AN ANALYSIS OF REPEATED MEASUREMENTS ON

N

EXPERIMENTAL UNITS IN A TWO-WAY CLASSIFICATION

by

e
.[‘2

v
Richard ¢¢ McNee

Thesis submitted to the Graduate Faculty of the
Virginia Polytechnic Institute

in candidacy for the degree of

MASTER OF SCIENCE

in

Statistics

APPROVED: s : T
! : « AYamer, Chalrman

June, 1966

Blacksburg, Virginia



LD
5658
Vg55
1966
M 263
c.



TABLE OF COWNTENTS
CHRPTER r
I INTRODUCTION

I1 THE FXPERIMENTAL DESIGN AND EXPECTATION

MODEL

IIY A& PROCEDURE DASED ON COMBINING NIALYSES

wLROM EACH TIME

Iv GENERAL SCHEME OF THE PROPOSED PROCEDURE

AND AN EXAMPLE

« Calculation of the reqression sum of

squares at a given time

De Methiod of calculating the regression sum
of sgquares assuming some of the

parameters to be zero 2

v VERIFICATION OF THE COMPUTING FORMS FOR THE

SUMS OF SQOUARES AVERAGED OVER TIME 2
Vi VERIFPICATION OF THE COMPUTING FORLS FOR THE
SUMS OF SQUARES IW WIHICH TIME I8 A FACTOR 32

2, The regression sum of squares for all

parameters in the model 33

10

14

i7

17

e



W

CHAPTER

ViI

VIII

IX

B. The regression sums of squares assuming

some of the parameters to be zero

C. The error sum of squares

DISCUSSION AND SUMMARY

ACKNOWLEDGMENTS

BIBLIOGRAPHY

VITA

PAGE

41

42

46

50

51

52



I

ITHTROSUCTION

There is & broad class of experiments which can be
classified under the general heading of "repeated
measurencnts experiments,” The common denominator in
these schemes is that a random set of experimental plots
has multiple or "repeated" measurements made on them,
These experimental plots henceforth will be referred to as
subjects, since this type of experiwment is commonly found
in bioclogical research, Furthermore, the repeated
measurements are frequently taken equally spaced in time;
thus the repeated aspect or factor of the design will
be referred to hereafter as time, The repeated observations
in time on the same subject are correlated; hence, the
assumption of independent observations cannot be made.

The simplest experiment in this classification consists
of a random group of subjects measured on some attribute
at several fixed points in time, The associated model for
this experiment is a non-hierarchical, two-factor mixed
model, one random and one fixed effect, With egual
variances in time and with the observations for a given
subject ecqually correlated in time (this will he referred
to as symmetry), plus the assumption of normality of the
obgervations, the appropriate test for the time effect may

be obtained from the usual analysis of variance for a



non~hierarchical, two-factor, mixed nodel with uncorrelated
errors, Danford and Hughes (1), The random subject effect
in the model accounts for the symmetry feature, (1)
tYhen subjects are randomly alleocated to various
treatments and repeated measurements arc made on each
subject, the design is partially hierarchical., Under the
synmetry assumption, and for erual numbers of subjects in
the groups, liarter and Lum (3) have given the appropriate
analyeis of variance, %Yhe random within or nested effect
in their model again implies the sywmetry feature in the
same manner as above, This corresponds to the effects
arong subjects within *reatments in the model considered in
this thesis. For the more general case involving unequal
numbers of subjects in the groups and under the symmetry
assumption, Hughes and Danford (4) have noted the appropriate
analysis. It has been shown by Danford, Hughes, and McNee
(2) that when the symmetry assumption is not made, some
multivariate procedure should be used for testing the effects
of time and treatment x time, lowever, the univariate test

for treatment effects is still wvalid,

(1) The random subject effect gives rise to a constant
covariance between different observations in time on
the same subject, The ratio of this covariance to the
variance of an observation (which is the same for all
observations) is the correlation, This is constant
over time, which implies the symmetry condition,



Sonmetimes "treatment" consists of a factorial arrange-
ment of two types of treatments, A and B, say. Again for
the case where there is an equal number of subjects for
each treatment combination and under the symmetry assumption,
the analvsis of wariance has heen given by larter and Lum (3),
The extension to proportionate sub-class numbhers can be made
as usual, ¢.naing from unwelghted constraints to weighted
constraints., The weiqgiits are proporticnal to the subeclass
numbers, and the sums ©f sonares in the anélvsis are then
weignted bv these same factors,

The expectaticn model for this experimental desion oan

be written ass

= U 4o, .ty + 2o P ; Sy.
(1) Yljkm u ui+8j aBlJ Y. QY1&+BTjA+a Y

In the eguation above, Treek lettersz rapresent fixed offects

andg Latin letterr randor effects, withs

L

y = the overall wean
o, = the effect of the itn level of treatment 2 (i=l,,..r)
eﬁ = the effect of the jtn level of treatment B (J=1,...7)
Yy = the effect of the kth time (k=l,...p)
n g th . . X Lt )
St(id) = the effect of the m subject in the i, 3 group

(mtzlt..‘nii) -

Combinatiocns of letters are used to denote the interactions,

The assumptions are:



3 . . for all i, j, m
F(Sm(l])) = O ’ 3'

oi; i=i}y g=4% m=m?®
E{s

n(i4)? Fmr(iv4n))

Oy otherwvice

»

E(sv,y 34)) = ¢ for all iy 3, k, m

E(st}{(ij) ¢ gY,ﬂikl(il:‘;I))
0; otherwise

Alse, it is assumed that
H(Symk(ij)' Sm'(i'j')) = 0 for all i, j, k, m

This implies that the variation in response for a subject
does not depend con the subject's average response relative
to other subjects when no treatment is involved, If this
assumntion does not seem reascnable, nosaibly sowme
transformation of the data will make it a reasonable
assumption., The analysis of variance is of the form shown
in Table 1,

The ézue of disnranorkionality of subhiects in the
factorial arransement of treatments, wihich can occur for
many reasons, even when the experiment is initially set
up with proportionate allocation, nosaz more difficult
analytical problems, The solution o1 this problem, under

the svametry assumption, is the subiject of this thesis,



Table 1, PInalysis of variance of a four-way, partially

hilerarchical, random nested effect
proportionate cell frequencies
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For this situation, the tests of significance of the main
effects and interactions depend on the assumptions éade
about the interactions, It will be shown that by using the
general regression approach, tests can be obtained for

the three-factor interaction, for all two~factor interactions
assuming the three-factor interaction zero, and for all main
effects assuming &all interactions zero. These are the tests
most frequently of interest, since over-all tests of main
effects when there are interactions, and tests of the two=-
factor interactions when there is a three-factor interaction,
are usually not of interest, Also, a simplified computing

procedure will be developed for the tests mentioned above,
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THE EXPERIMENTAL DESIGN AND EXPECTATION MODEL

The experimental design for the problem to be studied
is illustrated by Figure 1. In this design, there are r
levels of treatment A, g levels of treatment B, and p
observations through time on each of nij subjects at the

ith level of treatment A and the jth

level of treatment B,
The expectation model for the experimental design
considered above is the same as that given in (1), 'The

restrictions imposed on the parameters are:

g o |
-
w
fl
<

(2)

ol e |

Vi(aB)ij = .I} Uj (ag)ij = 0

| ]

vilov) y =

wio

(QY)ik = 0

L e ]

wj(By)jk = J (By)jk = 0

il

| e |

vy (@BY) 5y ) ws(aBY) gy = ) (aBy) ;5 = O

3 k



11

Figure 1, Scheme for experimental design of the problem
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whexre the vy and mj are weighting constants, The values of
these constants do not affect any of the tests of signifi-
cance under the assumption of zero interactions of all
oxrders higher than the order of the interaction or main
effect being tested, Scheffe (5) has shown that for the
two~way layocut the interaction sum of squares and the

sums of squares for the main effects assuming zero
interactions do not depend on the weights used in the
restrictions, The sums of sguares in the above tests are
shown to be combinations of these sums of squares from the
two-way layout., Therefore, they do not dep&nd.on the
weights, TPinally, for testing purposes, it is assumed that

the errors Sm(ij) and Symk(ij) are normally distributed,

The covariances of the Yiikm under the symmetry

assumption are:

(3) 02; i=i', j=j', k=k', mem®

Cov (Y, 902; i=it', 4=j', k#k', mem'

ijkm’ Yilj!ktmi)

03 otherwise

From the expectation model we find:

)
(4) ol + 023 3=i%, =3, k=k', m=m’
2 iy s
Ccv(Yijkm' Yi'j'k'm'} = o i=i', j=3j', k#¥k', ne=m'

03 otherwise
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Comparing these two,

2 2 2

(5) ¢ = o + ag
02 = 52
p T Vs

For use later, the estimate of ci = (1~p)02 will be

referred to as Error (b) and the estimate of oé + pui =

(1+(p=1)p) o> as Error (a).
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IIY
A PROCUDURT BASED ON COMBINING ANALYSES

FROM EACH TIME

The data at a given time consist of a set of independent
observations in a two=-way classification with disproportionate
sub-class numbers, The expectation mcdel (1), for the set of

obgervations at time k, can be re-written as

(6) = u, + a,. + B,

Tigrm = Y ¥ %t Byt *Bign * Cri(iq)

where the level of k is constant, 7he parameters in (6) are

defined in terms of the parameters in (1) by
uk“ﬂ"‘\'k

@i T %y vy

™
H

jk Bj + Byjk

@Bigp = 9854 + By
ok (i) T Sm(ij) Y FVmk(iy)

with the properties and imposed restrictions
(1) § viog = 0

. = 0
§ ”Jejk



g vi(aﬁ)ijk = § mj(cs)ijk = 0

Eleggan! =0

2. .. .
o7y i=it', 9=3', men'

E e (i9)? Sm'k(i'9"))

0; otherwise

From equation (5), 02 = oz + ci in (?).

By the method of fitting constants, an analysis of
variance of the form given in Table 2 can be calculated

separately for each time,

Table 2, Structure of analysis of variance for a twowway
disproportionate layout

Source daf
A, corrected for 3, ignoring Ax3 r-1
B, corrected for 7, igrnoring AxB g=1
AxB, corrected for A and B (r=1) (cg=1)
Error Nee=Xq

Also, one can sur over time and perform a similar analysis
on the subject means,
In the proposed procedure, the sums of squares of the

effects that are averaged over time are obtained by multiplying
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the sums of squares from the analysis on the subject means
by p, the number of time measurements, in order to express
sums of scuares on the basis of an individual observation,
Also, in the proposed procedure the sums of scuares that
include time as a factor (except for the time sum of squares)
are obtained by summing over time each of the sums of
squares in the analyses of data at a given time and then
subtracting the corresponding sum of squares obtained in the
"averaged over time" analysis. The sources for these sums
of sguares are the interactions with time of the respective
sources averaged over time, For example, let SEA, be the
sum of squares for treatment 2 at time k and let ssna be the
sum of squares for treatment A from the analysis on the
subject means, Then, the sum of squares for treatment A
would be p(SSAa) and the sum of squares for the treatment A
by time interaction would be

kzl SSékap(SSAa) .

Finally, the sum of squares for time can be obtained in the
usual manner from the means at each time, averaged over all

subjects.
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v
GENERAL SCHuME COF THE PROPOSED

PROCLDUREL AND AN LXAMPLE

The general scheme of the proposed procedure will be
paralleled with an example for clarification, 7The basic

data for the example are given in Table 3,

Ao Calculation of the regression sum of squares at a given

time

A set of restrictions from (7) must be included in the
equations cbktained from the expectation model (6) to obtain
linear independence, To simplify computations, use a set
obtained by letting any one of the vy and any one of the wy
equal unity and the others zero, One nay set vy and wq

equal to unity, the others zero, without loss of generality.

This can be written as:

(8) 0, i¥r 0, i#q

oL, isr J 1, i=q

For the example, this is equivalent to setting

A3 = Boyx T 0By @B,y = abyyy = aByy = O

Then, the equations can be written in matrix form as:

S U
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Table 3., Basic data for the example
B By

Y 2 3 1 2 3

39 36 38 36 39 38

38 42 30 31 34 28

40 28 33 46 44 35
44 41 36
32 34 34

56 51 53 39 34 32

54 40 45 54 56 50

50 45 49

32 33 31

38 41 37 55 48 46

39 33 40 39 44 30

51 38 39 49 36 42
44 39 22
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The vectors Yk' ﬂk' and Ek are the vector of n.. observations
at time k, the vector of rg non-zero parameters at time k that
are to be estimated, and the vector of n,. errnrs at time k,
respectively, The rg non-zero parameters in Ak are defined

by the restrictions in (8)., This vector is given in (10).

The n..x rqg matrix Py is a matrix of n,, row vectors H?j ’
which are the transposes of the vectors, Hij’ The vector Hij
is a vector of rqg elements with each element either ¢ cor 1
The matrix

such that the expected value of Y is B

T A
ijkm iy "k*
Pk and the vector Hij are also shown in (10).

B r{‘ 7] — -
(10) Hyy Y
¢ o
. n}.l 1k
'Ia‘
Hll
tm . a '
Hi2 h, . rik
: ijl1 8
P, = : n B = h A = 1k
k . 12 ¢ i3 152 ! k
47 °
P .
. . B 4
'k
. h 1
ijs J B
* - 1lk
e
Iy ‘
. n ¢
rq aB
. ] [ ]
L i r'q k——
ra

where s=rq, r'=r-1, and g'=q~l, The matrix Py is the same

for any time, k, and is subscripted only to distinguish it
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from the matrix for the full set of observations as defined
later, The P and the form of Yk and Ak for the example
are given in Table 4,

From the aormal equations, the regression sum of squares is

Tt T T T -1
(11) S8R, = (P,Y,) (PP ) (P )
: )T N
(Zzii3kt 13 (§§nijﬁijhij) (zzylgkO ig

and the dot indicates summation over the index it replaces,
Gk 18 a vector of rqg elements and C is an rg X rq matrix of
full rank, Table 5 gives the e vectors and the C matrix

for the exanmple,

B. Method of calculating the regression sum of squares

assuminirseme of the parameters to be zeroc

To obtain the regression sum of squares at time k under
the assumption that some of the parameters (e.g., the aﬁijk)

are zero, the expectation model (6) is reduced by eliminating



Table

c

'-..J

Yk' and Ak

1¢

21

the example

¥11k1
T11x2

¥11k3




Table 5. The Gk vectors and the C matrix for the exanple

906 | 836 | 787
G, = | 306 ; G, = | 298 ; 6y = | 271
285 259 260
437 387 395
117 106 101
192 169 178
L - - ] L 1
21 8 6 10 3 4
C = 8 8 0 3 3 0
6 0 6 4 0 4
10 3 4 10 3 4
3 3 0 3 3 0
4 0 4 4 0 4
L _
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the parameters assuned zere, This eliminates the associated
elements in the Ay and Hij vectors in equation (2). Thus,

to caleculate the reoression sum of squares for the mean and
the treatwent 2 and treatment I foecté, one merely eliminates
the last (r-1) (q~1) elements in Ak and in the ﬁij‘ These

}e

are the elements associated with the parameters {aBijk
This has the effect nf eliminating the corresponding elements
of the Gy vector anrd the corresponding rows and columns of

the C matrix in eqguation (11).

0k and C0 be the vector Ck

when none of the parameters in (6) is assumed zero, Call

Let G and matrix C in (11)

this the full nodel, Let le and C1 be the vector Gk and the
matrix C when the “Bijk are assumed zero., Similarly define

G and C, when the aBijk and the B.

2k 2 jk 3k
and C3 when thne “Bijk and the @, are assumed zero, and Gdk and

are assumed zero, G

Ty when the asijk’ the O e and the Bjk are assumed zero,
Then, the regyression sums of sgquares needed for an analysis

of data at time k can pe wrictten as

. e ab -1
(13)  SS(M, ,B,,B, ,AXB,) = Gg Coo6

T -1
SF (M, Ay oBy) = G Gy 6y
. AN
Ss(M A ) = G C3T6,,
) -1
SS (M, 4B,) = 63,C3 Gqp
N e
SS (r‘k) . 4}{\.4 (14;{
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The symbols in the parentheses indicate constants fitted:
¥, stands for u,, A, for the {“ik}' B, for the (Bjy}' and
AxB, for the {aﬁijk}’ Four of these sums of sguares may be

calculated more easily as

2
(14) 38 (Mk,c&k,}.‘ak,:&xék) = E); lijk»/nij

S5 (M, 4B, ) = } ¥y eke/ My

56 (M gBy ) = % ¥ jk./n.j
85(4 ) = Y2.. ./n
= k l.k‘ L 2

To calculate SS(Mk,%k,Bk), perform the multiplication

T "l a - Py :
lecl ke with Cl and Gix defined as

_— -
(15) A .._'ﬂl. n2 .‘ . ‘nr|. n.l noz . & e n.q] r_ Y‘.k.
nl' nl. (r’ : * - 0 . Illl n12 . s 'ﬂlq' Yl.k.
Rge O M.t L My Mgttt By Yaoke
: - . ) - . 0 . . L] . . -
Bgte 00 0 0 0 om0 B Ry *Prg Ypre ke

C1¥ | Ry Npg-- P My 0 -0 00 PO Yerxe

Ng., M. .+« «n G Moo
s e "z 02 2 ) Yook
- . - - .
- - »
» = e o « » . . . * .
R v - 0 4
- *
n n . n 0 « = =« ¢ b4
fle » 1q' P2 riq' ) n’q' L
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where r' = r-l1l and o' = a=l,

Uging equations (13) throuch (15) and similar equations

for the nverage-over-~time effects, the sums of squares by

the proposed vrocedure are shown in Table 6,

usual notation herein, G, = % Gyy

For the example,

21
8

o«
#

6

10

L

Its inverse is:

) .130169286
-1 -.147521161
c; =
-.122128174
L-.oavoslsag
The &y,
- 9067
. - 306 .
11 285 b
L437

i"

"1

8 6 1

~+147521161
«262440145
«140266022

+010882709

from Table 5, are:

836 |
298

259

387

I

3

4

0

-
0

fo

13

ig obtained from Table 5:

-,122128174
.140266022
«321039903

~.,048367593

787
271

260

From these guantities, we calculates

Following the

-
~,087061669

.016882709
~,048367593

«203143694

—
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Table 6, Sums of sguares by the proposed procedure
sourcs af Sum of Squares
‘ IS "
.@} r-1 (;15(.1 (n’lo/P - % Y.juo/}?’ncj = (1)
B -1 ottt up - ¥ ¥2.../pn = (2)
q nl. l al‘, ; i i... X i.
AxB (r-1) (q~1) 57 v2..u/on,. - ¢l lcTls = (3)
? Ld Yigee/PPyg = C10C1 G
2 2 =
Error(a) Neo=Xq ;%g Yij'm/p - £§>Yij../pnij = (4)
Time ?"’l 1% Ygok./noo - Y%O.&/Pn..
AxT (=1 el | teqcTiey = T vl -
: .
BXT {(g=1) (p-1) ) T cTle sz /n..1 - (2)
a F L7171 Tae T4 Tyl
\ 2 iy 1
AXBXT (r-1) (g=1) (p-1) g {§§ Yl}k'/nij = %1x“1 le] - (3
2 2
Error(b S 4 -1 4 .
rror (b) (n+o-rq) (p-1) §§£2 Likm g%% ijx / ij ~ (4)
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-1

T
613€7 Gyq = 39,418.54

T —l

-1

T
G13C] G5 = 29,830.74

T -1

{le 1 G = 102,708,72

Furthermores

2
E Yieeo/pn . = 102,217.80
2
y Yi.eo/pn., = 101,535,06
3 3 3
§ ¥2.../pn, = 102,236.43
§3 ij.t P ij ’ -
2 .
E Yeare/nes = 101,861,95

2
iz Yieps/nj. = 102,626,89

-

IE 2, k-/n- = 101,969,57
j

I} v2, ./n . = 102,761.92
Eg! ¥} en/P = 104,187.00
m

§{2 yfjkﬁ = 105,277.00
mk

L 2 |
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Yg.../pn.. = 101,521,29

The completed analysis of variance for the example is given

in Table 7.

Table 7. Analysis of variance for the example
Source at S5 M.Sqe F p
A 2 688,74 344,37 2.65 >,05
B 1 6.00 6.00 <05 >.05
AxR 2 12,63 6,31 .05 >.05
Exror (a) 15 1,950,57 130,04
Time 2 340,66 170,33 9,05 <,001
axT 4 50,41 12,60 «67 >.05
BxT 2 75.83 37.92 2,01 >,05
AxBXT 4 40,57 10,14 <54 »>.05
Error (b) 30 564,51 18,82
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v

VERIFICATION OF THE COMPUTING FORMS TOR THE SUMS OF

SQUARES AVERAGED OVER TIME

For the sums of squares “averaged over time" in Table 6,
consider the set of means {?ij'm}' which is the average of the
Yijkm over time, The expectation model, derived from

equation (1) using the restrictions in (2}, ie

(16) Y

m* (1j)
The Sm(ij) and st'(ij) are inseparable and can be considered

as a single error term,

From the assumptions under (1),

(18) E(em(ij)) f 0

2 2
E(ﬁm(ij)' em'(i‘j’)) = Us + oq/p’ isi" jaj" m=m"
03 otherwise

Also, the {em(ij)} are normally distributed which follows
from the normality assumptions on the {Sm(ij)} and {symk(ij)}‘

Let 24 4m = ?kj’m . Then the expectation model (16) can be

written as

L

{(19) Zijm =y + @y + Bj + aBij + em(ij)
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This is the fixed effects expectation model for a two-way
classification with disproportionate sub-class numbers, The

regression sum of squares for all effect prrameters is
(29)  SS(M,A,B,RXB) = ):Z Zij'/nij .

Also, the regression sum of squares ignoring the B classifi-

catien is

(21)  ss(m,2) = § zi../n.. .
i

Similarly,

(22)  ss(u,B) = ] 22

.e/T,
3 3

N/

The sum of 5quares for error under the full model (for all

parameters in (19) ) is

2

(23) SSE = §§£ (zijm - zij.)

To calculate the sum of squares SS(M,A,B) for u and the
{ai} and {sj}, omit the {aeij} parameters from (19), Then,
impose the restrictions given by (8) to obtain a reduced set
of normal equations of full rank in u and the {ui} and {5j}.
Using matrix notation and substituting the ?kj'm for the Zijm

in the vector of sums, this sum of squares can be written as

(24) s8s(M,An,B) = (g GIR)T Czl (g le)/pz - a?‘ Il,l.

where le and Cl are as defined in equation (15) and



1* = fglz' IiCik -

The sums of squares from the Zijm means can be put on a
single observation basis by multiplying by p, the number of
observations in the means, The analysis of variance on a
per-observation basis, adjusting the sums of squares for
the A and B effects for each other, and the interaction for
both the A and B effects, can be obtained from eqgquations
(20) througn (24) and is given in Table 8.

Takble 8, "Averaged over time" analvsis of variance

SQ;;ce af Sum of Squares

A r=-1 p [a,l,cll?i‘l. - g z:fj./n.j]

B G=1 P {5?.0;13i¢ - g Zi../ni.]

AXB (r=1) (q=1) p tzg 2iye/nyy = B)C7'C

Error Ree=rg p [ggg zijm {Z v j‘/nij]
Substituting ?13 - for Zij . the sums of squares in Table 8

can be shown to be equivalent to the sums of squares
*averaged over time" in Table 6, The error line in Table 8

is the error (a) line in Table 6, and is an egtimate of

2 2
gg + pas .
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Vi
VERIFICATION OF THE COMPUTING FORMS FOR THE SUMS OF

SQUARLES IN WHICH TIME IS A FACTOR

The sums of squares with time as a factor involve
correlated observations, This correlation derives from the
random variable, Sm(ij)‘ To eliminate the random variable

sm(ij) and to obtain linear independence in time, define

(25) Xijkm = Yijkm - Yijpm k’slyotlp" P'”p"'l .

which are used to

(2)

These Xijkm are independent of the ?ij’m’

calculate the sums of sqguares averaged over time,
Therefore, no adjustments for these average effects are

regquired, From (J) and (16), and using the restrictions on
the parameters as given in (2), the Xijkm can be written in

parametric form as

(26) Xijkm = (vk-vp) + (avik~avip) + (Bij‘BYjp’
. e ™ + Ly
(87 3178V 1500+ SV (19) "5 Vmp (1))
with
(2) The X are uncorrelated with the ¥, Thus, with

ijkm ij*m*
the normal assumption, they are independent,
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(27) 203; i=i', j=4', k=k', m=m'

Cov(Xi X osz i=i', j=j', k#k', m=m'

jkm' i'j'k'm') =

03 otherwise
and where, from equation (5), we obtain the relationship
(28) o = (1-p)0

A. The regression sum of squares for all parameters in the

model
Write the {Xijkm} in vector form as

(29) X = [Xijm]

T
Xi9m = Pijime Xig2mr oo Xijprmd

where there are n,. sub-vectors Xijm (determined as the
subscripts range over their values) and each xijm is a vector

of p' = p~1 elements, Then, the covariance matrix of the

Xijkm is
(30) 00 ... 0 [ 21.. .1
Ly=5 ;; S = '.'. |3 0= L.
« 0 . "1
L Q] a 2|

where the p'n.,. X p'n.. matrix 5 is an ne,.xn.. matrix of

sub=~matrices and the matrix ¢, the sub matrix on the diagonal
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of 8, is a symmetric matrix of order p', Throughout this
thesis, the elements below the main diagonal in symmetric
matrices are not shown,

Pe-define the parameters as differences in parameters
nt times k and p as shown in equation (26), The observation

aquations ir matix form are ther
{31) ¥om= PEAR ¢ E O,

wvhere X is the vector of p'n,. elewents defined in (29), p*
8 a p'nee x p' (rga + r + q + 1) matrix, A* is a vector of
H%{rg + r + g + 1) parameters, and E is a vector of p'n.,
Qarrors, Ska(ij) - Symp(ij)' Using restrictions for the
lre-=defined parsmeters obtained by using specific values of

weights in (8) witn the restrictions in (2), linear indepen-

dence obtains =znd the equations in (31) may be written as
(32) X = PA + E

where P is a p'nee X P'rg matrix and A is a vector of p'rg
srarameters, P can be written as a vector of n,., subematrices,

Jij' vhere Dij is a p' x p' diagonal matrix of sub=~vectors,
T
. a

ij*

either 0 or 1 that was defined above (l0). Also, A can be

4 n« Hij is the vector of rq elements with each element

written as a vector of sube-vectors, A?~Ap where Ak is defined

above and in (10).
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(33) [ by,
»
. 31
»
P11
o, .
H 12 B ’i.’ —‘ -
Hi, 0 4 o6 0
17} .
. L ] ®
12 L. .
»
[ 3 . [ ; A’ﬂ
™ e n - he .
£ L2 Dl‘: ’ ,.fi.j . . 0
*H
. *]
' —_— —
[ 3
D
X
»
. nr’}
*
Dy
. -

The sum of scouares to be minimized, according to

Scheffe' (5), is

-1

(34) =3E(b) = (x=Pa)T s~1 (x-pp) .

Setting 3(5SE(b))/sA equal to zero gives

(35) prs~lp = pTs~lx

ox

(36) 1= (pTs™Ip)"1pT5"1x , as shown by Scheffe'.
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The covariance matrix of K is
T.~1_.,~1.T ~1 -1 FANESD W) |
37y I, = (P sTR) P S ST R(PSP)

2

T.=1l..~1
= (P8 "p
( ) g

and the regression sum of sguares is

(38) ss®r = Atpls~lpt

From equations (29), (30), and (33),

(39 e¥slem] 0™, .l 0] 07 p 07 ] 07 e upl 07
eeeDp @]
pTs™lp= gg nijuzju“lnij
pTs™x= §§ ijm"lxij.

T T « ‘
where xij. = }g‘ Xi‘j'i’ﬂ = {Xijlu!xijznvaonﬁijpﬁ: .

The matrix Q, given in equation (30), has the inverse

N ]

(40) P"‘l -1 see e -1

. .
* L ¢ *
™ 1 = -:-Lu * - * .

Q ) . « "

. -1

y p‘-l
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Using equation (40) and Dij‘ as given in equation (33), one

obtains
(413 S L O
CHCIES . .'-__H.
. . i3
(p—l)nij

Post-multiplyving equation (41) by Eij’ we find

P T T 7]
4 - e s c-.-I - ¢ & @ .‘ s %
(42) (p 1)Hl3513 Hljfjj .« s e s . Hy 4l g
. *
[ hd . L4
T -1 1 * . .
D, . D, .= = .
139 P57 p . t . "
L
. i ij
. F
o=1) H, .H .
(p=1) i lJJ
where Dzjo-lnij is 2 p' x p' matrix of sube-matricee and

Hijﬁij is 2n rq X roc matrix with elements that are 0 or 1

with proportionate rows and proportiocnatc coclumns, Then,
, : T.,~1
from eqgquations (39) and (42), P°S P can be written as

Ny T

(43) (p—l)yz 13 lj 13 Egnijﬁijfij . . ini‘hij i

pTs™lp= . * . i

. ) LT

. -yYIn, B, H,,

. i3 ijiiid
- YT

(p-l)lgnijdl iy

L pu=
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From equation (12), ZI nijﬁijﬂij iz defined as C . Therefore,
ij :

equation (43) can be written as

(44) (})“l)c "'C. o« s @ -
. IS
. . . .
e *
._&i; 1P = . . .
« * hd
. * .
. -
.
B (p=1) C |

Fost-multiplying equation (41) by ¥, .. , where X, ig
-~ BAapSit

defined in eauation (29),

(pxijZ“-Xij .')Hij

T - 1
D. " X- g I e
le ij p

(in_ﬁﬁ."’xiiﬁ.)ﬂiﬁ

)] - . R
where D‘,Q lx .¢ 18 a vector of 1 subwveactors and each
id i4 p=

sub-~vecteor has rg elements,

m
Summing ngleXij. over i and j , one can then write,

from equation (39),



— |

1]
Y1 (DX, ne=X, . .a)H,.
i3 ij2® “ij ij
plg~ly = 1
P

E. (pX . ya=X ~..)H~.
ig ijp'® Tij ij

From equation (12), substltutlng'Yijk.-Yijp. for xijk‘ ’

(47) E X, o oH, ., = O, =G
i% ijk*71i3 ¥ 'n

§§ ¥igerfiy T Fer0y

Using equation (47), equation (46) can be written as

{(43) Gow

plg™dx =

LGp.—ﬁ.J

To obtain a solution of the emuation for E, note that

the inverse of PIS™*p is



— | _
(49) 2c™t b, L, ¢t
(pTs™ip)=t . . .
[ . -
* [ ] * L] “-1
. C
2ot

Then, from equations

(36),

(50) 2c7t ¢l L,
. .
. . .
b .
-~ » *
A= . *
.
.
— f.
| i=1
'y
A = * & =
p'
E C-1£C~~.€" 4o
i=1 .
l:'”l“':.-(; -~ n'w.
|
R = .« &
-~l [?
C (CQ"G nd p Ty + Gg""a.)
— -1 | —_
C (*‘il"a )
-1
- ¢ (GB’GU)
o= §
L
-1
C - G had 1
(Gpr=tp)
L -

(48), and (49),

L8 i _.-t'.‘f )}
- \vn. R P

.
+ al-n.}

7] [
» C l ':l-?‘:.
) '32“'?’;:
.

.

. C 1 .
*uc™ O =

P
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The regression sum of squares given in equation (38) can be

written, using equations (48) and (50), as

-1

(51) ¢SSR = kzl (nkugp)~ c (Gk"g')
= kgl GiC-lgk - H?L la./?

B. The regression sums of squares assuming some of the

parameters to be zero

T, - .
The term G, C IG; is the regression sum of sguares at

time k given in equation (1l1), As in the model at time k,
one may again fit a reduced model by eliminating the elements
in the A and Hij veotors that are associated with the
parameter effects being omitted, This nas the same effect

ag befora, that of =liminating the corresponding elements of
the Gk vector and the correaponding rows anﬂ columns of the

C matrix, Using notation counsistent with equaticn (13),

define

(52) ©£S(T,AXT,BXT,AxRXT) = § Gy C 7Co, - G.Cg Uo.jp

55 (1 ,AXT ,BXT) = G?k czlalk - ﬁi.cglﬂl-/p
SS (T,A}(T) = ng C;lGZk - ngczl :2-/}"'

T -1 T =1
Gag €363 = G5eC37634/p

T o=l “z.a e /v

F'hel W'l Kl Xt

7}
-
~

il

g e ]
i
N
R el

[ 4
o=
5 -9
[

1
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where the symbols in parenthesis indicate constants fitted:
T stands for the {yk}, Ax1 for the {ayik}, BxT for the

{eyjk}, and AxBxT for the {aBy, The individual terms

ljk}'
for the regression sunms of squares at time k in the sums of
squares of eguation (52) are tlhe same as the comparahle sums
of squares at time k in equation (13), Therefore, eguations
(14) and (15) can be used to calculate tlese sums of sguares
The sums of squares involving the ¢ vectors summed over time

are sums of squares for the average-over-time effects., Four

of these can be calculated as
Tl re 2
(53) (J uo !70./1“ el }:Z ae .../;}ﬁ.

tlr
&z.ﬂz Gz./p

#

¢ o2
zt Yi’.‘/pni.

.C oSO =
3 ’ Ye.o e
) jee/PRay

T =1, 2
64004 "74’./9 = ‘.fo..o-/pn--

ﬂ? -1,

The other averade-over~time sum of sauares, Gy 1 l’ s Can

he calculated using the Cl and G defined in eguation (15),

1k
The sums 0f sqguares of interest, calculated as differences
of sums of scquares given in equation (52), are given in

Table 9,

C. The error sum of sgquares

The sum of sjuares for error associated with the
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Table 9, &anaiysis of variance for sources with time as a
factor

Source af sum of Squares

Time p-1 J ol crla

T -1
L GqkCq C4xC4eC4 Gge/P

-1 T -1

AXT (r-1) (p~1) ( Gfkcl Gyk~G1+C1 Gye/P) =
k

T -l -1
(r3kc3 ‘3.!(..‘(;3 .CB er * /p)

et

C ls ol ot

T =1 -1
Gchz sz‘Gz‘Cz rz./p)

-
i xee

T -1, T -1

AXBXT (r-1) (g=1) (p=1) | () Gy € Gy =GeCy Gye/P) =

T -1 S
G1k€1 ©1xC1C1 Gl./P)

Fo e B

-

Error (b) (n,e=rq)p=-1) (Yijkm"yij'm) -

ety
dolny
o~

jkm

-}_ T "'l‘ -
¢t ctig ~GyeCy “o'/p’

( Ok 0 "0k

bt |
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regression sum of squares is given in equation (34), with

the parameters replaced by their least square estimates,

This can be written as

-1

(54) SSE(b) = X 5™'X - S§®

where X is defined in equation (29), S in equation (30) and

S5R in equation (51),

’ -1
(33 @ "Xy
-1,
@ %12
s~x = .
’~lxr n
Mg
where there are n.,, sub=-vectors of p-1 elements,
(56) 'xTs"lx = 17 ¥T, o~lx .
{3m ijm™ ijm

Using eguations (29) and (40),

(P 1)x,ﬁ]m (Xij’m-xijlm) ‘ﬂ .-xif
(p- 1)xl32m (% ‘i3 ‘m ijlm)

T im = : )
(V'l)ﬁlgp'm (“ij'maxijp'm)

from equations (29) anu (30),

Then

A
“ijp'm ij m

/r"




i:i'i i
Kiij = oLy FiskmFijkniy00/P)
Therefore,

(57 x"s7lx = 111 kzl %3 siem x5 P

For a single error term, the SSR in equation (51) should be
the regression sum of squares due to fitting all parametex
effects in the expectation model (26), This is given as the
first listed equation in (52), The SSE(b) can then be
written as shown in Table 9, Substituting for equivalent
forms from equations (14) and (53) and rearranging terms,
‘the sums of squares in Table 9 can be shown to be equivalent

to the sums of squares in which time is a factor in Table 6,
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VIIX

DISCUSSION AND SUMMARY

When repeated measurements are made on the same subject,
the repeated observations in time may be correlated,
Therefore, the assumption of independent ovservations cannot
be made in general. This type of experiment can be considered
as a multivariate experiment, considering observations at each
time as a separate variate, and assuming the multivariate
instead of univariate normal distribution, The correlation
structure among successive observations through time can then
be incorporated in the covariance matrix of the observation
vectors. The covariance structure is assumed the same for
all subjects under all treatment conditions., If no further
restrictions are imposed on the covariance structure, then
some multivariate preocedure could be used for testing the
effects of time and the interaction of treatmeant with time,

If one makes the assumptions that the variances for all
times are equal and all the correlations are equal, the
covariance matrix has the two parameters, variance and
correlation coefficient, Then, the expectation model can be
written in univariate form with tweo errors that are functions
of the two parameters above, This covariance structure will
occur when all lag serial correlations between the errors at
different times for a subject are equal. This seems most

reasonable when the serial correlations are all zero, Then,
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the errors in time for a subject will be independent, The
remaining correlation between cobservations in time will be
due to the 1 ndom subject effect,

For the general multivariate case in which the
covariance matrix aoes not simplify as above, some multie~
variate two~-way disproportionate analysis would appear to
be appropriate for a repeated measurements experiment with
treatments in a two-way crossed classification with
disproportionate cell frequencies, Under the somewhat
restrictive assumptions that all variances are egqual and
all correlations are equal, a univariate analysis is shown
in this thesies to be arplicable under certain assumptions
about the interactions. Also, a relatively simple computa-
tional scheme has been proposed for performing the analysis,

The tests obtained are for the three-~factor interaction,
the two-factor interactions assuming the three-factor
interaction zero, and the main effects assuming all inter-
actions zero, 'The tests separate inte two sets (tests of
effects averayed over time and tests of effects with time
as a factor) which are calculated from variates that are
inidependent from each other., ‘I'herefore, assumptiocons of
zero interactions in one set are not reqguired for testg of
effects in the other set, This relaxes some of the above

assumptions made on the interactions,

The proposed computational scheme requires the inverse

of one matrix of order r + ¢ -1, where there are r levels of
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one treatment and g levels of the other treatment, Then
some simple matrix multiplications and the calculation of
certain standard sums of sqguares is all that is necessary
for the analysis, This procedure is ecuivalent to the
usual method of fitting constants for all of the parameters,
but affords simpler computational Zorms,

The procedure can be extended to the case for which
"time" is a factorial arrangement involving two or more
factors, This can be seen since the procedure would involve
using the average of the observations for each subject over
various combinations of the "time" factors for different
sets of sums of squares, This has the effect of eliminating
all parameters containing the factors over which averages are
taken when the usual unweighted consktraints are used,

One of the major problems in repeated measurements
experiments is incorplete data, Recause gubjects are
frequently the units being measured repeatedly, the human
element enters in and increases the likelihood of missing
data., If much of the data for a given subject is missing,
that subject might be omitted ftom the experiment on the
basis that 1t offers little information, Otherwise, some
missing data technique may be used. Extension of these
missing data technigues has not been made for the class of

repeated measurement experiments considered here,

Some work has been done on the simpler model (not

considering treatments as a factorial arrangement) under
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different assumptions regardin the covariance structure,
To date, analyses have not been obtained using any
restrictionz on the covariance structure other than the one
assuming equal variance in time and egual correlations in

time,
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ABSTRACT

In experiments with repeated measurements made on the
same suvbjecte, the repeated observationg in time may be
correlated, Therefcre, the assumption of independent
observations cannot be made in general, This thesis considers
the experimental design with treatments in a two-way
classification with a disproportionate number of subjects
allocated to each treatment combination and repeated
measurements made on the subjects,

A proceaure is shown to be applicable for computing an
analysis under somewhat restrictive assumptions, It is
; assumed that the variances are egual for all times and the
correlations in time are equal, The tests obtained are for
the three-~factor interaction, the two-~factor interations
assuming the three-factor interaction zero, and the main
effects assuming all interactions zern, The procedure
requires the inverse of one matrix, some matrix multiplication,

and the calculation of some standard sums of squares,
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