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We study the stochastic spatial Lotka—Volterra model for predator-prey interaction subject to a
periodically varying carrying capacity. The Lotka—Volterra model with on-site lattice occupation
restrictions (i.e., finite local carrying capacity) that represent finite food resources for the prey pop-
ulation exhibits a continuous active-to-absorbing phase transition. The active phase is sustained by
the existence of spatio-temporal patterns in the form of pursuit and evasion waves. Monte Carlo
simulations on a two-dimensional lattice are utilized to investigate the effect of seasonal variations
of the environment on species coexistence. The results of our simulations are also compared to a
mean-field analysis in order to specifically delineate the impact of stochastic fluctuations and spatial
correlations. We find that the parameter region of predator and prey coexistence is enlarged relative
to the stationary situation when the carrying capacity varies periodically. The (quasi-)stationary
regime of our periodically varying Lotka—Volterra predator-prey system shows qualitative agreement
between the stochastic model and the mean-field approximation. However, under periodic carrying
capacity switching environments, the mean-field rate equations predict period-doubling scenarios
that are washed out by internal reaction noise in the stochastic lattice model. Utilizing visual
representations of the lattice simulations and dynamical correlation functions, we study how the
pursuit and evasion waves are affected by ensuing resonance effects. Correlation function measure-
ments indicate a time delay in the response of the system to sudden changes in the environment.
Resonance features are observed in our simulations that cause prolonged persistent spatial correla-
tions. Different effective static environments are explored in the extreme limits of fast- and slow
periodic switching. The analysis of the mean-field equations in the fast-switching regime enables a
semi-quantitative description of the (quasi-)stationary state.

I. INTRODUCTION

The study of population dynamics has gained popu-
larity among various fields of research in recent years [T
24]. Ecosystems of multiple interacting species are tradi-
tionally modelled as a dynamical system described by a
set of deterministic differential rate equations. Yet such
deterministic descriptions do not capture the stochastic
nature of real-life systems and ignore temporal and spa-
tial correlation effects that certainly affect the system’s
quantitative features, and maybe its qualitative behav-
ior [25 26]. Therefore, various efforts have been made
in trying to adequately represent such systems in terms
of coupled stochastic processes [9] [13] 14, 17, 19 27].
An additional difficulty in the study of stochastic popu-
lation dynamics stems not just from the fact that they
are non-linear dynamical systems with a large number of
degrees of freedom, but also because they do not reside
in thermal equilibrium: Hence the stationary probability
distribution is not the standard Boltzmann distribution,
non-vanishing probability currents decisively character-
ize the ensuing non-equilibrium steady states, and irre-
versibility is crucial, as becomes manifest in absorbing
states that characterize population extinction. However,
lattice simulations can be used effectively to gain insight
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on the interacting populations’ behavior, and may thus
guide the development of new techniques for studying
non-equilibrium systems.

This study focuses on the paradigmatic predator-prey
model introduced independently by Lotka and Volterra
[28, 29], owing to its simplicity and extensive preva-
lent literature. The original formulation of the Lotka—
Volterra model utilized a coupled set of deterministic
differential equations describing the temporal evolution
of the predator and prey densities. It was successful
in explaining population oscillations that are present in
predator-prey ecologies. However, the Lotka—Volterra
mean-field model was aptly met with criticism because
it did not account for stochastic fluctuations, and since
it predicts stable density oscillations that are fully de-
termined by the initial population densities, whereas in
nature, predator-prey systems can exhibit extinction or
fixation. The neutral limit cycles of the original Lotka—
Volterra model are also not stable under straightforward
modifications to the model [2], 4, 21I]: Allowing for intrin-
sic stochastic noise, or introducing a finite carrying ca-
pacity render the limit cycles unstable, and the system is
instead driven to a stable fixed point with constant preda-
tor and prey densities. We remark that there exist alter-
native predator-prey models that can predict stable limit
cycles such as those discussed in Refs. [30, B1]. Further
it is well-established that spatial structure in ecological
systems promotes species coexistence [32H35]. This as-
serrtion was supported by experiments done by Huffaker
et al. [36], who found that coexistence of a predator-prey
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system of mite species was maintained via spatial hetero-
geneity of species densities. This was later hypothesized
to be a result of asynchronous system states in different
patches (lattice sites) [33] [35], B37].

A substantial body of experimental work has been
performed on ecologies that exhibit predator-prey type
interactions [10, [36, B8-42]. While the Lotka—Volterra
model is able to capture the periodic behavior of such
systems, with good numerical agreement for well-mixed
microbial systems [38, [41], its mean-field approximation
cannot capture the stochastic fluctuations in the pop-
ulation densities. As pointed out in Ref. [38], the is-
sue is that the deterministic Lotka—Volterra model (even
with a finite carrying capacity) only allows for decaying
or constant oscillation amplitudes. It is hence prefer-
able to consider the Lotka—Volterra model as a stochastic
reaction-diffusion system incorporating the following re-
actions that involve the predator species A and the prey
species B:

AL, predator death, (1a)
B % B+ B, prey reproduction (birth), (1b)

A+BS A+ A, predation, (1c)

where p, o, and A denote the corresponding reaction rates
that quantitatively characterize the stochastic processes.
The reaction combines the actions of simultaneous
predation and predator reproduction, a common simplifi-
cation [l [13HI5L, [18] 211, 43H52]; as shown in Ref. [22], for
spatially extended stochastic realizations of the Lotka—
Volterra processes, separating into two independent
reactions does not qualitatively change the stochastic,
spatially extended system’s behavior.

This simplest Lotka—Volterra model variant can be
readily extended to account for finite resources for the
prey population. On the mean-field level, one may just
add a logistic growth limiting factor for the prey species
[4, 53 54]. For the stochastic model realized on a reg-
ular lattice, this can be achieved by implementing on-
site lattice occupation restrictions [13, 14l 17, 19 43+
45, 50, 55, [56]. An alternative method of modelling com-
petition between prey individuals for resources would be
to implement the binary reaction B + B — B, which
provide a “soft” local particle number constraint [52].
In contrast to imposing “hard” on-site restrictions in the
lattice model, the corresponding mean-field rate equation
would directly lead to a logistic equation. Either mod-
ification of the stochastic Lotka—Volterra model induces
a continuous non-equilibrium phase transition between
two-species coexistence and predator extinction. If the
predators are not efficient in hunting their prey, or if the
food resources available to the prey are scarce, the preda-
tor population eventually goes extinct [13] 14} 19, 50H52].
The critical exponents of this active-to-absorbing state
phase transition were shown to be in the directed per-
colation universality class by means of numerical simula-
tions [19, [45], 46, [56H58] as well as a field-theoretic anal-
ysis [211 5T, 52]. Persistent spatio-temporal structures

emerging in the coexistence phase of the stochastic lattice
Lotka—Volterra model that substantially enhance species
coexistence and thus promote ecological diversity have
been thoroughly studied as well [12] 16, B3] 51, 59} [60].
Prominent travelling pursuit and evasion waves arise due
to the fact that predators must move towards high con-
centrations of prey in order to survive, leaving behind
them areas of low prey concentration, while the prey sim-
ilarly need to evade regions of high predator densities.
These waves lead to asynchronous states and therefore
enhance coexistence [35], which underscores the impor-
tance of spatial modelling for predator-prey systems.

Experimental in-vitro as well as in-vivo systems are
often exposed to varying nutrients, which affects species
survival. Therefore the modelling of population dynam-
ics with temporally varying environments has gained at-
tention in recent years [47H49, [6TH75]. Traditionally, fluc-
tuations in the environment are modelled as variable re-
action rates [48, 49 62] 65, [T0H73] which usually enter
linearly. On the other hand, to investigate the effects of
varying non-linear parameters, typically time-dependent
carrying capacities are introduced [66H69], but in a non-
spatial setting. Yet spatial models with a varying car-
rying capacity have also not been properly explored in
the literature. Lattice models are often simulated with a
fixed on-site restriction [I3] 14} 177, 19, 4345} 50} G5, H6].

In this study, in order to gain a full understanding
of how a time-varying on-site resource constraint can
change the quasi-stationary properties as well as tran-
sient kinetics of predator-prey competition dynamics,
we consider the stochastic Lotka—Volterra model on a
regular two-dimensional lattice (with periodic bound-
ary conditions) with a finite local prey carrying capac-
ity that varies periodically over time. This oscillatory
environmental variability resembles seasonal changes in
food availability for the prey population. While seasonal
changes may additionally affect other parameters such
as the reproduction rate, in this study we focus on the
effects of temporal oscillations in resource availability,
since we anticipate variability in this non-linear parame-
ter to generate the most prominent modifications relative
to the stationary case. This variation in the environ-
ment leads to indefinite populations oscillations, whereas
the static Lotka—Volterra model only supports damped
oscillations with a decreasing amplitude (in the coexis-
tence regime). Similar conclusions were already drawn
in Ref. [64]. We investigate how a sudden increase in
prey food resources can prevent the predators from go-
ing extinct. Specifically, intriguing dynamical behavior is
observed when the system switches between carrying ca-
pacity values that would result in species coexistence and
predator extinction, respectively, in stationary environ-
ments. One may regard this Lotka—Volterra system with
periodically varying environment as a dynamical system
subject to an oscillating external driving force. In peri-
odically driven dynamical systems, there are two limiting
situations that allow for quantitative theoretical analysis,
namely the fast and slow switching regimes, for which the



driving force oscillation period is small or large, respec-
tively, compared to the intrinsic oscillation time scale of
the system. In order to quantitatively analyze our model,
we measure the time evolution of the population density
for each species and their two-point correlations func-
tions. We demonstrate that an analysis of the coupled
mean-field rate equations allows a semi-quantitative de-
scription of the (quasi-)stationary state of the system for
rapidly varying environments. As mentioned in Ref. [64],
density oscillations tend to have the same period as the
environmental oscillations. However, our model exhibits
period doubling effects when an asymmetric environment
is considered.

Our aim is to understand the mechanism for the en-
largement of the region of parameter space that permits
species coexistence in the Lotka—Volterra predator-prey
model, as a consequence of the periodic variations in
the environment. In the fast switching regime, we delin-
eate under which conditions the environmental variability
may be captured through effective averaged parameters.
Direct comparisons between mean-field and the lattice
model results allows us to determine quantitatively when
the analysis of approximate mean-field rate equations suf-
fices. We also address the question of how the externally
imposed carrying capacity dynamics interacts with the
intrinsic spatio-temporal pursuit and evasion waves char-
acteristic of predator-prey models. Indeed, this interplay
between the spreading population waves and the chang-
ing environment causes intriguing resonant behavior in
the system.

This paper is organized as follows: Section [T gives an
overview of the stationary states of the Lotka—Volterra
model for predator-prey competition and their stabil-
ity within the mean-field theory framework. It next de-
scribes the features found by numerically integrating the
coupled rate equations for periodically varying carrying
capacity. We then mathematically analyze the (quasi-)
stationary state of the mean-field model in both the slow-
and fast-switching regimes. Our implementation for our
corresponding stochastic lattice model and the ensuing
simulation data are presented in Section [[IT} and com-
pared with the mean-field results. Finally, our summary
and concluding remarks are provided in Section [[V}

II. LOTKA-VOLTERRA PREDATOR-PREY
COMPETITION: MEAN-FIELD THEORY

A. Constant carrying capacity: mean-field rate
equations and stability analysis

Mean-field rate equations for stochastic dynamical re-
action systems are approximate deterministic equations
that aptly describe a well-mixed setup. Even though
they neglect spatial correlations and temporal fluctua-
tions, they are often useful to gain intuition on the sys-
tem’s expected behavior. In Sec. [[TT] we shall compare
the results obtained with the mean-field equations with

the Monte Carlo simulation data from the full stochastic
model .

For the Lotka—Volterra predator-prey competition
model , the classical mean-field rate equations that
describe the time evolution of the mean predator and
prey densities a(t) and b(t) read

dc;(tt) — palt) + Xa(b(t) | (2a)
%(;) — ob(t) — Aa(E)b(L) . (2b)

These rate equations can be understood as representing
gain / loss terms for reactions that increase / decrease
the population densities. Linear stability analysis of this
system shows that the system exhibits a species coex-
istence fixed point, and numerical integration of these
equations leads to oscillatory behavior, namely neutral
limit cycles. We will perform our analysis on the more
generalized Lotka—Volterra model with a growth-limiting
factor for the prey species (for reviews, see Refs. [0l [51]).

The original Lotka—Volterra rate equations can be
generalized by including a growth-limiting factor 1 —
a(t)/ Ky — b(t)/ Kz, where K; and K5 respectively rep-
resent the (global) carrying capacities induced by prey-
predator and prey-prey resource competition. For sim-
plicity, we set K1 = Ko, since this does not change the
qualitative behavior of the system on the mean-field level;
this implies the modified set of rate equations

d%t) = —pa(t) + Aa(t)b(t) | (3a)
B0 vt (1= D) vapen o

where K denotes the (global) carrying capacity. Their
mean-field character resides in the assumed factoriza-
tion for the non-linear predation reaction with rate A
of a two-point correlation function into a mere density
product, which assumes statistical independence and the
absence of correlations. The growth-limiting factor is
used to model limited finite resources, and vanishes if
a(t) + b(t) = K. In that case, the prey density’s tem-
poral derivative becomes negative, indicating a strictly
decreasing prey population. We remark that adding an
explicit growth limiting term for the predator density is
not required since the predators’ growth is determined by
the prey density. Hence, if the prey species has a growth
limiting factor, this will indirectly constrain the predator
population abundance as well.

The stationary states of this system are given by con-
stant solutions to . This results in three fixed points
(a*,b*) = {(0,0), (0, K), (ag, bo) }, where

_ oK _ _H
ao_/\K-i-U(l )\K>’ bo=7%" (4)

The solution (0, 0) represents total population extinction.
At the fixed point (0, K), the predator species goes ex-
tinct while the prey species fills the entire system to full



capacity K. Finally, the solution (ag,by) with non-zero
densities for both species represents predator-prey coex-
istence. Note that ag > 0 requires p/A < K.

Next we consider the (linear) stability of these solu-
tions, which is achieved by linearizing around the
three distinct stationary states. Shifting the densities
by their stationary solutions a(t) = a* + da(t), b(t) =
b* + 0b(t), inserting this transformation into the original
rate equations, and keeping only terms linear in the small
deviations (da(t),db(t)), we obtain the matrix equation

% = Jx, where x = (da(t) 5b(t))T, the dot represents the
time derivative, and the Jacobian matrix J is explicitly
given by

- Ab* — 1 Aa*
T= <—(;+A)b* X+ L (K —a* —2b*)) - (5)

The dynamical behavior of the system in the vicinity of
a fixed point follows from the eigenvalues e1 of the Jaco-
bian matrix at each stationary point. First let us consider
the extinction fixed point (0,0) with associated eigenval-
ues (e_,e4) = (—p,0). Both eigenvalues are real, indi-
cating exponential behavior near the fixed point. Yet the
extinction stationary point is linearly unstable in mean-
field theory against prey growth, since e, = o is positive.
While this result is intuitive considering the fact that any
small deviation in the prey density leads to exponential
growth of the prey, we recall that in the original stochas-
tic model, in any finite system total extinction represents
the only asymptotically stable stationary absorbing state.
Next, the eigenvalues for the predator extinction fixed
point (0, K) are (e_,e4) = (AK — p1, —0), which are also
both real. This stationary state is only stable with re-
spect to small perturbations if A < A. = /K. Finally,
the two-species coexistence stationary point (ag,bg) has
associated eigenvalues

G| IO

For Ay = (u/2K) (1 +4/1 —I—a/,u) > A > A, both eigen-

values are real and negative, and hence the stationary
point is stable and small perturbations exponentially re-
lax back towards it. If A > A;, the eigenvalues acquire
complex conjugate imaginary components with a nega-
tive real part, indicating that the stationary point is still
stable, but the system exhibits decaying oscillations in
its vicinity. Yet for A < A. the eigenvalues are both real
with e_ < 0 and €4 > 0 assuming opposite signs. Con-
sequently, the stationary solution (ag,bg) turns into an
unstable saddle point.

This analysis demonstrates that the mean-field rate
equations predict a continuous active-to-absorbing
state transition at A = A.. The absorbing state is the
predator extinction phase (0, K') which is stable only for
A < A¢. The active phase is the species coexistence phase
(ao, bo) which only exists and is then stable for A > A..

K(t)

FIG. 1. Sketch illustrating the time dependence of the period-
ically switching carrying capacity K (t): Ty is the full period
of the signal; K_ and K4 are its the low and high values.

This fixed point is a stable node for A < A; and be-
comes an attractive focus for X > A,. The active-to-
absorbing phase transition describing predator extinction
is also observed in spatially extended stochastic systems.
Away from criticality the system’s behavior only changes
quantitatively relative to the mean-field analysis. Near
the phase transition the critical exponents governing the
model’s dynamical scaling laws acquire substantial cor-
rections due to fluctuations in dimensions d < d, = 4.
For a more thorough review of the stochastic Lotka—
Volterra predator-prey model in a static environment, we
refer to Refs. [50H52].

B. Periodically switching carrying capacity:
numerical integration of the coupled rate equations

In this section, we describe results obtained from nu-
merically integrating the coupled rate equations sub-
ject to a periodically switching carrying capacity. As
depicted in Fig. |1} the carrying capacity K (t) is taken to
be a rectangular time signal ranging between the low and
high values K_ and K, and with full switching period
Ty, (i.e., from K+ back to K+ ). This functional variation
of the carrying capacity does of course not constitute
a realistic model for species interacting in nature since
food resources do not change in a discontinuous man-
ner. However, it can be argued that seasonal changes
lead to a sudden carrying capacity drop / increase be-
tween winter and summer, as resource availability may
seasonally vary. The following results will later be uti-
lized to highlight the differences between the mean-field
approximation and the stochastic lattice model. We re-
mark that a full quantitative comparison between the two
models is uninformative due to the fact that in the lattice
model one prescribes microscopic reaction probabilities,
whereas in the mean-field system one controls the effec-
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FIG. 2. Predator (full red) and prey (dashed blue) density time traces obtained by numerical integration of the coupled mean-
field rate equations with periodically switching carrying capacity K (t) (the shaded gray areas indicate the excluded densities).
The parameters used here are 0 = p=A=0.1, and K_ =1, Ky = 10.
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FIG. 3. Fourier transforms of the predator (red squares) / prey (blue crosses) density time evolution from Fig.[2] with parameters

c=p=X=0.1, K_ =1, K; = 10.

tive macroscopic reaction rates. A thorough quantitative
analysis would require fitting the stochastic lattice data
to the mean-field results in order to extract the effective
(and usually scale-dependent) macroscopic rates. Here,
we are not interested in the detailed quantitative differ-
ences between the lattice and mean-field models. Rather
we shall focus on the qualitative distinctions between the
two models, and will specifically highlight features pre-
dicted by the mean-field equations that are not present
in the stochastic lattice system.

The mean-field equations were numerically integrated
by employing a fourth-order Runge-Kutta scheme with
(dimensionless) time increment At = 0.01, ie., tg =
100 At sets the basic unit time scale relative to which
all times and inverse rates will henceforth be measured
in this section. We set the initial conditions to p,(0) =
pp(0) = 0.5 and K(0) = K_, and have confirmed that
our results do not depend on these chosen initial values.
Figure 2| displays the resulting predator and prey densi-
ties p(t) as functions of time. For both switching periods
Ty = 60 and T}, = 80, we clearly observe period-doubling
effects in the time traces. This is further confirmed by the
Fourier transforms of these temporal evolutions shown in

Fig. B8l For T} = 60, the highest Fourier peak occurs at
a period t = 120 indicating period-doubling. However,
an additional smaller peak emerges at ¢ = 240, reflect-
ing that the density repeats after four switching periods
of the carrying capacity, suggesting even the presence of
a period-quadrupling effect. Similar period-doubling is
visible for Ty = 80, but no period-quadrupling is dis-
cernible. Further increase in the carrying capacity pe-
riod evidently eliminates period-doubling phenomena as
shown in Fig. We detect the highest peak in the den-
sity Fourier transforms for T, = 200 at ¢t = T} /3, a har-
monic of the driving period. This feature is in fact also
observed in the lattice model, in contrast to the period-
doubling at smaller periods T}, for which we shall find
that the internal reaction noise in the stochastic model
washes away these intriguing non-linear effects.

C. Quantitative analysis: slow-switching regime

The stationary mean-field population densities in the
coexistence phase are given in Eq. . For an environ-
ment where K periodically switches between two con-
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FIG. 4. Long-time predator and prey densities poo averaged
over 10 periods of the switching carrying capacity, vs. Ty
in units of 7, where 7 represents the characteristic intrinsic
oscillation period for a Lotka—Volterra model with fixed car-
rying capacity K. The parameters used for the oscillating
environment are 0 = g = A = 0.1, and K_ = 2, Ky = 6,
which yields the harmonic average K = 3 (red) and K* = 3.2
(dashed orange). The corresponding stationary densities fol-
low from Eq. (4)).

stant values K_ and K, the long-time behavior of the
system depends on these stationary densities. If the pe-
riod of the oscillating environment is sufficiently long
such that the system reaches the stationary state for ei-
ther K value, then the densities can effectively be de-
scribed as oscillating between two constant values with
the same period T} as the carrying capacity. In that case,
the averages of the predator and prey densities over one
period can simply be approximated by the arithmetic
means (a,b) of the two stationary values (a_,b_) and
(ay,by) pertaining to K = K_ and K = K, respec-
tively. Thus we obtain

__a—tay o (AK_—p  AKy —p

T TN\ NK_t0 MKy +to

o 2NK K, + Mo —p)(K_ + Ky) —2uo (Ta)
D) 2(0\K_ +0)(AK+ +0) ’
~_b_+b+_/$

b= =L (7b)

We rewrite the mean predator density in terms of an
equivalent time-averaged effective carrying capacity K*
defined through

o AK* —p

AN AK* 0 (8)

a/ =
Comparison with the explicit result yields

B 2K,K+ + (K, +K+)0'/)\

K*
K_+Ki+20/A ’

(9)

which reduces to the rate-independent harmonic aver-
age K = 2K_K,/(K_ + K,) for large K_, K, > 1.
Hence, in the slow-switching regime, the system can be
described as oscillating around the average population
densities corresponding to the constant rate-dependent
effective carrying capacity K*.
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FIG. 5. Numerical integration for the prey density b(t) for
a static environment (full black) for 0 = g = A = 0.1 and
K = 10, compared with the stationary value by = 1 (dashed
red). The average of the oscillating black curve over time is
b =1.00246.

Through numerical integration of the mean-field rate
equations, we tested the harmonic average hypothesis for
different switching periods, and confirmed Eq. @D in the
slow-switching regime. We note that this comparison
is facilitated for the mean-field model compared to the
stochastic lattice system because we have exact formu-
las available for the stationary density values, and K is
not required to be an integer. Figure [4] shows the com-
parison of the numerically obtained population densities
with periodically varying K (t) with the corresponding
stationary values obtained with a simple harmonic av-
erage of the carrying capacities and the rate-dependent
effective carrying capacity @ Interestingly, computing
the stationary prey density from the straightforward har-
monic carrying capacity average K yields accurate results
for a large range of switchting periods, as is apparent in
Fig.[4b] This is due to the fact that for a static carrying
capacity, the prey density oscillates about its stationary
value, and the fluctuations about it almost precisely av-
erage out, as verified in Fig. Since within the mean-
field framework, b* and hence b do not depend on K, any
equivalent carrying capacity would work for the prey pop-
ulation. The predator density also follows the harmoni-
cally averaged carrying capacity for small periods, see be-
low; and is indeed aptly captured by the rate-dependent
equivalent carrying capacity @D for large switching pe-
riods. For intermediate periods T}, we observe a non-
monotonic crossover regime with a large resonance-like
spike, see Fig. We verified that these findings do not
depend on the initial conditions of the system.



D. Quantitative analysis: fast-switching regime

The coupled mean-field rate equations (3|) suggest that
in the fast-switching regime, both species’ densities oscil-
late about values that are equal to the stationary pop-
ulation densities for an equivalent carrying capacity K
that is just the harmonic average of K_ and K. This
follows from the fact that the prey density rate equation
depends explicitly on 1/K. Based on these observa-
tions, we construct an ansatz for the long-time behavior
of both species’ densities as follows.

We first shift time according to t — t — N1}, where N
is a large integer such that at ¢t = NT} the system has
reached its quasi-stationary state. Hence this time axis
shift defines ¢ = 0 to be the start of an environmental
cycle in the long-time regime. If the system is thus ini-
tialized at the onset of the low carrying capacity state,
i.e., at t = 0 it just switched from K, to K_, then at
t =Ty /2 it will flip back from K_ to K, and that cycle
repeats at t = Tj. We now derive an approximate solu-
tion that describes the densities in one cycle ¢ € [0, Tj].
Henceforth we shall refer to the region t € [0,7}/2] as
T_, and the time interval ¢t € [T}/2, Tk] as T4.

Since the prey density exhibits a discontinuity in its
first time derivative at ¢t = T}, /2, it can be described by
a piece-wise function. In the fast-switching regime, we
may apply a short-time Taylor expansion for the popu-
lation dynamics, and retain only the linear term. The
absolute values of the prey density slope in the intervals
T7- and 71 must be the same, due to the fact that the
prey density is periodic, b(Tx) = b(0), and continuous
at the jumps in between these two regions. In 7_ the
system is in the low carrying capacity state, therefore
the prey density is a decreasing function of time, and its
slope should be negative. For ¢ € T, the prey density
has a positive slope, since now the system is in the high
carrying capacity state. These considerations motivate
the following simple ansatz for the prey density,

b(t):{bl—at teT.,

10
by + at teT,, (10)

which is numerically verified in Fig. [f]

The prey density is continuous at the boundary ¢ =
Ti/2, whence by = by — aT. Moreover, in the fast-
switching regime, the density variations of both species
over one period of the carrying capacity should be as-
sumed to be small relative to their average values. Conse-
quently, 1/K (t) is the only significant term when averag-
ing Eq. (3b]). Its average leads to an equivalent carrying
capacity that is equal to the harmonic average K. There-
fore, the system reaches a quasi-stationary state, where
both densities oscillate around their stationary values for
an equivalent carrying capacity K. The temporal aver-
age of Eq. needs to be by. Imposing this condition,
we obtain

b(t):{bo—a( _%)

bo + a (t — 21x)

teT_,
teT:;

(1)

0.21 —T T

————
— Numerical integration
-- Fitted data

0.205

b(t) 0.2

0.195

01— —"3 6 8 10

FIG. 6. Numerical integration of the mean-field equations
(black) for the parameters o = = 0.1, A = 0.5, T}, = 10, and
K_ =2, K; = 6. The dashed red graph represents a linear
fit applied to the numerical data, resulting in o = 0.00125.

the slope constant « shall be determined later.
The rate equation for the predator density may
now be cast into a more suggestive form,

a(t) = Na(t) [b(t) — b (12)

which indicates that the extrema of a(t) occur at times
when b(t) = by. Using the ansatz , this happens at
t = Ti/4 and t = 3T, /4. Equation can then be
integrated to solve for the predator density,

at) ~ AeA(ft b(t') dt’ —bot)

A 2 Ty
Aei§<t *Tt)

- A 2 3Ty
P (2-%k)

Ae?

teT_,
teTy,

where A and A’ are integration constants. Since the
predator density is required to be continuous at ¢t = T} /2,
one arrives at the relation A’ = A e*eTr/ 4. which yields
the approximate predator density solution

da (2 Ty
Ae (P2 te T,
a(t): Aa(2 3Ty, L%) tGT (13)
+.

The average of the predator density over one cycle of
environmental switching then becomes

Ty erf ( LYol
a(t) dt = 221 A Tro/32 M . (14)

Tk Vv a\

Under the assumption of fast environmental switch-
ing, Ty should be the smallest time scale in the sys-
tem, and the explicit form of Eq. (14) suggests that
the fast-switching regime is quantitatively delineated by
TivVaX < 1. The still undetermined parameter is the
(initial) slope of the prey density o = |b|o. To zeroth

T Jo



T
!
o
1.

1.8
1.6
1.4
1.2
c 1If
0.8
0.6
0.4
0.2

LI
| I

T (7»001/2

FIG. 7. Relative root mean-square error of the approximate
solution as function of Ty v A« for the predator (full red) and
prey (dashed blue) populations.

order in «, either immediately from Eq. or by ex-

panding Eq. in TV a, gives the simple result
1 [T

T a(t)dt = A+ O(TpvVal) . (15)
k Jo

Since this average must equal the stationary value of
predator density for a harmonically averaged carrying ca-
pacity, we may fix the integration constant

Ng/\f(fu O 20K K —pu(Ky + K
TAMS+0 AN2K K_+o0(Ky+K_)’

(16)

to leading order in an expansion in powers of T,V a.

The left-hand side of Eq. equals the constant slope
of the prey density under the fast-switching approxima-
tion. Since t < T}, we also have tval < 1, and with
a(t) = A+O(TivVa)) one has b(t) = by + O(Tia). Upon
inserting these asymptotic values into fort e T_, we
arrive at

A
— a~ oby (1— ;b())—)\Abo, (17)

and thus inserting Eq. we obtain

LHo (pto)(Ky —K-)
N 20K K +o(Ky +K )’

(18)

These approximations fully characterize the long-time
quasi-stationary state in the fast-switching regime.

In order to test this approximate solution, we com-
puted the root mean-square error between our ansatz and
the result of numerically integrating the mean-field equa-
tions. This error was then divided by the actual density
average as obtained from numerical integration to obtain
a dimensionless error measure . In Fig. [7] this relative
error ¢ is plotted against the dimensionless carrying ca-
pacity period TpvAa. As expected, our approximation

yields small relative errors for TV a < 1. Interest-
ingly, the asymptotic expansion seems to work even up
to values T,V A\a = 2 with relative errors less than 10%.

III. STOCHASTIC LATTICE MODEL
A. Stochastic Monte Carlo simulation algorithm

In this section, we employ a lattice model to numer-
ically simulate the stochastic Lotka—Volterra predator-
prey system , which allows us to investigate spatial
structures and reaction-induced spatio-temporal correla-
tions. Utilizing a stochastic lattice model allows us to
investigate resonance effects on correlations, and their
relation to the intrinsic spatio-temporal patterns of our
system. Direct comparison with the mean-field rate equa-
tion approximation delineates the latter’s validity range,
thus providing information when stochastic fluctuations
and correlation effects may be ignored without losing per-
tinent qualitative features. The stochasticity of the sys-
tem is implemented through an individual-based Monte
Carlo algorithm. We implement the model on a two-
dimensional square lattice with periodic boundary condi-
tions (i.e., a toroidal simulation domain), where each lat-
tice site holds information about the number of individ-
uals of each species at that location. The initial configu-
ration of the system is set up as a disordered state where
each individual is placed at a randomly selected lattice
site. We employ the following notation: n,(z,y;t): num-
ber of predator individuals at site (x,y) and at time ¢;
np(x,y;t): number of prey individuals at site (z,y) and
at time t; N, (t): total number of predator individuals
across the entire lattice at time ¢; Np(¢): total number of
prey individuals across the entire lattice at time ¢; 71;(¢):
N;(t)/L?, where L is the linear lattice size, denotes the
average species i € (a,b) density. Time is simulated via
Monte Carlo steps (MCS), such that at each Monte Carlo
time step

1. a random location on the lattice (z,y) is picked;

2. arandom neighboring site is selected from the von-
Neumann neighborhood (four nearest neighbors)

(-Tnewa ynew) )

3. if (z,y) contains a predator individual, we attempt
Ny (Tnew, Ynew; t) predation reactions as follows:

e generate a uniformly distributed random num-
ber r;

e if 7 < )\, decrease the number of prey at
(Znew, Ynew) by 1 and increase the number of
predators at (Zpew, Ynew) by 1;

4. next attempt a death reaction for the predator as
described below:

e generate a uniformly distributed random num-
ber r.



o if r < u, decrease the number of predators at
(z,y) by 1;

5. if (z,y) contains a prey individual, attempt a re-
production reaction as follows:

e generate a uniformly distributed random num-
ber r;

o if r < 0 and 14 (Tnew, Ynew; t)
+ 1 (Tnew, Ynew; t) < K, increase the number
of prey at site (Znew, Ynew) by 1;

6. if (x,y) is empty (nq(z,y;t) + np(x,y;t) = 0), re-
turn to step 1;

7. the above steps are repeated N, (t) + Np(t) times.

This implementation ensures that at each Monte Carlo
time step, on average, all individuals in the lattice at-
tempt a reaction. We utilize random updates (i.e., pick-
ing new lattice sites at random) rather than systematic
sequential updates (going over each lattice site in a spe-
cific sequence) in order to avoid introducing any bias in
how reactions occur in the system.

A choice now has to be made in how to precisely man-
age the population after switching from the high to the
low carrying capacity, because there will likely be an ex-
cess number of individuals at some lattice sites. We have
considered two implementations to deal with this issue:
In the first variant, we randomly removed any excess in-
dividuals to immediately reach the allowed low carrying
capacity value K_. While this implementation leads to
interesting period-doubling behavior, we deemed it to be
unrealistic. In the second implementation, we left the
excess particles on site, but restricted further prey repro-
duction at lattice locations with more individuals than
permitted. Therefore, we allow the system to intrinsically
relax to a configuration without excess individuals, since
eventually any superfluous predators would be forced to
perish, and any excess prey would be devoured by preda-
tors. This intrinsic relaxation introduces a time scale set
by the internal response time of the system, which is in
turn determined by the reaction rates.

The stochastic lattice system was simulated over multi-
ple runs, thus averaging both over ensembles of different
initial conditions and distinct temporal histories; (...)
denotes the resulting (double) ensemble averages. We
measured the average spatial species densities p;(t) =
(fi;(t)), and computed the (connected) auto-correlation
functions at fixed positions, C;;(t,t0) = (7;(¢)7;(to)) —
(ni(t))(nj(to)). The static correlations as functions of
spatial distance |z — xo| were extracted using the def-
inition Cj;(x,z03y0,%0) = (ni(z,yo,to)n;(xo, Yo, t0)) —
(ni(z, Yo, t0)){nj(zo, Yo, t0)). In the long-time regime, the
system should be isotropic at length scales large com-
pared with the lattice constant, so that static correlations
along the x or y directions will become identical. We also
assume that the system is homogeneous at those scales,
and hence that the auto-correlations should be indepen-
dent of the reference positions (zg,yp). Consequently we

determine the auto-correlations using the densities av-
eraged over lattice sites, which improves our statistics.
Both these assumption were confirmed via explicit simu-
lations. Furthermore, we evaluated the static correlations
at a specific, sufficiently late fixed time step tg, but again
checked that all correlations are invariant under discrete
time translation ty; — tg + T with the environmental
switching period Tj.

The various parameters of the system are the three re-
action rates (o, i, A), the low and high carrying capacity
values (K_, K, ), and the period of the oscillating en-
vironment Tj. However, we can eliminate one of these
parameters by rescaling the units of time. In our Monte
Carlo simulations, which are not intended to match any
specific experimental or observational data, we chose to
always fix 0 = u, because these parameters represent
the rates for the linear prey reproduction and predator
death reactions, and we are predominantly interested in
the behavior of the system as the non-linear coupling A
is varied. Thus our varying control parameters consist of
the set (A, K_, K;,Ty). For fixed o and pu, the critical
predation rate A. only depends on the carrying capacity.
Therefore, for the remainder of this paper we shall im-
plicitly assume a fixed value for 0 = p and indicate the
critical threshold as A\.(K).

B. Population densities

Snapshots of a single simulation run of a representative
system at different times are depicted in Fig. 8] Accord-
ing to our setup, the system is initially in a random con-
figuration, so the predators consume the prey available
in their neighborhood. At ¢ = 46, the predators have de-
voured most of their prey, and their number decays over
time: The system is in the predator extinction phase for
K = 1. Therefore, without the external periodic envi-
ronmental variation, the predators would eventually go
extinct. However, we see that at ¢ = 70, after the carry-
ing capacity has jumped at t = T} /2 = 50 from K =1 to
K =10, the prey are permitted to reproduce more abun-
dantly. The prey population increase induces spreading
waves of predators, in turn causing an enhancement of
the predator density, until by ¢ = 88 the latter almost
fill the entire lattice. When the carrying capacity drops
back to K =1 at T, = 100, the predator density starts
decaying again over time towards the point of extinction
until the carrying capacity is once more reset and the
whole process (stochastically) repeats.

Figure [9] shows the long-time behavior of the density
for two different values of the predation rate A. For
A = 0.1 (a), the system oscillates between the predator
extinction phase, approached when K = 1, and the two-
species coexistence phase, when K = 10. In contrast,
for A = 0.275 (b) the system resides in the species coex-
istence phase at both K values. Both population time
traces show stable oscillations with the switching period
Ty, as expected for a dynamical system driven by a pe-
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FIG. 8. Snapshots of a single run for a system with parameters L = 256, c = p=A=0.1, K_ =1, Ky = 10, and T} = 100;
time t is measured in units of Monte Carlo steps. The red and blue colored pixels indicate the presence of predators and prey,
respectively, with the brightness representing the local density, the pink colored pixels pertain to sites with both predator and
prey present, and the black pixels represent empty sites. The system is initialized with K (¢t = 0) = K_ = 1. The full movie

can be viewed at the link provided in Ref. [76].
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FIG. 9. Predator (full red) and prey (dashed blue) popu-
lation densities averaged over 50 realizations for a system
with L = 256, ¢ = p = 0.1, K_ = 1, K = 10, and
Ty = 100; the shaded gray areas are excluded by the switch-
ing carrying capacity K(t). The critical predation rate val-
ues associated with fixed carrying capacities K_, Ky are
Ae(K =1) =0.26(5) and A\.(K = 10) = 0.01(0).

riodic external force. This is further confirmed by the
Fourier transform plots displayed in Fig. [I0] The prey
density becomes non-smooth at points where the carrying
capacity switches from K to K_ or vice versa, while the
predator density remains smooth at those points. This
is indicative of the fact that only the prey density explic-
itly depends on the carrying capacity, while the predator
density depends on K through its coupling to the prey
species. In Fig. we see that even though the system
is in the predator extinction phase when K = 1, the A
species are still able to maintain a non-zero population
density through the periodic environmental variation. In-
deed, we observe that the key difference between the runs
for A = 0.1 and A = 0.275 resides in the amplitude of the
oscillations, which drops significantly when the preda-
tion rate increases. This is a general feature of the static
Lotka—Volterra model. However, the amplitude of the
oscillation in Fig. is even higher than would be at-
tained in a static system with fixed K = 10: Driving the

system away from reaching the absorbing state causes
the densities to overshoot their stationary state values
for K = 10. While a static system would go extinct for
low values of the predation rate, the periodic temporal
variation of the carrying capacity allows both species to
coexist in this situation.

In fact, the population oscillations become most promi-
nent if the carrying capacity effectively switches the sys-
tem between the predators’ absorbing and active phases.
To demonstrate that this is a generic feature of our
model, we plot the maximum density values reached in
the simulations in the long-time limit in Fig. For
A > 60, we observe predator extinction; as was noted
in Ref. [13], the system may, depending on the initial
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FIG. 10. Population density Fourier transforms as func-
tions of the period 27/w (predators: red squares; prey: blue
crosses). The first 2000 Monte Carlo time steps were dis-
carded before computing the Fourier transform in order to
eliminate the initial behavior. The parameters used here are
L=256,0=p=A=0.1, K_ =1, Ky =10, and T} = 100.
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FIG. 11. Maximum population densities achieved in the late
time interval ¢ € [2000,5000], plotted against the dimension-
less rate ratio A\/o, where L = 256, 0 = p = 0.1, K+ = 10,
K_ =1, and T}, = 100 for the oscillating environment (black
crosses), and for the same parameters with fixed K = 10 for
the static case (red squares).

conditions, evolve into one of the two absorbing states
for large predation rates. We interpret this extinction
transition to be caused by stochastic fluctuations in our
finite simulation system: As the predation rate becomes
large, stochastic fluctuations are increasingly likely to
drive the simulation towards the absorbing predator ex-
tinction state. For smaller predation rates, the asymp-
totic predator density decreases with growing A. In the
two-species coexistence region, the simulation results for
the systems with periodically varying environment ex-
hibit markedly larger oscillation amplitudes for both pre-
datator and prey populations. This enhancement of the
maximum population density in a periodically varying
environment relative to the static case is responsible for
sustaining species coexistence in an extended region of
parameter space. Moreover, the extinction transition at
high predation rate is moved to larger values of \/o for
the simulation runs with periodically varying carrying
capacities compared to systems with fixed environment.

The predator-prey density phase space plots are con-
structed in Fig. [12] by simulating the system for multiple
predation rate values. We see that for each A the system
fluctuates around a closed orbit. Upon increasing the
predation rate A, the radius of this closed orbit becomes
smaller, while the influence of stochastic fluctuations be-
come more apparent. For A = 0.8, the orbit approaches
pa = 0 which means that the predator population is
close to extinction. Raising the predation rate further to
A = 0.9, the system reaches the (finite system size) ab-
sorbing state with vanishing predator density, see Fig.

C. Fast and slow switching regimes

We next carefully investigate how the system behaves
in the two opposite limits of fast and slow environmental
switching, relative to the intrinsic period of the Lotka—
Volterra population oscillations. Figures [13|(a) and (b)
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FIG. 12. Predator-prey density phase space plots for various
values of the predation rate A (as indicated), with L = 256,
c=p=0.1 K_ =1, K4 =10, and T = 100. The initial be-
havior of the system was discarded for all A\ values, except for
A = 0.9, for which the predator population becomes extinct.
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FIG. 13. Predator (solid red) and prey (dashed blue) pop-
ulation densities averaged over 50 realizations, for L = 256,
c=pu=A=01, K- =1, K; =10, and switching periods
(a) Tx = 10, (b) Tk = 460, with the gray areas here indicating
the population densities excluded by K(t).

show the both populations’ densities for T = 10 (fast
switching) and T, = 460 (slow switching). The time-
averaged behavior of the density in the fast-switching
regime resembles a system with a constant effective
equivalent carrying capacity K* that should be related
to K_ and K. In the slow-switching regime the system
is given sufficient time to approach a (quasi-)stationary
state when K = 10. The prey density then reaches very
high values, and the system is slowly driven to preda-
tor extinction; however, it would take many cycles of
the changing environment for this absorbing state to be
attained. As the switching period T} is increased, the
predator population may only survive for a few cycles;
eventually, when T} is set too large, it will go extinct
before the prey food resources become abundant again.
We now explore the equivalent static environment hy-
pothesis in the fast-switching regime in more detail. The



0.95——————————— 1.25——
x - Oscillating K
09 ™ -Static K ] 1.2
0.85 * % atic 1 . ‘/_—————'
[ = ] 1.15p k|
o 0.8 ; o f{
0.758 ] 1.1’3}}]] H 1
0.7¢ 1 os s  Oscillating K
0.65¢ ] - Static K
0 2 4 6 8 10 2 4 6 8 10
T/= T/t

(a) predator density (b) prey density

FIG. 14. Long-time population densities p.. averaged over
six periods of the carrying capacity K (t) plotted versus Ty /T,
where 7 denotes the intrinsic period of the equivalent static

system with K = K, where L = 256, 0 = u = A = 0.1,
and K_ = 2, K = 6 for the oscillating environment (black
crosses), while K = K = 3 for the static environment with
fixed carrying capacity (full red).

mean-field rate equations suggest that for very short peri-
ods this equivalent carrying capacity equals the harmonic
average K of K, and K_, since Egs. only explicitly
depend on 1/K. For longer periods, the mean-field model
predicts that the dynamics becomes effectively equivalent
to a quasi-static system with a rate-dependent equiva-
lent carrying capacity K*, Eq. @ One should expect
the slow-switching equivalent carrying capacity in the
stochastic lattice model to display a similar dependence
on the microscopic reaction probabilities. As mentioned
earlier, their precise relationship with macroscopic reac-
tion rates such as o and A is however subtle and dif-
ficult to capture quantitatively, which poses a problem
for stringently testing Eq. @ for the stochastic lattice
model. Yet for large K_ and K, K* reduces approx-
imately to the harmonic average K, independent of the
reaction rates. Hence we focus on testing the equivalent
static environment hypothesis mainly with this effective
carrying capacity.

To this end, we first present Monte Carlo simulation
data for our system with K_ = 2 and K, = 6, hence
K = 3, obtained for a series of different switching periods
Ty, measured relative to the intrinsic population oscilla-
tion period T at fixed K. For comparison, we also display
simulations with fixed carrying capacity K = 3, and dis-
play the resulting population densities in Fig. [T4 We
find that the predator density in the oscillating environ-
ment does not behave as if the environment were static
with a harmonically averaged carrying capacity K, with
a discrepancy in the predator density of at least 18.4%.
In contrast, the time-averaged prey density p., matches
with the static equivalent K value for T}, ~ 2.27. Yet for
faster switching rates, we observe worse agreement with
a discrepancy of up to 5.45%. For periods Ty > 2.27,
Poo increases monotonically with T} /7, deviating further
from the average prey density for the static equivalent
K. For larger T} /7, the discrepancy between the har-
monically averaged and the oscillating environments be-
comes more enhanced, although deviations remain less
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FIG. 15. Long-time population densities p.. averaged over
six periods of the carrying capacity K (t) plotted versus Ty /T,
where 7 denotes the intrinsic period of the equivalent static
system with K = K, where L = 256, 0 = u = A = 0.1,
and K_ =4, K. = 12 for the oscillating environment (black
crosses), while K = K = 6 for the static environment with
fixed carrying capacity (full red).

than 10%. Hence we conclude that our prey density data
for an oscillating environment can be satisfactorily de-
scribed by an equivalent constant environment for a wide
range of oscillation periods. We note that both time-
averaged population densities exhibit resonance-like ex-
trema at Ty = 7, owing to the environment switching just
after the predators and prey have reached their maximum
and minimum population counts, respectively, following
their intrinsic Lotka—Volterra oscillations. As the period
of the environment increases, more of these population
oscillations may occur before the carrying capacity is re-
set, and integrating over one cycle of the environmental
switching effectively averages over multiple periods of the
intrinsic oscillations.

In Fig. we repeat this numerical investigation for
K_ =4, K, = 12, thus K = 6. The time-averaged
prey density poo for the oscillating environment agrees
well with the corresponding value for the static equiva-
lent environment for all switching periods. However, the
predator density for low periods does not match the har-
monic mean hypothesis. For periods T}, > 7, we see that
the predator density with the oscillating environment ap-
proaches p., for the static equivalent environment. This
suggests that the harmonically averaged carrying capac-
ity works well to describe the mean predator population
density for large K_ and K values, and for large envi-
ronment oscillation periods, such that the system reaches
the stationary state before switching occurs. In conclu-
sion, stochastic fluctuations may change the form of the
general equivalent static carrying capacity @, yet it can
still be approximated by the harmonic average for large
carrying capacities.

Our simulation results indicate that the functional de-
pendence of the prey density on the carrying capacity
can be well approximated as b ~ 1/K for a large range of
environmental switching periods. However, the predator
density exhibits a more complicated dependence on the
carrying capacity values and Ty; it can only be approxi-
mated by a ~ 1/K for large K_ and K and for T}, > 7.
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FIG. 16. Snapshots of a single run for a system with parameters L = 256, c = p = 0.5, A = 0.1, K_ =1, Ky = 10, and
Ty = 10; time ¢ is measured in units of Monte Carlo steps. The red and blue colored pixels indicate the presence of predators
and prey, respectively, with the brightness representing the local density, the pink colored pixels pertain to sites with both

predator and prey present, and the black pixels represent empty sites. The system is initialized with K (¢t = 0) =

full movie can be viewed at [76]

In the latter limit, the system reaches its quasi-stationary
state before the environment switches, which for the used
parameter values corresponds to a stable node with non-
oscillatory kinetics; consequently, there is little variation
with T}. Generally we observe that the long-time behav-
ior of both population densities depends on the carrying
capacity period in a non-monotonic manner.

D. Correlation functions

The predator-prey pursuit and evasion waves charac-
teristic of the stochastic spatial Lotka—Volterra model
are more prominent in systems with high reaction rates.
Therefore, we study the ensuing correlations for ¢ = y =
0.5, A = 0.1, and leave K_ = 1, K, = 10. For these
parameters the system resides deep in the predator ex-
tinction absorbing phase when K = K_, and in the ac-
tive two-species coexistence phase for K = K. The
behavior of the system for environmental switching pe-
riod T}, = 10 is exemplified by the simulation snapshots
depicted in Fig. The predators are initially almost
driven to extinction, but due to the switching environ-
ment the prey population increases until it fills most of
the lattice. We observe that at ¢ = 23 there remain only
a few surviving predators which become localized sources
for spreading waves. At t = 28, the prey may proliferate
in the interior of the fronts as well, causing the population
waves to spread both outwards and inwards, until they
eventually collide and interfere with each other as seen
at t = 50. Starting from ¢ = 101, the lattice exhibits
a global density oscillation, and it becomes difficult to
discern the original locations of the wavefront sources.

The associated temporal auto- and static correlation
functions are displayed in Fig. The auto-correlation
functions exhibit damped oscillations with a peak pe-
riod 2T} = 20, twice the switching period of the carrying
capacity. This is due to the fact that the two-point cor-

K_=1. The

relation function contains a product of particle densities,
and the square of sinoidal functions may be decomposed
into sine functions with doubled period. Note that the
auto-correlations decay to zero after approximately 40
time steps. The on-site population restrictions induce
anti-correlations between individuals of the same species;
the cross-correlation function C,, becomes positive after
some time has elapsed., indicating that surviving preda-
tors follow the prey with some time delay. The static
correlation functions rapidly decay to zero, demonstrat-
ing that the spatial correlation lengths are small, on the
scale of a few lattice spacings.

Figure [I8] shows simulation snapshots for the system
parameters, but with a larger switching period T} = 30.
In this run, only one predator patch has survived by ¢t =
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FIG. 17. Long-time correlation functions computed for a sys-
tem with the following parameters: L = 512, 0 = p = 0.5,
A=0.1, K_ =1, K; =10, and T}, = 10. (a) Temporal auto-
correlations computed for tg = 1000, with ¢t measured starting
from tg. The inset shows the Fourier transform of the auto-
correlation time series. This data was averaged over 10,000
ensembles and for 512 lattice sites, giving an equivalent of a
total of 5,120,000 independent ensembles. (b) Static correla-
tion functions taken at to = 1000. Distances x are measured
in units of the (dimensionsless) lattice spacing; data averaged
over 10,000 distinct ensembles.
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(d) t =264

FIG. 18. Snapshots of a single run for a system with parameters L = 256, 0 = ¢ = 0.5, A = 0.1, K_ =1, Ky = 10, and
T = 30; time ¢ is measured in units of Monte Carlo steps. The red and blue colored pixels indicate the presence of predators
and prey, respectively, with the brightness representing the local density, the pink colored pixels pertain to sites with both
predator and prey present, and the black pixels represent empty sites. The system is initialized with K (¢t =0) = K_ = 1. The
full movie can be viewed at [76]
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FIG. 19. Long-time correlation functions computed for a system with the following parameters: L = 512, 0 = u

=0.5, A=0.1,
K_ =1, K; =10, and T = 30. (a) Temporal auto-correlations computed for to = 990, with ¢ measured starting from to. The
inset shows the Fourier transform of the auto-correlation time series. (b) Static predator-predator, (c) predator-prey, and (d)
prey-prey correlation functions for different values of tg, normalized by |C;;(z = 0)|; distances z are measured in units of the
lattice spacing. Data averaged over 10,000 distinct ensembles.

39. Subsequently it serves as a source for a spreading
population wave that later interferes with itself owing
to the periodic boundary conditions of the lattice. At
t = 56 the wave starts spreading in both directions until
at t = 72, when the system returns to the low carrying
capacity regime, and the prey in the interior of the front
are not allowed to reproduce further. Even after a long
time period at t = 264, there is only a single density
oscillation center that is sourced by the sole predator
patch that had survived at ¢ = 39.

In Fig. we plot the corresponding auto-correlation
functions, which exhibit a much slower decay compared
to Fig. a) for T = 10. This suggests that a carry-
ing capacity period of T = 30 causes a resonance ef-
fect, which indeed becomes apparent in the simulation
movies, as in this case the switching happens approx-
imately when the waves travel back to the location of
the source. The resonance sustains the spatial and tem-
poral correlations and thereby stabilizes the travelling
waves, leading to a sustained asynchrony that promotes
species coexistence. The Fourier transform again con-

firms that the auto-correlation functions oscillate with a
period 2T}. Since the carrying capacity switching period
is T, = 30, and it is initialized with K(t = 0) = K_,
the behavior of the system at different ¢g values can be
described as follows: For tg = 990, the system has just
switched from K (t) = K to K_; at to = 1000, it still re-
sides at carrying capacity K_; for ty = 1005, the system
has just switched from K_ back to K,; at t; = 1015,
the carrying capacity is still K. The static correlation
functions, shown in Figs. b,c,d), exhibit similar be-
havior for tg = 990 and g 1015, and for t; = 1000
and tg = 1005, respectively, which suggests a common
delay time for the correlations. At t; = 990, the sys-
tem is in the state with K (¢) = K_, while at ¢, = 1015,
K(t) = K., about to switch to K_; and similarly at
to = 1005 and tg = 1000. Compared with the system
with faster switching period Ty = 10, the static correla-
tions decay over a larger distance, in agreement with the
movies and snapshots which show wider wavefronts. The
predator-prey cross-correlation function Cyp(z) displays
maxima at positive values for t5 = 1000 and ty = 1005,
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FIG. 20. (a) Predator and prey densities averaged over 50
realizations for a system with asymmetric switching intervals:
L=256,0=p=XA=01, K_ =1, Ky =10, T- = 100,
T+ =10 = 0.17_; the shaded gray areas are excluded by the
switching carrying capacity K(¢t). (b) Fourier transforms of
the population density time evolution in (a).

when the carrying capacity is low and few individuals are
present per site. Conversely at tyo = 990 and t, = 1015,
when the population densities are large, the only positive
peak occurs at x = 0, due to the fact that predators tend
to be on the same site as prey for large K. For low car-
rying capacities, the predators cannot reside on the same
locations as the prey, so instead they are most likely to
be in the close prey neighborhood.

E. Asymmetric switching intervals

Finally, we further investigate the properties of our
system by applying an asymmetric square signal for the
switching carrying capacity, such that K = K_ for
T_ time steps, and then K = K, for the subsequent
time interval of length T, where T_ # Ty. The to-
tal switching period of the carrying capacity then is
T, = T_ + T. Simulating such a stochastic lattice sys-
tem reveals a period-doubling effect for an intermediate
range of T /T ratios, as shown in Fig For either
too small or too large time interval ratios, no period-
doubling effect could be observed. The origin of this
intriguing period-doubling effect appears to be that prey
particles are not able to reproduce quickly enough while
the system has attained the high carrying capacity K.
Hence, it takes the system two cycles of the oscillating
environment for the prey density to reach its peak value.

IV. CONCLUSION AND OUTLOOK

In this paper, we have investigated the paradigmatic
Lotka—Volterra predator-prey model with a periodically
varying carrying capacity K (t) that represents season-
ally changing food resource availability for the prey
population. The model was studied both by a mean-
field analysis based on the deterministic rate equations,
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and through detailed individual-based stochastic Monte
Carlo simulations on a two-dimensional lattice with pe-
riodic boundary conditions. Both the mean-field and the
stochastic lattice model exhibit characteristic periodic
behavior induced by the changing environment. The rate
equation solutions display a region in parameter space
with period-doubling and period-quadrupling features;
such effects are naturally expected in driven non-linear
dynamical systems. However, the period-doubling region
in parameter space is not observed in the stochastic lat-
tice model: The internal stochastic noise evidently dom-
inates and eliminates these non-linear effects. Yet we
were able to induce period-doubling dynamics in the lat-
tice model by utilizing an external periodic drive signal
with asymmetric switching intervals.

The phase space analysis demonstrated that, for pa-
rameters that lead to an ecologically stable system (which
does not evolve into an absorbing population exctintion
state), the phase space orbits are closed loops, whose
sizes decrease with growing predation rate A, indicat-
ing that the population oscillation amplitudes become
reduced with enhanced predation efficiency. A periodi-
cally varying environment allows the system to remain
stable even for lower values of A\, as compared to the
corresponding system with fixed carrying capacity. We
find that the periodically varying environment induces
oscillations with greater amplitudes, without hitting the
predator extinction absorbing state. We argue that this
phenomenon is due to the density oscillations extending
beyond their maximum static values when periodically
switching between low and high carrying capacity envi-
ronments. Hence scarcity of food resources in one season
induces a higher species density (relative to a constant
environment) in later seasons when food resources be-
come more abundant again. Furthermore, we observe
that even for the same value of A, the periodically vary-
ing systems display larger oscillation amplitudes than the
static system. The finite system size extinction threshold
at high predation rates is shifted to higher values of A as
well. Thus, a periodically changing, externally driven en-
vironment leads to a richer ecology and promotes species
diversity.

We investigated the long-time behavior of the popu-
lation densities by studying their averages over multiple
cycles of the periodic environment as a function of switch-
ing period Tj. For the mean-field model, the prey den-
sity average does not depend on T}, and is equal to its
K-independent stationary value. In contrast, the mean
predator density turns out equal to the stationary value
of a static equivalent K* value given by Eq. @D that for
small periods simply reduces to the harmonic average K
of K_ and K. Interestingly, for intermediate periods
T} one encounters a non-monotonic crossover regime be-
tween these two averages for intermediate values of the
period with characteristic resonant features when T}, is
close to the intrinsic Lotka—Volterra population oscilla-
tion period. The stochastic lattice model reveals more
complex behavior owing to renormalization of the equiv-



alent stationary carrying capacity values as well as the
reaction rates. The mean stationary prey density value
is no longer K-independent, and it shows non-monotonic
behavior as a function of Tj. Nevertheless, quantitatively
these effects are small, implying that the harmonically
averaged equivalent stationary value K gives a good ap-
proximation for the long-time average of the prey den-
sity. The predator density average matches the station-
ary equivalent K only for high values of K_ and K, as
well as large switching periods T.

We evaluated the auto-correlation and static correla-
tion functions for the stochstic lattice model specifically
for two different periods, T, = 10 and T = 30. The
Fourier transformed auto-correlations exhibit peaks at
2Ty. Due to the local on-site restrictions, the cross-
correlation functions are negative at short distances. For
the smaller period Ty = 10, the auto-correlations decay
to zero already after about a single oscillation period,
and the static correlations rapidly decay to zero as well,
indicating a small spatial correlation length. When the
period is increased to T = 30, we observe a resonance
effect causing the auto-correlations to decay at a much
slower rate. As the simulations movies show, this reso-
nant behavior is caused by the spherical travelling activ-
ity waves pulsing back to the location of their sources.
For low T}, the interference of population waves with
each other seems to average out local structures, and
instead lead to a global temporal oscillation with the
external frequency prescribed by the carrying capacity
switches. Consequently, prolonged spatial correlations
are not observed for T = 10, in contrast with the data
for longer T, = 30. The static correlation functions for
T, = 30 exhibit a much slower decay as well, indicat-
ing markedly longer-ranged correlations. Plotting the
static correlation functions at different times, we detect
a time-delay effect, where the stationary correlations re-
quire some time to respond to the changing environment.
This is in contrast to the population densities (one-point
functions) which respond almost instantaneously to the
switching environment.

Using our observations pertaining to the long-time
behavior of the population densities in the mean-field
model, we obtained a closed-form solution that approx-
imates the quasi-stationary state of the system for a
fast switching carrying capacity; more preciely, this so-
lution holds if Tj+/A|db/dt| < 1. We were able to ex-
plicitly demonstrate the regime of applicability for this
approximation, c.f. Fig. [7] It should be possible to uti-
lize this asymptotic technique to study generalizations
to other periodically varying variables, e.g., varying re-
action rates, to shed light on the response of such systems
to sudden parametric variations.

The importance of the environment on the balance of
animal populations has been understood at least since
the work of Nicholson [64]. Spatial models offer rich
behavior due to an enhancement in species coexistence
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[32H35], and seasonally varying environments are known
to promote species coexistence even further [77H79]. In
this numerical and analytical study of the effects of a
periodically varying carrying capacity, we determined
the shift in population balance in both fast- and slow-
switching limits, by showing that the system can then
be described via oscillations around a quasi-fixed point.
In the crossover regime, the species balance depends on
the environmental modulation period. We utilized a
stochastic lattice model to investigate how resonance af-
fects the pursuit and evasion waves, which are known
to enhance species coexistence through the asynchrony
effect described in Refs. [33 35, [37]. Our results show
that seasonal changes at resonance stabilize the intrinsic
dynamic correlations of the system that in turn support
asynchronous states, thus enabling predators to survive
even if they are at a severe disadvantage during one of
the seasons. The sustainability of predators could also
be attributed to the growth rate at low density described
in Ref. [24]: As the environment switches from low to
high carrying capacity, this growth rate suddenly jumps
to a high value, which is responsible for maintaining the
predator population.

The description of reaction-diffusion systems in terms
mean-field rate equations is of course useful, and of-
ten provides an accurate qualitative description of real
systems for some region in parameter space. However,
this paper demonstrates that when an ecological system
is subjected to periodic variations in the environment,
a proper stochastic model may behave differently than
its mean-field representation. Fluctuations can lead to
dramatic changes in the behavior of the system as the
present results indicate. One method of steering ecolog-
ical communities towards a certain desirable behavior is
to alter the environment. Therefore, developing succes-
ful control schemes for such systems requires taking the
effects of fluctuations into proper consideration. A full
understanding of the fundamental problem of species di-
versity, and beyond, constructing a quantitative theory
of biological evolution, hinge on unraveling the impact of
environmental dynamics on ecological systems.
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