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Abstract

This dissertation discusses a new approach to spline approximation. A periodic
spline approximation fif. n(z) = SN, ardmi(z) to a periodic function f(z) is
determined by requiring < ¢, ;, f — fmymn > = 0for 7 = 1,..., N, where the
¢ x’s are the unique periodic spline basis functions of order L. Error estimates,
examples and some relationships to wavelets are given for the case M —m = 2pu.

The case M — m = 2u + 1 is briefly discussed but not completely explored.
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Chapter 1

Introduction

Often one wishes to approximate a function f(z) by another function f,(z). One
way to approximate f(z) is by letting f,(z) be, possibly, a different polynomial on
different intervals [¢;_1,&]. 2 =0,1,..., N. The values ¢; are called nodes or knots.
Such a function f,(z) is referred to as a piecewise polynomial. If each polynomial
section of f,(z) has degree no greater than M — 1 and f,(z) has M — 2 continuous
derivatives, then f,(z) is called a spline of order M. This approximation technique
resembles a physical process that has been used by drafters. By attaching weights
to a thin rod, called a spline, the drafters cause the rod to pass through a given set
of points. The resulting curve traced out by the spline not only passes through the
given points, but it also smooths out as much as possible between the points. This
drafters’ technique has led to today’s study of spline approximation. For additional

information see Ahlberg. Nilson and Walsh [1] and Johnson and Riess [8].

One way to construct a spline approximate f,(z) to f(z) is to require f,(z) to
equal f(z) on some given set of values z;, 7 = 0,1,...,N. The values z; are
called interpolation points. In this case, f,(z) is called a point interpolate of

f(z). Schoenberg [12] has shown that if M is even and the interpolation points



to the nodal points §; then f,(z) is unique. Similarly, Schoenberg has also shown
that if M is odd and the interpolation points x; are the midpoints of each interval
[£:21,&] then again f,(z) is unique. For details see Schoenberg [12]. Additional
information can be found in Ahlberg, Nilson and Walsh [1]. From Prenter [11] and

Schultz [14] we have that even order (odd degree) splines have an error estimate of
I fO2) = fO@) | < e b7 | f (@) |-

Here || - || is the Ly norm, k is the length of the longest interval and f € C™[a, b].

For ease of computation, the order of the spline approximation f,(z) is usually kept
low. Also, if the nodal points and interpolation points are identical, even order
splines are generally used. Specifically, much work has been done in the analysis
and construction of splines of order 4. Such splines are called cubic splines. Further

information on cubic splines can be obtained from Johnson and Riess [8].

Frequently one selects the nodal points &; to be equally spaced. This allows one to

easily compute a set of splines. called B-splines, that form a basis from which all
other splines can be constructed. The function ¢pri(z). k=1,2...... V represents
the basis functions for splines of order M, Powell [10]. We then have a unique

representation

N
[a(z) =) ardm(z).
k=1

With this notation we can describe another approach to finding a spline approx-
imate f,(z) to f(z). The Galerkin approximate is determined by requiring

< dmif—fo>=0, 73 =1.2,...,N where < f,g > is the L, inner product



< é¢mjf—fo>=0, 7=12,...,N where < f,g > is the L, inner product
< f,9 >= [ f(z)g(z)dz. For more information see Botha and Pinder [2]. This
method is also called the least squares approximation because it yields the best

approximate with respect to the L, or square norm , deBoor [6].

The B-spline basis functions of order L + 1 can be obtained from the B-spline basis

functions of order L. One construction method is

rr1x(z) = N/x [bLk(s) — DL it1(8)] ds.

Tg—1

For additional ways to construct ¢y, s see Schoenberg [12], Prenter [11] and Chui

[4]. In this notation, ¢ox(z) = 8(z — z;) = .

-

Using this definition of @0 - we can define another approach ro approximating f(z)
by a spline function f,(z). The collocation method, see Botha and Pinder [2],

for constucting f,(z) is determined by requiring
<bp.f—fa>=0, k=1,2,...,N

with f,(z) = E;V:I a;énm j(x). That is,

<6 f—f.> = /[f(x)—fa(:c)]6(x—;vk)dx (1.1)
= f(zx) — fa(zk) (1.2)
= 0. (1.3)

Hence, the method of collocation is equivalent to requiring f(.t)) = f,(xy), which is



These last two examples of collocation and Galerkin methods suggest the method
of approximation that will be examined in this dissertation. We are searching for a
periodic spline function f,(z) = fmmn(z) = Z;'V:x a;¢um j(z) to a periodic function

f(z). To calculate far.,. v we will require
<¢m,k,f'—fM7m,N> :O, k:1,2,...7N.

Notice, if m = M this method produces the least squares or Galerkin approxima-
tion. Also, as we have seen, if m = 0 and M is even, this method produces the
point interpolate of f using even order (odd degree) splines and interpolation at the

nodal points.

The intermediate cases 0 < m < M will be developed in this document. We first
show that if 0 < m < M the approximate fasn, n is well-defined. We then focus on
the cases M —m = 2u. In the cases M =4,m =0,2,4and M =5.m =1,3,5 a few
sample functions f(z) are approximated and the results are plotted. Also using the
restriction M — m = 2u a connection is made with wavelets. For more information
on wavelets see Daubechies [5] and Meyer [9]. This new method of approximation
leads to the construction of biorthogonal wavelets which are computed and the
results are plotted. Lastly, it is shown that this method, with M — m = 2u has an

error estimate of
1 FO@) = fifmn(E) | < 2P0 (k4 1)8RE || 7049 (2) |

with 7 =0,1,...,(g—1) and &k = K+1 where either m+pu = 2K or m+pu = 2K +1.



Although this is rather a rough estimate, if M is even and m = 0, this estimate is
comparible to the known estimates for odd degree splines, at least in the case j = 0.

However, the derivative estimates are not as tight as those already known for odd

degree splines.



Chapter 2

More Background Information
On Splines

In the following material we will let I denote the interval [0.1) with the point 0 and
1 identified with each other, thus creating a periodic domain. We will also assume
that NV is a positive integer and construct the uniform partition of / determined by

the nodes

k=0,1,2,...,N —1.

X =

Similarly, for any z € I, we let I* = [z,z + 1), with z + | identified with z. In
agreement with the periodic structure of I we identify z, and r; if k —j is a multiple
of N: thus, z¢ is the same as zy. We will follow the same convention in dealing
with other quantities comparably indexed. Hence, if f(z) is a function defined on /

and we let fi = f(z:). then fi is identified with fiy,,n for anyv integers k and m.

We denote by Sar n the vector space of periodic spline functions which are piecewise
polynomials of maximum degree M — 1 over each subinterval [, = [z4,zx41) With
the j** derivative, j = 0,1,..., M — 2, being continuous at each of the nodal points

zg, M,N = 1,2 . .. Further, we define So x to be the vector space of distributions,



each element of which is a linear combination of the Dirac measures é; with support
at the nodal points {zx} for £k = 0,1,2,..., N — 1. We will see that this is a very
natural extension from positive values of M to the value M = 0. Also, we will

always assume that for all values of M being considered, N > M + 2.

We define ¢px, k=0,1,2,...,N—1, M > 0, to be the unique spline basis [1],
[14] for Sy N consisting of spline functions of order M with support confined to the
interval [z, zx+m| and such that

/;¢M,k($) dz = /:HM dmi(z) dz = 1.

k

When. M =0 6o is just 8k, the (unit) Dirac measure with support {z\}. Also, for
example, ¢ i is the step function which has the value N on the interval I and is

equal to 0 outside the interval Ij.

Theorem 1 For Al =0,1,2,..., k=0,1,...,N—1, and ¢ € [z4—1,T4—1 + 1) =

I%%=1 we have

or+1k(T) = N/I [PrM.k(S) — PMmk+1(5)] ds.

Tk—1
In the case M = 0 this integral is interpreted in agreement with the theory of
distributions. In addition, the lower limit xx-; could be replaced by any ¢ not in
the interval [z4.zsa741]- Furthermore, it should also be noted that an equivalent

statement appears in Chui, Chapter 1 [4].

Proof.  Recall that &gy is 6, the unit Dirac measure with support {z;}. Thus

~1



do,k+1 1s the unit Dirac measure 8441 with support {zx4+1}. Hence,

/:_ [fok(s) — doks1(s)] ds = /:: [6k — bk41] ds

0 z € [Tr_1,Zk)
= 1 z € [xs, Tht1)
0 =z S [Zl’k+1,$k+2]

Integrating again over the interval I, and noting that the interval of support is

contained in [z_1, Te42], We have

/;/r:l[d’o,k(s) — Sok41(8)] ds dz = /z / ) [¢0k s) — dokt+1(s)] ds dz

/Ik 0dx + s ldz + JBHzOd:::

k—1 Tk Thk41

I

= [e1 — a] + [Tr41 — zi] + [c2 — o]

1
= Tk+1 — Tk = 7\7

Thus, if the above integral is multiplied by N we have normalized the integral. That

is, the function f(r) where

=N Li_l [fo.k(s) — doks1(s)] ds

is a polynomial of order 1 (degree 0 or constant) on the interval [z, zx41] and has
integral equal to 1. Thus f(z) meets our description of the spline basis function

é1..(z). Hence. the formula
ovasl@) = N [ [8als) = dwsn(s)] ds (2.1)

is valid when going from @ to ¢ k.

09]



Next, assume that formula (2.1) is valid for M = 0,1,2,...,L — 1. To complete our
proof by induction we must show that we can obtain ¢ 41 () from formula (2.1).

Since this formula is true for M = 0,1,2,..., L — 1 we know that

$L1(@) = N [ [gr1pls) = buoren (s)] ds

is a spline basis function of order L. Hence, we have

‘/IqﬁLik(:c) dz = 1.

Define the function f(z) as follows:
flz) = N/: [bLk(8) — PLk+1(s)] ds.

Since the support of op x is [Tk, zk4+1] and the support of @p ki1 1S [Th1, ThtLt1)

the support of f(z) is contained in the interval [zx_1, Zx+L+1]- Next, consider

/z Y f2) da

k—1

= /xk+L+1 N/‘” [pri(s) — dris1(s)] ds dx
- N,/ o / [bLk(3) — b ks1(s)] ds dx.

i

[ 1) ds

Exchanging the order of integration yields

/;M“ flz)dr = N/:jw /mm[%k(s)_(/)LM](S)] dz ds

k—1 s

= f\[‘/xziki»lxi-l {[¢L,k(5) - ¢L7k+1(8)] (‘T‘H—L-l-l _ 5)} (lS.



Since

[bLk(8) — PLas1(8)] (ThL41 —5) = Thpr10Lk(S) — ThyLt1BLk+1(S)

— s¢Li(s) + sPLk41(8)
we have

Tk4+L+1 Tk4L+1 Tk+L+1
/ flz)dz = Nzpipp / d’L,k(S) ds — Nzpypa / bLk+1(s) ds
x Tr_1 Thk-1

k—1
— A/\/'/ZH’IAF1 S¢L k( dS + N/ e S,O/L'k+1 (S) ds

Tk—1
= N -Zrppy1° 1 =N - Zpypqa - 1

Tkt L+1 Tk+L+1
- N / shLi(s) ds + N / 561 ks1(s) ds

k=1
k+L+1

= -\ / e sdri(s)ds + N/ soLks1(s)ds.

Continuing, we note that oy x41(s) is the function ¢ x(s) shifted to the right by a

distance of % That is, or z+1(s) = P k(s — —) Hence,

TkyL+1 Tk4L+1 1
N/ sopk+1(8) ds = N/ sop k(s — TJ ds.
T Tht Fa)

k—1

Using the change of variable t = s — ﬁ we have

Tk4L+1 Tk+L
N/ soprls1ds = N/ ¢LA( ) di

= N t¢>L,k(t) di+ [T opat) dt

ZTk—2 Ti_2

Tk4L
— N/ 1o (t) dt + 1.
Tr—-2

10



Thus

/Ik+L+l f(L') de — -N-/‘l‘k+L+l Sd’L k(s) ds+ N k4L t<f)L,k(t) dt +1
- rijL
= 1+N/ tori(t dt——N/ PLk(s) ds
= 1.

The next to last equality follows from the support of ¢, x(z) being the interval

[-’Ck, iEk+L]~

Therefore, since f(z) is a polynomial of degree L on each subinterval, has L — 2
continuous derivatives, and f; f(z) dz = 1, f(z) must be ¢r414(z), the spline basis

function of order L + 1. Thus, our proof by induction is concluded. [ ]

Next, consider being given M > 0. Let m = M — 2u, where p is a non-negative

integer, be such that 0 < m < M. Clearly m is even (odd) if and only if M is even

(odd).

Given M, m,u as above. we note that the center point of the interval of support
of @ar is the same as the center point of the interval of support of ¢, k4,.. Thus,

these two spline basis functions, though of different orders, are centered relative to

each other.

Definition 1 Let f be a continuous function defined on I. Given M and m as

- .
above, we define Py x [ = farmn, where fyrmn = Zi\:o aron .y € Sy 1s the

11



M -th order spline function satisfying
<¢m,k7 f_fM,m,N >m = [], kIO,l,Q,...,N—I.

Here, for any function g continuous on I,

[; bmi(z) g(z)dz m >0

< ¢m,' y §2m =
ko9 { g(zk) m = 0.

We will henceforth suppress N when that integer has an understood value.

We see that far,, is an M-th order spline approximation to f determined in a par-
ticular way, depending on the value of m. If M is even (corresponding to odd degree
polynomial pieces) then 0 is a permissible value of m. In this case faso is just the

point interpolate of f by M-th order splines.

To see why this last statement is true, consider the case M even and m = 0. Then

to form the approximation fyso we require the inner product
< ok, f—fmo>0 = 0.
Breaking up the inner product, we have
< ook, f>0 = <ok fmo >0 -

Using the definition of < -.- >y and recalling that @¢ is the Dirac distribution



with support {z;}, the above equation reduces to

f(zk) = fmo(ze)

which is precisely the definition of point intepolation. Corresponding to a term used
in the numerical solution of equations, we also might refer to faro as being the ap-

proximation to f obtained via collocation [11].

By contrast, m = M , which is always admissible since it corresponds to u = 0,
corresponds to the Galerkin or the least squares approximation method with the
operator Py being simply the orthogonal projection of f ento Sps relative to the

inner product in L?[0,1] [11].

Now, if M is odd (corresponding to even degree polynomial pieces) then m =1 is
an admissible value of m. In this case, forming the approximation far; requires the

equations

<ok, f>1 = <k, fua >

to hold. Calculating the inner product < -,- >; we have

/él_;_-(r) f(z) dz :/Iél,k(x) Fraal) de.

I

Since ¢ ¢ is equal to A" on the interval [z, zx4+1] and zero elsewhere. the last equation

above reduces to

/:"3 Nf(z) dz = /:“ N fa1(z) dz.

13



Dividing both sides by N yields

/x o f(z) dz = / “ Fara(z) da.

k T

That is, if M is odd and m = 1 then we are in essence requiring that the integral of
the approximate fa; and the integral of the actual function f agree on each interval

[zk, Tk+1]- We shall refer to this as integral interpolation.

Recall that Sps is the vector space of M-th order (degree M — 1) periodic spline
functions. Contained in Sy is the subspace S%, consisting of M-th order periodic
splines whose intégral over the interval I = [0,1) is zero. We will denote by D
the differentiation operator applied to differentiable functions defined on [0,1). We

observe that
D : S_\[ - 524_1: M = 1,2,3,...

1s onto. Here. Sy is a space of Dirac distributions with supports confined to the

nodal points {zx}, k =1,2..... N. We define the restriction of D 1o S}, to be Dy

and observe that
. Q0 0
Do:S% — S%_,

is also onto and thus is invertible. Hence there is an inverse (integration)
-1. @0 10
Dy Sy, — Sy

which is also onto.

14



Next we notice that
Nlpmr — dmus1] = —Admx € Sy (2.2)

This can be seen from observing that, since [émi(z) dz = 1 as well as

J dmp41(z) dz =1, we have

/[¢M,k($) — dmpp(z)]dz=1-1=0.

With (2.2), our recursion formula now reads
Smare =1+ D' [—Admp] = Di'[—~Adaral.

If we take £ to be any point in [0, 1) lying outside the interval (zx, Zx4r41) it is easy

to see that
Saa14(z) = D [=Adaa(@) = [ 1= Adwrals)] do

for z € [€,£+1). (Note that if ¢ were in (zk, Zk4m+1) the second and third elements

of the preceding formula would differ only by a constant.) Given any f € S%, which

is a linear combination of the —Ad¢ps 4 , that is, given

N-1
=72 c[-Adml,
k=0

we can then define a particular antiderivative of f :

N-1
Di'f =) aDr' [-Adumul.
k=0

The antiderivative Dy f could be defined similarly and will differ from D;! f by a

15



constant function.

Using the fact that
Sk = D7 [—Adumul,
we can see that
m2x = DT ADT Admk

for k=0,1,..., N — 1. Also, we notice that
AD;'Admy = Dy AAGpsx = D Aldpr i

so that now

Srmrak = D72 A dpr i

for k=0,1,2,..., N — 1. Similarly,
OMauk = (=1)*Dr" A" bar k.
A special case of this is obtained for M = 0. In this case
Suk = (—1)"Dy" A g . (2.3)
Writing ¢ = A + v we have

éu,k = ¢A+u,k - (‘I)AD;/\A/\(ZSV,IC (24)

16



for k=0,1,...,N — 1.

Let us summarize the significance of these last two formulae. Applying D* to formula

(2.3) we see that
D*¢p = (—1)* Ao,

showing that the p-th derivative, in the distribution sense, of ¢, is (—/N)# times a

Dirac distribution
“ -
-1 (4 ) s

whose coefficients are the same as those of the binomial expansion of (z — 1)#. Here

the (—N)* factor comes from the definition —Ad¢prr = N[oami — drk+1)-

Formula (2.4) is a generalization; applying D* we obtain
D/\Qbu,k = (_I)I\A/\qﬂu—/\,k,

showing that for 0 < A < p the A-th derivative of ¢, is (—N)* times a linear

combination of the ¢,_ k4a—; :

2 /O
Z(—I)J ( ; )cﬁu—x,kﬂ-a’

whose coefficients are also the same as those of the binomial expansion of (z — 1)*.

17



Let f be a periodic M-th order spline, i.e. f € Sp. Then we have
N-1

f=3" csom,
k=1

which enables us to identify f with the N-vector ¢o whose components are cf for

k=0,1,...,N — 1. Each derivative f(**) of f can then be written as

N-1

A =3 S dpork

k=0

so that, relative to the functions ¢pr—y k, f (M) can be identified with the N-vector cy
with components ¢§, k =0,1,..., N — 1. Our previous work now shows that for

0 <A< M —2 we have
Cr+1 = —Ngc,\,

where £ is the N X N ‘circulant’ matrix

[ -1 0 0 0]

- 0 0 0

e_| 0 0 -1 0 0 0
0 0 S0 -1 1

1 0 o -0 0 -1

Theorem 2 Let f be defined and integrable on the interval I = [0,1]. Given a
positive integer M and a non-negative integer with m, 0 < m < M, such that

m = M —2u, where p is a non-negative integer. Then there is exactly one function

18



fMmm € Sm such that
[ bl ftan(@) = f(@)] do =0, k=0,1,...,N = L.

Proof. The assumed integrability of f shows that

b= [ bmale) S(a) do

i1s well defined, k¥ = 0,1,..., N — 1. It is clearly enough, then, to show that the

corresponding homogeneous ‘moment’ equations

[ $sl@) rim(@) do =0, k=0,1,...,N =1,

have fa,m(z) = 0 as their only solution. Since fas, is assumed to lie in Sp, let us

write
N-1
Sum(z) =) a; dumi().
7=0

Now, since we have the ‘partition of unity’ identity

1 N-1

N :4;0 (ﬁm,k(l') =1

it follows that, on one hand we have,

‘/;f‘,”‘m(_r) dr = /Ime(:B) - 1dz (2.5)
] N-1
= ‘/IfM.m(x) N kgo ¢m,k(x) dz (2'6)
N-1
::%;ﬁmwwmaww (2.7)

19



= 0. (2.8)

This last equality is due to the fact that we are assuming the moment equations are

homogeneous. We also see that

N-1
/I Fuam(z) dz = /1 gaj dr.i(z) do
N

= T o [ duste) d

1=

N-1
7=0

= 0.

If we denote by aa.m the N-vector with components «; and let ®s,,,, be the matrix

whose k, 7-th entry is

jRorrors (2.9)

then the moment equations are equivalent to
(I)M,m QM om = 0 (210)

Integrating equation (2.9) by parts and using the periodicity of the ¢’s we have

/I¢m,k+u($) or;(z)dz = Dy'[$muk+u(2)] dnmi(2) 1220 (2.11)
— [ PP @) Dl (@) do (2.12)
= -*/IDII[¢m,k+u($)] D(én i(z)] dz.  (2.13)
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Replacing k£ by k + 1 in this formula we have

S, bmicrrentz) oms(@) de = = [ D7 mprsn(@)) Dlbu(e)l do. (214)

Subtracting formula (2.13) from formula (2.14), multiplying the difference by N and

then using the fact that —Admtuk = N[Pm k4. (T) — Pmk+144(2)] € Sm, we find that

18 bnsin@)] dras(@) dz = = [ D7 [Abmpanz)] Dlbws(z)] da
= [ bmsrirn(@) [Adrir ()] do

Referring to the matrix £ defined earlier, this shows that
& q)M,m = q)M-—l,m+1 £.

Repeating this process p times and using the fact that, since m = M — 2y, we have

M — p=m+ pu, yields
E* Optn = PrM—pyman E = Prngpmen EX- (2.15)
Clearly, then

Prfr OMm =0 — E* Opr oy =0

= Popumin € amm =0,

Since the ¢mypuk, k=0,1,..., N —1, being a basis for S,,,, are linearly indepen-

dent, their Gram matrix ®,, 4, m+, 1s nonsingular. Hence, we conclude that

E* apgm = 0. (2.16)
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Now, once again consider the matrix £. We have rank(£) = N — 1. To see this,

recall that
[ —1 1 0 - - -0 0 0]
—1 1 - - -0 0 0
e=| 0 0000
0 0 0 - - -0 -1 1
1 o o0 .- - -0 0 -1 ]

Determining rank(€) requires reducing £ to upper triangular form [3]. To reduce £

to upper triangular form we first add row 1 to row N. This yields the matrix

(-1 1 0---0 0 0
0 - .. -0 0 0
M| O - -qoo
0 0 S0 -1 1
0 1 o0 0 0 -1

(—1 0 -0 0 O

0 - 1 -0 0 Q

M, = 0 —1‘ . 0 0 o0
o 0 o0 - 0 —1 1

| 0 0 1 -0 0 -1

Continuing in this way M3 is M, with row 3 added to row N, My is M3 with row 4
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added to row N, etc. After doing this N — 2 times we have the matrix

My_, =

My =

[ —1

(=T

1 0
-1 1
0 -1
0 0
0 0

1 0
-1 1
0 -1
0 0
0 0

o

o

o

0
0
0

0

From this last matrix we see that rank(My) = rank(€) = N — 1.

Next, let r; represent the i-th row of the matrix £. Similarly, let c; represent the

7-th column of £. Then, we see that

N-1 N-1
rn = Zr,—anch: ZCJ"
=1 7=1

Thus,
£ = £.¢
r;
= . [ C; C2
N1
L rN -

CN-1 CN ]
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_ r .
Iy
= : [ C; Co
rn-—
N-1
| 2= T
[ rh-¢ Iy -Co
r,- ¢ rz-Cz
IN-1"C; rnN-i-C2
N-1 N-1
| (i) a (& )-c

Here, a - b is the usual dot product.

2 - (Z5'r) ena (

N-1
cN—l EJ:] cj

r;-CN-1 ry - ( }']Z:El c;)
ry - CN-1 ry- (ij_ll c;)
rnN-1-CN-1 rnN—1- (Z;'V:_ll c;)

Nt (S5 ) |

Now, consider the (N — 1) x (N — 1) principal submatrix [7]

ry- ¢ ry-C2 rp-Cn-1
ry - € I; - C Iy -CN-1
S =
| IN—-1-C1 TN-1-C2 IN-1°"CN-1 |

Since the rows r;, for : = 1,..., N — 1 are linearly independent and the columns c;,

for j =1,...,N — 1 are also linearly independent, the matrix S has rank (N —1).

Hence rank(£?) > (N —1).

Next, notice that the last row of the matrix £2 is the sumn of the first (N — 1)

rows and that the last column is the sum of the first (N — 1) columns. Therefore,

rank(£?) = (N — 1). Thus we have rank(€?) = rank(€). This argument can be

continued to include all powers of £. That is, for all p > 1, rank(£?) = rank(€) =
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(N —1).

Therefore, since rank(£*) = rank(£) = (N — 1) and all of the columns of £ are

orthogonal to the N-vector (1,1, --,1)T, equation (2.16) together with the earlier

result
]
(04
N-1
Zaj:[l,l,“-,l] =0
7=0
[ ON_1 |

shows that apm = 0. Hence, we have that the homogeneous moment equations have

only the trivial solution, and the proof that fa, is unique is concluded. ]

Before moving on we wish to note that equation (2.15) indicates that if M —m = 2u
then our approximation technique is equivalent to least square approximation of the

p-th derivative of f. This will be further explored in the error estimates.

Next, let us further explore the properties of the matrix @y ,,.

Theorem 3 If M — m is even, then the matriz ®ps,, is symmetric and positive

definite.

Proof. Symmetry is a consequence of the symmetry of the basis functions ¢,, x
and ¢p ; about the center point of their supports. Since a symmetric matrix is
positive definite if and only if all of its eigenvalues are positive, [7] we need to show

that all the eigenvalues of @,y ,, are positive.
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As equation (2.15) tells us,

ot (I)M,m = ¢m+u,m+u & (217)

From the partition of unity result we also have that the vector

[ 1]
v = q)M,m
- 1 -
[ < dM0, Pmtuo > < MOy Omtn1 > - < OMO;, PmtuN-1 > 1 ( 1
< ¢M,1, ¢m+p,0 > < ¢M,11 ¢m+u,1 > : < ¢M,l, ¢m+u,N—l > 1
| < OMN-1, Pmtu0 > < OMN-1,Pmiu1 > - < OMN-1, Pmiun-1 > ] | 1

< ¢M,07 @‘m-i-u,o >+ < ¢M,0’ ¢m+u,l >4...+ < ¢M,07 ¢m+;4,N-—1 >
< ¢M,1, @lm+u,0 >+ < ¢M,11 ¢m+u,1 >+...+< ¢M,17 ¢m+u,N—1 >

L < OMN-1, Pmtuo > + < OMN-1, Pmun > + ...+ < OMN-1, PmtuN-1 > |

N—
[ ico < $3M0s Pmtui >
N-1
j:O < é:‘!.l’ ¢m+u,j >

| SN < SmaN—t, bratug >

N
[ < o0 Z‘;ol Prntn; >
< I Do Pmtug >

N —
| < dMN-1, L0 Prtuj > J




[ < ¢M,0,N > N
< ¢M'1,N > N 1
fread ) = = N
| <¢mn-1, N> ] [N ] [ 1]
Hence, the vector v. = (1,1,...,1)T is an eigenvector of ®p,, corresponding

to the eigenvalue N. Now, let A be an eigenvalue of ®s,, with eigenvector
c = (c1,¢3,---,cn)T such that c is orthogonal to v. Then from equation (2.17)

we have

ME*S) = £ (Ac)
— £ (B ©)
= (& Opm) C
= (Prmtum+n ) €

= ‘I’m+ﬂ.m+u, (guc)

so that £#c is an eigenvector of ®,,4, 4+, corresponding to A, and orthogonal to the
eigenvector (1,1,...,1)T of @, mip. Since @iy, is positive definite, A > 0.
It follows that all eigenvalues of ®py,, are positive; hence, ® s, is positive definite.

Theorem 4 Let f be defined and integrable on the interval I = [0,1]. Also assume
that f and its integrals are periodic. Given a positive integer M and a non-negative

integer m, 0 <m < M such that M — m = 2u + 1, where p 1s also a non-negative



integer. Then there is ezactly one function fpr,, € Sy such that

/]¢m,k($)[fM,m($) — f(z)]dz =0 k=0,1,...,N — L.

Proof. The proof of this theorem parallels the proof of Theorem 2. In following
the proof of Theorem 2, everything is the same until equation (2.10). At this point

instead of considering the integral

[ $rspsul)s(a) de

we substitute the integral

{ J1 OMtm k+u(T)Poj(z) dz m even
Jr dMsm—1k+u(z)d1,5(z) dz m odd

Continuing the proof of Theorem 2 with this substitution leads to equation (2.15)
being replaced by the equation
{ E™Opimo = OMim-mosmE™ = PprmE™ m even
E™ 1 Oram-11 = PMpmo1—(m-1)14(m-1)E™ " = ParmE™™ m odd
Now, since M —m = 2u + 1 we have that M +m = 2u+2m + 1. That is, M + m is
always odd. Thus we see that if m of even this approximation scheme is equivalent
to point interpolation, with odd order splines, on the m-th integral of f. If m is odd
this scheme is equivalent to integral interpolation with even order splines. Now since
we assumed that ¢,, x(z) was centered relative to dps x(z) we have that this is really
midpoint interpolation with odd order splines or integral interpolation using shifted
and even order splines. From [14], and [13] we have that midpoint interpolation

with odd order splines is well-defined and an adaptation of our previous proof will
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show that integral interpolation is also well-defined. Therefore, there is exactly one

fmm and our proof in concluded. [

While we have established that our interpolation scheme is well-defined for any M
and m, we have not yet been able to establish that this new matrix ®ps ., for M —m
odd, is positive definite.

In the a late chapter we will look into why the matrix ®,, needs to be positive

definite.
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Chapter 3

Applications

3.1 Coefficient Matrices

Suppose we wish to approximate a periodic function f(z) using periodic splines of
order M. In this situation, we are looking for a function that is a linear combination

of the spline basis functions @us j; that is, our approximation will be of the form
N-1
fMm(z) = 3 aj $m ().
J=0
Further, suppose we also require that our approximation fas,, satisfies the property
< ¢m,k,f - fM,m S>m= 0.
This requirement results in having

<¢m,k7fM,m >m = <¢m,k,f>m k:-O,l,...,N—l,
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where m is such that 0 < m < M and m = M — 2u. Then, if we let Ap,,, represent

the matrix whose z,; element a; ; is

a; = /, o i(2) I1a5(2) 4T = < Gty Brag >ms

as well as letting o and b be the N-vectors

( Qo 1 [ < ¢m,07f > ] [ f[ ¢m,0(x) f(:r) dz ]
ay < Pma, [ > Ir ¢m,1($) f(z) dz
a= . b= . = ) ,
[ an-1 | | < bmn-1,f>] | [1dmn-(2) f(z) do |

finding our approximation fa,, reduces to solving the matrix equation

AM,m a=>".

Consider the case of M = 4. In this situation, the acceptable values of m are

m = 4,2, and 0 corresponding to g = 0,1, and 2 respectively. Here we have

r 9416 1191 120 1 0 1 120 1191
1191 2416 1191 120 0 0 1 120
120 1191 2416 1191 0o 0 0 1
N | 1 120 1191 2416 O 0 0 0
e T S
0401 g g o o 2416 1191 120 1
1 0 0 0 1191 2416 1191 120
120 1 0 0 120 1191 2416 1191
1191 120 1 0 1 120 1191 2416 |
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Next we have

[26 1 0 0 0 1 26 66|
66 26 1 0 0 0 1 26
N 26 66 26 1 0 0 0 1
Agz = ol o S
0 0 0 O 66 26 1 O
0 0 0 O 26 66 26 1
| 0 0 O 1 26 66 26 |
Lastly, we have
[0 0 00 014 1]
1 000 0 014
N 4 100 0 0 01
A4’0 = '6— 1 4 1 0 0 0 O 0
0000 4 1 00
| 0000 141 0]
For the case where M = 5 acceptable values for m are m = 5,3, and 1 which
correspond to g = 0.1, and 2 respectively. Thus we have A;; = 3658803 where B =
[ 156190 88234 14608 502 1 1 502 14608 88234
88234 156190 388234 14608 502 0 1 502 14608
14608 88234 156190 88234 14608 0 0 1 502
502 14608 88234 156190 88234 0 0 0 1
1 0 0 0 0 156190 88234 14608 502
502 1 0 0 0 88234 156190 88234 14608
14608 502 1 0 0 14608 88234 156190 88234
L 88234 14608 302 1 0 502 14608 88234 156190 |
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We also have

1191 120 1 0

( 1191 120 1 0 1

2416 1191 120 1 0

1191 2416 1191 120 0

N 120 1191 2416 1191 0

A
53 = —— ; ) }
5040 0 0 0 0
0 0 0 0 2416
1 0 0 0 1191
| 120 1 0 0 120
Lastly, we have

[ 1 000 1 26
26 1 0 0 - 0 1
N 66 26 1 0 0 0
Asy = ol .
0 000 - 26 1
0 00O 66 26
| 0 000 - 26 66

3.2 Examples

120 1191 2416 ]

1 120 1191
0 1 120
0 0 1

1191 120 1
2416 1191 120
1191 2416 1191 |

Suppose we wish to approximate a periodic function f(z) using periodic splines of

order M. Recall that we are looking for a function that is a linear combination of

the spline basis functions ¢@as,;; that is, our approximation will be of the form

N-1
fMm(z) = Z a; ¢m,;()

Further, suppose we also require that our approximation far ., satisfies the property

<¢m,kaf1\f!,m >m = <¢m,k7f >m k:O,],...,fV—l,
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where m is such that 0 < m < M and m = M — 2p.

To calculate aj, j = 0,1,...,N — 1, as shown earlier, we must solve the N x N

linear system
Apyma=>b (3.1)
where, Ap m represents the matrix whose ¢, 5 element a; ; is

ai; = /, Smi(z) daa () da,

as well as, a and b represent the N-vectors

[ a0 ] [ Ji¥mo(z) f(z) dz ]
a J18ma(z) f(2) dz
Y . - .
[ an-1 | L Ji $mn-a(2) f(2) dz |

For our first example we will consider the case where f(z) is defined temporarily as

the step function

1 zel0,4]
f(z) =13 2 xE(%,%
1 ze(31]

For ease of understanding, let b,, represent the vector b associated with the matrix

Am.m mentioned in equation (3.1).
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Also, to make the calculations less cumbersome, let us redefine f(z) as

1 z€l,p]
f(z)=13 2 z € (p1,pa] (3.2)
1 z€(pg1]

In the definition, p; = Gr(£) and p, = Gr(2Y) where Gr(z) represents the greatest
integer function. Then for this function f(z) as defined in (3.2) we have for m = 0
the vector by has components

1 ] = 0, Y 4

B={2 j=(@i+1),...,p
1 j=(p2+1),...,(N-1).

For m =1 the vector b; has components

1 7=0,...,(;p— 1)
b{: 2 j:pl,...,(pz—l)
1 j:p2,...,(N—1).

Also for this function f(z) as defined in (3.2) we have for m = 2 the vector b, has

components
(1 j=0,...,(;m—2)
2i=m-1
=92 j=p1,---5(p2—2)
2 i=(p—1)
1 g=p2...,(N-1)
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If m = 3 the vector b3 has components

1 j=0,...,(p1—3)
% j=(P1—2)

T i=m-1
=<2 j=pi,---,(p2—3)
5 i=(2-2)

I i=m-1

1 j=p2-..,(N—-1).

/

For m = 4 the vector by has components

(1 j=0,...,(p —4)

B j=(m-3)
% j—‘—(Pl—Q)
2 I=(m—1)
B={2 j=p,-..,(p2—4)
2% 1={@2—3)

3 1=(@2—2)
3 J=2—1
\1 j:pg,...,(N—l).
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Lastly, using this function f(z) we have for m = 4 the vector by has components

(1 7=0,...,(p1 —9)
20 J=(p—4)

% J=(m—3)

20 1= —2)

120 j=(p1—1)
B=S2 j=p,...,(p2—5)
5 J=(p2—4)

20 J=(p2—3)

i I=(2-2)

30 J=(p2—1)

(1 j=ps...,(N-1).

We are now ready for some computer results. Figures 2.1-2.12, at the end of this
section, graphically represent the computer generated data. It should be noted that
in the following graphs the jaggedness around the values z = % and z = % is due to
the discontinuity of the function f(z) and not due to the numerical approximation
scheme.

mbox

For our next example let us consider the task of approximating the cubic spline

function
( %(I - zk)3
£+ N72($ — Tkt1) + N73($ — k1)’ — /\;(év — Zgq1)®
b4,20,40(T) = j 2—311 — N3z — z442) + —1\;-4(:1: — Tpyo)?
2
§ (@ —ar) + (2 — wrpa)” — (2 — oaga)
0

37



for ¢ € [zk,Tk41), T € [Thy1, Tht2)s [Th+2, Thts), [Thes, Thya] and elsewhere respec-

tively. Here £ = 20 and N = 40.

In the last example, we saw that the more spline functions used in the approximation,
the better the accuracy. However, in this example, we use a relatively small number
of spline functions. In fact, here we use only ten spline functions in each case. In
so doing the subtle differences in each type of approximation can be seen. These
results are represented graphically in Figures 2.13-2.18 found at the end of this
section. Two graphs that combine the results of Figures 2.13-2.15 and Figures

2.16-2.18, respectively, can be found at the end of the chapter on error estimation.
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N=50, sample = 175
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Figure 3.1: Approximation of step function with M =4,m =4 and N = 50
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N=150, sample = 500
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Figure 3.2: Approximation of step function with M =4.m =4 and N =150
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N=50, sample = 175

2.2 ] L -1 T T 1 L ¥ T
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Figure 3.3: Approximation of step function with M =4, m =2 and N =50
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N=150, sample = 500
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Figure 3.4: Approximation of step function with M =4,m =2 and N = 150
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N=50, sample = 175
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Figure 3.5: Approximation of step function with M =4,m =0 and N =50
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N=150, sample = 500
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Figure 3.6: Approximation of step function with M =4, m =0 and N = 150
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N =50, sample = 175
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Figure 3.7: Approximation of step function with M =5, m =5 and N =50
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N = 150, sample = 500
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Figure 3.8: Approximation of step function with M = 5,m =5 and N = 150
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N =50, sample = 175
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Figure 3.9: Approximation of step function with M =5,m =3 and N =50
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T N = 150, sample = 500
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Figure 3.10: Approximation to step function withM = 5,in =3 and N = 150
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N =50, sample = 175

2.2 ] rJ L 1 1 ] ] L T

1.8 1

1.4f i

1.2+ 1

0 8 1 l | { I L 1 1 ) I L

o 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 3.11: Approximation of step function with M =5,m =1 and N = 50
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N = 150, sample = 500
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Figure 3.13: Approximation using M =4, m =4
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Figure 3.14: Approximation using M = 4, m = 2
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Figure 3.15: Approximation using M =4,m =0
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Figure 3.16: Approximation using M =5,m =5
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Figure 3.17: Approximation using M =5,m =3
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Figure 3.18: Approximation using M =5,m =1



Chapter 4

Dual Wavelets And
Multiresolution Analysis

Let us denote by S;, N, or just S,, when N is understood, the vector space of m-th
order periodic splines on [0, 1], the point z = 1 being identified with z = 0 in the
usual way. For 0 < m = M — ), where ) is a non-negative integer, we let ¢, «
and ¢px be the standard b-splines, both centered at z; (thus the nodes are at the
half intervals if M — m is odd), £ = 1,2,..., N. As usual, we identify k = 0 with
k = N. We also denote by ¢;(x) the N dimensional column vector function whose

k-th component is the b-spline ¢; x(z).

We have seen in our earlier work that the matrix
1
atm = [ dm(@)dm(a)" do

is always nonsingular. When M —m = X\ = 2u is even, we have also seen that this
matrix is positive definite. We suspect that this is also true when M — m is odd,
but we have not yet proven it. We note also for the record that ®,,, is a circulant

matrix.
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The M, m approximant in Sy N to the periddic function f(z) defined on [0,1] is

The vector of coefficients ¢ is determined by
1 1
| #n@oue) doc= [ 4n(@)f(@) da.
That is

c= 03, | L () f(z) dz = / (@) f(z) da

where the components s, x(z) of the N dimensional column vector function
Ymm(z) constitute the dual basis in S, for the original basis in Sy consisting
of the components of ¢pr(z). These enjoy the property of biorthogonality relative to

the ¢arr(x), expressed by the relation
1
| ¥rim(@)tm(@)" dz = I

where Iy is the N x N identity matrix. That is

;s hpnsalz) de = b= { e

When m = M we would use the term orthonormal rather that the term biorthogo-

nal.
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We are familiar with the fact that the functions @ i(z) are highly localized with
respect to z (as localized as piecewise (M —1)-st degree polynomials can be without
being zero). When the 1., j(z) are computed they can also be seen to possess a
degree of localization — more pronounced as m gets smaller — but they are less local-
ized than the ¢ark(z). The ¥ar,. ;(z) have a very characteristic oscillatory form and
they decay exponentially, with exponent depending on N, as z moves away from

their center-point z;.

A compromise between the degree of localization of these dual basis functions can be
realized in the following way if we know that the symmetric matrix @y, ., is positive
definite (as we know when M — m is even). Since ®ps,, is symmetric and positive
definite, so is its inverse ®3/,.. For ease of notation, define P = ®3/,.. It can be
verified that P is also a circulant matrix. As a positive definite symmetric matrix,
P has a positive definite square root matrix Pz which is also a circulant matrix [15].
Since P commutes with ®,s,,, so does Pz. Thus from the relation Oy mP =1 and

the symmetry of P we have
Pi®y,. P2 = (P2)* ®p, P3 = 1.

Since
I = P; /1 ¢ (.‘17 é (.‘1:)* d:l:1 ; = /1 g x 9 (Z‘)' dl}
m ) M M,m( ) M m L

the component functions oas . j(z),06Mmk(z) remain dual bases relative to each
other in L?[0,1]. The functions oarm ;(z) are functions in S,, and the functions

On,mk(z) are functions in Sas. It will generally be seen that the oy, ;(z) are more
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localized than the tps(x) while the Opr,,(z) are less localized than the @asi(z).
The reason for this is quite simple; multiplication of a vector ¢ by a circulant ma-
trix A amounts to descrete convolution of the row vector a against ¢. That is, we
have a * ¢. In general this is a de-localizing or blurring process. If p is the basic
row vector of P and q is the basic row vector of Pz, then p = ¢ * ¢, from which it
follows that p should be less localized than ¢. Thus we should not be surprised to
find that the ¥arm j(z), which are translates of p* ¢,,(z), are less localized than the
OM,m,j(z), which are translates of ¢ * ¢,,(z). In Daubechies’ book the ¥psm ()
and @pi(z) are called biorthogonal scaling functions of Battle-Meyer type. These
are translation invariant in the sense that ¥pm j(z + N7') = ¢prm j-1(z) with a
similar relation holding for the ¢px(z). The functions o ;(z) and Oprmx(z) have
this same property of translation invariance. We might want to call them balanced
dual scaling functions. Biorthogonal sets of translation invariant scaling functions
serve as bases for a dual wavelet analysis, or multiresolution analysts, of periodic

functions.

In order to get to the multiresolution aspect of wavelent analysis, let us suppose
that V = 2” where v is a positive integer. Typically 2 is quite large; 1024, 2048,
4096, etc., are standard values used in practice. Correspondingly, let R, = R*".

The standard orthonormal Haar basis for R, consists of the vectors hg, hig, hoo, o1
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where

N%ho = all ones
N %hw = 2"7! ones, followed by 2“~! negative ones
Nizhgyy = 2v-2 ones, followed by 2“~2 negative ones, followed by 27! zeros

N2 hy = 2°7 zeros, followed by 2“2 ones, followed by 2“~2 negative ones

In general, for n = 3,...,v and for [ = 0,1,...,2"!, h,; consists of a block of 2"
ones, followed by a block of 2“~™" negative ones and starting at position (I —1)2*~"+!
all other elements are zeros. The vector is then multiplied by the scaling factor
1/(2v—+1)3.

Thus, except for the normalization factors, for v = 3 the vectors are

(11 1 1 1 1 1 1)
(1 1 1 1 =1 -1 =1 =1 )
(11 =1 -1 0 0 0 0 )
(00 0 0 1 1 -1 —1)
(1 -1 0 0 0 0 0 0 )
(0 0 1 -1 0 0 0 0 )
(00001—100)
(00 0 0 0 0 1 -1)

We will denote the components of h, by h¥,, k =0,1,...,(2* —1). These vectors

clearly form an orthonormal basis for R,, the Haar basis.

Now consider the maps H,., and Hps, from R, to S,, and Sy, respectively,

Hp:hER, — YN hrommu;
HA\IV :h € Ru - EQ;—()I hkgM,m,k-
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FFrom our construction it is clear that
(Homoh, HMVQ)L2[0,1] = (h,9)r.,
or, with * denoting the adjoint of an operator,
(h, Hyy Huog)r, = (R, )R,

showing that H = H;,,l,,. When m = M, so that oapmi = Orm,k, this becomes
H},, = Hj., so that Hyy, is an isometery from R, onto Sp;. When m = M this
means that the orthonormal basis h,; is carried into an orthonormal basis in Syy;
otherwise, H,,, and Hyp, carry the h,; into dual biorthogonal bases in S,, and S
respectively. These are dual wavelet bases (orthonormal basis if m = M) in S, and
Sm. The images of the h,; are wavelets which are progressively more localized as
n increases, and simply translate as [ varies. They are convolutions of the scaling
functions (sometimes called mother wavelets) with the Haar vectors. Just as the
basic pattern of the Haar vectors is more or less invariant from one n level to an-

other, the wavelet forms also change very little an n varies. As ' — 20 and n stays

bounded, the wavelets at different n levels are just rescalings and translations of

each other.

More information on wavelets and their uses can be found in Ingrid Daubechies

book [5] and in Yves Mever's book on wavelets [9].

On the following pages can be found pictures of the Haar basis functions for the two

cases M =m=4and M = 4. m = 2.
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Figure 4.1: Haar basis function for hyo, 044 = 044, and v =5
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Figure 4.2: Haar basis function for hgg, 044 = 044. and v =5
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Figure 4.3: Haar basis function for hsg, 044 = 044. and v =5
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Figure 4.4: Haar basis function for hyg, 044 = 644. and v =5
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Figure 4.5: Haar basis function for hsg, 044 = 044. and v =5
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Figure 1.6: Haar basis function for hyg, 04,. and v =5
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Figure 4.7: Haar basis function for hyo, 84, and v =5
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Figure 4.8: Haar basis function for h3g, 042, and v =5
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Figure 4.9: Haar basis function for h4g, 42, and v =5
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Figure 4.10: Haar basis function for hse, 842, and v =5
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Figure 4.11: Haar basis function for hjg, 042, and v =5
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0.51-

Figure 4.12: Haar basis function for hsg, 04, and v =5
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0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 4.13: Haar basis function for hzg, 042, and v =5
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Figure 4.14: Haar basis function for hy,
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Figure 4.15: Haar basis function for hsg, 04,2, and v =5
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Chapter 5

Error Estimates

Now that we have seen some examples, let us explore the closeness of the approxi-
mation fym v to the original function f. At the end of the chapter there are two
graphs showing the relative closeness of the different approximation schemes for the
second example in the last chapter. To mathematically determine the accuracy ,

we first wish to demonstrate that the first integral relation holds.

Theorem 5 If m = M — 2y where 0 < m < M and f € CW[0,1] and periodic,

then

JU@) = i s(@F do = [O@)F do - [ n@) da ()

Equation (5.1) is referred to as the first integral relation.

Proof. For ease of notation let S(z) = farm n(z). Then we first notice that

JU¥@ - sV d = [IfO@) de - [[S9@) o
— Q/IS(H)(w)[f(ﬂ) — SW(z)] dz.
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To show that the first integral relation is true, we must show that the last integral

above equals zero. Integration by parts yields

/15‘“’(x)[f("’(x)—S“"(x)] dz = S®(z)[fe (@) - ¥ V()] s
_ /Ig(uﬂ)(x)[f(u—l)(x) — 51 (g)] da.

Due to the periodicity of f(z), and hence S(z), the first term in the above equation

is zero. Thus
[SP@UPE) - SW@)] e =~ [ S640(=)[ [ (2) - S« (z)] da.
I
Integrating by parts again yields

/1 SW(2)[fW(z) — $W(2)] dz = —SED(2)[f¥D(z) - SE ()] |3
+ [ S0 (z) - S (a)] da.

Again, by periodicity of f(z), and hence S(z), we have that the first term in the

last equation is zero. Thus
[ SP@@) - S9@)] de = [ S @0 w) - 56 (z)] do.
I

Performing integration by parts a total of u times, using the periodicity of f(z) and

S(z) each time, yields

JSP@UW@) - s9@)] de = (-1)* [ S®@)(@) - )] de. (5.2)
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Now recall that by definition S(z) = Y a;éa;(z). Thus S'(z) = 3 ojdp—r,i(z).

This leads to S”(z) = 3° a?¢p—2,;(z). Hence, continuing, we have
N-1
SC(z) = D Yidm-ami(T)- (5.3)
vt

Now substituting m = M —2u in (5.3), and then substituting the resulting expression

into equation (5.2) we have
N-1
/1 SE(Z)[f¥(z) — SW(z)] dz = (—1)* 2 /1 ¢m.i(z)[f(z) — S5(z)] dz.

This last integral is zero due to the construction of the approximation S(z). There-

fore,
JIFP@) - sW@) dz = [(f9@) da — [[SW(@) do

and the first integral relation is proven. [ ]

Theorem 6 Again, let S(z) = fumn(z). Then the function S (z) is the least

squares or Galerkin approzimation to the function fW(z).

Proof. By construction of the function S(z) and using intgration by parts several

times we have

[ 0 ] ( < Pmo, f—S5 > ]
0 <¢m,laf_—S>
_OJ L <o’m,N—1,f—S>J
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( fI ¢m,0(x)[f(x) - S(:I:)] dz |
J1 $mp(2)[f(2) — S(z)] d=

L 1 - (z)[f(z) — S(2)] dz |

[ J1 miro(z)[f(z) = S'(x)] dz ]
J1 fma11(2)[f'(z) — §'(z)] d=x

L/ ¢m+1,N—1($)[f.'($) — §'(z)] dz |

[ [ $mt20(2)[f(z) — S"(z)] dz ]
Ji dms21(2)[f"(z) — §"(z)] d=

= NZg?
L J1 $mazn-a(2)[f"(z) — 5"(z)] dz |
[ 1 $mtuo(@) [P (2) = SW(2)] dz ]
f] ¢m+u,1 (ac)[f(")(x) - S(#)(:E)] dz
— (—N)“S” . :

L 1 maun-1 (@)W (z) = SW(z)] dz |

Now, since £# has rank (N — 1) and each row of £ is orthogonal to the vector

v =(1,1,...,1)T we have that for each k, £ =0,..., N — 1 the equation

/I¢m+u,k($)[f(”)(x) — SW(z)]dz = ¢
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where c is a constant independent of k. Thus, summing over k, we have

N-1 N1
> /]¢m+u,k($)[f(“)($) — SW(z)]dz =Y c=¢N
k=0 k=0

Hence,
N-1
N = [ {nins@)f(z) = SW(2)]) do
k=0
N-1
= [U9) = SP@] Y burni(a) do
k=0

By the partition of unity identity >N ¢y, i(z) = 1, as well as using the period-

icity of f(z) and S(z), we have

N = [[/¥()-5sW(2) do
= [f* D (2) - SEI (@) 2

= 0.
That is, ¢cN = 0; hence, ¢ = 0. Therefore, for k =0,..., N — 1 we have

J i@ A@) = SO@)] dz = < g [ = S > =0,

Lastly, since

N-1
S(z) = >_ ajém,;(z)
we have
N-1
S'(SD) = Z a;qu—l,j(x)’
7=0
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and
N-1
§"(z) = Y ofdm—2,;(z).
7=0

Repeating this g times we see that
N-1
SW(z) = 37 of pm-pil).
=0
Now, recall that M — g = m + u. Finally, we have

< ¢m+u'k,f(“) —gs) s —9

where
N-1
S¥(z) = Y Bidmini(z)-
1=0

Hence, by definition S®)(z) is the least squares or Galerkin approximation [11] of
f®(z) and our proof is concluded. [ ]

This result is suggested by deBoor page 67 [6].

Theorem 7 For j =0,1,...,u4 — 1 we have
I f9z) = 59() || < 2¢77 || () - SW(=) ||
Here we are using the L, norm
a2 1= { [la(=)1* o}

Proof. Let E(z) = f(x) — S(z). Then, since f(z) and S(z) are both periodic

with period 1, E(z) is also periodic with period 1. Hence, E(0) = E(1). Therefore,
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by Rolle’s Theorem there exists a ¢; € [0, 1] such that E’(¢;) = 0. That is, for some

value ¢, € [0,1] we have f'(¢;) — S'(e1).

Since F(z) is of period 1 and differentible, we have that E’(z) is also of period I.
Thus we have E'(0) = E'(1). Again, by Rolle’s Theorem there exists a ¢; € [0, 1]

such that E”(c;) = 0. That is, for some value ¢, € [0,1] we have f”(c;)—S5"(¢c;) = 0.

In general, for j = 1....,M — 2 we have that EVY)(z) is of period 1; hence,
EW(0) = EU)(1). Therefore, once again Rolle’s Theorem yields the existence of

a value ¢; € [0, 1] such that EU)(¢;) = fU)(c;) — SU)(¢;) = 0.

Next, let ¢ be an arbitrary, but fixed, value in [0, 1]. We first consider the fact that
d
(@) = SV @) = 24 (2) - S ()] [f¥)() - $¥(z)).
T
Integrating from c,_; to t we have

[FUD () — sbD )2 = /t (76 @) = S6D (@) da

u—1 dz
= Q/Ct_l[f(u—l)(z) - S(I‘—I)(x)] [7)(z) — S(“)(x)] dx
< 2 [ - SO ()P do

{ t l[f(“’(:c) — §W(2)]? dz}2

Cu—

< 2| S (@) = SUI@) || ] S () = S92 ]

The next to last inequality is a result of Schwarz’s inequatity.
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Integrating again, this time from ¢ = 0 to t = 1 we have

JUten@ = seD@Ra = | f0(@) - S D(a) |
< 2 [ 700 @) = S ] S ) = SO |
< 2|74 (@) = S || ) S )~ SOz ||

Dividing through by || f®#*~V(z) — S-1)(z) || yields
| f4 (@) = S D) || < 2| f@(z) - S¥(2) | -
Through a similar argument, it can be shown that
I £ D() =S¥ D2) | < 2| F4 D (2) = "D |-
Combining these last two results yields
I 4D (2) = S 2) | < 4] fP(2) = 5¥(2) | -
Continuing in the same fashion, we have for j = 0, .., — 1

| SO a) = SOG) || < 27 || [ () - @) | .

Recall from Theorem 5 that S()(z) is the least squares approximation to f(#)(z).

Thus, by definition of least squares

I /¥ () = $¥ () || = min || f¢(2) — s(a) |
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where s(z) = Z;V oL Vi manu(z) is any spline approximation to f0)(z) [11].
For ease of notation, let g(z) = f(*)(=).

If m + p is even, which corresponds to odd degree splines ¢,,.,(z), let s(z) be the
approximation to g(z) obtained via point interpolation. If m + g is odd, which
corresponds to even degree splines ¢, +,.(z), let s(z) be the approximation to g(x)

obtained via integral interpolation. Then we have the following result.

Theorem 8 Ifm+ u =2K for some K, orm+ u =2K + 1 for some K, then we

have the following form of the first integral relation with k = K + 1

Jls¥@) - D@ dr = [gO@) da =[O de. (5.4)

Proof. We first notice that

[0 ot = [ o [
2 [ s®(@)g® ~ «O(a)] da.

Integrating this last integral by parts yields

/zs(k)(:r)[g(k)(x) —-sW(@)dz = sB(2)[g*V(z) - " V()] |3
_ /5(k+1)($)[g(k—l)(_,) — s ()] da.

1
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Due to the periodicity of g(z), and hence s(z), the first term on the right hand side

in the above equation is zero. Thus
[ 59@ls¥@) — (@) do = — [ sSED @) - s0w) da
1 1
Integrating by parts again yields

[ 9@ - @] de = —s* D (2)lg*(z) - ¢ a)] [

b [ (z) - D) da

Again, by periodicity of ¢g(z), and hence s(z), we have that the first term on the

right hand side in the last equation is zero. Thus

/s(k)(x)[g(k)(x) — s®(z)] dz = /;S(k+2)($)[g(k—2)(x) — s% ()] de.

1

Performing integration by parts a total of k¥ — 1 times, using the periodicity of g(z)

and s(z) each time, yvields
[5P@)g ) = s (@) do = (1) [ OV @)y (@) = (=) d

Since s(z) is a piecewise polynomial of order m+ u, each polynomial piece has degree
m + p — 1. Thus s'2*~1(z) has polynomial pieces of degree m + y —1 — (2k —1) =

m+ pu — 2k.
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Now, if m + u = 2k, that is m + p is even, then s(2*=1)(z) has degree m + pu — 2k =

2k — 2k = 0. Hence, s(3*~1)(z) is constant on each subinterval. Thus

Z5+1

(2k—1) = ' '
@@ - s@lds = 3 [ ol () - (o) de
N-1

- ch/

o
= X alo(@) = s@]

This last expression is zero due to the fact that, since m + p is even, we are letting
s(z) be the point interpolate of g(z). Therefore, if m + u is even, then equality (5.4)

holds.

If m + p = 2k + 1 then s®*1)(z) has polynomial pieces of degree m + u — 2k =
2k 4+ 1 — 2k = 1. Thus, s®*~Y(z) is piecewise linear. Since s(3*~V(z) is continuous

we can perform integration by parts once more to get
[ s D@)lg(2) = <'(2)] da = s D(@)lg(z) ~s(@)] 1§ — [ sP(@)[f(2) —5(2)] da.
I I

The first quantity on the right hand side is zero due to the periodicity of g(z) and
s(z). Also, since s'?*)(z) is piecewise constant, we have

. N-1 o,
[s@ilg(e) = st de = 3 [ elgte) - sla)] de
5=0 7%

1

N-1 -
= c; r) —s(z)| dx.
jgo /J [4( ()] dx

T

Since we are assuming m + g is odd, in this case we let s(z) be the integral inter-

polate of g(x). Hence. this last quantity is zero.

oo
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Therefore, if m + p = 2K or m+ p¢ = 2K + 1 and we define £ = K = 1, we have

equation (5.4) holding. This concludes the proof.

We use equation (5.4) to prove the next two theorems.

Theorem 9 Let g(z) and s(z) be as above and m+p = 2K +1, then with k = K+1
Fg(z) = s(2) | < [2(k + A" || 9O (2) || -

Proof. Let F(z) be defined as F(z) = J5[g(t) — s(t)]dt then F(z;) = 0 for: =
0,1,...,N. By Rolle’s Theorem there are vahfes i € [zicr-zi), v =1,2,...,N
such that for each ¢ F'(¢;;:) = g(c1) —s(cl‘;) = 0. Again, by Rolle’s Theorem, there
are values ¢y ; € [¢1i-1.¢1,i], ©1=2,3,..., N such that F"(c2;) = ¢'(c2,i)—5"(c2,) =0
for each 7. Continuing the process, for j = 1,2,...,k there exist values ¢;; €

[Cj—l,z'—lacj—l,i] such that F(j)(Cj,i) = g(j_l)(cj"i) — S(jgl)(cj‘y,‘] =0.

Next, let ¢ be an arbitrary, but fixed, value in [0,1]. Then for some i we have

t € [ck,im1,cks]- We first consider the fact that

D) - D@ = 2 (z) — S @)l ) - )]

dx

Integrating from ci;_; to t we have

t -
[g* D) — S* 1) = / di[g(k"l)(:t) — s () dr
Ck -1 Xz

t i
= ‘2/ (¢ D (z) — sV (2)iig I (2) — sV (2))dx
Chi—1
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< o[ g ()= s(@)dr)

Ck,i—1

{ t [g¥) (z) — S(k)(:z)]z(l;r,}%.

Ck,i—1

This last statement is a result of Schwarz’s inequality. Since both integrands on the

right hand side are positive we have the following:

(%01 = s*DWF < 2 [ (0% (@) = (@)}

Ck,i—1

(™ 1g®(2) - s (z)]2da}?

Ck,i—1

for ¢ € [cki—1, k,i)-

Integrating again, we have

[ %@ = st Da@pde < 2 ([T (g0 - (@) e

Ck,i—1 Ck,i~1

(™ [gm(x) — s(c)|2dz} 3 dt

Ck,i—1

< 2 (k+1)h]{ " g% (2) — s (2)]2d )

Ck,i—1

{7 19%(@) - s¥(a)da}?

Ck,i—1

Taking the maximum of the left hand side yields

[ 100 @) = @ < (k4 DR [0 ) — s ()

Ck,i—1 Ck,i—1

{ Ch,i [g(k)(x) _ S(‘:)(I)]'Zdl.}%.

Ck,i—1
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Dividing through by { [ [¢(:~V(z) — st=1)(z)]2dz}? yields

k,i—1

{/;f“: [g(k—l)(x) — S(k_l)(:t)]zdm}% < [2(13 +1)h] {/Ck,i [g(k)(x) _ S(k)(.T)]?dx}%_

Ck,i—1
Now, squaring both sides gives

/cc:c,.' [g(k_l)(.’l:) . s(k_l)(x)]2d$ < [2(k + 1)h]2 Ck,i [g(k)(fﬂ) - s(k)($)]2dx.

k,i—1 Chk,i—1

Summing this last inequality over z yields
Jls* V@) = sV @)de < 20k + DA [[99() - s (@),
By taking the squareroot of both sides the following inequality results
Ig* V(@) = s* V(@) | < [2(k+ DR | §O(2) ~ O () |-
Through a similar argument, it can be shown that
19" 2(2) =" D) | < 2k + 1A || g* V() = sF V(@) | -
"].“hus we have
192 (z) = sE ) || < 20k + DA || ¢ (2) = 5O () ||
Continuing in this fashion yields

lg(x) =s() | < [2k+ 1A || gO(2) = sO(z) |

< 26+ DA g®() |-
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Our proof in now complete. u

Now that we have an error estimate for the case m + u odd, consider the case m 4 p

even. For this case we have a similar theorem.

Theorem 10 Let g(z) and s(z) be as above and m + p = 2K, then with k = K +1
lg(z) = s() | < [2(k+ )R] [ ©() | -

Proof. In this case, let E(z) be defined as E(z) = g(z) — s(z), then
E(z;) = O0for: = 0,1,...,N. By Rolle’s Theorem there are values ¢;; €
[zic1,2:), © = 1,2,...,N such that for each : F'(c;;) = ¢'(c14) — s'(c1) = 0.
Again, by Rolle’s Theorem, there are ¢z; € [c-1.¢14], ¢ = 2,3,..., N such that
E"(c2;) = ¢"(c2.4)—5"(c2,i) = 0 for somez. Continuing the process, forj =1,2,...,k

there exist ¢;; € [¢j_1.,¢j141) such that EU)(c;;) = ¢U)(c;;) — s (c;;) = 0.

The rest of the proof is identical to the proof of the previous theorem. Hence, our

proof is now complete. |

Therefore, since g(z) = f(*)(x) and s(z) = S (z) we have
I f0(2) = S¥() || < 20k + DR || F449(2) |

where K is such that m 4+ = 2K +1 or m + ¢ = 2K depending on whether m + p

is odd or even, respectively, and £ = K + 1.
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Thus we have

Theorem 11 Let f(z) be a u+k differentiable function and S(x) = Z;-V:B] ajdm,j(z)

be the approzimation to f(x) obtained by requiring < ¢, f —S > = 0, where
m =M —2u and K is such that m + p = 2K + 1 or m + p = 2K depending on
whether m + p is odd or even respectively and k = K + 1. Then we have that for

j:())l‘)"",u_l
| 19(2) = SO@) | < 24T (k4 1) B | fo () ||

Proof. The proof follows directly from the previous theorem. ]
This 1s rather a rough estimate. One reason for this is the estimate used for the
least square approximation of | f(*) — S ||. However, if M is even and m = 0,
this estimate is comparible to the known estimates for odd degreé éi)lines, at least in

the case j = 0. However, the derivative estimates are not as tight as those already

known for odd degree splines.
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Figure 5.1: Approximation comparison for M = 4,m = 0,2,4
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Chapter 6

Appendix

6.1 Splines Of Order Less Than Six

Recall from chapter 1 that the recursion formula to create the k-th spline of order

M on the interval 1 =[0,1) is
oM k() = N/ [¢ak(s) — bmk41(s)] ds. (6.1)
Tk—1

Also, recall that ¢o(z) is defined to be the Dirac measure & with support {zx}.
Thus, since we know ¢gk(z) we can create all the spline basis functions from the
recursion formula (6.1). In this chapter, we show that

N z€ [lk,-'l?k-{-l)
O]qk(.’ll) =

0 elsewhere.

N?(z — zy) T € [Tk, Tri1)
$ri(z) = N — N3z —2p31) T € [Tpg1, Thso)
0 elsewhere.
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(z — zx)? T € [Tk, Trgr)

N3

2

'12! + Nz(ill —_ ZL‘]H_]) - NS(.’E bt Il,'k+1)2 x € [$k+1,$k+2)
N

2

0

¢3,k(-75) =
— Nz = 2rp2) + (2 — 2h42)? @ € [Try2. Ty
{ elsewhere.
( ﬂsi(x — z3)° T € [Th, Thy1)
2+ NTQ(I — Zgp1) + NTa(fE — Tpp1)? — N74($ —Tr41)? T € [Thy1, Tht2)
W — N3z — zr42)” + 5 (2 — Tga)? T € [Triz, Thta)
4
% - N72($ — Tkys) + 73(37 — Tky3)? — N?(x — Tx43)° T € [Th43, Thtd]
L 0 elsewhere.

and @5 x(z) =

I—S(z — z;)*
N

Mt (= mi) + (2 — 21)? + 2 (2 — ) — (T — )

U

5
% + NT(x — Trya) — NTs(x - $k+2)2 - NT4(-T - $k+2)3 -+ %—(JZ — ZTryo)?
oy - N—z(J? — T3) — B (2 — z43)? + B2 — 2h4a)® — ‘—Néi(a: — Tiy3)"

T — Thia) Af (2 — Trya)? — %4(17 — Tkta) + 57 74 (x — Trpq)?

for z in the intervals [z, Tiq1), [Tha1, Thaa), [Thao, Thaa)s [Trs3s Thpd)s [Thia, Thys)

and elsewhere respectively.

As we saw in chapter 1

orale) = N [ [doals) = dosn(s)) ds

_ {N .'L'E[mk,:L'H_])

0 elsewhere.
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Now that we have ¢ x(z) we can determine ¢, x(z);
dax(z) = N/x:] [$1,6(5) — b1,641(8)] ds.

Since the support of @, () is the interval [z, T42], if T € [Tk, Tk41) We have
2 k(z) = N/;:[N —0]ds = N*(z — ;).

If z € [Zk41,Try2] we have

baa(@) = N [T [814(5) = brana()] ds+ N [ [914(5) = dran(s)] ds

Tk41

= N2($k+1——.’11k)+N : [O—N] ds

Tyl
= N - N¥z—zr41).

This last equatity comes from the fact that we are using the regular partition of
the interval [0,1) with zx = £ for k = 0,1,..., N — 1. Combining the cases for

T € [Tk, Tk41) and T € [Ty, Thyz] we have

N*(z — z;) T € [xr, Tisy)
G2k(z) =<8 N — NYz —2p41) T € [Thp1. Tiva)
0 elsewhere.

For ¢3 x(z) we have that the interval of support is [zf, T4tz . Now if € [z, T41)

we have that

o14(x) = N [ [b24(s) = dape(s)] &
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= N/x[Nz(s —ax) — 0] ds
N3 5

= —(z—xx)°.

2
If £ € [T441,Try2) we have

bss(2) = N [ [0205) = brpna@ ds + N [ [24(5) = dusn(o)] ds

Th41

N z
= SN[ N = N5 = ai0)} — (N (s — aen)}] ds
N .
= S+ N/ [N = 2N%(s — 2441)] ds
< Tk41
!V
= ?Z-'F pJ2($ — $k+4) - ﬁV3(x ——JEk+1)2.

Lastly, if £ € [zr42, Tk+3] we have

Tk42
|

baale) = N [ oanls) = darrals)] ds+ N [

+ N [ [hak(s) = bara(s)] ds

¢2,k(5) - ¢2,k+1(3)] ds

k+1

Tky2
N z
= 5 +0+ N [0 — {N — N*(s — z149)}] ds
- Tk42
N .
= 5+ [N + N?(s — 2442)] ds
< Tk42
N - 3 )
= 5~ Nz — zpye) + —2—($ — Try2)"
Therefore,
( '\:(f — z)? T € [Th, Ti1)
¢ ( ) % - Nz(x - $k+1) - Ng(x - 17k+1)2 S [$k+1»3«”k+2)
3,k\T) = . )
5 = Nz — zy2) + N73(33 — k42)’ T € [Thrz, Thas)]
0 elsewhere.
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For ¢4 x(z) the interval of support is [z, Zgyq]. Thus for = € [zk, Tk41) we have

Pak(z) = N/$[¢3,k(3)_¢3,k+1(3)] ds
= N/[ (s — 2x)? — 0] ds

= —(w — ).

6

If z € [Tht1, Ths2)

</>4,k(33) =

N /IH] [63.4(5) — 3 k41(s)] ds + N /z [$3.6(s) — D3 k41(s)] ds
- ZTkt1
N

6
+N/;1“£ + N¥(s = zp41) = N2(s — 2i0)"} - {ﬁ(s — z41)?}] ds

N 3
_+]\// [—+N(s—xk+1)-—N(s_xk+1)]d3
Tkl

6 2
N N2 N3 ) N4
3 + 7(1 — Tgpr) + 7(35 - $k+l)l - T(iﬂ - $k+1)3-

For = € [zg42,Tr43) we have

¢'4,k($)

= N [loa(s) = darals) ds + N [ lgai(s) — dupsals)] ds

Tk41

+ N . [¢3,k() #3k41(s ]d*S

Tki2

N N N N® -
— —+—+ N [{——N2(3—1k+2)+——(5—-"5k+2)2}

6 Thyz 2 2

{5 N5 = ga) = N (s — ax4)?)] ds

IN T . N? ‘
= =+ )\ [—2N?(s — zi42) + ’ (s = zke2)?] ds

3 Thy2 2

IN N4

= — = Nz —2p42)* + — (7 — 2142)°.

3 2
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Lastly, for = € [zx43, Trs4] we have

bar(z) = N /:“‘[%,k(s)—%,kﬂ(s)] ds+ N [ [as(s) — dapsi(s)] ds

Th4d
Th43 T
+ N [#3.4(5) — d3k41(s)] ds + N [#3,(5) — P3,k+1(3)] ds
Ti42 Tk43
N N N . N3
= Tty AN [0~ N k) + (s — aas ] ds
6 ' 2 2 eers
N z N N3
= E-I-N/ [—5+N2(5—$k+3)—7(3"‘$k+3)2] ds
Tk43
N N? N3 N*
= 5 7(1” — Tkys) + —2—(93 ~ Try3)” — T(ﬁ — zk43)>.
Therefore,
( N_*(x —zi)° T € [Th, Trt1)
= + 2 (:17 — ZTgt1) + o (117 — $k+1)2 - NT T — 1'1:+1)3 S [$k+1,$k+2)
Pan(z) = J 25 N3(z — zpy42)? + NT(Jr — Tpy2)? T € [Trt2, Thy3)

% ]\27 (I - xk+3) + N73($ - -77k+3)2 - NT4(SE - $k+3)3 T € [$k+3,$k+4]

elsewhere.

o

To create ¢si(z) we first realize that the interval of support for this spline is

[zk, Tkt5]- Now if z € [zf, z441) we have

Ssk(z) = N/I[¢4,k(3)_¢4,k+1(5)] ds
- N/[{—s—xk 2} - {0}] ds

= 3 (:r —x)t.
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If € [Tkt1,Thy2) We see that

dos(@) = N [ gas(s) = bannr (@ ds + N [ [Gau(s) = bapa(3)] ds

Tk41

N N? N3 , N*
= 5 + N ka[{— + —(5 — Tky1) + 7( —zen)’ — 7(3 — z41)’}
- {——(s — o)’} ds
N N N? N? , 2N
= 5t N/Iw[g + (s = zkn) + 5 (s - Th)’ = 5 (s Ti41)’] ds
N N2 N® N4 N?®
= §Z+T( —$k+1)+T($—$k+1)2+?($“1’k+1) —_6—($—$k+1)4'

For z € [Zk42,Tky3) wWe have

bsa(e) = N [ (64k(5) = baani (] ds+ N [ [daals) = ba(s)] ds

+ N [b4,k(5) — bak1(s)] ds

T2
.'\' ')\ z 2N N
= SN [T N - aka) + (s —au)’)
.’Ek+2 3
\' fv2 ]V3 AY 4
- {— + 7( — Try2) + —2_(3 - J3k+2)2 - —(5 - xk“) }] ds
. 1IN
DX
ot N N? 3IN® 2
+.N / - — (s — 2k42) — (s — zh42)* + N (s — 2p42)°] ds
Trpz 2 2 2
1IN \? N?
= T + —(~T - xk+2) - T(x - xk+2)
A N°®
—~—(x——.7:k+z) +—($—$k+2)

9

Next, if £ € [T443, Triyq) wWe have

boa@) = N [ lo0sls) = durn() ds 4 N [ lbasle) = busn(o)] ds

Tr41

+ \/; [9/’4,1;(8) — paks1(s)] ds + N /I [03.k(8) = baksr(s)] ds

Thtt
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N 5N

ST
Y N N? N3 ) N
+ N /Ikﬂ[{g - 7(5 — Tkys) + 7(3 — Tpy3)’ — "6'(‘* - $k+3)3}
2N N4
- {T — N3(s — zr43)* + 7(3 — Tpy43)’}] ds
11NV
24
I N N? 3IN3 2N
N [0 5 = S (s = mess) + (s — awa)’ — (s —2)] ds
ZTk43
11N \?2 N3
24 - 7(1‘ - $k+3) - T(x - 1k+3)2
N4 ﬁJ5

+ "7(33 — Tiys)’ — ?(x — Tpys).

Lastly, for & € [Zi44. Tiss] we see that

¢5,k($)

N /:kﬂ [04.4(s) = baks1(s)] ds+ N e [#a,k(5) — Paks1(s)] ds

Tk41

. Tk43 Tkt !
+ 2\ [fa,6(5) — Pajsr(s)] ds + N [$4,6(5) — Sak41(s)] ds
Trp2 Tkq3
+ v [$a,46(5) — ba+1(s)] ds
Thk+4
Y AY —5N z
 +— 1 0+—+ N 0
24 + 12 + 12 + This [{ }
NON? N3 ), _ N
- {z a 7(5 — Thta) + 7(3 — Thtq)’ — ?(3 — z44)"}] ds
A -
21
.t . N N? N? , , N
+\ i_?{ + T(S — Tgya) — 7(3 — Tppa) + ?('5 — 244)°] ds
Tkt ~
A N3 -
ﬁ — T(J.‘ - ;Ek+4) + T(m - $k+4)2
A\ N°®
- ?u- — Zrya)’ + 2—4(5C ~ Trpa) .
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Finally, we have that ¢s(z) =

Sz — )t

% + %2("5 — Tpy1) + NTB(;II — )+ L\él(x —zp)? — % r— xppq )t
oe+ \72(30 — Tkta) — NTB(fL‘ — Ti42)’ — N74($ — Ti42)’ + NTS(J — Tpya)?
B %E(m — Thys) — NTa(x — Zry3)’ + N74(CE — Tiy3) — %(x — Tpy3)?
% - I'Véz(x — Tgya) + Nra(x — Tiya)? — %4(3? — Tppa)® + %(x — Tpypa)?
0

for z is the interval [Tk, Tk41), [Tht1> The2)s [Tht2) Tht3), [Tht3s Thaa)s [Thtds Thes) and

elsewhere respectively.

6.2 Dual Basis Fuctions

In this section we graph the dual Haar basis functions for M = 4 and m = 2 on the
same axis. This further demonstrates the duality nature and biorthogonality of the

Haar basis functions under the approximation scheme described in this dissertation.
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Figure 6.1: Haar basis function for kg, 04,2, 042, and v =5

105



0.5

Figure 6.2: Haar basis function for hyg, 042, 64,. and v =5
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Figure 6.3: Haar basis function for hag, 043, 045. and v =5
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Figure 6.4: Haar basis function for hyo, 049, 042, and v =5
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Figure 6.5: Haar basis function for hsg, 042, 042. and v =5
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