBSQO=Vv2-8BSQO
IF(W2)282+282+286
282 1F(vM3SQ)284,283,285
283 FIX11=F2X12=-F2PX12#%D>
GIXI1=6G2X12-G2PX2%#D>
F1PX11=F2PX12
GI1PX11=CCA®G2PX 12
GO Tn 291
PR4 P2=0,0
02=SORT (~VMRSQO
GO Tn 287
285 P2=SNRT(VMRSO)
Q2=0,40
GO Tn 287
286 ROOT=SQRT (VMBSQ*VMBSN+W2SQ)
P2=SNRT («S*# (ROOT+VMB<cQ))
Q2=SNRT («SX*(RNOT=~-VMBcQ))
287 X2=CMPLX(P2+~G2)
CARGNH=D2#K?2
SINE=CSIN(CARGO)
COSINE=CCOS(CARGO)
CCON=SINF /K2
FIXI1=F2XI2#COSINE-F2PX]I2#CCON
GIX11=G2XI2#COSINE~-G2PX]2%#CCON
FIPXI1=K2#F2XI2*SINE4+F2PX12*#COSINF
GIPX11=K2*#CCAXG2XI2*INE+CCAX*G2PX]2#COSINE
ALGEBRA FROM X11 TO 04,0
291 vMBSQ=V1-BSQ
[IF(W])2924292+296
292 IF(V¥BSQ)294¢2934295
293 FI1BC=FIXI1-FIPXI1%#X1}
GIBO=GIXI11-GIPXI|#XI}
F1PBN=FIPXI1
G1PBN=G1PXI1
GO Tn 300
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P1=ng,0

Q1=SORT (-VMRSQ)

GO Tn 297

P1=SART (VMBSQ)

Q1=0,0

GO Tn 297

ROOT=SQRT (VMBSQ#VMBSN+W150)
P1=SORT («5# (ROOT+VMBcQ))

Q1 =SORT (5% (ROOT-VMBCQ ) )
K1=CMPLX(P]l+-Q1)

CARGNH=X11%#K]

SINE=CSIN(CARGO)
COSINE=CCOS(CARGO)
CCON=SINE/K]
F1BO=F1X11#COSINE~-F1PXI11*#CCON
G1B0O=G1XI1%#COSINE~-GIPXI1*#CCON
CCON=K 1 #S INF
F1PBN=F1X11#CCON+F1PX]11#COSINE
GI1PBN=G1IX11#CCON+GIPx] 1 *#COSINFE

FINAL INTEGRAND rALCULATIONS

~FET BFESSFL FUNCTIONS NFFDED
BFSSFL (1)1=J0 (ARG)
BESSEL(2)=J1 (ARG)

CONT INUE

IF(RKZFRO«FQe0,0)GO TO 301}

MPLUR=MU+MT

MMINyS=MJ-M1

IF(MMINUS LT eOYMMINUC=M] =M

ARG=DKZERO®RETA

MMP =mMPL US+1

CALL BESJUS (ARG «BESSEL « MMP)

BESP=BESSFL (MMP)

MMPzMM INUS + 1

CALL BESJUS(ARG+BESSF|_«MMP)

BFESM=RFSSFL (MMP)
IF(M]eGTeMJIIBESM= (=1 0 ) #MMINUS*BESM
IF(TM] e ANDeTMJUI3114312

VEBETA=060

UBETA==(~1e0)##MIK (BFSPRCOSP+(~1e0)%#*M] XBESMXCOSM)
GO Tn 315

IF(TMIsOReTMU)I2134314

VBETA=D.0

UBETA=(~-160)#XMIR (BECP¥SINP~(=1¢0)# XM *BESM*#SINM)
GO Tn 315

VBETA=(=1e0)##MUX (BESP#COSP+(~1e¢0)# XM ¥BESM#COSM)
UBETA=(=1e0)#¥MUR (BESPXCOSP~(~1e¢0)#%*¥M]*BESM®*COSM)
CONT INUE

GO Tn 302

UBETA=140

VBETA=140

IF(TMIHYI1310,1320

MMPz=M]+1

MMPP =MMP 4 {
IF(ARS(FACTSQI-BSQ)—10F-06)1311+1312+1312
ARG=XMN (MIP+N])

CALL BESJS(ARG.BESSE| ¢ MMPP)
XIBETA=BETA#BESSEL (MMPP )/ (2 ¢ #ARG)
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YIBFTA=0,4C
cCO Tn 350
1312 ARG=AKZEROI#BETA
CALL BFESJUS (ARG BESSFL «MMP)
XIBETA=BETA#BESSEL (MMP )/ (FACTSQ1-850Q)
YIBETA=040
GO To 350
1220 MMP=mI41
IF(ARS(FACTSQI-BSQ)—1e0F-06)13214+1322+1322
1321 ARG=XMNP (MIP.N1)
CALL BESJUS(ARG«BFSSEL «MMP)
YIBETA=BESSEL (MMP ) # (ARG*ARG-MI#M] ) /(2 *FACTORI)
GO Tn 1323
1322 MMPP=MMP+1
ARG=AKZEROI *BETA
CALL BESJUS(ARG«BESSEL + MMPP)
YIBETA=XMNP (MIP N1 )#FACTORI* (MI *¥*BESSEL (MMP ) /ARG-BESSEL (MMPP) )/ (FAC
1TSQI-BS0O)
1323 YIBETA=M|#BFSSEL (MMP/BETA
350 IF(TMJ) 133041340
1330 MMP=MmJ4+!
MMPP =MMP 4 |
IF(ARS(FACTSQU-BSQ)-1e0E-06)1331,1332.1332
13731 ARG=XMN(MJUP MJ)
CALL BESJS(ARGBFESSEL +MMPP)
XJBETA=BETA#®BESSEL (MMPP) /(2+*#ARG)
YJUBETA=0,40
GO To 360
1332 ARG=AKZEROJ®*BETA
CALL BESJUS(ARG+BESSEL + MMP)
XJBETA=BETAR®BESSEL (MMP) /(FACTSQU-BSQ)
YURFTA=0,0
GO Tn 360
1340 MMP=mJ4+1
IF(ARS(FACTSQJU-BSQ)~1e0E-06)1341,413424+1342
1341 ARG=XMNP (MJUP «NJ)
CALL BESJUS(ARGBESSEL +MMP)
YUBETA=BESSEL (MMP)# (ARG*ARG~MJU%M )/ (2 *#FACTORJ)
GO Tn 1343
1342 MMPP=MMP 41
ARG=AKZEROQJU*BFTA
CALL BESJUS(ARGBESSEL +MMPP)
YJIBETA=XMNP (MUP ¢NJ ) #¥FACTORJ* (MU*BESSEL (MMP)/ARG-BESSEL (MMPP) )/ (FAC
1TSQJ-BSQ)Y
1343 XJBETA=MU#BESSEL (MMP)/BETA
2360 CONTINUE
IF(TMI eORe TMU)VBETA=NeO
FACTRM=XIBETA*XJRFTA#UBFTA®BETA
FACTRE=-YIBETA*YJUBETA*VBETA*BETA
IF(X14¢EQe0e0)GO TO 1015
SEPARATF REAL ANN IMAGINARY PARTS
NTYPF=0
3010 IF(ARS(REAL(F1B0))eGTel¢E120)GO TO 3011
IF(ARS(AIMAG(F1B0))erTel1eE120)GO TO 3011
IF(ARS(REAL(F1PBO))eGGTel1eFE120)GO TO 3011
IF(ARS(AIMAG(F1PB0)),GTelsE120)GO TO 3011
NTYPr=0
GO Tn 13012
3011 NTYPF=NTYPE+1
IF(NTYPE«GTeS5)GO TO 900
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F1BO=F180%#(1eE~12040,):
FIPBN=F1PBO%# (] (E=120,04)

GO Tn 3010

1 (ARS(REAL (G1BO))eGTe1eE120)G0 TO 3013
IF(ARS(AIMAG(G1BO))eGTel1eE120)G0 TO 3013
IF(ARS(REALI(GIPBO))eiTel1eF120)G0 TO 3013
IF (ARS(AIMAG(GIPBO)),GTel1E120)G0 TO 3013.
NTYPE=0 "

GO To 3014

NTYPF=NTYPE+1
IFI(NTYPEe«GTeS)GO TO 900
G1BO=G1BO#(14E~120,0,)
G1PBO=G1PBO* (1 E=120,04)
GO Tn 3012

CONT INUE .

CCON=F1PBO/F1BO

DERY (1 )=FACTRE#REAL (CCON)
DERY (3)=FACTRE#AIMAG (CCON)
CCON=CCB*G1B0/G1PBO

DERY (2)=FACTRM#RFEAL (~CON)
DERY (4 )=FACTRMR®A IMAG (CCON)
IF(X14eNEe0e0O)IGO TO 1016
DERY (1 )=FACTRE#RUST (&)
DERY (3)=FACTRE#RUST (&)
DERY (2)=0,0

DERY (4 )a~-FACTRM/RO0OT
IF(BFTASLES10)GO TO 3016
DERY (2)=~DERY (4)

DERY (4)=0,0

CONT INUE

SAVE INTEGRANDS

IF(NFW)4494,403,400
IF(NFED)4144414+407
NEW=1

MOVE TO TOP OF BFTA SAVFE TABLF
MOST=MOST4+1
LAST=MOST
GO To 428

MAKE SPACE IN MINDLE OF BETA SAVE TABLF

MOST=MOST+1
NA=LAST+1
MOVE=MOST+NA
DO 421 N=NAMOST
MaMOVE =N
SAVE(M)=SAVE (M=1)
INDEX (M) = NDEX (M=-1)
CONT INUE

SAVE BETA AND POINTFR
SAVE (LAST)=BETA
INDEX(LAST)=101+4%#(MOST~1)
NOW= INDEX (LAST)

SAVE INTEGRANDS
DO 4735 [=1.4
SAVE (NOW)Y=DERY (1)
NOW=NOW+1
CONT INVE

CHECK FOR TABLE rULL
IF(1n00-MOST)442+442,A00
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NEW=-1
GO To 800
RETA SAVE TABLE 1S FULL
KEEP=1NDEX (1)
IF(NFED)A%6+456¢470
PUSH DOWN SAVE TABLE FROM SAVE (NEXT)
LIMIT=NEXT-1
DO 4/3 I=1eLIMIT
SAVE (1)=SAVE(I+1)
INDEX(1)=INDEX(1+1)
CONT INUE
LAST=NEXT
GO Tn a48a
PUSH DOWN ENTIRE BETA SAVE TABLE
DO 477 I=1499
SAVE (1)=SAVE(I+1)
INDEX(1)=INDEX(1+1)
CONT INUE
LAST=MOST
SAVE BFTA AND POINTER
SAVE (LAST)=BETA
INDEX (LAST)=zKFEEP
SAVE INTEGRANDS
00 491 1=1.4
SAVE (KEEP)=zDERY ()
KEEP=KEEP+1
CONT INUE
RETURN
WRITF(6+901)
IF(NTYPE oNEeO)IWRITE(£¢904)F1BO+F1PB0+G18B0+.G1PBO
FORMAT (IX#F1BO=#2E13,5/1X*F1PBO=#2E13,S/1X*#G1BO=#2E13.5/1X*#G1PBO=%*

12E13,57 )

FORMAT (1H1+10X+10HEND OF JOB )

STOP

WRITF(6+903)

FORMAT (1 X#MPLUS EXCEEDES DIMENSION OF ARRAY BESSEL®%)
STOP

END
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SUBROUTINE SPLRED (N+FPSLNeXsYsDELYsS2+4S3)
DIMENSION X{1)eY(1)eNELY(1)eS2(1)eS3(1),
A H(100)seH2(100)«B(100)+sDFLSQY(100)+C(100)
N1 =N-1

DO 7 1=1eN1

HI)=X(1+1)=X(1)
DELY(I)=(Y(I)=-Y(I+1)y/H(])

DO 14 1=2,4N1

H2(1)y=H(I=1)+H(])

B(l)=eS¥H(I-1)/H2(1)
DELSQY(I)=(DELY(1)=DFLY(1-1))/H2(1)
S2(1)y=DELSQY (1 )+DELSAQY (1)
C(1)=S2(1)Y+DELSQY (1)

S2(1y=0.

S2(N)Y=0Doe

OMEGA=1071797

ETA=04

DO 35 1=2,.N1
Wa(C(l)-B(II*S2(1-1)=(eS-B(1))*#S2(1+1)-S2(1))*OMEGA
IF(ARS(W)=-ETA)35:35.28

ETA=aBS (W)

S2(1y=S2(1)+W

IF(ETA-EPSLN)&2+:21.4+21

DO 49 =1 N1

S3(1)=(S2(1+1)=S2(1))/H(1])

RETURN

END
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SUBROUTINE SPLD2(NeM T eXeYeZsDELYDELZeS2¢T2¢S3¢T3e¢SSeTTeSS1eTT1)
DIMENSION X(1)eY(1)eDELY(1)eDELZ(1)eS2(1)1eT2(1)¢S3(1)eTA(1)e2(1)
DATA SIXTH/ 4 166668666A666667/

I=M

IF(M=1)77421018

IF(M=N)21+2177

IF(T=X(1))63+:28+¢35

1=1

GO To 105

IF{T=X(N))Y32+:F1+73

IF(T-X(1))156+105449

1=1+1

IF(T=-X(1))98+105+49

1=1-1

IF(T=-X(1)156+1054105
IF(T=X(1)4]1eE-6)65¢64¢64

TaX(1)

GO Tn 28

WRITF(6470) T

FORMAT (10Xe 1 OHARGUMENT =4E14e6+22HOUT OF RANGE IN SPLD2 )
WRITE(6«71 ) (X(LYsL=1N)
FORMAT (/10X s 24HRANGE OF ARGUMENT VALUES/(E20e6))
sTop

IF(T=X(N)=1eE~6)75:75¢65

T=X(N)

GO Ton 91

WRITF(6+84)

FORMAT (10Xe23HM OUT OF RANGE IN SPLD2)
STOP

1=N

1=1-1

HT1=T=-X(1)

HT2=T-X(141)

PROD=HT 1 #HT2

SS2=82 (1 )Y+HTI#S3 (1)
TT2=T2(1)+HT1#T3 (1)
DELSQS=(S2(1)+S2(14+1)+SS2)*#SIXTH
DELSQT=(T2(1)+T2(141)+TT2)*SIXTH
SS=Y(I)+HT1*DELY (1)+PROD*DEL SQS
TT=Z(1)Y+HT1#DELZ (1 )4+PROD*DEL SQT
H12=zHT1+HT2 '
PRCON=PROD*S IXTH
SS1=PELY(1)+HI12*#DELSQS+PRCON#S3 (1)
TTI=NELZ(1)+HI2XDELSQT+PRCON#T3 (1)

LER

RETURN

END
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SUBROUTINE LAYER3(XI] 4RUST.DERIV)
DIMENSION RUST(1)+DERIVI(1)
DIMENSIONS FOR COMMON VARIABLES
DIMENSION V3(50)¢V31(S0)eV32(50)evV33(S0)s
Va4 (50)eVal (S0)eVAa2(50)4va3(50) e
Wa (S50)eWa1 (SO)eWA2(50)eWa3(50)
W3(50)eW31 (50)eWw32(%0)eW33(50),
Z(S0)eZN(SO)es XMNP (8+3 )¢ XMN(B+3)
COMMON ~ DIMENSIONED VARIABLES
COMMON V3eV31eV32¢V33ZeWI W31 eW32eW33¢ZeXMNP ¢ XMN s
V4 eVA1eVA24VaA3IWE e WALl «WA2 ¢ WA3¢ZN
COMMON - UNDIMENSIONED VARIABLES
BSQeCCA+CCBD2+KINDIL3¢LG s MOSTeTMI s TMJU»
NEWsNP3 NP4 RKERR+RK3sRKA s TERMA s TERMB ¢ TERMC s TERMD o
Vie V2 V3X13sVaxla.
Wl eWISQeW2ewW2SQeW2XI3eWAXIAeX]I1eXI2¢XI3eX1a,
F MIeMJIINT JNJMIPMUP AKZERO! ¢ AKZEROJ +RKZERO +FACTORI «FACTORJ ¢
G FACTSQI+FACTSQJsCOSPICOSMeSINP¢SINM COSPHIJWPHIJPP
LOGICAL TMI sTMY
COMPLEX CCA+CCE
CALL SPLD2(NP3¢L3eX1eZeV3eW3eV31eW31eV32eW32eV3I3eW334VIXI]
A W3X1eV3PX1eW3PX1)
DERIV(1)=RUST(S)
DERIV(2)=RUST(6)
DERIV(3)=RUST (7)
DER1IV(4)=RUST(8)
BSQMy=BSQ~-V3XI1
DERIV(S)=BSQMV*RUST (1 ) -W3X I #RUST (2)
DERIV(6)=BSOQMV*RUST (2 )+W3X I #RUST (1)
DENOM=V3X ] #V3XT1+W3X1#W3X]
FIRST=V3X1/DENOM
SECONDaV3PXI'#RUST (7 )+W3PXI#RUST (8)
THIRD=W3X1/DENOM
FOURTH=zV3PX [ #RUST(8)-W3PXI#RUST(7) ;
DERIV(T7)=FIRST#SECOND~THIRD#FOURTH+BSQMV#RUST (3)-W3XI*RUST(4)
DERIV(8)=FIRST#FOURTH+THIRD#*SECOND+BSOMV#RUST (4)+W3XI#RUST(3)
RETURN
END

o0 o>»

b-3

mooo
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SUBRNUT INE LAYERA (X] 4RUST.DERIV)
DIMENSION RUST(1)+DFRIVI(])
DIMENSIONS FOR COMMON VARIABLES
DIMENSION V3(50)eV31(50)eVvV32(50)eV33(50)e
Va4 (50)eVal (S0)eVaE2(50)eVvVa3(50),
Wa (S0) W41l (S0)eWa2(50) s WA3(50)
W3(S0)eW31 (S0)eW32(50) eW33(S0) e
Z(S50)eZN(SO) s XMNP (Be¢3 )+ XMN (84 3)
COMMON ~ DIMENSIONED VARIABLES
COMMON V3eV31eV32eV3I3eW3 W31 oW32eW33eZeXMNP ¢ XMNe
VA eVAa]leVA24VaAeWa WAL ¢+WA2 4 WA3eZN
COMMON - UNNIMENSIONED VARIABLES
BSQeCCA+CCBsD2sKINDIL3eLAMOSTeTMI s TMJ W0
NEWsNP34NP4 sRKERR ¢RK3 ¢RK&Q « TERMA o TERMB ¢« TERMC ¢« TERMD ¢
Vie V2. V3X13eVax1ia. '
W1l oWISQeW2eW2SQeW3XI3eWAXTIAIXI1eXI2eXI3eX1aAs
F MIeMJIINT sNJMIP I MUP (AKZERO I + AKZEROJ +RKZERO+FACTORI +FACTORJ »
C FACTSQI+FACTSOJsCOSP+COSMySINPISINMCOSPHIJWPHIUPP
LOGICAL TMI«eTMY
COMPLLEX CCA+CCB
CALL SPLD2(NP4 LA X! ZNsV4eWAIVA] sWA1+VA2.WA2+V43:Wa3,VaXI]
A WaAX1+sVAPX T eWaAPX1])
DERIV(1)=RUST(5)
DERIV(2)=RUST(6)
NERIV(3)=RUSTI(T)
DERIV(4)=RUST(8)
BSQMy=BSQ-VaX1
DERIV(S5)=BSQMV#RUST (1 )-WAX I #RUST (2)
DERIV(6)=BSQMVE#RUST (2 )+Wa X1 #RUST (1)
DENOM=VAX] #VAX1+WAX I ¥WAaX]
FIRST=VaAX1/DENOM
SECOND=VAPX I #RUST (T7)4WaPX 1 #RUST (8)
THIRN=WAX ] /DENOM
FOURTH=VAPXI#RUST(B)-WAPXI#RUST (7))
DERIV(7)=FIRST#*SECONND-THIRD*FOURTH4+BSOMV*RUST (3)-WAXI#RUST (4)
DERIV(B)=FIRST#FOURTH+THIRD*SECOND+BSAOMV#RUST (4)+WAX]I#*RUST(3)
RETUBRN
END

> lo Bg B I -

mooa
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SUBROUT INE BESJUS(XXeRJeMT)
DIMENSION BJU(1)eB(130)
ROUTINE FINDS BESSEL J OF X FOR ORDERS ZERO THROUGH MT
AND LOADS THEM INTO BJU(1) THROUGH BJ(MT+1),
X=ABS ( XX)
BJ(1Yy = 1,0
N = MT + 1
IF(XGFe806)10420
P1=3,141592653589793
DO 11 I=1eN " )
BJ(1 1=SQRT(20/(PI%#X ) ) RCOS(X~=0e25%#P [ =0SHPI#(1-1))
GO To 220
CONT INUE
DO S 1 = 2N
BJ(l) = o0
IF{X-156)32¢32434
NTEST = 20e+10,#X=X*%2/3
GO TA 236
NTEST = 90e¢+X/2e¢
IF(MT-NTEST)404+38+38
N = MNTEST - 1
GO Tn 45
N = mT
BPREV = 0
N1 = N+1
F = 2e¢/X%
D = 1+0E-6
COMPUTE STARTING VALUE OF M
IF(X=5¢ 150460460
MA = X + 6o
GO Ton 70
MA = 1 44%#X 4+ 60e¢/X
MB = N+IFIX(X)/442
MZERN = MAXO(MA«MB)
SET UPPER LIMIT oF M

‘MMAX = NTEST

DO 190 M = MZERO+MMAX«3

FM]1 = ].0E-28

FM = o0

ALPHA = 0

IF(M=-(M/2)%#2)1204110,120

JT = -1

GO Tn 130

JT = 1

M2 = M=2

DO 180 K = 1 eM2

MK = M=K

B(MKYy = FRFLOAT(MK)#FM]-FM
OVERFLOW TEST

IF(B(MK)~1¢0E68)1404+220+220

FM = FM1

FMl = B(MK)

JT = =T

S = 14+UT

ALPHA = ALPHA+48(MK)#e

B(l) = FRFM]-FM

ALPHA = ALPHA4BI(1)

BTEST = B(N1)

BTEST = BTEST/ALPHA

IF (ARS (BTEST-BPREV)-ABS(D*BTEST ) )200+42004+190
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RPRFv = BTFST

DO 210 I = 1Nt

BJ(lYy = B(1)/ALPHA
IF(XXelLTe0e0)GO TO 290
RETUBDN

N=MT41

DO 271 I=1eN

NN=T~1
BJ(IY=BJI(I)#(=1e0)*%NN
RETURN

END
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SUBROUT INE LRKS2(PRMTYDERY 'NDIMFCTsAUX)

DIMENSION Y(1)+sDERY(1)eAUX(Be1)eA(4)4B(A)sC(4)«PRMT(1)

FORMAT (524 MORE THAN 15 BISECTIONS NEEDED IN LRKS2 INTEGRATION)
FORMAT(47TH INITIAL INCREMENT IS ZERO ON LRKS2 INTEGRATION )
FORMAT (54H INITIAL INCREMENT HAS WRONG SIGN IN LRKS2 INTEGRATION)
DO 1 1=1.NDIM

AUX(Bs 1) = 4066665668666666T*DERY (1)

X=PRMT (1)

XEND=PRMT (2)

HaPRMT (3)

CALL FCT(XesY sDERY)

ERROR TEST
IF (H® (XEND=X))1384374>

PREPARATIONS FOR RUNGE-KUTTA METHOD
Al(l)=eS

A(2) = ¢292893218813452
A(3) = 170710678118855
A(d) = L166666666566A67
B(1)=2

B(2)=1e

B(3)=1s

Blay=2,e

Cll1)=ze5

ct2y = A(2)

C(3) = A(3)

Cla)r=e5

PREPARATIONS OF FIRST RUNGE-KUTTA STEP
DO 3 I=1«NDIM
AUX(1e1)=Y(1)
AUX (24 1)=DERY (1)
AUX (3¢ 13=0e.
AUX(A/+1)=0.
IREC=0

HzH+H

IHLF =-1

ISTEP=0

1END=0

START OF A RUNGE-KUTTA STEP
1F ((X+H=-XEND)I#H) T e6+¢ 8
H=XEND=X

I1END=1

ITEST = O

ISTEP=STEP+1

START OF INNERMOST RUNGE-KUTTA LOOP
J=1

AU=A(J)

BJ=B(J)

CJ=C(J)

‘DO 11 I=1NDIM

R1=H®#DERY (1)
R2=AJ* (R1 =BJ*AUX(6e¢ 1))
Y(l)=Y(]I)+R2
R2=R2+R2+R2
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AUX (601 )2AUX (641 )4+R2-CU*R]

IF(J=4)12+15415
JaJ+1t
IF(J=3)13«14+13
XuX4+oSHH

CALL FCT(XeYsDERY)
GOTO 10

138

END OF INNERMOST RUNGE-~KUTTA LOOP

TEST OF ACCURACY
IF(ITEST)16416,20

IN CASE ITEST=0 THERF IS NO POSSIBILITY FOR TESTING OF ACCURACY

DO 17 I=:]NDIM
AUX(4¢1)=Y (1)
ITEST=1
ISTEP=ISTEP+ISTEP-2
THLF=THLF+1

X=X =

Hz o S#H

DO 19 I=1.NDIM
Y(I)=AUX(1+1)
DERY (1)=AUX(24+1)
AUX(ge 1 )=AUX(341)
GOTO 9

IN CASE ITEST=1 TESTING OF ACCURACY 1S POSSIBLE

IMOD=ISTEP/2

IF(IQTEP~-IMOD-IMOD)21+¢23421

CALL FCT(XsYeDERY)
DO 22 1214ND[M
AUX{=eT)=Y (1)
AUX(7+1)=DERY(T)
GOTO 9

COMPUTATION OF TEST VALUE DELT

DELT=0,

DO 24 1=1«NDIM

IF (Y(1)) 242+ 2414 242
DELT = DELT + AUX(Bes1) *
GO To 24

DELT = DELT + AUX(Be1) *
CONT INUE

IF(DFLT-PRMT(4)128+28¢25
ERROR 1S TOO GREAT
IF(IHLF=15)26¢364¢36

DO 27 1=1NDIM

AUX (49 1)=AUX(Se1)
ISTEP=1STEP+1STEP~-4
X=X~H

1END=O

GOTO 18

RESULT VALUES ARE GOOD
CALL FCT(XsYDERY)

DO 29 1=1+NDIM

AUX(1e 1))=Y ()

AUX (24 1)=DERY (1)

ABS (AUX(441))

ABS((AUX(441)

- Ytly)y 7 Y1)
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AUX( (e 1 )=AUX(641)
Y(1)=AUX(S¢1)
DERY (1)=AUX(T7e 1)
DO 31 I=1+NDIM
Y(I)y=AUX(141)
DERY(I1)Y=AUX(2¢1)
IREC=IHLF )
1IF(IFND)32+32440

INCREMENT GETS DOUBLFD
IHLF=IHLF=~1

ISTEP=ISTEP/2

HaH4+H

IF(IHLF)4,4,33,33
IMOD=1ISTERP/2
IF(ISTEP~IMOD~-1MOD)Y4 43444
IF(DFELT=e02#PRMT (4))154¢3544
THLF=1HLF~1

ISTEP=1STFP/2

HeH+M

GOTO &

RETURNS TO CALLING PROGRAM
WRITF(6450)
PRMT (S)=1,0

GO Tn 40
WRITF(6¢51)
GO Tn 39
WRITF(6452)
PRMT (5)=-140
RETURN

END
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SUBROUTINE LRKS] (PRMTsYDERY 'NDIMFCTsAUX)

DIMENSION Y(1)+DERY (1) +sAUX(Be2)+A(4)+B(a)eC(4)PRMT(]1)

FORMAT (%52H MORE THAN 1S BISECTIONS NEEDED IN LRKS1 INTEGRATION)
FORMAT (47H INITIAL INCREMENT IS ZERO ON LRKS! INTEGRATION )
FORMAT (54H INITIAL INCREMENT HAS WRONG SIGN IN LRKS1 INTEGRATION)
DO 1 I=1eNDIM

AUX(Be1) = ¢0B66666666666667*DERY(])

X=PRMT (1)

XEND=PRMT (2)

H=PRMT (3)

CALL FCT(XeYsDERY)

ERROR TEST
IF (H# (XEND-X))38437+2

PREPARATIONS FOR RUNGE-KUTTA METHOD
A(l)=eS

A(2) = ¢292893218813452
A(3) = 1,7071067811855
A(4) = 4166666666665867
B(1)=2,

B(2)=1e

B(3)=1.,

B(4a)=2e

Cll11=e5

C(2)y = A(2)

C(3) = A(3)

Cla)=eS

PREPARATIONS OF FIRST RUNGE-KUTTA STEP
DO 3 1=1sNDIM
AUX(1e1)=Y ()
AUX(2+1)=DERY (1)
AUX(2¢1)=0,
AUX(6+11=0
IREC=0

H=H4+H

IHLF=-1

1STEP=0

1END=0

START OF A RUNGE-KUTTA STEP
IF (CUX+H=XENN)*#H) T 6 &
H=XEND-X

1END=1

ITEST = ©

ISTEP=ISTEP+1

START OF INNERMOST RUNGE-KUTTA LOOP
J=1

AJ=A(J)

RJ=B(J)

cJ=C(J)

DO 11 I=14NDIM

R1=HXDERY (])

R2xAU#(R1 ~-BURAUX(E¢1))

Y(l)=Y(]1)+R2

R2=R2+R2+4R2
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AUX (ge 1) =AUX(6¢]1)+R2-CI*R1

IF(J=-4)1241%5¢15
JaJdsi
IF(J=3)13+14.13
XuX4oShH

CALL FCT(XeYsDERY)
GOTO 10

141

END NF INNERMOST RUNGE-KUTTA LOOP

TEST OF ACCURACY
IF(ITEST)16¢16+20

IN CASE ITEST=0 THERE IS NO POSSIBILITY FOR TESTING OF ACCURACY

DO 17 1=1.NDIM
AUX(4+1)=Y(1)
ITEST=1
ISTEP=1STEP+ISTEP-2
THLF=THLF+1

X=X=-H

H= o S#H

DO 19 I=1,NDIM
Y(I)=AUX(1+1)
DERY (1)=AUX(24s1)
AUX (8¢ 1)2AUX(341)
GOTO 9

IN CASE ITEST=1 TESTING OF ACCURACY 1S POSSIBLE

IMOD=1STEPRP/2 -

IF(ISTEP-IMOD-1IMOD)214+23421

CALL FCT (XY DERY)
DO 22 I=1+NDIM
AUX(=e 1))=Y (1)
AUX(7¢ 1)=DERY (1)
GOTO 9

COMPUTATION OF TEST VALUE DELT

DELT=0.

DO 24 1=1.NDIM

IF (v(1)) 242, 241, 242
DELT = DELT + AUX(8.1) *
GO Tn 24

DELT = DELT + AUX(Bes1) *
CONT INUE

IF(DFLT-PRMT (4))284+2R+25

ERROR IS TOO GREAT
IF(IHLF=-15)26¢36436
DO 27 1=1NDIM

AUX (49 1)=AUX(Se1)
ISTEP=1STEP+1STEP-4
X=X+

1END=0

GOTO 18

RESULT VALUES ARE GOOD
CALL FCT(XesYsDERY)

DO 29 I=1+NDIM
AUXC(1s1)=Y(T)
AUX(2+1)=DERY (1)

ABS (AUX(4&+1))

ABS((AUX(4s1) = Y(I)) / Y(1))
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29
30

31

32

33

34
35

36

37

38
39
40

1k2

AUX (3¢ 1 )1=AUX(E4 )
Y(I)=AUX(%e1)
DERY(1)=AUX(Te1)
DO 31 1=1«NDIM
Y(l)y=AUX(1+1)
DERY (1)=AUX(2e1)
IREC=1HLF
IF(IFND)32+32440

INCRFMENT GETS DOUBLFD
IHLF=THLF-1

ISTEP=ISTERP/2

H=H4+H

IF(IHLF)4433433
IMOD=1STEP/2
IF(ISTEP-IMOD-1MOD)4 43444
IF(DFLT = 02#PRMT (4))25¢3544
ITHLF=THLF=1

ISTED=ISTFP/2

HxH+H

GOTO 4

RETURNS TO CALLING PROGRAM
WRITE(6450)

PRMT (5) =1,0

GO To 40

WRITF(6451)

GO TO 39

WRITF(64¢52)

PRMT (5)==140

RETURN

END
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SUBROUTINE CXINV (AN BeMDET+IPIVIINDXeMAX,ISCALE)

COMPLEX MATRIX INVERSION WITH SOLUTION OF L INEAR EQUAT!ONS

CAVM = CABS(A(MAX))e CAVA = CABS(A(1lsJ))
CADM = CABS(DETERM)s CAPV = CABS(PIVOT)

COMPLEX A(MAX«N)Yse B(MAX+M)s SWAP, DETs PIVe PIVIse COs CI

DIMENSION IPIV(N)+s INDX(MAXe2)

CONSTANTSe INITIALIZATION

CO = (0e04¢0,0)
Cl = (1604040
1SCALE = O

RL = 10,0##100
RS = 1.0/RL
DET = C1

CADM = 1,40

DO 2n J=1 N
1IPIV(J) = O

DO SN0 I=1sN

SFARCH FOR PIVOT FLEMENT

CAVM = 040

DO 108 J=14N

IF (1IPIV(J) «EQe 1) GO TO 105
DO 100 K=1eN

IF (IPIV(K) = 1) 5041004750
CONTINUE

CAVA = CABS(A(J+K))

IF (CAVM GEe CAVA) O TO 100
IROW = J

ICOL = K

CAVM = CAVA

CONT INUE

CONT INUE

IF (CAVM EQe 040) GO TO 720
IPIV(ICOLY = IPIV(ICOL) + 1

INTERCHANGE ROWS TO PUT PIVOT ELEMENT ON DIAGONAL

IF (IROW +EQe ICOL) GO TO 230
DET = -DET

DO 200 L=1eN

SWAP = A(IROW.L)
AC(IROWsL) = A(ICOL L)Y
A(ICOLsLY = SWAP

CONT INVE

IF (M oLEe 0) GO TO 230
DO 220 L=1eM

SWAP = B(IROW.L)
B(IROWL) = B(ICOLL)
B(ICOLsL)Y = SWAP

CONT INUE

CONT INUE

INDX(1e1) = IROW
INDX(142) = ICOL

PIV = A(ICOLICOL)
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00N

o000

1hh

CAPV = CABS(P1V)
IF (CAPV +EQe 0e0) GO TO 720

SCALE DETERMINANT

Plvl = PlV
CADM = CABS(DFT)
IF (FADM oL Te RL ) ~O TO 260
DET = DET/RL
CADM = CABS(DET)
ISCALE = [ISCALE + 1
IF (CADM +LTe RL) GO TO 290
DET = DET/RL
ISCALE = ISCALE + 1
GO To 290
260 CONTINUE
IF (CADM 4GTe RS) GO TO 290
DET = DET#*RL
CADM = CABS(DET)
ISCALE = [SCALE ~- 1
IF (CADM 4GTe RS) GO TO 290
DET = DET#*RL
ISCALE = ISCALE - 1
290 CONT INUE
CAPV = CABS(P1IVI)
IF (CAPV +LTe RL) GO TO 320
PIVI = PIVI/RL
CAPV = CABS(PIVI)
ISCALE = ISCALE + 1
IF (CAPV +LTe RL) GO TO 340
PIVl = PIVI/RL
ISCALE = ISCALE + 1
GO Tn 340
320 CONTINUE
IF (FAPV +GTe RS) GO TO 340
PIVI = PIVI*RL
CAPVY = CABS(PIVI)
ISCALE = ISCALE -~ 1
IF (CAPV «GTe RS) GO TO 340
PIVI = PIVI*RL
ISCALE = ISCALE - 1
340 CONTINUE
DET = DET % P1lVI!

DIVIDE PIVOT ROW RY PIVOT ELEMENT

ACICOLeICOL) = CI
DO 350 L=1+N

350 A(ICOL.L)Y = A(ICOLWLy/PIV
IF (M o¢LEe O0) GO TO 280
DO 370 L=1eM

370 B(ICOLJL)Y = B(ICOLJLYy/PIV

RFDUCE NON-PIVOT pOWS

380 CONTINUE
DO 500 L1=1eN
IF (L1 +EQe ICOL) GO TO 300
SWAP = A(L1sICOL)
A(Ll14ICOL) = CO
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400

450
500

690
700

720

750
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NO 4an0 L=1N

A(L1sL) = A(LL1sL) = ACICOL JL)I®*SWAP
IF (M oLFe O) GO TO =00

DO 480 L=1+M

B(L1sL) = B(L1sLY = RIICOLLI®SWAP
CONT INUE

INTERCHANGE COLUMNS

DO 700 I=1eN

L = N+1-1

IF (INDX(Ls1) oEQe INDX(L+2))GO TO 700
IROW = INDX(Lae1)

ICOL = INDX(L+2)

DO 690 K=14N

SWAP = A(K,IROW)
A(KeTROW) = A(KeICOL)
A(Ksy1COLY = SWAP

CONT INUE

CONT INUE

GO To 750

DET = CO

1SCALE = O

RETURN

END
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NEAR FIELD COUPLING BETWEEN ELEMENTS

OF A FINITE PLANAR ARRAY OF CIRCULAR APERTURES

by

Merion Crawford Bailey
(ABSTRACT)

The mutual adﬁittance between two waveguide-fed apertures
radiating into a multilayered region is expressed as a double
integral of a combination of the Fourier transforms of the respective
aperture electric fields and the solutions to a set of transformed
wave equations for the layered region. The result is an expression
which is stationary about variations in the assumed aperture electric
field distributions.

The special case of two circular apertures whose electric field
distributions are assumed to be the same as the TEmn and Tan circular
waveguide modes is analyzed in detail. In this case, the admittance
expression can be reduced to a single integral which simplifies the
numerical calculation. A computer program was written which can
include up to four external layers, two of which may be inhomogeneous
normal to the aperture plane.

Numerical results for the mutual coupling between two circular
apertures with TE

11

for both free space and one homogeneous dielectric layer. Numerical

mode excitation agree very well with measurements

results are compared with measurements of two circular gpertures in a



12 inch by 24 inch flat plate for various combinations of frequency,
polarization, and spacing in order to verify all aspects of the solu-~
tion. It was noted that in some cases, the diffractions from the
edges of the ground plane caused some appreciable variations in the
measured data, although the measurements in all cases tended to
scatter about the calculated values.

A numerical study was performed in order to determine the gffect
of higher order TEmn and Tan modes upon the TE

11

circular apertures radiating into free space. The only noticeable

mode coupling of two

effect was & change in the phase of the coupling coefficient when the
TMll mode was included in the calculations.

A study of the effects of array size upon the performance of a
triangular grid arrangement of circular apertures indicated that the
elements near the center of a large phased array have similar radiation
characteristics to those of an infinite array, except near the scan
angle at which the "blind spot" occurs. At this angle, the reflection
coefficient of the center element of the finite array exhibited a sharp
peak, but not total reflection as in the infinite arrsy. Also major
differences were observed between the reflection coefficients of the
center element and the edge elements of the finite array as a

function of beam scan.
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