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Collaborative Localization Enhancement to the Global Positioning System

using Inter-Receiver Range Measurements

Zachary J. Biskaduros

ABSTRACT

The localization of wireless devices, e.g. mobile phones, laptops, and handheld GPS receivers,
has gained much interest due to the benefits it provides, including quicker emergency per-
sonnel dispatch, location-aided routing, as well as commercial revenue opportunities through
location based services. GPS is the dominant position location system in operation, with
31 operational satellites producing eight line of sight satellites available to users at all times
making it very favorable for system implementation in all wireless networks. Unfortunately
when a GPS receiver is in a challenging environment, such as an urban or indoor scenario,
the signal quality often degrades causing poor accuracy in the position estimate or failure
to localize altogether due to satellite availability.

Our goal is to introduce a new solution that has the ability to overcome this limitation by
improving the accuracy and availability of a GPS receiver when in a challenging environment.
To test this theory we created a simulated GPS receiver using a MATLAB simulation to
mimic a standard GPS receiver with all 31 operational satellites. Here we are able to alter
the environment of the user and examine the errors that occur due to noise and limited
satellite availability. Then we introduce additional user(s) to the GPS solution with the
knowledge (or estimate) of the distances between the users. The new solutions use inter-
receiver distances along with pseudoranges to cooperatively determine all receiver location
estimates simultaneously, resulting in improvement in both the accuracy of the position

estimate and availability.
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Chapter 1

Introduction

The localization of wireless devices, e.g, mobile phones, laptops, and handheld GPS receivers,
has gained much interest due to the benefits it provides, including quicker emergency per-
sonnel dispatch, location-aided routing, as well as commercial revenue opportunities through
location-based services. Before we begin the discussion of how localization occurs we will
define the term node as any wireless device that is used in localization, anchor as a node with
a known location, and unlocalized node as a node without a known location and attempting
to estimate its location. Therefore, in order to find the position estimate of an unlocalized
node, we must first process a signal to collect measurements from an anchor (a node with
a known location), or more likely a set of anchors. The parameters of the signal that can
be used for geolocation include signal strength, time of arrival estimates, angle of arrival
estimates, frequency estimates, or various hybrid combinations of the parameters [2]. Then
using one of the optimal localization solutions discussed in Chapter 2.2 we are capable of
achieving a position estimate.

Unfortunately, these collected measurements can be difficult to obtain in challenging environ-
ments such as urban or indoor environments, or can even introduce large noise components
causing a poor position estimate. Thus several solutions have been developed to improve
performance in such environments, one in particular being collaborative localization. Col-

laborative localization is when unlocalized nodes use the measurements between unlocalized
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nodes in addition to the measurements between unlocalized nodes and anchors in order to
estimate their positions simultaneously, in hopes of improving both the accuracy and avail-
ability of the position estimates.

This thesis focuses on improving the most prominent localization system in operation, the
Global Positioning System (GPS), by introducing a new collaborative solution. The new
solution uses inter-receiver distances between unlocalized nodes, along with pseudoranges
(range measurements with a time offset) to cooperatively determine all receiver locations
simultaneously, resulting in improvement in both the accuracy of the position estimate and

availability.

1.1 Thesis Summary

In this section, each chapter is summarized with the final conclusion in Chapter 6 and back

up data provided in the Appendices.

Chapter 2: The Non-Collaborative Geolocation Problem

The non-collaborative problem is discussed in Chapter 2. This chapter examines the various
signal parameters used to collect measurements and examines the optimal solutions used for
localization including the least squares estimator, the maximum likelihood estimator, and
the maximum a posteriori probability estimator. To close, we explore the implementation of
localization in commonly used systems, such as the Global Positioning System and mobile

phones.

Chapter 3: The Collaborative Geolocation Problem

The collaborative problem is introduced in Chapter 3. This chapter examines the various
types of collaborative localization and their classifications. This chapter also examines the

optimal and sub-optimal solutions used for collaborative localization.
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Chapter 4: Collaborative GPS

Chapter 4 introduces our new collaborative GPS solution to improve the accuracy and avail-
ability of a GPS position fix. The new collaborative solution uses the measurements from
global positioning system satellites in cooperation with inter-receiver measurements. We
begin by introducing a MATLAB simulation to mimic a standard GPS receiver with all 31
operational satellites for comparison purposes.

Next we examine and implement three of the most commonly used solutions for localization
of a GPS receiver: the Newton-Raphson solution, the Extended Kalman Filter, and the
Unscented Kalman Filter for comparison purposes. This lets us introduce our three new
collaborative solutions: the Newton-Raphson-based Collaborative solution, the Collaborative

Extended Kalman Filter, and the Collaborative Unscented Kalman Filter.

Chapter 5: Collaborative GPS Performance

The results of the MATLAB simulation are shown in Chapter 5 where we analyze and
compare the effects of collaboration using the six solutions, three standard and three collab-

orative, previously discussed.

Contributions

The contributions of our work include the development of three Collaborative GPS solu-
tions based on the three most popular GPS solutions and the development of a MATLAB
simulation to analyze and compare the effects of various environmental scenarios for a GPS

receiver and the improvements made through collaborating receivers.

1.2 Problem Formulation

Consider the following examples as two-dimensional where ® = [0, 05, ..., 0,,] is a set of node

locations in two-dimensions, where 8; = [z;,v;]", and A = [a;, ay, ..., a,,,] are the locations of
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the anchors associated with those nodes (nodes with known locations), and a; = [z,,,y,,]"

Thus, we can relate our measurements z as a function of the positions between the anchors

and unlocalized nodes plus noise, seen below:
2= f(©,A)+7 (1.1)

where f(©,A) is the non-linear function of the positions of the anchors and unlocalized
nodes, typically an estimated range as seen in Chapter 2.1, and 7 is the measurement noise.
Our goal is to estimate the positions of all the unlocalized nodes, ®, using a set of N
measurements.

The metrics focused on via simulations will be the accuracy and the availability. The ac-
curacy can be defined as the mean error associated with the receiver’s position, found by
calculating the distance from the estimated position to the predetermined true location,
Elx—x|=+ Zf\il |x — x|. The availability can be defined as the number of occurrences in
which a position estimate is localized. The availability fails when the number of satellites
is less than four (or four minus the number of additional users in collaboration), if error is
greater than 1 km, or the absolute value of the geometric dilution of precision (GDOP) is

greater than 1000 due to a diverging solution.



Chapter 2

The Non-Collaborative Geolocation

Problem

2.1 Signal Parameters and Measurements

In this section, the different types of measurements typically used in the localization problem
are described. Additionally, the measurement models for 2-D coordinates are described, and

the extension for 3-D coordinates is straightforward.

2.1.1 Time of Arrival

The time of arrival (TOA), also known as time of flight (TOF), signal parameter is the mea-
surement of the distance between two nodes using precise timing and the signal’s propagation
time. TOA is one of the most prominently used signal parameters in position location, with
the Global Positioning Systems (GPS) being the most prominent example. Using a signal’s
transmit time and receive time, we are able to calculate the range between nodes using the
equation d = vt, where d is the distance, or range, v is the constant velocity of RF signal prop-
agation and t is the travel time. Relating it to a free space model, we can assume the velocity
is ¢ (the speed of light, which is the propagation speed of an electromagnetic wave) and At

is the time between when the signal was received and transmitted, thus d = cAt = ¢(t, — ;).

5
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However, one must note that in order to perform range estimation in this manner, the trans-
mitting and receiving nodes must have highly accurate clock synchronization, for a clock
error of 1 us can lead to a range error of 300 meters [2]. This synchronization has proven
difficult to achieve, depending on the scenario and can lead to significant overall positioning
errors. Additionally, the geometry and distance of the anchors plays an important role in
the accuracy of this signal parameter, for if the anchors are within too small of a distance
then the clock offsets will produce significant errors in the range estimation. Therefore it is
important to have the anchors spread with an ideal geometry of a tetrahedron to produce
the best position estimate.

TOA estimation is typically facilitated by transmitting signals using a spread spectrum
wideband pseudorandom noise (PRN) sequence allowing the unlocalized node to identify
which anchor is transmitting and to accurately measure TOA. Furthermore, transmitting
signals using spread spectrum helps the receiver distinguish between line-of-sight (LOS) and
delayed non-line-of-sight (NLOS) multipath components that can affect the ranging errors.
After the TOA-based range estimation has been found relative to an anchor location, we can
narrow the possible positions of the unlocalized node to a sphere, given 3-D or a circle given
2-D, with the radius being the estimated range and the sphere/circle being centered at the
anchor location. Using the intersect of four spheres, or three circles for 2-D, helps us narrow
down the position estimate of the unlocalized node. The TOA estimate can be modeled as

a range estimate as seen in the equation below.

fi(©,A) = V(= 23) + (y — ys,)? (2.1)

When TOA has an unknown clock bias then we can refer to it as pseudorange. Pseudorange
is the estimated range from a satellite to a receiver, however it does not require a clock
synchronization reducing cost of the hardware. This concept will be explained further in

the discussion of GPS in Chapter 4. The TOA estimate with an unknown clock bias can be
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modeled as a pseudorange value as seen in the equation below.

fZ(G)v A) = \/(Q? - :Csi)Q + (y - ySi)2 + C(tsi - t) (2'2)

2.1.2 Time Difference of Arrival

The time difference of arrival (TDOA) signal parameter is the measurement of the difference
of distance between nodes using precise timing and the times at which the signal is received.
The range difference measurement is found either by using two anchor locations transmit-
ting simultaneously to one unlocalized node or two anchors measuring the receive time of
unlocalized node’s transmission. Using the signals’ received times we are able to calculate
the TDOA with Ad = dy —dy = ¢(treceiveds — treceived, ). By using the difference of TOA equa-
tions, we eliminate the need for clock synchronization at the unlocalized node, however it
does require all transmitting or receiving anchors to have synchronized clocks. Since TDOA
signals are transmitted the same way as TOA, nearly all the same errors as TOA affect it,
including the geometry of the anchors as well as multipath errors. The estimated TDOA
range difference estimate relative to the anchor location(s) creates a hyperboloid function,
given 3-D or a hyperbola given 2-D, about the anchor locations sweeping in all directions
for possible unlocalized node locations. Unfortunately, a minimum of two measurements are
typically needed to find an intersection or near an intersection in order to avoid ambiguity,
as seen below in Fig. 2.1. The TDOA estimate can be modeled as a range difference estimate

as seen in the equation below.

fz(ev A) = \/(I‘ - xsz)Q + (y - y52)2 - \/(I‘ - xSl)Q + (y - ys1)2 (23)
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TDOA example
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Figure 2.1: TDOA example

2.1.3 Frequency Difference of Arrival

The frequency difference of arrival (FDOA) signal parameter, also known as differential
Doppler (DD), is the measurement of the difference of relative motion of the known node
locations with respect to the unlocalized node. Using the known velocities and locations of
the anchors, which cause an inherent Doppler shift in the received signals at the unlocalized
node, the node’s position can be estimated from the measured Doppler differences. This can
be seen in the equation used to calculate the parameter, Af = Afi—Afy = f—co (V) uy—v{uy),
where v is the transpose of relative velocity vector of the anchor node, u is the unit vector
from each anchor node location to the estimated unlocalized node location, ¢ is the speed of
light, and fj is the carrier frequency. The FDOA Doppler shift estimate creates a complex
quadratic function about the anchor node location(s) which sweeps in all directions of all
possible target node locations. The curves that are created from FDOA are highly dependent
on the geometry and velocities which can significantly alter the accuracy of the localization.
This parameter is commonly used in parallel with TDOA to further reduce the positioning
error, since the measurements are collected independent of each other [3]. Unfortunately
because FDOA requires the transmitting nodes to be moving with known velocities, this

limits the usefulness of this measurement. The FDOA estimate can be modeled as a frequency
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difference estimate as seen in the equation below.

fi(®,A) = &<V2TUQ —viu)) (2.4)

c

viw = (Ve = v ) (2 — i) + (vy — vy, ) (Y — i)
V(@ —2:)? + (y — v)?

(2

2.1.4 Received Signal Strength

Received Signal Strength (RSS), the simplest of the signal parameters, uses measured signal
strength and signal propagation models to estimate the distance between nodes. The param-
eter uses knowledge of the signal powers at both the transmitter and the receiver along with
a propagation model to determine the distance the signal has traveled from the transmitter
to the receiver. This can be seen in the equation used to calculate the distance measurement,
d= dolo%, where d, is the reference distance, P, is the power received at the reference
distance, P, is the observed received power, and n is the path loss exponent. Clock syn-
chronization is not required for any of the nodes but the approach does rely on an accurate
model of the signal’s path loss versus distance. RSS is typically used for short distance
range estimation only, since the estimation performance degrades over large distances due
to shadowing and multipath fading caused by objects and obstructions (for power degrades
with distance squared or worse and the signal’s propagation is difficult to model in such a
scenario). However, the advantage of using RSS is it is already readily available in most
systems giving it low cost and complexity.

A variation of RSS, known as Differential Received Signal Strength (DRSS), allows one to
disregard the transmit power by adding an extra transmitter (anchor) to the system. The
parameter uses the ratio of the RSS measurements (difference in the log domain) from two
different anchors transmitting at approximately the same time from their known locations
or from one anchor at two different measurement locations in order to measure the distance
to the unlocalized node [4].

If prior knowledge of the signal parameter is available then a type of fingerprinting (or
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mapping) can be performed to localize. This uses a database of the previously measured
parameters at their locations on a map that can be accessed to determine ones position
based on recorded signal parameters. The advantage of fingerprinting is the several signal
parameters can be measured and mapped and it has the ability to localize when strong
shadowing and multipath components are present. Unfortunately, the main drawbacks are
requiring prior access to the area of interest as well as enough resources for database storage.
Furthermore, the fingerprinting needs constant updating due to changes that can occur
in any environment making this unpractical in many implementations. The RSS estimate
can be modeled as a range estimate as seen in the equation below, where « is a path loss

component.

fi®,A) = aln(y/(z — 2,)* + (y — ys,)?) (2.5)

2.1.5 Angle of Arrival

The angle of arrival (AOA) signal parameter is the measurement of the directions to the
anchors rather than the range. If we have two antennas at the unlocalized node, the receiver
can measure the phase difference of a signal at the two antennas in order to calculate the
arrival direction using one of two techniques. The most common technique finds the direction
by measuring the differences in arrival phases of the transmitted signal and using the known
antenna array configuration. The other technique finds the direction by measuring the RSS
ratio between multiple antennas (with different antenna patterns) on the unlocalized node [2].
In the presence of the measurement noise, the AOA measurements are modeled with noise as
a zero-mean Gaussian random variable with a variance typically between 4 and 36 degrees
which is dependent on the network deployment and distances [5].

While this parameter requires no clock synchronization and fewer anchors, the additional
antenna requirement makes AOA much less practical by increasing cost and complexity of
the system. Furthermore, in NLOS environments AOA can even be totally useless due to

large noise components. The AOA estimate can be modeled as an angle estimate as seen in
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the equation below.

£(©,A) = tan~' LY (2.6)

Ty — X

2.1.6 Carrier Phase of Arrival

The phase of arrival (POA) signal parameter is the measurement of the distance between
nodes using the carrier phase. This parameter requires all transmitting nodes to send pure

sinusoidal signals of the same frequency with a phase lock between the anchor and unlocalized
Co;

27 fo’
where ¢ is the speed of light, ¢; is the phase delay, and f;, is the carrier frequency. The

node in order to measure the phase [6]. The estimated range can be found using d =

POA range estimation creates spheres centered at the anchor locations in order to narrow
the possible position locations, like TOA.

A variation of this parameter is the phase difference of arrival (PDOA) approach which
uses the phase difference between anchors to find an estimated range. Also, like TDOA,
the found PDOA range estimation relative to the anchor location(s) creates a hyperboloid
function about the anchor node location(s) sweeping in all directions for possible unlocalized
node locations [7].

Unfortunately, like RSS, the POA and PDOA techniques only perform well over short dis-
tances because the unlocalized node needs a constant lock on the transmitting signals in
order to continuously measure the phase. Due to this strict requirement and lack of practi-
cality, these two parameters are rarely used. The POA estimate can be modeled as a range

estimate as seen in the equation below.

o .

fz(®>A) = 27Tf0 -

\/(‘I - x81)2 + (y - y8i>2 (27>

2.2 Optimal Localization Approaches

Reconsider our problem, previously defined in Chapter 1.2 where © is the unlocalized node

location and A are the locations of the anchors associated with those nodes. The measure-
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ments are a function of the node locations.

z=f(0,A)+n (2.8)

where f(©,A) is the non-linear function of the positions of the anchors and unlocalized
node (depending on the measurement taken) and 71 is the measurement noise. Our goal is
to estimate the position of the unlocalized node, ©, using one of two approaches. The most
intuitive position location solution is the geometric solution, however when noise is present
this solution is significantly hindered. Thus by using statistical methods, such as Bayesian’s

estimation or one of the classical estimations, we are able to localize in noisy environments.

2.2.1 Geometric Solution

The geometric method, the easiest to visualize, uses the intersections of the position lines that
were found from the signal parameters in Chapter 2.1 to find a unique solution. The most
commonly used geometric solutions are the trilateration and the triangulation techniques.
Trilateration uses the range measurements from TOA, RSS, or POA to create circles centered
at the known node locations, as shown in Fig. 2.2a. When noise is absent, a minimum of
three range measurements are required in 2-D, or four measurements when in 3-D, in order
to find a unique intersection and to avoid ambiguity. Triangulation is similar but uses
direction estimates from AOA to determine the relative angles and to draw position lines to
find the intersection, as visualized in Fig. 2.3. The advantage of triangulation is only two
direction measurements are required in 2-D to obtain a unique solution versus three range

measurements for trilateration.
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Figure 2.2: Trilateration techniques

Figure 2.3: Triangulation technique

Using a technique called multilateration it is possible to solve for a unique position using the
TDOA, FDOA, DRSS, and PDOA signal parameters, however these are much more difficult
because of their more complicated position lines as previously discussed. Additionally, a
combination of any of the signal parameters can be used together as a technique known
as hybrid localization. Unfortunately, while it is easy to visualize, when noise is present
this solution is very inefficient. By adding noise to just one of the range measurements
using the trilateration technique from before, as seen in Fig. 2.2b, we go from one unique
solution to several solutions causing ambiguity. Furthermore, if noise is present in all range
measurements then there are even more intersections. Unfortunately by adding more signal
parameters to a noisy environment only complicates the solution further, therefore we will

examine statistical solutions in order to estimate the localization in noisy environments.
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2.2.2 Statistical Solutions

Due to the presence of noise, the set of measurement equations is underdetermined with no
unique solution. By using statistical methods, we are able to narrow down the unlocalized
node’s location to a confined area which is then used to estimate a unique solution (while
the unique solution is occasionally the center of the confined area, one must remember that
is not necessarily the case). When prior knowledge of the unlocalized node is not readily
available we will use one of the classical estimators such as the Least Squares or Maximum
Likelihood estimator and when prior knowledge is readily available we will use one of the

Bayesian estimators for improved accuracy.

Least Squares (LS) Estimator

The simplest and most commonly used approach is the Least Squares (LS) Estimator. The LS
estimator requires the least of amount information by minimizing the squared error between
the measurements and the known relationship between the data and the node positions, as

seen below:

N
O = arg m@inZ(zi — £:,(©,A))? (2.9)

i=1
The relationship between the measurements, z;, and the positions, @, are directly dependent
on the signal parameters are used. Due to the fact that f(©,A) is typically non-linear
and non-convex, approximations, such as the Taylor Series, are often implemented to avoid

increased complexity [8]. We will discuss this further in Chapter 4.2.

Maximum Likelihood Estimator (MLE)

When the measurement error has a known statistical distribution, we can use the maximum
likelihood estimator (MLE) to estimate the position by maximizing the likelihood function,
as seen below:

Onie = argmgXP[z|@] (2.10)



Zachary J. Biskaduros Chapter 2. The Non-Collaborative Geolocation Problem 15

where P[z|@®] is the joint density function when using independent and identically distributed
measurements. The MLE estimates the node location, ®, by maximizing the likelihood
of all the measurements in z over a defined finite interval. Furthermore, when using a
non-differential signal parameter, such as TOA, we can assume all noise components to be
independent and can model the noise to be a zero-mean Gaussian random variable with a
variance o for each of the measurements. This lets us classify the MLE as a weighted LS

estimator, as seen below:

(2mo; — 20,
In(Plal6]) = - Y nar 4 02— L3 L - (0,4
2 Vo2&t
N
_ 1 2
argm@axln( [z|®]) = argmlnza — fi(®,A))
Ounie = Owrs = arg mmz — fi(©,A)) (2.11)

=1 Z
where the o2 are the variances for each measurement and the less reliable signal parameters

or those with a larger noise component are given smaller weight.

Maximum a Posteriori (MAP) Estimator

If knowledge of the prior statistical data is available about the nodes’ positions then we
use the Bayesian approach. The maximum a posteriori (MAP) estimator maximizes the a

posteriori distribution given the measurements, z, seen below:
Opap = arg max p(z|©, A)pe(©) (2.12)

This approach treats the unlocalized node’s estimated locations as random variables with

a known probability density function (PDF), pg(®). This approach typically results in
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higher accuracy of the nodes’ positions than the MLE, however the prior distribution of
® is difficult to support without physical constraints. Therefore more commonly, most

localization estimators use the non-Bayesian approach.

2.3 Implementations

Using the solutions above, we now have the ability to estimate the position of the unlocalized
node using the signal parameters we have measured. We will now examine the implemen-
tation of these signal parameters and solutions above in the two most common geolocation

systems.

2.3.1 The Global Positioning System

The Global Positioning System (GPS) is the most well-known position location system today
with common applications ranging from vehicle assistance to geocaching. GPS is a 31 satellite
based system that uses TOA with unknown clock bias in order to calculate the location of
a user positioned anywhere on the earth with at least four GPS satellites in view. The
primary use of GPS is for navigation where it is used to calculate routes and to find the
locations of user input navigation points. There are other applications as well such as
time synchronization, the smart grid, and various other civil and military applications that
include missile tracking and targeting. Other nations are either using or developing similar
GPS systems, including Russia’s GLONASS, China’s Compass, European Union’s Galileo,
and India’s Indian Regional Navigational Satellite System (IRNSS).

Since GPS uses TOA as its measured signal parameters, we know that in order to find a
node’s unique position in three-dimensions one must acquire a minimum of four satellites.
This minimum requirement is normally not an issue due to the 31 operational satellites which
produce eight line of sight satellites available to any user at all times. Problems occur if a
user’s visibility is blocked from large buildings, mountains, or is located indoors, since the

number of visible satellites decreases making it extremely difficult to meet the requirement
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of four satellites in order to find one’s position. Even when four are available performance
degrades substantially because fewer measurements constrain the solutions.

All GPS satellites broadcast their ranging data signal at both L1, civilian, and L2, military,
frequencies, with GPS using CDMA spread spectrum with Pseudorandom Noise (PRN) Code
sequences for each satellite. Using C/A coding for civilian and P(Y) encrypted coding for
the military, the unique PRN codes, known as Gold Codes, allow receivers to identify each
satellite to decode the satellite’s ephemeris message. This ephemeris data contains all the
necessary measurement information needed to determine the unlocalized node’s position, in-
cluding the noisy range measurements with an unknown clock bias known as the pseudorange
data. Then by using a technique such as the Taylor series, we can convert the non-linear
equations into linear equations as seen in Chapter 4.2, and by using Newton-Raphson’s
method we can perform LS estimation.

The largest source of error in GPS positioning can be attributed to the variance of the
noise components of each pseudorange link, which include atmospheric effects, ephemeris
errors, and satellite clock errors to name a few. Since each pseudorange link is a TOA signal
parameter, we can assume they are independent zero-mean Gaussian random variables, with
the variance being attributed to specific components called user equivalent range errors
(UERE), described later in Chapter 4.1 in Table 4.1 [9]. The overall variance associated
with the noise of each pseudorange link can be found by taking the root mean squared
(RMS) error of the sum of the variance components from the table. This results in a range
variance of around 8 m in clear sky conditions and an overall GPS position error around 12
m. Unfortunately, as mentioned before, since the user environment plays such a significant
role in GPS, the noise component varies substantially based on environment thus increasing
the error in positioning and decreasing the availability of satellites to the receiver if the noise
is too strong to detect the signal.

Another large source of error is due to the geometry of the satellites when the availability
of satellites is limited. Thus one way to measure the error associated with the geometry is

by calculating the geometric dilution of precision (GDOP) to find which geometric shapes
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produce the least amount of errors. Unfortunately since each signal parameter yields different
favorable geometries, there is no single geometry for all systems that is ideal, however since
GPS uses a form of TOA we can classify the most favorable geometry amongst the satellites
as a tetrahedron in order to decrease errors produced by the GDOP. We will further examine
GPS in Chapter 4 when we implement a standard GPS receiver to show how a receiver’s
position is localized.

As of recent, the modernized GPS satellites now transmit additional ranging data to civilians
on the L2, known as L2C, and L5, known as Safety of Life. These additional signals acts as
redundant signals in case of interference and help improve the accuracy and performance of

localization.

2.3.2 Geolocation of Mobile Phones

Another popular system that has been become prevalent in recent years is geolocation
through the use of mobile phones. Mobile phones are devices that can make and receive
telephone calls by connecting to a cellular network across a geographic area. Most mobile
phones provide the ability to send text messages, e-mail, access the internet, and much more.
In order for mobile phones to have access to these services over a geographic area they must
transmit and receive data from fixed locations called base stations, which provide coverage
over defined areas. Cellular radio systems are approximately set up in a hexagonal shape
with 3 sets of directional antennas on each towers separated by 120 degrees as seen in Fig. 2.4.
The conventional hexagonal shapes allow for multiple frequencies to be reused in other cells
to maximize bandwidth allocation. Furthermore, when cells have a high density of users
they can be subdivided into smaller hexagonal cells to increase the number of channels for

each geographic area.
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Figure 2.4: Mobile phone towers with cells. This figure shows mobile phone towers at
the corners of each hexagonal cell separated by 120 degrees to allow multiple frequencies.
Channel numbers are from expired U.S. Patent 4,144,411 Fig. 9

There are three main types of cellular networks: GSM, UMTS, and CDMA2000. The first
is GSM which stands for Global System for Mobile Communications is the most widely
used network across the globe and operates in the 900MHz or 1800MHz bands. The next is
UMTS which stands for Universal Mobile Telecommunications Systems and is based on GSM
but emphasizes multimedia access, the 3G version of GSM. The last network is CDMA2000
which is a family of 3G mobile technology standards. It is commonly referred as just CDMA
which stands for Code Division Multiple Access, and uses CDMA channel access to send
voice and data. These three networks are the standards that service providers offer globally
in their networks in order to broadcast information to channels and to communicate. The
commonality each uses regardless of the network type employed is the localization of mobile
phones.

Mobile phones use a variety of techniques of which can be classified into two types: network-
based and mobile-based. The network-based techniques have all measurements and posi-

tioning calculations done by the mobile phone’s network. The easiest, but most robust, of
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the network-based techniques is Cell ID (CID) which uses the identification of the cell size
of the base station in use by the mobile phone to find a robust localization. This technique
is available for all mobile networks and can provide a position accuracy of approximately
100m-3 km, depending on the size and density of the base station’s cell. Furthermore, En-
hanced Cell ID uses the assistance of Timing Advance, for time slot synchronization and to
provide a rough range estimate, to further improve the position accuracy of CID, however
this technique is only available on GSM networks. A much more accurate, but more ex-
pensive and complex, network-based technique is Uplink TDOA (UTDOA), which has the
network estimate the signals received at various base stations to determine the TDOA. This
technique is available for all mobile networks, however it is typically used by GSM, and can
provide a position accuracy of approximately 50m [10]. The last network-based technique is
Round Trip Time (RTT) which has the mobile device measure the time between reception
and transmission to estimate the distance. This technique is available for only CDMA net-
works, due to their larger bandwidth allowing for higher timing accuracy, and can provide a
position accuracy of approximately 100m [10].

The mobile-based techniques have all measurement and positioning calculations done by the
mobile phone, through self-positioning. The first mobile-based technique is Advanced For-
ward Link Triangulation (AFLT'), which uses timing information and base station locations
to find the position with TDOA. AFLT is only available on CDMA, since all base station
transmissions are synchronized, and can provide a position accuracy of approximately 100
m. A technique with higher accuracy is Assisted GPS (A-GPS), which uses GPS along with
the measurements of reference receivers to improve accuracy and speed. This technique is
available for all mobile networks, however it is typically used by CDMA, and can provide
a position accuracy in the 10s of meters but relies on GPS satellite availability, suffering
especially indoors. The last mobile-based technique is Enhanced Observed Time Difference
(E-OTD) which is essentially multilateration with TDOA measurements. This technique is
only available to GSM networks and provides a position accuracy approximately 50-200 m.

While mobile-based techniques can potentially provide better results than network-based,



Zachary J. Biskaduros Chapter 2. The Non-Collaborative Geolocation Problem 21

the disadvantage is they require extra software installed in order to perform localization,

which is not always readily available to all mobile phones.

Table 2.1: Positioning techniques by US Carriers [1]

US Carrier | Network Technique
T-Mobile GSM A-GPS/UTDOA
AT&T GSM/TDMA | A-GPS/UTDOA
Sprint-Nextel | CDMA/IDEN | A-GPS/AFLT
Verizon CDMA A-GPS/AFLT

One of the main benefits of geolocating mobile phones is not the ability to track or find
ones precise location but rather for location based services. These services include location-
based advertising, finding someone or something nearby, proximity notifications, or more
importantly for emergency tracking E911. Since mobile phones are not limited to their
primary positioning technique, as seen in Table 2.1, they still have the ability to use either
CI to find a coarse localization if necessary or use a built-in GPS receiver embedded in the
mobile phone. This helps EMS, firefighters, or police dispatch quicker and head to a coarse
location while information is still being revealed. Geolocation of mobile devices are still
expanding and new techniques are being explore to further reduce the position error of the

system.



Chapter 3

The Collaborative Geolocation

Problem

3.1 Collaborative Localization

As previously mentioned, position location has gained much interest due to wide applications
in controlling, tracking, and monitoring. Difficulties emerge when a node is in a challenging
environment, such as an urban or indoor scenario, since the signal quality degrades caus-
ing poor accuracy in the position estimate or failure to localize altogether due to a lack of
signal availability. Early advancements were developed to improve the signal quality, includ-
ing transmitting higher signal power or using data from pre-deployed measurements [11].
However these early advancements demanded high system power requirements, lacked ver-
satility in various environments, or more importantly were too computationally expensive.
Therefore, in recent years new approaches have been developed that use collaborative (or
cooperative) localization.

Collaborative localization is when wireless devices use both the measurements from anchors
as well as the measurements between other unlocalized nodes to estimate their positions,
in hopes of improving both the accuracy and availability of the wireless location estimates.

The concept of collaborative localization can be explained further through a 2-D example

22
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below, in which each unlocalized node requires at least three connections to anchors to
find their estimated position. Although both nodes lack sufficient anchors for single-node
(i.e. non-collaborative) localization, both nodes can achieve localization through collabora-
tive localization. This is achieved by allowing the unlocalized nodes to use one another as
unreferenced anchors so that both nodes can localize themselves simultaneously.
— link
M unlocalized node

® anchor

Figure 3.1: Localization Network Scenario 1

Through the use of collaborative localization we are able to increase the availability of
localization and, in poor geometric conditions, we are able to improve the accuracy of the
position estimates. There are drawbacks with this as not all methods are perfect when
using collaborative localization. These drawbacks include scalability (with some approaches)
as well as convergence to a local minima when a large amount of noise is present. The

improvements in coverage heavily outweigh and offset these drawbacks for collaboration.

3.2 Classifications of Localization Solutions

Before examining the optimal collaborative localization solutions, we will explore the current

localization solutions through four classifications [§].

e The first classification is defined by the type of measurement data used in localization
such as distance-based, connectivity-based, AOA-based, RSS fingerprinting or hybrid

methods. Distance-based solutions use measurements such as TOA are computational
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complex, but result in accurate position estimates, where as connectivity-based solu-

tions have less computational complexity but result in coarse position estimates.

e The second classification is defined by where the computations are performed, either
by a central processor known as centralized, or jointly by the wireless devices known as
distributed. Centralized solutions typically result in better position estimates, however
since the global optimum is difficult to find without an efficient solver for large-scale
non-linear optimization problems, distributed solutions are used more often due to

their practicality and their robustness to node failure.

e The third classification is defined by how the computations are performed, either se-
quentially or concurrently. In sequential localization each localized node declares itself
a virtual anchor in order to assist other unlocalized nodes, however this results in a
sub-optimal approach as discussed in 3.4.1. Therefore the more commonly used method
is concurrent localization, in which each unlocalized node uses other unlocalized nodes
as unreferenced anchors in addition to the available anchors, as previously described

in 3.1.

e The last classification is defined by how the problem is formulated, either deterministic
or probabilistic. In deterministic solutions, a unique solution is found with no additional
information about the quality or reliability, where as in probabilistic solutions a set
of solutions is returned with a corresponding weight based on their reliability. As
expected, the probabilistic solutions result in a more accurate position estimate but

more complex.

Next, we will examine the collaborative efforts that have been explored including the optimal

approaches as well as several sub-optimal collaborative approaches.
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3.3 Optimal Collaborative Approaches

We can find the optimal localization solution by altering our previously defined localization
solutions on the LS, MLE, MMSE, and MAP Estimators in Chapter 2.2.2 by setting ©® =

(01,05, ...,0,] as a set of unlocalized node locations.

3.4 Sub-Optimal Collaborative Approaches

In addition to the optimal solutions, there were several early developments that attempted
to use approximations of the optimal solution in order to lower complexity. In the next two
sections we examine two specific sub-optimal approaches, the sequential LS and optimization-

based approaches. For the following examples presented consider all scenarios as 2-D.

3.4.1 Sequential LS

Sequential collaboration is the simplest approach for collaborative localization and can be

defined through the following steps [8]:
1. Estimate the range (or pseudorange) to all nodes within range

2. Use a LS estimator (or another position estimator) for single-node localization on all

nodes with three or more range measurements to the anchors (or virtual anchors)
3. Declare all recently localized nodes as virtual anchors
4. Stop if all nodes are localized or if nodes can no longer be localized, else continue
5. Return to 2

To explore these steps further we explain sequential collaboration by using Fig. 3.2 as an
example. We begin by estimating the ranges between all the nodes and discover that node
A is the only unlocalized node capable of single-node localization with at least three an-

chors. After node A is localized, we declare it a wvirtual anchor and use to assist node B
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in localization. After node B is localized, we declared it a wvirtual anchor to be used in the
localization of node C. The advantage of sequential collaboration is the increased availabil-
ity it provides for the nodes. Through single-node localization, only node A can localize its
position estimate. However, through sequential collaboration all three nodes can determine
their position estimates. One major drawback with this approach is localization error prop-
agation. This occurs when a node uses a virtual anchor with an inaccurate position estimate
as an anchor therefore passing on their error throughout the system to the ensuing node
position estimates. Additionally, this approach lacks the ability to localize in cases where
concurrent localization would succeed, as seen in the example in Fig. 3.1 in Chapter 3.1,

therefore limiting the availability improvements.
— link
M unlocalized node

® anchor

Figure 3.2: Localization Network Scenario 2

3.4.2 Optimization-Based Approaches

To begin the discussion of the optimization-based approach, again we recall our problem,
previously defined in Chapter 1.2 where © = [61,0,, ..., 0,] is a set of node locations and A
are the locations of the anchors associated with those nodes. We will explain this approach

through an example using the LS estimator as our objective function [8], as seen below:

n n+m

& =argmind" Y (= [10: — 05])? (3.1)

i=1 j=i+1
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By adding a relaxed equality constraint to the objective function we now establish a convex
optimization problem, in which any local minimum must be a global minimum, as seen

below:
n  n+m

R ' )
® =arg m@mZ Z |2 — Vil (3.2)

i=1 j=i+1
sty =10; — 0|

In which we define the relaxed equality constraint as follows:
10: — 6;]1* = (6, — 6,)"(6; - 6)) (3.3)

Then defining e; as an euclidean vector with a one in the ith position, I,, as an n x n identity

matrix, and A as the anchor locations then:

I, O
bij = (e; —e;) (3.4)
0 A
Then by declaring:
) - |e'e e’
10: = 0;[1° = (bijby;, )F (3.5)
e L
|y x7 | .
where (A, B)r = tr (AB), we can show that if > 0 with rank 2, then Y = X' X.
X I

Therefore, we can now rewrite the original non-convex optimization problem as follows:

n n+m
mlnz Z | bmbg, F— 7 (3.6)
i=1 j=i+1
st [Xiglijzntm =Is

X>0

rank(X) = 2
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Then by relaxing the rank constraint and replacing the absolute value with slack variables,
variables used to transform an inequality constraint into an equality constraint and a non-

negative constraint, we now have a convex optimization problem as follows:

n n+m
-
35 05 0 o7
i=1 j=i+1
s.t. [(Xijlijonetn, = Lo
X>0
iz, vig > 0

While this replacement does result in a more restrictive solution, it becomes a very compu-
tationally expensive problem [8]. This holds true for other optimization-based approaches,
therefore we typically use the approximated LS estimator for collaborative localization as

seen in the Chapter 4.3 in the discussion of the new collaborative solution introduced.



Chapter 4

Collaborative GPS

As previously mentioned, GPS is the dominant position location system in operation and
uses 31 operational satellites producing eight line of sight satellites available to users at all
times. A standard GPS receiver requires a minimum of four satellites for localization. This
can be a daunting task if one has limited visibility due to their environmental constraints. A
variety of techniques have been introduced to improve coverage and reduce positional errors of
GPS-based positioning in challenging environments. The most prominent is Differential-GPS
(D-GPS) which uses GPS to establish the location of fixed base stations on earth allowing
these base stations to act as a GPS satellite, effectively eliminating a substantial amount of
positional error. Additionally, Collaborative Acquisition of Weak GPS signals uses shared
signal data between GPS receivers to further aid acquisition and increase satellite availability
[12]. To further improve GPS, we have proposed a new collaborative solution that has the
ability to improve the accuracy and availability of a GPS receiver when in a challenging
environment. The new solution uses inter-receiver distances between multiple GPS devices
along with pseudoranges to cooperatively determine all receiver locations simultaneously,

resulting in improvement in both the accuracy of the position estimate and availability [13].

29
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4.1 Simulation Design

Before introducing the new collaborative solution we first developed a MATLAB simulation
to mimic a standard GPS receiver with all 31 operational satellites. The MATLAB simulation
supports comparative analysis and allows us to alter the environment of the user(s) while
examining the errors that occur due to noise and limited satellite availability!. We began
by creating a simulation of the GPS satellites by using a file originally created by Kai
Borre called "TEASY17’, [14], and editing it with ephemeris data from the National Geodetic
Survey (NGS). With the baseline data, we then produced the constellation orbits as shown in
Fig. 4.1. This also gave us the ability to simulate each satellite’s position every two minutes
in the sky to include one full orbital pass around the earth at 1440 different locations, or
commonly referred to as 1440 time stamps.

After setting up the satellite orbits, we chose predetermined locations and clock biases for our
GPS receivers, in the format of [z y z ctg]. We then created our pseudorange data using the
predetermined GPS receiver locations. For the sake of convenience we used Blacksburg, VA
and its surrounding areas within 1 km as our predetermined locations, with all additional
predetermined GPS receivers within 1 km of one another, and a random clock bias that

varied between £10ns, based on average GPS clock bias data [15].

Figure 4.1: An illustration of all 31 active GPS satellites orbiting about the earth during a
24 hour period.

The last part of our MATLAB simulation is the simulation of pseudorange values. To find

'We are primarily interested in the impact of noise due to the environment causing the signal degradation
and we are not concerned with error such as the doppler effects or significant ionospheric effects
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the pseudorange associated with each satellite link we examined the effects of the reference
views on the satellites as well as environmental effects. In order to account for the effects
of the reference views of the satellites, we found the elevation and azimuth of each GPS
satellite at each time stamp. We first determined which satellites are in full view to the
predetermined location by checking the elevation of each GPS satellite to see if it is between
5 and 175 degrees. Then we split the full sky into three regions: a left view (between 5
and 45 degrees of elevation and between 180 and 360 degrees of azimuth), an above view
(above 45 degrees of elevation), and an right view (between 5 and 45 degrees of elevation
and between 0 and 180 degrees of azimuth) as shown in Fig 4.2. By separating the satellite
views into the three regions, we find a satellite’s carrier-to-noise (C'/N,) ratio depending on
its reference region. We focus on a satellite’s C'/N, versus the commonly used signal-to-noise
(SNR) since GPS uses spread spectrum resulting in a SN R below the noise floor making it

undetectable.

Satellite Views

I Left View
[ Above View
ElRight View

«©
o
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Figure 4.2: An illustration of the three regions of GPS satellites in view: Left, Right, and
Above

In order to account for the effects of the environment we needed to add the noise component,
7, to the pseudorange measurement. Since GPS uses TOA measurements we can assume
that the measured error on each link, between satellite and receiver, is an independent

Gaussian random variable with zero mean, and thus we only needed to examine the variance
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of the noise component. This variance can be attributed to specific components called user
equivalent range errors (UERE), shown in Table 4.1 [9]. By taking the root mean squared
(RMS) error of the sum of the variance components in the table, we find the overall standard

deviation associated with the noise of each pseudorange link.

Table 4.1: Source of User Equivalent Range Errors (UERE) in meters

Source Effects 1o Error (m)
Signal arrival C/A, og +1
Ionospheric effects, oy +5
Ephemeris errors, op +4

Satellite clock errors, o | 1.5
Multipath distortion, o, | £2.5
Tropospheric effects, o | £1.5

When in clear sky conditions the noise standard deviation is around 8 m resulting in an
average positioning error, E|x —X| = + SV |x — %], around 12 m. Since environment plays
such a significant role in GPS, the noise component is varied based on environment. Specifi-
cally the noise component is dependent on the C'/N, ratio and can drastically increase when
a signal is not received in clear sky (a C/N, equal to 46 dB-Hz). Various factors contribute
to the decrease in C'/N, ratios at the receiver, including signal attenuation, elevation angle,
antenna gain, and multipath fading. As an example, a brick wall attenuates a signal approx-
imately 10 dB, while a steel reinforced concrete wall attenuates a signal by approximately
30 dB. This is significant since the threshold at which a standard GPS receiver can lock
and track a satellite is approximately 26 dB-Hz [16]. Given this constraint, we simplify our
simulation so any satellite has the ability lock a satellite at any given C'/N, but with less
probability of being acquired. Thus for our simulation, any satellite link with a C'/N, less
than 26 dB-Hz and greater than 10 dB-Hz is given a 50% chance of being acquired and any
satellite link with less than 10 dB-Hz is given a 20% chance of being acquired.
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Table 4.2: GPS simulation of various environments with estimated C'/N, ratios for each
reference views

Environment | Left View | Above | Right View | Inter-receiver
Clear Sky 40 dB-Hz | 46 dB-Hz | 40 dB-Hz 46 dB-Hz
Urban 10 dB-Hz | 30 dB-Hz 10 dB-Hz 20 dB-Hz
Window 26 dB-Hz | 2 dB-Hz 2 dB-Hz 10 dB-Hz
Indoor 2 dB-Hz | 10 dB-Hz 2 dB-Hz 10 dB-Hz

Using statistics from previous work, such as Soloviev and Dickman [16], we were able to model
and estimate C'/N, for various environmental conditions for each of the reference views of
the satellites as well as the inter-receiver distances, as seen in Table 4.2. The C'/N, for the
various environmental conditions of the inter-receiver distances are estimated based off a low
power transmitter where the predetermined GPS receivers are distributed randomly within 1
km of each other. These environments were selected based on common scenarios that occur
during the localization of a GPS receiver. A clear sky environment occurs when there is
nothing obtrusive blocking the view of the satellites to the receiver. An urban environment
occurs in a city where large buildings affect the receivers side views creating multipath and
the above view stays mostly unaffected. A window environment occurs when a receiver is
near a window in a building with only a view from one satellite region. Lastly, an indoor
environment occurs in a building where multipath is common, and only a satellite above can
be acquired and all other satellite views struggle to be acquired. We can further estimate
the effects of C'/N, on the variance of the noise by creating a model, shown in Fig. 4.3. This
model allows us to determine the standard deviation of the noise component depending on
the view and environment by using the C'/N,, given in Table 4.2. Additionally, we observed
from the model how mean noise variance exponentially increases when it falls below the 26
dB-Hz satellite tracking threshold. The NLOS bias is modeled as a uniform random variable
from 1 to 5 meters and is added randomly to any pseudorange measurement with a C'/N,
below 30 dB-Hz. With these assumptions in place, the simulation has the ability to find the

pseudorange for each satellite link to use in our GPS solution by using Eq. (4.1).
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Figure 4.3: A model estimation of the effect of C'/N, on the standard deviation of the range
error

The procedure of the standard GPS simulation is as follows:
1. Choose an environment given in the left most column of Table 4.2

2. Using our simulation of the GPS constellation, determine the positions of all 31 satel-

lites
3. Determine which satellites are “Left View”, “Above” and “Right View”
4. Determine C'/N, for each satellite in view using Table 4.2
5. Determine which satellites are “acquired” (based on C//N,)
6. Determine the standard deviation of n for each link using Fig. 4.3

7. Randomly choose which pseudoranges will have a NLOS noise component added based

on C/N,.
8. Simulate pseudorange values for all visible satellites using Eq. (4.1)

9. Determine position estimate
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This MATLAB simulation of a GPS receiver is for a single user allowing one to examine the

errors associated with noise due to the environment and calibrate during the simulation.

4.2 Standard GPS

Before exploring the new collaborative GPS solution, we begin with the discussion of how a
receiver’s position is found in a standard GPS receiver [9]. The standard solution requires
four or more pseudorange measurements, or TOA range measurements with a clock offset,

in the form:

fi(x> Y, z, t) = Pz = \/(.T - msati)Q + (y - ysati)Q + (Z - Zsatq;)2 + c(tsati - t) (41)

where P; is the pseudorange, consisting of the true range from the ith satellite’s location
[Tsat, Ysat; Zsat;] tO the receiver location, (ts, — t) is the clock bias between the known
clock offset associated with the ith satellite and the unknown clock offset associated with
the receiver, and c is the speed of light. In the next few sections three of the techniques
commonly used for localization of a GPS receiver, Newton-Raphson, the Extended Kalman

Filter, and the Unscented Kalman Filter are addressed.

4.2.1 Newton-Raphson Localization Solution

The Newton-Raphson solution, the simplest of the techniques, takes the non-linear pseudor-
ange equations, linearizes those equations, and then solves for the position using an iterative
process. It begins by using an initial position guess and partial derivatives to perform a
steepest line of descent in order to find an approximate solution. The initial position es-
timate, which is based on a coarse estimate of the user’s position, is updated during each
iteration to find a better approximation of the solution.

We begin the Newton-Raphson solution by using the Taylor Series expansion of the pseudo-

range equation, Eq. (4.1), about the initial position guess [z yo 20 to] " in order to linearize
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the set of equations. A more efficient method will be discussed in the explanation of the
Unscented Kalman Filter. The Taylor Series expansion of the pseudorange equation can be

written as:
filxo + Az, yo + Ay, 20 + Az, tg + At) = fi(xo, Yo, 20, o)

+ fl (.To, Yo, 20, t())Al' +

(Io, Yo, 20, to)Ay

+ ... higher order terms

+

dzo (1'07 Yo, 20, 2(:())AZ —I—

where [% fgg jﬁg j{;] are the partial derivatives of the pseudorange equation with respect
to the initial position guess and [Az Ay Az At] are the change in position for each respec-
tive dimension. Ignoring the higher order terms of the Taylor Series expansion defined in

Eq. (4.2), the partial derivatives are defined as:

xsut

(350, Yo, 20, to)

ysat

i (4.3)

(IBO’ZJO,ZO, 0

X0, Yo, 20, Lo

ZO

fz

Tig

)
) __ Zsat; —20
) =

(350, Yo, 20, to

where

Ty = \/(l’o - xsati)Q + (yO - ysati)Q + (ZO - Zsati)Q (44)

Then we define the initial pseudorange as:
fi(o, yo, 20, t0) = Py = 14 + cto (4.5)

where %, is the initial clock offset associated with the receiver and r;q is the range from the
initial position guess to the ith satellite as defined in Eq. (4.4).

Substituting the previous equations yields:

Py — ctoat, = Py — B0 Ay — ysa;io_yo Ay — ZH"DN 5 — At (4.6)
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where P; — ctgq, is the pseudorange measurement with the known satellite clock offset asso-
ciated with the ith satellite.

Then rearranging the equation above:

P, —riy — c(tsar, — to) = —z”t A ENTE ALY, (4.7)

By putting these pseudorange equations into matrix form we obtain the following set of
equations AAx = 1 allowing us to solve for the change in position, Ax = [Ax Ay Az cAt]".
We begin by setting up the A matrix using the partial derivatives from Eq. (4.3) as shown

below:
_xo_rsatl Yo —Ysaty 20 —Zsatq o 1_

1, 1, 1,

L0 —ZTsaty Yo —Ysaty 20— Zsaty _1
""20 ""20 7'20

A — To—ZTsatg Yo —Ysatg 20— Zsatgy _1 (48)

7"30 7’30 T30

L0 —ZTsaty Yo —Ysaty 20— Zsaty _ 1
T4O ',"40 T40

where [zg yo 20] is the approximated solution of the user, [Zsut; Ysat; Zsat;] are the coordinates
of the sth satellite, and r;, is the range from the satellites to the approximated solution as
defined in Eq. (4.4).

Additionally by taking the left hand side of Eq. (4.7) for each satellite link we set up the 1

vector as follows:

Py — c(tsat, — to) — 71,
—C saty — tO - 7”20

(t )
(t )

1 - C( sats tO) TBD (49)
(t ) =

— Cllsaty — 250

where P; is the pseudorange measurement for each satellite, c is the speed of light, (tsa, — o)
is the clock bias between the known clock offset associated with the ith satellite and the
estimated clock offset associated with the receiver clock bias, and r;, is the same from above.

Using a Weighted Least Squares solution we are able to solve for the change in position using
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the matrix and vector defined above:
A% = (ATWA) 1 (ATWI) (4.10)

where Ax = [Az Ay Az cAt]" and W is a diagonal matrix with the inverse of the estimated

pseudorange variances, o7, found using the known (or estimated) C'/N, values:

= 0

We can then update our initial position estimate X + Ax and repeat this process again with
the updated position estimate. We continue through this iterative process until we converge

to a position estimate for the GPS receiver, [# ¢ 2 ctg]".

4.2.2 Extended Kalman Filter Localization Solution

The Kalman Filter was introduced to GPS for localization tracking by using the measure-
ments collected over time to estimate the current mean, or position estimate, and covariance
of the system in a two-step process. In the first step of the process, the filter predicts the
current state and uncertainty using the previous estimates. In the second step the filter
corrects the estimates using a weighted average of the measurements. The standard Kalman
Filter (KF) solution assumes that the observables are a linear function of the state and that
all errors are Gaussian. The Extended Kalman Filter (EKF) is used in substitution of the
standard Kalman Filter to linearize the pseudorange measurements using the Taylor Series,
much like in the Newton-Raphon solution [17].

Before using the EKF we start by defining our vectors and matrices. The first vector is the

state vector equation to estimate our mean (i.e. position estimate) as seen below.

-
0= |z + vyt y+uoyt z+uvt clg+ctg,t vy vy, v, clg, (4.12)
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Where [v, v, v,] are the respective positional velocities and ¢4, is the clock drift associated
with the receiver. Then in order to find a linear approximation of our state vector, we take

the partial derivatives to find our state transition matrix as defined below:

(1000 ¢ 00 0
01 000¢O00
001000 ¢ 0
s @8 _|000 1000 (413)
dx 1000001000
00000100
000000O0T1O0
0000000 1]

Next we define our process noise covariance matrix, Q, as shown in Eq. (4.14) as an identity
matrix to show there is little uncertainty in the state. It is important to note, if prior knowl-
edge of the process noise covariance is available it can significantly increase the accuracy.
For our purposes we will consider the process noise covariance as non-Bayesian with no prior
information readily available. A large Q will result in greater change in the states, while a
smaller Q will result in less change in states thus an adaptive process noise covariance can

greatly improve state estimates.

Q=101 .- (4.14)

Our measurement noise covariance matrix, R, can be defined as the diagonal matrix of the

estimated pseudorange variances, o2, found using the known (or estimated) C'/N; values:
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To begin the EKF, we start by initializing the state vector and state error covariance matrix,

also known as the uncertainty covariance matrix, as shown below:

-

X=1To Yo 20 Clo Vz0 Vyo V:0 Ctdo] (4.16)
10 0

P=1|0 10 --- (4.17)

where x is an n x 1 column vector (where n is the length of the state vector or eight) and P
is an n x n matrix. The values in x are initially randomly chosen around the predetermined
receiver location, as described in Ch. 4.1, with a known velocity and the values in P are
chosen based on the uncertainty of the initialized state vector and recommendations in [18].
All sequential values in x and P are chosen by the state vector and state error covariance
from the previous time measurement. Then we start step one of our two-step process by
starting with the prediction of the state vector, x,, and state error covariance matrix, P,
defined below.

x, = ®x (4.18)

P,=®P®" +Q (4.19)

Where @ is our state transition matrix as defined in Eq. (4.13), x is our initialized state
vector, P is our state error covariance, and Q is our process noise covariance as defined in
Eq. (4.14).

Next we begin the correction step in our two-step process by calculating the filter gain, based
on the uncertainty of the state vector and the measurements, that we will use for updating

our predictions as shown below:
K=PH (HP,H +R)™ (4.20)

Where P, is our predicted state covariance, R is the measurement noise as defined in
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Eq. (4.15), and H is our measurement matrix found by taking the partial derivatives of

the pseudorange measurements, as shown in Eq. (4.3), and is defined below:

_330_~Tsat1 Y0 —Ysaty 20 —Zsaty -1 T

"o "o o 00 0O

L0 —ZTsaty Yo —Ysaty 20— Zsaty _1
o o 7220 00 0O

H — 0 —Tsatg Yo —Ysatg 20 —Zsatg _1 0 O 0 0 (4'21)

7"30 T3O 7‘30

L0 —ZTsaty Yo —Ysaty 20— Zsaty _
o o o 10 000

where [zg yo 2o] is the approximated solution of the user, [Zsu, Ysat; Zsat;] are the coordinates
of the ith satellites, and r;, is the range from the ith satellites to the approximated solution
as defined in Eq. (4.4).
This resulting filter gain lets us correct and update our state and uncertainty predictions
appropriately.

x =x, + Kl (4.22)

P = (I, - KH)P, (4.23)

Resulting in x as our updated state vector of the predicted guess and P as our updated state
error covariance matrix. Where x, is the predicted guess, I,, is an n x n identity matrix, K
is our filter gain, and 1 is the difference of the pseudoranges and the estimated ranges, as

previously defined in the Newton-Raphson solution in Eq. (4.9) and redefined below:

Py — c(tsar, — to) — 71,
— (tsat, — to) — T2y
1= — (tsats — to) — T3, (4.24)
Py — c(tsar, — to) —

where P; is the pseudorange for each satellite, ¢ is the speed of light, (fsq, — to) is the clock

bias between the known clock offset associated with the ¢th satellite and the estimated clock
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offset associated with the receiver clock bias, and 7;, is the estimated range measurement.

The procedure of the EKF is as follows:

1. Initialize state vector and state error covariance (or use the state vector and state error

covariance from the previous time measurement):

x and P

2. Predict state vector and state error covariance:
x, = Px

P,=®P®" +Q

3. Compute Kalman Filter Gain:
K=PH' (HP,H +R)!

4. Update and correct predicted state vector and state error covariance:
x =x, + Kl
P=(I,- KH)P,

This process results in an estimated state vector for the GPS receiver [ ¢ 2 ctp Uy Uy U cty R]T
and the state error covariance matrix that is used in the next measurement to further improve

the estimated state vector over time.

4.2.3 Unscented Kalman Filter Localization Solution

An alternative to the Extended Kalman Filter is the Unscented Kalman Filter (UKF) to
solve the non-linear problem. The UKF uses a distribution approximation method along
with the true nonlinear functions, without the need of linearization. Then by generating
a finite set of sigma points, or sample points, through an unscented transform, a method
of determining the statistics of the states with a nonlinear function, we estimate the mean
and covariance of the states [17]. This method requires the same cost and complexity of the
EKF and typically outperforms the EKF when there is a strong non-linearity that results in

a poor approximation using the partial derivatives, as used in Eq. 4.21.
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Before describing the UKF, we start by defining our vectors and matrices, exactly as we did
with the EKF. The first vector is the state vector equation to estimate our mean, or position

estimate, as seen below.

.
0= |z+uvt y+uvt z+vt cr+clagt ve v, v, cla, (4.25)

Next we define our process noise covariance matrix, Q, as we did with the EKF in Eq. (4.14),

shown below.

Q=101 .- (4.26)

Our measurement noise covariance matrix, R, can be defined as the diagonal matrix of the

estimated pseudorange variances, o2, found using the known (or estimated) C'/N, values:

To begin the UKF, we start by initializing the state vector and state error covariance matrix,

also known as the uncertainty covariance matrix, as seen below:

-

X=1To Yo 20 Clo Vz0 Vyo V:0 Ctdo] (4.28)
10 0

P=1|0 10 --- (4.29)

where x is an n x 1 column vector (where n is the length of the state vector or eight) and P
is an n x n matrix. The values in x are initially randomly chosen around the predetermined

receiver location, as described in Ch. 4.1, with a known velocity and the values in P are
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chosen based on the uncertainty of the initialized state vector and recommendations in [18].
All sequential values in x and P are chosen by the state vector and state error covariance
from the previous time measurement.

Then in order to start the UKF we begin with the sigma points selection algorithm around
x by generating the sigma points through the unscented transformation (UT). In order to
find at least the second order of the state vector we must use 2n + 1 sigma points in the form

below:
X sigma = |:X Xx+vV/(n+ NP x—+/(n+ )\)P} (4.30)

This results in Xg;gme a 7 x 2n + 1 matrix where x is the initial state vector, A is a scaling
factor as defined below in Eq. (4.31), P is the state error covariance given in Eq. (4.29), and
Cholesky factorization is used for the square root of the matrices. Next we find the weights

of the sigma points associated with both the mean and covariance as seen below.

A=a’n—n (4.31)
m) _ A 4.32
Wo n+\ (4.32)
wl =wi™ 4 (1-a?+p) (4.33)
(m) (©) 1 ,
(m) _ @l — & —1....9 4.34
Wi Wi 2(n+)\> ¢ yeeey 210 ( 3 )

where « is the spread of the sigma points and is set to le-3 (a typical default value) and 3
is the distribution parameter and is set to 2 to declare a normal distribution.
To begin the UKF we start with the prediction of the state vector associated with each sigma

point and state error covariance matrix as defined below:

X, = 6(Xigma) (4.35)
2n
=Y wi"Xx, (4.36)
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2n
P, =Y w(X, - %)X, - %) +Q (4.37)
1=0

Resulting in X, as a n x 2n + 1 matrix containing our sigma points passed through the state

vector equation, 9 as defined in Eq. (4.25), X as a n x 1 predicted mean state vector, and P,
(m)

as a n x n predicted state error covariance matrix. Where w, "’ is our sigma point weights

associated with the mean, WZ(-C) is our sigma point weights associated with the covariance,
and Q is the process noise covariance as defined in Eq. (4.26).
Next we find the range associated with each of the predicted sigma points, X,, and the

predicted mean associated with the range measurements as seen below.

fz(Xp) = \/(ZL‘X;D - xsati)Q + (yXp - ysati)z + (ZXp - Zsati)2 + C(tsati - tXp)

Z, = fi(Xy) (4.38)
2n

2=y w"z, (4.39)
1=0

Where f;(X,) is the estimated range measurement from each of the predicted sigma points
in X, to the ith satellite using Eq. (4.1) and redefined above, wgm) is our sigma point weights

) is our sigma point weights associated with the covariance.

associated with the mean, and w§c
Then to update our predicted mean and covariance we must calculate our filter gain, based
on the uncertainty of the states and the measurements, by finding the innovation covariance,

P., and the cross-covariance, P, as defined below.

2n
P.=Y w2Z,-2)(Z,-2) +R (4.40)
=0

2n
P,.=> WX, - %)(Z,-2)" (4.41)
=0
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Letting us define the filter gain as follows:
K=P,P.' (4.42)

This resulting filter gain lets us correct and update our predicted mean and covariance
appropriately:
x=x+K(z—2) (4.43)

P=P,+KP.K' (4.44)

The resulting x is our updated state vector of the predicted mean and P is our updated
state error covariance matrix. Note that x is the predicted mean, z is the predicted mean
associated with the range measurements, P, is the predicted covariance, K is the filter gain,
z is the vector of pseudorange measurements, and P, is the innovation covariance.

The procedure of the UKF is as follows:

1. Initialize state vector and state error covariance (or use the state vector and state error
covariance from the previous time measurement):

x and P

2. Sigma Point Selection Algorithm:
Xsigma = [X X + 4/ (TL + )\)P X — v/ (n + /\)P:|

3. Predict state vector and state error covariance:
Xy = 0(Xsigma)
) 2n (m)
Xx=) w; X,
i=0

2n
P, =3 w, (X, - %)X, - %) +Q
i=0
4. Predict mean associated with the range measurements:

Zp = fz (Xp)
2n

2=> w1z,
2

7
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5. Calculate innovation covariance:

2n
P.=>wZ,~2)(Z,~2) +R
7=0

6. Calculate cross-covariance:

2n
sz = ;]WEC) (Xp - )A()(Zp - Z)T

7. Compute Kalman Filter Gain:
K=P,P '

8. Update and correct predicted state vector and state error covariance:
x =x+ K(z —2)
P=P,+KP.K'

This process results in the estimated state vector for the GPS receiver [% ¢ 2 ctr U, Uy U cty R]T
and the state error covariance matrix that is used in the next measurement to further improve

the estimated state vector over time.

4.3 Collaborative Global Positioning System

Our new collaborative solution assumes an accurate estimate, but not perfect, of the distances
between receivers. We consider the inter-receiver distance as an additional pseudorange (or
pseudodistance) to the solution, allowing the use of both pseudoranges and the pseudodis-
tances to solve for both user’s positions simultaneously through concurrent collaboration.
This collaboration between devices requires communication between the GPS devices with
the additional feature of transmitting signals, if not already integrated in the device. The
power requirements of the transmitted signal would not need to be very high given the typ-
ical receive power of GPS signals using spread spectrum and the shorter distances between
devices. The signal would need to be transmitted at the same rate as the satellite data so
it could be tracked and locked as if it were a satellite and would include similar ephemeris
data as by a GPS satellite including, an estimated position and clock bias. The process of

how quickly one device locks onto another device would depend on how accurate the initial
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estimate position is based on the number of satellites and whether a cold (new and fresh
data) or warm start (recently used with data) were used.

For simplicity purposes, we explain our solution through the examination of two collaborating
receivers however our solution can be expanded beyond two receivers. We begin by adding
the inter-receiver distance to our collaborative solution, as we introduce our pseudodistance

equation below.

fig(@is 2y, 90,950 20, 25, tis ty) = Dij = /(@i — 2;) + (i — y3)? + (20 — )2 + ety — i)
(4.45)
where D;; is the pseudodistance, consisting of the true distance between users ¢ and j, and
(t; — t;) is the difference between the clock biases of the two receivers.
The noise components that are introduced to the pseudodistance are 7;; which is a Gaussian
random variable with zero mean and variance depending on the C'/N, as defined in Table 4.2
and b which is the NLOS noise component defined as a uniform random variable from 1 to

5 meters for those with C//N, ratios below 30 dB-Hz.

4.3.1 A Newton-Raphson-based Collaborative Solution

In order to adjust the Newton-Raphson-based Collaborative solution to account for the
inter-receiver distances and to collaborate concurrently, we make adjustments to the A and
1 components of the update, Ax. Again, we linearize Eq. (4.45) using the Taylor Series
expansion as defined in Eq. (4.2). Ignoring the higher order terms, the partial derivatives of

the distance equation are defined as:

dfi;() _  Tjp—Tig dfi;) _ _ Tig—%jg

d:DiO - dinO dQTJ‘O - dinO

dfi;O) _ _ Yio—Yig dfi;O) _ _ Yig—Yio

dyi, digso dyjy digio

dfi; () — _ Zig—%ig dfi; O — __ %o "% (446)
dZiO dinO deO dinO

dt;

dtio o
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where

diojo - \/(xio - CUJ'O)Q + (yio - yjo)2 + (zio - Zj0>2 (447)

Defining the initial pseudodistance as

fij(xioa Ljo» Yios Yjos Zios Zjos ti07 tjo) = Diojo = diojo + C(tjo - tio) (448>

Where t;, and ¢, are the initial clock offsets associated with the each receiver and d;j, is
the inter-receiver distance between the estimated user positions as defined in Eq. (4.47).

Substituting the previous equations yields:

o~ D). . TioT%o . Tig"%ig . Yio"Yi0 A,
DZ] ~ Dzo]o di i sz d. - ij d: Ayz
0Jo i0J0 i0J0 (449)
digo J digso ¢ digjo J ‘0 J0

where D;; is the pseudodistance measurement between users.

Then rearranging the equation above:

Dij - diojo - C(tjo - tio) =

— 020 Ay — B0 A\, — B0V Ay, — oV A\, (4.50)
*0J0 070 0J0 20J0
—H0TF0 Ny — BOTEO N — ety — cAt
d 1 di - 7 20 Jo

1070 1070
By putting these pseudodistance equations into matrix form we obtain a new set of equations
to solve for AAX = 1. Therefore, we start by placing the partial derivatives from Eq. (4.46)

in matrix form as shown below:

A5 = [110*’”20 YipTY29  ZlpT22 _1}

diy2, diy2, diy2, (451)
Ay, | = [B0%e ¥27Yl0 E27F

d1g2g digzg d1g2g

where [z1, y1, 21,] is the initial estimate of the solution of user 1, [zo, ya, 22,] is the ini-
tial estimate of the solution of user 2, and dj 9, is the inter-receiver distance between the

estimated user positions as defined in Eq. (4.47).
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To accommodate for the parallel collaboration, we create a new A matrix with the following

components:
Auser1 0
A = 0 Auserz (452>
A, Ay

where A, is the appropriate A matrix for each individual user and can be found from
Eq. (4.8) and A,_; is the partial derivatives of the pseudodistances as defined above in
Eq. (4.51). This matrix can be extended to additional users by placing the appropriate A
matrix for each individual user on a diagonal then appending the appropriate collaborative
matrices in their respective locations accompanied by zeros where collaboration does not

occur, as shown in an example with three users below.

Auserl 0 0
0 Auserg 0
0 0 A’lLS@T’3
A (4.53)

0 Ay, 3 As, ]

Then by taking the left hand side of Eq. (4.50) we can set up the pseudodistance 1 vector as
follows:

Lo = | Dy — c(ty, — t1,) — diy, (4.54)

where D14 is the pseudodistance measurement between users, ¢, and t9, are the estimated
clock offsets associated with each user, and d;,9, is the inter-receiver distance between the
estimated user positions. To accommodate for the parallel collaboration, we compose the

new 1 vector as:

luserl

(4.55)
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where 1,4, is the appropriate 1 vector associated with each user and can be found from
Eq. (4.9) and 1,_; is the pseudodistances 1 vector as defined above in Eq. (4.54). To extend
this matrix beyond two users is straightforward, where all appropriate 1 vectors for each user
are placed one after another in order and are then followed by the appropriate collaborative

components, as shown in an example with three users.

luserl
luserz
luser
] — ’ (4.56)

1172

L3

s

Requiring both users to solve for both positions makes it necessary to share and communicate
all needed information. Therefore using new A matrix and 1 vector we solve for the change

in position for all users simultaneously using a Weighted Least Squares solution:
Ax = (ATWA)L{(ATWI) (4.57)

where we define W as a diagonal matrix with the inverse of estimated pseudorange and

pseudodistance variances on the diagonal:

Wusem 0 0
W = 0 Wuserg 0 (458)
0 0 W,

where W, corresponds to the inverse of the estimated pseudorange variances for the
appropriate user as defined in Eq. (4.11) and W _5 is the inverse of the estimated pseudodis-

tance variance.
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Finally, we define Ax as:

-
Ax = AZL’l Ayl AZl CAtRl AIL’Q AyQ AZQ CAtRQ] (459>

As before, we update our initial position estimate X + Ax for each user simultaneously and
then repeat this process again with the updated position estimates. We continue through

this iterative process until we converge to a position estimate for all GPS receivers.

4.3.2 Collaborative Extended Kalman Filter Solution

In order to adjust the Collaborative Extended Kalman Filter solution to account for the inter-
receiver distances and to collaborate concurrently, we make adjustments to the H matrix
and 1 vector.

Before we begin the description of the Collaborative EKF we start by defining our vectors
and matrices. The first vector is the state vector equation to estimate our mean, or position

estimate, as seen below.
-

5= (4.60)

6user1 5user2

Where 9., represents the state vector corresponding to the appropriate user. Then to find
a linear approximation of our state vector, we take the partial derivatives to find our state

transition matrix as seen below:

d5 (I)usem 0

d— — —
dx 0 @userg

(4.61)

Where @, represents the partial derivatives corresponding to the appropriate user. Next
we can define our process noise covariance matrix, Q, and our measurement noise covariance
matrix, R, by extending the previous definitions to accommodate the additional states and
measurements.

To begin the Collaborative EKF, we start by initializing the state vector and state error
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covariance matrix, also known as the uncertainty covariance matrix, as seen below:

T
X = [Xusemo Xusergo (462)
Puserl 0
p_ 0 (4.63)
0 Pusergo

where x is an n x 1 column vector (where n is the length of the state vector or sixteen) and
P is an n x n matrix, Xuser, corresponds to the initialized state vector for the ¢th user, and
Pusmo corresponds to the initialized state error covariance for the ith user. Then we start
step one of our two-step process by starting our prediction of the state vector and state error

covariance matrix as defined below.

x, = &x (4.64)
P,=®P®' +Q (4.65)

Where @ is our state transition matrix as defined in Eq. (4.61), x is our initialized state
vector, P is our state error covariance, and Q is our process noise covariance as defined in
Eq. (4.14).

Next we begin the correction step of our two-step process by calculating the filter gain in

which we will use for updating our predictions.
K=P,H' (HP,H +R)"' (4.66)

Where P, is our predicted state covariance, R is the measurement noise as defined in
Eq. (4.15), and H is our measurement matrix found by taking the partial derivatives of
the pseudoranges and pseudodistance measurements, as shown in Eq. (4.3) and Eq. (4.46)
respectively, with the coupling matrix, H;_;, containing the pseudodistance defined as fol-

lows:

H -, = [110_120 Yio=¥29 o720 _ 7 ]
1=2 d1g2g diy2, d1y2, 0000

(4.67)

H, | = [‘ LoV 2070 _] (g 0 0 0]

dig29 di1p2g di1p2g
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where [z1, Y1, 21,] is the initial estimate of the solution of user 1, [za, Y2, 29,] is the initial
estimate of the solution of the user 2, and d;,9, is the inter-receiver distance between the
estimated user positions as defined in Eq. (4.47).

To accommodate for the parallel collaboration, we edit the H matrix with the following

components:
Huserl O
H = 0 HUSE’I‘Q (468)
H, » Hy,

where H,.,, is the appropriate H matrix for each individual user and can be found from
Eq. (4.21) and H,_; is the partial derivatives of the pseudodistances as defined above in
Eq. (4.67). To extend the solution beyond two users is the same process that occurred
in the Newton-Raphson-based Collaborative solution as seen in the three user example in
Eq. (4.53).
This resulting filter gain lets us correct and update our position and uncertainty predictions
appropriately.

x =x, + Kl (4.69)

P = (I, - KH)P, (4.70)

Resulting in x as our updated state vector of the predicted guess and P as our updated state
error covariance matrix. Where x, is the predicted guess, I, is an n x n identity matrix,
K is our filter gain, and 1 is the the difference of the pseudoranges and pseudodistance
measurements and the estimated ranges and inter-receiver distances, as previously defined

in the Newton-Raphson-based Collaborative solution in Eq. (4.54) and redefined below:

lio = | Dy — c(ty, — t1,) — dig2, (4.71)

where D5 is the pseudodistance measurement between users, t;, and ¢, are the estimated
clock offsets associated with each user, and d;,9, is the inter-receiver distance between the

estimated user positions. Then to accommodate for the parallel collaboration, we compose
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the new 1 vector as:

luserl

1= (4.72)

Lusers
i
where L, is the appropriate 1 vector for each individual user and can be found from Eq. (4.9)
and 1;_; is the pseudodistances 1 vector as defined above in Eq. (4.71). Again in order to
extend this beyond two users is the same process that occurred in the Newton-Raphson-based
Collaborative solution as seen in the three user example in Eq. (4.56).

The same procedure holds for the Collaborative EKF as did for the EKF as listed below:

1. Initialize state vector and state error covariance (or use the state vector and state error
covariance from the previous time measurement):

x and P

2. Predict state vector and state error covariance:
x, = Px

P,=®P®" +Q

3. Compute Kalman Filter Gain:
K=PH (HP,H +R)™!

4. Update and correct predicted state vector and state error covariance:
x =x, + Kl
P=(I,-KH)P,

This process results in an estimated state vector for the two GPS receivers simultaneously,
T and th i ix that i d in th
Xuser; Xuser,] and the state error covariance matrix that is used in the next measurement

to further improve the estimated state vectors over time.
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4.3.3 Collaborative Unscented Kalman Filter Solution

In order to adjust the Collaborative Unscented Kalman Filter solution to account for the
inter-receiver distances and to collaborate concurrently, the predicted mean associated with
measurements is affected.

Before we begin the Collaborative UKF we start by defining our vectors and matrices,
exactly as we did with the Collaborative EKF. The first vector is the state vector equation

to estimate our mean, or position estimate, as seen below.

T

5= (4.73)

6user1 5’&861”2

Where 9., represents the state vector corresponding to the appropriate user.

Next we can define our process noise covariance matrix, Q, and our measurement noise
covariance matrix, R, by extending the previous definitions to accommodate the additional
states and measurements.

To begin the Collaborative UKF, we start by initializing the state vector and state error

covariance matrix, also known as the uncertainty covariance matrix, as seen below:

T

X = [Xuserlo Xusergo (474)
Puserl 0
P 0 (4.75)
0 Pusergo

where x is an n x 1 column vector (where n is the length of the state vector or sixteen) and
P is an n x n matrix, Xuser, corresponds to the initialized state vector for the ith user, and
PusemO corresponds to the initialized state error covariance for the ith user.

Then in order to start the Collaborative UKF we begin with the sigma points selection
algorithm around x by generating the sigma points through the unscented transformation

(UT). In order to find at least the second order of the state vector we must use 2n + 1 sigma
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points in the form below.

Xoigma = |x x4+ /I NP x— /1t NP (4.76)

This results in Xgigme a 7 x 2n + 1 matrix where x is the initial state vector, A is a scaling
factor as defined in Eq. (4.31), P is the state error covariance, and Cholesky factorization
is used for the square root of the matrices. Next, we find the weights of the sigma points

associated with both the mean and covariance as seen below.

(m) A
w 4.77
0 n+ A (477)
wi) = wi™ 4+ (1—a?+ ) (4.78)
1

(m) (c) ;
w, =W, = =1,...,2 4.79
7 7 2<n A) ? 7 Y n ( )

where A is again the scaling factor as defined in Eq. (4.31), « is the spread of the sigma
points and is set to le-3 (a typical default value), and § is the distribution parameter and is
set to 2 to declare a normal distribution.

Next start with the prediction of the state vector and state error covariance matrix as defined

below.
Xy = 6(Xsigma) (4.80)
2n
=Y w"X, (4.81)
=0
2n
P,=) WX, -%)(X,-%" +Q (4.82)
=0

Resulting in X,, a n x 2n + 1 containing our sigma points passed through the state vector

equation in Eq. (4.73), X as a n x 1 predicted mean state vector, and P, as a n x n predicted
(m)

%

state error covariance matrix. Where w

mean, WEC) is our sigma point weights associated with the covariance, and Q is our process

is our sigma point weights associated with the

noise covariance.
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Next we find the range and inter-receiver associated with each of the predicted sigma points,
X,, and the predicted mean associated with the range and inter-receiver measurements.
Before we show this process we include the collaboration of the inter-receiver measurements

as shown below:

fi2(Xp) = \/(Sﬁlxp — Tayx )+ (Y1x, — Yox,)° + (21, — 22x,)? + cltox, — tix,)

(4.83)
for(Xp) = \/(sz,, — Ty, )? + (Yox, — Yix,)? + (225, — 215, )%+ cltiy, — tay)

where f1_2(X,) and fo_1(X,) are the estimated inter-receiver range measurement between
users at the predicted sigma points, X, using Eq. (4.45) and redefined above. Then to
accommodate for the parallel collaboration, we compose the new f(X,) function including

the following:

_fusem (XP>
f(X,) = Fuers ) (4.84)
fi2(Xy)

| f271 (Xp) i

Where fuser,(X,) is the range measurements from each of the predicted sigma points asso-

ciated with the appropriate user in X, to the ith satellite using Eq. (4.1), and f;_;(X,) is
the estimated inter-receiver range measurement between users at the predicted sigma points
as defined above in Eq. (4.83). The repeated inter-receiver range estimate in Eq. (4.84),
fi—2(X,) and fo—1(X,), is necessary to associate the pseudodistance measurement for each
user when using the Collaborative UKF and unfortunately is a result to the initial degrada-
tion that will be seen in Chapter 5.1. Then to find the range and inter-receiver associated
with each of the predicted sigma points, X,, and the predicted mean associated with the

range and inter-receiver measurements, we use the equations below.

Z, = f(X,) (4.85)

z=> w1z, (4.86)
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Where f(X,) is the estimated measurements at each of the predicted sigma points as defined

above in Eq. (4.84), ng) is our sigma point weights associated with the mean, and WEC) is

our sigma point weights associated with the covariance.

Then in order to calculate our filter gain and update our predicted mean and covariance, we

first must find the innovation covariance, P, and the cross-covariance, P, as defined below.

2n
P.=Y w2, -2)(Z,~2) +R (4.87)
=0
2n
P,. =Y wi9(X, - %)(Z, - 2) (4.88)
=0

Letting us define the filter gain as follows:
K=P,P.' (4.89)

This resulting filter gain lets us correct and update our predicted mean and covariance
appropriately.
x =x+ K(z — 2) (4.90)

P=P,+KP.K' (4.91)

This results in x as our updated state vector of the predicted mean and P as our updated
state error covariance matrix. Note that x is the predicted mean, z is the the predicted
mean associated with the range measurements, P, is the predicted covariance, K is our filter
gain, z is the vector of the pseudorange and pseudodistance measurements, and P, is the
innovation covariance.

The same procedure holds for the Collaborative UKF as did for the UKF as listed below:

1. Initialize state vector and state error covariance (or use the state vector and state error

covariance from the previous time measurement):

x and P
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2. Sigma Point Selection Algorithm:
Xsigma = [X X+ v/ (n+ NP x—/(n+ )\)P}

3. Predict state vector and state error covariance:
Xp = J(Xsigma)
R 2n (m)
x=y w, X,
i=0

2n
Py = 2w (X, %)X, -%)" +Q

4. Predict mean associated with the range and inter-receiver range measurements:

Zp = f (Xp)
2n

z=>, ng) Z,
i=0

5. Calculate innovation covariance:

2n
P. =3 w(2,-2)(Z,—2)" +R
=0

6. Calculate cross-covariance:

2n
sz = ;JWEC) (Xp - )A()<Zp - Z)T

7. Compute Kalman Filter Gain:
K=P,P. '

8. Update and correct predicted state vector and state error covariance:
x =x+ K(z — 2)
P=P,+KP.K'

This process results in an estimated state vector for the GPS receivers simultaneously,
T and th i ix that i d in th
[Xuser; Xuser,] and the state error covariance matrix that is used in the next measurement

to further improve the estimated state vectors over time.



Chapter 5

Collaborative GPS Performance

We begin by examining the solutions of the standard GPS receiver to find a basis for com-
parison. After running our Monte Carlo simulation, we were able to find statistics of the
mean error associated with the receiver’s positioning as well as the availability of the posi-
tion estimate. The position error is calculated by finding the distance from the estimated
position to the predetermined true location, F|x — x|, and the availability is found by the
number of occurrences in which the number of satellites is less than four, the error is greater
than 1 km, or the absolute value of the GDOP is greater than 1000, divided by the total
number of simulation runs. The results, as seen in Table 5.1, are consistent with available

data [9] [16].

61
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Table 5.1: Standard GPS simulated Performance in various environments

Clear Sky | Solution Error Availability
Newton-Raphson | 11.763 m 100.00%
Extended KF 8.198 m 100.00%
Unscented KF 8.276 m 100.00%
Urban Solution Error Availability
Newton-Raphson | 26.079 m 99.15%
Extended KF 13.653 m 99.21%
Unscented KF 13.630 m 99.21%
Window Solution Error Availability
Newton-Raphson | 68.645 m 72.08%
Extended KF 26.352 m 72.78%
Unscented KF 26.349 m 72.85%
Indoor Solution Error Availability
Newton-Raphson | 101.046 m 36.00%
Extended KF 35.277 m 36.86%
Unscented KF 35.239 m 36.95%

As seen in the table above, both of the Kalman Filter solutions outperform the Newton-
Raphson solution in regards to accuracy of the position estimate and availability. Further,
the accuracy of the position estimate for both the Kalman Filter solutions are comparable
to one another as expected. However the UKF results in an equivalent or better availability
in all scenarios over the EKF due its resistance to the bias of NLOS component.

An example is shown below in Fig. 5.1, where the three solutions position errors are tracked
over 100 different time stamps, or the next satellite position in the sky, for a Clear Sky user

with the UKF solution providing the best results.
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Position Error vs. Time
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Figure 5.1: Example Position Error of a Clear Sky User vs Time

5.1 Collaborative Performance

After running our new solutions Monte Carlo for two collaborating users, we again find the
mean error associated with the receivers’ positioning as well as the availability of a position

estimate with the results seen in Table 5.2 and Table 5.3.
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Table 5.2: Two User Collaborative GPS simulated Performance Enhancements Part 1

Clear Sky & | Solution User Error | Availability
Clear Sky Newton-Raphson’s | Clear Sky | 10.125 m 100.00%
Clear Sky | 10.154 m 100.00%
Extended KF Clear Sky | 7.462 m 100.00%
Clear Sky | 7.530 m 100.00%
Unscented KF Clear Sky | 7.509 m 100.00%
Clear Sky | 7.517 m 100.00%

Clear Sky & | Solution User Error | Availability
Urban Newton-Raphson | Clear Sky | 10.614 m 100.00%
Urban 18.995 m 99.94%
Extended KF Clear Sky | 7.646 m 100.00%
Urban 11.990 m 99.94%
Unscented KF Clear Sky | 7.613 m 100.00%
Urban 12.335 m 99.95%

Clear Sky & | Solution User Error | Availability
Window Newton-Raphson | Clear Sky | 11.460 m 100.00%
Window | 47.949 m 90.50%
Extended KF Clear Sky | 7.914 m 100.00%
Window | 21.232 m 90.66%
Unscented KF Clear Sky | 7.861 m 100.00%
Window | 32.330 m 90.42%

Clear Sky & | Solution User Error | Availability
Indoor Newton-Raphson | Clear Sky | 11.634 m 100.00%
Indoor 84.835 m 63.69%
Extended KF Clear Sky | 8.063 m 100.00%
Indoor 30.708 m 64.04%
Unscented KF Clear Sky | 7.977 m 100.00%
Indoor 51.114 m 63.94%

64
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Table 5.3: Two User Collaborative GPS simulated Performance Enhancements Part 11

Urban & Solution User Error Availability
Urban Newton-Raphson | Urban 19.713 m 99.93%
Urban 20.987 m 99.92%
Extended KF Urban 12.284 m 99.93%
Urban 12.478 m 99.93%
Unscented KF Urban 13.394 m 99.95%
Urban 13.438 m 99.95%

Window & | Solution User Error Availability
Window Newton-Raphson | Window | 67.904 m 79.54%
Window | 63.815 m 79.46%
Extended KF Window | 24.585 m 81.85%
Window | 24.625 m 81.80%
Unscented KF Window | 30.527 m 81.86%
Window | 30.608 m 81.96%

Indoor & Solution User Error Availability
Indoor Newton-Raphson | Indoor | 111.842 m 40.88%
Indoor 108.459 m 40.87%
Extended KF Indoor 34.618 m 46.25%
Indoor 35.348 m 46.10%
Unscented KF Indoor 43.227 m 46.12%
Indoor 45.489 m 45.89%

From the tables above, we can see that the two user scenarios resulted in significant im-
provements in the availability for every paired scenario, especially in the Clear Sky & Indoor
scenario where the availability nearly doubled from roughly 37% to 64%. Furthermore, the
accuracy of the users position errors improved for nearly all scenarios with the exception of
a few (specifically Indoor-Indoor), that had minor degradation to the position error. The re-
sult of this minor degradation in the position error is a result of cases where localization was
not possible previously but can now occur do to collaboration thus improving the availability

but degrading the position error. This concept is explored further in Chapter 5.3.

5.1.1 Position Error

After introducing additional collaborating users to the new solution we examined the results

of the mean position error for the Newton-Raphson-based Collaborative Solution, the Col-
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laborative EKF Solution, and the Collaborative UKF Solution as seen in Fig. 5.2, Fig. 5.3,
and Fig. 5.4 respectively. All of the figures showed continuous improvements in the position
error for nearly all of the simulated scenarios with the exceptions of the initial degradation,

specifically in Indoor-Indoor, that will be addressed in Chapter 5.3.

Newton—Raphson Collaborative Solution Performance vs. Mean Position Error
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Figure 5.2: The mean position error of users using the Newton-Raphson-based Collaborative
Solution

As seen in the figure above for the Newton-Raphson-based Collaborative Solution, the
Indoor-Indoor scenario struggled initially before showing improvement in the position er-
ror with three additional users collaborating due to the increased availability. On the other
hand, in the Indoor-Clear Sky scenario, the indoor user showed significant improvements in

the position error as additional users were introduced.
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Figure 5.3: The mean position error of users using the Collaborative EKF Solution

In the figure above for the Collaborative EKF Solution, the Indoor-Indoor scenario also

struggled before showing improvement in the position error when four additional users were

collaborating, again due to the cases where localization was previously not possible. All

other scenarios showed a steady trend in improving the position estimate as additional users

were introduced.
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Figure 5.4: The mean position error of users using the Collaborative UKF Solution

In the figure above for the Collaborative UKF Solution, despite the Indoor-Indoor scenario
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showing less degradation in the position error than the Collaborative EKF it showed less
of an improvement in the position error when four additional users were collaborating. All
other scenarios showed a steady trend in improving the position estimate as additional users
were introduced with the exception of the Indoor-Clear Sky and Window-Clear Sky that
initially degraded before showing improvement in the position error.

Next we examined this degradation further by comparing the mean position error of an

indoor user when collaborating with a number of clear sky users as shown in Fig. 5.5 below.

Number of Collaborating Clear Sky Users vs. Mean Position Error of an Indoor User
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Figure 5.5: The mean position error of an indoor user vs. the number of collaborating clear
sky users
After a thorough comparison, we concluded that the Collaborative EKF solution provided

the best results in regards to the mean position error.

5.1.2 Availability

Next we examine the mean availability for the Newton-Raphson-based Collaborative Solu-
tion, the Collaborative EKF Solution, and the Collaborative UKF Solution as seen below in
Fig. 5.6, Fig. 5.7, and Fig. 5.8 respectively. All of the figures below show continuous improve-
ments in the availability for all simulated scenarios and with nearly 100% availability for all

scenarios when five users are collaborating and when using either one of the Collaborative
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Kalman Filter solutions, although not for the all indoor scenarios.

Newton—-Raphson Collaborative Solution Performance vs. Availability
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Figure 5.6: The availability of position estimate using the Newton-Raphson-based Collabo-
rative Solution

Collaborative EKF Solution Performance vs. Availability
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Figure 5.7: The availability of position estimate using the Collaborative EKF Solution
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Collaborative UKF Solution Performance vs. Availability
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Figure 5.8: The availability of position estimate using the Collaborative UKF Solution

We examined the results further by comparing the availability of an indoor user when collab-
orating with a number of clear sky users as shown in Fig. 5.9 below. Here we examined the
most drastic improvements that each solution can achieve to one another as we did before
with the mean position error.

Number of Collaborating Clear Sky Users vs. Availability of an Indoor User
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Figure 5.9: The availability of an indoor user vs. the number of collaborating clear sky users

After a thorough comparison, we concluded that both the Collaborative UKF solution and

Collaborative EKF solution provided the best results in regards to the availability of users
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for all of the simulated scenarios by outperforming the Newton-Raphson-based Collaborative
solution. This can be contributed to the better convergence properties the Kalman Filter

holds over the Newton-Raphson solution.

5.2 Positioning Accuracy using the 95% CEP

To further explore the position accuracy of the new solutions, we examined the statistical
data of the position errors for each scenario and the corresponding cumulative density func-
tions (CDFs). Using CDFs gives us the ability to measure the Circular Error Probability
(CEP), or the radius of a circle centered about the true position whose boundary is expected
to include a percentage of the estimated positions within it, for every scenario. We focus on
the 95% CEP, where nearly all the position estimates fall, in order to show the improvements
the new collaborative solutions makes over the standard GPS solution. An example of a 95%

CEP with a Clear Sky user with the Newton-Raphson solution is shown below in Fig. 5.10.

Example of 95% CEP for a Clear Sky User
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Figure 5.10: Example of a 95% CEP for a Clear Sky user using the Newton-Raphon Solution

For simplicity purposes we only cover the Newton-Raphson Collaborative solution, since all

three collaborative solutions follow similar distributions as seen in Appendix A.
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CDF for Clear Sky User using the Newton-Raphson's Collaborative Solution
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Figure 5.11: CDF of Position
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CDF for Window User using the Newton-Raphson’s Collaborative Solution
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Figure 5.13: CDF of Position Error for Window User using the Newton-Raphon Collaborative
Solution

CDF for Indoor User using the Newton-Raphson’s Collaborative Solution
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Figure 5.14: CDF of Position Error for Indoor User using the Newton-Raphon Collaborative
Solution

Beginning with clear sky users in Fig. 5.11, we observed a moderate improvement in their
95% CEP from 24 m to 15 m when collaborating with four other clear sky users. Urban
users in Fig. 5.12 made an impressive enhancement in their 95% CEP improving from 60 m
to 23 m when collaborating with four other urban users and improved even further when

collaborating with four clear sky users from 60 m to 17 m. Window users in Fig. 5.13
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made an impressive enhancement in their 95% CEP improving from 214 m to 64 m when
collaborating with four other window users, however when collaborating with four clear sky
users their 95% CEP improved notably from 214 m to 17 m. Indoor users in Fig. 5.14 made a
modest enhancement in their 95% CEP improving from 338 m to 240 m when collaborating
with four other indoor users, however when collaborating with four clear sky users their 95%
CEP improved drastically from 338 m to 18 m. The improvements made in the 95% CEP for
all of the new collaborative solutions can be seen in the tables in Appendix A. This reveals
significant improvements in position estimate that the new collaborative solutions are able
to achieve over the standard GPS receiver. More importantly, several scenarios that were
unable to meet the 95% E911 requirement of 150 m can now meet or exceed this requirement

through collaborative GPS [28].

5.3 Sensitivity to Satellites

In exploring the initial degradation in position error, we examined the sensitivity of the
solutions to the number of satellites used. By comparing the number of satellites used in
localization versus the accuracy of the position estimate we concluded they are correlated,
as seen in Fig. 5.15. When less satellites are available to a user then the solution typically

reduces the accuracy of the position estimate, as one would expect.
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Number of Satellites vs. Position Error of a Clear Sky User
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Figure 5.15: The mean position error for a Clear Sky user versus the number of satellites

As seen in the figure above, this correlation holds true for all of the solutions resulting
in further degradation to the position estimate when less than four satellites are used in
collaborative localization and helps explain the initial degradation that occurs in the position
error, as seen in the results in Chapter 5.1. As an example, we examined the results of a user
in a challenging environment collaborating with a clear sky user when using the Newton-
Raphson-based Collaborative solution. When a window user using four or more satellites
collaborates with a clear sky user, localization is achieved for the window user 73% of the
time with a mean position error of 33 m. However when a window user using only three
satellites collaborates with a clear sky user, localization is achieved for the window user 18%
of the time with mean position error of 110 m. This results in the overall mean position
error of 48 m with an availability of 91% for the window user in collaboration with a clear
sky user. When an indoor user using four or more satellites collaborates with a clear sky
user localization is achieved for the indoor user 37% of the time with a mean position error
of 55 m. However when an indoor user using only three satellites collaborates with a clear
sky users, localization is achieved for the indoor user 27% of the time with a position error
of 126 m. This results in the overall mean position error of 85 m with an availability of 64%

for the indoor user in collaboration with a clear sky user.
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As expected, the large error that occurs from three satellites in collaboration causes degra-
dation in the position estimate. Further degradation occurs in the position estimate when
one receiver uses two satellites in collaboration with several Clear Sky users (with access to
several satellites) and even further when one receiver uses only one satellite in collaboration
with several Clear Sky users (with access to several satellites). Thus if accuracy of the po-
sition estimate was a priority over availability one could implement a constraint to require
the standard four satellite minimum in order to only improve the position estimate.

When users share the same satellites in collaboration their solution degrades further due to
the scale of the system. In comparison to the distance from the satellites to the users, the dis-
tance between users is minuscule causing ambiguity in the solution and possible convergence
to a local minima.

To get a deeper understanding of the where the gains in performance occur in collaboration,
we find the probability associated with the number of available satellites in each environ-
mental scenario as shown in Fig. 5.16. With this information we are able to show that the
largest source of improvement occurs in the availability where previous solutions were not
possible. For example, an indoor user with three satellites has a probability of occurrence
of 27%. When using a standard GPS, localization is not possible, however when the indoor
user collaborates with a clear sky user, localization is now possible for the indoor user in all
occurrences where only three satellites are available by having the additional user act as a

replacement for a satellite.
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Probability of Occurrence for Each Environmental Scenario vs. the Number of Distinct Satellites
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Figure 5.16: Probability of occurrence for each environmental scenario versus the number of
distinct satellites

Not all satellite scenarios result in localization. When using any of the new collaborative
solutions, a user with three satellites may collaborate with another user with four or more
satellites. However, if both users only have three satellites available then neither can achieve
localization. A minimum of three users are required for localization when using three satel-
lites each and a minimum of five users are required for the localization when using two
satellites each. Furthermore, if all users have one satellite each, localization will not occur
for all collaborative solutions due to a lack of reference from sufficient measurements and a
poor dilution of precision.

When examining the sensitivity of a receiver to the initial position guess it is found that
regardless of the starting location a solution is found that meets the accuracy of a receiver
in a given environment. However it is important to note that the further the initial position
guess is from the true receiver location the more iterations or time measurements are required
to find a solution that meets the accuracy. A closer initial position guess does improve
performance by reducing the number of computations needed to resolve a solution. Lastly,
when examining the sensitivity to the inter-receiver range error it is found that the signal
strength of the inter-receiver does not affect the solutions noticeably. This is a result of the

kalman gain and the weighted matrix giving a smaller weight on the weaker measurements
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including the inter-receiver range measurements.

5.4 Time Synchronization

Another important feature that GPS uses is the ability to time synchronize all nodes within
nanoseconds, depending on the node’s environment, for successful data communication. By
using high accuracy clocks for time synchronization this supports additional network ca-
pabilities, such as advanced modulation schemes yielding higher data rates. The timing
synchronization capability makes GPS receivers popular for implementation, even if local-
ization is unnecessary, since many wireless networks have relatively inexpensive hardware
clocks. As mentioned above, the environment not only affects the position measurement but
also the accuracy of the time synchronization. So we examined the accuracy of time offset
when using the new collaborative solution to further improve the time synchronization.

We began with the solution of the standard GPS receiver with respect to the timing to
find a basis for comparison. After running our Monte Carlo simulation, we were able to find
statistics of the mean timing error associated with the receiver’s time compared to the actual

time. The results, as shown in Table 5.4, are consistent with available data [19].
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Table 5.4: Standard GPS simulated Performance in various environments

Chapter 5. Collaborative GPS Performance

Clear Sky | Solution Time Offset
Newton-Raphson’s | 2.130e-08 s
Extended KF 6.495e-09 s
Unscented KF 5.481e-09 s
Urban Solution Time Offset
Newton-Raphson’s | 5.341e-08 s
Extended KF 8.217e-09 s
Unscented KF 5.828e-09 s
Window Solution Time Offset
Newton-Raphson’s | 1.128e-07 s
Extended KF 1.042e-08 s
Unscented KF 8.112e-09 s
Indoor Solution Time Offset
Newton-Raphson’s | 2.074e-07 s
Extended KF 1.211e-08 s
Unscented KF 8.365e-09 s
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From the table above, both the Kalman Filter solutions produced the best results in accuracy
of the time synchronization over the Newton-Raphson’s when using a standard GPS receiver.
The accuracy of the Kalman Filter solutions can time synchronize with the accuracy on the
order of nanoseconds while the Newton-Raphson’s solution can only time synchronize in the
accuracy range of tens to hundreds of nanoseconds.

After introducing additional collaborating users to the new solutions we observed the results
of the mean timing errors for the Newton-Raphson-based Collaborative Solution as shown
in Fig. 5.17. This shows the improvements in the timing errors for nearly all scenarios with
the exception of a few where there was minor degradation, much like the position error. The
timing errors follow the same trend as the position errors for the Newton-Raphson-based
Collaborative solution. The significance of these results is seen in the improvements made
by an indoor user collaborating with clear sky users, improving from hundreds of nanoseconds

to tens of nanoseconds.
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Newton-Raphson's Collaborative Solution Performance vs. Mean Timing Errors
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Figure 5.17: The mean timing error of users using the Newton-Raphson-based Collaborative
solution

Both Kalman Filter solutions do not provide any improvements to the timing errors when
collaboration is introduced as shown in Fig. 5.18, where we compare the mean timing errors
of an indoor user when collaborating with a number of clear sky users. This figure shows
no convincing trend in the Kalman Filter solutions and is contributed to the fact that the
Kalman Filter solutions are unable to achieve a higher accuracy than the solution when using

a standard GPS receiver.

Number of Collaborating Clear Sky Users vs. Mean Timing Errors
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Figure 5.18: The mean timing error of an indoor user vs. the number of collaborating clear
sky users



Chapter 6

Conclusion

After a thorough examination, our simulated results showed significant improvements in
availability for users in all scenarios and in position error when enough users are available
for collaboration. Overall, the Collaborative EKF solution performed the best in regards to
both the position error and availability. Our new solutions showed significant improvements
in the position estimate, allowing indoor users to meet the E911 requirements, as seen in the
examination of the 95% CEP. After examining the number of satellites and the position error,
a correlation was found that helped explain the initial minor degradation that occurred in
select scenarios. The main source of improvement in the position estimate can be contributed
to collaboration between users with at least four satellites available for each user. Most
importantly though, the improvements in availability in all of those scenarios outweigh the
initial minor degradation in position error that occurred allowing for the minimum of a coarse
position estimate. The cost would require minimal adjustments to current GPS devices in
order to share information. By sending a low power transmitted signal in a similar format as
the pseudorange with ephemeris data attached to each signal one could keep the system the
very similar. Our new solution shows great promise as a new means of geolocation through
the use of the pre-existing GPS along with collaboration, improving both position error and

availability.
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Appendix A

Positioning Accuracy using the 95%

CEP

Figures & Tables

A.1 Collaborative Extended Kalman Filter Solution

Figure A.1:
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CDF of Position Error for Clear Sky user using the Collaborative EKF Solution
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CDF for Urban User using the Collaborative EKF Solution
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Figure A.2: CDF of Position Error for Urban User using the Collaborative EKF Solution

CDF for Window User using the Collaborative EKF Solution
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Probability

CDF for Indoor User using the Collaborative EKF Solution
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Figure A.4: CDF of Position Error for Indoor User using the Collaborative EKF Solution

A.2 Collaborative Unscented Kalman Filter Solution
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Figure A.6: CDF of Position Error for Urban User using the Collaborative UKF Solution
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CDF for Indoor User using the Collaborative UKF Solution
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Figure A.8: CDF of Position Error for Indoor User using the Collaborative UKF Solution
A.3 95% CEP Improvements

Table A.1: 95% CEP improvements for Clear User with the new Collaborative GPS solutions

Solution Environment | Collaboration | 95% CEP
Newton-Raphson Clear Sky — 24 m
Clear Sky 1 Clear Sky 21 m
Clear Sky 2 Clear Sky 20 m
Clear Sky 3 Clear Sky 17 m
Clear Sky 4 Clear Sky 15m
Extended KF Clear Sky — 14 m
Clear Sky 1 Clear Sky 13 m
Clear Sky 2 Clear Sky 13 m
Clear Sky 3 Clear Sky 12 m
Clear Sky 4 Clear Sky 12 m
Unscented KF Clear Sky — 14 m
Clear Sky 1 Clear Sky 13 m
Clear Sky 2 Clear Sky 13 m
Clear Sky 3 Clear Sky 12m
Clear Sky 4 Clear Sky 11 m
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Table A.2: 95% CEP improvements for Urban User with the new Collaborative GPS solutions

Solution Environment | Collaboration | 95% CEP
Newton-Raphson Urban — 60 m
Urban 1 Urban 45 m
Urban 2 Urban 36 m
Urban 3 Urban 33 m
Urban 4 Urban 23 m
Urban 1 Clear Sky 21 m
Urban 2 Clear Sky 20 m
Urban 3 Clear Sky 18 m
Urban 4 Clear Sky 17 m
Extended KF Urban —_— 27 m
Urban 1 Urban 24 m
Urban 2 Urban 21 m
Urban 3 Urban 19 m
Urban 4 Urban 17 m
Urban 1 Clear Sky 14 m
Urban 2 Clear Sky 14 m
Urban 3 Clear Sky 13 m
Urban 4 Clear Sky 12 m
Unscented KF Urban — 26 m
Urban 1 Urban 25 m
Urban 2 Urban 21 m
Urban 3 Urban 19 m
Urban 4 Urban 17 m
Urban 1 Clear Sky 14 m
Urban 2 Clear Sky 13 m
Urban 3 Clear Sky 12 m
Urban 4 Clear Sky 11 m
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Table A.3: 95% CEP improvements for Window User with the new Collaborative GPS

solutions

Solution Environment | Collaboration | 95% CEP
Newton-Raphson Window — 214 m
Window 1 Window 218 m
Window 2 Window 202 m
Window 3 Window 107 m
Window 4 Window 63 m
Window 1 Clear Sky 23 m
Window 2 Clear Sky 20 m
Window 3 Clear Sky 19 m
Window 4 Clear Sky 17m
Extended KF Window — 66 m
Window 1 Window 61 m
Window 2 Window 60 m
Window 3 Window 46 m
Window 4 Window 50 m
Window 1 Clear Sky 14 m
Window 2 Clear Sky 13 m
Window 3 Clear Sky 13 m
Window 4 Clear Sky 14 m
Unscented KF Window e 66 m
Window 1 Window 72 m
Window 2 Window 44 m
Window 3 Window 46 m
Window 4 Window 38 m
Window 1 Clear Sky 17 m
Window 2 Clear Sky 13 m
Window 3 Clear Sky 13 m
Window 4 Clear Sky 12 m
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Table A.4: 95% CEP improvements for Indoor User with the new Collaborative GPS solu-

tions

Solution Environment | Collaboration | 95% CEP
Newton-Raphson Indoor — 338 m
Indoor 1 Indoor 395 m
Indoor 2 Indoor 398 m
Indoor 3 Indoor 344 m
Indoor 4 Indoor 240 m
Indoor 1 Clear Sky 24 m
Indoor 2 Clear Sky 20 m
Indoor 3 Clear Sky 19 m
Indoor 4 Clear Sky 18 m
Extended KF Indoor — 79 m
Indoor 1 Indoor 80 m
Indoor 2 Indoor 377 m
Indoor 3 Indoor 242 m
Indoor 4 Indoor 56 m
Indoor 1 Clear Sky 15 m
Indoor 2 Clear Sky 13 m
Indoor 3 Clear Sky 13 m
Indoor 4 Clear Sky 12 m
Unscented KF Indoor e 79 m
Indoor 1 Indoor 106 m
Indoor 2 Indoor 226 m
Indoor 3 Indoor 312 m
Indoor 4 Indoor 48 m
Indoor 1 Clear Sky 21 m
Indoor 2 Clear Sky 15 m
Indoor 3 Clear Sky 13 m
Indoor 4 Clear Sky 12 m
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