3.2 Differentiable Reformulation in the Primal Space

In this section we present a differentiable reformulation of EMFLP in the primal space,
and provide some related theorems and lemmas that illustrate the properties of this
reformulation, as well as their utility in solving the problem EMFLP. Two examples that
support the proposed reformulation are also presented.

Given an instance of EMFLP, let us use the transformation

a; ={(x -a)° + (y,-b)*"? "(i,))T Awe,and
(3.9)
by ={(X - %)* + (V-9 3" (k)T A
and consider the following smooth restatement REMFLP of EMFLP.
REMFLP: Minimize § 8w, a;+ & & Vu b (3.10a)
(D)1 A (k, DT Aw
subjectto  ai 3 (xi-a)® + (vi - b)°® "(i,j)T Awe (3.10b)
B0 Gun + o) )T Aw (300
ajj 3 (Xi - aj)1 aij 3 (aj - Xi), aij 3 (Yi - bj), aijj 3 (bJ - yi) " (i, j)T Ane (310d)
Dud (X-X), b (X-x), b e-y), bu® (yi-y) " (k, |)T Ann (3.10e)
;30 " (iL,)T Ae,bu20 " kDT Aw. (3.10f)

The result below addresses the equivalence of REMFLP and EMFLP problems.

Lemma 2. REMFLP is an equivalent restatement of EMFLP in that (x, y) solves
EMFLP if and only if (X, ¥, &,b) solves REMFLP where (Z,b ) is given by (3.9) for
xy)° (X.Y).

Proof. Given any (X,¥), it is readily seen that an optimal completion (X,y,a,b) to
REMFLP is given by letting (Z,b ) be given by (3.9) with (x, y) © (X,¥). Hence, the
stated equivalence of EMFLP and REMFLP follows, and this completes the proof. 6
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Although (3.10) is a smooth restatement of EMFLP, note that each of the constraint
functions (3.10b) and (3.10c) when written as £ 0 inequalities represent nonconvex
quadratic functions. However, as the following result shows, the overall feasible region of
REMFLP is a convex set. Hence, REMFLP is indeed a smooth, convex programming

problem.

Lemma 3. REMFLP is a convex programming problem.
Proof. Since the objective function of REMFLP is linear, let us verify that the feasible

region isaconvex set. Toward this end note that the set of points

Si={ (X, Vi, ai): (Xi- )+ (vi-by)*-a £0,a; 30} (3.11a)
is equivalently represented by

Se={0a vi ap): | {(i-a)°+(i-b)*}? -a; £0}, " (i,)T A (3.11b)

Since the constraint expression in (3.11b) is a convex function of (x,v. a;), Sij¢ isa
convex set, and hence sois S, , " (i, DT A

Similarly, the set Sy = { (X«, Y«, X1, Y1, ba): (X« - a|)2 +(yk - by )2 - bi, £ 0, by 3 0}
isaconvex set " (k, )T Aw. Sincethefeasible region of REMFLP is composed of the

intersection of thesesets S; " (i, DT Aveands, " (k)T Ayyaongwiththe

polyhedron defined by (3.10d) and (3.10e), the proof is complete. [

Observe that Lemmas 2 and 3 hold true even with the constraints (3.10d) and (3.10€)
absent; in fact, these constraints are implied by the other constraints (3.10b), (3.10c) and
(3.10f) of REMFLP. As we shal now see, the role of these redundant constraints is to
promote the possibility that an optimum to EMFLP turns out to be a KKT solution to
REMFLP. This is important because if an optimum to REMFLP is not a KKT point for
this problem, then despite its convex, smooth structure, agorithms that are designed to

converge to KKT solutions might experience difficulties in approaching such an optimum.
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The following result addresses this issue and Example 1 below provides an illustration for
the utility of (3.10d) and (3.10e).

Theorem 2. Let (X,y,a,b) be a KKT solution for REMFLP, where & and b are
given by (3.9) for (x,y) © (X,¥). Then (X, y) solves EMFLP. Conversely, let (X,Vy)

solve EMFLP, and suppose that the optimality conditions (3.8) are satisfied with

zy+Hz 1€ " ()T Avesuchthat &, =0, and (3.12a)

|20 HZa [EL " ()T Awysuchthat b, = o, (3.12b)

where & and b are given by (3.9) for (x, y) © (X,¥). Then (x,y,a,b) is a KKT
solution for REMFLP.

Proof. Let (X,¥,a.,b) be a KKT solution for REMFLP, where (Z.b ) is given by
(3.9). To show that (x,y) solves EMFLP, by Lemma 2, it is sufficient to show that
(X,y,a, E) solves REMFLP. On the contrary, suppose not. Then, by Lemma 3, there
must exist a feasible direction at (%, y,a,b) that has a negative directional derivative.
However, since this direction is also feasible to the first-order linear programming
approximation to the constraint functions a (x, vy, a, 5) (see Bazaraa et al., 1993), it
follows that (x,vy, &, 5) is not a KKT solution, a contradiction. Hence, (X,y) solves

EMFLP.

Conversaly, let (x,y) solve EMFLP and suppose that (3.12) holds true. Let us show that
(X,y,a,b) isthen a KKT solution for REMFLP, where (,b ) is defined by (3.9).

Toward this end, let us denote nonnegative Lagrange multipliers q; for each(i, j) 1 A

and f , for each (k 1) T Aw, associated with constraints (3.10b) and (3.10c),

respectively, Lagrange multipliers z7,, z;,, z7; and z;, associated with the respective
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inequalities in (3.10d) for each (i, j) T Awe, and smilarly, Z3r Zy Zy and zo,
associated with the respective inequalities in (3.10€) for each (k, I) T Ay, and multipliers
" (,)DT Aeandg, " (k,0)1 Ay " (k1)T Ay associated with the respective
sets of inequalitiesin (3.10f). The KKT conditionsfor REMFLP at (x,y, a, 5) can then
be written as follows, requiring a solution to the following system, where index limits and
the vector notation in (3.13h) are obvious and are simplified for ease in presentation, and

where the complementary slackness conditions with respect to (3.10b) and (3.10c) are

satisfied since these constraints are active at the given solution. (As before, f (i0) denotes

f,andi </, andf, if £ <i)

é 2(X; - aj)qij +é 2(X; - Y()f(i() + é (21;} - Zl_ij)+ é Za - Z3)) - é (2 - 23,) =0
i i

i >i £<i

i=1,..,n (3.133)

é Z(Vi - bj )qij + é 2(yi - y()f(i() + é (221;j - Zz_ij)+ é (241;4 - Z4_i()_ é (Z42i - Z4_(i) =0
i i

i >i £<i

i=1,.,n (3.13b)
2a,q;; +(ZIij +Zy +Z;ij +Z_2ij)+| i — W " (I’J)T Ane (3.13¢)
ZtTkéf wt (231;4 +tZy, +Z4t<( +Z4_k() 0 =Ny "k, I)T Ann (3.13d)

+

z;;(@y- xta;)=z(@;- a;+x)= Z;ij(aij - Yitb)=z@; - by +y)=0

" i, j)T Ane (3.13¢)
ZSL((l;k( - X, +X,) :Z?;k((l;k( - X, +X)= 2414(51« - Y% tV) :Z4_k4(5k4 -Y,+Yy,)=0

"k DT Aw (3.13f)
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al, =0 " (i1 Aeb,g, =0 " KD Auw (3.139)

(q.f,z;{,z5,z5,z;,1,9)3 O- (3.13h)
Now, select the Lagrange multipliers as follows in order to satisfy (3.13).

(@) Foreach (i, j) T Ang, if aTij >0,letl j =0 from (3.13g), select zj; =z, =0, and
let q; =w,; / zeTij from (3.13c).

(b) For each (k, I) T A, if b, > 0,letg,, = 0 from (3.13), select 2%, =22, =0, and

3k 4k¢

Ietsz =n,/ 2ka from (3.13d).

(c) For each (i, j) T A such that &, =0, noting (3.12a), take g, =0, and select
nonnegative Zi_rij and Z;ij such  that {ZIij - Zy :ZlijWij’ZIij +Zy :|Zlij|Wij}’
{Z;ij - Zoyy = Z Wy, Z;ij tZy = X

I ij3 0 by (3.129).

i |Wij }, and let | ij = Wij [1— |ZlinZZij|]- Note that

(d) For each (k, I) T A such that Bkz = 0, noting (3.12b), take f,, = 0 and select

nonnegative z;, and z

+ - - + - -
SJCh that {ZSKK - ZSk( _23k(nk( ’23k( +23k( - |23k(|nk(} !
+ - - + - -
{Z4k( - Z4k( _Z4k(nk(’ Z4k( +Z4k( - |Z4k(|nk(} ! and Iet

Gy =Ny (L~ [Zyy]- |24 ])- Notethat ge 3 0by (3.12b).

Then, examining (3.7) and (3.8), it is readily verified that the prescriptions given by (a) -
(d) above satisfy (3.13), and s0, (x,vV, aT,l:_)) is a KKT solution for REMFLP. This

completes the proof. 6
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The next example supports Theorem 2 and shows the important role of the redundant
constraints (3.10d) and (3.10e) in promoting the satisfaction of KKT conditions of

problem REMFLP at the point (X, ¥) that solves the problem EMFLP.

Example 1

Consider asituation with m = 2 existing facilities located at (O, 0) and (1, O) respectively,
and suppose that we wish to locate a single new facility n = 1, given w =2 and
w_ = 1, respectively. Thenitisreadily verified that (X, ) ° (0, 0) solves EMFLP. We
shall consider the problem REMFLP with and without the redundant constraints (3.10d)
and (3.10e), in order to demonstrate their usefulness in the equivalent reformulation

approach.

Case 1 When the redundant constraints (3.10d) and (3.10e) are considered.

UsingLemma 2, (x,v, 511,512) = (0,0,0,1) solves REMFLP. By Equation (3.7), we

have 7 =-1 and z, =0, and we see that (3.8) holds true by selecting z,,, =1 and

111

z,,=0. Hence, by Theorem 2, since (3.12) holds true, we have that this
(X,¥,a,.a,,) isaKKT solution for REMFLP. It can be verified that (3.13) holds true

by letting | , =0, z;}

—_ +
12 z 212

=0,and q, = U2 by selection step (a) in the proof, and

by letting q_ =0, z},, =2, z;;;, =0, and z3,, =1 ,, =0 by selection step (3.6) in the

211 —

proof.

Case 2 When the redundant constraints (3.10d) and (3.10e) are omitted.

If the constraints (3.10d) and (3.10€) are absent, so that z; and z; are vacuous in this
exanple thena , =1 > 0 impliesthat | A = 0 from (3.13g), and so by (3.13c), we get

q, = V2. But thisyields avalue of —1 on the left-hand side of (3.134), and so, without
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the constraints (3.10d) and (3.10e), this solution is no longer a KKT point for REMFLP.
In fact, without the latter constraints, it can be seen via the proof of Theorem 2 and by
Theorem 1 that if (x,y) solves EMFLP, then the corresponding (X, V, a.b), with
(&,b) given by (3.9), isaKKT solution for REMFLP if and only if z, =z,=01in(37),
and by choosing zero subgradients (which is a valid choice) for all nondifferentiable terms
in (3.1) at optimality. As a point of interest for this example, without the constraints
(3.10d) and (3.10e), the software MINOS 5.2 nonetheless converges to the exact

optimum (x,y) = (0,0) for this problem.

The next example illustrates a situation in which an optimum to EMFLP does not
correspond to a KKT point for REMFLP.

Example 2

Consider an EMFLP problem with m = 4 existing facilities located at the vertices (0, 0),
(1,0), (0,1) and (1, 1) of aunit square for j= 1, 2, 3, 4, respectively, and suppose that we
need to locate a single new facility (n = 1). Let the interaction weights be wi; =./2 +1

and w,o=1 for j = 2,3,4. Consider the solution (X,y) = (0, 0). By Equation (3.7),
we get z,=z, =- @+J2)/J2, and so, (38) holds true by selecting

Z,,=2,,=1/2, where z2 +z2 =1. Hence, (x,y) solves EMFLP and so,

(X.y, & ,&_,a_a )= (0,00011-2) solves REMFLP. However, this is not a

11 12

KKT solution for REMFLP since for (i, j) = (11), (3.13a) and (3.13b) would require that

z5,= 25, =(2+1)/2 (see selection (c) in the proof of Theorem 2), yielding

+
z 111

+z 5, =~/ 2w,, Which then violates (3.13c). Asapoint of interest, using MINOS 5.2

211
to solve this instance of REMFLP we nonetheless obtained the exact optimal solution
(x,y) = (0,0) at termination.



