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CHAPTER I 

Introduction and Literature Review 

A. Background Information 

The purpose of this thesis is to develop a more precise and eco-

nomical means of solving monoenergetic critical cylindrical neutron 

transport problems. Neutron transport theory has been studied exten-

sively in the last part of this century, but still only a few analytical 

solutions are known and these are for idealized cases. Many analytical 

techniques have been employed in an attempt to solve the neutron trans-

port equation explicitly, but the complexity of the equation has made it 

necessary to employ numerical analysis. 

B. Literature Survey 

The laws of migration of neutral particles as a function of time, 

energy, position, and angle were first formulated by Boltzmann. The 

Boltzmann equation is the basis of all neutron transport theory. The 

complexity of the Boltzmann equation has made it necessary to deal with 

it in a reduced form. In 1960, Case(l) solved the plane geometry trans-

port problem in the time-independent, monoenergetic form. Case's 

method lead to a precise representation of the angular density as a 

superposition of singular eigenfunctions. 

In 1963, Mitsis(Z), using Case's methods, obtained transport solu-

tions for monoenergetic plane, spherical, and axially infinite cyl-

indrical critical problems with isotropic scattering. Mitsis replaced 
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the angular distribution by a density transform and then determined the 

transform completely using integral equations for the neutron densities. 

For the spherical and cylindrical cases, Mitsis showed that the density 

transforms satisfied separated equations whose solutions can be obtained 

through the use of singular expansion modes. Mitsis applied his bound-

ary conditions yielding a set of singular integral equations for the 

expansion coefficients. The singular integral equations were reduced to 

a set of regular Fredholm equations coupled with a criticality con-

dition. Gibbs(3) in 1969 extended Mitsis' work to obtain formal solu-

tions for one-, two-, or three-dimensional bodies of any arbitrary 

convex geometry. Unfortunately, neither Mitsis nor Gibbs' work could 

be efficiently applied to numerical computation to produce accurate 

solutions. 

In 1974 Westfall( 4) extended the work of Mitsis to obtain transport 

solutions to the monoenergetic, axially infinite two-region cylinder 

with a finite outer reflector boundary. Westfall's solution is in the 

form of two coupled equations for which the expansion coefficients of 

the criticality equation were computed numerically. Although his com-

putational methods were inefficient, Westfall was able to get up to four-

place agreement with other methods which will be presented in Chapter 

IV. 

In 1979, a new numerical technique for solving transport problems 

was developed by Siewert and Benoist(S). The technique, known as the FN 

method, was derived by using the full-range completeness and ortho-

gonality properties of the singular eigenfunctions. Siewert represented 

the outgoing angular density ~(L,µ) by a power series in the angular 
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variable µ, 

N 
~(L,µ) ~ a 

a=O ~ µ 
(1.1) 

where a are the power coefficients and L is the length of the slab. a 

Siewert got transport solutions for the finite slab and many other 

applications in plane geometry. 

In 1979, Siewert and Grandjean( 6) applied this new technique to 

spherical geometry. They used the FN method to solve three basic 

spherical problems: the critical sphere, the albedo problem, and the 

point source in a finite sphere. Siewert was able to compare his 

answers to other computational techniques and found that the FN method 

was a very concise and economical means of solving spherical and slab-

type problems. 

C. Objectives 

The present work involves extending the FN method to the bare, 

axially infinite critical cylinder. The full-range completeness and 

orthogonality properties of the singular eigenfunctions will be used to 

derive an expression for the outgoing flux, ~(R,µ), which can be re-

presented by a power series. Unfortunately, the neutron transport 

equation cannot be solved generally and assumptions must be made. Here 

the main assumptions will be that the neutron transport equation is in 

its time-independent, isotropic scattering, monoenergetic form. For 

fast reactors, the restriction of one neutron speed is not severe. 
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These assumptions restrict the applicability of the analysis, but they 

permit ease of computational analysis. The previous computational 

methods in cylindrical geometry involve complicated coupled equations 

which unfortunately do not yield easily to efficient computation. On 

the other hand, we shall see that the FN method does not readily apply 

to the cylindrical case due to the appearance of Bessel functions in the 

criticality equation. The development of the criticality equation will 

be presented in Chapter III. 



Chapter II 

Development of General Solution 

A. Psuedo Distribution Function 

The stationary, monoenergetic, integral transport equation for the 

neutron density in a homogeneous medium with isotropic scattering as 

developed by Davison(?) is 

P (r) 
-Ir - r'J e 

2 c(r')p(r') 
,Jr-r'J r 

(2.1) 

where c, the mean number of secondary neutrons per collision, is a 

function of r'. If c is a constant, we can write 

p(r) p(r I) -Jr - r' J 
_e~~~~~ d3r' 
Jr-r'J2 

(2.2) 
r' 

In Fig. 1 the position vector r' is represented by the cylindrical 

coordinates (t, a, z). Making the transformation to these coordinates 

Mitsis( 2) developed an integral equation for the neutron density of the 

form 
1 r 

p(r) cf dµ f K (r/µ)I (t/µ)tp(t)dt 2 0 0 

0 jJ Q, 

R 

+ J K (t/µ)I (r/µ)tp(t)dt] (2.3) 
0 0 

r 

where t is the radial variable as shown in Fig. 1, and µ is the trans-

form variable. 

5 
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_,, ........ --,-
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~ I ...... ~ ... 
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Figure 1. - One region cyl-
indrical geometry. C4) 
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To simplify this equation, Mitsis introduced a psuedo-distribution 

function ¢(r,µ), such that 

1 
p(r) J 1 2 cll(r,µ)dµ 

0 µ 
(2.4) 

The functions p(r) and ¢(r,µ) thus form a transform pair, and if ¢(r,µ) 

is known, the neutron density can be calculated by simple integration. 

To show symmetry for ¢(r,µ), Mitsis( 2) substituted the Bessel relation 

00 

I (r/µ)K (t/µ) 
0 0 J 

J (rx)J (tx)xdx 
0 0 

0 
2 2 x + (l/µ) 

t > r 

into Eq. (2.3) .and Eq. (2.4) and found the relation 

¢(r,µ) 2 cµ f 
R 

0 

from which by symmetry 

tp(t)dt 

00 

J (tx)J (rx) 
0 0 
~~~~~~ dx, 

x 2/ + 1 
J 
0 

¢(-r,µ) = ¢(r,µ); ¢(r,-µ) = ¢(r,µ) • 

1 
- > 0 ' µ 

(2.5) 

(2.6) 

(2.7) 

Differentiating ¢(r,µ), Mitsis proved that it satisfies the integro-

differential transport equation for cylindrical geometry, 

2 
a ¢(r,µ) + _l 8¢(r,µ) 1 

- -2 <l>(r 'p) ar2 r ar µ 

1 

-c J 
0 

¢(r,µ') 
2 dµ I • 

(µ') 
(2.8) 
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The boundary conditions for ~(r,µ) are found from its definition. 

At the outer boundary it is seen that 

K (R/µ) a~(r, µ) 
0 ar 

K1(R/µ) 
+ ~(R,µ) µ 0. (2.9) 

r=R 

The boundary condition at r = 0 is found by substituting r = 0 into Eq. 

(2.3) and Eq. (2.4) and observing that the integral goes to zero as r 

approaches zero, and the first term vanishes since K (r) diverges as 
0 

tn(r). The substitution of r = 0 yields that 

~(O,µ) < oo (2.10) 

B. Singular Eigenfunction Expansion and Solution 

To develop the eigenfunctions, Mitsis( 2) assumed a solution of Eq. 

(2.8) of the form 

~ (r,µ) = R (r)N (µ) . v v v (2.11) 

Substituting Eq. (2.11) into Eq. (2.8), one can show that the distri-

bution function is indeed separable. 

0 , 

h 1 . h . w ere ~ is t e separation constant. 
v 

The R (r) equation is of the form v 

(2.12) 

Equation (2.12) can be recognized as a form of Bessel's equation 

with solution 

R (r) = a I (r/v) + B K (r/v) • v v 0 v 0 
(2.13) 
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To assure that the solution is finite at the origin, B is required to 
\) 

vanish. The N (µ) function must satisfy the equation 
\) 

( L -L) N (µ) 2 2 \) µ \) 
= c 

1 

J 
0 

N (µ')dµ' 
\) 

µ > 0 ' (2.14) 

h 1 . . h i w ere -z is again t e separat on constant. If Nv(µ) is normalized by 
\) 

requiring 

Eq. (2.14) becomes 

1 ' 

2 2 cµ \I 

If v does not lie in the interval [-1,l], then Eq. (2.16) becomes 

2 2 cµ v 
2 2 ' \) - µ 

and the normalization condition, Eq. (2.15) requires 

1 2 
I C\I dl:! 1 2 2 ' 
0 

\) - µ 

or that 
1 

A ( v) 1 C\I J dµ 0 - -2 ' \) - µ 
-1 

(2.15) 

(2.16) 

(2 .17) 

(2.18) 

(2.19) 

where A(v) is called the dispersion function(S). The eigenvalues are 

the zeros of A(v). 
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Upon examination ofA(v), several properties emerge(S). By synunetry 

A ( \)) = A ( -\)) ' so if \) is a root, -\) is a root also. For c < 1, 
0 0 

A ( \)) has two roots, + \) o' I v I 0 
> 1, on the real axis; for c > 1, A ( v) 

has two roots on the imaginary axis. As c approaches 1, the root ap-

proaches infinity. Thus if v does not lie in the interval [-1,1], N (µ) 
\) 

yields the discrete solution 

N (µ) 
0 

C\i 
0 

2 

where v is the positive root of the dispersion function A(v). 
0 

(2.20) 

For v in the interval [-1,1], there exist two singularities at 

v = + µ. The general solution of Eq. (2.16) is then 

N (µ) 
\) 

c Py 
2 2 

\) µ 
2 2 \) -µ 

+ X(v)o(µ - v) + X(v)o(µ + v) , (2.21) 

where Pv denotes the Cauchy principal value. Applying symmetry, it can 

be observed that N (µ) = N (-µ). If we apply the normalization con-v \) 

dition of Eq. (2.15), we get 

N (µ) 
\) 

where 

A. ( v) 

c Pv 
2 2 \) µ 

2 2 \) -µ 

c \) 
1 - z Pv 

+ v2 A.(v) [o(µ - v) + o(µ + v)] 

1 

J ~ v-µ 
-1 

µ > 0,(2.22) 

(2.23) 

Mitsis recognized that his psuedo-eigenfunctions were related to the 

plane eigenfunctions developed by Case(S) such that 
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N ( µ) 
0 

(2.24a) 

and 

N (µ) = ¢ (µ) + ¢ (µ) . v v -v (2.24b) 

Substituting Eqs. (2.13), (2.20), (2.23) and (2.24) into Eq. (2.11), we 

obtain the general solution 

1 

J A ( v) I ( r Iv) [ ¢ ( µ) + ¢ ( µ) ] dv 
0 v -v (2.25) 

0 

0 < r < R 0 _:::_ µ ..::_ 1 



Chapter III 

Development of FN Method for Bare Critical Cylinder 

A. Application of Full-Range Orthogonality 

Mitsis(2) completed his bare core solutions using the plane geo-

metry eigenfunctions developed by Case. Here we will use the full range 

orthogonality and normalizations as developed by Case. 

that the eigenfunctions were orthogonal in that 

1 

J µ ¢v(µ)¢v,(µ)dµ 
-1 

I 

0 ' v :f v 

(8) Case showed 

(3.1) 

For the case of v v , the integral is referred to as the normal-

ization integral, 

1 
I 

N(v)o(v - v ) - J (8) (3.2) 
-1 

The above eigenfunctions ¢ (µ) are the continuum eigenfunctions v 

¢(t;;, µ), where 

whereas for t;; v 
0 

(3.3a) 

(3.3b) 

If the general solution for ~(r,µ), Eq. (2.25), is evaluated at r = R 

and divided by µ, we get 

12 



<P(R,µ) 
]J 
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a0 µ(~0+(µ) + ~ (µ)]I (R/v ) o- 0 0 

1 

+ f A(v)µ [~ (µ) + ~ (µ)]I (R/v)dv v -v 0 
0 

(3.4) 

If we multiply Eq. (3.4) by ~(s,µ) and integrate over [-1,l] using the 

orthogonality and normalization relations, we obtain 

1 

f Hs,µ)<P(R,µ) dµ =a N(s)I (R/s) ' µ 0 0 

-1 

where again s E v U[O,l] • 
0 

(3.5) 

Taking the partial derivative of <P(r,µ)/µ with respect to r, and 

evaluating at r = R, we obtain 

..!. a<P(r,µ) 
µ ar 

1 

+ J A(v) % [~v (µ) + ~-)µ)] r1 (R/v)dv 
0 

(3.6) 

If Eq. (3.6) is multiplied by ~(s,µ) and integrated over [-1,1], we 

obtain a similar result 

1 

f 
a 

Hs.JJ) a<P(R,µ) dµ = __.£ N(s)r (R/s) • 
ar ]J s 1 

-1 

Solving Eq. (3.5) and Eq. (3.7) for a N(s), we find 
0 

(3. 7) 
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1 t;l (R/ t;) 1 

J <jl ( t; 'µ)<P (R, µ) dµ - 0 J <jl(t;,µ) 8cti(R,µ) dµ 
µ 11 (R/ t;) ar µ 

-1 -1 

B. Development of the Fundamental Eguation 

Equation (3.8) can be written as 

0 1 

11 (R/t;) f <jl(t;,µ)cti(R,µ) d~ + 11 (R/t;) f <j>(t;,µ)~(R,µ) d~ 
-1 0 

0 
-;I (R/t;) f <jl(t;,µ) H(R,µ) dµ 

0 ar µ 
-1 

1 
-t;l0 (R/t;) J cp(t;,µ) a~~~,µ) ~µ = o. 

0 

(3. 8) 

(3. 9) 

By substituting -µ for µ in the first and third terms, we write Eq. 

(3.9) as 

1 1 
-11 (R/ S) J ¢(-t; 'µ)~ (R, µ) dµ + I (R/t;) J ip(E.; 'µ)~ (R, µ) 

dµ 
µ 1 µ 

0 0 

1 
t;l (R/ S) J <jl(-t;,µ) 8<P(R, µ) dµ 

0 ar µ 
0 

1 
- t;l (R/ t;) f <P(t;,µ) Cl~(R,µ) dµ (3 .10) 

0 Clr µ 
0 
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From the outer boundary condition, Eq. (2.9), we get 

4>(R,µ) 
Ko(R/µ) H(R,µ) 

-µ ' µ > 0 • Kl (R/µ) 3 r 
(3 .11) 

From the relation found by Mitsis( 2) for Hr,µ), Eq. (2.6), we note that 

H(r, µ) 
ar 

R 

0 

It can be seen by observation that since J 1 (x) is odd, 

and 

d<lJ (-r' µ) 
Clr 

Cl<P(r ,-µ) 
ar 

-a<P(r, µ) 
ar 

Cl<P(r, µ) 
Clr 

(3 .12) 

(3.13a) 

(3.13b) 

Therefore substituting Eq. (3.11) and Eq. (3.13) into Eq. (3.10) we 

find 

1 1 

-r1 (R/0 J <j> ( -t; ' µ) <I> (R' µ) dµ + r 1 (R/ t;) J <P( E; 'µ) <P(R' µ) 
dµ 

µ µ 
0 0 

1 K1 (R/µ) dµ 
sr (R/ s) J <P<-s, µ) 

<P(R,µ) 2 
0 K (R/µ) µ 

0 0 

1 
Kl (R/µ) 

- sr (R/s) J <P<s,µ) <P (R, µ) dµ (3.14) 
0 K (R/µ) 2 

0 0 µ 
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Equation (3.14) is the fundamental equation for our FN approximation. 

For the case s = v , the modified Bessel function I (R/s) and 
0 0 

r1 (R/s) have imaginary arguments. As discussed later in Chapter IV, 

the absolute value of the root v is computed. 
0 

Therefore, we can write 

the modified Bessel function with order n as 

I (R/v ) n o I (R/ i Iv I) ' n o 

or 

I ( R/ v ) = I ( - iR/ I v I ) . n o n o 

Here we note the Bessel function idenity 

J (ix) 
p 

so we have 

J (R/lv i) = ip I (-iR/lv I> p 0 p 0 

Therefore, the modified Bessel function I (R/v ) becomes 
0 0 

I (R/v) = i J (R/jv j) 
0 0 0 0 

C. The FN Equations 

(3 .15a) 

(3.15b) 

(3.16a) 

(3.16b) 

(3.17a) 

(3.17b) 

To begin the FN approximation, we represent the outgoing flux, 

( ) b . (5) 
~ R,µ , ya power series 



<P (R, µ) 

N 

L: 

a.=2 

17 

(3 .18) 

where µ is the angular variable. The summation starts at a 2 to be 

consistent with Eq. (2.25), the general solution for <P(R,µ). 

Substituting the approximation, Eq. (3.18), into the first term of 

Eq. (3.14) we find 

1 1 

J ¢(-s,µ)<P(R,µ) dµ = J ¢(-s,µ) 

0 )J 0 

N 

L: 

a=O 

The summation term can be taken outside the integral yielding 

N 1 

a J a 
a+l ¢(-s,µ)µ dµ . 

a=O 0 

Following the work of Siewert and Benoist(S), we define A (s) as a 

1 
a+l ¢(-s,µ)µ dµ , 

0 

so Eq. (3.19) can be represented by 

1 N 

J ¢(-s,µ)<P(R,µ) dµ = 
µ 

L: 

a=O 

a c2s A (E,;) 
a a 

0 

For the case a o, A (s) is a 

A (s) 
0 

1 

~s J ¢(-s,µ)µ dµ , 
0 

(3.19) 

(3.20) 

(3. 2la) 

(3.2lb) 

(3.22a) 



or by Eq. (3.3), 

1 

A (t,;) 
0 

_ 2 J ct,; µ d -« 2 t,;+µ µ 
0 

evaluating the integral we find 

A (t,;) = 1 - s log (1 + l/t,;) • 
0 

If a = 1, A (t,;) is 
Cl. 

1 

= .?____ J ct,; 
0 

2 4>(-t,;,µ)µ dµ ' 

18 

or by partial fraction decomposition, 

1 

J µ[l - t,;/(t,; + µ)] dµ 
0 

evaluating the integral we find 

(3.22b) 

(3.22c) 

(3. 23a) 

(3. 23b) 

(3.23c) 

In general, if a~ 0 A (t,;) can be calculated by the recursion relation(S) 
Cl. 

A (t,;) = -t,;A l (t,;) + l/(a + 1) • a a- (3.24) 

Substituting the power series, Eq. ( 3. 18) ' into the second term of 

Eq. (3 .14) we find 

1 1 N 

J <P (t,;' µ)<P (R, µ) dµ = J <P(t,;,µ) L: a+l dµ (3.25) µ aaµ 
0 0 ci.=O 
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The summation term can be taken outside the integral yielding 

N 1 

f a+l 2: a ¢(t;,µ)µ dµ a 
a=O 0 

Define B (t;) such that (5) 
a 

1 

B (t;) a = ~ J - ct; 
a+l ¢(t;,µ)µ dµ 

0 

so Eq. (3.22) can be represented by 

1 

J 
0 

¢(t;,µ)~(R,µ) dµ = 
µ 

N 

2: 

a=O 

a c2t; A (t;) a a 

For the case a 0, B (t;) is a 

B (t;) 
0 

or 

B (t;) 
0 

2 
ct; 

2 
c 

1 

J 
0 

[~ Pv(~1~) + A(t;)o(t; - µ)]µdµ, 2 t;-µ 

1 

J µdµ 
t,;-µ 

0 

By using the definition of A(v), Eq. (2.23), and evaluating the 

principal value integral we obtain 

B (t;) = 2/c - 1 - t; log(l + l/t;) . 
0 

(3. 26) 

(3.27a) 

(3.27b) 

(3. 28a) 

(3. 28b) 

(3.29) 

For the case a # O, B (t;) can be calculated from the recursion rela-a 
. (5) tion 
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(3. 30) 

If the power series representation for ~(R,µ), Eq. (3.18), is 

substituted into the third term of Eq. (3.14) we find 

1 

J 
0 

J 

Kl (R/µ) dµ 
¢(-~,µ) K (R/µ) ~(R,µ) 2 

0 µ 

1 

0 

Kl (R/µ) 
H-~,µ) K (R/µ) 

0 

N 

L: 

a=O 
(3. 31) 

By bringing the summation term outside the integral and reducing the 

equation we can write Eq. (3.28) as 

N 1 K1 (R/µ) 
¢(-~,µ) 

a 
L: a J K (R/µ) µ dµ 

a 0 0 

a=O 

(3. 32) 

Define KRa(µ) such that 

~a(µ) 
Kl (R/ µ) a 0 < a < N - K (R/µ) µ ' 

0 

(3.33) 

where N is the number of power terms. Equation (3.32) can be repre-

sented by 

N 1 

fuaf ¢(-~,µ)~a(µ) dµ 
a=O 0 

Define C (~) such that a 

(3.34) 
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1 

Cc/!;) = ~i; J cj>(-1;,µ)~c/\.l) dµ 
0 

or by substituting Eq. (3.3) into Eq. (3.35) 

If a O, C (!;) is a 

which must be computed numerically. 

If a 1, C (s) becomes a 

1 

J dµ 
cl (I;) ~1 (µ) i;+µ ' 

0 

or by partial fraction decomposition, 

1 

Cl(s) f KRO(µ) [l - s/(s + µ)]dµ 

0 

evaluating the integral we find 

1 

c1 (s) f KR0 (µ) dµ - i;c0 (s) 
0 

(3. 35a) 

(3.35b) 

(3. 36) 

(3.37a) 

(3.37b) 

(3.37c) 
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In general, for a.:::_ 1, C (s) can be represented by the recursion rela-a 

tion 

c (0 a 

1 

f KR(a-1)(µ) dµ - sCa-l(s) . 
0 

(3. 38) 

Finally, if the power series approximation is substituted into the 

fourth term of Eq. (3.14) we find 

1 

J 
0 

Kl (R/µ) dµ 
¢(s,µ) K (R/µ) ~(R,µ) 2 

0 µ 

1 

J 
0 

K1 (R/µ) 
¢Cs,µ) K (R/µ) 

0 

N 

l: 

a=O 

(3. 39a) 

or by substituting Eq. (3.33) into Eq. (3.39) and reducing, we find 

Eq. (3.39a) can be represented by 
N 1 

z: aa J ¢(s,µ) ~a (µ) dµ 
a=O 0 

Define D (s) such that a 

1 

na(s) =~sf ¢(s,µ)KRa(µ)dµ 
0 

so Eq. (3.39) can be represented by 

(3.39b) 

(3. 40a) 
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1 
Kl (R/ 11) d11 

f ¢(~.l1) K (R/11) ¢(R,l1) 2 
0 11 0 

N 

L a C2s D Cs) a a (3. 40b) 
a=O 

If Eq. (3.3) is substituted into Eq. (3.40) we find 

1 

D ( c) - 2 f K_ ( ) [~ p (_l_) + A. ( c) 0 ( c - 11) ] d 11 • a .., - ~ -~a 11 2 v s-11 .., .., ... ... (3. 41) 
0 

By substituting the definition of A.(v), Eq. (2.23), into Eq. (3.41) and 

simplifying we find 

where KRs(s) is defined as 

For the case a = 0, D (~) is a 

1 

n0 Cs) = ~~ f ~0C11)¢Cs,11)d11 , 
0 

or by Eq. (3. 41) 

(3 .42a) 

(3 .43b) 

(3. 44a) 
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1 

D0 (~) = ~~ A(~)~0 (~) + Pv J ~0(µ) ~~µ 
0 

(3.44b) 

By the definition of A(v), Eq. (2.23), we can re-write Eq. (3.44) as 

1 

D (0 2 [l + c~ Pv f E.H.._] KROCO =-
0 c~ 2 µ-~ 

-1 

1 1 
~o(µ) - ~o<O 

f E.H__ f µ - ~ dµ-KRO(~) Pv 
µ-~ 

(3 .45a) 
0 0 

or 

1 

D (~) 2 f E.H__ 
= ~ ~o(~) + ~o(~) Pv 

0 µ-~ 

-1 

1 1 
~O(µ) - KRO(µ) 

Pv f E.H__ J µ - ~ dµ - ~o(~) 
µ-~ 

(3. 45b) 
0 0 

By combining the Cauchy principal value integrals we obtain 

0 

or, evaluating the integral 

(3.46b) 



If a = 1, D (~) becomes a 

1 
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D1 (s) = :~ f ~1 (µ)~(~,µ) dµ 
0 

or by Eq. (3. 42) 

The above expression for D1 (~) reduces to 

1 

[2/cs - log (1 + l/s)JKR1 Cs) - f ~0 (µ) dµ 
0 

0 

The above expression can be observed to be equivalent to 

1 

s Do(s) - J KRO(µ) dµ 
0 

(3.47a) 

(3.47b) 

(3.48) 

(3.49) 

Upon evaluation of successive terms,the following recursion relation for 

D ( S) is found a 

D (S) 
a 

1 

sa D(a-1)(~) - J ~(a-1)(µ) dµ 
0 

(3. so) 
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D. Matrix Form of Equations 

Substituting Eqs. (3.21), (3.27), (3.35) and Eq. (3.40) into the 

fundamental equation, Eq. (3.14), we find 

N 

E a [c.;/2]A (0 a a 
a.=O 

N 

E a [c.;/2] B (t;) a -a 
a.=O 

N 

sI (R/ t;) E a [ct;/2] c (s) 
0 a a 

a.=O 

N 

- sI (R/0 E a [ct;/2]D (s) (3.51) 
0 a a 

a.=0 

By cancelling out the ct;/2 terms and grouping the summation terms, we 

have 

N 

E aa. {- I 1 (R/s) [Aa.(s) - Ba.(s)] -
a.=O 

t;I (R/t;)[C (t;) - D (0]} o a a 
0 . (3. 52) 

If we evaluate Eq. (3.52) at s v 0 , we have 

N 

aa. {Il(R/v )[B (v) - A (v )] + v I (R/V )[D (v) - c (V )]} o a o a o o o o a o a o 

0 . (3.53) 
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If we define a to be one and separate the a = 0 term out of Eq. 
0 

(3. 52), we have 

N 

I aa { - I 1 (R/~)(Aa(~) - Ba(~)] 

a=l 

- ~I (R/~)[C (~) - D (~)]} o a a 

I1 (R/~)(A (S) - B (S)] 
0 0 

+ ~I ( R/ ~) ( C ( ~) - D ( ~) ] • 
0 0 0 

Define ~ (~) such that a 

~ ( ~) I l ( R/ ~) ( B ( ~) - A ( 0 ] a a a 

+~I (R/0(D (0 - C (0], o a a 

so Eq. (3. 54) becomes 

N 

I a ~ ( ~ 13) ~ (~13) , 13 = 1, a a 0 

a=l 

and Eq. (3.53) becomes 

N 

I a ~ (v ) 0, a 1 . a a o 0 

a=O 

(3. 54) 

(3.55a) 

2, •• • , N; (3.55b) 

(3.55c) 
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We have now obtained the equations necessary to solve the problem. As 

an example of the process, we will use the F2 case. By Eq. (3.55), we 

have: 

or in matrix form: 

- n (v ) , 
0 0 

The equations are solved for the coefficients a1 and a 2 . The co-

efficients are used in Eq. (3.55c) such that 

- n (v ) 
0 0 

(3.56a) 

(3.56b) 

(3.57) 

If Eq. (3.57) is satisfied, the value of R is the critical radius. If 

Eq. (3.57) is not satisfied, the value of R must be iterated until it is 

satisfied. 
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E. Treatment of Imaginary Eigenvalue 

Whenever c > 1, the roots of the dispersion function, Eq. (2.19), 

are imaginary. However, by Eq. (3.52) we are only interested in the 

differences A (l;) - B (0 and C (/;) - D (i;). We can show that these a. a. a. a. 

differences are real as follows. If A (/;) - B (/;) is evaluated at a. a. 

i; = \I 0 , we have 

1 

A (v ) - B (v ) a. 0 Cl 0 = f 
0 

or by combining integrals, 

1 

A (v ) - B (v ) a. 0 a. 0 = f 

a.+l 1 

~ f \) +µ µ-
0 0 

2 a.+2 
- µ 

2 2 dµ 
0 \)0 -µ 

If we substitute iz for \I , where z 
0 0 0 

A (v ) - B (v ) a. 0 a. 0 f 

so the difference is real. 

(3. 58a) 

(3.58b) 

Iv j, into Eq. (3.58), we have 
0 

(3.59) 

For the case a = O, A (v ) - B (v ) becomes 
Cl 0 a. 0 

A (v ) - B (v ) 
0 0 0 0 

or by partial fraction decomposition, 

1 

= 2 - 2 z~ J dµ 
2+ 2 

0 µ 2 o 

(3. 60a) 

(3. 60b) 
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or evaluating the integral 

A (v ) - B (v ) = 2(1 - l/c) , 
0 0 0 0 

where we have used Case's(B) relation that tan-l (.!_) 
z 

If a = 1, A (v ) - B (v ) becomes a o a o 
1 

2 J 
0 

3 dµ 
]..! 22• 

µ +z 
0 

which upon evaluating becomes 

1 - z2 log (1 + l/z2) 
0 0 

If a 2, A (v ) - B (v ) becomes 
a o a o 

1 

2 J 
0 

or by partial fraction decomposition, 

1 

2 f 
0 

or, evaluating the integral, 

A2(v0 ) - B (v ) = 2/3 - 2z2 (1 - l/c) . 2 0 0 

If a = 3, A (v ) - B (v ) becomes a o a o 

0 

l/cz . 
0 

(3. 60c) 

(3.6la) 

(3.6lb) 

(3. 62a) 

(3.62b) 

(3. 62c) 
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2 J 
0 
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5 dµ 
µ ---z--2 ' 

µ +z 
0 

which after evaluating the integral becomes 

A (v ) - B (v ) = 1/2 - z2 + z4 log (1 + l/z2) 3o 3o o o o 

(3. 63a) 

(3.63b) 

In general for a..::_ 2, A (v ) - B (v ) satisfies the recursion a o a o 

relation 

A (v ) - B (v ) = 2/(a + 1) - z2 [A 2(v ) - B 2(v )] a o a o o a- o a- o (3. 64) 

When c (s) - D (s) is evaluated at s \) 0' we have 
a a 

1 Kl (R/µ) 
C (v ) - D (v ) J a --1.E._ µ K (R/µ) \) +µ a o a o 

0 0 
0 

1 

- J (3. 65a) 

0 

or by combining integrals and substituting iz for \) 0' we have 
0 

1 K1 (R/µ) 
C (v ) - D (v ) 2 J a+l dµ (3. 65b) µ K (R/µ) 2 2 a o a o 

0 µ +z 
0 0 

For the case a O, C (v ) - D (v ) is a o a o 

1 
Kl (R/ µ) 

Co(vo) - Do(vo) 2 J dµ (3. 66) µ K (R/µ) 2 2 . 
0 µ +z 0 0 
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If a 1, C (v ) - D (v ) becomes a o a o 

1 

2 J 
0 

2 Kl (R/µ) 
11 K (R/µ) 

0 

or by partial fraction decomposition 

1 K1 (R/µ) 
2 f K (R/µ) 

0 0 

If a 2, C (v ) - D (v ) becomes a o a o 

1 
3 Kl (R/µ) 

2 f 11 K (R/µ) 
0 

0 

or by partial fraction decomposition, 

0 

dµ 
2 2 ' 

µ +z 
0 

dµ 
2 2 

µ +z 
0 

The above expression can be shown to be equivalent to 

1 

2 J KRl(µ) dµ - z 2 [D (v) - C (v )] • 
0 0 0 0 0 

0 

(3.67a) 

(3. 67b) 

(2.68a) 

(3.68b) 

(3.69) 

In general for a~ 2, C (v ) - D (v ) can be expressed by the recursion 
a o a o 

relation 
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1 

Ca(vo) - Da(vo) 2 J KR(a-2)(µ) dµ 
0 

(3.70) 



Chapter IV 

Numerical Analysis and Results 

A. Program Input Data 

To implement the iterative process described in Chapter III, the 

program TRAN FORTRAN was written. The program is designed to iterate on 

the radius until the incremental radius is less than a specified cri-

terion. The main program has five input variables. The first input 

variable is c, which is the mean number of secondary neutrons per col-

lision or 

(4.1) 

The second input variable is R, the initial guess for the critical 

radius. To assure proper convergence, the initial value of R must be at 

least dr below the critical radius, where dr, the incremental radius is 

the third input variable. For this program, a value of 0.05 for dr was 

found to be sufficient for proper convergence. The fourth input vari-

able was EPS2, the convergence criterion. A convergence criterion of 

-5 10 was chosen to assure at least five place accuracy. The fifth input 

variable was P, the number of power terms wanted. As an example, if the 

value of P was 9, the program would compute an F9 approximation. The 

last input variable is IFLAG, which specifies the order that the col-

location points are taken by the program. If IFLAG is equal to one, the 

collocation points are taken in the order which they are input or 

computed. A value of IFLAG which is unequal to one would cause the 

program to reverse the collocation order. 

34 
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B. Numerical Methods 

The main program consists of two major parts, one of which is 

radius-independent. Using the input variable c, the main program sends 

an initial guess for v to subroutine ROOT. Subroutine ROOT uses New-o 

ton's method to refine the estimate and returns to the main program the 

absolute value of root v which is denoted in the program by z • With 
0 0 

the value of z , the main program can call subroutine INT12 which com-o 

putes A (s) and B (s) from the recursion relationships developed in a a 

Chapter III. 

Once the radius-independent terms are calculated, the program can 

begin the iterative cycle. The main program calls subroutine INT34 

which computes C (s) and D (s). The terms c (s) and D (s) are computed a a a a 

using the formulas developed in Chapter III. Once c (s) and D (s) are a a 

computed, the main program calls subroutine MATREL, which computes 

A (s)-B (s) and C (s) - D Cs) for the case s = Z . Both subroutines a a a a o 
~ 

INT34 and MATREL use the nodes and weights computed by the subroutine 

MAP for integration by Gauss-Legendre quadrature. Once Aa(s), Ba(s), 

C (s) and D Cs) are completely defined the main program can call the a a 

routine LEQT2F. Routine LEQT2F is a Internatial Mathematics and Stat-

istics Library routine, hereafter abbreviated by I.M.S.L., which will 

compute the power series coefficients by solving Eq. (3.56). With the 

power series coefficients, the main program computes the sum, Eq. 

(3.55c), and notes the sign. The value of R is incremented and the 

R-dependent terms are recomputed until a sign change is noted. When a 

sign change is detected, the incremental radius is halved and the cycle 
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is repeated until the incremental radius falls below the convergence 

criterion. 

C. Numerical Precision 

The objective in seeking numerical results was to obtain critical 

radii accurate to five significant figures. Therefore, the program was 

written entirely in double precision. The calculations were done on a 

IBM-370 computer and the program is designed for an IBM machine. The 

Bessel functions were all calculated by double precision I.M.S.L. Bessel 

routines whose maximum allowed argument varies with different machines. 

The discrete eigenvalues, computed by subroutine ROOT, agreed with the 

values computed by Case, de Hoffmann, and Placzek(9) up to at least seven 

significant figures. Figure 2 shows a plot of c vs. Iv I ,< 4) 
0 

The converged radius depends on several variables. The order of 

the power series, N, significantly affects the converged radius. It was 

found that an F9 approximation was sufficient to yield four place agree-

ment between different collocation sets. The variation of core radius 

with FN approximation is shown in Table I. The values in Table I were 

computed with forty Gauss-Legendre quadrature points to compute the 

integrals in Eqs. (3.33), (3.35), (3.46), (3.59) and Eq. (3.65). The 

zeros of the Chebyshev polynomials, Eq. (4.2), were used as the col-

location points. The converged radius also depends on the set of col-

location points. The collocation points are the values of ~ in the 

interval [0,1). Three different sets of collocation points were used: 

Gauss-Legendre nodes, equally spaced points, and the zeros of the 
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. (10) Chebyshev polynomials , 

2S-l 
~s = 1/2 + (1/2) cos(~ n), s 1,2, ••• ,N. (4.2) 

The different collocation sets provided at least four place agreement. 

The variation of converged radius with the collocation set is shown in 

Table II, based on forty Gauss-Legendre quadrature points and an F9 

approximation. The converged radius was not very sensitive to the 

number of Gauss-Legendre points used. The calculations were done with 

Gauss-Legendre quadratures of twenty, forty, and eighty points. The 

converged radii showed that twenty points were sufficient for five 

significant figures. 

D. Method Comparison 

Critical radii calculated with an F9 approximation with the zeros 

of the Chebyshev polynomials as collocation points are compared with 

other solutions found in the literature in Table III. Westfall( 4) 

(2) (11) extended Mitsis' work to get his values. Carlson and Bell used, 

for large systems (R > 1.5), the extrapolated endpoint method. For 

small systems, they interpolated between values calcualated with the 

extrapolated endpoint and the variational method. Hendry used a Fourier 

expansion to represent the neutron distribution function and integrated 

using Gauss quadrature. Hembds'(lJ) IT method used a Fourier trans-
n 

formation of the integral equation. 



Table I. Variation of Critical Core Radii in Mean Free Paths with FN Approximation 

c F3 F4 F5 F6 F7 F8 F9 

1.02 9. 04368 9.04371 9.04375 9.04376 9.04376 9.04376 9.04376 

1.05 5.41195 5.41196 5.41200 5.41201 5.41201 5.41201 5.41201 

1.1 3.57787 3.57815 3.57817 3.57820 3.57820 3.57820 3.57820 

1.2 2.28646 2. 28777 2. 28773 2. 28776 2. 28776 2. 28776 2. 28776 

1.4 1.39318 1. 39631 1. 39630 1.39630 1.39631 1.39631 1.39631 w 
l.O 

1.6 1. 01505 1. 01859 1. 01895 1.01890 1.01891 1. 01891 1.01891 

1.8 0. 80072 0.80352 0.80436 0.80430 0.80430 0.80430 0.80430 

2.0 0.66169 0.66318 0.66443 0.66445 0.66442 0.66443 0.66443 



Table II. Variation of Critical Core Radii (MFP) with Collocation Set 

c Chebyshev Gauss-Legendre Nodes Equally Spaced 

1. 02 9. 04376 9.04376 9.04376 

1. 05 5.41201 5.41201 5.41201 

1.1 3.57820 3.57820 3.57820 

1. 2 2. 28776 2. 28776 2.28776 

1. 4 1. 39631 1. 39631 1. 39633 +:-
0 

1. 6 1.01891 1.01892 1.01892 

1.8 0.80430 0.80430 0.80430 

2.0 0.66443 0.66442 0.66440 



Table III. Comparison of Critical Radii (MFP) 

Present 
Westfall <4) 

Carlson-(ll) 
Hendrey(l2) Hembd(l3) c Solution Bell 

1.02 9.04376 9.043225 9. 0433 -- 9.04458 

1.05 5.41201 5.411288 5.4118 5.414 5.41152 

1.1 3.57820 3.577391 3.5783 -- 3.57744 

1. 2 2.28776 2.287209 2.2884 -- 2.28727 
~ 
I-' 

1.4 1. 39631 1. 396979 1.3973 -- 1. 39699 

1.6 1. 01891 1. 020839 1.0209 -- 1.02085 

1.8 0.80430 0.807427 0.8067 -- 0.80743 

2.0 0.66443 0.668613 0.6673 0.670 0.66862 



Chapter V 

Conclusions and Recommendations 

A. Conclusions 

The FN approximation developed here for cylindrical geometry is a 

very efficient means of obtaining approximate critical core radii. This 

is the first application of the full-range completeness and ortho-

gonality properties of the singular eigenfunctions for cylindrical 

geometry and the first application of the FN method to cylindrical 

geometry. The result of this application was shown in Chapter IV. The 

FN method gave four digit agreement with benchmark values for large 

systems (c = 1.02) and two digit agreement for small systems (c = 2.0). 

The FN method was shown to be relatively independent of the collocation 

set or quadrature order and was found to have a very rapid convergence. 

B. Recommendations 

Further investigation of the cylindrical transport problem should 

reveal why the FN method does not yield at least five place agreement 

with the other methods presented in Chapter IV. For slab- and spher-

ical-type geometry, the FN method gave five place agreement with other 

benchmark values(S),(6). The appearance of Bessel functions in the 

general solution for the outgoing flux, Eq. (2.25), hinders the ap-

plication of the FN method. However, the Bessel routines used in the 

program TRAN FORTRAN gave at least twelve place accuracy and were 

superior to the series approximations which were used by the other 

methods. Investigation into the discrepency of accuracy would be 

worthwhile. 

42 
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Much opportunity exists for the further development of the FN 

method for cylindrical geometry. Westfall( 4) developed the general 

solution for the axially infinite two-region cylinder with finite 

reflector boundary. In 1980, Siewert and Garcia(l4) applied the FN 

method to a four-region plane geometry transport problem. The FN 

method was found to give at least four place agreement with other bench-

mark values. The application of the FN method to a multiregion cylinder 

would be very useful. 

In 1981, Siewert and Benoist(lS) developed the FN method for the 

multigroup transport problem. With the restriction of considering 

downscattering only, they were able to reduce the multigroup problem to a 

sequence of one-group problems. Siewert showed that the FN method gave 

accurate solutions for the emerging angular fluxes. Siewert and 

Benoist(lS) presented results accurate to five significant figures for a 

16-group and 19-group albedo problem. The albedo problem is the problem 

of obtaining the emerging angular flux everywhere in a source-free half-

space if a parallel beam is incident on the slab surface at the or-

igin. (8) With the application of the multigroup FN method to cylin-

dircal geometry, the restriction to fast reactors will be no longer 

necessary. 

The future for the further advancements in neutron transport theory 

in cylindrical geometry looks promising. The FN method has many ad-

vantages over other methods and a wide range of applicability. Further 

study of the cylinder problem may yield a superior power series ap-

proximation for the outgoing flux, possibly incorporating Bessel fun-

ctions. The FN method has not yet been applied to time-dependent 



44 

transport problems and these applications will be worthwhile for 

practical applications. 
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APPENDIX 1 

Listing of Computer Program 

TRAN FORTRAN 
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C$JUB 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c. 
c 
c 
{. 

c 
c 
c 
c 
c 
c 
c 
c 

WKITTEN BY JACK SOUTHERS IN PARTIAL 
REQUIREMENT FOR MASTER Cf SCIE~CE. 
SfPTEMBEk 111982 
THIS PROGRAM WILL COMPUTE lHE CRiflCAL RADIUS 
FOR A CYLINDRICAL FUEL RCO USING THE FN METHGD 
ORIGINATED UY C.E.SJEWERT.THE INPUT VARJABLES ARE: 
C IS THE NU~BER OF SECONCARY NEUTRONS PRODUCED PfR COLLISION. 
R IS THE INITIAL GUESS AT ThE CRITICAL KAOIUSa THE INITIAL 

GUESS AT THE CRITICAL RADIUS MUST tlE AT LEAST DR BELOW 
THE ACTUAL RADIUS TO ASSURE PROPER CONVERGENCE. 

DR IS TH£ INCREMENTAL RADIUS. 
EPS2 IS THE CCNVERGENCE CRITtRIA. 
P IS THE NUMBER Of POWE~ TfRMS WHICH WILL APPKCXIMATE 

THE FLUX. 
IFLAG DETERMINES THE OROE~ THAT ThE COLLCCATION 

POINTS ARE TAKEN IN. 

THE VARIABLES USED IN THE PRGGRAM ARE: 
XI STANDS FOR THE ARRAY GF COLLOCATION POINTS. 
ZO IS THE ABSOLUTE VALUE OF THE IMAGINERY RuUT OF 

THE DISPERSION FU~CllON. 
THE INDEX LL LJ~NOTES lht OROlR. 
THE INDEX M DENOTES ThE CCLLOCATIU~ POJNTS. 

IMPLICIT KEAL*8(A-H,0-Z) 
R~AL*8 MMBSJO,MMBSll,IO,ll,MMBSJO,MMBSJl,Jl,JO 
EXTERNAL MNHSIO,~MBSil,M~SSJO,~~uSJl 
COMMON/8lOCKl/A(l60J 1 B(l60),N 

.p.. 
00 



c 
c 
c 2 
c 110 

c 112 

c 
c 
c 
c 
c 

INTEGER P 
DIMENSION COlll 1 llJ.OO(ll 1 ll),AH(ll,ll),KKKPill) 
UIMENSIUN Xlt20),A0lll,ll),BO(ll1ll),WKAREA(l55) 
DIMENSION o~zo2c11.11>,CMf(ll,l) 
EPS=l.00-13 
IOPT=2 
CALL TRAPSl0.0,999999) 
CALL ERRSET(208 1 256,-l,0,0) 
Dli 2 l=l,N 
WIUTE(6,ll0) A(I) ,B(l) 
FGRMATl5X,2(C15.8,2X)t 
MEAD(5,•j L1RJDR,EPS2,P,IFLAG 
FORMAT(4010.5,I2,I2) 
~PITE(6 1 102)C,N,OR,EPS2 1 P 
CALL MAP 
i1RITE(6,100) C 

THE FGLLOwING SEQUENlE COMPUTES THE ESTIMATE 
FUM THE EIGE~VALUE TO SEND TG SUBKOUJINi 
NCOT. 

PP=DABS(l.00-C) 
ZO=OSURT(J.DO*PP)*(l.DO-C.4UO*{l.DO-C)) 
lf(C.GT.l.DOJ GO TC 5 
ZO= 1. DO/ ZO 

5 CALL ROUTlZO,C,fPS) 
IF(C.GT~l.OOJ lO=l.D0/10 
~Rllt:(6tl04)ZO 

c 
C TH~ FOLLOWING SEQUENCE CCMPUTES THE OISGKETE 
C COLLOCATION POINTS. 
c 

~ 
\() 



XI<U=ZO 
Pl=J.1415926535897300 
DO 18 J=2,P 
JJ=J-1 
JP=P-1 
Xl(J)=0.500+0.5DO*DCOS((2.0DO*JJ-l.~DO)*Pi/(2.JDJ*JP)J 

18 CGNTINUE 
C DD 18 J=2,P 
C READ(3,*)Xl(J) 
Cl8 CONTINUE 
C UX=l.ODO/(P-2) 
C 00 18 J=2,P 
C K=P-J+2 
C 18 Xl(KJ=(J-2)*DX 

IFCIFLAG.NE~ll GO TO 223 
DO 220 J=l,P 

220 WKAREA(J)=Xl,J) 
CO 221 J=2,P 
K=P-J+2 

221 Xl(JJ=WKARfA(K) 
223 CONTINUE 

DO 19 JJ=l,P 
19 ~RITE(6,83J Xl(JJ) 
83 FCRMAT(20X,Fl0.5) 

CALL INT12 (Xl,AO,BO,P,Cl 
IT=O 
SUM=0.000 
wRITE<6,lll) 
IS I GN= l 

6 CUifl I NUE 
IS=ISIGN 

7 CLNTINUE 

\JI 
0 



c 

17 
c 
c 

~=R+OR 

Jf(OR.LT.EPS2lSTOP 
IT= IT+l 
lf(IT.GT.50)GO TU 50 
hRITE(6,103l iT,R,SUM 
CALL IN134 (R,XI,P,.c,co,oo> 
KM=R/ZO 
Jl=~MBSJl[RM,IER) 
JO=MMbSJO(RM,IER) 
DO 17 LL=l,P 
CALL MATREL(Ll 1 ZO,R 1 BMA,OMC) 
JJ= l 
Fl=-Jl/JO*BMA 
f2=ZO*DMC 
CMZ02(Ll,JJl=Fl+F2 
OU l 7 M=2, P 
X=Xl(M) 
IF(X.EQ.0.000) GO TO 15 
RM=i</X 
ll=MMBSil(IGPT,RM,JER) 
IO=~MBSIOllCPT,RM,IERj 

GO TU 16 
15 IO=l.uDO 

11-=1.000 
lo CONTINUE 

Fl=il/IO*(BO(LL1Ml~AO(LL,MJ) 
f2=X*COO(LL,M)-COILL,M)) 
CMZ02(LL,Ml=Fl+F2 
CONTINUE 
Ou lg LL=l,P 

19 WRITE(6,87) (CMZ02(LL,JJ), JJ=J,Pl 
87 FCRMAT(SX,6(013.brlXJ) 

Vt 
f-' 



20 
c 

22 
21 

c 
c 24 
c 
C23 

107 

LM=P-1 
DO 20 I=lrlM 
J=l+l 
GMF l I .I )=-OMZ02 ( l r J) 
CONTINUE 
WRITE(6,87) lOMF(JJ,l),JJ=ltLM) 
OU 21 ll=l1LM 
1=2 
Kl=LL+l 
DG 22 M=l1LM 
AB{LL,M)=CMZ02ll,KL) 
I=l+l 
CCNTINUE 
COf'iTINUE 
DO 24 ll=l,LM 
WRITE(6 1 87) lABlll,JJ) 1 JJ=l,LM) 
CO 23 I= 11 LM 
WRITE(6,107)(A8(1,J),J=l,LM) 
FORMAllJX,5(Cl0.3 1 1X)) 
IDGT=8 
IDIM=ll 
CALL LEQT2F (AB,l,LM,IOIH,OMF,IO~T,WKAREA,IERl 
~RITE(6,87) lGMf(JJ,l),JJ=l.LM) 
DO 99 LL=l ,P 

c 
c 
c 99 WRITE(6,87J {0MZ02lll,JJ), JJ=l,P) 

SUM=0.000 

29 

DC 29 J=l,LM 
K=J+l 
SUM=SUM+OMfl~ 1 l)*OMZ02{K,l) 
CONTINUE 
SUM=SUM+OMZ02(1,l) 
wRITE(6,103) IT,R,SUM 

V1 
N 



ISIGN;SUM/DABS(SUH) 
lf(IJ.EC.l)IS=ISIGN 
IFllSlGN.EQ.IS)GO TO 6 
RzR-DR 
UR=OR/2.000 
GC TC 7 

50 wRITE(6,10l)ll,EPS2 
STCP 

100 FCRMAT(20x,•c=•,f7.3) 
104 FCRMAT(//,15X,•OISCRETE EIGE~VALUE: 1 ,fl0.6J 

102 FCRMAT(2X,4Fl2.7,2X,14) 
101 FORMAT(2X, 1 DID NOT CONVERGE AFJER 1 ,lX,I3, 1 1TERAT10NS TO PRECISIDN 

2 •,1x,010.31 
103 FCRMAT(lOX,13,JX,FlO.S,5X,013.6) 

105 FORMAT(2X, 1 THE SUM IS',023.16) 
111 fORMAf(lOX, 1 IT 1 ,8X, 1 R~,12x,•suM 1 ) 

ENO \J1 
VJ 



c 
c 
C lHIS IS THE GAUSS-LEGENDRE QUAOkATUJ<E MAPP ING 
C SUBROUTINE. THE NODES AND lhE ~EIGHTS ARE COMPUTEO,A(Jl ANC ll(J,, 
C. FOR THE INTEkVAl (0,U. 
c 
c 

SUBROUTINE MAP 
IMP l IC l T RE AL* 8 ( A- H, 0- Z) 
CCMMUN/BLOCK1/A{l6C),8(160),N 
DI~ENSION BUl80),BW(80).SINTt20l 
DIMENSION AA(80},88(8Qj 
READ(!,•) N,NSlNT,EN01,END2 

C 101 fCRMAT{2I5,f20.lO,f20.10) 
C l=(N-1)/2+1 

L=N/2 
t<c:L + l 
CON-=2 .. 000 
NSINT=NSINT+l 
READ(l,*llSINJ([J,I=lrNSINT) 
NSINT=NSINT-1 
DO 10 I=lrl 
JJ=L+l-I 

10 REAO(l,103) BUCJJl,DW(JJ) 
103 FORMAT(2f22.21J 

DC 20 l=l,l 
J== L + 1- I 
A A ( J ) =- BU ( I} 

20 BB(J)=B~dl) 
DO 30 l=K 1 N 
J=I-L 
AA(l)=BU(J) 

Vl 
+:-



30 Bl:llI>=B~dJ) 
25 CLNTINUE 

DG 4u K:;;l,NSINT 
GRAO=lSINT(K•l)-SINTlK))/CCN 
VV=CSINT(K+ll+SINT(K))/2.000 
JzN*lK-1) 
DO 40 I=l,N 
A(l+J):GRAO*AA(l)+VV 
tH I+J)-=GRAD*BB(l) 

40 CO!'tTlNUE 
N=t'li*NSINT 
WRITE(6, 104) N 
DG 55 1-=1,5 
SUM=O.ODO 
DO 50 J= l 1 N 

50 SUM=SUM+A(Jl**l*O(J) 
f=( l+l .. OOOJ•SUM-l.000 

55 WRITE(6,105) I,F 
105 FORMAT(l5X,I2,3X,012.4) 
104 FORMAT('0 1 ,'TOTAL QUAD PTS =1 ,14) 

RETURN 
END 

U1 
U1 



c 
C THIS SUBHCUTINE will USE NEWTONS METHOD 
C TO REFINE ESTIMATE ZO fOK KUCT 
C Of THE ONE-SPEED NEUTRON UISPERSION FUNCTION ZL 
C TO PRECISION EPS.THE VALUE RETURNED ~ILL BE THE 
C AHS~LUTl VALUE OF THE IMAGINERY ROGT ZO. 
c 
c 

SUBROUTINE ROOJ(ZO,C,EPS) 
IMPLICIT REAL*8(A-H,C-lJ 
MAX=50 
IT-=O 

1 l-= zo 
ll-=IT+l 
lf(IT.GT.MAX) GO TO 10 
IF(C.GT.l.00) GO TC 5 
Q=( l.DO+l.DO/Z)/(l.DO-l • .00/Z) 
ZL=l.DO-C*Z*OLOG(Q)/2.00 
ZLP=(ZL-l.OO)JZ+C*l/(Z*Z-1.00) 
GG TO 1 

5 S=Z 
ZL=l.DO-C*OATANCS)/S 
ZL P=C* CAT AN CS} /SIS-CI S./ ( 1. 00 +S * S) 

1 ZO=Z-Zl/ZLP 
C WRIJE(6,101) IJ,Zl.ZLP,ZO 

lf(DABSlZ-ZO).GT.EPS) GC TO l 
C WRITE(6,102)ZL,ZLP 

102 FCRMAT(lX,2023.16) 
kETURN 

10 ~RITl(6 1 l00) EPS,IT 
RETURN 

100 FORMAT(//,2ox,•coNVERGENCE Of EIGENVALUE TO PRECISIUN 1 , 

\Jl 

°' 
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c 
C THIS SUBROUTINE wltL FINO AO ANO 
C BO AND PUT IbEM IN MATRIX FORM. 
c 
c 

SUBROUTINE INT12{X1,A0,80,P,C) 
I MP L I C I T RE AL ¥ 8 ( A- .-i , 0- Z j 
COMMON/BLOCK1/A(l60),8(160),N 
INTEGER P 
DIMENSION Xl(20),A0(ll,ll),80(ll,ll) 
DO 27 M= 1 1 P 
X=X l ( M) 
lf(X.GT.0.000) GO TO g 
AO(l,M)=l.000 
BOil,M)=2.000/C-l.ODO 
GC re 21 

9 AO (1, M) = l .OLJO-X*DLOG ( l .OCO-t ( l .ODO/ X)) 
BO(l,M)~(2.0DO/C)-l.000-X*OLOG(l.OD0t(l.JD0/X)) 

27 CONTINUE 
IF(P.EQ.l)GC TO 39 
DC 31 LL=2,P 
00 32 M= l r P 
X=X 1 CM) 
lf(X.GT.0.000) GO TC 30 
AO(LL,M)=l.000/ll 
BO(LL,M)=-1.000/LL 
GC TO 32 

30 KK-=LL-1 
AOtLL,M)=-Xl(M)*AO(KK,M)*(l.000/LL) 
IF{M.fQ.l)GO TC 32 
BO(LL,M)=~l(M)*BO(KK,M)-(1.000/LL) 

32 CONTINUE 

Vl 
CXl 
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C THIS SUBROUTINE Will CAlCuLATE CO ANU 00 ANU 
C PUT THEM 1N MATRIX f(Rµ. 
C THE CO INTEGRAL IS BEING CALCULATED WITH THE NOTATION RSUM. 
C THE 00 INTEGRAL IS BEING EVALUATEO IN THREE PAKTS. 
C KRALPH IS BEING REPRES~~TED BY ~UM. 

C SSUM IS CALULATlNG JHF SINGULAR INTEGRAL If EPSILGN 
C I~ NOT E~UAL TC MU. 
C IF MU IS EQUAL TO EPSILON PRIME IS THE VALUE Cf 
C THE lNTEGRAL. 
C BECAUSE OF TbE SlNGULARITY AT EPSILON EQUAL TO ZERO, 
C A SEPARATE LOOP MUST BE ADDEO FCR THAT CASE. 
c 
c 

SUBROUTINE INT34(R,XI,P,c,co,oo> 
IMPLICIT REAL*8lA-H,0-l) 
REAL*B NU,MU,MMBSIO,MMBSil,MMbSKO,MM~SKl 

2,KO,Kl,IO,Il,MMGSJO,MMESJl,JO,Jl,KOf,KlE 
EXTERNAL MMBSJU,MMBSJl~M~BSKO,~MBSKl,MMBSJO,MMBSll 
COM~ON/HLOCKl/A(l60),Bll60),N 

INTEGEK P 
OIME~SIUN UO(ll 1 11J,CU(ll 1 ll} 
OlMLNSION RKRP(ll),Xl(20) 
CO 29 LL=lrP 
OG 27 M=l,P 
SUM=O.ODO 
SZO=u.000 
SSUM=0.000 
f{SUM=O.OCO 
DC 34 J=l,N 
I= l 
RM=k/A{J) 
TU·!P=X I l M) 

°' 0 



lf(Xl(MJ.LE.OOlDJ)Xl(M)=O.OlDO 
RN=R/Xl(M) 
l~lRN.~T.117.0DO)GD TC 23 
Kif=MMBSKl(l,RN,IER) 
KOE=MMBSKO(l,RN,IER) 
GU TO 33 

23 KOE=l.000 
KlE=l.000 

33 IflRM.GT.177.000)GO TC 24 
KO=MMBSKCll,~M,IERl 
Kl~MMBSKl(l,RM,IER) 

GC TO 35 
24 KO=l.000 

Kl=l.000 
35 XIOl)-=TE~P 

KK=LL-1 
SUM=SUM+((Kl/KO)*(A(J)**KK)l*B(J) 
SlO=SZO+Kl/KO*AlJJ**KK/(Xlll)-A(J))*B(J) 

9 RSUM=RSUM+(Kl/KOl*A(Jl**KK•l.JUO/tXIlMJ+A(Jj)*B(J) 
IF(LL.GT.l)GO TO 34 
SSUi'4=SSUM+l ( lKl/KO)-(KlE/KOE) )/{A(J)-Xl(M)) )*( B(J)J 

34 CCNTINUE 
LF(M.EQ.l)RKRP(Ll)=SU~ 

CO(LL 1 M)=RSUM 
If(XllMJ.NE.O.ODO)GU TC 8 
CO(ll 1 2)=-COlll 1 M) 
GC TO 27 

8 TERM1=(2.UO/lC*Xl(M))-(0LOGll.00+(1.00/Xl(~)))))*KlE/KOE 

R f PR M=- l K 0 E * K 0 E )'- ( K 0 E * K 1 E l * l X I (M J I K J * ( K l E * K 1 E ) 
C RRR=KOE*KOE 
C PRIME=-(MfPRM/MRR) 

00(Ll 1 l}=Sl0 

"' I-' 



IF(M.GE.2)00(1.Ml=TERMl-SSUM 
27 CCNTINUE 
29 CO~TINUE 

lFCP.EQ.l)GC TC 44 
00 15 LL=2,P 
KK=LL-1 
DC lb M=2,P 
lf(Xl(M).EQ.C.ODOlGO TC 16 
00(Ll 1 H)=XICM)*DO(KK,M)-RKRPCKK) 

16 CCNflNUE 
15 CONTINUE 
44 CUNTINUE 

REIURN 
END 

°' N 



c T'iIS ~.u1>:_:1uTINE SUF.T'ZACTS IHE JUA"Hlt:S 1;'.) M'fJ AU 
c AND DO ANn Cu FUR TH~ CASE tPSILLlN ~lUALS lhE IMAlINCQY 
c kJUT ?u. Trif~ UlFFi::~EhJCt If\! TH!:Se TWU ~;~.L\<'H It:~, A'...ZL P.l: AL. 
c b VI A ~~ :: A ~ J s ,1 u r'1I Nus td.; AND Li :vi c s r A i\J 1.l s F c '< L) t_) 1"i I N ~ '.;, c (; • 
c 
c 

SU9k~~TlN~ MATk~L(IJ,LO,R,GMA,DMC) 

lHPLl:.:IT Ri::AL*HlA-H,CJ-Z) 
~EAL*~ M~jSKO,MM3SKl,KO,~l,~U 

C !J :·1M U I '1 I L: L :JC t'1 I A ( l 6 0 ) , P, ( l 6 0 ) , N 
11 =1 
Xf"1AX=O. 177U (13 
SUM l ::::(j. (JLJC! 
~uM;;::=U. L'DIJ 
DU l u I= 1 , N 
i'llJ =A l I) 
R:v\U=F~/MU 

IF(RMU.GT.XMAX) GO Tu 7 
Kl=MM0SKl(II,kMU,I~~) 

KO=MM~SKO(ll,RMU,ll~) 

F=Kl/KCl 
GCJ TU b 

7 F= 1. ucn 
i3 C '.JN 1 11'\U l 

SIJM l=S!JMl +,'-1LJ>i<*I J*F*ri. (I)/( MlJ>icJ<2 +ZO*'i-'2) 
lU SUM2=SUM~+MU**(lJ+l)*~ll)/l~U**2+ZU**2) 

i,MA =-2* SUM2 
;__11"1 C =-Z~ SUM l 
RE: T UFN 
END 

0\ w 



APPENDIX 2 

Example of Output from 

TRAN FORTRAN 

64 



2.0000000 0.6000000 0.0500000 0.0000100 
OTOTAL QUAD PTS = 40 

IT 
l 
2 
3 
4 
5 
6 
1 
8 
9 

10 
11 

l -0.38860-15 
2 -0.38860-15 
3 -0.49960-15 
4 -0.49960-15 
5 -0.47180-15 

C= 2.000 

DISCRETE EIGENVALUE: 0.428978 
0.42898 
0.88889 
0.77778 
0.66667 
0.55556 
0.44444 
0.33331 
0.22222 
0.11111 

R SUM 
0.65000 -0.5151210-01 
o. 70000 0.1399680+00 
0.67500 0.3965260-01 
0.66250 -0.6936730-02 
0.67500 0.3965260-01 
0.66875 0.1609050-01 
0.66562 0.4 512080-02 
0.66406 -0.1228280-02 
0.66562 0.4512080-02 
0.66484 0.1637880-02 
0.66445 0.2037980-03 

9 

°' lJl 



12 0.66426 -0.5124910-03 
13 0.66445 0.203 79 80-03 
14 0.66436 -0.1544090-03 

"' 15 0.66445 0.2037980-03 "' 16 0.66440 0.2467890-04 
17 0.66438 -0.6486900-04 
18 0.66440 0.2467890-04 
19 0.66439 -0.20096-00-04 
20 0.66440 0.246 7890-04 
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THE FN METHOD FOR A 

BARE CRITICAL CYLINDER 

by 

Jack Daniel Southers 

(Abstract) 

The FN method, originated by C. E. Siewert, is developed for a 

bare, axially infinite critical cylinder. The full-range completeness 

and orthogonality properties of the singular eigenfunctions are used 

to derive an expression for the emerging angular flux, which is repre-

sented by a power series. The resulting equations are reduced to matrix 

form and computer solved. 

Examples of the results of this method for different parameters are 

presented. Comparisons with other models are made. A fourth order 

approximation was found to be sufficient to achieve up to four digit 

agreement with benchmark values. 
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