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The Odd Chern Character and Obstruction Theory

by

Constantin Dorin Dumitrascu

Peter E. Haskell , Chairman

Department of Mathematics

( ABSTRACT )

Having as starting point a formula described in the paper of Baum & Douglas, [BmDg],
the odd-degree component of the Chern character is analyzed. Our presentation uses the
obstruction theory definition of Chern characteristic classes in order to emphasize the con-
nections with the even-degree component (see Theorem 4.3.1) and leads to a natural jus-
tification of the fundamental property of the Chern character, i.e. of being a ring homo-
morphism. The reader is assumed to have some background in topological K-theory and

algebraic topology.
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1 Introduction

This paper has its origins in the desire to understand the odd dimensional case of the iso-
morphism between analytical and topological K-homology, as presented in [BmDg]. One
essential ingredient for the application of this result to the index theory of elliptic pseudo-

differential operators is the Chern character.

The statement of the fundamental theorem for this branch of contemporary mathemat-

ics, the Atiyah-Singer index theory, is the following ([AtSi], 2.12):

1.1 Theorem. Let P be an elliptic operator over a compact manifold X, and let u €

K(T'X) be the symbol class of P. Then the indezx of P is given by:
index(P) = (=1)"{ch(u)-Z(X)}TX] .

Here, ch(u) is the Chern character of the symbol u, Z( X ) is the Index class of X defined as
the Todd class of the complexification of the tangent bundle, T X is oriented as an almost
complex manifold with “horizontal part real and vertical part imaginary”, “.” denotes the
cup product, and n = dim X. For the right-hand side of the index formula, the top-
dimensional component of ch(u)-Z(X) is evaluated on the fundamental homology class of

TX.

In the section § 20 ,“Odd dimensional Spin® manifolds: Toeplitz operators”, of the
mentioned paper of Baumé&Douglas, it is pointed out that, on a closed odd dimensional

Spin® manifold M, the interesting problem is not for the Dirac operator itself (which is



self-adjoint and so has index zero) but rather for Toeplitz operators on the positive space
of the Dirac operator. Let F' be a vector bundle over M, and let D : C®(F) — C>(I)
be a Dirac operator. Once a hermitian structure for F and a smooth measure for M have
been chosen, we can view D as an unbounded self-adjoint operator on the Hilbert space of
L? sections of F: D : L*(F) — L*(F). Let L2 (F)be the closed subspace of L*(F') spanned
by the eigenvectors belonging to non-negative eigenvalues of D. If 3 : M — G/ L(n,C)
is a continuous map, a bounded Fredholm operator Ty =|| T}, || can be constructed on
C"c LZ(F). The following topological formula holds (Theorem (20.3),[BmDg];also see

[Dgls],p.65,for a more general statement):

1.2 Theorem.
Index(Tg) = {ch(B) - Td(TM)}[M] .

Here, ch(j) is the odd-degree Chern character that our paper is about. The explicit formula
for it is given below (see (x)). T'd(T M) is the Todd class of the tangent bundle 7'M and

[M] is the fundamental homology class of M.

These two statements tell us immediately that the Chern character, with its even-degree
and odd-degree parts, plays an essential role in index formulas. It conveys invariants of
the elliptic pseudo-differential operator sitting in the K-theory groups into cohomological
invariants. Using the duality between cohomology and homology, the latter give numerical

invariants of the operator.

The literature gives a full treatment of the even-degree part of the Chern character,

even

denoted by ¢h in our paper, which is basically a map

Cheven . ]"0( X ) . H even ( ‘X' ) ,

00

(©) () = 3 chi (€],

k=0



where
. 1
ehPM([E]) = 1 Sel(er(€), €x(E), o enl£)), k2 0.

In the above, K% X) is the first group of topological K-theory of the space X, H**"(X) =
00 ) R
@B H*(X), £ is an n-dimensional complex vector bundle over X, ¢;j(£)’s are the Chern

1=0
characteristic classes of £, and Sy are the power sums , or Newton polynomials.( S) expresses

7
the symmetric function 3 z¥ as unique polynomial of the elementary symmetric function,

=1
a, = > Tiy v s @4, . We remark that: ch§?([£]) = n = dim(£) .) See Subsection
1321 <...<2'TS?L

3.3 for more details.

P

Despite this complete description of the even part, the odd degree part, denoted ¢h°% in
our paper, is usually treated with only a brief reference to formal constructions in algebraic
topology involving suspension ( see [Karb],V.3.26 ), or by mention of the resulting formula
( see [BmDg], p.157 ):

ch*™ KU (X) — H(X),

o * W W Wws ne1 “Y2an-—
= HU) = 1 (O_: - 1_'3 Tt (=1 1(nz— 11)!) '

Here, f : X — U(n,C) is continuous, [f] is the class of f in K~1(X), {wi,ws,...,w2,_1}
are the standard generators in the algebra H*(U(n);Z) (which is an exterior algebra over
these generators; see Subsection 3.2), and f* denotes the pull-back map induced by f at

the level of cohomologies.

[t is our hope that the treatment given in the present paper will enlighten, among others,
the way suspension relates obstruction theory and the even degree Chern character, on one
hand, with the formula involving elements of H*(U(n);Z), on the other hand. This will
show how the basic constructions in topological K- theory are reflected in the main property

of the Chern character, i.e. of being a ring homomorphism.



The effort to understand the odd Chern character led us to the following diagram (The-

orem 4.3.1):

E-Y(X) 2L Rs(xt) = K(S(XH)

fl

(D) C]I,Odd l l cheven

Hodd(X) SN geven(s(X-l-))

In this diagram, referred to throughout this paper as (O), X is the disjoint union of X
with a point {oo}. gl is the map that can be used to give an equivalent way of defining
K~'(X) : it constructs from an element f : X — GL(n,C) a vector bundle £; over the
reduced suspension of X T, S/(X*). A complete description of gl is given in Subsection
3.1 . The map « is essentially given by the canonical isomorphism from algebraic topology
between the reduced cohomologies of the topological space X and its suspension SX. A
complete characterization is given in Subsection 2.3 .

ch®? is given in (%), and ch®™*" in (o).

@ being independent of the particular element in K~1(X) we are starting with, the philo-

sophical problem is to decipher the influence of f in the formulas for ch®** and cho%,

There are, of course, two distinct parts in the above diagram:

f R
Ch(’dd L and l cheven
f*(’f;j(—w-w?—;,ﬂ) =, chevn([€5])
(L.5.) (R.S.)

Proving the “commutativity” of (O) will be the main step in our presentation.



We understand also that this is not the only possible treatment of the odd Chern char-

acter, but we consider the approach worthwhile.

Warning. In the paper we will constantly use results and techniques from algebraic
topology and K-theory. The reader is invited to consult some of the standard texts: [Span],
respectively [Atiy]. Nevertheless, the essential references are:

- Hatcher’s book ([Htch]) for the concepts used, some of the notation, and the description
of the cohomology of U(n);

- Karoubi’s book ([Karb]) for the K-theoretical part of the paper;

- Steenrod’s book ([Stnr]) for the obstruction theory.

[t is to be mentioned that we tried to make the thesis as self-contained as possible. This
is the main reason for the reviews presented in some subsections.

The most important parts of our paper are:
- Subsection 3.2 in which the explicit description of the generators wyg_y of H*(U(n);Z)
(1 <k < n)is obtained using Thom classes of sphere bundles (see Proposition 3.2.12).
- Subsection 4.2 in which the technical formulas are obtained, using the special structure of
the suspension of a A-complex (see Theorem 4.2.10).

The main result is proved in Subsection 4.3. The property of the Chern character of

being a ring homomorphism is discussed in Section 5.

Notations. In our paper N, Z, Q, R, C have the usual significance and algebraic prop-
erties of the sets of natural, integer, rational, real, and complex numbers, respectively. A
reference of the type (2.3.7) sends to the mathematical statement number 7 of Subsection
3 in Section 2. The symbol B marks the end of a proof. We used * e/ to symbolize a
notation we are making between the mathematical expression on the left of the symbol and

the one which immediately follows it .

W]



2 Homology and Cohomology

2.1 General facts regarding homology and cohomology

This subsection summarizes the essential definitions and properties of homology and coho-
mology. There are also discussed the reduced and unreduced suspensions of a topological

space. The purpose is to establish the notations and the background.

2.1.1 Definition. A CW-complex is the topological space X resulting after the following
construction:
(1) Start with a discrete set X°.
(2) Inductively , form the k-skeleton X* from X*~1 by attaching k-disks D% via continuous
maps ¢, : 0D* — X*=1. That is, X* is the quotient space of the disjoint union X*~11[, D*
under the relation x ~ ¢o(z), for x € D, In particular, X* > X*1
(3) The union X = X%U X' U ... is given the weak topology: a set A C X is open (closed)
iff AN X* is open (closed) in X*, for each k.

In a C'W-complex structure on X, each attached disk D* has a natural characteristic map

o, : Df;’ — X extending its attaching map ¢,. On the interior of Df;', ®,, is a homeomor-
phism onto its image, an open k-cell €#, which is an open set in X* though not necessarily

in X.

In this paper we shall restrict our attention to a subcategory of the category of C'W-

complexes, namely the A-complexes. This extra condition is due to the use of obstruction



theory in the construction of the Chern characteristic classes. Moreover, reasons from
K -theory will force us to consider compact A-complexes. It is to be mentioned that the
isomorphism of Baumé&Douglas beween analytical and topological K-homology ([BmDg],
Theorem (18.5)) is given for finite simplicial complexes.

For k > 0, let AF = [vg,v1,...,vs] = {(fo,t1, .-, tk) € RkH | Z};O t; = 1} denote the

standard k-simplex in R¥*!. The following definition is in order:

2.1.2 Definition. A A-complex is a C'W-complex X whose cells €* are provided with
distinguished characteristic maps oo : A¥ — X such that each restriction c4|[vVo, ..., Vi, ..o, V]

is the distinguished characteristic map o of some cell cg_l.

[t is to be emphasized in this definition the presence of the characteristic maps og,
and the condition about the restriction to boundary. They will enable us to use obstruction
theory for the category of A-complexes. Also note that, a A-complex being a C'W-complex,
the interiors of the k-simplices are pairwise disjoint. Here, and all over the paper, by a
k-simplex we mean, depending on context, either an application ¢, as in Definition 2.1.2,
or the image of A¥ in X under such o,.

Implicit in (2.1.2) is the identification of [vo, ...,1/1\1-, <oy U] with A*=1 preserving the or-
dering of the vertices. Note also that the edges of a A-complex have preferred orientations
induced from the natural orientation of A! = [vg, v{], and that the orientations of the edges
of each k-simplex of a A-complex are related just as they are in A*, consistent with the

preferred linear ordering of the vertices of A,

It is an easy exercise to show that the second barycentric subdivision of a A-complex

gives rise to a simplicial complex.



Remarks about the singular (co)chain complexes

Let X be an arbitrary topological space, and let R be a ring. (Our main interest will
be R = Q, the field of rational numbers.) For each k € N, we define Cy(X; R) = Ci(X)
to be the free R - module having the singular k-simplices, o : A¥ — X, as generators. The
chain complez (C.(X),0) gives the singular homology modules of X, H.(X; R).

If X is a A-complex we consider the R-modules Ay(X) generated by the distinguished
characteristic maps appearing in Definition 2.1.2, with the same boundary as in the singular

case. The resulting homology is isomorphic with the singular one (a non-trivial result !).

The cochain complez (C*(X, R),§) gives the singular cohomology of X and is obtained

by dualizing the chain complex:

C*(X;R)= Homp(Cr(X),R) , §=0".

Let A C X be a subspace, and let
0— Cp(A) 5 Cu(X) L Cu(X,A) — 0

be the short exact sequence which defines the relative homology modules Hy( X, A). (Here,
Cr(X,A) = Cp(X)/Cr(A), and the boundary map is the restriction of @ from C'.(X) to the
equivalence classes described above. H,.(X, A) is the homology of the resulting complex.)

By applying Hompg(-, R), we obtain the short exact sequence:

(2.1.3) 0 CHAR) S R (X R) L OF(X, A R) — o
The relative cohomology modules H*(X, A; R) are defined as ker(8)/im(é) in the complex

Lo OMX, A R) S CHY (X, AT R) —



where ¢ is the restriction of the coboundary of the cochain complex (C*(X, R),0).
The relative cochains on (X, A) are absolute cochains on X which vanish on chains in A.

The relative cocycles are the relative cochains which vanish on boundaries.

The following result is an easy consequence of the universal coefficient theorem for coho-

mology:

2.1.4 Theorem. If H,_1(X) is zero or is a free R-module, then H*(X, R) is canonically
isomorphic to the module Homp(Hi(X); R). There is a corresponding assertion for pairs

(X, A).

Remarks about suspensions

Let zg be a distinguished point of X.

Let I =[0,1], 0 = {0,1}. Then S' = [/31.

2.1.5 Definition. The reduced suspension of the topological space X, SX, is the smash

product of X with S!:

SX=XAS"=XxTI/(Xx{0,1}U {zo} x I).

Let us next define the cones on X:
1
CtX = X x [5, /X x {1} ,
N™ X x {1}/X x {1} = the “north” pole of the suspension

and

C7X = X x[0,5]/X x {0 .

S ™ X x {0}/X x {0} = the “south” pole of the suspension .



2.1.6 Definition. The {unreduced) suspension of X, §'X, s

S'X =CTXUuCTX

Let XT = X U {x} be the disjoint union of X with a point. The next homeomorphism is

clear:

The following diagram gives the intuitive feeling about this identification:

X+ x 1 SIX*ty= X x [/X x Ol 51X

Remark 1. Even after the identification of N with 5 in forming S(X*) from S'X . we shall
continue to refer to the images of "X and ('~ X in S(XT)as C'TX and ("~ X respectively.
This identification must be understood without further reference from now oun. [t is our

hope that this is confusion-free.

Our next goal is to give a canonical A-complex structure on .5(.X 7). This will be nsed
extensively in Section 4, and it is very important for our exposition.
All the characteristic maps of X can be regarded in a natural way, under the inclusion

X C S(XT), as characteristic maps in S({XT). Beside these, from each characteristic map

10



in X, 0, : A*¥ = X, we shall construct two characteristic maps in S(X 1),
(x0, )t and (x0,)”

in the following way:

(xa)t - AF L ot X

((Oal i s T ) 2+ 3)
(2.1.7) (402 (o oo Ly i1 ) = o o
N (:S) if tk+1:1
and

(*0a)” AR o x

3 . t
(a2t 3 — )

(ng) (*(Ta)_(to,...,tk,tk+1) =
S (: ZV) if t/c+] =1

There are several things to be noticed here:

(1) We used the fact that A¥*1 C R¥*1 can be viewed as the join of A* with (0,...,0,1) €
RX+1. This is reflected in both formulas (2.1.7) and (2.1.8).

(2) The continuity of (xo,)* and (x0,)~ comes from the definition of quotient topology in
S(XT).

(3) The condition of A-complex for X implies that the structure given by (2.1.7) and (2.1.8)
is consistent on the “lateral faces” of such (k+1)-simplices. Consequently, it S(X ) becomes
a A-complex.

(4) The (k+ 1)-simplices of S(X ) are either (k+ 1)-simplices of X, or simplices of the form
(*04)T or (¥0,)~ described above. This is the complete characterization of the A-complex

structure for S(XT).

11



Remark 2. In this paper we work with A-complexes. Nevertheless, we shall frequently use
the terminology from simplicial complexes. We have already pointed out the use of the
term k-simplex ( page 7 ). Another one is the concept of “k-skeleton”. By this we mean

the union of all k-simplices.

2.2 The external cup product

In this section the definition and fundamental properties of the external cup product are

given.

Due to the fact that we will use the obstruction theory description of characteristic
classes, we have chosen the definition of cup product which involves its characterization at
the level of singular chains. This fits very nicely with everything that follows. The main
reference for all of this is [Htch].

Let X be a A-complex. (By a previous remark, X could be a C'W-complex, and the whole
theory about the external cup product is defined for arbitrary topological spaces. But the

use of obstruction theory forces us to restrict ourselves to A-complexes.)

2.2.1 Definition. At the cochain level, the cup product is a map
CHX;R)yx CY(X; Ry — C*(X; R)
(¢7 '[,1(") - (ré U ‘/)*
where the value of p U on a singular simplex o : AR X s defined to be:

(@ U ’lp)(O’) = (j)(a’[uo,...,uk]) : ¢(U|[11k,...,vk+1])'

113

(in the above, “ -7 designates the multiplication in R.)
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Given two topological spaces X and Y, let pry and pry be the projections of X x Y onto X

and Y, respectively.

2.2.2 Definition. For the product space X X Y, the external cup product is the map

prH(X;R)wr HY(Y; R) — H(X x Y; R),

a6 b) = pry(a) U pr(b).

By the standard definition of multiplication in the tensor product of graded rings, (a
b)(c o d) = (=1)Embdime(ge 0 bd), p becomes a ring homomorphism.

There exists also a relative version for the external cup product:

2.2.3 Definition. Let (X, A) and (Y,B) be CW pairs. Let pry : X xY — X and

pry i X XY — Y be the canonical projections. The relative external cup product

(2.2.4) it H* (X, A; R)wr H*(Y, B;R) — H*(X X Y,AXx Y UX x B;R),
1s defined by

(2.25) (a0 ) = pri(a) Upry(b),

where pri(a) € H*(X x Y, AXxY;R) and pr3(b) € H*(X x Y, X x B; R).

The following result shows the connection between cup product and product spaces (see

[Htch],3.14.).

2.2.6 Theorem : if (X, A) and (Y, B) are CW pairs and H*(Y, B; R) is a finitely gen-
erated free R-module for all k, then the external cup product p given by (2.2.4) and (2.2.5)

s a ring isomorphism.

This very useful connection between product spaces and the ring structure of coho-

mology (given by the cup product) has a generalization to certain fiber bundles. This

13



generalization, known as the Leray-Hirsch theorem, will enable us in Subsection 3.2 to com-
pute the cohomology of U(n). For the moment, we use (2.2.6) to describe the suspension

isomorphism:
(2.2.7) w: HYX {zo}; R) — HMYY (X x I, X x 0T U {zo} x I} R),

which for k£ > 1 gives:
HY(X;R)= HF(SX).

In the statement of (2.2.6), let us consider A = {0}, a distinguished point of X, and

(Y,B)=(I,0I). Applying the theorem we get an isomorphism

(2.2.8)  p: HY(X,{zo}; R)oog H*(I,01; R) — H*(X x I, X x I U {ao} x I R).

We have the following result: “H*([,01; R) is an R-algebra with a unique generator
e € HY(I,0I; R), and with relation ¢? = 0.”

This follows immediately from the cochain complex:
0— 1,00 > V(1,00 50— ...

e is the class of ¢ : C1(I) = R, ¥(L;) =4, i=0,1.
Here we use the A-complex structure of / with 0-skeleton I° = {0, , 1}, and 1-skeleton

I'={ lo=[0,3,h =11 }.

Because H*(I,01; R) has a single generator of degree 1, the isomorphism of (2.2.8) can

be interpreted to define the isomorphism, also called u, asserted in (2.2.7).

We are ready now for the description of the map a. This is accomplished in the following

subsection.

14



2.3 Description of the map « in (0O)

In this subsection the ground ring is R = Q, and is omitted in the notation of all cohomology

groups. Consequently Theorem 2.1.4 applies. As before, let Xt = X U{oc} = X U {zo}.

Let 21 be the following composition of isomorphisms:
Hodd(X) o Hodd(X+) ~ Hodd(X+’ {fEO}) .

(Both isomorphisms above come from the fact that the dimension of the cohomology groups

is strictly greater than zero: H¥(X 1) = H*(X)® H*({zo}) )

We now apply the suspension isomorphism g described in (2.2.7) to the pair (X, {zo}).

Given a generator ¢ of H2**1(X) | k> 0, we obtain a generator

pri(u(e)) Upry(e)

of
HH#H2( X+ 5 [ XY x 01U {wo) x ) 2 HHH2(5(XH)) .

Here, pri(11(¢)) € H*H1(XT x I,{zo} x I) and pri(e) € HY(X+ x [, X+ x 9I).

« is the map resulting from the compositions ¢z 0 oy :

HoW (X)) 25 HOM( X {ao)) 25 AV (Xt x [, X x3TU{zo} x I) -2 A(S(XH)) ,

(2.3.1) a(d) = nlriu(@)upri(e)) = pri@)uprile) .



3 K-theory and the Cohomology of U(n)

This section accomplishes the characterization of the maps which form the sides of the

diagram (0O).

3.1 K-theory facts. Description of the map ¢/ in (O)

In this subsection we give the basic definitions and properties of the topological K-groups
K(X)= K°X), K(X),and K~1(X). Using suspensions, some of the connections between
these groups are mentioned. Appearing in a natural way in the context of K =1, the map
gl is described. Our main reference for this subsection is [Karb]. The material can also be

found in [Atiy].

Let X be a compact topological space. We denote with 8, the trivial vector bundle of
rank n over X, i.e. 6, = X x C™.

Let C = &(X) be the additive category of complex vector bundles over X, where the
operation is given by the Whitney sum of bundles. For a vector bundle F we denote with [E]
its isomorphism class in £(X). The set of such isomorphism classes ®(X) can be provided

with a monoid structure [E]+ [F] = [E & F].

3.1.1 Definition. The first group of topological K -theory, K(X) = K°(X), is the

16



Grothendieck group (the symmetrization group) of the abelian monoid ®(X).

The first K-theory group is a contravariant functor from the category of compact topological
spaces and continuous maps to the category of abelian groups and group homomorphisms.
Let a point zp be chosen in X. Then the projection p : X — {zo} and the inclusion

i:{zp} — X induce corresponding maps between the K-groups.

3.1.2 Definition. The reduced K -theory group of X, I;(X), is the cokernel of the map
p*: Z = K({xo}) — K(X).

The following result holds ([Karb], I1.1.21):

3.1.3 Proposition. We have the canonical split exact sequence:

0—2Z S0, S K(X)— K(X) = 0.

For the rest of our discussion we consider X to be connected. This is justified by the
fact that we shall apply the forthcoming results to suspensions and reduced suspensions,
which are path connected (and hence connected).

Let @,(X) be the set of isomorphism classes of vector bundles of rank » over X. Taking

the Whitney sum by trivial bundles enables us to define an inductive system of sets:
Po(X)— D(X)— ... = D, (X)) — ...

The direct limit of this system can be regarded as an abelian monoid denoted by &'(.X).

The following homomorphism of monoids:
(3.1.4) d:®(X)— K(X),[E]~ [E]-[0.], for [E]€ &,(X)

turns out to be an isomorphism (see [Karb], I1.1.31).

By [(X,20), (Y, 90)]" we denote the homotopy classes of maps between X and Y which

preserve base points. The following result is important for our treatment ([Karb], [.7.6):

17



3.1.5 Theorem. If X is compact we have a biyjective map:
[XT,GL(n,C) — &,(S' (X))

The distinguished point for X ¥ is 29 = oo, and for (GL(n,C) is the identity e. In order
to describe this map we need a general construction from fiber bundle theory (see [Stnr],

3.2).

Let (¢ be a topological group, and Z a topological space. By a system of coordinate
transformations in Z with values in (¢ is meant an indexed covering {V;};es of Z by open

sets and a collection of continuous maps
g;i:VinV; =G, fori,jeJ’

such that
gk (2) - gji(z) = gri(z) , forzeV,NnV;NVg.

3.1.6 Theorem (“clutching of bundles”). If G is a topological transformation group
of the fiber Y, and ({V;},{g;:}) is a system of coordinate transformations in the space
Z, then there exists a bundle B with base space Z, fiber Y, group G, and the coordinate

transformations g;;. Any two such bundles are equivalent.

We are ready now for:
Sketch of the proof of Theorem 3.1.5. In this case ¢ = (GL(n,C). We also mention
that Theorem 3.1.6 is true for locally finite closed covers of a paracompact space ([Karb],
[.3.2).

Let f: X — GL(n,C) be a continuous map. We can view it as a continuous map
ft: Xt — GL(n,C), where f*(o0) = ¢, and f*(z)= f(z),forz € X.
We define a bundle £ over S/(X*) by cluching the trivial bundles & = C*t(X*) x C" and

& = C7(X1) x C™ with the transition function go; = f*. Here we consider a locally finite
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closed cover formed by the two cones. The map in the statement of the theorem sends [f7]
into [£7].

The uniqueness assertion via equivalence of bundles of Theorem 3.1.6 combined with
the contractibility of Ct( X *) and C~(X*) allow us to construct a “transition map” f once
a given fiber bundle over S/(X*) is given. This proves the surjectivity of the map. The

injectivity follows from the fact that homotopic bundles are isomorphic. W

3.1.7 Remark. Because U(n), the unitary group of order n, and GGL(n,C) are homotopy
equivalent, they can be interchanged in expressions involving homotopy classes. Conse-

quently we have a bijective map:
(3.1.57) (X, U(n)]) — @,.(5'(X)),

where X is a compact topological space.

Consider now the set of pairs (£, 3), where E is a complex vector bundle over X and
A is an automorphism of £. Two pairs (£, ) and (£, ') are isomorphic if there is an

isomorphism of vector bundles h : ¥ — E’, such that the following diagram commutes:

E L E
gl s
E X g

The sum (04 7) of two pairs 0 = (Eo, o) and 7 = (Ey, ) is defined to be (Eoth Ey, So® F1).
A pair (F,3) is elementary if 3 is homotopic to idg within the automorphisms of F.

3.1.8 Definition. The second topological K -theory group, K=1(X), is the quotient set

of the above pairs by the equivalence relation: 0 ~ o' < 3 7 and 7’ elementary such that

(0 + 1) and (¢’ + 7') are isomorphic.
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We denote by d(E, ) the class of (F,3) in K1(X).

The following result provides an alternative homotopy-theoretic definition for K~1(X)

([Karb], I1.3.17):
3.1.9 Theorem. Let X be a compact space and let
[X, GL(C)] = lim[X, GL(n, C)]
be the set of homotopy classes of continuous maps from X to the general linear group G L(C),
provided with the group structure induced by the product of matrices. Let

w: im[X, G L(n, C)] — K™(X)

be defined by w(f,) = d(6,,08,) -

Then u s an isomorphism.

An immediate corollary of this theorem gives the isomorphism:

(3.1.10) w:[X,U] 2 lim[X,U(n)] — K~Y(X) , w(Bn) = d(bn,5.) .

This, together with Remark (3.1.7), will enable us from now on to consider in fact maps

f:X — U(n)instead of f: X — GL(n,C).

This subsection ends with the description of the map ¢l. It is given by the following

compositions:
K x) L (X, U ()] = tim[ X, U(n)] —
(3.1.11) . CL2 i @, (57(x ) S R(sxh))

n
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The above formalism is nothing but a rigorous mathematical formulation of a simple
characterization for ¢l: it is the map which constructs classses of vector bundles over S/{ X )
using representatives of elements in K ~!(X) as transition functions. To complete the de-
scription of the top horizontal map in (O) we compose gl with the isomorphism at the level
of K arising from the contraction of {z¢} x I in S$/(X*) to a point. This contraction is
given by maps

ry SM(XT) = 8(XT), foro<r< 1,

where:
(z,1) if 2ze€eX and te€(0,1)
, _ (o, (1 —7/2)) if t=1
ol ) = (20,7/2) if t=0

(o, —=1/2)(1=7) 4+ 1/2) if x=u=uo

~

Because the resulting isomorphism K(S/(X1)) = K(S(X™)) comes from the contraction
to a point of a set over which the bundles we are considering are trivialized, the description

of gl remains essentially unchanged after applying this isomorphismn.

3.2 The cohomology of U(n)

This is the most important subsection of our paper. The description of the exterior alge-
bra H*(U(n);Z) is a consequence of the powerful result called the Leray-Hirsch Theorem
(3.2.2). But the need for a more concrete representation of the generators {wy,ws, ...,w2,—1}
of H*(U(n);Z) led us to consider Thom classes also. The method used is chosen to fit ob-

struction theory ( see Subsection 4.1 ). Our description is summarized in Proposition 3.2.12

Taking into account its definition given in (%), the odd-dimensional Chern character
cannot be understood without an aestethical appreciation of the cohomology of U(n). Here

is the result we need ([Htch], 6.14):
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3.2.1 Theorem. H*(U(n);Z) = Aglwi,ws,...,won_1] s the exterior algebra on genera-

tors w; of odd dimension t.

Proof :This will be a corollary of a result which generalize Theorem (2.2.6) to certain fiber

bundles:

3.2.2 Theorem (Leray-Hirsch). Suppose that p: E — B is a fiber bundle with fiber
F, such that H*(F; R) is a free R-module which is finitely generated in each dimension, and
suppose also that there exist classes x; € H* (E; R) whose restrictions i*(x;) form a basis

for H*(F; R) in each fiber F = p=1(b), where i : F' — E is the inclusion. Then the map
¢p: H*(B;R)o H*(F;R) — H*(E; R)
G i 00 (25)) = Y p (@) Uz
i i,

is an isomorphism.

We prove Theorem 3.2.1 by induction on n.
First we notice that U(1) = S, and consequently H*(U(1);Z) contains two nonzero groups,
H? and H!, both isomorphic with Z, and the generator xy of H' satisfies 2y - 2; = 0. So
induction starts.

Suppose next that the result is true for U(n — 1), and let us denote the generators of

H*(U(n — 1);Z) by {w},ws,...,wh,_3}. Using a matricial representation for the unitary
groups, we have a natural inclusion ¢ : U(n — 1) — U(n), given by A — [1] Bl It s
known that for a fiber bundle p : £ — B with path-connected base space B the choice of base
points by € B and zg € I = p~!(by) gives an isomorphism: p, : 7;(E, F,z0) — 7;(B,bo),
for all j. We can view U(n) as a fiber bundle over $%"~! with fiber U(n — 1), ppn-1 :

U(n) — 5%=1. (The strange notation for projection, p,,_1, will get an explanation later
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in this subsection.) By applying the previous remark together with Hurewicz’s Theorem,
we obtain H7(U(n),U(n — 1)) = 0, for all j < 2n — 2. Next, the long exact sequence of
a pair in cohomology gives the isomorphisms HY(U/(n)) = Hi(U(n — 1)) for j < 2n — 3.
It follows that there exist wyr_q € H* 1 (U(n);Z), 1 <k < n — 1 such that i*(wak—1) =
why 1, 1<k<n—-1

We can now apply the Leray-Hirsch Theorem, with w;’s as x;’s, to obtain

H*(U(n)) = H*(U(n — 1)) og H*($271)

E3
n,m—1

If e3,—1 is the generator of H#~1(§2~1) then wy,_y = p (e2n—1) is a generator in
H*(U(n)). In order to accomplish the description of H*(U(n)) as an exterior algebra
on generators {wy,ws,...,wz,_1} it Temains to prove that wy,_1 - w1 = 0. But this is

immediate due to its odd dimension and to the graded commutativity of the cup product:

(_ l)(Zn—] )(271—1)w

Won—1 - Wan—1 = 2n—1 " Wan—1 = —Wip—1 " Wan—1

The proof of Theorem 3.2.1 is complete. B

The disadvantage of the proof we have just presented lies in the fact that it only asserts
the existence of the elements wyy_ 1, 1 < k < n—1. An effective construction was done only

for wy,—1 = p’fw_l(efm_l) . wan_1 acts as a sort of “generalized topological index”, its value

on a cycle ¢ in U(n) being given by the “winding number” computed as €3,—1(Ppn n—1 0 €).
(The terminology has been chosen according to the case n = 1 when w; does compute
the winding number of the projections of various cycles.) We propose to give concrete

descriptions of all w;’s.

We begin with the definition of Stiefel manifolds. These mathematical objects will also

be used in Section 4 when obstruction theory is introduced.

3.2.3 Definition. Let k be such that 1 < k < n. An orthonormal k-frame in C* is an

ordered set of k-vectors in C™, of unit length and pairwise orthogonal.

The Stiefel manifold W, i is the set of all orthonormal k-frames.
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It is not hard to observe that we can make the identification of W,, ; with U(n)/U(n—k),
from which W, ; gets its topology and its structure of analytic manifold. In particular, we

obtain the homeomorphism W, ; = §27=1_ The following result holds ([Stnr], 25.7):

3.2.4 Theorem.
Tri(Wﬂ,k) =0 Zf 1< 2n — 2k +1 s

7r2n~—2k‘+1(Wn,k) =2 7.

In the second case, any fiber of the projection W,, , — Wy, 11 represents a generator.

Using a matricial representation for U(k)’s, (1 < k < n), we can view each U(k) as a
subgroup of U(n) simply by completing the dimension with ones on the upper left part of

the main diagonal. The following sequence of subgroups
{e} UM <..<Un-k)<Un—-k+1)<...<Un=-2)<U(n-1)<U(n)

gives a sequence of sphere bundles after taking the quotient of U(n) with every subgroup

in it:
In,1 In,2 In,n—k In,n—k+1
U(n) = Wn,n - nmu—1 T e T Wn,k - Wn,k~—1 - ...
(3.2.5) 'r i |
q] SB 5‘271,—21;-!—1
dn,n—2 dn,n—1
- n,2 [/Vn,l
SZvL—.’S S‘Zn»-l

In the lower line of diagram (3.2.5) we indicated the fibers for each sphere bundle. Such a

general fiber bundle has the form:
(3.2.6) S W T Wy L 2<k<n

We also make the following notation: p, r = ¢ 0¢ur—10...0¢,1,for L <k <n—1. If we
regard the equality U(n) = W, ,, on the left side of (3.2.5) as the identity map, we formalize

. . . nol .
this observation in p, o = id.
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Now the time has come for making a short review of Thom classes.
Given a bundle F' — E & B, with fiber F' = §* and locally contractible base E, we
denote by Fj the fiber p~'(b) over b € B. Let R be a ring. ( Again we mention that we

shall be interested mainly in the case R = Q. )

3.2.7 Definition. The bundle S* — E 2 B is called R-orientable if the associated
bundle of R-modules (H*(Fy; R))y is the product bundle B x R. This is equivalent to the
existence of a continuous section b ~ a, € H¥*(F,; R), which is a generator in each fiber.

Such a section 1s called an R-orientation.

An R-orientation always exists if B is simply connected. Taking into account Theorem
3.2.4 it follows that the bundles described in (3.2.6) are all R-orientable.

A general construction involving the mapping cylinder of p shows that the bundle p :
E — B with fiber F = 5% can be extended to a bundle p : £ — B with fiber F = D**!, the
unit ball in R¥*t1. The corresponding concept of R-orientability reduces to the bundle of
R-modules (H*t1(F,, Fy; R)); of being trivial. The following Thom isomorphism theorem

can be proved in this framework ([Htch], 6.15):

3.2.8 Theorem. A bundle p : E — B with fiber D*t1 is R-orientable iff there ex-
ists a class p € H*(E, E; R), called the Thom class, which restricts to a generator of
H*Y(Ey, Fy; R) in each fiber F.

The map
®: H'(B;R) — HF(E,E;R), ®(a)=p* (@)U ¢

is an isomorphism for all+ > 0, and H'(E,E;R) = 0 for j < k.

Let us now apply Theorem 3.2.8 to the sphere bundle described in (3.2.6) . The long exact
sequence of the pair (W, x, W, 1) gives:
(3.2.9)

g2kt e o9k 5 ookl s o2k
. HZn 2k+l(m/71,,k) - HZn 2k+1(w7n,k) 2 HZn 2k+2(VV77,,k7Wn,k) N HZn 2k+2(Wn,k) -



Now, due to the contractibility of W,, x to the “zero section” of it, we can write (3.2.9) as:

(3210) . H27L_2k+l(wyn,k_1) N H‘ln—‘zk+1(Wn’k) _5) H2n_2k+2(Wn,k7VVn,k) N

—_ HZn—2k+2(Wn,k_l) - .

Theorem 3.2.4 applied to W, _y shows that for i < 2n — 2k 4+ 2 m(W, x_1) = 0. Next
Hurewicz and Theorem 2.1.4 (here we pass to R = Q if necessary) give: H2"~2k+1(W,, ;) =
H*=2+2(W, 1) = 0. Consequently é is an isomorphism in (3.2.10) and we make the fol-

lowing notation- definition:
(3.2.11) Onon—2kt1 = 5“1(95%,0) , 2<k<n .

We shall call ¢, 2,,—2k+1 the Thom class of Wy, i, for 2 < k < n. It has the property that it

restricts to a generator of H2"~25+1( [}) for each fiber F, = S2*~2k+1 of W, ;.

If we insist on having (3.2.11) true for 1 < k& < n, we must look at W, ; = S§2n—l1

as a fiber bundle over a point W, 4. This fiber bundle will have of course a unique fiber
isomorphic with S$?7~!. This means that we complete the right side of diagram (3.2.5) with

the following very trivial bundle:

dn,n

Wn,l > 7,0

SZn—l

Now the definition we gave to Thom classes of W,, 4 in (3.2.11), for 2 < k < n, extends very

naturally to the case & = 1:

(:‘2111) Qpn,‘ln—l = €p-1

where we recall that ey,_q is the standard generator of H2"~1(§27~1),

We summarize our construction of this section in the following:
3.2.12 Proposition. By considering the maps
Pnn—k ¢ U(") - Wn,k , Jor 1<k <n
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the generators {wq,ws, ...,wa,_1} which appear in the statement of Theorem 3.2.1 can be

chosen to be

(3-2-]—3) Wan—2k+1 = p277b_k(9977,,2n—2k+1) , Jor 1<k <m.

Proof. The case k = 1, using the convention discussed above in (3.2.11.1), is established in
the proof of Theorem 3.2.1. Also in that proof, the use of the Leray-Hirsch Theorem gives
us the description of the generators w;’s: they must restrict to a generator over each fiber
of the bundle U(n — 1) — U(n) — 5?1, Next, our proof for Proposition 3.2.12 will use

induction on n to show the remainnig equalities for 2 < k < n.

We first check that induction starts. Let n = k = 2. We have the commutative diagram:
U@2) 2% Wiy 5 Wa
I Tu
Uy 284
Here 2 is the inclusion of U(1)in U(2). Let ¢35 be the Thom class of W5 ;. Then it restricts

to a generator of S!. Viewing 1; also as an inclusion generated by 1, and taking into account

that py o and p; g are identities, it becomes clear that:

(" opso)(p2,1) = (Pioo ) p21) = wy

Here wj is the generator of H*(U(1)), and () is proved in this case.

Suppose that the statement of the proposition is true for n = m — 1. We shall now show
that the restriction to U(m—1) ofpfwn_k((,.97,“2m_2k+1) equals p}, _y . _p(@n—12m—2k41)- By
the induction hypothesis this implies that the restriction to U(m—1) of p:‘mm_k(gp,mg,n_zkﬂ)
is an appropriate generator wj, ., ., of H*(U(m —1)). Next, by the proof of the Theorem

3.2.1, it will follow that p:lﬂn_k(@.;n"z"]‘_zk*_]) = Wom—2k+1-
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Let us look to the following commutative diagram:

Pm,m—k
UU”) iy Wm,k - VVm,k—]
K (!

Pm—1,m—k
U(I’n - l) B Wm—l,k—l - Wm—l,k—ﬂ

S27n—2k+1

For proving its commutativity we consider the embedding of U(m—1)in U(m) given by the

1 0
0 Uim-1)
Ulm —1)JU(m —k).

In the diagram, we denoted by @ the described matricial inclusion of U(m — 1) in U(m),

following , and the facts that Wy, , = U(m)/U(m — k) and Wy, _q 41 =

and by #; the inclusion induced by 2. Because W,,_4 y_; appears as a subbundle of W,, .,
5 (¥m,2m—2k+1) restricts to a generator in each fiber of the bundle §Em=2ktl LW ey —
Wi—1 k—2. The uniqueness of Thom class shows that ¢{(¢©m 2m—2k+1) = @m—1,2m—2k+1- But
then:

7’*(prn,m—lg(99771,2m—2k+1)) = (pm—l,m—k)*(ZT(S@71L,27:L~21¢+1)) =

" (ind.hyp.)
= (pm‘l,m—k‘) (9977L—1,277L—2k+]) = Wopn—2k+1

This accomplishes the induction step and consequently (3.2.13) holds for all ». W

We can also generalize the remark about the geometric interpretation of the w;’s that we
made after the proof of Theorem 3.2.1. Taking into account the fact that the Thom classes
Pon—2kt1 Testrict to generators of the cohomology of the fibers §2%~2k+1 we can regard all
wWan—2k+1 s as acting like “generalized indices™: for every cycle ¢ in U(n) they measuring the

7 §2n=2k+1 - Of course,

“winding number” or “degree” of p,_j o ¢ over a “universal sphere
the existence of Thom classes given by (3.2.11) is more subtle than “winding numbers” or

“degrees”.
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3.3 Description of ch®’"

As mentioned in the Introduction, the even dimensional Chern character is given by the

formula:

(¢) ch®([€]) = Y ehg" ™ ([€]),
k=0

where

N E]) = 37 54(er(6), €a(8), o a(£)):

Here, £ is an n-dimensional complex vector bundle over X, ¢1(£),cz(€),...,ca(§) are the

Chern characteristic classes of £, and 5% are the power sums (k > 0).

Let a, = > &4, + ... x;, be the unitary or a - functions. We consider ag =
1< <. <ir <0

T

1. The r-th power sum, S,(ay,...,a,), expresses the symmetric function ) 2} as unique
=1

polynomial of the unitary functions aq,...,a,. The properties of power sums are a purely

algebraic subject and form the very beginning of the part of mathematics called “Symmetric
Functions”. Our reference for this is [DKB] .

In order to find the polynomial S,(ay,...,a,) one has to consider the function:

n

(3.3.1) ) = J[(1-tai) = iaT(—l)’"tT .

=1
Using the power series representation of the logarithm around zero, in(l —z) = —z/1 -

22/2 — 2?/3 — ..., we obtain:

—InG(t) = —Z In(l—tx;) = Z 5 .
=1

After taking derivatives, it follows that:

[e o]

~GI(t) = G- DS

r=1
or, using the expression (3.3.1) of G/(¢),

T

(3.3.2) oa ()Tt = (iaT(—lyﬂ) (i&-t“l)
r=0 r=1

r=1
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Identifying the coefficients, we obtain:

(3.3.3) a (=)' = a4 (=) S o ()T S,
Consequently:
(3.3.4) S, = E, + (=1)"'ra, ,
where E, = —a,_1 (=1)""18) — ... —ay (=1)1 5,4
Now, S7 = aq , and the uniqueness in the power series representation tells us that

(3.3.4) is a formula which express the power sum S, as unique polynomials in a,’s. For
example:

S](a[) = a1,

So(ar,ay) = a? —2ay ,

S3(ay,az,a3) = aj — 3ajay + 3as

Silar,az, a3,a4) = af — datay + 2d3 + 4araz — 4ay , ete.

Returning now to the topological Chern character, we note that the characteristic Chern
classes ¢y, €y, ..., ¢, play the role of unitary functions a, in the discussion above. This gives

the following formula:

. 1 1 .
(3.3.5) ch™ M ([E]) = n+ Tl ci + o (cf —2¢y)+ ... =
1 1 ‘ 1 - 1
=n+ F c + E (El - 2(:2) + ...+ ; (En + (—1) ncn) + mEn-l-l + .

where E, is a sum of various cup products of Chern characteristic classes of total degree

2r,for 2 < r.



4 Proof of the main result

In this section the main ob jective of our paper, the commutativity of diagram (O) described
in the Introduction, is attained (Theorem 4.3.1). The proof is based essentially on Theorem
4.2.10. Once the equalities af f*(wgr—1)) = cx are established for k& = 1,n, it is only a
matter of combinatorics to show the commutativity of (O). These final details are given in

Subsection 4.3. Subsection 4.1 gives a short review of obstruction theory.

4.1 Remarks about obstruction theory

The main reference here is [Stnr] .

The obstruction-theoretic perspective on characteristic classes is as follows.Let £ be an n-

dimensional complezr vector bundle over the space X. The k-th Chern characteristic class of

the bundle £, cx(€), is the primary obstruction to finding (n — &k + 1) pointwise independent
(equivalently orthogonal) sections of £. ( Sections are always assumed to be continuous. )

This primary obstruction is due to the twisting in the given vector bundle. Hence, it
appears that the Chern classes ( like the other types of characteristic classses ) measure to

some extent the twisting of the bundle.

In the case of (R.S.) of the diagram (O), the map gl constructs an n-dimensional complex

vector bundle £; on S(X 1), using f: X — U(n) as transition function. (By (3.1.10) it is
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enough to restrict ourselves to maps into U(n), instead of GL(n,C).)

Let us describe briefly and intuitively the construction of the obstruction cocycle ¢, (&5)
associated to this vector bundle. The cohomology class of ¢, (£7) will be ¢,(&f).

&y is a trivial bundle over '~ X. Consequently, it is possible to choose a single nonvan-
ishing section (or up to n pointwise independent sections) defined everywhere on €'~ X. For
example, using the chosen trivialization £¢|o-x = €'~ X X C®, we can define a section over
C~X to have a constant value: the vector v! = (1,0,...,0) € C". This implicitly gives the
value of the section at S = N. The interesting things for us happen on C'* X. Viewed from
the perspective of the chosen trivialization £;|¢+ x 2 CtX x C*, the section with constant
value v! over (' X has its values over X determined by the transition map f. From the
northern perspective, this section, which we shall call s/ from now on, is defined over X

by: sf(z) = f(z)(»'), for each z € X.

We are now in the following situation. We have a non-zero section s/ defined over the
sub-A-complex ('~ X and we want to extend it without vanishing anywhere over the whole
S(X*). Because of the nonvanishing condition we want to impose on s/, the problem of
finding such a section of £; is equivalent to the problem of finding a continuous section in
the fiber bundle 5}“1, obtained from &; by replacing each fiber Fy = C", b € S(XT), with
its Stiefel manifold (F}),1 = W, 1 = S?"~1. (Let us observe that the local triviality of the
vector bundle & transfers to a local triviality for 5}"1, i.e. 5}“1 is indeed a fiber bundle.)
The act of extending a section over the g-skeleton of the base space to the (g + 1)-skeleton
will encounter an obstruction when 7 ( fiber ) # 0. In our particular case, by Theorem
3.2.4 we know that 7,—1(W,, 1) = Z is the first nonvanishing homotopy group of the fiber
W, 1. Consequently s/ can be extended without any problem over the (2n — 1)-skeleton. In
other words, for every 2n-simplex o : A?" — S(X*) we can extend s/ over its boundary.

We have obtained a map:
(411) Sgg . 8A2n o S‘Zn—l N SZ?L—-I
Consequently, the problem of extending s/ from the boundary of the 2n-cell ¢ to its interior
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is equivalent to extending sga to the interior of A",

The orientation on A?" induces an orientation on dA?"; by (4.1.1) Sga generates an
element in my,_1(92"71), denoted by [sg;a]. By construction of sy, this element is nonzero

only if ¢ is of the form (*c,)T. We next define the function ¢,(&;) by:

(4.1.2) enl€)((+0a) ™) = [ pre] 5 ealE)((30)7) =0,
en(Ef)(ag) =0 , (V) op: A*™ — X characteristic map of X.

This function ¢,(&f), by assigning a number to each 2n-cell in S(X ), is a cochain. The
starting point of obstruction theory is a nontrivial theorem ([Stnr], 32.4) which asserts that

¢, (€5) is in fact a cocycle.

After this heuristic approach and before stating the general theorems, we pause to
remark that the problem of constructing k-pointwise orthonormal sections over S(X7T) is
not more complicated than the case & = 1 discussed above. This construction reduces to
obtaining a continuous section in fjf’k, where ,f}l’k is the fiber bundle over S(X*) obtained
by replacing every fiber F, = C" in {; with the Stiefel manifold (#3),r = W, of Fj.
(Again the local triviality of &; transfers to a local triviality for f}‘k ) Theorem 3.2.4
shows that the primary obstruction is due to the nonvanishing of the homotopy group
Ton—2k+1(Wy 1) 2 Z. Consequently we have no problems in extending a section s/ over the
(2n — 2k + 1)-skeleton of S(X*). (The simplest possible choice on €'~ X is used as above
to start with.) But the extension over the (2n — 2k 4 2)-skeleton may not be possible. For
any simplex ¢ : A2n=26+2 S(X ) the section s/ can be extended over its boundary. The

map such obtained:

(4.1.3) Sf S GA TR G2n—2k+1 _

8o n,k s

will generate an element [‘an] in map—2k+1(Whk) & Z. This can be interpreted as an

assignement of numbers to all (2n — 2k 4 2)-simplices in S(X ™). Similarly to (4.1.2), the
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obstruction cocycle c,—p41(€5) is obtained:
(4.1.4) Cn—k+1(&5)(0o) = [sf;U] , for o : A?72+2 _ g(X*) a characteristic map.

It is to be observed that :
(1) earp1(€7)((¥04)™) = 0, due to the choice made for s/ over C~X;
(2) en—p1(Ep)(0p) = 0, (V) o : AP=2+2 X characteristic map of X, due to the

extendability realized by f.

In §§29-32 of his book, Steenrod describes the problem of extending a section f of
BlLuka to the (g + 1)-skeleton K9t!. Here B is a fiber bundle over the finite simplicial
complex K, with a fiber Y which is ¢g-simple (i.e. arcwise connected, and the computation
of homotopy groups independent of the base point), and (¢ — 1)-connected (i.e. 7,(Y) is
the first nonvanishing homotopy group of Y.) L is a subcomplex of K. He uses bundles of
coefficients to construct a (¢ + 1)-cochain of K mod L, ¢(f), with coefficients in the bundle

of homotopy groups B(ny). The results of greatest interest for us are the following;:

4.1.5 Theorem : ([Stnr] , Theorem 32.4) The obstruction cochain ¢(f) is a cocycle.

and

4.1.6 Definition. ([Stur], Definition 35.3) Let B be a fiber bundle over K with fiberY,
let g be the least integer such that ,(Y') # 0. Then the cohomology class of the obstruction

c( f), where f is any section over K9, is called the characteristic cohomology class of B. It

s the primary obstruction to the construction of a cross section of B.

As pointed out, Steenrod uses the hypothesis that K, the base space of the fiber bundle,

is a finite simplicial complex. But a closer look at his arguments shows that the results will
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remain valid for A-complexes. (We need the interiors of k-simplices to be pairwise disjoint,
the simplices to have an orientation etc. All these conditions are satisfied by a A-complex.)

Let us now apply (4.1.5) and (4.1.6) to our particular situation.

4.1.7 Definition. c,_;11(§y) defined in (4.1.4) is a cycle, for 1 < k < n. Its cohomology
class, denoted by ¢y—141(&) = en_xy1, @8 the (n-k+1) - Chern characteristic class of the

bundle £;.

We conclude this section with a result which will be used in the proof of Theorem 4.2.10

4.1.8 Lemma. For every simplex o : A2"=%+2 _, §(X*), we have:

2n—2k+2 ]
Crebot1(E7)(T) = Or2n—2k41 Z (_1)J3f A
=0

(U0 3+es V5o sV2m 2 g 2]

(Here, ©n on—2k+1 15 the Thom class described in (3.2.11), and the sum in parenthesis is

I . :
8y, regarded now as an element in homology.)

Proof. Let # = 2n — 2k 4+ 1. By definition (4.1.4):
Cr—kt1(Es)0) = [Sgo_] €Z>nu(Wyk), where sgg COAFT Wak -

We have the following isomorphisms:

h (2

1.4)
(4.1.9) W#(Wn,k) = H#(Wnyk) = H07nz(H#(Wnyk); Z) =

H#* (W) -

In the above & is the Hurewicz isomorphism, A{[a]) = a.([id]), where [id] is a standard
generator in Hyx(S#). Using the simplicial structure of S#, i.e. its identification with

AA#*1 this standard generator can be taken to be:

#+1

; ~ A d A .
Z (=1)Y0; , where o; CAF (00, cvey Dy woey Vgt 1] —> (V05 ces Dy wony Vg 1] 5#
1=0

~J

In other words, h maps the class of a : §# = JA#+! nk » as element in 74, into the

#+1 .
class of 3 (=1)q| , as element in Hy(S5%).
i=0

A
(00,0 s 1oV 1]

35



Finally, we know that ¢, » is a generator of H#(ank.). It remains to show that it
acts as (+1) in the third isomorphism of (4.1.9). For this we have to recall the remark
in the statement of Theorem 3.2.4 which asserts that the projection of any fiber in the
bundle W, — W, r_1 can be taken as generator for m4(W, x). This, combined with the
description of ¢,, # as element in H#(Wn’k) which restricts to generators over each fiber,

plus a coherent use of orientations in S*’s, for all ¢ > 1, shows that

#+1 .
Crn—kt1(E5)0) = @n g Z (=1)s .
j=0 [Uo,.‘.,uj',‘..,v#_‘_l]

This completes the proof. W

4.2 The equalities a(f*(wy-1)) =ck , k=1,n

In this section the essential result for commutativity of (O), namely Theorem 4.2.10, is

proved.

We begin with some remarks about the cycles in S(X %) ( see Lemma 4.2.4 ). Given a
topological space X, the definition of its suspension SX makes one believe that there must
exist nice connections between the two spaces. And indeed we have seen some of them
at the level of K-theory in Subsection 3.1. Next, when X is a A-complex, the canonical
A-complex structure we described on pages 11-12 for S(X 1) will help us to characterize its

most interesting cycles for obstruction theory.

4.2.1 Definition. A k - s-cycle, or k - suspension-cycle , in S(X7) is a k-cycle whose

summands are only simplices of the form (x0,)T or (x04)~, where 0, : AP~V — X is a

distinguished map of X, and k > 1.
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4.2.2 Lemma. The k - s-cycles contain the whole information needed to define, via

obstruction theory, the Chern charateristic classes for vector bundles over S(XT).
Proof: Let ¢ be a k-cycle in S(XT):
(4.2.3) ¢ = Z 'n;ol + Z”n]ﬂ;’.

1 J

In the expression for &, Y’ contains simplices of the form [vg, vy, ..., vx—1, N] or

[vo, V1, ..., V_1, 9], and 3" contains k-simplices in X.

Let ¢ = [vg, 1, ..., 0] be an element appearing in Y_". Then
k ' A
(=1)*a” = —d([vo, v1, ..., 1, S]) + Z(—I)J[vo, ceey Uy weey Vigy 9]
—

This shows that, as long as we are working over the field Q, i.e. H™(X,Q) = Homg
(Hn{X); Q), we can consider ¢ given in (4.2.3) only by >'. W

4.2.4 Lemma. There exists a bijective correspondence between the (k — 1)-cycles in X

and the k - s-cycles in S(XT), where k > 2.

7
Proof : Let ¢ bea (k—1)-cyclein X: ¢ = }_ n;0;, where n; € Q, for all 7. By abuse of
=1 . . .
notation (see discussion on simplices on the top of page 9), we denote o; by [v},v],...,v}_1],
where actually ,03 =0i(v;),7 =0,k — 1.

The condition of cycle implies:

m m k-1 A
(4.2.5) 0=20c= Zn,’()m = Zn,- (Z(—I)J[vé, e U, ...,v}c_l]) .
i=1

=1 J=0
Define:
m m
(4.2.6) Sc= Z ni((xa;)t — (x0,)7) = Zni ([vé, s Vs N = [0, ooy U)oy 9]) .
=1 1=1
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(In the above we used the A-complex structure of S(X*) as explained in Subsection 2.1
. Also the previous remark about the identification of N and 5 applies. We wrote them

separate to show that the simplices “with N” are in ('t X and those “with §” are in C'~X.)

m A m

k—1
(4.2.7) B(Sc):Zni Z(—l)j[vé,...,v;,...,v}'c_l,N] —i—ani
=1 1=0 =1

m

m k-1 o A ]
- Z "5 Z(‘—L)J[vé, s Vs Vi, ST — Z ni0;.
1=1 7=0 =1
Now, (4.2.5) shows that the first and the third sum in (4.2.7) are zero, while the second

and the fourth cancel. We obtain that Sec is a cycle in S(XT). One direction of the

correspondence is ¢ — Sec.

For the reverse direction, let ¢ be a k -s-cycle in S(XT):
c= Z n,0; .
i

The condition ¢ a cycle gives:

k-1 A
(4.2.8) 0=0¢= ny [ D (—1V[vh sl ey Vfgs N+ (= 1D)F[0g 5 oy viq] | +
t! 7=0
k-l : 1 /-\u 11 11 11
+ > o [ D (1Y [0 et vk, ST (S DF[0h v

"z =0
It follows immediately that the terms in (4.2.8)in which N appears must cancel and that
the terms in which 5 appears must cancel. (This observation will be called “cancellation of
lateral faces” in the justification of (4.2.13).) Thus we have:
(4.2.8.1) 0=0é=(-1) (Z it [0 5 ooy Vy_q] + D [V ...,v};."_l]>
Z’I Z’Il
Denote the summation over indices ¢ in (4.2.8.1) by 5/, and the one over indices ¢ by S".

Assume that these sums have been written so that each simplex appears at most once, and
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with nonzero coefficient, in each sum. Then the equality with zero of (4.2.8.1) implies that
the simplices of the form [vg, ey v,’;f_l] appearing in S’ are exactly the same as the simplices
of the form [v§’, ..., v} ,] appearing in 5" and that the coefficient of each such simplex in

S’ is the opposite of its coefficient in S”.

We define the (k — 1)-chain:

(429) c = Z'/l@'r['l?g,...,‘U'g_l]-

The claim is that ¢ is a cycle (i.e. dc=0).

Indeed, viewing (*_)* as an additive operator, and using the fact that the first sum in

S’ must be zero ( again the cocycle condition (4.2.8) for ¢ ), we obtain:

k—1 A
0= Z”i’ Z(—l)J[vg, ...,w}’, v, N = Zni/ (*(6[1)6’, ...,vi./_l])) =
3! 7=0 3!

+
= (* (8(Z7zir[’og,...,v}:_l]))) = (%(9c)*

The equality of the last term with zero implies d¢ = 0.

Note that for ¢ as given just before (4.2.8) and ¢ as given in (4.2.9), ¢ = Sc. Thus we have

established the desired bijective correspondence. W
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4.2.10 Theorem . The following equality holds in H*~2+2(S(X*)):

a(f*(wbz—zk-l—l)) = Cn—-k+1 > for1 <k<n .

Remark. The conclusion could be formulated in the more natural form:
o ff(weg—1))=cx , for1 <k <n .

We preferred the first notation to make easier the references to Subsections 3.2 and 4.1 .

Proof : Let us consider ¢ a (2n — 2k + 2) - s-cycle in S(XT):
c= Z’sz'ﬂi .

(See Lemma 4.2.2 .) Here, for each i, o; : A?"=2+2 _, §(X*). The essential simplices will
be those lying in C't X, because for those in ('~ X we have c,(a;) = 0.

Recall that the standard generator of H!(I,0I;Z) has been denoted by e.

(L.S.) in diagram (0O) gives:
(4.2.11)
o f* (wan—2k+1))(&) = @ (F*(wan_2k11) & €)(€ “‘”an{[prl(f (Wan—a2k1))Upriel(oi)} =

- 27%{[)71 “)2" 2k+1))(0| Vi 2k+1]) pTZ (Uzl[”zn 2k41° Vo 2k+2])} -

)-e(o )

= Z"z{wbz 2k+1(foo'|[uo) Y

2n—2k+I] ’[U2n —2k41 2n—2k+2]

O S i (PP pnaks1)) (0 7l )}

i
P
""’U2n—2k+l]

/L"
(42.12) = %: ni’{ Pn,2n—2k+1 (pn,n—k 0 f 00 |[ 6’7 ’UQn 2L+1]) }
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Let now explain the significance of (*) above. We used three facts:

(i) the first is that e(0|[v;n_2k+l7“5-"_%“]) = 1if vh,_yp4s = N, and it is zero if Oy oprn = -
See description of the generator e on page 14;

(ii) the second is the description of wy, 941 as pj‘w_k(cpn,gn_;,k.l_l), given in Proposition
3.2.12;

(iii) the indices i are of those simplices for which v}, .., = N, ie. lying in CTX.

For (R.S.) we recall that (¢) is an s-cycle. Consequently:

(4.1.8)

Ch—kt1(€) = Z n; ch—k41(&r)(03) = Z nir ch—k41(&f)(ov) =

2n—2k+2

o (4.1.8) 7
(4.2.13) =T e nankr | Y (m1s =
. . f s ;1
! j=0 [vg R ""’U;n—2k+2]
= Z Tt P 2n—2k+1 <5f,-/ i ) =
) ""’U2n-—2k+l]

4

= Z Nyt Pn 2n—2k+1 (pn,n—k 0 f o O-i"[ué’ Ué’ 2k+1])
B

7
In the first line, the shift from indices 7 to indices ¢, that is the shift to simplices in CtX,
occurs because ¢,,_41(€y) is zero on simplices in C'~X. The second equality in line (4.2.13)
arises from the “cancellation of lateral faces” when we take the boundary of that part of &
lying in ' X. (“Cancellation of lateral faces” is discussed following (4.2.8).) For the last
equality we used the fact that f acts as a transition function between the two trivializations
of £;. Consequently, because in that expression it represented an element in W,, 1 , Py -k

had to appear.

Comparing the final results in (4.2.12) and (4.2.13) we see that:

a( f*(wan—2k41))(€) = en_k41(E),
and this proves the theorem. H
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Let us remark that we did use the equivalence given by Lemma 4.2.4. The computa-
tions (4.2.11) through (4.2.12) would work as well for a single simplex ¢. But the evaluation
ch—k+1{0) does take into consideration the lateral faces of o, as it was proved in Lemma
4.1.8. Because in process of extending to the whole S(XT) the section s/ (already con-
structed over C'~ X') there are no standard procedures and arbitrary choices are possible as
long as continuity is preserved, we have no control on what could happen with the values
on the lateral faces. The remedy for this was given by restricting our attention to s-cycles
in S(X1). Consequently, the use of Q, the field of rational numbers, in the lower line of
(O) is essential not only for the coefficients in the Chern character formulas to make sense,

but also for the technical computations.
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4.3 Possible motivation for the description (x) of ch®®

After the preliminary material presented in Sections 2, 3, and the two preceding Subsections,

we are now able to prove the main result:

4.3.1 Theorem : Let X be a compact A-complex. Then the following diagram is com-

mutative:
KN (X) 2L R(s(xt) = K(S(X1)
( O ) Chodd 1 l cheven

Horid(X) & ﬁeuen(s(X-}—))

Proof : We begin by showing the particular simple form the even-degree Chern character
has in the case when the underlying space is a reduced suspension, S(X*). Here we shall use
the canonical A-complex structure of S(X*) presented in Subsection 2.1, the definition of
cup product (2.2.1), and the characterization of Chern characteristic classes via obstruction

theory ( Subsection 4.1 ).

Let o be an element in K ~!1(X). We denote by f the continuous function f: X — U(n)

such that p = d(6,, ) 2 [f] (see (3.1.10)).

Let ¢cx (&) and ¢1(&f) be two arbitrary characteristic classes of the vector bundle &; over
S(X71), and let o : A — S(X7F) be a (k + [)-simplex in S(X1). As we pointed out in
remark (4) on page 12, only two possibilities can occur: either o is a (k + {)-simplex in X,
or a(vg4r) = N = 5. In both cases o[, . ,,) lies in X. By the way an obstruction cocycle

is defined, cx(|fy,,....v,]) = 0. We obtain:

(ck ' C})((T) = ck(0|[V0>-u,Vk]) ’ c1(0|[vk7---»vk+l]) =0.

The above equality is true for every (k + {)-simplex ¢ in S(X ). Consequently ¢i-¢; = 0,

and all sums of products F, in (3.3.5) are zero. Moreover, using the definition of K, ie.
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formal differences [£] — [#,,], where n is the dimension of £ (see (3.1.4)), and the fact that
ch®® is a homomorphism, it is clear that ch§?**([£]) = 0 . This discussion on ch®’™"

combined with (3.3.5) shows that:

o 7, even _ i i n—1 1 _ = i Gt
(4.3.2) ch®([&f]) = 3¢~ et et (1) e g( D=
Consequently:
n—1 )
(CY o Chod(l> (N) =« (C]I/Odd([f])) (;) o (f* (Z(_l)z%)) —
=0 '
= i1 * (4.2.10) = il (432) . even even
=2 (U5 a(f @in)) =7 2o (=D g e | =T e ([g]) = (b o gl) (1) -
=0 . =0 '

This accomplishes the proof.

We tried to suggest in our thesis that the definition (x) of the odd-degree Chern character
given in the paper of Baum&Douglas ([BmDg]) has a correspondence in the even-degree
component, or at least can be motivated by ch®" over S(XT). This may not be a surprise
taking into account that K~'(X) = K(S(X1)). (This is the definition Atiyah gives for
K=1(X)! See [Atiy] , page 68.) This possible motivation we presented cannot by any means
diminish the beauty and simplicity of formula (x). More arguments about its usefulness
can be given by looking at how ch®¥ behave with respect to the ring structure of K*(X).

This form the subject of the short section that follows.
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5 Chern character as ring homomorphism

It is clear that simply the commutativity of (O), proved in Theorem 4.3.1, would not
have given us the right to speak of the formula (%) as the odd-degree part of the Chern
character. The crucial significance of the Chern character lies in the fact that it is a ring
homomorphism. In this section we discuss its behavior with respect to the multiplicative

structures at the level of K-theory and cohomology, respectively.

5.1 More K-theory . Multiplicative structures

References for this subsection are [Karb], I1.2, I1.5, and/or [Atiy], 2.4, 2.6.

Let X be a compact topological space, and let Y be a closed subspace of X. Consider
the set of triples (£, F,3), where E and F are complex vector bundles over X and 5 :
Ely — Fl|y is an isomorphism. Two triples (£, F,3) and (£’, F', ") are called isomorphic
if there exist isomorphisms f: E — E’ and ¢ : F — F’ such that the following diagram
commutes:

By = Fly
(5.1.1) fly | I gly

By 2oy
The sum (o + 7) of two triples o = (E, F, /) and 7 = (E', F', ") is defined to be (E &
EVEF & F'Lpé g'). A triple (E, F, ) is called elementary if £ = F and 3 is homotopic to

idg|, within the automorphisms of £
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5.1.2 Definition. The relative K-theory group of the pair (X,Y), K(X,Y), is the quo-

tient set of the above triples by the equivalence relation: o ~ o' & 3 7 and 7' elementary

such that (o + 1) and (¢’ + 1') are isomorphic.

We denote by d(E, F,/3) the class of (£, F,3) in K(X,Y).

The following “excision” property can be proved ([Karb], I1.2.35):
5.1.3 Theorem. The projection 7 : X — X/Y induces an isomorphism:

™ K(X/Y)2 K(X/Y,Y]Y) — K(X,Y) .

In order to show that the Chern character is a ring homomorphism we need an equivalent
definition of the map g{ described in (3.1.11). This new definition will enable us to handle
general pairs (in the set defining K ~1(X)) of the form (E, 3) instead of just pairs (,, f).

We define:

gl: K~Y(X) — K%X x I,X x 8I)

by
(5.1.4) gl(d(E,/})) = d(E Xy Ug Exi, ExI, idxx;;)]) .

We recall that Iy = [0,1], /1 = [1,1]. In (5.1.4), Ug denotes the clutching of the bundles
E x Iy and F X I; over X X {%} using [ as transition function. Also, t¢dxxas denotes the
identity map of the corresponding bundles over X x 91.

We show that gl is well defined by (5.1.4). The correctness is checked in two steps.

First, let (£, /) and (£7, 3"} be isomorphic pairs. We have to show that:
d(E X I U(j Ex L s EX[, idXxg)]) = d(E?IX Iy Uﬁl E,X [1, E/X I, id)(xg)]) .

From the definition of isomorphic pairs it follows that there exists an isomorphism h: F —

FE' such that ' o h = h o 8. This implies that the following maps are isomorphisms which

46



verify (5.1.1): f = h x4dj, Uh X id;, and g = h X id;. Consequently the two triples we are
interested in are isomorphic and they belong to the same class in K°(X x I, X x d1I).
Next, let us consider an elementary element (F,7) in the set defining K ~!(X). v being
homotopic with the identity within the automorphisms of F, there is no loss of generality
in assuming that v = 4d. Then it is clear that d(E,3) = d((E,5) + (F,td)). We have to
show that:
d(ExIoUg Ex I, Ex1,idxyasr)=

d((EGBF) X Io U[}@M(Eé})F)X[l?(E@ F) x1I, idXxSI) s
in K°%(X x I,X x OI). But this is obvious due to the fact that (F x I, F x I,idxxar) =
(FxIgUiq Fx I, F xI,idxxar) is elementary and

(EX[U Ug EX[l,EX[,idXX31)+(FX[0 Usg FXIl,FX],idanj) =

= ((EH%F)X[O Uﬁ@ifi(Eé}éF)Xfl,(EE—IéF)XI,’id)(xg)j) .

This proves our claim and establishes that gl is well defined.

It is clear that, if £ is the trivial bundle, the definition (5.1.4) coincides with the map
described in (3.1.11). Using excision to identify K®(X x I, X x 8I) with K(S(X1), as we
did at the end of Subsection 3.1, we have defined in another fashion the top horizontal map
in (O). Consequently, the commutativity of (O) still holds with this new definition (5.1.4)

for gl.

We next propose to describe the multiplication in K -theory. The simplest remark is the
following. Let X and Y be compact spaces, let £ and F' be vector bundles over X and Y,
respectively, and let pry: X XY — X and pry: X XY — Y be the corresponding natural
projections. We define the “external tensor product of E and F”, E (Q) F, to be the vector
bundle over X X Y such that (F (Q) F)(ey) = Bz ® Fy. Let us observe that, when X =Y,

the diagonal map A : X — X x X gives the product in K°(X) by:
- - " A def
(5.1.5) ([ELIF]) =~ [AYE® F)] = [E]-[F]
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If X and Y have base point, the external tensor product gives a map:

(5.1.6) KX)o K(Y) — K(XAY)

For compact pairs (X, A) and (Y, B), a linear map:
(5.1.7) K™X,A)@ K ?(Y,B) — K" P XxY,XxBUAXY)

is defined using suspensions (S = SASA...A S, S denoting the “operator” of taking the

reduced suspension):
(5.18) KT, A) 0 KT, B) 2 K(S* A X/A) 0 K(s” nY/B) 2

I RS ASPAX/ANY/B) = K" P(X/ANY/B) 2 K" P(X xY,X x BUAXY).

This multiplication is often called cup product in K-theory, due to its similarity in

properties with the external cup product in cohomology that we defined in Subsection 2.2.

We shall give more details for the chain of maps in (5.1.8) in the next subsection.

5.2 Chern character as ring homomorphism

We denote the Chern character by “ch” :

(5.2.1) ch : K*(X) = K*(X)® K™'(X) — H*(X;Q) ,

ch = ch®’e™ @ chodd |
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In the subsequent part of the thesis we shall assume as known by the reader that ch®ve™

respects multiplication. This can be easily proved using the following two results:
(1) The Splitting Principle ([Shan]) : Given a complex vector bundle £ over X, there
exist a space Y and a mapping g : Y — X such that :

(i) ¢*F is a sum of complex line bundles;

(ii) ¢* : H*(X;Q) — H*(Y; Q) is a monomorphism.
In other words, the Splitting Principle allows us, when dealing with characteristic classes,
to work as if the bundles were direct sums of line bundles.

(2) ch®™ (L1 &0 Ly) = ch®™" (L) - ch®™*"*(Ly), where Ly and L, are two line bundles.

Let us first show that ch®™ respects the additive structure of K ~'(X ). For this purpose,
let f: X — U(n)and g: X — U(m) be continuous functions, and let p = [6,,, f] and v =
(0., g] be the corresponding classes in K ~1(X) (see (3.1.10)). Then p+v = [0, B b, fDg].

We have to show that:

(5.2.2) ch®(u+v) = ch®(p) + ch*(v) .

even

odd _

But this is clear, because in the diagram (O) gl, ch®*", « are all linear, and ch

even

a~loch ogl.

We pause here to remark that, if we denote by {wy,ws, ...,w2u42m—1} the generators of
H*(U(n +m)), and by {w;}, {w]} the ones for U(n), U(m) respectively, the formula (5.2)
is equivalent to:

(r 2/) . n+m Wk—1 o 7" w:zi._l . m "‘Jgj—l
) Ve | LTy =T G T &G

k=1 j=1 (‘7

And (5.2%) is not a priori trivial, because the embedding realized through direct sum,

( U%n) U([ln) C U(n + m), is different from the one we used in Subsection 3.2 when
we described the generators w;’s as pull-backs of Thom classes. Using the geometric signifi-
cance of w;’s and the geometric constructions involved in obstruction theory, the reader can
easily deduce some beautiful geometric actions on chains (cycles) of the forms appearing in

(5.2'). And some things contradicting intuition !
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Next we prove that ch®® preserves the ring structures.

Let f, g, i, v be as in the previous two paragraphs. We have to show that:
(5.2.3) ch® (1 - v) = ch®(u) - ch®¥(v) .

By definition, we have K~1(X) = K(5'A Xt) = K(S(X*)). Then the following chain

of maps gives the definition of the product between two elements in K ~1(X):

| (W _ 5.16) - |
(5.2.4) KN (X))o K~Y(X) 2 R(STAXH) 0 K(STAXH) LY R(STAXTASTAXT) 2

~ =~ de finition

> F(SEA(XTAXT)) 22 R(S2A (X x X)H) " g2 (x x ) &
2 KH(X) 2 KX)o K2(point) .

The last isomorphism of (5.2.4) is exactly the K-theory formulation of Bott periodicity.
Due to its importance for K-theory, we shall dedicate the following paragraph to a complete
description of the generator 3 of K~%(point) = K(5?).

Let us consider the following two sets: PV = {z | 2 € C, |z |< 1}, P® ={z | z €
C,|z|>1}U{cc}. Welook at 5% as the Riemann sphere, on which the stereographic
projection gives a homeomorphism between the southern hemisphere and P°, and between
the northern hemisphere and P°°. We denote by H the bundle obtained by clutching trivial
bundles over P® and over P> with the map 2~!. (We have to emphasize that this clutching
is from the southern hemisphere to the northern one.) See [Atiy], p.50, [Hsml],11.2.6,
[Karb],IT1,1.2. We define the following class in K(S?): § = [H] — [1]. With this notation,
the complex K-theory periodicity theorem for reduced K-groups takes the following form:
“The map a — a3, from K(X)to K(S%A X)is an isomorphism, where by © we denoted
the external cup product {or tensor product) in K-theory.”

We finally note that the suspension isomorphism described in (2.2.7) gives an isomor-
phism:

HY (1,010 H'Y(1,01) — H*(I x I,IxdIUdIxI) = H*(S?%) ,

(5.2.5) ee — pri(e)Upri(e) = ey .



We are ready now for proving (5.2.3):

even 5.2.4)(¢ ever even even 4.3.1
b (- ) DD e (i) - i) = b gl () - b (gl()) U2

= (a och‘)dd) (p) - (aochOdd) (v) = eh®(p) - pri(e) - ch® () - pri(e) =

(5.2.6) = ch®(u) - ch®¥(v) - (=1) pri(e) - pri(e) = ch®Y(u) - ch®(v) - (—ey) .

Some explanations are in order. In the last equality of (5.2.6) we made an abuse of
notation by denoting with e, an element which belongs actually to H*(S(.5(X™))). This is

obtained after applying twice the suspension isomorphism:

u(zz7 u(227)

H* (X, 20) HTYX Y X I, XT x dTU {xo} x I)

P2 ek xb 5 [ 1 X x O x 1)U {zo) x (I x 1)) = H**(S2 A X*) .

We next propose to explain how the minus sign appears in the result of (5.2.6). The
shortest argument can be given by using obstruction theory, as presented in Subsection
4.1. Taking into account a A-complex structure for 5% = S§/(S1), it is not hard to see
that ¢ (H) = —ey. (This is due to the fact that the transition map in H, as explained
in a previous paragraph, is 27!, and consequently has index (-1).) Another proof can be
presented if we consider §? as a differentiable manifold. In this case there exists a formula
which permits to compute the Euler class e( F') of a real vector bundle £ in terms of the
transition functions of the bundle E. See [BttT], 1.6.38. When having a complex line bundle
like H, we simply make the observation that ¢;(H) = e(Hg), with Hg the realification of
H. The same result ¢;(H) = —e; is obtained, where now the generator e; of H?(S?) must
be chosen apropriately (for example, dp df, for ¢ mesuring the “latitude” from the north
pole, and # measuring “longitude”.)

The important fact is that:
(5.2.7) ch™™(pB) = —

Taking into account (5.2.7) and the suspension isomorphisms at the level of K-theory

and cohomology, the computation done in (5.2.6) can be interpreted as being exactly (5.2.3).



We finally show that given £, a vector bundle over X, and f, p as before, we have:

(5.2.8) ch*(p - [E]) = ch™(p) - chv"(€]) -

The proof is similar with the one we used to show (5.2.3), but we are making it in order
to give more details for the definition of the product in K*(X). The chain of isomorphism

that corresponds to (5.1.8) is:

%

—_—
©

s

~

(16)

() - . i
(5.2.9) K 'YX)o K°(X) = K(S'AX) o KX K (‘s A(XTA X+))

(“') ~ efinttion *
= K (S'A(X x X)) defimtion p-1x « X) & KTU(X) .
We want to show first that:
(5.2.10) gl(p - [€]) = gl(p) - [€] -

Indeed:

gl(p) - [€] = d(On x To Uy O x 11,0, x I ,2d) - [¢] =
A A S e g
= (pri‘(Gn x o Uy 0, x I) @ pry(€), pri(8n x I) &0 pr3(§) , pri(id) <><)P7“2(2d£)> =
A A A ) .
= ((en 005) X I(J Uf@idﬁ (en (X) f) X 11, (9,,1 (}() f) X I, Zd(X)’Ldg) =
/\ .
= gt (a0 b6, Fid)) = gl [€])
In the previous computation, the product space for which the projections pry and pr, are

A
defined is X x X x I, and 4,, & £ is defined over X x X. Because ch®*" respects multiplication

between elements in K, we have:

oo (chOdd(,u . [ﬂ)) (4.3.1) ch™ (gl(u - [€])) (5.2.10) ch® (gl(p) - [€]) =
= chtven (gl(,u)) X cheven([g]) — (CYOChOdd) heven([‘g]) —
- o (C]ZOdd(/,L) . even([ ]))

This proves (5.2.8) (e is an isomorphism). In the last equality we used the fact that
ch®*([€]) is an even-dimensional cohomology class, and consequently prj(e) commutes

with it.



The other odd-even possibility, i.e.

(5.2.11) ch*([€] - p) = A ([E]) - b ()

is absolutely similar with (5.2.8).

The equations (5.2.3), (5.2.8), (5.2.11), together with the observations we made about
ch®¥¢" at the beginning of this subsection, show that the Chern character is indeed a ring

homomorphism.

We proposed to ourselves at the end of Subsection 4.3 to use explicitly the formula (%)
in proving the ring homomorphism property of the Chern character. This turned to be a
hard task even for checking the linearity . This last section showed us clearly that the most
important thing in our description is the commutativity of diagram (O) (Theorem 4.3.1).
Of course, the simple form of (%), after the description we made in Subsection 3.2 to the
generators w;’s, can be useful in index formulas like (1.2) presented in the Introduction.
But for a global characterization of the Chern character it is diagram (O) which contains
the essential information. Again this must not be considered as a surprise. The Chern
character, as a ring homomorphism, must reflect the essential constructions of topological

K-theory as a cohomology theory where the suspension plays a crucial role.
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