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Hyperredundant Dynamic Robotic Tails for Stabilizing and

Maneuvering Control of Legged Robots

William S. Rone, Jr.

(ABSTRACT)

High-performing legged robots require complex spatial leg designs and controllers to simulta-

neously implement propulsion, maneuvering and stabilization behaviors. Looking to nature,

tails assist a variety of animals with these functionalities separate from the animals’ legs.

However, prior research into robotic tails primarily focuses on single-mass pendulums driven

in a single plane of motion and designed to perform a specific task. In order to justify includ-

ing a robotic tail on-board a legged robot, the tail should be capable of performing multiple

functionalities in the robot’s yaw, pitch and roll directions. The aim of this research is to

study bioinspired articulated spatial robotic tails capable of implementing maneuvering and

stabilization behaviors in quadrupedal and bipedal legged robots. To this end, two novel

serpentine tails designs are presented and integrated into prototypes to test their maneuver-

ing and stabilizing capabilities. Dynamic models for these two tail designs are formulated,

along with the dynamic model of a previously considered continuum robot, to predict the

tails’ motion and the loading they will apply on their legged robots. To implement the de-

sired behaviors, outer- and inner-loop controllers are formulated for the serpentine tails: the

outer-loop controllers generate the desired tail trajectory to maneuver or stabilize the legged

robot, and the inner-loop controllers calculate control inputs for the tail that implement the

desired tail trajectory using feedback linearization. Maneuvering and stabilizing case studies

are generated to demonstrate the tails’ ability to: (1) generate yaw angle turning in both a

quadruped and a biped, (2) improve the quadruped’s ability to reject an externally applied



roll moment disturbance that would otherwise destabilize it, and (3) counteract the biped’s

roll angle instability when it lifts one of its legs (for example, during its gait cycle). Tail

simulations and experimental results are used to implement these case studies in conjunc-

tion with multi-body dynamic simulations of the quadrupedal and bipedal legged platforms.

Results successfully demonstrate the tails’ ability to maneuver and stabilize legged robots,

and provide a firm foundation for future work implementing a tailed-legged robot.



Hyperredundant Dynamic Robotic Tails for Stabilizing and

Maneuvering Control of Legged Robots

William S. Rone, Jr.

(GENERAL AUDIENCE ABSTRACT)

Looking to nature, animals utilize their tails to provide a variety of functions, including

maneuvering (changing direction) and stabilization (not falling). However, research to im-

plement tail-like structures that mimic these behaviors on-board legged robots has been

limited. Furthermore, prior research into robotic tails has focused on single-link, pendulum-

like structures that move in one (more common) or two (less common) directions. This

research studies articulated tail structures, inspired by the way biological tails continuously

bend along their length, to implement maneuvering and stabilizing behaviors in quadrupedal

(four-legged) and bipedal (two-legged) robots. Two new serpentine tail designs are presented

(serpentine robots are defined by numerous similar rigid links connected together), along

with dynamic models that predict how the tails move and the loading that they apply to

their legged robots. An additional dynamic model for a continuum robot is also presented

(continuum robots are defined by their continuous, deformable structure). Controllers that

plan and implement the maneuvering and stabilizing behaviors in the quadruped and biped

are generated, and case studies are presented demonstrating the tails’ ability to (1) turn

the quadruped and biped, (2) improve the quadruped’s ability to prevent tipping due to

an external roll disturbance, and (3) prevent the biped from tipping when lifting one of its

legs (for example, to step forward). Results are generated using both tail simulations and

prototypes of the two tail designs under consideration. These results are used in conjunction

with simulations of the quadrupedal and bipedal robots to implement the case studies.
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Chapter 1

Introduction

1.1 Background

The dominant approach for legged locomotion is to propel, maneuver and stabilize the robot

using its legs during locomotion. In bipedal robots, this stems from the field’s primary focus

on mimicking humanoid locomotion. In quadrupedal robots, this necessitates four spatial

legs with a minimum of 3 active degrees-of-freedom (DOF), resulting in systems with at

least 12 DOF. These DOFs must be controlled by sophisticated algorithms that simultane-

ously produce propulsion and maneuvering while maintaining stability. Furthermore, loss

of ground contact severely impairs the robot’s ability to perform these tasks, as the ground

contact loading at the feet is the legged robot’s implicit control input (based on the legs’

motion).

However, looking to legged animals, tails are commonly observed to perform one or more

functions that assist in locomotion ranging from propulsion [54, 59, 77, 78] to maneuvering

[22, 36, 58, 89] to stabilization [3, 5, 46, 54, 87, 93].
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Although these biological tails vary dramatically in terms of scale and function, a common

feature is their articulated structure. However, existing research in the field of robotic tails is

dominated by the implementation of one- and two-DOF pendulum-like tails consisting of a

single mass [74]. This dissertation aims to study ways in which articulated robotic structures

can be applied as robotic tails to aid the maneuvering and stabilization of legged robots.

1.2 Contributions

In this dissertation, the fields of robotic tails and hyperrredundant robotics intersect to con-

sider the use of bioinspired, articulated robotic tails to maneuver and stabilize quadrupedal

and bipedal legged robots. This dissertation presents work that provides the following con-

tributions to these fields:

1. Design: Two novel serpentine robotic tails of differing topology, degree of actuation and

redundancy resolution are conceptualized, designed and implemented as prototypes.

• The Roll-Revolute-Revolute Robotic Tail (R3RT) consists of a fully actuated

chain of rigid links connected by parallel revolute joints with rigid gears dis-

tributing loading within each actuated segment.

• The Universal-Spatial Robotic Tail (USRT) consists of an underactuated chain of

rigid links connected by universal joints with elastic springs distributing loading

within each actuated segment.

2. Dynamics: Dynamic models are generated for both serpentine and continuum struc-

tures and are cross-validated using alternative means of simulation and experimental

results.
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• Novel dynamic models for the R3RT and USRT are formulated, and simulation

results from these models are compared to experimentally measured joint and

loading trajectories.

• Novel dynamic models for cable- and rod-driven continuum robots are derived

that bridge the gap between existing segment-based lumped parameter models

and continuous distributed parameter models

• Cross validation of the continuum robot dynamics models is performed using finite

element analysis and experimental results

3. Controls: Outer- and inner-loop controllers are formulated, simulated and experimen-

tally implemented to implement maneuvering and stabilization behaviors using the

R3RT and USRT.

• An outer-loop controller is designed for using the two novel serpentine tails for

yaw-angle maneuvering of bipedal and quadrupedal robots.

• An outer-loop controller is designed for tail-based disturbance rejection for a

quadrupedal robot.

• An outer-loop controller is designed for tail-based active balancing for a bipedal

robot.

• Inner-loop controllers are formulated to generate the tails’ desired motion and

maintain minimum cable tensions in the USRT during motion.

• Case study simulations are generated to demonstrate the tails’ ability to maneuver

and stabilize simulated quadrupedal and bipedal robots.

4. Hardware-in-the-Loop Simulations: Experimentally measured tail loading is used in

conjunction with the quadrupedal and bipedal robot simulations to formulate hardware-

in-the-loop analyses to further demonstrate the tails’ capabilities.
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1.3 Dissertation Structure

The dissertation is organized as follows:

Chapter 1: Introduces the topic and outlines the main contributions of the dissertation.

Chapter 2: Reviews prior research associated with the two primary fields covering this

dissertation: robotic tails and hyperredundant robots.

Chapter 3: Discusses the factors that motivated the evolution of the tail designs and

discusses the research hypothesis.

Chapter 4: Presents the dynamic modeling for cable-driven and rod-driven continuum

robots initially planned to implement the articulated tails, along with associated simulation

and experimental results.

Chapter 5: Presents the two serpentine tail designs, including the design concepts, me-

chanical designs, electrical designs and prototype implementation.

Chapter 6: Presents the dynamic modeling for the two serpentine tail designs, including

definitions of the equations of motion, kinematic models, loading models and tail base loading

calculations. Simulation results are provided along with experimental validation.

Chapter 7: Presents the sensing and state estimation considerations for the two tails, the

outer-loop controller designs for maneuvering and stabilizing a quadruped and a biped, and

the inner-loop controller designs for implementing the desired tail trajectories on the two

tails.

Chapter 8: Presents case studies for maneuvering and stabilizing simulations of quadrupedal

and bipedal robots using both simulated and experimentally measured tail loading.

Chapter 9: Concludes the dissertation with a summary and a discussion about potential
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future work.

1.4 Selected Publications

Disclosure: This dissertation uses content directly adapted from the following journal pub-
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1. W. S. Rone, W. Saab, P. Ben-Tzvi, “Maneuvering and Stabilization Control of a

Bipedal Robot with a Universal-Spatial Robotic Tail”, Bioinspiration and Biomimetics,

ASME Journal of Dynamic Systems, Measurement and Control, Under Review, August

2017.

2. W. S. Rone, W. Saab, A. Kumar, P. Ben-Tzvi, “Controller Design, Analysis and

Experimental Validation of a Robotic Serpentine Tail to Maneuver and Stabilize a

Quadrupedal Robot”, ASME Journal of Dynamic Systems, Measurement and Control,

Under Review, November 2017.

3. W. S. Rone, W. Saab, P. Ben-Tzvi, “Design, Modeling and Integration of a Flexible
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no. 4, pp 041001: 1-14, August 2018.

4. W. Saab, W. S. Rone, A. Kumar, P. Ben-Tzvi, “Design and Integration of a Novel

Spatial Articulated Robotic Tail”, IEEE/ASME Transactions on Mechatronics, Under

Review, August 2018.

5. W. Saab, W. S. Rone, P. Ben-Tzvi, “Robotic Modular Leg: Design, Analysis and

Experimentation”, ASME Journal of Mechanisms and Robotics, vol. 9, no. 2, pp.
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6. W. S. Rone, P. Ben-Tzvi, “Mechanics Modeling of Multi-Segment Rod-Driven Con-

tinuum Robots”, ASME Journal of Mechanisms and Robotics, vol. 6, no. 4, pp.

041006: 1-12, November 2014.

7. W. S. Rone, P. Ben-Tzvi, “Continuum Robot Dynamics Utilizing the Principle of
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Additional papers related to the topic of this dissertation but not directly adapted into

chapters, sections or subsections of this dissertation include the journal publications [69, 74,

75] and the conference publications [65, 66, 67, 68, 70, 71].



Chapter 2

Literature Review

This chapter provides an overview of prior research associated with the two fields most closely

related to the focus of this dissertation: robotic tails (section 2.1) and hyperredundant robots

(section 2.2).

2.1 Robotic Tails

Similar to their biological counterparts, robotic tails can be classified by the functionality

they provide, including propulsion, maneuvering and stabilization. In relation to propulsion,

the most common use of a robotic tail is in aquatic applications for generating hydrodynamic

thrust similar to a fish [40, 81] or tadpole [37]. For terrestrial locomotion, tails have been used

to dynamically actuate legged locomotion [4], rapidly accelerate and decelerate a wheeled

robot [57] and climb vertical surfaces [60].

In relation to stabilization, tail-like pendulums have been used to compensate for the unde-

sired motion generated by a robot’s hopping motion [29, 45, 94] and adjust a quadruped’s

7
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COM while moving [52].

In relation to maneuvering, prior work has focused on implementing two functionalities:

yaw-angle steering for legged [11, 39] and wheeled [56] robots, and pitch-angle reorientation

while falling to land parallel to the ground [13, 33].

In addition to these tails designed to demonstrate a single functionality, multi-functionality

tails have also been presented. Chang-Siu et al. [12] present a tail that provides maneuvering

capabilities to re-orient the robot while airborne and stabilizing capabilities to reject the pitch

disturbance due to an obstacle. Ikeda and Toyama [31] present a system that uses its tail’s

pitching motion to propel a quasi-passive biped and its rolling motion to steer. Briggs et al.

[9] present a tail used to generate attitude maneuvers in an airborne quadruped and to reject

external disturbances acting on a quadruped.

Beyond their functionalities, existing robotic tails can also be classified by the DOF(s) in

which they operate. The majority of prior research focuses on single-mass, pendulum-like

tails operating in a single plane of motion. Tails rotating about the pitch axis have been

shown in the literature to be the most versatile, demonstrating propulsion [57], stabilization

[29, 45, 94] and maneuvering [33] capabilities. Tails rotating about the yaw axis have pri-

marily been utilized for propulsion [4, 37, 40, 60, 81], but have also demonstrated the ability

to impact the legged robot’s yaw angle maneuvering [11, 39]. Tails rotating about the roll

axis are the most limited of the single-DOF robotic tails, providing yaw-angle maneuvering

on a wheeled robot [56].

Research into multi-DOF, single-mass tails is more limited, but more promising in the array

of functionalities they can provide. These tails are classified by the reported or apparent

nominal configurations of the tails; however, as an example, a yaw-pitch joint becomes a yaw-

roll joint after rotating the yaw joint by 90◦. Chang-Siu et al. [13] studied a two-DOF tail
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comprised of a pitch-yaw joint pair used to adjust the robot’s yaw, pitch and roll orientations

as the robot falls. Mutka et al. [52] studied a two-DOF tail comprised of a yaw-pitch joint

pair used to adjust the robot’s COM position in the transverse plane during locomotion to

assist in stabilizing the robot. Ikeda and Toyama [31] studied a two-DOF tail comprised of

a pitch-roll joint pair used to propel a passive biped with its pitching motion and steer the

passive biped with its rolling motion. Briggs et al. [9] studied a two-DOF tail comprised of

a roll-pitch joint pair used to generate aerial maneuvers in its quadruped and stabilize its

quadruped by rejecting external disturbances.

2.2 Hyperredundant Robots

In nature, a wide variety of biological structures (such as tails, tentacles, snakes’ bodies and

elephants’ trunks) have morphologies which can be considered as hyperredundant, which are

characterized by having numerous redundant DOFs. Robotic systems that tend to mimic

these types of articulated structures are called hyperredundant, and may be categorized as

continuum or serpentine [64]. Continuum robots are defined by their theoretically infinite

DOFs and are capable of bending cotinuously along their length. Serpentine robots are

composed of a serial chain of numerous, similar (often identical) rigid links capable of forming

discretized curvatures.

The similarity of this type of robotic structure to biological tails motivated its consideration

in this research. Prior research related to the topics addressed in this dissertation may con-

sidered in three categories: continuum robot designs and modeling (section 2.2.1), serpentine

robot designs and modeling (section 2.2.2) and hyperredundant manipulator control (section

2.2.3).
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2.2.1 Continuum Robot Designs and Modeling

Continuum Robot Designs

Continuum robot designs may be classified by the form of their elastic structure. Solid core

structures are defined by a solid, elastic backbone that extends the length of the robot.

A common structure for which many researchers have analyzed the mechanics are cable-

driven spring-steel core robots with disks rigidly mounted to the core [43]. Alternatively,

serial chains of coil springs have been used to implement continuum robots designed to

be vertically hung [17, 61]. Solid core structure with non-metallic cores have also been

demonstrated, including a design in which plastic interlocking fibers are used as both the

structure and actuation mechanism for the robot [51], along with a silicone octopus-tentacle-

like robot designed for use underwater [62].

Fluid core structures use a flexible solid structure containing pressurized air to provide

structural support for the continuum robot. The most common approach is the use of a

single pneumatic tube with cables routed along the structure to deform the variable-stiffness

pneumatic tube to the desired configuration [1, 32, 49]. Alternatively, the continuum robot’s

segments can be comprised of sets of three pneumatic muscles or bellows capable of extending

and retracting based on their pressurization [21, 50]. By adjusting the relative pressurization

of the three actuators, the shape of the robot can be controlled. Finally, a elastomeric

structure with embedded microchannels for fluid pressurization has also been demonstrated

on the meso-scale [47].

Precurved tube robots consist of a set of hyperelastic tubes of increasing inner and outer

diameter, capable of nesting within one another [18, 73]. The relative extension and rotation

of the tubes with respect to one anther changes the configuration of the robot.
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For this work, precurved tube robots were set aside due to the need for highly dynamic

motions of the robot, which are limited by the high level of contact friction between the

constituent parts. Likewise, fluid core structures provide severe limitations with respect to

their implementation in field robots. Whether the core is filled with liquid or gas, in addition

to any actuators driving the structure’s motion, pumps, regulators and other equipment are

needed to maintain the core’s pressurization. Therefore, a solid core structure was initially

considered to implement the robotic tail.

In addition to the cable-driven actuation described in [43] and further considered in [26,

35, 72] for spring-steel solid core robots, rod-driven actuation has also been demonstrated

[80, 91]. As a result, the relative merits of both forms of actuation were considered when

analyzing the continuum robot’s suitability as a robotic tail.

Continuum Robot Modeling

Previous efforts to model continuum robot motion may be categorized into two approaches:

low-fidelity lumped parameter models and high-fidelity distributed parameter models. The

low-fidelity lumped parameter models assume that each actuated segment of the robot may

be characterized by a single circular arc, whereas the high-fidelity distributed model rep-

resents the continuum robot with a spatial parameterized curve or a 3-D volume. Purely

kinematic models have been derived for the lumped parameter models, static models have

been derived for the distributed parameter models, and dynamic models have been derived

for both.

The previously studied lumped-parameter models are characterized as low fidelity because

they ignore the curvature variations along their actuated segments due to loading such as

gravity, friction, or contact forces. Webster III and Jones [88] provide a detailed review
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of constant-curvature kinematic methods for continuum robots that feature direct analyt-

ical calculation of continuum segment shape using actuation inputs for different actuation

structures (e.g., cable or rod displacement, pneumatic bellow pressure). Prior research has

also studied lumped parameter dynamic models. Tatlicioglu et al. [82] and Godage et al.

[25] adapted the Euler-Lagrange equations by formulating a Lagrangian from the kinetic

energy (due to continuum robot motion), potential energy (due to elasticity and gravity),

and actuation effects for pneumatic [82] and hydraulic [25] continuum robots. When only

considering elasticity and actuation and with special design considerations for the arm itself

(e.g., optimal spacing between disks), this lumped-paramter approach is a valid assumption.

However, in the presence of gravity, inertia and other external forces, the accuracy is reduced

[34].

The previously studied distributed parameter models are characterized as high fidelity be-

cause they allow for an arbitrary shape of the continuum robot in response to the applied

loading. Time-invariant static formulations have been studied extensively using a variety

of analytical methods, including Cosserat rod theory [34, 62] and local minimization of an

energy function [73]. In addition, dynamic models have been studied to also account for

inertia. Rucker and Webster III [72] and Lang et al. [41] formulated dynamic Cosserat rod

models, resulting in a set of coupled partial differential equations (PDEs) defining the dy-

namics. Gravagne et al. [26] utilized Hamilton’s principle to formulate the dynamics as a set

of PDEs for a cable-driven robot. Although these models are capable of capturing variations

in curvature within a given segment, they lack a finite joint space intrinsically defined by the

structure of the robot; instead, for numerical solutions of the dynamic PDEs, a mesh is used

to sufficiently discretize the tail structure to capture the mass variations along its length.

The separation between these two approaches—low-fidelity lumped-parameter models versus

high-fidelity distributed parameter models—motivated the high-fidelity, lumped parameter
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continuum robot modeling approach in Chapter 4. Prior work in this area had been limited:

Xu and Simaan [92] used a subsegment-based analysis for rod-driven continuum robot statics

using constrained minimization. Jung et al. [35] utilized a lumped mass model for each disk

and Newton’s second law to formulate the dynamic equations of motion for a cable-driven

continuum robot. Giri and Walker [24] utilized a similar mass-spring-damper model to

simulate a pneumatic-muscle based continuum robot using Lagrangian mechanics.

2.2.2 Serpentine Robot Designs and Modeling

Serpentine Robot Designs

The field of serpentine robotics is dominated by system designs to implement snake-like loco-

motion [7, 48, 55, 90]. As a result, in comparison to the breadth of continuum manipulators,

the range of hyperredundant serpentine manipulators is more limited.

One set of serpentine robotic manipulators is comprised of robots designed to be hung verti-

cally [6, 19, 28]. Although suitable for pick-and-place operations, their mass is such that they

would exhibit significant sag is operated in a cantilevered mode. Another set of serpentine

robotic manipulators are long, slender structures designed primarily for decommissioning

work inside nuclear reactors [30, 53]. Kim et al. [38] demonstrates a serpentine manipula-

tor lacking conventional joints; instead, cabling is used to reconfigure a serial chain of links

rotating with respect to one another on cylindrical surfaces.

Overall, the limited variety of serpentine tail designs motivates the study of new designs.

However, these new designs are built on lessons demonstrated by these serpentine structures

and their prior implementation.
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Serpentine Robot Modeling

Likewise, much of the existing literature related to serpentine robot dynamics focuses on the

modeling of snake-like locomotion, not manipulation. Furthermore, since serpentine robots

are simply conventional robots with more links, conventional approaches for modeling the

kinematics and dynamics of the structures may also be applied.

Chirikjian and Burdick [15] analyze a method for approximating the kinematics of a serpen-

tine robot using Bessel functions and shaping the robot to the desired configuration repre-

sented by the continuous curve. Chirikjian [14] approximates the dynamics of a serpentine

manipulator by representing it as a continuum body and analyzing the dynamics utilizing

continuum mechanics conservation equations. Gallardo-Alvarado and Rico-Mart́ınez [23]

utilize screw theory to represent the kinematics of a serpentine robot comprised of a serial

chain of parallel mechanisms. Hannan and Walker [28] formulate the velocity kinematics of

their elephant trunk manipulator and utilizes these formulations to guide control synthesis.

Lau et al. [42] formulates the inverse dynamics of a cable-driven serpentine manipulator.

2.2.3 Hyperredundant Manipulator Control

Similar to the fields of serpentine robot design and modeling, prior research focused on

controllers for serpentine manipulators is limited compared to those focused on ground-

supported snake-like robots and controllers designed to implement locomotion patterns.

Furthermore, much of the prior work associated with continuum robot control focuses on can-

tilevered structures operating as manipulators. Therefore, despite this dissertation’s control

analysis focusing on serpentine robot control, this section considers the control of hyperre-

dundant manipulators in general.

Hyperredundant robot controllers are primarily differentiated by whether or not they utilize
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a model of the robot in the control formulation. Prior work into controllers that do not use

a system model include PID-based approaches and neural-network based approaches. Ex-

amples of PID-based controllers include individual joint controllers [25] and a PD-controller

acting based on segment curvatures [28]. Neural-network-based controllers utilize online tun-

ing of the neural network during use of the robot, as either a standalone controller [44] or as

a feedforward contribution to a controller that also employs a model-free nonlinear feedback

loop [8]. This approach is particularly beneficial for continuum-type robots for which the

robot’s continuous deformation makes state modeling challenging.

Model-based approaches augment aspects of the model-free approaches (specifically, PID-

based control terms) with additional considerations for the modeled kinematics and/or dy-

namics of the robot. Prior work has utilized the robots’ Jacobians to map task-space sensor

data into the joint-space in real time [2, 10, 16], dynamics-based controllers for vibration

damping [26], and feedback-linearization-based impedance control [83].



Chapter 3

Problem Statement and Proposed

Solution

The state of research into robotic tails as discussed in Chapter 2 demonstrated clear short-

comings in relation to implementing bioinspired articulated robots as robotic tails. This

chapter defines the factors motivating this research (section 3.1), along with the research

hypothesis addressed in this dissertation (section 3.2).

3.1 Research Motivation

In general, the key motivating factor for including a robotic tail (either pendulum or artic-

ulated) on-board a legged robot is the tail’s ability to generate loading independent of the

ground contact. During a gait cycle, the nature of contact between the robot and ground

changes constantly, either by design, during to the planned gait cycle, or unexpectedly, due

to irregular terrain or external disturbance. The legs require ground contact in order to

generate the external loading needed to maneuver or stabilize the robot; tails are capable of

16



3.1. Research Motivation 17

generating their loading regardless of ground contact.

An additional motivating factor for including a robotic tail is its ability to offset some of the

required control functionalities in terms of maneuvering and stabilization from the legs to

the tail. This could allow reduced complexity leg designs to meet or exceed the performance

of their more complex counterparts. In particular, the ability to use planar leg mechanisms

in high performance quadrupeds or bipeds is particularly appealing.

Beyond these general motivating factors for the inclusion of any type of tail, the motivating

factors which led to the articulated serpentine tail designs presented in chapter 5 via the

continuum robot designs considered in chapter 4 are also presented. Although an subset of

several of these motivating factors initially led to the consideration of continuum robots as

robotic tails, the experience analyzing the continuum robot designs and dynamics further

refined and enhanced those factors, resulting in these here outlined.

The most fundamental requirement of the robotic tail is that it be multi-purpose. In order to

justify the inclusion of such a structure on-board a mobile robot eventually envisioned for field

deployment, a tail must be able to assist in multiple functionalities relating to maneuvering

and stabilization. To best enable this, the tail should be capable of spatial motion, which

will allow for loading to be generated to affect the pitch, yaw and roll dynamics of the legged

robot.

Furthermore, the tail should be capable of generating significant dynamic loading during

operation. Many of the hyperredundant robotic designs discussed in section 2.2 cannot

achieve the high speed motions that will be necessary to generate sufficient inertial loading

to aid in maneuvering or stabilization.

A robotic tail must also effectively cantilever when attached to a legged robot. A key

shortcoming of continuum robots is the high stiffness required in the structure to resist
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excessive sag when cantilevered. Existing macro-scale continuum robots use pneumatics or

coil springs to form their structures, but pneumatics do not lend themselves to controlled

highly dynamic motion, and coil spring structures have only been demonstrated in vertical

hanging orientations. Furthermore, the uniform stiffness along existing solid-core continuum

robots does not facilitate asymmetric elastic loading in the tail’s vertical direction, in which

gravity acts, and in the tail’s horizontal direction, in which it does not. This motivating

factor, along with the challenges of effectively sensing the continuum robot’s shape, was a

key reason for the shift from continuum robotic tails to serpentine robotic tails.

Minimizing the number of actuators along the tail is another key factor. Instead of individu-

ally actuating each joint along the tail, different forms of coupling should be used to resolve

redundancy. For example, rigid kinematic coupling (such as gears) could be used to ensure

fixed relationship between link rotations, or elastic mechanical coupling (such as springs)

could be used to help distribute actuation along the tail. Depending on the nature of the

coupling used, this minimum number may differ, but excess actuation should be avoided.

Finally, the robotic tail should be capable of forming multiple curvatures along its length,

actuated at least quasi-independently, with actuation localized at the base. Single-segment

robots are more limited in their COM workspace than multi-segment robots, and greater

flexibility in moving the COM provides greater functionality. Localizing actuation at the

base will allow for greater control over the tail dynamics by reducing the need to incorporate

bulky actuators along the structure.

3.2 Research Hypothesis

The hypothesis driving this research is that articulated robotic tails can be used to effec-

tively assist in the maneuvering and stabilization of legged robots. To test this hypothesis,
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case studies are performed (chapter 8) to analyze the performance of controllers (chapter 7)

designed to implement desired maneuvering and stabilization behaviors on two novel serpen-

tine tail designs (chapter 5). In support of this analysis, dynamic models of the serpentine

tail designs are formulated (chapter 6), along with dynamic models for the continuum robot

designs initially envisioned for implementing the robotic tails (chapter 4).



Chapter 4

Continuum Robot Dynamics

Initially, continuum robotic structures were considered to implement the robotic tails. How-

ever, existing modeling approaches for continuum robot dynamics were either too low-fidelity

to capture the continuous deformation along the robot or implemented using computation-

ally inefficient distributed parameters, as highlighted in section 2.2.1. Therefore, as an initial

step toward continuum tails, a novel method was studied to formulate the dynamic equations

of motion for both cable-driven and rod-driven elastic core continuum robots in a manner

capable of capturing curvature variations along the robot and defined by a finite set of state

coordinates.

This chapter is organized as follows: Section 4.1 discusses the discretization of the continuum

robot used to formulate the finite-state tail model capable of capturing the tail’s continuous

curvature deformation. Section 4.2 presents the cable-driven and rod-driven continuum robot

designs that are modeled in this chapter. Section 4.3 formulates the continuum robot’s

equations of motion using the method of virtual power. Section 4.4 models the kinematics

of the continuum robot, including generalized formulations for the disk orientations, linear

positions and angular velocities and actuation-specific formulations for cable- and rod-driven

20
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considerations. Section 4.5 calculates the loading effects contributing to the continuum

robot dynamics, including inertia, gravity, coupling and actuation. Section 4.6 simulates

cable-driven and rod-driven continuum tails and validates aspects of these simulations using

experimental results and finite element analysis.

4.1 Continuum Robot Discretization and Modeling

Modeling continuum robot mechanics poses several challenges in comparison to conventional

robots with discrete joints [84], including: (1) Joint Space Definition: there is no intrinsic

discrete set of variables that composes the joint space—the arm’s continuous nature leads

to theoretically infinite degrees of freedom; (2) Importance of Elasticity: unlike many con-

ventional robots in which it is considered as secondary effect, elasticity plays a key role

in determining the continuum robot’s shape; and (3) Actuation Localization: continuum

robots typically localize actuation at the base of arm and transmit the actuation along the

structure, and this actuation transmission to a distant segment will also load intermediate

segments through which it is routed.

In this chapter, a novel high-fidelity, lumped parameter model for discretizing a continuum

robot to formulate the continuum robot dynamics using the principle of virtual power is

presented. Instead of modeling a continuum robot segment as a single circular arc, a serial

chain of subsegment circular arcs defines the segment shape. A subsegment is defined as

the length of continuum core separating two disks. This methodology provides a systematic

way of discretizing the continuum robot into a set of state coordinates and is capable of

incorporating actuation, friction, elastic, and gravitational loading effects. Xu and Simaan

[92] previously used subsegment-based analysis for the statics of a rod-driven continuum

robot. However, the governing equations needed to be solved using an optimization solver
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and were not formulated in the standard dynamic form of coupled ordinary differential

equations.

The primary benefit of the proposed high-fidelity lumped parameter subsegment model is

the balance it achieves between previous low-fidelity lumped parameter and high-fidelity

distributed parameter models. Like the lumped parameter models, the continuum robot

shape is defined by a finite set of variables, instead of a parameterized spatial curve like the

distributed parameter model. However, the proposed model can also capture variation in

curvature along the robot’s length, unlike previous lumped parameter models. In addition,

unlike the distributed parameter models, the dynamic equations of motion using the subseg-

ment modeling approach results in a set of coupled ordinary differential equations in time,

instead of coupled partial differential equations in time and one-dimensional space. In addi-

tion, there are also benefits to the modeling approach that stem from the use of the method

of virtual power. Unlike the Newton-Euler method, explicit internal force calculations are

not needed at each disk, improving computational efficiency, and unlike the Euler-Lagrange

method, direct numerical calculation of the loading effects present in the tail can be used,

instead of requiring differentiable energy functions for each type of loading.

4.2 Continuum Robot Designs

Figure 4.1 illustrates the design schematics of the single-segment cable-driven continuum

robot and multi-segment rod-driven continuum robots considered in this analysis. In terms

of structure, a spring steel elastic core acts as the robot’s backbone, along which are rigidly

mounted eight disks. The cable-driven robot in Fig. 4.1a has three cables spaced at 120◦

intervals that route through holes at a fixed distance from the disk centers. These cables all

terminate/tie off at disk 8, resulting in a single-segment structure. The rod-driven robot in
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Fig. 4.1b has six rods spaced at 60◦ intervals at similar fixed distances from the disk centers.

A two-segment continuum robot is created by rigidly attaching three of the rods to disk 4

and the other three rods to disk 8.

Elastic CoreDisk iSubsegment i

Cable 1 Cable 2 Cable 3

(a) Cable-driven continuum robotic structure

Elastic Actuation Rod

Elastic CoreDisk iSubsegment i

(b) Rod-driven continuum robotic structure

Figure 4.1: Continuum robotic structures under consideration with rigid-body discretizations
illustrated.

These continuum robot structures lead to a natural choice for the robot’s discretization into

subsegments, for which each disk is modeled as a rigid body. The mass and inertia of each

rigid body are determined by the mass and inertia of the disk, the elastic core surrounding

the disk, and the actuation rods surrounding the disk, which is illustrated in Fig. 4.1

for the both actuation structures. The kinematic model assumes circular subsegment arcs

separate each rigid body, and each subsegment’s elastic and damping effects apply moments

to the subsegment’s two adjacent disks. Compressive and shear loads are neglected due

to the relative incompressibility of the elastic core compared with its bending and twist.

Furthermore, torsion is neglected in the rod-driven design analysis due to the actuating rods

added resistance to twist.
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4.3 Continuum Robot Equations of Motion

The method of virtual power, also called Kane’s method, uses variational calculus to calculate

the dynamics of a system by minimizing the virtual power of the external forces and moments

applied to the system [63]. It has been previously applied to both rigid-link [27, 95] and

flexible [20] robotic systems. This scalar virtual power P is found by adding the dot products

of each rigid body i’s net moment Mi,bdy and force Fi,bdy with the associated rigid body i

angular velocity ωi and rigid body i COM linear velocity vi, as shown in Eq. 4.1 for the 8

rigid-bodies comprising the modeled system. To take the variation of this equation, a set

of state coordinates q ∈ R
n and their derivatives q̇ ∈ R

n are used to define the system’s

dynamic configuration, where n is the number of state coordinates (n = 24 for the cable-

driven structure, n = 16 for the rod-driven structure).

P =
8∑

i=1

(Mi,bdy · ωi + Fi,bdy · vi) (4.1)

The velocities ωi and vi of each rigid body i may be defined with respect to q̇ using the rigid

body i angular velocity Jacobian Jω,i and rigid body i linear velocity Jacobian Jp,i, as shown

in Eq. 4.2. Using this velocity formulation, the virtual power variation ΔP may be found

using Eq. 4.3. To minimize the virtual power, set ΔP = 0. To enforce this condition for

any arbitrary state velocity variation Δq̇, Eq. 4.4 is formulated for each column {1, · · · , n}
of Jω,i and Jp,i, which defines an equation of motion for each coordinate of q.

ωi = Jω,iq̇, vi = Jp,iq̇ (4.2)
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ΔP =

([
8∑

i=1

(Mi,bdy · Jω,i + Fi,bdy · Jp,i)

]
Δq̇

)
(4.3)

8∑
i=1

(
Mi,bdy · (Jω,i){1,··· ,n} + Fi,bdy · (Jp,i){1,··· ,n}

)
= 0 (4.4)

The net moments Mi,bdy and forces Fi,bdy are composed of two types of effects: inertial and

active. Inertial effects are due to the rigid bodies’ resistance to changes in acceleration.

Active effects are due to both external loading (such as actuation, gravity, or contact forces)

and internal coupling effects (such as elasticity and damping). Furthermore, Mi,bdy and Fi,bdy

are based on loading applied at each rigid body’s COM; if a force is applied on a rigid body

at a point other than its COM, an equivalent force and moment at the center of mass is

calculated.

4.4 Continuum Robot Kinematic Model

As discussed in section 4.3, a set of state coordinates and their velocities are needed to define

the dynamic configuration of the system. Based on the subsegment discretization in section

4.2, either two or three scalar coordinates are used to describe the relative configuration for

subsegment i between disks i − 1 and i, depending on the system’s actuation transmission

mechanism. For both cable-driven and rod-driven structures, two orthogonal subsegment

curvatures βi and γi are defined for the pitch (βi) and yaw (γi) components of the net

curvature, and for cable-driven structures, the subsegment roll twist angle εi is also defined (in

the subsequent analysis, for rod-driven structures, εi ≡ 0). These parameters are illustrated

in Fig. 4.2a for subsegment i between disks i − 1 and i. These n = 24 (cable-driven) or

n = 16 (rod-driven) coordinates are collected into the state vector q, as shown in Eq. 4.5.
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βi = 1/r
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(a) Continuum robot state coordinates
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(b) Continuum robot additional coordinates

Figure 4.2: Continuum robotic coordinates.

q =

⎧⎪⎨
⎪⎩

[β1, γ1, ε1, β2, γ2, ε2, · · · , βn, γn, εn]
T , Cable-Actuated

[β1, γ1, β2, γ2, · · · , βn, γn]
T , Rod-Actuated

(4.5)

To simplify the analysis, three intermediate variables are defined in Eq. 4.6: the subsegment

curvature magnitude ki; the bending plane angle φi; and the subsegment bending angle θi,

where L0 is the subsegment length. An illustration of these parameters is shown in Fig.

4.2b. Each disk has a local coordinate system coincident with its center of mass. For disk

i, the disk-fixed coordinate system is x̂i, ŷi, ẑi. The inertial base frame of the continuum

robots is represented by x̂0, ŷ0, ẑ0. A superscript other than T denotes the frame in which

a vector or matrix is defined; if a superscript is omitted, that vector or matrix is defined

with respect to the inertial base frame.

ki =
√
β2
i + γ2

i , φi = atan2 (γi, βi) , θi = kiL0 (4.6)

Based on geometric analysis [88], the position vector pi−1
(i−1)i from the frame i − 1 origin to
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the disk i COM is defined in Eq. 4.7. For this and other expressions, special consideration

must be made for cases in which ki = 0. Analytically, the expressions all become zero

divided by zero. However, as the limit of ki approaches 0, the coordinates asymptotically

approach pi−1
(i−1)i = [0, 0, L0]

T . In numerical solvers, this singularity (and others throughout

the analysis) are avoided by substituting the asymptotic values when ki ≈ 0. In addition,

based on this lumped parameter modeling approach, the torsion does not contribute to the

subsegment’s position vector. Instead, it is incorporated as a rotation between rigid bodies.

pi−1
(i−1)i =

[
cosφi (1− cos θi)

ki
,

sinφi (1− cos θi)

ki
,

sin θi
ki

]T
(4.7)

Three sequential rotations are used to formulate the relative orientation Ri−1
(i−1)i between rigid

bodies i−1 and i: (1) a rotation by φi about the z-axis, (2) followed by a rotation by θi about

the y-axis, (3) followed by a rotation of εi−φi about the z-axis, as defined in Eq. 4.8, where

RZ (·) and RY (·) represent rotation matrices for z-axis and y-axis rotations, respectively,

of angle (·). The −φi term in the third rotation ensures the frame is not subjected to a

“torsional” rotation along the subsegment due to the first rotation [88].

Ri−1
(i−1)i = RZ (φi)RY (θi)RZ (εi − φi) (4.8)

The relative angular velocity ωi−1
(i−1)i between rigid bodies i − 1 and i is defined based on

the motion of the z-axis unit vector ẑi−1
(i−1)i of the rotation matrix Ri−1

(i−1)i, along with the

subsegment i twist velocity ε̇i. The derivatives ˙̂z
i−1

(i−1)i and ε̇i can be related to ωi−1
(i−1)i using

Eqs. 4.9 and 4.10, and the definition of the vector triple product in Eq. 4.11 may be used

in conjunction with these expressions to formulate ωi−1
(i−1)i in Eq. 4.12.
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˙̂z
i−1

(i−1)i = ωi−1
(i−1)i × ẑi−1

(i−1)i (4.9)

ε̇i = ωi−1
(i−1)i · ẑi−1

(i−1)i (4.10)

ẑi−1
(i−1)i ×

(
ωi−1

(i−1)i × ẑi−1
(i−1)i

)
=
(
ẑi−1
(i−1)i · ẑi−1

(i−1)i

)
ωi−1

(i−1)i −
(
ẑi−1
(i−1)i · ωi−1

(i−1)i

)
ẑi−1
(i−1)i (4.11)

ωi−1
(i−1)i = ẑi−1

(i−1)i × ˙̂z
i−1

(i−1)i + ε̇iẑ
i−1
(i−1)i (4.12)

Rotation matrices Ri for each disk’s orientation may be found recursively using Eq. 4.13,

where E3 is the 3-by-3 identity matrix. With these, the disk i center/COM position pi and

angular velocity ωi may be defined with respect to the inertial base frame in Eqs. 4.14 and

4.15.

Ri =

⎧⎪⎨
⎪⎩

E3, i = 0,

Ri−1R
i−1
(i−1)i, i > 0

(4.13)

pi =

⎧⎪⎨
⎪⎩

pi−1
(i−1)i, i = 1

pi−1 +Ri−1p
i−1
(i−1)i i > 1

(4.14)

ωi =

⎧⎪⎨
⎪⎩

ωi−1
(i−1)i, i = 1

ωi−1 +Ri−1ω
i−1
(i−1)i i > 1

(4.15)
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To aid in the formulation of the derivatives of Eqs. 4.14 and 4.15, Eq. 4.16 may be used

to reformulate the derivative of a rotation matrix in terms of its angular velocity and the

rotation matrix itself.

Ṙi = ωi ×Ri (4.16)

In addition to these general kinematic analyses applicable to both cable-driven and rod-

driven robots, actuation-specific kinematic analyses are needed to support the calculation of

the external loading terms in section 4.5.

4.4.1 Cable-Specific Kinematic Calculations

For the single-segment, cable-driven continuum robot, Eq. 4.17 defines the disk-frame fixed

positions rii,k,cbl of the disk i cable k ∈ {1, 2, 3} routing holes, where rhl is the radial distance

of the hole from the disk center and αk is the angle from x̂i
i to rii,k,cbl about ẑ

i
i. With this,

the position vector p(i−1)i,k,cbl of the cable k subsegment from disk i− 1 to disk i is defined.

rii,k,cbl = rhl

⎡
⎢⎢⎢⎢⎣

cosαk

sinαk

0

⎤
⎥⎥⎥⎥⎦ , αk = 120◦ (k − 1) (4.17)

p(i−1)i,k,cbl = Ri−1

(
−ri−1

i−1,k,cbl + pi−1
(i−1)i

)
+Rir

i
i,k,cbl (4.18)

In addition to the cable positions, the sliding velocity between cable k and its disk i routing

hole is also needed. In order to determine this, the rate of change of each cable’s subsegment

lengths will be calculated. For cable k in subsegment i, Li,k,cbl,ss is the subsegment cable
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length, defined in Eq. 4.19. Its derivative L̇i,k,cbl,ss, defined in Eq. 4.20, can be used to

recursively calculate the cable’s sliding velocity ḋi,k,cbl with respect to disk i. Because each

cable is tied to disk i = 8, by definition there is zero sliding velocity at this disk. For the

disks i < 8, the sliding velocity is the sum of the disk i + 1 cable k sliding velocity ḋi+1,k,cbl

and the cable k subsegment i+1 length rate of change L̇i+1,k,cbl,ss. These two definitions are

shown recursively in Eq. 4.21.

L2
i,k,cbl,ss = p(i−1)i,k,cbl · p(i−1)i,k,cbl (4.19)

L̇i,k,cbl,ss =
p(i−1)i,k,cbl · ṗ(i−1)i,k,cbl

Li,k,cbl,ss

(4.20)

ḋi,k,cbl =

⎧⎪⎨
⎪⎩

0, i = 8

ḋi+1,k,cbl + L̇i+1,k,cbl,ss, i < 8
(4.21)

4.4.2 Rod-Specific Kinematic Calculations

For the two-segment, rod-driven continuum robot, Eq. 4.22 defines the disk-frame fixed

positions rii,k,rod of the rod k ∈ {1, . . . , 6} routing holes, where rhl is the distance from the

disk center to the routing hole and αk is the angle from x̂i
i to rii,k,rod about ẑii.

rii,k,rod = rhl

⎡
⎢⎢⎢⎢⎣

cosαk

sinαk

0

⎤
⎥⎥⎥⎥⎦ , αk =

⎧⎪⎨
⎪⎩

120◦ (k − 1) , k ∈ {1, 2, 3}
120◦ (k − 4) + 60◦, k ∈ {4, 5, 6}

(4.22)

Using these hole position vectors, a mathematical formulation for the rod k subsegment i

curvature ki,k can be determined. Each subsegment’s actuation rods (six in segment 1, three

in segment 2) are assumed to bend as circular arcs in planes parallel to the core subsegment
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bending plane defined by φi. The curvature ki,k is calculated from ki, φi and ri−1
i−1,k,rod by

assuming the actuation rods’ circular arcs are concentric with the core’s circular arc, since

the subsegment i core and rods are assumed to be orthogonal to the surfaces of subsegment’s

adjacent disks i− 1 and i. The intersection of the two disk planes defines the locus of points

on which the centers of these circular arcs lie. The rod curvatures are found by determining

the radius of curvature offset δi,k of rod k subsegment i relative to the core’s radius of

curvature 1/ki using Eq. 4.23. Figure 4.3 illustrates the hole position vectors and offsets for

a three-rod subsegment, with hole positions defined by Eq. 4.22 for k ∈ {1, 2, 3}. This offset
δi,k may then be added to the core’s radius of curvature 1/ki to determine the rod’s radius

of curvature 1/ki,k. This expression is solved for ki,k in Eq. 4.24

δi,k =

⎡
⎢⎢⎢⎢⎣

cosφi

sinφi

0

⎤
⎥⎥⎥⎥⎦ · ri−1

i−1,k,rod (4.23)

ki,k =
ki

1− kiδi,k
(4.24)

The unit vector F̂i,k,rod,con of the rod k contact force acting on disk i is calculated from the

bending plane angle of subsegment i + 1, defined in Eq. 4.25. The position vector pi,k,rod

from the rod k base to its disk i routing hole is defined using Eq. 4.26.

F̂i,k,rod,con = Ri

⎡
⎢⎢⎢⎢⎣

cosφi+1

sinφi+1

0

⎤
⎥⎥⎥⎥⎦ (4.25)

pi,k,rod = −r0,k,rod + pi +Rir
i
i,k,rod (4.26)
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δi,2= δi,3

ri-1,2,rodi-1

ri-1,3,rodi-1

δi,1 , ri-1,1,rodi-1

Figure 4.3: Curvature radius offsets when φ = 0.

The sliding velocity ḋi,k,rod between rod k and disk i is also calculable from the robot kinemat-

ics. The length Li,k,rod,ss of the rod k subsegment i and its derivative L̇i,k,rod,ss are calculated

using Eq. 4.27. The sum of these rod k subsegment velocities from a chosen disk i to the

rod’s termination disk Nk results in ḋi,k,rod, defined recursively in Eq. 4.28.

Li,k,rod,ss =
kiL0

ki,k
, L̇i,k,rod,ss =

L0

(
ki,kk̇i − kik̇i,k

)
k2
i,k

(4.27)

ḋi,k,rod =

⎧⎪⎨
⎪⎩

0, i ≥ Nk

L̇i+1,k,rod,ss + ḋi+1,k,rod, i < Nk

(4.28)

4.5 Continuum Robot Loading Model

Four sources of loading contribute to the cable-driven and rod-driven structures’ loading

Fi,bdy and Mi,bdy, as defined in Eq. 4.29: inertial loading (Fi,inr and Mi,inr), actuation
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loading (Fi,act and Mi,act), gravitational loading (Fi,grv) and coupling loading (Mi,cpl).

Fi,bdy = Fi,inr + Fi,grv + Fi,act, (4.29)

Mi,bdy = Mi,inr +Mi,cpl +Mi,act (4.30)

The gravitational loading only consists of a force term since gravity acts at the COM of each

tail rigid body. The coupling loading only consists of a moment term since compressive and

shear effects are neglected in the presence of the dominant bending effects in both models

and torsional effects in the cable-driven model.

4.5.1 Inertial Loading

Equations 4.31 and 4.32, define the rigid body i inertial force Fi,inr and moment Mi,inr,

where mi,bdy is the rigid body i mass and Ii,bdy is the rigid body i moment of inertia. Ii,bdy

depends on both the disk orientation and the body-frame fixed radial I ii,bdy,xx and axial

I ii,bdy,zz moments of inertia, defined in Eq. 4.33.

Fi,inr = −mi,bdyp̈i (4.31)

Mi,inr = −Ii,bdyω̇i − ωi × Ii,bdyωi (4.32)
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Ii,bdy = Ri

⎡
⎢⎢⎢⎢⎣

I ii,bdy,xx 0 0

0 I ii,bdy,xx 0

0 0 I ii,bdy,zz

⎤
⎥⎥⎥⎥⎦RT

i (4.33)

4.5.2 Gravitational Loading

Gravitational loading accounts for the body forces on the robot due to gravity. The force

on each disk Fi,grv, defined in 4.34, is applied at each disk’s COM, where g is gravitational

acceleration.

Fi,grv = −mi,bdygx̂0 (4.34)

4.5.3 Coupling Loading

Coupling loading accounts for the elastic and damping effects between pairs of adjacent rigid

bodies. In this analysis, the coupling effects considered include bending and torsional forms

of elasticity and damping.

Equation 4.35 defines the disk i coupling moment Mi,cpl based on its adjacent subsegments i

and i+1 (for the terminal disk i = 8, there is no subsegment i+1 = 9), where Mi,{i,i+1},bnd,

Mi,{i,i+1},tor, and Mi,{i,i+1},dmp are the elastic bending, elastic torsion and damping moments,

respectively, at disk i from subsegment {i, i+ 1}. Intermediate disks i < 8 are loaded with

the difference of the two adjacent subsegments’ bending/torsion/damping moments, while

the terminal disk i = 8 is loaded with the final subsegment’s bending/torsion/damping

moments. This formulation also ensures that a given subsegment applies equal and opposite

loading at its two ends; a requirement for internal loading.
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Mi,cpl =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

⎛
⎜⎝ Mi,i+1,bnd +Mi,i+1,tor +Mi,i+1,dmp

−Mi,i,bnd −Mi,i,tor −Mi,i,dmp

⎞
⎟⎠ i < 8

−Mi,i,bnd −Mi,i,tor −Mi,i,dmp i = 8

(4.35)

Elastic Bending Loading

Bending a continuum tail’s subsegment generates an elastic moment on the disks adjacent

to that subsegment in opposition to that bending. For both cable-driven and rod-driven

structures, the tail’s continuum core contributes to that bending elasticity, but in rod-driven

structures, the rods’ elasticity also contributes. Equation 4.36 provides a general formulation

for the subsegment {i, i+ 1} bending moment Mi,{i,i+1},bnd acting on disk i, with its magni-

tude M{i,i+1},bnd,{cbl,rod} uniquely defined for the cable-actuated and rod-actuated structures,

and its direction defined as normal to the bending plane.

Mi,{i,i+1},bnd = M{i,i+1},bnd,{cbl,rod}Ri−1

⎡
⎢⎢⎢⎢⎣
− sinφ{i,i+1}

cosφ{i,i+1}

0

⎤
⎥⎥⎥⎥⎦ (4.36)

For the cable-actuated structure, the only source of bending elasticity is the continuum

core. Assuming a linear elastic model, the core’s subsegment i bending moment magnitude

Mi,bnd,core may be defined using Eq. 4.37, where Ecore and Jxx,core are the continuum core’s

Young’s modulus and cross-section second moment of area, respectively. The cable-actuated

robot’s subsegment bending magnitude Mi,bnd,cbl may then be defined using Eq. 4.38.
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Mi,bnd,core = EcoreJxx,coreki (4.37)

Mi,bnd,cbl = Mi,bnd,core (4.38)

For the rod-actuated structure, in addition to the core’s bending elasticity, the actuating

rods also resist bending. The rod k subsegment i bending moment magnitude Mi,k,bnd,rod is

defined in Eq. 4.39, where Erod and Jxx,rod are the actuation rods’ Young’s modulus and

cross-section second moment of area, respectively, and ki,k is defined in Eq. 4.24. The rod-

actuated robot’s subsegment bending magnitude Mi,bnd,rod may then be defined using Eq.

4.40.

Mi,k,bnd,rod = ErodJxx,rodki,k (4.39)

Mi,bnd,rod = Mi,bnd,core +
6∑

k=1

Mi,k,bnd,rod (4.40)

Elastic Torsional Loading

In addition to bending elasticity, torsional elasticity due to the subsegment {i, i+ 1} roll

twist angle ε{i,i+1} will also contribute to the disk i coupling loading in the cable-driven

structure. The subsegment {i, i+ 1} torsional moment Mi,{i,i+1},tor acting on rigid body i

is defined in Eq. 4.41, where Gcore and Jzz,core are the continuum core’s shear modulus and

cross-section polar moment of area, respectively.

Mi,{i,i+1},tor =
GcoreJzz,core

L0

ε{i,i+1}ẑi (4.41)
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The rod-driven structure neglects twist along its length (i.e., εi ≡ 0), and by extension,

its torsional elasticity, due to the presence of the actuation rods. Unlike the cable-driven

structure supported solely by its single elastic core along its length, the actuation rods at

their fixed distances rhl from the disk centers resist subsegment twist.

Damping Loading

In addition to the elastic loading, the continuum core and actuation rods also introduce

minor damping effects. Inclusion of these effects is critical in simulation to prevent unrealistic

marginally stable behaviors. A formulation for Mi,{i,i+1},dmp is defined in Eq. 4.42, similar

to the elasticity formulations for Eqs. 4.36 and 4.41, where cbnd and ctor are the damping

coefficients for bending and twisting, respectively.

Mi,{i,i+1},dmp = cbndk̇{i,i+1}Ri−1

⎡
⎢⎢⎢⎢⎣
− sinφ{i,i+1}

cosφ{i,i+1}

0

⎤
⎥⎥⎥⎥⎦+ ctor ε̇{i,i+1}ẑi (4.42)

4.5.4 Actuation Loading

Actuation loading accounts for the force and moment on each disk due to the tensions of

the actuation cables (cable-driven structure) or the axial force of the actuation rods (rod-

driven structure), along with the friction generated by these actuation transmission elements’

contact with the disks. For the virtual power model formulation, the resulting forces at the

disks’ cable or rod routing holes are reformulated as a net force and moment acting at the

disk COM.
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Cable-Driven Actuation Loading

When considering cable-actuated robots, it is important to ensure that the model does not

allow for compressive forces in the actuation cabling. In this model, the tensions of the

actuation cables at the base are inputs to the model. By always prescribing these inputs to

be positive, the cabling cannot apply a compressive force.

A geometric analysis is used to determine the loading on each disk; Fig. 4.4 shows the cable

routing between three disks. Because the cables follow a linear path between holes, the cable

routing is formulated using the unit vectors associated with the position vectors p(i−1)i,k,cbl

of the cable k subsegment from disk i− 1 to i (Eq. 4.18), as shown in Fig. 4.4.

Ti+1,2,cbl
pi(i+1),2,cbl

Ti+1,3,cbl
pi(i+1),3,cbl

-Ti,2,cbl
p(i-1)i,2,cbl

-Ti,3,cbl
p(i-1)i,3,cbl

-Ti,1,cbl
p(i-1)i,1,cbl

Ti+1,1,cbl
pi(i+1),1,cbli-1

i+1

i

iri,3,cbl
ri,2,cbli

iri,1,cbl

Disk i

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

Figure 4.4: Actuation cable loading.

The coupling of the cable tension along the continuum robot and the frictional forces at

each disk complicates the analysis. In order to compute the friction at each disk, the tension

of the cable before and after the disk is needed. However, in order to compute the cable

tensions before and after the disk, the magnitude of the frictional force is needed. Therefore,
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an iterative approach is required. The initial assumption will be that tension is constant

along the continuum robot. Based on this assumption, the contact friction will be estimated

for each cable at each disk. This contact friction estimate will then be used to update the

cable tensions in each subsegment along the length of the continuum robot. These updated

tensions will then be used to update the friction estimate. Section 4.6.1 will include the

analysis on the convergence of the resulting subsegment cable tensions based on the number

of iterations of this process and will determine the optimal number to balance the need for

an accurate computation with the need to reduce the computational load of the model.

In this analysis, the conventional discontinuous stick-slip friction model will be replaced by a

continuous saturated viscous friction model. This enables the model to accurately represent

the dynamic sliding friction when the cable sliding velocity is not near zero, while ensuring

a continuous force profile when the sliding direction changes. This approach does not allow

for a greater static friction than dynamic sliding frictional force, as is normally observed in

mechanical systems, but significantly simplifies the dynamic analysis in this study.

Due to the wrap of the cabling around the cable routing holes, as illustrated in Fig. 4.5a,

a belt friction model is used in this analysis. Fig. 4.5b shows an illustration of the key

model parameters, and Eq. 4.43 analytically defines the model, where μ is the coefficient

of saturated viscous friction and ψi,k is the cable k contact angle with the disk i. Using

Eq. 4.43, the friction magnitude Fi,k,cbl,fr acting at the the cable k routing hole at disk i is

defined in Eq. 4.44. This magnitude is the difference in the left and right tensions Ti,k,cbl

and Ti+1,k,cbl . A key benefit of this approach is that it allows the solver to estimate the

frictional force magnitude with estimates for the left and right tensions. For example, in the

initial case, the left and right tensions are assumed to be equal, and the difference of these

tensions is identically zero. However, Eq. 4.44 estimates the frictional force based on the

sum of these two tensions.
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(a) Cut-away view of contact between
cable and disk

ψi,k
Ti+1,k,cbl

ψi,k

Ti,k,cbl

Friction
Force

Sliding Motion

(b) Belt friction model for cable-disk
contact

Figure 4.5: Cable-driven continuum robot cable friction model.

Ti,k,cbl

Ti+1,k,cbl

= eμψi,k , ψi,k = cos−1
(
p̂(i−1)i,k,cbl · p̂i(i+1),k,cbl

)
(4.43)

Fi,k,cbl,fr = (Ti,k,cbl + Ti+1,k,cbl)
eμψi,k − 1

eμψi,k + 1
(4.44)

With this estimate of Fi,k,cbl,fr and the cable k, disk i relative sliding velocities ḋi,k,cbl from

Eq. 4.21, the cable tensions in each cable subsegment may be calculated using Eq. 4.45,

where sat (·) is the unit saturation function and ḋsat is a constant use to define the continuous

transition of friction over zero. Beginning from the tension Tk,cbl,base applied at the continuum

robot base for each cable k, the calculated friction magnitude is subtracted from this tension

at each disk until the terminal disk i = 8. Because the cabling is rigidly attached to disk

i = 8, there is no contact friction present at that disk.

Ti,k,cbl =

⎧⎪⎨
⎪⎩

Tk,cbl,base, i = 1

Ti−1,k,cbl − sat
(

ḋi,k,cbl

ḋsat

)
Fi,k,cbl,fr, i > 1

(4.45)
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With these updated values of Ti,k,cbl, Eq. 4.44 can be used to calculate more accurate

estimates of the frictional force magnitude at each disk, which then may be used to calculate

more accurate cable tensions using Eq. 4.45.

Once the sufficient number of iterations has occurred, the disk i cable k net contact force

Fi,k,cbl, which includes the effect of friction, may be determined using Eq. 4.46.

Fi,k,cbl =

⎧⎪⎨
⎪⎩
−Ti,k,cblp̂(i−1)i,k,cbl + Ti+1,k,cblp̂i(i+1),k,cbl, i < 8

−Ti,k,cblp̂(i−1)i,k,cbl, i = 8
(4.46)

With Fi,k,cbl, the disk i net cable actuation force Fi,act and moment Mi,act acting at the disk’s

COM may be computed using Eq. 4.47.

Fi,act =
3∑

k=1

Fi,k,cbl, Mi,act =
3∑

k=1

(ri,k,cbl × Fi,k,cbl) (4.47)

Rod-Driven Actuation Loading

The rod-driven actuation loading accounts for the force and moment on each disk due to the

axial force in each rod and the friction due to the contact forces between the rods and disks.

The actuation forces applied may be considered as end forces and contact forces, as shown

in Fig. 4.6. The end force Fk,rod,end is applied at the disk i = Nk, defined in Eq. 4.48, where

Nk is the disk at which rod k terminates and rigidly connects and Tk,rod,end is the axial force

at the end of rod k. In the absence of friction, this force is calculable directly from the axial

force input and robot geometry; with friction, this is no longer true.

Fk,rod,end = −Tk,rod,endẑNk
(4.48)
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Rod in Tension Rod Termination

Passive Rods
(Zero Tension)

Core

(a) 2D projection of a single-segment rod-driven continuum robot with the upper rod in
tension

Fk,rod,end =
-Tk,rod,end z4F3,k,rod,fr

F2,k,rod,frF1,k,rod,fr

F3,k,rod,con
F2,k,rod,conF1,k,rod,conTk,rod,base z0

ˆ
ˆ

(b) Free-body diagram of the rod under consideration, including friction

Figure 4.6: Continuum robot rod actuation loading.

The coupling of each rod’s axial and frictional forces complicates analysis. To compute each

disk’s friction, the contact force is needed. However, to compute the disks’ contact forces,

the friction forces are needed. Therefore, similar to cable-driven actuation, an iterative

approach is used to converge to the correct values. The starting point assumes the axial

force is constant along the rod. From here, the contact forces are estimated for each rod.

These contact force estimates are then used to calculate the frictional force at each disk.

With these frictional forces, the end force will be updated, and the contact forces will be

recalculated. Section 4.6.2 includes analysis on the convergence of the subsegment contact

forces based on the iterations of this process and will determine the appropriate iteration

count to ensure accurate computation in minimal steps.

The intermediate disk contact forces are calculated from the instantaneous static equilibrium
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of each actuation rod. It is assumed the dynamic effects of the rod’s mass are negligible. Nu-

merical optimization is used to determine the contact force magnitudes along the segments.

A vector of the contact force magnitudes ‖Fi,k,rod,con‖ for the i ∈ {1, · · · , Nk} intermediate

disk-rod contacts on rod k is the optimization’s input. The net equilibrium force Fk,rod,eq is

due to the summation of the contact and end forces, shown in Eq. 4.49, where Tk,rod,base is

the axial force applied at the base and F̂i,k,rod,con is defined in Eq. 4.25. The net equilibrium

moment Mk,rod,eq is calculated relative to the base of the rod in Eq. 4.50, where pi,k,rod is

defined in Eq. 4.26. The rod k objective function Fk,rod,obj is the sum of squares of Fk,rod,eq

and Mk,rod,eq, defined in Eq. 4.51. This model assumes the calculation of at least three

contact forces will be required. Furthermore, as the number of contact forces increases be-

yond the number of terms contributing to the sum of squares, the null-space of the solution

will increase, possibly enabling different sets of contact force magnitudes to minimize the

objective function.

Fk,rod,eq = Tk,rod,baseẑ0 +

Nk−1∑
i=1

(
‖Fi,k,rod,con‖ F̂i,k,rod,con

)
− Tk,rod,endẑNk

(4.49)

Mk,rod,eq =

Nk−1∑
i=1

(
pi,k,rod × ‖Fi,k,rod,con‖ F̂i,k,rod,con

)
− pNk,k,rod × (Tk,rod,endẑNk

)(4.50)

Fk,rod,obj = Fk,rod,eq · Fk,rod,eq +Mk,rod,eq ·Mk,rod,eq (4.51)

This null-space stems from the fact that the rod geometry is prescribed by the robot geome-

try, and the contact forces are calculated based on that geometry. In other nondeterministic

static equilibrium calculations with a greater number of forces calculated than the number

of equations of motion, a constitutive model is used to relate displacement to force, and the

coupled forces and displacements are calculated. However, in this case, the displacements
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are prescribed by modeling assumptions, and the forces are calculated. In theory, a rod

model could be generated with both the core and rod subsegment curvatures as coordinate

variables, with compatibility conditions applied between the rods and cables, and coupled

solutions of the rod forces and displacements. However, from a practical standpoint, this

would significantly increase the number of coordinate variables in the model (for the robot in

Fig. 4.1b, the number of coordinates would jump from 16 to 72), likely making the solution

intractable. Based on the cross-validation in section 4.6.2, the optimization-based approach

provides an acceptable level of accuracy. While this solution may depend on the initial con-

dition of the optimization-based solver, by using this initial condition consistently during a

dynamic simulation, the solution’s consistency will be maintained and will continue to drive

the solution toward the known steady-state configuration.

Based on the model formulation, the contact force magnitudes that minimize Fk,rod,obj equal

the contact forces applied by the rod on the robot. Due to this, the actuation effects Fi,act

and Mi,act may be calculated using Eqs. 4.52 and 4.53. Because the contact forces are

parallel to the disk for i < Nk, the actuation moment on these disks is zero. However, when

friction is considered, there will be a contribution to the disk’s actuation moment.

Fi,act =

⎧⎪⎨
⎪⎩

∑6
k=1

(
‖Fi,k,rod,con‖ F̂i,k,rod,con

)
, i < 8∑6

k=1 Fk,rod,end, i = 8
(4.52)

Mi,act =

⎧⎪⎨
⎪⎩

0, i < 8∑6
k=1 (ri,k,rod × Fk,rod,end) , i = 8

(4.53)

The sliding friction arising from the disk-rod contact is calculable from each contact force

Fi,k,rod,con. However, the frictional forces will change the Tk,rod,end used to calculate those
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forces. An iterative approach is used to converge on the correct contact forces and friction.

Static friction when the sliding velocity equals zero is neglected in the dynamic model due to

the difficulty in scaling the sliding velocity zero crossing detection for the numerous rod-disk

contacts.

The conventional sliding friction model assumes the rod k disk i contact friction friction

magnitude ‖Fi,k,rod,fr‖ is proportional to the contact force and opposes the sliding motion,

as defined in Eq. 4.54, where μ is the coefficient of friction, ḋi,k,rod is defined in Eq. 4.28,

sat (·) is the unit saturation function and ḋsat is a constant use to define the continuous

transition of friction over zero. The friction force vector Fi,k,rod,fr is defined based on this

magnitude in Eq. 4.55.

‖Fi,k,rod,fr‖ = μ ‖Fi,k,rod,con‖ sat
(
ḋi,k,rod

ḋsat

)
(4.54)

Fi,k,rod,fr = ‖Fi,k,rod,fr‖ ẑi (4.55)

Using ‖Fi,k,rod,fr‖, the rod k end axial force Tk,rod,end is updated using Eq. 4.56. The friction

opposes the rod motion: when pulled, the friction will reduce the axial force, and when

pushed, the friction will increase the axial force.

Tk,rod,end = Tk,rod,base −
Nk−1∑
i=1

‖Fi,k,rod,fr‖ (4.56)

The friction will also impact the calculation of the contact force magnitudes, due to the

additional force effects on the rods during the calculation of their equilibrium. Equations

4.57 and 4.58 show the modification to Eqs. 4.49 and 4.50 due to friction.
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Fk,rod,eq =

⎛
⎜⎝ Tk,rod,baseẑ0 − Tk,rod,endẑNk

+
∑Nk−1

i=1

(
‖Fi,k,rod,con‖ F̂i,k,rod,con + Fi,k,rod,fr

)
⎞
⎟⎠ (4.57)

Mk,rod,eq =

⎛
⎜⎝ −pNk,k,rod × (Tk,rod,endẑNk

)

+
∑Nk−1

i=1

(
pi,k,rod ×

(
‖Fi,k,rod,con‖ F̂i,k,rod,con + Fi,k,rod,fr

))
⎞
⎟⎠ (4.58)

The resulting frictional forces will modify the force and moment loading on the robot by the

rods. The new actuation force and moment are defined in Eqs. 4.59 and 4.60, respectively.

Fi,act =

⎧⎪⎨
⎪⎩

∑6
k=1

(
‖Fi,k,rod,con‖ F̂i,k,rod,con + Fi,k,rod,fr

)
, i < 8∑6

k=1 Fk,rod,end, i = 8
(4.59)

Mi,act =

⎧⎪⎨
⎪⎩

∑6
k=1 (ri,k,rod × Fi,k,rod,fr) , i < 8∑6
k=1 (ri,k,rod × Fk,rod,end) , i = 8

(4.60)

4.6 Continuum Robot Results

Results generated using the cable-driven and rod-driven dynamic models are presented in

sections 4.6.1 (cable-driven) and 4.6.2 (rod-driven). Various aspects of these simulations are

also validated by comparing static and dynamic simulations, analyzing finite element models

of the continuum robot structure, and by comparing the results to experiments performed

on cable-driven and rod-driven tail prototypes.



4.6. Continuum Robot Results 47

4.6.1 Cable-Driven Structures

The dynamic behavior of an eight-disk, single-segment, cable-driven continuum robot is ana-

lyzed in this section, for which the modeling parameters are defined in Table 4.1. Simulations

were performed to compare the dynamic response with alternative methods of analyzing the

mechanics. Three case studies were considered: 1) the zero actuation response; 2) the planar

actuation response; and 3) the out-of-plane actuation response.

Table 4.1: Material and geometric properties of the cable-driven continuum robot prototype

Property Value Property Value

mi,bdy
Disk and 1.669 · 10−3

L0
Initial Subsegment

30 mm
Subsegment Mass kg Length (Disk Spacing)

I ii,bdy,xx
Disk and Subsegment 9.821 · 10−8

I ii,bdy,zz
Disk and Subsegment 1.654 · 10−7

Radial Moment of Inertia kg ·m2 Axial Moment of Inertia kg ·m2

Jxx,core
Core Second Moment 5.743 · 10−14

Jzz,core
Core Polar Moment 1.149 · 10−13

of Area m4 of Area m4

Ecore Core Young’s Modulus 2.1 · 1011 Pa Gcore Core Shear Modulus 8 · 1010 Pa

rhl Routing Hole Radius 12.5 mm g Gravitational Acceleration 9.81m/s2

μ Coefficient of Friction 0.15 ḋsat Saturation Velocity Limit 0.05 m/s

As discussed in section 4.5.4, the friction model uses an iterative solver to implement the

simultaneous calculation of cable-disk contact forces and the tension along the length of the

continuum robot. In order to determine the number of iterations for the cable tension/friction

force convergence, the static virtual power model is used to track the change in subsegment

cable tension at each iteration. Figure 4.7 shows the convergence of the contact forces with

a prescribed tension of 10 N in cable k = 1 (see Fig. 4.4) at static equilibrium. This 10

N tension is the maximum tension applied in the subsequent analyses, and the maximum

number of iterations will be needed for the maximum actuating tension.

Table 4.2 shows the maximum percent error at each iteration for the cable subsegments

(in each case, the maximum error was in subsegment 8). Three iterations were chosen to

guarantee that the maximum subsegment tension error be less than 1% for the maximum
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Figure 4.7: Convergence of contact force magnitudes for an eight-disk cable-driven continuum
robot over ten iterations.

actuation case in the minimum number of iterations.

Table 4.2: Maximum cable tension error for each iteration

Iteration % Error Iteration % Error Iteration % Error
1 33.47 4 3.788 · 10−2 7 5.867 · 10−6

2 5.059 5 2.338 · 10−3 8 2.524 · 10−7

3 5.028 · 10−1 6 1.241 · 10−4 9 1.049 · 10−8

Zero-Actuation Case Study

Figure 4.8 illustrates the dynamic response of the β curvatures of the continuum robot’s

second, fourth, sixth, and eighth subsegments with zero tension in the three cables. This

subset of the eight curvature responses presents the curvatures change along the continuum

robot without the need to extraneously plot each subsegment’s response. The model’s initial

conditions are βi = 0.001 m−1, γi = 0 m−1 and εi = 0 rad for subsegments i = {1, · · · , 8}.
This is equivalent to supporting the robot in this initial condition then removing this support
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at time t = 0. If damping is neglected, the continuum robot’s zero actuation simulation shows

sustained oscillations of the continuum robot’s curvatures around a stable point. Because

the cable tensions are all zero, there is no contact force between the cabling and the disks,

resulting in zero friction along the structure. If damping is also neglected, the energy of

the continuum robot in the zero actuation simulation is constant. Figure 4.9 shows the first

oscillation of the continuum robot after release: the robot initially drops over 0.1342 sec,

then springs up over 0.1036 sec.
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Figure 4.8: Zero actuation response β curvatures for subsegments 2, 4, 6, and 8.

Two key properties of the zero actuation dynamic response shown in Fig. 4.8 have been

analyzed and compared with alternative methods of modeling. First, the steady-state com-

ponent of the dynamic response will be compared with the static equilibria generated using

two alternative models. Second, frequency domain analysis will compare the transient com-

ponent of the dynamic response simulated using the virtual power method with the transient
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Figure 4.9: Time-lapse of zero actuation response. Each frame’s seven illustrations are
equally spaced over the interval.

response of a dynamic finite-element simulation of the continuum robot.

Figure 4.10 compares three simulations for the zero actuation case of the continuum robot: 1)

the steady-state component of the dynamic response; 2) the equilibrium of the static virtual

power model; and 3) the equilibrium of a static finite-element model calculated using the

COMSOL Structural Mechanics module’s 3-D linear elasticity model with a “Fine” mesh. As

seen in Fig. 4.10, the three plots are nearly superimposed on one another. Calculating the

error of the virtual power simulation disk positions relative to the finite-element simulation

(because the FEA simulation is the highest fidelity), the maximum disk position error for

the dynamic steady-state response is 0.5188%, and for the virtual power static equilibrium:

0.4848%.

In addition to the steady-state component of the dynamic response, the transient component

of the dynamic response is also analyzed. In order to quantify this transient response, a fast

Fourier transform (FFT) was performed on the pi x-coordinate trajectories computed using:
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Figure 4.10: Comparison of the zero actuation steady-state component of the dynamic re-
sponse, the static virtual power equilibrium, and the FEA static equilibrium.

1) the virtual power dynamics model, and 2) the dynamic FEA model. For the virtual

power dynamics model, the curvature responses (illustrated in Fig. 4.8) are mapped into

time-varying disk displacements. The oscillations of the pi x-coordinate for this response

are then compared with the simulated response generated using the dynamic FEA. Figure

4.11 illustrates the frequency response for disk 1 in the continuum robot for the two cases.

There is a strong correlation between the frequency responses, with a similar zero-frequency

magnitude (corresponding to the steady-state response) and a significant peak at the 3.6621

and 4.5776 Hz frequencies. Disk 1’s frequency response is representative of the other disks

responses.
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Figure 4.11: Comparison of frequency response magnitudes for disk 1 pi x-coordinate tra-
jectories of dynamic virtual power and dynamic finite-element analysis models.

The discrepancy between the two frequency profiles is due to several factors. First, because

the virtual power dynamics solver uses a variable time step to solve the dynamics, the



52 Chapter 4. Continuum Robot Dynamics

simulation results were resampled at a high frequency (30 kHz) to create a uniform step-size

between data points. This resampling used linear interpolation for times at which there was

not a matching data point. Second, COMSOL was limited in the number of discrete points

the simulation could save during the simulation.

For the 1 s simulation used to characterize the dynamics sampling at a rate of 5 kHz, the

results file exceeded 1 GB, due to the mesh density. These 5 kHz results were then resampled

like the virtual power dynamic response to 30 kHz to ensure equal fundamental frequencies.

Third, the spatial discretizations between the two models differs on the orders of magnitude

and will slightly influence the resulting dynamic responses.

In-Plane Case Study

Figure 4.12 illustrates the dynamic responses of the selected β curvatures of the virtual power

dynamic model in response to a step input of a 5 N tension in cable k = 1 (see Fig. 4.4) from

the initial condition of zero actuation static equilibrium. Because the actuation remains in

the vertical plane due to the purely x-component of the hole radius rii,1,cbl (Eq. 4.17), the

dynamic response will remain in the vertical plane and the γi and εi trajectories will remain

zero. Unlike Fig. 4.8, the non-zero actuation will cause a contact force between the cabling

and disk, leading to friction that damps the oscillations.

Figure 4.13 shows the two motions of the continuum robot after application of the tension.

The robot initially deflects downward over 0.02682 sec, then snaps upward over 0.14292 sec.

As in Fig. 4.9, each panel shows seven illustrated configurations equally spanning these two

time spans.

Unlike the zero actuation validation, the friction model will cause the damping of the dy-

namic response toward the steady-state solution, preventing the application of conventional
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Figure 4.12: Cable 1 actuation β curvatures for subsegments 2, 4, 6, and 8.
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Figure 4.13: Time-lapse of cable 1 actuation response. Each frame’s seven illustrations are
equally spaced over the time intervals.
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frequency domain analysis methods for the transient response. However, because of the for-

mulation of the friction model for this dynamic model, the friction actually approaches zero

as the continuum robot velocity approaches zero. Without the damping, the simulation’s

steady-state response approaches the zero-friction static equilibrium configuration; however,

the introduction of the damping effects causes the response to damp to the lower bound of

the virtual power static equilibrium model with friction, as shown in Fig. 4.14. This figure

illustrates the steady-state component of the dynamic response, as well as three cases for

the static equilibrium: 1) the case with zero friction; 2) the case with the friction saturation

(Eq. 4.45) equal to +1; and 3) the case with the friction saturation function equal to 1.
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Figure 4.14: Comparison of the stabilization of virtual power dynamic model with friction
to static equilibrium models with and without friction for T1 = 5 N.

In addition, these virtual power models have also been compared with experimental results.

Fig. 4.15 shows the experimental test platform used to validate the dynamic modeling

approach. A spring steel core (ASTM A228, 1.04 mm diameter, 240 mm long) was used

with four disks (ABS plastic, 31 mm diameter, 2 mm thick, 30 mm disk spacing) mounted

along the core using cyanoacrylate (Loctite 401, Uline). Hanging weights were used to
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tension the cables, with PFTE-coated fiberglass thread (0.43 mm diameter) used as the

cabling. Three transmission cables were routed through the disks at three equally spaced

holes offset 12.5 mm from center. These properties match the properties used to simulate the

model presented in Table 4.1. The shape was measured by photographing the disks along the

continuum robot in profile, then calculating their angles by postprocessing the images. The

bending plane angle θi was found for each subsegment by subtracting the two surrounding

disks’ angles, and the subsegment curvatures were found by dividing θi by L0 . The error

of this image processing step was estimated by determining the angles of gradations on a

protractor, then calculating the associated curvature for a given difference in angle. This

was compared with the predicted curvature for the known difference in angle. The maximum

curvature error was found to be 1.637%.

Figure 4.15: Prototype used for experimental validation. Cables are tensioned using hanging
weights routed over pulleys in the actuation module.

Figure 4.16 compares the steady-state component of the dynamic virtual power response

with the experimental results and static virtual power equilibrium for a 5 N tension applied

in cable 1. The maximum error between the disk positions of experimental results and the

dynamic virtual power response steady-state component is 2.1961% in disk 8, and between

the disk positions of the experimental results and the static virtual power model equilibrium
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is 2.4866% in disk 7.
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Figure 4.16: Comparison of in-plane actuation dynamic virtual power response steady-state
component to the measured static equilibrium of a continuum robot prototype and the
calculated static virtual power model equilibrium.

Beyond the single actuation case presented in Fig. 4.16, Fig. 4.17 compares experimental

results for a range of actuation tensions ranging from 2.5 to 10 N with the associated cal-

culated static equilibria using the virtual power model. Figure 4.18 quantifies the percent

error of the disk positions of the virtual power static equilibrium relative to the experimental

results (a positive error correlates to overshooting the experimental configuration, like the 5

N case). Because the error in this type of serial manipulator propagates from the base, the

most significant error is the disk 1 errors. A maximum disk 1 position error of 1.2405% was

seen in the 5.0 N actuation case. This error is less than the measurement error discussed

previously, leading to the conclusion that the errors between the measured and simulated

static equilibria are within the measurement range of error.
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Figure 4.17: Equilibrium configurations of static virtual power continuum robot model with
friction compared with experimentally measured static equilibria at cable 1 tensions of 2.5,
5.0, 7.5, and 10.0 N.
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58 Chapter 4. Continuum Robot Dynamics

Out-of-Plane Case Study

Figure 4.19 illustrates the dynamic responses of the β and γ curvatures of a dynamic model

in response to a step input of a 5 N tension in cable 2 (see Fig. 4.4) from the initial condition

of zero actuation static equilibrium.
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Figure 4.19: Cable 2 actuation curvature trajectories for subsegments 2, 4, 6, and 8.

Figure 4.20 illustrates the dynamic response of the torsional twist angle ε. Unlike the first

two case studies, because of the out-of-plane actuation, the gravitational loading will cause

twist along the length of the subsegments. For the scaling of the current continuum robot,

the magnitude and impact of these torsional vibrations is relatively small compared with

the impact of variation in curvatures. However, as macro-scale robots are considered and

the distributed mass along the continuum arm increases, this effect will significantly impact

the continuum robot shape. The robot’s damping causes the damping of the high-frequency
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oscillations. As a result, as the simulation continues, the oscillations of subsegments 2 and 4

increase in magnitude. This is due to the coupling between the twist angle and the curvatures.

As the curvatures oscillate, the geometry of the continuum arm changes, particularly the

distance between the disks and the vertical plane. This causes changes in the twist angle.

The damping and friction will converge the mutual oscillations to equilibrium over time.
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Figure 4.20: Cable 2 twist angle trajectories for subsegment 2, 4, 6, and 8.

The out-of-plane dynamic response tensions cable 2 in the continuum robot, leading to a

deformation out of the vertical plane. Unlike the previous section in which the continuum

robot was confined to a single plane of motion, the torsional twist along the robot creates

a generalized spatial shape for the continuum robot. It is not simply the in-plane response

rotated by 120◦. As a result, the measurement used for the in-plane case (estimating sub-

segment curvatures using the disk angle extrapolated from photographs) is not applicable



60 Chapter 4. Continuum Robot Dynamics

to this case. However, due to the scaling of this manipulator, the torsional effects are not as

significant as they would be in a longer and/or more massive structure. The stabilization of

the dynamic response is still compared with the static virtual power, as shown in Fig. 4.21.

Due to the interaction between the curvatures and torsional twist angle, there is a greater

error between the dynamic model’s steady-state response and the static model’s static equi-

librium compared with the in-plane actuation, but the maximum error remains only 2.0926%

at disk 5 for the dynamic steady-state response compared with the static equilibrium.
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Figure 4.21: Steady-state component of dynamic virtual power model response compared
with static virtual power simulation of continuum robot equilibrium with a cable 2 tension
of 5 N.

4.6.2 Rod-Driven Structures

The dynamic behavior of an eight-disk, two-segment, rod-driven continuum robot is analyzed

in this section, for which the modeling parameters are defined in Table 4.3. Dynamic loading

profiles were generated for various rod tension inputs, and these results have been compared
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to: 1) static models, 2) finite element models, and 3) experimental results.

Table 4.3: Material and geometric properties of the rod-driven continuum robot prototype.
S1 and S2 denote segment 1 and segment 2 properties, respectively.

Property Value Property Value

mi,bdy Mass
S1: 2.869 · 10−3

L0
Subsegment Length

(Disk Spacing)
30 mmS2: 2.869 · 10−3

kg

I ii,bdy,xx
Radial Moment

of Inertia

S1: 7.690 · 10−6

I ii,bdy,zz
Axial Moment

of Inertia

S1: 3.531 · 10−7

S2: 3.894 · 10−6 S2: 2.593 · 10−7

kg ·m2 kg ·m2

Jxx,core
Core Second Moment 5.743 · 10−14

Jxx,rod
Rod Second Moment 5.743 · 10−14

of Area m4 of Area m4

Ecore Core Young’s Modulus 2.1 · 1011 Pa Erod Rod Young’s Modulus 2.1 · 1011 Pa

rhl Routing Hole Radius 12.5 mm g Gravitational Acceleration 9.81m/s2

μ Coefficient of Friction 0.3 ḋsat Saturation Velocity Limit 0.05 m/s

Like the cable-driven structure, as discussed in section 4.5.4, the contact and friction forces

calculations are coupled. An iterative model has been formulated to converge on the accurate

values of the contact and friction forces; however, the minimum number of iterations needed

is required. Based on prototype construction for the experimental validation, a maximum

axial force of 30 N was set for the simulations and experiments.

Figure 4.22 shows the convergence of the contact force magnitudes in two cases: (1) planar

actuation of the proximal segment with T1,1 = 30 N and (2) planar actuation of the whole

robot with T2,2 = 30 N. During preliminary simulations, planar actuation was found to

converge in more steps than spatial actuation because of the fewer degrees of freedom present

for the optimization (three terms in the objective function versus six) of the contact force

magnitudes. Furthermore, during preliminary simulations, it was found that the convergence

rate increases as the force magnitude increases. Table 4.4 shows the maximum percent error

at each iteration of the contact force magnitude relative to the final result at iteration 10

for the two cases. While the segment 2 simulation has higher initial error, it more quickly

converges to the final contact force. Therefore, the segment 1 modeling dictates the minimum
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number of iterations. As seen in Table 4.4, six iterations results in a solution with less than

a 1% difference from the final value. Therefore, in all simulations, six iterations will be

utilized.

(a) T1,1 actuated with 30 N (rod connects at
disk 4)

(b) T2,2 actuated with 30 N (rod connects at
disk 8)

Figure 4.22: Convergence of rod contact force magnitudes for a two segment,eight-disk
continuum robot.

Table 4.4: Maximum contact force magnitude error for each iteration for static simulations
with T1,1 = 30 N (S1) or T2,2 = 30 N (S2).

Iteration S1 % Error S2 % Error Iteration S1 % Error S2 % Error
1 27.9 37.8 6 8.50 · 10−3 2.76 · 10−6

2 5.71 3.91 7 1.68 · 10−3 8.42 · 10−8

3 1.12 2.32 · 10−1 8 3.16 · 10−4 2.24 · 10−8

4 2.21 · 10−1 8.96 · 10−3 9 7.71 · 10−5 2.20 · 10−9

5 4.34 · 10−2 2.13 · 10−4

Dynamic Response Analysis

Dynamic simulations were generate using the virtual power model for three case studies:

1) zero-actuation in the rods, 2) rod k = 1 actuated with a 10 N tension, and 3) rod

k = 5 actuated with a 10 N tension. Figure 4.23 illustrates the dynamic response of the
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β curvatures of the continuum robot’s subsegments with zero axial force in the rods. The

simulation results in sustained oscillations of the continuum robot’s curvatures around a

stable point when damping is neglected. Because the axial forces are all zero, there is no

contact force between the rods and disks, resulting in zero friction along the arm. In this

case, the rod’s bending is due to the moment applied by the terminal disk and transmitted

along the rod. The elastic effects of these passive rods are then incorporated into the elastic

loading. Because sliding friction due to the contact forces is the only dissipative force in the

model, the vibrations are not damped and remain sustained over the interval.

Figure 4.23: Zero actuation virtual power dynamic model response β curvatures. These
curvature profile correspond to tip oscillations with peak-to-peak amplitude of 9.48 mm
around a setpoint of 24.74 mm.

Figure 4.24 illustrates the dynamic response of the robot with rod k = 1 (the first rod that

terminates in the first segment) actuated with a tension of 10 N. Because the actuation

remains in-plane, only the β curvatures are non-zero. In addition, due to the contact forces
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between the actuation rods and the disks, friction damps the responses. Because rod k = 1

terminates at disk 4, only subsegments 1 through 4 will have appreciably different steady-

state curvature values. However, all subsegments experience vibration attenuation. For

segment 1, this is due to the contact friction between rod k = 1 and the disks adjacent to

its subsegments. However, for segment 2, the dissipation is indirect due to the internal force

loading of segment 1 on segment 2. When the segment 2 internal forces and moments are

applied to segment 1, the frictional force will oppose the resulting motion. This frictional

opposition results in reduction of the internal forces and moments, which results in reduced

vibrations in segment 2.

Figure 4.24: Rod k = 1 actuation (10 N) dynamic virtual power model β curvature responses.

The actuation of the segment 2 rods results in deformation along the entire robot, due to

their routing through the proximal segment 1. Figure 4.25 illustrates the dynamic response of

the continuum robot with rod k = 5 (the second rod that terminates in the second segment)
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actuated with a tension of 10 N (same as the segment 1 dynamic response) from the initial

condition of the zero actuation static equilibrium.

Figure 4.25: Rod k = 5 actuation (10 N) dynamic virtual power model β curvature responses.

Static Versus Dynamic Virtual Power Model Comparison

As an initial point of comparison, the steady-state component of the dynamic virtual power

model response (i.e., the constant values of the response around which the transient response

oscillates) can be compared to the equilibrium configuration calculated by the static virtual

power model. Figure 4.26 compares these for a 10 N tension in rod k = 1. As shown, they are

nearly identical. The maximum position error is 0.2939% in disk 8, enabling interchangeable

use of the static equilibrium model for the steady-state component of the dynamic response.

Figure 4.27 compares the dynamic model steady-state response to the static model equilib-
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Figure 4.26: Comparison of the calculated static virtual power model equilibrium to the
steady-state component of the dynamic virtual power model response for actuation of 10 N
in rod k = 1.

rium for actuation of rod k = 5 with 10 N tension. Although there is slightly more variation

between these two configurations than in Fig. 4.26, the maximum error in disk 8 position is

still 2.2165%, or 5.3 mm. Table 4.5 provides the error of the steady-state dynamic response

component relative to the static equilibrium. In addition, it is seen that for identical tension

inputs, the segment 2 rods will cause greater overall deflection.

Figure 4.27: Comparison of the calculated static virtual power model equilibrium to the
steady-state component of the dynamic virtual power model response for actuation of 10 N
in rod k = 5.

Finite Element Analysis Validation of Virtual Power Model

Two properties of the zero actuation dynamic response shown in Fig. 4.23 have been an-

alyzed: the magnitude of the steady-state component and the frequency response of the
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Table 4.5: Percent error of dynamic response steady-state component relative to static equi-
librium for actuation of 10 N in rod k = 5.

Disk % Error Disk % Error Disk % Error Disk % Error
1 0.0735 3 0.0502 5 0.5221 7 1.5957
2 0.0684 4 0.2448 6 0.9805 8 2.2165

transient component. Figure 4.28 compares the dynamic response’s steady-state component

to: (1) the static virtual power model equilibrium, and (2) the equilibrium of a static FEA

model of the continuum robot. This FEA model was generated using COMSOL’s Structural

Mechanics module. A 3D linear elasticity material model was chosen, and the geometry was

discretized using a “Fine” mesh. As shown in Fig. 4.28, the three plots are practically super-

imposed on one another. The maximum disk position error for both the dynamic response

steady-state component and the static equilibrium model relative to the FEA simulation is

0.2958%.

Figure 4.28: Comparisons of the zero actuation dynamic virtual power model response
steady-state component to the calculated equilibria using the static virtual power model
and the static finite element analysis model.

The frequency response of the virtual power dynamic response was compared to a dynamic

FEA simulation in COMSOL. A fast Fourier transform using MATLAB was performed on

the oscillations of the x-components of displacement of the disks’ centers-of-mass to quantify

the frequency response. For the dynamic virtual power model, the curvature responses

illustrated in Fig. 4.23 were mapped into disk trajectories, based on the kinematic analysis
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in section 4.4.

Figure 4.29 illustrates the frequency responses of the first and eighth disk in the robot. As

illustrated, the frequency response profiles’ shapes between the two disks’ oscillations are

similar and differ primarily in their magnitudes. However, there is a slight difference in

the peak frequency of the first mode: the FEA simulation exhibits a greater fundamental

frequency (9.76 Hz) than the virtual power model (7.81 Hz). This is primarily due to the

difference in discretization between the two models: the dynamic virtual power model is

defined by 32 variables, whereas the FEA uses a model composed of 6964 elements. In ad-

dition, the model discretization makes several assumptions for model simplicity that change

the mass properties of the robot. The first half of the core and rods in subsegment 1 are

not explicitly modeled, due to the lumping of these masses elsewhere with their immediately

surrounding disks. On the other hand, at disk 4, the mass properties are assumed to be

the same as the three previous disks, but one triplet of rods does not continue past disk 4.

Likewise, at disk 8, rods are modeled as continuing beyond the disk, when in actuality they

do not. The redistribution of this mass would have an effect on the dynamic properties of

the robot and likely contributes to this error.

Experimental Validation of Virtual Power Model

Experimental validation is used to verify the accuracy of the actuated case studies of the

virtual power model. Figure 4.30 shows the experimental test platform utilized. A spring

steel core (ASTM A228, 1.04 mm diameter, 240 mm long) was used with eight disks (ABS

plastic, 30 mm diameter, 2 mm thick, 30 mm disk spacing) mounted along the core using

cyanoacrylate (Loctite 401). The actuation rods are also spring steel (ASTM A228, 1.04

mm diameter), route through holes in the disk of 1.75 mm diameter, and terminate and are

connected to the fourth or eighth disk using the above cyanoacrylate. Hanging weights are
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(a) Disk 1

(b) Disk 8

Figure 4.29: Comparison of frequency response magnitudes for disk 1 and 8 x-coordinate
trajectories of dynamic virtual power and dynamic finite-element analysis models.

used to tension the rods, with an adapter mounted on the rod with polytetrafluoroethylene-

coated fiberglass thread tied on and routed over a spool supported by ball bearings. The

actuation rods were routed through the disks offset 12.5 mm from the center. The properties

of this prototype match the properties used in the numerical models shown in Table 4.3.

Figure 4.30: Rod-driven, two-segment prototype used for validating actuated case studies.

The shape was measured by photographing the disks in profile, then indirectly calculating the
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curvature from the relative angle between the two disks adjacent to each subsegment. The

bending plane angle θi was found for each subsegment by subtracting the two adjacent disks’

angles, and the subsegment curvature was found by dividing θi by L0. The error of this image

processing step was estimated by determining the angle of gradations on a protractor, then

determining the associated curvature for each given difference in angle. This was compared

to the predicted curvature for the known difference in angle. The maximum curvature error

was found to be 1.637%.

Figure 4.31 compares the experimentally measured continuum robot static equilibria to the

calculated static equilibria from the virtual power model for tensions of 10, 20, and 30 N

applied to rod k = 1. In each case, a pattern is observed where for each tension, the experi-

mental results exhibit greater curvature in subsegment 1 than the virtual power simulation,

reduced curvature in subsegment 2 compared to the virtual power simulation, and similar

curvatures for subsegments 3 and 4, as shown in Fig. 4.32. This is due primarily to the

assumption in the model that the actuation rods are held horizontal at the base of the

robot. In the experimental prototype, the clearance between the routing holes for the rods

allows for slight variation from horizontal. As a result, the elastic loading in the model is

greater than the actual elastic loading in the prototype. This could be compensated for by

adjusting the assumed boundary condition of the model at the base of the robot. However,

even with this slight discrepancy, the errors of the modeled positions of the disks relative to

the experimental results are all still less than 5%, with a maximum error of 4.89% occurring

in disk 8 for the 30 N case.

Figure 4.33 compares the experimentally measured static equilibria to the calculated static

equilibria from the virtual power model for tensions of 5, 10, and 15 N in rod k = 5. As seen

in Fig. 4.32, the reduced elastic moment generated in subsegment 1 seen in the experimental

prototype causes the measured configuration to consistently extend beyond the predicted
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Figure 4.31: Comparison of the experimentally measured static equilibrium and the calcu-
lated static virtual power model equilibrium for tensions of 10, 20, and 30 N in rod k = 1.

Figure 4.32: Comparison of β curvatures for subsegments 14 for the experimentally measured
static equilibrium and the calculated static virtual power model equilibrium for 30 N tension
in rod k = 1.
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shape. The maximum disk position error of 5.53% is seen in disk 8 for the 10 N actuation

case.

Figure 4.33: Comparison of the experimentally measured static equilibrium and the calcu-
lated static virtual power model equilibrium for tensions of 5, 10, and 15 N in rod k = 5.

The mutual actuation of rods k = 1 and k = 5 results allows for the quasi-independent control

of these two segments. To validate this model, the impact of segment 2 loading on a robot

with fixed segment 1 loading was considered. Rod k = 1 was tensioned with 25 N, and the

tension in rod k = 5 was varied from 5 N to 15 N. Because of the previously demonstrated

correlation between the steady-state component of the dynamic responses and the static

equilibria, the static models are directly compared to the experimental results generated for

the previously described loading conditions. Figure 4.34 illustrates the resulting experimental

results and calculated static equilibria for the loading described above. The maximum error

occurs of 8.02% occurs in disk 7 of the 5 N actuation case.
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Figure 4.34: Comparison of the experimentally measured static equilibrium and the calcu-
lated static virtual power model equilibrium for a tension of 25 N in rod k = 1 and tensions
of 5, 10, and 15 N in rod k = 5.



Chapter 5

Serpentine Tail Designs

When the continuum robotic structure was set aside, existing serpentine tail designs from the

literature were considered. However, no existing design satisfied all of the design criteria,

highlighted in chapter 3. To address this shortcoming, two novel serpentine tail designs

meeting these criteria have been conceptualized, implemented and prototyped.

This chapter details the design concepts, mechanical designs, electrical designs and prototype

implementation of the Roll-Revolute-Revolute Robotic Tail (R3RT, section 5.1) and the

Universal-Spatial Robotic Tail (USRT, section 5.2).

5.1 Roll-Revolute-Revolute Robotic Tail (R3RT)

5.1.1 R3RT Design Concept

The Roll-Revolute-Revolute Robotic Tail, or R3RT, is a robotic tail capable of rotating its

planar serpentine tail structure about a roll axis at its base. Its name stems from the tail’s

74



5.1. Roll-Revolute-Revolute Robotic Tail (R3RT) 75

three independent degrees of freedom: a roll joint at its base, and two segments comprised of

links connected by parallel revolute joints capable of independent articulated bending. The

defining characteristic of the tail structure is the use of nested cylindrical surfaces to route

pairs of antagonistic cables along its length. As the R3RT’s joints rotate, the antagonistic

cable pair paths on these circular surfaces will lengthen and shorten by equal amounts,

owing to the equal radii of the routing surfaces. In addition, the R3RT is also defined by the

kinematic coupling used to enforce equal relative joint angles between the links comprising

each of its actuated segments.

Details on the implementation of this R3RT concept as a mechanical design are discussed in

section 5.1.2, its associated electrical design is provided in section 5.1.3, and its prototype

implementation is shown in section 5.1.4.

5.1.2 R3RT Mechanical Design

The R3RT mechanical design, shown in Fig. 5.1, consists of a rigid housing, actuation unit

and tail segments. The rigid housing connects to the load cell or legged robot and consists

of two frames connected together with steel rods to provide lightweight, structural support

to the R3RT. The actuation unit is supported by two coaxial bearings mounted to the ends

of the rigid housing, and an internal gear mounted to the rear rigid housing support meshes

with the actuation unit spur gear (Fig. 5.2) to enable the roll-DOF rotation. This roll

angle is measured by an absolute encoder mounted to the rear frame and coupled to the

actuation unit via a timing belt. A high-current-capacity, miniature slip ring (Orbex 300

Series) transmits control signals and motor current to the actuation unit while allowing for

continuous roll rotation of the actuation module.

The tail actuation unit (Fig. 5.2) consists of three gear motors: one to actuate the roll-DOF,
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Figure 5.1: R3RT mechanical CAD design.

and two to actuate the tail segment bending DOFs. The roll-DOF motor is attached to a

spur gear that meshes with the rigid housing’s internal gear. The two tail segment bending

gear motors are each coupled to a two-channel pulley (not visible in Fig. 5.2, located behind

the bevel gear) through a pinion/bevel gear reduction. The pulleys are rigidly connected to

both the bevel gear and the antagonistic cable pair used to actuate the motor’s tail segment.

Four adjustable tensioning mechanisms with passive rollers provide a means to individually

tension each of the four cables (two antagonistic cables per actuated segment) to ensure a

straight home configuration and minimize backlash.

Figure 5.1 shows the overall tail design concept. Twelve identical rigid bodies (links 1-12)

are connected serially to create a two-segment robotic tail capable of “bending” in a rotating

plane. Link 1 is connected to link 0 through a pitch-direction (when the roll angle is zero)

revolute joint, which is rigidly attached to the actuation unit’s segment plate (Fig. 5.2).

The remaining 11 links are connected by revolute joints parallel to the joint between links

0 and 1. As a consequence of this design, when the roll angle is ±90◦, the tail remains

in its configuration without requiring cable actuation. Distinct segments are created by
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Figure 5.2: R3RT actuation module CAD design.

terminating pairs of antagonistic cables along the robot: in Fig. 5.1, two segments are

created by terminating cable pairs at links 6 and 12. The two segment structure measures

500 mm in length, has a 50 x 70 mm cross-section, and has a minimum mass of 0.91 kg.

The R3RT decouples its segment actuation and ensures equal and opposite antagonistic cable

displacements through its link design and cable routing scheme. Cables are routed along

nested cylindrical surfaces designed into the links to ensure equal cable extension/retraction

of the antagonistic cable pair during tail motion. Figure 5.3a illustrates this configuration

and shows cable routing for a four-link segment that resembles the cable routing scheme

used to actuate segment 1 (where two cables are terminated at the end link within the tail

segment and the left link is considered fixed ground). The antagonistic cable displacements

are defined by the linear relationship ±rcblθj, where rcbl is the radius of the cylindrical contour
and θj is the relative rotations between links i = j − 1 and i = j. The nested cylinder cable

routing approach enables the use of a single pulley to control the extension and retraction of

an antagonistic cable pair without the need to account for variations in cable extension and

retraction. This is because the joint angles increases and decreases the cable path by equal

angles on each side over the same radius.
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(a) Cable routing to generate bending motion in segment

(b) Cable routing to generate zero cable displacement due to
segment motion

Figure 5.3: R3RT cabling.

To simplify control, the actuation of segments 1 and 2 are mechanically decoupled. Two

cables terminate at link 12 in segment 2 and route through segment 2 similar to segment 1

shown in Fig. 5.3a. However, in segment 1, the segment 2 cabling routes along an S-path

and cross in the middle of segment 1 as shown in Fig. 5.3b. With this S-path routing, the

first half of the cable path will extend by some length and the second half of the cable path

will shorten by the same length, or vice versa (the first and second halves will shorten and

extend, respectively). This routing creates a null space for the segment 2 actuation cabling

with respect to the motion of segment 1. However, this assumes that the joint angles along

the segment are all equal.

To ensure the 6 joint angles are equal within a segment, the R3RT utilizes 5 gear pairs

mounted along the segment. The gears in each pair are mounted on two links separated by a

single link, as shown in Fig. 5.4a. For example, in gear pair 1, the first gear (red) meshes with

the second gear (purple) with an intermediate link (yellow) separating the gears’ associated

rigid bodies.
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(a) Single-segment gear arrangement

(b) Angle constraint from gear pair. Parts sharing a color are
rigidly attached.

Figure 5.4: R3RT gearing.

To ensure equal angles along the segment, the gears in each pair have equal pitch diameters.

For the gear pair associated with three sequential links i− 1, i and i+1, shown in Fig. 5.4b,

gears are rigidly attached to links i − 1 and i + 1, with link i separating the links. If link

i− 1 is held fixed, link i will rotate by angle θ relative to link i− 1, and link i+1 will rotate

by θ relative to link i. This is done for the five sequential triplets of links 0-6 (segment 1)

and 6-12 (segment 2).
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5.1.3 R3RT Electrical Design

Figure 5.5 shows the R3RT’s electrical design. To control the system, two Teensy 3.2 ARM

microcontrollers (MCUs) are used, with one acting as master and the other as slave. These

MCUs communicate over an UART connection through the slip ring. The master MCU is

mounted to the rigid housing and connects the user PC and the slave MCU. The master

MCU receives the tail’s actuation input trajectories from the user and transfer to the slave

MCU through the UART connection. The master MCU also allows the user to exercise

software control over motor power through a high side MOSFET switch. The master MCU

housing also connects the power supply to the slip ring through an emergency cut-off switch.

Teensy 3.2
Master MCU

Teensy 3.2
Slave MCU

Trajectory
Control

Position
Feedback

Maxon ESCON 50/5
Motor Driver Seg. 2 M

Velocity Feedback

Maxon EC-i 40 100W

Maxon ESCON 50/5
Motor Driver Seg. 1 M

Velocity Feedback

Maxon EC-i 40 100W

Maxon ESCON 50/5
Motor Driver Roll M

Velocity Feedback

Maxon EC-i 40 100W

Velocity Control LoopPosition Control Loop

Velocity
Commands

Position Commands

PC

Slip Ring
UART Power

USB

Figure 5.5: R3RT electrical design with inner-loop velocity control and outer-loop position
control. M denotes motor.

The slave MCU is incorporated into the actuation module to ensure stable connections with

the sensors and motor drivers. The slave MCU maps the inputs from the master MCU into

analog voltage commands to the motor drivers prescribing either motor speed or motor torque

commands. Each motor is controlled by a motor driver (Maxon ESCON 50/5) operating

either a PI motor velocity control loop or a motor current control loop.
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5.1.4 R3RT Prototype Implementation

Figure 5.6 shows the R3RT experimental prototype. The tail links and rigid housing frames

were printed using ABS plastic. The remaining custom structural components were fabri-

cated from metal (steel for shafts, aluminum for other components). Braided nylon cables

(MagicShield) rated for 441 N (100 lbs) were used to actuate the tail; segment 1 actuation

required double routed cable lines to accommodate the high impulsive tensions generated

during tail motions. During integration, the cable routing was optimized though a series

of experimental iterations to minimize friction effects by relieving aggressive cable routing

angles about the small sized pins with passive rollers.

Figure 5.6: R3RT experimental prototype.

To generate high inertial loading, the R3RT is actuated using three Maxon 100 W brushless

DC motors (EC-i 40). These motors were chosen to exceed the torque requirements for

the experiments considered in this work to provide an experimental test platform capable

of analyzing a wide variety of potential tail structures with various dimensions and mass
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properties. Gear reductions were selected to balance considerations for cable speed and

force requirements estimated for a range of possible robotic tails.

As discussed in section III-C, two of the three motors control the independent bending of

the R3RT segments through antagonistically-actuated cable mechanisms. A bevel gear train

with 2:1 reduction drives the cable pulley, and a gearbox with reduction 15:1 drives the pinion

gear. The pulley radius matches the cylindrical cable routing radius rcbl of the linkages, which

makes the pulley rotation and segment bending angle equal (e.g., if the segment 1 pulley

rotates 45◦, segment 1 will bend 45◦). The third motor controls the R3RT actuation module

roll-angle using a spur gear coupled to an internal gear (with a gear reduction of 3:1 in

addition to a 15:1 gearbox). Incorporating the roll motor within the actuation unit reduces

the rigid housing cross-section at the cost of increased power required to produce roll motion

due to the additional inertia. However, in this design, the motors are close to the roll axis,

minimizing their contributions to the net actuation unit inertia.

5.2 Universal-Spatial Robotic Tail (USRT)

5.2.1 USRT Design Concept

The Universal-Spatial Robotic Tail, or USRT, is a robotic tail capable of intrinsically spatial

pitch and yaw bending of its quasi-independently actuated segments. Its name stems from

the universal joints that comprise the structure, and the inherently spatial workspace they

provide. Unlike the R3RT, which can only bend in two directions from its extended configu-

ration without rotating the bending plane, the USRT can intrinsically bend in any direction

from its extended configuration. However, the USRT also requires three additional motors

(six total) controlling the coupled motion of individual actuation cables, instead of the three
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motors controlling the R3RT’s three decoupled DOFs.

The tail’s behavior is similar to the elastic core continuum robots considered in Chapter 4,

with one key differences: the universal joints constrain the relative roll (or twist) between

disks, which eliminates a significant source of undesired sag in the mechanism. Although the

combined motion of the pitch and yaw joints can create roll-like tail motions that can sag

the structure when bent out of plane, this is no longer aided by twist between disks.

Unlike other similar serpentine robot designs, such as [6, 19, 28], the USRT is designed for

cantilevered operation. The tail’s elastic loading is asymmetric in the vertical and horizontal

directions, with non-zero elastic loading at the joint’s zero-angle configuration to counteract

the gravitational moment induced in each joint. In addition, the vertical elastic loading is

also scaled along the length of the USRT: toward the tip, lower elastic loading reflects the

reduced gravitational loading acting at those joint, whereas higher stiffness springs are used

toward the base.

Details on the implementation of this USRT concept as a mechanical design are discussed in

section 5.2.2, its associated electrical design is provided in section 5.2.3, and its prototype

implementation is shown in section 5.2.4.

5.2.2 USRT Mechanical Design

The USRT, shown in Fig. 5.7, is composed of a serial chain of six links connected by

universal joints that permit relative pitch and yaw. The six links are organized into two

quasi-independently actuated segments 1 and 2. Figure 5.8 shows joint j between disks

i = j − 1 and i = j. In addition to the universal joint between these links, two springs are

mounted (extension and compression), along with actuation cabling, two distance sensors,

and a joint angle limit.
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Figure 5.7: USRT mechanical design.

(a) Structure and actuation (b) Elasticity and sensing

Figure 5.8: USRT joint design.
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The joint angle limit prevents the angular displacement of the universal joint from exceeding

a fixed maximum. To implement the joint limit, a pair of axisymmetric beveled surfaces

are incorporated into the designs of disk i = j − 1 and the base of central link i = j.

The beveled surfaces are parallel and in contact when the joint angle limit is reached, and

the axisymmetric design allows the surface to “roll” along the mated beveled surfaces at

the maximum deflection as the pitch and yaw angles are varied. This provides a uniform

maximum workspace for each joint when planning tail motions and prevents the need for

the displacement sensors to stop joint motion at their limits.

In addition, although the universal joints only permit relative pitch and yaw between links,

a rolling motion can be created by multiple joints acting together, as shown in Fig. 5.9. In

this illustration, the pitch and yaw angles are varied sinusoidally to roll the tail COM around

the mounting plate centerline.

USRT Elasticity

Two sources of elastic loading are incorporated into each joint: (1) a compression spring

surrounding the universal joint that resists bending equally in all directions as the universal

joint pitches and yaws, and (2) an extension spring mounted between adjacent links to help

compensate for gravitational loading.

The compression spring provides a compact means of distributing actuation loading within an

actuated segment. These springs provide axisymmetric mechanical coupling between links

to prevent the cable actuation from only causing bending in a single joint (the extension

spring only acts in the pitch direction). The compression spring is housed within the central

link, and the portion exposed between adjacent links contributes to the bending resistance.

The extension spring modifies the joint’s elasticity in the pitch direction to help offset the
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Figure 5.9: Stroboscopic composite of a USRT rolling motion through −180◦ with tail bent
180◦, shown in 45◦ increments.

effect of gravity. Because of the differences in gravitational moments at joints along the tail

(i.e., the gravitational moments near the base is significantly higher than the gravitational

moment near the tip), the elastic loading required from this spring varies. This can be

achieved by varying the springs’ stiffnesses, unloaded lengths and/or anchor-point distances.

Spring stiffness and unloaded length are functions of the spring chosen for inclusion in the

design; for a fixed unloaded length, higher stiffness correlates to higher force, and for a fixed

stiffness, shorter unloaded length generate higher force for a fixed distance between anchor

points. As shown in Fig. 5.8b, the USRT design incorporates an adjustable anchor to allow

for variation of the distance between anchor points. The fixed anchor in Fig. 5.8b is designed

such that the spring anchor point is an equal distance from the disk surface as the central

universal joint. This minimizes the effect of the extension spring on yaw-direction loading.
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USRT Actuation

A spool is mounted to the output shaft of each gearmotor, and a cable routed along the

USRT is attached to this spool. An actuated segment is created by ending/tying off sets of

three actuation cables at a specific disk. The first actuated segment is from the tail base to

the first disk to which cables are tied off, and subsequent segments are from the previous

segment’s terminal link to the next link at which cables are tied off. Actuation is applied by

three cables routed through holes at a fixed radius with 120◦ between holes around the disk

center.

Cables terminating in different segments are co-routed through the same holes to simplify

control. For example, if prescribing the desired cable velocities for a two-segment structure,

to account for the change in cable path lengths in segment 1 for the segment 2 cabling, the

prescribed segment 1 cable velocities can be added to the desired segment 2 cable velocities.

This feature will also aid in the formulation of the cable tensioning contribution of the

USRT’s inner-loop controller in section 7.3.2.

During operation, in each segment, two of the three cables will actively contribute to the

tail segment motion. These active cables generate the desired motion of the segment and

dictate its shape. The passive cable will either follow the segment trajectory established by

the other two cables or maintain a nominal tension during operation. It is important that

the passive cable not over-slack as the subset of two active cables may change during tail

motion.

USRT Sensors

Sensors integrated along the tail allow for estimation of the joint angles and velocities of

each universal joint. Two displacement sensors (Fig. 5.8b) are mounted between the disks
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separated by each joint to measure the distances between pairs of fixed points on each disk.

These distances can be used to analytically calculate the pitch and yaw joint angles of the

universal joint, providing a mechanism for sensing the real-time tail configuration.

An inertial measurement unit (IMU, Fig 5.8b) that includes a gyroscope is also mounted to

each link. Utilizing the body-fixed angular velocity measurements from the gyroscope, along

with the estimates of the relative pitch and yaw of adjacent links from the displacement

sensors, the universal joint pitch and yaw velocities may also be estimated.

5.2.3 USRT Electrical Design

The tail motors are controlled by six ESCON 50/5 Maxon motor drivers operating in either

a PI velocity control mode or a motor current control mode. Sensor feedback for each motor

control loop is a US Digital Miniature Optical Kit Encoder (part #E4T-360-236-DHMB)

mounted to the motor shaft and Hall effect sensors incorporated into the motor. For the

desired tail motion, LabView was used generated to transmit desired velocity or motor

current trajectories at 10 ms intervals (100 Hz) to an ARM Cortex M4 microcontroller that

interfaces with the six motor drivers. The tail was powered using a 37 V LiPo battery

connected to the motors drivers through the R3RT’s power regulator.

5.2.4 USRT Prototype Implementation

Figure 5.10 shows the USRT experimental test platform. Structural components of the

tail were made of thermoplastic using a Stratasys uPrint 3D printer and were connected

by commercial universal joints from SDP/SI (Molded Universal Joints, 3/8 inch OD with

3/16 inch Bore Insert, part #A-5Z-8-D306). Commercial compression and extension springs

with properties defined in Tables 6.2 and 6.3 were utilized, and spring anchor positions were
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adjusted so that the tail is extended (approximately straight) in the absence of actuation.

Figure 5.10: USRT experimental prototype.

Six brushless EC-i 40 Maxon motors (36 V) were used to actuate the prototype: three 100W

brushless motors for segment 1 (part #496661), and three 70W motors for segment 2 (part

#496655). The segment 1 motors are higher power than the segment 2 motors due to the

increased inertial loading acting on the segment 1 joints due to the presence of segment

2. Gear reductions (15:1 for segment 1, 26:1 for segment 2) and cable spool diameters (34

mm for segment 1, 49 mm for segment 2) were chosen so that the tail would be capable of

bending from 0 to 180◦ in 0.25 sec without exceeding the motors’ velocity limits. The gear

reduction and spool diameter were chosen to accomplish this goal with maximum gear ratio

and minimum spool diameter, to maximize the force the cable can support given the motor’s

torque limitations.



Chapter 6

Serpentine Tail Dynamics

Based on the R3RT and USRT designs presented in Chapter 5, kinematic and dynamic

models for the R3RT (section 6.1) and USRT (section 6.2) have been defined. These sections

define the state vectors, control inputs and equations of motion of the tails, formulate the

tails’ kinematic and loading models, calculate the loading the tails applies at their bases,

simulate the tails’ loading capabilites and compare these simulations to experimental results.

Owing to the limited number of Latin and Greek characters, the same variables can have

different meanings for the continuum tail, R3RT and USRT models. As a result, each of

these sets of models should be considered independently of one another. As a consequence

of this, there are some formulations for the R3RT and USRT models (such as the inertial

and gravitational loading) that are nearly duplicated in their respective R3RT and USRT

sections. This is to avoid “crossing the streams” and allows sections 6.1 and 6.2 to stand on

their own to represent their tail models.

90
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6.1 Roll-Revolute-Revolute Robotic Tail Model

6.1.1 R3RT State, Control and Equations of Motion

The R3RT’s kinematic state may be represented by three variables: the roll angle φ and the

segment 1 and 2 relative joint angles β1 and β2. Only two relative joint angles are needed to

represent the state of the 12-DOF tail structure due to the 10 kinematic constraints imposed

by the 10 gear pairs. These state variables are collected into the state vector q defined in

Eq. 6.1.

q =

⎡
⎢⎢⎢⎢⎣

φ

β1

β2

⎤
⎥⎥⎥⎥⎦ (6.1)

The R3RT’s three control inputs are the actuation module torque τ , the segment 1 cable

tension T1 and the segment 2 cable tension T2. These scalar values are collected into the

control input vector u defined in Eq. 6.2.

u =

⎡
⎢⎢⎢⎢⎣

τ

T1

T2

⎤
⎥⎥⎥⎥⎦ (6.2)

The R3RT’s 13 revolute joints lead to 13 equations of motion. If the net moment Mj,jnt is

calculated at the joint j center, the projection of Mj,jnt onto the joint j axis unit vector ξ̂j

equals zero, shown in Eq. 6.3, as a revolute joint cannot support a moment about its joint

axis.
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ξ̂j ·Mj,jnt = 0, j ∈ {0, · · · , 12} (6.3)

These 13 equations are a set of differential-algebraic equations defined by three differential

variables (q) and ten algebraic variables (the gear pairs’ contact forces). Algebraic manipu-

lation can be used to reduced these 13 differential-algebraic equations into the three ordinary

differential equations defined by Eq. 6.4, where M (q) is the tail’s inertia matrix, C (q, q̇) q̇

is the tail’s centripetal and Coriolis loading effects, g (q) is the tail’s gravitational loading,

and T (q) is the tail’s actuation transmission matrix.

M (q) q̈+C (q, q̇) q̇+ g (q) = T (q)u (6.4)

6.1.2 R3RT Kinematic Analysis

First, to aid in the recursive formulation of the kinematic analysis, β1 and β2 are mapped

into the joint j angle θj, defined in Eq. 6.5.

θj =

⎧⎪⎨
⎪⎩

β1, 1 ≤ j ≤ 6,

β2, 7 ≤ j ≤ 12
(6.5)

Using these angles, the orientation Ri of link i with respect to the inertial tail frame is

defined using Eq. 6.6, where RZ (·) and RY (·) are rotation matrices for z- and y-axis

rotations, respectively, by the angle (·). The link i orientations can be used to calculate

revolute joint j axis unit vector ξ̂j, as shown in Eq. 6.7, where ẑjj and ŷj
j are the frame j z-

and y-axis unit vectors, respectively.
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Ri =

⎧⎪⎨
⎪⎩

RZ (φ) , i = 0,

Ri−1RY (θi) , 1 ≤ i ≤ 12
(6.6)

ξ̂j =

⎧⎪⎨
⎪⎩

Rj ẑ
j
j, j = 0

Rjŷ
j
j , 1 ≤ j ≤ 12

(6.7)

The position vectors from the inertial tail frame origin to the joint j center pj,jnt and link

i COM pi,COM are defined in Eqs. 6.8 and 6.9, respectively, where pT0,jnt is the position

from the inertial tail frame origin to the joint 0 center, p0
01,jnt is the position from the joint 0

center to the joint 1 center, LJJ is the distance each link’s joint centers, p0
0,JC is the position

from the joint 0 center to the link 0 COM and LJC is the distance between a link’s proximal

joint center and its COM. In addition, pj,i,JC in Eq. 6.10 defines the position from joint j

to the link i COM.

pj,jnt =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

pT0,jnt, j = 0,

p0,jnt +R0p
0
01,jnt, j = 1

pj−1,jnt + LJJRj−1ẑ
j−1
j−1, 2 ≤ j ≤ 12

(6.8)

pi,COM =

⎧⎪⎨
⎪⎩

p0,jnt +R0p
0
0,JC , i = 0

pi,jnt + LJCRiẑ
i
i, 1 ≤ i ≤ 12

(6.9)

pj,i,JC = pi,COM − pj,jnt (6.10)

For the rotational kinematics, the link i angular velocities ωi are defined in Eq. 6.11 based
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on the roll DOF between the rigid housing and link 0 and the pitch DOFs between links

i− 1 and i for 1 ≤ i ≤ 12, where φ̇ denotes the time derivative of φ.

ωi =

⎧⎪⎨
⎪⎩

φ̇ξ̂i, i = 0,

ωi−1 + θ̇iξ̂i, 1 ≤ i ≤ 12
(6.11)

6.1.3 R3RT Loading Analysis

Four loading effects contribute to Mj,jnt: inertia (Mj,inr), gravity (Mj,grv), gearing (Mj,gear),

and actuation (Mj,act), shown in Eq. 6.12.

Mj,jnt = Mj,inr −Mj,grv −Mj,gear −Mj,act (6.12)

R3RT Inertial Loading

The inertial moment Mj,inr depends on the links “downstream” of the joint. For joint j, Eq.

6.13 defines the inertial moment generated by links i = j through i = 12, where Fi,inr,bdy

and Mi,inr,bdy are the link i inertial force and moment, respectively.

Mj,inr =
12∑
i=j

(Mi,inr,bdy + pj,i,JC × Fi,inr,bdy) (6.13)

These link i inertial forces and moments are defined in Eqs. 6.14 and 6.15, where mi,bdy is

the link i mass, Ii,bdy is the link i inertia tensor defined in Eq. 6.16, Iii,bdy is the constant

body-frame-fixed link i inertia tensor, p̈i,COM is the link i COM linear acceleration and ω̇i

is the link i angular acceleration.
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Fi,inr,bdy = mi,bdyp̈i,COM (6.14)

Mi,inr,bdy = Ii,bdyω̇i + ωi × Ii,bdyωi (6.15)

Ii,bdy = RiI
i
i,bdyR

T
i (6.16)

To formulate the M and C matrices, Jacobian-based formulations of p̈i,COM , ωi and ω̇i are

needed, as defined in Eqs. 6.17, 6.18 and 6.19, where Jp,i is the link i COM linear velocity

Jacobian and Jω,i is the link i angular velocity Jacobian.

p̈i,COM = Jp,iq̈+ J̇p,iq̇ (6.17)

ωi = Jω,iq̇ (6.18)

ω̇i = Jω,iq̈+ J̇ω,iq̇ (6.19)

With these, Fi,inr,bdy and Mi,inr,bdy can be reformulated as shown in Eqs. 6.20 and 6.21, and

used in conjunction with Eq. 6.13 to calculate M and C using Eqs. 6.22 and 6.23.

Fi,inr,bdy = mi,bdyJp,iq̈+mi,bdyJ̇p,iq̇ (6.20)

Mi,inr,bdy = Ii,bdyJω,iq̈+
(
Ii,bdyJ̇ω,i + ωi × Ii,bdyJω,i

)
q̇ (6.21)
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M =

⎡
⎢⎢⎢⎢⎣

ξ̂0 ·
∑12

i=0 (Ii,bdyJω,i +mi,bdyp0,i,JC × Jp,i)∑6
j=1

(
ξ̂j ·

∑12
i=j (Ii,bdyJω,i +mi,bdypj,i,JC × Jp,i)

)
∑12

j=7

(
ξ̂j ·

∑12
i=j (Ii,bdyJω,i +mi,bdypj,i,JC × Jp,i)

)

⎤
⎥⎥⎥⎥⎦ (6.22)

C =

⎡
⎢⎢⎢⎢⎣

ξ̂0 ·
∑12

i=0

(
Ii,bdyJ̇ω,i + ω × Ii,bdyJω,i +mi,bdyp0,i,JC × J̇p,i

)
∑6

j=1

(
ξ̂j ·

∑12
i=j

(
Ii,bdyJ̇ω,i + ωi × Ii,bdyJω,i +mi,bdypj,i,JC × J̇p,i

))
∑12

j=7

(
ξ̂j ·

∑12
i=j

(
Ii,bdyJ̇ω,i + ωi × Ii,bdyJω,i +mi,bdypj,i,JC × J̇p,i

))

⎤
⎥⎥⎥⎥⎦ (6.23)

R3RT Gravitational Loading

Similar to Mj,inr, the gravitational moment Mj,grv at joint j is due to the gravitational forces

Fi,grv,bdy acting on links i = j through i = 12. Equations 6.24 and 6.25 define Mj,grv and

Fi,grv,bdy, respectively, where g is gravitational acceleration and x̂T is the inertial tail frame

x-axis unit vector.

Mj,grv =
12∑
i=j

(pj,i,JC × Fi,grv,bdy) (6.24)

Fi,grv,bdy = −mi,bdygx̂T (6.25)

Equation 6.26 uses Mj,grv in conjunction with the joint j axes ξ̂j to formulate the g vector.

g =

⎡
⎢⎢⎢⎢⎣

ξ̂0 ·M0,grv∑6
j=1

(
ξ̂j ·Mj,grv

)
∑12

j=7

(
ξ̂j ·Mj,grv

)

⎤
⎥⎥⎥⎥⎦ (6.26)
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R3RT Coupling Loading

Each gear pair’s contact forces will induce moments in the two joints separating that gear

pair. Figure 6.1 shows that the force applied on link i + 1 contributes to the gear moment

at joints j = i and j = i + 1. The impact of each gear force Fl,{1,··· ,5},gear (from gear pair

{1, · · · , 5} in segment l) is mapped into two terms defined in Eqs. 6.27 and 6.28: Mj,1,gear

accounts for the link i + 1 gear force acting on joint j = i, and Mj,2,gear accounts for the

link i + 1 gear force acting on joint j = i + 1, with the assumption that the gear force acts

tangentially to the gear’s pitch diameters. For each joint j, Eq. 6.29 defines Mj,gear.

(a) Gear pair i ∈ {1, · · · , 5} in segment l = 1 (b) Joint moments due to gear force

Figure 6.1: R3RT gear model.

Mj,1,gear =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

0, j = {0, 6, 12} ,
0.5LJJF1,j,gear, j = {1, · · · , 5} ,
0.5LJJF2,j−6,gear, j = {7, · · · , 11}

(6.27)

Mj,2,gear =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

0, j = {0, 1, 7} ,
−0.5LJJF1,j−1,gear, j = {2, · · · , 6} ,
−0.5LJJF2,j−7,gear, j = {8, · · · , 12}

(6.28)
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Mj,gear = (Mj,1,gear +Mj,2,gear) ξ̂j (6.29)

A vector representation of ξ̂j ·Mj,gear in terms of Fl,{1,··· ,5},gear is shown in Eq. 6.30. By adding

together rows 1-6 and rows 7-12, the Fl,{1,··· ,5},gear variables are eliminated, allowing for the

formulation of the three reduced equations of motion in Eq. 6.4. This simple formulation

is only possible because the gear efficiencies are neglected as a modeling assumption; if

efficiencies were considered, Gaussian elimination would need to be performed to eliminate

the Fl,{1,··· ,5},gear variables. However, the same principle would apply: the joint 1-6 equations

could be reduced into a single segment 1 equation, and the joint 7-12 equations could be

reduced into a single segment 2 equation.



6.1. Roll-Revolute-Revolute Robotic Tail Model 99

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ξ̂0 ·M0,gear

ξ̂1 ·M1,gear

ξ̂2 ·M2,gear

ξ̂3 ·M3,gear

ξ̂4 ·M4,gear

ξ̂5 ·M5,gear

ξ̂6 ·M6,gear

ξ̂7 ·M7,gear

ξ̂8 ·M8,gear

ξ̂9 ·M9,gear

ξ̂10 ·M10,gear

ξ̂11 ·M11,gear

ξ̂12 ·M12,gear

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

LJJ/2 0 0 0 0

−LJJ/2 LJJ/2 0 0 0

0 −LJJ/2 LJJ/2 0 0

0 0 −LJJ/2 LJJ/2 0

0 0 0 −LJJ/2 LJJ/2

0 0 0 0 −LJJ/2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

F1,1,gear

F1,2,gear

F1,3,gear

F1,4,gear

F1,5,gear

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

LJJ/2 0 0 0 0

−LJJ/2 LJJ/2 0 0 0

0 −LJJ/2 LJJ/2 0 0

0 0 −LJJ/2 LJJ/2 0

0 0 0 −LJJ/2 LJJ/2

0 0 0 0 −LJJ/2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

F2,1,gear

F2,2,gear

F2,3,gear

F2,4,gear

F2,5,gear

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(6.30)

R3RT Actuation Loading

The actuation moment Mj,act takes different forms depending on the joint, as shown in Eq.

6.31, where rcbl is the radius of the nested cylindrical cable routing surfaces within the tail.

For joint j = 0, the roll torque τ acts directly on the joint, but for joints j = 1 through

j = 12, the actuation cable tensions generate a joint moment.
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Mj,act =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

τ ξ̂0, j = 0,

(T1 + T2) rcblξ̂j, 1 ≤ j ≤ 3,

(T1 − T2) rcblξ̂j, 4 ≤ j ≤ 6,

T2rcblξ̂j, 7 ≤ j ≤ 12

(6.31)

For each antagonistic cable pair, a single real-valued variable Tl for l ∈ {1, 2} represents the
non-zero tension in each cable pair. Because cabling cannot carry a negative tension, the

symmetric antagonistic cabling allows for equal and opposite bi-directional tensioning: the

“upper” cable is in tension when Tl > 0, and the “lower” cable is in tension when Tl < 0, as

shown in Fig. 6.2. The mapping of the cable tension into a joint moment is illustrated in

Fig. 6.2: the cable tension vector aligns with the actuation cabling between links i = j − 1

and i = j and the orthogonal distance from this force to the joint axis is assumed to be rcbl.

In Eq. 6.31, the difference in Mj,act definitions for joints 1− 3 and 4− 6 is due to the S-path

routing: as the segment 2 cabling routes through segment 1, its impact on joints 1− 3 and

4− 6 are equal and opposite.

(a) Single-variable segment l cable tension
representation

(b) Joint moment due to segment l cable ten-
sion

Figure 6.2: R3RT cable model.

Equation 6.32 uses Mj,act in conjunction with the joint j axes ξ̂j to formulate the T matrix.
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Tu =

⎡
⎢⎢⎢⎢⎣

ξ̂0 ·M0,act∑6
j=1

(
ξ̂j ·Mj,act

)
∑12

j=7

(
ξ̂j ·Mj,act

)

⎤
⎥⎥⎥⎥⎦ → T =

⎡
⎢⎢⎢⎢⎣

1 0 0

0 6rcbl 0

0 0 6rcbl

⎤
⎥⎥⎥⎥⎦ (6.32)

6.1.4 R3RT Tail Base Loading

When the tail is mounted to a load cell or mobile robot, an internal force FT and moment

MT acting on the rigid housing is generated, along with equal and opposite loading acting

on the load cell or robot. The loading FT and MT depends on the inertia of the tail’s moving

links and the gravitational forces acting at the tail’s fixed and moving link COMs. All of

these calculations are performed with respect to the inertial tail frame. As the gear and

actuation loading are internal loading effects, they do not contribute to FT or MT .

Equations 6.33 and 6.34 define FT and MT , where FRH,grv is the rigid housing’s gravitational

loading defined in Eq. 6.35, mRH,bdy is the mass of the rigid housing and pRH,COM is the

position from the inertial tail frame origin to the rigid housing COM.

FT = −FRH,grv +
12∑
i=0

(Fi,inr,bdy − Fi,grv,bdy) , (6.33)

MT =

⎛
⎜⎝ −pRH,COM × FRH,grv

+
∑12

i=0 (Mi,inr,bdy + pi,COM × (Fi,inr,bdy − Fi,grv,bdy))

⎞
⎟⎠ (6.34)

FRH,grv = −mRH,bdygx̂T (6.35)
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6.1.5 R3RT Simulations

In order to utilize the R3RT’s kinematic and dynamic models to simulate the tail base

loading, the parameters used to calculate FT and MT in Eqs. 6.33 and 6.34 are provided in

Table 6.1. These properties match the prototype in section 5.1.4, to allow comparison of the

simulated and measured results.

Table 6.1: Mass and geometric properties of the R3RT prototype.

Variable Value Variable Value
rcbl 25 mm I00,bdy,xx 0.01197 kg-m2

LJJ 40 mm I00,bdy,yy 0.01205 kg-m2

LJC 32.7 mm I00,bdy,zz 0.004202 kg-m2

m0,bdy 3.144 kg I
{1,··· ,12}
{1,··· ,12},bdy,xx 0.0001868 kg-m2

m{1,··· ,12},bdy 0.0759 kg I
{1,··· ,12}
{1,··· ,12},bdy,yy 0.0000813 kg-m2

pT0,jnt 92.1 x̂ mm I
{1,··· ,12}
{1,··· ,12},bdy,zz 0.0001626 kg-m2

p0
01,jnt 159.24 ẑ mm p0

0,JC [−3.52, 0, −7.33]T mm

In addition, trajectories of φ, β1 and β2 are required. To aid in the formulation of trajectories

for these variables, a placeholder variable ψ will be defined for which the interpolation is

defined and can be used to define either variable bending or variable rolling trajectories. A

sixth-order interpolation is defined for ψ, as shown in Eq. 6.36, where t is the simulation

time, t0 and tf are the trajectory start and end times, ψ0 and ψf are the values of ψ at t0

and tf , respectively, and an is the polynomial’s nth-order term coefficient. Values for an are

found using the trajectory’s boundary conditions defined in Eq. 6.37.

ψ =

⎧⎪⎨
⎪⎩

∑5
n=0 (an (t− t0)

n) , t0 ≤ t ≤ tf

ψf , t > tf

(6.36)
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ψ (t0) = ψ0, ψ̇ (t0) = 0, ψ̈ (t0) = 0,

ψ (tf ) = ψf , ψ̇ (tf ) = 0, ψ̈ (tf ) = 0
(6.37)

Two case studies are considered: 1) dynamic tail bending for a set of fixed roll angles, and

2) dynamic tail roll for a set of fixed bending angles. For both case studies, the tail’s static

loading when φ = β1 = β2 = 0 is subtracted from the calculated loading profile trajectories

to show the loading as it would impact the legged robot on which the tail is mounted. In

addition, in cases where β1 = β2, the variable β will be used to reference both.

Figure 6.3 illustrates the FT and MT profiles for the first case, where (t0, tf ) = (0, 0.5) sec,

(ψ0, ψf ) = (0, 90)◦ and β = ψ at three fixed values of φ = {0, 45, 90}◦. The z-component

of FT , (FT )z, due primarily to centripetal acceleration, is invariant to φ, given that the

roll axis is the tail frame z-axis; for (MT )z, as roll increases from φ = 0, the gravitational

forces acting over y-axis distances generate a moment at the base. For (FT )x and (FT )y, due

to the centripetal and tangential accelerations of the tail masses, as φ increases, the time-

varying component of (FT )x re-allocates to (FT )y. The moments (MT )x and (MT )y are due

to several factors: the moments due to the links’ angular acceleration, the moments due to

inertial forces from the links’ linear acceleration, and the moments due to gravity. Gravity

primarily impacts (MT )y: the gravitational moment is greatest when ψ = 0 and least when

ψ = 90◦. As with force, the roll angle re-allocates the inertial component between (MT )x

and (MT )y.

Figure 6.4 illustrates the loading profiles for the second case, where (t0, tf ) = (0, 0.5) sec,

(ψ0, ψf ) = (0, 90)◦ and φ = ψ with (β1, β2) = {(45, 45)◦ , (90, 90)◦ , (−21.75, 90)◦}. The

set (β1, β2) = (−21.75, 90)◦ corresponds to a tail configuration with the tail COM located

along the roll axis similar to a reaction wheel. For this case, the tail COM does not move

during rotation, hence zero force. However, since the tail is not axisymmetric (i.e., there
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Figure 6.3: R3RT simulation results: loading due to dynamic tail bending motion at fixed
tail roll angles.

are off-diagonal terms in the tail’s inertia tensor), moments are generated in the x-, y- and

z-directions.

For the β = {45, 90}◦ cases, the tail COM is held at a fixed distance along the z-axis,

which ensures there is zero (FT )z, and (FT )x and (FT )t are due to centripetal and tangential

accelerations. However, gravity will generate moments in (MT )y and (MT )z. For (MT )y,

the non-zero initial moments are due to the reduced tail COM distance from the tail base

for β = {45, 90}◦ compared to β = 0 (the static loading for φ = β = 0 includes a y-axis

moment component). For (MT )z, as ψ increases from 0 to 90◦, the y-axis distance between

the COM and inertial tail frame increases, creating a gravitational moment. For the inertial

components of (MT )x and (MT )y, the magnitude of the inertial component of loading initially

increases in magnitude (β = 45◦), and then decreases (β = 90◦), due to the varying of the

z-axis tail COM coordinate and the distance of the tail COM from the z-axis as β increases.

For the inertial component of (MT )z, the tail’s tangential acceleration generates a slight
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Figure 6.4: R3RT simulation results: loading due to dynamic tail rolling motion at fixed tail
bending angles.

inertial moment that is secondary to the change due to gravity as β increases.

6.1.6 R3RT Experiments

Experiments were performed to measure the tail’s ability to generate dynamic loading using

a 6-axis load cell. Sensor measurements were sampled at 400 Hz using a PCI data acquisition

card. A moving window mean low-pass filter with a 50 sample points width was used to

filter out high frequency sensor noise from the measured data; sufficient data was collected

preceding the start of the tail motion to uniformly filter the relevant time span.

The tail bending motion case studies from section 6.1.5 were implemented experimentally to

compare measured loading profiles with computed simulation results (sensor errors associated

with the roll DOF sensing at the time precluded experimental implementation of the tail

rolling motion case studies). Figure 6.5 illustrates the measured loading profiles. Each case
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scenario was conducted three times with results averaged. From the plot, it can be observed

that tail curvature motion is completed in 0.8 sec, after which the tail experiences vibrations

that dissipate to steady state conditions.
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Figure 6.5: R3RT experimental results: loading due to dynamic tail bending motion at fixed
tail roll angles.

Compared to computed results in Fig. 6.3, the measured loading profiles exhibit similar

loading as the roll angle is varied: force loading about the z-axis shows an approximate

invariance to various roll angles, gravitational moment loading offsets about the y- and z-axis

at final tail configurations approximately match computed results, and profiles qualitatively

match the shape of computed profiles, but do not exactly match the smooth contours.

A shortcoming observed in the experiments is a lag between the prescribed and resulting

trajectories. This is due to the motor driver’s position control loop that prescribes the pulley

rotation angle, as opposed to the quadratic splines used to compute the loading profiles in

section VI-C. Since the PD position controller’s output depends on position and velocity

errors, a delay is introduced while sufficient error is accumulated to overcome friction and

gravity. This delay distorts the loading profile with respect to commanded profile.



6.2. Universal-Spatial Robotic Tail Model 107

Measured peak loading profile values, equal to 6 N and 3.1 N-m, fall slightly below computed

values because the experimental tail motion duration was slightly longer than the 0.5 s time

span used in computed results. This is expected since inertial loading decreases as the time

spans of tail motions are lengthened.

6.2 Universal-Spatial Robotic Tail Model

6.2.1 USRT State, Control and Equations of Motion

The USRT’s kinematic state may be represented by twelve variables: six pitch angles and

six yaw angles. For universal joint j ∈ {1, · · · , 6}, φj is the joint j pitch angle and θj is the

joint j yaw angle. These state variables are collected into the state variable q defined in Eq.

6.38.

q = [φ1, · · · , φ6, θ1, · · · , θ6]
T (6.38)

The USRT’s control inputs are six non-negative cable tensions Tk for k ∈ {1, · · · , 6} that

maintain a minimum tension of Tmin and are collected into the control input vector u defined

in Eq. 6.39.

u =

⎡
⎢⎢⎢⎢⎣

T1

...

T6

⎤
⎥⎥⎥⎥⎦ , Tk ≥ Tmin (6.39)

The USRT’s 6 universal joints (or 12 revolute joints) lead to 12 equations of motion. If the

net moment Mj,jnt is calculated at the joint j center, the projections of Mj,jnt onto the joint
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j pitch axis unit vector ρj and yaw axis unit vector γj equal zero, as shown in Eq. 6.40,

since a universal joint cannot support a moment about its joint axes.

⎧⎪⎨
⎪⎩

ρ̂j ·Mj,jnt = 0,

γ̂j ·Mj,jnt = 0,
j ∈ {1, · · · , 6} (6.40)

Alternatively, the tail’s 12 dynamic equations of motion may be represented by Eq. 6.41,

where M (q) is the tail’s inertia matrix, C (q, q̇) q̇ is the tail’s Coriolis and centripetal load-

ing, d (q, q̇) is the tail’s joint damping loading, k (q) is tail’s joint coupling loading, g (q) is

the tail’s gravitational loading, and T (q) is the tail’s actuation transmission matrix.

M (q) q̈+C (q, q̇) q̇+ d (q, q̇) + k (q) + g (q) = T (q)u (6.41)

In addition to the state vector q, an additional state vector z ∈ R
4 is defined in Eq. 6.42 in

terms of the segment l net pitch ψl and yaw ηl bending angles, where μ is a 4-by-12 matrix

that maps q into z, 11×3 is a 1-by-3 row vector of ones and 01×3 is a 1-by-3 row vector of

zeros. The three cables used to actuate each segment only allow for control of two DOFs

[85]; ψl and ηl for segment l ∈ {1, 2} parameterize the controllable workspace of the tail.

z =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

ψ1

ψ2

η1

η2

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
= μq =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

11×3 01×3 01×3 01×3

01×3 11×3 01×3 01×3

01×3 01×3 11×3 01×3

01×3 01×3 01×3 11×3

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
q (6.42)
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6.2.2 USRT Kinematic Analysis

Using these pitch and yaw angles, the orientation and position kinematics can be defined.

Frames for the tail base (T ) and a tail link (4) are shown in Fig. 6.6. The relative orientation

Ri−1
(i−1)i between links i−1 and i and the link i orientation Ri with respect to the inertial tail

frame are defined in Eqs. 6.43 and 6.44, respectively, where E3 is the 3-by-3 identity matrix,

RY (·) is the rotation matrix for a y-axis rotation by angle (·), and RX (·) is the rotation

matrix for an x-axis rotation by angle (·).

Figure 6.6: USRT frame definitions and joint/link COM position vectors.

Ri−1
(i−1)i = RY (φi)RX (θi) (6.43)

Ri =

⎧⎪⎨
⎪⎩

E3, i = 0,

Ri−1R
i−1
(i−1)i, 1 ≤ i ≤ 6

(6.44)
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The joint j axes ρj and γj are defined in Eqs. 6.45 and 6.46.

ρj = Rj−1ŷ
j−1
j−1 (6.45)

γj = Rjx̂
j
j (6.46)

Using these orientations, the position vectors from the inertial tail frame origin to joint j

(pj,jnt) and the link i COM (pi,COM), shown in Fig. 6.6, may be calculated using Eqs. 6.47

and 6.48, where pT1,jnt is the position vector from the inertial tail frame origin to the joint 1

center, LJJ is the distane between a link’s joint centers, p0,JC is the position vector from the

inetial tail frame origin to the link 0 COM and LJC is the distance between a link’s proximal

joint center and its COM (shown in Fig. 6.7).

pj,jnt =

⎧⎪⎨
⎪⎩

pT1,jnt, j = 1,

pj−1,jnt + LJJRj ẑ
j
j, 1 ≤ j ≤ 6

(6.47)

pi,COM =

⎧⎪⎨
⎪⎩

p0,JC , i = 0

pi,jnt + LJCRiẑ
i
i, 1 ≤ i ≤ 6

(6.48)

The link i angular velocity may be defined relative to link i− 1 (ωi−1
(i−1)i) and the inertial tail

frame (ωi) using Eqs. 6.49 and 6.50, where φ̇ denotes the first time derivative of φ.
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Figure 6.7: USRT joint kinematics definitions.

ωi−1
(i−1)i = φ̇iρ

i−1
i + θ̇iγ

i−1
i (6.49)

ωi =

⎧⎪⎨
⎪⎩

03×1, i = 0,

ωi−1 +Ri−1ω
i−1
(i−1)i, i > 0

(6.50)

An additional set of kinematic variables are also needed to characterize the bending angle

and bending plane of each universal joint for calculating the coupling loading. The angle

βj > 0 between the frame j − 1 z-axis and the frame j z-axis is defined in Eq. 6.51, along

with the unit vector λj−1
j along the common normal between these two axes (assuming they

are not coincident).

βj = cos−1
(
ẑj−1
j−1 ·Rj−1

(j−1)j ẑ
j
j

)
, (6.51)

λj−1
j =

ẑj−1
j−1 ×Rj−1

(j−1)j ẑ
j
j

sin βj

(6.52)
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The product β̇jλ
j−1
j for the universal joint damping may be formulated in terms of the

relative angular velocity between links i = j − 1 and i = j using Eq. 6.53, which isolates

the x- and y-components of the relative angular velocity using the outer products ⊗ of the

x- and y-axis unit vectors.

β̇jλ
j−1
j =

(
x̂j−1
j−1 ⊗ x̂j−1

j−1 + ŷj−1
j−1 ⊗ ŷj−1

j−1

)
ωj−1

(j−1)j (6.53)

To aid in calculating the gravitational and inertial moments, position vectors from joint j

to the link i COM are defined as pj,i,JC in Eq. 6.54 and shown in Fig. 6.6.

pj,i,JC = pi,COM − pj,jnt (6.54)

For the joint j extension spring, Eq. 6.55 defines pj−1
j,ext as the position from the spring’s

base to tip, shown in Fig. 6.7, and Eq. 6.56 defines pj
j,JE as the position from joint j to the

spring’s tip anchor, where pj−1
j−1,ext,B is the position from the link i = j− 1 disk center to the

joint j extension spring base, LDJ is the distance between a link’s disk center and its distal

joint center, LJD is the distance between a link’s proximal joint center and its disk center

and pi
i,ext,T is the position from the link i = j disk center to the joint j extension spring tip.

pj−1
j,ext = −pj−1

j−1,ext,B + LDJ ẑ
j−1
j−1 +Rj−1

(j−1)jp
j
j,JE, (6.55)

pj
j,JE = LJDẑ

j
j + pj

j,ext,T (6.56)

For the actuation cabling, Eq. 6.57 defines pj−1
(j−1)j,k,cbl as the cable k position from link

i = j − 1 to link i = j, shown in Fig. 6.7, and Eq. 6.58 defines pi
j,k,JH as the position vector
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from the joint j center to the cable routing hole k, where pj
j,k,hl is the position vector in disk

i = j from the disk center to cable routing hole k. The displacement δk of cable k due to the

tail configuration is defined by Eq. 6.59, where l is the segment in which cable k terminates.

pj−1
(j−1)j,k,cbl = −pj−1

j−1,k,hl + LDJ ẑ
j−1
j−1 +Rj−1

(j−1)jp
i
j,k,JH , (6.57)

pi
j,k,JH = LJDẑ

j
j + pj

j,k,hl (6.58)

δk =
3l∑
j=1

(∥∥∥pj−1
(j−1)j,k,cbl

∥∥∥− LJJ

)
, l =

⎧⎪⎨
⎪⎩

1, 1 ≤ k ≤ 3

2, 4 ≤ k ≤ 6
(6.59)

Furthermore, although the universal joints does not allow for relative roll between links, a

rolling tail motion can be generated by coordinating the motion of the joints’ yaw and pitch

angles. To parameterize this motion with respect to the segment motions, three additional

variables are introduced: a bending plane angle ξ, and two segment bending angles χ1

(for joints 1-3) and χ2 (for joints 4-6). An implicit relationship between
{
ξ, χ{1,2}

}
and{

ψ{1,2}, η{1,2}
}
is defined by Eq. 6.60, and either set of angles can be solved from the other

subject to the angles’ constraints: ξ ∈ [−180◦, 180◦], χ{1,2} ∈ [0, 3βlim],
{
ψ{1,2}, η{1,2}

} ∈
[−3βlim, 3βlim].

RZ (ξ)RY

(
χ{1,2}/3

)
⎡
⎢⎢⎢⎢⎣

0

0

1

⎤
⎥⎥⎥⎥⎦ = RY

(
ψ{1,2}/3

)
RX

(
η{1,2}/3

)
⎡
⎢⎢⎢⎢⎣

0

0

1

⎤
⎥⎥⎥⎥⎦ (6.60)
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6.2.3 USRT Loading Analysis

Four types of loading are considered in the dynamics model: inertia, gravity, coupling and

actuation. To compute the tail’s dynamic equilibrium, the net moment at each joint j due

to inertia (Mj,inr), gravity (Mj,grv), coupling (Mj−1
j,cpl) and actuation (Mi−1

j,act) will be found.

The joint j net moment Mj,jnt is defined in Eq. 6.61.

Mj,jnt = Mj,inr −Mj,grv −Rj−1

(
Mj−1

j,cpl +Mj−1
j,act

)
(6.61)

USRT Inertial Loading

A joint’s inertial moment is due to the inertial loading acting on the COMs of links “down-

stream” of the joint. Equations 6.62 and 6.63 define the link i inertial force Fi,inr,bdy and

moment Mi,inr,bdy, where mi,bdy is the link i mass, Ii,bdy is the link i inertia defined in the

tail base frame (Eq. 6.64) and Iii,bdy is the constant link i body-frame inertia. The resulting

joint j inertial moment Mj,inr is due to the loading acting on links i = j through i = 6, as

defined in Eq. 6.65.

Fi,inr,bdy = mi,bdyp̈i,COM (6.62)

Mi,inr,bdy = Ii,bdyω̇i + ωi × Ii,bdyωi (6.63)

Ii,bdy = RiI
i
i,bdyR

T
i (6.64)

Mj,inr =
6∑

i=j

(Mi,inr,bdy + pj,i,JC × Fi,inr,bdy) (6.65)
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As with the R3RT, the formulation of the USRT’s M and C matrices requires implicit

formulations of p̈i,COM , ωi and ω̇i, defined in Eqs. 6.66, 6.67 and 6.68, where Jp,i and Jω,i

are the link i COM linear and angular velocity Jacobians, respectively.

p̈i,COM = Jp,iq̈+ J̇p,ii̇ (6.66)

ωi = Jω,iq̇ (6.67)

ω̇i = Jω,iq̈+ J̇ω,iq̇ (6.68)

With these, Fi,inr,bdy and Mi,inr,bdy can be reformulated as shown in Eqs. 6.69 and 6.70.

Fi,inr,bdy = mi,bdyJp,iq̈+mi,bdyJ̇p,iq̇ (6.69)

Mi,inr,bdy = Ii,bdyJω,iq̈+
(
Ii,bdyJ̇ω,i + ωi × Ii,bdyJω,i

)
q̇ (6.70)

Using Eqs. 6.65, 6.69 and 6.70, formulations for M and C defined in terms of the matrices’

row r are defined using Eqs. 6.71 and 6.72.

(M)r,: =

⎧⎪⎨
⎪⎩

ρ̂r ·
∑6

i=r (Ii,bdyJω,i + pr,i,JC ×mi,bdyJp,i) , 1 ≤ r ≤ 6

γ̂r−6 ·
∑6

i=r−6 (Ii,bdyJω,i + pr−6,i,JC ×mi,bdyJp,i) , 7 ≤ r ≤ 12
(6.71)

(C)r,: =

⎧⎪⎨
⎪⎩

ρ̂r ·
∑6

i=r

(
Ii,bdyJ̇ω,i + ωi × Ii,bdyJω,i + pR,i,JC ×mi,bdyJ̇p,i

)
, 1 ≤ r ≤ 6

γ̂r−6 ·
∑6

i=r−6

(
Ii,bdyJ̇ω,i + ωi × Ii,bdyJω,i + pr−6,i,JC ×mi,bdyJ̇p,i

)
, 7 ≤ r ≤ 12

(6.72)
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USRT Gravitational Loading

Like a joint’s inertial moment, a joint’s gravitational moment is due to the gravitational

forces acting on the COMs of links “downstream” of the joint. Equation 6.73 defines the

link i gravitational force Fi,grv,bdy, where g is gravitational acceleration, and Eq. 6.74 defines

the joint j gravitational moment Mj,grv due to gravity acting on links i = j through i = 6.

Fi,grv,bdy = −mi,bdygx̂T , (6.73)

Mj,grv =
6∑

i=j

(pj,i,JC × Fi,grv,bdy) (6.74)

Equation 6.75 uses Mj,grv in conjunction with the joint j pitch ρ̂j and yaw γ̂j axis unit

vectors to formulate rows r ∈ {1, · · · , 12} of the g vector.

(g)r =

⎧⎪⎨
⎪⎩

ρ̂r ·Mr,grv, 1 ≤ r ≤ 6

γ̂r−6 ·Mr−6,grv, 7 ≤ r ≤ 12
(6.75)

USRT Coupling Loading

The joint j coupling moment, defined in Eq. 6.76, is due to the loading acting between links

i = j− 1 and i = j. Moments due to four sources of loading are included in Eq. 6.76: Mj−1
j,ext

for the extension spring, Mj−1
j,cmp for the compression spring, Mj−1

j,dmp for the joint damping

and Mj−1
j,lim for the joint angle limit.

Mj−1
j,cpl = Mj−1

j,ext +Mj−1
j,cmp +Mj−1

j,dmp +Mj−1
j,lim (6.76)
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For the joint j extension spring, Mj−1
j,ext is defined in Eq. 6.77, where pj−1

j,JE = Rj−1
(j−1)jp

i
j,JE,

pj
j,JE is defined in Eq. 6.56, Fj−1

j,ext is the force applied by the joint j extension spring on

its link i = j anchor (defined in Eq. 6.78), kj,ext is the joint j extension spring stiffness,

Lj,ext is the joint j extension spring unloaded length, Fj,ext,pre is the joint j extension spring

pretension and pj−1
j,ext is defined in Eq. 6.55.

Mj−1
j,ext = pj−1

j,JE × Fj−1
j,ext, (6.77)

Fj−1
j,ext = − (

kj,ext
(∥∥pj−1

j,ext

∥∥− Lj,ext

)
+ Fj,ext,pre

)
p̂j−1
j,ext (6.78)

The joint j compression spring generates a momentMj−1
j,cmp that resists the joint’s net bending

βj (Eq. 6.51), as defined in Eq. 6.79, where kj,cmp is the joint j compression spring bending

stiffness [86] and λj−1
j is the common normal of the frame j − 1 and j z-axes, as defined

in Eq. 6.52. Equation 6.80 defines the joint damping Mj−1
j,dmp, which represents the energy

loss during joint motion due to dissipative effects (e.g., friction) in the universal joint, where

cdmp is the effective damping and β̇jλ
j−1
j is defined in Eq. 6.53.

Mj−1
j,cmp = −kj,cmpβjλ

j−1
j , (6.79)

Mj−1
j,dmp = −cj,dmpβ̇jλ

j−1
j (6.80)

The joint j limit that prevents βj from exceeding an angle βlim generates the moment Mj−1
j,lim

with respect to the joint when the calculated βj exceeds βlim. This limit is modeled as a

nonlinear spring-damper, with zero loading when βj ≤ βlim, and continuously increasing

loading if βj > βlim, as defined in Eq. 6.81, where klim is the limit’s additional stiffness and
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clim (βj − βlim) is the limit’s additional damping.

Mj−1
j,lim =

⎧⎪⎨
⎪⎩

03×1, βj ≤ βlim,(
−klim − climβ̇j

)
(βj − βlim)λ

j−1
j , βj > βlim

(6.81)

Unlike the R3RT dynamic model, in which the coupling loading was algebraically manipu-

lated out of Eq. 6.4, the USRT’s coupling loading contributes to both d and k.

Equations 6.82 and 6.83 define formulations of the non-linear elasticity vector k and the

non-linear damping vector d, respectively, in terms of those vectors’ row r ∈ {1, · · · , 12}
elements. The moments due to the extension spring, compression spring and joint limit all

contribute to k, and the moment due to the universal joint damping contributes to d. A

more conventional formulation of one or more of these loading effects defined as a matrix

multiplying q or q̇ cannot be achieved due to the geometric nonlinearity of the coupled

motion of the universal joint angles during joint displacement.

(k)r =

⎧⎪⎨
⎪⎩

ρ̂r−1
r · (Mr−1

r,ext +Mr−1
r,cmp +Mr−1

r,lim

)
, 1 ≤ r ≤ 6

γ̂r−7
r−6 ·

(
Mr−7

r−6,ext +Mr−7
r−6,cmp +Mr−7

r−6,lim

)
, 7 ≤ r ≤ 12

(6.82)

(d)r =

⎧⎪⎨
⎪⎩

ρ̂r−1
r ·Mr−1

r,dmp, 1 ≤ r ≤ 6

γ̂r−7
r−6 ·Mr−7

r−6,dmp, 7 ≤ r ≤ 12
(6.83)

USRT Actuation Loading

The joint j actuation loading is due to the six (1 ≤ j ≤ 3) or three (4 ≤ j ≤ 6) cables routing

between disks i = j − 1 and i = j. Each cable k ∈ {1, · · · , 6} is defined by a tension Tk

prescribed at the base (this tension may be zero), with coefficients μj,k scaling that tension
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along the tail. If μj,k = 0, cable k is not present between disks i = j − 1 and i = j and does

not affect the joint j loading; if 0 < μj,k < 1, the cable k tension affecting joint j is lessened

by friction compared to Tk; and if μj,k = 1, the cable k tension affecting joint j is Tk (i.e.,

the cable routes without friction). The resulting joint j actuation moment Mj−1
j,act is defined

in Eq. 6.84, where pj−1
j,k,JH = Rj−1

(j−1)jp
j
j,k,JH , p

j
j,k,JH is defined in Eq. 6.58, Fj−1

j,k,cbl is the cable

k force acting across joint j (defined in Eq. 6.85) and pj−1
(j−1)j,k,cbl is defined in Eq. 6.57.

Mj−1
j,act =

6∑
k=1

(
pj−1
j,k,JH × Fj−1

j,k,cbl

)
, (6.84)

Fj−1
j,k,cbl = −μj,kTkp̂

j−1
(j−1)j,k,cbl (6.85)

The coefficients μj,k are defined in two stages. First, μj,k is defined as zero for each joint j

a given cable k does not affect. For the tail under consideration, this condition is defined in

Eq. 6.86 for the coefficients of cables k ∈ {1, 2, 3} for joints j ∈ {4, 5, 6}.

μj,k = 0, (j, k) = ({4, 5, 6} , {1, 2, 3}) (6.86)

Second, a belt-friction model [79] is assumed at each cable routing hole, and the cumulative

friction losses in cable subsegment tensions are propagated along the length of the tail. For

the belt friction model, this is a geometric scaling, defined in Eq. 6.87, where μ is the

coefficient of friction and ψj,k is the cable k link i = j contact angle.

μj,k =

⎧⎪⎨
⎪⎩

1, j = 0,

μj−1,ke
−μψj,k , 1 ≤ j ≤ 6

, ψj,k = cos−1
(
p̂j−1
(j−1)j,k,cbl · p̂j−1

j(j+1),k,cbl

)
(6.87)
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The actuation transmission matrix T is defined by extracting the cable tensions Tk from the

formulations of Eqs. 6.84 and 6.85. A formulation for the row r and column c value of T is

defined in Eq. 6.88.

(T)r,c =

⎧⎪⎨
⎪⎩

ρ̂r ·
(
pr−1
r,c,JH ×

(
−μr,cp̂

r−1
(r−1)r,c,cbl

))
, 1 ≤ r ≤ 6

γ̂r−6 ·
(
pr−7
r−6,c,JH ×

(
−μr−6,cp̂

r−7
(r−7)(r−6),c,cbl

))
, 7 ≤ r ≤ 12

(6.88)

6.2.4 USRT Tail Base Loading

In this analysis, it will be assumed that the tail’s base frame is coincident with the center

of the load cell mounted to the USRT shown in Fig. 6.6 to aid in the comparison to

experimental results. This load cell records the force and moment acting between the USRT

and its mounting; this loading is analogous to the loading the tail applies to a stationary

mobile robot. The orientation of the tail base frame T with respect to the load cell frame

LC is defined in Eq. 6.89.

RLC
(LC)T =

⎡
⎢⎢⎢⎢⎣

0 0 1

0 −1 0

1 0 0

⎤
⎥⎥⎥⎥⎦ (6.89)

Two types of loading will contribute to the force and moment between the USRT actuation

module and the load cell: gravity and inertia. Given that both of these effects are modeled

at the link COMs, the position vector pi,COM (Eq. 6.48) is used to relate this point to the

inertial tail frame/load cell frame origin. Equations 6.90 and 6.91 define the force FLC
T and

moment MLC
T applied on the USRT by the tail base/load cell, and the USRT applies an

equal and opposite force/moment pair on the load cell.
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FLC
T = RLC

(LC)T

(
6∑

i=0

(Fi,inr,bdy − Fi,grv,bdy)

)
(6.90)

MLC
T = RLC

(LC)T

(
6∑

i=0

(Mi,inr,bdy + pi,j,JC × (Fi,inr,bdy − Fi,grv,bdy))

)
(6.91)

The loading trajectories will be normalized with respect to the loading of the tail when fully

extended. This will emphasize how the tail loading changes due to the motion, and how it

modifies the loading acting on the legged platform.

6.2.5 USRT Simulations

The geometric, mass and elastic properties used in these simulations have been extracted

from the USRT prototype (section 5.2.4) and its associated CAD model. Tables 6.2 and 6.3

define the tail properties. The moments of inertia of links 1-6 are sufficiently small that they

may be neglected, and friction is assumed to be negligible along the length of the USRT.

Table 6.2: Mass, geometric and elastic properties of the USRT prototype.

Variable Value Variable Value

LJJ 80 mm p01,jnt [62.85, 0, 53.5]T mm

LJD 74 mm p0,JC [84.64, 0, −56.13]T mm

LJC 46.6 mm pj−1
j−1,ext,B [30.5, 0, 6]T mm

LDJ 6 mm kcmp 2.82 N-m/rad
m0,bdy 6507 g cdmp 0.1 N-m-s/rad

m{1,··· ,6},bdy 85 g βlim 35◦

rhl 32.5 mm klim 100 N-m/rad
μ 0 clim 0.1 N-m-s/rad

Three case studies will be considered in this analysis: yaw-direction bending, pitch-direction

bending, and bending through a rolling motion. For each of these case studies, a kinematic
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Table 6.3: Joint-specific geometric and elastic properties of the USRT prototype.

Joint
kj,ext Lj,ext Fj,ext,pre pj

j,ext,T

(N/m) (mm) (N) (mm)

1 1460.6 38.354 3.47 [20.8, 0, −14.26]T
2 1460.6 38.354 3.47 [20.8, 0, −16.18]T
3 684.7 36.830 4.27 [20.8, 0, −13.45]T
4 455.3 36.830 2.98 [20.8, 0, −13.39]T
5 122.6 37.592 1.02 [20.8, 0, −15.38]T
6 122.6 37.592 1.02 [20.8, 0, −15.57]T

model will be used to derive desired cable trajectory inputs, which will be applied to the

tail’s dynamic model. For planning the cable trajectories, it will be assumed that the six

pitch and yaw angles in the tail are equal to φdes and θdes, respectively. However, individual

joint angles in the tail trajectories may not match these desired joint angle trajectories, due

to the variable effects of gravitational and elastic loading along the tail. Each case study

below describes how its φdes and θdes trajectories are defined; using these trajectories, the

kinematic model described in section 6.2.2 is used to calculate δk,des using Eq. 6.59, for which

pj−1
(j−1)j,k,cbl is calculated using φj = φdes and θj = θdes.

USRT Yaw-Angle Bending

For yaw-angle bending, the joints’ desired pitch angles are held fixed at 0, and the joints’

desired yaw angles are determined by prescribing a desired acceleration profile and integrating

from initial positions/velocities.

The desired joint acceleration profile θ̈des is a sine wave defined for a single period T0f

from time t0 to tf , as shown in Eq. 6.92, where θ̈pk is the sine wave’s peak acceleration

magnitude, θdes,0 and θdes,f are the initial and final yaw angles, and θ̇des,0 is the initial yaw

velocity. Trajectories for the yaw angle and velocity are calculated by integrating θ̈des from
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the initial conditions θdes,0 and θ̇des,0.

θ̈des =

⎧⎪⎨
⎪⎩

θ̈pk sin
(
2π t−t0

T0f

)
, t0 ≤ t ≤ tf

0, t > tf

, θ̈pk = 2π
θdes,f − θdes,0 − θ̇des,0T0f

T 2
0f

(6.92)

The first set of simulations prescribes tail bending of 90◦ in 0.3, 0.5 and 0.7 sec, with trajec-

tory parameters defined in Eq. 6.93. Figure 6.8 illustrates the joint trajectories associated

with the T0f = 0.5 sec trajectory. As previously discussed, the behavior in the pitch and

yaw angles does not match the behavior planned for when generating the trajectory; the tail

dynamics cause variation in the joint angles along the length. For example, since the simu-

lation parameters are taken from the experimental prototype shown in Fig. 5.10, the pitch

angles in segment 1 are not perfectly balanced such that their magnitudes are zero at the

initial condition. However, the sum of these three angles does approximate zero within the

segment. Despite these minor variations, the various joint angles track trajectories similar

to those prescribed.

θdes,0 = 0, θdes,f = 15◦, θ̇des,0 = 0, T0f = {0.3, 0.5, 0.7} sec (6.93)

Loading results for the three case studies are illustrated in Fig. 6.9. Negligible loading

is observed in
(
FLC

T

)
z
, the x-component of FLC

T , due to the minimal change in the tail’s

vertical COM position, whereas nontrivial loading is observed in
(
FLC

T

)
x
and

(
FLC

T

)
y
, due to

the x- and y-direction tail COM displacement. For the moment loading, minor steady-state

variations in
(
MLC

T

)
x
and

(
MLC

T

)
y
due to gravity are observed, but the most significant

dynamic loading occurs in
(
MLC

T

)
z
, as desired.

A second set of simulations is also performed for a net 150◦ bend in 0.5, 0.75 and 1.0 sec;

the trajectory parameters for these simulations are defined in Eq. 6.94. The 0.5 sec case
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Figure 6.8: USRT simulation results: joint angle trajectories for 90◦ yaw bending in 0.5 sec.
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Figure 6.9: USRT simulation results: yaw bending loading for 90◦ bend.
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represents a similar effective velocity of the tail as the previous 0.3 sec simulation (i.e.,

moving 90◦ in 0.3 sec and moving 150◦ in 0.5 sec both correspond to an effective velocity of

300◦/sec), which shows the impact of additional tail “stroke” on the dynamic loading.

θdes,0 = 0, θdes,f = 25◦, θ̇des,0 = 0, T0f = {0.5, 0.75, 1.0} sec (6.94)

Figure 6.10 illustrates the loading results for these three cases. Qualitatively, the loading

behavior is similar to the 90◦ yaw bending loading, but with reduced magnitudes in
(
FLC

T

)
x
,(

FLC
T

)
y
and

(
MLC

T

)
z
. Despite similar bending rates, the reduced time span in the 90◦ bending

generates greater magnitude loading. Higher magnitude loading for a given yaw-direction

tail displacement is beneficial for overcoming friction, as discussed in [69], whereas greater

stroke is necessary for higher net rotation in the absence of friction.
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Figure 6.10: USRT simulation results: yaw bending loading for 150◦ bend.
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USRT Pitch-Angle Bending

The trajectory planning for the pitch angle bending is identical to that for yaw angle bending

except θ and φ are switched: θdes is fixed at zero, and φ̈des is defined by Eq. 6.92. Likewise,

two sets of simulations are carried out for the pitch-angle behavior of the robot using the

same trajectories defined by the parameters in Eqs. 6.93 and 6.94, with φ substituted for

θ. Unlike the yaw-direction motion, in which there was multi-degree pitch motion due to

variations in gravitational loading, there is no significant out-of-plane loading in this case

to cause the yaw angles to vary during simulation (slight variations due to rounding errors

do occur but are corrected for by the elastic loading of the compression spring). Therefore,

only the pitch angle trajectories,
(
FLC

T

)
x
,
(
FLC

T

)
z
and

(
MLC

T

)
y
are shown; the yaw angle

trajectories and other three loading components are negligible.

Figure 6.11 illustrates the pitch angle trajectories for the 90◦ tail bending motion in 0.5

sec. Due to the impact of changing gravitational loading as the tail bends, along with the

variations in extension spring stiffness along the tail, the similarity in joint trajectories within

a given segment is less than the yaw angle trajectories for the previous case. In the yaw case,

the equal stiffness compression springs were the primary mechanism by which loading was

balanced within a segment, and unequal inertia at the tail joints caused variation; in this pitch

case, there is a more complex relationship between the effects of the compression springs,

extension springs, gravity and inertia, leading to greater variation within the segment.

Figure 6.12 illustrates the nontrivial loading associated with the pitch direction case studies.

Despite the reduced similarity of the joint angle trajectories in comparison to yaw-angle

trajectories in Fig. 6.8, the loading profiles for the pitch motion are very similar to those

for the yaw motion. The yaw and pitch
(
FLC

T

)
x
trajectories correlate, as do the yaw

(
FLC

T

)
y

and pitch
(
FLC

T

)
z
trajectories; the yaw and pitch

(
MLC

T

)
z
and

(
MLC

T

)
y
trajectories are
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Figure 6.11: USRT simulation results: joint angle trajectories for 90◦ pitch bending in 0.5
sec.

approximately equal and opposite. This shows a strong correlation between the kinematically

planned trajectory and the applied loading, with the tail dynamics merely perturbing the

loading predicted by the applied kinematic trajectory.

USRT Rolling Motion While Bending

To simulate the rolling motion depicted in Fig. 5.9, an alternative set of joint coordinates

are used to plan the trajectory, which were then mapped into the desired pitch and yaw

angle trajectories. The coordinates on which the alternative trajectory was defined were a

desired bending plane angle κdes and a bending angle βdes (analogous to βi in Eq. 6.51). The

desired link i z-axis orientation relative to frame i− 1 is defined by Eq. 6.95.

ẑi−1
(i−1)i,des = RZ (κdes)RY (βdes) ẑ

i
i (6.95)

In these coordinates, the rolling motion is prescribed by holding βdes at a fixed value, while

κdes follows a trajectory similar to θdes from the yaw-bending case, from an initial angle of

κdes,0 to a final angle of κdes,f starting from a velocity of κ̇des,0, defined by Eq. 6.92, for which

κ is substituted for θ.

The angles κdes and βdes are mapped into φdes and θdes using Eq. 6.96, where ẑi−1
(i−1)i,des is
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Figure 6.12: USRT simulation results: pitch bending loading for 90◦ and 150◦ bends.

known as a function of κdes and βdes from Eq. 6.95. The three transcendental equations in

Eq. 6.96 may be uniquely solved for φdes and θdes in the domain {φdes, θdes} ∈ [−βlim, βlim].

ẑi−1
(i−1)i,des = RY (φdes)RX (θdes) ẑ

i
i (6.96)

Three sets of simulations were run to analyze the impact of the initial bending angle on the

loading generated by a −180◦ rolling motion at a fixed βdes of 15◦. In the first set, the tail

was rolled from a zero-yaw, positive pitch initial condition using the trajectory parameters

in Eq. 6.97. In the second set, the tail was rolled from a zero-pitch, negative yaw initial

condition using the trajectory parameters defined in Eq. 6.98. In the third set, the tail was

rolled from a zero-yaw, negative pitch initial condition using the trajectory parameters in

Eq. 6.99.
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κdes,0 = 0, κdes,f = −180◦, κ̇des0 = 0, T0f = {0.6, 0.8, 1.0} sec (6.97)

κdes,0 = 90◦, κdes,f = −90◦, κ̇des0 = 0, T0f = {0.6, 0.8, 1.0} sec (6.98)

κdes,0 = 180◦, κdes,f = 0, κ̇des0 = 0, T0f = {0.6, 0.8, 1.0} sec (6.99)

Figures 6.13, 6.14 and 6.15 show the loading for the three sets of roll motion simulations.

In each case,
(
FLC

T

)
x
is minimal, as the tail COM is not prescribed motion in this direction

(dynamic effects during tail motion introduce slight x-coordinate motions which cause slight

perturbations in this loading). Given that all three trajectories consist of a clockwise, −180◦

rotation of the tail COM, the dynamic components of
(
MLC

T

)
x
of the three figures are similar.

However, variations are caused by the fact that for the zero-initial pitch case, since the initial

and final configurations bend away from the vertical plane, there are non-zero static offsets

for the loading. In addition, the variation in how the tail must act with or against gravity

for different initial angles changes the magnitude of the loading generated by each tail.

The loading trajectories of
(
FLC

T

)
y
,
(
FLC

T

)
z
,
(
MLC

T

)
y
and

(
MLC

T

)
z
for Fig. 6.15 are of

opposite sign than those of Fig. 6.15, given that the two tail motions move in opposite

directions. However, the magnitudes of these trajectories are not equal, due to the effect of

gravity acting with the tail motion in Fig. 6.13 and against the tail motion in Fig. 6.15. In

terms of acceleration, for Fig. 6.13, gravity acts against acceleration and with deceleration;

for Fig. 6.15, gravity acts with acceleration and against deceleration. However, for Fig. 6.14,

both acceleration and deceleration act against gravity; this leads to the highest magnitude

peak loading for each of the four components under consideration. This shows that κdes,0

provides a means to adjust the secondary loading the tail applies on the robot during a rolling

motion; for a given roll, κdes,0 may be chosen such that
(
FLC

T

)
y
,
(
FLC

T

)
z
,
(
MLC

T

)
y
and

(
MLC

T

)
z
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Figure 6.13: USRT simulation results: −180◦ roll motion loading with 90◦ tail bend for
zero-yaw, positive pitch initial condition.
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Figure 6.14: USRT simulation results: −180◦ roll motion loading with 90◦ tail bend for
zero-pitch, negative yaw initial condition.
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Figure 6.15: USRT simulation results: −180◦ roll motion loading with 90◦ tail bend for
zero-yaw, negative pitch initial condition.

do not destabilize the robot in addition to applying the desired
(
MLC

T

)
x
. However, unlike

the previous two case studies, the loading generated by the rolling tail motion generates yaw,

pitch and moment loading of comparable magnitude, requiring greater consideration of the

destabilizing effects of the pitch and yaw moments during a roll motion.

6.2.6 USRT Experiments

Loading results were generated using trajectories considered in the three case studies ana-

lyzed in section 6.2.5. Measured results were filtered using the MATLAB ‘filter’ function to

implement a moving-average filter, with a window size of 50 samples for samples recorded at

approximately 400 Hz. As with the simulated loading, the results shown are normalized to

the measured loading of the USRT in its initially extended configuration. In addition, the

tail motion is initiated after at least 50 samples have been measured, so that the filter has

sufficient samples preceding the dynamic loading profile to effectively filter.
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For the yaw angle case study, the tail was driven through a 90◦ bend in 0.5 sec. The measured

joint trajectories and loading are shown in Figs. 6.16 and 6.17, along with the simulated

results. Although the simulations approximate the general pattern of the results, there are

variations in the joint trajectories and loading. For the joint trajectories, the implementation

of the compression spring mounting leads to slight yaw variations along the length of the

tail in its nominally straight configuration, as evidenced by the non-zero initial yaw angles

in Fig. 6.16. The next generation of USRT will modify the compression spring mounting

design to reduce these undesired initial yaw angle variations.
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Figure 6.16: USRT experimental results: joint angle trajectories for 90◦ yaw bending in 0.5
sec.
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Figure 6.17: USRT experimental results: loading trajectories for 90◦ yaw bending in 0.5 sec.

Greater overshoot and vibration is also seen in the experimental results (both joint trajecto-
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ries and loading) than the simulated results. As discussed in [71], the cable tension profiles

during dynamic motion vary greatly due to the need to accelerate and decelerate the tail

during a motion. Because the motor controller generates spool torque/cable tension based

on prescribed velocity inputs, the controller cannot anticipate the highly dynamic changes

in torque requirements to match the desired trajectory. Thus, more advanced control of the

system, in which motor torques (or, interchangeably, motor currents) are prescribed to the

motor driver instead of velocity commands implemented using a closed loop. The inclusion

of a feedforward control component in this controller will also help with the observed lag;

given that the motor velocity controller only utilizes feedback to prescribe motor current, a

lag is necessary to generate the error that provides impetus to prescribe current to actuate

the motor.

For the pitch angle case study, the tail was driven through a 90◦ bend in 0.5 sec. The

measured joint trajectories and loading are shown in Figs. 6.18 and Fig. 6.19, along with

the simulated results. The experimental joint angle trajectories show variations from the

simulated trajectories similar to those for the yaw-bending case study, but with higher-

magnitude vertical offset from the desired trajectories. For the yaw-direction bending, the

compression spring is the primary means of distributing loading. However, in this pitch-

direction motion, particularly in joints close to the base, the extension spring plays a similar

or greater role in the dynamics than the compression spring. Furthermore, this variation in

elastic loading along the length, while necessary for minimizing the actuation for supporting

the USRT in its cantilevered-mode, reduces the uniformity in bending along the tail.

Although the pitch-motion joint trajectories show greater variation from their nominal val-

ues than the yaw-motion joint trajectories, the loading in Fig. 6.19 shows greater correlation

to the predicted loading than the yaw-motion loading. Because the tail is moving up against

gravity, gravity will help decelerate the USRT, reducing the overshoot in the loading com-
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Figure 6.18: USRT experimental results: joint angle trajectories for 90◦ pitch bending in 0.5
sec.
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Figure 6.19: USRT experimental results: loading trajectories for 90◦ pitch bending in 0.5
sec.

pared to the yaw-direction bending. As before, the measured trajectories exhibit lag and

increase oscillation in comparison to the simulated values due to the inner-loop motor veloc-

ity controller; a torque/current controller that utilizes both feedforward and feedback control

elements will reduce these variations. Minor variations are observed in the tail’s yaw-angle

trajectories,
(
FLC

T

)
y
,
(
MLC

T

)
x
and

(
MLC

T

)
z
, due to the non-zero initial yaw-angle configura-

tion, as discussed for the yaw-direction case study. However, the magnitude of these effects

are secondary in comparison to those shown in Fig. 6.19.

For the roll angle case study, the tail was driven through a −180◦ rolling motion at a
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prescribed bend of 90◦ (βdes = 15◦) in 0.5 sec starting from zero yaw angle and positive pitch.

The measured joint trajectories and loading are shown in Figs. 6.20, 6.21 and 6.22, along

with simulated results. The joint trajectories show significant variations from their predicted

value, due to the simultaneous, highly dynamic variation of pitch and yaw during the motion.

In addition, since the trajectory did not start from the nominally straight configuration,

additional errors were introduced in the positioning of the USRT into the initial configuration.

Despite these errors, the correlation between the measured and predicted loading is the

strongest amongst the three case studies. Because the tail is not moving monotonically

in a single direction, there is less accumulated velocity that leads to overshoot. The most

significant variation is in
(
FLC

T

)
x
, due to unmodeled motion of the tail COM along the x-

axis. Controller improvements will lead to stable higher speed tail motions being possible,

improving the loading capacity of the tail.
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Figure 6.20: USRT experimental results: pitch angle trajectories for 180◦ roll rotation at a
90◦ bend in 0.8 sec.
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Figure 6.21: USRT experimental results: yaw angle trajectories for 180◦ roll rotation at a
90◦ bend in 0.8 sec.
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Figure 6.22: USRT experimental results: loading trajectories for 180◦ roll rotation at a 90◦

bend in 0.8 sec.



Chapter 7

Serpentine Tail Sensing and Control

In Chapter 6, the R3RT and USRT simulations were driven by kinematic constraints, and

the R3RT and USRT experiments were driven by feedback-only velocity control loops im-

plemented within the motor driver. To more effectively operate the R3RT and USRT and

to use these tails to implement desired maneuvering and stabilization behaviors, analysis of

outer-loop and inner-loop controllers for the R3RT and USRT are needed.

In this analysis, the phrase outer-loop control refers to the calculation of desired tail tra-

jectories to implement a desired behavior, and the phrase inner-loop control refers to the

calculation of control inputs to implement the desired tail trajectories (R3RT and USRT)

and maintain cable tension in the six actuation cables (USRT).

This section is outlined as follows: Section 7.1 highlights the sensing associated with the

R3RT and USRT, and analyzes the state estimation procedure for mapping the USRT sensor

data into estimates of the joint angles and velocities. Section 7.2 presents the outer-loop

controllers that will be used generate quadruped and biped maneuvering and stabilization

behaviors with the R3RT and USRT. Section 7.3 defines the inner-loop controllers used to

137
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generate control inputs for the R3RT, using feedback linearization to implement the desired

motions for both tails, and a null space analysis to implement tensioning behavior in the

USRT.

7.1 Tail Sensing and State Estimation

7.1.1 R3RT Sensing and State Estimation

Two types of joint-space sensing are integrated into the R3RT’s actuation module: angular

position (roll or cable pulleys) and motor rotor speed. The three position measurements

are generated by absolute encoders (US Digital MA3-P10-125-N) coupled between the rigid

housing and actuation module (for the roll angle) and between the actuation module and

spools (for the spool angles). The roll-DOF encoder fits into the rear frame of the rigid

housing and is coupled to the actuation module using a timing belt mounted to the groove

shown in Fig. 5.2. The two segment-DOF encoders are coupled to the bevel gear in Fig.

5.2, which is rigidly connected to the pulley. Motor rotor angular velocity for each motor

is estimated by an incremental encoder (US Digital E4T-360-236-DHMB) mounted to the

gearmotor rotor’s rear shaft. The absolute encoder measurement directly corresponds to the

measured angular position, and the motor driver internally processes the incremental encoder

measurements into an analog output scaled to the motor shaft velocity; no additional state

estimation is required.

7.1.2 USRT Sensing and State Estimation

This section highlights the two types of sensing incorporated into the USRT design for state

estimation: 12 linear displacement sensors (two per joint) to indirectly estimate the universal
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joint angles, and seven inertial measurement units to indirectly estimate the universal joint

velocities.

Analytical Formulation

Figure 7.1 illustrates two joints of the USRT with two pairs of distance sensors. To accom-

modate the sensors for each joint, the sensors are alternatively placed “above” and “below”

the universal joint along the tail. In both configurations, the position vectors from the disk

center to the center of the sensor mount are at 45◦ angles with respect to the disk’s x-axis

unit vector x̂i
i, ensuring a 90◦ separation of the sensor pair, which maximizes the sensor

fidelity within the joint workspace.

(a) Displacement sensor arrangement for adjacent joints

rsn

xi

yi

yi,S
xi,S

45°

ˆ

ˆˆ

ˆ

(b) Disk i sensor frame defini-
tion

Figure 7.1: USRT joint angle sensing.

The joint j sensor pair is mounted to link i = j − 1 with a universal joint and to link i = j

with a spherical joint, shown in Fig. 5.8b, to ensure fixed sensor endpoint positions with

respect to the two disks without overconstraining the sensor.

For the joint j ∈ {1, · · · , 6} sensor m ∈ {1, 2}, the forward kinematics (calculating the sensor

distances dj,m,sn from φj and θj) are calculated using the positions from the link i = j − 1
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sensor m base to joint j (pj−1
j,m,SJ , Eq. 7.1) and from joint j to the link i = j sensor m tip

(pj
j,m,JS, Eq. 7.2), where pj−1

j,m,sn,B is the position from the link i = j − 1 disk center to the

joint j sensor m base, LDJ is the distance between a link’s disk center and its distal universal

joint center, LJD is the distance between a link’s proximal universal joint center and its disk

center, and pj
j,m,sn,T is the position from the link i = j disk center to the joint j sensor m

tip.

pj−1
j,m,SJ = −pj−1

j,m,sn,B + LDJ ẑ
j−1
j−1 (7.1)

pj
j,m,JS = LJDẑ

j
j + pj

j,m,sn,T (7.2)

The position pj−1
j,m,sn from the joint j sensor m base to tip is defined in Eq. 7.3, and the

distance dj,m,sn is defined in Eq. 7.4.

pj−1
j,m,sn = pj−1

j,m,SJ +Rj−1
(j−1)jp

j
j,m,JS (7.3)

dj,m,sn =
∥∥pj−1

j,m,sn

∥∥ (7.4)

To analytically calculate the inverse kinematics, further constraints are necessary, as defined

in Eq. 7.5: (i) the disk-frame z-coordinate displacement between the sensor m base and

joint j is zero, (ii) the disk-frame sensor base and tip x-coordinates are equal, and (iii) the

disk-frame sensor base and tip y-coordinates are equal.

ẑj−1
j−1 · pj−1

j,m,SJ = 0, x̂j−1
j−1 · pj−1

j,m,SJ = x̂j
j · pj

j,m,JS, ŷj−1
j−1 · pj−1

j,m,SJ = ŷj
j · pj

j,m,JS (7.5)
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With these constraints, an analytical formulation for the φj and θj may be found by con-

sidering the disk i = j sensor frame j, S shown in Fig. 7.1. These frames are generated by

rotating the disk i = j frame by −45◦ about the ẑjj axis. The positions pj−1,S
j,m,SJ and pj,S

j,m,JS

are defined with respect to frames j − 1, S and j, S, respectively, using Eqs. 7.6 and 7.7,

where rsn is the sensor mounting radius, shown in Fig. 7.1, and Lsn is the zero-angle sensor

length, shown in Fig. 7.1. The (−1)j term accounts for the alternating placement of the

sensors above and below the universal joint.

pj−1,S
j,m,SJ =

⎧⎪⎨
⎪⎩

(−1)j rsnŷj−1,S
j−1,S , m = 1

(−1)j rsnx̂j−1,S
j−1,S, m = 2

(7.6)

pj,S
j,m,JS =

⎧⎪⎨
⎪⎩

(−1)j rsnŷj,S
j,S + Lsnẑ

j,S
j,S, m = 1

(−1)j rsnx̂j,S
j,S + Lsnẑ

j,S
j,S, m = 2

(7.7)

A new relative orientation matrix Rj−1,S
(j−1,S)(j,S) between frames j − 1, S and j, S is defined

in Eq. 7.8, where ρj and γj are the joint j sensor-frame pitch and yaw angles, respectively.

With this, a formulation for the sensor position pj−1,S
j,m,sn from base to tip may be formulated

using Eq. 7.9.

Ri−1,S
(j−1,S)(j,S) = RY (ρi)RX (γi) (7.8)

pj−1,S
j,m,sn = pj−1,S

j,m,SJ +Rj−1,S
(j−1,S)(j,S)pj,m,JS (7.9)

The scalar sensor length dj,m,sn is invariant to the frame in which the sensor position vector

is expressed, enabling expression of dj,m,sn in terms of ρj and γj. Equations 7.10 and 7.11
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expand
∥∥∥pj−1,S

j,m,sn

∥∥∥2 for sensors m ∈ {1, 2}. Because Eq. 7.11 is solely a function of γj, it may

be solved for uniquely in the domain γj ∈ (−90, 90)◦. Using this value for γj in Eq. 7.10, ρj

may also be calculated uniquely in the domain ρj ∈ (−90, 90)◦.

∥∥∥pj,1,S
j,1,sn

∥∥∥2 = d2j,1,sn = 2r2sn + L2
sn − 2r2sn cosψj − 2rsnLsn sinψj cos γj (7.10)∥∥∥pj−1,S

j,2,sn

∥∥∥2 = d2j,2,sn = 2r2sn + L2
sn − 2r2sn cos γj + 2rsnLsn sin γj (7.11)

The joint angles ρj and γj may be mapped into φk and θj by equating implicit formulations

of the universal joint z-axes ẑj,Sj,S and ẑjj, as shown in Eq. 7.12.

Rj−1
(j−1)(j−1,S)R

j−1,S
(j−1,S)(j,S)ẑ

j,S
j,S = Rj−1

(j−1)j ẑ
j
j

RZ (−45◦)Rj−1,S
(j−1,S)(j,S)ẑ

j,S
j,S = Rj−1

(j−1)j ẑ
j
j

(7.12)

The link i IMU measures the link i angular velocity vector ωi
i with respect to the link-fixed

frame i. Using the estimated joint j relative orientation matrix Rj−1
(j−1)j from the joint angle

estimates, the universal joint j relative velocity ωj−1
(j−1)j may be calculated using Eq. 7.13 as

the joint j relative angular velocity between links i = j − 1 and j.

ωj−1
(j−1)j = Rj−1

(j−1)jω
j
j − ωj−1

j−1 (7.13)

Based on Eq. 6.49, φ̇j and θ̇j may be extracted from ωj−1
(j−1)j, as shown in Eqs. 7.14 and 7.15,

due to the orthogonality of ρj−1
j and γj−1

j .
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φ̇j = ρj−1
j · ωj−1

(j−1)j (7.14)

θ̇j = γj−1
j · ωj−1

(j−1)j (7.15)

Embedded Formulation

For joints j ∈ {1, · · · , 6}, Eq. 7.16 defines a linear relationship between the distance sensor

measurements dj,m,sn for m ∈ {1, 2} and the joint angles φj and θj.

⎡
⎢⎣ dj,1,sn

dj,2,sn

⎤
⎥⎦ = A

⎡
⎢⎣ φj

θj

⎤
⎥⎦+ b =

⎡
⎢⎣ (A)1,1 (A)1,2

(A)2,1 (A)2,2

⎤
⎥⎦
⎡
⎢⎣ φj

θj

⎤
⎥⎦+

⎡
⎢⎣ (b)1

(b)2

⎤
⎥⎦ (7.16)

The coefficients A and offsets b are determined using a kinematic analysis in three stages.

First, the zero-angle configuration of the joint when φj = θj = 0 dictates that the b coeffi-

cients equal Lsn, the nominal length of the distance sensor.

Second, the pitch angle coefficients (A)1,1 and (A)2,1 are calculated over the domain of

φj ∈ [−βlim, βlim] for zero-yaw (θj = 0) using linear regression. Due to the symmetry of

the anchor placements, this regression shows that these two coefficients are both equal to a

nominal value Kφ.

Third, the yaw angle coefficients ((A)1,2 and (A)2,2) are calculated using an array of equally

spaced pitch and yaw joint angle pairs within the universal joint workspace. Because of

the symmetric placement of the spring anchors with respect to the links’ vertical planes

and the 90◦ spacing of the spring anchors, these coefficients are equal and opposite, such

that (A)1,2 = Kθ and (A)2,2 = −Kθ. These calculated coefficients lead to the simplified

expressions for calculating φj and θj shown in Eq. 7.17.
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φj = (dj,1,sn + dj,2,sn − 2Lsn) /2Kφ

θj = (dj,1,sn − dj,2,sn) /2Kθ

(7.17)

Comparisons of the analytical and linear calculations of the joint angles using valid distance

sensor value pairs within the workspace of the USRT joint are shown in Fig. 7.2. Lineariza-

tion errors in the ranges of -2.01◦ to 2.66◦ in the pitch joint and −1.17◦ to 1.17◦ in the

yaw joint were calculated at the boundaries of the workspace, and average error magnitudes

across the total workspace were 0.36◦ in the pitch joint and 0.19◦ in the yaw joint.

(a) Superimposed joint angle calculations for
pitch (φj) and yaw (θj) using analytical and
linearized models

(b) Angle error between analytical and linear
joint angle calculations for φj and θj

Figure 7.2: USRT joint angle state estimation linearization error analysis.

For simplifying the joint velocity calculation, the relative angular velocity between links

i = j − 1 and i = j is defined in terms of the link-frame angular velocities in Eq. 7.18 and

in terms of the joint velocities in Eq. 7.19. Equating Eqs. 7.18 and 7.19 and taking the dot

products of each side with ρ̂j−1
j and γ̂j−1

j results in simplified formulations for φ̇j and θ̇j,

respectively, as shown in Eq. 7.20.



7.2. Outer-Loop Tail Control 145

ωj−1
(j−1)j = Rj−1

(j−1)jω
j
j − ωj−1

j−1 (7.18)

= φ̇jρ̂
j−1
j + θ̇jγ̂

j−1
j (7.19)

φ̇j =
(
ωj

j

)
y
cos θj −

(
ωj−1

j−1

)
y
−
(
ωj

j

)
z
sin θj

θ̇j =
(
ωj

j

)
x
−
(
ωj−1

j−1

)
x
cosφj +

(
ωj−1

j−1

)
z
sinφj

(7.20)

7.2 Outer-Loop Tail Control

7.2.1 Quadruped and Biped Maneuvering Behavior

The maneuvering controller in this case study will generate a dynamic tail motion capable

of changing the heading angle of the quadruped or biped without destabilizing locomotion.

Although this functionality has been studied in various forms by the author [69, 70, 76],

this analysis will focus on a method of trajectory planning that is designed to more intel-

ligently allocate the tail’s acceleration during the tail motion to minimize peaks in motor

power consumption in favor of a more uniform power consumption throughout the trajectory.

Qualitatively, this is done by prescribing greater tail accelerations when the tail velocity is

low, and lower angular accelerations when tail velocity is high.

Furthermore, tail-based maneuvering will occur while the legged platform is airborne, as

discussed in section 8.1.2, to avoid the need for the tail to act against friction at the legged

robots’ feet. As a result, the biped’s rotation depends only on the tail’s displacement and

not the trajectory over which that displacement occurs.
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In addition, although the treatment of the R3RT and USRT has been kept separate through-

out this work, this is the one instance in which both will be considered jointly. The trajectory

planning process for the R3RT’s βl angle trajectories for l ∈ {1, 2} is identical to that for

the USRT’s ηl angle trajectories. The only difference is the range over which the trajectories

are calculated: the R3RT βl moves from 0 to 15◦, whereas the USRT ηl moves from 0 to

90◦. To avoid repeating the same analysis, the maneuvering tail trajectory is formulated in

terms of the R3RT’s βl, for which the USRT’s ηl may be substituted.

In this approach, the segment bending angles are prescribed to be equal (β = β1 = β2),

and the joint angle trajectories are defined based on a prescribed β̈ trajectory designed to

hold the product β̇β̈ at a fixed nominal value value throughout the tail motion trajectory,

as shown in Fig. 7.3. This product is a kinematic analog to the motor’s power output, as

there is a direct relationship between angular acceleration and motor torque.

Figure 7.3: Desired trajectories for joint velocity/acceleration product and joint acceleration.

From t0 to tB, the acceleration increases the product β̇β̈ from zero to the nominal fixed value

β̇Bβ̈pk, as defined in Eq. 7.21, where β̇B = β̇ (tB) is the joint angle velocity at time tB and

β̈pk is the peak joint angle acceleration.
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β̈ =

⎧⎪⎨
⎪⎩

β̈pk
t−t0
tA−t0

, t0 ≤ t ≤ tA

β̈pk, tA < t ≤ tB

(7.21)

From tB to tC , β̈ is defined to maintain a constant product of β̇β̈ = β̇Bβ̈pk as defined in Eq.

7.22. From tC to tD, the defined β̈ is linearly scaled to zero to ensure β̈D = 0 at the midpoint

of the trajectory.

β̈ =

⎧⎪⎨
⎪⎩

β̇Bβ̈pk/β̇, tB ≤ t ≤ tC

β̇B β̈pk

β̇

tD−t
tD−tC

, tC < t ≤ tD

(7.22)

Equation 7.23 defines the trajectory from tD to tH , which is the inverse mirror trajectory of

the β̈ trajectory from t0 to tD, as shown in Fig. 7.3.

β̈ =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

− β̇B β̈pk

β̇

t−tD
tE−tD

, tD < t ≤ tE

−β̇Bβ̈pk/β̇, tE < t ≤ tF

−β̈pk, tF < t ≤ tG

−β̈pk
tH−t
tH−tG

, tG < t ≤ tH

(7.23)

The desired β̇ and β trajectories are found by integrating the defined β̈ trajectory once and

twice from the initial conditions β̇0 and β0.

For fixed time span parameters, there is a functional relationship between the joint angle

displacement βH − β0 and β̈pk (i.e., βH − β0 = fn
(
β̈pk

)
). Simulations over a range of

β̈pk values can be used characterize this functional relationship and invert it, allowing for a

β̈pk value to be selected to implement the desired change in heading angle, similar to the

single-tail motion analysis in [70].
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From these trajectories, a desired R3RT state trajectory qdes and its derivatives q̇des and q̈des

may be calculated by setting φ = 90◦. Likewise, a desired USRT reduced state trajectory

zdes and its derivatives żdes and z̈des may be calculated by setting ψ1 = ψ2 = 0.

7.2.2 Quadruped Stabilization Behavior

The stabilization controller in this case study will prescribe a tail motion that utilizes the

tail’s inertial and gravitational loading to counteract a destabilizing load applied to the

quadruped. Based on the quadruped’s geometry and mass distribution, the moment of

inertia with respect to its roll axis is significantly lower than that of the pitch axis, making

roll angle destabilization more likely for a lower magnitude disturbance. Therefore, the

stabilization controller is designed to counteract a destabilizing moment about this roll axis.

Roll destabilization can be detected from the quadruped’s roll angle ρ. During steady-state

locomotion, slight variations in ρ are expected, and the range of acceptable roll angles without

requiring tail intervention (i.e., the ρ angle deadzone) can be defined as ρ ∈ [−ρdz, ρdz].
Beyond these limits, the tail should be actuated to oppose the destabilizing roll influence.

The required stabilizing tail actuation is parameterized by the variable κ ∈ [−1, 1], defined
in Eq. 7.24 and shown in Fig. 7.4, where ρlim is the roll angle magnitude beyond which

|κ| = 1, ‘sat’ is the unit saturation function, and ‘sgn’ is the signum function. The −sgn (ρ)
term ensures that stabilizing control action acts in opposition to the quadruped’s roll angle.

κ =

⎧⎪⎨
⎪⎩

0, |ρ| ≤ ρdz

sat
(
−sgn (ρ) |ρ|−ρdz

ρlim−ρdz

)
, |ρ| > ρdz

(7.24)

When |κ| > 0, a methodology for mapping κ into a second-order continuous tail trajectory

is needed; the variable χ is used to parameterize this continuous trajectory. A unit damped
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Figure 7.4: Stabilization actuation parameter κ definition.

harmonic oscillator for χ is defined in Eq. 7.25 with κ as its forcing function, where ξ and

ωn are the oscillator’s damping ratio and natural frequency, respectively. To minimize the

system’s settling time without overshoot, ξ is set equal to 1, and ωn is defined in section 8.3.

1

ω2
n

χ̈+
2ξ

ωn

χ̇+ χ = κ, {χ0, χ̇0} = 0 (7.25)

The χ trajectory is used to continuously transition the desired tail state qdes from its nominal

tail configuration q0 during steady-state locomotion to the stabilization steady-state config-

uration qst, as defined in Eq. 7.26, where 
 defines element-by-element multiplication. The

states q0 and qst are determined based on considerations for (1) symmetry, (2) gravity, and

(3) conservation of angular momentum. To simplify analysis, β1 ≥ 0, to avoid equivalent

tail states such as q = [0, β1, β2] = [180◦, −β1, −β2]. In addition, the discussion below will

assume ρ > 0; an equivalent analysis can be made for ρ < 0.

qdes = q0 + (qst − q0)


⎡
⎢⎢⎢⎢⎣

χ

|χ|
|χ|

⎤
⎥⎥⎥⎥⎦ (7.26)

First, based on symmetry, φ0 = {0, ±180◦} so that the tail can respond equivalently in

either direction. Second, to maximize the gravitational loading at qst with respect to the
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roll axis, define qst = [−90◦, 15◦, 0]. Third, conservation of angular momentum dictates

that the relative rotation φst − φ0 should be the same sign as ρ to induce rotation in the

opposite direction in the quadruped. Based on these conditions, q0 and qst are defined in Eq.

7.27, with free choices of (β1)0 and (β2)0 based on other considerations. This analysis will

define (β1)0 = 15◦ and (β2)0 = 0 to minimize the required tail motion during stabilization.

q0 =

⎡
⎢⎢⎢⎢⎣
−180◦

(β1)0

(β2)0

⎤
⎥⎥⎥⎥⎦ , qst =

⎡
⎢⎢⎢⎢⎣
−90◦

15◦

0

⎤
⎥⎥⎥⎥⎦ (7.27)

7.2.3 Biped Stabilization Behavior

The stabilization controller in this case study will prescribe a tail motion that utilizes the

tail’s inertial and gravitational loading to counteract the roll angle destabilzation induced by

the cyclic lifting of the biped’s legs. Assuming a symmetric biped design with respect to its

saggital plane, and assuming that its feet do not cross this saggital plane and interfere with

one another, the effective gravitational force acting at the biped COM will generate a non-

zero rolling moment with respect to an edge of one of the biped foot support polygons when

the other foot is lifted. In addition, the vertical acceleration of the lift phase foot induces

an additional undesired inertial roll moment with respect to the same support polygon

edge. These moments induce undesired roll rotation during the steady-state locomotion of

the biped. However, the tail can be used to generate cyclic loading during steady-state

locomotion to act against this destabilizing moment and maintain a more consistent biped

roll angle.

The tail generates two types of loading that may be used to oppose this destabilizing moment:

inertia and gravity. In terms of inertia, a tail rolling motion accelerating in the direction of
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the roll destabilization will induce a moment opposing the roll destabilization on the biped.

In terms of gravity, the reduced tail state with maximum gravitational loading opposed to

the destabilizing moments are defined in Eq. 7.28.

zgrv,max =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

0

0

±90◦

0

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

(7.28)

To illustrate: when the biped’s leg configuration induces a roll destabilization in the negative

ẑT direction, the desired inertial loading can be generated by prescribing ξ̈ > 0 (Eq. 6.60)

during this gait half-cycle, and the desired gravitational loading can be generated by enforcing

η1 > 0 during this gait half-cycle. Conversely, when the biped’s leg configuration induces

the opposite destabilization, enforce ξ̈ < 0 and η1 < 0. Based on Eqs. 6.42 and 6.60, η1 > 0

correlates to ξ < 0, and vice versa.

A single biped gait cycle may be defined using three time points: the cycle start at time tA,

in which leg A enters its support phase and leg B enters its lift phase, the cycle’s midpoint at

time tC , in which the legs switch phases, and the cycle end at time tE, which is also the next

gait cycle’s tA. By definition, tC = (tA + tE) /2. In addition, to aid the model formulation,

times tB = (tA + tC) /2 and tD = (tC + tE) /2 are defined as the midpoints of the first and

second gait half-cycles.

To implement the desired ξ̈ behavior (ξ̈ > 0 when leg A is lifted; ξ̈ < 0 when leg B is lifted),

ξ̈ is defined by a sinusoidal wave of period TAE = tE − tA in Eq. 7.29, where ξ̈pk is the peak

ξ acceleration. Single- and double-integration of this equation results in formulations for ξ̇

(Eq. 7.30) and ξ (Eq. 7.31), where ξA and ξ̇A are the initial roll angle and roll velocity at

time tA. Choices for ξ̈pk, ξ̇A and ξA are dictated by the gravitational loading considerations.
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ξ̈ = ξ̈pk sin

(
2π

t− tA
TAE

)
(7.29)

ξ̇ = ξ̇A +
TAE

2π
ξ̈pk

(
1− cos

(
2π

t− tA
TAE

))
(7.30)

ξ = ξA +

(
ξ̇A +

TAE

2π
ξ̈pk

)
t−

(
TAE

2π

)2

ξ̈pk sin

(
2π

t− tA
TAE

)
(7.31)

First, whenever the legs change gait phase, there is a corresponding change in the sign

of ξ. To accommodate this, ξA = ξC = ξE = 0. In addition to this condition defining ξA,

evaluating Eq. 7.31 at tC and equating it to ξC = 0 results in the coupling condition between

ξ̈pk and ξ̇A defined in Eq. 7.32.

ξ̇A = −TAE

2π
ξ̈pk (7.32)

With these constraints, ξ has maximum magnitude at times tB and tD; therefore, ξB and

ξD should be scaled such that the tail state zgrv,max (Eq. 7.28) is prescribed at this angle.

For tB, at which leg B is lifted, ξB = 90◦ allows for η1 = −90◦ when β1 = 90◦. For tD, at

which leg A is lifted, ξD = −90◦ allows for η1 = 90◦ when β1 = 90◦. Both of these conditions

dictate the Eq. 7.33 definition of ξ̈pk.

ξ̈pk = −90◦
(

2π

TAE

)2

(7.33)

In addition to the ξ trajectory, formulations for β1 and β2 are also needed. To isolate the

impact of the tail’s rolling motion on stability, the angles are fixed as β1 = 90◦ and β2 = 0

to ensure that the tail state matches zgrv,max at tB and tD.
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7.3 Inner-Loop Tail Control

7.3.1 R3RT Inner-Loop Controller

The R3RT’s inner-loop controller is a model-based feedback linearization controller that

prescribes both feedforward inputs based on the modeled tail dynamics and feedback inputs

based on the measured tail error. Equation 7.34 defines the feedback linearizing controller,

where (̄·) denotes the estimate of the corresponding matrix or vector from Eq. 6.4, q̃ is the

error q−qdes between the measured and desired states and K0 and K1 are outer-loop linear

feedback gains. This analysis will assume that the estimates of a given matrix or vector

matches the actual matrix or vector (i.e., M̄−M = 03×3).

u = T̄−1
(
M̄

(
q̈des −K0q̃−K1

˙̃q
)
+ Ĉq̇+ ĝ

)
(7.34)

This controller leads to the closed-loop system dynamics shown in Eq. 7.35, which is canon-

ically asymptotically stable if K0 and K1 are positive definite.

¨̃q+K1
˙̃q+K0q̃ = 03×1 (7.35)

7.3.2 USRT Inner-Loop Controller

For the USRT, the tail’s inner-loop controller has two considerations for calculating the

desired u: (1) achieving the desired tail motion, and (2) ensuring each cable maintains a

minimum tension Tmin at all times during the tail motion. As a result, u = uact + uten,

where uact is the tail actuation control contribution and uten is the cable tensioning control

contribution.



154 Chapter 7. Serpentine Tail Sensing and Control

USRT Cable Actuating Control Contribution

Ideally, a feedback linearizing controller of the form shown in Eq. 7.36 would be used to

calculate uact, where (̄·) denotes an estimate of the associated matrix or vector from Eq. 6.41,

aOL is the prescribed outer-loop acceleration and V̄ (q, q̇, q̈) is a vector of the estimated non-

actuation loading effects. However, the USRT’s underactuation precludes the calculation of

uact directly using Eq. 7.36, as the 12-by-6 matrix T̄ is not invertible.

T̄uact = M̄aOL + C̄q̇+ d̄+ k̄+ ḡ = V̄ (q, q̇, q̈) (7.36)

Based on the geometry of the cable actuation, the rank of T̄ can only be guaranteed to be

4 within the tail’s workspace (two of columns 1-3 are linearly independent, two of columns

4-6 are linearly independent). To compress the 12 equations of motions into 4, both sides of

Eq. 7.36 are multiplied by μ, as shown in Eq. 7.37. The μT̄ term is now a 4-by-6 matrix of

rank 4.

μT̄uact = μV̄ (7.37)

To extract an invertible 4-by-4 matrix from μT̄, two of the cable tensions in uact are set as

zero, and the tensions for the remaining four cables A, B, C and D are solved for using Eq.

7.38, where uABCD is the 4-by-1 vector of non-zero cable tensions from uact and
(
μT̄

)
k
is

column k of μT̄. The segment 1 cables A and B are defined such that A ∈ {1, 2, 3} and

B ∈ {1, 2, 3 | B �= A}, and the segment 2 cables C and D are defined similarly for cables 4,

5 and 6.
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uABCD =

[ (
μT̄

)
A

(
μT̄

)
B

(
μT̄

)
C

(
μT̄

)
D

]−1

μV̄ (7.38)

At least one set of the nine unique combinations of A, B, C and D will produce an actu-

ating tension vector for which all six terms are greater than or equal to zero, satisfying the

constraint that cables cannot support a compressive load.

USRT Cable Tensioning Control Contribution

Since the calculation of uact by definition prescribes at least two cable tensions as zero, a

methodology for uniformly scaling up the prescribed cable tensions with minimal changes to

the dynamic behavior of the tail is needed. This is done by exploiting the null space of μT̄

due to its rank deficiency.

As before, the 12-by-6 T̄ cannot be used directly to calculate uten using T̄uten = 012×1. As

shown in Eq. 7.39, μ is used to consider the impact of uten on the tail segments’ pitch and

yaw bending as a whole. While the resulting T̄uten is not identically equal to zero, it may

be approximated as such.

μT̄uten = 04×1 → T̄uten ≈ 012×1 (7.39)

The rows of matrix μT̄ may be rearranged as shown in Eq. 7.40, where
(
μT̄

)
r,l

is the 1-by-3

row r vector for the segment l cables, uten,123 is the vector of segment 1 cable tensions and

uten,456 is the vector of segment 2 cable tensions.
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⎡
⎢⎢⎢⎢⎢⎢⎢⎣

(
μT̄

)
1,1

(
μT̄

)
1,2(

μT̄
)
3,1

(
μT̄

)
3,2

01×3

(
μT̄

)
2,2

01×3

(
μT̄

)
4,2

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎣ uten,123

uten,456

⎤
⎥⎦ =

⎡
⎢⎣ 02×1

02×1

⎤
⎥⎦ (7.40)

For the segment 2 cable tensions, rows 3 and 4 from Eq. 7.40 may be reformulated as(
μT̄

)
24,2

uten,456 = 02×1, where
(
μT̄

)
24,2

is the 2-by-3 segment 2 actuation transmission

matrix. The unit vector ûten,456 is the basis of the null space of
(
μT̄

)
24,2

, and the magnitude

‖uten,456‖ is scaled such that the minimum segment 2 cable tension u456 = uact,456 + uten,456

equals the minimum desired cable tension Tmin.

For the segment 1 cable tensions, rows 1 and 2 from Eq. 7.40 may be further simplified based

on the knowledge that the segment 1 and 2 cables route through the same holes in segment

1. Therefore,
(
μT̄

)
{1,3},1 =

(
μT̄

)
{1,3},2, and the 2-by-3 segment 1 actuation transmission

matrix
(
μT̄

)
13,12

may be defined using Eq. 7.41 based on rows 1 and 2 from Eq. 7.40.

(
μT̄

)
13,12

(uten,123 + uten,456) = 02×1 (7.41)

Since the segment 2 cables routes through segment 1, their effect must be accounted for

when calculating uten,123. For this segment, the unit basis of the
(
μT̄

)
13,12

null space is no

longer the unit vector ûten,123, but rather the unit vector of the sum uten,1 = uten,123+uten,456.

Therefore, the magnitude |uten,1| should be selected to ensure that the minimum segment 1

cable tension u123 = uact,123+uten,123 equals the minimum desired cable tension Tmin. As an

intermediate step, uten,123 is calculated using Eq. 7.42, based on the prescribed |uten,1|.

uten,123 = |uten,1| ûten,1 − uten,456 (7.42)
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USRT Controller Stability

Owing to its underactuation, stability for the USRT is not evaluated with respect to the full

state vector q. Instead, stability is shown on the reduced state z, and the USRT’s internal

dynamics guide the state q to a stable equilibrium. The closed-loop system dynamics are

defined in Eq. 7.43 by multiplying Eq. 6.41 by μ and substituting μTu = μT̄uact+μT̄uten

from Eqs. 7.37 and 7.39. In this analysis, it will be assumed that the estimated tail dynamics

vectors and matrices exactly match the actual tail dynamics (e.g., M̄ = M).

μMq̈+ μCq̇+ μd+ μk+ μg = μM̄aOL + μC̄q̇+ μd̄+ μk̄+ μḡ (7.43)

As desired, the tensioning term does not impact the closed-loop dynamics, and the feedback

linearization controller reduces the nonlinear open-loop dynamics into the linear double-

integrator shown in Eq. 7.44. The desired outer-loop acceleration aOL is defined in Eq. 7.45,

where K0 and K1 are proportional and derivative control gain matrices, respectively.

q̈ = aOL (7.44)

aOL =
1

3
μT

(
z̈des −K0z̃−K1

˙̃z
)

(7.45)

Substituting Eq. 7.45 into Eq. 7.44 and multiplying both sides by μ results in the closed-

loop dynamics represented in the canonical form shown in Eq. 7.46. Stability for this type

of system is guaranteed as long as K0 and K1 are positive definite.

¨̃z+K1
˙̃z+K0z̃ = 04×1 (7.46)



Chapter 8

Quadruped and Biped Case Studies

for Maneuvering and Stabilization

Using the controllers defined in Chapter 7, case studies are implemented that demonstrate the

desired maneuvering and stabilization behaviors. First, section 8.1 discusses the quadrupedal

and bipedal legged robot simulations on which the tails’ loading acts, along with consider-

ations for hardware-in-the-loop simulations combining the virtual legged robot and experi-

mental tail loading. Then, the remaining four sections present the results associated with

the quadruped maneuvering (section 8.2), quadruped stabilization (section 8.3), biped ma-

neuvering (section 8.4) and biped stabilization (section 8.5) case studies.

158
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8.1 Legged Platform Design and Simulation

8.1.1 Robotic Modular Leg Design

The Robotic Modular Leg, or RMLeg, was chosen to implement the quadrupedal and bipedal

legged platforms used to analyze the outer-loop tail controllers. Figure 8.1 illustrates a

side view of an RMLeg module; it is composed of two independently actuated four-bar

mechanisms used to control the foot’s planar position relative to its hip link. The two four-

bar mechanisms have parallelogram topologies (opposite links have equal lengths), which

results in double-rocker behavior. This behavior constrains the RMLeg’s foot link orientation

to remain parallel to the hip link as the thigh and shin links move. This guarantees a parallel

flat foot orientation with respect to the hip without needing an additional actuator between

the shin and foot links. On flat surfaces, flat feet provide a more stable support polygon

compared to feet with a point or line contact.

One of the main benefits of using a four-bar mechanism is actuation decoupling. The thigh

is actuated directly by a motor mounted within the hip link, and the shin is actuated by

a motor mounted on one of the two thigh links. A timing belt transmits the thigh motor

actuation to the shin. Mounting the shin motor to the thigh instead of the hip allows this

actuator to control the relative motion between the thigh and shin links and not have to

compensate for the thigh actuation.

Four compliant toes are incorporated into the foot to help maintain planar contact between

the foot and ground even when the leg’s hip is not parallel to the ground. Instead of

tipping along one of the sides of the foot, the toes will extend and retract in response to the

quadruped’s pitch and rolling. However, once these toes reach their displacement limits, loss

of contact between one or more toes and/or feet will occur.
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Figure 8.1: Robotic Modular Leg (RMLeg) design.

8.1.2 Quadrupedal Robot with R3RT

Figure 8.2 shows the tailed-quadruped composed of four RMLeg modules used to analyze

the R3RT’s maneuvering and stabilization outer-loop controllers. The quadruped is designed

to provide forward locomotion along a single direction, with the tail capable of performing

steering (maneuvering) and disturbance rejection (stabilization) functions. To realize a for-

ward quasi-static walking gait, a trot gait pattern is utilized in which pairs of legs alternate

between a support phase, in which the foot is in contact with the ground, and a lift phase,

in which it is airborne. The support phase foot trajectory is a straight line with constant

velocity, and the lift phase is designed to raise the foot and move it in front of its hip for its

next support phase.

Trot gaits provide quadrupeds with planar foot contact a quasi-statically stable walking gait
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Figure 8.2: RMLeg quadruped with R3RT.

if the quadruped’s zero-moment point falls within the support polygon created by the geo-

metric boundary created by all of the ground contact points at a given time. The quadruped

alternates between diagonal pairs of legs in contact with the ground. Therefore, two support

phase feet move cooperatively (i.e., in the same direction) for forward walking and the system

zero-moment point can be configured such that it always falls within the support polygon.

During preliminary simulations for the maneuvering case study, it was found that the friction

at the feet was a severely limiting factor for effective turning with a reasonable tail mass.

With a dynamically stable gait, this challenge could be mitigated by choosing to actuate the

tail during an airborne gait phase in which all legs are lifted from the ground. However, for

the quasi-statically stable gait currently under consideration, at least two legs are in contact

with the ground at all time.

To mimic an airborne gait phase in this analysis, a hop is added during the walking trajectory

to lift the quadruped off the ground for 0.45 seconds and move the tail during this time. In

addition, due to the absence of friction between the ground and quadruped during this time,

the net rotation of the quadruped depends only on the net rotation of the tail and not the
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duration over which that motion occurs. However, this ground friction is beneficial when

returning the tail from its bent configuration after maneuvering to its nominal configuration:

if the system were airborne during this return, the generated yaw rotation would be undone.

A 3D CAD model of the RMLeg quadruped was created in Solidworks and exported to MSC

ADAMS, a multi-body dynamic simulation software. This software enables a comprehensive

simulation and motion analysis capable of solving for the kinematics and dynamics of the

quadruped.

In addition to the system’s inertial loading effects based on the imported CAD mass prop-

erties and geometry, loading effects are incorporated into the model for the tail loading,

gravity, and contact between the 16 toes and ground. The contact loading between the toes

and ground are defined by setting stiffness, force exponent, damping and penetration depth,

and the associated friction is defined using a continuous velocity-dependent calculation of

the friction coefficient. The desired leg trajectories are prescribed as kinematic constraints

on the hip and knee joints of each leg and implicitly calculate the joint torques used to drive

the associated joints’ motors.

Although the quadruped design is inspired by a physical RMLeg prototype, the mass prop-

erties of the simulated system need to match the loading capacity available for the existing

R3RT prototype. To accomplish this, the mass of the quadruped frame and legs were scaled

down to 30% of their nominal values to enable the tail to achieve meaningful yaw rotation

with a single tail motion. Connectors were needed between the fore and aft pairs of legs to

provide sufficient spacing for the feet, and an additional proof mass in the head was added to

help balance the cantilevered tail. The nominal quadruped mass mQ and body-frame inertia

IQQ are defined in Eq. 8.1 at the quad COM. This inertia does change during locomotion due

to the leg motion, but this is calculated and accounted for automatically by ADAMS.
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mQ = 4.876 kg,

IQQ =

⎡
⎢⎢⎢⎢⎣

0.1723 0.0007 −0.4000
0.0007 0.4343 0.0001

−0.4000 0.0001 0.4291

⎤
⎥⎥⎥⎥⎦ kg-m2

(8.1)

The quadruped’s nominal gait during both simulations generate an average forward velocity

of 750 mm/s with a step length of 250 mm (1.5 gait cycles per second) and a maximum foot

lift of 50 mm.

8.1.3 Bipedal Robot with USRT

Figure 8.3 shows the tailed-biped composed of two RMLeg modules used to analyze the

USRT’s maneuvering and stabilization outer-loop controllers. MSC ADAMS is used to

model the dynamics of the biped, based on the geometry and mass properties of a 3D CAD

model exported from Solidworks. Kinematic constraints are used to prescribe desired joint

velocities at the biped’s hip and knee joints, and the multi-body dynamics model automat-

ically calculates the associated torques required to implement these trajectories. External

loading effects representing ground contact, gravity and tail loading are incorporated into

the dynamic model, in addition to the inertial loading effects generated by the CAD’s mass

and geometric properties. Ground contact at each toe generates a normal force based on a

damped elastic model acting against the toe penetrating the ground and a friction force op-

posing the toe’s sliding velocity and calculated using a velocity-dependent friction coefficient

to mimic stiction behavior. To mimic the effect of the tail, a rigid-body is fixed to the biped

hip to account for the tail’s effective mass and inertia, and a force/moment input is used to

prescribe the tail’s effective loading to the biped.
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Figure 8.3: RMLeg biped with USRT.

This analysis focuses on analyzing controllers that generate specific stabilization and ma-

neuvering behaviors in a tailed-biped system. As a result, leg motions are planned that

demonstrate those behaviors without the need for full-scale demonstration of the biped’s

steady-state walking ability.

For stabilization, the biped’s quasi-static trot gait alternates its feet between a support phase,

in which one of the feet is in contact with the ground and pushes the quadruped forward,

and a lift phase, in which the other foot is not in contact with the ground and returns to the

starting point of its support phase. For the stabilization case study, only the vertical motion

of the leg is considered.

During the support phase, a foot remains at a fixed vertical distance hS relative to the

hip. During the lift phase, the foot starts from its fixed vertical distance hS, reaches its

maximum height midway through the lift phase at the distance hL relative to the hip, and

returns to the distance hS at the end of the lift phase. A seventh-order polynomial is used

to interpolate the lift-phase foot trajectory; the seven coefficient constraints are the three

position constraints, two zero velocity constraints at the trajectory start and end and two
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acceleration constraints at the trajectory start and end.

For maneuvering, friction at the biped’s toes provide a high barrier to overcome to generate

meaningful yaw-angle rotation. For bipeds exhibiting dynamically stable gaits with an aerial

phase in which neither of the legs are in contact with the ground, friction can be avoided

by actuating the tail during this time. For the quasi-statically stable RMLeg biped under

consideration, an aerial phase may be mimicked by actuating the legs to generate a jumping

motion.

The hopping motion is generated by actuating the legs in parallel to generate a vertical

velocity in the biped, and then discontinously stopping the leg actuation so that the biped’s

momentum lifts the biped off the ground. A fifth-order polynomial is used to generate the

hopping motion: constraints include two position constraints so that the trajectory starts

and ends when the foot is hS from the hip, two zero-velocity and zero-acceleration constraints

at the start of the trajectory, and a desired biped velocity ḣH at the end of the trajectory.

For both the stabilization and maneuvering cases, an inverse kinematics model of the leg is

used to map the foot trajectories into joint trajectories.

In order to facilitate experimental validation, the mass and inertia of the simulated RM-

Leg biped are scaled down by 40% to enable the existing USRT prototype to appreciably

impact its dynamics. The mass of the biped mB and its inertia IBB in its nominal standing

configuration are defined in Eq. 8.2 at the biped COM. As the biped links move during

the simulation, this inertia will slightly change, but these perturbations are automatically

accounted for in ADAMS.
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mB = 6.511 kg,

IBB =

⎡
⎢⎢⎢⎢⎣

0.1864 0.0003 0.0080

−0.0003 0.1538 −0.2659
0.0080 −0.2659 0.1830

⎤
⎥⎥⎥⎥⎦ kg-m2

(8.2)

8.1.4 Hardware-in-the-Loop Analysis

For both the quadruped and biped case studies, MSC ADAMS/Control is used to export

the legged robot simulation to a Simulink block with six inputs (three components each for

tail force and moment) and four outputs (quadruped forward velocity and yaw/pitch/roll

angles). Initially, simulated tail loading calculated by the serpentine tail models (Chapter

6) are used to analyze the performance of the tails’ outer-loop controllers.

To augment these simulation-based studies, a series of hardware-in-the-loop simulations were

also performed. Hardware-in-the-loop (HIL) simulations use real, physical system hardware

to replace one or more simulated subsystems in an analysis. Although HIL simulations

typically utilizes a physical embedded system in conjunction with a mechanical plant sim-

ulation, the distinct mechanical subsystems of the tailed legged platforms lend themselves

to this type of analysis. In this analysis, R3RT and USRT prototypes are used in con-

junction with the simulated RMLeg quadruped and biped to analyze the stabilization and

maneuvering behaviors of the tails’ outer-loop controllers.

Figure 8.4 illustrates an example of the experimental setup used in this section. The R3RT

prototype is mounted on a six-axis load cell (Sunrise Instruments M3716B) to measure the

force and moment generated by the tail, which is then mapped into the equivalent force and

moment at the tail frame origin (this is the loading the simulated tail calculated).
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Figure 8.4: R3RT hardware-in-the-loop setup.

For the R3RT, control inputs for the tail experiments are generated by recording the calcu-

lated control input trajectories u and state vector accelerations q̈ during a simulation. Using

dynamic models of the actuation transmission mechanisms between the actuation inputs and

motors for the R3RT and USRT, u and q̈ are mapped into motor current commands. In

addition, an empirical current offset was also added to overcome the friction within the

actuation transmission mechanism and along the tail.

For the USRT, the present implementation of the USRT has impeded implementation of

the prescribed torque/current inner-loop controller analyzed in section 7.3.2. As a result,

the velocity controller used to implement the tail trajectories in section 6.2.6 is used to

experimentally analyze the single-motion outer-loop maneuvering behavior. However, the

multi-motion USRT stabilization behavior cannot be effectively implemented using the ve-

locity inner-loop controllers, for these cases, the simulation results stand alone.

The tail prototypes’ functional performances are assessed in two ways: 1) the loading calcu-

lated by the simulated tails are compared to the loading measured from the prototype tails,

and 2) the performance of the prototype tail in terms of maneuvering and stabilization is



168
Chapter 8. Quadruped and Biped Case Studies for Maneuvering and

Stabilization

assessed using a HIL simulation.

8.2 Quadruped Maneuvering Case Study

For the maneuvering case study, the loading generated by a single tail motion was applied

to the quadruped during locomotion to observe the resulting quadruped yaw rotation.

Figure 8.5 illustrates the change in yaw-angle heading due to a tail bend of 90◦ in segments 1

and 2. Unlike the maneuvering results in [69, 70], the heading angle magnitude monotonically

increases. In those cases, friction acting against the desired motion of the quadruped caused

the quadruped angular velocity to reach zero before the tail velocity reached zero during the

tail’s deceleration. Then, the tail’s continuing deceleration induced an undesired rotation in

the quadruped in the undesired direction. In this case, angular momentum between the tail

and quadruped is conserved.
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Figure 8.5: Quad with R3RT maneuvering case study yaw-angle rotation.

A key requirement of a robotic tail is that the loading generated by the tail does not induce

instabilities in the DOFs orthogonal to the one under consideration. Figure 8.6 illustrates the

associated pitch and roll angle trajectories of the quadruped due to the yawing tail motion.

As shown, while the tail motion does induce slight undesired displacements in each, these

do not cause destabilization.



8.2. Quadruped Maneuvering Case Study 169

0 0.2 0.4 0.6 0.8 1
Time (sec)

-20

-10

0

10

20

R
ot

at
io

n 
(d

eg
) Pitch

Roll

Figure 8.6: Quad with R3RT maneuvering case study pitch- and roll-angle trajectories.

Net changes to the quadruped’s yaw heading angle in excess of the rotation that can be

generated by a single tail motion may be generated by performing multiple tail motions in

sequence. As discussed in section 7.2.1, the functional relationship between the net change in

yaw-angle heading and β̈pk may be developed using simulations, to allow use of the multiple

tail motion maneuvering algorithm described in [70].

Figure 8.7 compares the simulated and experimentally measured loading generated by the

maneuvering tail motion, and Fig. 8.8 compares the simulated yaw-angle rotation due to

the simulated and experimentally measured loading. To reduce the noise in the experimen-

tally measured trajectories, three experiments for each tail motion were performed and the

resulting loading averaged together.
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Figure 8.7: Quad with R3RT maneuvering case study simulated and experimental loading.
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Figure 8.8: Quad with R3RT maneuvering case study simulated and experimental quadruped
yaw-angle trajectories.

The x-component of moment is the most critical in this case study, and the increase in peak

moment magnitude in the acceleration phase coupled with a lower magnitude moment and

longer duration of the deceleration phase leads to the increased rotation observed in the yaw

angle for the experimental loading case. The feedback linearization inner-loop controller

used to generate the motor torque inputs in this analysis also shows significant improvement

in terms of lag time compared to the inner-loop velocity controller results shown in section

6.1.6. In those results, the initial peak loading was predicted to occur at 0.1 sec, but the

experimentally measured initial peak loading didn’t occur until 0.3 sec. As shown in Fig.

8.7, the initial peak error is on the order of hundredths of a second, on par with the sampling

rate.

The friction compensation current offsets required for bending the segments was significantly

higher than anticipated, and likely resulted in shortcomings in the tracking of the desired

dynamic trajectory.
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8.3 Quadruped Stabilization Case Study

For the stabilization case study, an impulsive moment of magnitude Mδ is applied for 0.2

seconds in the roll direction of the quadruped during locomotion. Without active tail control,

depending on the magnitude of Mδ, one of three scenarios will occur.

1. The quadruped’s gravitational loading will reject the disturbance without significant

change in roll angle. This occurs in the range Mδ ∈ [0, 10.1] N-m, in which the

quadruped’s roll angle |ρ| remains less than 3◦. Thus, the moment disturbance thresh-

old for non-trivial roll-angle variations is Mδ,0 = 10.1 N-m.

2. The quadruped will experience non-trivial roll displacement (|ρ| > 3◦), but the distur-

bance is not sufficient to tip the quadruped and destabilize it. This occurs in the range

Mδ ∈ [Mδ,0,Mδ,0 + 15.5]. Thus, the additional moment disturbance beyond Mδ,0 the

quadruped can accommodate without destabilizing is Mδ,Q = 15.5 N-m.

3. The disturbance is sufficient to tip the quadruped and destabilize the system in the

roll DOF. Without active stabilization, this occurs when Mδ > Mδ,0 +Mδ,Q. However,

when the tail is used to actively stabilize the quadruped, a significant improvement in

roll angle stability is observed.

The parameters used for the controller are defined in Eq. 8.3: no control action is taken for

roll angle disturbances less than 3◦, full control action is applied once the roll is greater than

13◦, and the settling time of the tail position is 3ξ/ωn = 0.15 sec.

ρdz = 3◦, ρlim = 13◦, ωn = 20 rad/sec (8.3)

Figure 8.9 illustrates the roll-angle trajectory of the quadruped for a disturbance of magni-
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tude Mδ = Mδ,0 + Mδ,Q. Active tail-based stabilization provided a 68% reduction in peak

roll-angle in relation to the passive case, which allows the system to further accommodate

additional disturbance loading.
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Figure 8.9: Quad with R3RT stabilization case study quadruped marginal stability with and
without tail control action.

Figure 8.10 illustrates the roll-angle ρ and control action parameter κ trajectories for distur-

bances of magnitude Mδ = Mδ,0 + Mδ,Q + ΔM for which ΔM ∈ {0, 1.5, 3.0, 4.6, 4.7} N-m.

The maximum ΔM allowable before the tailed-quadruped destabilizes is Mδ,T = 4.6 N-m,

which represents a 30% improvement to Mδ,Q.

As with the maneuvering case, the roll-stabilizing control action should not destabilize the

tailed-quadruped in the pitch or yaw direction. Figure 8.11 illustrates the system’s pitch and

yaw trajectories due to the stabilizing tail motion when Mδ = Mδ,0+Mδ,Q+Mδ,T . Although

the tail does not destabilize the system in the pitch direction, it does result in a net non-zero

yaw angle after the tail returns to its nominal configuration. This heading error can then be

compensated for using an appropriately scaled maneuvering tail motion.

For the experimental validation, the u and q̈ used to compute the motor current commands

for the experimental validation were calculated for the case in whichMδ = Mδ,0+Mδ,Q+Mδ,T .

Figure 8.12 compares the simulated and experimentally measured loading generated by the

stabilizing tail motion, and Fig. 8.13 compares the simulated roll-angle rotation due to
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Figure 8.10: Quad with R3RT stabilization case study ρ and κ trajectories for varying
disturbance magnitudes Mδ = Mδ,0 +Mδ,Q +ΔM .

the simulated and experimentally measured loading. For the experimental loading HIL

simulation, the magnitude of the disturbance was reduced by 0.1 N-m, as the system was

unstable for the simulation’s Mδ.

The z-component of moment is the most critical in this case study; like the stabilization

case, the tail simulation underestimated the moment’s maximum and minimum magnitudes,

but the impact of this variation on the simulation’s predicted performance of the robot is

significantly less than the stabilization case. The simpler actuation transmission mechanism

between the motor and roll DOF also required less friction compensation in relation to the

bending tail motions, providing for a more accurate simulation of the tail behavior.
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Figure 8.11: Quad with R3RT stabilization case study pitch- and yaw-angle trajectories.
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Figure 8.12: Quad with R3RT stabilization case study simulated and experimental loading.

8.4 Biped Maneuvering Case Study

For the biped maneuvering case study, the loading generated by a single tail motion was

applied to the biped during a hopping motion to observe the resulting biped yaw rotation.

Figure 8.14 illustrates the change in yaw-angle heading due to a yaw-angle bending of 90◦ in

segments 1 and 2. Due to the similar formulations of their driving tail motions, the results

for this case study are similar to those for the quadruped maneuvering. Likewise, Fig.

8.15 shows the biped’s pitch and roll angle trajectories due to the bipedal tail motion. Of

particular importance for the biped is the pitch behavior, as the biped lacks the quadruped’s

fore set of legs to help prevent forward tipping. As shown, the tail loading does not introduce
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Figure 8.13: Quad with R3RT stabilization case study simulated and experimental
quadruped roll-angle trajectories.

instabilities to its auxiliary DOFs.
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Figure 8.14: Biped with USRT maneuvering case study simulated biped yaw-angle trajectory.

Figure 8.16 compares the simulated and experimentally measured loading generated by the

maneuvering tail motion, and Fig. 8.17 compares the simulated biped yaw-angle rotation

due to the simulated and experimentally measured tail loading. Although undesirable, these

results clearly emphasize the benefit of the feedforward current controller used in section 8.2

for the quadruped maneuvering case study. Instead of the increase in loading magnitudes and

net rotation seen in the R3RT, the motor’s velocity controller induces lag, reduces the peak

loading magnitude and less efficiently actuates the robot during its aerial phase, resulting in

reduced yaw-angle rotation.



176
Chapter 8. Quadruped and Biped Case Studies for Maneuvering and

Stabilization

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
Time (sec)

0

5

10
R

ot
at

io
n 

(d
eg

) Pitch
Roll

Figure 8.15: Biped with USRT maneuvering case study simulated biped pitch- and roll-angle
trajectories.
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Figure 8.16: Biped with USRT maneuvering case study simulated and experimental tail
loading.

0 0.1 0.2 0.3 0.4 0.5 0.6
Time (sec)

-25

-20

-15

-10

-5

0

Ya
w

 R
ot

at
io

n 
(d

eg
)

Exp.
Sim.

Figure 8.17: Biped with USRT maneuvering case study biped yaw-angle trajectories for
simulated and experimental tail loading.
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8.5 Biped Stabilization Case Study

Figure 8.18 illustrates the roll-angle trajectories of the biped during a single gait cycle with

and without the stabilizing tail action. In the absence of the tail actuation, as the biped

begins to lift one of its legs, it begins rolling to the side for which the leg is lifted. As the biped

rolls, the leg continues its motion, and at the peak of the roll magnitude, the leg comes in

contact with the ground once again, earlier than the anticipated switch between leg contacts

at 0.5 second intervals. For the remainder of this gait half-cycle, the foot is in contact

with the ground, and is pushing up the biped to its nominal configuration. Alternatively,

the controlled biped motion shows a minor roll variation (< 1◦) immediately after the gait

transition, but otherwise maintains a stable roll angle throughout the gait cycle.
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Figure 8.18: Biped with USRT stabilization case study biped roll-angle trajectories with and
without tail action.

Figure 8.19 illustrates the ancillary pitch- and yaw-angle trajectories of the biped during the

stabilizing tail motion. As anticipated, the rolling tail motion causes no apparent change

in the biped’s pitch, whereas the biped’s yaw cyclically adjusts due to the cyclic horizontal

motion of the tail’s COM during the stabilizing roll motion. This yaw angle trajectory

variation causes no net change in heading angle when averaged over the gait cycle, but

slightly reduces the efficiency of locomotion.
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Figure 8.19: Biped with USRT stabilization case study biped pitch- and yaw-angle trajec-
tories.

Although experimental loading profiles are not generated for this case study, the simulated

loading profiles are generated to show the behavior of the tail’s z-component of moment,

which correlates to the biped’s roll axis. As desired, the tail generates a consistent stabilizing

moment in each half of the gait cycle. Use of an alternative formulation for the tail’s motion

could modify this profile if necessary, but the result is strong considering its source is a

simple sinusoidal waveform.
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Figure 8.20: Biped with USRT stabilization case study simulated tail loading.



Chapter 9

Conclusion

9.1 Summary

This dissertation has presented research into the design, modeling, sensing and control of

hyperredundant robotic structures for use as robotic tails on-board quadrupedal and bipedal

legged robots. A high-fidelity lumped parameter model was derived for a class of cable-

and rod-driven continuum robots, and the dynamic equations of motion of this model were

formulated using the method of virtual power. Simulation results for the cable- and rod-

driven actuation structures were generated, and cross-validated using finite element analysis

and experimental results.

Two novel serpentine tails—the Roll-Revolute-Revolute Robotic Tail (R3RT) and the Uni-

versal Spatial Robotic Tail (USRT)–were presented, including the overall design concept,

the detailed mechanical and electrical designs, and the prototype integration. Kinematic

and dynamic models were formulated for these two tails, including a model for calculating

the loading applied by the tail to its legged platform, and the accuracy of these models
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were compared to experimental results generated using the R3RT and USRT prototypes and

measured using a six-axis load cell.

Considerations for tail sensing and control were also addressed: in terms of sensing, a means

of estimating position and velocity data for each tail were presented, along with outer-

loop and inner-loop analyses for each tail structure. Outer-loop controllers for the tails

were designed to generate desired tail trajectories that implement the desired maneuvering

and stabilizing behaviors. Inner-loop controllers for each tail then mapped the desired tail

trajectories into control inputs that implemented the desired trajectory and maintained

minimum cable tension (for the USRT).

Case studies were implemented using quadrupeds and bipeds constructed from four and

two Robotic Modular Leg (RMLeg) units, respectively, with the quadruped considered with

R3RT and the biped considered with the USRT. For maneuvering, yaw angle rotations were

induced by the tail in the quadruped and biped during a hopping motion. For stabilization,

the rejection of a rolling moment disturbance in the quadruped was improved by a stabilizing

tail action, and the undesired roll angle motion in the biped due to the cyclic lifting of its

two legs was compensated for. Both simulated and experimental tail loading was utilized

in the case studies, with the case studies involving latter serving as hardware-in-the-loop

validation of the tail’s abilities.

9.2 Future Work

As the work described in this dissertation represented the creation of several new design

concepts, modeling frameworks and control laws, there are clear directions in how this re-

search can progress in the future. First, the most important consideration that needs to be

made with regards to tailed-legged-robots is the joint consideration of the dynamics. In this
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research, the tail dynamics were formulated with respect to an inertial tail base frame, and

neither the motion of the tail nor the loading generated by its were impacted by the motion

of the legged platform. This will require the formulation of the legged platform’s floating-

base equations of motion in the same modeling framework as the tail dynamics, accounting

for inertia, ground contact, and the implicit connection between the legs and tail.

In relation to the tail prototypes, further iteration on the tail designs, particularly the

actuation modules, should be done to better facilitate their integration with legged robots.

In addition, simplifying the designs of key tail components (particularly the R3RT links)

should be done to facilitate their fabrication out of metal instead of 3D printed plastic.

The USRT’s electrical design should also be re-assessed to better understand the errors that

prevented implementation of inner-loop torque control.

In relation to the tails’ inner-loop controllers, full-scale implementation of the feedforward

and feedback control loops on an embedded system driving the tails is needed to fully demon-

strate the tails’ capabilities. Further characterization of both sensor error and modeling

errors in the feedback linearizing controller could also be used to synthesize additional tail

control inputs to help offset these errors. In addition, better characterization of friction

within both the actuation transmission mechanisms and the tail structures themselves would

aid in formulating feedforward control actions that anticipate these potential sources of error

and preemptively act against them.

In relation to the tails’ outer-loop controllers, additional tail motions to generate the desired

legged platform behavior should be studied and compared to one another to assess a more

systematic method of generating tail trajectories. Furthermore, maneuvering and stabiliza-

tion behaviors should be jointly considered to allow for continuous operation of the legged

robot.
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Finally, the full-scale integration of a tailed-legged robot will conclusively demonstrate the

feasibility of this idea. Whether an experimental implementation of the RMLeg quadruped

or biped considered as a part of this work, or another quasi-statically or dynamically stable

legged robot, this would provide a baseline for comparison to existing tail-free quadrupeds

and bipeds.
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Appendix A

Nomenclature

This appendix details the nomenclature of the symbols, marks and variables used throughout

the paper for the analyses of the continuum robots and serpentine tails. Owing to the

limited number of Latin and Greek characters, there are some variables defined differently

for different categories of robots.

Four categories of robots are considered: a cable-driven continuum robot (CC), a rod-driven

continuum robot (CR), the Roll-Revolute-Revolute Robotic Tail (R3) and the Universal-

Spatial Robotic Tail (US). In addition, ‘C’ is used to represent both categories of continuum

robots (CC and CR), ‘S’ is used to represent both categories of serpentine robots (R3 and

US), and ‘All’ implies that the variable definition is applicable to all four categories.

In addition, a superscript other than T denotes the frame in which a vector or matrix is

defined; if a superscript is omitted, that vector or matrix is defined with respect to the

inertial base frame (continuum) or inertial tail frame (serpentine).
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Table A.1: Nomenclature, Marks and Symbols

Mark Meaning Symbol Meaning
‖x‖ Euclidian norm of x · Inner product
x̂ Unit vector of x × Cross product
x̄ Estimate of x ⊗ Outer product
x̃ Error of x, x− xdes 
 Element-by-element multiplication
xT Transpose of x sgn Signum function
ẋ First time derivative of x sat Unit saturation function
ẍ Second time derivative of x

Table A.2: Nomenclature, A through E

Variable Structure Description

A US
Sensor model linearization coefficient matrix for pitch
and yaw angles

(A)r,c US
Sensor model linearization coefficient for row r and column c
of matrix A

A US Cable index, for which A ∈ {1, 2, 3}
an R3 Coefficient for polynomial interpolation for trajectory planning
aOL US Prescribed outer-loop acceleration
B US Cable index, for which B ∈ {1, 2, 3 | B �= A}
b US Sensor model linearization offset vector

(b)r US Sensor model linearization offset for row r of vector b
C S Coriolis and centripetal effects matrix for the equations of motion

(C)r,: US Row r of matrix C

C US Cable index, for which C ∈ {4, 5, 6}
c US Index for matrix column

cbnd C Damping coefficient for continuum core subsegment bending
cdmp US Damping coefficient for universal joint displacement
clim US Damping coefficient for joint limit model
ctor CC Damping coefficient for continuum core subsegment twisting
D US Cable index, for which D ∈ {4, 5, 6 | D �= C}
d US Damping loading vector for the equations of motion

(d)r US Row r of vector d

ḋi,k,cbl CC Sliding velocity of cable k through its disk i routing hole

ḋi,k,rod CR Sliding velocity of rod k through its disk i routing hole
dj,m,sn US Distance measured by joint j sensor m

ḋsat C Continuous friction direction transition constant
E3 All 3-by-3 identity matrix
Ecore C Young’s modulus of the continuum core
Erod CR Young’s modulus of the actuation rod
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Table A.3: Nomenclature, F through I

Variable Structure Description
Fi,act C Actuation force of rigid body i
Fi,bdy C Net force of rigid body i
Fi,k,cbl CC Contact force due to cable k on disk i
Fj,k,cbl US Force of cable k acting across joint j
Fj,ext US Force of joint j extension spring acting on link i = j
Fi,inr C Inertial force of rigid body i

Fi,inr,bdy S Inertial force of link i
Fi,grv C Gravitational force of rigid body i

Fi,grv,bdy S Gravitational force of link i
FRH,grv R3 Gravitational force of rigid housing
Fi,k,rod,con CR Contact force between rod k and disk i
Fk,rod,end CR Force between rod k and its terminal disk Nk

Fk,rod,eq CR Net equilibrium force of rod k
Fi,k,rod,fr CR Friction force due to rod k contact with disk i

FT S Tail base force
(FT ){x,y,z} S {x, y, z}-component of tail base force

Fi,k,cbl,fr CC Friction force due to cable k contact with disk i
Fj,ext,pre US Pretension force of joint i extension spring

Fl,{1,··· ,5},gear R3 Contact force for gear pair {1, · · · , 5} in segment l
Fk,rod,obj CR Objective function for rod k equilibrium
Gcore CC Shear modulus of the continuum core
g S Gravitational loading vector for the equations of motion

(g)r US Row r of vector g
g All Gravitational acceleration

ḣH US
Relative velocity between biped hip and ankle at end of
hop-initiating trajectory

hL US
Minimum distance between biped hip and ankle during leg
lift phase

hS US Distance between biped hip and ankle during leg support phase
IB US Inertia tensor of biped
Ii,bdy All Inertia tensor of rigid body i
IQ R3 Inertia tensor of quadruped

Ii,bdy,xx C Radial inertia of rigid body i in body-fixed frame
Ii,bdy,zz C Axial inertia of rigid body i in body-fixed frame

I ii,bdy,{xx,yy,zz} S {x,y,z}-axis moment of inertia of rigid body i in body-fixed frame

i C Index over the number of rigid bodies or subsegments
i S Index over a number of links
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Table A.4: Nomenclature, J through L

Variable Structure Description
Jp,i All Jacobian of the link i COM linear velocity

(Jp,i){1,··· ,n} C Column {1, · · · , n} of Jp,i

Jω,i All Jacobian of the link i angular velocity
(Jω,i){1,··· ,n} C Column {1, · · · , n} of Jω,i

Jxx,core C Second moment of area of the continuum core
Jxx,rod CR Second moment of area of the actuating rod
Jzz,core CC Polar moment of area of the continuum core

j S Index over the number of joints
K0 S Linear feedback gain for state position error
K1 S Linear feedback gain for state velocity error
Kθ US Sensor model linearization yaw-angle coefficient
Kφ US Sensor model linearization pitch-angle coefficient
k US Coupling loading vector for the equations of motion

(k)r US Row r of vector k
k C Index over the number of cables or rods
k US Index over the number of cables
ki C Spatial curvature of elastic core subsegment i
ki,k CR Spatial curvature of rod k subsegment i
kj,cmp US Bending stiffness of joint j compression spring
kj,ext US Stiffness of joint j extension spring
klim US Stiffness of joint limit model
L0 C Subsegment length

Li,k,cbl,ss CC Length of cable k in subsegment i
Li,k,rod,ss CR Length of rod k in subsegment i

LDJ US
Distance between a link’s disk center and its distal
universal joint center

Lj,ext US Nominal length of joint j extension spring
LJC S Distance between a link’s proximal joint center and its COM

LJD US
Distance between a link’s proximal universal joint center
and its disk center

LJJ S Distance between a link’s joint centers
Lsn US Sensor distance when universal joint pitch and yaw are zero
l S Index over the number of segments
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Table A.5: Nomenclature, M

Variable Structure Description
M S Mass matrix for the equations of motion

(M)r,: US Row r of matrix M

Mi,act C Actuation moment of rigid body i
Mj,act S Actuation moment of joint j
Mi,bdy C Net moment of rigid body i

Mi,{i,i+1},bnd C Bending moment due to subsegment {i, i+ 1} on rigid body i
Mj,cmp US Compression spring moment of joint j
Mi,cpl C Coupling moment of rigid body i
Mj,cpl US Coupling moment of joint j

Mi,{i,i+1},dmp C Damping moment due to subsegment {i, i+ 1} on rigid body i
Mj,dmp US Damping moment of joint j
Mj,ext US Extension spring moment of joint j
Mj,gear R3 Gearing moment of joint j
Mj,grv S Gravitational moment of joint j
Mi,inr C Inertial moment of rigid body i
Mj,inr S Inertial moment of joint j

Mi,inr,bdy S Inertial moment of link i
Mj,jnt S Net moment of joint j
Mj,lim US Joint limit moment of joint j
Mk,rod,eq CR Net equilibrium moment of rod k
MT S Tail base moment

(MT ){x,y,z} S {x, y, z}-component of tail base moment

Mi,{i,i+1},tor CC Torsional moment due to subsegment {i, i+ 1} on rigid body i
Mi,bnd,cbl CC Bending moment magnitude of cable-driven subsegment i
Mi,bnd,core C Bending moment magnitude of continuum core subsegment i
Mi,bnd,rod CR Bending moment magnitude of rod-driven subsegment i
Mi,k,bnd,rod CR Bending moment magnitude of rod k subsegment i
Mj,{1,2},gear R3 Gear moment {1, 2} of joint j

Mδ R3 Destabilizing roll moment on quadruped
Mδ,0 R3 Maximum Mδ for which |ρ| ≤ ρdz without a stabilizing tail motion

Mδ,Q R3
Maximum addition to Mδ = Mδ,0 for which the quadruped
remains stable without a stabilizing tail motion

Mδ,T R3
Maximum addition to Mδ = Mδ,0 +Mδ,Q for which the
quadruped remains stable with a stabilizing tail motion

m US Index for the number of distance sensors
mB US Mass of biped
mi,bdy All Mass of rigid body i
mRH,bdy R3 Mass of rigid housing
mQ R3 Mass of quadruped
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Table A.6: Nomenclature, N through Q

Variable Structure Description
Nk CR Disk to which rod k attaches
n C Number of state coordinates
n R3 Index for polynomial interpolation
P C Net virtual power acting on the tail
pi C Position vector from inertial base frame origin to disk i center/COM

p(i−1)i C Position vector from disk i− 1 center/COM to disk i center/COM
p(i−1)i,k,cbl CC, US Position vector of cable k subsegment from disk i− 1 to disk i
pi,COM S Position vector from inertial tail frame origin to link i COM
pj,ext US Position vector from base to tip of joint j extension spring

pi,ext,B US
Position vector in link i from disk center to joint j = i+ 1
extension spring base

pi,ext,T US
Position vector in link i from disk center to joint j = i
extension spring tip

pi,k,hl US Position vector in link i from disk center to cable k routing hole
pj,i,JC S Position vector from joint j center to link i COM
p0,JC R3 Position vector from joint 0 center to link 0 COM
p0,JC US Position vector from inertial tail frame origin to link 0 COM
pj,JE US Position vector from joint j center to joint j extension spring tip

pj,k,JH US
Position vector from joint j center to link i = j cable k
routing hole

pj,jnt S Position vector from inertial tail frame origin to joint j center
pT0,jnt R3 Position vector from inertial tail frame origin to joint 0 center
pT1,jnt US Position vector from inertial tail frame origin to joint 1 center
p01,jnt R3 Position vector from joint 0 center to joint 1 center
pj,m,JS US Position vector from joint j center to joint j sensor m tip

pRH,COM R3
Position vector from inertial tail frame origin
to rigid housing COM

pi,k,rod CR
Position vector from inertial base frame origin to disk i
rod k routing hole

pj,m,SJ US Position vector from joint j sensor m base to joint j center
pj,m,sn US Position vector from joint j sensor m base to tip

pj,m,sn,B US
Position vector from link i = j − 1 disk center to joint j
sensor m base

pj,m,sn,T US Position vector from link i = j disk center to joint j sensor m tip
q All State vector
q0 R3 Nominal tail configuration desired when κ = 0
qdes R3 Desired state vector
qst R3 Stabilizing tail configuration desired when κ = 1
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Table A.7: Nomenclature, R through U

Variable Structure Description
R All Set of real numbers
Ri All Orientation matrix of frame i with respect to inertial frame

R(i−1)i C, US Orientation matrix of frame i with respect to frame i− 1
R(LC)T US Rotation matrix of inertial tail frame with respect to load cell frame

R(j−1,S)(j,S) US Rotation matrix of frame j, S with respect to frame j − 1, S
RX (·) All Canonical rotation by the angle (·) about the x-axis
RY (·) All Canonical rotation by the angle (·) about the y-axis
RZ (·) All Canonical rotation by the angle (·) about the z-axis

ri,k,cbl CC
Position vector in rigid body i from disk center to cable k
routing hole

ri,k,rod CR
Position vector in rigid body i from disk center to rod k
routing hole

r US Index for matrix or vector row
rcbl R3 Radius of cable routing cylinder
rhl C Radius of cable or rod routing hole pattern
rsn US Radius of sensor mounting pattern
T S Actuation transmission matrix for the equations of motion

(T)r,c US Row r, column c term of matrix T

Tl R3 Segment l cable tension
Tk US Cable k tension
T0f US Sine-wave period from time t0 to time tf
TAE US Sine-wave period from time tA to time TE

Ti,k,cbl CC Tension in cable k subsegment i
Tk,cbl,base CC Tension in cable k at base
Tmin US Minimum cable tension

Tk,rod,base CR Force in rod k at base
Tk,rod,end CR Force in rod k subsegment Nk

t All Time for trajectory planning
t{0,f} S {Initial, final} trajectory planning time

t{A,··· ,H} S Time {A, · · · , H} for trajectory planning
u S Control input

u{123,456} US Vector of elements {1− 3, 4− 6} of u
uABCD US Vector of four non-negative cable tensions of uact

uact US Tail actuating control input
uten US Cable tensioning control input
uten,1 US Total segment 1 tensioning control input due to cables 1-6

u{act,ten},{123,456} US Vector of elements {1− 3, 4− 6} of u{act,ten}
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Table A.8: Nomenclature, V through γ

Variable Structure Description
V̄ US Estimated non-actuation loading effects

vi C
Linear velocity of rigid body i with respect
to the inertial base frame

x̂i All x-axis unit vector of frame i
x̂0 C x-axis unit vector of inertial base frame
x̂T S x-axis unit vector of inertial tail frame
ŷi All y-axis unit vector of frame i
ŷ0 C y-axis unit vector of inertial base frame
ŷT S y-axis unit vector of inertial tail frame
z US Reduced state vector

ẑ(i−1)i All z-axis unit vector of Ri−1
(i−1)i

ẑi All z-axis unit vector of frame i
ẑ0 C z-axis unit vector of inertial base frame

ẑ(i−1)i,des US Desired z-axis unit vector of R(i−1)i

zdes US Desired reduced state vector
zgrv,max US Reduced state that maximizes gravitational loading

ẑT S z-axis unit vector of inertial tail frame
αk C Angle of cable or rod k routing hole position vector
β R3 Joint angle when β1 = β2

βi C Pitch curvature of subsegment i
β0 R3 β at t0 for maneuvering trajectory planning
βl R3 Joint angle of segment l

(βl)0 R3 βl of segment l in q0

βj US Angular deflection of universal joint j

β̇B R3 β velocity at tB for maneuvering trajectory planning

β̈D R3 β acceleration at tD for maneuvering trajectory planning
βdes US Desired joint deflection for trajectory planning
βH R3 β angle at tH for maneuvering trajectory planning
βlim US Angular deflection limit of each universal joint

β̇pk R3 Peak β acceleration for maneuvering trajectory planning
γj US Yaw axis unit vector of universal joint j
γi C Yaw curvature of subsegment i
γj US Sensor frame yaw angle of universal joint j



192 Appendix A. Nomenclature

Table A.9: Nomenclature, Δ through τ

Variable Structure Description

ΔM R3
Incremental destabilizing moment added to Mδ = Mδ,0 +Mδ,Q

to assess tail stabilization limit
ΔP C Variation of virtual power
Δq̇ C Variation of virtual power
δi,k CR Radius of curvature offset of rod k subsegment i
δk US Displacement of cable k from length when tail is straight

δk,des US Desired displacement of cable k from length when tail is straight
εi CC Roll twist angle of subsegment i
ηl US Net yaw angle of segment l
θi C Bending angle of subsegment i
θj R3 Angle in joint j between links i = j − 1 and i = j
θj US Yaw angle of universal joint j
θdes US Desired yaw angle for trajectory planning

θdes,{0,f} US Desired {initial, final} yaw angle for trajectory planning

θ̈pk US Peak θ acceleration magnitude for trajectory planning
κ R3 Control action parameter for quadruped disturbance rejection

κdes US Desired bending plane angle for trajectory planning
κdes,{0,f} US Desired {initial, final} bending plane angle for trajectory planning

λi US Common normal of z-axis unit vectors of frames i− 1 and i
μ US Matrix that maps q into z(

μT̄
)
k

US kth column of the 4-by-6 μT matrix(
μT̄

)
r,l US

1-by-3 row r vector for the segment l cable coefficients of
the 4-by-6 μT matrix(

μT̄
)
13,12

US 2-by-3 segment 1 actuation transmission matrix(
μT̄

)
24,2

US 2-by-3 segment 2 actuation transmission matrix

μ C, US Friction coefficient
μj,k US Friction scaling for cable k subsegment tension affecting joint j

ξ̂j R3 Revolute joint j axis unit vector
ξ R3 Damping ratio for damped harmonic oscillator
ξ US Bending plane angle

ξ{A,··· ,E} US ξ angle at t{A,··· ,E}
ξ̈pk US Peak ξ acceleration
ρj US Pitch axis unit vector of universal joint j
ρ R3 Quadruped roll rotation
ρj US Sensor frame pitch angle of universal joint j
ρdz R3 Magnitude of maximum acceptable ρ not requiring tail stabilization
ρlim R3 Magnitude of ρ at and beyond which |κ| = 1
τ R3 Roll-DOF torque
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Table A.10: Nomenclature, φ through Numbers

Variable Structure Description
φ R3 Roll angle
φ0 R3 φ in q0

φi C Bending plane angle of subsegment i
φj US Pitch angle of universal joint j
φdes US Desired pitch angle for trajectory planning
φst R3 φ angle in qst

χ R3 Parametrization continuous roll stabilization trajectory
χ0 R3 χ at t0
χl US Segment l bending angle
ψ R3 Interpolation variable for joint angle trajectory planning

ψ{0,f} R3 {Initial, final} joint angle interpolation variable
ψl US Segment l net pitch angle
ψi,k CC, US Contact angle of cable k at disk i
ωi All Angular velocity between rigid body i and inertial frame

ω(i−1)i C, US Angular velocity between rigid body i and frame i− 1
ωn R3 Natural frequency for damped harmonic oscillator
0r×c US r-by-c vector/matrix of zeros
1r×c US r-by-c vector/matrix of ones
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