
A Duality Approach To 

Spline Approximation 

by 

Elizabeth Ann Bonawitz 

Dissertation submitted to the Faculty of the 

Virginia Polytechnic Institute and State University 

in partial fulfillment of the requirements for the degree of 

Doctor of Philosophy 

in 

Mathematics 

APPROVED: 

Mrel 2 Uocsall 
David L. Russell, Committee Chairman 

Mathematics Department 

in (\) Aan EKRQ 

    

. Johnson Werner E. Kohler 
Mathom cs Department Mathematics Department 

C. f= GH SY, 
GE c. Rogers Shu- Ming Sun | 

Mathomaties Department Mathematics Depa nt 

April 21, 1994 

Blacksburg, Virginia



A Duality Approach to 

Spline Approximation 

by 

Elizabeth Ann Bonawitz 

Committee Chairman: David L. Russell 

Mathematics 

Abstract 

This dissertation discusses a new approach to spline approximation. A periodic 

spline approximation fiym,w(t) = DN, andms(x) to a periodic function f(x) is 

determined by requiring < $n, f — fumn > = 0 for 7 = 1,...,N, where the 

oi,.'s are the unique periodic spline basis functions of order L. Error estimates, 

examples and some relationships to wavelets are given for the case M —m = 2p. 

The case M —m = 2p + 1 is briefly discussed but not completely explored.
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Chapter 1 

Introduction 

Often one wishes to approximate a function f(x) by another function f,(z). One 

way to approximate f(z) is by letting f,(x) be, possibly, a different polynomial on 

different intervals [f;_1,€]. 7 =0,1,...,M. The values €; are called nodes or knots. 

Such a function f,(z) is referred to as a piecewise polynomial. If each polynomial 

section of f(z) has degree no greater than M — 1 and f(z) has M — 2 continuous 

derivatives, then f,(x) is called a spline of order M. This approximation technique 

resembles a physical process that has been used by drafters. By attaching weights 

to a thin rod, called a spline, the drafters cause the rod to pass through a given set 

of points. The resulting curve traced out by the spline not only passes through the 

given points, but it also smooths out as much as possible between the points. This 

drafters’ technique has led to today’s study of spline approximation. For additional 

information see Ahlberg. Nilson and Walsh [1] and Johnson and Riess [8]. 

One way to construct a spline approximate f,(x) to f(z) is to require f,(z) to 

equal f(z) on some given set of values 2;, «1 = 0,1,...,N. The values x; are 

called interpolation points. In this case, fa(x) is called a point interpolate of 

f(z). Schoenberg [12] has shown that if M is even and the interpolation points



to the nodal points ¢; then f,(z) is unique. Similarly, Schoenberg has also shown 

that if M is odd and the interpolation points x; are the midpoints of each interval 

[61,6] then again f.(x) is unique. For details see Schoenberg [12]. Additional 

information can be found in Ahlberg, Nilson and Walsh [1]. From Prenter [11] and 

Schultz [14] we have that even order (odd degree) splines have an error estimate of 

| F(x) — FP (x) I] Seg A? | £O(@) II. 

Here || - || is the Lz norm, & is the length of the longest interval and f € C™[a, )J. 

For ease of computation, the order of the spline approximation f,(z) is usually kept 

low. Also, if the nodal points and interpolation points are identical, even order 

splines are generally used. Specifically, much work has been done in the analysis 

and construction of splines of order 4. Such splines are called cubic splines. Further 

information on cubic splines can be obtained from Johnson and Riess [8]. 

Frequently one selects the nodal! points &; to be equally spaced. This allows one to 

easily compute a set of splines. called B-splines, that form a basis from which all 

other splines can be constructed. The function dy 4(z). k= 1,2...... V represents 

the basis functions for splines of order M, Powell [10]. We then have a unique 

representation 

N 

f.(x) = >> axdus(2). 
k=1 

With this notation we can describe another approach to finding a spline approx- 

imate f,(x) to f(z). The Galerkin approximate is determined by requiring 

< émMj,f—fa > = 0, jy = 1.2,...,N where < f,g > is the Ly inner product 

b
o



< ¢omM;3,f —fa >= 0, j = 1,2,...,N where < f,g > is the Lz inner product 

< f,g >= J f(x)g(xz)dz. For more information see Botha and Pinder [2]. This 

method is also called the least squares approximation because it yields the best 

approximate with respect to the Lz or square norm , deBoor [6]. 

The B-spline basis functions of order +1 can be obtained from the B-spline basis 

functions of order L. One construction method is 

PL4i,k(L) = Nf [or4(S) — Ox,441(s)] ds. 

For additional ways to construct $,41,, see Schoenberg [12], Prenter [11] and Chui 

[4]. In this notation, ¢9,(x) = 6(z — x.) = dy. 

~ 

Using this definition of $o,z- We can define another approach ‘o approximating f(z) 

by a spline function f,(z). The collocation method, see Botha and Pinder [2], 

for constucting f,(x) is determined by requiring 

<é.f—fa> = 0, k=1,2,...,N 

with fa(z) = we a;ouj(r). That is, 

<baf—f> = JU) = fal x)]6( = xe) de (1.1) 

= f(rx) — fale) (1.2) 

= 0. (1.3) 

Hence, the method of collocation is equivalent to requiring f(c,) = f,f2,), which is



These last two examples of collocation and Galerkin methods suggest the method 

of approximation that will be examined in this dissertation. We are searching for a 

periodic spline function fa(z) = fujm,n(z) = ae a;¢m,j(z) to a periodic function 

f(z). To calculate fiym,w we will require 

< dm, f—fMjmn > =0, k=1,2,...,N. 

Notice, if m = M this method produces the least squares or Galerkin approxima- 

tion. Also, as we have seen, if m = 0 and M is even, this method produces the 

point interpolate of f using even order (odd degree) splines and interpolation at the 

nodal points. 

The intermediate cases 0 < m < M will be developed in this document. We first 

show that if 0 <m < M the approximate faym.n is well-defined. We then focus on 

the cases M—m = 2p. In the cases M = 4,m = 0,2,4 and WW =5.m =1,3,5 a few 

sample functions f(x) are approximated and the results are plotted. Also using the 

restriction M —m = 2y a connection is made with wavelets. For more information 

on wavelets see Daubechies [5] and Meyer [9]. This new method of approximation 

leads to the construction of biorthogonal wavelets which are computed and the 

results are plotted. Lastly, it is shown that this method, with \f — m = 2y has an 

error estimate of 

|} Fe) = Fre. (2) IPS 2 F (le + ERE |] fF (2) | 

with 7 = 0,1,...,(¢—1) and k = K +1 where either m4+ pe = 24 or m+p = 2K +1.



Although this is rather a rough estimate, if M is even and m = 0, this estimate is 

comparible to the known estimates for odd degree splines, at least in the case 7 = 0. 

However, the derivative estimates are not as tight as those already known for odd 

degree splines.



Chapter 2 

More Background Information. 

On Splines 

In the following material we will let J denote the interval [0,1) with the point 0 and 

1 identified with each other, thus creating a periodic domain. We will also assume 

that N is a positive integer and construct the uniform partition of / determined by 

the nodes 

k=0,1,2,...,N—1. LE = 

Similarly, for any x € I, we let 17 = [x,x +1), with z +1 identified with x. In 

agreement with the periodic structure of ] we identify x, and .r; if k—j is a multiple 

of N: thus, 29 is the same as xy. We will follow the same convention in dealing 

with other quantities comparably indexed. Hence, if f(z) is a function defined on / 

and we let f, = f(z). then fy is identified with fiimn for any integers k and m. 

We denote by San the vector space of periodic spline functions which are piecewise 

polynomials of maximum degree M — 1 over each subinterval J, = [x,, 2441) with 

the j derivative, 7 = 0,1,..., M —2, being continuous at each of the nodal points 

re, M,N =1,2,.... Further, we define Soy to be the vector space of distributions,



each element of which is a linear combination of the Dirac measures 6, with support 

at the nodal points {x,} for k = 0,1,2,...,N—1. We will see that this is a very 

natural extension from positive values of M to the value M = 0. Also, we will 

always assume that for all values of M being considered, N > M + 2. 

We define ¢u4, & =0,1,2,...,N—1, M > 0, to be the unique spline basis [1], 

[14] for Sin consisting of spline functions of order M with support confined to the 

interval [x,%,2%4m] and such that 

| dma) dx = i du y(x) dz = 1. 

When. M =0 go, is just 6,, the (unit) Dirac measure with support {x,}. Also, for 

example, ¢1,, is the step function which has the value N on the interval J, and is 

equal to 0 outside the interval J. 

Theorem 1 For Af = 0,1,2,..., k=0,1,...,N—1, and x © [xzg_1, 24-1 +1) = 

I**-1 we have 

omsia(t) = Nf (baee(s) — dmcsa(s)] ds. 
Le} 

In the case M = 0 this integral is interpreted in agreement with the theory of 

distributions. In addition, the lower limit 2,_, could be replaced by any €& not in 

the interval {z,. 2421741]. Furthermore, it should also be noted that an equivalent 

statement appears in Chui, Chapter 1 [4]. 

Proof. Recall that 0,4 is 6, the unit Dirac measure with support {z,}. Thus 

|



$o,k+1 18 the unit Dirac measure 6,441 with support {r,4,}. Hence, 

[ [¢o,4(s) ~~ P0,k-+1 (s)] ds = [ [ox —_ Ox41| ds 

k-1 

0 x € [xp-1, 2x) 
= 1 «re [Xe Fk41) 

0 x € [rp41, 2e42| 

Integrating again over the interval J, and noting that the interval of support 1s 

contained in [r,_1, 2442], we have 

If [G0,4(s) — Oo441(s)] ds dx = [ [ [do,n(s) — don4i(s)] ds dx 

Zr ~ Tk4+1 Tk+2 

/ 0 dx + / 1 dx+ 0 dx 
TK-1 Lk Tk41 

I 

= [ey — ci] + [tea — re] + [2 — c] 

I 
; = Tht ~ Tk = He 

Thus, if the above integral is multiplied by N we have normalized the integral. That 

is, the function f(z) where 

fl2)=N f° [boals) — doxsa(s)] ds 
rk 

is a polynomial of order 1 (degree 0 or constant) on the interval [z,, 2441] and has 

integral equal to 1. Thus f(x) meets our description of the spline basis function 

éi4(2). Hence. the formula 

osera(t)=N fo [baels) — barsta(s)] ds (2.1) 

is valid when going from 0,4 to $1.4. 

os
)



Next, assume that formula (2.1) is valid for M =0,1,2,...,£—1. To complete our 

proof by induction we must show that we can obtain ¢241,4(x) from formula (2.1). 

Since this formula is true for M = 0,1,2,...,L—1 we know that 

zx 

bugle) = Nf (br-rals) — b1-1.041(s)] ds 
Tei 

is a spline basis function of order L. Hence, we have 

| dual) dx = 1. 

Define the function f(z) as follows: 

Fz) =N [ [dos(s) ~ buasr(s)] ds 

Since the support of 07% is [24,2442] and the support of dz.441 18 [Ze41, 2e¢L41), 

the support of f(z) is contained in the interval [z,~1, 244141]. Next, consider 

[ie dr = fr f(x) de 
k—-1 

_ pe N x (b1.4(8) _ bt.nar(s)] ds dx 

k~-1 TK-1 

Tk4+L+1 r 

= NL LE Goi als) — dnsi(s)] as de, 

Exchanging the order of integration yields 

Tk4+L4t LeEL4i Lk+L4i 

[ f(t)dr = nf / [dr.u(s) — Oxreti(s)] dx ds 
k-1 

= Nf {lna(s) — $1,b41(8)] (Tetr41 — $)} ds.



Since 

[ore(S) — breg1(s)] (te¢c41 — S$) = Cepngi by e(s) ~ Ce¢r41 OL,c41(S) 

~ shrk(s) + $OL,441(5) 

we have 

TkK+L+1 TkK+L+i Tke+L4i 

/ f(z) dz = Neowin [ br x(s) ds— Nears | bxe+i(s) ds 
Tk-1 ZE-1 Tk} 

TkaL41 TkR4+L+1 / 

— | soz 4(s) ds + nf S61,441(s8) ds 
Tk-1 Tk~1 

= N - e4b41 1 —N -2pyt41 -1 

Tk+L+1 Tk+L+1 

_ n | Soi 4(s) ds + nf SOL k+1 (s) ds 
k~1 k~1 

~ [7tkt+L41 Be+L+1 
= -v | sdiu(s)ds +N | SOL b41(8)ds. 

Tre-1 TrK-1 

Continuing, we note that o7 441(s) is the function ¢,,,(s) shifted to the right by a 

distance of 4. That is, oz :+1(s) = ¢x4(s — 7). Hence, 

Te4+L41 Tk4+L4+1 l N | sop nai(s) ds = N / siu(s — ==) ds. 
Te} Tre} i’ 

Using the change of variable t = s — W we have 

Lk4L41 LkyL ] 
v| sépparlsids = N[(¢4+—)dza(t) dt 

Tk-1 LK-2 N 

Tet. CLREL 

= N toi ,(t) dt + or z(t) dt 
Tk—2 Lk-2 

TEAL 

= N toi x(t) dt +1. 
Lk~2 

10



Thus 

| a f(z) dx = ho _ s$in(s) ds + N ~ tdi x(t) dt +1 
k-1 k-1 Pee 

= 14N]  tbns(t) dt — nfo ére(s) ds 

= |. 

The next to last equality follows from the support of ¢,4(x) being the interval 

[re, 2e4L]. 

Therefore, since f(x) is a polynomial of degree L on each subinterval, has L — 2 

continuous derivatives, and f, f(z) dr = 1, f(x) must be ¢,41,,(z), the spline basis 

function of order 2 + 1. Thus, our proof by induction is concluded. a 

Next, consider being given W> 0. Let m = M — 2u, where yw is a non-negative 

integer, be such that 0 <m < M. Clearly m is even (odd) if and only if M is even 

(odd). 

Given M,m,p as above. we note that the center point of the interval of support 

of gaz, is the same as the center point of the interval of support of ¢n44,. Thus, 

these two spline basis functions, though of different orders, are centered relative to 

each other. 

Definition 1 Let f be a continuous function defined on I. Given M and m as 

N-1 . 
above, we define Puim.x f = fxtm,N> where fMym,N = » e=0 OM bk E S'M.N is the 

11



M-th order spline function satisfying 

< Om,k + f — fM,m,N -nm = 0, k=0,1,2,...,N - 1. 

Here, for any function g continuous on I, 

fr Pm x(xz) g(x) dz m>0 
< Pm,k >J>m = 

g(zx) m= 0. 

We will henceforth suppress N when that integer has an understood value. 

We see that fm is an M-th order spline approximation to f determined in a par- 

ticular way, depending on the value of m. If M is even (corresponding to odd degree 

polynomial pieces) then 0 is a permissible value of m. In this case fio is just the 

point interpolate of f by A¢-th order splines. 

To see why this last statement is true, consider the case M even and m = 0. Then 

to form the approximation f\y9 we require the inner product 

< 0,4, f—-fmo>o = 0. 

Breaking up the inner product, we have 

<oo-n: f >o = < don, fuo >o- 

Using the definition of < -.- >9 and recalling that ¢o% is the Dirac distribution 

12



with support {z,}, the above equation reduces to 

f (te) = fuo(zx) 

which is precisely the definition of point intepolation. Corresponding to a term used 

in the numerical solution of equations, we also might refer to fio as being the ap- 

proximation to f obtained via collocation [11]. 

By contrast, m = M , which is always admissible since it corresponds to p = 0, 

corresponds to the Galerkin or the least squares approximation method with the 

operator Pyy being simply the orthogonal projection of f onto Sy relative to the 

inner product in L?(0, 1] [11]. 

Now, if M is odd (corresponding to even degree polynomial pieces) then m = 1 is 

an admissible value of m. In this case, forming the approximation fx, requires the 

equations 

<oOoin, f>1 = <4, fua >i 

to hold. Calculating the inner product < -,- >, we have 

f diate) f(z) dx = | era(2) fua(2) de. 
I 

Since $14 is equal to N’ on the interval [x,, 2441] and zero elsewhere. the last equation 

above reduces to 

Lk 

[ Nf(x) dx = i N fua(z) de. 

13



Dividing both sides by N yields 

fo f(z) dx = i fua(a) dz. 
k Tk 

That is, if M is odd and m = 1 then we are in essence requiring that the integral of 

the approximate fy, and the integral of the actual function f agree on each interval 

[x~, x41]. We shall refer to this as integral interpolation. 

Recall that Sy, is the vector space of M-th order (degree M — 1) periodic spline 

functions. Contained in Sy is the subspace S%, consisting of M-th order periodic 

splines whose integral over the interval J = [0,1) is zero. We will denote by D 

the differentiation operator applied to differentiable functions defined on [0,1). We 

observe that 

D: Sy SYy_,, M =1,2,3,... 

is onto. Here. So is a space of Dirac distributions with supports confined to the 

nodal points {r,}, k=1,2..... N. We define the restriction of D to S§, to be Do 

and observe that 

. 0 0 
Do . Su — SM—-1 

is also onto and thus is invertible. Hence there is an inverse (integration) 

-1 . G0 0 
Do - SM-1 —_ SM 

which is also onto. 

14



Next we notice that 

Nlémyk — Omje+i1] = —Admyr © Shy- (2.2) 

This can be seen from observing that, since f¢y.4(z) dz = 1 as well as 

f @m.n41(z) dz = 1, we have 

J (ema(e) — om k4i(x)| dr =1—-1=0. 

With (2.2), our recursion formula now reads 

éusik = 1+ Do'[-Admyl = Dy'[-Admal. 

If we take € to be any point in [0,1) lying outside the interval (zx, 244.4741) it is easy 

to see that 

omsik(z) = Dy [—Agmal(z) = [(-Adnea(s) ds 

for x € [€,€+1). (Note that if € were in (x4, 14441) the second and third elements 

of the preceding formula would differ only by a constant.) Given any f € S9, which 

is a linear combination of the —Adyy, , that is, given 

N-1 

f= >> e[-Admal, 
k=0 

we can then define a particular antiderivative of f : 

N-1 

Dri f = >> «Dy'[-Adma] 
k=0 

The antiderivative Dj' f could be defined similarly and will differ from Dy'f by a 

15



constant function. 

Using the fact that 

dmsik = Dy'[—Admal; 

we can see that 

om+2,k = Dy’ AD, Adu 

for k= 0,1,...,N—1. Also, we notice that 

AD; ' Adm = Dy! AAdguy, = Dy! A* dou. 

so that now 

bm42,k = Dy? A*dbm 

for k= 0,1,2,...,N —1. Similarly, 

OmM+uk = (—1)*D,"A*dbm.e. 

A special case of this is obtained for M = 0. In this case 

buk = (LAD "A" do. (2.3) 

Writing wp = A+ v we have 

Ou.k = Pr+u,k = (—1)°D>*A* dup (2.4) 

16



for k=0,1,...,N—1. 

Let us summarize the significance of these last two formulae. Applying D* to formula 

(2.3) we see that 

D* buk = (—1)"A" doe, 

showing that the p-th derivative, in the distribution sense, of ¢,, is (—V)* times a 

Dirac distribution 

(1) (4 ) bes 
j=0 

whose coefficients are the same as those of the binomial expansion of (z — 1)”. Here 

the (—N)# factor comes from the definition Ady, = Nloms — me+1]- 

Formula (2.4) is a generalization; applying D* we obtain 

D* but = (—1)PA*dy-a,k5 

showing that for 0 < A < yp the 4-th derivative of dy, is (—N)* times a linear 

combination of the ¢,-y,44.-; : 

r d 

dA-1)’ ( j ) bers 

whose coefficients are also the same as those of the binomial expansion of (z — 1). 

17



Let f be a periodic M-th order spline, i.e. f € Sy. Then we have 

N-1 

f= come, 
k=1 

which enables us to identify f with the N-vector co whose components are ck for 

k=0,1,...,N—1. Each derivative f of f can then be written as 

N-1 
£{% = So hdm-v4 

k=0 

so that, relative to the functions ¢dy_y x, f () can be identified with the N-vector cy 

with components ck, k = 0,1,...,N—1. Our previous work now shows that for 

0<A< M —2 we have 

Cy41 = —NEc), 

where € is the N x N ‘circulant’ matrix 

—l 0 O O 

~ I 0 Od 9 

c= 0 0 7 - 0 O 0 

0 oO 20 0 -1 

1 0 0 - 0 O -1l 

Theorem 2 Let f be defined and integrable on the interval I = [0,1]. Given a 

positive integer M and a non-negative integer with m, 0 < m < M, such that 

m = M — 2p, where p is a non-negative integer. Then there is exactly one function 
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fuam © Sm such that 

[bmu(2)Ufom(2) — f(z)] dz =0, b= 01,0... =. 

Proof. The assumed integrability of f shows that 

be = | bma(a) f(x) de 

is well defined, k = 0,1,...,N —1. It is clearly enough, then, to show that the 

corresponding homogeneous ‘moment’ equations 

| bmel(2) fatm(2) de =0, =0,1,...,N 1, 

have fum(x) = 0 as their only solution. Since fiym is assumed to lie in Sy, let us 

write 

N-1 

fMm(z) = d a; $m,;(z). 

Now, since we have the ‘partition of unity’ identity 

1 N-1 

N dX bm,k( 2) = 1 

it follows that, on one hand we have, 

J fat(2) dr = J fotm() - ldz (2.5) 

l N-1 

= fp Sten) 3p Yo Pa) a (2.6) 

1 N-1 

= HL | bral) Satn(e) de (2.7) 
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= 0. (2.8) 

This last equality is due to the fact that we are assuming the moment equations are 

homogeneous. We also see that 

N-1 

| fum(z) de = I > 43 bu,j(x) dx 

N-1 

= x a5 | bans(2) dz 

N-I1 

=—0 j 

= 0. 

If we denote by ayzm the N-vector with components a; and let ®y¢.m be the matrix 

whose k, 7-th entry is 

J bmictul) bms(2) de, (2.9) 

then the moment equations are equivalent to 

Om aM im = 0. (2.10) 

Integrating equation (2.9) by parts and using the periodicity of the ¢’s we have 

J Fmceule) onrs(a) de = Dz"[dmeru(2)] baes() [ESS (2.11) 
_ | D3 "[bm.e4u(2)| Diduj(x)| de (2.12) 

= — [Di Ubmasu(2)] Didsr(2)] de. (2.13) 
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Replacing k by k + 1 in this formula we have 

| bmactite(t) ém,j(x) dz = — | Dy" [bm b+itu(x)| D[bm,;(2)] de. (2.14) 

Subtracting formula (2.13) from formula (2.14), multiplying the difference by N and 

then using the fact that —Admiyk = N[Omptu(t)—Om,k+itu()| € Sm, we find that 

[[Admaen(2)] dms(2) de = — f Dy [Admesn(2)] Dldass(@)] ae 
= J dmsinen(2) [A¢gm-1,;(2)] dz. 

Referring to the matrix € defined earlier, this shows that 

E Oym = Ou-im4 E. 

Repeating this process y times and using the fact that, since m = M — 2u, we have 

M—p=m+ pz, yields 

E* Oum = Ou—pmty E* = Omaymen EW. (2.15) 

Clearly, then 

Oipm AMm=90 > E* Oumaum = 0 

> Ontumey E* mm = 0. 

Since the @mina‘, & = 0,1,...,N—1, being a basis for S,,,,, are linearly indepen- 

dent, their Gram matrix ®ni,zm4p, 1S nonsingular. Hence, we conclude that 

E" Mm = 0. (2.16) 
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Now, once again consider the matrix €. We have rank(€) = N — 1. To see this, 

recall that 

—-l 1 0... 0 0 90 

-l1 1... 0 0 0 

eof otto ee 
0 0 O0-... 0 -1 1 

1 0 0... 0 #0 -1 

Determining rank(€) requires reducing € to upper triangular form [3]. To reduce € 

to upper triangular form we first add row 1 to row N. This yields the matrix 

-l 1 0... 0 0 @ 
0-1 1-:-.:..:- 0 0 90 

a 
0 O 0 0-1 1 
0 1 0 0 Od -! 

Adding row 2 of matrix M, to row N of M, yields 

—-! 1 - 0 O 0 
0 — 0 oO a 

M = 0 — ° 0 0 

0 0 - 0 -1 ] 

0 O 1 - 0 O -1 

Continuing in this way M3 is M, with row 3 added to row .V, M4 is M3 with row 4 
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added to row N, etc. After doing this N — 2 times we have the matrix 

—1 1 0... 0 0 90 
_ -.. 0 0 0 

0 — - 0 O 0 
Mn-1 = . . 

0 O O- 0 — ] 

0 O O-.- 0 —| 

—1 0 O 0 

— 1 0 O 0 

My = 0 60 vt 0 0 0 

0 0 O- 0-1 1 

0 0 20 - 0 O 0 

From this last matrix we see that rank(My) = rank(€) = N — 1. 

Next, let r; represent the 2-th row of the matrix €. Similarly, let c; represent the 

j-th column of €. Then, we see that 

N-1 N-1 
try = dor, and cy = D> cj. 

i=1 j=l 

Thus, 

€&* = €-€ 

| ry 
r2 

= . | cr C2 *- * + CN-1 cn | 

rN-1 

| IN |     
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- r - 

Y2 

= ° [1 C2 *- * * CN-~1 Ny) =1 GG 

ae V 

Pears | 

i ry - Cy Vr} ° C2 . Yr} -CN-1 ry- ( a i) ¢;) 

Y2°Cy 2° CQ . r2°-CN-1 P2° (3= =1 *¢5) 

‘N71 rN-1° . PrnN-1°CN-1 rN 1 (os 3) 

(iG =1 In) cj (~y' r). C2 ° (oN) ri) -CN-1 (oe =1 yi): (Ns =1 * ¢;) i   
Here, a- b is the usual dot product. 

Now, consider the (NV — 1) x (N — 1) principal submatrix [7] 

Vy ° Cy My°C2  * s 2 Fy CN-1 

r2° Cy Yo°C2 °° © 2° CN-1 

S= 

Pn-1°C1 EN-1°C2 + * * FN-1°CN-1 

Since the rows r;, for? = 1,..., N — 1 are linearly independent and the columns c,, 

for j = 1,...,N — 1 are also linearly independent, the matrix S has rank (NV — 1). 

Hence rank(E?) > (N — 1). 

Next, notice that the last row of the matrix €? is the sum of the first (VV — 1) 

rows and that the last column is the sum of the first (NV — 1) columns. Therefore, 

rank(€?) = (N — 1). Thus we have rank(E?) = rank(E). This argument can be 

continued to include all powers of €. That is, for all p> 1, rank(E?) = rank(€) = 
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(N - 1). 

Therefore, since rank(E“) = rank(E) = (N — 1) and all of the columns of €% are 

orthogonal to the N-vector (1,1,---,1)", equation (2.16) together with the earlier 

result 

Ao 

ay 
N-1 

> a; = [1,1,---,]] = 0 

j=0 

QN-1 

shows that am.m = 0. Hence, we have that the homogeneous moment equations have 

only the trivial solution, and the proof that fiym is unique is concluded. = 

Before moving on we wish to note that equation (2.15) indicates that if M—m = 2u 

then our approximation technique is equivalent to least square approximation of the 

p-th derivative of f. This will be further explored in the error estimates. 

Next, let us further explore the properties of the matrix ®yyn. 

Theorem 3 If M — m is even, then the matric Oy» is symmetric and positive 

definite. 

Proof. Symmetry is a consequence of the symmetry of the basis functions $m, 

and ¢my,; about the center point of their supports. Since a symmetric matrix is 

positive definite if and only if all of its eigenvalues are positive, [7] we need to show 

that all the eigenvalues of ©), are positive. 
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As equation (2.15) tells us, 

Eh Dum = Ont ymtu e+ (2.17) 

From the partition of unity result we also have that the vector 

v= Datm 

1 

l << }mo, om+u,0 > <Omo.Omtu1 > * <$M0,¢m+y,N-1 > 

< M.A; Pm+u,0 > < @M,1; Om+p,1 > ° < om; Om+u,N-1 > 1 

LL < @M,N-1, Pm+u,0 >< @M,N-1; Pm+p,1 > 7 < @M,N-1; Om+u,N-1 > 1 

< om; Om+y,0 >+t< $M. 0; Om+y,1 >+...+< $M, bm+u,N~1 > 

< $M, Pm+u0 > + < $m, omtyu1 > +---+ < $m, Om4p,N-1 > 

| < OM.N-1,Om+y,0 > + < OM,N-1,¢m+u,1 > +---+ < Omw-1, Om+ty,N-1 > 

N-1 
f 24-0 < OM,0,Pm+u,j > 

ji < Oma, Om+y,j > 

L ve < OM.N-1,$mtu,j > 

N- 
< OM: Lino Om-+u,j > 

< dma, Dj Om+u,j >   N 
| < bm.n-1, Dio Omtug >



< émo,N > N 1 
< émi,N > N 1 

= ° = = N 

< $u,n-1,N > N 1 

Hence, the vector v = (1,1,...,1)? is an eigenvector of ®y, corresponding 

to the eigenvalue N. Now, let \ be an eigenvalue of ®y., with eigenvector 

c = (c,C2,---,¢n)? such that c is orthogonal to v. Then from equation (2.17) 

we have 

MEte) = E* (Ac) 

EF (Daan c) 

= (E* Oy n)c 

= (®mtumtu E") c 

= Dimntum+y, (E%c) 

so that €“c is an eigenvector of ®,,4,,.m4, corresponding to A, and orthogonal to the 

eigenvector (1,1,..., 1)7 of ®nipmty- Since ®ny,mty 18 positive definite, A > 0. 

It follows that all eigenvalues of ®yy,, are positive; hence, ®yjm is positive definite. 

Theorem 4 Let f be defined and integrable on the interval I = [0,1]. Also assume 

that f and its integrals are periodic. Given a positive integer M and a non-negative 

integer m, O<m< M such that M—m= 2p +1, where p is also a non-negative



integer. Then there is exactly one function fum € Sm such that 

J bm 2) Fo (2) — f(z)| dx =0 k=0,1,...,N—-1. 

Proof. The proof of this theorem parallels the proof of Theorem 2. In following 

the proof of Theorem 2, everything is the same until equation (2.10). At this point 

instead of considering the integral 

| omenen(z)baas(a) de 

we substitute the integral 

Sr OM+m,k+u(£)d0,j(2) dz =m even 

Sr Om4m-1,ket+u(2)¢1,j(z) dx m odd 

Continuing the proof of Theorem 2 with this substitution leads to equation (2.15) 

being replaced by the equation 

EO ytimo = Omim—mopmE™ = OmmE™ m even 

E”™ 1 Ongam—11 = OMtm—1—-(m—1),14(m-1)E™ | = OumE™* =m odd 

Now, since M —m = 2 +1 we have that M+m = 2yn+2m+41. That is, M+m is 

always odd. Thus we see that if m of even this approximation scheme is equivalent 

to point interpolation, with odd order splines, on the m-th integral of f. If m is odd 

this scheme is equivalent to integral interpolation with even order splines. Now since 

we assumed that ¢,,,4(z) was centered relative to ¢a7,4(z) we have that this is really 

midpoint interpolation with odd order splines or integral interpolation using shifted 

and even order splines. From [14], and [13] we have that midpoint interpolation 

with odd order splines is well-defined and an adaptation of our previous proof will 
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show that integral interpolation is also well-defined. Therefore, there is exactly one 

fmm and our proof in concluded. nl 

While we have established that our interpolation scheme is well-defined for any M 

and m, we have not yet been able to establish that this new matrix ®yim, for M—m 

odd, is positive definite. 

In the a late chapter we will look into why the matrix ®y,,, needs to be positive 

definite. 
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Chapter 3 

Applications 

3.1 Coefficient Matrices 

Suppose we wish to approximate a periodic function f(x) using periodic splines of 

order M. In this situation, we are looking for a function that is a linear combination 

of the spline basis functions ¢y;; that is, our approximation will be of the form 

N~1 

fum(z) = >) 45 m,j(2). 
j=0 

Further, suppose we also require that our approximation fay, satisfies the property 

< Om,ky f —- i Mom >m= 0. 

This requirement results in having 

< @m,ky [Mym mom = < bm,ky f >m k=0,1,.....N—1, 
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where m is such that 0 <m < M and m= M — 2u. Then, if we let Ay,» represent 

the matrix whose 2,7 element a;,; is 

a; 5 = / ban i(t) m.j(x) dx = < bini, Mg >ms 

as well as letting a and b be the N-vectors 

Qo < $mo, f > Sr %mo(z) f(x) dx 

ay < mast > Si bmi(£) f(z) dx 

QN-1 < m,N-1)f > Sr bm,N-1(2) f(z) dx 

finding our approximation fy. reduces to solving the matrix equation 

Amn a= b. 

Consider the case of M = 4. In this situation, the acceptable values of m are 

m = 4,2, and 0 corresponding to pp = 0,1, and 2 respectively. Here we have 

  

[ 2416 1191 120 1 0 1 120 11917 
1191 2416 1191 120 0 0 1 120 
120 1191 2416 1191 0 0 0 1 

N 1 120 1191 2416 0 0 0 0 
14 

401 9 9 OFS OO 2416 1191 120 1 
1 0 0 0 1191 2416 1191 120 

1200 1 0 0 120 1191 2416 1191 
1191 120 1 0 1 120 1191 2416 |     
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Next we have 

    

    

[26 1 0 O--- O 1 6 66] 
66 26 1 0... 0 O 1 26 

N 26 66 26 1--- 0 O JU dl 
Aaa = aloof ee 

0 0 0 0.- - - 66 26 1 =O 

0 0 0 0.- - + 26 66 26 1 

| 1 0 0 0 --- 1 26 66 26 | 

Lastly, we have 

| 0 00 0 0141/7) 
100 0 001 4 

N 4 10 0 0001 

A4o = e 14410 000 0 

0000 - 4 10 0 

|0 000 .- 141 0] 

For the case where 4 = 5 acceptable values for m are m = 5,3, and 1 which 

correspond to p = 0.1, and 2 respectively. Thus we have A;.5 = xsmag B where B =   

. 156190 88234 14608 502 1 1 502 14608 88234 ) 

88234 156190 88234 14608 502 0 1 502 14608 

14608 88234 156190 88234 14608 - 0 0 1 502 

902 14608 88234 156190 88234 0 0 0 ] 

l 0 0 0 0 156190 88234 14608 502 

502 1 0 0 0 - 88234 156190 88234 14608 

14608 502 1 0 0 14608 88234 156190 88234 

| 88234 14608 502 l 0 502 14608 88234 156190 |     
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We also have 

    

  

r1191 120 1 0 1 120 1191 2416 7 
9416 1191 120 1 0 1 120 1191 
1191 2416 1191 120 0 0 1 120 

vy | 120 1191 2416 1191 0 0 0 1 
As3 = ——— . . . . . . . . 

040) g 90 oO 0 1191 120 1 0 
0 0 0 0 9416 1191 120 1 
1 0 0 0 1191 2416 1191 120 

| 120 «1 0 0 120 1191 2416 1191 | 

Lastly, we have 

T1000 1 26 66 26 | 
%6 100. 0 1 26 66 

vy | 66 26 10 - 0 0 1 26 
Asa = 755 . eee 

0000 % 1 0 «0 
0 00 0 66 26 1 

| 0 00 0 26 66 26 1 |   
3.2 Examples 

Suppose we wish to approximate a periodic function f(x) using periodic splines of 

order M. Recall that we are looking for a function that is a linear combination of 

the spline basis functions ¢y;; that is, our approximation will be of the form 

N-1 

fum(z) = D7 5 ém,3(2). 
j=0 

Further, suppose we also require that our approximation fas satisfies the property 

< dm,ky [Mim ->m = < bm, f >m k=0,1,...,N—-1, 
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where m is such that 0<m< M and m= M — 2u. 

To calculate a;, j = 0,1,...,N —1, as shown earlier, we must solve the N x N 

linear system 

Amn = b (3.1) 

where, Aym represents the matrix whose 2,7 element a;,; is 

aij = | dma(z) dms(2) dr, 

as well as, a and b represent the N-vectors 

ao Sr bmo(x) f(z) dx 

Qy Srma(x) f(x) dx 

a=| b= 

QNn-1 Sr m,n—1(z) f(x) dx 

For our first example we will consider the case where f(x) is defined temporarily as 

the step function 

1 «x € (0,4) 

f(z) = 4 2 x é (i, 

1 xe (2,]]. 

For ease of understanding, let 6,, represent the vector b associated with the matrix 

Am.m mentioned in equation (3.1). 
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Also, to make the calculations less cumbersome, let us redefine f(x) as 

1 r€([l,pi] 

f(z) = 4 2 © (pr, pr] (3.2) 
1 x € (pe, 1] 

In the definition, p; = Gr(%) and p, = Gr(?%) where Gr(x) represents the greatest 

integer function. Then for this function f(z) as defined in (3.2) we have for m = 0 

the vector bg has components 

1 j = 0, 225 PI 

b= 2 j = (pi +1),-.--, pr 

1 j = (pot 1),...,(N — 1). 

For m = 1 the vector 6; has components 

1 j = 0,...,(p1 — 1) 

b= 4 2 j=mi,.--,(p2-1) 
1 j = pa,---,(N — 1). 

Also for this function f(z) as defined in (3.2) we have for m = 2 the vector 62 has 

components 

(1 j=0,...,(p; — 2) 

3 J=(~m—1) 

wads j = Piy---1(P2 — 2) 
= j =(p2-1) 

| 1 jy = po,...,(N — 1).   
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If m = 3 the vector b3 has components 

St
. 

~ 

  4 

j=0,...,(p1 — 3) 

j = (pi — 2) 

j=(pi—1}) 

j = Piy---,(P2— 3) 

j = (p2 - 2) 

j =(p2—1) 

j = po,---,(N — 1). 

For m = 4 the vector b4 has components 

So
, II 

( | 

25 

24 

3 

2 

AT 

24 

2 

47 
24 

3 

2 

25 

24   1 
\ 

3 =0,...,(p1 — 4) 

j = (pi — 3) 

j = (pi — 2) 

j=(~m —1) 

J =Diy---,(P2— 4) 

j = (p2 —3) 

j =(p2 — 2) 

j =(p2—1) 

J =Ppo,---,(N—1). 
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Lastly, using this function f(z) we have for m = 4 the vector b4 has components 

fj 

121 
120 

147 
120 

213 
120 

239 
120 

239 
120 

213 
120 

147 
120 

121 
120   

j =0,...,(p1 — 5) 

j = (pi —4) 

j =(p1 — 3) 

j = (pi — 2) 

j=(p1 — 1) 

J =Pi,---,(p2—5) 

j = (p2 — 4) 

j = (p2 — 3) 

j = (p2 — 2) 

J =(p2-1) 

j = Pa,---,(N — 1). 

We are now ready for some computer results. Figures 2.1-2.12, at the end of this 

section, graphically represent the computer generated data. It should be noted that 

in the following graphs the jaggedness around the values x = + and z = 2 is due to 

the discontinuity of the function f(z) and not due to the numerical approximation 

scheme. 

mbox 

For our next example let us consider the task of approximating the cubic spline 

function 

N"(x — 2,)° 
N2 

$4,20,40(X) = 

|   OS 
al
z 

o
S
 

|
=
 

+ A(t — ten) +4 

— N°(a — p42)? + N*(a — £442)° 

— (a — xey3) + % 

M(x — Ze41)" — M(x ~ te41)° 

3 74 

(x — re43)" — 7 L~ Lp43)° 

37



for x € [rp, 7x41), © E [Te41,2k+2), [Cet2,e43), [T443, 2444] and elsewhere respec- 

tively. Here k = 20 and N = 40. 

In the last example, we saw that the more spline functions used in the approximation, 

the better the accuracy. However, in this example, we use a relatively small number 

of spline functions. In fact, here we use only ten spline functions in each case. In 

so doing the subtle differences in each type of approximation can be seen. These 

results are represented graphically in Figures 2.13-2.18 found at the end of this 

section. ‘Two graphs that combine the results of Figures 2.13-2.15 and Figures 

2.16—2.18, respectively, can be found at the end of the chapter on error estimation. 
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N=50, sample = 175 
2.2 4 LJ 4 i oe El q q q   

    
        

  
0.8 {_ [ = 1 j L Lo L t 

Figure 3.1: Approximation of step function with M = 4.m = 4 and N = 50 
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N=150, sample = 500 

2.2 Oe 4 dq UE a! Ff t a! qT   

1.47 4 

12} 

            0.8 1 i LL Lo | L L = 1 
  

Figure 3.2: Approximation of step function with M =4,m =4 and N = 150 
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N=50, sample = 175 
2.2 t mi Ss | t oT OE OE v   

    
        
  

0.8 | | | L L | 1 LL l 

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 

Figure 3.3: Approximation of step function with M = 4,m = 2 and N = 50 
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N=150, sample = 500 
2.2 ae | Oe ae | UE 4 q a | OE [   

1.47 7 

          
  

0.8 | | {_ {| L_ I | Le 1 

Figure 3.4: Approximation of step function with M = 4,m = 2 and N = 150 
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N=50, sample = 175 
2.2 OE OE J FC t Oe q q U   

1.6¢ 4 

  
        
  

Figure 3.5: Approximation of step function with M = 4,m =0 and N = 50 
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N=150, sample = 500 
2.2 q ne dt 4 4 t UN dT ¥ 

1.8 7 

  

1.47 ; 

          0.8 L. {___ l = | I L. L L 

Figure 3.6: Approximation of step function with M = 4,m =0 and N = 150 
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N = 50, sample = 175 
2.2 4 q 4 qt OE OE td OE q   

1.65 4 

1.4/- 7   
12, 

1 [w~ 

0.8 | Le J L | = Le 1 i 

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 

            
  

Figure 3.7: Approximation of step function with M =5,m =5 and N = 50 
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N = 150, sample = 500 
2.2 tT EF UN of Oe ~ 7 q ff   

1.8b 4 

1.6F 4 

          
  

0 8 i i J i LL J i a I 

“0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 

Figure 3.8: Approximation of step function with M =5,m=5 and N = 150 
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N = 50, sample = 175 

2.2 4 T UJ 4 qT qT UE qT ot   

1.67 7 

'4r ; 

    
        0.8 | __i. ! L | | 1 LE l 

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 
  

Figure 3.9: Approximation of step function with M =5,m =3 and N = 50 
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— N = 150, sample = 500 
2.2 OE UE ot oe UE t # oe 4 

2 |-—— 
1.8 4 

  

1.6F J 

1.4+ 

          
0.8 L L___ |__. 1 L ! { L L 
  

Figure 3.10: Approximation to step function withM = 5,in = 3 and N = 150 
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N = 50, sample = 175 

2.2 — «& gk oF — T OE ' c oe ~ e   

1.6 7 

          
  

0.8 i J 1 | | L | 1 L 

Figure 3.11: Approximation of step function with M = 5,m=1 and N = 50 
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N = 150, sample = 500 

2.2 v 1 q am | | 1 OT q   

1.4F 7 

                
  

0.8 L L L | L | | ! 

Figure 3.12: Approximation of step function with M = 5,m = 1 and N = 150



  30 ———F ——T 7 ~T T T | T oT 

25r 4 

15+ : 

    
o=—— ” “ Lf. \ 7 ~       
  

Figure 3.13: Approximation using M = 4,m=4 
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  30 So mn | qT t | T T T T 

25 

20 

15 

10F   
      
  

Figure 3.14: Approximation using M = 4,m = 2



  30 FE t Od 1 oT ma qv ~ &€ t 

25 

20r 

T 15 

  10 

      
  

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 

Figure 3.15: Approximation using M = 4,m = 0 
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  30 4 T C t oT f a | | 4 

25 

20 

15 

10 

  
      
  

5 1 i L L 1 1 Le 

Figure 3.16: Approximation using M = 5,m = 3



  30 T T am | +e q i q T v 

25 

T 20 

15> 

10 q 

_— -
     

    
  

5! 1 ! 1 _ L 1 L 1 i 

Figure 3.17: Approximation using M = 5,m = 3 
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T T T —T —T —T T T T 

25r 

20+ 

15;- 

10 - l= 

SP ‘ 

0 —— : SE 

os — 

5 | { J L L | 1 LL 

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 

Figure 3.18: Approximation using M = 5,m = 1 
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Chapter 4 

Dual Wavelets And 

Multiresolution Analysis 

Let us denote by S,,.n, or just S,, when N is understood, the vector space of m-th 

order periodic splines on [0,1], the point x = 1 being identified with z = 0 in the 

usual way. For 0 < m = M — A, where X is a non-negative integer, we let mx 

and ¢u4 be the standard 6-splines, both centered at zr, (thus the nodes are at the 

half intervals if M — m is odd), k = 1,2,...,N. As usual, we identify k = 0 with 

k = N. We also denote by ¢;(z) the N dimensional column vector function whose 

k-th component is the b-spline ¢;4(z). 

We have seen in our earlier work that the matrix 

1 
Prim =f dm(e)due(e)" dz 

is always nonsingular. When M — m = A = 2y is even, we have also seen that this 

matrix is positive definite. We suspect that this is also true when M — m is odd, 

but we have not yet proven it. We note also for the record that ®y,, is a circulant 

matrix. 
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The M,m approximant in Sy. to the periodic function f(x) defined on [0, 1] is 

cl 

C2 

fMjm(2) = ém(z)*c, c= 

The vector of coefficients c is determined by 

1 1 

[ dm(z)bau(zy de c= fi bm(2)f(e) de. 

That is 

c= 07}, | ' bm (x) f(x) de = | * boon) f(a) de 

where the components agmx(z) of the N dimensional column vector function 

wmm(z) constitute the dual basis in S,, for the original basis in Sy consisting 

of the components of ¢yy(x). These enjoy the property of biorthogonality relative to 

the dau4(x), expressed by the relation 

[bam 2)a(a)* de = I 

where /y is the N x N identity matrix. That is 

[om (r)ou (x) dz = 63, = I jak . g Manse SLO G#k 

When m = M we would use the term orthonormal rather that the term biorthogo- 

nal. 
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We are familiar with the fact that the functions ¢y,(x) are highly localized with 

respect to x (as localized as piecewise (M —1)-st degree polynomials can be without 

being zero). When the =ym,j;(z) are computed they can also be seen to possess a 

degree of localization — more pronounced as m gets smaller — but they are less local- 

ized than the u(r). The am,j(x) have a very characteristic oscillatory form and 

they decay exponentially, with exponent depending on NV, as x moves away from 

their center-point z;. 

A compromise between the degree of localization of these dual basis functions can be 

realized in the following way if we know that the symmetric matrix Pam 1s positive 

definite (as we know when M — m is even). Since ®y,, is symmetric and positive 

definite, so is its inverse ©3;,,,- For ease of notation, define P = ®},,,,. It can be 

verified that P is also a circulant matrix. As a positive definite symmetric matrix, 

P has a positive definite square root matrix P? which is also a circulant matrix [15]. 

Since P commutes with ®jy,m, so does Pz. Thus from the relation ® MmP =I and 

the symmetry of P we have 

P20. mP? = (P?)"OymP? = 1. 

Since 

ip \ 1 
[= ps | bm(z)om(x)* dr P2 = | OMm(2)O\tm(r)" dr 

the component functions o4¢.m,j(Z),Omjm,4«(£) remain dual bases relative to each 

other in L?[0,1]. The functions Omm,j(z) are functions in S,, and the functions 

Omm,k(£) are functions in Sy. It will generally be seen that the oxy,,.;(z) are more 
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localized than the wym(z) while the 047.m(x) are less localized than the $u4(z). 

The reason for this is quite simple; multiplication of a vector ¢@ by a circulant ma- 

trix A amounts to descrete convolution of the row vector a against ¢. That is, we 

have a * ¢. In general this is a de-localizing or blurring process. If p is the basic 

row vector of P and q is the basic row vector of P2, then p = q * q, from which it 

follows that p should be less localized than g. Thus we should not be surprised to 

find that the ~um,j(z), which are translates of p* ¢,(x), are less localized than the 

OM,m,j(«), which are translates of q * ¢m(z). In Daubechies’ book the Yum,j(z) 

and ¢yx(2x) are called biorthogonal scaling functions of Battle-Meyer type. These 

are translation invariant in the sense that pmum,j(z + N7') = dmmj-1(x) with a 

similar relation holding for the ¢44.(x). The functions o4m,j;(z) and Oyjm,(x) have 

this same property of translation invariance. We might want to call them balanced 

dual scaling functions. Biorthogonal sets of translation invariant scaling functions 

serve as bases for a dual wavelet analysis, or multiresolution analysis, of periodic 

functions. 

In order to get to the multiresolution aspect of wavelent atialysis, let us suppose 

that N = 2”, where v is a positive integer. Typically 2” is quite large; 1024, 2048, 

4096, etc., are standard values used in practice. Correspondingly, let R, = R?’. 

The standard orthonormal Haar basis for R, consists of the vectors ho, hio, hoo, hat 
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where 

N2ho = all ones 

N2hio = 2’! ones, followed by 2”~! negative ones 

N7 hyo = 2”-? ones, followed by 2”-? negative ones, followed by 2”~! zeros 

N2hq = 2"~! zeros, followed by 2”~? ones, followed by 2”~? negative ones 

In general, for n = 3,...,y and for 1 =0,1,...,2"7!, h,) consists of a block of 2’~" 

ones, followed by a block of 2”-" negative ones and starting at position (1—1)2’~-"*! 

all other elements are zeros. The vector is then multiplied by the scaling factor 

1/(2r—n ya. 

Thus, except for the normalization factors, for vy = 3 the vectors are 

(1 1 12 2 21 2 «2 ~«21~) 

(1 1 1 #1 -1 -1 -1 -1~=») 

(1 1 -1 -1 0 0 0 0 ) 

(0 0 0 0 1 °#1 -1 -1:*) 

(1-1 0 0 0 0 0 0 ) 

(0 0 1 -1 0 0 0 0 ) 
(0 0 0 0 1 -1 06 0) 

(00 0 0 0 0 1 -1 >). 

We will denote the components of hj, by hk,, k = 0,1,...,(2” — 1). These vectors 

clearly form an orthonormal basis for R,, the Haar basis. 

Now consider the maps H,,, and Hy, from R, to S,, and Say. respectively, 

iv th € R, —_ Te h* ou mk} 

Ayr, =h € Ry 7 an DON on. k- 
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From our construction it is clear that 

(Amih, Hg) 12[0,1] = (h,g)r, 

or, with * denoting the adjoint of an operator, 

(h, Hy Hmg)r, = (hs g)R, 

showing that H*,) = Hy.- When m = M, so that oy mx = 9mm, this becomes 

Hy, = Hy), so that Hy, is an isometery from R, onto Sy. When m = M this 

means that the orthonormal basis h,, is carried into an orthonormal basis in Syj; 

otherwise, H,,, and Hy, carry the h,, into dual biorthogonal bases in S,, and S14 

respectively. These are dual wavelet bases (orthonormal basis if m = M) in S,, and 

Su. The images of the h,,, are wavelets which are progressively more localized as 

n increases, and simply translate as | varies. They are convolutions of the scaling 

functions (sometimes called mother wavelets) with the Haar vectors. Just as the 

basic pattern of the Haar vectors is more or less invariant from one n level to an- 

other, the wavelet forms also change very little an n varies. As \ — 00 and n stays 

bounded, the wavelets at different n levels are just rescalings and translations of 

each other. 

More information on wavelets and their uses can be found in Ingrid Daubechies 

book [5] and in Yves Mever’s book on wavelets [9]. 

On the following pages can be found pictures of the Haar basis functions for the two 

cases M =m=4and M = 4.m = 2.
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Figure 4.1: Haar basis function for hio, 04,4 = 94.4, and v = 5 
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Figure 4.2: Haar basis function for hao, 04,4 = 944. and v = 5 

64 

 



  1.5 4 OE | oF OE OE q t Od 

  

      
  

-1.5 1 L. 1 L Le L 1 L_ 1 

Figure 4.3: Haar basis function for h39, 04,4 = 044, and vy =5
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Figure 4.4: Haar basis function for hao, 04,4 = 4.4, and v = 5 
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Figure 4.5: Haar basis function for hso, 04,4 = 04.4. and vy = 5 
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Figure 4.6: Haar basis function for hyo, 642. and vy = 5
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Figure 4.7: Haar basis function for ho, 942. 
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Figure 4.8: Haar basis function for h39, 04.2, and v = 5 
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Figure 4.9: Haar basis function for h4o, 64.2, and v = 5 
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Figure 4.10: Haar basis function for hso, 64,2. and v = 5 
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Figure 4.11: Haar basis function for hi9, 042, and v = 5 
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Figure 4.12: Haar basis function for hoo, 04.2, aud v = 5 
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Figure 4.13: Haar basis function for h39, 74,2, and v = 5 
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Figure 4.14: Haar basis function for h4o, 04,2, and vy = 5 
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Figure 4.15: Haar basis function for hso, 042, and y = 5 
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Chapter 5 

Error Estimates 

Now that we have seen some examples, let us explore the closeness of the approxi- 

mation fim,n to the original function f. At the end of the chapter there are two 

graphs showing the relative closeness of the different approximation schemes for the 

second example in the last chapter. To mathematically determine the accuracy , 

we first wish to demonstrate that the first integral relation holds. 

Theorem 5 [fm = M — 2u where 0 <m< M and f € C™)[0, 1] and periodic, 

then 

[UF @) = An wl de = [[F(e)P de — [LP.0(@P de. (5-1) 

Equation (5.1) is referred to as the first integral relation. 

Proof. For ease of notation let S(r) = fym,n(xz). Then we first notice that 

[f) — SM (x = [ye 2 dr — [sor dr 

= 2 | sx yp — SH) (z)] dz. 
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To show that the first integral relation is true, we must show that the last integral 

above equals zero. Integration by parts yields 

[ S@@SO@) —~SM(r)) dx = SO (2)[ fH) (x) _ SUD (x)) Q 

_ [so @OUOM@) ~ SH-D(z)] de. 

Due to the periodicity of f(x), and hence S$(z), the first term in the above equation 

is zero. Thus 

[S@ ole) - $(a)] de = — f SH*N(a)[fO-M(e) — S—Y(2)] de. 
I 

Integrating by parts again yields 

[Sw re) _ S)(z)] dr = —SUtD(2)f f4-2)( 2) _ SU) (x) lb 

4 [s&P@lFo@) ~ S42) (2) dz. 

Again, by periodicity of f(z), and hence S(z), we have that the first term in the 

last. equation is zero. Thus 

[8 (a) F(a) ~ S(@)] dz = fs) a) fa) — S41 2)] de. 
I 

Performing integration by parts a total of y times, using the periodicity of f(z) and 

S(x) each time, yields 

[ Sa) F(a) ~ S(a)] dz = (=1)" f S°(a)[F(z) — S(z)] de. (5.2) 
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Now recall that by definition S(x) = Cajduj(x). Thus S'(z) = Da}dm-1,j(z)- 

This leads to S"(r) = Y at%m-2,;(x). Hence, continuing, we have 

N-1 

SCY ar) = V0 13¢M-2u,5(2)- (5.3) =< 

Now substituting m = M—2y in (5.3), and then substituting the resulting expression 

into equation (5.2) we have 

N-1 

[8 Ue) - $2) de = (—1 5 f bmal2ILF(@) ~ S(@)] ae 

This last integral is zero due to the construction of the approximation S(z). There- 

fore, 

[U@@) — SH) (2)P dz _ [Yor dr — [Sor dx 

and the first integral relation is proven. = 

Theorem 6 Again, let S(x) = fum.w(x). Then the function S“)(x) is the least 

squares or Galerkin approximation to the function f(x). 

Proof. By construction of the function S(z) and using intgration by parts several 

times we have 

0 < dmo, f -~S > 

0 < Omi, f -S > 

0 < 6m,N-1,f—S> 
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Sr bmolx)[ f(z) — S(x)] dx 

Sr oma(z)[ f(x) — S(x)] dx 

Sr Omn—1(2)[F(x) — S(x)] dz 

fp bmoio(x)[f'(z) — S(x)] dx 
Sr omeia(z)[ f(x) — S"(x)] dx 

| Sr om+i,n-1(2)[f'(x) — S"(x)] dx 

L fr bm42,0(z)[f"(x) — S"(x)] dx 
Sr Om4oa(z)[f" (2) — S"(a)| de 

  _— N?2E2 

| Sr Om42,n-1(2)[f" (x) — S"(x)] dx 

Sr om+uo(2)[f(x) — S(x)] de 
Sr bm+ua(2)[f(x) — S(x)] da 

= (-Nyte" oo 

Sr bm+u,n—1(2)[f™ (x) — S“)(z)] dx 

Now, since €* has rank (NV — 1) and each row of € is orthogonal to the vector 

v =(l,1,...,1)7 we have that for each k, k =0,..., N —1 the equation 

[ bm+ua elf (2) ~ 8)(2)] de = 
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where c is a constant independent of k. Thus, summing over k, we have 

N-1 N-1 

YF f bmsual Lf (e) — $(2)] de = Y= oN 
k=0 T k=0 

Hence, 

oN =f Yfbmrnela)l f(x) — 8 (2)}} dr 
k=0 

N-1 
— [FCe) —~ SH (x)] 2 Pmtu,k(L) dr 

By the partition of unity identity DY dm+u,k(x) = 1, as well as using the period- 

icity of f(z) and S(x), we have 

oN = [[f(z)- SH (a)] de 

= [fe(2) — seY(e)] 
= 0. 

That is, cN = 0; hence, c= 0. Therefore, for k = 0,..., NW — 1 we have 

J bm+ne(2)LP(a) ~ SMY(x)| dz = < bmtus fH —sM)> =0. 

Lastly, since 

N-1 

S(x) = )) aj¢m.j(2) 
j=0 

we have 

N-1 

Sx) = S> abgm-i,(2), 
7=0 
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and 

N-1 

S"(2) =D ab pm—as(2). 
j=0 

Repeating this yp times we see that 

N-1 

St9(22) = 2 abt baau(2) 
j=0 

Now, recall that M — » = m+ pu. Finally, we have 

< bm+ukes f) _sM>.=09 

where 

N-1 

St) (2) = » Bj bm4u,j(2)- 

Hence, by definition S™)(x) is the least squares or Galerkin approximation [11] of 

f(x) and our proof is concluded. = 

This result is suggested by deBoor page 67 [6]. 

Theorem 7 fForj =0,1,...,4—1 we have 

| F(z) — SOx) |S 207 | FO (e) — S(z) I. 

Here we are using the L2 norm 

a(x) I= (fax) P de}. 

Proof. Let E(z) = f(x) — S(x). Then, since f(z) and S(z) are both periodic 

with period 1, E(x) is also periodic with period 1. Hence, £(0) = E(1). Therefore, 
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by Rolle’s Theorem there exists a c, € [0,1] such that /’(c,;) = 0. That is, for some 

value c, € [0,1] we have f’(c,) — S’(e1). 

Since E(x) is of period 1 and differentible, we have that E‘(x) is also of period 1. 

Thus we have E'(0) = E'(1). Again, by Rolle’s Theorem there exists a c2 € [0, 1] 

such that E"(c2) = 0. That is, for some value cz € [0,1] we have f"(c2)— S"(c2) = 0. 

In general, for 7 = 1....,M —2 we have that E©)(x) is of period 1; hence, 

EG(0) = E°)(1). Therefore, once again Rolle’s Theorem yields the existence of 

a value c; € [0,1] such that E@(c;) = f(c;) — SM(c;) = 0. 

Next, let ¢ be an arbitrary, but fixed, value in [0,1]. We first consider the fact that 

d 

5, fe (2) — SOD(a)? = fH) (2) — S#Y(x)] [FY (x) — S(2x)]. r 

Integrating from c,_; to t we have 

Lfe-D(2) __ SUD (4 2 _ i ft plu-1)(e) — SUV (z)P dr 
wy» AL 

= 2f [fN(e = SH-M(e)] [7(c) — Sa] de 
< 2f f [f%-) (2) ~ SUD (2)? dx}2 

(f [f%(2) — S(a)P acy? 

S 2 fOV(a) — SOM) [I FP) — SM) IL 

The next to last inequality is a result of Schwarz’s inequatity. 
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Integrating again, this time from f = 0 to tf = 1 we have 

[OPW = SHOP ae = I SMe) = SM) |P 

2 fy se-V(e) = SM (x) ||| LPC) — Se) |] at 

< 24) f(x) — SOM (x) | | FO(@) -— Se) I. 
IA
 

Dividing through by || f“~)(x) — S(-)(z) || yields 

| FP (x) — SEM(Z) |] <2 F(z) -— SM (2) I. 

Through a similar argument, it can be shown that 

| FY P(a) — SH A(x) |< 2 FEM) - SH (z) IL. 

Combining these last two results yields 

| FOP (x) — SY MA(x) |] < 4 |] fM(e) — S™ (a) |]. 

Continuing in the same fashion, we have for j = 0,...,—1 

| F(z) — SP (x) || < 24 | f(z) — SM(z) |]. 

Recall from Theorem 5 that S)(xr) is the least squares approximation to f™)(z). 

Thus, by definition of least squares 

| f(x) — SM (x) || = min |] f(x) — s(x) || 
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where s(x) = yi ¥;¢m+,(xz) is any spline approximation to f(x) [11]. 

For ease of notation, let g(x) = f™)(z). 

If m + p is even, which corresponds to odd degree splines ¢m4,(2x), let s(2) be the 

approximation to g(x) obtained via point interpolation. If m+ pu is odd, which 

corresponds to even degree splines ¢n4,(z), let s(x) be the approximation to g(x) 

obtained via integral interpolation. Then we have the following result. 

Theorem 8 /fm+y=2K for some K, orm+p= 2K +1 for some K, then we 

have the following form of the first integral relation with k = K +1 

[lo(2) - 8 (@)P de = f[g(a)P da — [Is (a)? az. (5.4) 
I 

Proof. We first notice that 

[Io 2) - (ap de = [Io (a)P? de — ffol(x)P dx 
2 fsl(2){gl = s(x)] de. 

Integrating this last integral by parts yields 

[sO @ ae) = sa) dz = 9(x)fg*(x) — s(x) I 

_ [Pwo — s®-D (a) dx. 
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Due to the periodicity of g(x), and hence s(z), the first term on the right hand side 

in the above equation is zero. Thus 

[(e)lo(x) — s(2)] de = — fsl**Y(@)[g* P(e) = s(x) de. I I 

Integrating by parts again yields 

J @)la(2) - s(a)] de = -s"*9(a)[g"(a) — (a)] f 

+f s¥)(2)Ig*2(z) = 5-9 (e)] de. 

Again, by periodicity of g(x), and hence s(x), we have that the first term on the 

right hand side in the last equation is zero. Thus 

[ea 2) — s(x] de = ff sh*0(x)[gl*2(2) — s*)(2)] de I I 

Performing integration by parts a total of k — 1 times, using the periodicity of g(z) 

and s(x) each time, yields 

[5 (ella) = 5 (e)] dx = (11 f sP*Y(efg!(x) = s!(2)] de 

Since s(x) is a piecewise polynomial of order m+, each polynomial piece has degree 

m+y—1. Thus s'**-))(z) has polynomial pieces of degree m +p —1—(2k-1) = 

m+ p— 2k. 
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Now, if m+ ye = 2k, that is m+ p is even, then s?@*—")(x) has degree m+ pp — 2k = 

2k — 2k =0. Hence, s*4-))(z) is constant on each subinterval. Thus 

N-1I 

[OM @le'(@)-s'(@)ldze = ¥ | 
L541 

cj[g'(x) — s!(w)] dx 

- Sof 
N~1 

= > ejlg(z) — s(x)] lo - 
j=0 

Fjp+1 

[g'(x) — s‘(x)] dx 

This last expression is zero due to the fact that, since m + p is even, we are letting 

s(x) be the point interpolate of g(x). Therefore, if m+ yu is even, then equality (5.4) 

holds. 

If m+ = 2k 41 then s(*-)(z) has polynomial pieces of degree m + uw — 2k = 

2k+1—2k =1. Thus, s?*-")(z) is piecewise linear. Since s'?*-)(z) is continuous 

we can perform integration by parts once more to get 

[s0%a)la'(x)- 8'(2)] de = 8-M(z)[9(z)— s(2)] Ib — [ s2(2)[f(e)— s(2)] de. 

The first quantity on the right hand side is zero due to the periodicity of g(x) and 

s(x). Also, since s'?*)(x) is piecewise constant, we have 

5 N=} Tp41 [Pi2llgle) = sede = PP eslgte) ~ s(2)] dx 
j=0 “7 
N-1 © 541 

= Ye flix) = s(a)] de. 
j=0 7) 

Since we are assuming m + yp is odd, in this case we let s(r) be the integral inter- 

polate of g(x). Hence. this last quantity is zero. 
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Therefore, if m+ y= 2K or m+ pt = 2K 4+ 1 and we define k = K = 1, we have 

equation (5.4) holding. This concludes the proof. 

We use equation (5.4) to prove the next two theorems. 

Theorem 9 Let g(x) and s(x) be as above andm+yp = 2K +1, then with k = K+1 

| g(x) — s(x) |] < [2k + 1A | g(x) I. 

Proof. Let F(z) be defined as F(x) = fo [g(t) — s(t)]dt then F(a;) = 0 for 1 = 

0,1,...,. By Rolle’s Theorem there are values ci € [ei-1.2i], ¢ = 1,2,...,N 

such that for each 2 F"(c,,;) = g(c1,:) ~ s(cy;) = 0. Again, by Rolle’s Theorem, there 

are values cy; € [Ci;-1.C1i], 2 = 2,3,...,.N such that F’(c2;) = g/(co:)—s"(c24) = 9 

for each 2. Continuing the process, for 7 = 1,2,...,k& there exist values cj; € 

[cj-1,1-1, C7-1,1] such that F(c;;) = g8-Y(c;3) — sU-V(e 5) = 0. 

Next, let ¢ be an arbitrary, but fixed, value in [0,1]. Then for some 2 we have 

t € [ce i-1, Ck]. We first consider the fact that 

[a M(x) — sfF-D py]? — [gl (x) _ s®-Y(2)][gl(x) _ s)(a)]. 

Integrating from c;,.;_, to t we have 

t ~ 
[g* Y(t) _ sP-M(4)/? _— / Sige) _ sO (ride 

Chi-1 aL 

t 

= 2f GY) = 8 (ejig' (x) ~ s\(a)]de 
Ckyi-1 
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< aff (V(x) — s(x) Pde}? 
Ckyi-l 

t I 

{ [go (x) — s(x) Pdx}2. 
Ckyt-1 

This last statement is a result of Schwarz’s inequality. Since both integrands on the 

right hand side are positive we have the following: 

[gD (t) — s@-Y(e)/? < at [ "Ig (k- Vz )— s®-)(2)P dx}? 

Ckyi-l 

| Ck, i (g(x) _ s*)(x)]*dx}2 

Chit 

for t € [cx,:-1, Cx]. 

Integrating again, we have 

t t Crys 1 [i @—s apex < af of (Me) - 5 @)Paz}}! 
Ck Ckyi-1 J Cki—1 

f Ck,i ne _ s*)( 2)]2dax}2 dt 

Ckyi-1 

< [a(k+ al { fo” [g@-(2) — s(x) Pde}? 
Ckyi-—1 

Cf [a (a) - s(xyPaey? 
Ckyi-1 

Taking the maximum of the left hand side yields 

i [g*®@ V(x) — 6-2) Pde < [2(k+1)A] { oe [g@-(a) — sp) Pdr} 

Ckyr—1 

| Ci (9 (x )— s)(r)Pdx}?. 

Ckyr—1 
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Dividing through by {f% [g(-)(z) — s(§-1)(z)]2dx}2 yields 
kji-1 

Cf [a P(a) = MayPdc}? < fk + YA Lf (ge) - 8 (@) Pde}. 

Now, squaring both sides gives 

Ck yt 

[to Pa) = 8M (@)Pde < [2k + DAP (g(a) — 5 (a) Par. 
Ckyi-l Ckyi—1 

Summing this last inequality over z yields 

[lo (e) = 8M @yPde < PEE + DAP [lo@) — Par, 

By taking the squareroot of both sides the following inequality results 

| oY (x) — 8®-Y(zx) |] < [2( + 1)A] |] p(x) — (2) |] - 

Through a similar argument, it can be shown that 

| g(x) — SE (x) |] S [2K + 1A] |] g(x) — s(x) | . 

Thus we have 

| (Pz) — sS® A(z) || < RAR + VAP |] G(x) -— s(z) | 

Continuing in this fashion yields 

| g(x) — s(x) |< [2(k + 1)AJ* |] g(x) — sz) || 

S [2k +1) Al | g(x) |. 
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Our proof in now complete. = 

Now that we have an error estimate for the case m+ yz odd, consider the case m+ pu 

even. For this case we have a similar theorem. 

Theorem 10 Let g(x) and s(x) be as above andm+p=2K, then withk = K +1 

| g(x) — s(x) |] < [2k + 1a} | g (2) I. 

Proof. In this case, let E(x) be defined as E(x) = g(x) — s(x), then 

E(#;) = Oforz = 0,1,...,N. By Rolle’s Theorem there are values 1; € 

[zi-1,2:], 2 = 1,2,...,N such that for each zt E'(qy3) = g/(ax) — s(ay) = 0. 

Again, by Rolle’s Theorem, there are c2; € [c,4-1.c1;], 7 = 2,3,...,N such that 

EN (c24) = g""(c21)—8"(c2,4) = 0 for some 7. Continuing the process, for 7 = 1,2,...,k 

there exist cj; € [¢;-14,¢j~1,441] such that EY (c;;) = g®(e;;) — s(c;;) = 0. 

The rest of the proof is identical to the proof of the previous theorem. Hence, our 

proof is now complete. a 

Therefore, since g(x) = f(x) and s(x) = S™)(x) we have 

| F(x) — SM (x) |] < [2k + 1)A) FPPC) | 

where KC is such that m+ p= 2h +1 or m+y = 2A depending on whether m+ yu 

is odd or even, respectively, and k = AW +1. 
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Thus we have 

Theorem 11 Let f(r) be ay+k differentiable function and S(x) = eo aj;m,j(x) 

be the approximation to f(x) obtained by requiring < dm,f —S > = 0, where 

m = M —2u and K is such that m+ pp = 2K 41 orm+ p = 2K depending on 

whether m+ ps is odd or even respectively and k = K +1. Then we have that for 

j=0,1,...,u-1 

| f(x) — SO(x) <2 (EI AE | f(a) I 

Proof. The proof follows directly from the previous theorem. = 

This is rather a rough estimate. One reason for this is the estimate used for the 

least square approximation of || f{) — S™) ||. However, if M is even and m = 0, 

this estimate is comparible to the known estimates for odd degree splines, at least in 

the case 7 = 0. However, the derivative estimates are not as tight as those already 

known for odd degree splines. 
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Figure 5.1: Approximation comparison for M = 4,m = 0,2,4 
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Figure 5.2: Approximation comparison for M = 5.m = 1.3,5



Chapter 6 

Appendix 

6.1 Splines Of Order Less Than Six 

Recall from chapter 1 that the recursion formula to create the k-th spline of order 

M on the interval J = [0,1) is 

ém+i(2) = n | [dme(s) — Om,eii(s)] ds. (6.1) 

Also, recall that ¢o4(x) is defined to be the Dirac measure 6, with support {z;}. 

Thus, since we know @o,4(r) we can create all the spline basis functions from the 

recursion formula (6.1). In this chapter, we show that 

N x € [xg, Le41) 
O1,4(2) = 

0 elsewhere. 

N*(x ~ zx) t € (Xe, Le41) 

dou(z)= 4 N-N?*(x—oey1) © [tay1. Ue 42! 

0 elsewhere. 
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b3,kh(«) = 

  

N"(c — x4)? t € [Xe, Ze41) 

+ N?*(a — Xe41) — N°(x — Te41)* x € [Xp41,Uk42) 

2 
N 

2 

N _ N?(x— xp42) +(x — eye)? 2 € [te42. Te43] 

0 elsewhere. 

N* (x — zx)? 

  

LE [ze, Le41) 

x 4+ (2 — Le41) + N" (a — p41)? ~ N*(x —2e41)% x € [2p41, Le 42) 

$44(Z) = J 2 2N _ N3(x — xpy)? + M(x — rn42)° x € [re42, 243) 

N _ N (a — tuys) + (a — wags)? — (x — reas)? x € (zea, te44] 

L 0 elsewhere. 

and $54(r) = 

a (2 — x,)* 

Bet M(x = ey) + (x — reir)? + MO (@ — resi)? — (ae - ey)! 

} i + Xa — Fk42) — (2 — £442)" — (2 — k42)° + M(a — Lh42)4 

ux N* (x — F443) — ae — £443)? + N(x — tp43)° — M(x — rx43)4 

N M(x 2iga) +4 NA (2 ~ raga)? — M(x — veya)? + FZ (2 — tera)! 

0   
for x in the intervals [x,, 2441), [e41,2e42), [Vepo, Tes), [Te43, Lesa), [Tega Less] 

and elsewhere respectively. 

As we saw in chapter | 

oe) = Nf [doe(s)~ doasi(s)] ds 
_ +o. © E (rp, 2441) 

0 elsewhere. 
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Now that we have ¢,,(x) we can determine ¢2,,(z); 

bau) = Nf [brals) ~ dreer(s)] ds 

Since the support of $2,(x) is the interval [x,, rp42], if x € [x%, 2441) we have 

bou(x) = N fw — 0] ds = N(x — 24). 

If x € [xxn41, 2k42] we have 

boalz) = Nf [drals)—drarl(s)] dst Nf [dra(s) ~ brp4s(s)] ds 
Tk+1 

= N?*(rp41 —24) +N ° [0 — N] ds 
Te41 

= N—N?(x— 2441). 

This last equatity comes from the fact that we are using the regular partition of 

the interval [0,1) with 2, = x for k = 0,1,..., N — 1. Combining the cases for 

x € [x,,Ue41) and x € [rp41, 2442] we have 

N?(x — zx) x E€ [xp 2u-1) 

O24(r) = 4 N- N*(x — 21) FE [Th41- 2-2] 

0 elsewhere. 

For ¢34(z) we have that the interval of support is [x,, 2442. Now if x € [x,, Ce41) 

we have that 

one(z) = Nf [dau(s) — doasi(s)] 4 
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= N f[ [N%\s — xz) — 0] ds 
Lk 

N? 3 
= py (ete) , 

If x € [re41, 2442) we have 

dsu(t) = Nf Iboa(s) — doasi(s) dst Nf [oau(s) ~ do.eer(s)] ds 
Lk41 

= SN [" [N-N%s—sen)} — (5 — aan} ds 
k41 

N z _ +N / [N —2N?(s — xe41)] ds 
“ Te41 

i N 

~ Q + N?(x—- epi) — N° (x — p41)’. 

Lastly, if x € (zx42, 2443] we have 

 boe(s) — b2,241(s)] ds 
Tk+41 

sale) = Nf" b2a(s) — bausr(s)] ds + [ 

+N [° [dou(s) — d2e41(s)] ds 
Tk42 

N z = +404 | [0 — {N — N*(s — xe42)}] ds 
< Lk+2 

N _ ft 
— >t. [—N + N?(s — rp42)] ds 

- Tk+2 

Nn, Ne 
= > — V(r = tep2) + > (@ — Besa)” 

Therefore, 

“(x — xx)? x € (Lk, Leq1) 

baal) XS + N?(x — op41) — N3(@ — re41)? x € [e41, Ch42) 
3,k\ 2) = . 

+ — N(x — Fp42) + N(x —tp4q2)? @E [Te4+2,Lk43] 

0 elsewhere. 
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For ¢44(x) the interval of support is [r,, 2444]. Thus for x € [x,, 2441) we have 

b4,k (2) = N [ (oa(s) — 3,k+1 (s)| ds 

= va M(s— 24) — 0] ds 

= v2 — 24)". 6 

If x € [zk41,2k42) 

baz (Z) = Nf oaals) — dsarr(s)] ds +N [ [6s.0(s) — 5,04(s)] ds 
N Ty Tk+1 

6 

EN [SNS ~ ayn) = N%(6~ ays)? — (ls — Ben) Hs 
ne oe (s — 2401) — 5° (s — r441)*] ds 

6 
N WN? N3 ; N4 

6 + a (2 — e41) + Zl — £k41) — Z(t — Tey). 

For x € [rx42, 2443) we have 

hak(x) = Nf losa(s) — dseer(s)] ds + Nf Tbsa(s) — ds.cer(s)] ds 

    

  

Tk+1 

+ Vf [bsu(s) - bse41(s)] ds 
TKE42 

NN N N3 ; 
= gtot N "1 — N25 — wean) + ls — te42)?} 

6 TK42 2 2 

— (> + N?(s — rpy2) — N°(8 — te42)*}] ds 

IN i : — + \ " [-2N(s — F442) 3A S — p42)" ds 
3 re? 2 

2N 4 N4 
= 37 N° (x2 — Teo)" + Ze ~ lh42)?. 
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Lastly, for x € [zk43, 2444] we have 

gar(r) = nf” ‘(43,4(8) — $3,c41(8)] ds + nf “[bse(8) — d3,c41(s)] ds 
Tel 

TE43 x 

+ Nf [osx(s) — dspaa(s)} ds +N [” [bs,(s) — ¢3u41(s)] ds 
Le42 LE43 

3 N _ fe N N 
->+Nf [0 — {— — N*(s — teas) + =-(s — re43)"}] ds 

Tk+3 2 2 

+
 

2 
lz
 

3 

[ —_ + N?(s — 2p43) — (s — 2443)*] ds 
Te+43 2 

+
 

3 N4 

(t — tags) + > -(@ — Bees)” — (2 - Tk+3) + o/
z 

a
z
 

a/
2 

0%
 

Therefore, 

(| M(x — x)? © E [vk, Ck41) 

6 tT (@ ~ tet) + P(e = ten)? — P(e tee)? € [24415 E42) 
pan(Z) = 4 2M _ N° (x — Tk42)? + N(x _ Tp42)° LE [Tr42,2e43) 3 

2 

é ~ *(« — tk43) + M (2 — te43)" — (2 — C43)” © E (Tips, Te44]   0 elsewhere. \ 

To create $5,(xz) we first realize that the interval of support for this spline is 

[rey e45|. Now if x € [x,, 2441) we have 

O54(Z) = ee — bak+1(s)] ds 
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If x € [xen41, 2442) we see that 

bsa(z) = N [PP eaals) — daseer(s)] ds+N [ ($au(s) — ban4r(s)] ds 

  

Tk+1 

N NN? NS »_ N’ 
= o4t +N [Ug ty ls = teen) + (8 = tee)? = (8 = 40) 

N4 

~ {= (8 — tep1)°}] ds 
N N N2 N?3 ‘ 2N4 

= o47 Nf Ug ty lo— ten) + (o> tee - 3 (s — te41)"] ds 

NN? Ne N‘ N° 
= mt @ to tei) + —-(@ — tay)? + —-(# = ten) ~ Ce ~ tes)”. 

For x € [rg42, 2443) we have 

bsa(t) = N [7 leaa(s) ~ bae4(9)] ds+N [” [dax(s) — d4e4i(s)] ds 
TKI 

+ v| [Gan(s) — b4,441(s)] ds 
Tk42 

N  5N tc  2N NA 
= stay t Nf MQ - Ns ~ tute)? + Z-(s — tae) } 

12 Te42 3 2 

Vw NB v4 —{F + (8 ~ tet2) + Sls — tap)” — Ss — Tes)" H] ds 
1LV 
  

  

~ N? 3° 2 
+. vf QQ as — Fk42) — (s — re42)° + N4(s — re42)"] ds 

saa! 2 

LIN Me N3 
= aT ze — Le42) — 7Te — xK42)° 

“4 NS 
— 5 (@ ~ te42)° + F-(@ — Fes)". 

Next, if x € [7443.2444) we have 

bsu(e) = Nf [oas(s)— dans(s)] ds +N [Tbaals) ~ baurr(s)] 
Tk4it 

. k+3 rt 
+ .\ ro [b4,n(s) — Panoa(s)] ds + vf 'O4.4(8) — baeti(s)] ds 

F 4:42 Tk44 
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a tg 7° 
pe oN N? N3 » N 

+N saat Gy OS 7 tess) + (5 - wea)” — —($ — rr+3)} 

2N N* 
“ty N°(s — reqs)" + (8 - tr43) }] ds 

LIN 

24 

_ ft N WN? 3N3 2N4 
+N fo [->- (8s — vets) + =-(s — 2e43)’ — [-(s — 2)"] ds 

Xe43 2 2 3 

11N  N? N3 
4.7 a — 2443) — 7 a Le43)° 

v4 N°® 

+ sz (e — fia)” — rn — p43)". 

Lastly, for x € [rp44. 2445] we see that 

ds,k(X) 
Tk+41 Nf fosu(s) = baaesr(s)] ds +N [[daa(s) ~ banaa(s)] ds 

+N ~ [tun(8) — $aesa(s)] ds + N ~ (o4n(s) — Saear(s)] ds 

+ NL Ubasls) ~ bapsa(s)] ds 
~ + t04 4 N to 

- (= - “(s — rey4) + ws — @e44)? — ws — en4a)?}] ds 
x 2 
mT 

tN [E+ Gs raga) lo — naga)? + ls — 2e44)I 

* — ar — Ee44) + ve — Xk4a)" 

— “is — 2k44)° + “Ce — Xk44)". 
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Finally, we have that ¢5 (2) = 

(Sze ~ ae) 
at M(x — p41) + M(x — tp41)? + SB (@ — weg)? — M(2- te)" 

uN + N(x — Fe42) — N* (x — tp42)? — N" (x ~ Ih42)? + N* (x — Lp42)4 

AN _ 32 (a — teys) — (a — teys)? + O(a — re43)* — (a — rey)" 

x — Ne (x — Ep44) + N* (x — ©R44)* — N* t— Tpy4)? + N" (2 — tp+4)4 

0   
for x is the interval [r,, 7441), [Tk41, Te4¢2), [Tko2, Lk+3), (Te+3,FK44)5 [Tk44, eqs] and 

elsewhere respectively. 

6.2 Dual Basis Fuctions 

In this section we graph the dual Haar basis functions for \f = 4 and m = 2 on the 

same axis. This further demonstrates the duality nature and biorthogonality of the 

Haar basis functions under the approximation scheme described in this dissertation. 
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Figure 6.1: Haar basis function for hio, 04,2, 94.2, and vy = 5
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Figure 6.2: Haar basis function for hoo, 04,2, 64... and v = 5 
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Figure 6.3: Haar basis function for h3o, 04,2, 64.2. and v = 5 
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Figure 6.4: Haar basis function for h4o, 04.2, 94.2. and v = 5 
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Figure 6.5: Haar basis function for hs50, 04,2, 942. and vy = 5 
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