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Abstract

In this paper we show that if a compact set £ C R“, d > 3, has Hausdorff dimension
greater than (4k l)a? +73 L when3 <d < k(kkTJrﬁ)) ord — k% when k(g{k?)) < d, then the
set of congruence class of simplices with vertices in E has nonempty interior. By set
of congruence class of simplices with vertices in E we mean

- k(k+1)
Ap(E) = {t= (t,'j) Slx —xjl =t xi,x; €E; 0<i<j Sk} cR 2

where 2 < k < d. This result improves the previous best results in the sense that
we now can obtain a Hausdorff dimension threshold which allow us to guarantee
that the set of congruence class of triangles formed by triples of points of E has
nonempty interior when d = 3 as well as extending to all simplices. The present work
can be thought of as an extension of the Mattila—Sjolin theorem which establishes
a non-empty interior for the distance set instead of the set of congruence classes of
simplices.

1 Introduction

Falconer’s distance conjecture states that if the Hausdorff dimension of a compact set
ECRY d>2,is greater than , then its distance set A(E) = {|x — y|; x,y € E}
has positive Lebesgue measure. Falconer [10] not only stated this conjecture, but he
also proved that if dimy(E) > M then A(E) has positive Lebesgue measure.
Falconer’s conjecture remains open, but much work has been done towards it [2 8
27, 37]. For instance, when d = 2 Bourgain [2] showed that if dimy(E) > %,
then £ (A(E)) > 0, later Wolff [37] 1mpr0ved the threshold to 2 7. In dimension 3 and
higher, Erdogan [8] obtained the threshold £ 5 +1 3 Currently, the best known result when

d = 2 is due to Guth, losevich, Ou and Wang [17], who showed that if dimy/(E) > %,
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then A(E) has positive Lebesgue measure. When d = 3, Du, Guth, Ou, Wang, Wilson
and Zhang [4] showed that if dimy (E) > %, then £! (A(E)) > 0 while for higher

dimensions, that is for d > 4, Du and Zhang [7] improved the threshold to %.
Further, when restricting d > 4 to even integers, Du, losevich, Ou, Wang and Zhang
[5] showed that dimy(E) > ‘71 + 4—1‘ is enough to guarantee £' (A(E)) > 0. Most

recently, Du, Ou, Ren and Zhang [6] broke the % + 4—1‘ barrier when d > 3 and obtained

the threshold % + JT — ﬁ. Dimension versions of Falconer’s distance conjecture

have also been studied, for details see the work done by Shmerkin and Wang [35] and
the references therein.

A classic result due to Steinhaus [36] states that if a set E C R4, d > 1, has
positive Lebesgue measure, thentheset E—E ={x —y :x,y € E} C R4 contains a
neighborhood of the origin. Likewise, in the context of distance set problem we might
wonder the following: For a given compact set E C R?, how large does its Hausdorff
dimension need to be to guarantee that its distance set contains an interval. Mattila and
Sjolin [30] proved that if dimy(E) > d%l, then its distance set A(E) has nonempty
interior. The proof of this result can be found in [28]. Iosevich, Mourgoglou and Taylor
[21] showed that if dimy(E) > d%l, then the set A(E) = {|lx — yllz:x,y € E}
contains an interval. Here, ||-|| g is a metric induced by the norm defined by a bounded
convex body B with non-vanishing curvature. Koh, Pham and Shen [25] obtain slight
improvements to these thresholds in the case of product sets, that is, sets of the form
E=AxAX---xA=A% where A C Ris compact. Greenleaf, Iosevich and
Taylor [14] extend the Mattila—Sjolin theorem to more general 2-point configuration
sets, that is, they obtained a Hausdorff dimensional threshold for which they can
guarantee that the set Agp(E) = {®(x, y) : x, y € E} of ®—configurations in E has
nonempty interior in R”, m > 1 where ® : RY x RY — R™ is a smooth function
satisfying some additional conditions. Note that by considering ®(x, y) = |x — y|,
we have that Ag (E) = A(E), in this case the authors in [14] (Corollary 1.2) obtained
a Hausdorff dimensional threshold that coincides with the threshold obtained in [30].

More generally, one can study analogues of the Falconer distance problem and the
Mattila—S;jolin theorem for (k + 1)-point configurations. The particular (k + 1)-point
configurations we study in this paper are simplices. We define the set of congruence
classes of simplices with vertices in E as the set

A(E) ={f = (tj) : |xi —xj| =tij; xi,xj,€ E, 0<i < j <k}.
where 7 = (1 j) is an element of R@. We note that with this notation the (k +
1)-points that form the configuration are labeled by xg, x1, ..., xx and we call the
corresponding simplex the k-simplex. Greenleaf and losevich [12] introduced these
types of questions, when they studied triangles in the plane, which corresponds to the
case of k = 2 and d = 2. In their paper they showed that if dimy(E) > ZT then
£3 (A2(E)) > 0, which is an analogue of the Falconer distance problem. This was
extended by Erdogan, Hart and lIosevich [9], who obtained the threshold # for
the k-simplex in RY, and Grafakos, Greenleaf, Iosevich and the first named author in
[11], where they obtained the threshold d — d=1\which is an improvement in lower

2k 0
dimensions. Further, [11] included a fairly general mechanism that worked for a host
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of other (k 4 1)-point configurations. The current best results on these problems in low

dimensions are due to Greenleaf, Iosevich, Liu and the first named author [13] where
2

they obtain the threshold 33%1 while in high enough dimensions the best threshold is

# due to Iosevich, Pham, Pham and Shen [23].

The first result on non-empty interior for (k + 1)-point configurations, in the spirit
of the Mattila—Sjolin theorem for distances, is due to Bennett, Iosevich and Taylor [1]
for configurations called chains. This was further extended to configurations called
trees by Iosevich and Taylor [24]. More recently Greenleaf, losevich and Taylor [16]
extended their techniques from [14] to be able to handle somewhat general classes
of (k + 1)-point configurations. Their techniques did not yield results for simplices
which motivated the question of how large the Hausdorff dimension of a compact set
E C R9 needs to be to guarantee that the set Ay (E) has nonempty interior, which is
the question we study in this paper.

In our previous work [34], given a compact subset E C R? we used the classical
rule side-angle-side to define a set of congruence classes of triangles formed by triples
of points of E, that is,

Agi(E) ={t,r,a): |x —z|=t,|y—zl=rand o« = a(x,z,y), x,y,z € E},

where a(x, z, y) denotes the angle formed by x, y and z, centered at z. Moreover, we
showed that if a compact set £ C R4, d > 4, has Hausdorff dimension greater than
% + 1, then the set Ay (E) has nonempty interior. However, this result yields nothing
when d = 3.1In [16], Greenleaf, losevich and Taylor applied their main result to a wide
variety of (k 4 1)—point configurations. Some applications to 3—point configurations
included in [16] were area of triangles in R?, volumes of pinned parallelepipeds in R3
and ratios of pinned distances in R? and R3. However, their results were not directly
applicable to the triangle problem, regardless of how the triangles were encoded.
In what was a very recent preprint when the first version of this paper was written,
and what is now a published paper, Greenleaf, Iosevich and Taylor [15] refined their
approach and gave an alternative proof of [34]. Despite the sophisticated method
developed by the authors in [15] it still provides a trivial threshold for the triangle
problem when d = 3.

Similarly, we can also use the rule side-side-side to define a set of congruence classes
of triangles formed by triples of points of E, namely A,(E). It is clear that there is
a bijection between Ayi(E) and Ay (E). Thus, a Hausdorff dimensional threshold
that guarantees that A;(E) has nonempty interior, will also guarantee that Ay;(E)
has nonempty interior. In the present work, we improve the result given in [34] in
the sense that we now can obtain a nontrivial threshold when d = 3 for which we
can guarantee that A, (E) has nonempty interior. Moreover, we provide an analogous
result for simplices in higher dimensions. We now state our main result.

Theorem 1.1 Let E C R? be a compact set, d > 3. The set of equivalence classes of
k-simplices,

AR(E) = {;Z(lij) : |xi—xj| = tjj; xi,xj,eE, 0§i<j§k},
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2 < k < d, has nonempty interior if

(4k—1)d+ 1 3<d < k(k+3)
dimy (E) > 4k 4
H(E) {d_lel’ k(k+3)<d

A straightforward consequence of Theorem 1.1 is the following corollary:

Corollary 1.2 Let E C R be a compact set, d > 3. The set of congruence classes of
triangles formed by triples of points of E,

Ar(E) = {(t01, fo2, t12) : |xo — x1| = fo1, [xX0 — X2|

= 102, |x1 — Xx2| = t12; X0, X1, X2 € E}
has nonempty interior if

. Myl 3<a<10
dlmH(E)>{d8_1’4 10<d

As we indicated above, the main result given by Greenleaf, losevich and Taylor
[16] allows one to obtain Hausdorff dimensional thresholds which guarantee that many
general (k + 1)—point configuration sets have nonempty interior. As they can recover
the results from [34] on triangles one can speculate whether their techniques will work
in general for k-simplices, k > 3. The authors comment on this in [16] and note that
the conditions they need for their tools appear to fail for k > 3. Thus, as the authors
point out, it would be interesting to see if their microlocal analysis tools could be
developed further to handle higher dimensional simplices. We thus emphasize that the
novelty of this paper is not only to obtain non-trivial thresholds for triangles when
d = 3, but also obtaining non-trivial thresholds for all k-simplices.

As a final comment we note that these analogues of the Falconer distance problem
and the Mattila—Sjolin theorem for simplices tell us something about the abundance
of simplices in large enough sets. One can ask even stronger questions, such as if
you pick a favorite configuration, e.g. an equilateral triangle, then is that configuration
guaranteed to existin alarge enough set? losevich and Liu [ 18] answered this positively
in R? with d > 4 and their work played an important role in our previous paper [34].
Recently losevich and Magyar [19] lowered the dimensional threshold in [18] tod > 3
and extended the work to simplices. Techniques from that paper play an important role
in the current paper.

1.1 Sharpness

The threshold %’ in Falconer’s distance conjecture comes from an explicit construction
by Falconer [10] of sets of lower dimension with distance sets of zero Lebesgue
measure. For triangles a similar sharpness example exists in the plane that establishes
the threshold % The example is due to Erdogan and Iosevich but appeared first in print
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A Mattila—Sj6lin theorem for simplices in low dimensions 1127

in [13]. For triangles in higher dimensions and higher dimensional simplices no similar
sharpness examples exist. However, since the existence of many triangles or simplices
implies the existences of many distances, we have a trivial sharpness example of % for
these problems too. For Mattila—Sj6lin type theorems the same sharpness examples
apply and no stronger sharpness examples exist, neither for distances nor simplices in
general. Thus, in the triangle case, for dimension 3 and higher there is a gap between
the dimensional threshold % + % obtained in Corollary 1.2 and the trivial threshold,
%. In [34], we obtained a better dimensional threshold for dimension 4 and higher,
however a gap with respect to the trivial exponent still persists. For higher dimensional
simplices we only have the results in Theorem 1.1. There the gap between the trivial
threshold and what we prove is closest in low dimensions and gets progressively worse
the higher the dimension. It would be interesting to see if we could establish results
analogous to in our first paper [34] for higher dimensional simplices.

In the finite field setting, unlike the Euclidean one, there are results for which the
thresholds between analogues of Falconer type results and analogues of Mattila—Sjo6lin
type results may differ. Murphy, Petridis, Pham, Rudnev and Stevens [32] proved that
if E C IE%, q prime, and |E| > Cq%, for some C > 0, then its distance set A(FE)
contains a positive proportion of If,. This is a result on what is known as the Erdds-
Falconer distance problem in finite fields and is an analogue of the Falconer distance
problem in the Euclidean setting. Murphy and Petridis [31] proved that if E C Fg

and |E| ~ q%, then one cannot, in general, expect the distance set to contain all of
IF,. The problem of showing that the distance set contains all of F; is often viewed
as an analogue of the Mattila—Sjolin theorem in the Euclidean setting. Despite that,
Tosevich and Rudnev [22] proved thatif E C ]FZ, d > 2,suchthat |E| 2 q%, then its
distance set A(E) contains all of I, which establishes a Mattila—Sjolin type result at a
higher threshold. Understanding, whether the dimensional thresholds for the Falconer
type theorems and the Mattila—Sj6lin type results in the Euclidean setting should be
the same or different, is a major open problem.

1.2 Overview of result

Let 4 be a Frostman probability measure supported on a compact subset £ C RY,
d > 3. This measure essentially encodes the dimension of the set we start with, see e.g.
[28] for the theory of Frostman measures. Given & > 0, let ¥ (x) = e 9y (£) > 0,
where ¥ > 0 is a smooth function such that its Fourier transform, {ﬂ\, is a smooth
compactly supported cut-off function, satisfying 1//;(0) =land 0 < 1//7 < I. Let
e := |4 % Ye, and note that ||pe] o S &° —d  Furthermore, note that p, — weakly,
as ¢ — 0, see e.g. [28] for details. The proof of our main theorem will proceed as
follows:

e Step 1: In order to ensure the non-degeneracy of simplices, we will show that it
is possible to extract enough suitable subsets of E, each of positive u—measure,
such that we can form non-degenerate simplices. This is established in Lemma 2.3
with a construction illustrated in Fig. 3.
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1128 E. A. Palsson, F. R. Acosta

e Step 2: We will define the measure §(u) on the set Ax(E) as the image of p x

- x u (k + 1 times) under the map (xg, ..., xx) — Ux(x0,...,Xr), where
. k(k+1) . . . .
Vg (x0, ..., xx) € R™ 27 denotes the vector with entries |x; —x;[,0 <i < j <k,

listed in a lexicographic order. Since u is a probability measure we automatically
have that § () is also a probability measure. We can do the same procedure for the
smoothed out versions (. and obtain a measure § (i), which from the definition
of §(.) will converge weakly to 6(u) as long as the u, converge weakly to w. In
our previous work [34] we also created such push-forward measures, building on
the original approach from [21]. Unlike these previous papers, where the next step
was to estimate the size of §(u,) through a main term and an error term, we now
proceed differently.

o Step 3: We show that the density of the measure §(i) is continuous through a
Cauchy sequence argument. This is the first time that we are aware of that such
an argument has been used to establish a Mattila—Sjolin type theorem. To achieve
this, we build on the techniques developed by losevich and Magyar [19] to obtain
Lemma 2.5. Adapting their techniques to our setting is one of the main technical
contributions of this paper. Although technical in nature, Lemma 2.5 simply shows
the Cauchy sequence nature of §(u.) as one varies ¢, as long as we are above our
dimensional thresholds. By using Lemma 2.5, we will show that § (i) converges
uniformly as ¢ — 0. Since § (¢ ) is continuous for every ¢ > 0, the limitas e — 0
must be a continuous function. Thus, by the uniqueness of the limit we have that
the density of §(u) is continuous.

2 Proof of Theorem 1.1
2.1 Step 1

In [34], given a compact subset E C R we had to ensure that the triangles formed by
triples of points of E were non-degenerate. This was accomplished by showing that if
E is large enough, then it is possible to extract three suitable subsets of E apart from
each other. More precisely, we used the following lemma:

Lemma 2.1 ([34], Lemma 2.1) Let p be a Frostman probability measure on E C R,
d > 3, with Hausdorff dimension greater than %d + 1, then there are positive constants
c1, ¢a, and E1, E3, E3 subsets of E, such that

(i) u(Ei) =c1 >0, fori =1,2,3.
(ii) lmkaxd{inf“xk_yk' x€E,yek; and i 7&]}} > ¢ > 0 fori,j =
1,2,3.

Remark 2.2 The threshold given in Lemma 2.1 was stated conveniently to match the

threshold given in the main result of [34]. In fact, the best threshold that can be obtained

from the proof of Lemma 2.1 is d%.

Likewise, to ensure that the simplices under consideration are non-degenerate, we
must show that it is possible to extract k suitable subsets of E disjoint from each other.
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A Mattila—Sj6lin theorem for simplices in low dimensions 1129

Dueto 2 < k < d — 1, it is more than sufficient to show that we can extract d + 1
suitable subsets apart from each other. Thus we have the following:

Lemma 2.3 Let u be a Frostman probability measure on E C RY, with Hausdorff
(d—1)log, (3)+log, (d)+2 }d+1
1-+log, (3)

and a collection {E; }d | of subsets of E, such that

1) w(E) =ci>0,forie{l,2...,d+1}.
i) max {inf {|xi —yi|:x € Ei,y € Ej and i # j}} = ¢ > 0, forall i, j and
=k=

dimension greater than , then there are positive constants {c;

c>0.

The proof of Lemma 2.3 can be found in Sect. 5.
Note that when k = 2 we have that the threshold obtained by Corollary 1.2 is

d + 1, which is greater than (dfl)lolgﬁg);gfz(d)ﬂ Due to #2149 ¢ 1ig increasing

(4k—1)d | 1 (d—1)log, (3)+logy (d)+2 k(k+3)
“mti> lilog2(3)2 forall2 <k<d<

and d — k+1 S Co ])lolgjgg(lg)gz(d)ﬂ for all d > kﬁffﬁ) . Therefore, we can guarantee

the non-degeneracy of the simplices.

with respect to k, then

Remark 2.4 Note the following:

e The Hausdorff dimensional threshold given in Lemma 2.3 does not depend on
k. This is due to the overestimation on the number of subsets that satisfy the
conditions given in the Lemma. It is possible to increase the number of subsets,
but this will require the set E to be larger.

e The proof of Lemma 2.5 is given in terms of E and u, but it is clear that the proof
still holds for E; and p;, i = 0,...,d + 1. Where E; are the subsets that can
be obtained by using Lemma 2.3 and u; are the restrictions of u to the sets E;
respectively.

e Note that Lemma 2.3 (respectively Lemma 2.1) ensures that the length of the
edges of simplices (respectively side lengths of triangles) under consideration in
Theorem 1.1 (respectively Corollary 1.2) can be bounded above and below by
positive constants. Moreover, the non-degeneracy of simplices is also guaranteed
by the construction given in the proof of Lemma 2.3 (see Fig. 3).

2.2 Step 2

Consider a Frostman probability measure p supported on E. For any continuous

. kkt1)
function ¢ on R™ 2, we defined a measure on Ay (E) as follows

/w(f)dé(u) (7) =/---fw(ﬁk(xo,...,xk»du(xo)---du(xk).

In other words, §(u) is the image of u x --- x u (k + 1 times) under the map

(x0, ..., xXk) = Uk(x0,...,vr). Where vy (xg, ..., Xx;) € R“F" denotes the vector
with entries |x; — x;[,0 <i < j < k, listed in a 1ex1c0graphlc order. Furthermore,
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1130 E. A. Palsson, F. R. Acosta

note that for a smooth compactly supported function f, we have that §(f) is also a
function given by

k
scH (@) =|(]Icw /"'/f(x)f(x+x1)--~f(x+xk)
p=1

k—1
da,‘f:k (xk — Zmnkxn) . -dor‘ifz(xz — mlle)da,‘ffl (xpdx. (1)
n=1

Where dar”f_’ denotes the surface area measures over the d — i-dimensional
sphere of radius r;, and m;; are some positive real numbers. Furthermore, C F, =

277 det(Ap) "%, A, = (aij) is a p x p matrix, where a;; = ((x, — xi—1), (xp —
xj—1)),for1 <i, j < p.note that

02, if (xp —xi—1) L (xp —xj-1)
aij = { li-vp ifi=j (@)

1(.2 2 2
3 (t(i—l)p + t(j—l)p - t(i—l)(j—l)) , else

To show (1) note that

fg(?)dam 0 =/---/g(ﬁkoco,...,xk»f(xo)f(x])---f(xk>dxodx1 o dy,

for any continuous function g with compact support. By a simple change of variables
we obtain

/g(?)db‘(f) (f) = /---/g(|x1|,..., Ixil, X1 — xal, X1 — 30, ooy [X—1 — Xk])

f(x)f(x +x1)--- f()C + xk)dxdxl -oedxg.

Due to our previous change of variables, lets from now until the end of the proof of

our main result denote xo = 0. Consider the polynomials P;;(w) = |w — x; 1> — tizj,
and let F; = {P,-j,i < j}, for 0 < i < j < k, then the right hand side of the latter

equation is equal to

/.../g(;) </"'/f(x)f(x+x1)"'f(x+x2)dwF1(X1)"'dka(Xk)dX> dr,

where dw Fj is the measure supported on the algebraic set S Fj = {x eRe: P i(x) =

0,i < j}, 1 < j < k. Cook, Lyall and Magyar [3], see also the work written by
Iosevich and Magyar [19], suggest that due to our choice of the polynomials P;; we

have dij (xj))=C Fj da,dj_j (xj), rj > 0. Thus, we obtain the desired expression for

5Cf).
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2.3 Step 3

Given e > Olet e (x) = s’dw (%) > 0, where ¢ > 0 is a smooth function such that
its Fourier transform, lﬁ , is a smooth compactly supported cut-off function, satisfying
U(0)=1and0 < ¥ < 1. Let jtp := i * Vre.

Here we will show that the continuous functions §(ue) converge strongly (uni-
formly) as ¢ — 0. The rest of the proof of Theorem 1.1 relies on the following:

k
Lemma 2.5 There is a function M (f) = l_[ CF, | such that
p=1

18(12e) — 8(ue)| < 1M (1) ¥

(k—1)(4k—1)d (k—1) k(k+3)
Wherey: (k—l)S— 4% — ) ,3§d<W
(k=1)s—(k—1d +1, M) < g
Remark 2.6 We remind to the reader that C F, = C F, (f) are functions of 7, more

precisely, Cpp =277 det(A,,)_l/z. Where A, = (aij) isa p x p matrix, and a;; are
described as in (2).

For the proof of Lemma 2.5 we build on the techniques developed by Iosevich and
Magyar [19]. Details can be found in Sect. 4. To have a better understanding of the
proof of Lemma 2.5 the reader can go over Sect. 3 in which we provide a proof for
the case k = 2.

Consider the sequence {8(u,)}
m > n, then by Lemma 2.5

e . .
neN: Where ¢; = 27 Consider m,n € N, with

16(1te,) — 8(ue)| < D 8 (1ae;) — 8(ue))|
j=n+1

m—1
<M @) Y2
j=n

oo
Ser 22_”’.
j=1

Note that the geometric series o the right-hand side is convergent as long as y > 0.
From what we have

(4k—1)d J k(k+3)
$> 7w ta lf?c(liglfﬁ
s >d— i if By <d

Thus, the sequence {8 (;Lgn)} is a Cauchy sequence with respect to the supremum

neN

norm. Therefore, {5(Me,,)} converges uniformly to a continuous function, say

neN
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1132 E. A. Palsson, F. R. Acosta

8(n)*. Due to the functions §(u,) converge weakly to §(u), then by uniqueness of
the limit we have d§(u) = 8(u)*dr. Finally, we note that 8(u1), as a pushforward of
probability measures, is positive, and therefore the density §()* is non-zero. O

Remark 2.7 The reader might be concerned about the fact that support of 1, might not
be compact. However, (i, is rapidly decreasing in a small neighborhood of the support
of u, which is compact. This will not change the estimations given in Lemma 2.5 nor
in the proof of our main result. For details see Remark 4.1 at the end of Sect. 5.

3 Proof of Lemma 2.5 for the case k = 2

From (1) we have

5 (1te) (for, 02, 112) = f / / Cr Cote (0t (5 + D)1t (¥ + %2)

dofi_z(mxl — xz)dar”f_l (x1)dx.

0ot 2 2 - :
where r; = fg1 , mg; = o and rp = 3, — mg,; (see Fig. 1). Write Ap, :=

M2e — e, and Ad(ue) = 8(iu2¢) — (e). Then

2 2 2
[Traete+x) = [T mele+x) =D Ajlue),

Jj=0 Jj=0 J=0

2

. 2e, i<]j
where Aj(ue) = ' (U#',usij(x +xi) A pe(x +xj), with g;; = {8’ P> and
i=0, i#]j

xo = 0. Therefore,

2
188(ue)l = |CRCR | / / / Aj(ue)dog 2 (morxy — x2)doy, ! (x1)dx | (3)
j=0

Note that by a simple change of variables or by considering the points in a different
order, all the terms of the sum in the right-hand side of the Eq. (3) are equivalent (See
Fig. 2). Therefore, we will just study the case j = 2.

‘/// J2e (¥) fh2e (x + x1) A pte (x 4 x2)do ™ (g — morx)do ™! (x))dx

et / ‘ / / 126 (0) At (x + x2)doS % (x2 — morx1)dx| doy ™ (x1)

= gs_d/ ‘/ U2e (X) [(Aug * a,‘é_z) o Tmom] (x)dx

@ Springer
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2
Fig.1 Here Cp, = t%l,sz =

2
il22 _1(2 . 2 _2
7 [’ozflz -1 <’02 +in - ’m) ]

(a) (B)
Fig.2 A triangle can be measured in different ways. In (A) we use the measure d(r,f)l_l (x1 )da,dz_2 (mo1x1 —

x2), but in (B) we use do,‘éz_l (xz)da;dz_z(niozxz — x1). Thus, we can use either of these measures in the

second term of the sum given in the right hand side of Eq. (3). A similar analysis can be done in each of
the other terms

by Plancherel

sed [ [imel[ane)|

=~ [ [imenei-tigi

5";\2(&)‘ dédod ! (x1)

Az

aﬁ;?@‘ dgdoy " (x1)
and by applying Cauchy—Schwarz twice we have

sesd/</|@<s>|2|s|i‘§ds)z /|s —atE

do " ()

= P \?
RG] a:é%s)' d
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Lyd |—— |2
S (/ 617+ || (/

1

2
of) (E)‘ da;f”m)) dé) :

Thus
2 _lad |—— |2
|88(ue)? < |Cr Cpy |27 (/ 6174 A )| T@)ds>.
Where T(£) = 0,2 (S) d (xl) Due to ad 2 is d — 2 dimensional sphere

of radius 7, > 0 is contained in an afﬁne subspace orthogonal to the subspace M =
{mx1; m € R}, then

o (S)‘ < (4 radist (5, M)~ T

Note that the measure a ~1(x}) is invariant with respect to the change of variables
(x1, x2) = (R(x1), R(xg)) for any rotation R € SO(d), thus

d-2)
T(§)§/ (1 + rodist (€, M))" 2 do ™' (x)dR
d-2)
:/ (1 + rodist (RE), M)” 7 dof ' (x)dR
= [[ @+ raletaist . 35 do i ndo 2

SU+nlEh T

whete 7 i= [€]'R(). Then IT(©)] S 6177 . Note that Apc(§) = Re)
(¥ (2e€) — ¥ (£&)) is supported on |€| < e~ !. Thus,

[t mre rew= [ et Eme] reo
l§1<e~!
Llogz(a_l)J
= ¥ [ et Eme| re.

=—00
J l&[~27

Observe that |{ﬂ\ (2e&) — (ﬁ (c& )] < ¢|&|. Thus the summation above is equal to
0

> e [ttt reR ePres

=—00 .
! |&|~2/
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Llogz(s_l)J 1.d 1_d
+ Y £ f EI72FTIEIATF |1 €T (€)dE.
N
Note
0 2 1.,d 1_d 2 2
Yo / 172 T g1 TR &) €T (§)dE
J=700 jgimai
0
Set Y @) f £157F @) dt < &2
Jj=ee )
and
Llogz(gil)J 1.,d 1_d
doo& / 6172 F 515575 () E1PT (§)dE
Jj=l € |~2]
|_10g2(8_1)j . 1.,d (d-2) 1 _d
St ), ehTrERe / HEIMGIRE )
j=1

|&|~2]

Observe that there are two ways in which we can bound the right-hand side of inequality
(4). We can add the terms to infinity, that is,

Llogz(a_l” 1.d 1_d

dooE? / |E172F 5 (51575 &) €T (6)dE

=N e

sey (arie?y [ ogi-tpepe s
j=1 |E|~27

which requires d > 10. We can also add the terms of the finite sum, that is,

[logy (6]

Y& / €173 g 48 @) 1P T (€)ds

Jj=1 |E|~2]
[oeate ] 1,.d d=2)\ J 1 _d

Set Y (R f|&|ﬁ|ﬁ<s)|2ds
j=1

|&|~2]
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In the first case we then have IAzS(ug)l2 < }CF1 Cr, }2 g2ts=d) (282), and thus

1A8(1e)|l S |CF Cry | 7,

if d > 10. In the second case we have
2 _
|88 (ue)|* S |CRCR [ 62670 | &2 + 62

thus

D=

1

108 (1) S |CR Ch | o3 (20-0r2-(3-9)) [ 3~

5 |CF1 CF2| 85_%_%5

if d < 10. When d = 10, we use the following equation

1,10
/wz*@

— _? 1,10 |[——— |2
S| T = [ ¥ Ee)| Tee

|El<e

T

e<|g|<e™!

— 2
Aue®| T()ds

from which we have

1,10
/Ifl’ﬁ?

thus |AS(ue)|? < |C1:1 Cr, |2 g2(6=10)52 (84 + 1), and therefore

am©| T < (4 41),

|88(1e)l S |CRCry | 7.
In other words we have
|A8(ue)| S |CR CRy | 7.

s—M 1 if3<d<10

_ 3
Where y {s—d+1, if10 < d
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4 Proof of Lemma 2.5 general case

In this section we will show that the proof given above can be easily extended. From
(1) we have

k
5o () = | [T cr f-“/ue(xme(x X1 e+ E)
p=l1
k—1
dofi_k (xk — Zmnkx,,> . ~d0g_2(x2 — mlle)dar‘{_l(xl)dx.
n=1

Write Apg 1= f2e — Mg, and AS(ue) 1= 8(u2e) — 6(ite). Then

k k k
[Troe+xp) = [T rex+x) =Y Ajue)

J=0 J=0 J=0

k
where Aj(ue) = l_[ Me;; (x + xi) A pe(x + xj), with & = {

i=0, i#j
xo = 0. Therefore,

2E’l.<].,and
g, i>]

k k k i—1
|88(ue)l = ([ ] CF, Z[~-~/AJ(M8)]_[dU,‘f_i (xi—mexn> dx| (5
p=I1 j=0 i=1 n=0

By a similar reasoning as in the proof of Lemma 2.5 for the case k = 2, we can
conclude that all the terms of the sum in the right hand side of Eq. (5) are equivalent,
therefore we just study the case j = k. Note

k—1
‘f - / [T ey & 4 i) & e (v 4 xa)do, ™ o — maxy)
i=0
k i—1
Hdor‘f*i <xl~ — mexn> dx
i=1 n=0
k—1
< 8(k—1><s—d>/ // 126 () At (x + x)dod <xk — Zmnkx,,> dx

n=0

do (x1, x2, ..., Xk—1)

= g(kfl)(‘“d)/ /,uzg(x) [(Aus * ar‘]l:k) ) ‘L'j] (x)dx

do (x1, X2, ..., Xk—1) .
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k—1 i—1
where ¥ = Zfl;(l) MuypXn, and do (x1, X2, ..., Xk_1) = l_[dar‘f_’ (xi - Zmnixn>.
i=1 n=0

By Plancherel

k=D(s—d) / ‘/N«Za(x) A,ua *Uri_k) orj] (x)dx

T / f 13 )1 [B72: )|

do (x1, x2, ..., Xx—1)

o= (5)'dgdw(x1,x2,.. s Xk—1)

= etved [ i el -ie ok (me | o o)
dédw (x1, x2, ..., Xk—1)
and by applying Cauchy—Schwarz twice we have
1
ss“‘—”“—‘”/(/|ﬁ'z:(s>|2|5|%—%ds)2 (/ g4 B [od @)‘ dés)
d@ (x1, %2, ..., Xk—1) |
< =Ds=d) (/ |~ i Z,Ts(g)‘z (/ o~ (g)‘ dd (x1, %2, ... X5 1)) dg)2
Thus

2

k

_ _ _1.,.d

188(ue) 2 S ([ Cr, | 207D60 (/ |g|-atiE
p=1

— 2
Apue @) T(E)d$> :

dc?) (x1,x2, ..., xk—1). Let r = min{r,, 1 <n <k}.

Where T'(§) =/ o, (&)

Due to a,‘]’(’k is ad —k dimensional sphere of radius ry > r > 0 is contained in an affine
subspace orthogonal to the subspace M (xy, ..., xx—1) = Span{xi,x2, ..., Xk—1},
then

(d—k)

o (S)' S A +rdist (6, M(xy, ..., x—1))” 2 .

Note that the measure dw (x1, x2, . .., Xx—1) is invariant with respect to the change of
variables (x1, ..., xxg—1) = (R(x1), ..., R(xx—1)) for any rotation R € SO(d), thus

T(S)g/ (1 +rdist (§, M(R(x1), ..., R(xk—1))))" da)(xl,xz,‘..,xk,l)dR
:/ (1 +rdist (R(E), M(x1,...,Xk-1))) 2 da)(x1,xg,...,xk_1)dR

:/ (I +rlé|dist (n, M(xy, ..., Xk—1)))" da)(x1 X2y .nn, xe_1) do* 1 (i)
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_wh
SA+rEDT 7

where n := [£|7'R(§). Then |T(§)| < |§|77 Note that Ape(§) = 7i(§)
(1/;(285) — 1//(85)) is supported on |&| < e~ !. Thus,

f|§|—%+%

— 2
Aue®| T@)ds

— 2 1
S| T = [ erird

€] <!
[logy(e™1) | . )

- ¥ [ eridEne| ree
I=7% jgmai

Observe that |{ﬁ\ (2e&) — {ﬁ\ (e& )| < ¢|&|. Thus the summation above is equal to

0

3 e / €12 g |1 [72() 1 16177 (6)de
J=T0 ena
Llogz(ail)J 1,d 1 d
+ Y, & / 1723 |E3 7 (&)1 EPT (§)dé
=L jga
Note
0 > 1, d 1 d 2.0
e f 61725 |33 |e) P 161°T (6)dé
7= jgmai
0
Se? Yy @hyTirET f G
j=roo El~2)
and
[loeate ] 1, d 1_d
> & f & 72 g |47 ()| |E1PT (5)dE
=N e
Llogz (871 )J . 1 d (d—k) 1 d
sy ey [gl-tpere ©
=l El~2i
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Similar to the case k = 2, there are two ways in which we can bound the right-hand
side of inequality (6). We can add the terms to infinity, that is,

logz (e !

Z / |mE g ) EPT (§)dE
lE|~2)
sy (i) [ el-dperes s

i=1 .
/ |& |~2]

which requires d > % We can also add the terms of the finite sum, that is,

\_logz(s’l)J
Yy / €172 5 5144 @) 161°T (§)de
=L e
[loga(e™ )| 4
set Y (2—%%”—@)’ [ et per e

|E|~27

5 (—kyd k)d k+3
( ) !

k
In the first case we then have |AS(u,)|? < H Cr, g2k=D(s—d) <2£2>, and thus

k
188 (o)l S T Cr, | e® D k=D

ifd > % In the second case we have

k
188l S | [ Cr,| &P |62+ 62
thus

A8 (e < ﬁ (2(k71)(s7d)+27(%+%))
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A=kd | k+3 2
(—kyd | k+3 1—g 2% T2

+
P 7 4+
(=Kk)d | k+3
(2 %t )_1

k
_ _ (k=D)(4k=Dd _ (k—=1)
< [T |0t
p=1

ifd < % Whend = %, we use the following equation

1 (kG i k(k+3)

N M
[ () [T [ e = [ et () [z 7ra

|§l<e
_1+L k<k+%>
o [ ot HCED) T s
e<l|g|<e~!
from which we have
1 L k(’<+3)
/Iél T )Aue@)( T@)ds S e (77T + 1),

2
k _ _ [ kG+3)
thus |AS ()| < l_[ Cr, 82(k 1)(S ( k=1 ))82 (ezﬂ%1 + 1), and therefore

k
|A5(M8)| g 1_[ CFp 8(k—1)S—k(k+3)+1‘
p=1

In other words we have

k
|88l S | ] Crp| e
p=1

(k—=1)(4k—1)d (k—=1) . k(k+3)
(k—l)S— % i 1f3§d<ﬁ

Where y =

v {(k—l)s—(k—l)d—i—l, it KD < g
Remark 4.1 Although the support of 1, might not be compact, it is rapidly decreasing
in a small neighborhood of the support of . Consider ¢, (x) := ¢ (8_1/ 2x), where
0 < ¢(x) < 1is a smooth cut-off function, such that

1, if |x]

1
¢(x)={0, if x| > 3

@ Springer



1142 E. A. Palsson, F. R. Acosta

and consider Ja = Y. Let [Ty = u * %, and note that Iy < .. Thus,

18(1) — 8(Fe)| < CkM (7) Il e ll5s! (/ l1te — el dd (x1, x2, ...,xko)

< CeM (0) e 155 ite — e lloo
<M (;) 8(s7d)(k71)+%fd_

Where the last inequality comes from

e —fiel < [ ey (=2 ) =0 (22 ) | duo)
& gl/?

-N
. . . —Xx
Since v is a Schwartz function we have |y (y ) ‘ <N
e

y—
&

, then

—N
~ gy —x y—x
|IJ«8_//L£|§N/8£[_ l_¢<81/2 )'d,u(x)
—N
— X
SN/ P Bt R TR
e1/25]y—x| €
SN g7

thus, by taking N large enough, we have |§(u) — 8(ite)| < . The reader can easily
show that the estimates given in the proof of Lemma 2.5 still hold if one replaces i,

by M.

5 Proof of Lemma 2.3

Similar to the proof of Lemma 2.1 given in [34] (and Lemma 2.1 in [20]) we will use
a stopping time argument to show that it is possible to find at least d + 1 cubes with
positive measure.

Without lost of generality assume that E C [0, 1]¢ such that u(E) = 1. Where
[0, 1]d is the unit cube in R? and  is a Frostman probability measure. Let C;, > 0
be the constant in the Frostman condition u (B(x,r)) < C,r*, for some s > 0 and
for all x € R? and r > 0. For the proof of this Lemma we may assume that C 1 18 big
enough.

Lets divide the unit cube [0, 1]¢ into 67 smaller cubes with edge-length é. Let
Qi, 1 < k < 397122 be a collection of 32972 sub-cubes such that no two cubes
of the same collection touch each other. By pigeon hole principle at least one of the
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Fig.3 Due to the number of collections is greater than the number of cubes in each collection, it is simple
to subdivide the unit cube into collections in a way that no more than three cubes in the same collection
are "co-planar’. For instance, when d = 3 we have 36 collections of 6 cubes each. By Lemma 2.3 we can
guarantee the existence of a collection with 4 cubes with positive measure. The picture above shows a way
in which we can subdivided the unit cube

collections €2 has measure greater or equal to ﬁ, that is,

1
M U Q > Wforsomek.
e

We have the following cases:

(1) There is a collection that contains d + 1 cubes with positive measure. If this is the
case then we conclude the proof.

(2) Foreach 1 < | < d, there is a collection that contains / cubes with positive
measure. In other words, for some 1 < k < 397122 there are cubes Oix €
such that w(Q;x) > ﬁ, for 1 <i <[ and some ¢ > 0. Then we have the

following sub-cases

(a) If ¢ > 1, then we have u(Q;x) > 3(1_;122, for 1 <i <. Thus we pick one of
these cubes, say Q1x, and we repeat the procedure, that is, we subdivide Qx
into 397122 collections of 3292 smaller cubes each.

(b) Ifc < 1,thenthereisacube, say Q1x,suchthat u(Q1x) > ﬁ, and thus we
repeat the procedure on Q1. If such cube does not exists, then 0 < u(Q;x) <

@ Springer



1144 E. A. Palsson, F. R. Acosta

ﬁ forall 1 <i <, therefore

w U ol =>o.

0 \{Qix}

Thus, there must be a cube in Q;\ {Q;x} with positive « measure, and we have
I + 1 cubes with positive i measure.

We will show that if there is a collection that contains [ cubes with positive i
measure, then the same collection also contains [ + 1 cubes with positive ; measure.
Due to Lemma 2.1 we know that case (2) is proved for [ = 1, 2, 3. Assume that case
(2) holds for I, such that [ > 3.

Claim 5.1 There is a collection in which there are at least | + 1 cubes with positive
measure.

Suppose that at every iteration we cannot find / 4+ 1 cubes with positive measure.
If we fail to find an [ 4+ 1—th cube at the n—th iteration, we obtain a cube, say

Q({,?, of side-length 6% for which ,bL(QY]? ) > W. By the Frostman measure

.. 1 1 . .
condition we have A = M(Q(I’,?) < Cum» from which we obtain n <
log, (Cy) . . ..
o5, 3l —@=D log; ) —Tog; =2 for every n which is a contradiction. O
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