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CHAPTER I

Introduction and Literature Review

A. Background Information

The purpose of this thesis is to develop a more precise and eco-
nomical means of solving monoenergetic critical cylindrical neutron
transport problems. Neutron transport theory has been studied exten-
sively in the last part of this century, but still only a few analytical
solutions are known and these are for idealized cases. Many analytical
techniques have been employed in an attempt to solve the neutron trans-
port equation explicitly, but the complexity of the equation has made it

necessary to employ numerical analysis.

B. Literature Survey

Theklaws of migration of neutral particles as a function of time,
energy, position, and angle were first formulated by Boltzmann. The
Boltzmann equation is the basis of all neutron transport theory. The
complexity of the Boltzmann equation has made it necessary to deal with

(1)

it in a reduced form. 1In 1960, Case solved the plane geometry trans-
port problem in the time-independent, monoenergetic form. Case's

method lead to a precise representation of the angular density as a
superposition of singular eigenfunctions.

In 1963, Mitsis(z)

, using Case's methods, obtained transport solu-
tions for monoenergetic plane, spherical, and axially infinite cyl-

indrical critical problems with isotropic scattering. Mitsis replaced



the angular distribution by a density transform and then determined the
transform completely using integral equations for the neutron densities.
For the spherical and cylindrical cases, Mitsis showed that the density
transforms satisfied separated equations whose solutions can be obtained
through the use of singular expansion modes. Mitsis applied his bound-
ary conditions yielding a set of singular integral equations for the
expansion coefficients. The singular integral equations were reduced to
a set of regular Fredholm equations coupled with a criticality con-
dition. Gibbs(3) in 1969 extended Mitsis' work to obtain formal solu-
tions for one-, two-, or three-dimensional bodies of any arbitrary
convex geometry. Unfortunately, neither Mitsis nor Gibbs' work could
be efficiently applied to numerical computation to produce accurate
solutions.

In 1974 Westfall(4) extended the work of Mitsis to obtain transport
solutions to the monoenergetic, axially infinite two-region cylinder
with a finite outer reflector boundary. Westfall's solution is in the
form of two coupled equations for which the expansion coefficients of
the criticality equation were computed numerically. Although his com-
putational methods were inefficient, Westfall was able to get up to four-
place agreement with other methods which will be presented in Chapter
Iv.

In 1979, a new numerical technique for solving transport problems
was developed by Siewert and Benoist(s). The technique, known as the FN
method, was derived by using the full-range completeness and ortho-

gonality properties of the singular eigenfunctions. Siewert represented

the outgoing angular density y(L,n) by a power series in the angular



variable u,

KP(L,LI) = a g, (1.1)

(o}

™=

o=0

where a  are the power coefficients and L is the length of the slab.
Siewert got transport solutions for the finite slab and many other
applications in plane geometry.

(6)

In 1979, Siewert and Grandjean applied this new technique to
spherical geometry. They used the FN method to solve three basic
spherical problems: the critical sphere, the albedo problem, and the
point source in a finite sphere. Siewert was able to compare his
answers to other computational techniques and found that the FN method

was a very concise and economical means of solving spherical and slab-

type problems.

C. Objectives

The present work involves extending the F, method to the bare,

N
axially infinite critical cylinder. The full-range completeness and
orthogonality properties of the singular eigenfunctions will be used to
derive an expression for the outgoing flux, ®(R,u), which can be re-
presented by a power series. Unfortunately, the neutron transport
equation cannot be solved generally and assumptions must be made. Here
the main assumptions will be that the neutron transport equation is in

its time-independent, isotropic scattering, monoenergetic form. For

fast reactors, the restriction of one neutron speed is not severe.



These assumptions restrict the applicability of the analysis, but they
permit ease of computational analysis. The previous computational
methods in cylindrical geometry involve complicated coupled equations
which unfortunately do not yield easily to efficient computation. On

the other hand, we shall see that the F,_ method does not readily apply

N
to the cylindrical case due to the appearance of Bessel functions in the
criticality equation. The development of the criticality equation will

be presented in Chapter III.



Chapter II

Development of General Solution

A. Psuedo Distribution Function

The stationary, monoenergetic, integral transport equation for the
neutron density in a homogeneous medium with isotropic scattering as

developed by Davison(7) is

() =3[ S———eDo) &1, (2.1)

where c, the mean number of secondary neutrons per collision, is a

function of r'. If c is a constant, we can write
bl

- < p(r") ol - '
o(r) = 72 / —_—ar . (2.2)

" Ir - r'|2

In Fig. 1 the position vector r' is represented by the cylindrical

coordinates (t, o, z). Making the transformation to these coordinates

Mitsis(z) developed an integral equation for the neutron density of the
form
1 r
du
p(r) = cf = [/ R (x/wI (t/w)tp(r)de
o ¥ 0
R
+ [ R (e/WI_(r/wree(t)dt] , (2.3)
r

where t is the radial variable as shown in Fig. 1, and p is the trans-

form variable.



Figure 1. - One regiog cyl-
indrical geometry. ‘*



To simplify this equation, Mitsis introduced a psuedo-distribution
function ®(r,u), such that

1

p(r) = f 1_2. o(r,u)du . ’ (2.4)
0 u

The functions p(r) and ¢(r,u) thus form a transform pair, and if &(r,n)
is known, the neutron density can be calculated by simple integration.

(2)

To show symmetry for ¢(r,u), Mitsis substituted the Bessel relation

Jo(rx)Jo(tx)xdx

x2 + (1/U)2

I (r/WK (t/w) = /
0

s £t >r %—> 0, (2.5)

into Eq. (2.3) '2nd Eq. (2.4) and found the relation

, ® 7 (tx)J_(rx)
_ o] o)
o(r,u) = cp” [ tp(t)de 55 dx, (2.6)
0 0 X u +1
from which by symmetry
o(-r,u) = o(r,u); o(r,-u) = o(r,u) . (2.7)

Differentiating ¢(r,u), Mitsis proved that it satisfies the integro-

differential transport equation for cylindrical geometry,

2
37 (r,u)
i 1 93%(r,uw) 1 .
2 + r or ) e (r,u)
or U
1
\
== o(r,u') dy' . (2.8)

o N’



The boundary conditions for ¢(r,u) are found from its definition.

At the outer boundary it is seen that

K. (R/u)
3d(r,u) 1 -
KO(R/u) —3;_:"— +u— ?(R,u) = 0. (2.9)

r=R

The boundary condition at r = 0 is found by substituting r = 0 into Eq.
(2.3) and Eq. (2.4) and observing that the integral goes to zero as r
approaches zero, and the first term vanishes since Ko(r) diverges as
2n(r). The substitution of r = 0 yields that

®(0,u) < = (2.10)

B. Singular Eigenfunction Expansion and Solution

(2)

To develop the eigenfunctions, Mitsis assumed a solution of Eq.

(2.8) of the form

o (r,u) =R (0)N (W) . (2.11)

Substituting Eq. (2.11) into Eq. (2.8), one can show that the distri-

bution function is indeed separable. The Rv(r) equation is of the form

d r d Rv(r)
& & ) - ZR@® =0, (2.12)

R

where lf is the separation constant.
)
Equation (2.12) can be recognized as a form of Bessel's equation

with solution

R (r) = oI (r/v) +BK (r/y) . (2.13)
\Y v O v O



To assure that the solution is finite at the origin, Bv is required to

vanish. The Nv(u) function must satisfy the equation

1

N (u")du'

Lo vmee [ ——s—suso0, (2.14)
u Vv 0 (U )

where-lf is again the separation constant. If Nv(u) is normalized by

v
requiring
1
[ Lw an =1 (2.15)
27y ’ :
0 ]’J
Eq. (2.14) becomes
O - N =al s 0<uct. (2.16)

If v does not lie in the interval [-1,1], then Eq. (2.16) becomes

N (W) = s, (2.17)
v - U

and the normalization condition, Eq. (2.15) requires

1
cvzdu 2.18
[ 2 2 Lo (218
o V H
or that

1
=1 - du 2.19
AV) 21 -5 5o =0 (2.19)

-1

(8)

where A(v) is called the dispersion function ~°. The eigenvalues are

the zeros of A(v).
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(8)

Upon examination of A(v), several properties emerge . By symmetry
A (v) = A (-v), so if vy is a root, -V, is a root also. For c €1,
A (v) has two roots, i.vo, |vol > 1, on the real axisj; for c > 1, A(V)
has two roots on the imaginary axis. As c approaches 1, the root ap-
proaches infinity. Thus if v does not lie in the interval [-1,1], Nv(u)
yields the discrete solution

2
cv
0

NG =~ (2.20)
V.~

where vy is the positive root of the dispersion function A(V).

For v in the interval [-1,1], there exist two singularities at

v =+ u. The general solution of Eq. (2.16) is then

2 2
N (1) = ¢ Py ——t5—+ X(V8Gu - v) + XS + V) , (2.21)
vV -u

where Pv denotes the Cauchy principal value. Applying symmetry, it can
be observed that Nv(u) = Nv(—u). If we apply the normalization con-

dition of Eq. (2.15), we get

2 2

N () = ¢ By ot VP AW [6Gu = W) + 8 + W] 5w > 0,(2.22)
vV -u
where
1
-1 - du_
A =1-5ey [ S (2.23)
-1

Mitsis recognized that his psuedo-eigenfunctions were related to the

(8)

plane eigenfunctions developed by Case such that
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NG =6 . G + ¢ _(w) (2.24a)

and

NG = G+ 9 (W) . (2.24b)

Substituting Eqs. (2.13), (2.20), (2.23) and (2.24) into Eq. (2.11), we

obtain the general solution

o(r,u) = w2 o0 GO + 6 _ (W1 a T (x/v) +

[ A I (/M ,w) +9o_ (W] dv 3 (2.25)



Chapter III

Development of F,, Method for Bare Critical Cylinder

N

A. Application of Full-Range Orthogonality

2
Mitsis( ) completed his bare core solutions using the plane geo-

metry eigenfunctions developed by Case. Here we will use the full range

(8)

orthogonality and normalizations as developed by Case. Case showed
that the eigenfunctions were orthogonal in that
1
1
[ owe (e, (idu =0, viEv . (3.1)
-1

1
For the case of v = v , the integral is referred to as the normal-

ization integral,

1

[ 9, G0 ¢ () du (& (3.2)
-1

N(W)S§(v - v')

The above eigenfunctions ¢v(u) are the continuum eigenfunctions

$(&,u), where

6(E,0) = 5BV (10 + A8 - W, £e[0,1] (3.32)
whereas for & = vo
(8)
_cE 1
e = 55 G - (3.3b)

If the general solution for &(r,u), Eq. (2.25), is evaluated at r = R

and divided by u, we get

12
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@(RLu) =a ule_ () + ¢ _(WIT (R/v)

1
+ [ A Lo, + ¢_ (WIT (R/V)dv . (3.4)
0

If we multiply Eq. (3.4) by ¢(&,u) and integrate over [-1,1] using the
orthogonality and normalization relations, we obtain
[ ewe®w E=a N RO, (3.5)
-1
where again ¢ ¢ v, ufo,1] .
Taking the partial derivative of ¢(r,u)/u with respect to r, and

evaluating at r = R, we obtain

(V)

1 3@(1‘2}1) __0
W or =S, i, G0 + o _(WIT (R/V))
1
+[ am %'[¢v W+ ¢_ (W] (R/v)dv . (3.6)
0

If Eq. (3.6) is multiplied by ¢(&,u) and integrated over [-1,1], we

obtain a similar result

1

a
[ etem 2B - 0wy w/e) (3.7)
-1

Solving Eq. (3.5) and Eq. (3.7) for aoN(g), we find
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1 1
£1_(R/E)

du ~o 7
[oemwe®w 5 - s [ 6w
-1 1 -1

3¢(R,u) dli

m (3.8)

B. Development of the Fundamental Equation

Equation (3.8) can be written as

0 1

I, (R/e) [ b(E,We R, 1 I+ L, (R/E) [ $(E,moR, ) W
-1 0

0

99(R,u) du

ST (R/E) [ e(e,m) s =
-1

1
T (R/E) [ o(e,y) 2B A (3.9)

u
0

By substituting -u for p in the first and third terms, we write Eq.

(3.9) as
1 1
SLR/E) [ a-Ewe @) W+ L ®R/D) [ o(5,me R, K
0 0
1
- ey 30R,W)  du
eI (R/E) [ (=&, MR &
0
1
- eI ®R/0) [ o(g,w 2B du (3.10)

u
o
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From the outer boundary condition, Eq. (2.9), we get

KR R,
PR®RA T 8T

d(R,u) = u>0. (3.11)

(2)

From the relation found by Mitsis for é(r,u), Eq. (2.6), we note that

R )
J (£x)J, (rx)dx
90 2 1
;;zu) = - cu f tp(t)dt f o ) (3.12)
0 0 xu +1
It can be seen by observation that since Jl(x) is odd,
3@(—1‘,11) _ -3@(!‘,],1)
5T = T (3.13a)
and
30(r,-u) _ 3%(r,w) (3.13b)

or or

Therefore substituting Eq. (3.11) and Eq. (3.13) into Eq. (3.10) we

find

1 1
LR [ sgwe®w Wa L we [ sewemw &
0 0

1 Ky (R/w)
= eI_(R/8) [ ¢(-&,) K_(R/u)

0
1
- £ (R/E) [ oC )mmﬂl—“ (3.14)
€ o € $(E,u KO(R/U) s M 2 .

0 M

d
2(R,1) 5

u
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Equation (3.14) is the fundamental equation for our FN approximation.
For the case & = Vg the modified Bessel function IO(R/g) and

Il(R/g) have imaginary arguments. As discussed later in Chapter IV,

the absolute value of the root Vo is computed. Therefore, we can write

the modified Bessel function with order n as

I (R/v,) In(R/iIvOI) , (3.15a)

or

]

I (R/v)) In(-iR/]vO]) . (3.15b)
Here we note the Bessel function idenity
..y _ 4P
J = 1 s 3.16a
p(1x) i p(X) ( )
so we have
_ 4P L

Jp(R/|v0|) 11 ( iR/ [v |) (3.16b)
Therefore, the modified Bessel function IO(R/vO) becomes

I (R/v) =1 JO(R/IvOI) . (3.17a)

and Il(R/vo) becomes

L (R/v) = -i3, (R/[v [) . (3.17b)

C. The FN Equations

To begin the F_ approximation, we represent the outgoing flux,

(5)

N

®(R,u), by a power series
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N
o(R,w) = = an, (3.18)
a=2
where u is the angular variable. The summation starts at o = 2 to be
consistent with Eq. (2.25), the general solution for ®(R,u).
Substituting the approximation, Eq. (3.18), into the first term of
Eq. (3.14) we find

o+l

1 1 N
T au du . (3.19)

[ s-eamoe®uw) = [ s(-£,w
0 " 0 =0

The summation term can be taken outside the integral yielding

N 1
+1
Toa,f eC-gwu™ du . (3.20)
a=0 0
Following the work of Siewert and Benoist(S), we define Aa(i) as
1
-2 _ a+l

8,8 = [ eC-gwut du, (3.21a)

0

so Eq. (3.19) can be represented by

1 N
du _ <t
[ eC-eawe®u) 5= & oa, S5 A,0) . (3.21b)
0 a=0
For the case a = 0, Aa(g) is
1
3,0 = 2 [ oC-gmu du (3.222)

0
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or by Eq. (3.3),

1
_2 e
a8 = o7/
0

N
vy

u
— du ; .
4y 40 (3.22b)

evaluating the integral we find
Ao(ﬁ) =1-¢log (1 +1/8) . (3.22¢)

If o =1, Aa(g) is

1

A, =2 [ egmtan, (3.23a)
0

or by partial fraction decomposition,

1

Al(g) = [ ull -¢&/(E+ W] du ; (3.23b)
0 .

evaluating the integral we find

A(8) = - £A (E) +1/2 . (3.23¢)

(3)

In general, if a # O Aa(g) can be calculated by the recursion relation
A (&) = —EA 1 (&) +1/(a + 1) . (3.24)
Substituting the power series, Eq. (3.18), into the second term of

Eq. (3.14) we find

1 1 N
o+l

f ¢<5,u>¢(R,u>-9§ = [ eew 1 oay®aw . (3.25)
0 0 a=0



19

The summation term can be taken outside the integral yielding

N 1

z an' ¢ (E,u)u
o=0 0

o+l du

Define Ba(i) such that (%)

1

B,(8) = 27 [ aCe,mu
0

o+l du

so Eq. (3.22) can be represented by

1 N

du _ (23 :
[ o@we®m == 1 a, 54 ()
0 a=0

For the case a = 0, Ba(E) is

1
=2 CE p, (o
B,(8) = [ [ B + A8 - wludy,
0
or
1
-2 udy
B,(8) =% M)+ [ £ob.
0

By using the definition of A{v), Eq. (2.23), and evaluating the

principal value integral we obtain

Bo(g) =2/c - 1-¢& log(l + 1/¢)

(3.26)

(3.27a)

(3.27b)

(3.28a)

(3.28b)

(3.29)

For the case a # 0, Ba(g) can be calculated from the recursion rela-

(5)

tion
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B,(8) =B, (8) - 1/(a+1) ,a>1. (3.30)

If the power series representation for &(R,u), Eq. (3.18), is

substituted into the third term of Eq. (3.14) we find

1

K, (R/u)
1 du
[ e(-g,m) Rwm C®W
0 H
1 N
K. (R/w)
_ 1 a+2 dy
- f ¢(_€’U) KO(R/U) z aau uz . (3.31)
0 a=0

By bringing the summation term outside the integral and reducing the

equation we can write Eq. (3.28) as

N 1 K. (R/u)
Ioa [ ¢ (=&,u) E;z§7ay wdp . (3.32)
Define KRa(U) such that
) Kl(R/u) .
KROL(U):EO—(R—/U)‘ TR 0_<_OL_<_N; (3.33)

where N is the number of power terms. Equation (3.32) can be repre-

sented by

N 1

raaf (=€, Ky (W) du . (3.34)
o=0 O

Define Ca(g) such that
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1

0,8 = 22 [ 4-6,WK ) du (3.352)
0

or by substituting Eq. (3.3) into Eq. (3.35)

1

C(8) = [ Ky (w) S (3.35b)
0

If a =0, C () is

1
- du
CO(E) = f KRO(U) €+U ’ (3.36)
0
which must be computed numerically.
If o = 1, ca(g) becomes
1
= du
0
or by partial fraction decomposition,
1
c (&) = [ Kpo(w) [1 - &/(E+wldu ; (3.37b)
0
evaluating the integral we find
1
= - . .37
C;(8) = [ Ky (w) du - £C (&) (3.37¢)

0
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In general, for a > 1, Ca(i) can be represented by the recursion rela-

tion

1

Cy(8) = [ Kpeoqy () du-gc () . (3.38)
0

Finally, if the power series approximation is substituted into the

fourth term of Eq. (3.14) we find

1

K, (R/w)
1 du
/ ¢(€,u)“§;Z§7;7 ¢ (R, u) ~
0 U
1 N
K, (R/n) a+2
= s Ty oA S (3.39a)
0 ° o=0 H

or by substituting Eq. (3.33) into Eq. (3.39) and reducing, we find
Eq. (3.39a) can be represented by
N 1
Loa, [ (6w K, () du . (3.39b)
o=0 0

Define Da(E) such that

1

_ 2
D, (&) = =5 [ #(&wKy (Wadu (3.40a)
0

so Eq. (3.39) can be represented by
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1 K. (R/1) au
[ oG gy 0@ =
0 ° H
N
=1 a %§~Da(g) : (3.40b)
o=0

If Eq. (3.3) is substituted into Eq. (3.40) we find

1
D,(8) = 2 [ K () 55 PG + A©)8(E - W ldu - (3.41)
0

By substituting the definition of A(v), Eq. (2.23), into Eq. (3.41) and

simplifying we find

1
-2 ~ du_
D,(8) = T MOy (&) +2v [ K () T, (3.42a)
0

where KRg(g) is defined as

K, (R/E)E"
KRE(E) = W . (3.43b)
For the case o = 0, Da(g) is
1
D (&) = %E-f Kpo(W) ¢ (&, m)du (3.44a)
0

or by Eq. (3.41)
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1

=2 du
D (8) = TF MEKeo(8) + By [ Kp () v - (3.44b)
0

By the definition of A(v), Eq. (2.23), we can re-write Eq. (3.44) as

1
=2 cg du_
D(8) =gz L+ 32 v [ TE] Kp(E)

-1

1

- du_
du-Kp (&) Bv [ =, (3.45a)

1
_ f KRO(u) - KRO(E)
u-£&
0 0

or

1
-2 du_
Do (8) = T Kgo(8) + Kp(8) Py / v
-1

1

1
(w) = Ky (w)
- “Ro — gRO du - Ko (8) v [ %%g : (3.45b)

0 0

By combining the Cauchy principal value integrals we obtain

1
K, (u) - &)
RO Kgo du , (3.46a)

1
=2 du_ _
D (&) = 57 Kpo(B) = Kpo(®) [ == f -
0 0

or, evaluating the integral

1

D (&) = Ko (&) [2/cg - log (1 +1/8)]1 - [
0

Kpo) = Kpo(8) 4
- g s

(3.46Db)
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If a =1, Da(g) becomes

1
DL(E) = 25 [ K (e du (3.47a)
0
or by Eq. (3.42)
! Kpp (W) du
D;(8) = 2/cg A(E) Ky (&) + By [ —mr— - (3.47b)
0

The above expression for Dl(g) reduces to

1
D, (&) = [2/cE - log (1 + 1/8)1Kp (E) = [ Ky (w) du
0

1
K, (u) - (&)
-t Ry, (3.48)

The above expression can be observed to be equivalent to

1

D,(8) = £ D (&) - [ Kp(w) du . (3.49)
0

Upon evaluation of successive terms, the following recursion relation for

Da(ﬁ) is found

1
Qa
D, () =& Do v (®) = [ Kpi )0 du . (3.50)
0



26

D. Matrix Form of Equations

Substituting Eqs. (3.21), (3.27), (3.35) and Eq. (3.40) into the

fundamental equation, Eq. (3.14), we find

N
*Il(R/E) z aa[cﬁ/Z]Aa(E)
a=0
N
+ L, (R/8) I a[ct/2] B (§)
o=0
N
= ET_(R/E) I a_[cE/2] C (&)
a=0
N
- EI R/D) T a [cE/21D,(8) . (3.51)
a=0

By cancelling out the c£/2 terms and grouping the summation terms, we

have

N
Doa, {- 1R/ [4,(8) - B,(D)] -
=0

E1 (R/E)[C () - D ()]} =0 . (3.52)

If we evaluate Eq. (3.52) at & = v, we have

N

poag LRV )IB, (V) = A, (V)] + VoI (R/V ) [D, (V) = C (Vv )]}
a=0

=0 . (3.53)
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If we define a, to be one and separate the a = 0 term out of Eq.

(3.52), we have

M=

a, 1 - T, (R/E)[A (8) - B (8)]

a=1

ET_(R/E)[C (&) - D ()]}

1,(R/€) [A,(8) = B_(2)]
+ £ (R/®)[C (8) = D_()] . (3.54)
Define Qa(i) such that

2 (8) = I,(R/E)[B,(8) - A ()]

+ E1_(R/E) [D_(8) - C_()] , (3.55a)

so Eq. (3.54) becomes

N
I oa, 9 (gs) = - Q (EB) , B=1, 2, ..., N; (3.55b)

o=1

and Eq. (3.53) becomes

! a Q(v)=0,a =1. (3.55¢)
a a o
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We have now obtained the equations necessary to solve the problem. As
an example of the process, we will use the F2 case. By Eq. (3.55), we

have:

a; Ql(il) + a, 92(31) = - QO(El)

a; Ql(vo) + a, Qz(vo) = - Qo(vo) , ‘ (3.56a)
or in matrix form:
(5 2y(E)) a; 2 (&)
= - (3.560b)
— - - - - .

The equations are solved for the coefficients a; and a. The co-

efficients are used in Eq. (3.55c) such that

a; Ql(vo) + a, Qz(vo) = - Qo(vo) . (3.57)

If Eq. (3.57) is satisfied, the value of R is the critical radius. If
Eq. (3.57) is not satisfied, the value of R must be iterated until it is

satisfied.
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E. Treatment of Imaginary Eigenvalue

Whenever ¢ > 1, the roots of the dispersion function, Eq. (2.19),
are imaginary. However, by Eq. (3.52) we are only interested in the
differences Aa(g) - Ba(g) and ca(g) - Da(g). We can show that these
differences are real as follows. If Aa(E) - Ba(g) is evaluated at
g = v, We have

1 1

uoc+l u0L+ldu
A,(v) =B (v) = voﬂuu_j el (3.58a)
0 0

or by combining integrals,

_zua+2
A (V) =B (v) = [ SF—a . (3.58b)
0V ¥
If we substitute iz0 for Vg where z = Ivol, into Eq. (3.58), we have
211a+2
A () =B (v) = [ S5—a , (3.59)
o¥ +zo

so the difference is real.

For the case o = 0, A (v.) - B (v ) becomes
oo o o

' 2u2d
A (v) =B (v) =] = (3.60a)
o™ +zo

or by partial fraction decomposition,

1

— = _ 2 dy
a(v) - B (b)) =2-22z2] [ 5, (3.60b)
0¥ *%
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or evaluating the integral

Ao(vo) - Bo(vo) =2(1 - 1/c) ,

(8)

where we have used Case's

If o =1, Aa(vo) - Ba(vo) becomes

1
- 3 _du
A v =B ) =2 [ w5,

0

which upon evaluating becomes

_ 2 2
Al(vo) - Bl(vo) =1 z_ log (1 + l/zo)

If o = 2, Aa(vo) - Ba(vo) becomes

1
- 4 _ du
A,(0) = By(v) =2 [ W s,
0 H +Zo

or by partial fraction decomposition,

1

Az(vo) ~ BZ(VO) =2 uz(l - zg/(u2 + zg))du s

0

or, evaluating the integral,
A (v) - B (v) = 2/3 - 22°(1 - 1/c)
2 "0 2 70 o

If o = 3, Aa(vo) - Ba(vo) becomes

relation that tan--l (%—9 = l/czo.

(3.60c)

(3.61a)

(3.61b)

(3.62a)

(3.62b)

(3.62c)
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1
a0 ) = Bytv) =2 [ v S, (3.63a)

2
0 u +z

o

which after evaluating the integral becomes

~ 2 . 4 2
A3(vo) - B3(vo) =1/2 - z + z log (1 + l/zo) . (3.63b)

In general for a > 2, Aa(vo) - Ba(vo) satisfies the recursion

relation
A () =B (v) =2/(a+1) =22 [A_,(v) =B, )] (3.64)

When ca(g) - Da(E) is evaluated at & = Vys We have

1
o Kl(R/u) du

Ca(vo) - Da(vo) = H KO(R/u) v+
0

1
o Kl(R/u) du

- H s (3.65a)
K (R/u) v -u
o
or by combining integrals and substituting iz0 for Vs we have
1
K, (R/w)
o+l 1 dy
- = .6
Ca(vo) Da<vo) 2 [ w K (R/n) 2 2 (3.65b)
e Utz
0 o
For the case a = 0, Ca(vo) - Da(vo) is
K, (R/w)
= 1 d
C -D = 2 2
00o) ~ D0y = 2 [ s (3.66)
o o u +Zo
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If a =1, Ca(vo) - Da(vo) becomes

1

K. (R/W)
C,(v) =D (v) =2 [ w2 du
[0}

u )
K (R/W) “2+Z§

or by partial fraction decomposition

bk (R/W)

c,(v)) - D;(v) =2 [ R - 22/ G0+ 2] du

0
If o = 2, Ca(vo) - Da(vo) becomes

1
Cz(vo) - Dz(vo) =2 f

0o

KO(R/u) u2+zg

or by partial fraction decomposition,

1 Kl(R/u)

Cy(v) = Dy(v) =2 / E;?§757 (w - uZi/(u2 + zg)]du .

o

The above expression can be shown to be equivalent to

1

C,(v) = Dy(v) = 2 [ Ky (w) du - z2 [0 (v) = Co(v)]

(¢]

(3.67a)

(3.67b)

(2.68a)

(3.68b)

(3.69)

In general for a > 2, Ca(vo) - Da(vo) can be expressed by the recursion

relation
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1
Ca(vo) - Da(vo) =2 f KR(a-Z)(u) du
o
2
-z [D

(0.—2) (\)O) = C(a_z) (\)O)] . (3.70)



Chapter IV

Numerical Analysis and Results

A. Program Input Data

To implement the iterative process described in Chapter III, the
program TRAN FORTRAN was written. The program is designed to iterate on
the radius until the incremental radius is less than a specified cri-
terion. The main program has five input variables. The first input
variable is ¢, which is the mean number of secondary neutrons per col-

lision or
c = (sz + zs)/zT . (4.1)

The second input variable is R, the initial guess for the critical
radius. To assure proper convergence, the initial value of R must be at
least dr below the critical radius, where dr, the incremental radius is
the third input variable. For this program, a value of 0.05 for dr was
found to be sufficient for proper convergence. The fourth input vari-
able was EPS2, the convergence criterion. A convergence criterion of
10_5 was chosen to assure at least five place accuracy. The fifth input
variable was P, the number of power terms wanted. As an example, if the
value of P was 9, the program would compute an F9 approximation. The
last input variable is IFLAG, which specifies the order that the col-
location points are taken by the program. If IFLAG is equal to one, the
collocation points are taken in the order which they are input or
computed. A value of IFLAG which is unequal to one would cause the

program to reverse the collocation order.

34
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B. Numerical Methods

The main program consists of two major parts, one of which is
radius-independent. Using the input variable ¢, the main program sends
an initial guess for v, to subroutine ROOT. Subroutine ROOT uses New-
ton's method to refine the estimate and returns to the main program the
absolute value of root vy which is denoted in the program by z . With
the value of Z s the main program can call subroutine INT12 which com-
putes Aa(g) and Ba(g) from the recursion relationships developed in
Chapter III.

Once the radius-independent terms are calculated, the program can
begin the iterative cycle. The main program calls subroutine INT34
which computes Ca(i) and Da(s). The terms ca(g) and Da(g) are computed
using the formulas developed in Chapter III. Once ca(g) and Da(é) are
computed, the main program calls subroutine MATREL, which computes
Aa(E)-Ba(g) and ca(g) - Da(g) for the case £ = Zo‘ Both subroutines
INT34 and MATREL use the nodes and weights computed by the subroutine
MAP for integration by Gauss-Legendre quadrature. Once Aa(g), Ba(E),
ca(g) and Da(i) are completely defined the main program can call the
routine LEQT2F. Routine LEQT2F is a Internatial Mathematics and Stat-
istics Library routine, hereafter abbreviated by I.M.S.L., which will
compute the power series coefficients by solving Eq. (3.56). With the
power series coefficients, the main program computes the sum, Eq.
(3.55¢), and notes the sign. The value of R is incremented and the
R-dependent terms are recomputed until a sign change is noted. When a

sign change is detected, the incremental radius is halved and the cycle



36

is repeated until the incremental radius falls below the convergence

criterion.

C. Numerical Precision

The objective in seeking numerical results was to obtain critical
radii accurate to five significant figures. Therefore, the program was
written entirely in double precision. The calculations were done on a
IBM-370 computer and the program is designed for an IBM machine. The
Bessel functions were all calculated by double precision I.M.S.L. Bessel
routines whose maximum allowed argument varies with different machines.
The discrete eigenvalues, computed by subroutine ROOT, agreed with the

(9

values computed by Case, de Hoffmann, and Placzek up to at least seven

significant figures. Figure 2 shows a plot of c vs. |v0|.(4)

The converged radius depends on several variables. The order of
the power series, N, significantly affects the converged radius. It was
found that an F9 approximation was sufficient to yield four place agree-
ment between different collocation sets. The variation of core radius
with FN approximation is shown in Table I. The values in Table I were
computed with forty Gauss-Legendre quadrature points to compute the
integrals in Eqs. (3.33), (3.35), (3.46), (3.59) and Eq. (3.65). The
zeros of the Chebyshev polynomials, Eq. (4.2), were used as the col-
location points. The converged radius also depends on the set of col-
location points. The collocation points are the values of £ in the

interval [0,1]. Three different sets of collocation points were used:

Gauss-Legendre nodes, equally spaced points, and the zeros of the
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I [ | I I | I | I |

.2 .4 .6 .8 1.0 1.2 1.4 1.6 1.8 2.0
c

Figure2. - Variation of the discrete eigenvalue for 0<c <2. (Mean number of second-
aries per collision).



38

Chebyshev polynomials(lo),

£, = 1/2+ (1/2) cos (23;1 M, B=1,2, ..., N . (4.2)

The different collocation sets provided at least four place agreement.
The variation of converged radius with the collocation set is shown in
Table II, based on forty Gauss-Legendre quadrature points and an F9
approximation. The converged radius was not very sensitive to the
number of Gauss-Legendre points used. The calculations were done with
Gauss-Legendre quadratures of twenty, forty, and eighty points. The

converged radii showed that twenty points were sufficient for five

significant figures.

D. Method Comparison

Critical radii calculated with an F9 approximation with the zeros
of the Chebyshev polynomials as collocation points are compared with
other solutions found in the literature in Table III. Westfall(4)

1 (2) (11)

extended Mitsis work to get his values. Carlson and Bell used,
for large systems (R > 1.5), the extrapolated endpoint method. For
small systems, they interpolated between values calcualated with the
extrapolated endpoint and the variational method. Hendry used a Fourier
expansion to represent the neutron distribution function and integrated

1 (13)

using Gauss quadrature. Hembds I’I‘n method used a Fourier trans-

formation of the integral equation.



Table I.

Variation of Critical Core Radii in Mean Free Paths with FN Approximation

3 4 5 6 7 8 9
.02 . 04368 9.04371 . 04375 9.04376 .04376 .04376 .04376
.05 .41195 5.41196 .41200 5.41201 .41201 .41201 .41201
.1 .57787 3.57815 .57817 3.57820 .57820 .57820 .57820
.2 .28646 2.28777 .28773 2.28776 .28776 .28776 .28776
b .39318 1.39631 .39630 1.39630 .39631 .39631 .39631
.6 .01505 1.01859 .01895 1.01890 .01891 .01891 .01891
.8 . 80072 0.80352 .80436 0.80430 .80430 .80430 .80430
.0 .66169 0.66318 . 66443 0.66445 .66442 .66443 .66443

6¢



Table II. Variation of Critical Core Radii (MFP) with Collocation Set

Chebyshev Gauss-Legendre Nodes Equally Spaced
.02 9.04376 9.04376 9.04376
.05 5.41201 5.41201 5.41201
.1 3.57820 3.57820 3.57820
.2 2.28776 2.28776 2.28776
Ny 1.39631 1.39631 1.39633
.6 1.01891 1.01892 1.01892
.8 0.80430 0.80430 0.80430

.0 0.66443 0.66442 0.66440

0%



Table III. Comparison of Critical Radii (MFP)

Presegt 4) Carlson-(ll) (12) (13)
Solution Westfall Bell Hendrey Hembd

9.04376 9.043225 9.0433 - 9.04458
5.41201 5.411288 5.4118 5.414 5.41152
3.57820 3.577391 3.5783 - 3.57744
2.28776 2.287209 2,2884 - 2.28727
1.39631 1.396979 1.3973 -— 1.39699
1.01891 1.020839 1.0209 - 1.02085
0.80430 0.807427 0.8067 —_ 0.80743

0.66443 0.668613 0.6673 0.670 0.66862

%



Chapter V

Conclusions and Recommendations

A. Conclusions

The FN approximation developed here for cylindrical geometry is a
very efficient means of obtaining approximate critical core radii. This
is the first application of the full-range completeness and ortho-
gonality properties of the singular eigenfunctions for cylindrical

geometry and the first application of the F,_ method to cylindrical

N
geometry. The result of this application was shown in Chapter IV. The
FN method gave four digit agreement with benchmark values for large

systems (c = 1.02) and two digit agreement for small systems (c = 2.0).
The F,, method was shown to be relatively independent of the collocation

N

set or quadrature order and was found to have a very rapid convergence.

B. Recommendations

Further investigation of the cylindrical transport problem should

reveal why the F_ method does not yield at least five place agreement

N
with the other methods presented in Chapter IV. For slab- and spher-
ical-type geometry, the FN method gave five place agreement with other
(5),(6)

benchmark values The appearance of Bessel functions in the
general solution for the outgoing flux, Eq. (2.25), hinders the ap-
plication of the FN method. However, the Bessel routines used in the
program TRAN FORTRAN gave at least twelve place accuracy and were
superior to the series approximations which were used by the other

methods. Investigation into the discrepency of accuracy would be

worthwhile.

42
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Much opportunity exists for the further development of the FN
method for cylindrical geometry. Westfall(4) developed the general
solution for the axially infinite two-region cylinder with finite

reflector boundary. 1In 1980, Siewert and Garcia(14) applied the F
N

method to a four-region pIane geometry transport problem. The FN

method was found to give at least four place agreement with other bench-

mark values. The application of the F

N method to a multiregion cylinder

would be very useful.

(15)

In 1981, Siewert and Benoist developed the F . method for the

N

multigroup transport problem. With the restriction of considering
downscattering only, they were able to reduce the multigroup problem to a

sequence of one-group problems. Siewert showed that the FN method gave

accurate solutions for the emerging angular fluxes. Siewert and

(15)

Benoist presented results accurate to five significant figures for a

16-group and 19-group albedo problem. The albedo problem is the problem
of obtaining the emerging angular flux everywhere in a source-free half-
space if a parallel beam is incident on the slab surface at the or-

igin.(s)

With the application of the multigroup F _ method to cylin-

N
dircal geometry, the restriction to fast reactors will be no longer
necessary.

The future for the further advancements in neutron transport theory
in cylindrical geometry looks promising. The FN method has many ad-
vantages over other methods and a wide range of applicability. Further
study of the cylinder problem may yield a superior power series ap-

proximation for the outgoing flux, possibly incorporating Bessel fun-

ctions. The FN method has not yet been applied to time-dependent
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transport problems and these applications will be worthwhile for

practical applications.
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(@]
&=
[
C
W

OO OO HOOHOOD OO0

WRITTEN BY JACK SOUTHERS IN PARTIAL

REQUIREMENT FOR MASTER CF SCIENCE.

SEPTEMBER 141982

THIS PROGRAM WILL CCMPUTE THE CRITICAL KADILIUS

FGR A CYLINDRICAL FUEL RCD USING THE FN METHGOD

ORIGINATED BY C.EoSIEWERT.THE INPUT VARIABLES ARES

C IS THE NUMBER OF SECONUCARY NEUTRONS PRODUCED PER COLLISION.

R IS THE INITIAL GUESS AT Tht CRITVICAL RADIUS. THE INITIAL
GUESS AT THE CRITICAL RADIUS MUST Bt AT LEAST DR BELUW
THE ACTUAL RADIUS TG ASSURE PROPER CONVERGENCE.

DR IS THE INCREMENTAL RADIUS.

EPS2 IS THE CUNVERGENCE CRITERIA.

P IS THE NUMBER OFf PCWER TeRMS WHICH WILL APPRCXIMATE

THE FLUX.

IFLAG DETERMINES THE ORDER THAT TEHE CCLLCCATION

PCINTS ARE TAKEN IN.

THE VARIABLES USED IN THE PRUGRAM ARE:

XI STANDS fOR THE ARRAY CF COLLCCATION PGINTS.

Z0 IS THE ABSOLUTE VALUE GF THE IMAGINERY RGUT CF
THE DISPERSIOGN FUNCTION.

THE INDEX LL ULENOTES Tht CRULR.

THE INDEX M DENOTES THE CCLLGCATIUN POINTS.

IMPLICIT REAL#*8(A-H,0-2)

REAL*8 MMBSIOC,MMBSIlsI0,11,MMBSJO,MMBSJULsJ1l,J0
EXTERNAL MMBSIO,MMBSI1yMMBSJO,AMBSJL
CGMMON/BLCCKL/A(1603,B8(160),N

8Y



INTEGER P
CDIMENSION COl11411),00(11,11),AB(11411)sRKRP(11)
DIMENSIOUN XI(20),A0011411),B80(11y11) WKAREALL155)

(@] (@)

ontHoo

OO0

110

112

DIMENSIGN OMZ02(11,11),CMF(11,1)
EPS=1.00-13

10PT=2

CALL TRAPS(0,0,999999)

CALL ERRSET(208,256,—1,0,0)
DL 2 I=1,N

WRITE(6,110) A(I),B(I)
FCRMAT(5X,2(C15.8,2X) )
READ(54%) L,RyDRyEPS25P, IFLAG
FORMAT{4D010.5412,12)
WPITE(69102)CeR4DRHEPS2,P
CALL MAP

WRITE(6,100) C

THE FCLLOWING SEQUENCE COMPUTES THE ESTIMATE
FUK THE EIGENVALUE TG SEND Tu SUBRGUTINE
RCOT.

PP=DABS(1.D0-C)
20=DSUYRT(3.DO%PP)*(1.D0-Ca4L0*{1.D00-C))
IF{C.GT.1.00) GO TC 5

20=1.00/120

CALL ROULT(Z0,C,EPS)

IF(C.GT&1.C0) 20=1.00/20

WRITE(6,5,104)20

THE FOLLOWING SEQUENCE CCMPUTES THE OISCRETE
COLLOCATION PGOINTS.

6%



220

221

223

19
83

XI1(11=20
Pl=3.1415926535897300
DO 18 J=2,4P

Jd=J-1

JP=P—1
XI(J)=0.5D0+0.500¢DCAS{(2.0D0%JJ—-1.000)%PI/(2.0D0%4P))
CGNTINUE

CO 18 J=2,P
REAG(3,*)X1(J)
CONTINUE
DX=1.0D0/(P-2)

BG 18 J=2,P

K=P-J+2
XI{K)=(J=-2)*DX
IF(IFLAG.NE-.1) GO TC 223
D0 220 J=1,?
WKAREALJI=XT1J)

CC 221 J=2,P

K=p—-J+2
XI{J)I=WKAREA(K)
CONTINUE

DO 19 JJ=1,°P
WRITE(6483) XI{JJ)
FCRMAT (20X4F1045)
CALL INT12 (XI,A0,80,P,C)
IT=0

SUM=0.0D0
WRITE(6,111)

ISIGN=1

CONTINUE

IS=ISIGN

CUNTINUE

0§



17

15

lo

19
87

R=R+DR

IF(DR.LT.EPS2)STGP

IT=1T+1

1F(IT.GT-50)G0 TU 50
WRITE(6,103) TR, SUM

CALL INT34 (R,XI,PsCsC0,D0)
RM=R/Z0

JI=MMBSJLIRM, [ER)
JO=MMBSJO(RM,1ER)

DU 17 LL=1,P

CALL MATREL(LL,Z0sR,BMA,UMC)
Jd=1

Fl=—d1/JO*BMA

F2=70%DMC
CMZ02(LLsJJ)=FL+F2

DU 17 M=2,P

X=X1(M)

IF{X.EG.0.000) GO TO 15
RM=K /X
[1=MMBSTL(IGPTRM, IER)
10=MMBSIO{ICPT,RM, IER)

GG TC 16

10=1.UDO

11=1.000

CONTINUE
FL=11/10%(BO(LL,M)=AO(LLM))
F2=X#(0O{LLsM)=COLLL M) )
CMZO2(LLyM)=F1+F2

CONTINUE

DG 1S LL=1,P

WKITE(6,87) (GMZO2(LLJJ)y JI=1,P)
FCRMAT(5X,6(D13.651X))

¢
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22
21

C 24

€23
107

OO0

99

29

LM=P-1

DG 20 I=1,LM

J=1+1

CMF(1,41)=—CMZ02(1,J)

CCNTINUE

WRITE(6,87) (OMF{JJdsl)sJdd=1,1LM)
DO 21 LL=1.LM

=2

KL=LL+1

DG 22 M=1,LM
AB{LL,M)=CMZ0O21I,KL)

I=1+1

CCNTINUE

CONTINUE

DG 24 [I=1,LM

WRITE(6,87) (AB(II9JJ)edJ=1,yLM)
CO 23 I=1yLM
HRITE(6,107)(AB(I,J),J=1,LM)
FORMAT(3X95(C10.3,1X))

IDGT=8

IDINM=11

CALL LEQT2F (AByl,LM,IDIM,0MF,IOGT ¢WKAREA,IER)
WRITE(6487) (CMF(JJel)edd=1,4LM)
DG 99 LL=1,P

WRITE(6,87) (CMZO2({LLyJdJddy JJ=1,P)
SUM=0.0D0

DC 29 J=1,LM

K=Jd+1

SUM=SUM+CMF (J,1)*0MZ02(K, 1)
CUNTINUE

SUM=SUM+CMZ202(1,41)

WRITE(6,103) IT,R,SUM

[4



50

100

104
102
101

103
105
111

2

ISIGN=SUM/LABS{SUM)

[FIIT.EQC.L)IS=ISIGN

IF(ISIGN.EQ.IS)GOD TO 6

R=R-DR

DR=DR/2.000

GG TC 7

WRITE(6,101L)IT,EPS2

STCP

FCRMAT (20X, C=*,F7.3)

FORMAT(// 915X *ODISCRETE EIGENVALUE:',F10.6)

FCRMAT(2Xy4F12.T742X%X914)

FORMAT(2X,* CIDC NGT CONVERGE AFTER®*91Xy13,*ITERATIONS TG PRECISIULN
'9iXeD10.3)

FCRMAT{10Xy1393XyF10.5,5XyD13.6)

FORMAT(2X,*THE SUM IS*,D23.16)

FORMAT (LOX, P IT®,8Xs7R2,12X,'SUMTY)

END

%9
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101

10
103

20

THIS IS THE GAUSS—LEGENDRE QUADKATUKE MAPPING
SUBROGUTINE«. THE NODES ANU THE WEIGHTS ARE COMPUTED,A(J) ANC B(JI,

FCR THE INTERVAL (Q,1).

SUBRUOUTINE MAP

IMPLICIT REAL*¥8{A-H,0-2)
CCMMUN/BLOCK1/A{16C)BL160) 4N
DIMENSION BU(BO)BWI{BC),SINT{20)
DIMENSION AA(80),BB(80)
READ(1le%) NoNSINTLENDL1,END2
FCRMAT(2154F20.10,F20.10)
L=(N-1)/72+1

L=N/2

K=L+1

CON=2.000

NSINT=NSINT+1
READ{Lo*){SINT(I)sI=1,NSINT)
NSINT=NSINT-1

DC 10 I=1,L

JJ=L#1~-1

READ(1,103) BUCJI)LBW(JJI)
FORMAT(2F22.21)

DC 20 I=1,L

J=L+1-1

AA(J)=—BU(I)

BBLJ)Y=BWI(Il)

DO 30 I=K,N

J=1-L

AA(CI)=BU(J)

%S



30 B({1)=Buld)

25 CUNTINUE
DG 40 K=1,NSINT
GRAD=(SINT(K+1)-SINT(K))/CCN
VV=(SINT(K#1)+SINT(K))/2.000
J=N%(K-1)
CO 40 I=1,N
A(I+J)=GRAD*AA(I)+VV
BOI+J)=GRAD*EB(I)

40 CONTINUE
N=N=NSINT
WRITE(6,104) N
DG 55 I=1,5
SUM=0.0D0
DO 50 J=1.N

50 SUM=SUM+A(J)**[*B(J)
F=(I+1.0D0)%SUM-1.000

55 WRITE(6,5105) I,F

105 FGRMAT(15X,12,3X,D12.4)

104 FOCRMAT(*O0',*TOTAL QUAD PTS =*,14)
KETURN
END

9
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102

10

100

THIS SUBRCUTINE WILL USE NEwTUNS METHOD

TC REFINE ESTIMATE Z0 F£CR RUCT

OF THE ONE—SPEED NEUTRCON DISPERSION FUNCTION ZL
TO PRECISIUN EPS.THE VALUE RETURNED wILL BE THE
ABSULUTE VALUE OF THE IMAGINERY ROCT Z0.

SUBROUTINE RGOT(ZQ,C,EPS)
IMPLICIT REAL*8{(A—H,C-1)
MAX=50

IT=0

2=120

iT=10T+1

IF(IT.GT.MAX) GO TG 10
IF(C-GT.1s.CO0) GO TC 5
Q=(1.00+1.D0/2)/(1.D0-1D0/2)
ZL=1.D0-C*Z*DLOG(GQ)/2.00
LLP=(ZL—-1.D0)/2+¢C*Z/(2%1-1.D0)
GG 10 7

S=1Z

ZL=1.D0-C*DATANI(S) /S
LLP=L*BCATAN(S)/S/S~C/S/11.00+5%S)
20=2-2L/1ILP

WRITE(6,101) IT,ZL4ZLP,20
IF(UABS(2-20).GT.EPS) GC TG 1
WRITE(6,102)ZL,ZLP
FCRMAT(1X,2D023.16)

RETURN

WRITE(6,100) EPS,IT

RETURN
FURMAT(// 420X, * CONVERGENCE OF EIGENVALUE TO PRECISIOUN®,

9¢



21X94D9e251Xe*NOT ACHIEVED IN',13,*ITERATIUNS')
C 101 FOURMAT(10X41I393X43(D10a3,2X))
ENC

LS



HOOOD

27

32

30

THIS SUBRGUTINE WILL FIND AO AND
BO AND PUT THEM IN MATRIX FORMe

SUBRCUTINE INT12(XisA0,80,P,C)
IMPLICIT REAL%*8(A—-H,0-12)
CCMMON/BLOCK1/A(160)4B(160),N
INTEGER P

DIMENSIGN XI(20),A0(11,11),B0(1l1s11)
DO 27 M=1,P

X=X1(M)

IF(X.6T.0.0D00) GO TO G

AO({1,M)=1.0D0

BO{1,M)=2.0D0/C~-1.0D0

GC TG 27
AO(1,M)=1.000-X*DLOG(1.0CO0+(1.0D0/X))
BO(1sM)=(2.0D0/C)—1.0UD0-X*¥CLGG(1.0D0+(1.0D0O/X))
CONTINUE

IF(P.EQ.1)GC TO 39

DC 31 LL=2,P

DG 32 M=1,°P

X=X1(M)

IF(X.57.0.000) GO TC 30
AQl{LLsM)=1.0D0/LL

BO(LLsM)=-1.0D0/LL

GC TG 32

KK=LL-1
AQILLyM)=—XT{MI*AO(KK,M)#({1.00O/LL)
IF(MeEQ.1)GGC TG 32
BO(LL,M)=XI(M)*BO(KKsM)-(1.000/LL)
CONTINUE

86



31
39

CCNTINUE
CONTINUE
RETUKN
END

66
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THIS SUBRGUTINE wILL CALCULATE CO AND LO AND

PUT THEM IN MATRIX FLRM.

THE CO INTEGRAL IS BEING CALCULATED WITH THE NOTATIGN RSUM.
THE DO INTEGRAL IS BEING EVALUATED IN THREE PARTS.
KRALPH IS BEING REPRESENTED BY SUMa.

SSUM IS CALULATING THF SINGULAR INTLEGRAL IF EPSILCN
I[5 NOT EGQGUAL TC MU.

IF MU IS EQUAL TG EPSILCON PRIME IS THE VALUE GF

THE INTEGRAL.

BECAUSE OF TEE SINGULARITY AT EPSILON EQUAL TG ZERO,
A SEPARATE LCGP MUST BE ADDED FCR THAT CASE.

SUBROUTINE INT34{R4XI1,P,L,CC»DO)

IMPLICIT REAL*B8{A-H,C-2)

REAL*8 NUyMUsMMBSIO MMESI 1 MHESKOMMBSKL
23KQ39KLyI0,11,MMBSJO,MMESIL,JO,»J1sKIESKILE

EXTERNAL MMBSJU¢MMBSJL +MVBSKO, MMBSKL,MMBSIO0,MMBSI1

COMMON/BLOCKL1/A(160)4B(1601) N

INTEGER P

OIMENSION DO(11,113,CO(21,11)

DIMENSION RKRP(11),XI(20)

CO 29 LL=1,P

DL 27 M=1,P

SUM=0.000

$20=0.000

SSUM=0.0D0

RSUM=0.0C0

CC 34 J=1,N

I=1

RM=K/A(J)

TEMP=XI{M)

09
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33

24

35

34

IFIXI{M} oLE.COLDOIXI{M)=C.01D0

RN=R/XI1(M)

I+ (RNe6T<177.0D00)G0 TC 23

KLE=MMBSKL{I RN,IER)

KOE=MMBSKO(I RN IER)

CG 10 33

KOE=1.000

K1E=1.000

IF(RMeGTW177.0D0)G0 TC 24

KO=MMBSKC{IyRM,IER)

K1=MMBSK1{I,RM,IER)

GL TC 35

K1=1.0D0

XI{M)=TEMP

KK=LL-1

SUM=SUM+ ((KL/KO)*(A(J)*%KK))I*3(J)
SZ20=SZ0+K1/KO*A(J)*:KK/(XI{L)-A(J))%B{J)
RSUM=KSUM+ (KL1/KO)*A{J ) *xKK*1 . 0DO/ (XTI (MI+A(J))*B(J)
IF(LL.GTWL)GC VO 34

SSUM=SSUM+ L IKL/KO)=(KLE/KGE) )Y/ L(ALJ)I=XT(M)))I*(BIJI)})
CCONTINUE

IF{MaEQ.L)RKRPILL)=SUWV

CO(LL,M)=RSUM

IF(XI(M) .NE.Q.0ODO)GU TL 8

CO(LL,2)=—CO{LL,M)

GC T0O 217
TERMLI={2.DO/{CEX1(M)I-(DLOG{1.00+{1.00/XIIM))I)))*K1E/KOE
RFPRM=—{KOE*KOE)-(KOE*K1E)*{ALI(M)/R)+{RKL1E*KLE)
RRR=KOE*KOE

PRIME=—(RFPRM/RRR)

CO{LL,1)=S520

19



217
29

16
15
44

IF(MeGEL2)D0(14M)I=TERML=-55UH
CONTINUE

CCNTINUE

IF{P.EQ.1)GC TC 44

CU 15 LL=2,?

KiK=LL-1

DL 16 M=2,°P
IF(XI{M).EQ.C.0DO)GC TC 16
DO(LLyM)=XI(M)*DOIKKyMI—RKRP (KK)
CCONTINUE

CCONTINUE

CUNTINUE

RETURN

END

[4°)
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THIS SULRTOUTINE SUBETRACTS IHE QUANTIES 20 ANMD AO

AND D0 AND Cu FUR THE CASE =PSILUN ¢QUALS TrE IMACIMCRY
ROUT 20eTrk LIFFERENCE IN THESE TWC tUANTIES ARE fiAL.
BMA MEANS 850 MINUS &6 AND UMC STanNLS FOR DO MINJS CG.

SUBRCUTINE MATREL(IJEZ04RyMA,DMC)
IMiPLICIT RealL*8LA-H,0-2)

REAL®H MMISKO9yMM3SK] 9K QyK1 4MU
COMMUN/LLICKIZA(LA0) B (186D ) 4N

I1i=1

XMAX=0.1770D 03

SUML1=0.000

SUMe=0.0C0L0

D 16 I=1)N

MU=A(1)

RMU=R/MU

IF(RMUGT o XMAX) GO Tu 7
K1=MmM3SKI (L1 4RMUIEK)
KO=MMBSKO(I1yRMU,IER)

F=K1/K0

G Tu &

F=1.000

CONTINUE
SUMLI=SUMI+MURRT IRFEF*R (] )/ (MUXR2+Z2(%%2)
SUMZ=SUM+MURF(TJ+ 1) %3 (1 )/ (MUX*2+Z0%%2 )
MA=—Z2%SUM2

OMC==2%SUML

RETUEN

END

€9



APPENDIX 2
Example of Output from

TRAN FORTRAN

64



2.0000000
QUAD PTS

OTOTAL

Y
-

-

OOV ENPNHWN -

0.6000000 0.0500000
= 40
1 -0.38860D0-15
2 -0.38860-15
3 -044996D-15
4 -0.4996D-15
5 —0.4718D0~-15
C= 2.000
DISCRETE EIGENVALUE: 0.428978
0.42898
0.88889
0.77778
0.66667
0.55556
044444
0.33333
0.22222
O.11111
R SUM
0.65000 -0.515121D-01
0.70000 0.139968D+00
0.67500 0396526001
0.66250 -0.6936730-02
0.67500 0.396526D-01
0.66875 0.160905D-01
0.66562 0.451208D-02
0.66406 -0.122828D-02
0.66562 0.451208D-02
0.66484 0.163788D-02
0.66445 0.2037980-03

0.0000100

9
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12
13
14
15
16
17
18
19
20

0.66426
0.66445
0.66436
0.66445
0.66440
0.66438
0.66440
0.66439
0.66440

-0.512491D0-03
0.203798D-03
-0.154409D0-03
0.203798D-03
0.246789D-04
-0.648690D-04
0.246789D~-04
-0.200960D-04
0.246789D-04

99



The vita has been removed from
the scanned document



THE FN METHOD FOR A

BARE CRITICAL CYLINDER

by

Jack Daniel Southers

(Abstract)

The FN method, originated by C. E. Siewert, is developed for a
bare, axially infinite critical cylinder. The full-range completeness
and orthogonality properties of the singular eigenfunctions are used
to derive an expression for the emerging angular flux, which is repre-
sented by a power series. The resulting equations are reduced to matrix
form and computer solved.

Examples of the results of this method for different parameters are
presented. Comparisons with other models are made. A fourth order

approximation was found to be sufficient to achieve up to four digit

agreement with benchmark values.
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