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Nathan L. Post

ABSTRACT

The research presented in this dissertation furthers the state of the art for reliability-based
design of composite structures subjected to high cycle variable amplitude (spectrum) fatigue
loads. The focus is on fatigue analyses for axially loaded fiber reinforced polymer (FRP)
composites that contain a significant proportion of fibers in the loading direction and thus
have fiber-direction dominated failure. The four papers presented in this dissertation describe
the logical progression used to develop an improved reliability-based methodology for fatigue-
critical design. Throughout the analysis extensive experimental fatigue data on several
material systems was used to verify the assumptions and suggest the path forward.

A comparison of 12 fatigue model approaches from the literature showed that a simple lin-
ear residual strength approach (Broutman and Sahu) provides an improvement in fatigue
life prediction compared to the Palmgren-Miner rule, while more complex residual strength
models did not consistently improve on Broutman and Sahu. Evaluation of the effect of load
history randomness on fatigue life was made using experimental results for spectra in terms
of the first order autocorrelation of the stress events. For approximately reversed Rayleigh
distributed fatigue loading, load sequence was not critical in the material behavior. Based
on observations of empirical data and evaluation of the micro-mechanics deterioration and
failure phenomena of FRP composites under fatigue loading, a new residual strength model
for the tension and compression under any load history was proposed. Then this model was
implemented in a stochastic framework and a method was proposed to enable calculation
of the load and resistance factor design (LRFD) parameters for realistic reliabilities with
relatively few computations. The proposed approach has significant advantages over tradi-
tional lifetime-damage-sum-based reliability analysis and provides a significant step toward
enabling more accurate reliability-based design with composite materials.

This research was conducted with support from the National Science Foundation Interdis-
ciplinary Graduate Education Research and Traineeship (Award # DGE-0114346) and the
Office of Naval Research (Award # N00014-06-1-0812). Note: The opinions expressed herein
are the views of the author and should not be interpreted as the views of the Naval Surface
Warfare Center or the Department of the Navy, nor of the National Science Foundation.
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Chapter 1

Introduction

The research presented in this dissertation furthers the state of the art for reliability-based
design of composite structures subjected to high cycle variable amplitude (spectrum) fatigue
loads. The focus is on fatigue analysis for axially loaded fiber reinforced polymer (FRP)
composites that contain a significant proportion of fibers in the loading direction and thus
exhibit fiber direction dominated failure. Present fatigue models and reliability analysis for
composites are evaluated and a new residual strength model is proposed that represents the
tensile and compressive residual strength of a composite under any load sequence. Finally
a reliability-based design framework implementing the new model is proposed. Throughout
this research, extensive experimental data sets have been used to develop empirical theories
and evaluate the models results.

The body of this dissertation is presented as four separate papers that have been or will
be submitted to academic journals as indicated at the beginning of each chapter. Chapter
2 presents a comprehensive review of available models in the literature for calculating the
fatigue life of FRP composite materials under spectrum fatigue loading and serves as the
primary literature review for the dissertation. Additional literature references relevant to
the specific topics discussed in subsequent chapters are provided in each paper. In addition
to being a review article, the first paper also provides the results of analyzes that compare
the predictive performance of 12 models for spectrum fatigue life predictions in four material
systems. Chapter 3 focuses on the issue of the significance of load order on the damage and
resulting residual strength of composites subjected to spectrum fatigue. In this paper, the
statistical first order autocorrelation is proposed as a measure of load ordering in a spec-
tra. Chapter 4 develops a new residual strength model for the variable amplitude fatigue of
composites that calculates the tensile and compressive residual strength as a function of any
given load history. The model is tested using experimental spectrum fatigue data for two
material systems and several load histories. In Chapter 5 a reliability based design method-
ology is developed using the new residual strength model to determine appropriate load and
resistance factor design (LRFD) knockdowns for a desired reliability under stochastically



Nathan L. Post Chapter 1. Introduction 2

described spectrum fatigue loading. An appendix that describes the experimental methods
used for generating the Virginia Tech data set (labeled VT8084) is provided and the data is
publicly available as a second appendix in the form of a Microsoft Excel spreadsheet.

Note to the reader: Since each chapter was written as a separate journal article, they reference
the other chapters in this dissertation as articles in the bibliography. Reference [1] refers to
Chapter 2, reference [2] refers to Chapter 3, reference [3] refers to Chapter 4 and reference
[4] refers to Chapter 5. The dissertation and its appendix which contains the VT8084 data
set are also referenced in the individual papers as [5]. In addition, while the nomenclature
overlaps between the articles, it is not exactly the same and some symbols have different
meanings in each chapter. A table of the terminology used in each article is provided near
the beginning of the chapter and should be referred to accordingly.



Chapter 2

Modeling the Variable Amplitude
Fatigue of Composite Materials: a
Review and Evaluation of the State of
the Art for Spectrum Loading
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Modeling the Variable Amplitude Fatigue of Composite Materials: a
Review and Evaluation of the State of the Art for Spectrum Loading

N.L. Post, SSW. Case, J.J. Lesko
MC 219, Virginia Polytechnic Institute and State University, Blacksburg, VA 24061, USA

ABSTRACT

In this article, we review the experimental research and modeling of fiber reinforced polymer
composite materials subjected to variable amplitude fatigue. In general, these models are
empirical or phenomenological and contain parameters that must be determined using con-
stant, and in some cases variable, amplitude fatigue data for the material system in question.
In many cases, the authors who proposed these models simply fit them to their experimental
variable amplitude results and thus their predictive ability has remained uncertain. The
predictive accuracy of the fatigue models examined in this article was compared by apply-
ing them to four material systems for which extensive fatigue data was available. Several
approaches are rejected because the data required to fit them are not available or their for-
mulation prevents straightforward application to a spectrum loading with blocks of one cycle
in length. Four damage accumulation rules and eight residual strength approaches are fit
to the static, constant amplitude fatigue, residual strength, and two block repeated fatigue
loading for each data set. Then the models are used to predict the fatigue life under vari-
ations of WISPER, WISPERX, and Rayleigh distributed spectrum fatigue loads that were
applied experimentally. Results show that the Palmgren-Miner rule is non-conservative in
every case and gains in accuracy are possible by using a simple residual strength law such as
the one proposed by Broutman and Sahu. More complex residual strength approaches gave
more accurate results in some cases, but overall did not provide a significant improvement
relative to Broutman and Sahu’s model.

This paper will be prepared for submission to the International Journal of Fatigue.
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2.1 Introduction

Understanding the fatigue degredation of materials is critical in many applications to ensur-
ing the long term reliability of a component or structure. As fiber reinforced polymer (FRP)
composite materials become more common in high cycle fatigue applications including ship
hull, aircraft, and wind turbine blade structures, the ability to make accurate predictions
of fatigue durability is critical to the design optimization process. Characterization of the
statistical distribution and ordering of applied loads on a structure can be made using exper-
imental measurements and structural simulations. Although a material can be tested under
a variable amplitude spectrum, that data is only applicable to a specific loading scenario.
Traditionally, fatigue characterization of a material is performed under constant amplitude
sinusoidal loading. Thus, it is desirable to make variable amplitude predictions for an ex-
pected loading sequence (spectrum) using readily collected constant amplitude experimental
fatigue data for the material system of interest.

Numerous empirical and phenomenological models have been introduced over the past 40
years of fatigue studies for composite materials. In most cases, authors had limited experi-
mental data available and often any empirically determined model parameters are fit to the
variable amplitude data they are modeling. Thus the relative accuracy remains uncertain be-
tween the approaches in the literature. Unfortunately, due to the wide variety of component
materials, manufacturing methods, and laminate design, developing a universal understand-
ing of the performance of spectrum fatigue models for fiber reinforced polymer composites is
very difficult. As a result, many models are developed with a specific material and loading
configuration in mind and their generalization to other loading cases also remains uncertain.

Many of the damage accumulation based approaches to model the variable amplitude fa-
tigue response of composites have been based on theories developed for homogeneous metal-
lic materials that have been reviewed extensively by Fatemi and Yang [6]. The other two
categories of models for variable amplitude loading are residual strength and residual stiff-
ness approaches based on the distributed damage observed in FRP composites under fatigue
loading. In the FRP composite material literature, comparisons of variable amplitude fa-
tigue prediction models have been limited in scope both in terms of the number of models
considered and the data sets used to fit them and compare results. Found and Quares-
imin [7] compared the Palmgren-Miner (PM) [8], Broutman-Sahu (BM) [9], Marco-Starkey
(MS) [10], and Hashin and Rotem (HR) [11] methods for two stage (high amplitude followed
by low and low amplitude followed by high) block loading of a woven carbon fiber com-
posite. Epaarachchi and Clausen [12] compared their model [13] to the PM, BM and HR
approaches under block loading. Sarkani et al. [14] compared several cumulative damage,
residual strength, and residual stiffness models for predicting the fatigue life of a notched
composite laminate subjected to a narrow band Gaussian loading sequence. However, they
lacked residual strength data to fit non-linear model parameters and simply chose to calcu-
late the predicted life over a range of parameter values. Overall, Sarkani et al. concluded
based on a very small data set that the models gave similar results to PM and were generally
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conservative for this case [14]. Various “classical fatigue analysis” topics that are relevant
to spectrum fatigue loading have been discussed by Filis et al. [15] including rainflow anal-
ysis and cycle “mix” event counting in the context of composite laminates under spectrum
loading. Recently, a review and comparison of methods for modeling the residual strength
distribution of composite materials under constant amplitude fatigue in composites was pub-
lished by Philippidis and Passipoularidis [16]. In the present research, we provide a broad
comparison of the methods that have been employed in variable amplitude fatigue modeling
in composite materials under axial loading and compare the predictive ability of a subset of
these models for spectrum loading using extensive sets of experimental fatigue data on four
different laminates.

2.2 Background to the Exercise

2.2.1 Experimental approaches to variable amplitude fatigue

Most experimental studies of variable amplitude loading in composite materials have focused
on loading that consists of two or more constant amplitude blocks with two to four stress
levels and R-ratios [7, 9, 13, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30]. While
simpler to apply in the laboratory, and perhaps offering a stepping stone between constant
amplitude loading and spectrum loading, these block loading tests are not representative
of realistic loading situations and may not even generate the same type damage state in
the material. Experimental studies of stochastic fatigue spectra in homogeneous materials
(metals) include those by Sarkani and Lutes [31], Kihl, Sarkani and Beach [32], Svensson
[33], and Sunder [34]. In these studies, a random loading spectrum was generated based
on a prescribed distribution of fatigue loads. There are only a handful of experimental
studies of composites under this type of generalized loading including those by Sarkani,
Kihl and colleagues [35, 14, 36], Aboussaleh and Boukhili [37], Himmel [38], Philippidis and
Vassilopoulos [39], Sonsino and Moosbrugger [40] and the recent work we have undertaken
[2]. The majority of available experimental data on spectrum loading of composites [41, 39,
42,43, 44, 45, 46, 47, 48, 49, 15, 50, 51| have been performed using standard loading spectra
including FALSTAFF created for fighter aircraft, and WISPER and WISPERX generated
to represent the flap direction loading of a mid-sized wind turbine blade [52, 53]. These fixed
sequence standard spectra are generated by compiling fatigue loading data for a number
of typical structures and are intended as a method for comparison of materials and models
under a representative realistic fatigue loading.
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2.2.2 Nomenclature

7

In order to make comparisons between different modeling approaches easier, equations have
been translated from their original nomenclature to a set of standard nomenclature listed in

Table 5.1.
Table 2.1: Fatigue Nomenclature
Symbol Description
T-T tension-tension loading (0 < R < 1)
C-C  compression-compression loading (R > 1)
T-C tension-compression loading (R < 0). Fully reversed: R = —1
f fatigue frequency
t time
o stress (general)
0, maximum (peak) applied stress during a fatigue cycle
0, minimum (valley) applied stress during a fatigue cycle
Om %(ap + 0,) mean applied stress during a fatigue cycle
O = %(O'p — 0,) stress amplitude during fatigue cycle
Orange = Op — 0y = 20, applied stress range during a fatigue cycle
R =o0,/0, R-ratio (definition)
n cycles applied
N cycles to failure under a given loading condition
D damage parameter
subscript ¢ indicates quantity for the i*" loading step
d; damage increment for step ¢
S, initial ultimate strength (prior to fatigue)
Suts  initial ultimate tensile strength
Sues  initial ultimate compression strength
S, residual strength
Fa=0,/S, normalized applied stress
Fr=S,/S, normalized residual strength
E  Young’s modulus
E, initial tensile modulus
E. initial compression modulus
Ey initial modulus
E; fatigue modulus
a  Weibull distribution shape parameter
So, No Weibull scale parameters for strength, life
F(z) cumulative distribution function of x

continued on next page
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continued from previous page

Symbol Description

f(x) probability distribution of x
G(z), H(z), ... functions of x
a Power law S-N curve slope
b Power law S-N curve intercept
M, Model prediction error relative to experiment

2.2.3 Fatigue terminology

Fatigue in materials is caused by repeated loading and unloading cycles to maximum stresses
below the ultimate strength of a material. This cyclic loading causes a progressive degra-
dation of the material properties and eventual failure. In many constant amplitude load
controlled fatigue experiments, a specimen is loaded sinusoidally in time with the stress,
o(t) = om + o4sin(27t/f). Common parameters for describing cycling loading are shown
in Figure 2.1. Different loading regimes characterized by R-ratio are shown graphically in
Figure 2.2. Failure is typically defined by the complete rupture of the material so that it
can no longer support any stress (E = 0). Some researchers choose to perform displacement
controlled tests where the maximum and minimum strain is the independent control vari-
able and the stress is dependent on the material stiffness. Often failure is defined when the
stiffness decreases below a certain threshold because in many cases a dramatic failure does
not occur under displacement controlled fatigue tests.

Maximum stress, o,

Stress amplitude, o,

Mean stress, o,

Stress, o

Stress Range, 0yange

Minimum stress, o,

Time, ¢

Figure 2.1: Ilustration of sinusoidal loading and the relevant terminology to describe it
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0.5 4

Normalized Stress
o

-0.5

Time, ¢

Figure 2.2: Illustration of different loading R-ratios normalized to a maximum absolute value
stress of 1.0

Most fatigue models require experimental knowledge of the fatigue life under constant am-
plitude loading equivalent to the current applied cycle. Although fatigue tests are performed
under constant amplitude stress (independent variable) and the resulting fatigue lifetime to
failure, N, is recorded (dependent variable), fatigue data is traditionally plotted with the
maximum stress or stress amplitude on the vertical axis and cycles to failure on the hori-
zontal axis (for example, see Figure 2.3). A variety of approaches for empirically fitting this
“S-N” data are used in the literature including exponential or power law relationships and
sometimes more complex formulations that attempt to include frequency, fiber orientation
and other parameters. The fatigue life curves can then be represented for various R-ratios on
a constant life plot with ¢, on the horizontal axis, o, on the vertical axis and lines indicating
constant fatigue life (see Figure 2.7). The desired fatigue life at a given R and o, can then
be determined by linear interpolation or more complex equations fit to the entire constant
life plot.

A new and noteworthy alternative for representing constant amplitude fatigue data was
presented by Vassilopoulos et al. [54]. These authors used an Artificial Neural Network
(ANN) to come up with an algorithm for the fatigue life at an arbitrary loading and stress
level. Using an ANN trained with a random sampling of 50% of their experimental constant
amplitude fatigue data at various R-ratios and angle ply fiber orientations, the neural network
was able to accurately construct constant life diagrams for each fiber orientation as when
compared to traditional S-N curve based plots fit to the entire data set [54].
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2.3 Damage Accumulation

This category of fatigue models includes those formulations based exclusively on the calcu-
lation of a non-dimensional damage parameter, D, related to the amount of life a composite
has used up. In most cases, D is initially 0 and increases over the fatigue life until failure is
predicted to occur when D = 1.0.

2.3.1 Palmgren-Miner

The earliest method still in wide use for analyzing variable amplitude fatigue of materials is
the Palmgren-Miner [8] linear damage accumulation rule (hereafter PM). In this approach,
also referred to as “Miner’s rule,” the accumulated damage, d;, in a given loading block of
length n; cycles, is a linear fraction of the number of cycles to failure, N;, at the i stress

level: n

Failure is predicted when the cumulative damage, D = 1.0. This model is simple in that in
only requires an S-N curve for a given R-ratio or more generally a constant life diagram to
make variable amplitude fatigue life predictions. The PM rule is load order independent and
thus produces the same damage sum and failure prediction for a given set of loads regardless
of their sequence.

Numerous experimental studies including [55] and [9] have shown the PM approach can be
highly inaccurate for block loading in both homogeneous materials and composites (conser-
vative in some cases, non-conservative in others). Experiments performed under spectrum
loading has shown Miner’s rule to be highly not conservative, sometimes by more than an
order of magnitude [56, 14]. Yet, over 60 years since its first publication by Miner in 1945
8], the Palmgren-Miner rule is still the most extensively used method used by engineers for
fatigue prediction in reliability based design analysis [57, 58, 59, 60, 61, 62, 63, 39]. Struc-
tural fatigue damage analysis using finite element models also often employs PM to evaluate
failure [64, 65, 66]. In addition, PM also remains the standard by which research on all other
approaches for variable amplitude loading are compared.

Many variations on linear damage accumulation have been proposed for homogeneous ma-
terials [6]. Hwang and Han [67] provide a review of some of these approaches applied to
fatigue in composites. However the orthotropic properties of each lamina and tendency for
distributed damage rather than dominate flaw crack growth make the assumptions in more
sophisticated damage mechanics approaches for homogenous materials invalid for most FRP
composites.
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2.3.2 Marco-Starkey

The Marco-Starkey [10] rule (MS) is a variation of PM:
n\C
D= (%) 2.2
" (2:2)

where the parameter C' is a function of stress level and R applied. In applying a non-linear
damage law like MS, the equivalent number of cycles applied at the new load level must be
calculated after each loading step so that in general:

Ci
DZ- _ <m + ]Ti;qv,z—l) (23>

where
Nequi—1 = N (D) (2.4)

Following this iterative procedure, the level of damage, D, remains constant when transi-
tioning between one cycle or step and the next. For the general case where C; # 1 and
is a function of stress, the model results will depend on load order and thus it is a non-
linear damage accumulation rule. Adam, Gathercole, Reiter and Harris [21][22] extensively
explored the application of MS to block loading of graphite/epoxy laminates including a
unique approach where they attempted to predict the R = —1 T-C fatigue life of the com-
posite using R = 0.1 T-T and R = 10 C-C constant amplitude and 2 block fatigue data.
While PM over-predicted fully reversed lifetimes, the MS approach, fit to two block loading
data, was slightly conservative. In the Adam et al. approach, C; was considered to be a
function of R only and constant with respect to the stress level in a given R. The MS damage
accumulation law improved the fatigue life predictions over PM, but also required additional
block loading cases to fit the non-linear parameters for each case of interest. It should also
be noted that it is impossible to determine the actual value of C; experimentally because D
has no physical correlation other than at failure. Instead, based on best fit to block loading
fatigue to failure, the ratio’s of C;/C5 and so on can be found. Adam chose C' = 1 for tension
and then found the value for compression loading from T-T followed by C-C block loading
results. Jen and colleagues [20, 68|, and Gamstedt and Sjogren [30] have also applied a the
MS model to two block loading of graphite composites.

2.3.3 Owen and Howe

Owen and Howe [69] (OH) introduced a damage accumulation model based on their obser-
vations of crack development glass reinforced polymer composites:

D= Z A (%) +B (;"[—)2] (2.5)
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where A and B are curve fit parameters. In order for D = 1 at n = N for constant amplitude

fatigue, A+ B = 1 and thus:
n; ni\’
A (M) +(1-A) <Nz) ] (2.6)

i

Because the power remains constant, OH is a linear model and the damage can be summed
as shown for all the cycles applied. A can be determined using crack damage or perhaps
more easily by fitting the model to some type of variable amplitude fatigue loading.

2.3.4 Bond and Farrow

Bond and Farrow [44] considered angle ply and quasi-isotropic graphite composite plates
incorporating a metallic fastener under FALSTAFF spectrum fatigue loading. They gener-

alized the Owen and Howe model as:
o n; \ ¢
Al =2 B — 2.
(NZ-) i (N) ] 27

-3

The parameters A, B, and C, were found that gave the best prediction for experimental
results from FALSTAFF based spectra scaled for tensile and compression loading. Bond
and Farrow proposed a metric for calculating the parameters based on initial strength and
stiffness properties and proposed that for primarily tensile loading:

A= B = |[Suts/ Sues|| (2.8)
C' = (Suts(|[Suts/ Sues|l + 1) — Suts) / Suts (2.9)
and for primarily compression loading:
A= B = |Sus/E (2.10)
C = (Suts ([l Suts/ Sues|l + 1) = [|Sues||) /Suts (2.11)

Unlike Miner’s rule, this approach resulted in conservative lifetime predictions for the re-
peated spectrum load. Bond and Farrow’s approach worked vary well for matrix dominated
angle ply laminates, however they found it to be overly conservative for fiber dominated
quasi-isotropic laminates, especially under compression fatigue loading [44].

2.3.5 Hashin and Rotem

Hashin and Rotem [11] (HR) developed a set of damage equations based on a concept of
equivalent damage lines of the same form as the S-N curve extending from the ultimate stress
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or from the fatigue limit points of the curve. When transitioning between stress levels, the
constant damage line would be followed to the new stress level and then damage accumulation
would proceed from there. Although this model was developed for homogeneous materials,
it is general and can be considered for composites. Since the existence of a fatigue limit in
composites is uncertain, the approach based on initial strength is more applicable. Based on
a power law S-N curve, the HR model can be described generally as:

log oy ; )
D; =D+ X[— (2.12)
where n
D, = — 2.13
- (213)

and o,; is the max stress applied for block .

2.4 Residual Strength

Residual strength models have a significant philosophical advantage over damage accumu-
lation laws for variable amplitude loading cases because the failure criterion is described in
terms of the residual strength S, and the applied maximum stress oy,:

Sr(n) < oy(n) — Failure (2.14)

Thus, life predictions are dependent on the current load as well as damage and improved
predictions over damage accumulation models are generally found for large block fatigue
loading and cases where a spectrum only has very occasional high loads. Additionally,
because the damage is evaluated in terms of a physical quantity, the strength of the specimen,
the models can be fit or verified experimentally at intermediate points during the fatigue
life.

All residual strength models are based on the assumption that the residual strength is a
monotonically decreasing function of the cycles applied and they also make use of the bound-
ary conditions that the initial residual strength equals the static strength, S,:

S,.(0) = S, (2.15)

and that under constant amplitude fatigue, the residual strength at fatigue failure (n = N)
equals the applied load under constant amplitude fatigue:

S.(N) = o, (2.16)
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2.4.1 Strength Life Equal Rank Assumption

Many residual strength approaches have been developed with the objective of modeling the
distribution of residual strength or fatigue life. These typically are derived by integrating
some form of the generalized rate equation (Equation 4.1) into the statistical distributions
of initial strength and life. Inherent in probabilistic fatigue models using residual strength
approaches is the assumption that there is a one-to-one relationship between the probability
rank of the initial strength and the rank of fatigue life of a given specimen. This relationship
was termed the Strength Life Equal Rank Assumption (SLERA) by Chou and Croman [70],
although, as they point out, the concept was originally described in a paper by Hahn and
Kim [71]. Explicitly, the SLERA means that

Fyg,(Sk) = Fi(nk) (2.17)

where Fg, and Fly are the cumulative distributions of initial strength and life, and the k"
percentile specimen has strength Sy and life ny [70].

Unfortunately, the SLERA can not be be proved conclusively in experimental testing because
it is impossible to measure the initial strength and fatigue life of the same specimen as both
tests are destructive. Only the relative success of residual strength models incorporating
SLERA can point to its applicability to the fatigue of FRP composites. In its essence,
SLERA enables a model to choose an initial specimen with a given k percentile strength,
Suk, and also know the lifetime of that specimen at a constant amplitude load V;; based
on the distribution of lifetimes at that load level.

As all residual strength models require knowledge of S, and N, the SLERA is the primary
approach used for predicting residual strength distributions. Philippidis and Passipoular-
idis made detailed use of SLERA in their comparison of the residual strength distributions
predicted by different models for constant amplitude loading [16] based on the approach de-
scribed by Whitney [72]. As a side note, SLERA can also be used in the context of damage
rules such as PM where N is treated as a function of the initial strength distribution [18].

2.4.2 General residual strength models

Sarkani et al. [14] noted that many of residual strength models proposed in the literature are
simplified versions of a generalized rate equation where the residual strength .S, is assumed
to be a monotonically decreasing function of the cycles applied:

dS,(n) AnA-1

= _B—CSr(n)C—l (2.18)

where A, B, and C are positive value parameters and S,(n) is the residual strength. In-
tegration for constant amplitude fatigue and accounting for the initial and final conditions
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yields:

Sp(n,0,)C = SC — (S - €) (%)A (2.19)

where 9, is the initial strength of the material. In this generalized form, we should note that
in addition to the fatigue life, N, at each applied load, A and C' are material parameters
that may be functions of 0, and R. For the most general case when applied to a spectrum
load, the residual strength after the i*" load step must be computed iteratively as:

71/C;
Sy = Sci SCi C; i + Negu,i-1 . 2.20
T T u ( w Up,i) Nz ( . )

where by assuming that .S, remains constant during the transition from one load step to the

to the next: ”m
S — Sf:‘;_l] 1

C; C;
Su - O-p,i

Nequ,i—1 = Nz [ (221)

Broutman and Sahu

The earliest research on composite fatigue incorporating a residual strength model was per-
formed by Broutman and Sahu [9] (BS). These authors proposed a linear reduction in residual
strength (A = C' =1 in Equation 2.20):

n;

Sp =8, —> (Su— Opi) 7 (2.22)

i

Broutman and Sahu found that this linear residual strength approach gave much better
fatigue failure predictions under two block loading of an E-glass/Epoxy laminate than Miner’s
rule [9]. The BS model has the advantage that it requires no estimation of additional
parameters beyond those required for PM (fatigue life N; for each applied stress level).

Reifsnider

Reifsnider and Stinchcomb introduced a critical element approach for modeling the fatigue of
composite laminates [73, 74]. This model separates the composite into a critical element that
controls ultimate failure (typically the 0° fibers in an axially loaded quasi-isotropic laminate)
and non-critical elements whose failure leads to increased load on the critical element. The
model used for the residual strength of the critical element was:

Fr(n)=1— /On (1— Fa(i)) A <Nii>A_1 d (Ni> (2.23)
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where F, = S, /S, and Fa = 0,/S,, both evaluated for critical element and A is considered
a constant for a given R. Case and Reifsnider [75] gave a derivation of Equation 2.23 from
thermodynamic principles. Even under constant amplitude global loading, the load on the
critical element will vary as a function of the damage in the non-critical elements and the
integration yields:

Fr=1- [Zu — Fa(i))V/A (%)] ' (2.24)

1

Post et al. [76] applied this approach and used the SLERA and a Monte-Carlo simulation to
predict residual strength distributions. In this work, Post et al. used the change in elastic
modulus recorded during the fatigue life to estimate the stress on the critical element [76].

Equation 2.24 is identical to Equation 2.20 with C' = 1 and A as a constant if we consider
the entire composite as a unit. This approach simplifies the analysis as the determination of
the stress and fatigue life of the critical element inside the composite is not required. Wahl
et al. [47][48, 49], and Post et al. [77] applied Equation 2.24 to constant R-ratio spectrum
fatigue loading with varying degrees of success.

Schaff and Davidson

Schaff and Davidson published two papers on variable amplitude loading of composites [78,
79] describing and applying a phenomenological residual strength model:

n \Ai
Su(n) = Su = (Su = 03) (1) (2.25)
N
where A is treated as a function of o, and R. To account for statistical spreading of the
residual strength data, Schaff and Davidson applied a linear reduction to the Weibull shape
parameter fit for each applied stress level to give the initial strength distribution shape
parameter at n = 0 to provide a reasonable prediction of the fatigue life distribution. This
method essentially forms a complex curve fit for the statistical distribution rather than
relying on a mathematically consistent model as proposed by Yang and Liu [80] for example.

In the first paper, Schaff and Davidson [78] applied the model to two stress level repeat block
loading fatigue. They observed that in some cases, repeatedly changing the stress level seems
to cause more fatigue damage than applying the same loads in larger blocks. To account for
this effect, which Schaff and Davidson called the “cycle mix effect”, they introduced a cycle
mix factor, C'M, to reduce the residual strength whenever the magnitude of the mean stress
increased [78]:

S, (n™M) = S, (n7))y —CM (2.26)

where

A - (Acp/Aom)?
7 } (2.27)

M = _—m
C CinSu, [Sr(n())
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The constant C),, must be determined from experimental data on repeat block fatigue loading
with different numbers of cycle mix events. It is not clear how Schaff and Davidson selected
the above form for calculating the cycle mix reduction in residual strength. Adam et al.
[21, 22| also found that large changes in the stress range in repeat block loading result in
increased damage, corresponding to the type of ”cycle mix” events highlighted by Schaff and
Davidson [78, 79] and Filis et al. [15]. For the limited two stress level case that Schaff and
Davidson tried [78] the model appeared to fit the experimental results reasonably well.

In a second paper [79], Schaff and Davidson applied their model to spectrum loading cases
using two sets of data. In both cases, they performed curve fitting of the constant life
diagram and a linear interpolation of a “constant-A” diagram to determine the value of A
for each loading cycle. As there was no appropriate data to evaluate C,, in these materials,
Schaff and Davidson assumed that it was not significant [79]. Thus, the effectiveness of the
cycle mix factor approach in spectrum loading remains unknown.

Nijssen et al. [81] evaluated whether it made sense to treat A as a function of applied stress
and found that a large data set is required to generally develop an empirical functional form
for the variable. So far doing so has only been possible for individual materials and as only
a few stress levels are usually evaluated, the overall form of the parameter is still uncertain.
Nijssen et al. did show that improved predictions were possible for two stress level block
loading when the respective values of A found from constant amplitude residual strength
tests for each stress level were used, compared to using a single value of the parameter
regardless of the applied stress [81].

Hahn and Kim

Others, including Hahn and Kim [71, 82], Hashin [17], and Whitney [72], have used residual
strength equations equivalent to Equation 2.20 where A = 1 and C' is an unknown parameter

fit to experimental data and potentially a function of stress level:
n

SC =S¢ — (8¢ - o9) (N) (2.28)

2.4.3 Other residual strength approaches
Probability distribution based approaches

Yang and Liu [80] developed a residual strength model starting with the generalized rate
equation:
dSy(n) _ —H(oyp, f, R)
dn — CS,(n)¢-!
where H(o,, f, R) is left as a general function of the applied stress, frequency and stress ratio.
Integration, applying boundary conditions, and taking H = H(o,) for constant frequency

(2.29)
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and R leads to:
S.(n)¢ =8¢ — H(o,)n (2.30)

Then, Yang and Liu assumed that the initial strength follows a two parameter Weibull [83]
distribution with location parameter Sy and shape parameter a:

Fs,(2) = P[S, < 2] =1 — exp [— (Sﬁo)a} (2.31)

By substituting Equation 2.30 into Equation 2.31 and taking the fatigue failure boundary
condition described by S,(N) = 0, at n = N yields the predicted distribution of fatigue life:

a/C
n+of /H(Up)> (232

Fy(n)=1—exp |—

S§'/H (o)
which has the form of a three parameter Weibull distribution where the characteristic fatigue
life is given by Ny = S§/H(0,). Assuming that the characteristic fatigue life follows a power
law relationship K Uf Ny = 1 where K and b are constants yields the final form of Yang and
Liu’s [80] residual strength model:

Sp(n)¢ =8¢ — S§Koln (2.33)

where Sj is determined from the statistical distribution of initial strength data. Rather
than attempt to fit B and K to S-N fatigue data which would require extensive fatigue
data at multiple stress levels to determine the scale factor Ny as a function of stress, Yang
and Liu suggest fitting the parameters, B, K, and C simultaneously using a combination
of fatigue and residual strength data points and the SLERA implicit in their model. The
idea that they present is to calculate the initial strength of each specimen tested by solving
Equation 2.33 for .S, and then minimize the least square error in the first three moments of the
predicted initial strength distribution relative to the actual distribution that was measured.
In principle, Yang and Liu believe that this will enable calculation of the parameters with a
relatively small data set of 12-15 initial strength tests and about 30 fatigue tests [80].

The Yang and Liu model gives the residual strength distribution in the form of a three
parameter Weibull distribution:

a/C
2¢ + KSSobn
0 % (2.34)

FSr(n)('I') =1—exp |- ( SC
0

thus accounting for the specimens that fail prior to n by cutting off the lower end of the
distribution at the applied fatigue stress level. Similar approaches to that of Yang and Liu
were taken by Hahn [82] and by Chou and Croman [84] resulting in equivalent expressions
for the residual strength as three parameter Weibull distributions.
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Yang and colleagues applied their model (Equation 2.33) to constant amplitude reversed
fatigue loading (R = —1) [85] and to two block loading high-low and low-high fatigue loading
[86] and repeat block loading [87] of composites. In these latter cases, the residual strength
can be found by summation over the applied stresses and cycles if we assume that C' is
independent of the applied stress:

1/C
Sp= |80 =>" S(?Kaﬁini] (2.35)

i

Yang and Du [88] applied another residual strength model to spectrum loading. The general
form of this model included two more parameters, w and A:

w w Su =0y coa B, \A
S'r = Su — WSO (KO'p n) (236)

However, as noted by Philippidis and Passipoularidis [16] having 5 unknown parameters
makes fitting the equation very difficult and in all of their examples Yang et al. simplified
the model by assuming that either w =1 or A = 1.

For the spectrum loading case, Yang and Du [88] used the aircraft duty cycle based data
collected by Schultz and Gerharz [42]. The model was simplified by taking w = 1 and
assuming that A was a constant for all loading conditions. The parameters C', B, and
K were fit as a function of R to constant amplitude fatigue failure data. B and K were
estimated for each applied load in the spectrum block using a constant life diagram approach
and C' was evaluated by linear interpolation on a similar “constant C” plot. Lacking any
residual strength data to evaluate A, Yang and Du tried A = 1 and A = 0.95. In their
evaluation of the model for spectrum loading, Yang and Du summed the third term for all
of the loading blocks:

Sy — Opi : .
i (S“l o Upﬁ)

While this will work for A = 1 when the accumulation is linear with applied cycles, it is
incorrect for any other value of A. Instead either the equivalent number of cycles must
be calculated and added to the new cycles applied at each stress level, or with A taken as
constant, the summation can take place prior to raising the third term to the power as:

A

Su — Opj 1/4 ) )

j
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Rotem

Rotem [89] extended the previous damage law concept by Hashin and Rotem (Equation 2.12)
to a residual strength model with the form (for power law S-N curves):

S, opmes((%) 1) /100 50
73] (2:39)
where K is the slope and B is the intercept of a power law S-N curve fit as 0, = BN
with the limit that S, < .5, for the case where B < 5,,. This residual strength model does
not have any fitting parameters outside those of the S-N curve and as noted by Rotem and
Nelson [90] gives a nearly “sudden-death” representation where the residual strength remains
nearly constant for most of the fatigue life and then drops rapidly close to fatigue failure.
The extension of this model to variable amplitude loading was not considered by the authors.

Interaction model

Adam et al. [91] developed an interaction (INT) residual strength model by defining a

residual strength ratio, r as

S, — 0o,

r (2.40)

Sy — 0p

and a normalized time (cycle) ratio including the fact that an initial strength measurement
actually occurs at 1/2 cycle or n=0.5 [91]

_ logn —1og0.5
~ log N —1og0.5

(2.41)

Adam found that all of the constant amplitude residual strength data for R = 0.1 at different
maximum stress levels collapsed to a single curve on an r vs. ¢ plot (see Figure 2.14) [91].
A model for the r — ¢t relationship is then proposed:

=1 (2.42)

which can vary in shape from linear to circular arc to extremely angular depending on the
x and y parameters. Thus, this normalized model can accommodate both gradual wear-out
and sudden death type behavior. Adam et al. describe several methods of calculating the
error between experimental data and this curve in order to optimize the fit of z and y [91].
Having determined x and y from a master curve, the residual strength is evaluated as

logn — log 0.5 \ “1*/¥
S, = (S, — 1— 2.43
(S = o) { <logNi - 1og0.5) } T (243)

This empirical model that appears to work well to collapse residual strength curves at dif-
ferent stress levels. Although Adam et al. did not apply their model to spectrum loading,
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the extension is obvious if we assume that residual strength must be a continuous function
of cycles:

_ log(n; + Negoi—1) — log 0.5\" Ly
S, (1) = (S, —op4) |1 — 1 i 2.44
() = (8~ ) [1 = (FEE L R 2 fo (244)
where
Sri—1 — Op,i B\
log Negu,i—1 = (IOg Nl — log 05> 1-— W + log 0.5 (245)
u ~— UYUpsi

Epaarachchi and Clausen model

Epaarachchi and Clausen proposed an empirical model for predicting the fatigue life of
composite laminates as a function of fatigue R-ratio, frequency and fiber orientation [92].
The form of this model is represented as a power law relationship, but the stress side of the
equation is modified to include the additional testing parameters:

Su Su 0.6—1| sin 6| 1
b= ( - 1) ( ) (1 — o) L6—¥lsind] f4=B(N* -1 (2.46)

Umaa: Umax

where 6 is the smallest angle between the fibers in any ply and the loading direction, f is
the fatigue frequency in cycles per second, v = R for R < 1 and ¢» = 1/R for R > 1, and
A and B are material parameters fit to data. The constants of 1.6 and 0.6 were selected
based on previous work by Herzberg and Manson [93]. Fitting can take place using the S-N
curve for one fiber orientation, frequency and R-ratio because, if this equation holds, all
tests regardless of the parameter will collapse to one log D vs. log N line. Epaarachchi and
Clausen showed generally good calculated predictions for S-N curves over a wide range of
laminates stacking sequences, R-ratios, and frequencies using this model [92]. This approach
has the advantage of explicitly describing the R-ratio, frequency, and fiber orientation effects
on the S-N curve parameters and thus describing the entire constant life plot for a class of
materials and applied testing frequency. Qiao and Yang [94]also proposed an empirical
generalized S-N model similar to Epaarachchi and Clausen’s.

Epaarachchi and Clausen [12, 13] extended their general fatigue model to variable amplitude
loading by adding a term, ¢, to account for the amount of life previous used:

o 0.6—1)| sin 6| 1 1 N
— pn
S=San =B () gt @4

aﬁn:l—[l—(]\zn)Ar (2.48)

where
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and N,, is the residual life at o,, stress after the n — 1 step. Generally this approach
provided much better results for life prediction than previous models for the block loading
cases these authors studied [13, 12]. Epaarachchi and Clausen indicate that the change
in residual strength under variable amplitude loading can simply be taken as the sum of
the right hand term in equation 2.47 over the applied loading blocks [13]. However it would
appear that a method using equivalent cycles would be more appropriate given the non-linear
relationship between the residual strength and n.

Three stages of residual strength degradation

In their discussion of constant amplitude fatigue experiments on composite materials, Reif-
snider and Jamison [95] identified three main stages of fatigue damage: (1) initial rapid
degradation due to matrix cracking, followed by (2) a slow decline due to random fiber
breaks and delamination and (3) a sharp decline in properties near the end of life when
failure was imminent. Reifsnider and Jamison thought that the residual strength followed
a similar trend [95]. The residual strength models discussed so far are capable of modeling
either the first two or last two stages, but not all three. The only exceptions are Equation
2.20 and the interaction model Equation 2.42 when applied with one parameter greater than
1 and the other is less than 1. For Equation 2.42, Adam et al. found both x and y to be
greater than one for the case they looked at. More recently Philippidis and Passipoularidis
[16] found either = or y to be less than 1 in two quasi-isotropic graphite laminates but both
were greater than 1 in glass laminates that were primarily unidirectional/CSM or £45. To
date there have been no attempts to fit Equation 2.20 with both A and C as parameters.

Recently, several authors have considered other models capable of fitting this entire range of
trends. Yao and Himmel [96] proposed a model with that takes the form:

sin (A%) cos (B — A)

sin (B) cos (B — A)

S.(n) = Su — (Su — ) (2.49)

Yao and Himmel applied their model to two block variable amplitude loading [96]. This
was presumably done by finding the equivalent number of cycles required to give the same
residual strength at the second stress level after the first loading step was completed and
proceeding from there, however Yao and Himmel did not show this process explicitly.

In their comparison of models for residual strength distribution under constant amplitude
load, Philippidis and Passipoularidis [16] introduced a new variation to the general residual
strength model (Equation 2.20) where the exponent depends on the life fraction rather than
the applied stress:

n )Al exp(Ag%)

S, = Sy — (Su — o) (N

Like the Yao and Himmel model, Philippidis and Passipoularidis comment that their form
has the advantage of modeling a residual strength curve that drops initially, reduces slower

(2.50)



Nathan L. Post Chapter 2. Review of Variable Amplitude Fatigue Modeling 23

during most of the fatigue life and then decreases rapidly near the end of life [16]. This
behavior has been observed experimentally in composites, especially under tensile fatigue
loading. Although based on Equation 2.20, Equation 2.50 really represents a new form
because it could not be derived from the same rate equation.

2.5 Micro-mechanics and modulus based approaches
to fatigue in composite laminates

Micro-mechanics approaches to fatigue seek to characterize the damage created by fatigue
in the laminate at a local level and thereby determine the global strength, stiffness, and
life properties. In the ideal case, these approaches would take component properties and
geometry of the composite and be able to determine static and fatigue behavior without any
measurements on the bulk composite material. However, in reality micro-mechanics based
fatigue models typically have unknown parameters that are fit using the global material
behavior.

In metallic materials where fatigue life is often dominated by the development and propa-
gation of a single large flaw, the focus for predicting fatigue life has been on crack initiation
and growth using fracture mechanics [34]. However, in continuous fiber composites, fatigue
damage is typically highly distributed and failure occurs when the damage state reaches
a critical level. The development of a micro-mechanics approach to fatigue of composites
is further complicated by the interaction of different lamina within the laminate that have
different fatigue failure modes and result in stress redistribution throughout the life of the
composite. The critical element approach developed by Reifsnider and colleagues [73, 73, 97]
is a classic example of this phonological approach to composite fatigue. Lamination theory
and various static failure theories are often employed in micromechanics fatigue models.

2.5.1 Fatigue life based on static properties

Huang [98] presented several fatigue prediction models for composites fit using static proper-
ties only. He also extended the model to woven textile based laminates [99] using a bridging
model [100]. Huang believes that the benefit of woven composites in design can only be truly
achieved if fatigue S-N response can be estimated without any fatigue testing at all. His work
based on the micromechanics within a unit cell geometry attempts to do this using fitting
based on the stress-strain curve for the composite in bi-axial loading [99]. While this type
of approach could be very useful if it works, it has not been shown to be robust for constant
amplitude fatigue and the application to variable amplitude loads has not been considered.
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2.5.2 Methods using physical damage measurements

Dzenis, whose previous research studied random monotonic loading of composites [101, 102,
103], published a study of composite behavior under low cycle (high stress) fatigue [104]. In
this study, Dzenis used acoustic emission monitoring under triangle wave loading found that
most of the damage was occurring under the loading part of the cycle and that even low
applied stresses caused damage [104]. In a second paper the author proposed a “stochastic
mesomechanics” model for the damage accumulation under low cycle fatigue [105]. This ap-
proach shows promise in its ability to handle cycle by cycle damage events directly, however,
since Dzenis focused on low cycle fatigue (less than 20 cycles to failure) it is unclear how
applicable the findings are to the high cycle fatigue regime.

Bartley-Cho et al. [27] undertook a study of the impact of block loading on the lamina
level properties of a quasi-isotropic graphite/epoxy laminate. They used edge replication to
count crack densities in the 90 and £45 plies under T-T (R=0.1) and T-C (R=-1) fatigue.
By using classical lamination theory and a stiffness discount method for cracked plies, the
ply level stresses were calculated. By considering the equivalent RMS power applied (load
times displacement), the T-T fatigue results were used to predict T-C damage at equivalent
loading with reasonable sucess. A damage accumulation law based on the off-axis ply cracks
was less successful at predicting the resulting damage under two block variable amplitude
fatigue. The authors noted that there was an experimentally measured difference in ply
crack density between high-low and low-high two block sequences with the later resulting
in more cracks [27]. This observation reinforces that there are sequence effects in composite
fatigue damage.

Akshantala and Talreja [106] proposed a micromechanics based model where a progressive
damage model was used to predict fatigue lives in a carbon/epoxy cross-ply laminate. In
addition to predicting the fatigue life, the damage state in terms of crack density and de-
laminations was defined. Although some empirical data is still required to fit the model,
the authors claim that this is kept to a minimum. However, since crack density data is
required, this may be more effort to measure than bulk strength and failure time properties.
Akshantala and Talreja developed and tested this modeling approach in the context of a
constant amplitude strain controlled test environment [106].

Pantelakis et al. developed an approach to variable amplitude life prediction based on
non-destructive evaluation of constant amplitude tests to fit a damage accumulation model
[107]. Papanikos et al. [108] created a progressive failure model including de-laminations
in which they fit the degradation of stiffness in each ply under fatigue and also considered
delamination area (predicted based on 3-D edge effects in the laminate). While these authors
showed marked improvement in the variable amplitude loading predictions over Miner’s rule
(which was non-conservative in this case), considerable effort in experimentally measuring
the damage state of the composites during the CA fatigue was required to fit the model.

The modeling of fatigue damage based on crack density distribution was also studied in detail
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by Sun et al. [109]. Using a Monte Carlo simulation, Sun was able to predict crack densities
in transverse plies using fatigue life curves and change in stiffness [109]. Micromechanics for
woven carbon/epoxy laminates under tension fatigue was evaluated experimentally through
destructive and nondestructive evaluation by Yoshioka and Seferis [110]. These authors
showed that in some cases, the residual strength increases under the first part of fatigue
loading and postulated that this is due to load redistribution and straightening of the 0
direction tows in the laminate.

2.5.3 Fatigue of laminates with different ply orientations

Hashin and Rotem approached the problem of predicting off axis fatigue failure in composite
lamina [111]. In their model, they considered the stresses in the principle orthotropic direc-
tions of the lamina and defined failure criteria for fiber and transverse/shear failure similar
to those used by Tsai and Wu [112]. However, fatigue strengths in the fiber and transverse
directions are used instead of ultimate strength. The model predicted S-N curves well for
arbitrary angle ply laminates. Diao et al. [113] extended Hashin and Rotem’s model to in-
clude statistical prediction of fatigue durability. They developed the analysis using Weibull
statistics to represent the fatigue strength variables. Again predictions were compared to
data collected on angle ply laminates, this time in terms of their statistical distribution [113].

Aboudi [114] described the extension of a micro-mechanics failure analysis for static loading
to fatigue loading. In this model, it was assumed that the fatigue strength of the fiber and
matrix was known. Then the fatigue failure criterion was defined as:

F
IS5V = x 37 (2.51)
and ) )
Sy’ " [ S
[x}? S (252)

where (Gv) = (12), (21), (22) and X}F),anF), and X denote the fatigue failure functions of
the fiber and matrix materials, and are dependent on the R ratio, applied stress, frequency,
etc. This method relies on the knowledge of the appropriate fatigue failure curves (S-N
diagrams) of the fiber and matrix. However, they can also be fit using the axial and transverse
fatigue loading curves on the composite. Having performed this fitting, Aboudi then was
able to predict the fatigue life curves for unidirectional laminates under off axis fatigue
and for [+/-30], [+/-45], [4+/-60] laminates. Predictions were good for the unidirectional
composite except at a small off-axis angle of 5 degrees and worked fairly well for the 30
and 60 degree angle ply laminates while over-predicting the performance of the 45 degree
angle laminate. The author claims that this could be extended to general laminates using
classical lamination theory [114]. However, this would produce additional challenges because
failure would first occur in off axis plies and if a discount theory was incorporated, it would
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lead to varying applied fatigue load on the remaining lamina. No mention is included in this
modeling approach for how to handle variable amplitude loading. Because of the requirement
for fatigue life curves of matrix and fiber properties (including the interface), this model
requires a lot of experimental data.

Fawaz [115] used PM with a critical element type approach and considered progressive lamina
failure under fatigue to determine the fatigue life of the laminate. In this approach, the
fatigue life of individual lamina with different orientations is obtained and the stress on
the remaining elements is calculated using classical lamination theory and discounting the
stiffness of failed plies [115]. This approach in theory has the benefit of being a generalized
fatigue model for any laminate created with lamina components that have known fatigue
behavior. However, typically those lamina fatigue curves are not known and even when they
are, knowing how to apply the discounting of properties a priori is a challenge.

2.5.4 Fatigue and creep

Recent efforts by Miyano, Christensen and colleagues [116, 117, 118] have worked to develop
cumulative damage theories for FRP composites using continuum concepts based on the vis-
coelastic creep response of the matrix material. In [116], Miyano and Nakada considered the
problem of accelerated testing for FRP laminates under elevated temperature and developed
predictions for the flexural fatigue strength at different temperatures based on the creep re-
sponse master curve data. Christensen and Miyano [117] discussed stress intensity influence
on crack growth in creep rupture of polymers and combined these concepts to develop a
cumulative damage approach based on physical principles [118]. This crack growth based
formulation uses constant stress creep-rupture data and fatigue at constant amplitude to
the predict creep-rupture behavior under variable stress or fatigue under variable amplitude
loading by accounting for the time history of the stress. Christensen and Miyano applied
their final model only in a theoretical context without comparing the results to real exper-
imental data [118], so the effectiveness of this approach remains uncertain, even for matrix
dominated failures such as the flexural fatigue tests noted earlier [116].

2.5.5 Finite element analysis of fatigue damage in laminates

FEA approaches have been used by several authors to model fatigue damage in composites.
These models can incorporate stiffness reduction of elements, discount elements that fail, and
apply cohesive elements in the neighborhood of crack initiation and propagation in an effort
to accurately model the global response of the material. Shokrieh and Lessard [119, 120]
presented a study of the fatigue behavior of various bolted composite geometries predicted
based on S-N data for in plane axial and shear loading and out of plane shear experiments.
This residual strength model was also used to make some predictions under two block loading
experiments. Results showed reasonable comparison to experimental data (within 25% error
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relative to the actual life) and were much better than the highly non-conservative Miner’s
rule. Also, the model presented was, at least to an extent, load sequence dependent because
it took into account the damage present in the composite when considering the load on each
element in the FEA simulation [120]. Gowayed and Fan employed an FEA model to analyze
the fatigue of woven textile composites under tension-tension loading [121]. Because FEA
models generally require the input of some sort of degradation law for the elements based
on the applied stress or strain on that element their real strength lies in being able to apply
these damage rules to non-uniform stress states in the neighborhood of a stress concentration
feature of a structure.

2.5.6 Fatigue Modulus Approaches

Hwang and Han [67] introduced the “fatigue modulus” as a measure of fatigue damage for
life prediction. They defined the fatigue modulus Ef(n) as:

Ef(n) = (2.53)

where 0, is the peak stress and €,(n) is the peak strain of the n® cycle. Thus as the fatigue
creates permanent deformation of the material, the fatigue modulus will decrease even if
the elastic modulus remains relatively constant. As with most modulus based approaches, a
degredation rate law was applied to the fatigue modulus:

E¢(n) = E¢(0) — An® (2.54)

where A and C are fitting constants and a strain based failure criterion was used such that the
strain to failure is assumed to remain constant over the lifetime. The resulting relationship
for fatigue life is equivalent to a power law equation:

N = [B ( - Z‘_ZH v (2.55)

In a second paper, Hwang and Han [122] explored several damage accumulation laws with
constants calculated based on fatigue modulus measurements and compared the results to
the Palgren-Miner rule and several other models under two block high-low and low-high
fatigue loadings.

A stiffness model developed by Whitworth [123] considered the relationship between strength
and stiffness using Yang and Liu’s residual strength degradation theory [80] as a starting
point. In a second paper, Whitworth [19] considered a cumulative damage model based on
change in stiffness. Experimental verification was done with T300 graphite/epoxy laminates
under two block loading. The proposed model was shown to work nearly perfectly (to three
significant digits) which seems questionable unless it was really simply fit to the experimental
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results [19]. Talreja [124] described a continuum damage model for a laminate applied using
the measured stiffness change as an input.

Lee et al. [125] used the fatigue modulus based lifetime prediction in a stochastic formulation
to predict the distribution of fatigue life at different stress levels. Their model was largely
successful for the matrix dominated laminates tested. Kim and Zhang [126] also undertook
a fatigue lifetime prediction model based on fatigue modulus using woven E-glass laminates
with Durakane 410-400 Vinyl Ester for experimental verification. As defined, the fatigue
modulus decreases significantly more than the stiffness under fatigue because of permanent
deformation (shifting of the hysteresis loops). Kim and Zhang also used crack density data
to inform their model. Their resulting S-N curve prediction was fairly good although con-
servative over the limited fatigue data they showed [126].

Momenkhani et al. [127] proposed another approach related to using the fatigue modulus,
based on the translation of the center of gravity of the hysteresis loop during fatigue loading.
The authors felt that this method provided more insight into how the damage parameter
related to the state of the material under fatigue [127]. In a second paper, Momenkhani and
Sarkani describe how this model can be used instead of a traditional power law S-N curve
[128].

Van Paepegem and Degrieck developed a coupled residual stiffness/residual strength empir-
ical model [129, 130]. This approach had the advantage of modeling the stiffness throughout
the life and the final failure point of the composite. As is common with the stiffness based
damage models, Van Paepegem and Degrieck tested their model using displacement con-
trolled bending fatigue tests. They used a bending fatigue setup and implemented their
empirical equations along with a modified Tsai-Wu stress failure criterion in a finite element
code to account for the stress variation through the thickness of the laminate. For this sim-
plified case, the model performed well [130]. In a third paper, Van Paepegem and Degrieck
reviewed several damage accumulation and residual strength models and discussed the ap-
plication of their new coupled approach to variable displacement amplitude block loading
[28]. However, little variable displacement data was actually collected and most of this paper
simply reports the simulated results showing load sequence effects on life, which are identical
to those that would be captured by a simple residual strength model. Therefore, although
Van Paepegem and Degrieck have explored an important topic, their results appear to be
falsely positive in the context of making useful predictions beyond what can be done with
simpler models.

Whitworth [123], Yang et al. [131], Rotem and Nelson [90], Wu et al. [132], and Tang et
al. [133] have also discussed correlation between stiffness reduction and residual strength
in laminates. However, beyond fitting the data, little progress has been made on this front
toward actually predicting stiffness degradation. Therefore, fatigue tests must still be run in
order to evaluate the stiffness and predict life. Most fatigue modulus models have only been
applied successfully in off axis laminates that lack fibers in the loading direction. In E-glass
laminates containing a significant proportion of fibers in the loading direction, statistical
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correlation of stiffness during fatigue to residual strength or life is usually insignificant as
shown by Post et al.[76]. Thus, the development of a strength model based on stiffness for
quasi-isotropic laminates is statistically unjustifiable.

2.6 Application of variable amplitude fatigue models
to spectrum loading

The present objective is to compare the different cumulative fatigue models for predicting
fatigue life under uniaxial spectrum loading. Past studies have primariliy focused on block
loading and often model constants have been chosen based on a best fit to the experimental
variable amplitude results. Those who have compared models for spectrum loading have
only selected a small subset of models [14][12]. In the following application using several
extensive composite data sets, we will attempt to be as fair as possible to each approach and
will comment on the challenges to the fitting and application of each equation.

2.6.1 Method for comparison of models

Many variable amplitude model comparisons have been done by calculating a normalized
damage parameter, D, for each model and then comparing the resulting value relative to 1.0
(or some other predetermined failure criterion) for each experimental failure [9, 81, 48, 12].
Typically the damage index for representations take the form:

Su - ST (n)

D =% Trvy 2.56
R (256)
for residual strength models, and
EO - E(n)
D(n) = ——— 2.57
(n) =%~ o (2.57)

for fatigue modulus models where Ej is the initial modulus and Ey,; is the final fatigue
modulus (often taken to be 0). Damage accumulation models are inherently described in
terms of D already. While the damage index approach maintains the same failure criterion
(D = 1), neither Equation 2.56 or Equation 2.57 will provide an accurate representation
of how much a model is in error of the experimental result if the model is non-linear as a
function of cycles. Particularly for residual strength models, D defined in Equation 2.56 is
dependent on the applied stress and thus will not be a monotonically increasing function of
cycles for a spectrum load.

The damage index is an academic quantity that does not have a bearing on the durabil-
ity properties of a material outside of the model which generated it. Therefore, it is not
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appropriate for the comparison of predictions from different modeling methods. From the
engineering perspective, we are interested in knowing the life of a material in cycles or the
residual strength at a given lifetime. In this study, the predicted cycles to failure under
spectrum loading will be compared to the actual mean life measured under those loading
conditions using a model error function:

N,
Model Error = M, = log (ﬂ) (2.58)

N, experiment

where Nyuoqe 1s the predicted life for a specimen with average properties and Negperiment
is the average cycles to failure for the experimental tests under the considered spectrum
condition. By using the base 10 logarithm of the ratio of model and experimental results,
M, measures how many orders of magnitude a prediction is off from the experimental results.
A negative M, indicates a conservative error (model under-predicts life) while a positive M,
is a nonconservative error. In evaluating the general use of spectrum fatigue models, we will
be particularly interested in how far off the worst case for a model is and what the range of
errors are.

Reliability engineering methods require knowledge of the distribution of fatigue life and resid-
ual properties under probabilistic loading. Using the SLERA, nearly any variable amplitude
fatigue model can be extended to prediction of the distribution of the fatigue life under
specified loads. For stochastic loading, a Monte-Carlo simulation approach can be used if
the model does not allow analytical inclusion of the load distribution. In order to keep the
analysis comparison simpler for the present study, only the first moment (mean) results will
be calculated and compared, using the mean initial strength as an input. Before considering
the prediction of life distributions, a first step is to evaluate the prediction of the mean value,
and thus is the extent of our present efforts.

2.6.2 Data Sets

In general, variable amplitude fatigue models require empirical fitting of parameters for a
given material. Therefore, predictions made with that model can only be applied to the lam-
inate for which they were fit. Thus, comparison of the models can take place where the data
required for fitting all of the selected models is available and at least one spectrum case that
is to be used for verification of the predictions is available on a given material system. Data
sets containing fatigue life under stress controlled tests similar to those typically available
for structural design applications were selected for this study.

Data on four materials have been selected for this comparison covering a broad range of
E-glass/polymer composite laminates for wind turbine blades and naval architecture. These
data sets were selected because they each include a statistically significant number of mea-
surements of the initial strength, constant amplitude fatigue to failure under various R-ratios,
and residual strength at various percentages of life under constant amplitude loading. Some
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of the data sets also have various cases of block loading. Each material data set contains
several spectrum distributed loading cases to use for verification of the predictive ability of
each model. Selected properties of each data set are highlighted in Table 2.2.

The first material data set, denoted DD16, is part of the DOE/MSU database [41] and the
tests performed are detailed in [49]. Various analyses of this data are provided in references
[47, 48, 49, 134, 135, 81]. Quasi-static loading was performed in displacement control at 13
mm,/min. Fatigue frequencies were varied from 1 to 10 Hz. in an effort to maintain constant
temperature under high stress fatigue. Verification spectrum available for DD16 include
fatigue to failure under the standard WISPERX spectrum and two modified versions of the
WISPERX where the valleys of each cycle were forced to a constant R = 0.1. We will use
the Wahl et al. notation for these spectra [49]: WISPK includes all WISPERX cycle peaks
but forces following valleys to R = 0.1, while WISXRO01 includes only the T-T WISPERX
cycles and forces following valleys to R = 0.1 (results in 12687 cycles).

The MD2 (R0400 geometry), UD2 (I1000 geometry) material data sets are part of the
Optimat Blades database [51, 136], publicly available online in Excel format. Spectrum
predictions for these material will be made for the WISPER and WISPERX standard spectra
fatigue to failure experimental results available in the data set. The laminates are are
unidirectional (UD2) and multidirectional (MD2) [[£45/0]4/ £ 45]. The data was collected
at several different laboratories and for the present study the results from all the laboratories
were pooled for each test type. Fatigue frequencies ranged from about 1 to 10 Hz.

The final data set was collected at Virginia Tech and the details and test results are provided
in Appendix B. This material consisted of 10 layers of woven roving E-glass in a [0/+45/90/-
45/0]s stacking sequence (donated by the warp direction fibers in each layer) with a rubber
toughened vinyl ester matrix (Ashland Chemical Durakane 8084). Unlike the previous data
sets geared toward wind turbine blades, the VT8084 material was primarily intended for naval
ship hull construction. Variable amplitude fatigue loading includes Rayleigh distributed
loading with 95% autocorrelation (degree of load ordering, see [2]) with a nominal R = —1
and the same peaks with following valleys forced to R = 0.1 called RAY95 and RAY95R01
respectively. Fatigue frequency was held constant for all tests at 5 Hz, while quasi-static
loading was performed in load control at 667 N/s.

2.6.3 Selection and programing of models

The choice of models for fatigue is inherently limited by the data available to fit them.
Although the DOE/MSU and OPTIMAT project data bases present some of the most ex-
tensive fatigue testing on composite materials available, they only include limited information
about the strain and modulus (initial properties and sometime residual modulus after a fa-
tigue test). Thus, the fatigue modulus based approaches that require knowledge of elastic
behavior over the fatigue life in order to fit the parameter are not an option and will not be
included in this comparison. Each of the damage accumulation and residual strength models
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will be evaluated and if they are appropriate for the data and spectra, required curve fitting
parameters will be determined from the experimental data sets.

Fitting model parameters based on the experimental data sets was performed in Microsoft
Excel using the Linest (linear least squares) and the Solver (optimization) tools as described
in this section. The models were then programed in Java to perform the iterative equations
required to apply the models to the spectra for each set of fitting parameters and stress level.

2.6.4 Determining N,

With the exception of the Yang and Eraapachchi and Clausen models, all of the damage
accumulation and residual strength approaches reviewed require a separate empirical model
for determining the total cycles to failure, N;, under a constant amplitude load equivalent
to the current applied cycle in the spectrum (defined by o,, 0,) as an input. Wahl et al.
[48, 49] compared spectrum fatigue predictions given by the Palmgren-Miner rule and two
residual strength models by modifying the empirical representation of the S-N curve. They
considered exponential and power law representations, both including and excluding initial
strength data in fitting the parameters. There can a significant difference in the resulting
spectrum predictions because of differences in the shape of the extrapolated S-N curve to
longer lifetimes [48, 49]. While the selection of S-N curve representations is important,
particularly because of the need to extrapolate to fatigue lives longer than those measured
experimentally, this should be based on the best fit to experimental constant amplitude data
rather than as a way to “improve” variable amplitude fatigue models that aren’t performing
as well as desired. The selection of an S-N curve equation is beyond the scope of the present
effort, and in an effort to simplify the analysis and apply it as fairly as possible to the models,
only one approach will be used to fit the constant amplitude fatigue life data.

A common approach is to fit constant amplitude fatigue data at each R-ratio with a power
law model:

N = Bllo, | (2.59)

where B and a are the fitting parameters, IV is the cycles to failure and o, is maximum stress
in the applied cyclic loading. This equation gives a straight line on log-log plot of stress vs.
cycles and is often written as:

log N = alog ||o,| +b (2.60)

where a and b = log B are the slope and intercept. This equation can be fit to experimental
fatigue data using least squares regression analysis, which Johannesson et al.[137] noted
coincides with the maximum likelihood method assuming log-normally distributed errors in
fatigue life data. In the present analysis using the Excel Linest tool, log ||o,|| is considered
the independent variable and log NV is the dependent variable so that the least squares error
for finding a and b should be in the experimentally measured log N direction. This method
is preferable because experiments are performed in stress control and measure the resulting
(stochastically varying) fatigue life.
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The typical approach is to use the maz{||o,||, ||o,]|} for o, in Equation 5.17 and thus calculate
N in terms of the minimum stress, o, for R < 0 and R > 1. However, we will just use the
absolute value of the maximum stress as indicated in Equation 5.17 because it simplifies the
mathematics of interpolation on the constant life diagram. Thus, the values of b that we
report will be different for these R-ratios than seen elsewhere and the plotted S-N curves
for R > 1 appear to be at much lower stresses in Figures 2.3-2.6. As long as a consistent
approach is applied throughout the analysis, this choice will not impact the outcome of the
calculations. The S-N curves with their best fit lines are presented for each data set in
Figures 2.3-2.6. The resulting a and b parameters are listed in Table 3.3.

Table 2.3: Average initial strength and least squares fit power law S-N curve parameters for
each laminate

Data set Sy (MPa)  Syes (MPa) ‘ R # tests a b

DD16 602.9 -401.2 2 15 -11.91 30.95
10 52 -18.02  29.68
-2 32 -11.72  29.26
-1 35 -8.56  23.90

-0.5 21 -7.89  22.51
0.1 98 -9.99  28.54
0.5 66 -10.60  30.95
0.7 23 -9.44  28.27
0.8 27 -11.35 33.77
0.9 24 -22.18 62.93

MD2 555.6 -459.8 2 9 -15.51 40.89
10 28 -29.19 47.72
-1 65 -9.35  25.65

-0.4 28 -7.58  22.29
0.1 47 -9.27  27.03
0.5 15 -10.54 30.94

UD2 800.0 -500.9 10 47 -8.19  17.93
-1 153 -9.23  26.67
0.1 o7 -8.40  26.17

VT8084 346.8 -299.2 10 o7 -14.60 22.08
-1 66 -8.34  20.83
0.1 61 -6.88  19.03

The next step is to evaluate fatigue life at R-ratios that were not measured experimentally.
Several authors [79, 92, 6] have chosen to curve fit an equation to the constant life diagram
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Figure 2.3: S-N curves for the DOE/MSU DD16 material data set on a log-log scale plot
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Figure 2.4: S-N curves for the Optimat MD2 material data set on a log-log scale plot
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Figure 2.5: S-N curves for the Optimat UD2 material data set on a log-log scale plot
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Figure 2.6: S-N curves for the Virginia Tech VT8084 material data set on log-log scale plot
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from which N; can be determined directly for a given o, and o,. However, it is unlikely that
any of these equations will satisfactorily fit all of the data available for all four data sets.
The approach by Vassilopoulos et al. [54] to use use artificial neural networks to develop
an algorithm for calculating N based on a range of experimental data also has merit but is
too complex for the present study. Instead, with a desire to use as much of the available
constant amplitude fatigue data as possible, linear interpolation on the constant life plot
between the available S-N curves will be used to compute N; at arbitrary R-ratios. In order
to do this, we must find the slope and intercept of a line running through the desired point
in {o,,, 0.} space and connecting with the two adjacent known S-N curves at equal lifetimes.
If the current cycle has an R that is greater than the largest measured R < 1, then the Sy,
on the mean stress axis is used as one end point of these lines and if R is greater than the
largest measured R > 1 then the S,., point on the mean axis will be used as the endpoint.
Constant life plots showing the linear connection of several decade increments of fatigue life
are shown for each data set in Figures 2.7-2.10.

o, (MPa)

400 1

200

Figure 2.7: Constant life plot for the DOE/MSU DD16 material data set

Equations used in programing the linear interpolation are as follows and the process is
shown graphically in Figure 2.11. First, determine the R and o, of the current cycle in the

spectrum:
Oy

Ry = - (2.61)
Op
O = 2 ; o (2.62)

Then, find the R; and R3 values with known S-N curves defined by a;, b; and as, b3 that
R, lies between on the constant life plot. For a given life N, if R, < 1.0 the corresponding
mean and amplitude stress are:

(1 + Rk)O'p’k (1 + Rk)

O = 5 = 100esMN)=bi)/ax o — 1.3 (2.63)
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Figure 2.9: Constant life plot for the Optimat UD2 material data set

Oap = (1= Z’“)U”’k _a _QR’“) 100osM=bi)/ax o — 7 3 (2.64)

and if R, > 1.0 then:
(1 + Rk)O'pJC (1 + Rk)

Ot = ; = 10UesN)=be)/ak g = 13 (2.65)
B JZ’“)%”“ -4 _QR’“) 100oeM)=be)/ex g = 1,3 (2.66)

Then the equation of the line connecting points {0y,.1, 0.1} and {0, 3,043} in the constant
life plane (see Figure 2.11) is:

Og = —"—————"0p +041— ———————0Om,1 (2.67)
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Figure 2.10: Constant life plot for the Virginia Tech VT8084 material data set
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and the equation for the of the desired Rj line is:

C1-Ry
1+ R,

Om (2.68)

o
To find the intersection point of these lines in the constant life plane, the o, in Equations
2.67 and 2.68 are set equal to each other and the equation is solved for o,,:
N O-a71(0-m,1 - 0m,3) - Um,l(o-a,l - Ua,3)

(Ua,l - Ua,3) - (Um71 - O-mv?’) (i:—gz)

Oy —

(2.69)

If the special case that R, is greater than the largest measured R < 1 is encountered, then
Om,3 = Suts and 0,3 = 0. Likewise, if the case that Ry is greater than the largest measured
R > 1 is encountered then o, 3 = Sy.s and 0,3 = 0. We desire that o, = 0,,2, the mean of
the current load cycle. Unfortunately, Equation 2.69 can not be solved analytically for /V in
closed form. Instead, the equation is solved iteratively by selecting a value of N and refining
that value until the calculated o, = 0y, » within an acceptable error. The initial value of N
is chosen as the N found for R, with the desired o, and it is subsequently adjusted by:

Om,2

N=N4NIm—Tm2 (2.70)
Um,Q
until from Equation 2.69:
Im ~ Tm2 1l 0.0001 (2.71)
Om,2

at which point, N is returned as the constant amplitude life of the current cycle. If the R
of the current cycles is within 1% of an R where fatigue life is measured, than the a and
b for that R-ratio are used to calculate N directly and thus save computational time. This
entire process is performed to find N; for each cycle in the spectrum prior to running the
model since the spectrum is repeated many times in most cases.

2.6.5 Failure modes

Composite materials typically exhibit different damage development and failure modes under
tensile vs. compressive loads. While the damage accumulation is smeared through use of the
S-N curves under various R-ratios, none of the the fatigue models discussed in this article
are capable of handling both tensile and compressive failure modes simultaneously. The
damage accumulation models of Section 2.3 do not explicitly consider a failure mode and
thus are directly applicable for loading where the dominate stress changes from tension to
compressive or vice versa (although in the BF model, the parameters are found differently
for spectra that compressive dominated).

All residual strength models, Section 2.4, use the criterion that failure occurs when S, < o,
for tensile failures. For compressive dominated fatigue failures, the models can be applied to
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the absolute value of the compressive stress peaks and residual compression strength instead
by applying the models with o, = ||o,| and the initial strength S, = ||Sycs||. Schaff and
Davidson [78] suggested the approach of calculating the residual compression strength based
on the fraction of tensile strength whenever the loading switched from tensile to compressive:

ST‘ t
Sre = Sues 4 2.72
, = (2.72)
and vice versa whenever the loading switched from compression to tension:
S’I‘ c
Sr,t - Sutsg;s (273)

where S, ; and S, . are the tensile and compressive residual strengths after a given loading.
However, Schaff and Davidson never tested this rather arbitrary hypotheses and so the
validity of this assumption remains uncertain. Because the damage observed under R = 0.1
is dominated by matrix cracking while the damage is dominated by delaminations under
compressive loading, it seems unlikely that the equal fractional residual strength approach
would be accurate, and thus this method is not considered for the present study.

For a general load history, it may be difficult to determine whether the failure will be tensile
or compressive. However, for the spectrum loads in the selected data sets, an obvious choice
is apparent. In the DD16 data set, the WISPK and WISXRO1 spectra contain only tensile
fatigue cycles and the failures will obviously be tensile. In the DD16, MD2, and UD2 data
sets WISPER and WISPERX experiments, the spectra is primarily tensile dominated with
an average R = 0.4 and a minimum R = —0.6. Although the minimum R in WISPER
and WISPERX is on the order of the ratio between the tensile and compressive strengths
of these materials, we will assume that the failures are tensile because the vast majority
of cycles are purely T-T. Additionally, observed failures were noted to be tensile for all of
the tests in the Optimat data base [51]. For the VT8084 material, the RAY95 spectrum is
approximately fully reversed and, under R = —1 loading, failures were always observed to
occur in compression, so the compression residual strength will be calculated to determine
failure. For the RAY95R01 spectrum, the loading is forced to an R = 0.1 loading and thus
failures will be tensile and tensile residual strength will be tracked.

2.6.6 Fitting model parameters

Each damage accumulation and residual strength model discussed in Sections 2.3 and 2.4
are reviewed in the context of determining the required parameters for each data set. In
each case, the method used for fitting the parameters and any details required for applying
the model to the spectrum loads is discussed. Several methods are deemed inappropriate
for either the available fitting data or application to the loading spectra and the reasons
are discussed. A summary of the selected models with a list of the required parameters to
be found is provided in Table 2.4. The parameter N; indicates that the model requires the
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constant amplitude life of each cycles as calculated in Section 2.6.4. The resulting parameters
(excluding N;) for each model as applied to each data set are given in Table 2.5.

Table 2.4: Summary of fatigue models as applied to spec-
trum loading

Model Eqns Applied to Spectrum Loading Parameters
PM|8] 2.1 D=%" N;
2
OH[69] 2.6 D=0, [A (NL> 4 (1— A) (ﬁ) } N;, A
c
BF[44] 2.7 D=%", [A (Ni> +B (NL> } N, A B,C
2.8-2.11 A, B, C determined from static properties
HR[17]  2.12 D(i) = D(i — 1)sstm 4 N
applied iteratively
BS[9] 2.22 Sp(n) = Sy = 301 (Su — o) 5 N;
n 1/A 1 A
RS1 2.20 S, =S, — [zizl (Su — o) m] N, A
ni;+n i Ai
R82 220 Sr,i = Su — (Su — Up,i) <$> NZ‘, Al, AQ, Ag
applied iteratively where:
2.75 Az = Ang: + AQ, if Az < Ag, then Az = Ag
Su_S'r i—1 1/AZ
2.21 Pequio1 = Ni | S-S |
c n c cy 1]Y¢
RS3 2.20 S, = [Su — 3 (86— o) 7] N, C
C; C; O\ [ Mitnegoioi 1Y
RS4 2.20 S = |SE = (89 — o) (netrge )| N;, Cy, C, Cs
applied iteratively where:
2.76 Cz = Cl% + CQ, if Cz < 03, then Cz = 03
Sgi—sCi |
2.21 neqvﬂ-,l = Nz |:SCZ—_;_’81‘|

continued on next page
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continued from previous page

Model Eqns Applied to Spectrum Loading Parameters
c n c cy/a 114 Y

RS5 2.20 S, = {Su - [Zizl (S¢ - 0C) m} } N, A, C

Y1[86]  2.33 S, = [9C = S§K Y, oB]YC C,B, K, S,

z71/y
lo (ni+neqv,i—1)—10 (0.5
INT[01] 242 S,0=(Su— o) [1 - (Dt @) Ty o gy

apply iteratively where:
e \Y] /e
Negui—1 = (log(Ng> — 10g(05)) |:1 — ('S’:é:_l—o_ﬂ:”z) :|

Damage Accumulation Models

For the damage accumulation approaches, the Palgren-Miner rule (PM), Equation 2.1, is
the easiest to apply as it only requires knowledge of the constant amplitude fatigue life
for each applied cycle as determined in Section 2.6.4. The Marco-Starkey (MS), Equation
2.3, approach has been used by several authors [21, 22| for multi-block variable amplitude
fatigue loading in composites. Typically the value of C; = 1 for one R and o, and then
the ratios of C7/C5 and so on for each of the other loadings are found using data from two
block or repeated block fatigue experimental results. However this method is untenable for
the spectra considered in the present comparison because they consist of may different cycle
amplitudes and R-ratios and only limited block loading data at a few stress levels is available
for the DD16 and MD2 data sets. It is impractical for C; to be determined empirically for any
general realistic loading spectrum and thus the MS model is not included in this comparison.
Although we could use a modified PM model where the C' of MS is constant, determination
of C without additional data (cracks, modulus, etc.) is not possible and regardless of the
value chosen, the predicted spectrum fatigue life will be identical to the PM result.

The Owen and Howe (OH) model, Equation 2.6, has only one parameter A which is taken as
a constant for a given material. Two block or repeat block loading is required to determine
the value of A. This data was only available for the DD16 and MD2 data sets so the OH
model will only be applied to those cases. In both data sets, all of the repeated two stress
level loading under R = 0.1 was collected and A was chosen by minimizing the root mean
square (RMS) error between the value of D at the specimen failure and 1.0 for each test.

The Bond and Farrow (BF) damage model, Equation 2.7, has three parameters fit to the
initial tensile and compressive properties of the composite as shown in Equations 2.8 -
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2.11. The Hashin and Rotem (HR) damage model, Equation 2.12, uses the ratio of peak
applied stress to determine the power of D;_; and thus does not require any additional fitting
parameters.

Residual Strength

The Broutman and Sahu (BS) model, Equation 2.22, is the simplest residual strength ap-
proach and requires only the initial strength data in addition to V;. Five other versions of
the generalized residual strength model, Equation 2.20, labeled RS1 through RS5 will also
be considered. For this series of models, the parameters A and C, which impact the shape of
the residual strength curve, are fit to residual strength data collected by interrupted constant
amplitude fatigue tests where the residual strength was measured. While it is possible to fit
any residual strength model using the SLERA as described by Yang [80], this approach can
be difficult to optimize and a simpler method is desired that will enable easier comparison
of the resulting curves to the experimental data. Also, although the SLERA is implicit in
any residual strength model that attempts to predict the distribution of residual strength or
fatigue life, we do not know for certain that it is a valid assumption and thus it is equally
reasonable to attempt to fit the shape of the residual strength curves to match that of the
experimental residual strength data available for each data set.

Because of the scatter in fatigue lifetimes, some residual strength tests will fail early (prema-
turely) at the applied fatigue stress before the desired number of cycles is reached. Exclu-
sion of premature failures from the residual strength would bias the calculated distribution
to higher residual strengths. To avoid this bias, a two parameter Weibull distribution of
residual strength was fit to the data at each residual strength (RS) point {R,0,, N} using
the method described by Yao and Himmel [138]. This method takes premature failures into
account in calculating the median rank of the surviving specimens’ strength and thus esti-
mates the entire residual strength distribution including the “imaginary” residual strength
that is below the applied loading for those specimens that failed prematurely. Then the
mean residual strength can be calculated from the Weibull distribution as:

1

where I' is the Gamma function and « and S, are the shape and location parameters of the
residual strength distribution. The calculated mean residual strength values are then used
to fit the residual strength model parameters by minimizing the least square error in residual
strength between the model and experiment for the relevant mean RS points.

Unfortunately, a small number of replicates (2-5) are typically available for individual residual
strength data points in the Optimat and DOE/MSU data bases. In general calculation
of mean residual strength was performed and the RS point used in fitting if at least two
specimens survived to have their residual strength measured. If only one value is available,
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then the RS point is not included. For the DOE/MSU data base, earlier tests performed
on the same material system with more replicates at three life fractions under an applied
fatigue stress of 240 MPa were used to estimate residual strength model parameters. For the
VT8084 data set, about 10 replicates (some of which failed prematurely) were available for
two to four residual strength points at three stress levels.

In RS1, C' =1, and A =constant for a given loading. For tensile dominated loading, A was
found for R = 0.1 data only and is considered a constant with respect to R because adequate
residual strength data was not available at other tension-dominated R-ratios for any of the
data sets. For the DOE/MSU DD16 material, a very different value of A = 0.938 (nearly
linear) was found by this method using mean residual strength values as compared to the
value A = 0.265 (early decline) chosen by Wahl et al. [49]. In the VT8084 data, separate
values of A were found for the tensile residual strength under R = 0.1, and the compression
residual strength under R = —1 fatigue, to be used in the RAY95R01 and RAY95 loading
spectra predictions respectively.

For RS2, C = 1 again, but A is considered a function of o, although still constant with
respect to R for a given spectrum due to the lack of data. Because the number of stress
levels is very limited (typically 3), it is not possible to determine the best functional form
for A. As the data appears to be approximately a linear function of stress the chosen form
was:

. { Alg—z + Ay if As < Alg—z + A, (2.75)

Ay i Ay > A+ A

Ay and A, are found by least squares fitting to the {A, 0,} data points and Aj is chosen as
the smallest value of A found for all stress levels under the assumption that A should not
approach 0 or become negative. An example of the resulting fit shape is shown in Figure
2.12. The RS2 model has been applied to the MD2 and UD2 data using R = 0.1 tensile
residual strength points and to the VT'8084 data using R = —1 compression residual strength
points. The DD16 data set did not have enough data at different stress levels to fit RS2. For
the VT8084 data under R = 0.1, A was approximately constant as a function of stress (or

at least no trend was apparent with only three data points available) and thus RS2 reduces
to RS1.

For RS3, A =1 and (' is a constant. Fitting proceeds in an identical method to RS1. In
RS4, C' is considered a function of stress and determined using a method identical to that

of RS2: ; _ ;
C:{Ols—z—f—og if 03<015—2+02

Cs it Cs> 012—2 + C% (2.76)

where Cy, Cy are found by linear least squares fitting of the {C, 0, } points found from the
residual strength data at each stress level and Cj is the smallest value of C' in those points.
The same data sets that were applicable for RS2: MD2, UD2 and VT8084 (R = —1), apply
to RS4.
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Figure 2.12: Example of A values generated for RS2 model based on the residual strength
at different stress levels (V8084 data set) showing fit line from Equation 2.75

RS5, the final version of the generalized residual strength model tried, is the case where
both A and C' are treated as fitting constants. Although such a model has not be attempted
in the literature, it is an obvious extension of the prior approaches and has the distinct
advantage of being able to fit both an initial and final drop in the residual strength as shown
in Figure 2.13 if A < 1 and C' > 1 or vice versa are selected. By comparison, RS1-RS4
are capable of modeling either an initial or final decline in the residual strength (A,C < 1
or A,C > 1 respectively) but not both at the same stress level R. To fit the RS5 model,
the same data set was used as in the case of RS1, but now both A and C' are adjusted to
minimize the error between the model and the real mean residual strength data. While the
Excel Solver tool would typically only arrive at one optimum solution with both A and C'
positive, regardless of the starting point, it is theoretically possible that there could be a
second local minimum. Several starting points are selected with either A or C' greater than
one to determine the best solution (smallest error). A model with A and C both as functions
of stress was not attempted because the number of residual strength data points available
was too small compared to the number of degrees of freedom for the fitting to be reliable.

Note that the Reifsnider model (Equation 2.24), when applied to a composite as a whole
rather than just the critical element, is the same as RS1. Schaff and Davidson’s model is the
same as RS2 if we exclude cycle mix effects (C,, = 0) as they did in most of their examples.
Wahl et al. [48, 49] did not find a statistically significant difference in fatigue life under
repeated block loading with short or long blocks and Post et al.[2] did not find a detectable
difference in fatigue life under Rayleigh distributed loading with various autocorrelations
between 0 (completely random) and 1 (ordered). Based on these observations, cycle mixing
analysis is not required and thus is not included in this comparison. Schaff and Davidson
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Figure 2.13: Example of resulting constant amplitude residual strength curves for RS5 model
fit to VT8084 data showing initial drop, steady decline and final drop in residual strength

fit their model parameters using SLERA and comparing the predicted and experimental life
distributions rather than using residual strength data (which they did not have). While this
method has some merit, particularly in the absence of residual strength data, Schaff and
Davidson did not provide a mathematical means of optimizing the predicted distribution,
suggesting that this be done visually instead. Because such a method is subjective, it was not
appropriate for the present study. We also note that the Hahn and Kim model is identical
to RS3.

The Yang and Liu model (Y1) in Equation 2.33 differs from the general residual strength
model of Equation 2.20 in that it bases the degradation rate of residual strength on the
Weibull location parameter of the initial strength S§ (a constant for all applied loads) rather
than on (S, — 0,) and that n/N is replaced by n/Ny, where N is the location parameter of
the constant amplitude life. Therefore, it will be treated as a unique approach here. Fitting
for Y1 was performed using the SLERA based method suggested by Yang and Liu [80].
This method fits both the S-N curve parameters, K and B for a given R and the residual
strength curve shape parameter C' simultaneously using pooled constant amplitude fatigue
failures and residual strength data. All of the fatigue and residual strength data for one R
was used to fit the model for each data set. The minimization of the error in the moments of
the calculated initial strength distribution with respect to all three parameters is relatively
unstable and has a tendency to find local minimums. Using various starting places, and
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in the case of UD2, excluding the third moment from consideration entirely, was necessary
to find stable results. Admittedly, in all cases, a lot more fatigue and residual strength
data points were used than Yang suggested and this may have led to some of the difficulty.
Because of the challenges faced in arriving at an optimum solution for Y1, neither of the
more complex versions of Yang’s model (Equations 2.37 and 2.38) were attempted. It is
recognized that ideally K, B, and C' should be functions of R and C' is possibly function of
o, as well. However, the amount of data available at R other than 10, -1, and 0.1 was limited
and some method of interpolation for the values between different R would be needed. This
analysis would add a considerable level of complixity to applying the model and was not
performed. Instead, Y1 was applied by fitting the parameters to R = 0.1 (R = —1 for the
VT8084 RAY95 case) and then using the o, of each cycle regardless of the actual R of that
cycle.

The Interaction Model (INT), Equation 2.42, is fit using the method of minimizing the fixed
pitch error (using a pitch of 1) as suggested by Adam et al. [91]. r and ¢ are calculated for
each mean residual strength point (using the same mean values of the residual strength data
as in RS1-RS5) and then the error between the predicted curve and those points in r — ¢
space is minimized to determine x and y. R = 0.1 residual strength data is used for all cases
except for the VT8084 RAY95 spectrum where R = —1 data is used with the compression
residual strength being tracked instead. Two example » — ¢ curve fits are shown in Figure
2.14.

The Eraapachchi and Clausen model, Equation 2.47, was applied by the authors to several
variable amplitude block load cases in [12] where the blocks of load had lengths n; > 1.
However, if we attempt to apply the Eraapachchi and Clausen model to a spectrum loading
where in general each block only last 1 cycle, the second term of Equation 2.47 contains
a factor (n? — 1) which for a value of n = 1 will be zero and thus the residual strength
never changes. This is a problem for Eraapachchi and Clausen’s formulation, at least when
considering general spectrum loading, and thus it was not possible to use the model to make
predictions in the present study.

In order to apply the Yao and Himmel residual strength model, Equation 2.49, to variable
amplitude loading, calculation of the the equivalent number of cycles previously applied
would be required before proceeding with each new stress level. Unfortunately, the model as
presented can not be solved for n explicitly. Thus, in order to apply the model to a general
loading, Equation 2.49 would have to be solved numerically for n.,, after each cycle. This
process would be too computationally intensive and might result in significant accumulated
error through the life of the composite. Thus this model has a significant disadvantage for
general spectrum loading and is not included in the present comparison.

Finally, we also consider the model proposed by Philippidis and Passipoularidis, Equation
2.50. Again, it is not possible to solve for n.,, explicitly and thus the model is not ideal
for application to variable amplitude spectra. Additionally, we note that the behavior the
authors sought in creating the model can also be achieved with RS5 which is considerably
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Figure 2.14: Example showing the fit curve for the INT model applied to the VT8084 data
set

simpler to apply as the damage can be simply summed over all applied loading cycles.

Calculation of equivalent cycles

Models that involve a non-linear accumulation of damage or reduction of residual strength
(caused by variation of the power as a function of the load applied) require the calculation of
the equivalent number of cycles at the new stress level, n,, prior to determining the residual
strength under that stress. For example using the RS2 model:

i+ Neguiot )
S’r‘,i - Su - (Su - Sp,i) (1T€Q’U,ll) (277)
then with ¢ = ¢ + 1: A
Su - ST i— '
Neps(i — 1) = N; (S——al) (2.78)
u J2X)

However, it is possible that in the repeated calculation of the A*™® root in Equation 2.78 after
each cycle, numerical error will accumulate and become significant in the predicted fatigue
life result. In order to check for this possibility, the analysis was run using extreme values of
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Table 2.5: Summary of the parameter values found for each model and data set

Data Set
DD16 MD2 UD2 VT8084 VT8084

Model Param R=0.1 R=0.1 R=0.1 R=-1 R=0.1
OH A | 1067 1.6326 - - -
BF A 0.6655 0.8275 0.626 0.0133 0.8627

B 0.6655 0.8275 0.626 0.0133 0.8627

C 1.5027 1.2085 1.597 1.296 1.1591
RS1 A \ 0.9376 1.95 1.446 8.000 0.899
RS2 Ay - -32.72 10.1226 -100.2 -

A, - 16.42 -2.843 33.77 -

As - 0.993 0.75 1.322 -
RS3 C \ 0.7583 5.444 1.058 6.68 1.0956
RS4 C, - 7.305 61.03 -94.26 -

Cy - 2.864 -22.45 33.02 -

Cs - 3.53 0.699 2.016 -
RS5 A 1.206 0.1908 0.9708 0.2020 0.38247

C 0.307 10.95 2.305 14.91 3.6726
Y1 So 639.81 536.91 819.02 305.28 354.03

K 9.80 x 10720 2,967 x 10719 8.174 x 1072® 8.684 x 10722 1.842 x 10726

B 5.8924 1.949 8.601 8.4377 10.19

C 13.654 53.63 28.13 18.92 21.9
INT T 9.9144 1.451 10.22 1.556 3.650

Y 1.0231 5.177 1.91 12.128 2.469

constant A. For A; = A =constant the iterative application of Equations 2.77 and 2.78 will
have the same mathematical result as RS1:

Xn:(su — ) (%)] ! (2.79)

=1

Sy =Sy —

while avoiding possible numerical error accumulation. Simulations on the DD16 spectra and
constant life data were run both ways for two cases: A = 10.0 and A = 0.1. In both cases
calculations were performed with double precision variables in Java. Equations 2.77 and
2.78 provided exactly the same number of cycles to failure as calculations performed with
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Equation 2.79 for every spectrum loading case including predicted fatigue lives in excess of
1 million cycles. Thus, numerical error is not a significant concern in this analysis. As the
computational time for the n., calculation method is considerably greater, the method of
Equation 2.79 is preferable whenever A can be considered constant for an entire spectrum.

2.7 Results and Discussion

The prediction results from each model for a selection of spectrum load cases from the data
sets are presented in Tables 2.6-2.8. In general, lower stress, longer life experimental cases
were selected for modeling because this is the regime closest to actual design use of these
materials. Equation 2.58 is used to calculated M, for each model result based on the average
experimental result for that case. A value of M, = 0 indicates that the model matched
the experimental result, while M, = 1 indicates a predicted life 10 times the experimental
life, and M, = —1 indicates that the predicted life was 1/10"" of the experimental life. The
number of experimental replicates varied from 4 to 11 for each loading case and in some
cases the scatter in the experimental spectrum fatigue failures spanned a decade or more
so the confidence in experimental mean values is limited. A —0.3 < M, < 0.7 indicates a
good result where the predicted fatigue life was within the span of a decade surrounding the
experimental life. The median values of M, are also calculated for each loading case over all
12 models to give an idea of the general level of bias produced by the models in general.

For the DD16 material (Table 2.6), all of the models except for Y1 gave non-conservative
results in every load case. For the damage accumulation models, the OH model provided
slightly better predictions than PM while BF was the worst model overall (least conservative).
Of the general residual strength models, RS5 gave the best results, but they were only
slightly better than the much simpler BS version of the model. The INT model gave the
best predictions for this data set with predictions ranging 117-192% of the actual mean
fatigue life. The Y1 model was overly conservative predicting only about 26% of the actual
fatigue life in some cases. The generally larger error for the WISPERX spectra from all of the
models can potentially be attributed to the fact that the parameters were fit using R = 0.1
data only even though this spectrum contains a wide range of R and N; was evaluated for
each cycle in WISPERX based on the interpolation of the constant life plot. However, larger
errors were found for the WISPERX predictions from both the PM and BS models too,
neither of which included any fitting beyond N;.

In the MD2 material data set (Table 2.7), all of the models performed very well, especially
for modeling the full WISPER spectra. This was true even for those models containing
fitting parameters based on the R = 0.1 data only. However, predictions were not nearly as
good for the unidirectional UD2 material with median predicted lifetimes about 3.5 times the
experimental result. Again Y1 gave conservative results in every case. Other models were
right on or slightly conservative for the WISPER spectrum applied to the MD2 laminate.
BS gave more conservative results than PM in all cases. The INT model also gave good
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Table 2.6: Comparison of model predictions for mean fatigue life of DOE/MSU DD16 ma-
terial under spectrum loading

Material DD16 DD16 DD16 DD16
Spectrum WISPERX WISPK WISXR01 WISXRO01
max(||o||) (MPa) 259.5 255.3 237.2 203.5
# replicates 6 8 9 6
average exp. N 915,000 532,000 204,000 1,380,000
# spectrum repeats 71.3 41.5 16.0 109
Model ‘ M,

PM 0.40 0.26 0.26 0.10
OH 0.37 0.23 0.24 0.07
BF 0.57 0.44 0.44 0.28
HR 0.39 0.26 0.26 0.10
BS 0.32 0.19 0.24 0.08
RS1 0.40 0.26 0.27 0.10
RS2 - - - -
RS3 0.31 0.18 0.24 0.07
RS4 - - - -
RS5 0.30 0.18 0.24 0.07
Y1 -0.58 -0.31 -0.13 -0.57
INT 0.28 0.16 0.23 0.07

results for the MD2 laminate and was similar to the other residual strength models for the
UD2 case. In the UD2 laminate, RS2 and RS4 gave better results than the other generalized
residual strength models, indicating that having the A and C' parameters as a function of
stress is useful for modeling the unidirectional laminate behavior. In the UD2 laminate, the
RS2 and RS4 model parameters A and C' increased with stress while in the other laminates
they decreased or were relatively constant. This may explain why the UD2 laminate is the
only case where RS2 and RS4 performed better than other residual strength models. The
BF model gave by far the worse results for the UD2 laminate, over predicting the life by 6
times, while the Y1 model under predicting the life by about 50%.

The VT8084 data set RAY95 spectrum was the the only compression dominated spectrum
fatigue data available for this study. In this case, shown in Table 2.8, most models performed
very well with the exception of BF which demonstrated unacceptable error. The PM, RS3,
and RS5 models gave nearly identical results and the HR, BS, RS1 and INT models also
performed equally well giving slightly more conservative predictions of fatigue life than the
former three. The Y1 model, along with RS2 and RS4 models were overly conservative by
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Table 2.7: Comparison of model predictions for mean fatigue life of OPTIMAT database
materials under spectrum loading

Data set MD2 MD2 MD2 UD2 UD2
Spectrum WISPER WISPER WISPERX | WISPER WISPER
max(o,) (MPa) 355 284 248 375 350

# replicates 4 4 3 7 5
average exp N 678,073 5,944,292 2,735,290 | 4,787,267 9,198,844
# of blocks 5.1 44.8 213.2 36.1 69.3
Model M,

PM 0.02 0.07 0.23 0.60 0.59
OH -0.20 -0.15 0.02 - -

BF 0.08 0.13 0.29 0.80 0.80
HR 0.01 0.06 0.23 0.60 0.59
BS -0.09 -0.05 0.15 0.50 0.50
RS1 0.08 0.07 0.23 0.60 0.59
RS2 -0.10 -0.04 0.17 0.46 0.47
RS3 0.00 0.06 0.23 0.50 0.50
RS4 0.00 0.06 0.23 0.47 0.48
RS5 0.02 0.07 0.23 0.55 0.55
Y1 -0.03 -0.78 -0.43 -0.30 -0.33
INT -0.04 0.02 0.21 0.55 0.55

comparison. Under the tensile version of this loading, RAY95R01, most models produced
non-conservative results with the exception of RS1 and Y1. RS1 gave the best overall results
in VT8084 material system with —0.03 < M, < 0.04 including both the compression and
tension dominated fatigue.

Across all four material systems and the range of spectrum loadings applied (Table 2.9), it
is apparent that the BF model is the least reliable at producing acceptable results, generally
over predicting fatigue life more than the other models and in the case of compression
loading (VT8084 RAY95) fails entirely. This on the whole is not surprising given that Bond
and Farrow [44] developed the approach based on matrix dominated composites and all of
the materials considered here were fiber dominated. While the concept of being able to
determine fatigue model parameters from static properties is attractive, this approach is
likely impractical for a general model of fiber dominated materials outside of very special
cases.

Considering the poor reputation of PM based on two block fatigue loading the model per-
forms well under the repeated spectrum loading considered here with the worst prediction
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Table 2.8: Comparison of model predictions for mean fatigue life under spectrum loading of
VT8084 material

Material VT8084 VT8084 | VT8084
Spectrum RAY95 RAY95 | RAY95R01
mazx(||o||) (MPa) 127.2 107.7 183.8
# replicates 10 10 5)
average exp. N 265,000 916,000 150,000
# spectrum repeats 53.1 183 30.1
Model M,

PM 0.00 0.06 0.27
OH - - -
BF 1.85 1.92 0.26
HR -0.01 0.05 0.27
BS -0.07 0.01 0.17
RS1 -0.03 0.04 -0.01
RS2 -0.22 -0.23 -
RS3 0.00 0.06 0.17
RS54 -0.19 -0.11 -
RS5 0.00 0.06 0.20
Y1 -0.12 -0.05 -0.32
INT -0.06 0.02 0.17

being about 4 times the experimental fatigue life in the unidirectional UD2 material and
otherwise giving predictions within 2.5 times the experimental life. The OH model gave
more conservative (and generally better overall) results than PM for the cases where block
loading data was available to fit the A parameter. The HR model produced nearly identical
results to PM in all cases showing that nothing was gained by applying this more complex
damage accumulation law.

The simple residual strength model introduced by Broutman and Sahu [9], BS, gave more
conservative prediction of fatigue life than PM in all cases due to failure occurring at the
highest stress present in the spectrum. Since PM generally over predicted fatigue life, the
BS results were generally better. RS1 performed better than BS in the VT8084 material,
particularly for tensile loading, but had a worse showing in the DD16, MD2 and UD2 mate-
rials under WISPER type spectra compared to BS. The two residual strength models where
parameters varied as a function of peak stress, RS2 and RS4, provided better predictions in
the UD2 material than the corresponding model with a constant parameter (RS1 and RS3
respectively), but were considerably less effective in other cases. This may be caused by the
restriction of the simple linear model with a cut off value chosen for the stress dependence
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Table 2.9: Comparison of model predictions statistics compiled for all data sets and spectrum
loads

Model max(M.) min(M.) mean(M,) median(M,)

PM 0.60 0.00 0.24 0.24
OH! 0.37 -0.20 0.08 0.07
BF 1.92 0.08 0.65 0.44
HR 0.60 -0.01 0.23 0.24
BS 0.50 -0.09 0.16 0.16
RS1 0.60 -0.03 0.22 0.17
RS2? 0.47 -0.23 0.07 -0.04
RS3 0.50 0.00 0.19 0.17
RS4? 0.48 -0.19 0.13 0.06
RSH 0.55 0.00 0.21 0.19
Y1 -0.03 -0.78 -0.33 -0.31
INT 0.55 -0.06 0.18 0.17

I excludes UD2 and VA8084 data sets
2 excludes DD16 data set and VA8084 RAY95R01 case

of the parameters and narrow range of stress values over which residual strength data was
available to fit it. The RS2 model provided the best predictions in the UD2 data set and thus,
this approach should not be dismissed, especially when considering unidirectional material
or for implementation in a critical element theory. The two parameter RS5 model provided
better results than the other generalized fatigue equation approaches for the DD16 data set
and the overall range of 0.0 < M, < 0.30 excluding the UD2 data set where M, = 0.55 is
very good.

The interaction model by Adam et al. [91], INT, performed very well with —0.06 < M, <
0.28 in all of the multi-directional laminates while over-predicting the fatigue life in the
unidirectional laminate (M, = 0.55). The Yang and Liu [80] modeling approach, which we
should note is the only model that did not make use of N; found from linear interpolation of
the constant life diagram and instead based the life parameters on R = 0.1 or R = —1 only,
had consistently conservative results for all spectrum load cases attempted in this study.
Results for Y1 ranged from —0.78 < M, < —0.02 with both extremes occurring in the
MD2 material under WISPER loading. For the UD2 material under WISPER loading Y1
under predicted the fatigue life by about 50% compared with the other models that all over
predicted life by 200% or more.

It is difficult to draw general conclusions about the relative performance of these 12 models
across the four material data sets because each model has cases where it performed better
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and cases where it was less than ideal. While it is tempting to select the Y1 model due to its
conservatism, it is sometimes overly so and generally gave inconsistent results. For example
the Y1 model gave a life of only 17% of the experimental result under a low stress application
of WISPER in the MD2 material while predicting 83% of the experimental fatigue life at
a higher stress level. By comparison, most of the other models had a variation of about
14% of the experimental life between these two cases. Thus, the accuracy of Y1 appears
to be a function of stress level. It is possible that improved predictions would be achieved
with Y1 if the parameters in the model were considered functions of R and o,, however
this would require considerably more effort to investigate. The BS model gave some of the
best predictions overall, especially considering that only constant life data was required to
fit it. The BS model provides a significant improvement over PM predictions in some cases
and was generally consistent with the other more complex models. The only case where BS
did not perform on par with the more complex versions of the generalized residual strength
model was the RAY95R01 spectra in the VT8084 material where RS1 was able to predict
the fatigue life much more closely than any of the other models.

2.8 Conclusion

This article provided a comprehensive review of modeling approaches for predicting the fa-
tigue behavior of composite materials under variable amplitude load spectra. There are a
wide range of approaches available in the literature ranging from various damage accumula-
tion laws, models for the residual strength or stiffness degradation and models based on the
micro-mechanical or lamina level properties of the composite. The focus of this article has
been uniaxial fatigue loading of un-notched specimen. This is an important step in charac-
terizing these FRP composites, however, understanding the material behavior under biaxial
stresses, in the vicinity of stress concentrations, and for some applications out of plane loads,
are also important aspects that need to be understood when using composite materials in
structural applications.

The application of fatigue models to real data sets highlights many of the advantages and
disadvantages of the different approaches. The majority of the models presented in the
literature have only been applied to constant amplitude loading and block loading with a
few stress levels. The comparison study presented in this article evaluated these models in
terms of their predictive capability under more realistic spectrum loading cases of interest to
the wind turbine and naval composites industries. Data on four material systems covering a
broad range of E-glass polymer composites was selected. For the data sets selected, fatigue
modulus and micro-mechanics data was not available and this limited the applicable models
to damage accumulation and residual strength approaches. Additionally, the requirements
that the model be applied to blocks of one cycle length and that the equivalent cycles be
calculated in closed form eliminated several models from consideration. The remaining four
damage accumulation and eight residual strength model predictions were compared to the
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experimental fatigue life results for 12 spectrum cases tested selected from material system
data set.

Most of the models performed adequately over the range of materials and spectra. The worst
case scenario was the unidirectional UD2 laminate where models over predicted the fatigue
life by 3-4 times the experimental life. While the conservative results generated by the Y1
model are comforting to the design engineer, the goal of spectrum fatigue life prediction
should be accurate predictions. Only by having accurate predictions can an appropriate
level of conservatism can be built into the design to ensure acceptable reliability without
excessively over designing a part. Excessively conservative models (or those without a known
level of conservatism) will lead to over-designed structures with excessive weight and cost.
Y1 was severely conservative in some cases, especially for lower stress - longer life cases, but
the level of conservatism was not consistent so adjusting the method of fitting parameters
would not improve the overall results. This behavior, combined with the difficulty in fitting
Y1 using the SLERA method means that this approach is not ideal for this type of modeling.

Overall, the simplicity and relatively good accuracy and consistency of predictions generated
by the Broutman and Sahu model suggest that it may be a good candidate to replace PM
in design practice. Only small gains were found for the more complex residual strength laws
RS1-RS5 and INT, all of which require considerably more experimental fatigue data, and
none of these models were consistently better than BS across all of the data sets and spectra.
The OH model was consistently more conservative than PM, but did not show an overall
improvement in accuracy, and the requirement of repeated two block loading data to fit the
model parameter is a significant disadvantage. The necessity of determining the failure mode
(tension vs. compression) in advance for BS, or any of the other residual strength models, is
a distinct disadvantage over PM and will have to be considered carefully if a residual strength
approach is used in a reliability based design formulation. On the other hand, prediction of
the residual strength over time has the advantage of enabling comparison to extreme stress
events to perhaps more accurately assess the safety of a structure than what is possible by
considering fatigue life only.

Until the fatigue mechanisms in FRP composites are fully understood from the microscopic
level up to the macroscopic level, the application of these materials to structures where they
must endure high cycle variable amplitude will continue to rely on empirical or phenomeno-
logical models fit to the experimental data. While the Broutman and Sahu linear damage
accumulation model appears to be the optimum balance of accuracy and fitting data require-
ments in the present analysis, the extension to predicting residual strength distributions, will
be required to truly assess the relative performance of these models for spectrum loading.
Additionally, the development of a residual strength approach that can handle both tensile
and compressive failure modes simultaneously is recommended.
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Fatigue durability of E-glass composites under variable amplitude loading:
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Virginia Polytechnic Institute and State University, Blacksburg, VA 24061, USA

ABSTRACT

As wind turbine blades rotate, they must withstand variable amplitude fatigue. Past studies
have shown that residual composite material properties and life under variable amplitude
fatigue can be dependent on the load cycle order. We present the results from a study
that experimentally characterizes the fatigue behavior of an E-glass/vinyl ester composite
as a function of autocorrelation, a statistical measure of the randomness of the loading.
Nominally fully reversed Rayleigh distributed loading histories with different autocorrelations
from highly correlated to completely random were applied to coupon specimens. The results
show that under these conditions, load order does not significantly impact fatigue life.

This paper was reviewed by the Furopean Wind Energy Association and has been accepted
for publication in the Scientific Track proceedings of the European Wind Energy Conference
2008.
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3.1 Introduction

Modern wind turbine blades are primarily constructed using glass and carbon fiber reinforced
polymer composites. As the blades rotate, they must withstand cyclic bending moments due
to their own weight and the aerodynamic forces from the wind driving them. The amplitude
and mean of these stress cycles varies with wind speed, turbulence, blade pitch and the
desired power output [60]. Over the typical design lifetime, the blades will see many millions
of cycles and the resulting fatigue damage in the structure can lead to premature failures at
stresses that are much smaller than the original strength. Improved understanding of fatigue
durability of composite materials will enable blade designs that are more efficient and less
expensive while maintaining acceptable reliability.

In a previous study by the authors [77] it was found that for a quasi-isotropic E-glass/vinyl
ester laminate the fatigue behavior was drastically different under an ordered block loading
compared to when the same load cycles were randomized. The spectrum used was created
from a histogram containing 22 stress levels totaling about 736,000 cycles and was applied
with a nominal (valley proportional to previous peak) R-ratio of 0.1 corresponding to tension-
tension fatigue. We shall refer to this loading histogram as the Post2007 spectrum. When
the spectrum was applied in order from highest stress to lowest, or lowest to highest, the
resulting residual tensile strength measured after one pass was statistically identical and
had a median value of 86% of the median initial strength. However, when the same loads
were applied in a random order sequence, all of the specimens failed half way through the
spectrum at much lower residual strengths, approximately half of the initial strength of the
material [77]. The residual strength model employed did not account for load order and while
it was reasonably accurate for the ordered spectra, it failed to predict the random loading
results. This type of behavior where frequent changes in the fatigue loading level lead to
a greater reduction in strength than the same cycles applied in a more ordered fashion has
been termed the “cycle mix effect” [78].

The research presented in this paper replicates the previous experiments in a similar material
system and extends the scope to nominally fully reversed Rayleigh distributed loading. The
goal is to consider the autocorrelation of extrema as a generalized measure of the degree
of randomness in the loading and to evaluate this as a tool for deciding when cycle mix
effects are significant in a spectrum load. By considering the autocorrelation of a spectrum
in relation to its impact on fatigue life, we may be able to generalize the material behavior
as a function of load randomness.
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Table 3.1: Nomenclature

Symbol Description
T-T tension-tension loading (0 < R < 1)
C-C  compression-compression loading (R > 1)
T-C tension-compression loading (R < 0). Fully reversed: R = —1
R =o0,/0, R-ratio (definition)
R, mnominal R-ratio based on the peaks and following valleys in a spectrum
Ry, the R-ratio based on all half cycles in a spectrum
R;, average value of Ry, for a spectrum
n cycles applied
N cycles to failure under a given loading condition
X a series of stress events in a load spectrum
pr(X) the k™ order autocorrelation of the X sequence
Elx] the expected value of x
Q,W vectors of random numbers ¢ and w on [0,1]
U,V vectors of normally distributed random numbers, v and v
Y, Z vectors of independent autocorrelated normal random numbers, y and z
o stress (general)
~v  parameter controlling simulation autocorrelation
G vector of Rayleigh distributed autocorrelated values, ¢
Tapplieca  Maximum (peak) applied stress during a fatigue cycle
X, initial ultimate tensile strength
X, initial ultimate compression strength
X, residual strength
A Power law S-N curve slope
B Power law S-N curve intercept
j mnon-linear residual strength degradation parameter
Fa normalized applied load
Fr normalized residual strength
3.2 Review of load order impact in composite materi-

als

One of the earliest and most widely cited efforts to understand composite material behavior
under variable amplitude fatigue was published in 1972 by Broutman and Sahu [9]. In this
paper, Broutman and Sahu studied two stress level cumulative fatigue damage in an E-
glass/Epoxy laminate. Tests were performed in tension-tension fatigue. They showed that
for a high-low test, the Miners sum at failure was typically greater than one and that for a
low-high test it was less than one. Based on these results, Broutman and Sahu proposed a
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linear residual strength model [9]. Numerous other studies over the years have performed
similar block loading experiments and used these results to evaluate the effectiveness of
damage laws and residual strength models [69, 86, 27, 29, 68, 50, 30].

Adam et al. [21, 22] considered repeated block loading scenarios in graphite epoxy loading
where four blocks, each with a different stress amplitude and length equal to 5% of the
time to failure at that stress, were rearranged into different orders and then repeated until
fatigue failure. For tension-tension loading, the different block load orderings did not impact
the fatigue life very much. When a compression-compression fatigue block was introduced
(scaled in the same way) the fatigue life was drastically reduced. A similar trend was noted
for compression-compression blocks when one tension-tension block was introduced [21].
These results show that the interaction of tension and compression damage in a composite
can be significant in determining failure under mixed R-ratio spectra. However, the sequence
of constant amplitude block loads are not representative of typical realistic loading spectra
distributions.

Some of the earliest spectrum loading experiments performed on graphite composites is
reported by D. Schutz and J. Gerharz [42] in 1977. In this study, a flight based loading
spectrum for aircraft that included a range of R-ratios was applied. Miners rule was non-
conservative by several orders of magnitude for this spectrum loading case. Much better
predictions were achieved by Yang and Shanyi [88] using a residual strength approach that
did not account for load order in calculating the residual strength at a given point in the
spectrum. The method used for applying the spectrum gave it a high level of autocorrelation
and it appears that load order did not have a significant impact in these experiments. Similar
repeated ordered spectrum loading for aircraft was performed by Schon on composite bolted
joints [50].

Sarkani et al. [35] considered the fatigue damage accumulation on laminates and joints under
Rayleigh distributed variable amplitude spectrum loading with a high (95%) autocorrelation.
A latter study in 2001 by Sarkani et al. [14] compared various residual strength models
for life prediction of composite laminates with holes under nominally fully reversed 95%
autocorrelated Rayleigh distributed loading. The residual strength models generally provided
good fatigue life prediction under these conditions.

Sutherland [60] showed that the WISPER spectrum is significantly more damaging than
its shortened version, WISPERX. This result suggests that the inclusion of the low stress
cycles can be important. A study by Nijssen et al. [139] also discusses aspects of the
WISPER and WISPERX loading spectra in detail. Wahl et al. performed fatigue testing
on E-glass/polyester laminates using a modified WISPERX spectra with constant nominal
R-ratio and a simple residual strength model worked well for these cases [47][48].

Wahl [47] also found that in tension-tension fatigue for two stress repeated block loading
the cycle order of 10 high stress cycles followed by 1000 low, 1 high followed by 100 low, or
random interspersion of 1% high stress cycles made no statistical difference in the fatigue
life of a glass/polyester laminate. However, Nijssen et al. [81] concluded that a fully re-
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versed repeated variable amplitude two stress block loading was more damaging when short
blocks were used than for long blocks which indicated the possible need to account for load
transitions.

In 1997, Schaff and Davidson introduced a residual strength fatigue model that incorporated
a cycle mix factor [78]. In this approach, a spectrum loading is taken as a series of load
blocks each defined by an R-ratio, stress amplitude and mean stress. The cycle mix factor
is determined empirically from low-high repeated block loadings and is applied to reduce
the residual strength whenever the magnitude of the mean stress increases. Schaff and
Davidson showed good prediction results for FALSTAFF (fighter aircraft wing) random
spectrum loading of angle ply graphite/epoxy laminates using this approach. However,
in quasi-isotropic (fiber dominated) laminates, the residual strength model produced good
predictions without accounting for cycle mix events and, unfortunately, they lacked data to
determine the cycle mix factor for that case [79].

To the authors’ knowledge, Schaff and Davidson’s approach is the only one of its kind to
explicitly handle increased damage resulting from frequently changing the cyclic fatigue
stress in a spectrum. Others like Adam and Gathercole et al. [22; 21] and Gamstedt and
Sjogren [30] have implicitly included some order effects by using the Marco-Starkey non-
linear damage accumulation rule. In both cases, various repeated block loading experiments
or other variable amplitude loading with controlled numbers of cycle mix events is required
to fit the parameters in these models. In contrast, the damage quantification of most fatigue
models for spectrum loading is load order independent, simply summing the impact of all
of the applied cycles and then raising the total to a power to create a “non-linear” effect.
The improvement in fatigue life prediction found for residual strength models that do not
include a cycle mix factor over damage accumulation rules under block or spectrum loading
is primarily due to the failure criterion being defined in terms of the currently applied stress
relative to the residual strength.

Most experimental data for realistic load spectra is performed on block loaded histograms,
where the stress is increased in steps of decreasing length cycle blocks up to the maximum
stress and then decreased again, or on pseudo-random fixed order spectra like WISPER and
FALSTAFF. Thus, there is a lack of information on the behavior of the composites under
realistic loading spectrum subjected to different stochastic load orders. The question of when
load order becomes important in determining fatigue life remains unanswered in the present
literature on fatigue of composites. Our goal is to develop a system for evaluating the fatigue
behavior dependence of a material on load order under realistic spectrum loading that can
be used to assess whether the design problem at hand must take load order into account in
the fatigue testing and modeling.
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3.3 Mathematical Basis

3.3.1 Autocorrelation

In order to better understand if and when load order plays a role in the fatigue life of a ma-
terial under spectrum loading, a measure of the degree of ordering in a spectrum is required.
We propose using the first order autocorrelation between the magnitude of successive events
of the spectrum as a mathematical tool to measure the degree of randomness in a loading
sequence.

Autocorrelation is a measure of cross correlation of a signal with itself at different points in
time. For a discrete process containing n values, X = {z, s, ..., z,}, the autocorrelation
coefficient, pg, is defined as:

El(z; — p)(ipr — p)]

pi(X) = p

(3.1)

where 11 and o2 are the mean and variance of X respectively, k is the lag period considered,
and E[z] is the expected value of z. Since we are interested in a measure of cycle-mix type
events, we are primarily concerned with the correlation between successive extrema and
take k = 1. Then, if the spectrum is very long or applied repeatedly many times we can
approximate x, 1 = r; and show that:

Elwzi — p(w; + zig1) + 4]

A = — (el
(3.2)
_ S i — B (@ wa) + 5 D
Ly et - (A m)
which can be simplified to
() = "o it~ (R ) (3.3)

2
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It is not clear from the outset what parameter of the fatigue loading should be used to for X.
The autocorrelation between successive peaks, valleys or the absolute value of the difference
between successive extrema (half cycle amplitudes) could all be of interest. For loading that
is nominally fully reversed and contains a 0 level crossing for each half cycle, the absolute
value of successive extrema can be used. This last approach was employed when simulating
Rayleigh distributed load histories in this study as described below.
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3.3.2 Simulating Load Histories

As noted in the introduction, the present objective is to study the behavior of composites
under a realistic loading distribution as a function of load order. Although theoretically any
load histogram could be used, systematically modifying the load order in a complex stress
history is not straight forward. A Rayleigh load distribution was chosen because of the di-
rect method available for simulating load histories with different degrees of autocorrelation
and the variety of structural applications it represents. The response power spectral den-
sity of a linear structure to normally distributed random load variations is approximately
narrowband Gaussian and the resulting loads are Rayleigh distributed [60]. Narrow-band
Gaussian processes are often observed in structural response due to natural loading (wind,
waves, earthquakes, etc). Veers and Winterstein commented that for vertical axis wind tur-
bines under a given wind condition, the flap-wise load spectrum peaks tend to be Rayleigh
distributed while horizontal axis wind turbines generally see exponential load distributions
[140]. While an exponential distribution may be more representative of generalized horizon-
tal wind turbine loads, it has the distinct disadvantage from the experimental fatigue testing
perspective of including a large number of very small stress amplitudes that would result in
much longer test times. Since the objective of this study was to consider material fatigue
behavior, the Rayleigh distribution was a more attractive choice. Other applications where
fatigue loads have been shown to be approximately Rayleigh distributed include the hog and
sag bending moments of ship hulls due to waves for a given set of operating conditions [62].

Kihl and Sarkani [62, 141] describe a useful method for simulating Rayleigh distributed series
of n load reversals with a desired autocorrelation, which we will review here. This method
is based on the principle that the magnitude of a vector in two dimensions where each of
the components are independent normally distributed random variables will be a random
variable following the Rayleigh distribution. First, two independent sequences of uniform
[0,1] random numbers @ = {q1, ..., ¢} and W = {wy, ..., w, } are generated. These are then
used to create two independent, normally distributed random variables, U = {uy, ..., u, } and
V ={vy,...,v,}, with zero mean:

w; = \/—21In(¢;) sin(2rw;), i =1,...,n (3.4)
v; = v/ —21In(g;) cos(2mw;), i =1,...,n (3.5)

From these, two sequences of independently autocorrelated, normally distributed random
variables, Y = {y1,...,yn} and Z = {z1, ..., z,, }, are generated:

Vi =i-1 + V1 =72, i=1,...n (3.6)
Zi =921+ V1I—7%, i=1,..,n (3.7)

where 39 = 29 = 1 and ~ is related to the desired autocorrelation of the final sequence.
Finally, a series of Rayleigh distributed autocorrelated values, G = {g1, ..., g }, is generated

as:
G =AYy +z22 i=1,..,n (3.8)
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The autocorrelation is not known explicitly and thus Equations 3.6-3.8 must be computed
iteratively adjusting ~ until the desired autocorrelation p;(G) calculated by Equation 3.3 is
achieved. For moderate length simulations under non-zero autocorrelation, the distribution
may vary significantly from the desired Rayleigh distribution. In order to be sure that the
desired distribution is achieved, the first 10 moments of G' are compared to the theoretical
Rayleigh distribution moments. Sarkani [141] showed that the 9*" moment seemed to be
critical and the simulation is run repeatedly until the error in the 9" moment is very small
(< 0.01). Finally, to create a nominally fully reversed stress history of load reversal points,
every other value of GG is multiplied by —1 and the entire spectrum is multiplied by the desired
RMS stress. The resulting sequence will generate a sinusoidal time stress history that has a
root mean square (RMS) of unity. The RMS of the extrema points will be approximately a
factor of v/2 greater.

3.3.3 Fatigue modeling

The topic of evaluating models for the performance of composite materials under variable
amplitude loading is not the primary objective of this article; however, a linear (load or-
der independent) residual strength model presented in [77] was used to scale the variable
amplitude loading spectra to achieve approximately the desired lifetimes. In this paper,
we will perform the calculations for the median initial strength and we apply the model to
tension, fully reversed, and compression fatigue. The residual strength equation for variable
amplitude loading simplifies to:

1 1
Fr=1- 1—Fag)i | ——— 3.9
' [ ( “ (N(F@k)) (39)
k=1
where Fay is the normalized applied stress extreme for the kth cycle
O applied
Fq = 227 3.10
“=X. (3.10)
and F'r is the normalized residual strength
Xresidual
Fr=——"— 3.11
TSN (3.11)

The median initial tension strength, X;, is used for tension-tension fatigue where tension is
the critical failure mode, while the median initial compression strength, X, is used for fully
reversed and compression-compression fatigue where the failure mode is observed to be com-
pression. Fatigue failure is predicted to occur when F'r < Fa. N(Fa) is determined based
on constant amplitude fatigue data fit to a linear log-log relationship with two parameters:

log(N) = Alog(Fa) + B (3.12)
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where A and B are fit to the S-N curve data for the material. Thus, this relatively simple
model has 3 experimentally determined parameters for each R-ratio considered, A, B, and
7, which must be fit to fatigue data collected at constant amplitude.

Fatigue model parameters are typically dependent on R-ratio, R = 0peak/0pear, and since the
general objective is to use a model fit to constant amplitude fatigue data to predict variable
amplitude fatigue performance, a method of evaluating R of a spectrum load is required. It
is common in other experimental spectrum loading to maintain a constant nominal R-ratio,
R,,, by forcing the valley following each peak to a value of R, 0pcqk. For spectrum loading, we
will refer to the average R calculated in this way using each peak and following valley as the
nominal R-ratio of the spectrum. In contrast, for the half cycle R-ratio, Ry, is calculated for
all successive extrema, so both the peak-to-valley and valley-to-peak transitions are included.
In a spectrum loading, R; is not constant even if the R, is kept constant. However, for a
spectrum with a high autocorrelation, the average R, = R), will be nearly identical to R,,.

3.4 Experimental Procedures

3.4.1 Material

The composite material used was manufactured at Virginia Tech by Vacuum Assisted Resin
Transfer Molding (VARTM). The fiber reinforcement was Vetrotex 324 woven roving E-glass
which has a 5:4 bias in the warp direction and the layup (denoted by warp direction in each
layer) was [0/+45/90/-45/0]s. The matrix material was Ashland 8084 vinyl ester resin (30%
styrene) with the cure package by weight consisting of Norox MEKP-925H peroxide initia-
tor (1.5%), cobalt napthenate catalyst (0.3%) and N, N-dimethyl aniline retarder (0.025%)
resulting in a gel time of 50-70 minutes. Following a 24 hour cure period under ambient
conditions, the material was post-cured for 4 hours at 82°C. The finished composite had an
average fiber volume fraction of 52% as measured by burn off tests. Material was manufac-
tured in a series of batches under identical procedures, each producing a 0.9 m by 0.9 m panel
6.13 mm thick that was then cut into specimens. A diamond tile saw was used for initial
cutting of the specimens to nominal 26 mm wide by 152 mm long blanks. These blanks
were then surface ground on the long edges to provide parallel sided specimens 25.40 + /-
0.02 mm wide. All specimens were cut so that the loading was in the 0 fiber direction. In
subsequent analyses of applied stress, the cross sectional area of all the specimens was taken
to be 155.7 mm?.

3.4.2 Experimental procedure

Testing took place using two 90 kN (20 kip) MTS servo-hydraulic load frames with hydraulic
wedge grips. A 4 count/mm stainless steel screen and a 1.5 mm thick aluminum sheet were
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used on either side of the specimen to cushion it in the grips. This method provided gauge
section failures without requiring tabs attached to the specimens. The load-frame servo-
valves were controlled by MTS 407 controllers operated in external input mode. A custom
LabView program and National Instruments PCI-6221 M series DAQ card generated the
desired load voltage signals and recorded the load and strain response data. The gage length
between the grips was maintained at 50 mm to insure that compression failures would occur
by crushing rather than global buckling. In addition to monitoring the load a 25.4 mm gauge
length extensometer was used to measure strain and the visual damage was monitored using
a video camera with backlighting shining through the specimen. This paper focuses on the
analysis of strength and fatigue life response of the material as measured by complete rupture
of the specimen while future analysis of the data will consider other measures for the damage
under variable amplitude loading.

In associated research, extensive strength and constant amplitude fatigue data was collected
on this material system and the relevant results will be summarized in this paper. The
distribution of initial quasi-static stiffness and strength were determined by breaking 30
specimens each in monotonic tension and compression using load control with a loading rate
of 667 N/s. Subsequent constant amplitude fatigue to failure tests were performed with
tension-tension, reversed and compression-compression R-ratios of 0.1, -1, and 10 respec-
tively. The frequency was maintained at 5 Hz. for constant and variable amplitude fatigue
testing to prevent excessive viscoelastic heating. In all cases, a continuous sinusoidal driving
fatigue loading waveform was created by fitting a cosine curve between each peak and valley
and then the valley and subsequent peak such that the slope of the curve was zero at each
load reversal point. Any series of peaks and valleys can be defined in a text file and used as
input to the system.

The LabView program used for driving constant amplitude fatigue tests incorporated a
feedback loop that monitored the resulting peaks and valleys and adjusted gain factors to
multiply the driving signal peak and valley until the desired maximum and minimum loads
were achieved. As the specimen stiffness degraded and the machine response changed, the
program continuously updated the gains to maintain the desired loads. The MTS 407 PID
gain tuning parameters were adjusted manually until the resulting load waveform was as
close to a sinusoidal shape as possible. For variable amplitude loading, it was found that the
required gain was a nonlinear function of the load applied. An algorithm was developed that
dynamically adjusted gain functions, defined as continuous and piecewise linear on 2.22 kN
intervals, based on how close the past cycles were to the desired loads. Using this algorithm,
the peak and valley loads were generally maintained within +/- 133 N of the desired loads,
a level of error that was considered acceptable as it is on the order of the noise in the load
signal.
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3.5 Results and discussion

3.5.1 Constant amplitude fatigue data and fitting

The measured quasi-static properties from 30 tension and 30 compression tests are given
in Table 3.2. Figure 3.1 shows the results of 184 constant amplitude fatigue tests with the
applied stress normalized by the tension (R=0.1) or compression (R=-1, 10) median initial
strength. For each R-ratio a power law relationship, Equation 3.12, was fit using least squares
linear regression and the resulting parameters are listed in Table 3.3. For the case of fully
reversed loading (R = —1), a single power law curve did not appear to adequately describe
the data and thus a bi-linear curve was defined by fitting the power law separately to higher
and lower fatigue life portions and then finding the intersection between these curves.

Table 3.2: Summary of quasi-static strength for VARTM E-glass/vinyl ester material
Mean Median Std Dev

X; (MPa) 346.8  347.7 15.8
X, (MPa) 209.2 3025  13.2
Modulus (GPa)  22.6 22.7 1.3

Next, an extensive series of 303 residual strength tests under constant amplitude fatigue
were performed by stopping the fatigue process at specified number of cycles and breaking
the specimen in the dominant failure mode, tension for R = 0.1 and compression for R = —1
and R = 10. This data was used to estimate j for each R-ratio as described in [77]. For
R = —1 loading, the best fit value was 7 = 1.2 and for R = 0.1: 7 = 0.78. Under R = 10, a
satisfactory j value could not be fit using this method and the data indicates nearly sudden
death behavior, suggesting that a large 2 < 7 < 5 is appropriate.

Table 3.3: Constant amplitude fatigue power law cycles vs. normalized stress curve fit
parameters for VARTM E-glass/8084 vinyl ester laminate data

R Fa Range A B

0.1 all -6.88  1.55
-1 Fa>0.358 -5.18 1.31
-1 Fa<0.358 -11.15 -1.36
10 all -14.6  0.513
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Figure 3.1: Constant amplitude fatigue F'a vs. N curve for VARTM E-glass/8084 vinyl ester
laminate

3.5.2 Simulation of loading spectra

Since the objective is to evaluate composite performance under random autocorrelated load-
ing, it would appear at first glance that we should simulate the load history for every cycle
applied to every specimen. While this would be the correct approach to experimentally eval-
uate a reliability model based on the distribution of loads and material behavior, it would not
enable direct evaluation of the composite behavior because each specimen would experience
a different set of loads in a different order. Thus, it would be difficult to separate the vari-
ability of the loads and the material properties when interpreting the results. By simulating
one relatively short sequence of loads and repeating it over and over again until failure, every
specimen in a batch of replicates will be subjected to the same load sequence to within the
length of that short spectrum and the variability in the material is the only cause of variation
in fatigue life to that precision. A 5000 cycle (10,000 extrema) simulated load history length
was used by Sarkani [35] and this length was selected again because it provides a smooth
representation of the distribution while enabling many replicates to be accomplished in a
reasonable testing time. An additional advantage of the 5000 cycle simulated history is that
it effectively limits the maximum value chosen from the infinite Rayleigh distribution to
about four times the RMS of the loading. Alternatively, the distribution could be truncated
in order to avoid including excessively large peaks that may exceed the initial strength of
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the material, but that was not done in this case.

Three 5000 cycle Rayleigh distributed load histories with target extrema autocorrelations of
0.95, 0.5 and 0 respectively, based on the absolute value of successive extrema, were generated
using the method described in Section 3.3.2. The first 20 cycles of each of these spectra are
shown in Figure 3.2. A fourth distribution was created by sorting all of the extrema in the
0.95 autocorrelated spectrum from smallest to largest and placing alternating points at the
beginning and end of the spectrum to achieve a highly correlated spectrum where the stress
amplitude increased monotonically to 2500 cycles and then decreased monotonically in a
symmetric way as shown in Figure 3.3. The resulting spectrum has an autocorrelation of
0.99999. These four spectra are refereed to as “Rayleigh0.0,” “Rayleigh0.5,” “Rayleigh(0.95,”
and “Rayleighl.0.”

3.5.3 Comparison of spectra

In order to make a comparison to the correlation of other loading spectra, the autocorrelation
coefficient was calculated for each spectrum based on just the peaks, pﬁ?mk, just the valleys,
PP and the half cycle amplitudes, pf®/ cvete emplitude 1)) 4 qdition, the average R-ratio of
the half cycles is also presented. These results are given in Table 3.5 for the four Rayleigh
distributed loadings and compared to the Post2007 spectrum used in [77], WISPER and
WISPERX standard spectra [52], and modified versions of WISPERX run by Wahl et al.

[49].

Although each Rayleigh spectrum has the same distribution of peaks and valleys, the average
R-ratio changed with the ordering. Also, while the peaks and valleys can be highly uncorre-
lated, the half cycle amplitudes remain at least partially autocorrelated. This is an obvious
result because the same peak, or the same valley must anchor the ends of two adjacent half
cycles. The three versions of the Post2007 spectrum correspond to the ordered highest to
lowest, lowest to highest and completely randomized versions of the spectrum all of which
have a nominal R-ratio of 0.1. The modifications of WISPERX performed by Wahl et al.
were done to create a WISPERX-like spectrum with a constant nominal R-ratio of either
0.5 or 0.1. In WISPERXmod1.0.1 and WISPERXmod1_0.5 only the cycles where both load
reversals were positive were retained and the valleys were calculated to 0.1 or 0.5 times the
preceding peak. In WISPERXmod2_0.1 all of peaks were retained from WISPERX and the
valleys were fixed at 0.1 times the preceding peak.

Regardless of which autocorrelation measure is used, it is apparent that the Post2007random
spectrum has a very low autocorrelation on par with the Rayleigh0.0 spectrum while the
sorted versions of the Post2007 spectra are highly correlated (p; ~1.0). WISPER and WIS-
PERX tend to be more comparable to Rayleigh(0.95 in terms of the peak and valley auto-
correlations, however they have a relatively low half cycle amplitude autocorrelation. The
modifications of WISPERX resulted in the same peak and similar valley autocorrelations,
but significantly increased the half cycle amplitude autocorrelation.
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Figure 3.3: Visual representation of sorted peak and valley extrema in Rayleighl.0 spectrum.

Table 3.5: Average R-ratios and autocorrelation results for various experimental spectrum
loadings.

Spectrum R_h pﬁeak pzl)alley p?alf cycle amplitude
Rayleigh0.0 1.62 0.011 -0.010 0.500
Rayleigh0.5 1.31 0.249  0.260 0.751
Rayleigh0.95 -1.07 0.902 0.901 0.975
Rayleighl.0 -1.00 1.000 1.000 1.000
Post2007highlow 0.10 1.000 1.000 1.000
Post2007lowhigh 0.10 1.000 1.000 1.000
Post2007random 0.10 0.002 0.002 0.446
WISPER 0.39 0.843 0.897 0.737
WISPERX 0.25 0.864 0.854 0.587
WISPERXmod1.0.1 0.10 0.870 0.870 0.920
WISPERXmod1.0.5 0.50 0.870 0.870 0.963

WISPERXmod2.0.1 0.10 0.864 0.864 0.916
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3.5.4 Spectrum loading results

Because the previous findings in [77] were so drastically different from other experimental
spectrum loading results, these tests were replicated to verify the past results. The same
three orderings of the Post2007 spectrum were applied in tension-tension fatigue, but this
time the E-glass/8084 vinyl ester composite was used rather than the E-glass/510A vinyl
ester composite in the previous paper.

The fiber lay-up and FVF in both composites was identical, but the 510A matrix is a
brominated vinyl ester and the 8084 matrix incorporates a rubber toughening agent. Despite
the similarities in the two materials, the S-N curve for the 8084 under R = 0.1 constant
amplitude fatigue is significantly steeper with an inverse slope of -6.9 compared to -8.7 for
the 510A. In order to achieve comparable results, the Post2007 spectrum was rescaled using
the residual strength model from Section 3.3.3 with the 8084 parameters to provide the same
predicted median residual strength after one pass through the spectrum as predicted in [77]
for the 510A material. The resulting spectrum had a maximum stress of 157 MPa (median
Fa = 0.453). Six replicates of each load ordering, highest to lowest, lowest to highest, and
random, were applied at a constant frequency of 5 Hz. The resulting data are given in the
Apendix.

Specimens that made it through the spectrum once were then broken in monotonic tension
to determine the residual strength. All of the high-to-low and low-to-high specimens sur-
vived the fatigue and the median Fr was 0.90 and 0.89 respectively. For the randomized
spectrum, the same random load order was applied as in [77] and in this case half of the
specimens failed prematurely in tension between 548,475 and 688,612 cycles. The other three
random specimens had widely varying residual strengths with a median value of Fr=0.539.
Although not identical to the previous data, these results reinforce that the random spec-
trum is much more damaging than either version of ordered spectrum under this R = 0.1
loading histogram.

The simulated Rayleigh0.95 distribution was scaled to provide predicted median lifetimes
of 25000, 200000 and 1000000 cycles to failure based on the residual strength approach of
Equation 3.9. The resulting time history RMS stress scale factors of 42.1, 32.8 and 27.8 MPa
respectively were also used for scaling the other Rayleigh spectra in this study. Thus all of
the Rayleigh distributed spectra had the same statistical distribution of peaks and valley
stress extremes at a given RMS level.

The R-ratio varied significantly for the cycles in the spectra with lower autocorrelation.
Thus, it is not appropriate to use the simple residual strength law presented in Section 3.3.3
without considering both NV and j as functions of R-ratio and this more complex analysis was
not attempted. Because the present objective is to consider only the material response to
spectrum distributed loading with different autocorrelation, the reliance on a specific damage
model to assess equivalence between the spectra is not desirable. Instead, the distribution
of peak and valley stress extrema was the best measure of equivalence between the spectra
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with varying autocorrelation.

Experimental fatigue data are shown in an RMS vs. cycles plot in Figure 5.7 and mean val-
ues are compared in Figure 3.5. At least ten replicates were completed for the Rayleigh0.95
spectrum at each stress level while two to six replicates were performed for the other auto-
correlations at most of the stress levels as given in the Appendix. Compression failures were
observed in every experimental test of the Rayleigh distributed loading. For the 42.1 MPa
stress level application Rayleigh0.95, four of the specimens failed in the 5,000-15,000 cycle
range as compared to 40,000-120,000 for the other 11 tests. Because no difference in failure
mode or test setup was detected for these specimens, they were included in the final data
set despite appearing to be outliers.

45.0 -
OO 2OREENC D
40.0 A
35.0 4
_ <O R
& 30.0 4
= OO
o 25.0 .
@ @ Rayleigh1.0
‘% 20.0 - <& Rayleigh0.95
2 A Rayleigh0.5
= 150 A yeo
x o Rayleigh0.0
10.0 A
5.0
0.0 T T T )
1000 10000 100000 1000000 10000000

Cycles to failure, N (log scale)

Figure 3.4: Resulting RMS stress vs. fatigue life for four Rayleigh distributed loading spectra
with different autocorrelation.

There is no discernible difference in the fatigue lives of the specimens as a function of
autocorrelation for the type of loading chosen. This result was unexpected given the previous
experience with the Post2007 spectrum under a nominal R-ratio of 0.1. Most likely, the cycle
mixing effect impact is different for the different R-ratios and resulting failure modes, tension
for Post2007 spectra, compression for the Rayleigh distributed spectra. It is possible that
cycle mixing is not significant within the course of a 5000 cycle spectrum that is repeated
regardless of how those cycles are ordered, but does make a large difference for a 736,000 cycle
spectrum that is only performed once. However, if that was true, we would expect much
shorter lives under Rayleigh distributed loading than predicted by the residual strength
model and this was not the case.

An unusual feature of the Rayleigh distributed fatigue data is the relatively narrow distri-
bution of fatigue life at lower stress levels. For the Rayleigh(0.95 spectrum, the 27.8 MPa
RMS level gave an average life of 916,000 cycles with a coefficient of variation (COV) of 0.28
based on 10 replicates. By comparison, R=-1 constant amplitude fatigue with a peak stress
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Figure 3.5: Comparison of mean fatigue life for four Rayleigh distributed loading spectra
with different autocorrelation under three RMS stress levels. Error bars indicate 1 standard
deviation.

of 68.9 MPa gave a mean life of 644,000 cycles from 10 replicates and the COV was 0.67.
Likewise, for an R=0.1 constant amplitude fatigue with a peak stress of 82.7 MPa, the mean
life was 906,000 cycles from 9 replicates, the COV was 0.55, and R=10 with a valley stress
of -141 MPa gave a mean life of 270,000 cycles and COV of 0.62 based on 10 replicates. It is
unknown why the Rayleigh distributed fatigue resulted in so much narrower a distribution
of fatigue life for a nominal one million cycles to failure.

3.6 Conclusions

We describe a method for evaluating the randomness of the order in a fatigue spectrum by
calculating the autocorrelation. By varying the autocorrelation it is possible to assess what
impact load order has on the fatigue behavior of a material under a realistic loading spectrum.
Previous work demonstrated in a similar material that load order could be very significant
in the damage incurred under tension-tension fatigue. Those results were reproduced when
the same type of test was performed in the present material system. However, the present
research also shows that for this E-glass/Vinyl ester fiber-dominated composite, the fatigue
life is not a function of the autocorrelation for a generally fully reversed spectrum where
the dominant failure mode is compression. It is apparent that characterizing the fatigue
load order dependence of composites is a complex problem dependent on the damage and
failure modes of the spectrum applied. Further study and experiments at other R-ratios
will be required to determine if autocorrelation provides a good measure of randomness in



Nathan L. Post Chapter 3. The importance of load sequence 79

relation to the load order cycle mix effects. There is some evidence that autocorrelation
will be useful in assessing tension-tension fatigue spectrum loading because residual strength
models have been shown to work well for the sorted Post2007 spectrum, and reasonably
well for the WISPER and WISPER X type spectra which have autocorrelations of 0.8 to
0.9 depending on the measure used, but failed for the fully random case of Post2007 which
had no significant autocorrelation. At present we can conclude that load order as measured
by autocorrelation, does not have a significant impact on the fatigue life fiber dominated
E-glass/vinyl ester composites under nominally fully reversed Rayleigh distributed loading.
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A new phenomenological model for the tension and compression residual
strength of fiber dominated composite materials

N.L. Post, S.W. Case, J.J. Lesko
MC 219, Virginia Polytechnic Institute and State University, Blacksburg, VA 24061, USA

ABSTRACT

This article considers the problem of fatigue life prediction of fiber reinforced composites
under axial (tension and compression) variable amplitude loading. Traditionally this analysis
is performed using damage accumulation rules or residual strength models. In the case
of damage accumulation rules, failure is defined as the point when a damage parameter
reaches a critical value, without consideration of failure mode (tension or compression) or
the current applied load. Residual strength models define the failure explicitly in terms of the
applied load and current residual strength in either tension or compression. However, current
residual strength models can only consider one failure mode, either tension or compression,
for a given loading. We propose a new phenomenological residual strength model for fiber
dominated composites that simultaneously calculates the tensile and compressive residual
strengths as a function of an arbitrary spectrum defined as a series of peak and valley applied
stresses. Example applications of the model are demonstrated for two E-glass composite
laminates under a variety of loading conditions. The new model can accurately represent
the reversed tension-compression constant amplitude fatigue life of these composites in terms
of the tension-tension and compression-compression fatigue behavior. Variable amplitude
fatigue life predictions were very good for a nominally fully reversed Rayleigh distribution
spectra and the WISPER standard spectrum fatigue to failure data.

This paper will be prepared for submission to Composites Science and Technology.
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4.1 Introduction

Fiber reinforced polymer composite materials are increasingly being used in structural appli-
cations where they are subjected to high cycle variable amplitude fatigue. Examples include
wind turbine blades, aircraft, and ship hulls. The ability of the design engineer to predict
the fatigue life and residual mechanical properties of composites during the expected life-
time is critical to ensuring an optimized structure with acceptable reliability. Most fatigue
models consider the axial loading of composites with failures occurring in either tension or
compression (crushing). Although there have been attempts to develop fatigue models for
FRP composites based on micro-mechanics principles [27, 73, 97, 104, 105, 106] or without
empirical parameters at all [98], the majority of papers on variable amplitude fatigue of
FRP materials explore empirical or phenomenological models that contain parameters fit
to constant and in some cases variable amplitude loading. These models include damage
accumulation rules, residual strength models, and residual stiffness models.

Damage accumulation methods include the well known Palmgren-Miner [8] linear damage
rule, and non-linear variations on the Palmgren-Miner rule such as those by Marco and
Starkey [10], Owen and Howe [69], Bond and Farrow [44] and Hashin and Rotem [11]. In
general, all damage accumulation rules calculate a damage parameter, D, in terms of the
fraction of cycles to failure applied at the current stress level. Failure is typically predicted
to occur at D = 1. The primary failing of damage accumulation rules is that they do
not explicitly consider the failure mode in terms of the applied loading and thus often
produce poor results for large block loading, especially where tension-tension loading is mixed
with reversed or compression-compresion loading [21, 22]. At present, residual strength
approaches calculate either the tensile or compressive residual strength as a function of the
applied loads and the failure criteria is defined in terms of either the maximum or minimum
stress respectively [9, 12, 13, 14, 16, 70, 71, 72, 76, 78, 79, 80, 82, 86, 87, 88, 89, 91, 92,
96]. The choice to model tension or compression residual strength depends on whether the
loading is assumed to be tension or compression dominated. Residual stiffness models are
primarily used in conjunction with displacement controlled fatigue tests and failure criterion
are typically defined by the stiffness decreasing below a predetermined value [19, 67, 122,
125, 126, 127, 129, 130]. Although residual stiffness models have been successful in matrix
dominated composites, Post et al.[76] showed that residual stiffness and residual strength are
relatively uncorrelated in fiber dominated composite laminates, and thus residual stiffness is
not a good indicator for fatigue failure.

If we consider the case of a generalized spectrum fatigue load consisting of a series of random
(or semi-random) peaks and valleys, we may not know a priori if the failure will occur
in tension or compression. Alternatively, we might consider a situation where a fatigue
spectrum load on a component is primarily tension dominated, but the component must be
designed to withstand an extreme compression load (or visa versa). Therefore, it is desirable
to have a fatigue model that can simultaneously predict the tension and compression residual
strength after an arbitrary loading sequence. Schaff and Davidson [78; 79] suggested that the



Nathan L. Post Chapter 4. A new residual strength model 83

residual tensile and compressive strengths would undergo proportional reduction and thus
the failure criteria could be switched for changes in the primary loading direction. However,
Schaff and Davidson never evaluated the effectiveness of this approach and we shall show that
the available data do not support their assumption. This paper presents the development
and preliminary testing of a new phenomenological residual strength model that calculates
the tensile and compressive residual strengths simultaneously based on a set of coupled rate
equations.

Table 4.1: Nomenclature

Symbol  Description
T-T tension-tension loading (0 < R < 1)
C-C  compression-compression loading (R > 1)
T-C tension-compression loading (R < 0). Fully reversed: R = —1
D damage parameter
R =o0,/0, R-ratio (definition)
V =1/R =o0,/0, reciprocal of the R — ratio
n cycles applied
N cycles to failure under a given loading condition
N; cycles to failure considering only increasing tensile stress
N. cycles to failure considering only decreasing compressive stress
o stress (general)
o, maximum (peak) applied stress during a fatigue cycle
0, minimum (valley) applied stress during a fatigue cycle
Om = %(Jp + 0,) mean applied stress during a fatigue cycle
0o = 3(0p — 0,) stress amplitude during fatigue cycle
T generalized time
Sus initial ultimate tensile strength
Sues initial ultimate compression strength
S, residual strength
S; tensile residual strength
S, absolute value of the compressive residual strength
i counter: the i load cycle
A Ay, A, C,Cy, Cey ey model curve fitting (material) constants
G(z),H(z),1(z),J(z) functions of z

a Power law S-N curve slope
b Power law S-N curve intercept
Fa normalized applied load

Fa; = 0,/ Suts
Fac - Uv/Sucs

normalized applied tensile stress
normalized applied compression stress

continued on next page
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continued from previous page

Symbol Description

Fr=.5,/S, normalized residual strength
Fry = S;/Su. normalized residual strength
Fr.=S8./Sus mnormalized residual strength

4.2 Experimental Data

Two publicly available fatigue data sets will be used in this study. The MD2 (R0400 geome-
try) material data set is part of the Optimat Blades database [136], and is publicly available
electronically at [51]. In addition to initial quasi-static tension and compression strength
and fatigue life data for a range of R-ratios, the data set includes tensile and compressive
residual strength measurements for R = 0.1, R = —1 and R = 10 constant amplitude fatigue
and spectrum fatigue measurements were made under the WISPER and WISPERX standard
load spectra at various stress levels. The MD2 laminate is a multidirectional [[£45/0]s/ £45]
composite consisting of stitched E-glass with an epoxy matrix with and fiber volume fraction
of 0.52 and is typical of wind turbine blade spars. The data was collected at several different
laboratories and for the present study the results from all the laboratories were pooled for
each test type. Fatigue frequencies ranged from about 1 to 10 Hz. The VT8084 data set
was collected at Virginia Tech and is publicly available electronically at [5]. This material is
a [0/445/90/-45/0]s laminate consisting of 10 layers of woven roving E-glass with a rubber
toughened vinyl ester matrix (Ashland Chemical Durakane 8084). The VT8084 material
was primarily intended for naval ship hull construction. The data set includes quasi-static
tension and compression strength measurements, constant amplitude fatigue life and tension
and compression residual strength under R = 0.1, R = —1 and 10. Variable amplitude
fatigue cases include Rayleigh distributed loading with 95% autocorrelation (degree of load
ordering, see [2]) with a nominal R = —1. Fatigue frequency was held constant for all tests
at 5 Hz.

4.3 Model development

The objective of this work is to develop a model that will simultaneously track the tension
and compression residual strength under arbitrary variable amplitude fatigue loads. We start
by observing the residual strength behavior of fiber dominated E-glass composite materials
under constant amplitude fatigue loading.
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4.3.1 Observation of residual strength under constant amplitude
loading

Figures 4.1 through 4.6 plot the residual strength data including premature failures plotted
in terms of the normalized cycles to failure for the MD2 and VT8084 data sets under R = 0.1,
R = —1, and R = 10 constant amplitude fatigue. As expected, there is considerable scatter
in the experimental data and there are relatively few replicates for each test. Along with the
premature failures present, the scatter makes curve fitting to the data difficult. However,
general observations of the trends may be made that will help in formulating a model. For
R = 0.1 constant amplitude tension-tension (T-T) fatigue, the residual tension strength
is observed to drop significantly in the first 10 to 20% of the life before leveling out. As
indicated by the premature failures, the strength must again decrease rapidly near the end of
the fatigue life. Under T-T loading, the compression strength decreases only slightly. Under
R = 10 constant amplitude compression-compression (C-C) fatigue no significant change in
the compression or tension residual strength is found over the life of the MD2 specimens
while the compression strength decreases slightly for the VT8084 material. In both cases,
a rapid sudden death behavior is present near the end of the C-C fatigue life. Under R=-
1 tension-compression (T-C) fatigue, where failures are usually dominated by compression
because the initial compression strength is significantly less than the initial tension strength,
the data shows a significant reduction in the tensile residual strength, again occurring in the
first 20% of the fatigue life. In contrast, change in the compression residual strength is not
detectable in the MD2 data set although the large number of premature failures indicates
that the residual compression strength must drop rapidly at the end of the fatigue life of
a given specimen. An approximately linear reduction in residual compression strength is
noted in the VT8084 material under T-C loading. Overall, lower stress levels appear to give
slightly more damage (lower residual strength) for a given fraction of life, however, these
differences are small compared to the scatter of the data.

The fatigue life of the MD2 material under R = —1 and R = —0.4 are compared to the life
the laminate under R = 0.1 and R = 10 in terms of the peak applied tensile or compressive
stress in Figure 4.7. The reversed loadings generate significantly more damage than the
corresponding tensile or compressive stress fatigue under an equivalent peak stress indicating
that the damage caused by tension and compression loading impacts the reduction of the
compression and tension residual strength respectively. This observation is also supported
by the previous observation of increased reduction in the residual strength over the life under
R = —1. In particular, from Figure 4.7 it is apparent that the tensile component of the fully
reversed R = —1 fatigue loading has a particularly important role in determining the fatigue
life at lower stress levels and longer lives since the R = —1 fatigue data has a significantly
steeper slope than R = 10.
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Figure 4.1: Tension and compression residual strength data for the MD2 laminate under
R = 0.1 constant amplitude fatigue plotted as a fraction of the mean number of cycles to
failure at each stress level as listed in the legend

4.3.2 Consideration of the phenomenon

Under an exclusively tensile fatigue load, the observed damage in a typical quasi-isotropic
laminate includes off axis matrix cracks that can lead to meta-delaminations (where the
cracks grow along the interface with another ply). The axial fibers that control ultimate
tensile failure experience fiber /matrix debonding, and isolated axial fiber fractures. Ultimate
failure is initiated by a group of axial fiber fractures leading to an increase in stress on the
neighboring fibers such that they fail under the current global load and sudden catastrophic
failure occurs. The global stress at which this catastrophic local failure occurs is the tensile
(residual) strength of the material. The failure of off axis plies (non-critical elements) will
increase the stress on the critical elements and accelerate the damage in the critical element.

Under an exclusively compressive fatigue load, the observed damage is primarily delam-
ination initiation and growth and perhaps (although it is hard to detect) localized fiber
micro-buckling. No matrix cracking is generally observed. Ultimate failure occurs as either
micro-buckling of the fibers in the critical element, delamination leading to ply level buckling,
or a combination of the two. Obviously if we consider ply level buckling, the compression
strength is reduced when delaminations initiate and grow because the adjacent plies may
now be susceptible to Euler buckling even if the original specimen was constrained to crush-
ing failure. We can hypothesize that if individual or small groups of fibers buckle on the
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Figure 4.2: Tension and compression residual strength data for the VI'8084 laminate under

R = 0.1 constant amplitude fatigue plotted as a fraction of the mean number of cycles to
failure at each stress level as listed in the legend

microscopic level, the compression stresses are increased and constraints decreased on adja-
cent fibers and they will be more likely to buckle as well. This damage mode propagation
could lead to ultimate catastrophic failure by microbuckling.

To summarize, under tensile loading:

e Ultimate failure occurs by local density of fiber tensile breaks leading to catastrophic
load concentration on adjacent fibers.

e Damage occurs in the form of fiber/matrix debonds and off axis ply cracking that
increases the load on the critical elements

Under compressive loading

e Ultimate failure occurs by a combination of microbuckling of axial loaded fibers and
ply level buckling of these lamina due to delamination with the rest of the material.

e Damage occurs in the form of delamination initiation and growth and localized mi-
crobuckling (or fiber matrix debond) of individual axial fibers.
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Figure 4.3: Tension and compression residual strength data for the MD2 laminate under
R = 10 constant amplitude fatigue plotted as a fraction of the mean number of cycles to
failure at each stress level as listed in the legend

Based on these observations, we note that the failure criteria of tensile and compressive
residual strength are mechanistically different and they are primarily determined by different
damage mechanisms/descriptions. We make the hypothesis that if it was possible to measure
the strength of a composite without inducing damage prior to failure in the 0 degree fiber
critical elements (this is of course not possible since the quasi-static loading process will
cause damage prior to ultimate failure), then a delamination alone would not reduce the
ultimate tensile strength of the material because that strength would rely entirely on the
spacial density of broken fibers in the axial plies. Likewise, matrix cracks in off axis plies
would not likely impact the compressive residual strength which would be dependent solely
on the microbuckling of the 0 degree fibers or the ply level buckling of the corresponding
critical elements.

Now consider the accumulation of damage over time, especially under a reversing fatigue
load. It is reasonable to believe that damage induced by tensile loading (e.g. matrix cracks)
will lead to an increase in the rate of reduction of the compressive strength under the next
compression cycle (e.g. by initiating a delamination). Likewise, a compression cycle might
increase the rate of reduction of tensile strength by creating damage that will increase the
stress on the critical element in tension.
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Figure 4.4: Tension and compression residual strength data for the VIT8084 laminate under
R = 10 constant amplitude fatigue plotted as a fraction of the mean number of cycles to
failure at each stress level as listed in the legend

4.3.3 Formulation of the model

Developing a fatigue model that accounts for all of the damage and failure phenomena
explicitly would be very difficult for a generalized composite material and would require
knowledge of the fatigue behavior of the individual components, lamina, and their interac-
tion with each other in the laminate. This information is generally not available and it is
desirable to have a model that can be fit using data collected only on the entire laminate
to make variable amplitude fatigue life predictions. Therefore, we propose a laminate level
phenomenological fatigue model based on the concepts discussed, but incorporating several
unknown parameters that will be determined by coupon level experimental data.

Sarkani et al. [14] noted that most laminate level residual strength models proposed in the
literature are based on simplified versions of a generalized rate equation where the residual
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Figure 4.5: Tension and compression residual strength data for the MD2 laminate under
R = —1 constant amplitude fatigue plotted as a fraction of the mean number of cycles to
failure at each stress level as listed in the legend

strength .S, is assumed to be a monotonically decreasing function of the cycles applied:

ds,(t) ArA-l
dr —H(U(T))W

(4.1)

where A and C' are positive value parameters and may be functions of the applied stress and
R-ratio, H(o(7)) is an unknown function determined by the initial and final conditions and
S, () is the residual strength as a function of a generalized time variable 7. These models
can be used to calculate either the tensile residual strength or the absolute value of the
compressive residual strength, but not both.

The new fatigue model starts with two versions of the standard rate equation, one for
the tensile residual strength, S;, and for the absolute value of the compressive residual
strength, S,, that each include a function coupling them together. We make the assumption
that the tensile strength only decreases when the stress is increasing and is greater than
zero. Likewise, we assume that the compressive strength only decreases when the stress is
decreasing and is less than zero.
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Figure 4.6: Tension and compression residual strength data for the VT8084 laminate under
R = —1 constant amplitude fatigue plotted as a fraction of the mean number of cycles to
failure at each stress level as listed in the legend

First defining a function:
1 for J>Oandg—;’>0

d(o(1)) = (4.2)
0 for J§Oorfl—j§0

Then for tensile residual strength:

dSt(T) . AtTAt_l
= eGSO g (43)
and for compression residual strength:
dSc<T) . ACTAC_l

where G, H, I, and J are positive valued functions. We will assume that A;, C;, A., and C.
are material constants. The tensile and compressive residual strengths, S; and S, are treated
as measures of the damage in the respective loading directions. Note that S, represents the
absolute value of the residual compression strength.
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Figure 4.7: S-N curves in terms of the maximum peak or minimum valley stress for several
R-ratios in the MD2 data base (note that R=-1 and R=-0.4 are plotted twice, once in terms
of maximum tension stress and once in terms of maximum compression stress). Solid lines
are a power law model fit to the experimental data using linear least squares with log(/N) as
the dependent variable.

By selecting this form of the equations, we are assuming that a tensile loading reducing the
tensile strength does not directly reduce the compression strength. Instead the reduction of
tensile residual strength accelerates the degradation of compression strength under a follow-
ing compressive load. The compressive strength itself does not change until a compressive
load is applied. Likewise the tensile strength is not directly reduced by a change in com-
pressive strength, but the rate of tensile strength damage under a tensile load is increased
by a change in compressive strength. This agrees with the phenomenological concepts previ-
ously discussed. The functions G(S.) and I(S;) relate how the current compressive or tensile
strength impact the degradation rate of the other. Thus for an arbitrary loading history,
Equations 4.3 and 4.4 are a system of coupled non-linear differential equations. However,
because of the assumptions we have made, only one of the strengths, S; or S, can change at
any given instant in time when do/dr > 0 or do/dt < 0 respectively. Thus, we can solve
the equations iteratively by considering them in the context of a cyclic loading.
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4.3.4 Determining the form of unknown functions

Consider a constant amplitude purely tensile loading (0 < R < 1). Because the valley stress,
0y, is never negative, dS./dr = 0 and thus S, is constant so S. = || Sycs||.- It follows that
the rate of tensile strength degradation will not be impacted by the compression strength
and thus G(S,s) = 1. We further assume that the change in residual strength can be
discretized cycles in terms of the maximum and minimum stresses without regard to the
waveform. Each cycle contains the same segment of increasing stress from o, to o, and thus
H(o(r)) = H(0p,0,), which is constant for a constant amplitude loading. Thus for this
special case, we have reduced the coupled differential equations to the more standard form
of the rate equation for constant amplitude loading where 7 is in terms of cycles:

dSt (7—) AtTAtil

=—H(oy,,0p) = 4.5
dT (U Up) CtSt<T>Ct_1 ( )
Separating the variables and integrating:
/ B CtSt(T)CtildSt = —H(oy, Up)/ AN N (4.6)
7=0 0
yields
Sy(n)% — S,(0)° = —H (o, 0,)n" (4.7)

Applying the initial condition that S; = Sy at m = 0 gives S;(0) = Sys. Then applying the
final condition for constant amplitude tensile fatigue failure S; = 0, when n = N,(0,,0,) as
defined by a constant life diagram for tensile fatigue life:

e
o, S

uts

= —H(O‘v,O'p)Nt(O'p,O'y)At (4.8)

or

Ct C
Suts — 0, !

Ni(op, 0y)A 9

H(oy,0,) =

An identical procedure can be followed for the compressive residual strength under R > 1
constant amplitude fatigue to show that:

HSuCSHCt - HUUHCt
J _
(UU7 Up) Nc(Up, O_U)AC

(4.10)

where N, is the fatigue life under the specific constant amplitude load with R > 1.

To define the form of the G(S.) and I(S;) we assume that a reduction in tensile or compressive
strength is related to damage in the composite that will increase the rate of degradation of
the other. Therefore, both functions must have values greater than or equal to one and
monotonically increase as S. and S; decrease respectively. The form that fits this criteria



Nathan L. Post Chapter 4. A new residual strength model 94

and the assumptions previously made for pure tensile loading where G(S.) = 1 or pure
compressive loading where I(S;) =1 is:

G(S.) = (HS;—HY (4.11)

1(S,) = (S““)y (4.12)

where z and y are fitting parameters that will be treated as material constants.

4.3.5 A model for general loading

Because the general form of the model must apply to the special cases of 0 < R < 1 and
R > 1, we can rewrite Equations 4.3 and 4.4 for a general loading in terms of discrete cycle
steps as:

aS.(n) [Susll \"__ St —op(m)® A
o~ e <sc<n —1) N m.am-0r asmes )
and
dSe(n) _ (—0ov(n)) Suts \" [[Sues||“ — llow(n)[|% A (4.14)
dn YIS ) ) Ny (n), ou(n) A CSu(n)O '
where f
1 for >0
(o) = { 0 for 0 <0 (4.15)
and
Ny(oy, o) = 4 N(op0w) for >0 (4.16)
t\Op, Ov) = N(0,,0) for o,<0 '
| N(op,0,) for o,<0
Nc(apaav) - { N(O)o‘v) for Op Z 0 (417)

N(oy,0p) is the constant amplitude fatigue life defined in the normal way in terms of an S-N
curve or more generally a constant life diagram.

In forming Equations 4.13 and 4.14 the standard definition of the n'" cycle as a peak, o,(n),
followed by a valley, o, (n) was employed. However, because we assumed that only an increase
in stress with a peak greater than 0 can cause a change in tensile residual strength, Equation
4.13 is actually dependent on the half cycle connecting o,(n — 1) and o,(n). It is reasonable
to take 0,(0) = 0 for the initial condition prior to the first cycle.

Integration of Equations 4.13 and 4.14 for a reversing load or more generally any variable
amplitude fatigue spectrum while assuming that A;, A., C, C., x, and y are all material
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constants and not dependent on the load applied gives:

o [S gy (Sl YT (85— en0%) ]
Si(n)“* = Sy [Z’V p( z—l)) Nt(ap<)gv(z_1))] (4.18)

and

y/Ac Ce _ ||g..(i)|Ce 1/Ac Ac
S — 5 [27 < ) (ISuesl% — Nl (D]I°) ] (419

(4) Ne(op(i), 00(i))

These can be applied iteratively, first Equation 4.18 and then Equation 4.19 for each cycle,
tracking the inner summation values at each step.

Alternatively, the model can be represented in terms of normalized strengths F; and F, as:

n I/At a; Cy 1/At
Fri(n) =1- [; V(Fa(i)) (ﬁ) (jl\ft(FFat(()? 33—1) (4.20)
and
Fr ()0 = - 1\ (1 = Fau(i)C) "™ )
relr Z” acli (Fn(z’)) No(Fa.(i), Vi) (421

In Equations 5.12 and 5.13 (hereafter “TC model”), Fr; = S;/Sus is the normalized ten-
sile residual strength, Fr. = S./|Sucs|| is the normalized compressive residual strength,
calculated in terms of the peak and valley normalized applied stresses, Fa; = 0,/Sus and
Fa. = 0,/Sucs. Ny and N, are calculated using Fa; and Fa., and R;_; = 0,(i —1)/0,(i), or
the reciprocal R-ratio, V; = 0,(i)/0,(i) respectively for the i*" cycle. Using the reciprocal of
the R-ratio, V, for compressive loads avoids numerical difficulties with evaluating equations
at R = co. The normalized version of the model has the advantage being slightly simpler
computationally.

4.4 Method of fitting parameters

For the residual strength approaches applied in the literature, typically either C' or A in
Equation 4.1 are taken to be 1. Post et al. [1] compared various versions of Equation 4.1
and showed little difference in the predictions for a range of spectrum loads and no significant
improvement by treating both A and C' as parameters over a simple linear model (Broutman-
Sahu [9]) where A = C' = 1. However those models were applied to spectra with a dominant
R-ratio and only considered either the tensile or compressive residual strength for each case.

Initial experimentation found that the fatigue life under reversed loading (R < 0) predicted
by the TC Model is very sensitive to the initial loss of strength. Thus the inclusion of
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both A and C as parameters is important because it gives the model the ability to fit both
an initial reduction of strength and the final rapid decline as observed in the composite
material residual strength data in Section 4.3.1. The present model treats a reversing load
as a variable amplitude loading with first a tensile stress cycle {0 — o, — 0} followed by
a compressive stress cycle {0 — o, — 0} and thus accurate representation of the initial
reductions in strength is critical to fitting the damage acceleration observed under R < 0
compared to T-T or C-C fatigue.

4.4.1 Determination of N, and N,

The first step will be to determine the functions for N;(o,, 0,) and N.(o,,0,). These can be
based on linear interpolation (similar to the Goodman approach) of the constant life diagram
using the experimental S-N curves for Ry = 0.1 and R3 = 10 (V53 = 0.1) as shown in Figure
4.8. Constant amplitude fatigue life data is typically fit to either a power law or exponential
relationship. The choice of the form of this empirical model will influence the model results
for variable amplitude loading because the predicted cycles to failure at low applied stresses
can be very different. For the present analysis, a power-law model was selected:

log N =alogFa+b (4.22)
a and b are fit to the experimental fatigue data at each R by minimizing the linear least
squares error in the log NV direction.

The linear interpolation method shown graphically in Figure 4.8 enables the cycles to failure
for any T-T R, to be calculated in terms of the R; = 0.1 S-N curve defined by a; and b,
parameters. First, by shifting the horizontal axis by —S,;s the ratio of rise to run must be
the same for all points on a constant life line:

Oq,1 04,2

= d 4.23
Om,1 — Suts Om,2 — Suts ( )
which in terms of peak stress o, and R for 0 < R <1 can be written as:
%0’1,71(]. — Rl) - %O'pg(]. — RQ) (4 24)
%01771(1 + R1> — Suts %O’I;’Q(]. + RQ) - Suts '
Solving for o, ;:
Up 2(1 - RQ)Suts
Op1 = : 4.25
P Jp,Q(Rl - RQ) + Suts(l — Rl) ( )
or in terms of normalized stress:
Fay(1 — R
Fa, az(l = o) (4.26)

" Fay(Ri— Ro) + (1 — Ry)
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Oq

Sucs Om,1 Om,2 Suts
Figure 4.8: Schematic modified constant life (Goodman) diagram showing the linear inter-

polation of constant amplitude fatigue life lines in the T-T (0 < R < 1) and C-C (1 < R)
ranges

Thus, in general:

FCLQ(]__RQ) “
N,(Faq, Ry) = 10" 4.27
((Faz, ) Fas(Ry — Ra) + (1 — Ry) (4.27)
where (1)
O,\17 —
Ry = y(oy(i — 1)) 22—~ 4.28
2 = 7(0w( ) o) (4.28)
and i
Fay = 219 (4.29)
Suts

Similar analysis for C-C fatigue (1 < R < 00) results in an identical relationship in terms of
V using the V3 = 0.1 (R = 10) S-N curve defined by log N = a3 log Faz + bs:

N(Fay, Vi) = 10 Fa4(Vfi4§/1§1 )—+Vg — 3 (4.30)
where ‘
Vi = (o)) 22 (431)
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and

Fay = 22 (4.32)

4.4.2 Determining material constants

Parameters A; and C; could theoretically be determined by fitting tensile fatigue to residual
tensile strength data collected at R = 0.1 constant amplitude fatigue while A. and C,. could
be fit to compression residual strength under R = 10 constant amplitude fatigue. In reality,
a wide range of pairs of A and C values will reasonably fit the residual strength data given
the small number of replicates and the scatter present. Reversed loading fatigue is required
to fit  and y. Ay, C;, A. and C, may also be adjusted to while maintaining reasonable
representation of the R = 0.1 and R = 10. For the demonstration of the model presented in
this paper, values of A;, Cy, A., C., x, and y were selected to provide a reasonable fit of the
available constant amplitude fatigue data.

4.5 Results and discussion

To apply the TC model, the initial median (50" percentile) tensile and compression strengths
listed in Table 4.2 from each data set are used for the S,;s and S,.s values. Thus, based on
the Strength-Life Equal Rank Assumption, median residual strength and life values will be
calculated. The R = 0.1 and R = 10 fatigue life data is normalized by the initial tension
and compression strength respectively and fit to Equation 5.17 resulting in the parameters
listed in Table 4.3 and the selected values for the remaining six parameters for each data set
are listed in Table 4.4.

Table 4.2: Initial median strength calculated from the experimental data sets based on 30
or more replicates in each case

Data set  Sys (MPa) Sy (MPa)

MD2 535 -464
VT8084 348 -303

The fatigue life curve representations generated by the model for reversed loading conditions
are compared to the experimental data in Figures 4.9 and 4.10. The results show that the
model is capable of fitting reversed data reasonably well by treating it as a variable amplitude
load of alternating tension and compression peaks.



Nathan L. Post Chapter 4. A new residual strength model 99

Table 4.3: T-T and C-C normalized S-N power law parameters fit to experimental data sets

R, =0.1 Vis=0.1
Data set a; by as b
MD2 -9.267 1.749 -19.16 1.159

VT8084 -6.881 1.546 -14.60 0.4530

Table 4.4: TC model parameters selected for each fatigue data set

Dataset A, C; A, C. =z gy

MD2 02 11 09 35 110 95
VT8084 02 7 06 10 2 25

0719 + R=-0.4 data
. o R=-1 data

061 M — TC Model R=-1

*

. TC Model R=-0.4
0.5 o
Fa
0.4
0.3
0.2
0.1 4
0.0 ’ . . .
1 100 10000 1000000 100000000

cycles, N (log scale)

Figure 4.9: Normalized S-N data in terms of Fla; compared to the TC model representation
for the MD2 data set
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Figure 4.10: R = —1 normalized S-N data in terms of F'a. compared to the TC model
representation for the VT8084 data set

Using the selected parameters fit to the constant amplitude fatigue data, predictions were
made for nominally fully reversed Rayleigh distributed fatigue loading with an autocorrela-
tion of 0.95(see [2] for full description of the spectrum) tests in the VT8084 material system.
As expected the model predicts compression failures. Results plotted in terms of the root
mean square of the stress time history are shown in Figure 4.11 show excellent comparison
between the model and experiments. Residual compression strength measurements were also
available under the Rayleigh distributed loading and an example of the median predicted
residual strength history for the middle stress level of 33 MPa RMS stress is compared to the
data in Figure 4.12. The TC model appears to slightly overestimate the compression resid-
ual strength for most of the life under Rayleigh distributed loading. For the MD2 material,
fatigue to failure under WISPER and WISPERX load spectra at various peak stress values
was available. WISPER and WISPERX spectra are dominantly tension but contain a small
percentage of reversing cycles. The results plotted in Figure 4.13 show good agreement for
the WISPER spectrum while the TC model over predicted the WISPERX fatigue life at the
higher stress levels.

4.6 Conclusion

This article presents the derivation of a phenomenological model for coupled calculation
of the residual tensile and compressive strengths of a composite material subjected to an
arbitrary loading history. The primary advantage of the TC model over previous residual
strength and damage rule models for variable amplitude loading is that it explicitly handles
both tension and compression failure modes and determines which type failure occurs. While
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Figure 4.11: VT8084 data set Rayleigh distributed spectrum fatigue to failure data compared
to TC model prediction in terms of time history RMS stress applied
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Figure 4.12: VT8084 data set Rayleigh distributed spectrum fatigue normalized residual
strength compression data compared to TC model prediction for tensile and compressive
residual strength at a time history RMS stress of 33 MPa
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Figure 4.13: MD2 data set WISPER and WISPERX spectra fatigue to failure data compared
to TC model predictions in terms of the maximum applied stress in the spectra

the new model appears to have more parameters than other spectrum fatigue models, it does
not require a full constant life diagram as an input for modeling a general spectrum fatigue
load (only T-T and C-C S-N curves are required). Additionally, most residual strength
models treat A or C' type parameters as function of R ratio while they are considered to
be material constants in the TC model. Since the reversed loading cases can be used to
help determine the remaining parameters, the data requirements for fitting are similar or
possibly less than previous residual strength models. Once fit, application of the model to
any fatigue loading sequence is straight forward because the model calculations are based on
each increase in stress magnitude. Thus, rainflow or other traditional spectrum analyses of
the load history are not required.

Application of the proposed model to two experimental data sets have shown that based on
T-T and C-C fatigue life time data, it can be fit satisfactorily to constant amplitude reversed
loading with dominant tension (R = —0.4) and compression (R = —1) failures. Predictions
made for several variable amplitude loading cases showed good agreement with experimental
lifetime results for Rayleigh distributed reversed loading and the WISPER spectrum. Thus
the concept of treating tension and compression fatigue loading separately in a variable
amplitude model has been shown to be a valid approach.
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Reliability based design of composites under high cycle variable amplitude
fatigue: a new residual strength formulation

N.L. Post, S.W. Case, J.J. Lesko
MC 219, Virginia Polytechnic Institute and State University, Blacksburg, VA 24061, USA

ABSTRACT

Reliability-based design of structural components is becoming the standard in many indus-
tries. Wind turbine blades and ship hulls are two examples of fiber reinforced composite
applications where the material is subjected to high cycle, variable amplitude fatigue over
its lifetime. In order to perform a reliability-based design analysis, the probability of failure
must be computed for the expected design life. This research developed a reliability design
methodology using a model for the tension and compression residual strength of a fiber re-
inforced composite subjected to any defined stress history. By first selecting an acceptable
probability of failure and a series of characteristic loading histories, this approach enables
load and resistance factor design (LRFD) knockdowns to be calculated with a computation-
ally efficient procedure.

This paper will be prepared for submission to Composites Science and Technology.
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5.1 Introduction

Reliability-based design methods are becoming the norm in many industries. In civil in-
frastructure, load and resistance factor design (LRFD) guidelines and specifications based
on structural reliability analysis are commonplace [142, 143]. Winterstein and Lange et
al. have discussed many aspects of fatigue-critical reliability-based design for wind turbine
blades [57, 58, 59, 144, 145]. LRFD is currently under exploration for naval structural design
as well where high cycle variable amplitude fatigue can be critical. For example, Assakkaf
and Céardenas-Garcia [63] discussed the application of LRFD design to doubler plates for
ship structures.

The philosophy of reliability-based design accepts that all structures have a finite probability
of failure over their design life and seeks to optimize the design in terms of the economic
costs and value associated with selecting the probability of failure. Theoretically, by com-
paring the cost of improving the reliability (more materials, and reduced efficiency due to
weight, increased environmental impact, etc.) relative to the cost and likelihood of a failure
(including damage, replacement, injury or loss of life, etc.) an optimum design can be deter-
mined. In reality, this analysis is very complex because it may need to account for multiple
failure modes and failure consequences, and can include analysis of hundreds of statistical
variables. Thus, the desired reliability of a structure is often selected based on a combination
of simplified statistical analysis and socially acceptable rates of failure. In civil engineering,
the acceptable probability of failure has in many cases been determined by back-calculation
of the probability of failure given by existing design guidelines [143, 146, 147, 148|.

In this paper, we will assume that a desired reliability for a structural component has been
determined and focus on methods to ensure that the selected design will meet that reliability.
Fiber reinforced polymer (FRP) composite structures in the aircraft, naval architecture, and
wind turbine blade industries are often subjected to high cycle variable amplitude fatigue
loads that degrade the strength of the material over time, leading to fatigue failures at stresses
well below the initial strength of the material. This accumulated damage can result in fatigue
failure mode critical designs. Thus fatigue analysis must be incorporated into the reliability
calculations. All current approaches to fatigue analysis in reliability-based design use linear
damage accumulation (Palmgren Miner Rule) for determining the fatigue life distribution.
These approaches have several significant disadvantages for design of composite materials.
Palmgren-Miner rule has been shown to be highly non-conservative for predicting lifetimes in
some cases and if the critical damage sum is taken as a variable, determining its distribution
requires extensive spectrum fatigue experiments. Because the traditional approach involves
calculating the average damage accumulation rate, rare extreme stress events and variation
in load history order are not accounted for in the failure criteria and thus the probability of
failure may be underestimated. This paper describes a new residual strength-based approach
for calculating the probability of failure that overcomes the shortcomings of the traditional
fatigue reliability methods.
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Table 5.1: Nomenclature
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Symbol Description
R, nominal material resistance
L, nominal applied load
¢ resistance factor (for material uncertainty and fatigue)
v load factor (for load uncertainty)
P; probability of failure
fx(z) probability density function of X
Fx(z) cumulative density function of X
G(X) limit state function in terms of variables X
T generalized time
T4 design life
fo average fatigue frequency
ng = forq design life in cycles
n cycles applied
N cycles to failure under a given loading condition
i the i*" loading cycle
D damage sum
A critical damage value
D average damage accumulation rate
e environmental condition or “operation cell”
o stress (general)
o, maximum (peak) applied stress during a fatigue cycle
0, minimum (valley) applied stress during a fatigue cycle
R =o0,/0, R-ratio (definition)
V =1/R=o0,/0, reciprocal of the R — ratio
Suts initial ultimate tensile strength
Sues  1nitial ultimate compression strength
S, residual strength
S; tensile residual strength
S, absolute value of the compressive residual strength
Fa normalized applied load

Fa; = Up/suts

Fa.= Uv/Sucs
Fr=S,/S,

Fry = St/Sutc

Frc = Sc/Sucs

4]

A AL ALC CLCoxyy

normalized applied tensile stress
normalized applied compression stress
normalized residual strength
normalized residual strength
normalized residual strength

the heavy side function

model curve fitting (material) constants

continued on next page
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continued from previous page

Symbol Description

a Power law S-N curve slope
b Power law S-N curve intercept
a  Weibull distribution shape parameter
So, No Weibull distribution scale parameters for stress and life
p percentile of a probability distribution
J integer counter
m number of experimental or simulated replicates
u,v random numbers on [0,1]
p(x,y) correlation coefficient for two random variables, z and y
T-T tension-tension loading (0 < R < 1)
C-C  compression-compression loading (R > 1)
T-C tension-compression loading (R < 0). Fully reversed: R = —1

5.2 Background

5.2.1 Load and Resistance Factor Design

In Load and Resistant Factor Design (LRFD) a probabilistic framework is used to determine
standard material knockdowns that can then be applied to nominal material properties as
easily as allowable stress design [143, 146, 147]. Typically the LRFD design concept is
presented as:

¢Ry >y ALy, (5.1)

where the design problem has been reduced to a simple inequality for each failure mode in
terms of the nominal material property, R,,, nominal applied load, L,,, and the resistance and
load factors, ¢ and . These factors can be tabulated for various scenarios and probabilities
of failure. The uncertainties in the applied loads are incorporated using v, while ¢ accounts
for the distribution of material properties and any change in that distribution over time
due to fatigue, environmental degradation, etc. In the context of LRFD, the objective is to
determine the values of ¢ and ~ required for the desired reliability of the structure.

A conceptual representation of the reliability problem for a single loading peak, L, is shown
in Figure 5.1. As v increases > 1 and ¢ decreases < 1, the load and resistance distributions
are shifted further from each other and the probability of failure is reduced. Analytically, the
probability of failure is the integral of the product of the probability density of the maximum
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applied stress, fr(z), and the cumulative density of resistance, Fg(z):

Py = /OO fr(z)Fr(x)dx (5.2)

In the case of fatigue loading Fgr(z) is a function of the past applied loads and thus the
probability of failure must be integrated over the design life of the structure.

Frorf,

L(v/¢-1)
» > Fr(x)

Y
<

fL(x)

[l P TP

Figure 5.1: Conceptual representation of LRFD and the probability of failure given by the
overlap of the probability density of loads, f; and the cumulative probability of resistance
Fr

Consideration of methods to determine ¢ for an FRP composite given a fatigue loading
scenario, lifetime and desired reliability is the focus of this paper. There are many other
aspects of a design including stress concentrations, non-axial stress states, and environmental
degradation of the material that must also be included in complete reliability calculations.
However, these considerations are beyond the scope of this present research which will focus
on the problem of reliability calculations for axially loaded fiber dominated composites under
spectrum fatigue loading.

5.2.2 Limit state function

Reliability problems are often defined in terms of a limit state function, G(X), configured
to give failure when G < 0 and safety for G > 0. X represents a vector of stochastic and
deterministic variables that are relevant in the design problem. The limit state is G = 0 and
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the reliability is given by the probability that G > 0: P[G(X) > 0]. For example, a simple
axial loading of a component in quasi-static tension might have the limit state:

G(X) = SutS(X) - Uapplied(X) (53)

where both the strength of the material and the applied stress depend on a set of stocastic
variables, X.

For most problems, the functional form of the limit state equation is too complex to directly
calculate the probability that the structure will fail, P[G(X) < 0]. Instead, either numerical
simulation techniques such as Monte-Carlo simulations, or approximations including the lin-
ear First Order Reliability Method (FORM) or Second Order Reliability Method (SORM)
are employed [59, 149, 150]. The latter are more common because they are much less compu-
tationally intensive. In FORM or SORM analysis, the random variables of the initial limit
state formulation are transformed to uncorrelated normally distributed random variables.
For a given design point, a critical design case (random variable values most like to give
failure) where the structure just fails is located using the gradients of G(X) = 0. The limit
state function G(X) = 0 is approximated through this point as either a linear (FORM)
or quadratic (SORM) function of the variables and the probability of failure is calculated
based on this approximated failure surface. Often, finding the critical design point requires
an iterative process where the limit state function is approximated, and a new design point
that is closer to the original design is found. Then the limit state function is reevaluated
and the process repeats until convergence is reached [149].

5.2.3 Limit state functions for fatigue

Current reliability-based design methodology for fatigue defines the limit state function in
terms of the fatigue life [59, 62, 151]:

G(X) = TH(X) — T(X) (5.4)

where T} is the calculated time to failure and 7; is the target lifetime and X is a vector of
stochastic parameters describing operation, loading and material behavior. For both wind
turbines and ships [59, 62], T} is calculated based on linear damage accumulation (Palmgren-

Miner rule [8]) defined as:
n.
D = — 5.5
> o

where n; is the number of cycles applied at a stress level giving N; constant amplitude cycles
to failure and D is the damage sum for the loading. The main advantage to using Miner’s
rule in these calculations is that it enables the computation of an average damage rate based
on the applied loading distribution, simplifying the final form of the limit state equation
[59]. The average damage summation per unit time is given by:

e faslolfe)
D_/O /0 oy dod (5.6)
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where f;g(ole) is the conditional probability distribution of a fatigue cycle with stress o
given the environmental conditions e, fz(e) is the probability distribution of environmental
conditions over the life and N (o) is the number of cycles to failure at applied cyclic stress o
[59]. Environmental conditions, also termed “operation cells,” are typically defined in terms
of constant wind speed and power demand for wind turbines, sea state and velocity for ships,
etc. Linear damage accumulation defines failure to occur when the D reaches some critical
value, A. Given an average response cycle rate fy, the time to failure is:

A

T, = —
= fD

(5.7)
Taking Miner’s rule to be true, A = 1. More generally A can be treated as a stochastic
variable to reflect uncertainty in the accuracy of Miner’s rule [59].

Typically for each environmental condition experimental data or simulations are used to de-
fine the stress time history. Then Rainflow cycle counting [55, 152, 153] of complete hysteresis
loop cycles is used to reduce the time history to a histogram of applied cycles defined by the
mean stress, o,,, and stress amplitude, o, [154, 155, 156]. This analysis is repeated for each
environmental condition and the relative frequency f(e) of the environmental conditions are
assessed. An S-N curve for zero mean stress (R-ratio= —1) and linear Goodman diagram
are used to determine N(¢). The S — N curve parameters may be treated as stochastic
variables to represent the variability in the material fatigue behavior [59].

Lange implemented the above approach in a computational package to calculate reliability
of wind turbine blades based on several sets of example stochastic parameters [59, 145, 144].
Tang and Zhao considered a similar approach using the linear damage accumulation rule to

calculate reliability under random cyclic loading for metals based on a gausian distribution
of applied loads [151].

Murty et al. [157] proposed a method to calculate the reliability under constant amplitude
loading where the applied stress level was a random variable by calculating the “fatigue
strength” distribution at different lifetimes in terms of the fatigue life distribution at different
stress levels. Kaminski [158] considered reliability of homogeneous material and composites
in terms of damage accumulation and crack growth models. For the case of composite
materials, limit state functions were derived in terms of Hill-Chamis, Hoffman and Tsai-Wu
failure criterion for multi-axis loading in terms of the stress amplitude applied.

Ichikawa [159] considered a limit state function for fatigue reliability analysis where the
“stresses” and “strengths” were defined in terms of the value of the applied and critical
cumulative damage ratio (Miner’s rule). This analysis used the constant amplitude fatigue
life and the average damage rate to convert the limit state function to values with units of
stress and strength. However, the failure criteria was still essentially in terms of the damage
sum. The probability of failure was derived for the case where the spectrum is held constant
and the maximum applied stress and critical cumulative damage ratio were both assumed
to be log-normally distributed. The standard deviation of the critical cumulative damage
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ratio was assumed to be the same as the standard deviation of fatigue life under constant
amplitude loading to avoid requiring extensive variable amplitude fatigue data [159]. Chen
[160] developed a similar approach to the one proposed by Ichikawa and gave several examples
of the analysis using data on homogenous materials under variable amplitude loading.

Winterstein et al. discussed many aspects of fatigue-critical reliability-based design for wind
turbine blades using a damage accumulation approach and more general definition of the
loads in terms of wind velocity and other parameters [57, 58]. When applying LRFD in this
context, Winterstein et al. defined L and R in terms of cycles. Thus, all of the current
approaches to fatigue failure modes in reliability-based design consider calculations of the
fatigue life and do not explicitly account for the change in strength of the material over time.

5.2.4 Residual strength in reliability-based design

Although residual strength models of composites under fatigue loading have been studied
and tested over the last 30 years [1], their use in design analysis methodology has been non-
existent to date, at least in the public literature. Despite the commonly reported advantages
of residual strength approaches to variable amplitude lifetime prediction, the Palmgren-
Miner linear damage accumulation law has been used exclusively in reliability-based design
under fatigue loading.

In the case of the wind turbine WISPER and WISPERX spectra, the traditional fatigue
analysis including use of a linear Goodman diagram and Palmgren-Miner rule method has
been shown to overestimate the life by 1 to 2 orders of magnitude [139]. Nijssen et al.
improved predictions for WISPER by modifying the Goodman diagram and S-N curve shape
[49, 139]. These authors felt that such a method might be more readily accepted in the design
community than replacing Miner’s sum calculations with a nonlinear damage or residual
strength equation. Although significantly better predictions were made with this modified
approach, it’s application is arbitrary (not backed by actual constant amplitude fatigue data)
and thus the generality of the method is questionable.

In addition to often providing highly non-conservative estimates of fatigue life, using Miner’s
rule means predicting lifetimes in order to calculate the required strength knockdown for an
acceptable probability of failure over the lifetime. Implicit in this approach is that the mean
predicted lifetime must be much larger than the actual desired lifetime for an acceptable
probability of failure. Philosophically, predicting residual strength distributions over the
desired life of a structure to determine the appropriate strength material knockdown is more
logical. This approach could also enable more accurate analysis of the structural reliability
if rare large stress events that exceed the residual strength are present.

Another difficultly in calculating the probability of failure using linear damage accumula-
tion is that the distribution of A is typically unknown and would require extensive variable
amplitude fatigue test data on realistic loading scenarios to determine. Thus, most analyzes
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have made assumptions about the shape and distribution of A that are not well supported
experimentally. By comparison, residual strength models have often been extended to cal-
culate the distribution of residual strength and, if the distribution of applied loads is already
well characterized, the failure criterion can be easily defined in terms of the stochastic inputs.

A residual strength based limit state function takes the form:
GX,7)=5(X,7) —o(X,7) (5.8)

where S,.(X,7) is the residual strength, o(X,7) is the applied stress and X contains pa-
rameters defining the time history of loads and the material response to those fatigue loads.
G, S, and o are shown as explicit functions of generalized time, 7, to emphasize that the
limit state, and thus the probability of failure, changes over time as the residual strength
decreases. Failure can occur at any point in time when the applied stress exceeds the current
strength.

A challenge to applying most residual strength models in reliability-based design is that they
can only consider one dominant failure mode, either tension or compression, selected prior
to the analysis. By comparison, linear damage accumulation does not consider the failure
mode explicitly and the life is determined by when D > A. For a residual strength model
that calculates both the tension residual strength S; and the compression residual strength,
S., two limit state functions GG; and G, are required to describe failure:

Gi(X,7) = Sy(X, 1) — 0y(X, 7) (5.9)
and
Go(X,7) = S(X,t) — 0.(X, 7) (5.10)

where S; and S, are the residual tensile and compressive strengths of the material subjected
to applied tensile stresses o; and o.. The probability of failure in this case will be given by:

Py = P[G, < 0UG, < 0] = P[G, < 0] + P[G, < 0] (5.11)

5.2.5 Tension and Compression Residual Strength Model

Recently, Post et al. [3] proposed a new residual strength model that calculates the tension
and compression residual strengths of an FRP composite subjected to an arbitrary series of
peak and valley stresses. The final version of this model (hereafter “TC model”) as presented
for deterministic analysis of residual strength was:

Fri(n)® =1- i(ﬂF (7)) (_ 1 )m (- Fatg®) ) (5.12)
T A Fr - 1) No(Far(i), Ri_y) '
and
- v/Ae (1 _ Fq,(7)Ce) "/ Ae
Pl =1 [;Wac“” (F;m) Om@i&x %) (5.13)
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where F'ry = S;/Sus is the normalized tensile residual strength, Sy, and Fr. = S./||Syesl|
is the normalized compressive residual strength, S.. The residual strength is calculated
in terms of the peak, o,, and valley, o,, normalized applied stresses, Fa; = 0,/Sus and
Fa, = 0,/Sycs. Tension failure is defined by Fr, < Fa; and compression failure is defined
by Fr. < Fa,.

In Equations 5.12 and 5.13, material constants A;, C}, A., and C. control the shape of
the tensile and compressive residual strength curves under constant amplitude while x and
y are interaction parameters that control how changes in tensile and compressive strength
accelerate the degradation of the other. The tensile strength is assumed to only decrease
under an increasing tensile stress and compression strength is only reduced under a decreasing

compressive stress so:
1 for Fa>0

5(Fa):{ 0t Faco (5.14)

N; and N, are the constant amplitude cycles to failure under the component of the applied
load that is pure tensile or pure compressive stress respectively and calculated based on Fla,
and Fa., and R 1 = 0u(i — 1)/o,(i), or the reciprocal R-ratio, V; = 0,(i)/0,(i) respec-
tively for the i*" cycle. Using V, the reciprocal of the R-ratio, for compressive loads avoids
numerical difficulties with evaluating equations at R = oo.

| Nf(Fa;,R) for R>0

Nt(Fat,R)—{ Ne(Far0) for R <0 (5.15)
B H(Fae,V) for V>0

NC(FaC,V)—{ NeFar0) for V<0 (5.16)

N(Fa,R) is the constant amplitude fatigue life defined by linear interpolation (similar to
the Goodman method) of the tension-tension and compression-compression fatigue regimes
anchored using measured S-N curves (typically at B; = 0.1 and V5 = 0.1 (R3 = 10). Fatigue
life curves are taken to follow a power law relationship

logN =ajlogFa+b;, j=1,3 (5.17)

where a and b are fit to the experimental fatigue data at each R by minimizing the linear
least squares error in the log N direction. For linear interpolation of the constant life plot in
the tension-tension and compression-compression regimes, we can show that:

Fa2(1 - Rz) “

N} (Fay, Ry) = 10" Py (B — ) (1) (5.18)
where
ou(i — 1)
Ry = 6(0,(i — 1)) e (5.19)
and _
Fay = 210 (5.20)
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Likewise Fa,(1 V) as
N*(F — 10 G- — 21
where (0
o,(1
Vi =6(—0,(i))-2 5.22
= 0o (522
and )
Fay = 20 (5.23)

SUCS

Although the mathematical description of the TC model is complex and requires the input
of 12 material parameters {Syis, Sucs, a1(R1), b1(R1), as(V3), bs(V3), Ay, Cy, Ae, Ce, x, y}, its
application to any loading sequence of peak and valley stresses is straight forward by iterative
computation of Equations 5.12 and 5.13 while keeping track of the inner summation. The R;
T-T and V3 C-C normalized S-N curve parameters, a1, b1, as, and bz, may be fit to constant
amplitude fatigue data using linear least squares on a log-log representation of the data.
Reversed fatigue loads are treated as a variable amplitude fatigue with each tension followed
by a compression cycle and then another tension cycle. A;, C;, A., C., x and y are selected
to provide reasonable fits to constant amplitude T-T and C-C residual strength data and
fatigue life data under reversed T-C fatigue. This has been demonstrated by Post et al. in
[3]. Unlike the Palmgren-Miner rule and many earlier residual strength approaches, the TC
model does not require a series of closed hysteresis loop cycles as its input. Instead, fatigue
damage is effectively calculated based on half cycles, o,(i — 1) — 0,(i) and 0,(i) — 0,(7).
Thus any load sequence, defined by its local maxima and minima points may be used as an
input. Rainflow analysis is not required or desirable because the model will depend on the
relative order of tension and compression stresses.

The present work extends this model to stochastic prediction and then considers the analysis
in the context of a reliability-based design to determine the load and resistance factors.

5.3 Calculating the distribution of residual strength

The first step to including the TC residual strength model in a reliability analysis is to
determine a method for calculating the distribution of residual strength under a given load-
ing history. Potentially, all 12 material parameters could be treated as stochastic variables.
However, determining the distributions and correlation of these parameters experimentally
would be difficult so we simplify the approach by incorporating the strength-life equal rank
assumption (SLERA). The results are compared to experimental data for reversed and spec-
trum fatigue loading to assess the accuracy of these assumptions.

The SLERA term was first used by Chou and Croman [70] and explicitly means that
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where Fg, and Fly are the cumulative distributions of initial strength and life, and the k"
percentile specimen has strength Sy and life ny [70]. Several residual strength models have
been introduced in probabilistic formulations that explicitly use both the distributions of
fatigue life and initial strength including those by Yang and colleagues [80]. Schaff and
Davidson [78] used the SLERA principle and chose to do an empirical curve fit of the spread
of the residual strength distribution based on the initial strength and fatigue life distributions.

Post et al. [76, 77] showed that a reasonable prediction of the residual strength distribution
was calculated for constant and variable amplitude fatigue loading cases with a normalized
residual strength model by treating only the initial properties as stochastic variables. In this
simple tensile fatigue loading under one R, Post et al.[77] used a residual strength model
that can be derived as a simplification of the TC model:

A
n . 1
Fr(n)=1- 2; (1— Fa(i))"* NTFa[) (5.25)
where
N(Fa) = 10°Fa® (5.26)

Parameters A, a and b were taken to be non-stochastic material constants and were given
the best fit values to the data using the median initial strength in the calculation of F'r
and Fa. Then the distribution of F'r for a given loading could be calculated by using the
input of the initial strength distribution to define a series of trials with different S, and
known cumulative probability rank values. Because N is a function of Fa = 0,/Sys rather
than just o,, the residual strength distribution will spread as the fatigue progresses and
the distribution of fatigue life has been shown to approximate that of the data. Philippidis
and Passipoularidis [16] also demonstrated this method of calculating the residual strength
distribution for several residual strength models applied to constant amplitude fatigue.

A similar approach can be used with the TC model by taking the initial tension strength, Sy,
and initial compression strength, S,.s, as stochastic variables and all other model parameters
as deterministic material constants. Comparison of the model fatigue life distribution results
to experimental data assess the effectiveness of this simplification. The statistical correlation,
P(Sutss Sues), of Surs and Sy remains a significant unknown in this analysis. Unfortunately,
it is impossible to determine p(Sys, Sues) €xperimentally because each quantity can only
be measured using a distractive test. As the damage and failure modes on a microscopic
level are different for tension and compression loading of composites, it is likely that the
tension and compression strength are not perfectly correlated, however the level of correlation
remains unknown. As a first step to addressing this unknown, we will perform Monte-Carlo
simulations to calculate the fatigue life distribution with p ~ 1 (Sys and Sy perfectly
correlated) and p =~ 0 (Syus and Sy.s independent) for several reversed fatigue loads. The
results are compared to estimates of the actual fatigue life distribution from experimental
data.
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We used a set of data collected at Virginia Tech that is publicly available at [5], hereafter
called the “VT8084” data set. This material is a [0/+445/90/-45/0]s laminate consisting
of 10 layers of woven roving E-glass with a rubber toughened vinyl ester matrix (Ashland
Chemical Durakane 8084). The VT8084 material was primarily intended for naval ship hull
construction. The data set includes quasi-static tension and compression strength measure-
ments, constant amplitude fatigue life and residual strength under R = 0.1, R = —1 and 10.
Variable amplitude fatigue cases include Rayleigh distributed loading with 95% autocorre-
lation (degree of load ordering, see [2]) and a nominal R = —1. The fatigue frequency was
held constant for all tests at 5 Hz. In most cases, at least 10 replicates of each test have
been performed so estimates of the underlying population distribution can be obtained.

The strength data was fit using a two parameter Weibull distribution [83] defined as:

lmwzl—wpk(éﬁj (5.27)

where F'(x) is the cumulative density function, Sy is the location parameter and « is the
shape parameter. The values of o and Sy are estimated by calculating a median rank Py 5
of the strength of each specimen [161]:

_j—03
 m+0.4

Py 5o (5.28)
where j is the sorted rank of the data and m is the total number of data points. Then a
linear least squares fit is found for In(In(1/(1 — P))) vs. In(S). The resulting slope is a and
the Sy may be calculated from the intercept, B as:

So = exp [?] (5.29)

Because of the limited number of experimental samples, there will be some uncertainty in
the calculated o and Sy values for each set of results. A 95% confidence interval on o and Sy
was determined to provide a measure by which to compare them to simulated values. The
range of this confidence interval can be calculated by:

o = o ex —0.78 % 1.960 e o ox 0.78 % 1.960 o (5.30)
— Ceale p \/ﬁ calc p \/m - .
—1.05 % 1.960 1.05 % 1.960
;= calc calc =S 31
Sy = So.cal exp< P ) < So < So.cal exp( - ) Ss (5.31)

where m is the number of data points used when calculating the distribution parameters
Qeale and SO,calc [161]

The distribution parameters for initial tensile and compression strength are given in Table
5.2. The remaining model parameters were selected based on the fitting analysis performed
in [3] and are given in Table 5.3
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Table 5.2: Initial tensile and compressive strength distribution parameters calculated from
experimental data

; + - +  o-
calc calc
# of replicates | a a o | Socac (MPa) S5 S

Suts 33 25.7 33.5 19.7 354 359 349
|| Sues|| 30 26.2 34.7 19.8 305 310 301

Table 5.3: TC model parameters for the VT8084 data set

Parameter Value ‘ Parameter Value
Ry 0.1 A, 0.2
ay -6.881 C 7
b 1.546 A, 0.6
Vs 0.1 C. 10
as -14.60 T 2
b3 0.4530 Y 25

If Sus and S, are taken to be independent random variables that follow the distribution
given in Table 5.2 then it is not possible to know the resulting rank of a residual strength
or fatigue life calculation from the model explicitly and a Monte-Carlo style simulation is
required to calculate the resulting fatigue life distribution. This simulation was implemented
in Java, using the standard library Math.random() random number generator to create a
series of initial strength values. For each simulated specimen, these strengths were calculated
as:

Suts = SO,uts exXp |:(_ ln(l - u))l/ams] (532)

Sucs = SO,ucs €xXp [(_ hl(l - ’U))l/aucsj| (533)

where u and v are uniform random numbers on [0,1]. For p ~ 0 separate random numbers
are generated for v and v while v = u for each specimen when p ~ 1. The correlation of the
tensile and compressive strength for the simulated was always within 10% of the desired value.
The fatigue life can then be calculated for each of these trials and the resulting distribution
parameters ay and Ny are found by fitting the Weibull distribution to the fatigue life using
the same method as for actual experimental data.

To give an example of the computational time required for this model, running on an Apple
PowerBook G4 with a 1.8 GHz. processor, a TC model calculation of a variable amplitude
fatigue life for approximately 10° cycles takes about 8 seconds. If we were to simulate fatigue
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lives on the order of 10 cycles to failure, each model evaluation would take about 2 hours
on this computer.

5.4 Simulation Results and Discussion

5.4.1 Monte-Carlo refinement

To determine the required number of simulated specimens, a series of constant amplitude
fatigue life simulations were performed for R = —1 with a maximum stress of 97 MPa. For
these simulations, the initial tension and compression strength were taken to be uncorrelated.
The an and Ny results calculated for each simulation run are plotted in Figure 5.2. While
there is a large amount of scatter in the resulting distribution parameters for 10 and 50 sim-
ulated specimens, 100 or more provide fairly uniform results. Thus, to limit computational
time, 100 simulated specimens will be used for the following comparisons.

N cQ N Ny (cycles)

10 A A NO - 30000
9 -
+ 25000
8 1 A AA A AA A A
7 A
+ 20000
6 - o
5 4 + 15000
4 - 8 8 g 8 8 8 & o
;. o 1 10000
21 1 5000
1 .
O 1 1 1 1 O
1 10 100 1000 10000 100000

Number of simulated specimens (log scale)

Figure 5.2: Monte-carlo simulation refinement for T-C model of R=-1 fatigue to failure with
a peak stress of 97 MPa and p ~ 0. Horizontal lines are for reference only and show ay =4
and Ny = 23000)
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5.4.2 Evaluation of initial strength correlation and model accu-
racy

To evaluate the effect of correlation between the initial tension and compression strengths,
simulations with p = 0 and p = 1 were run to calculate the fatigue life at several stress levels
for R = —1 constant amplitude loading. The predicted SN curves for 0.05, 0.50, and 0.95
probability of failure are shown in Figure 5.3 and the ay and Ny values for the simulations
and experimental results are compared in Figures 5.4 and 5.5. Overall, both simulations
provide results that are usually within the 95% confidence interval of the experimental dis-
tribution parameters. The simulation with p = 1 results in a broader distribution of fatigue
lives and in general the oy values are closer to the experimental results. As a result, assum-
ing p =1 also will result in a more conservative estimate of reliability because the lower life
tail of the distribution will be greater as shown in Figure 5.6. We note that at the lowest
stress levels, the correlation between the initial tensile and compressive strengths does not
appear to have a significant effect on fatigue life and the model gives a conservative result
compared to experimental data.

F
o, (MPa) pIn
145 ----1, 0.05
AN --1, 0.95
135 4 TN 1, 0.5
125 - ) -—0, 0.05
115 ——20, 0.95
105 0, 0.5
+ Experimental Data
95 A
85 A
75 A N~
Lo d
65
55 4
45 T T T \
100 1,000 10,000 100,000 1,000,000

cycles to failure N (log scale)

Figure 5.3: S-N curve plot of R=-1 constant amplitude fatigue data with TC model simula-
tion results for 0.05, 0.5 and 0.95 probability of failure assuming p =0 and p =1

To ensure that this conclusion is also applicable to spectrum loading, we consider the case
of a 5000 cycle Rayleigh distributed fatigue load with an autocorrelation of 0.95 (see [2] for
details) repeated until failure at three time-history RMS stress levels. The RMS S-N curve is
shown in Figure 5.7 and the experimental and simulated o and Ny values are compared in
Figures 5.8 and 5.9. Again, we find that the results generated by assuming 100% correlation
between initial tensile and compressive strengths are the most satisfactory.
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[1Experimental values
[Simulation Correlation=1
¥ Simulation Correlation=0

103 97 86
o, (MPa)
Figure 5.4: Comparison of experimental and simulated shape parameter, ay, for R = —1
constant amplitude fatigue life distributions. Error bars indicate a 95% confidence interval
on ay.
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Figure 5.5: Comparison of experimental and simulated location parameter, Ny, for R = —1

constant amplitude fatigue life distributions. Error bars indicate a 95% confidence interval

on No.
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Simulation correlation=0
= Simulation correlation=1
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Figure 5.6: Example of cumulative probability of failure from each simulation and the ex-
perimental data for R = —1 constant amplitude fatigue

Based on this empirical evidence, it is acceptable to assume full correlation between the initial
tensile and compressive strengths. It is conceivable that by including more variability in the
model parameters, this conclusion would change; however as the model performs very well for
both the reversed constant amplitude and Rayleigh distributed loading spectra, especially at
lower stress levels, we conclude that this simple statistical application is adequate to describe
the material behavior, at least for these types of loadings. Assuming that the ultimate
strengths are correlated has a significant advantage for reliability calculations because the
SLERA will now hold true for the tension-compression model. Thus, rather than simulating
the entire range of initial strengths, we only need to perform calculations for the probability
rank strengths that are expected to fail. This greatly reduces the computational time for
calculating the probability of failure during long lifetimes.

5.4.3 Application to reliability analysis

Finding the LRFD parameters ¢ and « for a specified design situation and required reliability
is an iterative process. Values of ¢ and v are selected, the probability of failure is calculated,
and ¢ or v is adjusted until the desired reliability is obtained. With the TC model approach,
based on Equations 5.9 - 5.11, the analytical calculation for the probability of failure is:

1= / ”0 /0°° [fra (@) Fpr (2, T) + fro.(2) Fra. (2, 7)] dedr (5.34)

where fp,, and fp,, are the probability density functions of the normalized applied peak
and valley stresses, F,, and FFp,, are the cumulative probability functions of the tension
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Figure 5.7: S-N curve plot of nominally R = —1 Rayleigh spectrum fatigue data with TC
model simulation results for 0.05, 0.5 and 0.95 probability of failure assuming p = 0 and

p=1
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[:]Simulation Correlation=1
& Simulation Correlation=0

42.1 32.8 27.8
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Figure 5.8: Comparison of experimental and simulated shape parameter, ay, for nominally
R = —1 Rayleigh spectrum fatigue life distributions. Error bars indicate a 95% confidence
interval on ay.
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Figure 5.9: Comparison of experimental and simulated location parameter, Ny, for nominally
R = —1 Rayleigh spectrum fatigue life distributions. Error bars indicate a 95% confidence
interval on Nj.

and compression residual strength as a function of time, and 7; is the design life of the
component. If we assume an average applied frequency, fj, then time can be measured in
terms of cycles with the design cycles, ng = fo7a.

It is reasonable to assume that the probability density function of applied loads is constant
with respect to time. Interchanging the order of integration yields:

00 ng Nd
Pr= [ trat) [ Fonoontant rao) [ Froonan] @ 539
0 n=1 n=1
Thus it is only necessary to simulate the specimens trials for the cycle range 1 < n < ng. In
general, F'r; and F'r. depend on the load history in addition to the probability distribution of
applied loads. Because of this interaction, exact calculation of the probability of failure from
Equation 5.35 requires a Monte-Carlo simulation where both the percentile of initial strength
and the spectrum load order sequence are considered random variables. First and second
order reliability methods are not applicable because the limit state function is in terms of
time as well as the design variables and depends on the loading sequence. Typical design
lives for high cycle fatigue structures like ship hulls and wind turbines blades range from 107
to 109 cycles and desired probabilities of failure may be on the order of Py < 1075. In order
to accurately assess the probability of failure, a huge number of simulation runs (> 10%) will
be required. Due to the length of a realistic design life, the TC model fatigue calculations to
determine if failure occurs for each simulated specimen and load history will take a minute
to a few hours on a modern computer. Thus the computational time required for such a
simulation would be very high and would require parallel processing on a supercomputer to
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complete the analysis in a reasonable amount of time. Statistical sampling biasing techniques
may be used to reduce the number of simulations required. Instead, we present an alternative
approximate method that greatly reduces the number of model evaluations required.

The proposed method for determining ¢ and ~ based on the TC model makes the assump-
tion that the distribution of residual strength does not depend strongly on the location of
occasional rare events in the time history. This assumption is supported empirically by exper-
imental fatigue results including the high-to-low and low-to-high spectrum loading performed
by Post et al. [2, 77] that resulted in statistically identical residual strength distributions.
Also, the conclusion by Nijssen et al. [139] that the WISPER spectrum is considerably more
damaging than WISPERX implies that the lower fatigue stress levels are significant and per-
haps dominate in the fatigue degradation of the material because of their high occurrence
frequency. Because fatigue failure is dependent on the current applied stress as well as the
residual strength, the following approach will only be valid if all of the stress histories have
an approximately constant distribution of extrema over the lifetime. This assumption was
also previously included in deriving Equation 5.35.

The traditional LRFD approach only accounts for one failure mode at a time. Thus, if we
consider both tensile and compressive failure, we need to consider both

¢§ut5 Z 757& (536)

and _
Ol Suesll = 77| (5.37)

in the design process where the nominal tensile and compressive resistances are taken as the
mean tensile strength, S, and mean compression strength, S,.;. The nominal load values
o, and 7, could be taken as the mean or the root mean square (RMS) of the peak and valley
stress extrema distributions for the applied loading. As 0, < 0 or ¢, > 0 do not contribute
to the calculated tensile and compressive residual strength degradation respectively, such
extrema points should be excluded from the calculation of the nominal loads. As only one
design environment is considered, ¢ and v will be the same for both tension and compression
failure modes and will be calculated based on whichever failure mode is critical for the design
and loading applied.

The previous discussion of Equation 5.35 leads us to consider the determination of the resis-
tance factor ¢ and the load factor v separately, reflecting variability in the material behavior
and the effect of different load histories respectively. The TC model with p(Syis, Sues) = 1
will obey the SLERA for a given applied load history so the percentile, p, of a fatigue failure
is equal to the percentile of the initial strengths of that specimen. For example, the fatigue
model analysis could be performed starting with the Fg,; = p = 107% percentile initial
strength and the resulting life, N, will be the Fiy(N) = p = 107% percentile life. Thus, for
a defined load sequence and desired reliability, we only need to run one model analysis to
determine if the specimen fails prior to ng given an initial strength percentile equal to the
desired probability of failure, a starting value of ¢. For this part of the analysis, we will



Nathan L. Post Chapter 5. Reliability based design 125

assume that v = 1. If the specimen fails prior to ng, then ¢ should be decreased and the
model run again until N > ng4. If the specimen does not fail before n, is reached, ¢ can be
increased. This process is shown conceptually as a life vs. ¢ plot in Figure 5.10. Only a
handful of iterations should be required to arrive at a value of ¢ that gives approximately
the desired reliability. The calculation so far only applies to one load sequence and the ¢
that was determined is dependent on the material variability and the change in the residual
strength over the fatigue life.

0.5 -
0.4 - N(P =
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1 1,000 1,000,000 1,000,000,000

cycles to failure N (log scale)

Figure 5.10: Conceptual representation of the first step in the reliability analysis to determine
¢ for the desired probability of failure p and life ny. Values of ng and ¢ are fictional and are
provided to improve for clarity of the figure.

In general, there are an infinite number of possible load sequences, even if they all follow the
same distributions, fr,, and fr,., and have the same autocorrelation between the extrema.
Because the TC model is load order dependent for reversing fatigue loads, and because
the spectrum fatigue failure will be highly dependent on the occurrence of relatively rare
extreme stress events, the probability of failure over the design life will vary as a function
of the load history simulated. To assess the impact of the variability in load history, a
series of load histories following the underlying distribution and autocorrelation should be
simulated or potentially measured experimentally. For each load history, the probability of
failure over the design life can be determined by iteratively selecting different percentiles of
the initial strength distribution until the specimen fails at the design life. These Py points
will approximate the distribution of probability of failures for any load history sequence.
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We envision that this distribution may be approximately Gaussian as depicted in Figure
5.11. The average probability of failure, P, is the probability of failure for the design if
each simulated load history has an equal probability of occurring. If Ff is less than the
desired probability of failure then v should be increased and the previous analysis repeated
until the desired Py is reached. Because only the mean of the distribution of Py is required,
only a small number of load sequence simulations (on the order of 10) are required and
a suitable value of v for the desired probability of failure could be found after a handful
of iterations. Thus, the entire process of determining ¢ and v for a desired probability of
failure is performed using 100 to 200 model evaluations. Computationally, this entire process
is reasonable and would take at most a few days on a single personal computer, even if each
model evaluation lasted several hours to calculate failures over a design life of 10° cycles.
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Figure 5.11: Conceptual representation of the distribution of P generated by repeated
simulation of the load history. Values of P; and fp, are fictional and are provided to give
clarity to the figure. Comparison to the desired P; enables v to be determined.

The proposed method is an approximate calculation of the theoretical probability of failure
given by Equation 5.35 because the interaction between the distribution of material prop-
erties and the relative reduction in strength caused by the simulated load histories is not
included. Although the calculations are performed in terms of fatigue lives, occasional rare
extreme stress events, even if they only occur in a fraction of the simulated load histories,
will be accounted for because they will shift the distribution of Py calculated in the second
stage higher. Thus, care must be taken when selecting the underlying distribution of the
applied loads, especially if very long stress histories are to be simulated. If an infinite distri-
bution, (e.g. Rayleigh or exponential) is used, then for a long stress history, it is probable
that a single peak exceeding even the initial strength will exist unless an extremely small ¢ is
selected. Therefore, other design considerations should be taken into account before blindly
applying such a load distribution to this analysis. For example, perhaps a different compo-
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nent will fail first if a specific stress value is exceeded and relieve the stress on the component
of interest in the design problem. Alternatively, the failure of a different component at an
extreme load level might cause catastrophic failure of the entire structure in which case we
are no longer concerned with the survival of the component of interest. Or perhaps there
are some physical constraints on the maximum loads. In any of these cases, the distribution
of applied loads might be truncated at an extreme value. In contrast, traditional fatigue
reliability analysis only relies on the computation of the average damage rate and will not
be affected significantly by rare extreme events so the use of an infinite distribution model
for the applied loads does not significantly affect the resulting probability outcome.

5.5 Conclusions

This paper presented the probabilistic treatment of a model for calculating the residual
strength distribution of tensile and compressive strength of a composite material as a func-
tion of an arbitrary load history. The application of this model to reliability-based design
was discussed and a computationally efficient approximate method for calculating LRFD
knockdowns was described. The proposed residual strength approach has several significant
advantages over the traditional fatigue analysis for reliability-based design:

1. Any simulated or experimentally measured load history described as a series of local
extrema can be used as input without Rainflow analysis.

2. The tension and compression failure modes are handled explicitly so rare extreme events
are significant in determining the probability of failure. As a result, care must be taken
when selecting an infinite theoretical distribution to represent the load distribution for
a long stress history.

3. Variation in the load sequence is included in the assessment of the probability of failure.

4. The variability in material behavior is treated separately from variability in the load
sequence.
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The four papers presented in this dissertation provide a logical progression toward an im-
proved reliability-based design methodology for fatigue of composite materials subjected to
in-plane axial spectrum fatigue loading.

6.1 Review and comparison of variable amplitude fa-
tigue models

In Chapter 2 analysis of present models in the literature showed that several of the recent
approaches for variable amplitude block loading fatigue are not applicable to generalized
spectrum fatigue. A comparison of 12 approaches that could be applied to a generalized
spectrum showed that the simple linear residual strength approach (Broutman and Sahu)
provides an overall improvement in fatigue life prediction compared to the Palmgren Miner
rule or other damage accumulation laws. More complex “non-linear” residual strength degra-
dation models provided better results than Broutman and Sahu in some cases, but overall
were not consistently better and the additional requirements for empirically fitting data are
a disadvantage. We also noted that the the residual strength approaches previously available
are only capable of calculations for one failure mode (either tension or compression) while
the damage accumulation approaches do not explicitly consider a failure mode and thus they
do not handle rare extreme stress events accurately.

6.2 Evaluation of load order effects by autocorrelation

Chapter 3 was focused on experimental evaluation of the impact of load order in the residual
strength and life of FRP composites under spectrum fatigue. Evaluation of load history
randomness by the first order autocorrelation of stress events was proposed. Because most
of the models presented in Chapter 3 provide a load order independent calculation of the
residual strength, understanding if and when the degree of randomness in the sequence
of a spectrum load becomes significant is critical if these models are to be successfully
employed. Previous experimental data and replicated fatigue tests as part of this research
showed that for an extreme case of a totally ordered spectrum compared to a totally random
sequence of the same loads under nominal R = 0.1 tension-tension fatigue load sequence,
the randomization had a dramatic impact on the residual strength and fatigue life. The
behavior of the highly random spectrum was not captured by residual strength models in
this case. However, for fully reversed Rayleigh distributed spectrum loads over a wide
range of autocorrelations and for the semi ordered primarily tension standard spectra like
WISPER and WISPERX there was no evidence of load sequence impact on the fatigue
results. While the factors that affect when load sequence is particularly detrimental to these
composites remain unknown, this research did show that for approximately reversed fatigue
under Rayleigh distributed loading, load sequence was not critical in the material behavior.
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Thus we proceeded to consideration of a residual strength-based modeling approach that
does not explicitly account for “cycle mix” events.

6.3 Development of the tension and compression resid-
ual strength model

Chapter 4 makes the case for a fatigue model that can track the change in both tension
and compression residual strength under a general loading. Based on observations of em-
pirical data and a discussion of the micro-mechanics deterioration and failure phenomena of
FRP composites under fatigue loading, a new residual strength “T'C model” was proposed.
The model couples the rate of tensile residual strength degradation to the current residual
compressive strength and vice versa. Reversed constant amplitude fatigue cycles are treated
as spectrum fatigue cases containing first a tension cycle followed by a compression cycle
and so on. For variable amplitude fatigue loads containing both tension and compression
stresses, the model results will be dependent on the load history. The new model contains 12
material parameters that must be selected so that the model provides a good representation
of experimental constant amplitude fatigue data. Then residual strength, fatigue life, and
the final failure mode can be predicted for any load history based on the series of local stress
extrema. Traditional Rainflow analysis to reduce a spectrum to a histogram of complete
hysteresis loops is not required. As a result, the spectrum load order is maintained when
performing analysis with the new model. Results showed very good agreement to experi-
mental data in two material systems for a Rayleigh distributed spectrum and the WISPER
spectrum.

6.4 Implementation of the TC residual strength model
for reliability-based design

The final step toward reliability-based design was proposed in Chapter 5. First a stochas-
tic implementation of the new TC model was considered. Based on Monte-Carlo simula-
tion results compared to experimental data under constant amplitude and Rayleigh dis-
tributed reversed fatigue loads, it was found that the distribution of fatigue life could be
adequately represented by taking the initial tension and compression strengths as 100%
correlated stochastic variables and the remaining 10 model parameters as deterministic ma-
terial constants. To precisely calculate the probability of failure over a design life for a
given stochastic description of the applied loads, a computationally expensive Monte-Carlo
simulation would be required because the fatigue response and failure criterion both depend
on the history of applied loads which is itself randomly generated. Instead, an approximate
method was proposed by separating the resistance knockdown factor required to compensate
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for the fatigue degradation and variability in the material from the load factor required to
compensate for variability due to the applied spectrum fatigue history. This method will
enable calculation of the load and resistance factor design parameters with relatively few
model evaluations while still accounting for the impact of rare extreme events. The pro-
posed approach has several advantages over traditional lifetime damage sum accumulation
reliability analysis, however, the definition of the applied load distribution will have to be
considered carefully with regard to the occurrence of extreme stresses that may exceed the
initial material strength.

6.5 Summary

This dissertation has developed a process for computing reliability-based design knockdown
factors for an FRP composite under axial spectrum fatigue loading given a desired component
reliability. The method proposed requires readily collected constant amplitude fatigue data
for the laminate of interest to fit model parameters and a stochastic definition of the applied
loads and load history order that the structure is expected to experience. Thus, a new
methodology based was proposed that could provide a significant step forward for reliability-
based design of composite material structures. Future work will be required to evaluate the
accuracy of this approach in various situations and to provide specific applied examples.

6.6 Future work

Although it is impossible to prove the accuracy of an empirically fit model for all possible
load cases, further experiments on load spectra designed to evaluate the impact of tension
and compression damage and failure mode will help to build confidence in the TC model
approach. These experiments could include spectra with primarily compression cycles that
include occasional tension cycling, broadband (multiple frequency) and non-Gaussian dis-
tributed fatigue loading, and further measurements of both tension and compression residual
strength under various spectra loads. The results of these experiments will serve to extend
the range where we have confidence in the TC model or bound that range by determining
situations where the model is less effective.

We know that the TC model, like its simpler tension only version used in previous efforts,
does not adequately describe the fatigue process for a long histogram spectra when it is
applied in a random order. It is still unclear why the randomized loads cause so much more
fatigue damage than the order loading in this case while under a shorter repeated spectra,
load order did not make a detectable difference in fatigue life. Future experiments on mid-
length spectra and different histograms may provide information that will help to explain
these observations.
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Simulations for various example cases will be required to assess the accuracy of the approx-
imate method for calculating reliability knock-downs proposed in Chapter 5. For a given
load spectra (for example, Rayleigh distributed reversed loading) and desired probability of
failure the load and resistance factors can be calculated using the proposed method. Then a
Monte-Carlo simulation can be performed to calculate the probability of failure with those
load and resistance factors and the result compared to the desired probability of failure. For
unrealistically high probabilities of failure and shorter lifetimes, experiments might also be
run to empirically verify the probability of failure.

There are many other factors including moisture, temperature, UV exposure, biaxial stress
states, out-of-plane loading, stress concentrations, etc. that were not considered in the
present analysis but may impact the composite degradation and thus the probability of
failure. Inclusion of these additional impacts and the possibility of interaction with fatigue
damage progression will need to be considered in the development of comprehensive compos-
ite structure reliability calculations. The proposed residual strength approach is well suited
to extension for the inclusion of other degradation phenomenon.
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This appendix describes the material system, and test methods used in making and com-
paring model predictions for the VT8084 material system. The data has been compiled as a
Microsoft Excel workbook and is publicly available for download along with this dissertation

5].

A.1 Material

The composite material used was manufactured at Virginia Tech by vacuum assisted resin
transfer molding (VARTM). The fiber reinforcement was Vetrotex 324 woven roving E-glass
which has a 5:4 bias in the warp direction and the layup (denoted by warp direction in each
layer) was [0/+445/90/-45/0]s. The matrix material was Ashland 8084 vinyl ester resin (30%
styrene) with the cure package by weight consisting of Norox MEKP-925H peroxide initiator
(1.5%), Cobalt napthenate catalyst (0.3%) and N, N-dimethyl aniline retarder (0.025%)
resulting in a gel time of 50-70 minutes. Following a 24 hour cure period under ambient
conditions, the material was post-cured for 4 hr at 82°C. Material was manufactured in a
series of batches under identical procedure, each producing a 0.9 m by 0.9 m panel 0.613 cm
thick that was then cut into specimens. A diamond tile saw was used for initial cutting
of the specimens to nominal 2.6 cm wide by 15.2 cm long blanks. These blanks were then
ground on the long edges to provide parallel sided specimens 2.540 +/- 0.002 cm wide. All
specimens were cut so that the loading was in the 0 fiber direction. The cross sectional area
of all the specimens was taken to be 1.558 cm? based on the average of area of 40 randomly
selected specimens (very little variation was noted).

A.2 Experimental procedure

Testing took place using several 90 KN (20 kip) MTS servo-hydraulic load frames with
hydraulic wedge grips. The load-frame servo-valves were controlled by MTS 407 controllers
operated in external input mode. The desired load voltage signals were created by a custom
LabView program and National Instruments PCI-6221 M series DAQ card that also recorded
the load and strain response data. The gage length between the grips was maintained
at 5.0 cm to insure that compression failures would occur by crushing rather than global
buckling.

The distribution of initial quasi-static stiffness and strength were determined by breaking
about 30 specimens each in monotonic tension and compression using load control with
a loading rate of 667 N/s. Subsequent constant amplitude fatigue to failure tests were
performed with T-T, T-C, and C-C R-ratios of 0.1,-1, and 10 respectively. The frequency
was maintained at 5 Hz. for constant and variable amplitude fatigue testing. In all cases, a
continuous sinusoidal driving fatigue loading waveform was created by fitting a cosine curve



Nathan L. Post Appendix A: Fatigue experiments 147

between each peak and valley and then that valley and subsequent peak such that the slope
of the curve was zero at each load reversal point.

The LabView program used for driving constant amplitude fatigue tests incorporated a
feedback loop that monitored the resulting peaks and valleys and adjusted gain factors to
multiply the driving signal peak and valley until the desired maximum and minimum loads
were achieved. As the specimen stiffness degraded and the machine response changed, the
program continuously updated the gains to maintain the desired loads. The MTS 407 PID
gain tuning parameters were adjusted manually until the resulting load waveform was as
close to a sinusoidal shape as possible. For variable amplitude loading, it was found that the
required gain was a nonlinear function of the load applied. An algorithm was developed that
dynamically adjusted gain functions, defined as continuous and piecewise linear on 2.22 KN
intervals, based on how close the past cycles were to the desired loads. Using this algorithm,
the peak and valley loads were generally maintained within +/- 133 N of the desired loads,
a level of error that was considered acceptable as it is on the order of the noise in the load
signal.

A.3 Fatigue modulus data

During fatigue, the peak and valley stress and corresponding strains are recorded for each
cycle. Then the secant fatigue modulus, £y, is calculated as:

where o,(n) and o,(n) are the peak and valley stresses of the n'" cycle and €,(n) and €,(n)
are the strain recorded at those peak and valley stress. Then a normalized modulus is
calculated for selected fractions of the fatigue life (or applied cycles for a residual strength

measurement):
Buorm () = % (A.2)

where N is the maximum number of cycles applied during the test and F/(1) is the secant
modulus of the first cycle. These values are tabulated in the data set for most of the fatigue
tests at various fractions of life.

A.4 Experimental data

The experimental test types are described as follows. Details of the applied spectrum fatigue
loads are provided on separate worksheets within the data workbook. The random version



Nathan L. Post Appendix A: Fatigue experiments 148

of the POST2007 spectrum is provided in terms of normalized values as a text file because
the 735,000 cycles exceed the limit of an Excel Workbook.

e STT Quasi-static tension loading to failure

e STC Quasi-static compression loading to failure

e CA Constant amplitude fatigue to failure

e RST Tensile residual strength after constant amplitude fatigue

e RSC Compressive residual strength after constant amplitude fatigue

e PRST Premature fatigue failure of specimen intended for RST measurement
e PRSC Premature fatigue failure of specimen intended for RSC measurement

e RAY #.#+# Nominally fully reversed Rayleigh distributed spectrum loading fatigue to
failure where #.#+# is the autocorrelation of the absolute value of extrema

e RAYRSC_0.95 Residual compression strength measurement under nominally fully re-
versed Rayleigh distributed spectrum fatigue to failure with a 95% autocorrelation of
successive extrema.

e POST2007HL Highest to lowest histogram stress spectrum residual strength measure-
ment based on [77]

e POST2007LH Lowest to highest histogram stress spectrum residual strength measure-
ment based on [77]

e POST2007R Randomized version of the histogram spectrum residual strength mea-
surement based on [77]

e RAYr0.1_#.## Nominally R = 0.1 spectrum fatigue with Rayleigh distributed peaks
equal to the corresponding RAY _#.## spectrum and following valleys fixed at R = 0.1

e N2CHIST An additional ordered histogram fatigue loading case

e N2CHISTRSC Residual compression strength measurements under the N2CHIST spec-
trum fatigue
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VT8084 Data

The entire fatigue data is provided in Microsoft Excel Workbook format and can be down-
loaded along with this dissertation from [5].
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