Chapter 3

Fan noise

In this chapter, the analytical modeling of the fan noise is presented. As an
introduction, the propagation and radiation characteristics of the modes generated by a
ducted fan are reviewed in section 3.1. Then, in section 3.2, two fan noise models suitable
for the TBIEM3D code are presented. For each fan model, an analytical representation of
the pressure field generated by the fan in free space, i.e., the incident field, is derived.

3.1 Theory

Control of the noise radiating from a turbofan engine is an easier task if the
characteristics of the noise propagating in the duct, or radiating into the far field, are well
known and understood. For example, if the sound power that radiates within a particular
sector of the far field has to be reduced, the mode (or modes) that predominantly radiate
within that sector will be targeted for control. Then, in the instance where anti-noise is to
be used to control that specific mode, knowledge of the mode pattern and propagation
characteristics will help to configure a control source system that generates the same
mode pattern out of phase, the intent being that control and target modes cancel each

other as they propagate through the duct. Therefore, knowledge of the duct modal content
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and of thefar field radiation directivity of the propagating modes is requisite to intelligent

control of the noise radiating from a turbofan engine.

3.1.1 Generation and transmission of the duct acoustic modes

One of the principal components of fan noise in a turbofan engine is loading noise,
which is caused by the aerodynamic forces acting on the fan blades. The characteristics of
the pressure field generated by the fan loading can be described as follows (Tyler and
Sofrin 1962, Morfey 1964): The pressure pattern associated with the rotating fan blades
spins with fan shaft frequency Q. The fan pressure field consists of a superposition of
lobed patterns all turning with shaft speed Q. The number of lobes in each pattern is an
integer multiple of the number of fan blades. Thus, if there are N blades in the fan, the
pressure pattern composed of N lobes is associated with the fundamental blade passage
freqguency NQ, while the pattern composed of 2N lobes is associated with the first
harmonic 2NQ and the 3N lobes pattern is associated with the second harmonic 3NQ,
and so on.

The spinning pressure patterns generated by the rotating fan blades are called acoustic
modes. An acoustic mode is defined by its circumferential order m, and its radial order n,
written as (m,n). In a cylindrical coordinate system (r,y ,z) (as previously described in
Figure 2.2), the spinning modes forming the disturbance pressure field in a cylindrical

duct of radius r, can be expressed as

Pron (LW,2) = A I (ky'1) exp(ifm(Qt —y)—k7"2]) . (3.1)
Amn is the complex amplitude of the (m,n) spinning mode, J,, is the m™ order Bessel
function of the first kind, and k}" isthe axia wavenumber of the (m,n) mode. (Note that

for simplicity, the tilded notation, used in chapter 2 to indicate dimensional variables, is
omitted in this section.) In the case where the ducted fan isimmersed in a mean flow of a

propagating medium, the axial wavenumber of the (m,n) acoustic mode s given by
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where the acoustic wavenumber k is given by
n,N Q
k= (3.3
c

and ky;' is the combined radial-circumferential wavenumber of the (m,n) mode in the
(r,) plane. In the absence of mean flow Eq. (3.2) reduces to
k= k2 =k ) (3.4)

The wavenumbers k™"

ww » which for simplicity will be referred in the rest of this study as

the radial wavenumbers, are determined by the radial boundary conditions. Thus, for the

rigid wall duct,

o Jmn
S (3.5)
rd

where j' = are the zeros of dJ_ /dr. From Eg. (3.1) it can be seen that the (m,n) mode

will propagate when its axial wavenumber k" isreal, and it will decay when k)" hasa

nonzero imaginary part for hard walled boundary conditions. The frequency at which this
change occurs is called the cut-off frequency. The pressure patterns and radial
wavenumbers (for a duct of radius 1 m) associated with the duct acoustic modes are
presented in Figure 3.1 for circumferential order m = 0 through 2, and radial order n =0
through 2. The pressure patterns associated with the duct modes that are cut on spin with
the fan shaft frequency Q as they propagate through the duct, and radiate to the far field

once they reach the duct openings.
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Figure 3.1: Cylindrical mode patterns with radial wavenumbers k7' for a

rigid wall duct of radius Im. m=0,1,2 and n=0,1,2.
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3.1.2 Angles of peak radiation of the duct acoustic modes

The determination of the directions of peak radiation of the duct acoustic modes has
been the subject of a number of papers, most notably by Rice, Heidmann and Sofrin (Rice

et a. 1979). They established the following expression for the computation of the angle

0 fOr the main lobe of radiation of the (m,n) mode from the opening of a cylindrical

duct

0

0 2
cos 6 =V1-M? S mn (3.6)

K}

8

where

& (3.7

ki V1-M?2
is the mode cut-off ratio. The (m,n) mode is cut-off when & <land propagates

when¢,,,>1.

A mode propagating in a rectangular wave guide can be seen as four plane waves
propagating skewed to the wave guide axis (Kinder et al., 1982). In a similar manner, the
wave fronts of the modes propagating in a cylindrical duct can be seen as a superposition
of plane waves propageting at an angle with the duct axis. Based on this plane wave
approximation, it was established (Rice and Heidmann, 1979) that the angle of the mode
main lobe of radiation corresponds to the angle that the group velocity vector (Lighthill
1964) of the plane wave components makes with the axis of the duct. If an approximate
plane wave representation of the duct modes is considered, the group velocity vector can
be expressed as (Farassat 1996)

V,=cla+M1,), (38)
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where c is the speed of sound, M is the flow Mach number, fz Isaunit vector parallel to
the duct axis, and n isa unit vector normal to the modal component wave front. In other
words, the group velocity vector is the sum of the phase velocity vector cn and of the
uniform flow velocity vector c¢M i;. This relationship between phase velocity, group

velocity and axial flow velocity is represented graphically in Figure 3.2.

wavefront &

Figure 3.2: Relationship between phase, group and axial flow velocities.
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From this figure, it can be seen that as the (m,n) mode gets closer to cut-off, i.e. as B,

increases, 6, increases, and vice versa. In other words, for a given axia flow velocity,

the modes that are well above their cut-on frequencies radiate toward the axis of the duct,
while the modes that are closer to cut-off radiate at larger far field angles. Also, from Eq.
(3.6) and Eq. (3.7), it can be noted that, independently of the direction of the flow, as the
flow Mach number increases, the cut-off ratio of the (m,n) mode increases and the main

lobe of radiation tilts toward the duct axis (i.e., 8, decreases).

3.2 Analytical model of the fan noise

As it was explained in Chapter 2, the BIEM treats the prediction of sound radiation
from a ducted fan as a scattering problem, in which the scattered field represents the
modification of the incident free space fan noise field resulting from the presence of the
duct. Since this scattering approach decouples the duct from the fan, models for the
(incident) fan noise can be derived independently of the duct shape and wall
impedance(s). This scattering approach allows for the use of an arbitrarily complex
incident field model. However, the present work utilizes simple source models in order to
avoid the extensive numerical calculations required to produce the incident field with a
more realistic model (Dunn and Farassat 1992). Nevertheless, as it will be demonstrated
in Chapter 5, the two fan noise models used in this work can provide a fairly good

simulation of actual engine fan noise radiation.

The original fan noise model implemented into the TBIEM3D code considered a
collection of spinning point dipoles to model the loading component of the fan noise. One
point dipole was used to model the loading force on each blade of the fan (Morfrey 1964).
The point dipoles were located toward the tip of the blade where the loading force (and

hence the loading noise) is maximum. The derivations of this fan model based on
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spinning point sources were first done by Lan (Lan 1993). The analytical expression for
the incident pressure field generated by this fan model is presented in Appendix A with

some minor modifications.

In the instance where the radial distributions of the forces acting on the fan blades (in
the absence of the duct) are known, the original fan model can be improved by modeling
each blade as a spinning line source instead of a single spinning point source. Thus, the
strength of the line source can be given a continuous radial distribution that will model
that of the loading force acting on each fan blade. The loading forces (and consequently
the loading noise) will therefore be modeled more accurately than with the original fan
model. An analytical expression for the incident pressure field generated in free space by
this fan noise model is derived in section 3.2.1. Note that the strength distribution given
to each line source models a radial variation of the amplitude of the acoustic pressure

along the fan blades in the absence of the duct. Therefore, by giving the line source

strength a radia distribution of the form A, J. (k™r), which referring to Eq. (3.1) is

the radia distribution of the pressure amplitude of the (m,n) duct acoustic mode, the
generation of the (m,n) mode would not be accurately modeled since such a pressure

distribution occurs only in the presence of the duct.

In the case where the propagation and radiation of modes of specific phases and
amplitudes have to be reproduced, spinning radial arrays of point dipoles (instead of line
sources) can be used to model their generation. The strength and phase of the point
dipoles in each array can be adjusted according to the amplitudes and phases of the modes
that need to be reproduced. This procedure and this fan noise model are described in

section 3.2.2.
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3.2.1 Spinning line sour ces

An analytical representation of the loading noise field generated by N evenly spaced
spinning line sources in an unbounded space is derived in this section. This fan model is

schematically represented in Figure 3.3.

N line sources

Iy N
duct axis

Figure 3.3: Schematic of the fan noise model based on spinning line sources.



The line sources extend from r = 0 (duct axis) to r = r; (tip of the fan blade). The
incident acoustic field generated in free space by these spinning line sources is obtained

by solving the following inhomogeneous wave equation (Farassat and Myers 1993)

[5—12%22—%‘%(?%) —F—i%—%m F0,27) =
AE iﬁmd (7w, 2, D] (3.9)
where
R, (F,W,Z,T) = H(T ~7) 8(Z - V1) 8(QT -y~ 2mm, (3.10)
is the multi-dimensional deltafunction (Farassat 1994),
7=974+1095 ,095 (311)

o Fogt 07
Is the divergence operator, H represents the step function and & represents the Dirac Delta
function. In addition, N is the number of blades, and F=F.(r)i, +F,(r)i, +F,(r)i, is
the force (in N.m™) applied by one blade to the fluid. The line sources are considered to
be spinning with angular velocity Q and tranglating in the axia direction (i.e., positive
fz direction) with speed V. The right hand side of Eq. (3.9) is a dipole term and models

the loading component of the fan noise (Dowling 1983).

In order to simplify the explanation of the derivations and to avoid extremely lengthy
equations, the solution of Eg. (3.9) is broken down into two parts. Thus, the computation
of the loading noise due to the axial component of the loading force is derived first,
followed by the derivation of the loading noise due to the radial and azymuthal

components of the loading force.



a. Loading noise (axial force)

When considering the loading noise generated by the axial component of the force

that the fan blades apply on the medium, the wave equation takes the form

102 10 -0 1 9° 02 -~
- ||| zt =
[EZ ot 2 rar( 6r) T2 op? az ] (7 )

21m,

—FU)HU—r)—{&z VU]E:MQt—w— ). (3.12)

In order to compute its solution, this equation is first nondimensionalized by dividing

length by T, massby p, T, and time by Q. Hence, noting that (cf. Farassat, 1994)

H(ax) = i H(x) (3.13)
and
1
o(ax) = gé(x) : (3.14)
where ais an arbitrary number, EqQ. (3.9) can be written after nondimensionalization as
10° 10 1 0% 98°
Y ~ 5 5 i r! 121t =
[02 ot? rar( ) r? P’ 622] P .20
=F,(r) H(r, - 1) —[6(2 V)] Z o(t—-y- 2T[md) (3.15)

where the nondimensional distribution of the axial force is defined by

£ =—=0)

. 3.16
P Q%1 (319

This nondimensional inhomogeneous wave equation, Eg. (3.15), is then written in a

moving and stretched reference frame defined earlier by

z:%a—vo (3.17)

whereV isthe velocity of trandation of the fan (i.e., of the spinning line sources), and
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B=+1-M’ . (3.18)

Thus, in this new reference frame, EqQ. (3.15) takes the following form

1o Vo 1 92 1 92 ~
[?% Bazé_?a( _)_r_al.lJz _Fa?]pi(r’w1z1t)_

2rrmd

F() H(r -1) —[5(2)] z o(t-w-

mg=—co

). (3.19)

Now, it is noted that in this moving, dilated reference frame, the source term of Eq.
(3.19) isperiodic in (t-y) with period ZWT[ , and it can therefore be expanded into a Fourier

series of theform

Z 5t - - 2Trmd) ZC e l-w) (3.20)

where

12

Zf _ (3.21)

Thus,
i 8t -y~ 2May zﬁ ,i i RS (3.22)

which simplifiesto

i 5(t— - and) :% ‘i e MmN () (3.23)

Therefore, in the moving and stretched reference frame, the inhomogeneous wave

equation can be written as
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2r¢3 F,(r) H(r, =) —6(Z) Z” g MmN (3.24)

The solution of the above equation is of the form

p.(rw,zt)= Z P™(r,z) €™ V. (3.25)
Combining Eq. (3.24) and Eq. (3.25), yields

1 V nN? 1 9°
T HnN-— L H-Z2 )+ - P™(r,Z) =
[ 2% h g rar( ) r2 Bz azz] i ( )

- SROHG -0 2 8D) (3.26

Next, the wave operator (i.e., the left hand side of Eq. (3.26)) is manipulated in order

to expressit into aform that has a known solution. Thus, recalling that

k
K=—, (3.27)
B
where
k=kf, = N2 g _ N (3.28)
C C

Is the nondimensional wave number, the left hand side of Eq. (3.26) can be expressed as

01 0 52 nZN? 1 9% O
LHS == Hpzk-M 2 H-22 9y P (r.7). (3.2
%DB 3z - ( ) - B % 2D (r.2). (3.29)

Expanding the squared term and regrouping like termsyields

O 1 W00 L, . 0 n2N?0_,
LHS=7—=(01-M?)— -B?k?-2iKM — - =—(r— P™ (r,Z) .(3.30
ErBz( )022 B 57 rar( ) 7 E (r,2) .(3.30)

Recalling that B2 = 1-M?, the above equation can be written as
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LHS = D—B—+2|KMH+K ——(—) nNZDP”h(rZ). (3.31)
0

Finally, noting that

EB%HKME?;W =e‘iKMZ‘;iZ(eiKMZPi“h) (3.32)
and
2
@p%_'_IKMgPInh :e—iKMZ%(eiKMZ Pinh), (3-33)
Eq. (3.31) yields
] |:| 2 2 ZD-
LHS =-eg'M? 9 +K +}i(ri)—wtp”‘“”ﬂ”h(r,2). (3.34)
ror  or r* 0

Therefore, the inhomogeneous wave equation can be written as

(02 20
0 +__( _)_ N |KMZ P‘inh(l’,Z):
z ror D
iKMZ N 0
F,(r) H(r, -r) —9(2) . 3.35
=L UL (RDR 26 (3.35)
Finally, defining
Qr(r.2)=e""*P™(r,2), (3.36)
and noting that
f(x) 8(x) =f(0) 3(x), (3.37)
the inhomogeneous wave equation, Eq. (3.35) takes the form
0o® n?N?0
+__( _)_ i(r,.2) =
yA ror r’ g
0o . O
——F,(r) H(r, —r o(Z) -ikMd(Z 3.38
2T¢3“() (n )E’E() ()H (3.39)

This equation is the inhomogeneous Helmholtz equation for Qi(r,Z). The Green's
function for the Helmholtz operator of this equation is known, and is defined by



e—iKR

R

G, (rr,z-2) :%J’cos(nthJ') dy’ (3.39)
0

where R = \/rz +r1'2=2rr'cosy’ +(Z-2')? is the distance in cylindrical coordinates
between two points M and M’.
Therefore, applying the Green’ s function technique, the solution of Eq. (3.38) is given by
Q2= [ MR ) HE - ¢
3

r=0
x f G (nr2-2) 2 52)-ikMaz)2dz dr . (3.40)
2. " Bz 5
Solving the Z-integral in the above equation using integration by parts, and noting that
J’ g(r'YH(r, —r)dr' = J’ g(r’)dr’, (3.41)
r=0 r=0

where g(r) isan arbitrary function, yield

iKMR?+Z@1+ikR)
R® ©

n, — -N ' ' ’ 1 -ikR 1
QM (r,2) pmcn rl’or FZ(I’)-(])'COS(I‘IthjJ) dg'dr’ (3.42)

This is the solution for the inhomogeneous Helmholtz equation, EQ. (3.38). The pressure
field corresponding to the loading component of the fan noise (axial force only) radiating
in an unbounded space can therefore be retrieved from the following equation

P,z =Yy Q" (r,2) e M emNtY (3.43)
In order to compute the scattered field through the procedure described in chapter 2, both
the Q; term defined by Eq. (3.42) and its derivative with respect to r need to be known.
Taking the derivative of Eq. (3.42) with respect to r yields

oQ™

- _ N f ' ' p '
o (r.2)= e rE[OV R () J)'[ cos(n,Ny’)

x—KZM R®+(ikM-k?Z)R*+3ikZR+3Z

= (r'cosy’ =1 e R Jdy'dr’ (3.44)
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The terms described in Eq. (3.42) and Eq. (3.44) are computed numerically using the
method of Gauss-Legendre for the integration procedure (Ortega and Poole 1981). In this
integration procedure, the integrand of an integral 1(f) is interpolated by a polynomial of

degree n of the form Zn: ,aif(X;), where f(x) is the integrand, x; are points within the

limits of the integral and a; are the coefficients of interpolation. The coefficients a, and
points x; are determined such that I(f) be evaluated with the maximum accuracy for the
least amount of calculations. This numerical integration procedure is aso known as the

Gaussian quadrature method.

b. Loading noise (radial and azymuthal for ces)

When calculating the loading noise generated by the radial and azymuthal forces that
the fan blades apply to the medium, the inhomogeneous wave equation to be solved has

the following form

10° 10 -0, 1 0° 9. - --=
= == =)= =IphY,zt)=
[EZGt2 rar( ar) 2 oy’ azz]p( .20
B e~ om0
-0, HE-D8E-VD) Y s@T-p-=0 (3.45)
Ll My == |
where F, is defined as
E,=EMi +F01,. (3.46)

Following the solution procedure applied in pat (), Eg. (3.45) is

nondimensionalized, yielding
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[iﬁ }i(_) 10 _0°
c’ot®> ror r? o’ 022

—1p Y.z =

-0, @w H(r, = 1) 3(z - Vt) Z 5('[—L|J—2Tl[:|nd)§. (3.47)

my=-co

Before writing this inhomogeneous wave equation in the moving and stretched
reference frame, where, as seen in part (a), the wave operator has a form for which a
solution is known, the right hand side of Eqg. (3.46) is expanded.

Thus, noting that

0.[FABC]=ABC(0.F) +[AB OC+AC OB +BC UA.F (3.48)
where A and B are arbitrary functions of r, Y and z, the right hand side of Eq. (3.47) can
be rewritten as

21mm =
RHS=- drl(rl -1) &(z-Vt) z S(t-y-——-2) (O.F,)0
my =-c N 0

—m(r.-r) 5z~ V) D@z 6(t—w—2”md)H 3

g =—%

[l

[l

g

O

2"”‘°'> 7(6(z-V0).F
O

!

[l

—mm—r) S S(t-w-

my=—o

2mm,

—@(z Vt) mz_mé(t P - ) O(H(, -1).F,, (3.49)
Now, noting that
%(iﬂ) =i, (3.50)
and
%(?w) =, (351)

(0.F,.,)iscomputed, and it is found that
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oF. (r) F()
_
Therefore, combining Eq. (3.52) with Eq. (3.49) yields

(D Lp)_

(3.52)

RHS=- d—l(r—r)é(z Vi) S B(t-y —and)EF(r) aF(r)HD

My =-c0 or D
[l F (r ® [l
B - az-vy 2D 0 S 5oy -2y
O iz N g

Di 5(t - L|J—2nmd)5(z VO F() o H(rl—r)a (353)
[mg=c 0

Next, Eq. (3.47) is expressed in the moving and stretched reference frame, yielding

0 Vo 10 192 1 92 )
[_% Bazg ?E( _) r_anZ Eﬁ]pi(f,w,zi)—

R - 5(2) 5 50 2Trmd)BF 0, FOf D
0 i r o 0r
_D - @F“’_(r) RN S(t - _ 2, g
-0 S S s
|:| )
-3y st-u-"09 8 g O - (354)
Omi=e B O

Continuing to follow the analysis done in part (), Eq. (3.23) is combined with Eq. (3.54),
yielding

100 V9 19% 1 9° “NOE
__ —_ T (r—y-_"— - Zt - e'”h (t-y)
[Cz% Bazg el g e LA anh:-m

5(2) %i NN 0,0k 0, RO EH(rl +EMLHE 0D (355
r r or B

or

Then, since the solution p, of the above equation can be written as a sum of spinning
modes, Eqg. (3.25) and Eq. (3.36) are combined with Eq. (3.55), yielding
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1 Vo nyN? _1 0% 1 _ N vz
[ i N‘E_zg‘?a(_) g QD= e

5(2)% F(r) agfr)ffr(r)EH(rl r)+F(r) H(rl—r)D (3.56)

Finally, repeating the manipulations done (as in part (a)) to the left hand side of Eq.
(3.56), and noting that
e V%2 §(2)=8(2), (3.57)
the inhomogeneous wave equation can be written as
0a? e n; N2 O

Ny :i

5(2) %i a N e R0 R() EH(rl +E0 2 HE -nA (358
r r or B

or

The green’s function corresponding to this wave operator is known and is defined in Eq.
(3.39). Therefore, applying the Green’s function technique, the solution of Eq. (3.58) can
be expressed as

nh(rz)__ I J'G (r,r',2-2")0(Z")

%—inhN F”’r(r)+aFf(r)+Fffr) EH(rl )+F(r) H(r,—r)Dr dr'dz’ . (3.59)

or

Finally, using the method of integration by parts and applying the properties of the
step function H(r, - r) and of the Dirac deltafunction , EQ. (3.59) yields

—| KR

”h(rZ)— J’ln N(F(r)Icos(n NqJ)

(

+r' F(r)J’cos(n NY) (-1-ikR)(r' = rcoqu)

—i KR

—dy' dr'. (3.60)
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This solution can be expressed in terms of the incident pressure using Eq. (3.43).

The derivative with respect to r of Eq. (3.60) isgiven by

D=5 [T [TENTEW) W

T [ TOW) Ty dr (36)

where
T.(r)=in,N F,(r), (3.62.8)
(W) = cosn, N € @621)
T,(r ) = LHIK Rz)é: cosy’ - (3.62.0)
T,(r)=r F(r), (3.62.d)

and

Ts(r,’w,):—K2R3+iKR2+2iKR+3. (3620

RS

3.2.2 Radial arrays of spinning point dipoles

Radial arrays of spinning point dipoles can be used to model fan noise in the case
where the generation of modes of specific phases and amplitudes has to be reproduced.

Thus, to model the generation of the (m,n) mode of complex modal amplitude A _, afan

mn?

of m blades will be modeled. Each blade is modeled by an identical radial array of N
point dipoles as described in Figure 3.4.

dip
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Figure 3.4: Schematic of the fan noise model based on radial arrays of point dipoles.

As indicated in section 3.1, the analytical expression for the acoustic pressure field
formed by the (m,n) spinning mode propagating in the duct is
p..(rnw,z)=A_ J (k,r) emarwia (3.63)
Therefore, at any fixed angular and axial location in the duct (and hence along each radial
array of point dipoles), the amplitude of the acoustic pressure has the following radial
distribution
P (W, 2)[ = [|A 1y I (KT - (3.64)
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This acoustic pressure distribution is plotted in Figure 3.5, for the (1,0) spinning mode in
arigid wall duct.

., . _ _ _ _ ductwal
A —
—
P
r/r,
—
—
»
o .
duct axis

Figure 3.5: Radial distribution of the axial pressurein arigid wall duct
for the (1,0) mode.
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Thus, in order to reproduce the pressure field generated in the duct by the (m,n) mode,
the complex amplitude, or strength, of the | point dipole in each radial array of N, point

dipoles has to be given by
qmn (J) = Amn ‘Jm(kmn rj) (365)
where 1, is the radia location of the j" point dipole. If the generation of more than one

mode were to be simulated, then the strength of the point dipole located at r = r; would be
given by

AD=FY D=3 AmInKer) (3.66)

Note that since pressure fluctuations in the axial direction of the duct are modeled, the

dipoles axis are set parallel to the duct axis.

In order to model the propagation and radiation of modes of specific modal

amplitudes, the pressure field generated by each of the N, point dipoles contained in a

dip
radial array has to be computed first, where the point dipoles are given a unit strength. A
matrix [P] is obtained. The elements P, of [P] are the acoustic pressures at the "
location of the field due to the | point dipole of unit strength. The pressure field resulting
from the propagation and radiation of modes of desired amplitudes is then obtained by
multiplying the matrix [P’] by the vector of dipole strengths defined by Eq. (3.66). Thus,
the acoustic pressure at the " location of the field is given by

P=P,q (3.67)

Hence, in order to compute the elements of the matrix [P’], an analytical expression
for the incident pressure field generated by an axia point dipole of unit strength is
required (the scattered part of the field being subsequently obtained through the BIEM

procedure). This expression is derived next.
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When cal culating the pressure field generated in free space by a spinning point dipole

of unit strength whose axis is parallel to the axis of the duct (i.e., is aong the

i, direction), the wave equation takes the form

10° 10,0, 19> 0° -, =~
- =—=U=)"= -—Ip(r,y,z, 1) =
c* ot? rar( ar) 2 og? azz]p( V.20

6 —
(%) 218E-VD] Y 8@T-y- .
r

mgy=—0c0

(3.68)

Where?} is the radial location of the (j*") point dipole.

The procedure used in section 3.2.1 to compute an analytical expression for the field
generated by spinning line sources is also applied in this section in order to find the
solution of Eqg. (3.68). This procedure consists of expressing the equation to be solved

(i.e, Eg. (3.68)) in aform that has a known solution.

Following the first step of the procedure, Eq. (3.68) is nondimensionalized , yielding

10> 10 1 9> 97 B
[0_26t rar( —) ZW_F] p; (r,g,z,1) =
A )1[6( 20D3 6(t—w—2”m°') (3.69)

This nondimensional inhomogeneous wave equation is then written in a moving and
stretched reference frame defined earlier by EqQ. (3.17) and (3.18). In this new reference
frame, and applying the property of the delta function described by Eq. (3.14), Eq. (3.69)
takes the following form

100 Vo 10> 1 0° _
[?% Bazé_?a( _)_r_al.lJz _Fa?]pi(r’w1zit)_

(_ ) 0 2T[md
F == [8(2) m;mé(“”"

). (3.70)
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Replacing Z 6(t—qJ—2TLnd)by its Fourier series, defined in Eqg. (3.23), and

md:—OO

noting that the solution of the resulting equation can be written as a sum of spinning

modes, yields
1 V 0 10 n:N? 1 9?2
—HBn N-——H - =" (r— h - M(r Z)=
[CZE " Bazg rar( ) r2 Bzazzm'( )
. ofr—r.
[ —— N_or=r) _a 6( ) (3.71)

23>
where Q(r,Z) is defined by Eqg. (3.36) and Eq. (3.25). Applying the property of the delta
function described in Eq. (3.37), Eqg. (3.71) can be rewritten as

[%En N—Xig }i(—) n“':l -2 Q)=

c BozH roar r B* 9z*
2;'32 or-n) %f—a(Z) —ikM as(Z)E 3.72)

Next, the wave operator (i.e., the left hand side of Eq. (3.72)) is manipulated in order
to express it into a form that has a known solution. Thus, referring to Eq. (3.29) through
Eq. (3.34), Eq. (3.72) can be written as

Daz+ 10, 0, niN?O

A e Al
N 3(r-r) Da

This eguation is the inhomogeneous Helmholtz equation for Q(r,Z). The Green’s function
for the Helmholtz operator of this equation is known and was defined earlier in EQ.
(3.39). Therefore, applying the Green’s function technique, the solution of Eq. (3.73) is
given by
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Q"= | zr';ly 5 - ,)

r=0

P 0o : 0
x [ G, (r,r',Z2-Z 0(Z)—iKMO(Z)dZ' dr'. 3.74
ZJ'_W ny ( )%E (2) ()H (3.74)
Solving the Z-integral in the above equation using integration by parts, and noting that

} f(2') &' - Z,) dz' =f(Z,), (3.75)

yields

0

Q" (r2)= | anz 5r' )

r=0
G, (r,r'\2-2) _ O
X F— +ikM G, (r,r',Z)0dr". (3.76)
g 9z &
Finally, noting that
J’ f(r') &(r' —r;) dr' =f(r)), (3.77)
r=0

Eqg. (3.76) reducesto

iKMR2+Z(1+iKR)e

= TKRdy',  (3.78)

Ny — -N 7 '
Q" (r,2) e’ JO'COS(nthlJ)

where

R :\/r2 +r7 =2rr;cosy’ +Z° . (3.79)

This is the solution of the inhomogeneous Helmholtz equation, Eq. (3.73). The
corresponding expression for the incident pressure field generated by a spinning point

dipoleisretrieved by using Eqg. (3.43), i.e.,

Pz = Y Q" (n2) e M entey (380

np=-o
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In order to compute the scattered field using the procedure described in Chapter 2,
both the Q, term defined by Eq. (3.78) and its derivative with respect to r need to be
known. Taking the derivative of Eq. (3.78) with respect to r yields

Q" __ N 7 :
ar (r’ Z) - 4T[2B2 '!:[ COS(I‘lh N l‘IJ )

X—Kzl\/l R®*+(ikM-k’Z)R*+3ikZR+3Z

e (r'cosy’ -1 e " Jdy’ (3.81)

In this chapter, two models for the fan noise were described. For each of these
models, analytical expressions for the computation of the free space acoustic field, i.e.,
incident field, were derived. These expressions serve as input to the BIEM described in
Chapter 2 for the computation of the scattered part of the field due to the presence of the
duct. The resulting acoustic field generated by the ducted fan is obtained by adding the
incident and scattered field. These fan models will be validated in chapter 5.

61



