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ABSTRACT

Recently, many new types of wireless networks have emerged, such as mobile ad hoc networks
(MANETs), cognitive radio networks (CRNs) and large scale wireless sensor networks. To
get better performance in these wireless networks, various schemes, e.g., metrics, policies,
algorithms, protocols, etc., have been proposed. Among them, optimal schemes that can
achieve optimal performance are of great importance. On the theoretical side, they provide
important design guidelines and performance benchmarks. On the practical side, they guar-
antee best communication performance with limited network resources. In this dissertation,
we focus on the modeling and optimization of routing in wireless networks, including both
broadcast routing, unicast routing, and convergecast routing. We study two aspects of rout-
ing: algorithm analysis and quality of service (QoS) analysis. In the algorithmic work, we
focus on how to build optimal broadcast trees. We investigate the optimality compatibility
between three tree-based broadcast routing algorithms and routing metrics. The QoS work
includes three parts. First, we focus on how to optimally repair broken paths to minimize
impact of path break in MANETs. We propose a provably optimal cached-based route repair
policy for real-time traffic in MANETs. Second, we focus on the impact of secondary user
(SU) node placement on SU traffic delay in CRNs. We design SU node placement schemes
that can minimize the multi-hop delay in CRNs. Third, we analyze the convergecast delay of
a large scale sensor network which coexists with WiFi nodes. We derive a closed form delay
formula, which can be used to estimate sensor packet convergecast delay given the distance
between a sensor node and the sink node together with other networking setting parameters.
The main contributions of this dissertation are summarized as follows:

1. Optimality compatibility study between tree-based broadcast routing algo-

rithms and routing metrics Broadcast routing is a critical component in the routing
design. While there are plenty of routing metrics and broadcast routing schemes in
current literature, arbitrary combination of broadcast routing metrics with broadcast
tree construction (BTC) algorithms may not result in optimal broadcast trees. In this
work, we study the requirement on the combination of routing metrics and BTC al-
gorithms to ensure optimal broadcast tree construction. When a BTC algorithm fails
to find the optimal broadcast tree, we define that the BTC algorithm and the metric
are not optimality compatible. We show that different BTC algorithms have different
requirements on the properties of broadcast routing metrics. The metric properties for
BTC algorithms in both undirected network topologies and directed network topolo-
gies are developed and proved. They are successfully used to verify the optimality
compatibility between broadcast routing metrics and BTC algorithms.



2. Optimal cache-based route repair policy for real-time traffic in mobile ad

hoc networks Real-time applications in ad hoc networks require fast route repair
mechanisms to minimize the interruptions to their communications. Cache-based route
repair schemes are popular choices since they can quickly resume communications using
cached backup paths after a route break. In this work, through thorough theoretical
modeling of the cache-based route repair process, we derive a provably optimal cache-
based route repair policy. This optimal policy considers both the overhead of the
route repair schemes and the promptness of the repair action. The correctness and
advantages of our optimal policy are validated by extensive simulations.

3. Optimal secondary user node placement study in cognitive radio networks

Information propagation speed (IPS) in a multi-hop CRN is an important factor that
affects the network’s delay performance and needs to be considered in network planning.
The impact of primary user (PU) activities on IPS makes the problem of analyzing
IPS in multi-hop CRNs very challenging and hence unsolved in existing literature. In
this work, we fill this technical void. We establish models of IPS in multi-hop CRNs
and compute how to maximize IPS in two cases. The first case, named the maximum
network IPS, maximizes IPS across a network topology over an infinite plane. The
second case, named the maximum flow IPS, maximizes the IPS between a given pair
of source and destination nodes separated by a fixed distance. We reveal that both
maximum IPSs are determined by the PU activity level and the placement of SU relay
nodes. We design optimal relay placement strategies in CRNs to maximize these two
IPS under different PU activity levels. The correctness of our analytical results is
validated by simulations and numerical experiments.

4. Convergecast delay analysis of large scale sensor networks coexisting with

WiFi networks

Due to the increasing popularity of wireless devices, such as WiFi (IEEE 802.11) and
ZigBee (IEEE 802.15.4), the ISM bands have become more and more crowded. Since
ZigBee is the de facto radio technology of sensor networks, coexistence of WiFi net-
works and sensor (ZigBee) networks is challenging because of the great heterogeneity
between WiFi and ZigBee technologies. In the presence of interference from WiFi and
other sensor nodes, the performance of sensor networks is not clearly understood. In
this work, we study delay performance of a large scale sensor network which coexists
with WiFi networks. Given the distance from the sensor node to the sink node, we are
interested in the expected delay of sensor packets to reach the sink node in the pres-
ence of both WiFi and sensor interference. We formulate the delay analysis problem
as a two priority M/G/1 preemptive repeat identical queueing system, and analyze the
delay using queueing theory and probability theory. First, we use a path probabilistic
approach to derive the expected delay. Second, we develop a simplified linear approx-
imation model for delay analysis. The correctness of both models is validated by NS2
simulations.
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Chapter 1

Introduction

1.1 Motivation and Objectives

The optimal performance study of wireless networks is of great importance because of its
theoretical and practical significance. In this dissertation, we focus on modeling and op-
timization of routing in wireless networks. Two aspects of routing are studied: algorithm
analysis and QoS analysis. In the algorithmic aspect, the focus is on broadcast routing.
We study the optimality compatibility between broadcast tree construction algorithms and
broadcast routing metrics. Our analysis shows that arbitrary combination of broadcast tree
construction algorithms with broadcast routing metrics may lead to inferior performance.
This motivates us to identify the necessary and sufficient routing metric conditions for several
well-known broadcast tree construction algorithms to find the optimal broadcast tree. After
the algorithmic work, we move to QoS analysis of wireless routing. It includes three parts.
In the first part, we focus on the unicast routing QoS in MANETs. We design a provably
optimal cached-based route repair policy for real-time traffic in MANETs. Because of node
movement and fading channels, in MANETs the path in use may break, and the routing
protocol may either flood the whole network to get new paths or use cached old paths. The
objective of this work is to design a provably optimal route repair policy to achieve the
design trade-off between flooding and using cached paths. In the second part, we focus on
the impact of node placement on unicast routing performance in CRNs. We study how to
place SU nodes optimally so that the unicast multi-hop information propagation delay in
random CRNs is minimized. We propose the IPS to capture the impact of node placement
on multi-hop delay. The goal is to find the maximum IPS by optimally placing SU nodes.
In the third part, we are interested in the convergecast delay of a large scale sensor network
coexisting with WiFi nodes. In such a network, the convergecast traffic causes delay to
sensor packets. At the same time, since sensor nodes and WiFi nodes work in the same ISM
band and WiFi transmission power is much higher than sensor node transmission power,
existence of WiFi traffic causes additional delay to sensor packets. The impact of these two

1
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delay components is unclear in the current literature. In this work, we derive the expected
delay of sensor convergecast traffic given the distance from a sensor node to the sensor sink
node as well as other network setting parameters.

1.2 Summary of Contributions

1.2.1 Optimality compatibility study between tree-based broad-

cast routing algorithms and routing metrics

Broadcast routing is an important component for network management and administration.
Without effective broadcast routing, network performance may degrade. The effectiveness
of broadcast routing can be measured by different metrics in different application scenarios.
In some situations, multiple performance factors may be jointly considered. We show that
random combination of broadcast tree construction (BTC) algorithms with routing metrics
may lead to inferior routing performance. The objective of this work is to provide important
optimality compatibility check for the optimality compatibility and consistency of several
well-known BTC algorithms under various routing metrics. The well-known BTC algorithms
discussed in this work are Prim’s algorithm [10, 29], the generic edge-adding algorithm
[10, 29], and Edmonds’ algorithm [15]. Our unique contribution is two-fold. First, using a
unique algebra model of broadcast routing, we identify the necessary and sufficient routing
metric properties for BTC algorithms to find optimal broadcast trees. Second, we identify
the conditions for BTC algorithms to find consistent and unique broadcast trees and discuss
how this affects distributed broadcast routing protocol design.

1.2.2 Optimal cache-based route repair policy design for real-time

traffic in mobile ad hoc networks

In MANETs, constant node movement and fading channels may cause frequent path break,
resulting in communication interruption. For any flooding-based routing protocol, after
flooding there may be multiple paths discovered, some of which may be cached for future
use. When the path in use is broken, the protocol may either reflood the whole network
to get fresh new paths or use a cached path. Since the flooding has a high overhead and
a cached path may also be broken, there is design trade-off between flooding the whole
network and using a cached path. In this work, we provide a mathematical analysis on
this trade-off point and derive a provably optimal cache policy that is the best strategy
between flooding and cache-based repair. Our unique contributions are listed as follows:
While using cached paths for route repair has been proposed in many existing literature,
we are the first to formulate an analytical framework to identify the optimal trade-off point
between cache-based route repair and flooding-based route discovery in MANETs. This
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analytical framework accurately captures the factors that affect the performance of route
repair strategies. These factors include path length, mobility of nodes and network size.
Based on our analytical framework, an easy-to-implement optimal cache policy is proposed
and proved for cache-based route repair schemes. This policy finds the optimal trade-off
point between flooding and cache-based route repair. Its correctness and advantages are
analytically proved and then validated by simulations.

1.2.3 Optimal secondary user node placement study in cognitive

radio networks

While there have been many research efforts on CRNs, delay performance is still a less
explored area. Existing work on delay in CRNs either focuses on analysis in one hop network
or tries to optimize one hop delay. In this work, we try to analyze the multi-hop delay
performance in multi-hop CRNs. Different from existing work which is only based on static
PU traffic activity, our work is based on temporal variability of PU traffic. Our analysis is
based on a metric, IPS, which can capture impact of SU node placement on multi-hop delay.
First, we establish a model of IPS in CRNs and categorize IPS maximization problems into
two cases. The first case, named the maximum network IPS problem, maximizes the IPS
across a network topology over an infinite plane. The second case, named the maximum
flow IPS problem, maximizes the IPS between a given pair of source and destination nodes
separated by a fixed distance. Second, we reveal that both the maximum network IPS and
the maximum flow IPS are determined by the PU activity level and the placement of SU
relay nodes. We have designed numerical methods to compute the two maximum IPSs and
built optimal relay placement strategies to realize these two maximum IPSs under different
PU activity levels. Finally, the correctness of our analytical results is validated by extensive
simulations and numerical experiments.

1.2.4 Convergecast delay analysis of large scale sensor networks

coexisting with WiFi networks

Wireless sensor networks have been under intensive and extensive research during the past
decades. However, performance of sensor networks coexisting with other networks is less
explored. The past decade has witnessed increasing popularity of WiFi (IEEE 802.11) and
ZigBee (IEEE 802.15.4) devices. Since ZigBee is the de facto radio technology of sensor
networks, coexistence of WiFi networks and sensor (ZigBee) networks is challenging because
of the great heterogeneity between WiFi and ZigBee technologies. In the presence of inter-
ference from WiFi and other sensor nodes, the performance of sensor networks is not clearly
understood. In this work, we study delay performance of a large scale sensor network which
coexists with WiFi networks. Given the distance from the sensor node to the sink node, we
derive the expected delay of sensor packets to reach the sink node in the presence of both
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WiFi and sensor interference. We formulate the delay analysis problem as a two priority
M/G/1 preemptive repeat identical queueing system, and analyze the delay using queueing
theory and probability theory. First, we use a path probabilistic approach to derive the ex-
pected delay. Second, we develop a simplified linear approximation model for delay analysis.
The correctness of both models is validated by NS2 simulations.

1.3 Outline

The rest of this dissertation is organized as follows. In Chapter 2, we review some background
knowledge for this dissertation work. In Chapter 3, we study the optimality compatibility
between three well-known broadcast routing algorithms and various metrics. In Chapter
4, we design a provably optimal cached-based route repair policy for real-time traffic in
MANETs. In Chapter 5, we investigate how to place SU nodes in a CRN, and derive the
maximum IPS in CRNs. In Chapter 6, we analyzed the convergecast delay of a large scale
sensor network coexisting with WiFi networks.



Chapter 2

Background

This chapter introduces the basic background knowledge required by this research. It will
overview existing mobility models in mobile ad hoc networks, and the basic concepts and
principles of cognitive radio networks.

2.1 Mobility Models in Mobile Ad hoc Networks

Mobility models are important to both analysis or protocol design of MANETs. An ideal
mobility model should accurately capture realistic node mobility in a MANET. In the current
literature [7], there are two types of models used to capture node mobility: trace model and
synthetic model. In this Section, we only focus on the synthetic model. We introduce four
synthetic mobility models in MANETs: random walk mobility model, random waypoint
mobility model, random direction mobility model, and semi-Markov smooth mobility model.

In the random walk mobility model, each mobile node moves from its current position to a
new position by randomly choosing a direction and speed at which it travels. The direction
and speed were chosen from ranges, [0, 2π) and [vmin, vmax], respectively. Each movement
lasts either a constant time interval t or a constant distance d. The new position is updated
when the movement is finished. If a mobile node reaches the simulation boundary, it bounces
off the simulation border with angle determined by the incoming direction, and it continues
along the new path. The random walk mobility model is a memoryless mobility model.
The current direction and speed are independent of the past direction and speed. Because
of memorylessness, the mobile node may experience sudden stops, sudden acceleration and
sharp turns.

In the random waypoint mobility model, there exist pause times between changes of direction
and/or speed. A mobile node stays in a position for a while (pause time). Once this period
expires, the mobile node chooses random destination in the simulation area, a speed v that

5
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is uniformly distributed in [vmin, vmax]. The mobile node then travels to the new destination
at the selected speed v. When it arrives, it stays there for a specified time before moving
again. The random waypoint mobility model will generate density waves. A density wave is
the clustering of nodes in one part of the simulation region.

In the random direction mobility model, a mobile node chooses a random direction and
travels along this direction. When the node reaches the boundary, it pauses for a certain
amount of time. Then, it chooses another direction and continues moving.

In the semi-Markov smooth mobility model, a mobile node will experience four phases: speed
acceleration, stable speed, speed deceleration, and pause phase. In the speed acceleration
phase, the mobile node randomly choose a random direction, speed and amount of time from
[0, 2π), [vmin, vmax] and [tmin, tmax], respectively. In this phase, the mobile node accelerates
its speed from 0 to its target speed along the chosen direction. In the stable speed phase,
the mobile node randomly chooses the phase length. The speed and direction change based
on the previous speed and direction according to a memory level parameter. In the speed
deceleration phase, the mobile node randomly chooses a direction and amount of time to
come to a full stop. The node does not change direction during this phase. In the semi-
Markov mobility model, node movement is dependent on moving history, and follows the
physical law of a smooth motion. The nodal distribution is uniform during the movement.

2.2 Cognitive Radio Network

The last decade has witnessed wide and rapid deployment of wireless devices, which signif-
icantly increases the demand of spectrum resources. National regulator bodies like federal
communications commission (FCC) assign spectrum licenses to spectrum holders on a long
time basis in a large region. Recently, field experiment study shows that currently allocated
spectrum bands are underutilized [1]. The conventional fixed spectrum assignment policy
does not fit into the continuously growing demand of spectrum. This motivates the cognitive
radio (CR) technology [1], which is able to use spectrum opportunistically and intelligently.

The motivating idea of a cognitive radio network is to use the spectrum more efficiently
through opportunistic spectrum use. In a cognitive radio network, the spectrum license
holders are primary users (PUs) who have a higher priority to access the spectrum. Their
licensed spectrum bands may be underutilized either temporally or geographically. The
spectrum utilization efficiency is increased by letting secondary users (SUs) to use these
unused spectrum left by PUs. SUs have a lower priority to access the spectrum. When a
PU is using a channel, the SU cannot use the same channel at the same time. A SU has to
vacate its current channel, when a PU reoccupies the same time. The interaction between
PUs and SUs in cognitive radio networks is based on cognitive radios which can adapt to
the changing radio environment. These advanced radios are able to dynamically change
transceiver parameters according to the observed radio environment, like traffic pattern,
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available bandwidth, transmission power, modulation schemes, etc.



Chapter 3

Optimality Compatibility between

Broadcast Routing Algorithms and

Metrics

3.1 Introduction

Broadcast routing is a critical component of network administration and management. It de-
livers and updates various network control information. Without effective broadcast routing,
the whole network may degrade into chaos. Effective broadcast routing is especially critical
in wireless networks due to the high cost of broadcast, the unreliable wireless channels and
the limited available resource in wireless networks. Therefore, designing effective broadcast
routing protocols is an important part in routing research and design.

The definition of ”effective” broadcast routing, however, varies according to the application
scenarios. In an energy-critical sensor network, broadcast routing may need to minimize
energy consumption [41, 65, 40] or maximize network lifetime [30, 17, 18]. In an information-
sensitive military network, broadcast routing may need to guarantee timely [46] and secure
message delivery [16]. In many other application scenarios, multiple performance factors,
such as delay, packet loss rate, bandwidth, etc., may need to be jointly considered for effective
broadcast routing [2]. All these different performance requirements for broadcast routing
are usually reflected in the design of routing metrics [4, 42], which guide the broadcast tree
calculation algorithms to prefer one broadcast tree over the others.

While there are a lot of possible ways to design broadcast routing metrics, existing algorithms
may not find the optimal broadcast trees (OBTs) for some of these routing metrics. For
example, a common metric capturing the total broadcast routing energy consumption [58] is

w(T ) =
∑

i∈Nt(T )

max
(i,j)∈E(T )

εij, (3.1)

8
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Figure 3.1: The network topology example

where Nt(T ) is the set of transmitting nodes in the broadcast tree T , E(T ) is the set of
links in T , and εij is the minimum energy consumption of transmitting a packet from node
i to node j. While the metric definition in (3.1) is simple, finding the OBT based on this
definition is very challenging. Consider the undirected network topology G consisting of four
nodes r, i, j and k in Figure 3.1 (I), where the source node r of a broadcast session is marked
as the black node, and the number associated with each edge is the εij in (3.1). By definition
(3.1), the minimum energy broadcast tree is T1 = {ri, rj, rk} in Figure 3.1 (II), whose total
energy consumption is 3.5. However, following Prim’s algorithm [10], which is a well-known
algorithm for calculating the minimum spanning tree (MST) for undirected graphs, the
broadcast tree is T2 = {ri, ij, jk} in Figure 3.1 (III), whose total energy consumption is 4.1.
Hence, the combination of Prim’s algorithm and the broadcast routing metric (3.1) fails to
find the optimal broadcast routing tree.

The above example shows that a well-known broadcast tree construction (BTC) algorithms
may not find the OBT in a network. This observation leads to two fundamental questions
we seek to answer in this chapter. First, since well-known BTC algorithms may not be
optimal for all routing metrics, what are the conditions for them to be optimal? Second,
since distributed broadcast routing is desired in practical cases and a network generally has
more than one OBTs, can these BTC algorithms create inconsistent routing decisions when
they are implemented distributedly in a network? These questions are critical for the design
of broadcast routing. Unfortunately, while similar questions have been answered for unicast
routing [50, 51, 63, 37], the answers to these questions in broadcast routing are not clearly
discussed.

In this chapter, we fill this critical void. The objective of our work is to provide important
optimality compatibility check for the optimality compatibility and consistency of several
well-known BTC algorithms under various routing metrics. The well-known BTC algorithms
discussed in this chapter are Prim’s algorithm [10, 29], the generic edge-adding algorithm
[10, 29], and Edmonds’ algorithm [15]. Our unique contribution is two-fold. First, using a
unique algebra model of broadcast routing, we identify the necessary and sufficient routing
metric properties for BTC algorithms to find OBTs. Second, we identify the conditions for
BTC algorithms to find consistent and unique broadcast trees and discuss how this affects
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Table 3.1: Notation
Symbol Definition

= Equivalent to
A−(n) The set of arcs that terminate at node n
E(G) The edge set of graph G

G = (N(G), E(G)) The graph whose node set is N(G) and edge set is E(G)
G1 ⊖G2 Remove the common edges of network topologies G1 and G2 from

G1

G1 ⊕G2 Merge of two network topologies G1 and G2

N(G) The node set of graph G
∂(S) The edge cut of node set S
≺ Lighter than
� Lighter than or equivalent to
≻ Heavier than
aij The arc emanating from node i and terminating at node j

d−(n) The indegree of node n
eij The edge whose two end nodes are i and j
r The root node of graph

w(T ) The weight of network topology T
|S| The total number of elements in the set S

distributed broadcast routing protocol design.

The notation used in this chapter is summarized in Table 3.1. The remaining part of this
chapter is organized as follows. In Section 3.2, the broadcast routing algebra is introduced.
Sections 3.3 and 3.4 provide the necessary and sufficient metric properties required by broad-
cast routing for undirected network topologies and directed network topologies, respectively.
A distributed broadcast routing protocol and some related properties are discussed in Sec-
tion 3.5. The applications of the derived broadcast routing metric properties are presented
in Section 3.6. Finally, Section 3.7 concludes this chapter.

3.2 Broadcast Routing Algebra

The analysis of the routing metric properties is based on our broadcast routing algebra
that formulates the routing problem in an algebraic manner. This section introduces the
broadcast routing algebra. Our algebra is different from Sobrinho’s routing algebra [50].
Sobrinho’s routing algebra can only operate over paths and hence can only capture unicast
routing. Our broadcast routing algebra, on the other hand, can operate over arbitrary graphs
and capture broadcast routing. Our routing algebra is also highly flexible. It not only can
capture traditional routing metrics that define broadcast tree weight as linear link weight
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aggregation, but also can capture more complex non-linear routing metrics.

3.2.1 Definition

Definition 1. The broadcast routing algebra is defined as

A = (Σ,�,⊕,⊖, w(·)), (3.2)

where

• Σ is the set of signatures describing the characteristics of all the subgraphs of an original
graph G. These characteristics may include each link’s capacity, energy consumption,
etc..

• The symbol � is the preference order operator, where w(T1) � w(T2) indicates that
topology T1 is better than or equivalent to topology T2 under weight function w(·).

• The symbol ⊕ denotes the operator that joins two network topologies. For any edge
e1 ∈ E(G1) and node n1 ∈ N(G1) in topology G1, and any edge e2 ∈ E(G2) and node
n2 ∈ N(G2) in topology G2, we have e1, e2 in the edge set E(G1 ⊕ G2) and n1, n2 in
the node set N(G1 ⊕G2).

• The symbol ⊖ denotes the operator that removes the common edges of the left and the
right operand topologies from the left operand topology. For any edge e1 ∈ E(G1), e1 /∈
E(G2), and node n1 ∈ N(G1) in topology G1, we have e1 in the edge set E(G1 ⊖ G2)
and n1 in the node set N(G1 ⊖G2).

• The symbol w(·) denotes the weight function over the signature of network topologies.
With this routing algebra, any routing metric is mathematically represented by the
weight function w(·).

We further define w(a) ≺ w(b) as w(a) � w(b) and w(a) 6= w(b), and let w(a) ≻ w(b)
mean w(b) ≺ w(a). Any BTC algorithm essentially builds a subgraph using the ⊕ and/or
⊖ operator. With the broadcast routing algebra, BTC algorithms can be expressed in an
algebraic manner.

It is important to point out that, our broadcast routing algebra is different from Sobrinho’s
routing algebra. In Sobrinho’s routing algebra, the ⊕ operation can only capture simple path
concatenation as depicted in Figure 3.2 (I). In our broadcast routing algebra, the ⊕ operation
is the more general graph union operation as depicted in Figure 3.2 (II), where given two
broadcast trees T1 and T2 that share a common node l, the ⊕ operation joins the two trees
and the resulting tree is T = T1 ⊕ T2. Moreover, the broadcast routing algebra also has an
unique ⊖ operation as shown by the example in Figure 3.2 (III), where ⊖ removes from its
left operand topology the common edges between its left and right operand topologies.
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Figure 3.2: The broadcast routing algebra example

3.2.2 Properties

The broadcast routing algebra has the following properties:

Σ is closed under ⊕: a⊕ b ∈ Σ for any a, b ∈ Σ;

Σ is closed under ⊖: a⊖ b ∈ Σ for any a, b ∈ Σ;

� is complete: for any a, b ∈ Σ, either w(a) � w(b) or w(b) � w(a) (or both);

� is transitive: for a, b, c ∈ Σ, if w(a) � w(b), w(b) � w(c), then w(a) � w(c);

⊕ is idempotent: a⊕ a = a for any a ∈ Σ;

⊕ is commutative: a⊕ b = b⊕ a for any a, b ∈ Σ;

⊕ is associative: (a⊕ b)⊕ c = a⊕ (b⊕ c) for any a, b, c ∈ Σ;

⊖ is non-commutative: a⊖ b 6= b⊖ a for some a, b ∈ Σ;
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⊖ is only left-associative but non-associative: a⊖ b⊖ c = (a⊖ b)⊖ c for any a, b, c ∈ Σ, but
(a⊖ b)⊖ c 6= a⊖ (b⊖ c) for some a, b, c ∈ Σ.

3.3 Broadcast Routing in Undirected Network Topolo-

gies

In our analysis of BTC algorithms’ requirements on routing metrics, there are two differ-
ent models of the underlying networks: the directed graph model and the undirected graph
model. The undirected graph model is appropriate if all the links in the network are bidirec-
tional and the two directions have the same signatures (a.k.a. characteristics). The directed
graph model is used to capture more complicated cases where there are asymmetric links.
Different BTC algorithms need to be used for undirected and directed network topologies,
and these algorithms have different requirements on routing metric design. In this section,
we focus on BTC algorithms for undirected network topologies. In the next section, we study
BTC algorithms for directed network topologies. Without loss of generality, we formulate
the problem of optimal broadcast routing in undirected network topologies as the minimum
spanning tree (MST) problem for undirected graphs [31]. In the remainder of this section, we
develop and prove the necessary and sufficient metric properties for which Prim’s algorithm
and the generic edge-adding algorithm guarantee optimality compatibility. Prim’s algorithm
is based on subtrees, and the generic edge-adding algorithm is based on subforests. Many
well-known MST algorithms, such as Kruskal’s algorithm [10], Boruvka’s algorithm [29], and
the GHS algorithm [14], etc., are special cases of the generic edge-adding algorithm.

3.3.1 Prim’s Algorithm

Algorithm Overview

Prim’s algorithm starts by treating the root node r, which is the broadcast source node, as
the initial partial spanning tree Tr. Then it progressively grows the partial spanning tree Tr

by adding the best edge from the edge cut of the current Tr, until Tr spans the entire graph.
The calculation of the best edge e∗ can be generalized based on the binary operation ⊕ and
the order relation � as follows:

e∗ = arg min
e∈∂(Tr)

{w(Tr ⊕ e)}, (3.3)

where ∂(Tr) is the edge cut of Tr [6]. Here, the edge cut ∂(Tr) is the set of edges with
one end in N(Tr) and the other end in N(G) − N(Tr). Note that in most textbooks, the
original Prim’s algorithm is only discussed with linear metrics based on linear link weight
aggregation. The generalized form of Prim’s algorithm with minimum weight edge in (3.3),
however, can cover both linear and non-linear metric designs.



Chuan Han Chapter 3. Compatibility between Broadcast Routing Algorithms and Metrics 14

T

F

T

F’

T

F’

ei ei f

Tp T
*     

ei

(II)

rrr

(I) (III)

ei

T
**

Figure 3.3: Sufficient proof illustration for Prim’s algorithm

Metric Properties and Proof

The required routing metric property for the generalized Prim’s algorithm can be expressed
by the following definition.

Definition 2. Right ⊕-isotonicity for trees: A weight function w(·) of trees is said to be right
⊕-isotonic for trees over a graph G if for any tree T ⊂ G generated by Prim’s algorithm, we
have

w(T ⊕ e) � w(T ⊕ e′)⇒ w(T ⊕ e⊕ F ) � w(T ⊕ e′ ⊕ F ), (3.4)

for any edge e, e′ ∈ ∂(T ) and forest F satisfying E(F ) ∩ (E(T ) ∪ ∂(T )) = ∅ such that both
T ⊕ e⊕ F and T ⊕ e′ ⊕ F are still trees.

Essentially, the right ⊕-isotonicity for trees specifies that the preference order � between the
two trees that are expanded from a tree generated by Prim’s algorithm remains unchanged,
when they are further expanded into larger trees through the same set of additional edges.

Theorem 1. Given any connected and undirected network topology G whose root node is r,
Prim’s algorithm produces the MST, if and only if the broadcast routing metric w(·) is right
⊕-isotonic for trees.

Proof. Sufficient condition: Let Tp be the Prim tree that is generated by Prim’s algorithm.
Denote e1, . . . , e|N(G)|−1 as the order in which Prim’s algorithm selects edges, where |N(G)|
is the total number of nodes in graph G. We next prove that if the broadcast routing metric
satisfies the property in (3.4), Prim’s algorithm produces a MST. This can be proved by
contradiction.

Suppose Tp is not a MST. Following the order e1, . . . , e|N(G)|−1, compare each edge in
E(Tp) with edges of a MST. Denote the MST that shares the largest number of consecutive
common edges with Tp as T ∗ and the first edge that Tp differs with T ∗ as ei. By Prim’s
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algorithm, the edge set {e1, e2, . . . , ei−1} is a tree. Denote this tree as T as shown in
Figure 3.3 (I). Tree T is a subgraph for both Tp and T ∗. Consider adding edge ei to T ∗

as shown in Figure 3.3 (II). Then, there must exist a cycle containing ei, and within the
cycle there exists an edge f ∈ ∂(T ), f ∈ T ∗, f 6= ei. By Prim’s algorithm, it follows
w(T ⊕ ei) � w(T ⊕ f). Substituting f with ei, the resulting subgraph T ∗∗ = T ∗ ⊕ ei ⊖ f in
Figure 3.3 (III) is still a spanning tree. Since w(T ⊕ei) � w(T ⊕f), by the property in (3.4),
it follows that w(T ∗∗) = T ∗⊕ei⊖f = w(T ⊕ei⊕ (T ∗⊖T ⊖f)) � w(T ⊕f ⊕ (T ∗⊖T ⊖f)) =
w(T ∗ ⊕ f ⊖ f) = w(T ∗). Since T ∗ is a MST, T ∗∗ is also a MST. The fact that T ∗∗ has one
more common edge ei with Tp than T ∗ contradicts the definition of T ∗. Hence, Tp is also a
MST.

Necessary condition: We need to prove that if Prim’s algorithm produces the MST on
any network topology, then the metric satisfies the property in (3.4). This can be proved by
showing that its contrapositive is correct, i.e., if a metric does not satisfy the property in (3.4),
then there is at least one network topology for which the algorithm does not guarantee
optimality.

Consider the network topology G in Figure 3.4 (I). Suppose w(r ⊕ e1) � w(r ⊕ e2) and the
metric does not satisfy the property in (3.4). Note that r⊕ e1⊕ e3 and r⊕ e2⊕ e3 are trees,
as shown in Figure 3.4 (II) and (III), respectively. Since for the given metric the property
in (3.4) does not hold, it is possible that w(r ⊕ e1 ⊕ e3) ≻ w(r ⊕ e2 ⊕ e3). Meanwhile, the
tree produced by Prim’s algorithm is Tp = r ⊕ e1 ⊕ e3 which is not the MST. Hence, for
the given metric, Prim’s algorithm does not produce the MST for this particular network
topology. Therefore, for Prim’s algorithm to guarantee optimality on any network topology,
the metric must satisfy the property in (3.4).

Note that the property in (3.4) is different from the consistency property in [20]. The
consistency property in [20] is only the sufficient but not necessary condition to guarantee
that Prim’s algorithm produces the MST, while the property in (3.4) is both sufficient and
necessary. This can be shown by the tree depth example in Section 3.6.1.
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3.3.2 Generic Edge-adding Algorithm

There is a generic edge-adding algorithm on undirected graphs [10, 29]. It covers typical
forest-based MST algorithms, e.g., Kruskal’s algorithm, Boruvka’s algorithm, and the GHS
algorithm, etc.. These algorithms only differ in their edge-adding orders.

Algorithm Overview

The generic edge-adding algorithm starts by initializing forest F as F = F0 = (N(G), ∅),
where ∅ is the empty set. In each of the following steps, it picks one edge e∗ to add to F
until F is a spanning tree of G. The edge e∗ is determined by first finding a node set S such
that F does not have any edge that belongs to the edge cut of S. Here, the edge cut of S is
the set of edges in G with one end in S and the other end in N(G)−S. The edge e∗ is then
chosen from the edge cut of S [6], denoted as ∂(S), as follows:

e∗ = arg min
e∈∂(S)

{w(F ⊕ e)}, (3.5)

where ∂(S) ∩E(F ) = ∅ and S ⊂ N(G).

The edge-adding process can be illustrated by an example. Consider the undirected graph
G in Figure 3.5 (I) and the initial forest F0 = (N(G), ∅). In the first step shown in Fig-
ure 3.5 (II), e1 is chosen from ∂(S1), i.e., the edge cut of the node set S1. This results in a
forest F = F0 ⊕ e1. Note that in the next step, the node set S2 shown in Figure 3.5 (III)
cannot be chosen since ∂(S2)∩E(F0⊕ e1) = {e1} 6= ∅. Instead, one can choose the node set
S3 and pick edge e2 within ∂(S3) as shown in Figure 3.5 (IV). This process continues until
the resulting forest is a spanning tree of G.
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Metric Properties and Proof

The required routing metric property for the generic edge-adding algorithm can be expressed
by the following definition.

Definition 3. Right ⊕-isotonicity for forests: A weight function w(·) of forests is said to be
right ⊕-isotonic for forests over a graph G if for any forest F ⊂ G generated by the generic
edge-adding algorithm, given any node set S ⊂ N(G) satisfying ∂(S) ∩E(F ) = ∅, we have

w(F ⊕ e) � w(F ⊕ e′) ⇒ w(F ⊕ e ⊕ F ′) � w(F ⊕ e′ ⊕ F ′), (3.6)

for any edge e, e′ ∈ ∂(S) and forest F ′ ⊂ G such that F ⊕ e⊕F ′ and F ⊕ e′⊕F ′ are forests.

Essentially, the right ⊕-isotonicity for forests specifies that the preference order � between
the two forests that are expanded from a forest generated by the generic edge-adding algo-
rithm remains unchanged, when they are further expanded into larger forests through adding
a common set of edges.

Theorem 2. Given any connected and undirected network topology G whose root node is
r, the generic edge-adding algorithm produces the MST, if and only if the broadcast routing
metric w(·) is right ⊕-isotonic for forests.

Proof. Sufficient condition: Let Ta be the spanning tree generated by the generic edge-
adding algorithm. Denote e1, e2, ..., e|N(G)|−1 as the order of adding edges, where |N(G)| is
the total number of nodes in the graph G. Suppose Ta is not a MST. Denote T ∗ as the
MST that shares the largest number of consecutive common edges with the edge sequence
e1, e2, ..., e|N(G)|−1 of Ta. Denote the first edge in the sequence that differs from T ∗ as ei. Let
F be the forest consisting of edges e1, e2, ..., ei−1, i.e., F = {e1, e2, ..., ei−1}. Consider adding
edge ei into the spanning tree T ∗. Then, there must exist a cycle containing ei. By the generic
edge-adding algorithm and the tree property of T ∗, there must exist an edge e′i ∈ E(T ∗) in
the cycle, such that w(F ⊕ ei) � w(F ⊕ e′i), ei, e

′
i ∈ ∂(S), ∂(S) ∩ E(F ) = ∅, S ⊂ N(G),

where S is the selected node set before adding edge ei when running the algorithm. Deleting
e′i from T ∗ ⊕ ei generates another spanning tree. By the property in (3.6), it follows that
w(T ∗⊕ei⊖e′i) = w(F⊕ei⊕(T ∗⊖F⊖e′i)) � w(F⊕e′i⊕(T ∗⊖F⊖e′i)) = w(T ∗⊕e′i⊖e′i) = w(T ∗).
Since T ∗ is a MST, T ∗ ⊕ ei ⊖ e′i is also a MST and it contains edge ei. Since T ∗ ⊕ ei ⊖ e′i
contains more consecutive common edges with Ta than T ∗, this contradicts the definition of
T ∗. Hence, Ta is also a MST.

Necessary condition: Similar to the necessary condition proof of Theorem 1, we prove the
necessity by showing that its contrapositive is correct, i.e., if there is at least one metric that
does not satisfy the property in (3.6), there is at least one network topology for which the
spanning tree generated by the generic edge-adding algorithm is not a MST.

Suppose, for a network topology, Ta is the spanning tree generated by the generic edge-adding
algorithm, as shown in Figure 3.6 (I). By the generic edge-adding algorithm, it follows that
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Figure 3.6: The necessary condition proof example for the generic edge-adding algorithm

w(F ⊕ e1) � w(F ⊕ e2), e1, e2 ∈ ∂(S), ∂(S) ∩ E(F ) = ∅, where F is the partially generated
forest before adding edge e1 and S ⊂ N(G) is the selected node set before adding edge e1.
Let F ′ = Ta ⊖ e1 ⊖ F as shown in Figure 3.6 (II). Since for the given metric the property
in (3.6) is not guaranteed, it is possible that w(Ta) = w(F ⊕ e1 ⊕ F ′) ≻ w(F ⊕ e2 ⊕ F ′) as
shown in Figure 3.6 (III). That is Ta cannot be the MST of the original network topology.
Hence, if Ta is a MST, then the metric satisfies the property in (3.6).

Note that the above proof can be applied to any specific order of adding edges. Therefore,
Theorem 2 also holds for typical edge-adding algorithms, e.g., Kruskal’s algorithm, Boruvka’s
algorithm and the GHS algorithm.

3.4 Broadcast Routing in Directed Network Topolo-

gies

In a directed network topology, the link from node n1 to node n2 may have different charac-
teristics compared to the link from node n2 to node n1. The problem of optimal broadcast
routing in directed network topologies can be formulated as the minimum weight spanning
r-arborescence problem for directed graphs. We first define the r-arborescence. For more
details about arborescence, readers are referred to [29].

Definition 4. A r-arborescence is a directed graph in which node r is called the root node,
and there exists exactly only one directed path from the root node r to any other non-root
node.

Next, we define the spanning r-arborescence and the partition subgraph of a directed graph
as follows.

Definition 5. Given a connected and directed graph D whose root node is r, a spanning
r-arborescence is a directed subgraph of D such that there exists exactly one directed path
from the root node r to any other non-root node.
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Definition 6. Given a directed graph D whose root node is r, a partition subgraph is a
subgraph D′ of D such that the indegree of the root node r is equal to 0 and the indegrees of
other nodes are less than or equal to 1, i.e., d−(r) = 0, d−(n) ≤ 1, ∀ n ∈ N(D′), n 6= r.

The most well-known algorithm for solving the minimum weight spanning r-arborescence
problem is Edmonds’ algorithm [15]. In this section, for directed network topologies, the
necessary and sufficient metric property of the generalized Edmonds’ algorithm is developed
and proved.

3.4.1 Edmonds’ Algorithm

Overview of Edmonds’ Algorithm

The core idea of Edmonds’ algorithm is summarized as follows. Given a directed graph D,
whose root node is r, remove all the inbound arcs of root node r, and denote the resul-
tant subgraph as D0. Edmonds’ algorithm proceeds to build the minimum r-arborescence
spanning D0 following a three-phase procedure.

Initialization: Send D0 to Phase I as Phase I’s input.

Phase I: Given the input graph Di for the ith iteration of Phase I, create a directed graph
Ti that includes all nodes in N(Di) and no arcs between nodes. Each node in Ti, hence, is a
separate arborescence. For each non-root node n whose indegree is 0, a new arc a∗ ∈ E(D0)
is selected to be included in Ti. The new arc a∗ is selected as follows:

a∗ = arg min
a∈A(n)

{w(a)}, (3.7)

where A(n) = {a|a ∈ A−(n), n ∈ N(Di), n 6= r, d−(n) = 0}, A−(n) is the set of arcs that
terminate at node n, and d−(n) is the indegree of node n in Ti.

The above arc adding process ends when d−(n) = 1 for any n ∈ N(Ti), n 6= r, i.e, the
indegree of any non-root node in Ti is 1. If there is no circuit in Ti after the arc adding
process, then go to phase III with Ti as its input. If there are circuits in Ti, then go to phase
II and let Ti and Di be its input.

Phase II: Given the input graph Ti and Di, pick a circuit Ci in Ti to eliminate as follows.
Find a pair of arcs (a∗

c′c, a
∗
nc) that can be used to break Ci by replacing a∗

c′c with a∗
nc, where

a∗
c′c ∈ Ci, a∗

nc ∈ Di and a∗
nc /∈ Ti. Both a∗

c′c and a∗
nc are inbound arcs to node c ∈ N(Ci).

Arcs a∗
c′c and a∗

nc are selected based on the following equation:

(a∗
c′c, a

∗
nc) = arg min

anc /∈Ti
ac′c∈Ci

{w(Ci ⊖ ac′c ⊕ anc)}, (3.8)

where ac′c is any arc in Ci, Ci ⊖ ac′c is the path generated by deleting arc ac′c from Ci, and
anc is an inbound arc to node c. Denote P ∗

i as the path generated by breaking the circuit
Ci, i.e., P ∗

i = Ci ⊖ a∗
c′c ⊕ a∗

nc.



Chuan Han Chapter 3. Compatibility between Broadcast Routing Algorithms and Metrics 20

Pi
*

(II) (III)(I)

Ci n

c

c’

anc
*

ac’c
*

ac’c

anc

Figure 3.7: Illustration for Edmonds’ algorithm

This circuit breaking operation can be illustrated by an example. Consider the circuit Ci

in Figure 3.7 (I), where the circuit is the solid part of the graph. The circuit Ci is broken
by replacing ac′c by anc as shown in Figure 3.7 (II), where the resultant arborescence is the
solid part of the graph. The optimal circuit-breaking scheme is shown in Figure 3.7 (III),
where the resultant arborescence P ∗

i is the solid-line part of the graph.

With (a∗
c′c, a

∗
nc) identified, shrink the circuit Ci in Di to a pseudo-node ni. Replace N(Ci)

in Di by ni. Consider the terminating nodes of the outbound arcs going out of nodes in
Ci. Their signatures remain unchanged. Set the inbound arc of ni as a∗

nc and modify its
signature to be the signature of P ∗

i , i.e., the signature of the path used to replace the original
circuit. Denote this newly generated graph through the shrinking operation as Di+1. Go to
the beginning of Phase I and let Di+1 be Phase I’s input.

Phase III: Given the input Tl after l iterations of phase I and II, expand the pseudo-node ni

to Pi in the reverse order (i = l, l − 1, . . . , 1) of their generation sequence in phase II. The
resulting subgraph Te is the minimum weight spanning r-arborescence of D0.

Note that in most textbooks, Edmonds’ algorithm is only discussed with linear metric based
on linear link weight aggregation. The algorithm discussed in this section is extended to
cover both linear and nonlinear link metric aggregation.

Metric Properties and Proof

The required routing metric property for Edmonds’ algorithm can be expressed by the fol-
lowing definition.

Definition 7. Right ⊕-isotonicity for partition subgraphs: A weight function w(·) of parti-
tion subgraphs is said to be right ⊕-isotonic for partition subgraphs over a directed graph D
if for any partition subgraphs D1, D2 of D, we have

w(D1) � w(D2)⇒ w(D1 ⊕D3) � w(D2 ⊕D3), (3.9)

where D3 is also a partition subgraph of D such that D1 ⊕ D3, D2 ⊕ D3 are still partition
subgraphs of D.
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Figure 3.8: Sufficient proof illustration for Edmonds’ algorithm

Essentially, the right ⊕-isotonicity for partition subgraphs specifies that the preference order
� between two partition subgraphs D1 and D2 remains unchanged, when we expand them
into larger partition subgraphs through adding a common set of arcs.

Theorem 3. Given any connected and directed network topology D whose root node is r,
Edmonds’ algorithm produces the minimum weight r-arborescence spanning D, if and only
if the broadcast routing metric is right ⊕-isotonic for partition subgraphs.

Proof. Sufficient condition: Consider a connected and directed network topology D whose
root node is r. We are going to prove that if the broadcast routing metric satisfies the prop-
erty in (3.9), Edmonds’ algorithm produces the minimum weight r-arborescence spanning
D.

First, we prove that if there is no circuit generated after the arc adding procedure in phase
I, phase I produces the minimum weight spanning r-arborescence Ti of its input graph
Di. Let T ∗ be a minimum weight spanning r-arborescence and Te be the arborescence
generated by phase I of Edmonds’ algorithm. Assume Te 6= T ∗. There must exist some
nodes nj, j = 1, . . . , m whose inbound arc aj in Te is different from the inbound arc bj in
T ∗ as shown in Figure 3.8. By Edmonds’ algorithm, w(aj) � w(bj). Starting from T ∗,
replace b1 in T ∗ by the corresponding a1 in Te. Denote the generated subgraph as T ∗

1 . By
the property in (3.9), it follows that w(T ∗

1 ) = w(T ∗ ⊖ b1 ⊕ a1) � w(T ∗ ⊖ b1 ⊕ b1) = w(T ∗).
Similarly, replacing b2 by a2 in T ∗

1 , we get T ∗
2 that satisfies w(T ∗

2 ) � w(T ∗
1 ). By continuing this

arc replacing process, we get a series of graphs T ∗
1 , T ∗

2 , · · ·T ∗
m = Te that satisfy w(T ∗

j+1) �
w(T ∗

j ), j = 1, . . . , m − 1. Hence, it follows that w(Te) � w(T ∗). Since T ∗ is a minimum
weight spanning r-arborescence, w(Te) = w(T ∗). Te is also a minimum weight spanning
r-arborescence.

Denote T e
i as the subgraph generated after expanding the pseudo node ni to P ∗

i in phase
III. We next prove that T e

i is the minimum weight spanning r-arborescence of Di through
induction hypothesis. First, for the base case, note that Tl is the minimum weight spanning
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r-arborescence of Dl and our hypothesis is satisfied. Then, assume that T e
i+1 is the minimum

weight spanning r-arborescence of Di+1. We next show that T e
i is the minimum weight

spanning r-arborescence of Di.

Let T 0
i be an arbitrary spanning arborescence of Di. By the fact that T 0

i is a spanning
arborescence, there must exist an arc anc that emanates from some node n ∈ N(Di)−N(Ci)
and terminates at some node c ∈ N(Ci). Let P n

i = Ci⊖ac′c⊕anc be the subgraph generated
by replacing arc ac′c by arc anc, where ac′c ∈ Ci. Denote the subgraph consisting of the
inbound arcs of N(Ci) in T 0

i as Fi. If P n
i = Fi, then w(P n

i ) = w(Fi). If P n
i 6= Fi, there must

exist some nodes in N(Ci) whose inbound arc aj in Fi is different from the inbound arc bj in
P n

i , j = 1, 2, ..., t. By Edmonds’ algorithm, w(bj) � w(aj). Starting from Fi, replace a1 in Fi

by the corresponding b1 in P n
i . Let the generated subgraph be F 1

i . By the property in (3.9),
it follows that w(F 1

i ) = w(Fi⊖a1⊕ b1) � w(Fi⊖a1⊕a1) = w(Fi). Similarly, replacing a2 by
b2 in F 1

i , we get F 2
i that satisfies w(F 2

i ) � w(F 1
i ). By continuing this arc replacing process,

we get a series of graphs F 1
i , F 2

i , · · ·F t
i = P n

i that satisfy w(F j+1
i ) � w(F j

i ), j = 1, . . . , t− 1.
Hence, it follows that w(P n

i ) � w(Fi).

Let T 1
i = T 0

i ⊖ Fi ⊕ P n
i be the subgraph generated by replacing Fi in T 0

i by P n
i . Since

w(P n
i ) � w(Fi), it follows that

w(T 1
i ) = w(T 0

i ⊖ Fi ⊕ P n
i ) � w(T 0

i ⊖ Fi ⊕ Fi) = w(T 0
i ). (3.10)

Shrink P n
i in T 1

i into ni to get a new graph T 2
i . By the fact that T 0

i is a r-arborescence
of Di, T 2

i is still a r-arborescence of Di+1. Since T e
i+1 is the minimum weight spanning

r-arborescence of Di+1, we have
w(T e

i+1) � w(T 2
i ). (3.11)

By Edmonds’ algorithm, the shrink and expansion operations do not change the weight of
the signature of a graph, i.e., w(T e

i ) = w(T e
i+1) and w(T 2

i ) = w(T 1
i ). Hence, from (3.10) and

(3.11), we get
w(T e

i ) � w(T 0
i ). (3.12)

Since T 0
i is an arbitrary spanning arborescence of Di, T e

i is the minimum weight spanning
r-arborescence of Di. Hence, by induction hypothesis, T e

i is the minimum weight spanning r-
arborescence of Di. Hence, after expanding all the l circuits, Edmonds’s algorithm produces
the minimum weight r-arborescence of D0.

Necessary condition: Similar to the necessary condition proof of Theorem 1, we prove the
necessity by showing its contrapositive is correct, i.e., if a broadcast routing metric does
not satisfy the properties in (3.9), then there exists at least one network topology where
Edmonds’ algorithm does not guarantee optimality.

Consider the directed network topology D in Figure 3.9 (I), where node r is the root node.
Suppose w(a1) � w(a2). Assume the metric does not satisfy the property in (3.9). Since
w(a1) � w(a2), it is possible that w(a1 ⊕ a3) ≻ w(a2 ⊕ a3) as shown in Figure 3.9 (II) and
(III). Meanwhile, the output of Edmonds’ algorithm is T 2

e = a1 ⊕ a3, which is not optimal.
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Figure 3.9: The necessary condition proof example for Edmonds’ algorithm

Hence, Edmonds’ algorithm fails to produce the minimum weight spanning r-arborescence.
Therefore, the property in (3.9) is the necessary metric property for the statement that
Edmonds’ algorithm guarantees optimality on any network topology.

3.5 Distributed Broadcast Routing

Theorems 1, 2, and 3 provide the necessary and sufficient metric properties for which Prim’s
algorithm, the generic edge-adding algorithm, and Edmonds’ algorithm guarantee optimality,
respectively. It is important to note that although all these BTC algorithms require knowl-
edge of global topology, optimal broadcast routing protocols based on these algorithms do
not need to be centralized. In this section, we discuss the distributed implementation of
broadcast routing, and how its complexity is related to the underlying uniqueness problem
of broadcast trees. Here, the uniqueness problem refers to whether the broadcast trees for
different source nodes are the same. We find that this uniqueness problem is related to a
property called root independence.

3.5.1 A Schematic Protocol

In the following, we outline a simple example of distributed broadcast routing protocols.
Similar to link-state routing protocols such as OSPF [38], every node periodically advertises
its local connectivity to the entire network. In this way, every node can learn the global
topology. For each possible broadcast source node, a node runs one of the BTC algorithms
to compute the broadcast tree rooted at the source node. In the broadcast tree, the node
identifies its children and stores them as the outgoing links in its routing table. When
each non-source node receives a broadcast routing packet, it checks the source address of
the packet and forwards the packet to the outgoing links according to its routing table.
Since each node has the same view of the topology and runs the same BTC algorithm, the
forwarding information stored in each node’s routing table is consistent with the same unique
broadcast tree and hence routing loops are avoided.

In general, the OBT for one root node is different from the OBT for another root node so that
per source computation for its broadcast tree and per source routing entry is needed at each
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router of the network to support broadcast routing. The computation overhead and routing
table size at the routers can be huge, if there are many broadcast source nodes. Therefore,
we are interested in developing metric properties for which the computed broadcast trees
for different roots have the same topology. That is the MST or minimum weight spanning
arborescence rooted at one node is the same as the MST or minimum weight spanning
arborescence rooted at another node. When this is true, each node, including the source
node and non-source node, only computes and maintains one broadcast tree in their routing
tables for all source nodes. This saves a lot of computation time and also reduces the routing
table size, when the network scale is large and there are multiple broadcast source nodes.

3.5.2 Uniqueness Properties for Optimal Broadcast Trees

In this section, we show that to ensure the same broadcast tree for different sources, the
routing metric must have a property called root independence.

Definition 8. A metric w(·) is root independent, if w(F1) = w(F2), where F1 and F2 are
subgraphs that have different root nodes and satisfy N(F1) = N(F2), E(F1) = E(F2).

A simple example of a root independent metric is the summation of all the link weights in an
undirected tree. Given an undirected tree, the metric weight remains unchanged regardless
of the root node. An example of a root dependent metric is the tree depth metric that
measures path length of the longest shortest path from the root node to any leaf node in a
tree. Given a tree, in general, the tree depth changes when the root node changes.

Theorem 4. Given any connected and undirected network topology G, the MST is the same
for different roots, if and only if the metric definition is independent of root node.

Proof. Sufficient condition: Let T ∗
1 be one MST of the connected and undirected network

topology G whose root node is r1. It follows that w(T ∗
1 ) � w(T1), where T1 is any spanning

tree rooted at r1. Let T ∗
2 be the spanning tree generated by changing the root node of T ∗

1

from r1 to r2. Note that any spanning tree rooted at r1 can also be a spanning tree rooted
at r2, and vice versa. Since the metric definition is independent of root node, for any r1-
rooted spanning tree T1 of G, we have a r2-rooted spanning tree T2 of G2 such that N(T1) =
N(T2), E(T1) = E(T2), w(T1) = w(T2). It follows that w(T ∗

2 ) = w(T ∗
1 ) � w(T1) = w(T2),

i.e., T ∗
2 is a MST of G. Therefore, the MST is independent of the root node.

Necessary condition: Given any connected and undirected network topology with a root
node, we need to prove that if the MST is the same for all sources then the metric definition
is independent of the root node. This can be proved by showing that its contrapositive is
correct, i.e., for a metric whose weight computation is related to the identity of the root
node, there exists at least one topology, where the MST is dependent on the root node.

Suppose, for a network topology G whose root node is r1, T ∗
1 is a MST rooted at r1. It

follows that w(T ∗
1 ) � w(T1), where T1 is any spanning tree rooted at r1. Change the root
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Table 3.2: Summary of the case study

Metrics Prim’s Edge-adding Edmonds’
Minimum tree depth broad-
cast routing

Y N N

Most reliable widest band-
width broadcast routing

N N N

Minimum energy broadcast
routing

N N N

Lexicographically optimal
broadcast routing

Y Y Y

Maximum network lifetime
broadcast routing

NA1 NA Y unequal residual energy
Y Y Y equal residual energy

1The modified Prim’s algorithm (termed as DMST) in [30] is compatible with the network
lifetime metric.

node r1 of T ∗
1 and T1 to r2, and let the generated spanning trees as T ∗

2 and T2, respectively.
Since the metric definition is dependent on the root node, it is possible w(T ∗

1 ) 6= w(T ∗
2 ) and

w(T1) 6= w(T2). Hence, it is possible that w(T ∗
2 ) ≻ w(T2). Therefore, the MST is dependent

on the root node.

Theorem 5. Given any connected and directed network topology D whose root node is r,
the minimum weight spanning arborescence is dependent on the root node r.

Proof. In directed network topologies, the definition of minimum weight spanning arbores-
cence is dependent on the root node r. For two nodes n1 and n2, the weight of the link
from n1 to n2 is generally different from the weight of the link from n2 to n1. Moreover,
the link between n1 and n2 may be unidirectional rather than bidirectional. For some node,
there may not exist a spanning arborescence rooted at this node. Therefore, in the gen-
eral case, the root-independence property does not hold for the minimum weight spanning
arborescence.

3.6 Case Study Based on Compatibility Analysis

In this section, we illustrate by examples about how to apply our analytical results in Sections
3.3 and 3.4 to judge the optimality compatibility between broadcast routing metrics and
BTC algorithms. The case study results are summarized in Table 3.2, where Y means the
algorithm is compatible with the metric, N means the algorithm is not compatible with the
metric, and NA means the algorithm is not applicable with the metric.
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Figure 3.10: Two cases for Lemma 1 proof

3.6.1 Case 1: Minimum Tree depth Broadcast Routing

Consider the case where the objective is to minimize the message delivery delay in a possibly
partitioned network by minimizing the depth of broadcast trees in each of the topology
components. The definition of the routing metric for such a purpose is

w(F ) = max
T⊂F

depth(T, i), (3.13)

where F is a graph composed of multiple components, T is a component of F , and depth(T, i)
is the depth of component T with broadcast source node i. The depth of a component T
is the maximum number of edges along the shortest simple path from the root node to any
other nodes in T . Mathematically, it means that

depth(T, i) = max
j∈N(T ),j 6=i

SP (i, j), (3.14)

where SP (i, j) is the length of the shortest path from node i to node j.

Compatibility with Prim’s Algorithm

To facilitate the case study, we first prove the following lemma.

Lemma 1. The metric in (3.13) satisfies the right ⊕-isotonicity property for trees in (3.4).

Proof. Let T be the tree generated by Prim’s algorithm, and T1 = T ⊕ e, T2 = T ⊕ e′. Note
that there is only one path from a non-root node to the root node in a tree. Suppose the
longest path to the root node in T is i, i ≥ 0 hops long. Since T is generated by Prim’s
algorithm, new edges e and e′ can only be appended to nodes that are i hops to the root
node in T , or be appended to nodes that are i− 1 hops to the root node in T if there exist
nodes which are i− 1 hops to the root node and e or e′ can be appended to. The lemma can
be proved in two parts.
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Figure 3.11: The counterexample for the consistency property

First, we consider the case w(T ⊕ e) = w(T ⊕ e′). In this case, either both e and e′ are
appended to nodes that are i hops to the root node in T , or both e and e′ are appended
to nodes that are i − 1 hops to the root node in T . For both subcases, by the fact that
w(T ⊕ e) = w(T ⊕ e′), we have w(T ⊕ e⊕ F ) = w(T ⊕ e′ ⊕ F ).

Second, we consider the case w(T ⊕ e) ≺ w(T ⊕ e′). In this case, e must be appended to a
node that is i − 1 hops to the root node in T and e′ must be appended to a node that is i
hops to the root node in T . There are two cases to consider. In the first case, e′ is on the
longest path to the root node in T ⊕ e′ ⊕ F , and we further have two subcases to consider.
In the first subcase, edges e and e′ share the same end node in the node set N(G)−N(T ) as
shown in Figure 3.10 (I), where F = {F1 ⊕F2 ⊕F3}. For this subcase, subtrees of F can be
appended to the shared end node of e and e′, nodes that are i hops to the root node in T ,
or nodes that are i− 1 hops to the root node in T . By the fact that w(T ⊕ e) ≺ w(T ⊕ e′),
we have w(T ⊕ e⊕F ) � w(T ⊕ e′⊕F ). In the second subcase, edges e and e′ have different
end nodes in the node set N(G)−N(T ) as shown in Figure 3.10 (II), where F = {F2⊕F3}.
In this subcase, during the T1⊕F and T2⊕F operation, there exist no subtrees in F which
can be appended to either e or e′. Otherwise, T ⊕ e⊕ F and T ⊕ e′ ⊕ F are forests rather
than trees. It follows that subtrees of F can only be appended to nodes that are i hops to
the root node in T or nodes that are i − 1 hops to the root node in T . By the fact that
w(T⊕e) ≺ w(T⊕e′), we still have w(T⊕e⊕F ) � w(T⊕e′⊕F ). In the second case, e′ is not
on the longest path to the root node in T⊕e′⊕F , and we have w(T⊕e⊕F ) = w(T⊕e′⊕F ).
In summary, for the case w(T ⊕ e) ≺ w(T ⊕ e′), we have w(T ⊕ e⊕F ) � w(T ⊕ e′⊕F ).

By Lemma 1 and Theorem 1, Prim’s algorithm can find the minimum depth broadcast tree.

Next, we show that the consistency property in [20] is only the sufficient but not necessary
property for Prim’s algorithm to find the MST. Consider the tree depth metric in (3.13),
and the example topology in Figure 3.11 (I). Notice that w(T ⊕ e1) = w(T ⊕ e2) = 2 but
w(T ⊕ e1 ⊕ e3) = 2 ≺ w(T ⊕ e2 ⊕ e3) = 3. It follows that the metric depth metric does not
satisfy the consistency property in [20]. By part 2 of Theorem 2 in [20], Prim’s algorithm
cannot find the MST. However, for this particular topology, Prim’s algorithm can find the
MST T ∗ as shown in Figure 3.11 (VII). Further, by Lemma 1, the tree depth metric satisfy
our property in (3.4); therefore, by Theorem 1, Prim’s algorithm can find the minimum
depth spanning tree.
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Figure 3.12: The generic edge-adding algorithm example for the minimum tree depth routing
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Figure 3.13: The Edmonds algorithm example for the minimum tree depth routing

Compatibility with the Generic Edge-adding Algorithm

The depth metric definition in (3.13) does not satisfy the property in (3.6). Consider the
network topology G as shown in Figure 3.12 (I). Let F = (N(G), {e2}). Note that w(F⊕e5) =
1 ≺ w(F ⊕ e4) = 2 as shown in Figure 3.12 (II) and (III), but w(F ⊕ e5 ⊕ e1 ⊕ e3) = 3 ≻
w(F ⊕ e4⊕ e1⊕ e3) = 2 as shown in Figure 3.12 (IV) and (V). Therefore, it does not satisfy
the property in (3.6). Therefore, by Theorem 2, the generic edge-adding algorithm cannot
guarantee finding the minimum depth broadcast tree. This can be verified by noticing that
one possible tree generated by the generic edge-adding algorithm is F ⊕ e5 ⊕ e1 ⊕ e3, which
is not optimal.

Compatibility with Edmonds’ Algorithm

The depth metric in (3.13) does not satisfy the property in (3.9). Consider the network
topology D as shown in Figure 3.13 (I). Let F = (N(D), {a2}). Note that w(F ⊕ a5) =
1 ≺ w(F ⊕ a4) = 2 as shown in Figure 3.13 (II) and (III), but w(F ⊕ a5 ⊕ a1 ⊕ a3) = 3 ≻
w(F ⊕ a4 ⊕ a1 ⊕ a3) = 2 as shown in Figure 3.13 (IV) and (V). Therefore, the depth metric
does not satisfy the property in (3.9). Therefore, by Theorem 3, Edmonds’ algorithm cannot
guarantee producing the minimum depth broadcast arborescence. This can be verified by
noticing that one possible Edmonds’ algorithm output is F ⊕ a5 ⊕ a1 ⊕ a3, which is not
optimal.
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Figure 3.14: The Prim algorithm example for the most reliable widest bandwidth broadcast
routing

3.6.2 Case 2: Most Reliable Widest Bandwidth Broadcast Rout-

ing

Consider a most reliable widest bandwidth metric whose design is based on the following
two observations. First, to maximize the capacity of links over the broadcast tree T , it
is desirable to design a metric maximizing the bandwidth of the tree. The bandwidth of
the tree is defined as the minimum bandwidth among all the links of the tree. Second, to
ensure successful delivery of a broadcast message, a proper broadcast routing metric should
minimize the probability that the broadcast message is lost by some nodes in the broadcast
tree T . This probability can be calculated as

1−
∏

i∈E(T )

(1− pi) ≈
∑

i∈E(T )

pi, (3.15)

where pi is the estimated packet loss rate for a link in the broadcast tree, and the approx-
imation is based on the assumption that each link’s packet loss rate is small enough. This
is valid for most scenarios. Hence, it is reasonable to consider the following lexicographic
metric

(b, p), (3.16)

where b is the bandwidth of the tree, p is the packet loss rate of the tree. We have w(b1, p1) �
w(b2, p2) if either b1 > b2 or b1 = b2, p1 ≤ p2. The objective of the most reliable widest
bandwidth broadcast routing is to find the lowest packet loss rate spanning tree within all
widest bandwidth spanning trees.

Compatibility with Prim’s Algorithm

The metric in (3.16) does not satisfy the required property in (3.4). Consider the network
topology in Figure 3.14 (I). Let w(e1) = (10, 0.03), w(e2) = (8, 0.01), w(e3) = (5, 0.05).
Note that w(r ⊕ e1) = (10, 0.03) ≺ w(r ⊕ e2) = (8, 0.01) but w(r ⊕ e1 ⊕ e3) = (5, 0.08) ≻
w(r⊕e2⊕e3) = (5, 0.06), where r⊕e1, r⊕e2, r⊕e1⊕e3, r⊕e2⊕e3 are shown in Figure 3.14 (II),
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Figure 3.15: The generic edge-adding algorithm example for the most reliable widest band-
width broadcast routing
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Figure 3.16: The Edmonds algorithm example for the most reliable widest bandwidth broad-
cast routing

(III), (IV), (V), respectively. Therefore, the most reliable widest bandwidth metric does not
satisfy the property in (3.4). By Theorem 1, Prim’s algorithm cannot guarantee producing
the MST. This can be easily shown by noticing that the algorithm output is r ⊕ e1 ⊕ e3,
which is not optimal.

Compatibility with the Generic Edge-adding Algorithm

The metric in (3.16) does not have the required property in (3.6). Consider the network
topology G in Figure 3.15 (I). Let w(e1) = (10, 0.03), w(e2) = (8, 0.01), w(e3) = (5, 0.05).
Note that w(F0⊕ e1) = (10, 0.03) ≺ w(F0⊕ e2) = (8, 0.01) but w(F0⊕ e1⊕ e3) = (5, 0.08) ≻
w(F0⊕e2⊕e3) = (5, 0.06), where F0 = (N(G), ∅), and F0⊕e1, F0⊕e2, F0⊕e1⊕e3, F0⊕e2⊕e3

are shown in Figure 3.15 (II), (III), (IV), (V), respectively. Therefore, the most reliable
widest bandwidth metric does not satisfy the property in (3.6). By Theorem 2, the generic
edge-adding algorithm cannot guarantee producing the MST. This can be easily shown by
noticing that one possible algorithm output is F0 ⊕ e1 ⊕ e3, which is not optimal.
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Figure 3.17: The Prim algorithm and generic edge-adding algorithm example for minimum
energy broadcast routing

Compatibility with Edmonds’ Algorithm

The metric in (3.16) does not have the required property in (3.9). Consider the network
topology D shown in Figure 3.16 (I). Let w(a1) = (10, 0.03), w(a2) = (8, 0.01), w(a3) =
(5, 0.05). Note that w(a1) ≺ w(a2), w(a1 ⊕ a3) = (5, 0.08) ≻ w(a2 ⊕ a3) = (5, 0.06), where
a1⊕a3, a2⊕a3 are shown in Figure 3.16 (II), (III), respectively. Therefore, the most reliable
widest bandwidth metric does not satisfy the property in (3.9). By Theorem 3, Edmonds’
algorithm does not guarantee optimality. This can be shown by noticing that one possible
algorithm output a1 ⊕ a3 is not the minimum weight spanning arborescence.

3.6.3 Case 3: Minimum Energy Broadcast Routing

Let us consider the minimum energy broadcast routing, whose metric is defined in (3.1).
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Figure 3.18: The Edmonds algorithm example for the minimum energy broadcast routing

Compatibility with Prim’s Algorithm

The metric in (3.1) does not satisfy the property in (3.4). Consider the network topology
G shown in Figure 3.17 (I). The numbers associated with the edges are the weights of these
edges. Let the partial spanning tree be Tr = ({r, i}, {eri}) as shown by the bold part of
Figure 3.17 (I). Note that w(Tr ⊕ eij) = 2 ≺ w(Tr ⊕ erj) = 2.5 as shown in Figure 3.17 (II)
and (III), but w(Tr⊕eij ⊕erk) = 4.5 ≻ w(Tr⊕erj ⊕erk) = 3.5 as shown in Figure 3.17 (VII)
and (VIII). Hence, the metric in (3.1) does not satisfy the property in (3.4). Therefore, by
Theorem 1, Prim’s algorithm cannot guarantee producing the minimum energy broadcast
routing tree based on the metric in (3.1). This can be verified by noticing that w(Tp) =
4.1 ≻ w(T ∗) = 3.5, where Tp is the Prim tree generated by Prim’s algorithm as shown in
Figure 3.17 (IX) and T ∗ is the minimum energy broadcast tree as shown in Figure 3.17 (VIII).

Compatibility with the Generic Edge-adding Algorithm

The metric in (3.1) does not satisfy the property in (3.6). Again, consider the network
topology G shown in Figure 3.17 (I). Suppose the partial spanning forest generated by the
generic edge-adding algorithm is F = (N(G), {eri}) as shown in Figure 3.17 (IV). Note
that w(F ⊕ eij) = 2 ≺ w(F ⊕ erj) = 2.5 as shown in Figure 3.17 (V) and (VI), but
w(F⊕eij⊕erk) = 4.5 ≻ w(F⊕erj⊕erk) = 3.5 as shown in Figure 3.17 (VII) and (VIII). Hence,
the metric does not satisfy the property in (3.6). Therefore, by Theorem 2, the generic edge-
adding algorithm cannot guarantee producing the minimum weight broadcast routing tree
based on the metric in (3.1). This can be verified by noticing that, for the generic edge-adding
tree Ta and the minimum weight broadcast routing tree T ∗, w(Ta) = 4.1 ≻ w(T ∗) = 3.5, as
shown in Figure 3.17 (IX) and (VIII).
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Compatibility with Edmonds’ Algorithm

The metric in (3.1) does not satisfy the required property in (3.9). Consider the connected
and directed network topology D whose root node is r as shown in Figure 3.18 (I). The
numbers associated with arcs are the weights of these arcs. Let F be a partial spanning
arborescence forest as shown in Figure 3.18 (II). Note that w(aij) ≺ w(arj) and w(F ⊕aij) =
4.5 ≻ w(F ⊕ arj) = 3.5 as shown in Figure 3.18 (III) and (IV). Hence, the minimum energy
broadcast routing metric in (3.1) does not satisfy the property in (3.9). Therefore, Edmonds’
algorithm does not produce the minimum weight broadcast routing arborescence based on the
metric in (3.1). This conclusion can be verified by noticing that w(Te) = 4.1 ≻ w(T ∗) = 3.5,
where Te is the Edmonds arborescence generated by Edmonds’ algorithm and T ∗ is the
minimum energy broadcast routing arborescence.

3.6.4 Case 4: Lexicographically Optimal Broadcast Routing based

on Packet Loss Rate

Consider a broadcast routing metric finding the lexicographically OBT in terms of packet
loss rate on each link. The metric is a sorted list of link packet loss rates of the considered
network topology. Elements of the list are sorted in a decreasing order. Mathematically, the
metric can be expressed as: w(a) = (a1, a2, ..., am), where m is the total number of links in
the network topology a, and a1 ≥ a2 ≥ ... ≥ am are the packet loss rates of links. Consider
two network topologies a and b, and let w(a) = (a1, a2, ..., am), w(b) = (b1, b2, ..., bn). Define
w(a) = w(b), if m = n, ai = bi, i = 1, 2, ..., m. Define w(a) ≺ w(b), if the following two
conditions hold: first, there exists a number l such that ai = bi, 1 ≤ i ≤ l − 1; second,
either al < bl when l − 1 < min{m, n}, or m < n when l − 1 = m. We further define
w(a) � w(b) if either w(a) = w(b) or w(a) ≺ w(b). Practically, assuming that a reliable link
level retransmission scheme is used to ensure reliable delivery of broadcast packets over each
link, a metric like this may be used to consider the link retransmission count of the entire
broadcast tree. To facilitate the case study, we first prove the following lemma.

Lemma 2. The lexicographical optimality metric satisfies the properties in (3.4), (3.6) and
(3.9).

Proof. We first prove that the lexicographical optimality metric satisfies the properties in
(3.4) and (3.6). Let p and q be network topologies consisting of m and n edges, respectively,
and e and e′ be two edges. Given that w(p ⊕ e) � w(p ⊕ e′), we need to prove that
w(p⊕ e ⊕ q) � w(p⊕ e′ ⊕ q). By the metric definition, we have w(p) = (p1, p2, ..., pm) and
w(q) = (q1, q2, ..., qn). Denote a = p ⊕ e, b = p ⊕ e′, c = p ⊕ e ⊕ q, d = p ⊕ e′ ⊕ q. When
w(p⊕ e) = w(p⊕ e′), by the metric definition, we have w(p⊕ e⊕ q) = w(p⊕ e′ ⊕ q). When
w(p ⊕ e) ≺ w(p ⊕ e′), by the metric definition, ∃1 ≤ i ≤ m + 1 such that aj = bj for
1 ≤ j ≤ i − 1 and ai < bi. Denote q> = {ql|ql ≥ bi, 1 ≤ l ≤ n}, q< = {ql|ql ≤ ai, 1 ≤ l ≤
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n}, q<> = {ql|ai < ql < bi, 1 ≤ l ≤ n}. During the a ⊕ q and b ⊕ q operation, elements
in q> are added before ai and bi in w(a) and w(b), respectively, and elements in q< are
added after ai and bi in w(a) and w(b), respectively. If q<> = ∅, between w(c) and w(d)
the first differing elements are ai in w(c) and bi in w(d). By the metric definition, we have

w(p⊕e⊕q) = w(c) ≺ w(d) = w(p⊕e′⊕q). If q<> 6= ∅, let q̃<> = {qk, ..., qk+o} be the ordered
set of q<> following the non-increasing order. Between w(c) and w(d), the first differing
elements are qk in w(c) and bi in w(d). By the definition of qk and q<>, it follows that qk < bi.
By the metric definition, we have w(p⊕ e⊕ q) = w(c) ≺ w(d) = w(p⊕ e′⊕ q). In summary,
we have proved that given that w(p⊕ e) � w(p⊕ e′), we have w(p⊕ e⊕ q) � w(p⊕ e′ ⊕ q).
Therefore, the lexicographical optimality metric satisfies the properties in (3.4) and (3.6).

We next prove that the lexicographical optimality metric satisfies the property in (3.9). Let p
and q be two network topologies consisting of m arcs, and u be a network topology consisting
of n arcs. Given that w(p) � w(q), we need to prove that w(p⊕u) � w(q⊕u). By the metric
definition, we have w(p) = (p1, p2, ..., pm), w(q) = (q1, q2, ..., qm) and w(u) = (u1, u2, ..., un).
When w(p) = w(q), by the metric definition, we have w(p⊕ u) = w(p⊕ u). When w(p) ≺
w(q), by the metric definition, ∃1 ≤ i ≤ m such that pj = qj for 1 ≤ j ≤ i − 1 and pi < qi.
Denote u> = {ul|ul ≥ qi, 1 ≤ l ≤ n}, u< = {ul|ul ≤ pi, 1 ≤ l ≤ n}, u<> = {ul|pi < ul <
qi, 1 ≤ l ≤ n}. During the p ⊕ u and q ⊕ u operation, elements in u> are added before pi

and qi in w(p ⊕ u) and w(q ⊕ u), respectively, and elements in u< are added after pi and
qi in w(p⊕ u) and w(q ⊕ u), respectively. If u<> = ∅, between w(p⊕ u) and w(q ⊕ u) the
first differing element in w(p⊕ u) is pi, and the first differing element in w(q ⊕ u) is qi. By

the metric definition, we have w(p⊕ u) ≺ w(q ⊕ u). If u<> 6= ∅, let ũ<> = {uk, ..., uj+o} be
the ordered set of u<> following the non-increasing order. Between w(p⊕ u) and w(q ⊕ u),
the first differing element in w(p⊕ u) is uk, and the first differing element in w(p⊕ u) is qi.
By the definition of uk and u<>, it follows that uk < qi. By the metric definition, we have
w(p ⊕ u) ≺ w(q ⊕ u). In summary, we have proved that given that w(p) � w(q), we have
w(p⊕u) � w(q⊕u). Therefore, the lexicographical optimality metric satisfies the properties
in (3.9).

Compatibility with Prim’s Algorithm

By Lemma 2 and Theorem 1, Prim’s algorithm can find the OBT.

Compatibility with the Generic Edge-adding Algorithm

By Lemma 2 and Theorem 2, the generic edge-adding algorithm can find the OBT.

Compatibility with Edmonds’ Algorithm

By Lemma 2 and Theorem 3, Edmonds’ algorithm can find the OBT.
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3.6.5 Case 5: Maximum Network Lifetime Broadcast Routing

Consider the broadcast routing metric which maximizes the network lifetime [30]. It is
defined as

min
i∈N(T )

εi

max
(i,j)∈E(T )

Pij

, (3.17)

where N(T ) is the node set of the broadcast tree T , εi is the residual energy of node i,
E(T ) is the link set of the broadcast tree T , and Pij is the minimum power consumption of
transmission from node i to node j. The broadcast routing metric definition given in (3.17)
is essentially the minimum lifetime of all the links in the broadcast tree T . Also note the
fact that the underlying network topology is undirected when the residual energy of each
node is equal, and the underlying network topology is directed when the residual energy of
each node is different [30].

Compatibility with Prim’s Algorithm

Note that the property definition in Theorem 1 is based on undirected network topologies.
Therefore, when the residual energy of each node is different, the metric in (3.17) is not
compatible with the property definition in Theorem 1. When the residual energy of each
node is equal, the network can be modeled as an undirected graph and hence Theorem 1
can be used to check the applicability of Prim’s algorithm. In this case, it is clear that the
minimization operation of the metric satisfies the property in (3.4). Therefore, we have the
following conclusions.

• If the residual energy of each node is different, Prim’s algorithm cannot find the max-
imum network lifetime broadcast tree based on the metric in (3.17).

• If the residual energy of each node is equal, Prim’s algorithm produces the maximum
network lifetime broadcast tree based on the metric in (3.17).

Compatibility with the Generic Edge-adding Algorithm

Since the property definition in Theorem 2 is based on undirected network topologies, the
metric in (3.17) is not compatible with the property definition in Theorem 2 when the
residual energy of each node is different. When the residual energy of each node is equal, we
further check if the metric in (3.17) satisfies the property in (3.6). Clearly, the minimization
operation of the metric satisfies the property in (3.6). Therefore, we have the following
conclusions.

• If the residual energy of each node is different, the generic edge-adding algorithm cannot
find the maximum network lifetime broadcast tree based on the metric in (3.17).



Chuan Han Chapter 3. Compatibility between Broadcast Routing Algorithms and Metrics 36

• If the residual energy of each node is equal, the generic edge-adding algorithm produces
the maximum network lifetime broadcast tree based on the metric in (3.17).

Compatibility with Edmonds’ Algorithm

Since the property definition in Theorem 3 is based on directed network topologies and
undirected topologies can be transformed into directed network topologies, the metric in
(3.17) is compatible with the property definition in Theorem 3. Next, we check if the metric
in (3.17) satisfies the property in (3.9). Clearly, the minimization operation of the maximum
network lifetime metric satisfies the property in (3.9). Therefore, we have the following
conclusions.

• If the residual energy of each node is different, Edmonds’ algorithm produces the
maximum network lifetime broadcast arborescence based on the metric in (3.17).

• If the residual energy of each node is equal, Edmonds’ algorithm also produces the
maximum network lifetime broadcast arborescence based on the metric in (3.17).

It is important to note that besides Edmonds’ algorithm there are other algorithms which
can also find the OBT for the network lifetime metric (3.17). In fact, in [30], a new algorithm,
termed as DMST, has been shown to be able to find the OBT for (3.17). Currently, the
exact necessary and sufficient condition for DMST to compute OBTs for any given metric
is still an open problem and is part of our future work.

3.7 Conclusion

In this chapter, the potential incompatibility between broadcast routing metrics and BTC
algorithms is identified. Using our broadcast routing algebra model, we develop and prove
the necessary and sufficient properties of broadcast routing metrics which guarantee optimal
broadcast routing in both undirected network topologies and directed network topologies.
Further, we study the uniqueness properties required by distributed routing implementation.
These properties are used to identify optimality compatibility between broadcast routing
metrics and broadcast routing algorithms.



Chapter 4

Optimal Cache-based Route Repair

for Real-time Traffic in Mobile Ad

hoc Networks

4.1 Introduction

In mobile ad hoc networks (MANETs), the constant movement of wireless nodes and the
fading of channels can cause frequent route breaks for on-going communications. Real-time
applications, on the other hand, require stable routes to ensure satisfactory performance.
Hence, fast route repair mechanisms that can quickly reestablish new routes upon route
breaks must be used in MANETs to minimize the interruption to on-going real-time com-
munications.

Among the existing designs of ad hoc routing protocols, on-demand protocols, such as DSR
[28] and AODV [43], have been proven to be able to quickly find paths in highly mobile
networks and hence are very popular for supporting real-time flows. In these protocols, a
source node re-floods the entire network to search for a new route when the current route
breaks. Such flooding-based route discovery can return up-to-date new paths. However,
flooding-based route discovery is usually very expensive in terms of message overhead. Hence,
it can potentially cause network-wide congestion. When congestion happens, it may require
a fairly long time to find a path. Therefore, path repair schemes that solely rely on flooding-
based route discovery cannot satisfy the need of many time critical real-time applications.

As a solution to the above problem, cache-based route repair schemes [34, 39, 22, 32] have
been proposed to reduce the frequency of flooding. These schemes exploit the fact that a
round of flooding-based route discovery usually finds multiple paths to the destination. The
source node can cache these paths as backups. When the route in use breaks, the source first
tries to use the cached paths to continue its communications before it resorts to flooding.

37
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Hence, the cached paths may provide quicker route repair and impose less message overhead.
However, aggressive use of the cached paths for route repair does not always bring benefit
since there is always a chance that the cached paths are also broken due to the mobility
of nodes [44]. Sending packets along broken cached paths can only cause excessive packet
losses and delay. Therefore, there exists an interesting trade-off point between the flooding-
based route discovery and the cache-based route repair schemes. Most of existing works on
cache-based route repair [34, 39, 22, 32, 52], unfortunately, only focus on heuristic designs
and simulation-based evaluation. There is only one work that provides theoretical analysis
on cache-based route repair [35]. This work, however, only computes the interruption and
overhead caused by using the cached paths and ignores the interruption and overhead caused
by flooding-based route discovery. This omission is not tolerable since the flooding-based
route discovery often imposes much higher overhead and incurs much larger interruption
duration than cache-based route repair. Therefore, there is still a severe lack of correct
insights into the trade-off point between cache-based route repair and flooding-based route
discovery.

In this chapter, we provide a mathematical analysis on this trade-off point and derive an
optimal cache policy that is the best strategy between flooding and cache-based repair. Our
unique contributions are listed as follows:

• While using cached paths for route repair has been proposed in many existing liter-
ature, we are the first to formulate an analytical framework to identify the optimal
trade-off point between cache-based route repair and flooding-based route discovery in
MANETs. This analytical framework accurately captures the factors that affect the
performance of route repair strategies. These factors include path length, mobility of
nodes and network size.

• Based on our analytical framework, an easy-to-implement optimal cache policy is pro-
posed and proved for cache-based route repair schemes. This policy finds the optimal
trade-off point between flooding and cache-based route repair. Its correctness and
advantages are analytically proved and then validated by simulations.

The remaining part of this chapter is organized as follows. The system model is presented
in Section 4.2. The optimization objective is developed in Section 4.3 and its relationship
with the characteristics of cached paths is studied in Section 4.4. The optimal cache policy
is derived in Section 4.5, and the policy is generalized to cover more optimization objectives
in Section 4.6. The performance advantages of the optimal cache policy are validated by
simulations in Section 4.7. Finally, Section 4.8 concludes the whole chapter.
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4.2 System Model

To derive the optimal strategy for cache-based route repair, we first need to have a model of
the network mobility, a model of the network, and a model for the routing protocol. Then,
we can use these models to derive the optimal cache policy.

4.2.1 Mobility Model

In this chapter, the mobility of nodes is modeled by the Semi-Markov Smooth (SMS) mobility
model [70]. We use SMS mobility model because it has been shown in [70] to be able to
accurately capture realistic node movement. For example, it can capture physical motion’s
smooth nature, can adapt to diverse network application scenarios and can ensure the node
distribution does not change over time. All of these realistic features are not present in other
more traditional but more naive mobility models such as the random-way-point model.

Briefly speaking, the SMS model works as follows. In the SMS model, node movement
consists of four consecutive phases: speed up phase (α phase), middle smooth phase (β
phase), slow down phase (γ phase), and pause phase.

At the beginning of the speed up phase, the node is stationary. Then, it accelerates from the
stationary state to the target speed vα. The direction φα does not change in this process. The
target speed vα ∈ [vmin, vmax], the direction φα ∈ [0, 2π), and the total number of time steps
α ∈ [αmin, αmax]. The parameters vα, φα and α are independent and uniformly distributed.

After the speed up phase, the node transits into the middle smooth phase. In this phase, the
initial speed v0 = vα and the initial direction φ0 = φα. The speed and direction change from
vα and φα at each time step based on a memory level parameter ζ ∈ [0, 1]. This memory
level parameter captures the temporal correlation of velocity between consecutive steps. This
phase lasts β steps, where β ∈ Z+ is uniformly distributed over [βmin, βmax].

After the middle smooth phase, the node enters the slow down phase. In this phase, the
node comes to a complete stop within γ ∈ Z+ steps, where γ is uniformly distributed over
[γmin, γmax]. The direction φγ is randomly chosen, but is correlated to node movement
direction at the end of the middle smooth phase. The direction φγ does not change in this
phase.

4.2.2 Network Model

Consider a MANET, where there are N mobile nodes in the network, and each node’s
movement is independent and identically distributed (i.i.d.). For each node, the average
speed is v̄, and the radio coverage radius is R. When two nodes are within the communication
range of R, we define that there exists a link between the two nodes, i.e., these two nodes
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can communicate with each other. When there is a set of links which can connect the source
node with the destination node, we define that there exists a path between the source node
and the destination node.

4.2.3 Protocol Model

Our model of cache-based route repair can capture any routing protocol that uses flooding-
based route discovery, regardless if the routing protocol is source routing (e.g. DSR) or
hop-by-hop routing (e.g. AODV). In our model, we assume that a source node first uses
flooding-based route discovery to find a path to its destination. It sends out a broadcast
route request (RREQ) message. Each intermediate node may receive multiple copies of the
RREQ message and only selects one to forward to its own neighbors to limit the message
overhead. When the destination receives multiple route request messages, it can discover
multiple paths and return this information to the source node through a route reply (RREP)
message. The best path among the returned paths is then set up as the path to relay data
packets to the destination as follows. In the hop-by-hop routing case (e.g., AODV), the
routing tables at the relaying nodes along the best path are setup by the RREP message
that travels back to the source. In the source routing case (e.g. DSR), after the source
receives the RREP message, the entire selected best path is copied to the headers of the
data packets to the destination. The other paths discovered by the flooding process are
returned by the RREP to the source and are cached as backup paths for path repair.

We denote this best path as p0 and the set of cached paths as I = {p1, p2, p3, ..., p|I|}, where
I is a sorted list of paths and is called the path cache. We assume that only the node-disjoint
paths to the source node are cached. This is a common practice widely used in multipath
routing and path repair to ensure that the cached backup paths are independent of the
status of the path in use. Essentially, this means that p0, p1, p2, ..., p|I| are node-disjoint. The
flooding process has a large routing message overhead, especially when the network scale is
relatively large or the network resource (e.g. bandwidth and energy) is limited. The routing
messages sent during the flooding process are called the flooding packets in this chapter.

Upon a route break, if I is not empty, the source picks the first cached path p1 ∈ I for route
repair. It sends out an exploration packet to the destination along p1. If p1 is already broken,
a route error message is generated when the exploration packet reaches the first broken link.
This route error message travels back to the source to notify the failure of p1. Then, p1 is
removed from the path cache I and the next path p2 in I is explored for path repair. This
cache-based path exploration process continues until finally a valid path pi is found. In such
a case, the destination receives the exploration packet and returns the confirmation to the
source. The confirmation message will trigger the right routing table information to be set
up for the paths pi. In the case of hop-by-hop routing (e.g. AODV), all the intermediate
nodes on pi will have their routing table updated by the confirmation message. In the case
of source routing (e.g. DSR), only the routing table in the source will be updated. Then,
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Figure 4.1: A repair cycle

the source removes pi from the path cache I and resumes its communication using pi. The
cache-based path exploration is successful in this case. If I becomes empty before a valid
path is found, the source node resorts to flooding-based route discovery for repairing the
broken route.

4.3 Problem Formulation

To formulate the problem of optimal cache-based route repair strategy, let us first take a
detailed analysis of the cache-based route repair process. Upon a route break, a source
node has two possible actions to repair the route. The first action is flooding-based route
discovery, which happens when the source node has no cached path in I. The source gets
the up-to-date set of paths from the flooding process but pays for the high message overhead
of flooding.

The second action is to explore the head-of-line path in the path cache I. The paths in I are
learned from the last flooding process. The exploration action happens when I is not empty.
If the explored path is already broken, the exploration process incurs message overhead and
increases the duration of communication interruption.

Essentially, the frequency, overhead and delay of the above two path repair actions greatly
affect the interruption duration and the routing overhead of a real-time session. These two
actions are in turn determined by the cache policy, which determines the set of paths cached
in I and these paths’ sequence in I. For example, if the number of paths in I is small,
the frequency of flooding is large. If the paths and their sequence in I is not appropriately
selected, the exploration action may often fail. Therefore, the problem of optimal cache-
based route repair is essentially a design problem for the optimal cache policy, which jointly
minimizes the interruptions to communications and the message overhead.
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We formulate this goal for the optimal cache policy as an objective function that captures
both the message overhead and the time interruption of the two path repair actions. For a
real-time communication session that lasts T seconds, the objective function is defined as:

max
π(I)

NT
d

NT
o

, (4.1)

where π(I) is a cache policy that sets the path cache I, NT
d is the number of data packets

transmitted during the lifetime of the real-time session, and NT
o is the number of overhead

packets for establishing and repairing routes for the real-time session. The physical meaning
of the objective function is to maximize the ratio between the number of real-time data
packets delivered to the destination and the number of overhead packets for repairing and
establishing routes. This objective function captures both the time and message overhead
for establishing and repairing routes. If a cache policy creates long interruptions to the
real-time session, it reduces the number of real time packets that can be delivered during
time T and hence decreases the value of the objective function. If a cache policy creates
too much routing overhead, it increases the denominator in the objective function and hence
also reduces the objective function’s value.

It is important to note that we do not claim that (4.1) is the only possible formulation of ob-
jective functions. Actually, our analysis for solving (4.1) can be generalized to cover a large
range of possible objective functions. In Section 4.6, we will discuss these other possible
formulations. Also note that when packet sizes are different for different types of packets,
we can also take into account the packet size in the objective function (4.1) by multiplying
the packet transmission time before the packet numbers. This packet transmission time for
the same packet type can be approximated as a constant. This is because the variations in
control packet (e.g., RREQ) sizes usually are negligible compared to the dominant packet
transmission overhead in physical and MAC layers. Hence, considering packet sizes simply
means multiplying constant packet transmission time to the variables that we want to op-
timize in (4.1). This modification of the optimization problem in (4.1) does not affect our
analytical process. Therefore, we focus on the objective in (4.1) in the rest of this chapter.

4.4 Relationship Between Objective Function and Cached

Paths

In this section, we identify the relationship between objective function in (4.1) and the
characteristics of cached paths, so that an optimal cache policy can be designed based on
this relationship. First, a mathematical model of the cache-based route repair process is
established. Based on this model, the objective function in (4.1), which is defined over
the entire lifetime of a session, is converted to a tractable formulation over a short time
period. Finally, by analyzing this short time period, the objective function is expressed by
the characteristics of cached paths.
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4.4.1 Renewal Model of the Cache-based Route Repair Process

To establish a mathematical model of the cache-based route repair process, note that when
a flooding-based route discovery is completed at time t, the cache I in the source is filled
with newly discovered paths and all the old cached paths are removed. This removal of old
cached paths means that the future communication states of the real-time session has no
dependence on its states before time t. Hence, the communication states of the real-time
flow can be modeled as a renewal process, where each flooding-based route discovery is a
renewal event. We define the interval between two consecutive flooding events, i.e. the inter-
flooding period, as a repair cycle. As shown in Figure 4.1, each repair cycle begins with a
flooding-based route discovery that lasts tf time. For each occurrence of route break in the
cycle, the source node explores the cached paths one by one until it finds one valid path to
resume the communication session. Each exploring period is the duration for exploring one
cached path for route repair and tie denotes this duration for exploring path pi ∈ I. The
number of exploring periods in the repair cycle equals the number of paths initially cached
in I after the flooding at the beginning of the cycle.

4.4.2 Objective Function Defined over the Repair Cycle

With the above renewal model of the path repair process, we can translate the objective
function in (4.1), which is defined over the entire duration of a real-time session, to an
objective function that is defined over a repair cycle. The purpose of this step is to simplify
the mathematical analysis since it enables us to focus on a relatively short period.

To translate the objective function in (4.1), we first divide the duration of the real-time
session T as the combination of multiple repair cycles. Assuming there are L repair cycles
over the time interval T , the objective function in (4.1) becomes:

max
π(I)

NT
d

NT
o

= max
π(I)

L∑
l=1

N l
d

L∑
l=1

N l
o

, (4.2)

where N l
d is the number of data packets transmitted during the lth repair cycle, and N l

o is
the number of the overhead packets transmitted during the lth repair cycle.

Assume that T is much larger than the inter-flooding period, i.e. L is a very large number.
Since each inter-flooding period is independent and identically distributed, by the law of
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large numbers, the objective function in (4.2) becomes

max
π(I)

L∑
l=1

N l
d

/
L

L∑
l=1

N l
o

/
L

≈ max
π(I)

E[N l
d]

E[N l
o]

= max
π(I)

Nd

No
, (4.3)

where Nd is the expected number of data packets transmitted during a repair cycle, and No

is the expected number of overhead packets transmitted during a repair cycle. Essentially,
the objective function in (4.3) is defined over a repair cycle and hence we can further analyze
it by closely examining the formation of a repair cycle.

4.4.3 Objective Function v.s. Path Characteristics

In this section, we derive the relationship between the objective function in (4.3) and the
characteristics of cached paths in I. First, denoting the real-time session data rate as r
packets per unit time, the objective function in (4.3) becomes

max
π(I)

Nd

No
= max

π(I)

Tdr

Nf + Ne
, (4.4)

where Td is the expected time used for data transmission during a repair cycle, Nf is the
expected number of flooding packets transmitted during the flooding-based route discovery,
and Ne is the expected number of exploring packets transmitted for exploring cached paths
during a repair cycle. Note that exploring a cached path may either succeed when the path
is alive or fail when the path is broken. Hence, Ne includes the exploring packets incurred
in both cases.

Since r is a constant, (4.4) is equivalent to:

max
π(I)

Td

Nf + Ne
= max

π(I)

E[Tmax
I − ∑

pi∈I

tie]

Nf +
∑

pi∈I

Ni
, (4.5)

where the term Tmax
I is the duration of a repair cycle minus the time spent for flooding the

network (See Figure 4.1). The term tie is the time used for exploring the ith path in the set I
during a repair cycle. The term Ni is the expected number of overhead packets transmitted
when exploring the ith path in I. Note that, in general, the time used for exploring paths is
much less than the time length of the inter-flooding period minus the flooding period, i.e.,∑
pi∈I

tie ≪ Tmax
I . Therefore, the objective function in (4.5) can be approximated as follows

max
π(I)

E[Tmax
I − ∑

pi∈I

tie]

Nf +
∑

pi∈I

Ni
≈ max

π(I)

E[Tmax
I ]

Nf +
∑

pi∈I

Ni
. (4.6)
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To compute Nf in (4.6), note that flooding packets include the RREQ packets and the route
reply (RREP) packets. The number of RREQ packet equals the total number of nodes N
in a fully connected network. The number of RREP packets is determined by the hop count
of the path used by the RREP message. Both the numbers of RREQ and RREP packets
are not related to path cache I. In large scale MANETs, in general, the number of RREQ
packets is much larger than the number of RREP packets. To simplify the analytical model,
we assume that the expected number of flooding packets can be approximated as a constant
during a repair cycle, and we further use the total number of nodes N in the network to
approximate the total number of flooding packets. With this approximation, the objective
function becomes

max
π(I)

E[Tmax
I ]

N +
∑

pi∈I

Ni

. (4.7)

Hence, only the E[Tmax
I ] and

∑
pi∈I

Ni parts in (4.7) can be optimized through the control of

the paths cached in I and the sequence of cached path exploration. We next identify their
relationship with the characteristics of cached paths.

Relationship between E[Tmax
I ] and I

Denote Ti as the path lifetime of the ith path (i.e. pi) in Ĩ = I ∪ p0. Note that all the

cached paths in Ĩ are node-disjoint. Based on rigorous theoretical analysis and simulation
validation in [57], under the SMS mobility model, the lifetime of a path can be approximated
as an exponentially distributed random variable with parameter

λ =
nv̄

R
, (4.8)

where n is the hop count of the path, v̄ is the average node speed, and R is the node radio
coverage radius. Therefore, Ti is continuous, independent and exponentially distributed with
a parameter λi. Using this property, the relationship between E[Tmax

I ] and I can be identified
as follows.

Lemma 3. 1 The expected value of Tmax
I is given by

E[Tmax
I ] = E

[
max
pi∈Ĩ
{Ti}

]

=
∑

pi∈Ĩ

1

λi
−

∑

i<j

pi,pj∈Ĩ

1

λi + λj
+

∑

i<j<k

pi,pj,pk∈Ĩ

1

λi + λj + λk
− ... + (−1)|Ĩ|−1 1∑

pi∈Ĩ

λi
. (4.9)

1Here, we implicitly assume that a broken route cannot be locally recovered.
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Proof. Note that Tmax
I is the duration of an inter-flooding period minus the duration for a

flooding-based route discovery. As shown in Figure 4.1, a Tmax
I duration starts at the end of

a flooding-based route discovery process and lasts until all paths in the path cache I have
been explored and turned out broken, which ends the repair cycle by triggering the next
flooding-based route discovery. Hence, the duration of Tmax

I is the maximum lifetime among

all the paths in Ĩ, which can be expressed as

Tmax
I = max

pi∈Ĩ
{Ti}. (4.10)

Since Ti is independent and exponentially distributed with parameter λi,

P{Tmax
I ≤ t} =P{Ti ≤ t, ∀pi ∈ Ĩ} =

∏

pi∈Ĩ

P{Ti ≤ t} =
∏

pi∈Ĩ

(1− e−λit). (4.11)

Therefore, we have

P{Tmax
I > t} = 1− P{Tmax

I ≤ t}
= 1−

∏

pi∈Ĩ

(1− e−λit)

=
∑

pi∈Ĩ

e−λit −
∑

i<j

pi,pj∈Ĩ

e−(λi+λj)t +
∑

i<j<k

pi,pj ,pk∈Ĩ

e−(λi+λj+λk)t − ... + (−1)(|Ĩ|−1)e
−

∑

pi∈Ĩ

λit

.

(4.12)

Notice that Ti ≥ 0 for any pi ∈ Ĩ. It follows that

E{Tmax
I } =

∫ ∞

0

P{Tmax
I > t}dt

=
∑

pi∈Ĩ

1

λi

−
∑

i<j

pi,pj∈Ĩ

1

λi + λj

+
∑

i<j<k

pi,pj ,pk∈Ĩ

1

λi + λj + λk

− ... + (−1)|Ĩ|−1 1∑
pi∈Ĩ

λi

. (4.13)

Relationship between Ni and I

We next compute the relationship between the
∑

pi∈I

Ni in (4.7) and the path cache I. When

exploring the ith cached path pi in I, there are two possible outcomes: pi is still valid or pi

is already broken. When pi is still valid, the number of overhead packets for exploring pi is
2ni, where ni is the hop count of pi. When pi is broken, the number of overhead packets can
be calculated as follows. Assume that the broken link is uniformly distributed among the ni



Chuan Han Chapter 4. Optimal Cache-based Route Repair for Real-time Traffic 47

links. When there is a link break, the expected number of the overhead packets for the ith
path is 21+ni

2
− 1 = ni. Hence, the expected number of overhead packets for exploring the

ith path is
2niai + ni(1− ai) = ni(1 + ai), (4.14)

where ai is the probability that the ith path is still alive. Notice that the path lifetime is
independent and exponentially distributed with parameters λi = niv

R
. As the ith path in

I, pi is explored only when paths p0, p1, ..., pi−1 are all broken. Hence, based on (4.8), the
probability that pi is still valid when it is explored is

ai = P{Tj ≤ Ti, ∀0 ≤ j ≤ i− 1}

=
i−1∏

j=0

P{Tj ≤ Ti}

=

i−1∏

j=0

λj

λj + λi

=

i−1∏

j=0

nj

nj + ni
. (4.15)

Therefore, (4.7) can be derived to

max
π(I)

E[Tmax
I ]

N +
∑

pi∈I

[ni(1 +
i−1∏
j=0

nj

nj+ni
)]

, (4.16)

where E[Tmax
I ]’s expression is defined in (4.9).

Expression (4.16) is essentially what we are looking for: an objective function in terms of
the characteristics of cached paths. In the next section, we design an optimal cache policy,
which controls the paths in I to always have the optimal characteristics that maximize the
objective function.

4.5 Analysis of Optimal Cache Policy

To find the optimal cache policy to maximize the objective function in (4.16), we take a
three-step approach. First, given that I only caches K paths, we show how to select the
best K paths to be cached in I. Second, we show what is the optimal sequence for exploring
the paths in I to repair routes. Finally, we show how to compute the optimal cache size K.
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4.5.1 Optimal K Path Selection

Proposition 1. If the size of the path cache I is fixed at a constant K, (i.e. |I| = K), the
policy that caches the shortest K paths among all discovered paths is better than any other
path selection policies.

Proof. Define D as the set of all paths discovered in a flooding-based route discovery process.
Only K number of these paths are selected to be cached in I and later explored for route
repair. We next prove that the policy that selects the shortest K paths in D is better than
other selection policies.

Suppose I does not hold the K shortest paths in D. Then, we can substitute a longer path
pl (l ≤ K) in I with a shorter path p′l in D − I.

This substitution decreases the denominator N +
∑

pi∈I

[ni(1 +
i−1∏
j=0

nj

nj+ni
)] in (4.16). This is

because by Lemma 9 in Appendix A, f(ni) = ni(1 +
i−1∏
j=0

nj

nj+ni
) is an increasing function of

ni. Therefore, after substituting pl with p′l, the term nl(1+
l−1∏
j=0

nj

nj+nl
) decreases. For all i < l,

f(ni) does not change and for all i > l, f(ni) also decreases. Therefore, the denominator
decreases.

In addition, the substitution increases the numerator in (4.16). This is because the expected
value of Tmax

I is the expected maximum lifetime among p0 and the paths in I according to
Lemma 3. Since stochastically a shorter path has a longer lifetime, the substitution of a
shorter path into the set I increases the expectation of Tmax

I .

Since the numerator increases and the denominator decreases, the objective function value
increases after the substitution. Continue this substitution process until all paths in D − I
is no shorter than the paths in I. The resultant I consists of the K shortest paths in D.
Hence, the policy of choosing the shortest K paths is better than other policies.

4.5.2 Optimal Sequence of Path Exploration

Proposition 2. Given a path cache I, the optimal policy for using the cached paths in I
for route repair is to always explore the shortest path first. In other words, the paths in I
should be sorted in an increasing order of their hop counts.

Proof. Assume that an optimal path exploration sequence S = {p1, p2, ...} maximizes the
objective function in (4.16). Assume that this optimal sequence is not the shortest path first
policy. Hence, in S, there must exist two path pl and pl+1 that are explored consecutively
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while their path lengths satisfy nl > nl+1. We next show that the value of the objective
function in (4.16) increases if we switch the order of pl and pl+1 in S to get a new sequence
S ′ = {p1, · · · , pl−1, pl+1, pl, pl+2, · · · }
The numerator Tmax

I in (4.16) is the same for both S and S ′. The denominator of (4.16) is

g(S) =C + nl(1 +
n0

n0 + nl

n1

n1 + nl

· · · nl−1

nl−1 + nl

)

+nl+1(1 +
n0

n0 + nl+1

n1

n1 + nl+1
· · · nl

nl + nl+1
) (4.17)

for S and

g(S ′) =C + nl+1(1 +
n0

n0 + nl+1

n1

n1 + nl+1

· · · nl−1

nl−1 + nl+1

)

+nl(1 +
n0

n0 + nl

n1

n1 + nl
· · · nl−1

nl−1 + nl

nl+1

nl+1 + nl
) (4.18)

for S ′. Here, C = N +
∑

pi∈I,i6=l,i6=l+1

[ni(1 +
i−1∏
j=0

nj

nj+ni
)] captures the terms that are the same

for both S and S ′.

If g(S) − g(S ′) > 0, the switch of nl with nl+1 increases objective function in (4.16). Note
that:

g(S)− g(S ′) =
n0 · · ·nl−1nl

(n0 + nl) · · · (nl−1 + nl)
+

n0 · · ·nlnl+1

(n0 + nl+1) · · · (nl + nl+1)

− n0 · · ·nl−1nl+1

(n0 + nl+1) · · · (nl−1 + nl+1)
− n0 · · ·nlnl+1

(n0 + nl) · · · (nl−1 + nl)(nl+1 + nl)
. (4.19)

Divide both sides of the above equation with a positive number

H =
n0 · · ·nl−1

(n0 + nl) · · · (nl−1 + nl)(n0 + nl+1) · · · (nl + nl+1)
, (4.20)

we get:

g(S)− g(S ′)

H
=nl(n0 + nl+1) · · · (nl + nl+1) + nlnl+1(n0 + nl) · · · (nl−1 + nl)

− nl+1(n0 + nl) · · · (nl−1 + nl)(nl+1 + nl)− nlnl+1(n0 + nl+1) · · · (nl−1 + nl+1)

=(nl − nl+1)
∑

j∈I

∏

i∈I,i6=j

ni > 0 (since nl > nl+1). (4.21)

Hence, g(S) > g(S ′). Therefore, switching nl with nl+1 in S increases objective function
in (4.16). This contradicts with the assumption that S is the optimal sequence for path
exploration. Hence, the optimal policy must be the shortest path first policy.
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Figure 4.2: Possible Shapes of the objective function f(x)

4.5.3 Optimal Number of Cached Paths

By Propositions 1 and 2, given a path cache size K, i.e., |I| = K, the optimal cache policy
that maximizes the objective function in (4.16) is to cache the shortest K paths in an
increasing order of their hop counts. We next show how to compute the optimal value of K.

Proposition 3. The objective function in (4.16) with respect to |I| has the following three
possible shapes.

1. The objective function is concave and monotonically non-decreasing;

2. The first section of the objective function is concave and non-decreasing. Then, the
objective function turns to monotonically non-increasing;

3. The objective function is monotonically non-increasing.

The above three shapes are shown in Figure 4.2.

Proof. Define K := |I|. Let h̄(K) and ḡ(K) be the numerator and denominator of the
objective function in (4.16), respectively. Hence, the objective function becomes f̄(K) =
h̄(K)
ḡ(K)

. By Lemma 10 in Appendix B, h̄(K) is a positive discrete concave function. Hence, we

can construct h̄(K)’s continuously differentiable counterpart function h(x), x ≥ 1 such that
h(x)|x=K = h̄(K) and h(x) is concave. Similarly, by Lemma 11 in Appendix C, ḡ(K) is a
positive discrete convex function. Hence, we can construct ḡ(K)’s continuously differentiable
and convex counterpart function g(x), x ≥ 1 that satisfies g(x)|x=K = ḡ(K). Then the

continuous version of the objective function becomes: f(x) = h(x)
g(x)

, where f(x) is continuously

differentiable. By studying the property of f(x) = h(x)
g(x)

, we can get the property of f̄(K).

Note that

f ′(x) =
h′(x)g(x)− h(x)g′(x)

[g(x)]2
(4.22)
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and

f ′′(x) =
−2g′(x)

g(x)
f ′(x) +

h′′(x)g(x)− h(x)g′′(x)

[g(x)]2
. (4.23)

Since h′′(x) < 0, g′′(x) > 0, h′(x) > 0, g′(x) > 0, h(x) > 0 and g(x) > 0, we get that when
f ′(x) > 0, we always have f ′′(x) < 0. This means that at the increasing section of f(x), f(x)
has a concave shape. Since f(x) is a continuously differentiable function, if at any point it
turns from increasing to decreasing, its concave increasing part can only be followed by a
concave decreasing part. In addition, whenever f(x) starts decreasing, f(x) can never turn
to increasing again. Based on the above observation, there is only three possible shapes of
f(x) depicted in Figure 4.2. In the first possible shape (Figure 4.2 (a)), f(x) is an non-
decreasing concave function. In the second possible shape (Figure 4.2 (b)), f(x) is formed
by two sections. In the first section, f(x) is a concave function that increases with x. In the
second section, f(x) becomes a decreasing function. In the final possible shape (Figure 4.2
(c)), f(x) is a non-increasing function.

The correctness of Proposition 3 is validated by our numerical results in Appendix D. Propo-
sition 3 indicates that the optimal path repair policy does not necessarily cache all paths
discovered in a flooding-based route discovery. There exists a unique optimal number of
paths to be cached in I, which is denoted as K∗ and is smaller or equal to the number of
paths discovered in a flooding-based route discovery. If the shape of the objective function
in (4.16) is similar to Figure 4.2(a), then the more path cached, the better. Hence, K∗

equals the number of paths discovered in a flooding-based route discovery. If the shape of
the objective function is similar to Figure 4.2(b), K∗ can be computed by finding the turning
point where the objective function turns from increasing to decreasing. If the shape of the
objective function is similar to Figure 4.2(c), K∗ equals 0, which means that no path should
be cached.

4.5.4 Optimal Cache Policy

Based on our results in Propositions 1, 2 and 3, we can finally design the optimal cache policy
as Algorithm 1 that picks the best set of paths and caches them in the optimal sequence
in I. The input D to Algorithm 1 is the set of paths discovered in a flooding-based route
discovery.

Using Algorithm 1, an optimal cache-based repair scheme works as follows:

1. Determine the node-disjoint path set D discovered by the latest flooding;

2. Following Algorithm 1, cache the optimal set of paths in path cache I;
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Algorithm 1 The Optimal Cache Policy

Require: Discovered path set D 6= ∅;
p0 ← pop the shortest path in D;
I ← ∅;
Calculate the objective function value val in (4.16);
maxV al ← val;
K∗ ← 0.
while D 6= ∅ do

p← pop the shortest path in D;
Append p at the tail of I;
Calculate the objective function value val in (4.16);
if val ≤ maxV al then

Remove p from the tail of I;
return I and K∗;

else

maxV al ← val;
K∗ ← K∗ + 1;

end if

end while

return I and K∗;

3. Whenever there is a route break, explore the cached paths in I following the sequence
that they are stored in I. Paths that are found broken are removed from I. Flood the
whole network when I becomes empty.

The running time of Algorithm 1 is O(|D|), where |D| is the number of discovered node-
disjoint paths per flooding and usually is a small number. Hence, the complexity of Algorithm
1 is fairly small.

4.6 Extension and Discussion

While the optimal cache policy in Algorithm 1 is developed with respect to the objective
in (4.1), it is also applicable to other objectives as long as the objective can also make
Propositions 1, 2, 3 hold. For example, consider the case of a real-time application that
periodically generates delay-sensitive packets. If a real-time packet is generated when the
current path to the destination is still valid, the packet can arrive at its destination with
a fairly small delay. If the packet is generated when the current path to the destination is
broken, the packet will experience a much longer delay and have a very high chance to miss
its deadline while waiting for the route to be repaired. Hence, denoting the entire lifetime
of the real-time application as T , the problem of maximizing the percentage of real-time
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packets that can meet their deadline can be approximated as

max
Data transmission time

T
. (4.24)

Dividing T into repair cycles and following a method similar to the method in Sections 4.3
and 4.4, the objective function in (4.24) can be transformed to

max
Td

Td + To
, (4.25)

where Td is the expected data packet transmission time within a repair cycle, and To is the
expected overhead packet transmission time within a repair cycle. The objective function in
(4.25) is equivalent to

max
Td

To

= max
Td

Tf + Te

≈ max
E{Tmax

I }
Tf + Te

, (4.26)

where Tf is the expected flooding time within a repair cycle, and Te is the expected ex-
ploration time within a repair cycle. Suppose that Tf and Te can be computed as follows:
Tf (N) is an increasing function of network node count N , and Te =

∑
pi∈I

nite(1+ai), where
ni is the hop count of path pi, te is the expected exploration time for one link, and ai is
the probability that path pi is still alive when it is explored. It can be shown that for the
objective in (4.26), Propositions 1, 2 and 3 hold. Therefore, the optimal cache policy for the
objective in (4.26) can be computed using Algorithm 1.

Another possible groups of objective functions can be formed by making the formulation of
the objective functions in (4.1) and (4.24) from shape maxA/B to max(A − B). It is very
easy to go through similar analysis in the previous sections to show that Propositions 1, 2
and 3 also hold for these objective functions.

4.7 Simulation Results

We conduct simulations to validate our work. We first implement our optimal route repair
scheme in the original DSR protocol, and then run simulations in NS 2.32 [59] to prove
the advantages of the proposed optimal cache policy. In our simulations, we compare the
performance of the optimal cache policy with that of the some heuristic policies, including
the no-cache policy, 1-path policy, and 2-path policy. For the no-cache policy, no path is
cached for path repair. For the 1-path policy, at most 1 path is cached for path repair. For
the 2-path policy, at most 2 paths are cached for path repair.

In the simulation, 200 mobile nodes are uniformly distributed in a 1000×1000 m2 rectangular
region. The transmission range is 250 m, the interference range is 550 m, and the channel
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Figure 4.3: Objective function value and number of flooding

bandwidth is 1 Mb/s. We measure the performance of a single CBR flow between a randomly
selected pair of source node and destination node. The packet size of the CBR flow is 512
bytes, and the packet interval is 0.05 s. For the mobility of nodes, we choose the SMS mobility
model [70] due to its capability to capture realistic characteristics of node movements. The
mean pause time of each node is 0 s. The minimum number of phase steps is 6. The maximum
number of phase steps is 30. The unit time slot is 1 s. The memory factor parameter is 0.5.
The average speed of each node ranges from 8 m/s to 16 m/s. For each average speed, we
do 20 runs, and each run lasts 1000s.

We compute the objective function in (4.1) in the simulations and show the result in Fig-
ure 4.3 (I). As shown in the figure, the value of the objective function under the optimal
policy is larger than that of other heuristic schemes. The number of flooding-based discov-
ery in the simulations is shown in Figure 4.3 (II). It can be seen that the optimal policy
drastically reduces the frequency of flooding comparing to other heuristic schemes. We also
show the average throughput and packet loss rate in Figure 4.4 (I) and (II), respectively. It
can be seen that the optimal policy outperforms other heuristic schemes in terms of both
throughput and packet loss rate.

4.8 Conclusions and Future Work

While there have already existed some routing protocols aiming at optimizing cache-based
route repair in MANETs, their methods are mainly heuristics and do not provide provably
optimal routing policies. This chapter studies the optimal cache-based path repair problem
in a rigorous mathematical approach. We focus on the problem of how to use cached node-
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Figure 4.4: Throughput and packet loss rate

disjoint paths to reduce the flooding frequency while maintaining reasonable control packet
overhead. An optimal path cache policy is proposed and its correctness is proved. Its perfor-
mance advantages are validated by simulations. We have also shown that our mathematical
approach can be applied to a wide range of optimization goals for cache-based route repair.
In the future, we plan to apply this approach to various objectives for different application
scenarios.



Chapter 5

Optimal Secondary User Node

Placement in Cognitive Radio

Networks

5.1 Introduction

5.1.1 Motivation

Of late, cognitive radio networks (CRNs) have received lots of attention due to its poten-
tial to improve wireless spectrum efficiency. Extensive research efforts have been dedicated
on understanding the fundamental properties and performance limits of this new type of
networks. Among these works, many of them are on the capacity analysis or throughput
maximization. While their results help us to understand what the limit of spectrum uti-
lization efficiency is, they cannot tell us what kind of applications a CRN can support. It
is still unclear whether a CRN can support delay-sensitive applications. If it can, what is
the performance limit of delay-sensitive traffic transmitted on a CRN? In the current liter-
ature, delay modeling and analysis has received less attention yet has significant impact on
the service qualities of applications in CRNs. This motivates us to study the limit of delay
performance of CRNs.

In a wireless network, packet delay is the aggregation of the following parts over multiple
relaying hops: propagation delay, transmission delay, queueing delay, and packet processing
delay. The propagation delay is determined by the physical property of wireless medium,
e.g., the propagation speed of electromagnetic waves. Transmission delay is determined by
the wireless channel capacity. Queueing delay is determined by the traffic load of the network
and the underlying scheduling algorithm. Packet processing delay captures the time used
to process the packet at current node. Due to the additive property of delay, these delay

56
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components can be decoupled and many existing works have provide thorough analytical
works for each component’s computation in traditional wireless networks.

While most of these general delay analytical works can be applied in CRNs, existing results
for transmission delay, however, may not hold in CRNs. Different from other wireless net-
works, in CRNs, the capacity of the wireless channel between a pair of secondary nodes are
not only determined by secondary user (SU) nodes’ own choice of transmission power and
modulation scheme, but is also related to the activities of primary users (PUs). When two
SU nodes are within each other’s communication range, the communication link between
them is not guaranteed because of the presence of active PUs in the neighborhood. The
SU traffic has to wait until PU traffic vacates the channel. The existence of PU traffic in a
SU network essentially reduces the link capacity between SU nodes and, hence, introduces
additional PU-induced transmission delay.

Based on the above observation, in this chapter, we decouple this unique PU-induced trans-
mission delay in CRNs from other delay components and focus on modeling and analyzing
this unique delay component in CRNs. We capture this unique PU-induced delay compo-
nent by defining a metric called information propagation speed (IPS). IPS is the speed that
a single small piece of SU information can travel through a CRN under the influence of
PU traffic. The expected PU-induced transmission delay for two nodes equals the distance
between these two nodes divided by the IPS.

In our work about IPS, we have made the following discoveries and contributions.

1. We have found out that IPS is not only related to the PU traffic pattern, but also is
related to the placement of SUs. There exists trade-off between how to place or choose
relaying SU nodes for a SU flow to maximize the IPS of the SU flow.

2. We established a model of IPS in CRNs and categorized IPS maximization problems
into two cases. The first case, named the maximum network IPS problem, maximizes
the IPS across a network topology over an infinite plane. The second case, named
the maximum flow IPS problem, maximizes the IPS between a given pair of source
and destination nodes separated by a fixed distance. We reveal how the maximum
network IPS and the maximum flow IPS are determined by the PU activity level and
the positions of SU relay nodes.

3. We have designed numerical methods to compute the two maximum IPSs and built
optimal relay placement strategies to realize these two maximum IPSs under different
PU activity levels. The correctness of our analytical results is validated by extensive
simulations and numerical experiments.

4. We have shown that our IPS study can be used as a valuable benchmark for network
design. The SU delay estimation formula can be use to predict the expected delay for
a given SU path. The IPS bounds can be used to check whether certain delay-sensitive
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traffic is supportable in a particular network setting. The optimal node placement
settings that can achieve the maximum IPS can also be used as useful design guidelines
in CRN planning. Also, optimal node placement results can be used to choose next
hop relay nodes in delay-sensitive routing.

The rest of this chapter is organized as follows. The network model and IPS model are
presented in Section 5.2 and 5.3, respectively. The analyses for the network and flow IPS are
in Section 5.4 and 5.5, respectively. The applications of our analytical work are discussed in
Section 5.6. Our analytical results are validated by simulations and numerical experiments
in Section 6.7. Finally, Section 5.8 concludes the chapter.

5.1.2 Related Work

In the current literature, there are three bodies of work related to our work. The first body
of related work [64, 48] is the scaling law capacity analysis of CRNs. Our work is different
from this body of work in two folds. First, instead of focusing on scaling law capacity bounds
which are asymptotic, we derive tighter delay bounds which are achievable. Second, both
papers assume PU channel availability is static. This assumption is too restrictive, since PU
traffic may be dynamic and the same PU channel may experience multiple busy and idle
periods. Our analysis is applicable to both static and dynamic PU channel availability cases,
and captures the delay caused by the temporal dynamics of PU channel availability. In [64],
the authors investigate a CRN where the PU network is sparser than the SU network. Their
results show that both PU and SU networks can achieve the same throughput scaling law as
a stand-alone wireless network. In contrast to [64], the authors of [48] study a more general
case where available bands are heterogeneous and the SU network is not necessarily denser
than the PU network.

The second body of related work [9, 56, 33] is on delay optimization or analysis in single
hop CRNs. While the analysis in [56, 33] does not consider the impact of SU one-hop
distance on SU traffic delay, we characterize the relationship between delay and SU one-
hop distance. Also, different from the single hop analysis [9, 56, 33], we are interested in
delay analysis in multi-hop multichannel CRNs. In [9], the authors design and analyze a
class of threshold-based access policies to minimize average delay while keeping the collision
probability to PU packets below a threshold in a single hop single channel CRN. In [56],
the authors use Poisson driven stochastic differential equations to analyze the SU queueing
delay in a single hop multichannel CRN. In [33], the authors use a large deviation approach
to characterize the relationship between SU traffic load and the SU queue distribution in a
single hop multichannel CRN.

The third body of related research [71, 62, 26, 27, 3] is on the IPS in multi-hop wireless
networks, which are single-tier networks. Their results cannot be applied to CRNs due
to CRNs’ unique two-tier architecture, where the delay in a CRN not only is related to
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the settings of the CRN itself but also the traffic activities of PUs. Our work provides
fundamental understanding on the delay in multihop multichannel CRNs. The authors of
[71, 62] study the IPS in general wireless networks. They focus on the fundamental tradeoff
between limited channel capacity and hop distance per link. In [71], the authors show that
a packet can be disseminated at a constant upper bound under some specific conditions.
In [62], the authors derive tighter packet propagation speed bounds for both broadcast and
unicast communications. In [26], the authors derive the packet propagation speed upper
bound for opportunistic routing, whose major delay is caused by retransmission. In contrast
to [26], authors of [27] derive a generic theoretical upper bound of IPS in a large scale but
finite mobile and delay tolerant network, where the major delay is caused by mobility and
intermittent connectivity. In [3], the authors investigate the IPS in bidirectional vehicular
delay tolerant networks, and focus on delay caused by waiting for next relaying vehicle. Both
[27] and [3] quantify how mobility helps information propagation in the network.

To the best of our knowledge, the closest related work to our research is [54], which studies
the delay distribution and limits achieved by SU node mobility in a mobile single channel
CRN. In their work, they assume static PU traffic, and investigate the impact of SU node
movement on SU traffic delay. In our work, we focus on the delay caused by dynamic PU
traffic.

5.2 Network Model

In a CRN, PUs have a higher priority to access the channel than SUs. When a PU node
is transmitting over the channel, the SU node has to wait until the PU node finishes its
own transmission and vacates the channel. When transmitting its traffic, the SU node also
guarantees that it will not interfere with other nearby PU receivers. To minimize the impact
and modification to existing PU infrastructures, we do not assume that PU nodes will relay
SU traffic. We model a CRN as a network formed by SU nodes and assume it is overlaid by
a PU network in an infinite two dimensional region. The location distribution of PU nodes
is assumed to be a two-dimensional Poisson point process. We assume that there are K
channels and an active PU or SU only uses one channel. Based on the measurement study
of realistic wireless PU activities in cellular networks [61], the PU traffic can be accurately
modeled as a Poisson arrival process with the mean arrival rate λP per unit area, while the
service time of PU is usually not exponential. 1 Since PU nodes may also relay traffic from
other PU nodes, the aggregate traffic may not be Poisson in the strict sense. To simplify the
analysis and get insight in the problem, we approximate the aggregate traffic as Poisson. As

1In our preliminary work [19], we study a loose upper bound on network IPS based on less general and
less realistic assumptions such as the PU channel selection is not adaptable, PU service time is exponential,
and SU transmission power is not adaptable. In this work, our analysis is much more realistic and general
and we derive the exact maximum network IPS and flow IPS. The mathematical analysis in the preliminary
work is very different from this chapter.
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shown in [53, 72], this approximation is fairly accurate.

We assume half-duplex communications between the SU transmitter and receiver (e.g., the
SU receiver sends ACK back for received data). Hence, both the SU transmitter and the
SU receiver need to avoid interfering with PU receivers. Denote ds as the sensing radius
of SU for PU receivers 2 and let U(d) be the union of the sensing regions of a pair of SU
transmitter and receiver that are d distance apart. The shape of U(d) is shown by the
grey region in Figure 5.1 (II). When there are no active PU receivers within U(d), the SU
transmitter and receiver can communicate and we call that the SU link between the SU
transmitter and receiver is feasible. Note that here we implicitly assume that SUs can cancel
the interference from PU transmitters to the SU receiver through interference cancelation
schemes. An example interference cancelation scheme based on multiple access channel and
superposition coding is proposed in [45].

It is important to note that given cognitive radio’s capability to adapt transmission power
and hence its potential interference to PUs, the sensing radius of SU should not be treated
as a fixed value. In our model, we assume that a SU controls its transmission power so that
its communication range equals its distance d to its receiver. In this way, the interference to
PUs is minimized. Under this optimal power control policy, we get:

Pt

dα
= Tr, (5.1)

where α ≥ 2 is the attenuation exponent, Pt is the transmission power of the SU transmitter
and Tr is the receiver’s sensitivity level. Assume that when the signal of a SU exceeds
the interference threshold Ts at a PU receiver, the PU receiver is interfered by the SU
transmission. Therefore, the SU’s sensing radius ds can be expressed as:

Pt

dα
s

= Ts. (5.2)

Combining (5.1) and (5.2), we have

ds =

(
Tr

Ts

) 1
α

d = C1d, (5.3)

where C1 =
(

Tr

Ts

) 1
α

. The above equation shows that the sensing radius ds is proportional to

the SU communication range that equals the distance d between the SU transmitter and SU
receiver under the optimal power control policy.

2PU receiver detection can be realized by exploiting the feedback mechanisms in two-way PU communi-
cations as shown by [66, 69].
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Figure 5.1: One hop sensing region

5.3 Problem Formulation

Based on the assumptions in the previous section, we can model IPS, denoted as v, in a
multihop CRN as:

v =
D

τ(D)
=

∑
i P (di)∑
i τ(di)

, (5.4)

where D is the distance between a pair of SU source node and destination node, and τ(D)
is the expected information propagation delay over this distance D. di is the transmission
distance of the ith hop, and P (di) is the projection of di on the straight line from the source
to the destination as shown in Figure 5.2. τ(di) is the expected information propagation
delay over the ith hop. By observing (5.4), we could see a trade-off exists in the setting
of di and v. Clearly, when SU relay nodes are placed on the straight line between the SU
source and destination, the corresponding IPS is larger than the IPS for other SU relay node
deployment. In this case, while a larger di increases the numerator in (5.4), it also increases
τ(di) since it has a large U(di) and a SU link cannot be used if there is any active PU receiver
in the area of U(di). The objective of our research, hence, can be formulated as

max
d

∑
i P (di)∑
i τ(di)

, (5.5)

s.t. 0 < di ≤ rc, ∀di ∈ d.

where rc is the SU communication range constrained by the SU radio’s maximum transmis-
sion power and d is the set of all hops.

In the following two sections, we study two different cases for solving the above optimization
problem by optimally setting d. In Section 5.4, we maximize IPS while assuming that all
the SU nodes can be flexibly placed in an infinite plane. We call it the maximum network
IPS. In Section 5.5, we maximize the IPS for a specific flow with fixed source and destination
locations. We call it the maximum flow IPS.
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5.4 Network IPS

Based on (5.5), when a CRN is over an infinite plane and all nodes’ locations are flexible,
the maximum network IPS, denoted as Vn, is:

Vn = max
d

∑
i P (di)∑
i τ(di)

=
P (d∗)

τ(d∗)
, (5.6)

where d∗ is the optimal one-hop distance that results in the maximum IPS in that hop. The
second equality in (5.6) is derived by noticing that

∑
i P (di)∑
i τ(di)

≤ max
i

P (di)

τ(di)
. (5.7)

Equation (5.6) means that the maximum network IPS is achieved when every hop has the
same optimal one-hop distance d∗. Therefore, the problem for deriving the maximum IPS
in a multi-hop CRN has been transformed to the problem of finding the maximum one-hop
IPS. In the reminder of this section, we derive the expected one-hop delay function, and
then study its monotonicity and convexity, based on which we derive the optimal one-hop
distance d∗ that achieves the maximum network IPS.

5.4.1 One-hop Delay Function

The expected one-hop delay over a transmission distance d can be expressed as

τ(d) = E{T}+ τ0, (5.8)

where E{T} is the mean one-hop delay induced by waiting for PU traffic to vacate a channel.
τ0 is the sum of other approximately constant delay components, such as channel sensing
delay for determining the channel availability.
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While τ0 is fixed given a particular cognitive radio design and setting, the value of E{T}
is related to the level of PU traffic load and equals the time that it takes for a channel to
be vacated by PUs when a SU is ready to transmit a packet. Note that in Section 5.2, we
have pointed out that measurement results in [61] show that realistic PU traffic follows a
Poisson arrival process and has complex service time distribution. Hence, we can treat PUs
as a high priority flow, SUs as a low priority flow and the K channels as K servers in a
two-priority preemptive M/G/K queuing model. Under this model, E{T} is equivalent to
the queuing delay of the low priority flow when the packet service time of the low priority
flow approaches 0.

The analytical work of the two-priority preemptive M/G/K queue in [5] shows that the
queuing delay of the low priority flow can be approximated as:

delay1 =





1
2Kρ1

[ s1ρ1+s2ρ2

1−ρ1−ρ2

(ρ1+ρ2)K+(ρ1+ρ2)
2

− s2ρ2

1−ρ2

ρK
2 +ρ2

2
],

ρ2 > 0.7, ρ1 + ρ2 > 0.7;
1

2Kρ1
[ s1ρ1+s2ρ2

1−ρ1−ρ2

(ρ1+ρ2)K+(ρ1+ρ2)
2

− s2ρ2

1−ρ2
ρ

K+1
2

2 ],

ρ2 < 0.7, ρ1 + ρ2 > 0.7;
1

2Kρ1
[ s1ρ1+s2ρ2

1−ρ1−ρ2
(ρ1 + ρ2)

K+1
2 − s2ρ2

1−ρ2
ρ

K+1
2

2 ],

ρ2 < 0.7, ρ1 + ρ2 < 0.7.

(5.9)

Here, subscript 1 is for the low priority flow, and subscript 2 is for the high priority flow.
We have

si := (1 + C2
Bi

)X̄i, (5.10)

C2
Bi

:=
σ2

i

X̄i
2 , (5.11)

and

ρi :=
λiX̄i

K
, (5.12)

where Xi is the service time for priority i traffic, σ2
i is the variance of Xi, X̄i is the mean

value of Xi, and λi is the arrival rate of the priority i traffic. Therefore, assuming that the
PU traffic load is reasonable (a.k.a. ρ2 < 0.7), we can get E{T} as:

E{T} = lim
ρ1→0,s1→0

delay1

=
(K + 1)s2ρ

K+1
2

2

4K(1− ρ2)
+

s2ρ
K+3

2
2

2K(1− ρ2)2
. (5.13)

The reason that we assume ρ2 < 0.7 is because a CRN is usually used in scenarios where PUs
have low utilization of licensed spectrum bands. Hence, the assumption that the PU traffic
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load is light to medium is valid in our application scenario. The PU traffic load ρ2 in (5.13)
can be computed as follows. Note that within a unit area, the PU traffic is a Poisson arrival
process with parameter λP . Hence, the aggregate PU traffic arrival rate within region U(d)
is Poisson with parameter λa = λPA(d), where A(d) is the area of region U(d) as shown in
Figure 5.1. By (5.3) and Figure 5.1 (II), it can be shown that

A(d) = Cd2, (5.14)

where

C = 2πC2
1 − 2C2

1 cos−1 1

2C1
+

√
C2

1 −
1

4
(5.15)

and C1 = (Tr

Ts
)

1
α . Therefore, we have

ρ2 =
Cd2λP

µPK
= Cd2ρ, (5.16)

where ρ := λP

µP K
and µP := 1

X̄2
is the PU service rate. With ρ2 known, we can finally combine

(5.8) and (5.13) to get:

τ(d) =
(K + 1)s2ρ

K+1
2

2

4K(1− ρ2)
+

s2ρ
K+3

2
2

2K(1− ρ2)2
+ τ0. (5.17)

Given PU node density, PU traffic load, and hop distances of a particular SU path, equations
(5.15), (5.16) and (6.21) can be used to estimate the expected delay on the SU path.

5.4.2 Properties of One-hop Delay Function

Next, we study two important properties of τ(d): monotonicity and convexity. We show that
the one-hop delay function τ(d) is monotonically increasing and strictly convex. To simplify
the mathematical derivation, we denote

h1(ρ2) =
(K + 1)s2ρ

K+1
2

2

4K(1− ρ2)
, (5.18)

and

h2(ρ2) =
s2ρ

K+3
2

2

2K(1− ρ2)2
. (5.19)

We can prove the following lemmas.
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Lemma 4. For (5.18) and (5.19), it follows

h′
1(ρ2) > 0, h′

2(ρ2) > 0, (5.20)

and

h′′
1(ρ2) > 0, h′′

2(ρ2) > 0. (5.21)

Proof. By (5.18) and (5.19), we have

h′
1(ρ2) =

(K + 1)s2

4K

K+1
2

ρ
K−1

2
2 (1− ρ2) + ρ

K+1
2

2

(1− ρ2)2
> 0, (5.22)

and

h′
2(ρ2) =

s2

2K

K+3
2

ρ
K+1

2
2 (1− ρ2) + 2ρ

K+3
2

2

(1− ρ2)3
> 0. (5.23)

Therefore, (5.20) is true.

Next, we prove that (5.21) is true. By (5.22) and (5.23), we have

h′
1(ρ2) =

(K + 1)s2

4K

K+1
2

ρ
K−1

2
2 − K−1

2
ρ

K+1
2

2

(1− ρ2)2
, (5.24)

and

h′
2(ρ2) =

s2

2K

K+3
2

ρ
K+1

2
2 − K−1

2
ρ

K+3
2

2

(1− ρ2)3
. (5.25)

It follows that

h′′
1(ρ2) =

(K + 1)s2

4K(1− ρ2)3
[
K2 − 1

4
(ρ

K−3
2

2 − ρ
K−1

2
2 )(1− ρ2)

+ 2(
K + 1

2
ρ

K−1
2

2 − K − 1

2
ρ

K+1
2

2 )] > 0, (5.26)

and

h′′
2(ρ2)

=
s2

2K(1− ρ2)4
[(

K + 3

2

K + 1

2
ρ

K−1
2

2 − K − 1

2

K + 3

2
ρ

K+1
2

2 )

(1− ρ2) + 3(
K + 3

2
ρ

K+1
2

2 − K − 1

2
ρ

K+3
2

2 )] > 0. (5.27)

Therefore, the lemma holds.



Chuan Han Chapter 5. Optimal Secondary User Node Placement 66

Lemma 5. The function τ(d), 0 < d ≤ rc is monotonically increasing.

Proof. By (5.16), (6.21), (5.18) and (5.19), we have

τ(d) = h1(ρCd2) + h2(ρCd2) + τ0, (5.28)

and

τ ′(d) = 2ρCd[h′
1(ρCd2) + h′

2(ρCd2)]. (5.29)

By (5.20), we have τ ′(d) > 0. Therefore, the lemma follows.

Lemma 6. The function τ(d), 0 ≤ d ≤ rc is strictly convex.

Proof. By (5.16), (6.21), (5.18) and (5.19), we have

τ ′′(d) = 2ρCh′
1(ρCd2) + 4ρ2C2d2h′′

1(ρCd2)

+ 2ρCh′
2(ρCd2) + 4ρ2C2d2h′′

2(ρCd2). (5.30)

By (5.20) and (5.21), we have τ ′′(d) > 0. Hence, the lemma follows.

5.4.3 Maximum IPS Analysis

Clearly, IPS can only be maximized when SU nodes are aligned on the straight line between
the source and destination. When this happens, the one-hop progress distance along the
straight line from the source to the destination equals the one hop distance, i.e., P (d) = d.
Therefore, the optimal one-hop distance d∗ in (5.6) can be computed as

d∗ = arg min
0<d≤rc

{τ(d)

d
}. (5.31)

Since the physical meaning of τ(d)
d

is the slope of the line passing through the origin and a
point on the function τ(d) curve, it follows that d∗ is the d value that minimizes the line
slope.

Optimal One-hop Distance Analysis

By Lemma 5 and 6, τ(d), 0 < d ≤ rc is monotonically increasing and strictly convex. Hence,
there are two possibilities when determining d∗ as shown in Figure 5.3. Consider the tangent
line of the curve τ(d) that passes the origin and touches τ(d) at a point (d0, τ(d0)). When
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(I)

0 d

( )d

rcd0 0 d

( )d

rc

(II)

Figure 5.3: Two examples of τ(d): (I) ∃0 < d0 ≤ rc, s.t. τ ′(d0) = τ(d0)
d0

; (II) ∄0 < d0 ≤
rc, s.t. τ ′(d0) = τ(d0)

d0
.

there is such a tangent line as shown in Figure 5.3 (I), we have d∗ = d0. When there is no
such a tangent line as shown in Figure 5.3 (II), we have d∗ = rc. Mathematically, we have

d∗ =

{
d0, if ∃0 < d0 ≤ rc, s.t. τ ′(d0) = τ(d0)

d0

rc, if ∄0 < d0 ≤ rc, s.t. τ ′(d0) = τ(d0)
d0

(5.32)

To determine d∗, we need to determine if there is a real root to equation τ ′(d) = τ(d)
d

, 0 <
d ≤ rc. To solve this root existence problem, we define

f(ρ, d) = τ ′(d)− τ(d)

d
= 2Cdρh′

1(Cd2ρ) + 2Cdρh′
2(Cd2ρ)

− h1(Cd2ρ) + h2(Cd2ρ)

d
− τ0

d
, (5.33)

and study the root existence problem for equation

f(ρ, d) = 0, 0 < d ≤ rc. (5.34)

Threshold Property of d∗

Next, we solve the root existence problem in (5.34) and determine d∗. Our analytical results
are summarized in the following proposition.

Proposition 4. There exists a threshold ρu ∈ (0, 1
(Cr2

c )
) such that d∗ = rc when ρ < ρu and

d∗ < rc when ρ > ρu. This threshold ρu is a function of rc satisfying f(ρu, rc) = 0.

Proof. By Lemma 5 and 6, τ(d), 0 < d ≤ rc is monotonically increasing and strictly convex.
By (5.33), it follows that f(ρ, d) is an increasing function of d. Since lim

d→0+
f(ρ, d) = −∞,
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it follows that f(ρ, d) increases from −∞ to f(ρ, rc) when d increases from 0 to rc. When
f(ρ, rc) > 0, there must exist a real root to the problem in (5.34). By (5.32), we have d∗ < rc.
When f(ρ, rc) < 0, we have f(ρ, d) < 0, ∀0 < d ≤ rc, i.e., there does not exist a real root to
the problem in (5.34). By (5.32), we have d∗ = rc.

Next, we study when f(ρ, rc) > 0 and when f(ρ, rc) < 0. Since rc is fixed, the positivity of
f(ρ, rc) depends on ρ and ρ ∈ (0, 1

(Cr2
c )

). We study the positivity of f(ρ, rc) when ρ changes.

By (5.33), we have

f(ρ, rc) = 2Crcρh′
1(Cr2

cρ) + 2Crcρh′
2(Cr2

cρ)

− h1(Cr2
cρ) + h2(Cr2

cρ)

rc

− τ0

rc

. (5.35)

It can be shown that limρ→0+ f(ρ, rc) < 0 and limρ→( 1

Cr2
c
)− f(ρ, rc) =∞. Therefore, there is

at least one real root to equation

f(ρ, rc) = 0, 0 < ρ <
1

Cr2
c

. (5.36)

In the following, we prove that there is only one real root. By (5.35), we have

∂f(ρ, rc)

∂ρ
= Crch

′
1(Cr2

cρ) + Crch
′
2(Cr2

cρ)

+ 2ρC2r3
ch

′′
1(Cr2

cρ) + 2ρC2r3
ch

′′
2(Cr2

cρ). (5.37)

By (5.20) and (5.21), we have ∂f(ρ,rc)
∂ρ

> 0, i.e., f(ρ, rc) is an increasing function with respect

to ρ. Therefore, there exists only one real root to equation f(ρ, rc) = 0, 0 < ρ < 1
Cr2

c
. Denote

the root as ρu. Recall that limρ→0+ f(ρ, rc) < 0 and limρ→( 1

Cr2
c
)− f(ρ, rc) =∞. It follows that

f(ρ, rc) > 0 when ρ > ρu and f(ρ, rc) < 0 when ρ < ρu. Therefore, when ρ > ρu we have
d∗ < rc, and when ρ < ρu we have d∗ = rc.

Although it is difficult to derive a closed form expression for the threshold ρu and d∗, we can
numerically derive it from (5.36). The physical intuition behind Proposition 4 is as follows.
When the actual ρ is small, the delay of SU traffic caused by yielding to PU transmissions in
the region U(d) is negligible. The SU’s IPS is only constrained by the maximum transmission
power. Therefore, the optimal one-hop distance d∗ = rc. When ρ is large, the delay caused
by PU transmissions in the region U(d) dominates other delay components. Hence, a shorter
one-hop distance d incurs a smaller U(d) size, resulting in a smaller delay. Therefore, the
optimal one-hop distance d∗ < rc.

5.5 Flow IPS

Beyond the maximum network IPS for all possible flows, we are also interested in the max-
imum IPS for a particular given flow, called the maximum flow IPS. Since in this case the
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source-destination distance is fixed, the problem of maximizing the IPS is equivalent to min-
imizing the total propagation delay from the source to the destination. Therefore, for the
flow IPS case, by (5.4), the maximum IPS, denoted as Vf , can be modeled as

Vf = max{ D∑
i τ(di)

} =
D

min{∑i τ(di)}
, (5.38)

where τ(·) is the expected one-hop propagation delay. It is clear that the total delay is
minimized when all the SU nodes are placed on the straight line between the source and
destination. Mathematically, the problem of optimal node placement is transformed to

min
∑

i

τ(di), (5.39)

s.t.
∑

i

di = D.

We decompose the above minimization problem to two subproblems: the problem of placing
SU relaying nodes given a fixed number of such nodes and the problem of determining the
optimal number of relaying nodes between the source and the destination. By solving these
two subproblems, we show that the IPS is maximized when an optimal number of relay nodes
are evenly spaced along a straight line between the source and destination.

5.5.1 Optimal Node Placement

We first study the problem of how to place relay nodes to minimize the total delay when the
total number of relay nodes is given. We decompose the problem of multi-hop path delay
to a series of two-hop path problems. Our analysis shows that the total delay is minimized
when the inter-node distances are equal.

Lemma 7. Consider a K-hop (K ≥ 2) SU path between a given pair of source and desti-
nation nodes. The total expected delay from the source to the destination is minimized when
all the K − 1 relay nodes on the path are evenly spaced on the straight line from the source
to the destination.

Proof. Consider a two-hop SU path, whose source node and destination node is y distance
apart and 0 < y < 2rc. Then, the total delay of the two-hop path is

τ2(x) = τ(x) + τ(y − x), (5.40)

where either y − rc < x ≤ rc, rc ≤ y < 2rc or 0 < x < rc, 0 < y < rc. By Lemma 5 and 6,
we have τ ′′

2 (x) = τ ′′(x) + τ ′′(y − x) > 0. Hence, τ2(x) is strictly convex. Therefore, τ2(x) is
minimized when τ ′

2(x) = τ ′(x)− τ ′(y − x) = 0, i.e., x = y
2
. This means that the total delay

of a two-hop path is minimized when the relay node is placed in the middle point between
the source node and destination node.
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Next, we prove the lemma by contradiction. Given a fixed number of relay nodes, suppose
that the minimum total expected delay from the source to the destination is achieved when
nodes are not evenly spaced along the straight line between the source and destination.
Denote such a path as P . Then, there must exist a two-hop subpath Ps on the path P such
that the middle SU node of the two-hop subpath is not in the middle position between the
source and destination of the subpath. By placing the middle SU node to the middle position,
the expected delay on this two-hop subpath decreases, and the total expected delay of path
P decreases. This contradicts the assumption that path P minimizes the total expected
delay from the source to the destination. Therefore, the lemma follows.

5.5.2 Optimal Number of Relay Nodes

Next, we determine the optimal number of relay nodes to minimize the total delay between
the source and the destination. Note that to guarantee connectivity between the source and

destination, there are at least
⌊

D
rc

⌋
SU nodes placed on the straight line between the source

and destination. Denote n as the number of SU nodes to add, and m = n+1 as the number

of hops between the source and destination. It follows that n ≥
⌊

D
rc

⌋
and m ≥

⌊
D
rc

⌋
+ 1. By

(5.39) and Lemma 7, given a m hop SU path (n = m − 1 relay nodes), the minimum total
delay is t(m) = mτ(D

m
). Therefore, the optimization problem in (5.39) can be transformed

to

min t(m) = mτ(
D

m
), (5.41)

s.t. m ≥
⌊

D

rc

⌋
+ 1, m ∈ Z+.

Consider its continuous counterpart problem

min t(x) = xτ(
D

x
), (5.42)

s.t. x ≥
⌊

D

rc

⌋
+ 1, x ∈ R+.

It can be shown that t′(x) = τ(D
x
)− D

x
τ ′(D

x
), and

t′′(x) =
D2

x3
τ ′′(

D

x
) > 0. (5.43)

By (5.43), t(x) is a strictly convex function over x ≥
⌊

D
rc

⌋
+1. There are two possibilities when

solving the problem in (5.42). When t′(
⌊

D
rc

⌋
+ 1) > 0, the optimal solution is x∗ =

⌊
D
rc

⌋
+ 1.

When t′(
⌊

D
rc

⌋
+ 1) ≤ 0, the optimal solution x∗ = x0, where t′(x0) = 0 and x0 ≥

⌊
D
rc

⌋
+ 1.
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Therefore, the optimal solution to the problem in (5.41) is as follows:

m∗ =





⌊
D
rc

⌋
+ 1, if t′(

⌊
D
rc

⌋
+ 1) > 0,

arg min
m∈{m1,m2}

{t(m)}, if t′(
⌊

D
rc

⌋
+ 1) ≤ 0,

(5.44)

where m1 = ⌊x∗⌋, m2 = ⌈x∗⌉, and t′(x∗) = 0.

5.5.3 A Search Method of Calculating m∗

Note that directly computing m∗ from (5.44) involves solving the equation t′(x0) = 0, x0 ≥⌊
D
rc

⌋
+ 1, which may be computationally intensive. This motivates us to find alternative

methods to determine m∗. Since we have proved that t(x), x ≥
⌊

D
rc

⌋
+1 is convex, t(m), m ≥

⌊
D
rc

⌋
+ 1 can be either monotonically increasing, or first monotonically decreasing and then

monotonically increasing. Therefore, m∗ is the smallest m such that t(m + 1) > t(m).
Mathematically,

m∗ = min{m|(m + 1)τ(
D

m + 1
) > mτ(

D

m
),

m ≥
⌊

D

rc

⌋
+ 1, m ∈ Z+}. (5.45)

Based on (5.45), it is straightforward to search for m∗ from m = ⌊D
rc
⌋+ 1.

5.5.4 A Table Look-up Method Based on Threshold Property of

m∗

While it is possible to determine m∗ by (5.45), the search algorithm may take many steps

before finding m∗, when m∗ is much larger than
⌊

D
rc

⌋
+ 1. Hence, the search algorithm may

not be efficient enough for run-time computation. This motivates us to find a faster method
to determine m∗.

Our basic idea is to determine m∗ by considering whether adding a relay node decreases the
total delay. Our analysis shows that this is determined by a threshold of PU load. By (5.45),
adding a relay decreases the total delay when (m + 1)τ( D

m+1
) < mτ(D

m
). From (5.16) and
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(6.21), we define

g(ρ, m) = (m + 1)τ(
D

m + 1
)−mτ(

D

m
)

= (m + 1)[h1(
ρCD2

(m + 1)2
) + h2(

ρCD2

(m + 1)2
)]

−m[h1(
ρCD2

m2
) + h2(

ρCD2

m2
)] + τ0, (5.46)

When g(ρ, m) < 0, adding a relay node decreases the total relay. When g(ρ, m) > 0, adding
a relay node increases the total relay. Given m, the positivity of g(ρ, m) depends on ρ. Next,
we study the positivity of g(ρ, m) when ρ changes.

Lemma 8. Consider a m-hop SU path, whose source-destination distance is D. There exists
a ρf ∈ (0, m2

CD2 ) that is a function of m (a.k.a ρf = ρf(m)) and is defined by g(ρf , m) = 0.
This ρf has the following properties.

• When ρ > ρf , adding a relay node and evenly spacing all relay nodes decreases the
total delay.

• When ρ < ρf , adding extra relay nodes increases the total delay.

• ρf is monotonically increasing with respect to m.

Proof. Note that lim
ρ→0+

g(ρ, m) = τ0 > 0, and lim
ρ→( m2

CD2 )−
g(ρ, m) = −∞ < 0. Therefore, there

is at least one real root of ρ to equation g(ρ, m) = 0 in the range 0 < ρ < m2

CD2 . Next, we
show that there is only one real root. We prove this by showing that g(ρ, m) is monotonically
decreasing with respect to ρ. By (5.46), we have

∂g(ρ, m)

∂ρ
=

CD2

m + 1
[h′

1(
ρCD2

(m + 1)2
) + h′

2(
ρCD2

(m + 1)2
)]

− CD2

m
[h′

1(
ρCD2

m2
) + h′

2(
ρCD2

m2
)]. (5.47)

By (5.20), we have h′
1(

ρCD2

(m+1)2
) + h′

2(
ρCD2

(m+1)2
) > 0, and

∂g(ρ, m)

∂ρ
<

CD2

m
[h′

1(
ρCD2

(m + 1)2
) + h′

2(
ρCD2

(m + 1)2
)]

− CD2

m
[h′

1(
ρCD2

m2
) + h′

2(
ρCD2

m2
)]. (5.48)

By (5.21), it follows that h′
1(ρ2) and h′

2(ρ2) are monotonically increasing. Therefore, by (5.48)

we have ∂g(ρ,m)
∂ρ

< 0. Hence, there is only one real root to equation g(ρ, m) = 0, 0 < ρ < m2

CD2 .
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Denote the root as ρf . Obviously, ρf is a function of m. We denote this function as ρf (m).
Recall that lim

ρ→0+
g(ρ, m) > 0, and lim

ρ→( m2

CD2 )−
g(ρ, m) < 0. Hence, we have the following

conclusions. There exists a threshold value 0 < ρf < m2

CD2 such that g(ρf , m) = 0. When
ρ < ρf , it follows that g(ρ, m) > 0. By (5.46), adding a relay node increases the total delay.
When ρ > ρf , it follows that g(ρ, y) < 0. By (5.46), adding a relay node and placing all the
nodes equal distance apart decreases the total delay.

Next, we prove that ρf (m) is a monotonically increasing function of m, i.e., ρf(m + 1) >

ρf (m). Recall that lim
ρ→0+

g(ρ, m) = τ0 > 0, which is not dependent on m, and ∂g(ρ,m)
∂ρ

< 0. To

show ρf (m + 1) > ρf (m), it is equivalent to show that g(ρf(m), m + 1) > 0. By (5.46) and
the definition of ρf(m), we have

g(ρf(m), m) = (m + 1)τ(
D

m + 1
)−mτ(

D

m
) = 0. (5.49)

Since we have proved that t(x) = xτ(D
x
) is strictly convex, we have t(m + 2)− t(m + 1) >

t(m + 1)− t(m), i.e.,

(m + 2)τ(
D

m + 2
)− (m + 1)τ(

D

m + 1
)

>(m + 1)τ(
D

m + 1
)−mτ(

D

m
). (5.50)

Therefore, given ρ = ρf (m), we have

g(ρf(m), m + 1) = (m + 2)τ(
D

m + 2
)− (m + 1)τ(

D

m + 1
)

> (m + 1)τ(
D

m + 1
)−mτ(

D

m
)

= g(ρf(m), m) = 0. (5.51)

Hence, ρf (m) is a monotonically increasing function of m.

The significance of Lemma 8 is that it can be used to determine the range of PU traffic load

(a.k.a. the range of ρ) that makes a particular value of m optimal. Given a m ≥
⌊

D
rc

⌋
+ 1,

by equation g(ρ, m) = 0, we can numerically derive the threshold ρf (m). Then, we have the
following proposition.

Proposition 5. Given an actual ρ, we have

1. m∗ = ⌊D
rc
⌋+ 1, if ρ ∈ (0, ρf(⌊D

rc
⌋+ 1)];

2. m∗ = m, if ρ ∈ (ρf(m− 1), ρf(m)].
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Proof. When ρ > ρf (m), adding a relay node decreases the total delay and increments m,
which in turn increases the threshold value ρf(m) by Lemma 8. Keep incrementing m until ρ
is less than the new threshold value ρf (m). At this stage, adding extra relay nodes increases

the total delay. Therefore, the optimal hop count m∗ = m, for ρ ∈ (0, ρf(m)], m =
⌊

D
rc

⌋
+ 1

or ρ ∈ (ρf (m− 1), ρf(m)], m >
⌊

D
rc

⌋
+ 1.

Note that each optimal hop count m∗ corresponds to its own range of ρ determined by
function ρf (m). Since ρf (m) can be numerically computed, these ρ intervals can be computed
off-line and stored in a table. When PU traffic load changes (a.k.a. ρ changes), the optimal
hop count m∗ can be derived simply by looking up the table. This saves a lot of online
computation overhead. With m∗ computed, the optimal number of relay nodes n∗ = m∗− 1
can be easily determined. Therefore, we conclude the following proposition.

Proposition 6. In the flow IPS case, the maximum IPS is achieved when n∗ = m∗−1 relay
nodes are evenly spaced along the straight line between the source and the destination, where
m∗ is given by (5.44), (5.45) or the table lookup method.

5.6 Applications and Discussions

In this section, we show that our IPS study can be used as a valuable tool for network design
in the following three ways.

1. The SU delay estimation expression in (6.21) can be used to predict the expected
delay for a given SU path as follows. First, based on the CRN designs, many system
design parameters can be easily obtained, such as SU’s constant part of the per hop
delay τ0, the number of channels K, SU receiver sensitivity level Tr, and PU receiver
interference threshold Ts. Then, through frequency utilization monitoring, the PU
traffic parameters, such as PU traffic arrival rate per unit area λP , PU traffic service
rate µP , and PU traffic service time variance σ2, can be obtained. Based on the above
information, we can compute all the parameters needed for formula (6.21) and derive
the delay for any hop given its hop distance. Adding the delay of all the hops together,
we then obtain the expected delay of any given path. The accuracy of our path delay
prediction will be validated by simulations in Section 5.7.1.

2. The IPS bounds can be used to check whether certain delay-sensitive traffic is support-
able in a particular network setting and also help network planning. Given a particular
PU setting and certain delay-sensitive traffic, our IPS bounds of the optimal network
IPS and optimal flow IPS can be computed. If the IPS of delay-sensitive traffic is larger
than the optimal IPS, then it is not supportable whatever network planning techniques
are used. If it is smaller than the optimal IPS, then the traffic can be supported, and
the minimum delay is achieved by following our optimal node placement policy.



Chuan Han Chapter 5. Optimal Secondary User Node Placement 75

3. Our results also can help routing protocols to reduce the delay of SU flows when nodes’
positions are all fixed and delay is a critical routing requirement. A routing protocol
that chooses relaying nodes that are closest to our theoretical optimal relay positions
can significantly reduce the total delay of a path. In Section 5.7.4, we demonstrate this
point by simulating a simple routing design that is aided by our method of computing
theoretical optimal relay positions.

5.7 Simulation and Numerical Validation

In this section, we validate the correctness of our analysis by simulations and numerical
experiments. We also apply our optimal node placement results to geographic routing, and
simulate its delay performance.

5.7.1 Validation of the Delay Estimation

To show the accuracy of delay estimation in (6.21), we compare the theoretical delay es-
timation with the average delay obtained from simulations in both broadcast and unicast
cases. In the broadcast case, the source node is fixed, and random paths are chosen. In the
unicast case, both source and destination nodes are fixed, and random paths that guarantee
connectivity are chosen.

The simulation region is a square with edge length 10000m. The PU transmitters are uni-
formly distributed within the simulation region. In the simulation, K = 20, rc = 110m,
τ0 = 0.1ms, Tr

Ts
= 2, α = 3 and µ−1

P = 1ms. In the broadcast case, we simulate 1-hop,
2-hop, and 3-hop SU paths. For each path, we generate 50 PU transmitter distribution,
and measure the delays for 20000 packet deliveries between the source and the destination.
Three possible PU service time distributions are simulated: exponential distribution, uni-
form distribution, and constant. Their simulation results are shown in Figure 5.4(a), 5.4(b)
and 5.4(c), respectively. In the unicast case, the source-destination distance is 500m. We
simulate 5-hop, 6-hop and 7-hop SU paths. Other settings are the same as that of broadcast
case. Simulation results for different PU service time distribution are shown in Figure 5.5(a),
5.5(b) and 5.5(c), respectively. As shown in these figures, theoretical estimation matches the
simulation results, showing high accuracy of (6.21).
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5.7.2 Validation of the Theoretical Maximum IPS

Network IPS Case

To validate the correctness of our theoretical network IPS results, we next compare our
theoretical maximum network IPS with the actual network IPS computed from simulations.
The simulation region is a square with edge length 10000m. The PU transmitters are uni-
formly distributed within the simulation region. We simulate 1-hop, 2-hop, and 3-hop SU
paths. For each path length, we generate 50 paths and for each path, we generate 50 PU
transmitter distribution. For each of the settings, we measure the delays for 20000 packet
deliveries between the source and the destination. In the simulation, K = 20, rc = 110m,
τ0 = 0.1ms, Tr

Ts
= 2, α = 3 and µ−1

P = 1ms. Three possible PU service time distributions are
simulated: exponential distribution, uniform distribution, and constant. Their simulation
results are shown in Figure 5.6(a), 5.6(b) and 5.6(c), respectively.

We perform two sets of simulations for each distribution. In the first set of simulations,
we randomly position SU nodes. The maximum network IPSs in simulations are shown in
Figure 5.6(a) (I), 5.6(b) (I), and 5.6(c) (I). The mean and the standard deviation of network
IPS in simulations are shown in Figure 5.6(a) (II), 5.6(b) (II), and 5.6(c) (II). The maximum
network IPSs from the simulation are below the theoretical maximum network IPS, validating
the correctness of our theoretical analysis. When the path hop count increases, the simulated
network IPS decreases. This is because a longer SU path has a higher probability that SU
nodes may not be aligned on the straight line between the source and destination, causing
an excessive delay. When the ρ value increases, the simulated network IPS decreases. This
is because the PU traffic becomes heavier when ρ increases, causing a larger delay.

In the second set of simulations, SU nodes are evenly spaced along the straight line between
the source and the destination. We focus on examining the delay of a 3-hop SU path. The
one-hop distance d is set to d∗, 0.8d∗ and 1.2d∗. The simulated network IPSs are shown
in Figure 5.6(a) (III), 5.6(b) (III), and 5.6(c) (III). When d = d∗, the simulated network
IPS curves match the theoretical maximum network IPS curve. When d = 0.8d∗, 1.2d∗, the
simulated IPS curves are below the theoretical maximum network IPS curves. This proves
that our maximum network IPS can be achieved when SU nodes are optimally deployed.

Flow IPS Case

Next, we compare our theoretical maximum IPS with the actual IPS computed from sim-
ulations in the flow IPS case. The simulation region is a square with edge length 10000m.
The PU transmitters are uniformly distributed within the simulation region. The source-
destination distance is 500m. We simulate m∗-hop, m∗ + 1-hop and m∗ + 2-hop SU paths,
where m∗ is the optimal number of relay nodes. For each path length, we generate 50 paths
and for each path, we generate 50 PU transmitter distribution. For each of the settings, we
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measure the delays for 20000 packet deliveries between the source and the destination. In
the simulation, K = 20, rc = 110m, τ0 = 0.1ms, Tr

Ts
= 2, α = 3 and µ−1

P = 1ms. Three
possible PU service time distributions are simulated: exponential distribution, uniform dis-
tribution, and constant. Their simulation results are shown in Figure 5.7(a), 5.7(b) and
5.7(c), respectively.

We perform two sets of simulations for each distribution. In the first set of simulations,
we randomly position SU nodes as long as they maintain connectivity between the source
and the destination. The maximum flow IPSs in simulations are shown in Figure 5.7(a) (I),
5.7(b) (I), and 5.7(c) (I). The mean and the standard deviation of flow IPS in simulations
are shown in Figure 5.7(a) (II), 5.7(b) (II), and 5.7(c) (II). The maximum flow IPSs from
the simulation are below the theoretical maximum flow IPS, validating the correctness of
our theoretical analysis.

In the second set of simulations, SU nodes are evenly spaced along the straight line between
the source and the destination. The simulated mean and their standard deviation are shown
in Figure 5.7(a) (III), 5.7(b) (III), and 5.7(c) (III). When m = m∗, the simulated flow IPS
curves match the theoretical maximum flow IPS curve. When m = m∗ + 1, m∗ + 2, the
simulated flow IPS curves are below the theoretical maximum flow IPS curves. This proves
the correctness of Lemma 7 and Proposition 6.

5.7.3 Optimal One-hop Distance, Optimal Number of SU Relay

Nodes and Theoretical Upper Bounds

Network IPS Case

To demonstrate the correctness of Proposition 4, we numerically compute the optimal one-
hop distance d∗ and the corresponding maximum network IPS for different network settings,
e.g., communication range rc, and PU service time distribution. The d∗ is derived from (5.32)
and (5.34). We perform numerical experiments for multiple cases with different rc values
and PU service time distributions. In the experiments, we have K = 20, Tr

Ts
= 2, α = 3,

τ0 = 0.1ms and µ−1
P = 1ms. We consider three PU service time distributions: exponential

distribution, uniform distribution and constant as shown in Figure 5.8(a), 5.8(b), and 5.8(c),
respectively.

For each case, the optimal one-hop distances d∗ and the corresponding theoretical maximum
network IPSs with respect to ρ values are shown. As shown in these figures, for each rc

value, there exists a threshold ρ value. Below this threshold, the optimal one-hop distance
d∗ = rc. Above this threshold, the optimal one-hop distance d∗ < rc. We also observe that
the optimal one-hop distance d∗ decreases when the ρ value increases. This is because a
higher ρ value indicates heavier PU traffic. Therefore, for a higher ρ value, the optimal one-
hop distance d∗ is shorter to avoid excessive blocking from PU traffic. These results validate
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the correctness of Proposition 4. For all different rc values, the bound decreases when the
ρ value increases. This is because a higher ρ value indicates heavier PU traffic, which slows
down the IPS.

Flow IPS Case

To demonstrate the correctness of Proposition 5, we numerically compute the optimal number
of relay nodes n∗ and the corresponding theoretical maximum flow IPSs for different network
settings, e.g., communication range rc and PU service time. n∗ = m∗−1 and is derived from
(5.45). We perform numerical experiments for multiple cases with different rc values and PU
service time distributions. In the experiments, we have K = 20, Tr

Ts
= 2, α = 3, τ0 = 0.1ms

and µ−1
P = 1ms. We consider three PU service time distributions: exponential distribution,

uniform distribution, and constant as shown in Figure 5.9(a), 5.9(b) and 5.9(c), respectively.

For each case, the optimal number of relay nodes n∗ and the corresponding theoretical
maximum flow IPSs with respect to ρ values are shown. As shown in these figures, for
each rc value, there are threshold ρ values. Above these thresholds, n∗ increments. We also
observe that n∗ is a non-decreasing function of ρ. This is because when ρ is large, the flow
IPS is mainly constrained by the interference from PU traffic. A larger number of relay nodes
result in a shorter one-hop distance and a shorter sensing range, rendering less interference
from PU traffic. Therefore, n∗ is a non-decreasing function of ρ. These results validate the
correctness of Proposition 5. The general trends and underlying rationales are the same
as that of the network IPS case. The maximum flow IPSs are slightly smaller than the
maximum network IPSs. This is because the source-destination distance is not necessarily a
multiple of d∗ in the network IPS case, which decreases the achievable maximum flow IPS.

5.7.4 Applications to Delay-sensitive Routing

Next, we apply our analytical results in Proposition 6 to find the best next hop relay node in
geographic routing. In the ith hop, the current forwarding node determines the n∗ optimal
positions on the straight line between the current node and the destination node. Due to
limited SU node density, it is often impossible to find a SU node exactly at optimal positions.
Our protocol, named modified greedy forwarding, chooses the SU node that is closest to the
next optimal position and also within the SU communication range as the next hop node.
This process continues until the next optimal position is the position of the destination, i.e.,
n∗ = 0. We compare our protocol with greedy forwarding and most forwarding progress
within radius (MFR) [47]. In greedy forwarding, the current forwarding node forwards
packets to the node that is closest to the destination node. In MFR, the current forwarding
node forwards packets to the node, which is within the communication range and also has
the largest projection progress along the straight line from the current node to destination
node.



Chuan Han Chapter 5. Optimal Secondary User Node Placement 79

The simulation region is a square with edge length 10000m. In the simulation, K = 20,
rc = 110m, τ0 = 0.1ms, Tr

Ts
= 2, α = 3 and µ−1

P = 1ms. The PU transmitters are uniformly
distributed within the simulation region. The SU source-destination distance is 500m. 1000
SU nodes are uniformly distributed within a disk region centered at the source node and
with a radius of 610m. We simulate our modified greedy forwarding, greedy forwarding and
MFR for 50 PU transmitter distribution. For each setting, we measure the delays for 20000
packet deliveries between the source and the destination. Three possible PU service time
distributions are simulated: exponential distribution, uniform distribution, and constant.
Their simulation results are shown in Figure 5.10(a), 5.10(b) and 5.10(c), respectively. As
shown in these figures, modified greedy forwarding significant outperforms greedy forwarding
and MFR especially in the high PU traffic load region.

5.8 Conclusions

In this chapter, we derive the maximum IPSs in CRNs. We study two cases: the network
IPS and the flow IPS. In the network IPS case, we discover that the maximum network IPS
is related to a threshold value of the PU activity level. Below the threshold, the maximum
IPS is achieved when the one-hop distance equals the communication range of cognitive
radios. Above the threshold, the maximum IPS is achieved when using an optimal one-hop
distance which is less than the communication range. We design efficient numerical methods
to compute the optimal one-hop distance and the corresponding maximum IPS. In the flow
IPS case, we discover that the maximum IPS is achieved when an optimal number of SU
relay nodes are evenly spaced on the straight line between the source node and destination
node. The optimal number of relay nodes shows a stair-like incremental trend, when the
PU activity level increases. We design multiple numerical methods to compute the optimal
number of SU relay nodes. Our simulation and numerical results prove the correctness of
our analyses.
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Figure 5.4: Theoretical delay estimation and the simulated delay for given broadcast paths
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Figure 5.5: Theoretical delay estimation and the simulated delay for given broadcast paths
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Figure 5.6: Theoretical maximum IPS and the simulated IPS for the network IPS case
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Figure 5.7: Theoretical maximum IPS and the simulated IPS for the flow IPS case
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Figure 5.8: Optimal one-hop distance d∗ and theoretical maximum IPS for the network IPS
case
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Figure 5.9: Optimal number of relay SU nodes n∗ and theoretical maximum IPS for the flow
IPS case
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Figure 5.10: Delay performance of different routing schemes



Chapter 6

Convergecast Delay Analysis of Large

Scale Sensor Networks Coexisting

with WiFi Networks

6.1 Introduction

The de facto radio technology for modern sensor networks is IEEE 802.15.4 (ZigBee) [24]
due to its low power feature. However, a ZigBee radio operates in ISM bands, which are
being shared by many other radio technologies. Thus, ZigBee and these radio technologies
can cause mutual interference to each other and create coexistence issues between sensor
networks and other types of networks in ISM bands.

Among these coexistence issues, the one between WiFi networks and sensor networks is
the most pronounced. This is because WiFi networks use IEEE 802.11 radio technology
[25] and are the most popular network type that operates in ISM bands. WiFi’s wide
deployment makes it very likely that sensor networks are co-located with WiFi networks.
In addition, the differences between their underlying ZigBee and IEEE 802.11 technologies
further aggravate the coexistence issue between WiFi and sensor networks. While WiFi’s
underlying IEEE 802.11 technology is designed for high data rate, relatively long range and
reliable data communications, sensor networks’ underlying ZigBee technology is aimed for low
power, low data rate, and relatively short range communications. To achieve high data rate
communications, WiFi transmission power is typically 100 times stronger than sensor node
transmission power. Thus, sensor packets are less likely to be detected by WiFi transmitters
[23]. As a result, WiFi’s CSMA mechanism cannot prevent WiFi packets from colliding with
ZigBee traffic. Hence, as demonstrated by experimental studies [49, 21, 36, 67], high power
WiFi packets often corrupt a large amount of ongoing sensor packets. Even if sensor signals
can somehow be detected by WiFi transmitters, the sensor transceiver’s response time is 16

87
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times longer than WiFi transceiver’s response time [67]. Therefore, sensor transmission is
often preempted by WiFi transmission due to its slow responses.

The above problem of WiFi’s interference and preemption of sensor network packets can
potentially have very serious impact on the packet delivery delay for large-scale sensor net-
works, where every sensor in a network needs to send its sensing data through potentially
multiple hops to reach a sink. Such convergecast delay performance is an important design
requirement for many large-scale sensor network applications, because an outdated packet
not only renders its carried data useless but also wastes precious network resources such as
energy and bandwidth. Therefore, analysis of convergecast delay in sensor networks coexist-
ing with WiFi networks is a very important design problem. Unfortunately, while there are
some existing works [55, 12, 53, 13] on delay estimation and bound analyses of convergecast
in sensor networks, none of them takes WiFi interference into consideration. Hence, in this
chapter, we fill this technical void.

In this work, we model the delay of sensor networks coexisting with WiFi networks as
a two priority preemptive repeat identical queueing system. Using queueing theory and
probabilistic theory, we derive the packet convergecast delay of sensor networks coexisting
with WiFi networks. Further, we develop a simplified linear approximation model to estimate
the expected delay. The correctness of both models is validated by simulations.

The remaining part of this chapter is organized as follows. Related work is summarized in
Section 6.2. In Section 6.3, the network model is presented and the delay analysis problem
is formulated as a two priority M/G/1 preemptive repeat identical queueing system. The
expected delay of sensor packets in a sensor network coexisting with WiFi nodes is analyzed
and derived in Section 6.4. An example routing protocol is used in our analysis in Section
6.5. A simplified linear approximation model is proposed in Section 6.6. Our analytical
results are validated by NS2 simulations in Section 6.7. Finally, Section 6.8 concludes the
chapter.

6.2 Related Work

There are two bodies of works related to this work. The first one is coexistence between
WiFi and ZigBee radios. These papers proposed new protocols and schemes to improve the
performance of ZigBee radios when ZigBee and WiFi coexist. None of them provides theo-
retical analysis on network delay performance when ZigBee-based large-scale sensor networks
and WiFi networks coexist. For example, in [23], the authors showed that WiFi transmit-
ters cannot detect ZigBee signals through real system experiments. They then proposed a
new protocol, called WISE, that enables ZigBee traffic to use the white space between WiFi
transmissions, and reschedule sensor traffic. In [68], the authors proposed a new mecha-
nism, called Cooperative Busy Tone (CBT), to enhance the visibility of ZigBee signals to
WiFi transmitters. The basic idea of CBT is to designate another ZigBee node as a signaler
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Figure 6.1: One hop distance W , sensing range WS and interference range WI

emitting the busy tone. In [36], the authors designed BuzzBuzz to counteract the WiFi
interference. The basic idea is to use multiple ZigBee headers to gain multiple opportunities
to detect WiFi packets.

Another body of work is on the convergecast delay analysis in single-tier networks, where no
outside interference from other networks are considered. In [55], the authors analyzed the
convergecast delay of WiFi mesh networks with RTS/CTS mechanism. In [12] and [13], the
authors analyzed data collection delay in slotted and synchronized sensor networks equipped
with both directional and omnidirectional antennas. In the case of omnidirectional antennas,
only line topologies are analyzed. In [53], the authors analyzed both grid and random sensor
networks, and derived the delay performance when random forwarding routing and slot
reservation MAC are used. Our work differs from all these existing convergecast work in our
practical consideration of WiFi’s interference on sensor networks.

6.3 Network Model and Problem Formulation

6.3.1 Network Model

We consider a large-scale sensor network coexisting with many WiFi nodes. The WiFi
nodes’ operating channel and the sensor networks’ operation channel overlap in the ISM
bands. There is a sink node in the sensor network, collecting data from sensor nodes. Sensor
nodes generate fixed length data packets following a Poisson arrival process. Due to limited
communication range, each sensor node may also relay data packets generated by other
sensor nodes. To preserve secrecy of other nodes’ data and also guarantee timely delivery,
we do not assume data aggregation at relay sensor nodes. WiFi nodes are formed into pairs.
Each pair consists of one transmitter and one receiver. We also assume WiFi packet arrival
follows a Poisson arrival process. We assume sensor transceivers cannot transmit and receive
at the same time, and each sensor data packet will be acknowledged by an ACK packet.

To model the impact of WiFi traffic on sensor network’s delay, note that a WiFi node’s
transmission power (typical value is 100 mW [25]) is much higher than a sensor node’s
transmission power (typical value is 1 mW [24]). Thus, to guarantee reliable packet trans-
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mission, a sensor transmitter needs to sense whether there are active WiFi transmitters in its
neighborhood before its transmission. Thus, a sensor’s sensing range for WiFi transmitters
is related to how WiFi traffic affects sensor transmissions. As shown in Figure 6.1, suppose
sensor transmitter TZ

x is sending data to sensor receiver RZ
x , the distance between the sensor

transmitter and receiver is W , and the nearby WiFi transmitter TW
x is interfering with this

sensor transmission. We denote a sensor node RZ
x ’s sensing range for WiFi node TW

x as Ws,
and assume that outside of Ws any WiFi transmitter TW

x cannot corrupt the sensor node
transmission from from TZ

x to RZ
x . In addition to the interference from WiFi transmitters, in-

terference from nearby sensor transmitters may also corrupt an ongoing sensor transmission.
Therefore, before data transmission, the sensor transmitter also needs to detect whether
there are active sensor transmitters in its neighborhood. As shown in Figure 6.1, we denote
this interference range within which another sensor transmitter TZ

x
′ can corrupt an ongoing

sensor transmission between TZ
x and RZ

x as WI . Since a packet transmission between a pair
of sensor nodes requires bidirectional communications (DATA-ACK handshake), both sen-
sor transmitter and receiver check active WiFi transmitters and sensor transmitters in its
neighborhood.

To guarantee successful sensor transmission, the interference from any WiFi transmitter or
sensor transmitter to a sensor receiver should be below a certain threshold. We assume that
when the desired received signal power is TCP times higher than the received interference
power, the desired signal can be successfully received.

Thus, considering the interference from other sensor transmitters to a receiving sensor re-
ceiver, the interference range among sensor nodes, WI , must satisfy the following equation:

P Z
t

W α

P Z
t

W α
I

=
W α

I

W α
= TCP , (6.1)

where P Z
t is the sensor transmission power, α ≥ 2 is the path attenuation exponent, and W

is the distance between the communicating sensor transmitter and receiver. Equation (6.1)
can be converted to

WI = C1W, (6.2)

where C1 = (TCP )
1
α .

To avoid the interference from a WiFi transmitter to a sensor receiver, the sensor’s minimum
sensing range WS must satisfy

P Z
t

W α

P W
t

W α
S

=
P Z

t

P W
t

W α
S

W α
= TCP , (6.3)

where P W
t is the WiFi transmission power. Thus, we have

WS = C2W, (6.4)

where C2 = (TCP
P W

t

P Z
t

)
1
α .



Chuan Han Chapter 6. Convergecast Delay 91

TxZ RxZ

WI

W

WS

(I) Small W, small 
WI and WS

(II) Large W, large WI
and WS

TxZ RxZ

WI
W

WS

Figure 6.2: Impact of different one hop distance W

6.3.2 Problem Formulation

The goal of this work is to analyze the convergecast delay in a sensor network under the in-
fluence of coexisting WiFi networks. We quantify the convergecast delay of a sensor network
by its packet convergecast delay, which is the expected time that a sensor that is l distance
away from the sink takes to deliver a packet to the sink. We denote this expected packet
convergecast delay as T (l).

In a multihop sensor network, sensor packets are forwarded to the sink via multiple hops.
Thus, the convergecast delay of a packet equals the summation of delays along each hop
on its path to the sink. Therefore, to derive convergecast delay, we need to figure out two
things: the number of hops that a packet may take to reach the sink and the delay that it
may experience at each hop. To do this, we need to consider the following factors.

First, according to our network model, sensor packet transmissions may be preempted by
WiFi packet transmissions from neighboring WiFi nodes, and may also compete the channel
with packet transmission from other neighboring sensor nodes. As shown in Figure 6.2, a
long per hop distance W will result in longer sensing range WS and interference range WI

according to (6.2) and (6.4). This will induce more WiFi traffic and competing sensor traffic
within the sensing region and interference region. Therefore, it is expected that per hop
delay is a function of per hop distance, which is determined by path topology. In addition,
the path delay is not necessarily a monotonic function of per hop distance, since a path with
a longer per hop distance may take few hops to reach the sink but on the other hand take
longer time to finish each hop.

Second, a sensor node often needs to relay packets from other sensor nodes that are further
away from the sink. The relaying traffic not only competes with a sensor’s locally generated
traffic for transmission time, but also increases this sensor’s chance for competing transmis-
sion time with its neighboring sensors. Hence, relaying traffic introduces additional delay.
To make things more complicated, since all the sensor traffic are relayed to the central sink,
it is expected that the relaying traffic intensity is not a constant. Instead, it increases as one
gets closer to the sink node. Therefore, per hop delay is also a complex function of a hop’s
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distance to the sink node.

Finally, in a multihop path that a packet travels to reach the sink, the distance of each hop
will affect the final total hop count as well as the later hops’ relaying traffic intensity. Thus,
all the factors that we have considered for per hop delay intertwine over multihop paths and
depend on the exact topology of the networks and path that a packet takes.

To derive the above complex relationship mathematically, we start our formulation of the
convergecast delay as the following equation:

T (l) =

∞∑

m=⌈ l
rc
⌉
τ(m)P (m), (6.5)

where rc is the sensor maximum communication range constrained by sensor hardware design,
τ(m) is the expected delay of a path with path length m, and P (m) is the probability that
the path from the source to sink has length m.

Essentially, equation (6.5) considers that for different sources at l distance away from the
sink, they may take different numbers of hops and different paths to reach the sink. Thus,
equation (6.5) groups them by their hop count to decompose the expected convergecast delay
problem into two subproblems. The first subproblem is to compute P (m), the probability
that the path from a source to sink is m hop, given that the source is l distance away from the
sink. The second subproblem is finding out τ(m), which will be determined by the stochastic
distributions of the m-hop path’s per hop distance and its resulting per hop delay. In the
following, we will show how we solve these two subproblems.

6.4 Delay Analysis

In this section, we solve equation (6.5) by computing both τ(m) and P (m).

6.4.1 Compute P (m)

Given that a path to the sink travels distance l, the probability that the path is m hop,
i.e., P (m), equals the probability that both of the following two conditions hold. First,
the aggregate progress to the sink from the first m − 2 hops plus the maximum sensor
communication range rc is less than the distance l. Second, the aggregate progress from
the first m − 1 hops plus the maximum sensor communication range rc is greater than or
equal to the distance l. Define Yi as the i-th hop’s progress to the sink, and assume all
Yi are independent and identically distributed random variables. Mathematically, we have
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m−2∑
i=1

Yi + rc < l and
m−1∑
i=1

Yi + rc ≥ l. Denote
m−2∑
i=1

Yi = Z, υ as the expected value of Yi, and

σ2 as the variance of Yi. By the central limit theorem, Z can be approximated as Gaussian
distribution with mean (m− 2)υ and variance (m− 2)σ2 [53], i.e.,

fZ(z) =
1

σ
√

2π(m− 2)
e
− (z−(m−2)υ)2

2(m−2)σ2 . (6.6)

Therefore, we have

P (m) = Pr{
m−2∑

i=1

Yi + rc < l,
m−1∑

i=1

Yi + rc ≥ l}

= Pr{Z + rc < l, Z + Ym−1 + rc ≥ l}
= Pr{Z < l − rc, Ym−1 ≥ l − rc − Z}

=

∫ l−rc

−∞
e
− [z−(m−2)υ]2

2(m−2)σ2 [1− FY (l − rc − z)]dz

σ
√

2π(m− 2)
, (6.7)

where FY (y) is the CDF of Y . FY (y) depends on which routing protocol is used, and will
be derived later in Section 6.5.

6.4.2 Compute τ(m)

Before computing τ(m), the expected delay of a path of hop count m, we first formulate the
one-hop delay analysis problem as a queueing model, based on which the expected one hop
delay can be derived to be a function of the traffic arrival rates of both sensors and WiFi
nodes. We then show how to compute these two arrival rates. Finally, by summing delay of
all hops, we get the expected delay τ(m).

A Queueing Model for the Channel

Recall that since sensor nodes and WiFi nodes share the same channel, sensor nodes have
to yield to WiFi transmissions, and ongoing sensor transmissions can be interrupted by
WiFi interference. To derive the expected one-hop delay of sensor packets, we can model
the shared channel between sensor traffic and WiFi traffic as a M/G/1 priority preemptive
repeat identical queueing system. In this model, WiFi traffic is modeled as a high priority
traffic to access the channel, and sensor traffic is modeled as a low priority traffic to access
the channel. When WiFi traffic comes, sensor traffic is preempted. Only when current WiFi
traffic transmission is finished, the same sensor traffic is repeated. The repeated sensor traffic
transmission is successful, only if it is not preempted by other WiFi traffic. Based on this
model, we derive the expected delay using queueing theory analysis.
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Figure 6.3: Completion time

In our analysis, we use subscript 1 to denote low priority (sensor) traffic, and subscript 2
to denote high priority (WiFi) traffic. We denote traffic load of priority i traffic as ρi =
λi

µi
= λiX i, where λi is the arrival rate of priority i traffic, µi is the service rate of priority i

traffic, Xi is the service time of priority i traffic, and Xi is the mean value of Xi. By [8], the
expected time that a sensor packet spent in the system, i.e., waiting time plus service time,
is

g1 =
λ1E[C2]

2(1− λ1E[C])
+

λ2E[B2
2 ]

2(1− λ2E[B2])
+ E[C], (6.8)

where C is the sensor packet’s completion time. The completion time is defined as the
duration of time period between the instant when the transmission of a sensor packet begins
and the instant when service of the next sensor packet may begin (it does not begin when
this packet is still present). Figure 6.3 illustrates an example of C. C includes the service
time of the sensor packet, the sum of service time of M WiFi packets preempting sensor
packets, and the sum of unsuccessful sensor service time of the preempted sensor packet
transmissions. It is shown in [11] that

E[C] = (E[eλ2X1 ]− 1)(E[B2] +
1

λ2
) (6.9)

and

E[C2] = 2(E[B2] +
1

λ2
)2E[eλ2X1 − 1]2 + (E[B2

2 ] +
2E[B2]

λ2
+

2

λ2
2

)(E[eλ2X1 ]− 1)

− 2(E[B2] +
1

λ2
)E[X1e

λ2X1] (6.10)

The symbol B2 is the busy period duration of WiFi traffic, and we have

E[B2] =
1

µ2(1− ρ2)
, (6.11)

and

E[B2
2 ] =

E[X2
2 ]

(1− ρ2)3
(6.12)
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Combining equations (6.8), (6.9), (6.10), (6.11) and (6.12), we have

g1 =
1

2(1− λ1(e
λ2
µ1 −1)

λ2(1−ρ2)
)

λ1[
2(e

λ2
µ1 − 1)2

λ2
2(1− ρ2)2

+ (
E[X2

2 ]

(1− ρ2)3
+

2

λ2µ2(1− ρ2)
+

2

λ2
2

)(e
λ2
µ1 − 1)

− 2e
λ2
µ1

λ2µ1(1− ρ2)
] +

λ2E[X2
2 ]

2(1− 2ρ2)(1− ρ2)2
+

e
λ2
µ1 − 1

λ2(1− ρ2)
(6.13)

From (6.13), we can see that g, the per-hop delay at a sensor node, is a function of λ1 and
λ2, which are the arrival rates of the sensor traffic and the WiFi traffic in the neighborhood
of the sensor. In the next step, we show how we derive these two arrival rates.

Compute the Traffic Arrival Rates

In (6.13), the sensor traffic arrival rate λ1 is a function of the current sensor node’s distance
to the sink node, current sensor link hop distance W , and sensor traffic arrival rate per unit
area. Assume WiFi traffic is uniformly generated. Then, the WiFi traffic arrival rate λ2 is
a function of current sensor link hop distance W , and the WiFi traffic arrival rate per unit
area.

To derive λ1 and λ2, we need to first compute the neighborhood region of a sensor, where
the WiFi traffic and sensor traffic in this region compete the shared channel resource with
the sensor. Denote UW as the region in which WiFi transmitters may interfere with a sensor
link, as shown by the region inside of two larger circles in Figure 6.2. Denote UZ as the
region in which sensor transmitters may interfere with a sensor link, as shown by the grey
region in Figure 6.2. Only when there are no active WiFi transmitter in UW and no active
sensor transmitter in UZ , the current sensor link can successfully finish data transmission.
It can be shown that the areas of UW and UZ are AW (W ) = CW W 2 and AZ(W ) = CZW 2,
respectively, where

CW = 2πC2
2 − 2C2

2 arccos
1

2C2
+

√
C2

2 −
1

4
(6.14)

and

CZ = 2πC2
1 − 2C2

1 arccos
1

2C1
+

√
C2

1 −
1

4
. (6.15)

Define λW as the WiFi traffic arrival rate per unit area. Then, the WiFi traffic arrival rate
within region UW is

λ2 = CWλW W 2, (6.16)
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and the WiFi traffic load competing the channel with the sensor link is ρ2 = λ2

µ2
= λW AW (W )

µ2
=

CW λW W 2

µ2
, where µ2 = 1

X2
is the WiFi traffic service rate.

The total amount of traffic going through a sensor node includes the traffic generated by this
node and the relaying traffic forwarded by this node. Define the sensor traffic generation
rate per unit area as λZ , and sensor node density as γ1. Thus, it follows that the expected
data rate generated by a sensor node is λZ

γ1
. Since all sensor traffic is forwarded to the sink,

the aggregate traffic rate each sensor node forwards is not uniform and is related the sensor’s
distance to the sink. We define Λ(l′) as the expected relaying traffic arrival rate of a sensor
node whose distance to the sink is l′. Since we have assumed that sensor nodes cannot
transmit and receive at the same time, relaying a unit of traffic at a sensor requires two
units of time, one for transmission and one for reception. The total number of sensor nodes
sharing the wireless medium with the current sensor link is AZ(W )γ1, where γ1 is the sensor
node density. Hence, the amount of competing sensor traffic sharing the same channel can
be estimated as:

λ1 = AZ(W )γ1(
λZ

γ1
+ 2Λ(l′))

= CZW 2λZ + 2CZW 2γ1Λ(l′), (6.17)

where µ1 = 1
X1

is the sensor traffic service rate.

To compute λ1, we next derive the relaying traffic arrival rate Λ(l′). We divide the disk
region centered at the sink node into multiple rings with ring thickness rc

2
, where rc is the

maximum transmission range of a sensor. In this way, given the connectivity of the network,
any node in a ring can communicate with some other nodes in its neighbor rings. The
number of nodes in a ring with inner radius l′ can be approximated as

N(l′) ≈2π(l′ +
rc

4
)
rc

2
γ1

=π(l′ +
rc

4
)rcγ1. (6.18)

Note that all sensors that are located further away from the sink than the ring have to relay
their traffic through nodes on the ring. Therefore, the average amount of traffic that each
sensor on the ring has to relay is

Λ(l′) =
Total traffic going through the ring

N(l′)

≈ λSπ(R2 − l′2)

π(l′ + rc

4
)rcγ1

=
λS(R2 − l′2)

γ1(l′ +
rc

4
)rc

. (6.19)

Substituting (6.19) back into (6.17), we can derive λ1’s expressions in (6.17). Assuming
that µ1 and µ2 are available, we can now compute the expected one-hop delay of a sensor
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node whose one-hop distance is W and whose distance to the sink is l′ by (6.13). Note
that (6.13)’s expression assumes that the relaying sensor traffic arrival rate is Poisson. This
Poisson approximation has been shown to be fairly accurate [53, 72].

Compute Delay for a Given Path of Length m

With the per-hop delay computed, in this section, we finally can compute τ(m), which is
the delay of a m-hop paths by aggregating the delay along all the m hops.

To compute the aggregation, note that when the sensor packet has already traveled X
distance, i.e., the current forwarder is l′ = l − X distance to the sink, and the next hop
distance is W , the expected one-hop delay can be computed according to (6.13), (6.16),
(6.17) and (6.19). Since based on (6.13), (6.16), (6.17) and (6.19), g1 is a function of X and
W , we denote it as g1(X, W ). Recall that after k hops the total progress, i.e., X, to the sink
can be approximated as a Gaussian distribution variable with mean kυ and variance kσ2.
Then, the expected delay of a packet at the (k + 1)th hop after travelling k hops is

τ1(k) =





∫ ∞

−∞

∫ rc

0
g1(x, w)fW (w)e−

(x−kυ)

2kσ2 dwdx

σ
√

2πk
, k > 0,

∫ rc

0

g1(0, w)fW (w)dw, k = 0,

(6.20)

where fW (w) is the PDF of one-hop distance W and is a function that is determined by the
selection of sensor routing protocol. Therefore, the expected delay for a m-hop path is

τ(m) =
m−1∑

k=0

τ1(k). (6.21)

Combining (6.7), (6.20) and (6.21), we can compute the expected delay of a sensor node
which is l distant from the sink.

6.5 Analysis of Routing Schemes

Note that in Section 6.4’s analysis of delay, we assumed that the distributions of the one-hop
progress, i.e., Y , to the sink and one-hop distance, i.e., W , are known since they can be
derived based on the specific routing schemes used in sensor networks. To demonstrate this
point, we next show how to derive the one-hop distance and one-hop progress of a routing
scheme using an example. This example routing protocol is Most Forwarding progress within
Radius (MFR) [47], which is a popular geographic routing scheme in sensor networks. In
MFR, the current node greedily forwards packets to the neighbor whose progress along the
straight line from the current node to the destination node is the largest. As shown in
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Figure 6.4: Most forwarding progress within radius

Figure 6.4, node A is sending packets to sink C, and by MFR it forwards packets to node B
which has the longest progress to node C along the straight line from node A to node C.

Define the forwarding sector as the sector region within which the current forwarding sensor
looks for the next hop relay node. Denote the angle of forwarding sector of MFR as φ,
and the angle between the forwarding direction and the straight line between the current
forwarding node and sink node as Θ. Without loss of generality, we assume 0 < φ ≤ π.
Denote the progress of one-hop MFR as 0 ≤ Y ≤ rc. Since MFR chooses the node with
the most forwarding progress as the relaying node, there should be no sensor nodes in the
shadowed region in Figure 6.4. The area of this shadowing region can be computed as follows

AMFR(Y ) =

{
r2
cφ
2
− Y 2 tan φ

2
, 0 ≤ Y ≤ rc cos φ

2

r2
c arccos Y

rc
− Y

√
r2
c − Y 2, rc cos φ

2
< Y ≤ rc.

(6.22)

Its derivative is

A′
MFR(Y ) =

{
−2y tan φ

2
, 0 ≤ Y ≤ rc cos φ

2

−2
√

r2
c − Y 2, rc cos φ

2
< Y ≤ rc.

(6.23)

Then, the probability that Y ≤ y can be expressed as:

Pr{Y < y} =e−γ1AMF R(y)

=

{
e−γ1(

r2
cφ

2
−y2 tan φ

2
), 0 ≤ y ≤ rc cos φ

2

e−(r2
c arccos y

rc
−y
√

r2
c−y2), rc cos φ

2
< y ≤ rc.

(6.24)

It follows that the PDF of Y is

fY (y) =
−γ1A

′
MFR(y)e−γ1AMF R(y)

Pr{Y < rc} − Pr{Y < 0}

=





2γ1y tan φ
2
e−γ1(

r2
cφ
2 −y2 tan

φ
2 )

Pr{Y <rc}−Pr{Y <0}
, 0 ≤ y ≤ rc cos φ

2

2γ1

√
r2
c−y2e

−γ1(r2
c arccos

y
rc

−y

√
r2
c−y2)

Pr{Y <rc}−Pr{Y <0}
, rc cos φ

2
< y ≤ rc.

(6.25)
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The mean and variance of Y can be computed as:

E{Y } =

∫ rc

0

yfY (y)dy (6.26)

E{Y 2} =

∫ rc

0

y2fY (y)dy (6.27)

V ar{Y } = E{Y 2} − (E{Y })2. (6.28)

Note that the one-hop distance W = Y
Θ

, where Θ is the angle between the straight line
from the current node to the next hop node and the straight line from current node to the
sink node. It is easy to shown that Θ is uniformly distributed within [−φ

2
, φ

2
]. Then, the

probability that W ≤ w is

Pr{W ≤ w} =

∫∫

y
cos θ

6w

1

φ
fY (y)dθdy

=2

∫ w

w cos(φ
2
)

∫ arccos( y
w

)

0

1

φ
fY (y)dθdy + 2

∫ w cos(φ
2
)

0

∫ φ
2

0

1

φ
fY (y)dθdy

=
2

φ

∫ w

w cos(φ
2
)

arccos(
y

w
)fY (y)dy +

∫ w cos(φ
2
)

0

fY (y)dy. (6.29)

Its derivative is

Pr{W ≤ w}′ =
2

φ

∫ w

w cos(φ
2
)

y

w
√

w2 − y2
fY (y)dy. (6.30)

Thus, the PDF of W is

fW (w) =
Pr{W ≤ w}′∫ rc

0
Pr{W ≤ w}′dw

. (6.31)

Equation (6.25), (6.26), (6.27), (6.28) and (6.31) essentially are expressions that can be
used to compute the distribution of one-hop progress and one-hop distance for MFR routing
protocol. Plugging these distribution expressions into the delay analysis results in Section 6.4,
we can obtain the convergecast delay under MFR routing systems. Other routing protocols
can also be analyzed in similar ways as shown in [53].
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6.6 Simplified Linear Approximation Model

We have shown how to compute expected delay T (l) based on all possible path probabilities
and path delays by (6.5). Since this computation involves multiple integrations and may be
computationally intense, we next show a simplified linear approximation model that can be
used to estimate the delay.

The basic idea is to decompose the expected delay T (l) into delays of multiple hops. The
total number of hops and hop distance estimation is based on the expected hop progress
E{Y } to compute the expected delay T (l). Different from the probabilistic model where the
distribution function of hop progress are used to estimate the delay, in this simplified linear
model only expected hop progress is used. In high-density sensor networks, the variance of
hop progress is expected to be small; hence, the approximation is likely to be accurate.

Note that in MFR, the expected progress of each hop is E{Y } except that of the last hop,
and in the last hop MFR forwards the packet directly to the sink. Therefore, the expected
delay T (l) can be approximated as the sum of the last hop delay and all the previous hop
delays. Each previous hop progress is E{Y }, and the last hop progress is l − ⌊ l

E{Y }
⌋E{Y }.

Therefore, we have

T (l) =

⌊ l
E{Y }⌋∑

i=1

g1(l − iE{Y }, E{Y }) + g1(

⌊
l

E{Y }

⌋
E{Y }, l −

⌊
l

E{Y }

⌋
E{Y }), (6.32)

where g1(x, w) is the expected next hop delay when the progress from the source node to
the sink node is x and the next hop distance is w.

6.7 Simulations

In our previous mathematical analysis, we have made several approximations that may affect
the accuracy of our analysis. When computing the path probability P (m) in (6.7), the central
limit theorem is used. The central limit theorem approximation is guaranteed to be accurate
only when the distance l is much larger than sensor communication range rc. Also, when
computing the sensor traffic arrival rate λ1, we underestimate it by assuming all the sensor
node traffic arrival rate is the same and equals the traffic arrival rate of the sender of the
current hop. This assumption is accurate when the sender of current hop is far away form
the sink, but there is a chance that its approximation accuracy may decrease when the
sender of current hop is close to the sink. Therefore, it is expected that the gap between the
theoretical estimation and the actual delay becomes small, when the network becomes large
and when distance l becomes large. To understand how these approximation may affect the
accuracy of our analysis, in this section, we do simulations in NS 2.34 [60], and compare the
theoretical curves with simulation curves.
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We do two sets of simulations. In the first set of simulations, the simulation region is a
400 × 400m2 square region. 128 WiFi nodes are uniformly deployed in the square region.
Each WiFi node is paired with another WiFi node within its communication range. WiFi
nodes’ transmission power is 100 mW, communication range is set to 100 m, interference
capture threshold TCP is 10, and channel bandwidth is set to 1 Mbps. The physical layer
WiFi data packet length is set to 572 bytes. The WiFi arrival process follows a Poisson
arrival process. We simulate 3 s and 5 s expected WiFi packet arrival interval, respectively.
The sensor sink node is placed in the center of the region. 960 sensor nodes are uniformly
deployed in a disk region centered at the sink node with radius 200 m. Each non-sink
sensor node finds its next hop by MFR, and the forwarding sector angle φ = π. Sensors’
transmission power is set to 1 mW, transmission range is set to 25 m, interference capture
threshold TCP is 10, and the channel bandwidth is set to 250 Kbps. The packet generation
process of each sensor node follows a Poisson arrival process, where the expected packet
generation interval is set to 80 s. We simulate 50 bytes and 65 bytes physical layer sensor
packet length, respectively. We simulate 10 random WiFi topologies overlapped with 10
random sensor topologies. Each simulation runs 100 s. For each sensor node, we record its
distance to the sensor sink, and the delay of packets generated by this sensor node. We
collect the delay data for all sensor nodes for all possible topologies. We plot the delay as
a function of distance to the sink node. To capture the delay’s relationship with distance,
we divide the simulated sensor network region into multiple rings with a thickness of 12.5
m and the center at the sink node, and compute the average delay of nodes in each of the
rings. The simulation results are shown in Figure 6.5, 6.6, 6.7 and 6.8.

In Figure 6.5 and 6.6, we compare the convergecast delay derived from our probabilistic
theoretical model with simulation results. The convergecast delay for 3 s expected WiFi
packet arrival interval are shown in Figure 6.5, and the convergecast delay for 5 s expected
WiFi packet arrival interval are shown in Figure 6.6. As shown in both figures, the gap
between theoretical results and simulation results is fairly small, validating the correctness
of our analyses.

In Figure 6.7 and 6.8, we compare the convergecast delays derived from the simplified linear
approximation model with simulation results. The convergecast delays for 3 s expected WiFi
packet arrival interval are shown in Figure 6.7, and that for 5 s expected WiFi packet arrival
interval are shown in Figure 6.8. Because only the expected progress per hop is used in
the simplified model, the theoretical estimation may not be as accurate as the probabilistic
model. However, as shown in both figures, the simplified linear approximation model serves
as an acceptable estimation for the simulated delay.

Next, to validate our analyses in a relatively larger network, we do the second set of sim-
ulation in another setting. In the second setting, we change the simulation region to a
450 × 450m2 square region. Sensor nodes are uniformly deployed in a disk region centered
at the sink node with radius 225 m. The numbers of WiFi nodes and sensor nodes are
increased to 162 and 1100, respectively. For WiFi traffic, we simulate 4 s and 6 s expected
WiFi packet arrival intervals. For sensor traffic, we simulate 50 bytes and 60 bytes physical
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Figure 6.5: Comparison of theoretical delay and simulated delay when 960 sensor nodes and
128 WiFi nodes coexist, WiFi packet arrival interval is 3 s
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Figure 6.6: Comparison of theoretical delay and simulated delay when 960 sensor nodes and
128 WiFi nodes coexist, WiFi packet arrival interval is 5 s
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Figure 6.7: Comparison of simplified theoretical delay and simulation delay when 960 sensor
nodes and 128 WiFi nodes coexist, WiFi packet arrival interval is 3 s
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Figure 6.8: Comparison of simplified theoretical delay and simulation delay when 960 sensor
nodes and 128 WiFi nodes coexist, WiFi packet arrival interval is 5 s
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Figure 6.9: Comparison of theoretical delay and simulated delay when 1100 sensor nodes
and 162 WiFi nodes coexist, WiFi packet arrival interval is 4 s

layer sensor packet length. Other parameter settings remain unchanged. The simulation
results are shown in Figure 6.9, 6.10, 6.11 and 6.12.

In Figure 6.9 and 6.10, we compare the convergecast delay derived from the probabilistic
theoretical model with simulation results. The convergecast delay for 4 s expected WiFi
packet arrival interval are shown in Figure 6.9, and the convergecast delay for 6 s expected
WiFi packet arrival interval are shown in Figure 6.10. As shown in both figures, the gap be-
tween theoretical results and simulation results is still fairly small, validating the correctness
of our analyses. Compared with the performance of 960 sensor nodes, the gap of 1100 nodes
is even smaller. This shows that our model becomes more accurate, when the network scale
increases. As expected, when the distance l becomes bigger, the gap between theoretical
results and simulation results becomes smaller as shown in Figure 6.9 and 6.10.

In Figure 6.11 and 6.12, we compare the convergecast delays derived from the simplified linear
approximation model with simulation results. The convergecast delays for 4 s expected WiFi
packet arrival interval are shown in Figure 6.11, and that for 6 s expected WiFi packet arrival
interval are shown in Figure 6.12. Because only the expected progress per hop is used in
the simplified model, the theoretical estimation may not be as accurate as the probabilistic
model. However, as shown in both figures, the simplified linear approximation model serves
as an acceptable estimation for the simulated delay.
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Figure 6.10: Comparison of theoretical delay and simulated delay when 1100 sensor nodes
and 162 WiFi nodes coexist, WiFi packet arrival interval is 6 s
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Figure 6.11: Comparison of simplified theoretical delay and simulation delay when 1100
sensor nodes and 162 WiFi nodes coexist, WiFi packet arrival interval is 4 s
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Figure 6.12: Comparison of simplified theoretical delay and simulation delay when 1100
sensor nodes and 162 WiFi nodes coexist, WiFi packet arrival interval is 6 s

6.8 Conclusions

In this chapter, we study the delay performance of sensor networks in the presence of WiFi
interference. We model the delay analysis problem as a M/G/1 two priority preemptive
repeat identical queueing system. Using queueing theory and probabilistic analysis, we
derive the expected packet forwarding delay for a given distance from a certain sensor node
to the sink. Further, we develop a simplified linear delay model, which is computationally less
intensive and can also serve as delay estimation with acceptable accuracy. NS2 simulations
show that our theoretical results are close to the simulation results, validating the correctness
of our work.
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Appendix A

Proof of Lemma 9

Lemma 9. The function

f(ni) = ni(1 +
i−1∏

j=0

nj

nj + ni

) (A.1)

is monotonically increasing with respect to ni.

Proof. We relax the original function to a continuous function of ni, and then calculate its
derivative.

f ′(ni) = (1 +

i−1∏

j=0

nj

nj + ni
)− ni[

i−1∑

k=1

nk

(nk + ni)2

i−1∏

j=0,j 6=k

nj

nj + ni
]

= 1 +

i−1∏

j=0

nj

nj + ni
−

i−1∑

k=1

ni

nk + ni

i−1∏

j=0

nj

nj + ni
. (A.2)

To complete the proof, we need to show that

1 +
i−1∏

j=0

nj

nj + ni

−
i−1∑

k=1

ni

nk + ni

i−1∏

j=0

nj

nj + ni

> 0,⇐⇒1 +
i−1∏

j=0

nj

nj + ni

>
i−1∑

k=1

ni

nk + ni

i−1∏

j=0

nj

nj + ni

⇐⇒
i−1∏

j=0

(1 +
ni

nj
) + 1 >

i−1∑

k=0

ni

nk + ni
.

The above inequality is true since

i−1∏

j=0

(1 +
ni

nj

) + 1 > 1 +
i−1∑

j=0

ni

nj

+ 1 >
i−1∑

j=0

ni

nj

>
i−1∑

k=0

ni

nk + ni

.

Therefore, f ′(ni) > 0. That is f(ni) is a monotonically increasing function of ni.
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Appendix B

Proof of Lemma 10

Lemma 10. Using the optimal policies in Propositions 1 and 2, the numerator of the objec-
tive function in (4.16) is an increasing, discrete, concave function with respect to path cache
size k.

Proof. Denote the k paths in I as {p1, p2, · · · , pk} in an increasing order of their hop counts.
According to Lemma 3, the numerator of the objective function in (4.16) is

E[Tmax
I ]||I|=k = E

[
max
0≤i≤k

{Ti}
]
. (B.1)

Now increase the number of cached paths to k + 1 by adding an additional path pk+1 in I.
Note that the hop counts of paths pk+1 and pk satisfy nk+1 ≥ nk. E[Tmax

I ] becomes

E[Tmax
I ]||I|=k+1 = E

[
max{max

0≤i≤k
{Ti}, Tk+1}

]

= ak+1E
[(

Tk+1 − max
0≤i≤k

{Ti}
)+

]
+ E

[
max
0≤i≤k

{Ti}
]
, (B.2)

where ak+1 = P{Tk+1 > max
0≤i≤k

{Ti}} and (f(x))+ denotes

(f(x))+ =

{
f(x), f(x) ≥ 0,
0, f(x) < 0.

(B.3)

Define U(k + 1) := E[Tmax
I ]||I|=k+1 −E[Tmax

I ]||I|=k. We have

U(k + 1) = ak+1E
[(

Tk+1 − max
0≤i≤k

{Ti}
)+

]
. (B.4)

Clearly, U(k + 1) > 0. Hence, E[Tmax
I ] is an increasing function of k. In addition, E[Tmax

I ]
is a concave function if we can show that U(k + 1) is a decreasing function.
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Based on (4.15), ak+1 =
∏k

j=0
nj

nj+nk+1
. Since nk ≤ nk+1, ak+1 decreases when k increases. In

addition, note that

E
[(

Tk+1 − max
0≤i≤k

{Ti}
)+

]
=E

[(
Tk+1 −max{Tk, max

0≤i≤k−1
{Ti}}

)+
]

<E
[(

Tk+1 − max
0≤i≤k−1

{Ti}
)+

]

≤E
[(

Tk − max
0≤i≤k−1

{Ti}
)+

]
. (B.5)

Therefore, E
[(

Tk+1 − max
0≤i≤k

{Ti}
)+

]
also decreases as k increases. Hence, based on (B.4),

we can conclude that U(k) decreases as k increases. Hence, the numerator of the objective
function in (4.16) is an increasing, discrete, concave function with respect to k.



Appendix C

Proof of Lemma 11

Lemma 11. Using the optimal policies in Propositions 1 and 2, the denominator of the ob-
jective function in (4.16) can be approximated as a non-decreasing, discrete, convex function
with respect to the path cache size k.

Proof. Consider increasing the path cache size from k to k + 1 by adding a path pk+1. Note
that the path lengths of paths pk+1 and pk satisfy nk+1 ≥ nk. This addition of pk+1 increases
the denominator of the objective function in (4.16) by

V (k + 1) = nk+1(1 +

k∏

j=1

nj

nj + nk+1
) ≈ nk+1. (C.1)

The approximation holds for large k since
∏k

j=1
nj

nj+nk+1
≪ 1 for large k. In addition, since

nk+1 ≥ nk, V (k + 1) in (C.1) can be approximated as an non-decreasing function with
respect to k. Hence, the denominator or the objective function can be approximated as a
non-decreasing, discrete, convex function.

116



Appendix D

Validation of Proposition 3

The proof of Proposition 3 is based on Lemma 11 in the Appendix, which uses some approx-
imation to derive its result. In this section, we validate that this approximation does not
affect the correctness of Proposition 3 by experiments.

In the experiments, the total number of nodes is 200, and the path lifetime parameter λ
is calculated by (4.8). We set v̄ = 10 m/s and R = 250 m. Note that the specific values
of the average speed v̄ and communication range R do not affect the general trend of the
objective function value. The curves are calculated by (4.16). To validate the correctness
of the objective function in (4.16), we also do numerical calculation of the objective. In the
calculation, the path lifetime follows the exponential distribution with the same parameters
as those used in the theoretical formulas. However, the numerical calculation of the objective
function does not have the approximations in Lemma 11. The numerical calculated values
are averaged over 104 trials.

We perform two experiments: the random hop count experiment, and the fixed hop count
experiment. For the random hop count experiment, the path hop count is uniformly dis-
tributed within [1, 20]. The value of the objective function in (4.16) and its numerator and
denominator with respect to the path cache size |I| are shown in Figure D.1. In the figures,
the theoretical curves and the numerical curves matches perfectly, validating the correctness
of our theoretical formulas. Also, as expected, the numerator is an increasing concave func-
tion and the denominator is an increasing convex function. The objective function value
with respect to |I| is first increasing in a concave shape and then decreasing. Its shape is the
same as Figure 4.2(b), validating the correctness of Proposition 3. For the fixed hop count
experiment, the hop counts of all paths discovered by flooding-based route discovery are
fixed at 2, 3, and 4 respectively. The experiment results are shown in Figure D.2. As shown
in the figure, the theoretical curves matches perfectly with the numerical curves, validating
the correctness of our theoretical formula for the objective function. Also, the objective
function is concave and monotonically increasing with respect to |I|. The shape is the same
as Figure 4.2(a), validating the correctness of Proposition 3.
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Figure D.1: Objective function value when the hop count is random
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Figure D.2: Objective function value when the hop count is fixed


