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Abstract

An introduction fo the renormalization group (RG) theory of critical phenomena is pre-
sented, and a review of some of its most important results is given. After a brief description
of the physical properties of systems near a second-order phase transition, and of the the-
oretical problems in providing an adequate mathematical treatment, the basic notions of
universality and scale invariance are discussed. Then some of the most common microscopic
models for systems with phase transitions are introduced, along with the Landau-Ginzburg—
Wilsen functional, which constitutes the corresponding effective field theory. For the latter
both the mean—field approximation, where order parameter fluctuations are neglected en-
tirely, as well as the Gaussian theory taking them into account only to the lowest order, are
described. The RG concept is then introduced, and explained first in real space, by consid-
ering the one— and two—dimensional Ising model as examples. The emergence of scaling laws
and universality is shown to be a consequence of the behavior of the RG flows near a critical
fixed point. Specifically, the critical exponents are deduced from the RG flow behavier in
the viciniiy of the critical fixed point. Returning to the continuum model, the momentum
shell elimination procedure in Fourier space {Wilson’s RG scheme) is presented, and for the
case of the O(n)-symmetric ¢* model it is demonstrated how the critical exponents may
be systematically obtained within an ¢ expansion near the upper critical dimension. Some
remarks on more advanced field-theoretical methods conclude the discussion of the RG con-
cept. A list of important ¢opics where scaling ideas and the RG appreach have proven to be
very successfel finally illustrates that these methods provide a most powerful tool in modern
statistical physics.

To appear in: Encyclopedia of Applied Physics, Ed. G L. Trigg, VCH Publishers, Inc.
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INTRODUCTION

The fundamental laws of nature governing
the properties of matter possess distinguished
symmetry properties: They are invariant with
respect 1o translation in space and time, to
rotations and inversions. 'The states of mat-
ter that we observe, however, usually do not
display the full symmeiries of the underiy-
ing basic principles. Rather, the atoms or
molecules of a specific substance can be found
in certain condensed phases consisting of enor-
mously large numbers {typically 10%*cm™?) of
constituents, and these phases may be clas-
sified according to some specific symmetry
transformation under which the system re-
maing invariant (a subgroup of ithe original
symmetry group, see GROUP THEORY). In
passing, we note that even the “fundamental”
laws themselves, like the electroweak interac-
tion and quantum chromodynamics, may have
originated in the transition to a broken sym-
metry state of an even more fundamental and
more symmetric basic law. In this article we
shall be solely concerned with matter governed
by the Schrédinger equation and electromag-
netic forces.

The macroscopic properties of the phases of
condensed matter, whose stability regimes are
determined by the internal inieractions of the
particles invelved, as well as by the external
conditions (temperature, pressure, electric and
magnetic fields, ete.) can be very different.
Upon changing the external control parame-
ters the system may underge a phase transi-
tion to a new macroscopic phase, thus lower-
ing its total free energy (see THERMODYNAM-
1¢s, EQUILIBRIUM). Frequently, the internal
energy of the system as a function of the con-
trol variables is minimized by the change of its
thermodynamic phase, but there are also im-
portant cases where the driving force towards
a new equiiibrium state is a gain of entropy.

The stability of a particular phase and the
implications of phase transitions are of course
of prominent importance for applications and
technology. Moreover, these lssues provide

a considerable intellectual challenge for thelr
understanding in the framework of statisti-
cal mechanics (see STATISTICAL MECHAN-
105, CLASSICAL; STATISTICAL MECHANICS,
QUANTUM). Accordingly, methods need to be
developed in order to deal with a strongly in-
teracting system containing a large number of
particles, and near its stability boundary.

Fortunately it is not necessary to study
all the microscopic degrees of freedom in de-
tail; instead 1t suffices to investigate the sta-
tistical mechanics of a few macroscopic en-
tities (which, however, usually still poses a
formidable task}, namely the order parame-
ter characterizing the specific phase transition
and distinguishing the phases involved and its
correlation functions, as well ag the depen-
dence on the external fields serving as control
parameters (see CATASTROPHE THEORY).

Furthermore, near a critical point in the
phase diagram the fluctuations of the order pa-
rameter become increasingly strong and long—
range correlations emerge in the system, al-
though the interactions of the particles are
genuinely short-ranged. Therefore any ap-
proximative approach which neglects these
fluctuations entirely, or merely treats them in
some perturbative manner, is at least ques-
tionable.

On the other hand, because of the almost
entirely collective behavior in the vieinity of
a critical point, the microscopic details of
the system become irrelevant there, and its
long—wavelength {(and low-frequency) proper-
ties tend to display universalily, i.e.: In some
agymptotic regime they depend sclely on the
symmetry and number of components of the
order parameter, the space dimension, and
possibly on the long-range nature of the in-
teractions. Historically, this emergence of uni-
versal behavior has provided one of the essen-
tial keys for a mathematical description and
profound theoretical undersianding of eritical
phenomena, in the framework of renormaliza-
tion group (RG) theory. In turn, the RG ap-
proach has laid a solid foundation for the strik-
ing phenomena of scale invariance and aniver-



sality near second—order phase transitions.

Originally, RG concepts were developed in
the context of elementary particle quantum
field theory. Within the thecry of phase
transitions and critical phenomena, scaling
ideas had been developed before, but their
sound justification was only provided when
K.G. Wilson formulated & version of the R(G
approach designed to focus on the underly-
ing structure of the nonlinear fleld theories
involved, a procedure which also allowed for
systematic and detailed calculations (Wilson
and Kogut, 1974, Wilson, 1975). This con-
giderable breakthrough has not only led to an
enormous increase of the amount of knowledge
and $o & deeper understanding of the prop-
erties of condensed matter (see, e.g., Chaikin
and Lubensky, 1994), but has in turn aiso pro-
vided important insights for the formulation
and treatment of quantum field theories, from
where it had originated (see UnIFIED FIELD
Tueorigs). For a thorough account of the
historical development of the field, see CRITI-
CAL PHENOMENA.

Remarkably, RG techniques, along with the
ensuing notions of fixed points governing uni-
versal physical properties, relevant and irrele-
vant perturbations, the emphasis on the long—
wavelength and low—frequency coliective be-
havior, and the emergence of scaling laws have
matured into a most important paradigm and
tocl well beyond the original realm of second-
order phase iransitions, and have found fruit-
ful appiications in a large variety of different
fieids of intensive current research {see Sec. 4).

1 PHASE
TRANSITIONS

1.1 Phenomenclogy and Basic
Concepts

At a phase transition, the free energy F' (or
some other appropriate thermedynamic po-
tential, see STATISTICAL MeECcHANICS, CLAS-
SICAL) is a non—analytic function of a control

parameter. According to a standard classifi-
cation scheme infroduced by P. Ehrenfest, a
phase tramsition is called of nth order if at
least one of the nth derivatives of /' is discon-
tinnous or singular at the transition, while all
the (n — 1)th derivatives are still continaous.
In order to distinguish the different phases, a
macroscopic order parameter ¢ is introduced,
which 1s zero in one phase and finite in the
other. If ¢ is given by the first derivative of the
thermodynamic potential with respect to its
conjugate external field &, its value will jump
at a first~order transition; at a second-order
transition, ¢ s to be a continnous funciion,
but its derivatives will be singular or discon-
tinuous.

To be specific, one may refer to a ferro-
magnetic material undergoing a second-order
phase transition from the paramagnetic to the
ferromagnetic phase at the critical (Curie)
temperature 7,. The basic microscopic enti-
ties are the magnetic moments ¢(x) at site z,
also called local order parameter {in this ar-
ticle, z denotes a d—dimensional vector refer-
ring to a point either in a discrete lattice or
a continuum). The macroscopiec order param-
eter (the spontaneous magnetization) is then
given by the thermal average ¢ = (¢(z)). In
anisctropic crystals the local order parameter
may assume just the two values ¢(z) = +1 (re-
ferring to spin up and down, respectively). Ac-
cordingly, the (average} order parameter may
point up or down. Whichever of the equivalent
directions is chosen, the original discrete sym-
metry is spontaneously broken for T' < T, (see
Fig. 1a). In cubic crystals, the order param-
eter may be a three—dimensional vector ¢(z},
and point in an arbitrary direction. In this
case, in the ordered phase a continuous {rota-
tional) symmetry is broken.

The singularities in the vicinity of such con-
tinuous phase transitions generally assume the
form of power laws, with certain critical ex-
ponents characterizing the transition. In case
the temperature T serves as control parame-
ter, with a second-order phase transition oc-
curing at the critical temperature 77, the most



important examples of such power laws, and
assoclated exponents, are: the behavior of
the order parameter near the critical point T,
[r= (T~ T.)/T. € 1], see Fig. la,

(1)
the divergence of the isothermal susceptibility

on approaching the critical point (from both
sides of the transition),

(;’)oc(—'r)ﬁ for T<T, ,

de — .
X = (-(%)Tociri , (2
the power law for the critical isotherm,
hoc¢® for Te=T. | (3)

and the specific heat singularity in the vieinity
of T,
(4)

Fq. {2) leads to a most remarkable behav-
ior of the order parameter correlation function,
defined as second cumulant {again, the brack-
ets {...} dencte the thermal average)

Glz —z')y = ($lz)olz")) — {8)* . (5)

(here transiational symmetry has been as-
sumed}; ramely from the fluctuation-response
theorem in d dimensions,

1

Cheg E’I"i"a

% d%r G{z) | (6)
it becomes apparent that a diverging suscep-
tibility implies correlations of infinite range.
This feature can be described by fwo ad-
ditional critical exponents 5 and v, for the
power—law behavior of the correlation function
precisely at the critical point,

i

O(W% for

Glz) T=1T (7
and the temperature dependence of the corre-
lation length (measuring the spatial extent of

the correlations) in the vicinity of T,

faxfr™"

(8)

respectively, The growth of correlated regions
upon approaching the critical point is illus-
trated in Fig. 2, where the spin up/dewn con-
figurations are plotted for a two—dimensional
Ising model at different temperatures,

It turns out that for temperatures in the
vicinity of T,, the so—called asympiotic region,
Eq. {7} may be generalized to the scaling form

Gle.7) = g Callal/O) . (9)

or, by introducing the Fourier transform of the
correlation function, G(k) = [ d9zG(x)e~ =,

al ]- b )

Gk, 7) = 9+ (110 (10)
(The suiflix “&” distinguishes between the
cases T' > T, and T < T,.} The scaling func-

tions (7{y) and gz{p) approach a constant
value in the limits y - 0 and p -+ oo, respec-
tively (see Sec. 1.4).

Near a critical poing, where the only relevant,
length scale is set by the correlation length £,
the increasing size of correlated regions also
causes a critical slowing down of the dynamics
of the system. In f{act, the characteristic fre-
quency w, of the system is expected to obey a
scaling law similar to Eq. {10), namely

welk, 7) = [k (1R1E) (11)
with {24 (p} — const. for p — oo, such that at
the critical temperature

we(k, ) x kP for T=1T, |, (12}
with the dynamie critical coponeni z (Hohen-
berg and Halperin, 1977; Enz, 1979). For ex-
ample, in the case of purely relaxational dy-
namics w, may be identified with the inverse
relaxation time f7°; thus by using (11) and
Qi(p) — p~* for p — 0, the temperature de-
pendence of the relaxation time is found to be
i oc &% oo T,

In addition, certain universal features of the
thermodynamic phases themselves can some-
times be characterized by power laws also.



Specifically, the cost in free energy ¥ of cre-
ating a domain wall in a phase with broken
symmetry 1s assumed to scale with its linear
dimension L according to
T=0l® | (13)
where o denotes the interfacial tension; a pos-
itive stiffness exponeni © means that long-
range order is stable in the phase under consid-
eration, whereas for & < 0 the system would

spontaneousiy break up in domains (see, e.g.,
Fisher, 1993}.

1.2 Examples

We have already referred to the phase transi-
tion from a paramagnetic to a ferromagnetic
state, occuring at the Curie temperature 1.
(in fact, the language used in this article is
adopted from that particular physical real-
ization}. The order parameter is the macro-
scople magnetization, y 18 the magnetic sus-
ceptibility, and h the external magnetic field.
A nonzero order parameter selects a particu-
tar direction; thus, depending on the Hamilio-
nian (see Sec. 2), the broken symmetry may
be discrete {inversions) or continuous {rota-
tions). At 7., the order parameter sets in
continuously (Fig. 1a), justifying the terminol-
ogy “continuous transition”. In anticipation of
the comparison with the liquid-gas transition,
we note, however, that reverting the external
magnetic feld for T < T leads to a discon-
tinuous change of sign of the magnetization
(Fig. 1b). The full phase diagram containing
¢, h, and T, is depicted in Fig. 3a.

Probably the most familiar phase transi-
tions are the solid-liquid and the liquid—-gas
transitions (Fig. 3b). For the latter, the den-
sity at the coexistence line minus the criti-
cal density may serve as an order parame-
ter, which thus has a low~ and high—density,
ie. a gas and liquid branch. The associated
external field is the pressure P, the (isother-
mal) compressibility & would have to be iden-
tified with the order parameter susceptibility,
and the surface tension of the liquid defines

the stiffness. At the critical point, where the
isotherm as a function of P and V has an
inflection point, one may observe the eritical
power laws as stated in Tgs. (1)-(4) and (7),
(8) above (e.g., the divergence of & becomes
apparent in the phenomenon of critical opales-
cence near 1¢}.

In everyday life, the liguid—gas transition is
usually observed at constant pressure well be-
low F,. As the system is heated up, the den-
sify changes discontinuously as a function of
the temperature. Consequently, the iquid—gas
transition 1s frequently referred to as being of
first order, and the critical point as the end-
point of the transition line where the distine-
tion between liquid and gas disappears. The
analogy between the liquid-gas and the ferro-
magnetic transitions may be exhibited vividly
if one encloses a fluid of critical density p. 1n
a so—called Natterer tube. For T > T, there
is a uniform fiuid phase, which splits up into a
liguid and a gas phase if the system is cooled
down below T;. These phases appear sepa-
rated by a meniscus,

At the Hquid—sclid transition the transla-
tional symmetry is broken, and the order pa-
rameter may be chosen as the Fourier com-
ponent of the density at a reciprocal lattice
vector of the solid; this transition does not ter-
minate at a critical point, however {Fig. 3b}.
Somewhat more subtle and diverse are struc-
tural transformations between different solid
phases, where either suitable components of
the displacement field, or of the strain ten-
sor appear as order parameters (see PHASE
TRANSITIONS, STRUCTURAL); and further-
more the various ordered phases of liquid crys-
tals (see Liquip CRYSTALS, STRUCTURE OF).
In the former, the order parameter may be the
polarization or staggered polarization at ferro-
electric or antiferrceleciric phase transitions,
or some quantity characterizing the orienta-
tion of molecular groups. At elastic transitions
it is a component of the strain tensor, specify-
ing the deformation involved.

It should be noted that the phase diagrams
of systems as different as ferromagnets and



fluids look remarkably similar near their re-
spective critical points (Fig. 3). Again, there
is a very rich variety of magnetically ordered
systems {e.g., antiferromagnets, ferrimagnets,
helical phases), the order parameters of which
may be of a rather complicated structure (see
MAGNETIC ORDERING IN SOLIDS). A power-
ful tool to study the various phases of solids
is neutron scattering, which directly measures
the Pourier transform of the correlation func-
tion (5}. Moreover, time-dependent phenom-
ena can be explored by inelastic scattering of
neutrons and light, which renders the criti-
cal slowing down [Eq. (12)] of the collective
excitations (see COLLECTIVE PHENOMENA IN
SoLips) directly chservable.

Finally, phase transitions to macroscopic
guantum states, namely superfluidity and su-
perconductivity, should be mentioned. The or-
der parameter in these cases Is a complex field
@, which may be identified with a macroscopic
wavefunction, and the broken symimetry is a
gauge invariance with respect to the phase of
& {see SUPERFLUIDITY: LIQUID HELIUM 3Ys-
TEMS, and SUPERCONDUCTIVITY, Low TEM-
PERATURE). Nature also allows for most in-
teresting interplays between several kinds of
phase transitions, which can lead to so—called
multicritical points, and fairly complicated
phase diagrams {see, e.g., SUPERCONDUCTIV-
1Ty, HIGH TEMPERATURE).

1.3 Universality

Near critical points, the topologies of the
phase diagrams of such diverse systems as a
liquid-gas mixture and a ferromagnetic ma-
terial look amazingly similar {Fig. 3). More-
over, hoth in computer simulations of sim-
plified models, and in real experiments the
critical exponents for the corresponding phase
transitions turn out to be identical for a broad
variety of physical systems, and to depend
only on the number of components and sym-
metry properties of the order parameter, the
space dimension, and possibly the character of
the particle interaction, namely if it is long-

range {e.g.. Coulomb or dipolar forces}. This
surprising feature is usually termed as univer-
sality. The microscopic details of the strongly
interacting many—particle systems merely en-
ter the prefactors of the ensuing power laws,
and even ratios of such amplitudes are in fact
universal numbers.

A clue for this most remarkabie fact may
be found n the divergence of the correlation
length {Eq. (8)] at a continuous phase transi-
tion. Upon approaching T, & will asymptoti-
cally become the only relevant length scale in
the system, dominating over all microscopic
scales. Even though the phase transition it-
gelf is caused by some (usually short-range}
interactions of the microscopic constituents,
the ensuing iarge fluctuations will markedly re-
duce all dependences on the degrees of freedom
acting on short length scales, like the under-
lying crystal stracture, the interaction range
(as long as it is short), etc. Therefore, the
system’s thermodynamic properties near T,
should be entirely determined by global fea-
tures such as its overall symmetry and large—
scale properties (this is why long-tange inter-
actions, though possibly weak, may become
important). In this regime, the system will
behave strongly collecsively, and one expects
universal laws to apply for its long—wavelength
and low~frequency excitations.

1.4 Scaling Laws

Another striking experimental feature near a
eritical point is the apparent scale invariance
of physical properties {Fig. 4 illustrates this
spectacular effect for the specific heat of He-
Hum 4 near the normal-superfluid transition),
Again, this may be related to the diverging
correlation length. The appropriate mathe-
matical deseription for this phenomenon of
scale invariance is that the free energy and the
correlation functions assume the form of gen-
eralized homogeneous functions. In the case
that the only relevant control parameters are
the temperature and the external field, and
using the definitions of the critical exponents



(also called critical indices), one is thus led to
the formulation of the scaling hypotheses for
the singular part of the free energy

Fy = Aglrl?* fe (h/]717%) (14)
and the correlation [lanction, Eq.{9) [er
Bq.(10)]) (Fisher, 1974). In (14), the scaling
function fi approaches a constant value in the
limit A — 0.

There are various ways to make Eq. (14)
plausible. Firstly, it can be considered as a
generalization of the mean-field results [see
Sec. 2.3.1] to general critical exponents. Sec-
ondly, one may start from the observation that
singularities are present only at 7 = 0 and
h = 0. To what extent these become ap-
parent, depends on the separation from the
critical point, 7, and on the value of h/|7|??,
i.e.: the ratio of the external field to the field
equivalent of 7, namely h, = ¢° = |r}#%. As
long as h <€ h,, the system i3 essentially in
zero-feld, and F, a2 Axjr2~9f2(0) o |r{%77,
On the other hand, when 7 gets so small that
v} < RE/BE the system is manifestly in a
finite field. Any further decrease of r will
then not lead to any changes: F, remains
at the value it acquired for |7| = AY/P!, ie,
Aih(zma)/»@ﬁfj:{l); that is to say, in the hmit
r - 0 one must have fi(y) - y2~ O/ in
order to cancel the singular dependence of F,
on .

The scaling forms (14) and (9}, {10) incor-
porate the power laws Eqgs.(1)-(4), (7), (8);
meoreover by taking suitable derivatives with
respect to 7 and h, several scaling relations
connecting the different critical indices may
readily be obtained, namely

a=2-p0+1) |
y=p00E~1)=v(2-n)

Relations of the type {14) and (9) are called
scaling laws, because they are invariant under
the following scale transformations:

E—&/b,

(15)
(16)

xr— /b,

e ho— REPSY (17

G Gb(dw?u—}ﬂ))/:/ )

T = Th

P — Fsb(fl—a)/u .

If, in addition, one assumes that underly-
ing these scale transformations there 13 a mi-
croscople eiimination procedure mapping the
original system with lattice constant o and N
sites to a new one with the same lattice con-
stant «, but a reduced number Nb~9 degrees
of freedom, one has

Fo(r R} - pd Fs(rbl/”, hbﬁé/”)

N Np—d (18)

which in turn implies the hypersealing relaiion

2—a=dv (19)
containing the space dimension d. Egs. (15),
(16), and (19} leave cnly twe independent
stattc criticel exponenis characterizing the
transition.

For dynamic critical phenomena, one arrives
at a dynemic scaling hypothesis (Hohenberg
and Halperin, 1977), originally proposed in the
context of the A transition of Helium 4, by gen-
eralizing Eq. (10 to

Glk,w) = s sllble /) (20)

for the frequency—dependent correlation func-
tion. Scaling laws of the form (14}, (9), and
{20) can be derived by the renormalization
group theory (see Sec. 3.2.4).

2 MATHEMATICAL
REPRESENTATIONS

2.1 Microscopic Hamiltonians

In view of the expecied universality of criti-
cal phenomena, simplified models containing
the essential physics, namely the symmetry
properties of the order parameter and the na-
ture of the interactions, have provided a useful
means for theoretical studies. E.g., the Ising



Hamiltonian describes a scalar order parame-
ter, ¢ = {0y}, where the spin variables oy = &1
are defined on a d—dimensional lattice, inter-
acting with each other via a pair interaction
Jij, and subject to an external field with local
strength h;,

1 ;
f{[m} s -5 E Jijaicrj - Z hief’i . (21)
1,f i

Positive exchange inferaction J amounts to a
ferromagnetic coupling, tending to align the
spins, while an antiferromagnetic J < 0 fa-
vors alternating spin orientation. Its range
is often restricted to nearest-neighbor inter-
action, but could also be taker as long-range.
In the simplest case, the nonzero J;; are cho-
sen as constant, but in order to describe disor-
dered systems they may as well be drawn from
a certain random distribution {rendom-bond
Ising model). Similarly, for most applications
the external field is assumed to be uniform,
h; = h, but may in certain circumstances also
be considered a random variable ( random—fleld
Ising model)., Once the Hamiltonian is speci-
fied, in principle all thermodynamic properties
of the mode! can of course be derived from the
partition sum (see STATISTICAL MECHANICS,
CLASSICAL)

7 =~ FIkeT oy (e“H/kBT) (22)
—_ Z ew[’[{dg]/kBT , (23)

{oi=k1}

and the definition of thermodynamic averages

(4) = =T (71557 4) (24)
A
The short~range Ising model without disor-
der can be shown to display a second-order
finite-temperature phase transition for all di-
mensions d > 2, whereupon the discrete sym-
melry o; «+ —0o; is broken (see CRITiICAL PHE-
NOMENA). The statistical mechanics of lat-
tice gases as well as binary lquid mixtures
may be mapped onto Ising—{ype models; this

once more illustrates the intimate analogies of
phase transitions in very different systems.

Similarly, a three—component vector crder
parameter is incorporated in the anisoiropic
Hetsenberg model,

: lg=1, £ or | oY ol
%]

+J§L-5:5;} - Z_m-“f (25)

(we use the notation 5¥, o« = =z,y,z for
the three—component spin variables here; of
course, this may be readily generalized to
an n-compoenent order parameter), where the
symmetry-breaking fleld h; is taken along
the z direction. For nearest-mneighbor inter-
actions, in the cases J! > J+ > 0 and
J* > J1 > 0 the Hamiltonian (25) describes
an uniaxial ferromagnet or planar ferromag-
net, respectively: while in the special situation

J:EL = Jii: Eq. (25) yields the isotropic Heisen-

berg model, and for in = 0 the zy modei,
the latter being appropriate for the descrip-
tion of superfluid Helium 4, for example (see
Fisher, 1967; Ma 1976). As a consequence
of the continuous rotational symmetry bro-
ken in the ordered phase, the Heisenbherg and
zy models may have long-range order only
for d > 2 dimensions. The two—dimensional
zy model displays another very interesting
scenario, namely the Berezinskii-Kosterlitz—
Thouless transition (Nelson, 1983): There ap-
pears a phase, although without long-range
order, in which the correlation function decays
as a power law. The system then disorders at
higher temperatures via the creation and un-
binding of pairs of topological defects (vortex—
antivortex pairs of spin excitations). The rel-
atively simple models introduced above have
become of paradigmatic importance in the sta-
tistical mechaniecs of phase transitions. One
should keep in mind, however, that in more
complicated physical sifuations more elabo-
rate models may be required.



2.2 Ginzburg—Landau
Functional

Near a continuous phase transition, predom-
inantly long—wavelength properties will be of
significance, due to the divergence of the corre-
lation length according to Eq. {8). Therefore a
continuum medel for just the fong-wavelength
degrees of freedom should be sufficient and ap-
propriate, at Jeast for the description of the
universal features. We remark that this con-
cept of an effective (field} theory is of course
defined on a certain energy scale, which in this
context 1s set by the transition temperature.
On different scales, the corresponding effec-
tive models may differ considerably, and one
may in fact imagine them to be generated by
a sequence of symmetry—breaking phase tran-
sitions occuring at successively lower energies,

Such an effective model for the long—
wavelength degrees of freedom may either be
derived from a microscopic Hamiltonian, such
as (21) or {25), by mapping the partition func-
tion on a continuum problem and perform-
ing a gradient expansion; or merely be wrlt-
ten down by carefully exploiting symumetry
arguments, Let us denote the n-component
vector order parameter by ¢. For the case
of a second—order phase transition breaking
an O(n) symmetry, the effective [ree energy,
also called Hamiltonian in the context of crit-
ical phepomena, which retains only the lowest
orders in the gradients and nonlinear terms,
is the Ginzburg-Landau free energy functional
(in d dimensions}

. f . [r U, o
Fldl = [ 4[5+ G677 +

t5(Vey-hg] . (26)
where r = a(T — T,), and a, u are positive co-
efficients, while & is the (n—component} exter-
nal field. The coefficient of the gradient term
in {26) was assumed to be posilive, assuring
that spatially uniform configurations be en-
ergetically preferred to inhomogeneous ones,
and has then been absorbed in a redefinition
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of the field variable . For n = | the Hamil-
tonian {26) has the discrete symmetry of the
Ising model {21) (i.e., for vanishing h), with
a scalar order parameter, while for n = 2 and
n = 3 the continuous symmetries of the zy
model and the isotropic Heisenberg model are
recovered.

Again, the thermodynamics can be retrieved
from the partition function, which mathemat-
ically assumes the form of a [unctional in-
tegral of the probability distribution P
exp{—F/kpT) over the vector field ()

7= 2(@) [ Digaye BT o)
Here the term Zp contains those contributions
that are not explicitiy stated in the Ginzburg-
Landan functional (26), and which should be
msignificant near the transition. Fig. 5 depicts
the probabiiity distribution P in the case of
a uniform one-component order parameter ¢,
containing the first two terms of the integrand
in (28), for r > 0, and r < 0, respectively (the
phase transition cccurs at r = 0). We note
that a very convenient way to calculate corre-
lation functions uses derivatives with respect
to the components of h, e.g.:

o (kpT)%% 0 Z(h)
Gople —2') = S {2)0hg(z')

(28)

2.2 Landau—Ginzburg Approxi-
mation

2.3.1 Mean—Field Theory. Evaluating the
functional integral (27) is a highly nontrivial
task, and in general one is forced to resort
to some approximation. Because of the expo-
nential in the integrand, one might expect the
probability distribution to be sharply peaked,
and the thermodynamics of the system thus
to be dominated by the most probable config-
uration, which is given by the solution to the
stationarity equation
bF

bp(z)
[+ ugp(x)? — V2| ¢(x) — hiz)

(29)



In order to determine the homogenecus or-
der parameter [Vg(z) = 0] as a function of
T, one must evalnate the Landau—Gingburg
equation (29) for b = he, — 0 (note the or-
der of limits here: first take the thermody-
namic limit, and only then let the symmetry—
breaking field vanish; with the reverse proce-
dure there would be no nonzero order param-
eter for symmetry reasons, because one would
have to average over the degenerate ground
states). This yields

T>T.

T < T, (30)

1

¢m{iﬁWhﬂ

and inserting (30) into Eq. (26) one arrives
at the following approximative result for the
singular part of the free energy £5,

0
—r?L% 4u

T>T.

T < T, (31)

Ridl= {

{here L% is the volume of a cube in d-
dimensional space). By comparison with (1)
and {4), one thus immediately finds the critical
exponents # = 1/2, and o = (; more precisely,
the specific heat displays a discontinuity at the
transition temperature T, the height of which
is

ACh=o = Toa’L%/2u (32)

Similarly, for finite external field Eq. (29)
leads to the equation of state in terms of the
order parameter component ¢, parallel to the
symmetry-breaking field h = he,,

h=(r+ ugr)én (33)

)

from whichk the exponent for the critical
isotherm is readily obtained to he § = 3. Fi-
nally, differentiating (33) with respect to h
vields the isothermal susceptibility

T<T,,

y = { Ir =C(T=1)7"
(34)

1/2lrf = CL{T. -~ T}
and hence the critical exponent 4 = 1 (on both
sides of the transition), as well as the also uni-
versal amplitude ratio €, /C. = Z. The above

T>1T,
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results for the critical indices coincide with
those of the mean—field approximation for the
Ising and Heisenberg models, and with the ex-
ponents found for the van—der-Waals gas near
its critical point. [In the mean-field approxi-
mation for the Ising model (21}, for instance,
the exchange field Zj Jijo; acting on spin oy
is replaced by its average 3, Ji;{o5).]

We note that if v in Eq. (26) became nega-
tive, which may happen as some external pa-
rameter, e.g. the pressure, is varied, addi-
tional terms would have to be included in the
Ginzburg—Landau functional for stability rea-
sons. In the case of an underlying Ofn) sym-
metry, the leading such nonlinearity would be
o {¢°)®, and the ensuing phase transition of
first order. Its transition temperature 731 3 T,
is to be defined by the condition that the free
energies of the distinct coexisting phases be
equal. In the special case that u vanishes, T,
becomes a tricritical point, dispiaying most in-
teresting and complex scaling behavior.

2.3.2 Gaussian Fluctuations. In keep-
ing the most probable state only, fluctuations
have been neglected entirely so far. However,
the divergence of the susceptibility, Eq.{34),
implies that fluctuations must indeed become
very strong near the critical point. The next
step is therefore to check whether the above
results are altered by including fluctuations to
lowest order. Thus we infroduce the devia-
tions 1{z} from the most probable state ¢(z),
given by the solution to Eq. (29), by writing
the order parameter field as ¢(2) 4+ +{z), and
expand the Ginzburg-Landau functional (26)
with respect to ¢i(z), keeping terms up to sec-
ond order only. This is most conveniently done
in Fourier space, where we define the Fourier
transform of ¢{z) as

Ple)= L7325 g™ o (35)

keB

here B denotes the Briliouin zone for the al-
lowed values of the k& vectors. The partition



function (27) then becomes
7z o= ZU(T}/H(I{@ka—F@EU)}/kBT ) {36)
3

Beginning with the situation above T, for
h = 0, the Fourier expansion renders the
Ginzburg-Landau functional diagonal, Fy =
Sop(r4 k)b /2. The functional integrals
in the partition function thus reduce o simple
(Gaussian integrais, yielding for the free energy
in Gaussian approvimation

2'.?'1'!(:]5?w
k2

F(Th=0)= —chTg S I (37)
k

and by transforming the discrete sum over the
Brillouin zone into an integral, the most sin-
gular part of the specific heat follows as

d%k 1

B N LT ORI B S
Co=kal' 310" [ g

(38)
The result of evaluating the integrai is
AT =Ty~ D2 g <4
Cy=¢ ocln(T -T) d=4 ;
B—A(T-T)4 %12 >4
(39)

hence while for d > 4 the specific heat shows
a (non-analytical) cusp at T,, it diverges for
d < 4, with the exponent o = (4 — d}/2;
here an exponent “G” is to be understood as
a logarithmic singularity. Neglecting devia-
tions from the most probable state therefore
turns out to be entirely unjustifiable in the
latter case, where the thermodynamics is obhvi-
ously dominated by the order parameter fluc-
tuations.
Similarly, in the ordered phase one finds

2
C, = TLdgm 4 AT, — Ty~ G=a12 4

@
for d < 4; the critical exponent « is there-
fore the same above and below the transi-
tion. The universal (i.e.: depending only on

d and n) amplitude ratio for the specific heat
is Ap/A_ = nf2%? where the factor n stems
from the fact that the n— 1 transverse fluctua-
tions (with respect to the direction of the spon-
taneous order parameter) do not contribute to
the specific heat in the ordered phase.

With the help of the result (40) the
Ginzburg—Levanyuk crilerion (see Als—Nielsen
and Birgeneau, 1977} may be formulated, stat-
ing that fuctuations are negligible as long as
the first term AC dominates over the second
contribution; introducing & = (a1}~ this
means that the Landau-Ginzburg approxima-
tion gives essentially correct answers, provided

AN
(4—d)f2 A ~
7| & (&)L)dA(/ )

where A is a nurmerical factor. Therefore, for
d > d, = 4 fluctuations are not very impor-
tant [ag < 0, Eq. (39)], and mean-field type
of approaches yield reliable results. Below this
upper critical dimension, however, such ap-
proximations will break down in the vicinity
of T,. Depending on the value of £, the non-
classical sealing behavior (with exponents dif-
ferent from the mean-field indices) will be im-
portant only very near to the critical poins, or
already noticeable even far away from 4.

For example, for magnets typically & a2 14,
and Auctuations become important for |7] <
Tqr = (.01, For the normal-superfluid tran-
sition of Helium 4, £y ~ 44, and 741, = 0.3,
which renders this system a prominent can-
didate for the study of critical phenomena
{also, by varying the pressure one can ex-
plore a line of eritical points, and thus ex-
amine universality issues in detail). On the
other hand, for conventional {low—T,) super-
conductors £y is of the order 10004, and
rer = 10710 — 107, which means that the
(Ginzburg—Landau theory is an excellent ap-
proximabion there. This 1s in remarkable con-
trast with the high~7, materials, where £y =
14, and fluctuations play a dominant role;
in fact, they account for an enormously rich
phase diagram of the cuprate based supercon-
ductors (see Blatter, Feigel’man, Geshkenbein,

(41)
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Larkin, and Vinokur, 1894).

For |r| < rgp it does not at all suffice fo
add to the results of the Ginzburg—ILandau
approximation the (Gaussian corrections, since
in this temperature range higher—order nonlin-
ear contributions will be even more infrared-
divergent and eventually exceed those from the
harmonic term. This constitutes of course a
serious breakdown of the standard perturba-
tional procedure, and signals that an entirely
new theoretical approach is required in the
case 7] < 5.

Yor finite external field the partition func-
tion {Eq. (36)] becomes above T,

. 1 hkhmk
Zh} = exp [ngﬁl" Z
k

v+ k?
and the correlation function can be obtained
by differentiating this generating functional
[see Eq. (28)]. Above T, the result in k space

is

(42)

e kpT o
(WEdf ) = 7 Sp6® L (43)
consequently, for r = 0 one finds in real space
. 1

and thus the critical exponent defined in (7) is
n = § in the Landau~Ginzburg approximation.
Also, the inverse of r defines the square of a
characteristic length, which we identify with
the correlation length, é& = »~'/2 and hence
v 1/2. In three dimensions the Fourier
transform of {43) is the Ornstein-Zernicke

correlation funclion
kpT
4wz

e—lwlies

Glz) =

(45)

In the ordered phase, one has to distinguish
between the longitudinal and transverse cor-
relationr functions, with respect to the sponta-
necus order parameter, which are still diagonal
in the indices o, £, and for the O(n) symmetric
model (26) i Gaussian approximation read

kaT
E7% 4 k?

Bl

Gylk) = (46)

i3

and

3 kT
Gu(k) = =5 (47)
respectively. Hence on this level Gy(k) is of the
form (43}, with a different correlation length
£. = (2ir])~Y2 however. Note that the am-
plitude ratio for the correlation lengths above
and below the transition is universal again,
with the mean—field value /2. Remarkably,
the transverse correlation function diverges for
bk — 8, which means that the range for the
transverse correlations is infinite in the entire
low-temperature phase. This can be shown
to be a rigorous consequence of the breaking
of the continuous rotational symmetry. For
n > 2 and d < 4 the large transverse fluctua-
tions (47) via nonlinear effects imply a longitu-
dinal correfation function surpassing the result
obtained within the harmonic approximation
(46}, which has to be replaced by

Gy(k) o< iy (48)

Remarkably, Eq. (48) is a universal power law
characterizing not a phase transition singular-
ity, but an entire erdered phase. Yot the longi-
tudinal correlation length £_. still retains some
physical meaning; namely, it provides the scale
on which the crossover from the critical behav-
tor (7) to the asymptotic form (48) occurs.

In the Ising case {n = 1), Eq. (46) is qualita-
tively correct outside the critical region, and
£.. sets the characteristic length scale in the
ordered phase. For instance, a domain wall
configuration ¢ (z) connecting the two de-
generate ground states ¢4 = +/|rj/u, and
centered at zq, extends over the range £_,

r — g

2

$r(r) = ¢y tanh (49)

as can be seen by solving the Landau—
Ginzburg differential equation (29) for h = 0,
allowing for a spatially varying order parame-
ter with the appropriate boundary conditions.



3 RENORMALIZATION
GROUP

3.1 Intreductery Remarks

The term “rencrmalization” of a theory stands
for a certain reparametrization, with the goal
that the resulting renormalized theory be
more tractable than the original one. His-
torically, renormalization was invented by
P. Stiickeltberg and R.P. Feynman, in ovder
to cure guantum field theories (e.g., quan-
tum electrodynamics) from divergences {see
UniFfep FIELD THEORIES). Instead of the
bare parameters (masses and coupling con-
stants) the Lagrangian was expressed in terms
of physical masses and coupling coefficients,
such that ultraviolet-divergent (UV) virtual
processes were systematically absorbed in the
relationship between the bare and physical
quantities, thus rendering the renormalized
theory finite. The renormalization procedure
is not unique, the renormalized quantities may
for instance depend on a cutoff length scale
up to which certain virtual processes are taken
into account. The renormalization group (RQ)
theory studies the dependence on this specific
length scale, also called flow paremefer. The
name renormalization group derives from the
fact that two successive RG transformations
lead to a third such transformation.

In the context of critical phenomena, where
one needs to explain the long-distance (or,
in Fourier space, small-wavenumber) regime,
it is natural to implement the renormaliza-
tion scheme by performing some kind of elim-
ination of the short-wavelength fluctuations.
Such a partial evaluation of the partition func-
tion will be much easier to achieve than a cal~
eulation of the complete partition sum, and
also permits the systematic implementation of
approximative methods, As a result of the
eltmination step, the remaining degrees of free-
dom will experience modified effective interac-
tlons.

Quite generally, various benefits can be ex-
pected from such a RG procedure: (i) The new

coupling coefficients might be smaller. By re-
peating the renormalization process, one may
thus arrive at an effectively free theory with
no interactions. (i) The successively iterated
coupling coefficients, also called the parameter
flow, may have a finite fized point, at which the
system does not change any more under sub-
sequent RG transformations. Since the ehim-
ination of some degrees of freedom is accom-
panied by a change of the underlying lattice
spacing, or length scale, one may anticipate
that the fixed points are under certain cir-
cumstances related to critical points. Further-
more, one may hope that the properties of the
How near these fixed points will yield informa~
tion about the universal physical quantities in
the vicinity of the critical point. Below, we
shall find scenario (i) in the case of the one—
dimensional Ising model, and (ii} for the Ising
model in two dimensions, as well as for the
Ginzburg-Landau-Wilson effecéive field the-
ory {¢* model).

3.2 Real Space Renormalization
Group

The idea of any RG approach in statistical
mechanics 18 to exploit the scale invariance
near a critical point in parameter space. In
real space RG transformations, which refers
to procedures working in direct space (as op-
posed to Fourier space) one eliminates specific
degrees of freedom that are defined on a lat-
tice, thus performing a partial partition sum.
Then the lattice constant of the ensuing sys-
tem is readjusted, and also the internal vari-
ables are renormalized, in order to achieve a
new Hamiltonian whose form resembles the
original one. By comparison, effective cou-
plings are defined, which thus become scale—
dependent. The fundamental paradigm is that
certain fixed points in parameter space exist,
at which these running couplings remain in-
variant. At these fixed points the theory is
manifestly scale~invariant, and the critical ex-
ponents can be obtained by studying the lin-
earized flow eguations. As this concept of the
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RG may seem rather abstract at first sight,
the method shall be explained by applying a
simpiified version to the ferromagnetic Ising
model (21) in d = 1 and d = 2 dimensions
{Niemeijer and van Leeuwen, 1978). Then a
more general discussion, including an expla-
nation of the emergence of scaling laws, will
be given. A continuous field—theoretical for-
mulation for the RG in momentum space shall
be presented in Sec. 3.3.

3.2.1 1d Ising Model. For a one-
dimensional Ising chain with constant ferro-
magnetic nearest-neighbor exchange coupling
Jiz = J > 0 in zero external field the Hamil-
torian (21) becomes H = —J 3, oi0;41, and
intreducing the abbreviation K = J/kpT the
partition function (23) reads {for N spins, and
periodic boundary conditions ox4q = 61)

Iy = Z exp [I{Zﬁimurl] - (50)

{oi=%1}

A partial evaluation of {50} may be per-
formed by summing over every other spin in
the chain, marked by a “x” in Fig. 6. The
sum over the possible orientations of spin 1,
for instance, yields,

Z el riloiitoin) o
oy

{51)
=exp 29"+ K'oraoia]

for the result can only depend on whether the
adjacent spins ¢;—; and ¢y4 are oriented par-
allel or antiparallel to each other. By com-
paring the results for these two configurations,
0¢-10;41 = +1, one readily obtains the two re-
cursion relations

1
K' = ~Incosh 2K |

2

g = L(n2+ K

(52)
(53)

Thus, via decimation of half of the spins in
the chain one arrives at another Ising Hamilto-
nian, whose nearest-neighbor coupling is K,

in additicn, a spin-independent contribution
¢’ tothe free energy is generated. If this trans-
formation is repeated, the eract recursion re-
lations (52) and (53) quite generally describe
how the effective couplings K™ and ¢*) in
the kth step result from the corresponding val-
ues in the (k — 1)th elimination step. In Fig. 7
the ensuing flow for the coupling A, starting
with some initial value Ky, is depicted for sev-
eral steps of the procedure. Clearly, the fixed
point equation K™ = (1/2)incosh2K™ has
two solutions: K* = 0, which (for the orig-
ial fixed J) corresponds to infinite temper-
ature, or vanishing effective interaction; and
K* = oo, the T = 0 fixed point. By starting at
some initial value Ky > 0 the parameter flow
always drives the system into the K* = 0 fixed
point [by expanding Eq. (52} around K* = 0
this fixed point is seen to be stable]. Physi-
cally, this means that there can be no ordered
state at any finite temperature T > 0, because
asymptotically the ratio of exchange coupling
and temperature vanishes, and the system be-
comes completely disordered.

At T = 0, however, the situation is rather
special. Expanding (52) near 1/K* = 0 yields
/K= 1/K +Inb/{2K?), where b = 2 is just
the factor rescaling all lengths. It now turns
out to be useful to introduce § = Ind, such
that after £ steps bf = e, and then take the
limit § — 0; thereby the discrete RG steps are
mapped onto a continuous flow with the flow
parameter £, The resulting differential flow
equation for the now scale—dependent coupling
K (#) reads to lowest order

dE ()
dé

which is readily integrated to K{1) — K{{} =
£/2. From this the temperature dependence
of the correlation length £ can be determined
by applying the (“matching”) condition that
K(b=£) be a constant of order 1. This gives

Eotexp(27/kpTy (55)

| T =
=ETEr (54)

le.: the correlation length diverges exponen-
tially at the marging! critical point T'= 0, a
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result which may also be readily obtained by
more elementary methods.

Using the above recursion relations, the par-
tition function may be evaluated;

Iy = eNg{l{’)ZN/E(Kr} - =

g{&*))
—EXPNZ TES!

(56)
—{- In Zlegn(}—{(”})

The facior 2 in Eq. (56) can be interpreted
as stemming from a readjustment of the over.
all scale, as the number of degrees of freedom
is being diminished by the elimination proce-
dure. The reduced free energy (in units of
kpT) thus becomes f = —(1/N)In Zn{H). As
is apparent from Fig. 7, K) rapidly becomes
very smail, and perturbative methods may be
employed. Assuming K 22 0, one arrives at
the approximative result

fE) = - Z”(KW}J—I 2, (60

k-1

for in a non-interacting spin 1/2 system the
free energy per spin is —In2. Fig. 8 shows
the rapid approach towards the exaet result,
J(K) = —1In{2 cosh K}, as the number of elim-
inatlon steps is increased.

3.2.2 2d Ising Model. More interesting is
the case of the two-dimensional Ising model,
which is known to have a phase transition
at a finite temperature 7, > 0 (see CRITI-
cAL PHENoOMENA). Here a quadratic lattice
with nearest—neighbor ferromagnetic interac-
tions will be considered {Fig. 9). In order to
find the recursion relations in this case, one
may perform the partial partition sum over
those spins marked with a “x” in Fig. 9, which
leads to a new square lattice with a lattice con-
stant larger by a factor of /2 than that of the
original one. A typical sum s

E eFolaitoatoatad) o (58)
o=l
— eA’i-Kf{C'z02"%"020'3%“0304"{“0’104} w

L'{orostoros)+M oyos0a0s
X e :

thus scrme new inferactions, namely a next-
nearest-neighbor coupling I/ and a four-spin
interaction M’ are generated by the transfor-
matien. In the vicinmity of the actual criti-
cal value K, = J/kgT. = 0.4406 one finds
M« L' < K'. Therefore, M’ shall hence-
forth be negiected here (a mwore thorough per-
turbational analysis is glven in Niemeijer and
van Lesuwen, 1973). A, K, and L' can read-
ily be expressed by K. I‘f th.ese refations are
expanded to second order in K, and if one real-
izes that a next—mearest—neighbor interaction
L in the original Hamiltonian appears as a con-
tribution to the nearest-neighbor—interaction
in the primed Hamiltonian, one chtaing

K'=2K?+ L |
= K*?

(59)
(60)

A simple physical picture behind these approx-
imate recursion relations is that they just rep-
resent the numbers of paths between the re-
maining spins, weighted by the product of the
bonds invoived.

It sheuld be clear, however, that with each
step of the elimination new couplings appear,
as opposed to the one—dimensional case. Of
course, restricting the flow to the subspace
{K,L) will not produce quantitaiively satis-
factory results, but still the structure and typ-
ical features of such recursion relations are pre-
served.

The fixed points of the set of equations (59)
and {60) are (i} K" = L" =0, (ii) K" = L* =
oo, and (iil} K} = 1/3, L7 = 1/9 (Fig. 10).
As in the 1d Ising model, fixed points (1) and
(i1} refer to infinite temperature (disordered
phase) and T = [, respectively. Yet now
the latter describes an entire (ordered) phase.
Furthermore, there 1s an additional nontrivial
finite fixed point, which governs the second-
order transition separating these two phases.
For, at each step in the procedure the effec-
tive iengths are reduced by a factor b = N3
which applies to the correlation length also,
and therefore at a fixed point either £ =
{which is true for the T = 0 and T = oo fixed
points}, or £ = oo (for finite values of K* and

16



L*y, which implies scale-invariance. Therefore
the fixed poing (K77, L)) with diverging corre-
lation length describes the critical state. Iven
more, actually all poinis lying on a trajectory
leading into the fixed point represent critical
behavior, because on these paths the correla-
tion length is infinite as well.

In order to determine the critical behav-
ior of the modei, the recursion relations {59},
(60) are linearized near the point (K7, L7) in
parameter space; with 8K, = K, — K] and
&Ly = Ly — L% in the fth step of the proce-

dure, cne finds
(51’\”3) _ ( 4/3 1 > ( )

5L 2/3 0

The eigenvalues of the transformation matrix
are Ay 2 = {2::+/10)/3, and the corresponding
eigenvectors ey 2 = (3, +/10—2). Thus, if the
original couplings are expanded in the basis of
eigenvectors,

K

(KD> - (1;;

Ly
after £ steps one arrives at

(Kg) - (K:
Le) — \ Lx

As is depicted in the flow diagram (Fig. 10),
if ¢y # 0, the flow will in general run away
from the critical fixed point (K, L3), whick is
thus unstable towards the relevant perturba-
tion cieq, which is characterized by [A] > 1.
On the other hand, if ¢y = 0, the flow will
always tend towards this fixed point, because
[Aa] < 1 (eq is called the irrelevant direction;
had we included more coupling parameters ini-
tially, additional irrelevant directions would
have emerged). The original nearest—neighbor
model had Ly = 0. Inserting this in Eq. (62)
for ¢; = (O one finds the critical value of K
{within the linear approximation), for which
the decimation transformation will lead into
the critical fixed point, to be

SRy

Loy (61}

) +eiey +ezey , (62)

) + Merer 4 ASesenr . (63)

1 1 ‘
Kem {14 ——— ] 203079 , (64
i 3( \/10+2) (64)
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which should ke compared te the mean-field
and exact values, K. = (.20 and K, = 0.4406,
respeciively. Note that K — K, = —J(T —
T/ kpTT,., and hence ¢; # 9 whenever T' #
T.. In this case, the How will tend towards
either the zero temperature (for T < 1.} or
the disordered fixed point (for T > T.).
After a sufficient number of steps A5 will be
minute, and
(K — Ko = WHE —~ K. (65}
where b = /2, and vy = 2ln Ay /In2 =~ 1.566.
As also £, = b™%¢, and the definition of the
critical exponent v for the correlation length
translates to £ o [A — K {7, one finds

v = 1y =2 0.638 (66)

which is already larger than the mean—field re-
sult » = 1/2, but still far off the exact value
v= 1.

Similarly, an external field & may be in-
cluded in the scheme. The approximate re-
cursion relation for h turns cut to be

B o= (14 Kb (67)

with the fixed point A" = 0, and the eigen-
value for the linearized recursion relation is
Ap = 14 K = 4/3. Hence the external field
constitutes a second relevant variable besides
(essentially} T' — T,. Notice that the Hows for
K and h decouple. The two relevant flelds +
and h precisely correspond to the two indepen-
dent critical exponents of the model.

In addition, the universal properties of the
phases, as the stiffness exponent @ in Eq. (13},
can be determined in a similar way. For
the stiffness, the most convenient way is to
study the change in free energy of a finite sys-
tem as the boundary conditions are changed,
e.g. from periodic to antiperiodic {see Fisher,
1993). For an Ising system of linear dimension
L = bin d dimensions, the domain wall energy
at 7" = 0 turns out to be

T 24471 (68)
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and hence @ = d - 1. Thus a rescaling of the
length by b is equivalent to a recursion refation
for the temperature
T = 50T (89)
for the temperature, which shows that the
stiffness exponent may be identified with the
negative eigenvalue Ay = —0 at the zero-
temperature fixed point (T" = 0). Eq. {68)
demonstrates that the ordered phase is stable
for d > 2 in the Ising model. For Heisenberg
models with continuous rotational symmetry,
on the other hand, one finds @ = d — 2, and
no long-range order is possible in two dimen-
sions. Note that mean—field theory fails to pre-
dict such a lower critical dimension, at and be-
low which fluctuations destroy the formation
of spatially homogeneous long-range order.
3.2.3 General Real Space RG Trauns-
formations. A general real space RG trans-
formation maps a certain spin system {o},
defined eon a lattice, and with Hamiitonian
H{c}, onto a new spin system {o'} with
new Hamiltonian #'{¢'} and by a factor of
N'/N = b~% less degrees of freedom. It may
be represented by a transformation 7{¢’, ¢},
such that (kpT has been set to unity here)

e T =¥ " r il ojen 7N (70)
{n}
with the conditions
E H{c'} =0 , (71)
{='}
and
Z r{o' e} =1 (72)
{s')
which guarantee that e~ fTriqe~"'{7} =
Tr{c}e"”H{”}.

Important examples for such transforma-
tions are decimation transformations, and lin-
ear as well as nonlinear blockspin transforma-
fions, Several types of approximations, like
the cumulant expansion, cluster and finite—
lattice approximations have been applied to

various kinds of lattices {quadratic, triangu-
lar, etc.), where a large number of interac-
tion coefficients have been included. In two
dimensions, critical exponents and thermody-
namic properties as a whole have thereby been
obtained to an impressive degree of accuracy
{Niemeijer and van Leeuwen, 1976). A combi-
nation of numerical Monte-Carlo methods and
real-space RG transformations leads to the
Monte-Clarlo Renormalization Group (Swend-
sen, 1984}, Apart from that, however, the
more versatile momentum space methods (see
Sec. 3.3 below) have been far more useful in
higher dimensions {d > 2}.

3.2.4 Emergence of Scaling Laws.
While the decimation procedure employing
only a few parameters does nol provide quan-
titatively satisfactary results, and also is in-
appropriate for the study of correlation fune-
tions, it still elucidates the general structure of
RG transformations K, whereapon the orig-
inal Hamiltonian H is mapped onto a new
one, H' = R{H) (this includes the rescaling
of lengths in the problem, or for the degrees of
freedom: N’ = Nb~¢ in d dimensions). Near
the fixed—point Hamiltonian H® = R{H™)
one may expand R{H* +6H) ~ H" 4 LéH,
which yields the linearized recursion relation
§H' = L6 H . The eigenoperators 6Hy, 6Hs . ..
for this linear transformation are then deter-
mined by the eigenvalue equations

LOH; = MO H, (73)

A given Hamiltonan H, which does not dif-
fer toc much from the fixed-point Hamilto-
nian, may be expanded according to

Ho=H"476H, +h6H, + Y ¢;8H;, (T4)
23

where ¢H, and 6H} denote the two relevant
perturbations, |A,] = b¥r > 1, [A] = 6%+ > 1,
connected with the temperature variable T —
T, and the external field 2, while [A;] < 1 (and
hence y; < 0) for j > 3 (in the Ising case,
6Hy, = 3, 0:1). The coefliclents r, h, and ¢;
are called sealing fields.
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After £ steps, the free energy per spin,
Fl{e; 1y = Fy({e; })/N, transforms according
to

flrohyea, )= {75)

= b (bl RBYRE cab¥et )

in the linear approximation. {Here we have
omitted an additive term, which does not af-
fect the following derivation of the scaling law,
but would of course be important for the eval-
uation of the total free energy.)

The scale parameter £ may now be chosen
conveniently, for example |7{b¥¢ = 1, which
sets the first argument of f to +1; this yields

flrh, . )= (76)

- lfﬁd/y’fi(hiﬂ_yh/y’,0317’§Ey5”y’ ),

where fi(.’{,', y,...) = fl&l,z,y,..). Close
to T,, the dependence on the irrelevant fields
s, ... can be neglected, and (76) then pre-
cisely assumnes the scaling form (14), with the
exponents

B‘S - yh/y'r ' (77)

and

2= o= dfy, (78)

Thus the scaling law (14} has been derived
within the RG theory for fixed points with pre-
cisely one relevant field, aside from the exter-
nal magnetic field and the irrelevant operators.
Furthermore, the dependence of the irrelevant
fields ¢z, . . . yields corrections {0 scaling, which
may be have to be taken into account in situ-
ations not yet close encugh to T, to be in the
fully asymptotic regime.

In order to relate y. to the exponent v, one
has to recall that £ iterations reduce the cor-
relation length to & = b7%, which implies
(r6¥r#)=% = b=t~ and thus

v=1/y, (79)
[see Eq. (66) for the 2d Ising model]. Thus,
with the basic assumption that there exisis
a fixed point Hamiltonian with $wo relevant

operators, the scaling form of the free energy
could be derived, and moreover, a prescrip-
tion for the calculation of the critical expo-
nents was provided. A similar procedure may
bhe followed for the correlation function (8). At
this point the renormalization of the spin varn-
ables, o' = ble, becomes important; it {urns
out that the choice

c=dz2tn 2* 7 (80)
ensures the validity of Eq. (7} at the critical
point.

We add some remarks on the generic struc-
ture of the flow diagram in the neighborhood
of a critical fixed point {Fig. 11). In the mul-
tidimensional space of coupling coefficients,
there will be one specific direction which leads
away from the fixed point (the relevani diree-
tion}. The other eigenvectors of the linearized
RG transformation span the critical hypersur-
face. Further away from the fixed point the
hypersurface is no longer a plane but acquires
some curvature. From any point on the critical
hypersurface the trajectories iead into the erit-
ical fixed point. If the starting point is close
to but not at the critical hypersurface, the
corresponding trajectory will first run paral-
lel to the hypersurface until the relevant part
will be magnified sufficiently, so that finally
the trajectory leaves the vicinity of the crit-
ical hypersurface, and turns off to either the
low— or high—temperature fixed point. For a
particular physical system (a ferromagnet, &
binary mixture, etc.), the parameters will de-
pend on the temperature (the poini-dashed
curve in Fig. 11}, The temperature for which
this curve intersects the critical hypersurface
constitutes its transition temperature 7%.

From the above discussion the universality
property becomes obvious, too. All systems
belonging to a particular part of parameter
space, namely the region of attraction of a
specific fixed point, are governed by the same
scaling behavior, and are described by iden-
tical power laws in the vicinity of the critical
hypersurface of the fixed point.
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3.2 Momentum Shell Renormal-
ization Group

3.3.1 Wilson’s RG Scheme. The RG
method shall now be applied to the continuum

functional in this context. A very intuitive
approach was proposed by K.G. Wilson (Wil-
son and Kogut, 1974; Ma, 1976). Basically,
in momentum space the trace over the Jarge
k degrees of freedom is performed, and thus
recursion relations for the Ginzburg-Landau
coefficients are obtained. Because the shori—
wavelength fluctuations are not expected fo
contribute essentially, the Brillouin zone may
he approximated simply by a d-dimensicnal
sphere with radius {cutoff) A. The momentum
shell RG éransformation then consists of the
following steps: (i) Performing the trace over
all Fourier components ¢p with A/b < [k] < A
(Fig. 12) eliminates these short—wavelength
modes. By means of a (ii) scale transforma-
tion

B =6k | (81)
¢ = (82)

and therefore
P = b0y (83)

the ensuing effeciive Hamiltonian is brought
to a form resembling the original model, by
which then effective scale—dependent coupling
parameters are defined. By successive ap-
plication of this RG transformation {which
constitutes a semigroup, as there is no in-
verse element) the supposedly universal fea-
tures of the long~wavelength regime are dis-
closed, The fixed points of the transforma-
tion will, as above, correspond to the distinct
thermodynamic phases and the phase transi-
tions between them. The ecigenvalues of the
linearized RG flow equations near the critical
fixed point finally yield the critical exponents
[see {79), (77), and (78)].

Although a perturbational approach (with
respect to u} is not at all justifiable in the crit-
ical region, it appears entirely sound in the
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region far from the critical point, where the
fluctuations are negligible. The important ob-
servation now is that the RG flow connects
these very different regimes, and thus results
of the perturbation expansion obtained in the
noncritical region can be transported to the
vicinity of 7., keeping track of the nonana-
lytic singularities on the way in a consisient,
controlled and reliable manner. Perturbative
methods may also be employed in the elimina-
tion of the short—wavelength degrees of free-
dom [step (1)].

3.3.2 Gaussian Model. This concept
shall now first be appiied to the (Gaussian
model, where u = 0 (see Sec. 2.3.2},

Foldel = /m«\

[f, = Jd%/(2m)%]. As (84) is diagonal in the
Founer modes, elimination of the large & com-
ponents simply produces constants; the form
of the effective Hamiltonian 1s then unaltered,
provided

p b k2

P

(84)

d—2

(85)
(86)

1.8,

¢

P /

n=1{

2 1
= b%r
The fixed peints of Eq. (86) are v = 400 cor-
responding to the high— and low-temperature
phasges, respectively, and the critical fixed
point #* == 0. The eigenvalue in the rel-
evant temperature direction at this critical
fixed point is obviously y, = 2, and therefore
the exponent v = 1/2 is recovered, as in mean—
field theory.

3.3.3 Perturbation Theory and ¢ Ex-
pansion, The nonlinear “interaction” term

U

AR R —
(87)
can now be treated perturbationally by ex-
panding the exponential in Eq. (27) with re-
spect to u. Separating the field variables mnto
their parts in the outer and inner momentum



shell, respectively, ¢y = ¢ + ¢, with
lke| < Afb and A/ < |ks] < A, to fist
order in uw one arrives at terms of the fol-
lowing {symbolically written) forms (hence-
forth kpT shall be set to 1) (i) u [ ¢e~70
Just needs to be reexponentiated, for these de-
grees of freedom are not eliminated; (i) any
terms with odd numbers of ¢ or ¢ like
u [ ¢% ¢y e~ vanish; (iii) u [ ¢4 e 70 yields a
constant, contributing to the free energy, and
finally u [ ¢2¢2e™7°, for which the Gaussian
integral over the ¢, may be performed by us-
ing Bq. (43) for the propagator (¢7 qﬁik; Yo, an
average calculated with the statistical weight
e”%o Quite generally, Wick’s {heorem states
that expressions of the form ([} 6r., Jo fac-
torize into a saum of products of all possible
pairs {¢p, ¢_k. Jo, if m is even, and vanish oth-
erwise. Lspecially for treating higher orders in
perturbation theory, Feynman diagrams, with
lines symbolizing the propagators, and iner-
action vertices standing for the nonlinear cou-
pling u, provide a very helpful representation
for the large number of contributions to be
summed in the perturbation series.

Witk these means, the two-point func-
tion, {¢ ¢p_j ) and the similarly defined
four—point function can be evaluated. Using
Eq. {80), the following recursions for r and u
are then obtained to first nontrivial order (“/-
loop”, a notation stemming from the graphical
representation):

P =B (- DACN] L (35)
W =67 — (n 4+ 8)C(r)u] , {89}

where A and C' denote the integrals A(r) =
Ko oy (k8 e 4+ kdb = Ka[A™%(1 -
BN /(d — 2) — rATH1 - b /(d - 4] +
O(r?), C(r) = Ka [, [k%/(r + #*)7)dk =
KgAS#(1 - b4 /(d — 4) + O(r), with Ky =
1/29= 17427 (d/2), and the factors containing
the number of components n of the order pa-
rameter field criginate from the combinatorics

of counting the equivalent ways for “contract-
ing” the fields ¢y, , i.e., performing the inte-

grals over the large momenta. Note that again
Eq. {85} is valid here.

By linearizing Fgs. (88) and {89) at the
Gausstan fixed point »™ = 0, v* = 0, one im-
mediately finds the eigenvalues y, = 2 and
yp = 4 — d. Thus for d > d. = 4, the nonlin-
earity oc ¢ turns out to be irrelevant, and the
mean—field exponents are vaiid, as has already
been anticipated in Sec. 2.3.2. However, for
d < 4 the fluctuations become relevant, and
any inifial v # 0 grows under renormaliza-
tion. In order to obtain the scaling behavios
in this case, we thus have to search for a non-
trivial, finite fixed peint. This is most readily
done by introducing the differential flow again,
via b° = e’ and 6§ — 0, whereby the number
of REF steps effectively becomes a continuous
vartable, and studying the ensuing differential
recursion relations

d_z%{} = 2r(€) + (n -+ 2u() KaA*?

—(n 4+ 2r(OuH KA (90)
du(t) _
T (4 = d)ulf) ~

—(n + 8)u{)? Kyad* (91)

Namely, a fixed point i1s defined by the con-
dition that dr/df = 0 = dujdl. In Fig. 13
the flow of u(f) according to Eq. (91} is de-
picted; for any initial value ug % 0 one finds
that asymptotically, i.e.; for £ — oo, the non-
trivial fixed poind

€

T8 e=4—d

u Ky = AS (92)
is approached, which therefore describes scale—
invariant behavior and shouid govern the uni-
versal critical properties of the model. Here,
too, the RG procedure generates new interac-
tions; for instance, terms o ¢° and V?¢* ete.,
which in successive steps couple back into the
recursion relations for » and u. However, it
turns out that up to order € these terms may
be disregarded.

The original assumption that u be small,
justifying a perturbation expansion, now
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means that the effective expansion parameter
here 1s the deviation from the upper critical
dimension ¢. Inserting this in Eq. (90) and
collecting the terms of O(¢), one finds

9 (n-+ e 5

2(n+8)

n -

(93)
the physical interpretation for this result is
that the fluctuations lead to a downward shifi
of the transition temperature. Fiaally, with
7= r - rt, the differential flow equation

ui KA =

dr(€)

df
yields the eigenvalue yr = 2 —(n42)¢/{n+8)
near the critical fixed point (92). To cne-loop

order, O{e), one therefore finds the critical ex-
ponent

= 7()[2 ~ (n + Duk A" (04)

1

n -4 2
2+

4n + 8)

¢+ 0(c%) (95)

14

Using n = O{¢?) and the scaling relations (15),
(16), and (19), one arrives at the following re-
sults [note the remarkable difference to the re-
sult (39), obtained within the Gaussian ap-
proximation]

4~n 2
azme-%-o{f) , (96)
1 \ :
P T AT D

n+2
y=1+4 m€+o(€2) . {98)
=3+ e+ O() (99)

to first order in the expansion parameter ¢ =
4 — . The first nontrivial contribution to the
exponent 7 turns out to appear at two-loop
order,

n-+2

_ 2 3
1= S aye +0()

(100)

The universality of these results becomes
manifest by the fact that they solely depend on
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the space dimension d and the number of or-
der parameter components n, and not on the
original “microscoplc” Ginzburg-Landau pa-
rameter. (In passing, we note that for long—
range power-law interactions, oc o[ ~(4+7) the
critical exponents acquire an additional depen-
dence on the parameter ¢.) At the upper criti-
cal dimension, d; = 4, the solution of Eq. (91)
becomes an inverse power law instead of an
exponential, which leads to logarithmic cor-
rections to the mean—field exponents.

Differential recursion relations of the form
{90), (91) also constitute the basis for the
treatment of more subtle issues, like the cal-
culation of the scaling functions, or even
crossover phenomena, within the RG ap-
proach. For instance, an anisotropic pertur-
bation in the n~component Heisenberg model
favoring m directions leads to a crossover
from the O(n) Heisenberg fixed point to an
m—component fixed point (ses Amit, 1984,
Chap.5-3). The instability of the former is
described by a crossover exponent. For a
small anisotropic perturbation, the RG flow
trajectory still comes very close to this un-
stable fixed poin$, which implies that further
away from 7. the system behaves like an n-
component system, before 1t 1s finally domi-
nated by the anisotropic critical behavior. The
crossover from one RG fixed point to another
may be illustrated (and measured) by intro-
ducing effective exponents, defined as logarith-
mic derivatives of appropriate physical quan-
tities, Other important periurbations which
have been treated in the framework of RG the-
ory are so—called cubic terms reflecting the un-
derlying crystal structure, and contributing a
fourth power of the Cartesian components of
¢, as well as the dipolar interaction which al-
ters the harmonic part of the theory.

For systems characterized by certain spasial
antsctropies, the upper critical dimenion may
be shifted from d. = 4 to lower values due to
restricted space for fluctuations. E.g., for uni-
axial dipolar ferromagnets d. = 3, as well as
for tricritical points, where u = ( and a sixth-
order term in ¢ is required. In the case of elag-



tic structural phase transitions, for instance,
one finds o, = 5/2 or d, = §, for one- or two-
dimensional soft sector, respectively {Schwabl,
1985).

3.3.4 More Sophisticated
Field-Theoretical Methods. Once one has
to go beyond the first order in the perturbation
expansion, Wilson’s & shell renormalization
scheme, despite itg very intuitively appealing
features, is not the best choice for praciical
calculations. The fechnical reason 18 that the
integrals in Fourler space involve nested mo-
menta, and become rather tedious with a finite
cutoff A. Thus it appears more convenient to
use a field—theoretical renormalization scheme,
where A — oo (Amit, 1984). Yet this leads to
additional ultraviolet {UV) divergences in the
integrals for d > d.. Observing that at the
critical dimension d, both the ultraviolet and
infrared (IR) singularities appear combined in
logarithmic form [oc In{A?/r)], the idea i3 to
treat the UV divergences with the methods
originally developed in quantum field theory,
and through this diversion arrive at the correct
scaling equations for the opposite, IR limit.

Formally, this is done by taking advantage of
the fact that the original unrenormalized the-
ory does not depend on an arbitrarily chosen
renormalization point; as a consequence one
is led to the Callan-Symaenzik or RG eque-
tion. This is a partial differential equation,
which, when sclved via the method of charac-
teristics, leads to a set of ordinary differentiat
equations that resemble the differential flow
equations in Wilson's scheme. This procedure
may be pursued provided the theory is reror-
malizable, which for the ¢* theory is the case
for d < d.. However, this also means that
irrelevant operators cannot, at least without
considerable precautions, be included in the
scheme. The field-theoretical treatments are
therefore confined to the critical manifold in
parameter space; yet, for the universal prop-
erties of the system under consideration, they
vield fully equivalent results as compared {o
the momentum shell approach.

¢ expansions have been carried out up fo

seventh order; the resulting series is, however,
only asymptotically convergent (quite obvi-
ously, the convergence radius of the pertur-
bation series in u must be zero, as u < 0 cor-
responds to an unstable theory). Yet, by a
combination of these fairly high-order resulis
with the divergent asymptotic behavior and
Borel-type resummation techriques, the criti-
cal exponents can be obtained with impressive
accuracy, see Table 1 (Le Guillou and Zinn~
Justin, 1985).

Near the lower critical dimension of the
O(n}y (n > 2) symmetric Heisenberg model,
d = 2 (for the Ising case, n = 1, the lower crit-
ical dimension is d = 1, see Sec. 3.2.1), the «
expansion does not provide very accurate re-
suits, as might be expected. Near two dimen-
sions, the investigation of the Q(n}-symmetric
non-linear o model by means of a 2+ ¢ expan-
sion, with a nontrivial fixed point of order ¢
corresponding to 7,, has proven to be more
valuable (see Amit, 1984).

Besides the ¢ expansion, an expansion in
terms of powers of 1/n is possible, where the
limit n — oo corresponds to the exactly soiv-
able spherical model (Ma, 1976a}. While this
approach may help to clarify certain general
issues, it is usually less accurate numerically,
though, for the small values of n that are of
practical interest.

4 SCALING
LAWS IN STATISTI-

CAL PHYSICS

4.1 Phase Transitions and Prop-
erties of Phases

Phenomenological Ginzburg-Landau expan-
sions, scaling approaches and the language and
methods of RG methods have become fun-
damental tools in the study of phase iran-
sitions and of other universal properties of
condensed-matter phases, in a large wvart-
ety of systems. An (incomplete) list In-
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cludes structural phage transitions of var-
ious kinds, namely distortive, ferroelectric,
order—disorder, and elastic transitions (see
PHASE TRANSITIONS, STRUCTURAL, COL-
LECTIVE PHENOMENA IN SOLIDS), liquid erys-
tals (see L1QUID CRYSTALS, STRUCTURE OF},
magnetic systems (see MAGNETIC ORDERING
IN S0LIDS), magnelic impurities in a lattice
{Kondo problems; see Wilson, 1975}, super-
fluidity (see SUPERFLUIDITY: Liquip He-
LiuM SYSTEMS), and superconductivity (see
SUPERCONDUCTIVITY, Low TEMPERATURE);
here specifically the numerous phases of type
11 superconductors subject to an external mag-
netic field have aroused considerable interest
lately (see SUPERCONDUCTIVITY, HigH TEM-
PERATURE, and Blatter, Feigel’'man, Geshken-
bein, Larkin, and Vinokur, 1994). Com-
plex scaling and crossover behavior may ensue
when either anisotropies or additional long-
range interactions are included.

Finite—size scaling studies how the asymp-
totic power laws of the thermodynamic limit
are approached as the system size grows, and is
thus an important tool for numerical studies of
continuous phase transitions (Privman, 1990).
Furthermore, the fact that all real systems are
finite leads to additional interesting phenom-
ena. At surfaces, new critical exponents may
come into play (Diehl, 1986}, Also, interfacial
structures may change drastically as external
parameters are varied; an important example
1s the wetting transition of liquid drops on a
substrate (Dietrich, 1988),

Scaling and RG concepts have also been
applied to the theory of symmetry breaking
in the fundamental field theories of matter
(see UNIFIED FIELD THEORIES), which also
have important implications for cosmology
(see GALAXIES AND CosMoroay). (We note
that in elementary pariicle physics a Compton
wavelength A. = hc/m may be assigned to a
particle of rest mass m. For large momenta
hk > me, the theory becomes scale—invariant,
and the propagator behaves as ™%+, The
correlation length £ thus corresponds to the
Compton wavelength or inverse mass.)

4,2 Disordered Systems

In many physical systems, disorder plays an
important role. The basic question therefore
is, under which circumstances can quenched
randomness affect the nature of a phase {ran-
sition and ils properties. Let the disorder in-
duce a reievant perturbation g{z) in the ef-
fective Hamiltonian, e.g., changing the har-
monic part of the Landau—-(inzburg-Wilson
functional {random T}, the scaling dimension
of which is {g] oc L2279 with A < d. The
Harris eriterion then states that the charae-
ter of the pure transition may be considerably
affected by the disorder, provided A < d/2
(Itzykson and Drouffe, 1989). If defects of
this kind are correlated only over short dis-
tances, this criterion says that the critical be-
havior is changed if the specific—heat exponent
of the pure system is positive (o > (). On
the other hand, in the case of random fields,
both the upper and lower critical dimension
can be changed as compared to the pure case.
The Imry-Ma argument (see Nattermann and
Villain, 1988) compares the interfacial energy
o L? [Eq. (13)] with the gain in bulk free en-
ergy o« L%? by splitting into domains of size
L ({the mean-square order parameter fluctu-
ations due ta the random field add up to a
contribution o L9 for each domain). Thus,
for & < d/2, the systern will always break into
domains and no long-range order can emerge.
For Ising systems {© = d ~ 1), this will be irue
for d < 2, while in the case of continuous sym-
metry (& = d—2) the lower critical dimension
becomes d = 4.

An example for such disorder—dominated
systems are spin glasses, e.g.: an Ising spin
glass with bond disorder, where the couplings
Jij in (21) are drawn from some stochastic
distribation. Similarly, disorder can be intro-
duced in Heisenberg models (25). As model
systems for phase transitions in highly disor-
dered materials, considerable amount of effort
Las been devoted to the examination of such
spin glasses {Binder and Young, 1986). In
addition to the thermal average, all physical
quantities have to be averaged over all possi-
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ble configurations of the quenched disorder. A
frequently used method in analytical caleula-
tions is the replica trick, which replaces the
computation of the mean free energy by the
average of the nth power of the partition func-
tion, and then taking both the derivative with
respect to n and the limit n — O

F = lim 27w (101)
n—0 Jn

Extensions of these studies have led to the
investigation of manifolds in random media, a
direct application of which may be found in
biclogical membranes, or flux lines in high-
7% superconductors, and the design of neural
networks (see NEURAL NETWORKS).

Disorder may also play a prominent role
in the quantum regime (T — 0}, While
near a phase tramsition with finite T, quan-
tum fluctuations are of minor importance (al-
though quantum effects may provide the fun-
damental mechanisim for the transition itself,
as in magnets, superfiuids and superconduc-
tors), at 7' = G the interplay between digsor-
der and quantum mechanics can lead to very
interesting novel phases with unusual phase
transitions. Examples for such quantum crit-
ical phenomena (see Continentino, 1994) are
electron localization (see ELECTRON STATES,
LOCALIZED), metal-insulator transitions {see
METAL-INSULATOR TRANSITIONS; Belitz and
Kirkpatrick, 1994), Helium 4 on discrdered
substrates (disordered bosons), and quantum
antiferromagnets, which are of relevance in the
microscopic theory of high-temperature su-
percenducting materials and as one phase of
solid Helium 3. For a Fermi system, the inter-
esting singularities and the universal behavior
are expected in the vicinity of the Fermi sur-
face, instead of the point & = 0 in Fourier
space, and therefore the RG approach has to
be modified accordingly (Shankar, 19943},

The mathematical theory of percolation also
has immediate applications for the stracture
of certain disordered systems, and their trans-
port properties {see FracTaL GEOMETRY;
Bunde and Havlin, 1981). The percolation
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threshold may be understood as a eritical
point, and the scaling hehavior in its vicin-
ity can be obtained by mapping onto the so—
called Potts model {Wu, 1982), and with the
help of certain continuum models of the same
universality class.

4.3 Polymers, Membranes

An important ingredient to the physics of
macromolecules like polymers is the interplay
and cempetition of energetic and entropic op-
timization. De (Gennes has demonstrated that
the partition function of a polymer, or the
statistics of a self-avoiding random walk, can
he mapped to the n — 0 lirnit of the n com-
ponent Heisenberg model {see Table 1). As
a consequence, scaling and RG approaches to
the static and dynamic properties of polymers
have been successfully emploved (see PoLy-
MERS, STRUCTURE OF; BDe Gennes, 1979;
Freed, 1987). The wnverse separation from the
critical point |7|~* formally corresponds to the
degree of polymerization (chain length) N of
a long flexible polymer, and, e.g., in a dilute
solution in a good solvent the average end—to—
end distance of the polymer scales as B, o« NV,
where v &~ 0.588 (in three dimensions) is the
n = 0 result for the correlation length expo-
nent of the O(n) model. Naturally, similar at-
tempts have been used for biological systems
like muscular fibres and membranes (see MEM-
BRANE Broruysics).

4.4 Critical Dynamics and Non—
Equilibrium Phenomena

In Sec. 1.4, the extension of the above scaling
contepts to dynamical phenomena was men-
tioned. The order parameter dynamics dis-
plays critical slowing down near a second-
order phase iransition, described by the criti-
cal exponent z {Eq. (11)]. One very powertul
and common mathematical deseription of erit-
ical dynamics rests on Langevin-type equalions
of molion {see STOCHASTIC PrOCESSES) for
the order parameter flucfuations and the con-



served quantities, which constitute the slow
maodes of the system (Hohenberg and Halperin,
1977; Enz, 1979}, For, as a consequence of the
continuity equation related to a conservation
law, the corresponding density shows diffusive
behavior {inverse relaxation time 5% oc k%)
In a phase with broken continuous symmetry,
in addition the fluctuations transverse to the
order parameter have to be included, for their
static susceptibility is also singular for & - 0
[Eq. (47)], and thus the correspending mode
has frequency x x~!/?%, and damping coeffi-
cient oc x~*. Collecting ail these slow modes
in a multi-component field &(x,1), the equa-
tions of motion assume the general form

?_Cba(x}i)

 vta po OFIBL
S = K8 - INCICEN

B (x, 1)
(102)

Here, K[®#] comprises the reversible forces, as
obtained from the microscopic equations of
motion. The second term provides a damp-
ing term, which after some smali perturbation
drives the system back into the equilibrium
state, where §F /6@ = 0; the damping coefli-
cients I'® are constants for the order parameter
fluctuations, if the latter is not conserved, and
take the form AV? for each conserved quantity.
Finally, all “fast” modes have been subsumed
in the stochastic forces {“{&,1), whose mean
is taken to be zero, {{*(x,t)} = 0, and whose
second moments are, for simplicity, assumed fo
be drawn from a Gaugsian distribution with a
variance corresponding to “white noise”

(€ (e, 1) (2 1)) =
= T T® 6°P6(x — 2')6(t — 1)

(103)

The fluctuation—dissipation theorem (Finsiein
relation) (103) assures that for { — oo the
probability distribution is given by the equi-
librium expression exp(—F /kgT).

The set of equations {102} with (103) can
then be very elegantly mapped onto a dy-
namic functional, and the ensuing field the-
ory be treated with precisely those perturba-
tion expansions and RG methods explained

above for the statics. In some cases, the un-
derlying symmetries and/or conservation laws
lead to so—called Ward identies, which yield
a connection between the dynamic exponent
z and already known static indices, promi-
nentiy 5. E.g., for a model merely consisting
of a conserved order parameter field (model
B according to the classification of Hohenberg
and Halperin, 1977), the result s z = 4 — n;
for the isotropic ferrcmagnet {(model J) one
finds z = {d + 2 — n}/2, and for planar fer-
romagnets as well as isotropic antiferromag-
nets {models E and G, respectively), z = d/2.
In Table 2 a list of dynamical systems, with
the corresponding value of z, and the physical
quantities for which the critical slowing down
can be observed in experiment, is presented.
Note that although the range of the dynami-
cal critical exponent is limited t0 3/2 < 2 < 4
in three dimensions, the ensuing behavior of
the transport coefficients can yet be as differ-
ent as the diverging magnetization diffusion
Dpar o< (r1=3 for an isotropic antiferromag-
net, and the vanishing order parameter relax-
ation rate T oc |7} in the same system, or
the vanishing magnetization diffusion censtant
Das o |7{1/3 for an isotropic Heisenberg ferro-
iagnet,

An alternative route to finding these ex-
ponents, and probably superior for the is-
sue of precisely calculating the scaling func-
tions, is the mode—coupling approach, which
at least in some cases may be represented as
a self—consistent one-loop theory for the gen-
eralized (i.e.. wavenumber— and frequency—
dependent) transport coefficients (Frey and
Schwabl, 1995).

Another physical situation, where equations
of motion of the type (102) and a R approach
have been used, is the problem of quench-
ing a system from above T, into the low-—
temperature phase, and observing how the or-
dered domains grow with time {Bray, 1993).

Upon relaxing the condition (103), the same
methods may also be applied to phase transi-
tions In non—equilibrium systems. A prototyp-
ical example might be the Burgers-Kardar-
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Parisi-Zhang equation, which is supposed to
describe the kinetic roughening of growing sur-
faces (Family and Viesek, 1891), but is also
intimately connected to the problem of di-
rected lines in random environment, and (o
the hydrodynamics of randomly stirred fluids,
Related issues are the depinning transitions
of lines and interfaces, and the dynamics of
charge—density waves. The behavior of inter-
faces in disordered systems in general poses a
number of most interesting issues and requires
certain new conceptual approaches (see For-
gacs, Lipowsky, and Nieuwenhuizen, 1891).

The properties of systems very far f{rom
equilibrium, well within the scope of scaling
approaches and RG methods, turn out to be
remarkably rich., On the one hand, there is
the vast field of non—equilibrium pattern for-
mation (Cross and Hohenberg, 1994). On the
other hand, self-similar and self-affine struc-
tures emerge in many dynamical processes (see
FracTal, GEOMETRY ), which are hence good
candidates for the application of the above
methods. The ubiquity of fractals and 1/f
noise has led to the paradigm of self-organized
criticality (SOC) (reviewed in by Bak and
Creutz, 1994). SOC refers to the tendency of
large dissipative systems to drive themselves
into a self—similar critical state without the
special adjustment of parameters. SOC has
been suggested for avalanches in sand piles,
earth quake statistics, evolution, spreading of
diseases, forest fires, and many others (Bak
and Creutz, 1994). In the so-called forest fire
model one finds SOC if a certain double sep-
aration of time scales hiolds {which represents
still a large region in parameler space), while
in other regions of the parameter space spi-
ral structures emerge (Drossel and Schwabl,
1994).

At any rate, scaling ideas and the Janguage
of the renormalization group, including such
concepts as effective Hamiltonians, relevant
and irrelevant perturbations, fixed points, di-
verging correlation lengths, self-similarity and
power laws, universal long-wavelength and
low—frequency behavior of collective modes, as
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well its powerful mathematical tools, have pro-
vided considerable new insight in the physics
of many important research areas, and it
seems likely that more interesting applications
will be discovered in the future.



GLOSSARY

Asymptotic regime: Region near the crit-
ical point where the relevant perturbasions
dominate, leading to pure power laws.

Corrections to scaling: Contributions of
irrelevant operators to thermodynamic quan-
tities,

Correlation length: Length scale for the
spatial decay of correlations, usually a func-
tion of the external control parameters {tem-
perature, magnetic field, etc.}.

Critical exponents: Exponents describ-
ing the power laws at continucus phase tran-
sitions.

Critical slowing down: Decrease of the
order parameter decay or oscillation rate w,,
characterized by the dynamic exponent z, ¢f.
Eq. (11},

Critical surface: Hypersurface in parame-
ter space with the property that ali RG trajec-
tories starting on it lead into the critical fixed
poing.

Crossover: Change in scaling behavior
from power laws characterized by a certain un-
stable fixed point, to different power laws gov-
erned by the asymptotically stable fixed point.

Effective theory: Mathematical model
describing the long-wavelength and low-
frequency behavior of a physical system, at a
certain energy scale.

Fixed point: Point 1n the space of coupling
coeflicients which remains invariant under the
RG transformation.

Lower critical dimension: Borderhine di-
mension, below which a certain model or phys-
ical system does not have a phase transition
leading to long-range order.

Order parameter: Certain macroscopic
quantity which may be used to characterize
different phases.

Relevant and irrelevant perturbations:
Figenoperators of the linearized RG transfor-
mation which grow resp. decrease under suc-
cessive RG: steps.

Renormalization group (RG) transfor-
mation: Operation by which a Hamiltonian
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is transformed into a new one, with a reduced
number of degrees of freedom, accompanied by
a subsequent scale transformation.

Scaling law: Mathematical expression of
the fact that at a critical point the free energy
and correlation functions are scale~invariant,
e, are generalized homogeneous functions,

Secaling relations: Equations which relate
certain critical indices, thus reducing the num-
ber of independent exponents,

Universality: The fact that critical prop-
erties depend only on global propertiss as the
dimension, the symmetry and number of com-
ponents of the order parameter.

Upper critical dimension: Borderline di-
mension, above which the critical exponents
of a certain model or physical systemn are cor-
rectly given by their mean—field values. Below
the upper critical dimension, fluctaations are
refevant and affect the scaling behavior.
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Figure Captions

FIG. 1. {(a) The order parameter ¢ of a
ferromagnet for zero external field 1 = 0, as a
function of the temperature T'. ¢ sets in con-
tinuously at 7%, and has at least two equivalent
orientations. (b} Phase diagram (external field
h vs. temperature 7 of a ferromagnet.

FIG. 2. Correlated clusters in the two—
dimensional Ising model {the black and white
points correspond to the two possible states
at each site 7 in the lattice} for two different
temperatures: (a) far away from 7 in the dis-
ordered phase, and (b) near the critical point.

FIG. 2. Comparison of the phase diagrams

of a ferromagnet (a), and of a one—component
gas/liquid/solid (b).

FIG. 4. Temperature dependence of the
specific heat of Helium 4 at the normal-
superfluid phase transition, shown for succes-
sively reduced scales in the temperature vari-
able {from: Buckingham and Fairbank, 1961,

p. 86).

FIG. 5. DProbability distribution P o
exp(—F/kgT) for the Landau part of the free
energy F, Eq. {26), as function of a single~
component order parameter ¢, for (a) T > T,
and (b} T" < 1.

FIG. 6. Decimation transformation for
the one-dimensional Ising chain with nearest—
neighbor interaction.

FIG. 7. Recursion relation for the nearest—
neighbor coupling of the Ising chain {full; the
dashed line marks the line K/ = A}. The
iteration steps are indicated by the arrows.

FIG. 8. Reduced free energy { for the
nearest—neighbor Ising chain. The f*) denote
the approximation to the exact result f as ob-
tained in the kth step of the RG procedure.

FIG. 9. Ising model on a quadratic lattice,
Even if originally there were only nearest—
neighbor interactions K present, by applying
the decirnation procedure next-nearest neigh-
bor couplings L are generated.

FIG. 10.  Flow diagram for the two—
dimensional Ising model on a square latlice
near its critical point. (Only the results of ev-
ery other recursion step are shown.} The inset
shows the behavior in the vicinity of the criti-
cal fixed point, which is described by Eq. (63).

FiG. 11. Critical hypersurface. A tra-
Jectory in the critical hypersurface is shown
dashed, and a trajectory starting close to
the critical hypersurface is displayed as a full
curve, The coupling coeflicient of a particular
physical system as a function of a control pa-
rameter is indicated by the long—dashed line.

FIG. 12. Momentum space RG: The par-
tial trace is performed over Fourier compo-
nents @, with momenta in the shell A/b <
k| < AL

FIG. 13. Flow of the effective coupling
u{f), as determined from the right-hand-side
of Eq. (81). Both for initial values ugy > u] and
0 < up < u*, one has u(€) - u? for £ — oo.
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Tables

7 v 3 7
d=2 n=10 1394+ 0.04 (.76 4 3.03 0.065-£0.015 0.21+0.05
n=1 1.73 £ 0.06 0.99 £ 4.04 0.120£0.015 0.26 £0.05

2d Ising (exact) 1.75 1 0.125 0.25

d=23 n=0 11600004 0.58801£0.0025 0.3025£0.0025 0.031+£0.003
n=1 1.239-4 0004 0.63056£0.0025 0.3265x£0G.0025 0.057+£0.003
n=2 1.315% 0007 066710005 03485+ 0G.0035 0.040 £ 0.003
n=23 1380+£0010 0.710-0.007 0.368 -+ 0.004  0.040 % 0.003

Table 1. Best esiimaies for the static critical exponents v, v, 8, and é for the O{n)-—symmetric
¢* model in d = 2 and d = 3 dimensions, as obtained {rom large-order ¢ expansion in com-
bination with Borel resummation techniques (fram: Le Guillou and Zinn-Justin, 1985). For
comparison, the exact Onsager results for the 2d Ising model are also listed. The limit n = 0
describes the statisticai mechanics of polymers.

System Model Dynamic exponent Physical quantity
Anisotropic magnet A z = 24 cn, Relaxation rate
e= (1) T o 7] & Y3
{Uniaxial ferromagnet B z=4—n Magnetization diffusion
Dy ox {,‘,.E(z-—Z)u P iﬂ@/a
Structural phase transitions C =24 alv Relaxation rate
I o v as 7|43
Planar ferromagnet E z=df2 Magnetization diffusion
Dy oc 7Y = |7
Superfiuid Helium 4 F z= 2(d+a), Thermal conductivity
& = maxie, ) dp o |2 g |7~ L/3
(+ logarithmic corrections)
Isotropic antiferromagnet G z=df2 Order parameter refaxation

Ty o fri* a7
Magnetization diffusion
Dy grg(zw:z)u P {T[mifs
Isotropic Heisenberg J z=3d+2-n) Magnetization diffusion
ferromagnet Dag ox br|=D¥ o jr[1/3

Table 2. Dynamic critical exponents # in d dimensions, for various dynamical systems, along
with a list of the physical quantities, and their temperature dependence in the vicinity of 1.,
for which the ensuing critical slowing down may be observed experimentally (classification
according to Hohenberg and Halperin, 1977). The approximate numerical results are for the
three—dimensional case, using v & 2/3, n & 0, and o = ().
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