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Cl:L\PTER I 

INTRODUCTION 

Statistics is a young and vital branch of science. 

It is difficult to mention a field of science, agriculture, 

engineering, business, industrial operations, and govern-

ment work in which statistics is not gaining greater accep-

tance and use. It is young because most of the presently 

used statistical techniques have been developed in this 

century. 

The "average person" thinks of statistics as the 

columns of figures on the business section of newspapers, 

illustrated with "zig-zag graphs", or as records of births 

and deaths, etc. This may have been a good interpretation 

of statistics years ago. It is true that in the beginning 

statistics was concerned with the collection and compilation 

of data, for instance census taking. There are many re-

cords of census in most of the countries of the world from 

early times (e.g. in ancient Egypt a census was taken about 

3050 years B.C.) But today, besides being descriptive in 

nature, statistics provides tools for making decisions when 

conditions of uncertainty prevail. We shall describe ~

tistics as a branch of science which is concerned with the 

deyelopment and application of efficient techniques for the 
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collection. organization. analysis. and interpretation 06 in-

formation (which can be stated in numerical form) in such a 

way that the uncertainty of inductive inferences may be 

evaluated in terms of probability statements. 

1.2 $tatistics and the scientific method 

The scientist may use different ways of obtaining 

knowledge. Most of these procedures include the following 

steps: 

1. Review of facts, theory and proposals related 
to the problem raised. 

2. Formulation of a logical hypothesis. 

3. Objective evaluation of the hypothesis, by means 
of 

a. Investigations (surveying) 

b. Experiments. 

4. Inference, analysis and interpretation of the 
results of the objective evaluation of the 
hypothesis. 

In general there is no way of deciding when a step ends and 

the next starts. Their continuous sequence is circular, be-

cause the fourth step will open new theories and proposals 

leading to the first step again. 

The scientist cannot observe all the conceivable 

events related to a given problem. Thus he has to use in-

ductive inference, in other words he has to derive general 

propositions from the evidence of specific cases under con-
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ditions of uncertainty. This process will enable him to 

draw conclusions about his hypothesis, but he will need to 

have an idea about the degree of uncertainty of these con-

clusions. Thus statistics becomes a vital tool of the 

scientific method. 

The application of statistics falls in many aspects 

of the scientific method. From the initial plan until the 

collection of data, which calls for appropriate designs of 

experiments or surveys, and ways of taking observations, and 

from the tabulations of the data to evaluating the un-

certainty of possible inferences to be drawn, which calls 

for appropriate methods of analysis of the data by means of 

the theory of probability. 

l.3 The statistician's work and career 

During the last fifty years, the rapid development of 

statistical research, especially in England, India and 'the United 

States, has produced a large number of fundamental techniques 

which are being used very profitably in diverse fields of 

research, to mention a few of them: forecast and improve-

ment of crops, physics including astro-physics and rocket re-

search, production and operations research, medical and 

biological research, engineering including testing materials 

and location of factories, etc. Automatic data processing 

certainly has received its first impetus from statisticians. 
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In the last three decades, the marked advances in electronic 

computers has aided considerably the advance of statistics. 

High speed electronic computers now make it possible to handle 

extensive numerical analyses. 

'Iheref ore there is an ever increasing demand for 

mathematical and applied statiscians, and for scientists or 

engineers with statistical training. In almost all major 

industries and research organizations the statistician is a 

highly respected and urgently needed specialist. Graduates 

with advanced statistical training find abundance of oppor-

tunities for highly rewarding and well paid work. In 1963 

( 6 ) the estL~ated salary for a graduate with advanced sta-

tistical training ranged from $8,000.00 to $12,000 per year. 

Today many universities in the United States off er 

special curricula in statistics, and some have departments 

or institutes, which offer programs leading to advanced de-

grees (M.A., M.S., Ph.D.) in statistics, which are engaged 

in consulting and research work, and which also off er 

supporting courses for graduate students of other departments. 

Y~re and more universities are adopting undergraduate in-

struction in statistical methods. 

In many of the so called land-grant universities, 

with the expansion of the agricultural and engineering ex-

perimentation came the need for adequate statistical services. 

As a consequence they had to organize departments or 
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institutes of statistics. This was the case also at Vir-

ginia Polytechnic Institute, where its Department of Sta-

tistics has been providing extensive consulting and com-

puting services to the Virginia Agricultural Experiment Sta-

tion, Virginia Engineering Experiment Station, federal and 

state agencies, and to the University as a whole. 

The objective of this thesis is to give an outline 

of the organization, importance and objectives of the De-

partment of Statistics of Virginia Polytechnic Institute. 

Special emphasis is put on the consulting and computing 

service that the Department of Statistics through its Sta-

tistical Laboratory has been providing since its initial 

organization until September 1966. As the computational 

work of the Department has considerable aid from the Uni-

versity High-Speed Computer Center, we shall mention briefly 

its organization and functions. 
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CHAPTER II 

ORGANIZATION AND FUNCTIONS OF THE DEPARTMENT 

OF STATISTICS AT VPI 

2.l History 

The Virginia Polytechnic Institute is one of the so-

ca lled land-grant universities organized under the provisions 

of the Morrill Act passed by the National Congress and ap-

proved on July 2, 1862. Virginia - and every other state -

was apportioned 30,000 acres of public land (without mineral 

deposits) for each senator and representative in Congress 

according to representation based on the 1860 census,(32). 

In ~~rch, 1872, Governor Gilbert C. Walker signed the 

bill establishing the Virginia Agricultural and '1echanical 

College at Blacksburg. Following some of the words of the 

Morrill Act, the purpose of the new college was stated as: 

"The curriculum of the Virginia Agricultural and Mechanical 

College shall embrace such branches of learning as relate to 

agriculture and mechanic arts, without excluding other 

scientific and classical studies, and including military 

tactics". In 1896, the name of the college was changed to 

make it the Virginia Agricultural.and Mechanical College 

and Polytechnic Institute, as a consequence of the beginning 

of its great growth. In 1944, the "Agricultural and Mechan-

ical" was dropped and the legal name became the Virginia 
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Polytechnic Institute (VPI). 

Professors in the early days of land-grant colleges 

soon learned that teaching in the traditional way from 

textbooks was not enough. Because they had to have more 

information, they conducted scientific experiments. 

The Agricultural Experiment Station was established 

at VPI in 1887, only 15 years after the university opened 

its doors, under the federal Hatch Act. And in 1921, the 

Engineering Experiment Station was established at VPI. 

During the 1920 1 s, there was a considerable expan-

sion of the work.of the Agricultural Experiment Station, and 

with it came a need for adequate statistical and computing 

services, and the training of professional statisticians. 

During the early 1930's, two separate installations 

with tabulating card processing equipment arrived on campus, 

one to serve the primary need of the Agricultural Experi-

ment Station. It consisted of basic unit record installation 

with card punches, verifiers, sorters, reproducers, and tab-

ulators. The other was primarily used by the business 

off ices of VPI. 

In 1946, undergraduate and graduate offerings in sta-

tistics were first announced in the curriculum of the De-

partment: Agricultural Economics, Rural Sociology, and Sta-

tistics. 

In 1948, a statistical laboratory was organized as a 
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part of the Virginia Agricultural Experiment Station. Dr. 

Boyd Harshbarger was invited to organize the laboratory with 

the help of one assistant. 

In 1949, the Department of Statistics was established 

in the School of Applied Science and Business Administration, 

and was authorized to offer a curriculum leading to the M.S. 

degree in statistics. In 1952 it added a curriculum lead-

ing to the Ph.D. degree. More recently it has offered se-

lected courses for undergraduates in various departments, 

and since 1957, has a curriculum leading to the B.S. degree 

with a major in statistics. 

In 1957 the Department of Statistics substantially 

expanded its present program with the aid of a grant from 

the National Institute of Health which provides for assis-

tance to students as well as the staff. 

In 1963, the Department of Statistics, in cooperation 

with the Department of Civil Engineering-Sanitary Engineer-

ing, initiated a training program in Environmental Engineer-

ing statistics. 

Since 1963, the Department of Statistics belongs to 

the College of Arts and Sciences. 
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2. 2. l :;:'m:·p(')se 

The purposes o~ the Department of Statistics are: 

l) To provide educational programs leading to careers 

in statistics, and to provide applied courses for 

research workers and students majoring in other 

fields. 

2) To provide consulting and computing services in 

applied statistics. 

3) To provide statistical research toward the develop-

ment and extension of basic theory as well as the 

application of existing statistical techniques to 

applied problems in various fields. 

2.2.2 The Denartnent of Statistics in the organizational 

structure of VPI 

The situation of tJ.~e Department of Statistics within 

the present organizational structure of the Virginia Poly-

technic Institute is shown by means of the chart No. 1.(29) 

Tne Department includes its faculty and the Statisti-

cal Laboratory. 
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2.2.3 The faculty 

The faculty of the Department consists of mathe-

mathical and applied statisticians who participate in teach-

ing, research in statistical theory and methodology, and con-

sulting service in applied statistics. 

Below we list the present faculty members with a 

short biography and major field of interest. 

Head of the Deuelrtment of Statistics 

Boyd Harshbarger, B.A.,M.s.,M.A.,Ph.D., 
D.Sc. 

Yisitinn: Professor 

Jerome Li, B.s., Ph.D. 

?rof essors of Statistics 

Brian W. Connolly, B.A., M.A. 

Clyde Y. I<ramer, B.s., M.s., Ph.D. 

Associate Professors of Statistics 

James P. Barret:t,B.s., M.s., Ph.D. 

Whitfield Cobb, A.B., A.M., Ph.D. 

I<laus Hinkelmann, B.A., Ph.D. 

Yiaj or Field 
·of !n'l:(':;rest 

Design of 
Experiments 

Design of 
Experiments 

Stochastic Pro-
cesses and 
Operations Re• 
search 

Design and 
Analysis of 
Experiments 

Forestry and 
Sampling 

Teaching Ap-
p lied Statis-
tics 

Statistical 
Genetics 
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Richard G. I<rutchkoff, A.B., A.M., Ph.D. 

Raymod H. Myers~ B.s., M.s., Ph.D. 

Whitney L. Johnson, B.s., M.s. 

Assistant Professors of Statistics 

D. R. Jensen, B.s., M.s., Ph.D. 

James Pickands, III, B.A., Ph.D. 

Instructor of Statistics 

Waldemar E. Heinzelman, B.S. 

2.2.4 !he Statistical Laboratory 

Viajor Field 
of Interest 

Use of P.:iori 
Information 
in Statistics 

Application to 
Ensineering 
problems-De-
sign and 
Analysis, Re-
sponse Surface 
methods. 

Digital Com-
puting and 
Biostatistical 
Applications 

Multivariate 
Inference 

Stochastic 
Processes 

High speed 
computing 

The Statistical Laboratory consists of four trained 

computers, who provide clerk assistance for the faculty of 

the Department, the Virginia Agricultural Experiment Station, 

the Virginia Engineering Experiment Station, other Depart-

ments of VPI, Virginia Truck Station and other state and 

federal agencies. It is supervised by one statistician of 
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the faculty. At the present time Dr. Clyde Kramer is in 

charge of the Statistical Laboratory. 

2.3 facilities 

The Department of Statistics and the Statistical 

Laboratory occupy the fourth floor of Hutchinson Hall and 

Smith Hall, where they have offices for administration, staff, 

secretaries and graduate assistants, classrooms and the Sta-

tistical Laboratory. 

The Statistical Laboratory is equipped with 4 full 

automatic desk calculators and one Hathatron electronic cal-

culator, for a direct computing serve; 10 full automatic 

desk calculators for the use of staff and graduate assistants; 

and 19 non-full automatic desk calculators for student use. 

The Department of Statistics also occupies two rooms 

of the second floor of the old Elementary School Building. 

This space is devoted to study desks for graduate students, 

and it is provided with two full automatic desk calculators. 

2.4 Teaching 

2.4.l Courses 

At first the Department of Statistics was authorized 

to offer a curriculum leading to the M.s. degree in statis-

tics, and courses for graduate students majoring in other 

fields. In 1952 it added a curriculum leading to the Ph.D. 
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degree in statistics. ~bre recently it has offered selected 

courses for undergraduates in various departments, and since 

1957, has a curriculum leading to a B.s. degree with a major 

in s\::atistics. 

The following courses are offered by the Department 

of Statistics (27,31) 

Courses for Undergraduates 

201* Introductory statistics 

202 Statistical Laboratory 

301 Forestry statistics 

302* Computer programming 

310 Elementary statistics 

313,323 Biological statistics 

Courses for r:raduates and undergraduates 

401 Educational statistics 

402* Sample Survey methods 

403* Experimental designs 

404 Ele.~entary econometrics 

408* . . l Digita computer techniques 

410,420* Statistical methods 

415,425,435 Statistics .. for engineers 

419,429,439* Theoretical statislics 

Courses for graduates only 

5010 Linear Programz::U.ng 

5011 Advanced Econometrics 
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5012 Computing Techniques in Research 

5013 Statistical Methods in Epidemiology 

503** Statistical Inference 

504** Theory of ~inear Hypothesis 

505~~* Probability 

507 The Statistics of Biological Assay 

508 Sample survey Theory 

516,~26** Applied Statistics 

517,527 Statistical Theory of Signal Detection 

518,528,538 Graduate Seminar· 

535*.,~ Design and Analysis of Experiments 

599** Research and Thesis 

600 Directed Study 

6010 Queuing Theory 

601 H~thods of :l/!Ultivariate Analysis 

602 T'neory of Multivariate Analysis 

603 Theory of Sequential Methods 

604 Advanced Statistical Inference 

605 .Analysis of Variance 

606 Nonparametric Statistics 

607 The Theory and Application of Stochastic Processes 

608 Advanced Analysis 

609 Order Statistics 

610 Response Surf aces 

611,621 Statistical Genetics 
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612 Advanced Probability 

799 Research and Dissertation 

Courses indicated with one asterisk * are included 

in the require~ents for a B.S. program majoring in statis-

tics. Courses indicated with two asterisks ** are those 

from which selections are usually made for a M.s. program 

in statistics. 

References (27), (30), (31) give more fully descrip-

tions of the courses indicated above. 

Reference (27) gives information about the under-

graduate cirriculum, which provides the necessary pre-

paration for students who after graduation expect to work 

on the master's or doctor's degree in statistics. 

Students who expect to specialize in graduate work 

in statistics are advised to study as much mathematics as 

possible during their undergraduate work, but some experience 

in an area of application (physical sciences, agriculture, 

engineering, economics, biology, or psychology) is also 

highly desirable. As a rule, graduate students in sta-

tistics will have either a full minor in mathematics or a 

split minor in mathematics and some field of application.(30) 

The requirements that a Master of Science and a 

Doctor of Fnilosophy program of study must meet are in-

dicated below. (31) 
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Study Work Credit hours required 

lla.§... Ph,D, 

Research and Thesis 9 .. 18 

Research and Disser .. 50 .. 70 
tation(599 &799) 

Courses nUIL'lbered 500 or 
higher(excluding courses 
in "Directed study", num-
bered 600) minimum 18 50 

Courses numbered 400 and 
above(including a maximum 
of 6 hours of Direct 
Study 11 60011 ) maximum 18 
(including a maximum of 
9 hours of "Direct 
Study" 11 600 11 ) maximu.'n 30 

Total :Minimum Credit hours required 45 135 

2.5 Consulting and Computing Seryice 

2,5. l OJ'.'.'ga.n:Lzations for which consulting and computing 
seryice is provided 

The Department of Statistics, through the Statistical 

Laboratory, provides both consulting and computing services 

to the following research organizations (26,28,29,30) 

(1) The Virginia Agricultural Experiment Station of VPI, 

which includes the following Departments: 

Agricultural Economics 

Agricultural Engineering 

Agronomy 

Animal Science 
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Bioch~~istry and Nutrition 

Biology 

Clo~hing, Textiles, and Related Arts 

Dai;:y Science 

Zntomology 

~crc~t:ry and Wildlife 

Horticulture 

RU:-nan Nutrition and Foods 

Plant Pathology and Physiology 

Poultry Science 

Veterinary Science 

and the following Research Stations located in several 

places of the state of Virginia: 

Baef Cattle Research Station, Front Royal 

Eastern Virginia Research Station, Warsaw 

Nor~hern Virginia Pasture Resea~ch Station, Middle-
burg 

Piedmont Research Laboratory, Charlottesville 

Piedmont Research Station, Orange 

Shenandoah Valley Research Station, Steeles Tavern 

Southside Virginia Research Station, Charlotte 

Southwest Virginia Research Station, Glade Spring 

Tidewater Research Station, Holland 

Tobacco Disease Research Station, Chatham 

Virginia State College Research Station, Petersburg 

Wir.chest:er Research Llboratory, Winchester Station 
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(2) ?r.o Virginia Znginecring E.xperiment Station of VPI which 

includes th0 f ollowi:n.g Departments 

Ci vi 1-San:·. tary Zn:; incering 

Chc~ical Engineering 

Electrical Engineering 

Engineering !<echanics 

Ir.dustr~~l Engincerin3 

~~te~ials E~gineering Science 

Wood Construction 

l-retals and c.:-.r;:;.iaic Engineering 

!fachanica 1 E:ng ineerir.g 

(3) Oi::her Departnents of ~he Virginia Polytechnic Institute 

(included in the Er~ineering Experiment Station) 

Chemistry 

Physics and Nuclear Science 

Vocational Education 

Psychology and Sociology 

Economics 

Political Science 

Business 

(4) The Virginia Truck Experiment Station of Norfolk, 

although not an integral part of VPI is closely af-

filiated. The director there is a me.~ber of the VPI 

resident faculty. 
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(5) And other sta·ce and federal agenci0s, like 

The National Ins'.:itutos of Health 

U.S •• ~-my ~osearch Office (Durham) 

S~ate Highw~y Depar'c:nent 

State Indust=ial Division 

U.S. Department of Agriculture 

2.5.2 Consultat5.on 

As we saic, the use of statistics as a tool in the 

scientific method starts from the very beginning of the plan-

ning of the experirt.~nts, thus much of the consulting service 

given by the faculty of the Department consists of: 

l) Discussing the objectives of the research worker's ex-

periments 

2) Assisting in setting up a suitable design of the ex-

periment which will furnish answers to the research 

worke:::'s questions 

3) Settin3 up appropriate plans for surveys 

4) Helpi?l3 i~ findir.g tho appropriate statistical tech-

niques for the analysis of the data 

5) Discussing the results of the statistical analysis 

with the research worker 

6) Assisting the research worker in writing his report 

and preparing technical papers. 
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2.5.3 Co:n'.-.uti'.':1<?: service of t:h,~ St.e.tisticaJ. Laboratory 

The Statistical Laboratory provides clerical assist-

ance for the staff of tho Depart::.1cnt of Statistics, the Vir-

ginia Agricultural :S:-~perimcntal St~tion, the Virginia Engi-

n~.:?ri::i..; E:·::~erir,1e:-it Stat io:;.1, end a 11 other organizations 

.-r.e:..1t:ioned i:-i 2.5.l. Tl1is assis·;:a:icc is provided in order to 

proccsz data from research experi..:ncnts and surveys, which 

req~ir~ the use of f~ll a~tomatic desk calculators and in-

volv~ tL:ne-consu.~ingcomputation3 procedures for the research 

wo:.:~crs. The computation consist of analysis (most of th~:n 

analysis of varian~e) of non-large quantities of data with 

non-complicated procedures, that can be done easily with the 

use of desk caculators rather than with elaborate special 

high-speed computer programs. 

The Statistician in charge of the Statistical Lab-

oratory and the Director of the Computer Center help the 

res~arch wo:.:ker in deciding where to send this data for com-

putu1g service. 

Requests for computation service are made directly to 

the Statistician in charge of the Statistical Laboratory, who 

reserves the right to approve of the methods of analysis. 

~~st of the request are made by personal interview especially 

if the research worker is from VPI. 

Once an analysis is approved, the Statistician in 

cr..arge of the Statistical Laboratory out:ines the necessary 
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co~putations t:o be done and hands it to one of the com-

pute~z. The result: of the computations are written in du-

plic~tc on special sheets. The crigin.;:l revised copy is 

sent d!rect:ly to t:he rcscarc:1 ·worker .::nd tho copy is kept 

in the f~lcs of the laboratory. 

The Statistical La.boratory does not keep records of 

the date ·td'1..;n each stat:istical analysis was finished. This 

thesis ~ncluc0s c relation of the analys0s computed in 1965 

and t::-.. e :.:'irst: s0ve::l mo;.1.-::hs of 1966 ~ approximately. i-'iost of 

thc analysis were anz.lysis of v.::riance. In Table 2.5.1 we 

are listing the differ~nt types of analysis of variance com-

pute~ and their ailloU::lt CX?rcssed in percentage over 3,327 

analysis of variances acco~nt:ed. 

The ~ercenta$e or p~oportion of each analysis ex-

pressed i:, Table 2.5.l does not give a complete picture of 

the c.mou.""'lt of work needed for each type\) because some of 

them although few in number demanded more and complicated 

computations. Zn order to s0e this, we are indicating in 

the next chapter the corresponding model and scheme of 

analysis associated with each of these a:1:1alyses of variance. 

About 2 3 of the total nu.~ber of ~nalyses of variance 

computed included missing value techniques. In general, 

for the case of several missing values, the general method 

described in (10) was a?plied. 

As a general practice, after computing the analysis 
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of variance according to the procedures for each design, 

treatment comparisons, when necessary, w~re carried out by 

using "Duncan's M.lltiple Range Test" procedure (8). 

Also we found records of computations of the follow-

ing statistical analyses: 

Estimation and test of coefficients of correlations 

l 

2 

3 

4 

5 

Esti.Ir~tion of means, standard deviations 

t test for paired data 

Simple linear regression analysis 

Combining ability analysis. 

TABLE 2 25,l 

Analysis of variance 

One-way Classification 
(Completely Randomized Design) 

One-way Classification with unequal num-
bers of observations per treatment 

Two-way Classification with one Obser-
vation per cell 

Two-·w·ay Classification with n observa• 
tions per cell(axb Factorial in Com-
pletely Randomized Design) 

Two-way Classification with n observa-
tions per cell and equal sampling (s 
samples/observation) 

6 Two-way Classification with unequal 
numbers of observations per cell: 

a) Case of proportional frequencies 

Percentage 
of analyses 

4.40 

l.62 

0.90 

2.83 

2.86 

2.56 
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(Table 2.5.l continued) 

7 

8 

9 

10 

ll 

12 

l3 

14 

15 

16 

17 

18 

19 

A...~alv~is of variance 

b) "Fitting Constants" method 

c) "Weighted Squares of means" method 

Three-way Classification with one ob-
servation per cell 

Three-way Classification with n obser-
vations per cell(axb:-cc Factorial in Com-
pletely Randomized Design) 

T'.(l..ree-way Classification with n obser-
vations per cell and equal sampling(s 
samples/observation) 

H.1lti-way Classification with one ob-
servation per cell(highcst Interaction 
negligible) 

M1lti-'t·:ray Classification with r obser-
vations per cell 

~..ilti-way Classification with equal 
sub sampling 

Two-stage Nested Classification with 
equal samples 

Two-stage Nested Classification with 
unequal samples 

Three-stage Nested Classification with 
equal subsamples 

Randoiliized Complete Block Design 

Randomized Complete Block Design wt th 
sampling 

Randomized Complete Block Design with 
sub sampling 

Group of Randomized Complete Block De-
signs (each with a different level of a 
fixed faccor) 

Percentage 
of analyses 

0.63 

0.27 

0.36 

9.77 

0.48 

0.12 

0.03 

0.18 

0.78 

4.04 

0.03 

3.19 

0.12 

7.51 
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(Table 2.5.1 continued) 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

A.~atvsis of variance 

G7oup o~ Randomi~ed Complete Block De-
signs with sarr.pl~ng 

Two-way Classified group of Randomized 
Complete Block Designs 

axb Factorial in Randomized Complete 
Block Design 

axb Factorial + Additional treatments 
in Randomized Complete Block Design 

axb Factori~l in Randomized Block De-
sign with sampling 

axb Factorial in Randomized Block De-
sign with subsampling 

Group of axb Factorials in Randomized 
Block Designs 

axbxc Factorial in Randomized Block De• 
sign 

axbxc Factorial + additional treatments 
in Randomized Block Design 

axb:.{C FactoriaL in Randomized Block 
Design with sampling 

H.ilti-Factorial in Randomized Block 
Design 

Latin Square Design 

Group of Latin Square Designs 

Split-Plot Design 

Split-Plot Design considering interac-
tions between Repetitions and each of 
the two Factors 

Split-Plot Design with sampling 

Percentage 
of analyses 

0.12 

0.30 

9.38 

1.08 

0.39 

0.24 

0~30 

0.78 

0.18 

0.69 

0.15 

0.45 

0.15 

2.29 

1.84 

0.12 
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(Table 2.5.l continued) 

36 

37 
38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

A...~aly~is of variance 

Split-Plot Design with sampling con-
siderins interactions between 
Repetitions and each of the two 
Factors 

Group of Split-Plot Designs 

Split-Plot design with axb Factorial 
on the whole plots 

Split-Plot design with axb Factorial 
on the h'hole plots, considering 
interactions between Repetitions and 
each component of the axbxc Factorial 

Split-Plot design with axb Factorial on 
the whole plots with sampling 

Split-plot Design with axb Factorial 
on the whole plots with sampling. 
Interactions between Repetitions and 
each component of the axbxc Factorial 

Split-Plot design with bxc Factorial 
on the sub-plots 

Split-split-plot design 

Split-split-plot design, considering 
interactions between Repetitions and 
each of the components of the axbxc 
Fac"i:orial 

Split-split-plot design with sampling 

Split-split-plot design. Interactions 
between Repetitions and each of the 
components of the axbxc Factorial with 
s ai.-np 1 ing 

Split-split-plot design with cxd Factorial 
on the sub-subplots 

Lattice designs 

Percentage 
of analyses 

0.75 

0.60 

0.96 

0.21 

0.81 

0.21 

0.21 

1.39 

0.18 

0.36 

0.12 

0.06 

0.63 
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2.6 Research 

The Department and Laboratory of Statistics are 

engaged in fundamental and applied research for the purpose 

of promoting use of efficient statistical techniques in di-

verse fields of research and advancing statistics by develop-

ing new procedures by theoretical investigation (28). 

Among recent research conducted by the Department were 

projects concerning (28) 

- The reliability program of the Redstone missile, 
(the first missile to send an American into space) 

- Allocation of cancer patients to different treat-
ments under comparison 

- Relationships between the number and types of 
accidents and the number of types of physical 
conditions clinically diagnosed 

- Statistical analysis of nutritions clinically 
diagnosed 

- Statistical analysis of nutrition studies of 
preadolescent children 

- Analysis of household food expenditures, col-
lection of data on supplies, demands and ship-
ments of livestock within the southern region 
and comparison of these data with those of other 
regions 

- Simulation of nuclear reactors 

- Development and tabulation of statistical functions 

- Watershed drainage investigations 

- Analyses of economic production functions 

- Statistical techniques for the analysis of agri-
cultural experiments 
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- Environmental Engineering Statistics, etc. 
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CHAPTER III 

COMl?UTATIOl~\L PROCEDURES FOR ANAL'YZING 

CERTAIN TYPES OF EXPERIMENTS 

3.1 .N'a.the.'natical Models 

We shall now briefly indicate some of the basic con-

cepts and notations used in the following tables in which 

we outline the analysis of the experiments considered in 

this thesis. 

Hodels. Since early times, scientists have been using models 

to describe, demonstrate and predict events in the universe. 

Usinz mathematical models is one way of finding the relations 

between measurements which depend on several kinds of effects 

operating simultaneously. 

Mathe.'natical Models. Following Graybill' s (11) definition, 

a mathe.'natical model is an equation involving random varia-

bles, mathematical variables and parameters. 

Linear Model. When the mathematical model is linear in the 

parameters and random variables then we have the so called 

linear model. This is the kind of model we shall be con~ 

cerned with. 

With regard to the analyses of variance, covariance 

and regression computed by the Statistical Laboratory, it 

was assumed that the e..~perimental observations are random 

variables, ~rl1ich can be expressed in terms of a linear model 
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of the following general form: 

j) 
Y = ~ e X +e 

j i=l i ij j 

where Y. = j~t~ observation (j=l,2,•••,n) 
J 

e. = pal:aL".eter (ur.known quantity) (i=l,2,•••,p) 
l. 

( 1) 

= ~~th~-::atical variable associated with the Qb-

servatio~ Yj and the nar~~etc= e. (in classi-• l. 

fication models as used in this thesis the X. 
J.j 

take on only the value of l or 0) 

e . = error, asscciated with th~ j -th observation 
J 

and it was assumed that thee. are random variables, dis-
J 

tributed independently with mean zero and com..tion variance 

a;. For test of significance they are assumed to follow the 

norir.al distribution. 

For purposes of drawing inferences from the analysis 

of variance one has to distinguish between three types of 

linear models: 

Fixed effect models are those models for which the parameters 

in(l) are assumed to represent fixed effects or unknown con-

stants. 

Random effect· models are those models for which the param-

eters in (1), except the general meanµ, are assumed to re-

present random effects or random variables. 
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Mixed effect models aro those models for which the param-

eters i.n ( l) can be divided into two sets one of which con-

tains parameters representing fixed effects and the other 

contains parameters representing random effects. 

3. 2 Ana.br~?-s of vr-t:t':i.ance sch~".nes 

In the follo't·:ring tables we indicate for special typos 

of linear models the analysis of variance scheme including 

sums of squares, degrees of freedom, and expected mean squares 

corrospondinz to different factors or sources of variation 

considered in the model. 

Much has been published on the techniques of analysis 

of variance and for many of the indicated experimental de-

signs part or all of the analysis of variance scheme can be 

found in many well known books, like those by Anderson & 

Bancroft(l), Beyer(2), Bennett & Franklin(3), Brownlee(4), 

Cochran & Cox(5), Davies(6), Federer(9), Graybill(ll), 

Goulden(l2), F.ald(l3), Hicks(l4), Huitson(l5), Johnson & 
Leone(l6), I<empthorne(l·7), Li(.ts), Ostle(20), Rao(2l,22), 

Scheffe(23), Sncdecor(24), Steel & Torrie(25), Wine(34),etc. 

But as Wilk and Kempthorne(33) mention, we will find some-

times that they do not agree with respect to certain rules 

and results concerning the expectations of mean squares and 

the choice of error terms, largely because explicit and ob-

jective methods for obtainin3 the appropriate model are not 
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generally available. 

For the analyses accounted here and the underlying 

models we shall state whether each parameter was assumed to 

be fixed or random. These assumptions determine the corre-

sponding expected mean squares, and consequently the re-

search worker can obtain estimates and tests of hypotheses 

regarding fixed effects or estimates and tests of hypotheses 

of variance components regarding random effects. 

As we shall see, most of the models are of the mixed 

type, where fixed effects are related to "treatment effects" 

of those sources of variation of direct interest to the re-

search worker, and random effects are related to sources of 

variation like repetitions, sampling, subsampling, etc. It 

should be noted here that the choice of model, i.e., the 

choice of assumptions concerning the parameters in the 

model, depends on the actual experimental situation. 

The sums of squares are not affected by the assump-

tions whether the parameters are fixed or random. The same 

computing formulae can be used in both cases. However, 

changing the assumptions changes the expected mean 

squares, and it may well be that the experimental situation 

calls for assumptions other than those we have used for each 

analysis. 
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Y = individu~l ob~e~-vation or measur~~ent where 
ij ••• t 

ij ••• t r~p~c~cnt m subsc=ipts, each of them 

indicat08 a particular level of each of the 

rn f~ctors, unde= which the observation was 

t:akcn. 

µ = general mean (population mean). 

e.. = experimental error, deviation of the actual 
l.J ••• t 

value of the observation Y from the 
ij ••• t 

true value, due to ~easuremcnt error and/or 

other sources of variation not considered in 

the model (always considered as random 

variable). 

Greek letters (other than µand c) are used to de.~ote 

parar.eters that express the effect of factors under study, 

i.e. 

ai,P .,Y ,etc. denote parameters that express the effect 
J k 

of i-th,j-th,k-th,etc., levels of factors A, 

B, c, etc., respectively. 

(a~)ij denotes parameters that express the effect 

of interaction between the i•th level of 

factor A and j-th level of factor B. 

(a~y) denotes the effect of interaction between h-th, 
hij 

i•th, and j-th levels of factors A, B, and C 

rcspoctivaly. 
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etc. 

Sour co = Source of Variation 

d.f. = degrees of freedom 

s.s. = sum of squares 

H.s. = mean square 

E(M.S .) = expected mean square 

To denote the number of observations for particular 

facto= levels or level combinations we use the following 

general notation: 

n = 1 
ij ••• t 

n = l: n = numbe= of observations . 
l. ••• j, ••• ,t . . ... l.J ••• ~ 

for the i-th level of 

facto= A. 

n = l: n. "k t = number of observations 
ij ••• k, ••• ,t l.J ••• 

for the i-th level of 

factor A and the j-th 

level of factor B. 
etc. 

N = ~ 
ii}, ••• ,t 

n. 
i.j ••• t 

= total number of obser-

vat:ions. 

In most cQses, however, we shall use a simpler no-

tation as ineicated for every model. 

St~n of Squares Notation. In defining tho sum of squares 

(S.S.) we shall use the follol1ing notation. If an in-
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dividual observation is denoted by Y.. , where ijk ••• t 
l.Jk ••• t 

represent m subscripts, then any particular mean taken over 

a subset of q subscripts {q;:gn) is denoted by a lower case y 

omitting these q subscripts, but retaining the m-q subscripts. 

For example, if an individual observation is denoted by Yij' 

then 

Y. = l; Y. Jn. 
:L j :LJ l.. 

if the individual observation is denoted by Y then hijk' 

Y. = ~ l; ~ Yh.jk/n . 
J hi k :L ··J· 

Y · k = ~ l: yh · · k/ n · l :L h j l.J • J. • <: 

etc. 

The greek letter ~ will denote tha surri:nation over the 

ranges of €lll subscripts defining an observation Y in the 

model. 

Exnected Mean Sauares Notation. In the expression for the 

expeci:ed mean squares (E(M.S.)); l: will denote the summation 

over the ranges of the subscripts dcf ining the respective 

factors or source of variation. Further~ 
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a2 = experimental error variance c 

a;= variance of the random variables ~j(j=l,2,•••,b) 

a~p =variance of the random variables (np)ij 

(i=l,2,•••,a; j=l,2,•••,b) 

etc. 
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TABLE 3.2.1 

Qne-wav classification 

Model: 

(i=l,2,•••,a; j•l,2,•••,n) 

where a 1 • fixed effect 

O:nal~sis of ~ar~nce: 

Source ~ ~ E(M,S,) 

Among treatments (a-1) I:(y1·y)2 a2+nr.cx.2/(a-l) c i 
Within treatments a(n-1) 2 a2 I:(Yij•Y i) c 

Total na•l I:(Yij-y)2 



}~odel: 

Sotu:cc 
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TABLE 3.2.2 

ob~e:?:Vations per treat:raent 

yij == µ+a. i ~ ij 

(i==l,2, ••• ,a; j=l,2,··•,n1) 

where a. = fixed effec~ 
l. 

~ 

a-l 

s,s. 
2 

~(y -y) 
i 

Between treatments N-a 2 
~(y -y ) 

ij i 

Total N-1 

E(M.S,) 

a2+i:n a2/(a-1) 
e: i i 

a2 
€ 



Model: 

Analvs:tn 

Sour.-ce 

A 

B 

Error 

Total 
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TABLE 3.2.3 

negligible i11terA.ction 

Y ij = µ+<xi +f3 j +c ij 

(i~l,2,···,a; j=l,2,···,b) 

Cii' sj = fixed effects 

of va::-:te,nce: 

d.f n ~ E(M.S,) 

(a-1) 2 a2+b}:CI2 I (a-1) Z(yi-y) e i 

(b-1) }:;( y 2 a2-i·a~s 2 I (b-1) -y) ' j e j 

(a-1) 2 a2 Z(Y -y -y +y) 
.(b-1) ij i j e. 

ab-1 Z{Yij·y) 2 
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TABLE 3.2.4 
Two-'t·my classific~tion ·o·ith n o~~:rnrvations per cell 

Y •. k = µ+a.~ +~j+(a.13 )i. +e"' _., l.J ... J ;l..J ... < 

(i=1~2,···,~; j=l,2,•••,b; k=l,2,•••,n) 

a.i, Sj, (a.S)ij =fixed effects 

AnP-lys:i.~ of ve.r:tancc: 

A 

B 

AB 

Error 

Tot.:;..l 

(a-1) 

(b-1) 

(a-1) 
.(b-l) 

ab(n-l) 

abn-1 

s .s .. 

2 r;(y.-y) 
l. 

2 r;(y -y) 
j 

2 r;(y -y.j) 
ijk l. 

2 
l:(Yijk-y) 

a~+bru::cxi/(a-1) 

a2+aru::s2/(b-l) e j 

a2+n~(a.~)2 /(a-l)(b-1) c ij 
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TABLE 3.2.5 

Yi.' 1 = µ+a.i+~ +(a~) .. +eijk-1-coi JK j iJ jkl 

(i=l,2,3, • • • ,a;j=l,2, • • • ,b;k=l,2, ••• p. ;l=l,2, ••• ,s) 

~i' ~j' (a~)ij =fixed effects 

eijk' ~ijkl = random effects 

Antt:.. vs is of ya.rianc~: 

Source 9.....L_ 

A (a•l) 

B (b-l) 

AB (a-1) 
·(b-l) 

Rep. within ab(n-l) 
cell 

Sample abn(s-1) 
within rep. 

Total abns•l 

l:(yij-yi-yj+y)2 

I:(y ijk-y ij )2 

2 
I:(Yijkl-yijk) 

l:(Y )2 ijkl-y 

E(M,S,) 

r.a2 
a2+sa2+bns i eo e (a-l) 
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TABLE 3.2.6 

number.s of ohs('r.vati("lns per cell 

Y. . = µ+a.. +S . + (a.S) .. +e .. 
l.Jk l. J l.J 1Jk 

(i=l,2, ••• a; j=l,2, ••• ,b; k=l,2, ••• ,n1j) 

a.1 ,sj,(a.S)ij = fixad effects 

* a) l:fothod of propor'ci0n;i_te subclnss numbers 

(where it is assumed nij 

AnnJ.ysts of ym;iance: 

Sou4ce 

A 

B 

AB 

Error 

Total 

(a-1) 

(b-1) 

(a-1) 
·(b-1) 

N-ab 

N-l 

2 
~n .. (y. -y) 

l.J l. 

2 
~n.j(y,-y) 

l. J 

~n.j(Y1 .-Y. 
l. J l. 

-y.+y)2 
J 

~(Y .. k-y .. )2 
l.J l.J 

~(Y -y)2 
ijk 

= n1 n /n ) 
• • j •• 

F~(M. S.) 

2 
~n. a.. 2 l.. l. 

0 e+(a-l) 

* reference (19) indicates a x2 test for testing this pro-
portionality. 
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(Table 3.2.6 continued.) 

b) HethQd of fittinp; constants 

A.~alysis of variance; 1 

Source 

B 
(unadjusted) 

A 
(adjusted) 

AB 

Bc~·;een 

cells 

Error 

Total 

ilnaJ_vsis Qt: 
Sout;:cc 

A 
(unadjusted) 

B 
(adjusted) 

AB 

*Unless one 

~ 

(b-l) 

(a-1) 

(a-1) 
·(b-1)* 

(ab-1)* 

(N-ab)* 

N-1 

~a;i;:ianc~i 

9...!.a.. 
(a-l) 

(b-l) 

(a-1) 
·(b-l)* 

Ll..s. 
2 r;(y -y) 

j 

Q* 

I 

l:(y .. -y )2 
l.J 

&01.S.) 

a ~+f ( (np) .. 's) 
l.J 

l:(Y -y )2 a2 
ijk ij € 

2 

s.s. E(M. s I) 
~(y.-y)2 

J 
(~'1· ·P.) 

R* 
2 j l.J J 

a +~jpj-~ 
e j • i n i. 

I a 2+f ( (np ) 's) 
€ ij 

or more cells are empty. 

**When Interaction AB is found to be negligible. 

2** 
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(Table 3.2.6 continued.) 

(Analysis of variance:2 continued.) 

~oui;;:~~ g...L., ~ 

Between (ab-l)* ~(yij·y)2 
cells 

Error (N-ab)* ~(Y -y .. ) 
ijk J.J 

Total N-l ~(Y •y) 

where: 

ijk 

n. is solution of ca = G 
J. 

a· = <a1,n2,•••t~a) 
' ~ = (g1,s2,•••,ga) 

gi = Yi -~(nijy j /n j) • • j • • • 

C = f c11.J 

2 

2 

~(t:l.~ I~ 

a2 
e 

cii' = 0 11 1 n1-~<nitni 1 tln.t) ' (t=l,2, ••• ,b) 

1 = s.s.(Between cells)-5 •5•A(adj.)-8 •5 •B(unadj.) 

R = 5 •8 •(Between cells)·s.s.A(unadj.)-I 

*Unless one or more cells are empty. 
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(Table 3.2.6 continued.) 

c) Method of Weighted Squares of means 

Analysis of yariance: 

Source 

A 

B 

AxB 

Between 
cells 

Error 

Total 

where: 

(a-l) 

(b-l) 

(a-1) 
•(b-l) 

ab-l 

N-ab 

N-l 

(l'wi(J:yl..j /b))2 
2 i . • b2 i:W1(fyij /b) _____ J ___ _ 

i j • ~wi 
1. 

2 
(~j (~yij •/a)) 

a2 wj(J:yij /a)2 __ J __ 1 ___ _ 
j i • 'iN 

j j 

J:ytij -~Yi ai..-E(Y2j /n j) • i •• j • • • 

E(y -y)2 
ij 

E(Y )2 
ijk-yij 

w = l/~(l/n ) i . i ij 

vj = l/jCl/n1j) 

ai = a solution of Qi = Q 

(C, & and Q are the same as in the Fitted constant 

method.) 
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TABLE 3.2.7 

Three-way classification with one observation per cell 

Model: 
Yijk = µ+a.i+~ +y +(a~) +(ny)ik+(~y) +e 

j k ij jk ijk 

(i=l,2,···,a; j=l,2,•••,b; k=l,2,···,c) 
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(Table 3.2.7 continued.) 

Anal~sis of var!ance: 

~ource sL.1.&. ~ E(M, s I) 

2 Eet2 
(a•l) 2 i A I:(y -y) at:+bta:I) i 

2 
1::132 

B (b-l) I:(y -y) a2+a~-1 j c b-l) 

2 
I:y2 

c (c-l) I:{y -y) a;+a~c-~) k 
2 

(a-l) I:(y -y -y +y)2 
E(etl3) ij 

AB a2+c 
•{b-1) ij i j e (a-l)(b-l) 

2 
I:(o.y)2 

AC {a-1) I:(y -yi-y +y) a2+b ik 
• {c-1) ik k e (a-l)(c-l) 

2 
E (13y )2 

BC (b-1) I:{yjk-yj-yk+y) a2+a jk 
•(c-l) +: (b-l) (c-l) 

Residual {a-l) I:(Y -y -y -y a2 
·(b-1) ijk ij ik jk e 
.(c-l) 

+y +y +y -y)2 
i j k 

Total abe-1 I:(Y -y)2 
ijk 
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TABLE 3.2.8 

!hree-wav classification with n observations per c~ll 

Model: Yh.jk = µ+CL +S +y +(aS) +(ay) +(Sy) +(aSy)hij+c 
i h i j hi hj ij hijk 

(h=l,2,•••,a; i=l,2,•••,b; j=l,2, ••• ,c; k=l,2,•••,n) 
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(Table 3.2.8 continued.) 

Analysis of variance: 

§ource Ll.... ~ E(M,S,) 

2 
A (a-l) I:(y -y)2 2 Ea.n 

h ae+nbc(a-1) 
2 

.B (b-l) E(yi-y)2 2 l:S i 
ae+nac(b-i) 

E(yj·y)2 
Ey2 

c (c-1) 2 j 
ae+nab(c-l) 

E(a.S )2 
AB (a-1) I:(y -y -y +y)2 2 hi 

·(b-l) hi h i 0 e+nc(a-l)(b-l) 

2 

E(yhj-yh-yj+y)2 
E(a.y )h. 

AC (a-1) 2 J 
.(c-1) ae+nb(a-l)(c-1) 

I:(yij-yi-yj+y)2 
E(Sy)~. 

BC (b-l) 2 l.J 
•(c-1) 

0 e+na(b-l)(c-l) 

(a-1) E(yhij-yhi-yhj-yij E(a.Sy)2 
2 hi 0 ABC •(b-l) a +n J 

•(c-l) +yh+yi+yj·y)Z e (a-l)(b-l)(c-l) 

Error abc(n-1) I:(Yhijk-yhij)2 a2 
f: 

Total abcn-l I:(Yhijk•y)2 
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TABLE 3.2.9 

Th.ree-way Cl?;ssificat:i.,on with n obseryation§ 

per cell and equal samples 

Yhi.kl = µ+cth+Si+y +(aS)hi+(ay)hj+(Sy) +(aSy)hij+c +cp J j ij hijk hijkl 

{h=l,2,•••,a;i=l,2,•••,b;j=l,2,•••,c;k=l,2,•••,n;l=l,2,•••,s) 

a , ~ 1 ,YJ. , {aS) , (ay) , (Sy) ,(aSy) =fixed effects 
h hi hj ij hij . 

e , ~ = random effects 
hijk hijkl 
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(Table 3.2.9 continued.) 

.l\.....,.,alvsis of yarianc~: 

Sotn:cs;i 

A 

B 

c 

A3 

AC 

BC 

ABC 

~ 

(a-1) 

(b-l) 

(c-1) 

(a-l) 

•(b-l) 

(a-l) 

•(c-1) 

(b-l) 

•(c-l) 

(a-1) 
•(b-1) 

•(c-1) 

2 
~(y -y) 

h 

~(y -y)2 
j 

E(y -y -y 
hi h i 

+y)2 

:i:(y -y -y 
hj h j 

+y)2 

E(y -y -y 
ij i j 

+y)2 

E(y -y -y 
hij hi hj 

-y +y +y +y 
ij h i j 

-y)2 

E(M,S,) 

0 2+scr2+nsab Ey2 
cp e: (c-1) j 

2 2 cr cp +scr e: 

n,sb ( )2 +ca-1)(c-1)E a.y hj 

cr 2+scr2 cp e: 

nsa ( )2 
+-+(_.b---l;:-..:-)(c-1)~ PY ij 

cr2+scr 2 cp e: 

+ ns 
(a-l)(b-l)(c-1) 

• E (a.l3y )2 
hij 

;?;.cps • within a be E (y -y ) 2 cr 2+scr 2 
cells • (n-1) hijk hij C? e: 

Sample within abcn l: (Yhi" jkl-yhi" jk)2 cr~ 
reps. •(s-1) 

Total abcns-l 2 
~(Y -y) 

hijkl 
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TABLE 3.2.10 

Multiple-way classification with one obseryation per cell 

(Highest interaction negligible) 

Model: 

Ygh• • •mnp =µ+a. +Sh+•••+q> +(nS) h+•••+(A.cp) +(nSy) hi+••• g p g np g 

(g=i,2,•••,a;h=l,2,•••,b;i=l,2,•••,c; ••• ;m=l,2,•••,v;n=l,2, 

•••,w;p=l,2,•••,z) 

ghi···~~P are a set oft subscripts, 

(t-number of factors) 

ng ,Sh,•.• ,q>P, (nS )gh'. • • , (l..cp >np' (nSy )ghi, • • • , (Sy•. • A.q> )hi .. • np 

= fixed effects. 

Analysis of variance: 

Source sL.i.... ~ I;; (l'I1 SI ~ 

A 
b• • ·wz~2 

(a-l) ~(y -y)2 2 g 
a€+ (a-l) g 

• • • • 
• • • • 
• 

z 
• • • 2 a•• •Wfc? 

(z-l) l:(y -y)2 2 p 
a€+ (z-1) p 

AB 
2 

2 
c ••• wzl:(nS) h 

(a-1) ~(y -y -yh+y) a2+ g 
·(b-1) gh g e (a-l)(b-l) 

• • • • 
• • • • 
• 

wz 
• • • 2 a•• •UV~(Acp) 

(w-1) ~(y -y -y +y)2 2 np 
• (z-l) np n p a€+(w-l)(z-l) 
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(Table 3.2.10 continued.) 

Source 

ABC 

• 
• 
• 

vwz 

• 
• 
• 

BC .. •VWZ 

Error 

Total 

(a-1) 
.(b-1) 

• (c-l) 

• 
• 
• 

(v-l) 
•(w-1) 
•(z-1) 

• 
• 
• 

(b-1) 
.(c-1) 
• • • 
•(w-1) 

• (z-1) 

I:(y -y -y . 
ghi gh gi. 

-yhi+yg+yh+yi 
-y)2 

• 
• 
• 

I:(y -y -y 
mnp mn mp 

• 
• 
• 

-y +y +y +y 
np m n p 

+y)2 

E(H. s I) 
2 

d• • •WZE(a.i3y) 
2+ ghi 

0 € (a-l)(b-l)(c-l) 

• 
I 

• 2 
a•• •UI:(o 1.,...) 2 '"'!-' mnp 

a€+(v-1)(w-1)(z-1) 

• 
• 
• 

aI: (13 • • •cp ) 2 
~c z h ••• p 
M Y -y • 0 + hi ••• np hi •• n € (b-l)•••(Z•l) 
-···-Y. 

i. • .np 
+y +• •• 

hi, I am 
+Y. -··· J • • .np 
+(-1)t-ly)2 

.(a-1) I:(Y -y 0 2 
.(b-l) gh ••• np gh ••• n e 
••• 
•(w-1) 
•(z-1) 

ab•••Z•l 

-····Y h, •• np 
+y +• •• 

gh, •• n 
+y -· •• i ••• np 
+(-1)ty)2 

2 I:(Y -y) gh ••• np 
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TABLE 3.2.ll 

Multiple-way classification with r samples per cell 

Model: 

y gh ••• mnpq 

(g=l,2, ••• ,a;h=l,2, ••• ,b;i=l,2, ••• ,b; ••• ;m=l,2, ••• ,v;n=l,2, 

••• ,w;p=l,2, ••• ,z;q=l,2, ••• ,r) 

ghi ••• mnp are a set oft subscripts (t=number of factors) 

= fixed effects. 

An?lysis of yariance: 

Source sL..L.. ~ E(H 1 Sil 

rb ••• wz~a. 2 
A (a-l) ~(y -y)2 a2+ g 

g e (a-l) 
• • • • 
• • • • 
• 

z 
• • • 

ra ••• wrcp2 
(z-l) ~(y -y)2 2 p 

ae+ (z-1) p 

re ••• wzl: (a.S) 2 

AB (a-1) ~(y -y -yh+y)2 a2+ gh 
.(b-1) gh g e (a-l)(b-1) 

• • • • 
• • • • 
• • • • 
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(Table 3.2.ll continued.) 

Source ~ E(M.S.) 

ra ••• uvE(A.cp) 2 
E(y -y -y +y)2 a~+(w-l)(z-1) 

np (w-1) 
•(z-l) np n p 

rd ••• wzE(aSy)~hi 
ABC (a-1) E(yghi-ygh-ygi a;+(a-l)(b-l)(c-l) .(b-1) 

•(c-l) -yhi+yg+yh+yi 
-y)2 

• • 
• • • • 
• • • • 2 

ra ••• uE(6A.cp )mnp 
vwz (v-1) E(ymnp-Ymn-Ymp a;+(v-l)(w-l)(z-l) •(w-1) 

•(z-l) -ynp+ym+Yn+Yp 
-y)2 

• • • • 
• • • • 
• • • • 

rE(a ••• cp ) 2 h 
(a-l) E(y 2 g ••• p ABC ••• vwz ae+(a-1) ••• (z-1) ·(b-l) gh ••• np 
••• -y - ••• 

• (w-1) gh ••• n 
.(z-1) -y +y h ••• np gh ••• m 

+ ••• +yi ••• np 
- ••• +(-l)ty)2 

Error abc ••• wz E(Y a2 
•(r-1) gh ••• npq € 

-y )2 
gh ••• np 

Total abc •• wzr E(Ygh. • .npq·Y )2 
-l 
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TABLE 3.2.12 

H-lltiple-way classificatlon with equal subse.mpling 

y gh ••• mnpqk = µ+a.g+•••+cf>p+(aS)gh+ ••• +(A~)np+(aSy)ghi+ ••• 

+ (oAqi )mnp + ••• +(aSy ••• oAqi )gh ••• np +e gh ••• pq 
+e gh ••• pqk 

(g=l,2, ••• ,a;h=l,2, ••• ,b;i=l,2, ••• ,c; ••• ;m=l,2, ••• ,v;n=l, 

2, ••• ,w;p=l,2, ••• ,z;q=l,2, ••• ,r;k=l,2, ••• ,s) 

= fixed effects 

~gh ••• pq' 9gh ••• pqk = random effects 

Analysis of ya:r;iance: 

Source Q....L.. E(M.S.) 

A (a-1) l:(y -y)2 
g 

• • • 
• • • 
• • • 

z (z-1) ~(y -y)2 
p 

AB (a-1) I:{ygh-yg-yh+y)2 
• (b-1) 

• • • 
• • • • 
• • • • 
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(Table 3.2.12 continued.) 

Source 

wz 

ABC 

• 
• 
• vwz 

• 
• 
• 

ABC ••• vwz 

(w-1) 
.(z-1) 

(a-1) 
.(b-1) 
.(c-1) 

• 
• 
• 
(v-1) 
.(w-1) 
.(z-1) 

• 
• 
• 

(a-1) 
• (b-1) 
• • • • (w-1) 

.(z-1) 

Experimental ab ••• W'Z 
Error •{r-l) 

Sampling 
Error 

ab ••• ·w·zr 
• (s-1) 

E(y -y -y +y)2 np n p 

E(yghi-ygh-ygi 

-yhi+yg+yh+yi 
-y)2 

• 
• 
E(y -y -y 

mnp mn mp 
-y +y +y +y nrJ m n p 
-y)2 

• 
• 
• 

E(y gh ••• np 
-y h - ••• g • • .n 
-y h ••• np 
+y h + ••• g • • .n 
+y. - ••• 

i. •. np 
+(-1)ty)2 

E{y 
gh ••• npq 

-y )2 
gh ••• np 

E(Y 
gh ••• pqk 

-y )2 
gh ••• pq 

Total abc ••• wzrs-1 E(Y -y)2 
gh ••• pqk 

E(M.S,) 

a 2+sa2 e e 

• 
• 

2 rsd., .wzE(a.Sy) . 
ghi 

+(a-l)(b-l)(c-1) 

~2+sa2 e e 
2 rsa ••• uE (6/...cp) 
mnp 

+(v-l)(w-l)(z-1) 
• 

a~+sa; 
2 rsE (a.fL • • cp ) h g ••• p 

+(a-1) ••• (z-l) 

a2 e 
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TABLE 3.2.13 

Two-sta,-;e nested cl.ass:i.f:tcn'tion '\:r;.th P.gu.nl rrnmnlinri 

Model: 

(h=l,2,•••,a; i=l,2,···,b; j=l,2,•••,c) 

a.h = fi:ced effect 

~hi' yhij = random effects 

Ana ly~ is of v9rlci,nc<-? : 

Source 

A 

B within A 

C within B 

Total 

a-l 

a(b-l) 

ab(c-l) 

abc-l 

2 E(Yhi'-y ) J hi 

E(Y -y)2 
hij 

E(M,S,) 

a2+ca2?.r..a.2 
y 13 a-l i 

a2+ca2 
y 13 

a2 
y 
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TABLE 3.2.14 

Tw·o-stago nested classification with upegual subsamples 

y = µ+a. +~ +y 
hij h hi hij 

(h=l,2,•••,a; i=l,2, ••• ,b; j=l,2, ••• ,n ) 
ij 

n = fixed effect 
h 

~hi'yhij = random effects 

Analysj.s of yariance: 

Source !L..L_ 

A (a-1) 

B within A a(b-l) 

C within B N-ab 

Total N-l 

where 

2 
~(y -y ) 

hi h 

~(Y -y )2 
hij hi 

2 
~(Yhij-y) 

02 
y 

k = (~ n1 - ~(~ n 2 /~ n1 j>)!a(b-l) 
l jj j i j ij j 

k2 = [~<~ n2 /~ n ) - ~ n2 /~ n ]/(a-1) 
i j ij j ij lj ij ~ ij 
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TABLE 3.2.15 
Thrce-st~ge nested classification with equal sub-samnles 

ModeJ.: 

(h=l,2,•••,a; i=l,2,···,b; j=l,2,•••,c; k=l,2,•••,n) 

tth = fixed effect 

sh i ' yhi j ' ohij k = random effects 

Ar~lvsis of variance: 

Soui:ce 9.a.L.. Ll.... F;(M,S,) 

A 2 
lli.2 

2 2 2 i a-l ~(yh-y) ao+nay+cnas+bcn(a-l) 

a(b-1) 2 a2+na2+cna2 I:(yhi-yh) 6 y s B within A 

C within B ab(c-l) I: (y hij -yhi )2 2 2 a 0+nay 

D within C abc(n-l) I:(Y )2 hijk-yhij 
a2 

6 

Total abcn-l I:(Y )2 hijk-y 



Model: 

68 

TABLE 3.2.16 

R@ndomized Complete Block pesign 

(i=l,2,···,a; j=l,2,•••,r) 

n = fixed effect 
i 

pj =random effect 

Analysis of ya;iance: 

9.ai.... ~ 

Repetitions (r-1) 2 I:(y -y) 
j 

Treatments (a-1) I:(y1-y)2 

Error (r-1) 2 l::(Y -y -y +y) 
•(a-1) ij i j 

Total ra-l I:(Yij•y) 2 

E(M.S,) 
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TABLE 3.2.17.a 

R,andomized Complete Block Design with sampling 

Model: 

&lt!il:s is ~f 

Source 

Repetitions 

Treatments 

Experiment 
Error 

Sampling 
Error 

Total 

( i=l 2 ••• a• j=l 2 ••• r· k=l 2 ••• s) '' ,, ,, ,, ,, ' 
a.i, pj, (a.p) ij, cpijk = random effects 

v~riance: 

sL.L.. ~ E(M,S,) 

(r-1) E(y.-y)2 2 2 2 a r:p +sa a.p +saa P 
J 

{a-1) E(yi-y) 2 a~+sa~P+sra~ 

(r-1) 2 2 2 E(yij-yi-yj+y) a qi+saap 
·(a-1) 

2 a2 ra E(Yijk-y ij) 
•(s-1) rp 

ras-1 E(Yijk -y)2 
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TABLE 3.2.17.b 

Bandomized Complete Block design with sampling 

Model: 

(i=l,2,•••,a; j=l,2,•••,r; k=l,2,•••,s) 

pj, G ij' cp ijk = random effects 

a. = i f 1xed effect 

Analysis of yariance: 

Source ~ s.s. E(M,S.) 

Repetitions (r-l) I:(y,-y) 2 
J 

r;a2 
Treatments (a-1) I:(yi-y)2 2 2 i 

acp+sa&+sr(a-l) 

Experimental (r-1) 2 a2+sa2 I: (y. . -y. -y . +y) 
Error •(a-l) 1.J l. J cp & 

2 a2 Sampling ra I:(Y -y ) 
Error .(s-l) ijk ij cp 

Total ras-l I:(Y -y)2 
ijk 
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TABLE 3.2.18 

Eandomized Complete Block pesign with subsampling 

Model: 

y = µ+a. +p -+ E: .....,., + 6 ijkl i j ij'~ijk ijkl 

(i-l 2 ••• a· J·-1 2 ••• r• k-1 2 ••• s· l-1 2 ••• v) -,, ,, -,, ,, -,, ,, -,, , 

Analysis of variance: 

Source 

Rep. 

A 

st&.L. 
(r-l) 

(a-1) 

Experimental (r-1) 
Error •(a-l) 

Sampling ra 
Error •(s-1) 

Subsampliag ras 
Error • (v-l) 

Total rasv-1 

e = random effects 
ij 

a 1 = fixed effect 

~ 
2 E(y -y) 

j 2 
E(y •y) 

i 

2 E (y. . -y -y +y) 
l.J i j 

E(yijk-yij)2 

E(Y ) 2 
ijkl-y ijk 

2 E(Y •y) 
ijkl 

r; (MI s I) 

a2+va2+vsa2 
6 q> & 

a2+va2 6 q> 

a2 
6 
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TABLE 3.2.19 

* Group of Randomized Complete Block Designs 

Model: 

(i=l,2,•••,a; j=l,2,···,r; k=l,2,•••,b) 

pij = random effect 

ni,Sk,(nS)ik= fixed effects 

Analysis of variance: 

SQurce 

A 

Rep, within 
A 

B 

AB 

Error 

To1:al 

Q....L.. 

(a-1) 

a(r-1) 

(b-1) 

(a-1) 
·(b-1) 
a(r-1) 
•(b-l) 

abr-l 

Ll.&. 

E(yi-y) 2 

2 E(y -y ) 
ij i 

E(y -y)2 
k 

E(Y -y)2 
ijk 

E{M,S.) 

0 2+ba2+ br Ea2 e P (a-1) i 

a 2+ba 2 
E: p 

2 ar 2 
0 e of (b-l)ESk 

2 r ( )2 
0e +(a-l)(b-l)E nS ik 

a2 
E: 

* Each R C B design has only one level of factor A. 
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TABLE 3.5.20 

Group of ~andomized Complete Block desi&n with sampling 

Model: 

(i=l,2,···,a; j=l,2,···,r; k=l,2,•••,b; l=l,2,•••,s) 

P • cp = random effects ij, ijk' ijkl 

ai, Sk, (aS)ik = fixed effects 

Analysis of variance: 

Source 9-r..L. ~ E(M. S,) 

A (a-l) E(yi-y)2 a2+sa2+bscr2+brs I:a2 
cp £ P (a-1) i 

Rep.within A a(r-l) E(yij-yi)2 a 2+sa 2+bsa2 cp E: p 

B (b-l) E(y -y)2 0 2+sa2+ars ES2 
k cp E: (b-1) k 

AB (a-1) E(y -y -y a2+sa 2 
• (b-1) ik i k co € 

+y)2 rs ( )2 +(a-l)(b-l)E aS ik 
2 Experimental a(r-1) E(yijk-Yij-Yik+yi) a~+sa~ error ·(b-l) 

Sampling abr E(Y )2 a2 
error •(s-l) ijkl-yijk cp 

Total abrs-l I:(Y )2 ijkl-y 
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TABLE 3.2.21 

Two-way classified group of Randomized Complete Block designs 

Model: 

(h=l,2,···,a;i=l,2,•••,b;j=l,2,···,r;k=l,2,···,c) 

P = random effect hij 
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(Table 3.2.21 continued.) 

Analysis of variance: 

Sourcp ~ 

A (a•l) 

B (b-l) 

AB (a-1) 
·(b-l) 

Rep.within ab 
(AB)cells •(r-l) 

C (c-l) 

AC (a-l) 
•(c-l) 

BC (b-l) 
•(c-l) 

ABC (a-l) 
·(b-l) 
•(c-l) 

2 E(y -y) 
i 

2 
E(yhi-yh-yi+y) 

E(yhij-yhi)2 

E(y -y)2 
k 

E(y -y -y +y)2 
hk h k 

E(y -y -y +y)2 
ik i k 

E(y -y -y -y 
hik hi hk ik 

+y +y +y -y)2 
h i k 

Error ab(c-l) E(Y -y -y 
·(r-l) hijk hij hik 

+yh1>2 

Total 

E(M.S.) 

2 2 brcr..a~ 
ac+cap•(a-l) 

arcEa 21 2 2 
a c +co P I ( b- l) 

2 
2 rcE (o:l3 )hi 

a +ca21 
e P {a-l){b-l) 

a2+ca2 
€ p 

2 
2 abrE{y)k 

a I c (c-l) 

2 brE(o:y)hk 
a2+ 

c (a-l)(c-1) 

2 arE(f3y)ik 
a + c (b-l)(c-l) 

rE (o:f3y )2 
2+ hik 

0 c (a-l)(b-l)(c-l) 
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TABLE 3.5.22 

axb factorial in Randomized Complete Block design 

Model: 

(i=l,2,•••,a; j=l,2,•••,b; k=l,2,•••,r) 

p = random effect 
k 

n1 , f3 , (nf3) = fixed effects 
j ij 

Analysis of yariance: 

Source sL..f.&. 
Rep.(Blocks) (r-l) 

A (a-l) 

B (b·l) 

E(M.S.) 

AB (a-l) E(y -y -y +y)2 
ij i j 

E(nf3 )~j 
a2+r ,__~--"'P 

£ (a-l)(b-1) 

Error 

Total 

·(b-1) 
(ab-l) 
•(r-1) 

abr-1 

E(Y -y -y +y)2 a2 
ijk ij k £ 

l;(Y -y)2 
ijk 
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TABLE 3.2.23 

axb Factorial + additional treatments in 

Bandomized Complete Block design 

General Model for any indiyidual obseryation: 

yhl = ~+ph+'t'1+chl 
(h=l,2, ••• ,r; l=l,2, ••• ,t) 

t = ab+d 

d = number of additional treatments 

Model for indiyiduals receiving factorial treatments: 

(h=l,2, ••• ,r; i=l,2, ••• ,a; j=l,2, ••• ,b) 

Model for individuals receiving additional treatffients: 

(g=l,2, ••• ,d) 

p = random effect 
h 
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(Table 3.2.23 continued.) 

An~lv~i§ Q~ ~~rianc~: 

~ourc~ sL.i.a.. ~ E(M.S.) 

Reps. Cr-1) I:(yh-y)2 

(t-l) I:(yl•y)2 a2+~Et2 
€ t-l l 

A (a-1) I:(yi•y)2 a2+~Ea.2 
€ a-1 i 

B (b-l) I:(y -y)2 a~+(b:~)I:~; j 

AB (a-l) I:(y -y -y +y)2 a~+(a-1}(b-l)~(a~)ij .(b-l) ij i j 

Residual d I:(yl•y)2 a;+f(cp) 

-I:(y -y)2 
ij 

Error (r-1) I:(Y -y -y +y)2 a2 
•(t-l) hl h l € 

Total rt-1 I:(Yhl-y)2 

where: 

~ includes differences in effects between the axb 

treatment combinations and the d additional 

treatments, and differences in effects among 

additional treatments. 
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TABLE :3.2.24 

axb Facto~ial in Ra.ndomized Comolete 

Block design with sampling 

Y = µ+p +a. +S +(cxS) +£ +cp hijk h i j ij hij hijk 

(h=l,2,•••,r; i=l,2,•••,a; j=l,2,•••,b; k=l,2,•••,s) 

ph, ehij' ~hijk = random effects 

cx1 , Sj, (aS)ij =fixed effects 

Analysis of variance: 

Source 

Reps. 

A 

B 

AB 

sLi.... 
(r-1) 

(a-1) 

(b-l) 

(a-1) 
•(b-1) 

Experimental (r-1) 
Error •(ab-1) 

Sampling 
Error 

Total 

rab 
•(s-l) 

rabs-1 

2 
~(y -y) 

i 

~(yi_-y.-y.+y)2 
J l. J 

L(y -y -y +y)2 
hij h ij 

~(Y -y )2 
hijk hij 

2 I;(Y -y) 
hijk 

E(M.S.) 

a2+sa2+ saba2P 
~ i 

Dl.2 
2 2 i 

a~ +sa & +rsb (a-l) 

~s~ 
2 2 J 

a~ +sa e +rsa (b- l) 
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TABLE 3.2.25 

axb Factorial in a R{lndomized Complete Block Design 

with subsampling 

Model: Yhijkl = µ+ph+ct1+~j+(aS)1j+€hij~bijk+6 hijkl 

(h=l,2,•••,r; i=l,2,•••,a; j=l,2,•••,b; k=l,2,•••,s; l=l,2, 

•••,v) 

ph, ehij' cp 6 =random effects hijk' hijkl 

a 1 , S , (aS) = fixed effects 
j ij 

Analysis of yariance: 

Source ~ 

Rep. (r-l) 

A (a-1) 

B (b-1) 

AB (a-l) 

•(b-1) 

Experimental (r-1) 
Error .(ab-l) 

~ 

E(y -y)2 
h 

E(yi-y)2 

I:(y j-y )2 

I:(y -y -y 
ij i j 

+y)2 

I:(y -y -y 
hij h ij 

+y)2 

E(M.S.) 

a 2+va2+vsa2+abvsa2 
6 cp e p 

E~~ 
2 2 2 J ao+vacp+vscre+ravs(b-1) 

a 2+va2+vsa2 
0 cp G 

l:~~~ )fj 
+rvs(a-l)(b-15 

af+va2+vsa2 
" cp e 
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(Table 3.2.25 continued.) 

Source ~ ~ E;,M.~.l 

Sampling rab E(y •y )2 a2+w2 
Error •(s-l) hijk hij 6 cp 

SUbsampling rabs E(Y -y )2 a2 
Error •(v-1) hijkl hijk 6 

Total rabsv-l E(Y -y)2 
hijkl 
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TABLE 26 

Group of axb factorial Randomized Complete Block designs 

}fudel: 

Yghi"j =µ+a +p +S 1+y.+(Sy)i +(aS) 1+(ay) +(aSy) +~ g gh J j g gj gij ghij 

{g=l,2,•••,a; h=l,2,···,r; i=l,2,•••,b; j=l,2,···,c) 

P e ~ random effects gh' ghij 
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(Table 26 continued.) 

t::nal~sis Qf ~a[ianc~: 

Sourc~ ~ .§.....§.... E(M.S,) 

A (a-1) E(y -y)2 2 2 bcrEet~ 
g ae +bca P +(a-l) 

a(r-1) 2 a2+bca 2 Reps.within E(y h-y ) 
A g g € p 

B (b-l) E(yi-y) 2 2 acrr:si 
0 e+(b-l) 

c (c-l) E(yj·y)2 
2 abrEy} 

0 e 1(c-l) 

2 
arE(Sv)ij 

BC (b-l) E(yij-yi-yj+y) a2 1 
•(c-1) e (b-l)(c-1) 

I:(y -y -y +y)2 
crE(etS >i1 

. AB (a-1) a21 
·(b-1) gi g i e (a-l)(b-1) 

I:(y .-Y -y +y)2 
brE(ety)2 . 

AC (a-1) 2 gJ 
·• (c-1) gJ· g j 0 e 1(a-l)(c-l) 

rI:(etSy )2 i. 
ABC (a-1) I:(y . -y ;,.y 2, g J 

·(b-l) giJ gi . gj 0 e (a-l)(b-l)(c-1) 
•(c-1) -y +y +y:+y -y)2 

ij g l. j 

Error a(bc-l) I:(Yghij-ygh-ygij a2 
• (r-l) e 

+y )2 
g 

Total abcr-1 l:(Y ghij-y) 2 
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TABLE 3.2.27 

axbxc factorial in Randomized Complete Block design 

· Model: 

Yhijk = µ+ph+a.1+S +y +(aS) +(ay)1k+(Sy) +(aSy) +e j k ij jk ijk hijk 

(h=l,2,•••,r;i~l,2,•••,a;j=l,2,···,b;k=l,2,•••,c) 

Ph' e • random effects hijk 
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(Table 3.2.27 continued.) 

Anal:2;S~S S2f vf!riian~e: 

Source sL1..... .LL ~~M 1 S 1 l 

Reps. (r-l) t(yh·y)2 
ta.2 

A (a-1) t(y -y)2 2 i ae+rbc(a-l) i 

2 
tl3 2 

(b-1) 2 j B t(yj•y) ae+rac(b-l) 

2 
ty2 

(c-l) 2 k c t(y -y) ae:+rab(c:-l) k 
2 

(a-l) 2 2 t (a.13) ij 
AB t(y -y -y +y) 0 e:+rc(a-l)(b-l) ·(b-1) ij i j 

2 t{a.y)ik 
2 a2+rb AC (a-1) t(yik-yi-yk+y) t: (a-l)(c-l) 

•(c-l) 
2 

BC {b-l) t{yjk-yj-yk+y)2 
2 t{Sy)jk 

• (c::-1) 0 e:+r4 (b-l)(c-l) 

(a-1) t{yijk-yij-yik-yjk 
E (a.13 y >ijk 

ABC a2+r 
·(b-1) c (a-l)(b-l){c:-l) 
.(c-l) 

+y +y +y -y)2 
i j k 

{abc-1) 2 a2 Error t(Y •y -y +y) 
0 (r•l) hijk ijk h £ 

Total abcr-1 t(Yhijk•y) 
2 
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TABLE 3.2.28 

axbxc Factorial ± additional treatments in 

Randomized Complete Block design 

General model for any individual obseryation: 

yhl = µ+ph+Tl+€hl 
(h=l,2, ••• ,r; l=l,2, ••• ,t) 

t= abc+d 

d= number of additional treatments 

Hodel for individuals receiying factorial treatments: 

Yhijk = µ+ph+a.i+~j+yk+(n~)ij+(ny)ik+(~y)jk+(n~y)ijk 
+€hijk 

}1odel for individuals receiving additional treatments: 

\g = µ+ph +Tg +€hg , (g=l,2, ••• ,d) 

Analysis of yariance: 

Source 

Raps. 

T 

A 

B 

sL.t.. 
(r-l) 

(t-l) 

(a-l) 

(b-1) 

S.S. 

2 
~(y.-y) 

j 

rl:T2 
2 l 

ae+Ct-1) 

2 rbcwi 
ae+(a-1) 

2 racE~; 
ae+~b-l) 
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(Table 3.2.28 continued.) 

Source Q...L.. ~ ~(M. s I~ 

2 
rabEy~ 

(c-l) 2 c E(yk-y) a€+(c-l) 

2 

E(yij-yi-yj+y)2 
rcE(af3 )ij 

AB (a-l) a2+ 
.(b-l) E: (a-l)(b-l) 

2 

:E(yij-yi-yk+y)2 
rb:E(ay)ik 

AC (a-1) a2+- -
.(c-1) E: (a-1) (c-1) 

2 

I:(y -y -y +y)2 
raE(f)y) jk 

BC (b-1) a2+ 
.(c-1) jk j k E: (b-l)(c-1) 

rE(af)y )2 
(a-1) I:(y ijk-y ij-yjk 

2 i'k ABC a + J 
·(b-1) € (a-l)(b-l)(c-l) 
.(c-l) -y +y +y +y 

ik i j k 
-y)2 

Residual d 2 2 a 2+f (cp) E(y -y) -I:(Y. .. y) 1 ij € 

Error (r-1) E(Yhl-yh-yl+y)Z a2 
•(t-1) € 

Total rt-l E(Yh·y)2 

where: 
cp includes differences in effects between the axbxc 

treatment combinations and the d additional treat-

ments, and differences in effects among additional 

treatments. 
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TABLE 3.2.29 

axbxc factorial in Bandomized Complete Block design 

with sampling 

Hodel: 

Yhijkl = µ+ph+a.i+~j+vk+(a~)ij+(ay)ik+(~y)jk+(aSy)ijk+&hijk 

oftphijkl 

(h=l,2, ••• ,r;i=l,2, ••• ,a;j=l,2, ••• ,b;k=l,2, ••• ,c;l=l,2, ••• ,s) 

ph,&hijk'cphijkl = random effects 

a1 ,~j,yk,(a~)ij'(ay)ik'(~y)jk'(a~y)ijk =fixed effects 

Analysis of yariance: 

Source 

Reps. 

A 

B 

c 

AB 

AC 

s1a.L. 
(r-l) 

(a-l) 

(b-1) 

(c-l) 

(a•l) 
.(b-l) 

(a-1) 
·Cc-1) 

E(M.S.) 

rbcs~~ 
2 2 l. 

acp +sa & + (a-l) 

racsE~ 2 
2 2 j 

acp +sa & +(b-l) 

2 
2 2 rabsEyk 

a +sa of ( l) cp & c-
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(Table 3.2.29 continued.) 

~Q~Si~ ~ Ll..... E(M.S.) 
2 

E(yjk-yj-yk+y)2 
rasE(Sy) 'k 

BC (b-1) a 2+sa2+ J 
•(c-1) cp e: (b-l)(c-1) 

a2+sa2 cp E: 
2 

ABC (a-l) I:(y -y -y 
rsE(aSy)ijk 

·(b-l) ijk ij ik +(a-l)(b-l)(c-1) 
•(c-1) -yjk+yi+yj+yk 

-y)2 

Experimental (abc-1) E(yhijk-yijk a 2+sa2 
Error •(r-1) cp c 

-y +y)2 
h 

Sampling abcr E(Y -y )2 a2 
Error •(s-1) hijkl hijk cp 

Total abcrs-1 I:(Y )2 hijkl-y 
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TABLE 3.2.30 

rilltiple factorial in Randomized Complete Block design 

Model: 

'( gh ••• mnp = µ+pg+a.h+Si+ ••• -ttpp+(a.S)hi+ ••• +(1.cp)np+(aSy)hij+ ••• 

+(oA.cp )mnp +.••+(Sy••• A.cp) ij ..• np +f; gh ••• np 

(g=l,2, ••• ,r;h=l,2, ••• ,a;i=l,2, ••• ,b;j=l,2, ••• ,c; ••• ;m=l, 

2, ••• ,v;n=l,2, ••• ,w;p=l,2, ••• ,z) 

ghi ••• mnp are a set oft subscriptstt=number of factors) 

p = random effect 
h 

a.h' P · ' •• • '~ ' (a.S )h · ' • • • ' (A.cp) ' (aS y )h · j '. 0 • ' (a.y • •• Mp )hi i p i np l. ••• np 
= fixed effects 

Analysis of yariance: 

SQurc~ 9..a.L. ~ E(M.S.) 

~ep. (r-l) l:(y -y)2 
g 

2 

A (a-1) l:(yh•y)2 
2 rb •• wzllih 

a E: ,.. (a-l) 
• • • 

• • • 
• • • 

2 
l:(y -y)2 

ra •• w~ 
z (z-1) 2 p 

ae+ (z-l) p 

2 

l:(y -yh-y +y)2 
re •• wzE(a.S )h. 

AB (a-1) a2+ •l. 

·(b-1) hi i c (a-l)(b-1) 
• • • • 
• • • • 
• • • • 



91 

(Table 3.2.30 continued.) 

Source ~ ~ E(M. s I) 
2 

L:{y -y -y +y)2 
re •• uvl:: (~ ) 

wz (w-l) a2+ np 
•(z-l) np n p £ (w-l)(z-l) 

2 rd •• wzl: (a.f3 y) .. 
ABC {a-l) L:(y -y -y 2 hiJ a +- • 

·(b-l) hij hi hj £ (a-l)(b-l)(c-l) 
.(c-1) -y +y +y +y 

i~ h i j 
-y) 

• • • • 
• • • • 
• • • • 

ra •• ul:(6Acp )2 
vwz {v-l) L:(y -y -y a2+ mnp 

•{w-l) mnp mn np £ (v-l)(w-l)(z-l) 
.(z-l) -y +y +y +y mp m n p 

-y)2 
• • • 
• • • 
• • • • 

ral:.: (a. •• cp )2 
AB ••• V'lll. (a-l) L:(y a2+ h .•• E 

.(b-1) hi ••• np £ (b-1) ••• (z-l) 
• • • -yhi ••• n-· • • 
•(w-1) 
.(z-l) -y i ••• np 

+yhi ••• m+. • • 
+y -i ••• np ••• 
+(-l)t-ly)2 

Error {r-l) I:{Y -y a2 
• (ab ••• wz gh ••• np g € 

-1) -y +y)2 
hi ••• np 

Total rab ••• z-1 L:(Y 
gh ••• np 

-y)2 
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TABLE 3.2.31 

Latin Square design 

Model: 

yij k = µ+a. +S +y +6: i j k ijk 

(i,j,k = 1,2,···,r) 

ai, sj, yk = fixed effects 

b:nalysis of variance: 

Source 

A (Rows) (r-1) 

B(Columns) (r-1) 

C(Treatments) (r-1) 

Error 

Total 

(r-l) 
·(r-2) 

2 E(y -y) 
i 

2 E(y -y) 
k 

E(Y -y -y ' ijk i j 
-y +2y)2 

k 

2 E(Y -y) 
ijk 

E(M,S,) 

Dl.2 
2 i 

0 c+r(r-l) 

ES 2 
2 j 

ac+r(r-l) 



93 

TABLE 3.2.32 

Grgµp of s I,atin Sgyare designs 

Model: 

yhijk = µ+oh+ph(i)+yh(j)+~k+(oT)hk+chijk 
(h=l,2, ••• ,a; i, j, k = 1,2, ••• ,r) 

ph(i)' yh(j) = random effects 

6h' 'tk, (6'!) IS fixed effects 
hk 

Analysis of yariance: 

Source ~ LL. E(M.S.) 

(s-1) 2 Squares t(yh-y) 

Rows within s(r-1) 2 
t(yhi-yh) 

squares 

Columns s(r-1) I;(y -y )2 
within hj h 
squares 

'treatments (r-1) 2 a2+srtr /(r-1) t(y -y) 
k 2 e k 

Squares x (s-1) t(yhk-y -y +y) a2+rt(6~)2 /(s-l)(r-1) 
Treatments •(r-1) h k e ik 

Error s~r-1~ I;(Y -y -y a2 
• r-2 hijk hi hj f: 

-y +2y )2 
hk h 

Total sr2-1 t(Y -y)2 
hijk 



Model: 

94 

TABLE 3.2.33 

Split-plot design 

yhij = µ+ph+cti"h:phi+Sj+(nS)ij+chij 
(h=l,2,•••,r; i=l,2,•••,a; j=l,2, ••• ,b) 

p = random effect 
h 

n1,sj = fixed effects 

Analysis of yariance: 

Source 

Rep. 

A 

Error(a) 

B 

AB 

Error 
(b) 

Total 

!L1.a. 
(r-l) 

(a-l) 

(r-1) 
•(a-l) 

(b-l) 

(a-l) 
•(b-l) 
a(b-l) 
•(r•l) 

abr•l 

~ 

I:(y -y)2 
h 

2 I:(yi•y) 

I:(y -yh-y +y)2 
hi i 

I:(y -y) 
2 

j 

I:(y -y -y +y)2 
ij i j 

I:(Y -y -y 
hij hi hj 

+y)2 

E(M.S.) 

a 2+bo 2+..,12.r.._I:cx 2 
c cp (a-1)' i 

o 2+bo2 
& cp 
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TABLE 3.2.34 

Split-plot design. considering interactions between 

repetitions and each of the two factors 

MQdel: 

Y = µ+p +a +(pa) +~ +(pS) +(a~) +e 
hij h i hi j hj ij hij 

(h=l,2, ••• ,r; i=l,2, ••• ,a; j=l,2, ••• ,b) 

ph,(pa) ,(pS) =random effects 
hi hj 

a1 ,~j,(pS)hj =fixed effects 

.Analysis of yariance: 

Source si. ~. ~ E{M.S.) 

Rep. (r-l) I:(y -y)2 
h 

2 2 ac +abap 

A (a-1) I:(yi-y)2 0 2+ba2 +~ I:ct2 e pa a-iJ i 

RA (r-1) I:(y -y -y +y)2 a2+ba2 
• (a-1) hi h i e pa 

B (b-1) I:(y.-y)2 a 2+aa2 + ra ES 2 
J e p~ (b-1) j 

RB (r-1) E(yhj-yh-yj+y)2 a2+aa2 
•(b-1) e pS 

AB (a-1) r.:(y -yi-y +y)2 2 ~ 2 
·(b-l) ij j 

0 e+(a-l (b-l)E(aS)ij 

Residual (r-1) I:(Y -y -y a2 
•(a-l) hij hi hj € 

• (b-l) -yi~+yh+yi+yj 

-y) 

Total rab-1 
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TABLE 3.2.35 

Split-plot design with samvling 

Model: 

y = µ+p -kl. ....,,. +~ +(a.~ ) tt +A. hijk h i"~hi j ij hij hijk 

(h=l,2,•••,r; i=l,2,•••,a; j=l,2,•••,b; k=l,2,•••,s) 

p , ~ , t , A = random effects 
h hi hij hijk 

a. , ~ , (a.~) = fixed effects 
i j ij 
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{Table 3.2.35 continued.) 

Analysis of variance: 

Source 9.a.L. ~ E(M,S.) 

Rep. {r-l) I:(yh•y)2 

(a-1) 2 a2+sa2+sba2+~I:a.2 A I:{y.-y) 
]. A. c Ci> a-1 i 

Error (a) {r-1) I:(y -y -y +y)2 a 2 +so 2 +s ba 2 
• {a-1) hi h i A. c a:> 

(b-1) 2 a2+sa2+ars ~~ 2 B I:(yj·y) A. t (b-1) j 

AB (a-1) I:(y -y -y a2+ a2 
·(b-1) ij i j A. 8 £ 

+y)2 sr ( )2 1 ca-1)(b-1)~ tt~ ij 

Error (b) a{b-1) I:(yhij-yhi-yij a2+sa2 
•(r-1) A. c 

+y )2 
i 

Sampling abr I:(Y )2 a2 
error •(s-1) hijk-yhij A. 

Total abrs•l I:(Y -y)2 
hijk 
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TABLE 3.2.36 

S2lit-plot design with sampling considering interactions 

between repetitions and each of the two factors 

Model: 

yhijk = µ+ph+ai+(pa.)hi+~j+(p~)hj+(a.~)ij+(pa.~)hij+ehijk 
(h=l,2, ••• ,r; i=l,2, ••• ,a; j=l,2, ••• ,b; k=l,2, ••• ,s) 

a.i,~j,(p~)hj = fixed effects 

Analysis og variance: 

~~JJ.:~~ ~ s,s. E(M.S.) 

Rep. (r-1) I:(y -y)2 
h 

A (a-1) ~(y -y)2 a 2+sba 2+~r.ci2 
i e pa. a•l i 

RA (r-l) I:(y -y -y +y)2 a 2+sba 2 
•(a•l) hi h i e po: 

B (b-1) ~{yj·y)2 2 2 sra 2 
ae+saap~+(b-l)~~j 

RB (r-1) l:(yhj-yh-yj+y)2 a2+saa2 
• (b-l) e pa 

AB (a-l) 2 
0 2+a2 + B~ I:(y -yi-y +y) 

·(b-1) ij j e pa.~ (a-l (b-1) 
• >:Ca.a )2 

ij 
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(Table 3.2.36 continued.) 

~Q.YJ;:~~ sL.L.. 
RAB (r-1) 

.(a-l) 
·(b-l) 

sampling rab 
Error .(s-1) 

Total rabs-l 

2.a.L. 
t(yhij-yhi-yhj 

-yij+yh+yi+yj 
-y)2 

t(Y -y )2 
hijk hij 

t(Y -y)2 
hijk 

~(M1 S 1 l 
2 2 

ae+aapa.~ 

a2 
£ 



100 

TABLE 3.2.37 
Group of split-plot designs 

Model: 

Yijkl = µ+ai+pi(j)+f3k+(af3)ik+eijk+vl+(ay)il+(f3y)kl+(af3y)ikl 

-kpijkl 
(i=l,2,•••,a; j=l,2,•••,r; k=l,2,•••,b; l=l,2,•••,c) 

pi(j)' cijk' q>ijkl = random effects 
Analysis of yariance: 

Sgµrce 

A 

B 

AB 

Error 
Among Plots 

c 

AC 

(a-1) 

(b-1) 

(a-1) 
•(b-1) 
a(r-1) 
·(b-1) 

(c•l) 

(a-1) 
• (c•l) 

2 E(y -y) 
k 

E(yik-yi-yk+y)2 

E(yijk-yij-yik 
+y )2 

i 

E(yil-yi-yl+y)Z 

E(M.S.) 

rbclli.2 
a2+ca2+bca2+ 1 

cp e P (a-1) 

a2+ca2+bca2 
cp £ p 

2 2 2 racI:f3k 
aq>+cac+(b-l) 

rcE(af3 >21 2 2 k 
acp+cac+(a-l)(b-1) 

a2+ca2 cp c 

2 rabtyi 
acp+(c-1) 

2 rbt(av>i1 
acp +ca-1) (c-1) 
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(Table 3.2.37 continued.) 

Source 

BC 

ABC 

(b-l) 
•(c-1) 

(a-l) 
·(b-1) 
•(c-1) 

l:(y -y -y +y)2 
kl k l 

l:(yikl-yik-yil 
-y +y +y +y 

kl i k l 

-y)2 

E(M.S.) 

raI:(f'y )2 
2 kl 

0 cp +(b-l) (c-1) 

2 rI:(a.~v>ikl 
acp+(a-l)(b-l)(c-l) 

Error ab(r-1) l:(Yijkl-yijk a2 
Within plots •(c-1) cp 

-y +yij)2 
ijl 

Total abrc-1 
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TABLE 3.2.38 

Split-plot design with 

axb factorial on the whole plots 

Model: 

Y = µ+p +a. +~ +(aS) -+cp +v +(ay) +(~y) 
hijk h i j ij hij k ik jk 

+(a~y) +e 
ijk hijk 

(h=l 2 ••• r•i=l 2 ••• a·j=l 2 ••• b·k=l 2 ••• c) 
' ' ' , ' ' ' , ' ' ' t ' ' ' 

p ,&hi ,cp = random effects 
h jk hij 

a 1 , ~., (a~) .. ,Yk, (ay) , (~y) , (a~y) =fixed effects 
J 1.J ik jk ijk 

Analysis of variance: 

Source 

Rep. 

A 

B 

AB 

Error(a) 

sL.L. 
(r-1) 

(a-1) 

(b-1) 

(a-1) 

•(b-1) 

(ab·l~ •(r-l 

Ll.... 
E(y •y)2 

h 
2 E(y -y) 

i 

E(y. •y) 
2 

J 

E(y •y •y +y)2 
ij i j 

E(yhij-yij-yh 
+y)2 

E(M.S. l 

a2+ca2+~ES2 
€ cp (b-l) j 

a2+ca2 e cp 

+ca-1)Zb-1)E(a~)~j 
a2+ca2 e cp 
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(Table 3.2.38 continued.) 

Source sLL.... ~ f;(t_1,S I) 

c (c-1) E(y -y)2 
k 

a2+~I:y2 e c-l k 

AC (a-1) E(y -y -y +y)2 a~+(a·l~~c-l)E(ay)~k 
~(c-1) ik i k 

BC (b-1) I:(y -y -y +y)2 a;+(b-1)tc-l)I:(~y)~k •(c-1) jk j k 

ABC (a-1) E(yijk-yij-yik a2+ ~ 
•(b-1) c (a-l)(b-l)(c-1) 
•(c•l) -y +y +y +y •E(a~y)2 

jk i j k ijk 
-y)2 

Error(b) ab(r-1) E(Y •y •y a2 
•(c-1) hijk hij ijk c 

+y )2 
ij 

Total abrc-1 I:(Y )2 hijk-y 
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TABLE 3.2.39 

Split-plot design with axb factorial on whole nlots, 

!nteractions between repetitions and components 

of the axbxc factorial 

Model.,: 

Yhijk = µ+ph+ai+~j+(aS)ij+cphij+yk+(py)hk+(ay)ik+(Sy)jk 

= µ+ph+Tij+(pT)hij+yk+(py)hk+('ty)ijk+ehijk 

(h=l,2, ••• ,r; i=l,2, ••• ,a; j=l,2, ••• ,b; k=l,2, ••• ,c) 
where: 

~ij = ai+Sj+(a~)ij 
Tij'yk,(Ty)ijk = fixed effects 

ph,~hij'(py)hk =random effects 

A.nalysis of yariance: 

Source E(M.S,) sLia. ~ 

Reps. (r-1) J::(yh•y)2 

(ab-1) 2 I:(y -y) 
ij 

T 

A (a-1) I:(y -y)2 
i 

B (b-1) I:(yj •y)2 a 2+ca2..f+~I:S 2 
c p·~· {b-1) j 

(a-l) I:(y -y -y +y)2 
•(b-1) ij i j 

AB 2 2 ac+capt 

+ca-lJ(b-l)I:(as>ij 
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(Table 3.2.39 continued.) 

Source 

RT 

c 

RC 

TC 

RTC 

Total 

g...L.. 

(r-1) 
.(ab-1) 

(c-1) 

(r-1) 
•(c-l) 

(ab-l) 
.(c-1) 

(r-1) 
•(ab-1) 

• (c-1) 

rabc•l 

2 
I!(yhij-yh-yij+y) 

2 I!(y -y) 
k 

2 I!(y -y -y +y) 
hk h k 

2 
I!(y ijk -y ij-yk +y) 

I!(Y -y -y 
hijk ijk hk 

-1i1_1 +y h +y ij +y k 
-y)Z 

2 I!(Y . -y) 
hijk 

2 2 ~ 2 at+abapy+(c-l):r;yk 

2 2 
a~+abapy 

a;+(ab-l)(c-l)~(Ty)~jk 
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TABLE 3.2.40 
Split-plot design with axb factorial 

on wbole plots and sampling 

(h=l,2, ••• ,r; i=l,2, ••• ,a; j=l,2, ••• ,c; k=l,2, ••• ,s) 

ph,ohij'chijk'Ahijkl = random effects 

tt1,(aS)ij•Yk,(ay)ik•(Sy)jk•(aav>1jk = fixed effects 

Analysis of yariance: 

~!23.!~§ ~ ~ E(M.S.) 

Reps. (r-1) t(yh•y)2 
A (a-1) t(y -y)2 

i a 2+sa2+sca2 
A t 6 

+fbcs I;a2 a-1) i 

B (b-1) t(y -y)2 a 2+sa2+sca2 
j A e 6 

+~!f )£fl~ 

AB (a-1) t(y -y -y +y)2 2 2 2 aA+sac+sca6 ·(b-1) ij i j 

+ca!i5cb-1)£Ccxs >~j 

Error(a) (ab·l~ •(r-1 t(yhij-yij-yh+y)2 a2+sa2+sca2 A t 6 
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(Table 3.2.40 continued.) 

Source ~ Ll.a. E!M.S.) 

c (c-1) l:(yk-y)2 a2+sa2+zabs I:y2 
A. e: c-l) k 

AC (a-l) l:(yik-yi-yk+y)2 a2+sa2 
• (c-1) A. e: 

+(a-l~~c-l)~(av)ik 

BC (b-l) 2 a2+sa2 l:(y -y -y +y) 
.(c•l) jk j k A. e: 

+(b-lJ~c-l)~(~y)~k 

ABC (a-1) 
• (b-l) E(yijk-yij-yik a2+sa2 

A. e: 
•(c-l) -yjk+y.+y +y + 1:§ l. j k (a-l)(b-l)(c-l) 

-y)2 
•E(a~y)2 

ijk 

Error(b) ab(r-l) E(yhijk-yhij a 2+sa2 
.(c-l) A. £ 

-yijk+yij>2 

Sampling abrc l:(Yhijkl-yhijk)2 a2 
Error .(s-1) >.. 

Total 
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TABLE 3.2.41 

Split-plot design w1.t:h axb factorial on whole plot§ 

with sampling, :b'.lte:r:actj_ons between repetitions 

and comnonents of the axbxc factorial 

Model: 

where: 

(h=l,2, ••• ,r;i=l,2, ••• ,a;j=l,2, ••• ,b;k=l,2, ••• ,c;l=l,2, ••• ,a) 

Tij'yk,(Ty)ijk =fixed effects 

ph,(pT)hij'(py)hk,(pTy)hijk =random effects 

Analvsis qf yariance: 

Source sL..L. 
Reps. (r-l) 

T (ab•l) 

A (a-1) 

B (b-l) 

AB (a-1) 
.(b-1) 

~ 

Z(y -y)2 
h 

Z(Y .. -y)2 
l.J 

Z(y.·y)2 
1 

I:(y.-y) 2 
J 

Z(yij-yi-yj+y) 
2 

E(M.S I) 

2 2 res ~T2 
0 >. +cs~ T °*"{ab-1)~ ij 

0 2+csa2 +racs ~~2 
A. pT (b-l) j 

a2+csa2 
A. pT 

+(a-1}(~-1)~c~~>ij 
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(Table 3.2.41 continued.) 

SQtl;t:C~ fL.i..s.. ~ E(H,S.) 

RxT (r-l) I:(yhij-yh-yij+y)2 2 2 
.(ab-l) 

a1..+csapT 

c (c-1) E(y -y)2 a2+sabo2 +zab~y2 
k A PY c-l k 

RC (r-l) Z(y -yh-y +y)2 a 2+sab0' 2 
.(c-l) hk k A PY 

TxC (ab-1) 2 a2+sa2 + t:s l:(yijk-yij-yk+y) 
• (c-1) A pTy (ab-l)~c-1) 

.E(Ty)~.k 
l.J 

RxTxC (r-1) Z(yh' 'k-Yh .. -Y 2 2 01..+sapTy 
•(ab·l~ l.J l.J hk 
.(c-l -yijk+yh+yij+yk 

-y)2 

Sampling rabc l:(Y )2 a2 
Error •(s-1) hijkl-yhijk A. 

Total rabcs-l l:(Y )2 hijkl-y 



110 

TABLE 3.2.42 

Spli~·plot design with bxc Factorial on subnlots 

MoceJif..: 

Yhijk = µ+ph+a.i+6hi+Sj+Yk+(Sy)jk+(u~)ij+(uy)ik+(apy)ijk+ehijk 

(h=l,2, ••• ,r; i=l,2, ••• ,a; j=l,2, ••• ,b; k=l,2, ••• ,c) 

ph,6hi,€hijk = random effects 

ni,Sj,Yk,(py)jk•(aS)ij'(ay)ik'(aSy)ijk = fixed effects 

Source 

Reps. 

A 

Error(a) 

B 

c 

AB 

AC 

(r-1) 

(a-l) 

(r-1) 
• (a-1) 

(b-l) 

(c-l) 

(a-l) 
·(b-l) 

(a-l) 
• (c-1) 

~ 

~(y -y)2 
h 

2 
~(y,-y) 

l. 

I;(y -y -y +y)2 
hi h i 

2 
~(y -y) 

j 

I;(y -y -y +y)2 
ik i k 

,...(tt s l r_.., -' le I 
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(Table 3.2.42 continued.) 

~Ol:!;t;:$;~ sL.L. 

BC (b-1) 
•(c•l) 

ABC (a-1) 
.(b-1) 
•(c-l) 

Error(b) a(r-l) 
•(bc-1) 

Total rabc•l 

~ 

E(yjk-yj-yk+y) 

E(yijk-yij-yik 

-yjk+yi+yj+yk 
-y)2 

E(Y -y hijk hi 
-yijk+yi)2 

2 
E(Yhijk•y) 

E(M.S.) 

2 arE(f3y )~k 
a2-t e (b-l)(c-l) 

rl"::(a.~y )2 
2 ijk 

ae+(a-l)(b-l)(c-1) 

a2 
e 
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TABLE 3.2.43 

Split-split-plot design 

Hodel: 

yhijk = µ+ph+~1+0h1+Pj+(aS)ij-ttphij+Yk+(ay)ik+(py)jk+(~py)ijk 

+ehijk 

(h=l,2, ••• ,r; i=l,2, ••• ,a; j=l,2, ••• ,b; k=l,2, ••• ,c) 

a1 ,sj,yk = fixed effects 

f+nalvsis of yariance: 

Soy~ce 

Rep. 

A 

Error(a) 

:s 

AB 

Error(b) 

c 

~ ~ 

(r-l) ~(y -y)2 
h 

(a-l) ~(y.-y)2 
J. 

(r-1) 
• (a-l) 

~(y -yh-y +y)2 
hi i 

(b-l) ~(yj-y)2 

(a-1) 
·(b-1) 

:E(y -y.-y +y)2 
ij l. j 

(c•l) ~(y -y)2 
k 

E{M.S.) 

a2+ccr2+bccr2+bcrr.a,2 
c ~ o a-1 i 

a2+ccr2+bccr2 
E: ~ 6 
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(Table 3.2.43 continued.) 

~oprce £lt..!..... ~ E(I1. Sa) 

AC (a-1) 
·(c-l) 

r;(yik-yi-yk+y)2 a2+ br ~(ay)2 
e (a-l)(c-1) ik 

BC (b-1) 
•(c-1) 

~(yjk-yj-yk+y)2 2 a.i;: £(!3 )2 0 e+(b-l)(c-l) Y jk 

ABC (a-1) r;(y -y -y a2+ ~ 
·(b-l) ijk ij ik € (a-l)(b-l)(c-l) 
.(c-1) -y .. +y +y +y • r; (nl3 Y )ij k JK i j k 

-y)2 

Error(c) ab(r-1) r;(y -y a2 
• (c-1) hijk hi~ € 

-yi 'k+Y . .) J l.J 

Total abrc-1 r;(y -y)2 
hijk 
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TABLE 3.2.44 

S1'1it-snlit-nlot desirin-intere.ct:i.ons between 

r,epctitions .::'nd each component of e.xbxc factorial 

Model: 

Yhi'k = µ+p +a..+(ap) .+S +(Sp) +(nS) +(paS) +y +(py) 
J h l. hi j hj ij hij k hk 

+(ay). 1 +(pay) +(~y) +(pSy) +(aSy) +€hi'k 
J. ~ hik jk hjk ijk .J 

(h=l,2,•••,r; i=l,2,•••,a; j=l,2,•••,b; k=l,2,•••,c) 

P '(ap )hi' (pS) ·' (paS) '(py) '(pay )h. k' (pSy) '€hijk = h hJ hij hk l. hjk 

random effects. 

a. ,S , Y, , (aS) .. , (ny). , (Sy) 'k' (aSy )iJ"k = fixed effects 
l. j K l.J J.k J 

Ar+alysis of variance: 

Source Q....h Ll.a. E(H.S.) 

Reps. (r-1) I:(y -y)2 
h 

A (a•l) I:(yi•y)2 cr2+bccr2 +rbc ~et2 
& pet (a-l) i 

RA (r-1) I:(yhi-yh-yi+y)2 
• (a-1) 

2 2 cr&+bccrpn 

B (b-1) i:(y_-y) 2 
J 

RB (r-1) 2 
I:(yhj-yh-yj+y) 

•(b-1) 
cr 2+accr2 

& pS 

AB (a-1) I: (y ij -y i -y j cr~+ca;aS 
•(b-1) 

+y)2 +(a-1)1Cb-l)~Cas)ij 
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(Table 3.2.44 continued.) 

Source ~ Ll.a. E(M, S,) 

RAB (r-l) I:(yhij-yhi-yhj a2+ca2 
• (a-l) e paS 
•(b-l) -y .. +yh+y.+y_-y)2 

l.J J. J 

c (c-1) I:(yk-y)2 0 2+abcr2 +r.ab I:y2 
e PY (c-1) k 

RC (r-1) l:(yhl -y -y +y)2 2 b 2 
•(c-l) :C h k ae+a crpy 

2 2 
AC (a-l) I:(y., -yi-yk a e +ba pay 

.(c-1) l..t:C 

+y)2 +(a-1)Cb-l)~(ay)ik 
RAC (r-1) l:(yhik-yhi-yhk 2 b 2 

•(a-1) 
ae+ crpa.y 

•(c-1) -Y. +y +y +y -y)2 
ik h i k 

BC (b-1) 2 0 2+ ar ~(Sy)2 E (y j k -y j -y k +y) 
•(c-1) e (b-l)(c-l) jk 

RBC (r-l) { 2 2 E - - a +acr 
• (b-1) yhjk yhj yhk 2 e pSy 
• (c-l) -yjk+yh+yj+yk•y) 

ABC (a-l) I: {y. 'l -y. -y. 1 cr21 r 
•(b-1) l.J :C l.j l. :C e (a-l)(b-l)(c-l) 
•(c-1) -y +y +y +y -y)2 •I:(aSy)?. jk i j k l.Jk 

Residual (r-l) {o) a~ 
•(a-1) 
·{b-1) 
•(c-1) 

Total rabc-l I:(Y -y)2 
hijk 

{o) = E(Yhijk-yhij-yhik-yhjk-yijk+yhi+yhj+yhk+yij+yik+yjk 

-yh-yi-yj-yk+y)2 
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TABLE 3.2.45 

Split-snlit-plot design with sampling 

Hodel: 

Yhijkl = µ+ph+a:i+0hi+~j+(a~)ij-tcphij+yk+(ay)ik+(aSy)ijk 

+ehijk+"-hijkl 

(h=l,2, ••• ,r;i=l,2, ••• ,a;j=l,2, ••• ,b;k=l,2, ••• ,c;l=l,2, ••• ,s) 

Ph' ohi,cphij ,ehijk,"-hijkl = random effects 

ai,Sj,(aS)ij,yk,(ay)ik'(aSy)ijk = fixed effects 

Analysis of variance: 

Source 

Rep. 

A 

Error(a) 

B 

AB 

Error(b) 

g.J:..... 

(r-1) 
(a-1) 

(r-1) 
.(a-1) 

(b-l) 

(a-1) 
.(b-l) 

a(b-1) 
•(r-1) 

s.s. 
:E(yh-y)2 

~(y,-y)2 
l. 

:E(y .-Yh-y.+y)2 
hi l. 

J:(y •. -yi-y.+y)2 
l.J J 

,.,(~f ~-- ' •"·\• .. } JJ .. • ~-.# • 
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(Table 3.2.45 continued.) 

Source sL.L.. ~ E(M,s,) 

c (c-1) I:(y -y)2 a 2+sa2+~Ey2 
k A. c c-1 k 

AC (a-1) E(yik-yi-yk+y)2 a2+scr2+ sh~ 
•(c-l) A. e (a-l)(c-l) 

·E(ay)2 
ik 

BC (b-l) ~(y.k-y.-y,+y)2 2 2 1'12: 
.(c-1) J J K 

0 A.+scr€+(b-l)(c-l) 
.Z(j3y)~k 

ABC (a-1) E(Y .. k-Y .. -Y. 1 ar+sa~ 
·(b-l) l.J l.J l. t 

• (c-1) -y +y +y + Ir. 
jk i j (a-l)(b-l)(c-l) 

+y -y)2 
·E(a.~y)~.k k 

l.J 

Error(c) ab(r-1) E(yhijk-yhij a 2+sa2 
•(c-l) A. e 

-yi ·1 +Y . .)2 J { l.J 

Sampling abcr E(Y -y ) 2 a2 
error .(s-1) hijkl hijk A. 

Total abcrs-l I:(Y )2 hijkl-y 
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TABLE 3.2.46 

Split-solit-nlot design-interactions between repetitions 

and each component of axbxc Factorial with samoling 

Model: 

Yhijk = µ+ph+ai+(ap)hi+Sj+(~p)hj+(a~)ij+(pa.S)hij+yk+(py)hk 

+::phijkl 

(h=l,2,•••,r; i=l,2,•••,a; j=l,2,•••,b; k=l,2,•••,s) 

and ~hijkl = random effects 

«1,~j,yk,(a~)ij'(ay)ik'(Sy)jk'(a~y)ijk = fixed effects 

Analysis of variance: 

Source 

Reps. 

A 

B 

(r-1) 

(a-1) 

(r-l) 
• (a-l) 

(b-l) 

~ 

I:(yh-y)2 

I:(yi•y)2 

l::(yhi-yh-yi+y)2 

l::(y .-y)2 
J 

(r-l) I:(yhJ·-yn· -yJ_+y)2 
•(b-1) 

E(M,S.) 

a2+sbccr2 cp pa. 

+srbc :Dl2 
(a-l) i 

a2.+sbca2 cp pa. 

a2+saca2a cp p I-' 

+~~ac 5~13 2 b-l j 
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(Table 3.2.46 continued.) 

.Srn.Jrce d • f II S.S. f.'.(Iv'." s ) 
"'" "! ' 

AB (a-l) 
·(b-l) 

r:(yij-yi-yj+y)2 o2+cscr 2 
cp P al3 

+ r_ss ~(cr.p)2 
(a-l)(b-l) ij 

RA.B ( , ' E(y -y -y 2 2 r- ..... 1 acp +csapcr.!3 •(a-1) hij hi hj 
·(b-1) -y +y +y +y i. h . . J l. J 

-y)2 

c (c-l) r:(y -y)2 a 2+sabcr 2 
k Cf> PY 

+ff!;'B.hr:y2 (c-1 k 

RC (r-1) r:(y -y -y +y)2 a2+sabcr2 
.(c-1) hk h k Cf> PY 

AC (a-1) r:(y., -y. -yk +y )2 a2+sbcr 2 
•{c-1) l.l< l. cp pr:J..Y 

+ rbs r:(ay)2 
(a-l)(c-1) ik 

RAC (r-1) r:(y -y -y a2 +sbcr2 
•(a-1) hil< hi hk cp pcr.y 
• (c-1) -yik+yh+yi+yk 

-y)2 

BC (b-l) r:(yjk-yj-yk+y)2 a 2+ascr 213 .(c-1) cp p y 
ars ( )2 

+(b-l)(c-l)E Sy jk 

RBC (r-1) r: (y h . , -y h . -y hl 2 2 acp +asa P 13 y 
.(b-1) J•C J { 
.(c-1) ·Y.,+Yh+y,+yk 

J·< J 
-y)2 
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(Table 3.2.46 continued.) 

Source 9..a.L. ~ E(H,S,) 

ABC (a-1) I: (y. · 1 -y ij -y. l a 2+sa2 
.(b-l) J.J ~ J. ~ q> p a.f3 y 

. (c-1) -y.k+y,+y,+yk + rs 
J l. J (a-l)(b-l)(c-1) 

-y)2 • I: (a.f3 y )2 
ijk 

RABC (r-1) (o) a2+sa2 
• (a-1) Cf> pa.Sy 
.(b-1) 
.(c-1) 

Sampling rabc I:(Y -y )2 a2 
.(s-l) h'"ll "'jl q> Error l.J ~ ni ~ 

Total rabcs-1 I:(Y )2 hijkl-y 

(o) = I:{yhijk-yhij-yhik-yhjk-yijk+yhi+yhj+yhk+yij+yik 

+yjk-yh-yi-yj-yk+y)2 
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TABLE 3.2.47 

Split-split-plot design ~ith cxd factorial 

on the sub-subplots 

Nodel: 

Yghijk = µ+pg+nh+9gh+~i+(n~)hi+cpghi+Tjk+(nT)hjk+(~T)ijk 

+(a~T~ijk+€ghijk 
where: 

Tj = y +o +(yo) 
k i j ij 

(g=l,2, ••• ,r;h=l,2, ••• ,a;i=l,2, ••• ,b;j=l,2, ••• ,c;k=l,2, ••• ,d) 

p 8 ,egh'~ghi'€ghijk = random effects 

ah,13 1 ,(al3)hi'Tjk'(aT)hjk'(l3T)1jk'(a~T)hijk = fixed effects 

Analysis of variance: 

~QU[Sj~ sL.L.. ~ E(M.S.) 

Rep. (r-1) .E(y -y)2 
g 

A (a-l) 2 .E(yh-y) 
rbcdnt2 

2 2 2 h 
a.+cda~+bcda 0+(a-l) 

Error(a) (r-l) .E(ygh-yg-yh+y)2 
.(a-l) 

a 2+cdo 2+bcda2 
c ~ e 

B (b-1) .E(yi•y)2 
racd.El3 2 

2 2 i 
ac+cda~+ (b-l) 

AB (a•l) .E(yhi-yh-yi+y)2 
.(b-l) 

rcdE(etl3 )2 
2 2 hi 

0c+cdo~+(a-l)(b-l) 

Error(b) a(b•l) .E(y -y -y 
.(r-1) ghi gh hi 

+y )2 
h 
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(Table 3.2.47 continued.) 

~ource sL..L. ~ E(M.S.) 

rabI:T2 
T (cd-l) I:(y -y)2 2 jk 

jk ac+(cd-l) 

rabdI:y2 
c (c-l) I:(y -y)2 a2+ j 

j c (c-l) 

rabcI:o 2 
D (d-1) I:(y -y)2 2 k 

k ac+(d-l) 

CD (c-1) E(y -y -y +y)2 
2 rabI:(yo)~k 

.(d-l) jk j k 0 c+(c-l)(d-l) 

rbI:(a.T)2 
AT {a-1) I:{yhjk-yh-yjk 

z hjk 
•(cd•l) 0 c+(a-l)(cd-l) 

+y)2 

BT (b-l) t(yijk-yi-yjk 
raI:(aT) ijk 

a2+ 
.(cd•l) c (b-l)(cd-l) 

+y)2 
2 

ABT (a-1) t(y -y 
rI:(a.a T)hijk 

a2+ 
·(b-1) hijk hjk c (a-l)(b-l)(cd-l) 
.(cd-l) -yhi-yijk+yh 

+y +y -y)2 
i jk 

Error(c) ab(r-1~ I:(Y -y a2 
.(cd-1 ghijk ghi c 

-yhijk+yhi)2 

Total rabcd-1 I:(Y -y)2 
ghijk 
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TABLE 3.2.48 

Hodel: 
yijq = µ+p1+~i(j)+~q+€ijq 

(i=l,2; j=l,2, ••• ,k; q=l,2, ••• ,k2) 

Pi,~i(j) = random effects 

t = fixed effect q 

~ ~ 

Replications l l:(yi-y)2 

Blocks within rep.(adj.) 

Treatments(unadj.) 

Intra-block error 

2(k-l) 

k2-1 

(k-1)2 

s.s. 
B 

l:(y -y)2 
q 

s.s. 

Total 

where: 2 I: c .. 
l.J 

2k 

E 

2k2-1 E(Yi -y)2 
jq 

E<M.S.[ 

c .. 
l.J 

=(total(over all replicates) of all treatments 
in block (ij )-th} •2Bij 

B, . 
l.J 

= total of block ij 

R1 = total of replicate 1-th. 

s.s.E by subtraction 
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CHAPTER IV 

THE COMPUTING CENTER 

4.l Organization 

In the chart No. 1 we can see the situation of the 

computer center within the present organizational structure 

of VPI(29). 

The center consists of a Director (reporting to the Vice-

president for administration) with responsibility for an ad-

ministration of all computing equipment and all personnel 

associated with this equipment on campus. It also includes one 

Assistant Director, one staff consultant, two full-time 

programmers, one system analyst, three operators, one in 

charge of key-punchers, four key-punchers, three part-time 

programmers, three to four part-time key-punchers. 

4.2 Facilities 

The computing center(29) occupies the Building #1365 

of VPI. It consists of an IBM 7040 with 32,768 words of 

magnetic core memory, eight 729 Model II Tape Drives on 

channel A, and a 1622 Card Read Punch Unit. Associated with 

this central computer is an IBM 1401 with 8,000 characters 

of memory, a 1402 Read Punch Unit, and 1403 Printer. The 

1401 can be operated in an on-line mode with the 7040. 

Four of the tape drives areswitchableon an individual basis 
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to the 1401. Both the 7040 and the 1401 have a large array 

of extended performance options available. A com-

plete array of unit record equipment including eight key 

punchers, two verifiers, two sorters, one producer, one 

collator, and a tabulator are available to support this 

operation. 

For administrative use in the basement of Burrus 

Hall, there is a similarly equipped IBM 1401 except that the 

four tape drives are 1330•s. The unit record equipment 

associated with the 1401 includes three keypunchers, one 

verifier, two sorters, one producer, one collator, one in-

terpreter, and a tabulator.-

The Virginia Polytechnic Institute, like some other 

universities in the South, has easy access to high-speed 

computing machines of the Oak Ridge National Laboratory and 

the Langley Research Center. 

4.3 Computing seryice 

The computer center offers data processing service 

for education and research purposes. It offers ample 

computing tool for staff research and graduate theses. 

We shall list some of the classical programs com• 

monly used in their computing service: 

Paired Comparisons 

*simple Correlation 
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*Multiple regression 

*Multiway Balanced ANOVA 

Completely Unbalanced Nested ANOVA 

Paired and Pooled t-test 

*One-way ANOVA 

Probit analysis 

*Simple data description 

Factor analysis 

Mlltiple range 

*Stepwise regression 

*General Least Squares 

*Frequency tabulation and Cross tabulation 

Guttman scale 

Discriminant analysis 

*Diallel Analysis 

*Lattice 

With an asterisk * we indicate those programs that are most 

frequently used. 
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/ / RESUME OF THE DEPARTNENT OF STATISTICS OF 

VIRGINIA POLYTECHNIC INSTITUTE 

by 

Luis E. Ra."n:l.rez, Ing.. Agr .-

ABSTF.ACT 

Th.is thesis gives an outline of the organization, 

importance and objectives of the Department of Statistics 

of Virginia Polytechnic Institute. 

In 1949, the Department of Statistics was established 

at VPI. Now it offers curriculums leading to a B.S. de-

gree with a major in statistics, and to M.S. and Ph.D. de-

grees in statistics. It also offers courses for students 

majoring in other fields. 

The Department and its statistical laboratory are 

engaged in fundamental and applied research toward the de-

velopment and extension of basic theory as well as the ap-

plication of existing statistical techniques to applied 

proble."ns in various fields. 

The Department, through its statistical laboratory 

provides both consulting and computing service to the Vir-

ginia Agricultural Experiment Station, Virginia Engineering 

Experiment Station, other Departments of VPI, Virginia Truck 



Experiment Station, and other state and federal research 

agencies. 

Because of the importance of the consulting and com-

puting services; a particular type of analysis of experi-

ments, the analysis of variance, is discussed. To indicate 

the amount of work needed for such analysis, the computational 

procedures for 48 different experimental situations and mathe-

matical models are given. The corresponding analysis of 

variance tables include s.s.,d.f. and E(M.s.). 
The Institute 1 s Computer Center gives considerable 

aid to the computational work of the Department, especially 

in handling extensive numerical analysis. It includes an 

IBM 7040/1401 Data processing system and.related equipment. 
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