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Parameter Estimation Methods for Ordinary Differential Equation
Models with Applications to Microbiology

Justin M. Krueger

(ABSTRACT)

The compositions of in-host microbial communities (microbiota) play a significant role in
host health, and a better understanding of the microbiota’s role in a host’s transition from
health to disease or vice versa could lead to novel medical treatments. One of the first steps
toward this understanding is modeling interaction dynamics of the microbiota, which can be
exceedingly challenging given the complexity of the dynamics and difficulties in collecting
sufficient data. Methods such as principal differential analysis, dynamic flux estimation, and
others have been developed to overcome these challenges for ordinary differential equation
models. Despite their advantages, these methods are still vastly underutilized in math-
ematical biology, and one potential reason for this is their sophisticated implementation.
While this work focuses on applying principal differential analysis to microbiota data, we
also provide comprehensive details regarding the derivation and numerics of this method.
For further validation of the method, we demonstrate the feasibility of principal differential
analysis using simulation studies and then apply the method to intestinal and vaginal mi-
crobiota data. In working with these data, we capture experimentally confirmed dynamics
while also revealing potential new insights into those dynamics. We also explore how we find
the forward solution of the model differential equation in the context of principal differential
analysis, which amounts to a least-squares finite element method. We provide alternative
ideas for how to use the least-squares finite element method to find the forward solution and
share the insights we gain from highlighting this piece of the larger parameter estimation

problem.



Parameter Estimation Methods for Ordinary Differential Equation
Models with Applications to Microbiology

Justin M. Krueger

(GENERAL AUDIENCE ABSTRACT)

In this age of “big data,” scientists increasingly rely on mathematical models for analyzing
the data and drawing insights from them. One particular area where this is especially true
is in medicine where researchers have found that the naturally occurring bacteria within
individuals play a significant role in their health and well-being. Understanding the bacteria’s
role requires that we understand their interactions with each other and with their hosts so
that we can predict how changes in bacterial populations will affect individuals’ health. Given
the number and complexity of these interactions, creating good models for them is a difficult
task that traditional methods often fail to complete. The goal of this work is to promote the
awareness of alternatives to the traditional modeling methods and to present a particular
alternative in a way that is accessible to readers to encourage its and other methods’ use.
With this goal and the medical application as the focus of our work, we discuss some of
the traditional methods for constructing such models, discuss some of the more modern
alternatives, and describe in detail the method we use. We explain the derivation of the
method and apply it to both an example problem and two separate experimental studies to
demonstrate its usefulness, and in the case of the experimental studies, we gain interesting
insights into the bacterial interactions captured by the data. We then focus on some of
the method’s numerical details to further highlight its strengths and to identify how we can

improve its application.
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Chapter 1

Introduction

1.1 Motivation

In a 2009 publishing of an internal memo [66], then Google senior vice president Jeff Rosen-
berg said, “Data is the sword of the 21st century, those who wield it well, the Samurai.” In
the eight years since, the collection, analysis, and exchange of data have exploded as a means
of profit for company’s like Google but have also become an invaluable tool in the pursuit of
knowledge. As the size and efficiency of data collection improves though, our ability to use

and analyze data increases in importance.

Constructing and fitting mathematical models via parameter estimation are two particular
areas where data analysis are important because these models allow us to study and exper-
iment without expending the limited material resources used to collect the data. Many of
these models rely on systems of ordinary differential equations to represent the dynamics
the data capture, and the model equations have the potential to be both large in scale and

chaotic in behavior. This means the traditional solution methods on which we often rely fail,
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so we require robust methods that address the shortcomings of these traditional approaches.

With this as motivation, our work focuses on providing a viable alternative to these tradi-
tional methods. We first identify a method for ordinary differential equation models that
simultaneously estimates model parameters and solves the differential equation. This ap-
proach is a specific instance of a method called principal differential analysis, which is un-
derutilized in application, so we demonstrate its usefulness through simulation studies and
interesting insights when the method is applied to collected and published data on microbial

communities.

We then attempt to improve on this method by focusing on the piece that solves the differ-
ential equation. This focus amounts to working with least-squares finite element methods,
which are a popular tool for solving partial differential equations but are underutilized when
solving ordinary differential equations. We demonstrate that this approach can provide accu-
rate numerical solutions where other numerical methods fail, and we show that the approach

can compete with traditional methods when comparing computational efficiency.

Our contribution to this field is the detailed derivations and explanations in the chapters and
appendices that follow. Our hope is that this work will make these alternative, underutilized

computational methods more accessible and create a few more “Samurai” in the process.

1.2 Outline

In Chapter 2 we introduce the basic ideas necessary to contextualize our work. We start with
an overview of ordinary differential equations and the basic numerical methods used to solve
them. We then further discuss the application of ordinary differential equations to math-

ematical models, and we close the chapter by formulating the basic parameter estimation
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problem.

Chapter 3 focuses on parameter estimation for biological systems. We discuss various param-
eter estimation methods that use finite element or finite difference techniques and compare
them to a version of principal differential analysis, which is our method of choice. We validate
our approach using simulation studies and then use two experimental data sets to further
demonstrate the benefits of our method. The majority of this chapter is also available as a

preprint [23], and we have submitted the entire chapter for publication [24].

Chapter 4 analyzes the part of principal differential analysis that solves the model differential
equation, which is a least-squares finite element method. We compare the least-squares finite
element method to finite difference methods and other finite element methods and provide
examples to highlight the competitive speed and robustness of the least-squares finite element
method compared to these other methods. We also discuss how we could apply some of the

insights from this chapter to the larger parameter estimation problem discussed in Chapter 3.

Chapter 5 then provides a conclusion to this work. We include a summary in which we
identify the points of emphasis and key insights of our work and a section on the relevant

questions and ideas we would like to pursue next.



Chapter 2

Background

2.1 Ordinary Differential Equations

A differential equation is a mathematical expression that relates a quantity of interest and
its derivatives. If the quantity of interest y is a function of a single independent variable ¢, we
call the differential equation ordinary, which is the type of differential equation we focus on
here. If the the relationship between y and its derivatives depends on the first r derivatives,

we call the differential equation r*" order [46] and can express it as

y (1) = fty(),y' (1), ...y V().

The expression as it is written assumes that y is one-dimensional, but we can extend this
to the case where y is multi-dimensional. Regardless of the dimension of y or the order of
the differential equation, we can rewrite the expression as a system of first-order differential

equations
y' =£(ty) (2.1)

4
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by changing the variable and dropping the explicit dependence on t. In this expression

Yy =1[v1;...;ys) € R" and f(-,-) is a vector function.

We can pair (2.1) with additional restrictions on y. If the restrictions on y all depend on the
same value of ¢, e.g., y(to) = yo, where ty and y, are known, then we call the combination
of (2.1) and these restrictions an initial value problem. If the restrictions on y depend on
two values of ¢, e.g., ty and t1, then we call the combination of (2.1) and these restrictions a

boundary value problem [46].

The reason for this pairing is that differential equations often have infinitely many solutions,
but we often have interest in a specific solution on a specific interval of ¢. It is important
for us to know if such a solution exists and if it is unique, and for initial value problems, we

have the following theorem.

Theorem 2.1. Consider the initial value problem

y =£(ty), y(to) =yo.

where the initial value point (to,yo) lies in the region R defined by a <t < b, ay < y; < [,

t=1,...,n. Let f; and 8_j’ j=1,...,n, k=1,... ,n be continuous in R. Then the initial
k

value problem has a unique solution y(t) that exists on some t-interval (c,d) containing t.

[46]

Existence and uniqueness theorems for boundary value problems do exist, but they rely on

special cases and are not as straightforward as Theorem 2.1.
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2.2 Numerical Methods for Ordinary Differential Equa-

tions

Even if we know unique solutions exist, most differential equations do not have solutions we
can find analytically, so we find numerical approximations. For initial value problems, two

approximating techniques are finite difference methods and finite element methods.

With finite difference methods we discretize the t-interval of interest and approximate the
derivative in (2.1) with a difference equation. Using the initial conditions as a starting point,

we iteratively approximate the value of the solution at the discretization points [2].

While the outline is the same for all finite difference methods, we can classify specific finite
difference methods based on the details of their derivations. Two classification types are

one-step versus multi-step methods and explicit versus implicit methods.

One-Step Methods versus Multi-Step Methods. One-step methods use information
about a single discretization point to approximate the solution at a discretization point,
whereas multi-step methods use information about multiple discretization points to ap-

proximate the solution at a discretization point.

Explicit Methods versus Implicit Methods. Explicit methods rely on information about
previous discretization points, whereas implicit methods rely on information at the
current discretization point and can require solving a nonlinear system of algebraic

equations at every iteration.

Finite difference methods can differ in other ways. Some methods make use of approximations
to the solution at intermediate steps between discretization points, which are called stages, to

approximate the solution at a discretization point. Some methods adapt the discretization of
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the t-interval at each iteration [2]. Regardless of the exact method, finite difference methods
provide an approximation to the solution at a finite number of points, and we must use

additional tools, such as interpolation, to approximate the solution elsewhere.

Finite element methods take a different approach to approximating the solution. With finite
element methods we discretize the t-interval of interest, but rather than approximate the
derivative with a difference equation, we approximate the solution on each subinterval, or
element, by a simpler function [74]. The type of simple function we choose in finite elements

has two crucial considerations.

Practicality. The solution of a differential equation is an element of an infinite dimensional
vector space, so we restrict our approximating function to one that is an element of a
finite dimensional vector space. That is, we can define the approximating function by

choosing a finite number of parameters like the function’s coefficient values.

Continuity Conditions. The solution to a differential equation is at least differentiable so
the approximating function should also be differentiable. In some cases, we identify
additional continuity conditions for a solution of a differential equation, and we should

choose an approximating function that reflects those conditions as well.

As with the finite difference methods, finite element methods can differ based on their deriva-
tions. For example, we can build finite element methods based on the Rayleigh-Ritz Principle
or the Galerkin Principle [74]. Regardless of the exact method, finite element methods pro-
vide an approximation to the solution over the entire ¢-interval, which means we require no

additional tools like interpolation to approximate the solution at certain points.
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2.3 Applications of Ordinary Differential Equations

Because differential equations relate quantities of interest to their derivatives and this type
of relationship occurs naturally, they have many applications across many subjects. Here

are a few examples.

Physics. We can describe the motion of a falling object that experiences air resistance

proportional to its velocity by the first order differential equation

mv' = —mg — kv,
where m is the object’s mass, g is the acceleration due to gravity, k is the drag constant,

and v is the object’s velocity [46].

Chemistry. Michaelis-Menten kinetics describe enzymatic reactions usng the first order

differential equation
[ ]/ — Vm&X[S]

In this equation [P] is the concentration of the reaction product, [S] is concentration
of the reaction substrate, V.« is the maximum reaction rate, and K, is the Michaelis

constant, which is the substrate concentration at which the reaction rate is 50 percent

of Vinax [53].

Economics. The Solow-Swan model is an economic growth model that depends on capital
accumulation, labor growth, and increases in productivity. One part of the model is

the first order differential equation

K =sf(k)— (n+ g+ 0k,
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where k is the capital stock per unit of effective labor, f(k) is the output per unit of
effective labor, s is the fraction of the output that is saved for investment, n is the
growth rate of labor, ¢ is the growth rate of knowledge, and ¢ is the capital depreciation

rate [70].

Biology. We can describe the population growth rate of a particular species using the first

P
P=rP(1-=
w(i-x)

where P is the species’ population, r is its the growth rate, and K is the carrying

order differential equation

capacity [81, 82].

The significance of these example models is to show that differential equations, their param-
eters, and their solutions often have physical meaning, and studying these models can lead

to quantitative insights about the applications.

2.4 Parameter Estimation for Ordinary Differential Equa-

tions

To gain physical insights about the applications like those listed in Section 2.3, we first
need to know the model parameters. We know or can easily determine the value of some
parameters, but this is not true in general. We instead observe the quantity of interest or
a representation of it as experimental data, which gives a snapshot of the solution of the

differential equation that we use determine appropriate values for the the parameters.

Rewriting (2.1) to explicitly show dependence on its parameters p and adding initial condi-
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tions gives

y =f(t,y;p), yla)=yo,

and determining the values of the parameters is equivalent to solving the optimization prob-
lem

min J(y,d)

P
subject toy' = f(t,y;p), a<t<b,
Y<a) =Yo,
where J is a nonnegative measure of the error between the solution of the differential equation
y given p and the experimental data d. This is the basis of parameter estimation for ordinary

differential equations.



Chapter 3

Parameter Estimation for Microbiota

Models

3.1 Introduction

3.1.1 Biology of Microbiota

Bacteria are ubiquitous in our world and play a key role in maintaining the health of our
environment as well as the health of virtually all living organisms. The human-associated
microbial communities (microbiota) have been shown to be at least associated with, if not
causative of, several human diseases such as periodontitis [50], type 2 diabetes [60], atopic
dermatitis [47], ulcerative colitis [87], Crohn’s disease [51], and vaginosis [62]. Furthermore,
time series data have shown that the host-associated microbiota undergo dynamic changes
over time within the same individual, e.g., within the gut of a developing infant [45, 56],
the gut, mouth, and skin of healthy adults [18], and within the vagina of reproductive age

women [29]. The mechanisms that underlie these changes are currently not well understood,

11
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whether they represent fluctuations in the normal flora or the transition from health to

disease and conversely from disease to health after treatment.

Understanding the role human-associated microbiota play in health and disease requires
the elucidation of the complex networks of interactions among the microbes and between
microbes and the host, which is a challenging task due to our inability to directly observe
bacterial interactions. Researchers have reconstructed microbial networks based on indirect
approaches, such as knowledge about the metabolic functions encoded in the genomes of
the interacting partners [49], coexistence patterns across multiple samples [19], covariance
of abundance across samples [28], or changes in abundance across time [67, 71]. Multiple
mathematical formalisms have been used to reason about the resulting networks with ex-
amples including metabolic modeling through flux balance analysis [73], machine learning
algorithms based on environmental parameters [31], and differential equation based models

of interactions [71].

Here we focus on the latter, a flexible formalism that can model complex interaction pat-
terns, including abundance-dependent interaction parameters [78]. While such modeling
approaches have been developed since the 1980s in the context of wastewater treatment sys-
tems [39], their use in studying human-associated microbiota has been limited, in no small
part due to the specific characteristics of human microbiome data. First, the rate at which
samples can be collected is severely limited by clinical and logistical factors, e.g., stool sam-
ples can be collected roughly on a daily basis, while subgingival plaque may only be feasibly
collected at an interval of several months. Second, microbiome data are sparse, i.e., most
organisms are undetected in most samples [57] due to the detection limits of sequencing-
based assays as well as the high variability of the microbiota across the human population.
Third, it is difficult if not impossible to directly measure environmental parameters, such as

nutrient concentrations, that may impact the microbiota.
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These features of the data derived from the human-associated microbiota lead to an #ll-posed
parameter estimation problem, which means a parameter set consistent with the data does
not exist, is not unique, or does not depend continuously on the data [34]. Numerical insta-
bilities that result from specific parameter sets can also cause traditionally used estimation
procedures to fail. Here we explore solutions to the parameter estimation problems in the

context of the Lotka-Volterra formalism, which is described in more detail below.

3.1.2 Lotka-Volterra Model

We focus on a special type of differential equation model of interactions, the Lotka-Volterra
model, which is named after Alfred J. Lotka (1880-1949), an American mathematician, phys-
ical chemist, and statistician, and Vito Volterra (1860-1940), an Italian mathematician and
physicist [5]. This model was originally developed in the context of predator-prey inter-
actions; however, it can be generalized to more complex interactions. Let y be the time
dependent state variable for the dynamics of n species with time variable ¢. Then the Lotka-

Volterra system can be written as

y' =f(y) =y © (b+ Ay), (3.1)

where ® indicates the Hadamard product. The vector b = [by;...;b,] € R™ is the intrinsic
growth rate, which incorporates the natural birth and death rate of each species in a given
environment. Negative b; refers to a negative intrinsic growth rate and species i’s survival
depends on the interaction with other species. The matrix A € R™*" represents the dynamics
of the relationships between the species and is often referred to as the interaction matrix.
An element a;; = [A];; of A describes the influence of species j on the growth of species i.

For i # j and a;; < 0, we consider species i to be a prey of predator j and vice versa for
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a;; > 0. If i # j and both a;; < 0 and a;; < 0, species ¢ and j are competing for existence.
On the other hand, if ¢ # j and both a;; > 0 and a;; > 0, species ¢ and j share a symbiotic

relationship. If ¢ # j and a;; = a;; = 0, no direct interaction between species ¢ and j exists.

This formalism allows the simulation of ecological systems and the study of the long-term
behavior of these systems. For example, the equilibrium solution y,, = 0 describes the
extinction of all species. The equilibrium y,, = 0 is unstable if and only if at least one
intrinsic growth rate b; is positive. All other biologically feasible solutions, i.e., nonnegative
equilibrium solutions, y, of (3.1) are solutions of the equation 0 =y ® (b + Ay). The real
parts of the eigenvalues of f,(y.,) determine the stability of the additional equilibria. Here,
fy (yoo) = diag(b) + diag(ye)A + diag(Ay. ), the Jacobian of f with respect to y evaluated
at Yoo, where the expression diag(x) represents the diagonal matrix whose entries are the
entries in the vector x. Detailed analysis on population dynamics, persistence, and stability
can be found in [86], and the specifics for the dynamics of Lotka-Volterra systems can be

found in [76].

3.1.3 Model Assumptions

The Lotka-Volterra system makes simplifying assumptions about the underlying biological
system. In particular, it assumes that the interaction between two microbes is constant
in time and independent of the abundance of the interacting partners. We cannot model
certain types of microbial interactions, e.g., quorum sensing, as a result. For the sake of
computational tractability, we restrict ourselves to this traditional definition of the Lotka-
Volterra model, but extensions that allow more complex interaction modalities [78] can also

be addressed by the computational parameter estimation framework described below.

The number of parameters of the Lotka-Volterra model is proportional to the square of the
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number of interacting partners, which complicates the parameter estimation problem for
complex datasets, especially when the number of samples is limited. Prior knowledge about
the system is often available, and we can use it to mitigate the complexity of parameter
estimation. In the context of host-associated microbiota, this prior knowledge may include

some of the following information.

Known Parameters. One may know or partially know the intrinsic growth rates or specific

interactions prior to parameter estimation.

Grouping. One may reduce the size of the system in (3.1) if species with similar behavior

can be pooled together into a meta-species.

Biomass. Often a reasonable assumption is the total biomass in a dynamical system remains

constant or is tightly regulated at all time.

Symmetry. Knowing the influence of species j on species ¢ may simultaneously give infor-

mation on both interaction parameters a;; and a;;.

Finite Carrying Capacities. It can be assumed that all species display logistic growth

and have a finite carrying capacity in the absence of all other species.

Sparsity. For some biological systems one may assume that most species do not directly

interact, which reduces the number of possible solutions.

In this work we use principal differential analysis, a previously established parameter esti-
mation method [59, 61], to recover intrinsic information about the dynamical system given
temporal density observations of the interacting species. In our application to microbial com-
munities, this approach readily allows for the inclusion of prior knowledge like the examples

listed above, which helps to address the ill-posedness of such problems.
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3.2 Methods

3.2.1 Problem Statement

In order to validate and impel model predictions, we must compare the mathematical model
to experimentally observed data d € R™. The estimation of parameters for dynamical sys-
tems is a key step in the analysis of biological systems. The point estimates give quantitative
information about the system, and in the case of a Lotka-Volterra system specifically, the
estimates tell us the intrinsic growth rates and interaction dynamics between species. Let us
assume intrinsic growth rates b and interaction dynamics A are unknown and are collected

in the parameter vector p = [b;vec(A)], where vec(A) = [A1;...; A,

The general parameter estimation problem for any explicit first order ordinary differential
equation (not just restricted to (3.1)) is stated as the constrained weighted least-squares

problem

min W (m(y) — d)||2 + aD(c(p,y))
P.yo (3.2)

subject to y' =f(t,y;p), a<t<b.

Additional constraints such as prior knowledge discussed above or relaxed inequality or
equality constraints are gathered in the general statement aD(c(p,y)), where a > 0 and
D is a distance metric [55] acting on those constraints. For every feasible parameter set
p and initial state y(a) = yo we assume that the conditions of Theorem 2.1 are fulfilled.
This means that a unique solution y exists for any feasible choice p and y,. For our focus,
the Lotka-Volterra system fulfills this condition for any finite p and y,. Further, the vector
function m(-) is a projection from the state space onto the measurement space of given data
d =[dy;...;d,] € R™. For instance, the observations in d might not include all states at all

time points, d might be in a frequency domain, or d may only be a combination of observed
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states. The precision matrix W W is also referred to as the inverse covariance matrix, and
the optimization problem (3.2) can be seen as a weighted least-squares problem with weight
matrix W. Here, we assume that we have independent samples in d and W = diag(w),
where w; > 0 for j =1,...,m. If w; is large, observation d; plays an important role for the
parameter estimation procedure. Otherwise, small w; indicates a lesser role for observation
d;. The underlying statistical assumption for this parameter estimation problem is that the

residuals are normally distributed and are uncorrelated in the case of a diagonal W [17].

A limited number of observations, high levels of noise in the data, large dynamical systems,
non-linearity of the system, and a large number of unknown parameters all make solving (3.2)
computationally challenging. These challenges appear for Lotka-Volterra models of biological
systems and make parameter estimation extremely difficult [3]. As a result, we desire a
robust parameter estimation method, which means the method provides reliable and accurate
parameter estimates [65]. Under this definition, a lack of robustness may stem from three
different sources: corrupted data, the numerical integration scheme, or from the numerical

optimization method [48].

Next, we note the methods traditionally used to solve the parameter estimation problem,

discuss the limitations of these methods, and present alternatives.

3.2.2 Single Shooting Methods

Typically, single shooting methods are utilized to solve (3.2) for biological systems [6, 72].
For single shooting methods, we first use initial guesses for p® and y{) to numerically solve the
initial value problem (forward problem) using single- or multi-step methods such as Runge-
Kutta and Adams-Bashforth methods [35, 36]. Next, we compute the misfit between the data

and model, and depending on the optimization strategy, e.g., gradient based strategies such
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as Gauss-Newton methods or direct search approaches such as the Nelder-Mead Method,
we choose a new set (p',yj). This process continues until we find a p and y, to fulfill
pre-defined optimality criteria. Since most efficient optimization methods are typically local
optimization methods, we achieve globalization using, for example, a Monte Carlo sampling
of the search space, i.e., a repeated local optimization with random initial guesses [25]. The
global minimizer chosen from the set of local minimizers is the local minimizer (p,y,) with
minimal function value. Various other strategies for global optimization can be applied, such
as simulated annealing [44], evolutionary algorithms [69], or particle swarm optimization

methods [43].

It has been established that single shooting methods are not robust to initial guesses p’ and
vy, which in this case refers to the methods’ ability to successfully find minimizers as defined
in (3.2). Notorious parameter estimation examples illustrating the lack of robustness can be
found in [11, 12, 16], and various alternative methods have been developed to compensate

for the lack of robustness.

3.2.3 Alternative Methods

Here we give a short overview of some of these alternative methods. While this overview is not
comprehensive, the vast volume of publications on parameter estimation methods illustrates
the exigency of these methods and that this is a field of active research [4, 11, 14, 20, 32,
42, 77, 79, 80, 85]. We hope this overview may guide the interested reader towards state
of the art parameter estimation methods within and beyond biological dynamical systems

identification.

Multiple shooting methods divide the relevant time interval for the model into several smaller

subintervals, introduce initial conditions for each subinterval, and solve the individual initial
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value problems on each subinterval using finite difference techniques. Constrained optimiza-
tion methods will ensure continuity of the optimized solution when using multiple shooting
methods. These methods introduce robustness when compared to single shooting methods

by reformulating the problem as a constrained optimization [12].

Another class of methods known as dynamic flux estimation and incremental parameter esti-
mation have shown robust recovery of parameter estimates [14, 32, 80]. These methods work
in two distinct phases. In a first model-less phase, data is approximated using sufficiently
smooth parameterized functions. In the second phase the dynamic flux estimation uses the
continuous approximation to potentially uncouple the differential equation and efficiently
approximate parameters within the dynamical system [20, 32]. The incremental parameter
estimation is very similar in nature [14] and is designed for homogenous reaction kinetics
with the focus on system identification. Both methods are well established and optimized for
metabolic pathway systems and provide robust parameter estimates by avoiding any finite

difference scheme.

Collocation methods are finite element methods that take the approach of approximating
the solution to the differential equation using sufficiently smooth parametrized functions,
e.g., cubic splines [37]. As a result, satisfying the differential equation at a finite number
of points will define an approximating solution, and finding the forward solution generally
amounts to solving a well-posed algebraic system [26]. Within this class of finite element
parameter estimation methods there exist two approaches. One approach estimates the
model parameters and the finite element parameters simultaneously, which is often referred to
as an “all-at-once” approach [11, 77, 79]. The other approach alternates between solving the
differential equation using collocation type methods and updating the model parameters [7,

).

The method we use here is often referred to as principal differential analysis and is closely



20 CHAPTER 3. PARAMETER ESTIMATION FOR MICROBIOTA MODELS

related to collocation methods but instead uses a least-squares finite element approach [21,
59, 61], so the distinguishing feature is that the forward solution amounts to solving a least-
squares problem [10]. Principal differential analysis is also related to dynamic flux estimation,
as it can be seen as an iterated or all-at-once dynamic flux estimation where the first and

second phase are repeated or simultaneously computed until convergence.

We choose to use principal differential analysis for the following reasons. Compared to
collocation methods, the method does not guarantee that the model equation will be satisfied
exactly at certain points. Although this may seem like a disadvantage, it allows us to decouple
the parameterization of the approximating function and the evaluation points of the misfit
function allowing for the use of efficient algorithms. Furthermore, since we acknowledge
that any model is incomplete and at best an approximation, which is is especially true for
biological systems, this allows the optimal approximating function to display dynamics not
captured in the model construction. Compared to dynamic flux estimation, the all-at-once
data approximation and parameter estimation prevents eventual bias towards initial data

approximation.

Despite the advantages of these robust methods, they are still vastly underutilized in their
application, e.g., in mathematical biology. This encouraged us to provide a comprehensive

derivation (Section 3.2.4) and theoretical and numerical details (Section 3.2.5 and Appen-

dices A and B).

3.2.4 Principal Differential Analysis

In this manuscript we utilize principal differential analysis for parameter estimation. While

this approach has been well-established as noted above [59, 61], we provide details of our
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approach for interested readers. We first reformulate (3.2) as

min |[W (m(y) — d)||2 + aD(c(p,y))
(P.yo) (3.3)

subject to [ly’ — £(t,y;p)l[z» =0,

where || - ||z» is any appropriate integral norm on the interval [a,b] with p = 2 for the
remainder of this chapter. The problems defined in (3.2) and (3.3) are equivalent since y is

required to be continuous. Relaxing the differential equation constraint leads to

min [|[W(m(y) — d)|3 + Ally’ — £(t, ;)22 + aD(c(p. y)).

(p,yo)

Here, A > 0 and a > 0 can be seen as either Lagrange multipliers or regularization pa-
rameters [55, 84]. When a = 0 the parameter A has the effect that if A is small, the main
contributor to the minimization process is the data misfit. If A vanishes, i.e., A = 0, only the
data misfit term is influential and the model equation is not relevant, which leads to data
overfitting [3, 59]. On the other hand, if A is large, the weight of the misfit shifts to the model
equations and may ultimately disregard the data fitting term leading to underfitting [3]. A
similar interpretation holds for the influence of o and the combined influences of o and A

when «a # 0.

Let S2([a,b]) be the set of cubic splines with knots a = 79 < --+ < 7, = b and a chosen set
of boundary conditions, e.g., not-a-knot conditions. Then every s € S83([a,b]) is uniquely
determined by a set of parameters @ = [Go; - - .; qx]. A vectorized spline s = [sy;...; s,] with
sj € 82([a,b]), j = 1,...,n, is then uniquely determined by the vector q = [qi;...;Qy)-

Approximating the state variable y by s, discretizing the integral of the £2-norm, and nor-
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malizing A results in the optimization problem

min IW (m(s(q)) — d)l2 + %IIS’(T; a) — f(T,s(T;q); p)[; + aD(c(p,s(a)),  (3.4)

where we define

s'(T1;q) £(Th,s(T1;9); p)
s'(T;q) = : , f(T,s(T;q);p) = : :

s'(Ty; q) £(1y,5(1y;9); p)

and a = Ty < --- < T, = b is a discretization of the interval [a,b]. Equation (3.4) is the
maximum a-posteriori (MAP) estimator under the Gaussian assumption on the likelihood

and on the prior for the model parameter p [17].

3.2.5 Computational Details

We do not find a solution to the original problem statement using this method, but we solve
a “nearby” problem instead with the idea that solving (3.4) is a more robust approach. This
means that the resulting solution is only an approximation to the solution of (3.2). Even in
cases where the solution of (3.4) is not sufficiently accurate though, we can use this method
to efficiently precompute approximations for p and ¥y, which we can then use as initial

guesses for single or multiple shooting methods.

One step in constructing our “nearby” problem is replacing the state variable y in the model
with an approximation s. We use cubic spline functions for s, and the approximation error

for each s; € 82([a,b]), j = 1,...,n, is bounded using the theorem below.

Theorem 3.1 ([58]). Let m be a positive integer. For every y € C™([a,b]) and for every



3.2. METHODS 23

integer j € {1,...,min(m,4)}, the least mazimum error satisfies the condition

4! 1 .
min — §lloe < ———=—=h’ () 00
i = sl € s )

where h = max{r;41 — 7, : 1 =0,...,k—1}.
Since y; € C'([a,b]), = 1,...,n, the bound on the approximation error simplifies to

i sl < 2RI ]
sjegél(%b])\lyg Silloo < 2h[Y; oo

forj=1,...,n.

While solving the “nearby” problem is a more robust approach than solving the problem given
in (3.2), the dimension of the optimization problem increases. This can adversely affect the
speed of the optimization step but is also counteracted by improvements in computational
efficiency elsewhere. One example is that optimization steps in (3.4) never calculate the
solution of the model differential equation. Eliminating the need for the solution of the initial
value problem removes a computationally intensive step in each optimization iteration and

replaces the step with the analytic evaluation of s and its time derivative s’.

Problem (3.4) might also be ill-posed, so we require the regularization given by the inclusion
of the term aD(c(p,y)) to obtain a meaningful solution and prevent overfitting [3, 38]. In
the examples to follow, we include an approximation of the 1-norm on the interaction matrix

parameters as our regularization.

Various methods have been proposed to include regularization and estimate the regulariza-
tion parameters [14, 33, 38, 52|, and we choose to use k-fold cross-validation, which is a
standard method in statistics to get reliable regularization parameters [22, 30]. The reason

we use cross-validation here is the method allows us to use a subset of known data to train
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our model by solving (3.4) and the remaining known data to test the model’s predictive abil-
ities. This is particularly useful in biological applications such as the ones being discussed
here because the available data are often limited and hard to collect. It is also important
to note that the estimation of adequate regularization parameters is a necessary step that
can dominate the computational costs, but automating the process can prevent over- or

underfitting [63] of the data.

To numerically solve (3.4) with respect to p and q, we utilize Gauss-Newton type methods.
Using a Gauss-Newton approach guarantees (locally) fast convergence of the optimization
problem (3.4) to a local minimum [55]. Similar parameter estimation approaches have shown
that if the model parameter p enters the model linearly, only one system solve may be
required to get the optimal estimates [4, 42]. The problem as stated in (3.4) may include
nonlinear spline parameters q and nonlinear regularization on the parameters p though, so

convergence in a single iteration is not always guaranteed.

Gauss-Newton type methods are generally also local optimization methods, so we empirically
sample the parameter space and independently repeat the optimization process with various
initial guesses to obtain a global minimum. We use a Latin hypercube sampling, but one can
easily adapt this approach to different sampling methods such as a Monte Carlo sampling

or a predetermined set of of sample points.

Finally, Gauss-Newton type methods are gradient based methods so they require computing
of various derivatives. It is important to note that we can find the structures for m, s, f,
c, and their corresponding partial derivatives analytically, which improves computational
efficiency. In our examples D is an approximation of the 1-norm, but for the simplicity of

an example, suppose D is the two-norm. Then a standard optimization algorithm can be
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written as follows. Let the residuals of (3.4) be defined by

ry W(m(s(q)) — d)
r=|r, | =| VAS(T;q) — f(T,s(T;q);p))
rs Vae(p,s(q)).

and the Jacobian of r be given by

%—‘; %—r(; 0 Wimgs,
J=1 92 %2 1= | —VA(T) VAET) — £(T)sq(T))
i %—‘;f %—‘;i" | I Vacy Vacssg |
with the appropriate abbreviations
0 0
m, = 5 -m(s). f(T) = 5 f(T.s:p),
Sq = 2s( ) 0
4 aq D fS(T) - %f(T7S,p),
0 0
sq(T) = 8_qs(T; q), Cp = %c(p,q)7
/ 9 0
Sq(T) = 8_qs (T;q), Cs = %c(p,s).

25

Then the gradient of the objective function is g = 2J 'r and the Gauss-Newton approxima-

tion of the Hessian is H ~ 2J"J. We have provided the details for the construction of f and

its partial derivatives when using the Lotka-Volterra system as a model in Appendix A.1

and the details for the construction of the cubic splines in s and their partial derivatives in

Appendix B.
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3.3 Results and Discussion

In this section we apply principal differential analysis to biological systems using simulation
studies and previously collected and published data for both intestinal and vaginal microbiota
and share our findings. We focused on the Lotka-Volterra system of differential equations as a
model and included an unknown sparsity pattern in the interaction matrix as an assumption

and constraint on the model.

3.3.1 Simulation Studies

We defined a four state Lotka-Volterra system using the initial value problem

2 0 —06 0 —02 5

, 1 0.6 0 —06 —02 4
y=y0 + yl|, y(0) = ,

0 0 0.6 0 —02 3

~3 0.2 0.2 0.2 0 2

and we numerically solved it on the time (¢) interval [0, 10]. Figure 3.1, a phase plot of the
solutions for states 1 through 4, indicates the system displayed chaotic dynamics, and it is

inherently difficult for parameter estimation methods to find parameters of chaotic systems.

We then used the numerical solution to generate three sets of data with different levels of
multiplicative noise (Study 1: 0 percent noise; Study 2: up to 10 percent noise; Study 3: up
to 25 percent noise) and applied principal differential analysis to each data set. Figure 3.2
shows the data for each study, and we include the remaining details for the problem setup

in Appendix A.2.

Using the model parameters the optimization returned, we numerically solved the Lotka-
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Figure 3.2: Simulated data points from the numerical solution of a Lotka-Volterra system.
Black: Numerical solution. Blue: Data with no multiplicative noise. Red: Data with up to
10 percent multiplicative noise. Yellow: Data with up to 25 percent multiplicative noise.

Volterra system and compared the solution to the data. The relative errors e, = %
were approximately e, ~ 0.0258, e, ~ 0.0794, and e, = 0.1314 for studies 1, 2, and 3,

respectively, so principal differential analysis was able to recover the data.
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As Figure 3.3 demonstrates, we also compared our optimal model parameters to their true
values, and the absolute errors in the optimal model parameters suggested the true model

parameters and the system dynamics were successfully recovered in all three studies.

0% Nm%e Up to 10% Nmse7 Up to 25% Nmse

0.1 02

I HOOIS - HO.OS - HO.]
0 0

0.05 04 04
H Q(}O”i i QOZ E QOQ

0 0

Figure 3.3: Absolute errors of optimal model parameters and initial conditions for simulation
studies.
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We additionally evaluated how well the results matched the interaction matrix’s sparsity
pattern. Due to numerical and computational limitations, it was unlikely for any model
parameter in the optimal set to be identically 0, so we instead considered any model param-
eters with a magnitude below a certain threshold, 1073 in this case, to be zero. The sparsity
structure was perfectly preserved in the first simulation study, 87.5 percent recovered in the
second, and 62.5 percent recovered in the third. This was what we would expect as the in-
crease in noise over the three simulation studies should have had an increasingly significant

effect on the accuracy of the model parameters.

By plotting the relative error between the optimal spline approximations and the numerical
solutions in Figure 3.4, all three studies additionally illustrated that the optimal spline

functions also proved to be a good approximation of the numerical solutions found using the
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optimal model parameters.
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Figure 3.4: Relative error between spline approximations (s;) and numerical solutions (y;)
for simulation studies. The relative error between the spline approximation and numerical

solution is calculated as %(ty)(t), i=1,...,4, over the time interval [0, 10].

The model’s local sensitivity to the optimal model parameters and initial conditions, which

is the solution of the initial value problem

y f(t,y;p) y(a) Yo
d
Tl & =] attyip) |+ | &y@ | = 0 )
I 59—50 | 5L yip) | | aoov(a) || vee(L,) |

over the interval [a, b], was also of interest. Note that here I,, is the n X n identity matrix.
To have some idea of the cumulative effect of a single parameter or initial condition on the
entire n-state Lotka-Volterra system we calculated S,, for i = 1,...,n* + n and S, for

1=1,...,n with

dy;(t)

dt,
8y0,i

dy;(t) ~ [
aj—pZ’ dt and Syo,i = Z/a:

J=1

n b
Spi:Z/

J=1
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respectively, and provide the results in Figure 3.5.
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Figure 3.5: Cumulative local sensitivities of optimal model parameters and initial conditions
for simulation studies.

Intrinsic Growth
Vector

Interaction
Matrix

Initial

Conditions

The cumulative sensitivities remained consistent across the three simulation studies, which
was not surprising given the consistency across the simulation studies in the optimal model

parameters and initial conditions themselves.

3.3.2 Intestinal Microbiota Dynamics

The generalized Lotka-Volterra formalism was recently used to explore the impact of the in-
testinal microbiota on the development of antibiotic-induced Clostridium difficile colitis [71].
This disease occurs in patients who have been treated with antibiotics and is characterized
by a marked shift of the intestinal microbiota towards a state dominated by the pathogen
Clostridium difficile. In many cases health can only be restored through a fecal transplant,
a procedure which restores the diversity of the microbiota. The mechanisms through which
disease occurs and through which the normal gut microbiota can prevent the over-growth of

C. difficile are still not well understood.
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In Stein et al. [71] the authors relied on a mouse model of C. difficile colitis to attempt
to address these questions. They tracked the microbiota of mice across time and used the
resulting data to estimate the parameters of a Lotka-Volterra model. Based on the resulting
model they were able to provide new testable hypotheses about the factors that promote
the overgrowth of C. difficile following a course of clindamycin. Here we used the same
data and model and added the assumption of sparsity in the interaction matrix. We applied
principal differential analysis and compared the outcome to the originally published results.
We focused on a subset of the Stein et al. data, specifically data originating from three mice
who had not been subjected to any antibiotic interventions. The exact details including how

we set up our problem can be found in the Appendix A.3.

In our simulation, the optimal spline approximations remained good approximations to the
numerical solutions using the optimal model parameters as demonstrated in Figure 3.6.
The relative errors for the spline approximations for the Blautia and Coprobacillus OTUs
were larger than the relative errors for the other five OTUs, but this was due to both the
significantly smaller magnitude of the data for these OTUs and the magnitude of the weights
for the data relative to the other OTUs. Among the three replicates for a single OTU,
variations in the magnitude of the relative errors, e.g., in Blautia, Unclassified Mollicutes,
and Coprobacillus, were explained by noticeable variations in the magnitude of the data

across replicates.

As in the simulation studies, we also evaluated the data recovery. The relative error between
the numerical solutions using the optimal model parameters and the data for all three mice
given by e, = % was e, ~ 0.3027. The relative error for the model published in [71]
was e, ~ (0.5127, which indicates that our method more accurately captured the dynamics of

the data. This fact was further confirmed by a visual comparison of the numerical solutions

to the data in Figure 3.7.
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Figure 3.6: Relative error between spline approximations (s;) and numerical solutions (y;)

for intestinal microbiota model. The relative error between the spline approximation and
si(t)—yi(t)

numerical solution is calculated as ORE i=1,...,7, over the time interval [1,21]. Time
T
is measured in days.
02 Replicate 1 02 Replicate 2 04 Replicate 3
Blautia 0.1 MM/ 0.1 / 02
0 — 0 : 0 /
10 3 10
Barnesiella 5 f 2 M S5t e i
0 1 0
05 04 04
Unclassified .
Mollicutes ) 02 J 02 __’4
0 0 0
4 5 - 10
Undefined V 5 .
Lachnospiraceae ‘\-\E — . .
0 0 0
2 1 2
Unclassified .—.—:ﬁ:ﬁ . .
Lachnospiraceae ! “@——Z 05 ! ——
0 0 0
0.04 0.01 -.\_/ 0.02
Coprobacillus 0.02 ,.-/—/’/. 0.005 . 00l fe® o ———
— [——— ]
0 = 0 0
2 _ 3 5 _
Other Y . ~ 2 % -
0 1 0
0 10 20 0 10 20 0 10 20
Time Time Time

Figure 3.7: Comparison of numerical solutions for intestinal microbiota model. Black: Ex-
perimental data. Blue: Numerical solutions based on optimal Lotka-Volterra system from
principal differential analysis. Red: Numerical solutions found using the optimal Lotka-
Volterra system published in [71]. Time is measured in days, and abundance is measured in
10'* DNA copies per cubic centimeter.
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The biological implication of the disagreement between our results and those originally pub-
lished on the same data became apparent when examining graph representations of the
Lotka-Volterra interaction matrices (see Figure 3.8) and considering a recent paper from
the same group providing experimental evidence for the role of the gut microbiota in the
prevention of C. difficile infection [15]. Stein et al. originally concluded on the basis of
Lotka-Volterra modeling that members of the Coprobacillus genus inhibit the growth of other
members of the gut microbiome, which implied Coprobacillus is a stabilizing factor within
the gut microbiome. In our own analysis of their data, we did not identify any strong interac-
tions between the Coprobacillus OTU and other organisms. Instead we observed inhibitory
interactions of members of the Lachnospiraceae family with other gut microbes, which sug-
gested that members of the Undefined Lachnospiraceae and Unclassified Lachnospiraceae
groups are the more likely players involved in preventing C. difficile colonization. Buffie et
al. confirmed this experimentally by showing that the Lachnospiraceae species Clostridium
scindens can provide resistance to C. difficile colonization in a mouse model of C. difficile

enterocolytis [15].

| 05 ]

-5

Figure 3.8: Comparison of interaction matrices for intestinal microbiota model. A: Interac-
tion matrix based on optimal Lotka-Volterra system from principal differential analysis. B:
Subset of the interaction matrix published in [71]. Entry a;; in the matrix is the directed
edge from node j to node i. OTUs: 1-Blautia, 2-Barnesiella, 3-Unclassified Mollicutes,
4- Undefined Lachnospiraceae, 5- Unclassified Lachnospiraceae, 6-Coprobacillus, and 7-Other.

As with the simulation studies, we could calculate the cumulative local sensitivities with

respect to the optimal model parameters and initial conditions for the intestinal microbiota
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model. Note that because of how the parameter estimation problem was set up (see Ap-
pendix A.3), the resulting model parameters for each of the three replicates were the same,
but the optimal initial conditions differed. This meant the local sensitivities and hence
the cumulative sensitivities could vary by replicate, yet the results in Figure 3.9 display

consistency in the cumulative sensitivities across the replicates.
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Figure 3.9: Cumulative local sensitivities of optimal model parameters and initial conditions
for intestinal microbiota model.

Intrinsic Growth
Vectors

Interaction
Matrices

Initial
Conditions

3.3.3 Vaginal Microbiota Dynamics

Gajer et al. described the temporal dynamics of the human vaginal microbiome sampled
twice per week over a 16-week period in 32 women [29]. Understanding the factors that
drive community structure in this environment may provide insights into the stability of the
system and the disruptions that lead to the development of bacterial vaginosis, a condition
impacting millions of women in the United States. These data are more deeply sampled than
the Stein et al. data set described above, which leads to a clearer picture of the system’s

dynamics.
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We present here the results of analyzing the data obtained from subject 15 in the original
study. We chose this particular subject because the data for this subject included most of
the OTUs we determined are likely to play important role in the dynamics of the vaginal

microbiota. We include the details of the analysis used to select this subject in Appendix A 4.

As shown in Figure 3.10, the results of the parameter estimation led to optimal spline approx-
imations that closely approximated the numerical solutions found using the optimal model
parameters. The high relative error for Lactobacillus jensenii, Ureaplasma, and Lactobacillus
vaginalis was attributed to the small magnitude of the numerical solutions in the second half

of the time series.
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1 0
0
0 0.5
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0 v_/\/\
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Figure 3.10: Relative error between spline approximations (s;) and numerical solutions (y;)
for vaginal microbiota model. The relative error between the spline solution and state solu-

tion is calculated as %(ty)(t), i=1,...,7, over the time interval [1,110]. Time is measured

in days.

The relative error between the numerical solutions using the optimal model parameters and
the data given by e, = % was e, ~ 0.4448. Figure 3.11 shows that the dynam-
ics resulting from the optimal Lotka-Volterra model also captured the oscillations in the

abundances observed for several of the organisms in this sample, particularly Lactobacil-
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lus crispatus and Lactobacillus otud. This result was surprising given that the oscillations
are at least in part due to the physiological changes that occur during menstrual periods.
The dynamics that the optimal Lotka-Volterra model captured indicate that inter-microbe

interactions may play a role in these periodic changes as well.
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Figure 3.11: Comparison of numerical solutions to data for vaginal microbiota model. Col-
ored Curve: Numerical solution. Black Dots: Experimental data. Time is measured in days,
and the abundance is the number of 16S rRNA gene sequence reads.

The graph of the interaction matrix displayed in Figure 3.12 also highlights that the dynamics
of the optimal Lotka-Volterra model were due in part to several particular interactions. The
OTU Lactobacillus crispatus had strong negative interactions with Lactobacillus jensenii and
Lactobacillus otud, indicating a possible role for this organism in maintaining the stability
of the vaginal microbiota. This observation was in agreement with previously reported
epidemiological observations [83] that suggest Lactobacillus crispatus is a stabilizing factor
in the human vaginal microbiota. The OTU Lactobacillus otud also had positive interactions
with multiple members of the vaginal microbiota suggesting this organism may produce
compounds necessary for their growth and providing an initial insight into the potential

function of this uncharacterized OTU.
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Figure 3.12: Optimal interaction matrix for vaginal microbiota model. Entry a;; in the ma-
trix is the directed edge from node j to node i. OTUs: 1-Lactobacillus iners, 2- Lactobacillus
crispatus, 3-Lactobacillus jensenii, 4-Corynebacterium, 5-Lactobacillus otud, 6-Ureaplasma,
and 7-Lactobacillus vaginalis.

Figure 3.13 displays the sensitivity analysis of the model parameters and initial conditions,
and the results suggested the Lotka-Volterra model for the vaginal microbiota was particu-
larly sensitive to the parameters in the first column of the interaction matrix. This was a
little deceiving because the perceived sensitivity was due to the large magnitude of the Lac-
tobacillus iners data, which made it difficult to draw any conclusions about the sensitivity

of the model to its parameters.

We also performed a stability analysis of the optimal Lotka-Volterra model, and we found the
system had a stable equilibrium that is biologically relevant. The equilibrium abundances
of the OTUs in order were approximately 2925.87, 5.62, 0, 11.04, 22.23, 0, and 0. Extending
the state solution in time, which Figure 3.14 shows, indicated that Lactobacillus iners, Lacto-
bacillus crispatus, Corynebacterium, and Lactobacillus otud oscillated around their equilibria
with varying rates of oscillation decay while Lactobacillus jensenii, Ureaplasma, and Lacto-

bacillus vaginalis almost immediately stabilized to their equilibrium states.
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Figure 3.13: Cumulative local sensitivities of optimal model parameters and initial conditions
for vaginal microbiota model.
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Figure 3.14: Numerical solutions from day 0 to day 500 for vaginal microbiota model.

3.4 Conclusions

Using principal differential analysis eliminated the computational inefficiency and robustness-

limiting step of numerically solving an initial value problem at every optimization step and
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also presents a natural framework for including prior knowledge or assumptions about the
biological system being modeled. In defining and solving this new problem, we demonstrated
that we did not sacrificed parameter or data recovery. This suggested this approach is
a valuable tool, particularly for increasingly complex parameter estimation problems like

those found in systems biology.

Biologically speaking, principal differential analysis demonstrated the ability to closely model
real biological data. In the case of the vaginal microbiota, the approach was able to cap-
ture the general abundance dynamics seen in the data and provide a full forward projection
for the system. We would like to note though that the resulting model did not provide a
full forward prediction in the case of the intestinal microbiota. The Lotka-Volterra system
appeared to be unstable leading to the uncontrolled growth or the disappearance of certain
taxa, phenomena not commonly observed in real data. In part this was due to the limitations
of the Lotka-Volterra system and the simplifying assumptions made when choosing it as a
model. Insufficient data both in terms of the relatively small number of samples and, more
importantly, in terms of the sparse sampling rate also played a role. Unfortunately, these
limitations are inherent as computational costs can require model simplifications, experi-
mental costs can limit the number of feasibly obtained samples, and the specific microbiome

being sampled can potentially limit the sampling frequency.

Despite these limitations, we showed that we could identify interactions and their direction
between members of the intestinal microbiome that were later confirmed by in vivo experi-
ments. The approach we described here correctly identified the experimentally validated role
of the Lachnospiraceae family as a stabilizing factor in the intestinal microbiome in contrast
with the suggestion that the Coprobacillus OTU plays this role as predicted by a previous
computational analysis. Likewise, our analysis correctly identified the role of Lactobacillus

crispatus as an important contributor to the stability of the vaginal microbiome. The net-
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work we inferred also provided insights into the roles played by uncharacterized members of
the vaginal community such as the organisms known as Lactobacillus otu5. Knowledge of
the underlying interactions and their direction like these are an important aspect of guiding

further biological experimentation.

Modeling approaches that exhibit robustness while having an appropriate theoretical frame-
work are extremely useful in understanding host-associated microbial communities. The
examples we provided here demonstrate how much information we can gather from experi-
mental data when paired with the right inference approach, and we believe that approaches
like principal differential analysis when paired with experimental work can help elucidate

the role of host-associated microbes in health and disease.



Chapter 4

Least-Squares Finite Element Method

4.1 Introduction

Perhaps one reason parameter estimation methods like principal differential analysis are
underutilized is the relative popularity and maturity of finite difference methods for solving
ordinary differential equations [13]. There exists well-developed theory including conditions
for the stability and convergence of finite difference methods, and we have methods optimized
for specific types of differential equations like stiff or non-stiff equations [2, 13]. On the
other hand, finite element methods first emerged in the 1950s and their initial development
focused on solving partial differential equations [41]. As a result the now established theory
for finite element methods predominantly relates to partial differential equations as do most
applications. Thus, it makes sense that many traditional parameter estimation methods,

like shooting methods, are built on finite difference methods.

In more recent years however much work has been done to extend finite element methods to

ordinary differential equations, and while we do not claim a comprehensive list of published

41
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work, much of the focus has been on extending Galerkin finite element methods [1, 9, 13].
We however cannot guarantee these methods are unconditionally stable [75], so we must

either adapt the Galerkin methods or find an alternative approach.

Least-squares finite element methods are an example of such an alternative, and while they
are stable for all ordinary differential equations [75], the methods have other advantages. Un-
like Galerkin methods, least-squares methods have universal application and do not require
modification for particular problems [40]. This makes the methods both robust and easy
to implement for repeated, diverse use [10, 40], which validates the usefulness of parameter

estimation methods like principal differential analysis that are built on them.

Readers can refer to [10, 40| for additional details on the least-squares finite element method,
so what follows is a detailed discussion of our approach for initial value problems. We
also include multiple examples to touch on some of the points above and to highlight the
advantages of least-squares methods. We should also note that the derivation for boundary
value problems is essentially identical to what follows, so we focus on initial value problems

and highlight the one difference for boundary value problems via example in Section 4.3.2.

4.2 Methods

4.2.1 Problem Statement

Given the initial value problem

y =f£(t,y), y(a)=yo,
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we assume the conditions for Theorem 2.1 are satisfied. Finding the unique solution of the
initial value problem means finding a function y such that y satisfies the differential equation

y' = f(t,y) for some interval [a,b] and the initial conditions y(a) = yo [54].

Given the continuity requirement on y, we can rewrite this objective as

min ly" —£(t, y)l|%

subject to y(a) = yo,

where || - ||z» is any appropriate integral norm on the interval [a,b] with p = 2 for the
remainder of this chapter. Note that the minimum of this objective is necessarily zero since

we know a unique solution exists.

We replace y with an approximating function s that we can uniquely define by a set of

parameters q to create the new objective

min s'(q) — £(t,s(a)) 22
a (4.1)

subject to s(a) = yo.

Depending on the unique solution y and the choice of approximating function s, it is possible
that s = y, but this is not true in general, which means we can no longer guarantee zero
is the minimum value of the objective. This means we are no longer solving the original
problem, but as we explain in Section 3.2.5 for the parameter estimation problem, we are

solving a “nearby” one.

The last step of the derivation is to choose an approximation for the £2-norm to arrive at

the objective

min |[W(s'(T;q) — £(T,s(T;q)))|2
q (4.2)

subject to  s(ty) = yo,
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where W = diag(w), the diagonal matrix whose entries are the entries in the vector w, and

s'(T1;q) £(11,s(11; q))
s'(T;q) = : , £(T,s(T;q)) =

s'(Ty; q) £(1y,s(Tv; q))

To find an approximate solution of the initial value problem requires that we use an opti-
mization algorithm to find the optimal parameter set q. This is a modified version of the
model fitting term from the objective we use in Chapter 3, so we can apply any insights that

follow back to the larger parameter estimation problem.

4.2.2 Function Approximation

There are many types of functions that we could use to approximate the solution to the initial
value problem, but here we focus on a selection of splines and include a brief discussion on

each. We include relevant derivations for each type of spline we discuss in Appendix B.

A basic option would be to use quadratic splines since they belong to C![a,b], the set of
continuous functions whose first derivatives are also continuous on the interval [a, b]. These
functions possess the necessary smoothness for any differential equation whose right-hand
side is continuous in terms of ¢ and y. The drawback of such functions though is that the
concavity is fixed on each subinterval since the functions are at most quadratic on each
element. As a result, knot locations in terms of ¢ have a significant effect on the perceived

dynamics of the differential equation, which increases their importance.

In Chapter 3 we use cubic splines as our approximating function for the parameter estimation
problems, and they are a valid option here as well. The increase in degree allows for a single

concavity change on each element addressing one concern about quadratic splines. Cubic
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splines belong to C?[a, b], the set of continuous functions whose first and second derivatives
are also continuous on the interval [a, b], though, so they are sufficiently smooth for many
higher order differential equations. Since we focus on first order differential equations here,

this condition is unnecessary.

Another alternative is to use exponential splines as the approximating functions. Many
differential equations display exponential dynamics, so having approximating functions that
can capture them is convenient. The downside is that the exponential qualities are more
likely to introduce numerical issues that we must address [64]. Exponential splines also

belong to C%[a, b], so like cubic splines, they possess more smoothness than we require.

We could also use Hermite cubic splines as an option. These splines allow for a concavity
change on each element like cubic splines but belong to C![a, b] like quadratic splines. This
is due to how we define Hermite cubic splines since they require information about the
first derivative at the knots, which we can know by evaluating the right-hand side of the
differential equation. In the examples we discuss in the next section, we choose to use

Hermite cubic splines.

4.2.3 Integral Norm Discretization

In addition to choosing how we want to approximate the solution y, we need to choose how
to discretize the integral norm in the objective function, and like the choice of approximating

function s, we have many options. We will discuss a few of them here.

For the simulation studies and microbiota data we use in Section 3.3 we choose uniform
discretizations over the time intervals and then normalize the model fitting term as a result.
We can take the same approach here, but we can use basic numerical tools such as quadrature

rules when choosing the discretization. In doing so, we can leverage convergence results and
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related theory, which have been well-established in literature.

One option is using an n-point Gauss-Legendre quadrature, which is exact for polynomials
up to degree 2n — 1 [74]. If the approximating function we choose is a polynomial spline, for
example, and the right-hand side of the differential equation is polynomial in terms of ¢ and
y, then the integrand in (4.1) is a polynomial on each element as well. This means that if
we construct the vector of evaluation points T and the corresponding weight matrix W by
applying the quadrature rule on each element, then (4.2) is equivalent to (4.1) as long as n

is sufficiently large.

Another quadrature option that we can leverage in the same way is an n-point Gauss-
Lobatto quadrature, which is exact for polynomials up to degree 2n — 3 [74]. This might
seem unnecessary since a Gauss-Legendre quadrature requires one less quadrature point
for the same accuracy, but this is not always the case. When paired with Hermite cubic
splines as the approximating functions, we only require n — 2 evaluation points of an n-point
Gauss-Lobatto quadrature rule. This is because two of the evaluation points for the Gauss-
Lobatto quadrature are the endpoints of the interval, and in this case the endpoints are the
spline knots for each element. Since the Hermite cubic splines use the right-hand side of
the differential equation for information about the first derivative, the spline satisfies the
differential equation exactly at the knots, which means these evaluation points contribute
nothing to the objective, so we can ignore the endpoints for the Gauss-Lobatto quadrature.

We use this approach in the examples that follow in the next section.

4.2.4 Adaptive Schemes

When choosing splines as approximating functions, we must also decide on the number of

knots we would like to use for the interval of interest. We could choose a fixed number, but



4.3. RESULTS AND DISCUSSION 47

this can lead to poor results. If we choose too few knots, the approximate solution might
include significant error, but if we choose too many knots, finding the approximate solution
could become computationally onerous. As a result, we could benefit from an approach that

allows us to adapt the number and location of knots.

One such approach when using a quadrature rule for the discretization of the integral norm is
to use the residuals in (4.2) to determine where we should place new knots. Given an initial
selection of knots, we can solve (4.2) and then identify the element that contributes the most
to the objective function. We can then place a new knot in the middle of the element and
solve (4.2) again repeating this process until the residuals for all of the elements fall below

a predetermined threshold.

There are also simple variations of this approach such as placing multiple new knots in the
element that contributes the most to the objective function or placing a new knot in each of
the k elements that contribute most to the objective function or some combination thereof.
For simplicity the adaptive scheme we use for the example in Section 4.3.4 is placing a single

knot in the middle of the element that contributes the most to the objective function.

4.3 Results and Discussion

In this section we apply the least-squares finite element method to a selection of example
ordinary differential equations. We focus on examples that demonstrate the robustness,
competitiveness, and versatility of the least-squares method when compared to standard
finite difference methods (initial value problems) and collocation methods (boundary value

problems).
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4.3.1 Linear Initial Value Problem

We considered the initial value problem

y =y—2¢" y0)=1,

which has a solution of y(t) = e™*. We used a Hermite cubic spline with 31 knots uniformly
distributed over the t-interval [0,30] and chose a five-point Gauss-Lobatto quadrature for
the evaluation points on each element. Solving the initial value problem using MATLAB’s

ode45 and the least-squares method led to the following results.
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Figure 4.1: Solutions of linear initial value problem. Blue: Analytic solution. Purple: ode45
solution. Red: Least-squares solution with dots indicating knot placement.

Figure 4.1 indicates that the error in the ode45 solution grew to an unreasonable level over
the course of the interval, but the FEM solution had a maximum error on the order of 1073.
Using a stiff solver like MATLAB’s ode23s resulted in the same outcome with the error

growing to an even larger magnitude than it did with ode45.
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4.3.2 Two State Linear Initial Value Problem

We considered the linear system

0 1 0 0
y = y+ ' , y(0) = :
p> 0 (u* + p?) sin(pt) p

where p = 60 and p = w. The solution of this initial value problem is

sin(7t)
y =
7 cos(mt)
For both states we used Hermite cubic splines with 11 knots uniformly distributed over the
t-interval [0,1]. We again chose a five-point Gauss-Lobatto quadrature for the evaluation
points on each element, and Figure 4.2 shows the solutions using ode45 and the least-squares

method.
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Figure 4.2: Solutions of two state linear initial value problem. Blue: Analytic solution.
Purple: ode45 solution. Red: Least-squares solution with dots indicating knot placement.
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The ode45 solution began to deviate from the analytic solution almost immediately while
the least-squares solution had a maximum error on the order of 1073. As in the previous
example using ode23s did not change the outcome, and the maximum error was worse than

the error using ode45s.

We can also view this example in the context of a parameter estimation problem where 7
is the true value of the unknown parameter p. This example demonstrates that when the
unknown parameter was set to its true value, standard finite difference methods failed to
solve the initial value problem making the estimation of the unknown parameter impossible.

This supports the significance of the work we shared in Chapter 3.

We also rewrote this example as a boundary value problem by replacing the initial conditions
with the boundary conditions 3;(0) = 0, y2(1) = —p, so the solution is unchanged. We again
used Hermite cubic splines but with 21 knots uniformly distributed over the t¢-interval [0, 1]
for both states and chose a five-point Gauss-Lobatto quadrature for the evaluation points
on each element. Solving the boundary value problem with MATLAB’s bvp4c and the

least-squares method gave the results shown in Figure 4.3.

The errors for both the bvp4c solution and the least-squares solution were almost identical
for state 1 and on the same order for state 2, but the bvp4c solution required roughly twice

the computational time as the least-squares method (0.0066 seconds versus 0.0032 seconds).

Note that changing the problem from an initial value problem to a boundary value problem
required that we use a completely different MATLAB function to solve the problem, but
the least-squares method was exactly the same other than the pre-computational step of

identifying which knots to view as fixed. This highlights the versatility of the FEM approach.
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Figure 4.3: Solutions of two state linear boundary value problem. Blue: Analytic solution.
Purple: bvp4c solution. Red: Least-squares solution with dots indicating knot placement.

4.3.3 Nonlinear Initial Value Problem

We also worked with a nonlinear; ordinary differential equation by considering the initial

value problem

which has a solution of y(t) = —1=. We used a Hermite cubic spline with 21 knots uniformly

14+e—t"
distributed over the t-interval [0, 10] and chose an eight-point Gauss-Lobatto quadrature as
the evaluation points on each element for the least-squares method. Solving the initial value

problem with this setup and also with ode45 gave the results displayed in Figure 4.4.

The least-squares solution had a smaller maximum error than the ode45 solution, but the
accuracy came at the expense of computational time as ode45 required roughly a fourth of
the computational time (0.0015 seconds versus 0.0055 seconds). The point though was to

show that the least-squares method does not require the differential equation to be linear.
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Figure 4.4: Solutions of nonlinear initial value problem. Blue: Analytic solution. Purple:
oded5 solution. Red: Least-squares solution with dots indicating knot placement.

4.3.4 Piecewise Linear Initial Value Problem

We considered the initial value problem

49 1
- — VY, t§5
, 5 6
y = , y(0)=0,
A5 t>5
= 3Y

which has a piecewise expression for the right-hand side of the differential equation. Assum-

ing a continuous solution, we solved the initial value problem to get

S e, t<5

147 (294 147\ 2.5
S toe e, 1>5
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For the least-squares method we used a Hermite cubic spline with 51 knots uniformly dis-
tributed over the t-interval [0, 10] and chose a five-point Gauss-Lobatto quadrature as the
evaluation points on each element. As Figure 4.5 indicates, ode45 and the least-squares
method approximated the solution with maximum errors of the same order. The difference
here was that ode45 required roughly half the computational time (0.0018 seconds versus

0.0031 seconds).
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Figure 4.5: Solutions of piecewise linear initial value problem. Blue: Analytic solution.
Purple: ode4b solution. Red: Least-squares solution with dots indicating knot placement.

We also want to note that using the ode23s resulted in a significant improvement in error
but required more computational time than the least-squares method (0.0046 seconds versus

0.0031 seconds).

The solution of the initial value problem and the error and computational time for the least-
squares method suggested that this was a suitable example for demonstrating the adaptive
scheme presented in 4.2.4. We used a Hermite cubic spline that initially had six knots uni-
formly distributed over the ¢-interval [0, 10] and used a five-point Gauss-Lobatto quadrature

as the evaluation points on each element. After each optimization, we added a single knot in
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the middle of the element that contributed the most to the objective function and adjusted
the quadrature. This process continued until each element contributed a value of less than
10! to the objective function. The result was seven iterations leading to a Hermite cubic

spline with 12 knots, and we share snapshots of the spline and error evolution in Figure 4.6.
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Figure 4.6: Adaptive solutions of piecewise linear initial value problem. Blue: Analytic
solution. Purple: ode45 solution. Red: Least-squares solution with dots indicating knot
placement.

To achieve an error competitive with ode45, the adaptive scheme required 12 knots compared
to the 51 originally required by the uniform distribution. We must also note that we could
have used the adaptive scheme to achieve an error that competed with the ode23s solution,
which otherwise would have required an infeasible number of uniformly distributed knots.

Both cases demonstrate the usefulness of implementing an adaptive scheme.
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4.3.5 Six State Linear Initial Value Problem

We also considered the larger first order linear system

4 -6 -2 -7 -3
—2 -9 —6

(=) ~ @)
S
|
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S

10 0 -9 -9 -1
2 2 9 0 -2 -9

At and

where y, was such that the solution of the initial value problem is y(t) = 320 vse
(N, vi), i = 1,...,6, are the normalized eigenpairs of the coefficient matrix. We again
used a Hermite cubic spline with 61 knots distributed over the ¢-interval [0, 1] and a five-

point Gauss-Lobatto quadrature rule on each element for each state. Figure 4.7 displays

the approximate solutions of the initial value problem using the least-squares method and

ode4b.

The results showed that both solutions had errors with roughly the same order of magnitude,
but ode45 required roughly one-fifth of the computational time (0.0033 seconds versus 0.0160
seconds). We can partially attribute this to the least-squares setup as the dimension of the
optimization problem increases with the number of states in the differential equation and
slows the computation time. Given the solution dynamics, it was also surprising that the
least-squares method required 61 knots to achieve a comparable error to ode45 over such a
short t-interval. The results suggested that allowing for a different discretization for each
state might reduce the total number of knots required, which could improve computational

times and supports the need for appropriate adaptive schemes.
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Figure 4.7: Solutions of six state linear initial value problem. Blue: Analytic solution.
Purple: ode4) solution. Red: Least-squares solution with dots indicating knot placement.

4.4 Conclusions

As our examples showed, we could apply the least-squares finite element method to both
linear and nonlinear differential equations. The stiffness of the differential equation did not
matter, and it worked with both initial value problems and boundary value problems. We also
showed that the least-squares method could produce a solution when finite difference methods
failed and gave an example that reinforced its usefulness for larger parameter estimation

problems. These all spoke to the robustness and versatility of the least-squares method.

It is important to note that the least-squares finite element method was slower than MAT-
LAB’s built-in solvers in some cases, but we do not claim to have optimal code and view
optimization as future work. Our focus and contribution was to introduce the least-squares
method and demonstrate how accessible it is. We explained here how we can tie basic numer-
ical analysis ideas like splines, quadratures, and basic adaptive schemes to the method, but

the related literature on these ideas goes far beyond the scope of this work. More advanced
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approaches, particularly when it comes to adaptive schemes, could make this approach more

competitive.

Even if the computational efficiency remains an issue though, the robustness of the least-
squares finite element method makes using it in conjunction with other methods reasonable.
For example, beginning with the least-squares method could lead to initial insights that help
determine what specialized method to then use when accuracy or computational efficiency
are more important, e.g., if the differential equation requires a stiff solver or if the differential

equation must be solved repeatedly.

Finally, studying the least-squares finite element method not only reinforced the significance
of our work in Chapter 3 but appeared to help us build on it. By better leveraging basic
numerical analysis ideas in our approach, like the pairing of Hermite cubic splines with a
Gauss-Lobatto quadrature, we could potentially improve on the results we shared in Sec-
tion 3.3. That in turn could mean more insights from the parameter estimates and a better

understanding of micriobiota systems.



Chapter 5

Conclusions and Future Research

5.1 Conclusions

In this work we discussed both traditional and modern parameter estimation methods for
ordinary differential equation models. We provided a detailed derivation for principal differ-
ential analysis and applied the method to simulation studies and two sets of microbiota data.
The results from the simulation studies verified that principal differential analysis is a valid
parameter estimation method, and the results from the microbiota data confirmed experi-
mentally observed findings while also suggesting potentially significant bacterial interactions

that merit further investigation.

We also derived a version of the model fitting term from the parameter estimation objec-
tive function and studied it as a least-squares finite element method for solving ordinary
differential equations. Through multiple examples, we showed that the least-squares finite
element method is more robust than finite difference methods. It is also more versatile than

finite difference methods and other finite element methods in that it can handle both initial
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value problems and boundary value problems with only a minor change to the algorithm.
Finally, we found that using adaptive schemes with the least-squares finite element method

can improve its results.

5.2 Future Work

There are many different aspects of this work that we can explore further, but we are focused
on three major areas for the immediate future. The first area is leveraging the insights from
studying the least-squares finite element method when using principal differential analysis for
parameter estimation problems. By making different choices for the approximating function
and norm discretization, we could improve the method’s computational efficiency. These
changes could also lead to different parameter estimates revealing new insights into the

microbiota dynamics we have already studied.

The second area is to experiment with different adaptive schemes for the least-squares finite
element method. Our choice for an adaptive scheme in this work was simple, but ideas like
allowing for state-by-state adaptivity for large state differential equations, could result in
more accurate solutions or smaller computational times or some combination of the two.

These improvements would make the least-squares finite element method more competitive.

The third area is to extend the least-squares finite element method to solve delay differential
equations and differential-algebraic equations. These extensions appear to be straightfor-
ward, but accomplishing them in a way that does not sacrifice computational efficiency
could be challenging. Completing the extension though would add to the versatility of the
method, and we could also then use the extensions with principal differential analysis for
parameter estimation problems. This is relevant because of how many recent differential

equation models include delays or algebraic equations.
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Appendix A

Parameter Estimation Details

To apply principal differential analysis with a gradient-based optimization method on a
problem that uses a Lotka-Volterra model with assumptions on sparsity, we require specific
derivatives of the model and a mathematical formulation of the sparsity assumption. Here,
we include these details and also our step-by-step approaches to the simulation studies and

the intestinal microbiota and vaginal microbiota examples.

A.1 Lotka-Volterra Model and Sparsity Constraint

Using the Lotka-Volterra system (3.1) as our model, we assume the parameters p = [b; vec(A)],
where vec(A) = [Ay;...; A,], are unknown. Let us also replace the model state variable y

with its approximation s. The derivatives of f with respect to s and p are given by

f, = diag(b) + diag(s)A + diag(As),

fo = | diag(s), s' ® diag(s) | -
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where ® denotes the Kronecker product and the expression diag(x) represents the diagonal

matrix whose entries are the entries in the vector x.

To include a sparsity constraint on the interaction matrix A in (3.4), the constraint term
aD(c(p,s(q))) becomes al[vec(A)|;. In this case D is the one-norm, and c is the function
that maps p to a vector of the parameters in A. Note that this constraint is not differentiable
everywhere, but one way to overcome this is by approximating the one-norm using a smooth

function. The approximation we use is

n2+n
Ivec(A)ls ~ 3 Ho(p) (A1)
i=n+1
where H. is the Huber function defined by
€
r—=, |z|>e¢
Hs(m) = 2 2
x_ lz| < e
2¢’ '

The idea here is that the function ||vec(A)||; is approximated by a smooth quadratic curve
near its corners with “near” being defined by the choice of €. Another important note
regarding this modification to the objective function is the effect on the numerics of the
method. The data-fitting and model-fitting contributions to the function, gradient, and
Hessian terms can be calculated as before. The contributions of the sparsity constraint term,
however, require the first and second derivatives with respect to p and q of the approximation

given in (A.1).
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A.2 Simulation Studies

Given the Lotka-Volterra system

2 0 —0.6 0 —0.2 5
, 1 0.6 0 —06 —02 4
y=y0 + y|, y0) = ,
0 0 06 0 —0.2 3
-3 02 0.2 02 0 2

we numerically solve the initial value problem and let y;... denote this solution. We collect
the values of yue at the times given by the uniform discretization 0 = t; < ... < tyy = 10
and perturb them to generate the data d = [dy;...;dy]. Here, d; = (1 4 €;)yirue,; for j =
1,...,20, where €; represents a scaled vector of independent and identically Beta distributed
noise, i.e., €; ~ v - (Beta(2,2) — 1/2). We conduct three studies, each with different noise
level scales (Study 1: v = 0; Study 2: v = 0.1; Study 3: v = 0.25).

In the objective function, the projection m is the identity projection for all three studies,

but the weight matrix W is different for each study because it depends on the data and

10

o’

is taken to be W = Iy, ® diag(w), where Iy is the 20 x 20 identity matrix and w; =
1 = 1,...,4, is the linearly scaled weighting of the inverse standard deviation of state i’s
time-series data. Additionally, we add a sparsity constraint on the interaction matrix A
to the objective function. For each study, we separately sample 1,000 (A, «)-pairs from the
square [1,100] x [0.01, 1] and choose a pair using leave-one-out cross-validation. The (A, a)-
pairs are approximately (1.1416,0.01261), (5.5098, 0.04584), (23.8228,0.87599) for studies 1,

2, and 3, respectively.

For each study, we then separately sample the parameter space 10,000 times using a Latin

hypercube sampling and perform local optimizations using the Gauss-Newton method with
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each sample serving as an initial parameter set. The global minimizer is the local minimizer

that most minimizes the objective function.

A.3 Intestinal Microbiota

The data collected consists of the abundance levels for eleven operational taxonomic units
(OTUs) on days 1, 3, 7, 14, and 21 for each of three mice. We eliminate any OTU that was
not present in a measurable amount at all time points for any of the mice, which reduces
our data to seven OTUs labeled Blautia, Barnesiella, Unclassified Mollicutes, Undefined
Lachnospiraceae, Unclassified Lachnospiraceae, Coprobacillus, and Other. Here, Other is the

eleventh original OTU and is the collection of bacteria not assigned to any of the other ten

original OTUs.

For our method we use all 21 (seven OTUs for three mice) time-series as the data, but we
model the seven OTU interactions using a single, seven state Lotka-Volterra model, so the

resulting model is

vi Vi r A Vi yi(1) V1.0
Yo | = | y2 | © r |+ A Y2 ; ya(1) Y20 |
NE NG r A NG y3(1) Y30

where the subscripts indicate each of the three data sets.

The projection m in the objective function is the identity projection, and the weight matrix

W = diag(vec([1;1;1] ® S)), where s;; = i=1,...,7, 7 =1,...,5, is the linearly

_1
1000”' ’
scaled weighting of the inverse standard deviation of the data for OTU ¢ at time ¢;. We

also include a sparsity constraint on the interaction matrix A in the objective function.
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To find the regularization parameters A and «, we sample 100 (), «)-pairs from the square
[1,100] x [107%,107*] and choose a pair using 12-fold cross-validation. The (), a)-pair is

approximately (2.6727,5.7508 x 107°).

We then sample the parameter space 1,000 times using a Latin hypercube sampling and
perform local optimizations using the Gauss-Newton method with each sample serving as
an initial parameter set. The global minimizer is the local minimizer that most minimizes

the objective function.

A.4 Vaginal Microbiota

The data collected for Subject 15 in this experiment consists of abundance levels for 330
OTUs on days 1, 5, 8, 12, 15, 22, 26, 33, 36, 40, 43, 47, 50, 57, 61, 64, 68, 71, 75, 78,
82, 85, 89, 92, 96, 99, 103, 106, and 110. We eliminate any OTU whose leverage score
is below 0.9 and then further eliminate any OTU with fewer than 20 nonzero abundance
levels over the 29 time points. This leaves us with the seven OTUs labeled Lactobacillus
wners, Lactobacillus crispatus, Lactobacillus jensenii, Corynebacterium, Lactobacillus otud,
Ureaplasma, and Lactobacillus vaginalis. We model the dynamics of these seven OTUs using

a generalized Lotka-Volterra system.

The projection m in the objective function is the identity projection, and the weight matrix
W = Iy ® diag(w), where w; = ﬁaﬂ i =1,...,7, is the linearly scaled weighting of the
inverse standard deviation of state ¢’s time-series data. We also include a sparsity constraint
term on the interaction matrix A in the objective function. In this case, we avoid any

cross-validation and assign values to the regularization parameters, so the (A, «)-pair is

(1x1072,1 x 1073).
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We then sample the parameter space 10,000 times using a Latin hypercube sampling and
perform local optimizations using the Gauss-Newton method with each sample serving as
an initial parameter set. The global minimizer is the local minimizer that most minimizes

the objective function.
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Approximating Function Details

Using gradient-based optimization methods for solving (3.4) requires the derivatives of the
approximating function s with respect to the time and the coefficients q. We need to com-
pute s, sq, 8, and s; for each state in s, so here are the required derivations for various

approximating functions and their derivatives.

B.1 Quadratic Splines

B.1.1 Quadratic Spline Definition

Assume a = ty < --- < t, = b and the real numbers ¢;, j = 0,...,n are given. Let

s : [a,b] — R be a function that satisfies the interpolation property

s(t;) = ¢ (B.1)

78
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for j =0,...,n, and let s be a quadratic polynomial with coefficients a;, b;, and c;, on each

interval [t;,t;41], i.e.,
S(Mte[tj,tjm = 5;(t) = a;(t —t;)” + b;(t —t;) + ¢ (B.2)
fort; <t <tj11,7=0,...,n—1. We define s to be differentiable, i.e.,

si(tiv1) = i (tj) (B.3)

for j =0,...,n—2, and we call s a quadratic spline [68].

Equations (B.1) and (B.3) provide 3n — 1 conditions for the 3n coefficients a;, b;, and c¢;,
7 =0,...,n—1. We uniquely determine s by choosing a boundary condition, e.g., a single
not-a-knot boundary condition, which is sj(t1) = s/(¢1). For efficient calculations of the
coeficients a;, b;, and ¢;, j = 0,...,n — 2, we define moments m; = §'(¢;) for j =0,...,n.
The derivative of s is linear in each interval [t;, ;41| and must satisfy (B.3), so for ¢ € [t;,;41],
the piecewise derivatives must have the expression

tjiy1—t t—t;
s (t) = m;-2 +m; ]
]() J hj J+1 hj

(B.4)

with h; =t;41 —t; for j =0,...,n — 1. Integrating (B.4) and using (B.1), we get

(tjp1 —1)? (t —t;)?
si(t) = —mj—"——" + My ———
J I am, 0,

hj
for j =0,...,n — 1. Satisfying (B.1) dictates that

h; h
Mo T Mg = 4 = 4
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forj=0,...,n—1.

We calculate the moments m = [my; . ..;m,] by solving the linear system Am = 3. In this

case B = [Bo; .. .; 5] withﬁj+1:%+;‘”forj:O,...,n—land

A — Ao e RHDx(n+1)
A
with
11
2 2

s
Il

N |—
N |—

The boundary condition determines Ay and Sy, and

11 1 1
+ =, ——.0,...,0],

Ay = |—— —
0 ho' ho ' hi My

Bo=0

for the not-a-knot condition. With m given, we define the coefficients a;, b;, and ¢; as

My My
% 2h;
Cj = 4j

for j=0,...,n— 1.
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B.1.2 Quadratic Spline Derivatives

We want to calculate sq, where q = [qo; . . . ; ¢»), and in differentiating (B.2) we get
de
SQ(t)ltE[tj:th] o E(t)
d
= dq (aj(t = 1;)" + 05t = t;) + ¢5)
da; db; dc;
= (t—t) L (t—t) 2L 4+ 2
for 7 =0,...,n—1. The coefficients a;, b;, and ¢;, 7 =0,...,n—1, depend on the moments

m, and M = 42 = £ (A~'3) = A—1% = A~'B with

0 0
1 1
dq
! 1
hnfl hnfl

We compute the derivatives of the coefficients with respect to q, i.e., j—g, %, and g—; with

a=ag;...;a,1], b=[bo;...;b,_1], and ¢ = [co;...; 1], using (B.5) to get

da 1

— = _H_ E,— E,)M,
dq 2 10 (Eo )
db

— =E,M

dq n )

dc

_:En7

dq

where Eg = [0, 1,], E,, = [I,,, 0], I, is the nxn identity matrix, and H_; = [1/hg;...;1/h, 1|®
[1,...,1]. The symbols ® and ® denote the Kronecker product and the Hadamard product,

respectively.
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The derivatives s’ and 321 are

s'(1)] = si(t) = 2a;(t —t;) + b(t — t;),

tjstj+1]
ds’; da; db;
! - _J - )2 I )
Sq(t)‘te[tj,tj+ﬂ - dq (t) - Q(t t]) dq + (t t]) dq
fOI'tj §t§t]~+1,j:O,...,n—1.
B.2 Cubic Splines
B.2.1 Cubic Spline Definition
Assume a =ty < --- < t, = b and the real numbers ¢;, j = 0,...,n are given. Let

s : [a,b] — R be a function that satisfies the interpolation property

s(t;) = q; (B.6)
for 5 =0,...,n, and let s be a cubic polynomial with coefficients a;, b;, ¢;, and d; on each
interval [t;,t;41], L.e.,

S0,y = S50 = it —1)° +0;(t = ;)" +c;(t — ;) + (B.7)

fort; <t <t;41,7=0,...,n—1. We define s to be twice differentiable, i.e.,

si(tj+1) = sipa(t+1), (B.8)

87 (tjr1) = 851 (tjs1) (B.9)
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for j =0,...,n—2, and we call s a cubic spline [27].

Equations (B.6), (B.8), and (B.9) provide 4n — 2 conditions for the 4n coefficients a;, b;, ¢;,
and dj, j = 0,...,n — 1. We uniquely determine s by choosing boundary conditions, e.g.,
not-a-knot boundary conditions, which are sj'(t1) = s{'(t1) and s o(tn—1) = s/ | (tn—1). For
efficient calculations of the coefficients a;, b;, ¢;, and d;, we define moments m; = s"(t;)
for j = 0,...,n. The second derivative of s is linear in each interval [t;,¢;11] and must

satisfy (B.9), so for t € [t;,t;41], the piecewise second derivatives have the expression

tiy1 — ¢ t—1;
S/./<t):mj' J+}1L. —i—mj+1 h~J (B].O)

J J

with h; =t;41 —t; for j =0,...,n — 1. Integrating (B.10) and using (B.6), we get

(tj1 — 1)’ =) Gu—-¢ h
s;(t) = —ijQT + M 2th + = n "= (g —my),
and
(tj41 —1)° (t—t)°
Sj(t) — Yy ’ 6h] +mj+1 6h]J

Gis1 —q;  h; h?

+ ( j+h_ -5 (min —mj)> (t=t5) + a5 —my
J

for j =0,...,n — 1. Satisfying (B.8) dictates that

(]_ — A]_i_l)m] + 2mj+1 + Aj+1mj+2 = <qj+2 CI]+1 — q]+1 q]>

hj+hjn hjt h;

hjt1
hj+hjia

with ;11 = for j=0,...,n—2.

We calculate moments m = [my;...;m,] by solving the linear system Am = (3. In this
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case 3 = [Bo; . ..

with
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. : . _ 6 G+2—9i+1 954195 s _
; By] with B4 = T ( T s ) for j=0,...,n—2 and

Ay
A=| A | e RHDx(+D

1— )\nfl 2 )\nfl

The boundary conditions determine the entries Ay, A,,, By, and [, and

1 1 1 1
Ag=|——, —+—,——,0,...,0
0 |: ho’ho—i_hl’ h17 ) 7:|7

1 1 1 1
An: 07"'707_ ) ) )
|: hn—2 hn—2 i hn—l hn—1:|

ﬁ():ﬁn:()

for the not-a-knot conditions. With m given, we define the coefficients a;, b;, ¢;, and d; as

My My
% 6h,
by =

i =5

2 (B.11)

o= G = (2my 4 mya)hy

J h] 6 )
dj = g

for j=0,....,n—1.
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B.2.2 Cubic Spline Derivatives

We want to calculate sq, where q = [qo; . . . ; ¢n), and in differentiating (B.7) we get
de
SCI(t)}te[tj,tj_H] = E(t)
d
= Ia (a5t —1;)° + 05t — ;)% +¢;(t — ;) + d)
d 5 db; dc; dd
t—t; t—t; —J t—t,)=-2

for j = 0,...,n — 1. The coefficients a;, b;, ¢;, and d;, 7 = 0,...,n — 1, depend on the
moments m, and M = ‘fl—’;’ = %(Aflﬁ) = A*1% = A"'B with

0 0 0
A = (1= Ap)
d
BB _
dq
,U/n—1>\n—1 —Hn-1 ,un—l(]- - )\n—l)
i 0 0 0 ]
and pjp1 = hh“ ,7=0,...,n—2.

We compute the derivatives of the coefficients with respect to q, i.e., j—a, Zz, g: and dd with

a=|ap;...;an-1], b= [bgo;...;bn_1], ¢ =[co;...;¢h_1] and d = [dp;...;d,_1], using (B.ll)
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to get
da
—=-H_ E, — E,)M,
dq ©6 1@ (Bo )
db 1
— =-E,M,
dq 2
dc
a:l = H,l @ (EO - En) - —H1 @ (2E0 + ]En)].\d:7
dd
- = En7
dq
where Eg = [0, L], E,, = [L,,,0], I, is the n x n identity matrix, and Hy = [hE;...;hF || ®
1,...,1].
The derivatives s’ and s are
s’(t)|t€[tj7tj+1] = 53(t) = 3a,(t — )%+ 2bi(t — t;) + ¢,
ds’ da; db;  dc;
" (t — () =3(t — )2 Lot — )L
Sq( )|t€[tj,tj+1] dq( ) ( .7) dq + ( J)dq + dq
fOI'tj §t§tj+1,j:(),...,n—1.
B.3 Exponential Splines
B.3.1 Exponential Spline Definition
Assume a = tyg < --- < t, = b and the real numbers ¢;, j = 0,...,n are given. Let
s : [a,b] — R be a function that satisfies the interpolation property
s(tj) = q; (B.12)
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for 7 =0,...,n, and let s be the sum of a linear and exponential function with coefficients

aj, b;, ¢j, and d; and known positive exponential coefficient p;, on each interval [t;,¢;44], i.e.,

SO s, 1,0 = S3(1) = a3 + bt = 15) + ¢ ) 4 dje P 0) (B.13)

fort; <t <tj11,7=0,...,n—1. We define s to be twice differentiable, i.e.,

$i(tj+1) = i (tj11), (B.14)
$j(tjv) = $i4a (tj+1) (B.15)
for j =0,...,n—2, and we call s an exponential spline. This representation of an exponential

spline is not numerically well-behaved in cases where p, — 0 or p; — oo [64]. We can

rewrite (B.13) by changing the basis and redefining the coefficients a;, b;, ¢;, and d; as

8<t)}te[tj,tj+1] = 5j (t) = a; (t— tj) + bj<tj+1 —t)+

Cj Sinh(pj (t - tj)) + dj sinh(pj (tj+1 - t)) <B16)

Equations (B.12), (B.14), and (B.15) provide 4n — 2 conditions for the 4n coefficients a;, b;,
cj, and dj, 7 =0,...,n—1. We uniquely determine s by choosing boundary conditions, e.g.,
not-a-knot boundary conditions, which are s’(t1) = s{'(t1) and s 5 (t,—1) = sl {(tn—1). For
efficient calculations of the coefficients a;, b;, ¢;, and d;, we define moments m; = s”(¢;) for
J = 0,...,n. The second derivative of s is a combination of the hyperbolic sine functions
in each interval [t;,¢;11] and must satisfy (B.15), so for ¢ € [t;,t;41], the piecewise second
derivatives have the expression

sinh(p; (t — 1)) sinh(p;(tjs1 — 1))
£) = m. .
(0 =My sinh(p;h;) 0 sinh(p;hy)

(B.17)
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with h; =t;41 —t; for j =0,...,n — 1. Integrating (B.17) and using (B.12), we get

+ j+1 — 45 M4 — My

() = Tt cosh(p;(t —t;)) — m; cosh(p;(tj+1 — 1))

j p;  sinh(p;hy) p;  sinh(p;hy) h; I
and
5 (1) = my1 sinh(p;(t —t;)) @sinh(pj(tjJrl — 1))
’ p;  sinh(psh;)  p}  sinh(p;hy)
9j+1 — 4  Mj+1 — My m;
- t—t)+q — —.
( h p3h; ) (t=t)+q P2

for j =0,...,n — 1. Satisfying (B.14) dictates that

dj+2 — 9j+1  Gj+1 — Gj
hjt1 h;

Ajam 4 (Hj41 + Hya2) My + Ajramjan =

with

sinh(p;h;) — psh;

Ajr1 =

p?hj sinh(pjhj) ’
o = p;ihjcosh(p;h;) — sinh(p;h;)

+1 = .

J p?hj sinh(p;h;)
for j=0,...,n—2.
We calculate the moments m = [my; . ..;m,| by solving the linear system Am = (3. In this
case B = [Bo;...; Bn] with 841 = qu;ql”l — 424 for j=0,...,n—2 and

Ao

A=| A | e ROHDx(H)

A,
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with
ALt Ao

)\n—Z ﬂ'n—2+ﬂ'n—1 )\n—l

The boundary conditions determine the entries Ay, A,,, By, and [, and

Ao | Po pocosh(poho) | picosh(pihi) 0 0

0 sinh(poho)’  sinh(pohg) sinh(pihy) ~ sinh(pihy)” 7]
A =10 0. — Pn—2 Pn—2 COSh(panhnf2) Prn—1 COSh(anhnq) _ Pn_1

" 7 sinh(pp_ohn_2)’  sinh(pn,_ohn_2) sinh(p,_1hn—1)  sinh(pp_1hn_1)]’
60 = Bn = 0.

for the not-a-knot conditions. With m given, we define the coefficients a;, b;, ¢;, and d; as

9j+1 M1

a; = ,
’ h; p?hj

b=l —
hi Pl (B.18)
G =3 -mj+1 ’
p; sinh(p;h;)
m;
4 = p; sinh(p;h;)

forj=0,...,n—1.
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B.3.2 Exponential Spline Derivatives

We want to calculate sq, where q = [qo; . . . ; ¢s), and in differentiating (B.16) we get

de
Sq<t>‘t€[tjztj+1] - %(t)
d . .
=1 (aj(t —t;) + bj(tj41 — t) + ¢;sinh(p;(t — t;)) + d; sinh(p;(tj41 —1)))
da,; db; . dc dd,;
= (t— tj)d—(; + (1 — t)d—(i + sinh(p; (¢ — tj))@ + sinh(p; (tj1 — ¢))—= iq
for j = 0,...,n — 1. The coefficients a;, b;, ¢;, and d;, 7 = 0,...,n — 1, depend on the

moments m, and M = 42 — L (A-13) — A*l% = A~'B with

0 0 0

1 11 1
d ho ho hl hl
dq

1 11 1
hn—2 hn—2 hn—l hn—l
i 0 0 0
We compute the derivatives of the coefficients with respect to q, i.e., @, € d¢ apd dd with
dq dq dq

a=lap;...;a,_1], b =[bo;...;bp_1], ¢ =[co;...;cn1] and d = [do; .. .;d,_1], using (B.18)

to get

d
—a == H_1 @ (EO — P_2 @ E()M),

dq

db
—=H,0(E,-P_,0E,M),
dq

dc

— =P ,0S0®EM

dq

dd

— =P _,0S06EM,

dq
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where Eg = [0, 1,,], E, = [I,,0], I, is the n X n identity matrix, H_; = [1/hg;...;1/h, 1] ®
o 1] P = [1/p3 212 @[, 1), and § = [1/sinh(poho); . 1/ sinh(pu_shn_r)]}®
1,...,1].

We define the derivatives s’ and sil as

S (O] sep 1y = S5(0) = a5 = bj + ¢;p; cosh(p; (t — 1)) — d;p; cosh(p;(t1 — 1)),
ds da; db; de; dd,;
_ 7 _ %Yy J J ) L
SOl iepey 1) = q\V = G T dq TP eoshpi(t = 1)) 50— by coshp; (b = 1) G0
fOI'tj §t§tj+1,j:O,...,n—1.
B.4 Hermite Cubic Splines
B.4.1 Hermite Cubic Spline Definition
Assume a =ty < --- < t, = b and the real numbers ¢; and r;, j = 0,...,n are given. Let
s : [a,b] — R be a function that satisfies the interpolation properties
s(t;) = 45, (B.19)
Sl(t]’) =T; <B20)
for j =0,...,n, and let s be a cubic polynomial with coefficients a;, b;, ¢;, and d; on each
interval [t;,t;41], i.e.,
S0,y = 550 = it —1)° +0;(t = ;)" + c;(t — ;) + d; (B.21)

fort; <t <tjy1,j=0,...,n—1. Wecall s a Hermite cubic spline [74].
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Equations (B.19) and (B.20) provide 4n conditions for the 4n coefficients a;, b;, ¢;, and d;,
7 =0,...,n—1, so the given information uniquely determines s. We define the coefficients

a;, bj, ¢;, and d; as

aj == 3 + 2 )
hJ hj
b 3(gj41 — q;) 7T+ 2rm
’ h3 hj (B.22)
Cj = T'j,
dj = g

Withhj:tj+1—tjfOI‘jIO,...,TL—l.

B.4.2 Hermite Cubic Spline Derivatives

We want to calculate sy, where v = [qo;...;qn;70; .. .;7y], and in differentiating (B.21) we

get

ds;
Sv(t)|te[tj,tj+1] - d_\f(t>
d
= (a5t = 45)° +b(t = 1) + ¢t = ;) + )
db; de; | dd;

da;
=(t—t;) =2+t —t;)* =L+ (t—t;)-2

for j=0,...,n—1.

We compute the derivatives of the coefficients with respect to v, i.e., 3—3, %, j—f,, and %, with

a=|ap;...;a,-1], b= [bo;...;bn_1], ¢ = [co;...;¢n_1] and d = [dp; ... ;d,_1], using (B.22)
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to get
da
T =[2H50(E, — Ey), Ho, © (E, + Eo)]
® — [BHL, 0 (By — B,), ~H_, © (B, + 2E)
© 0B,
B0

where Eg = [0, L], E,, = [I,,,0], I,, is the n x n identity matrix, and Hy, = [hE; ...

1,...,1].
The derivatives s' and s, are

8l(t>‘t€[t]-,tj+1} = S/-(t> = Saj(t - tj)2 + 2bj<t — tj) + Cj,

J
dsj da; db;  dc;
= = 270 J J
SV(t)’tE[t]',tj_;'_ﬂ - d‘j (t) - 3<t - t]) E —I'_ 2(t — tj)% —I'— E

fort, <t<ti,7=0,....,n—1.
J J+1s ]

.hk

) 1'n—1
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