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Nonlinear modulation of TM waves in a circular waveguide

Omar R. Asfar* and Ali H. Nayfeh

Department of Engineering Science and Mechanics, Virginia Polytechnic Institute and State University,

Blacksburg, Virginia 24061
(Received 6 February 1975; in final form 23 September 1975)

The method of multiple scales is used to derive a nonlinear Schrodinger equation for the temporal and
spatial amplitude and phase modulations of TM waves in a perfectly conducting guide containing a
nonlinear isotropic medium. This equation is used to show that monochromatic waves are stable if the
mechanism producing the nonlinearity is an electric or magnetic polarization and unstable if the
nonlinearity is due to electrostriction or magnetostriction. It is also used to determine the amplitude

dependence of the cutoff frequencies.

PACS numbers: 84.40.8

INTRODUCTION

Electromagnetic wave propagation in a waveguide con-
taining a nonlinear isotropic medium was treated by
Keller and Millman' using a generalization of the
Lindstedt- Poincaré perturbation technique; they pre-
sented numerical results for rectangular waveguides
only. Taniuti and Yajima® used the method of multiple
scales in order to derive a nonlinear Schrodinger equa-
tion for nonlinear wave modulation and applied the tech-
nique to nonlinear optics.3

In this paper, we derive a nonlinear Schriddinger equa-
tion governing amplitude and phase modulations in a cir-
cular waveguide using the method of multiple scales.*
We follow Nayfeh’s treatment of the propagation of a
wave packet in a hard-walled circular acoustic duct®
and use Schrodinger’s equation to study the stability of
monochromatic wave solutions. The mechanisms pro-
ducing the nonlinearity play a key role in deciding the
stability of monochromatic wave solutions in much the
same way that it characterizes self-focusing and defo-
cusing of laser beams® in nonlinear optics.

FORMULATION

We consider a circular waveguide for long-distance
transmission of microwave power filled with a homo-
geneous isotropic nonlinear medium whose constitutive
relations are given by

D=¢(IEDE, B=pg(lH)H. (1)

The dielectric constant and the magnetic permeability
are assumed to have the following isotropic nonlinear
functions:

€:€0(1+€2|E12+°")’ (za)
b=l +py HIZ+.00), (2b)

where €; and ., correspond to the linear problem while
€, and U, are the nonlinear indices. We use the cylin-
drical coordinates p’, ¢, z’ and introduce dimensionless
variables p and 2z by using the radius of the cylinder R
as a reference quantity so that p=p’/R and z=2'/R.

We also make time dimensionless by using R and the
linear phase speed of the waves in the medium v
=(e€,) /2 s0 that £=vt'/R is the dimensionless time.

For nonlinear media, the Maxwell equations can be
reduced to the following governing equation:
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VE+V (% (E- w))

=(u0<0)'”2-g—t ((uoeo)‘1 /zu%z(eE)ﬂLVu XH). (3)

The boundary condition to be satisfied in the case of TM
waves and perfectly conducting walls is

E,=0 atp=1. 4

To determine an approximate solution for Eq. (3)
subject to boundary condition (4), for small but finite
amplitudes, we use the method of multiple scales and
let

E(p, ¢, 2,1) =§_) 5"En0, ¢, Z0y Z1, Z5, Ty, Ty, T2) +0(8%),
" (5a)

H(p, ¢, 2,1) =é S"Ho(0, ¢, Z g Z1, Z3, Ty, Ty, Ta) +0(8%),
(5b)

where 0 is a small but finite dimensionless parameter
characterizing the amplitude of the wave and

Z,=0"z, T,=0". (6)

Here Z, is a length scale of the order of a wavelength,
Z, and Z, are length scales characterizing the slow
spatial amplitude and phase modulations, T, is a time
scale of the order of a period of the wave, and T, and T,
are time scales characterizing the slow temporal am-
plitude and phase modulations. Using Eq. (6) and the
chain rule, we express the temporal and axial deriva-
tives as

d 0 d

2
2 b 4%t 7a)
3z azomaz1 %37, ’ (
0 9 ] 0
L Gt OBt e e, 7o)
ot aT, 37, * O, (

Substituting Egs. (5)—(7) into Eqs. (3) and (4), using
Eq. (2) and equating coefficients of like powers of 5, we
obtain the following for E,:

Order 6

=2 azElt
L (Eu) = VOElz - 5= 09 (88.)

aT;

92 10 1 22 02

V2= t——t 8b
=t 55 TR T (80)
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=0 atp=1, (8¢c)

Order 62
2%E,, 3%E,, )
L(Bz) =2 (aT0 AT, ~32,02,)" (92)
E,=0 atp=1. (9b)
Order &°
L(Ey,)
3%E,, 2%E 3%E,, %E 3%E
= + 1z 2 _ 1z _ 1z
517 237,01, T 23T, a1, 92t ~ 23Z,02Z,

3E,, 2 , 3By,
ZaZ Z, +€2'_'2(‘E1‘ E13)+“zaT 6H1| 3T0>

i 9
IJ’?. (EZ) aT < O(IHI XHI)

3
—ezaZ (O(IEI E1> (103-)
a0 ,~ 3 . 0
V0=€pa—p+eo-a—?¢-+€‘3z—(-), (10b)
E,=0 atp=1, (10¢c)

Here, 2,, €,, and ¢, are unit vectors in the p, ¢, and
2 directions, respectively.

SOLUTION

We take the solution of Eq. (8) that is bounded at the
axis in the form of a traveling wave packet centered at
frequency w and wavenumber k,; that is, we let

E,=A(Z,,Z,, Ty, T)J (k,p) exp(i6)} + cc,
0=k, Z, -

(11a)
(11b)

where J,, is Bessel’s function of order m, cc represents
the complex conjugate of the preceding terms, and w
and &, satisfy the dispersion relationship

wTy+mo,

w?— kZ=k2, (12)
Substituting Eq. (11) into Eq. (8c), we have
Jn(k,) = 0. (13)

To carry the solution to higher orders, we have to de-
termine the remaining field components in terms of
E,,. Manipulation of the Faraday and Ampére laws in
the set of Maxwell equations and use of the explicit Z,
dependence [Eq. (11)] leads to the determination of the
transverse fields as

Ey, =i(k,/k,)A J (k,p) exp(i6) + cc, (14a)
Ey o= (m/p)k./RDAJ (k,0) exp(ib) + cc, (14b)

10 = (mw/pkd)e,/ 1)t 2Ad (k,p) exp(i6) + cc, (14c)
Hyo=i(w/k,)(€,/ 1o} 12Ad (R,0) exp(ib) + cc. (14d)

The function A is not determined at this level of ap-
proximation; it will be determined from the solvability
conditions of the second- and third-order problems.

Substituting Eq. (11) into Eq. (9), we obtain

0A 0A
L(Ey) == 2 (o575 + gz | Talkup) exp(ie) +cc. (19)
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Secular terms will be eliminated if we let

0A A

wa—T1+k,3—Z—l—0. (18)
Since the homogeneous solution of Eq. (15) is propor-
tional to E,,, one can set it equal zero, without loss of
generality. If it were included, the results will not
change provided that one redefines the amplitude and
the phase, though the algebra becomes more involved.
Thus, in this paper, we choose

Egzo. (17)

Substituting Eqs. (11), (14), and (17) into Eg. (10a)
and carrying out the indicated algebraic manipulations,
we obtain

, 0A 34\ 324 %4
L(Eu)- [— 21 (w"aTz'*’k‘-az)""ﬁg—-é?f]

X dJ,(k,p) exp(i6) + A2AF(p) exp(i6) + NST + cc,

(18)

where F(p) is given in the Appendix and NST stands for
terms that do not produce secular terms, i.e., terms
involving higher harmonics in 8. Since the homogeneous
third-order problem consisting of Eqs. (10c¢) and (18)
has a nontrivial solution, the corresponding inhomo-
geneous problem has a solution if and only if a solva-
bility condition is satisfied.

To determine this solvability condition, we seek a
particular solution of the form

E,,=y(p, Z,,Z,, Ty, T,) exp(if) +cc. 19

Substituting this solution into Eqs. (10c¢) and (18) and
equating the coefficients of exp(i6) on both sides, we
obtain

azzp 199, ( ma)
ka
3p° pop rd v
A A\ 924 %A
[21 ( aTa — k‘ 3-2—2)— —a—T-f +m] Jm(k,p)
+A%AF(p), (20)
p=0 atp=1, (21)

Multiplying Eq. (20) by pJ,.(%,0), integrating by parts
from p=0 to p=1, and using Eq. (21), we obtain the
solvability condition

azA 224

2 ( :‘Tt+k, :‘Z“ ) - 3725 —h=AA%A, (22)
where
A=[ [ pF ()T n(k,0) dp]l fo pI2(k,0) dp] ™. (23)

Eliminating 3%4/3Z% from Eq. (22) by using Eq. (16),
we obtain

A 0A\, (@*_ )\ PA_, 0z
2z( aT2+k'aza)+(ZE 1) 72 =M. (24)

To simplify Eq. (24), we differentiate the dispersion
relationship [Eq. (12)] with respect to w and obtain

koky=w, (25)
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where k, =dk,/dw, the inverse of the group velocity.
Differentiating Eq. (25) with respect to w, we obtain

J

koky =1~-k%=1- w?/k2, (26)
Using Eqs. (25) and (26), letting T,= 06"t and Z,= 6"z,
and rearranging terms, we rewrite Eq. (24) as

0A, 1A, 0% G A g
_a—Z-+k‘ 37 glkz——z-——zl EAA (27)

Changing the independent variables from z and ¢ to

E=t-klz, n=g, (28)
we express Eq. (27) in the form
2A p2A LA -
-+— —_—— —_
a5 ikl = b A, (29)

which is a nonlinear Schrodinger equation. Letting A
=3aexp(if) with real @ and 8 in Eq. (29) and separating
real and imaginary parts, we obtain

da ,nf0adB  , 2B\ _

5 (Geme 2“6‘&?)‘0’ (30)
3B e [1% (3B\2]_ LA

it i3 G8) g e

The case of monochromatic waves

For monochromatic waves, 9a/0£=28/3£=0, and

Egs. (30) and (31) can be integrated to give
a=a, and B=-350%A/k)ain+B,, - (82)

where g, and B, are constants. Substituting for a and B
from Eq. (32) into Eq. (11), we rewrite E, in the form

E, = bagJ ,(k,p) cos(kz - wi +meo + ) + 0(5%), (33)
where
k=k, - $0°AR; a2, (34)

Equation (34) shows that the nonlinearity of the medium
results in a wavenumber shift from %, to 2. To deter-
mine whether this shift increases or decreases the
wavenumber one has to examine the sign of the nonlinear
factor A. This depends on the signs of K, and €, which,
in turn, depend on the mechanism producing the non-
linearity, a point we shall consider in some detail in

the following discussion on the stability of monochro-
matic waves.

Equations (30) and (31) can be used to analyze the
stability of the monochromatic wave solution, Egs. (33)
and (34). To do this, we let

ﬁ:_%éz(A/k,)aﬁn“'Bo"“Bu (35)

where ¢, and 3, are small compared with the preceding
terms. Substituting Eq. (35) into Eqs. (30) and (31) and
neglecting the nonlinear terms in g; and f;, we obtain

a=a,+a,

) GE

S -k =o, (38)
3B Lo A
ﬁ-‘-%k:aol-a_g%:—%éz%—,aoap 37

Since Eqs. (36) and (37) are linear, we seek their solu-
tion in the form
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a =a, expli(kn - w£)],
By =B, expli(kn - w8)],

where @ and B, are constants. Substituting this solution
into Eqs. (36) and (37) and eliminating @, and B;, we
obtain

B = L2 (P = AN kD), (39

(38)

which shows that if A/k," <0, % is always real for all
values of @ so that monochromatlc waves are neutrally
stable. On the other hand, if A/k; >0, %? is negative for
all o< day(A/2k,k. ) /2; consequently, disturbances grow
exponentially with 7 and monochromatic waves are un-
stable. Now, Eqs. (12) and (26) show that k, = — k2/k}

< 0; hence, the stability of monochromatic waves de-
pends on the sign of A,

Apart from the signs of €, and L,, our unpublished
numerical results show that the signs of the coefficients
of €, and u, are always negative in the microwave re-
gion. As previously mentioned, the signs of ¢, and u,
depend on the mechanism responsible for the nonlinear
behavior. Considering a nonlinear dielectric medium,
we have the following possibilities according to Ref. 6:
(i) nonlinear polarization due to saturation of the elec-
tronic polarizability which means ¢, <0, and hence
A/k; <0 (neutral stability); (ii) electrostriction gives
rise to €, >0, and hence A/k, >0 (instability).

- In a medium where magnetic properties are dominant
the mechanisms responsible for nonlinearity are non-
linear polarization and magnetostriction. The same con-
clusions regarding stability in the case of dielectric
media hold correspondingly in the magnetic case. We
thus see how the type of material is important for the
question of stability. If both strictional effects and po-
larization are present in a material, they will compete.
Usually strictional effects dominate thereby producing
instability.

Solution near cutoff frequencies

Although Egs. (33) and (34) are valid for a wide range
of frequencies, they break down as k,~ 0 (i.e., near
the linear cutoff frequencies) because the wavenumber
shift approaches infinity. However, the basic equations
[Egs. (16) and (22)] governing the temporal and spatial
modulations are valid for all frequencies. In this sec-
tion, we specialize these equations to frequencies near
cutoff. Eliminating 92A4/97% from Eq. (22) by using Eq.
(16), we obtain

2A . 0A EE\D2A . .,
; il kel 0
Zz@”;kzazz) (1 —E)az —AA%A, (40)
Letting T,= 6% and Z,= 6"z in Eq. (40), we rewrite it

as
2 —
21( a;t‘we = ) (1 —’2)3‘4 82NA%A, (41)

which can also be written in the form

A ,0A L. WA L. 4.pr
A, 134 4 =1 42
3L 7@ ;2w Ha= -2 WTAA. (42)

For monochromatic waves, 9A/3t=0 and Eq. (41)
becomes
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2\ g2 _
Zik,% + (1 _%z)%‘f} = 6°AA2A, (43)

which is valid for all frequencies away from zero. We
take the solution of Eq. (43) in the form

A=3aexp(if), (44)

where a is constant and

dg k2 1/2 B2\ -1
== {_kz+[k§_§62 (1'55)/\“2] 1--) .
(45)

Away from cutoff frequencies, %, is away from zero
and the radical in Eq. (45) can be expanded for small
6 yielding,

@

= $02A R a2, (46)

in agreement with the monochromatic wave solution ob-
tained above. On the other hand, when k, -0, Eq. (45)
tends to

g:— ky + (k2 - $ 6200?12, (47)

Substituting for A from Eq. (44) into Eq. (11), using
Eq. (47), and letting T,=¢ and Z,= 6"z, we obtain Eq.
(33); however, k of Eq. (34) is modified to

k=(k2-10%Na?)! /2, (48)
Therefore, the cutoff frequencies are solutions of

[ (49)
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Since k2= w” - kZ according to Eq. (12), then the cutoff
frequencies are

w=k, +§6%aA(k,) + -, (50)
where A(k,) stands for the value of A when w==%,, Equa-

tion (41) can be used to study the stability of monochro-
matic solutions as before.

APPENDIX

F(p) = (ko) 2kepp K 26,02 [1 = (,/Ry)*| - €5(wh, /)2
+wiy(€/ po)4(m/pk2)? — (3/kD) [
+ % (kR 2€,02(1 + (m/pk,)?)[1 + (mk,/pk?)?]
- 3€,0%[1 + (mk, /pk2)?] - wiy(ey/ L) (w/F2)®
X (m/p)[2(m/p)? = B2} + 6w hiok,(€y/ 1ho) (w/k, )
X T 2 (kop) (ko) — I (o) 2 (k)
x{(2/0%) (m?/ k) wy(€/ 1o) + €5RETH
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