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Modeling spatial patterns of mixed-species Appalachian forests with

Gibbs point processes

Kevin C. Packard

(ABSTRACT)

Stochastic point processes and associated methodology provide a means for the
statistical analysis and modeling of the spatial point pattern formed from forest tree stem
locations. Stochastic Gibbs point processes were explored as models that could simulate
short-range clustering arising from reproduction of trees by stump sprouting and
intermediate-range inhibition of trees that may result from competition for light and
growing space. This study developed and compared three pairwise interaction processes
with parametric models for 2" order potentials and three triplets processes with models
for 2"%- and 3"-order potentials applied to a mixed-species hardwood forest in the
Southern Appalachian Mountains of western North Carolina. Although the 2™-order
potentials of both the pairwise interaction and triplets processes were allowed to be
purely or partially attractive, the proposed Gibbs point process models were demonstrated
to be locally stable. The proposed Gibbs point processes were simulated using Markov
Chain Monte Carlo (MCMC) methods; in particular, a reversible-jump Metropolis-
Hastings algorithm with birth, death, and shift proposals was utilized. Parameters for the
models were estimated by a Bayesian inferential procedure that utilizes MCMC methods
to draw samples from the Gibbs posterior density. Two Metropolis-Hastings algorithms
that do this sampling were compared; one that estimated ratios of intractable normalizing

constants of the Gibbs likelihood by importance sampling and another that introduced an



auxiliary variable to cancel the normalizing constants with those in the auxiliary
variable’s proposal distribution.

Results from this research indicated that attractive pairwise interaction models
easily degenerate into excessively clustered patterns, whereas triplets processes with
attractive 2"%-order and repulsive 3™-order interactions are more robust against excessive
clustering. Bayesian inference for the proposed triplets models was found to be very
computationally expensive. Slow mixing of both algorithms used for the inference
combined with the long iteration times limited the practicality of the Bayesian approach.
However the results obtained here indicate that triplets processes can be used to draw

inference for and simulate patterns of mixed-species Appalachian hardwood forests.
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1. Introduction

Mixed Appalachian hardwood forests constitute a large and ecologically diverse
forest resource encompassing oak-hickory, oak-chestnut, and northern hardwood forest
types (Fralish 2003, p. 103). Within the portion of the Southern Appalachian Assessment
area in Virginia, West Virginia, North Carolina, Tennessee, South Carolina, Georgia, and
Alabama there are approximately 5.4 million hectares of oak, 1.3 million acres of mixed
mesophytic hardwood, and 249 thousand hectares of northern hardwood timberland
(SAMAB 1996). In addition to being a large and economically important resource, it is
very ecologically diverse, supporting over 2,250 species of vascular plants, 65 species of
mammals, 175 species of birds, 80 species of reptiles and amphibians, and 25,000 species
of invertebrates, including 51 terrestrial species listed as federally threatened or
endangered (SAMAB 1996).

The diversity of mixed Appalachian hardwood forests coupled with the wide
geographic distribution of these forests across mountainous topography necessitates
flexible forest growth models that can account for multiple species coexisting in spatially
complex ways. A variety of natural disturbances, and varying levels of intensity of forest
management, will also have impact on species composition, tree growth and mortality
(Copenheaver et al. 2006). By modeling growth and mortality at the resolution of
individual trees, individual tree growth and yield models offer an attractive choice as a
support tool for forest management decision making (Porté and Bartelink 2002).
Particularly relevant are distance-dependent individual tree growth and yield models.

These models provide a means to simulate forest growth and yield with a high degree of



detail by specifying forest spatial structure through each tree’s coordinate location.
Generally, a distance-dependent tree model is initialized through a user specified or
model generated list of trees with coordinate locations. Tree growth is predicted by
regression equations that relate the growth of individual tree diameter and height with
forest or stand attributes, a measure of site quality, and the competitive effects from
neighboring trees. Mortality and ingrowth may be specified deterministically or
stochastically from stand and tree information. After a desired growth interval, a tree list
is obtained that represents the projected forest or stand conditions. To estimate yield, tree
volume or taper equations are applied to the final tree list, which can be expanded to a per
unit land area basis (Avery and Burkhart 2002).

Currently there are no distance-dependant individual tree growth and yield models
for mixed Appalachian hardwoods, although this approach has been applied in the United
States to mixed northern hardwoods (Ek and Monserud 1974) and mixed bottomland
hardwoods of the lower reaches of the Mississippi River (Zhao 2003; Zhao et al. 2006).
Factors that have been cited as major drawbacks to the use of distance-dependent tree
models are the high cost of development, the high cost of implementation, requiring
detailed tree and stand data, and longer model execution times and “sophisticated
computing equipment” needed to run the model (Avery and Burkhart 2002). However as
landowner and public interests in Appalachian forests change, demand for information
about these forests will increase to levels where it can only be satisfied by more
sophisticated models that account for the spatial complexity and species diversity

inherent to these forests.



Stochastic point process models provide an opportunity to reduce the
implementation cost of distance-dependent individual tree models, by replacing costly
measured tree stem locations (Reed et al. 1989) with stochastically generated maps of
tree stems. Stochastic point processes have been used to describe and simulate patterns of
trees since the pioneering works of Matérn (1960) and Warren (1972), but their
implementation in conjunction with individual tree models remains limited (Pretzsch
1997; Stoyan and Penttinen 2000). One reason that stochastic processes have not seen
wide use in forest growth models is that forestry applications of stochastic point
processes are too simplistic (Comas and Mateu 2007); typically the process will describe
patterns of one or two species of trees that show either strongly clustered or regular
patterns. In mixed Appalachian hardwoods, stump sprouting is a common means of
reproduction for several tree species where new shoots emerge from the cut stump of a
parent tree (Wendel 1975; Beck 1977; Lamson 1983; Beck and Hooper 1986). Wendel
(1975), for example, reported that after clearcutting 80% of all cut stumps had sprouted
with an average of 22 — 42 sprouts per clump immediately following harvest. After 10
years of observation, an average of 3 — 7 sprouts per clump remained, varying by tree
species. Sprouts that survive exist in clusters where stem locations are separated at very
small distances corresponding to the ground line diameter of the parent trees. On the
other hand, some studies suggest that over time density dependent mortality can result in
regular spatial patterns of trees (Christensen 1977; Ward et al. 1996; Kenkel et al. 1997).
In a study of an old-growth oak-hickory forest in the North Carolina piedmont,
Christensen (1977) found a shift from random to a regular pattern over a 22 year study

period, where trees in large diameter classes showed significant regularity in pattern.



Hence a stochastic process used to realistically model patterns of mixed Appalachian
hardwoods should be flexible enough to account for small scale clustering from stump
sprouting and intermediate scale spatial inhibition of trees from competition.

Aside from their use in forest growth and yield modeling, stochastic point process
methodology provide a powerful means of quantifying the spatial structure of an
observed pattern of trees. To this end, a number of tools are available including 1)
summary statistics that look at distances to nearest neighboring events of a process from a
“typical” event of the process (Clark and Evans 1954), 2) statistics for distances from
random point locations to nearest neighboring events (Pielou 1959), 3) probability
density functions of nearest-neighbor distances (Stoyan 2006), and 4) functions that
assess second-order characteristics of a point process including the K and L functions
(Ripley 1976, 1977) and the pair correlation function (Stoyan et al. 1993). The K and L
functions, which look at the expected number of events found at increasing distances
from a typical event of the process, are widely used in forestry and ecological research
(Sterner et al. 1986; Getis and Franklin 1987; Moeur 1993; Haase 1995; Gavin and Peart
1997; Batista and Maguire 1998; Hanus et al. 1998; Pélissier 1998; McDonald et al.
2003; North et al. 2004; Dolezal et al. 2006; Mason et al. 2007; Dagley 2008). The pair
correlation function, which is proportional to the derivative of the K-function, also has
seen use in forest and plant ecology studies (Penttinen et al. 1992; Gavrikov and Stoyan
1995; Pélissier 1998; Mason et al. 2007).

In addition to quantifying the spatial structure in observed point patterns, point
process methodology provides a rich arena for stochastic models of trees, allowing for the

incorporation of other characteristics such as tree diameter, height, or species to be



incorporated as “mark” variables (Mateu et al. 1998; Degenhardt 1999; Kokkila et al.
2002; Picard et al. 2009), the development of dynamic temporal changes in the spatial
point structure (Renshaw and Sarkkéa 2001), or the incorporation of both of these features
in marked spatio-temporal point processes (Sarkkd and Renshaw 2006). Comas and
Mateu (2007) provide a recent review of applications of point process models in forestry,
with noteworthy examples including the use of inhomogeneous Poisson processes in
tropical forests (Batista and Maguire 1998), and Cox processes in natural stands of
longleaf pine (Rathbun and Cressie 1994).

Gibbs point processes are a particularly popular class of point process model,
which has been used to model regular patterns resulting from spatial inhibition of trees
through competition for light and growing space. Forestry examples of Gibbs point
processes cover a variety of forest types, with applications to birch, spruce, and pine
forests in southern Finland (Tomppo 1986; Siarkkd and Tomppo 1998), a stand of Norway
spruce (Pice abies Karst.) in Germany (Penttinen et al. 1992), tropical evergreen forests
in southern India (Pélissier 1998), a research plot of Quercus ilex L. and Pinus halepensis
L. located in the Mediterranean (Mateu et al. 1998), a subset of hickory trees (Stoyan and
Stoyan 1998) from a research plot established in a oak-hickory stand located in the Duke
Forest in Durham, North Carolina (Bormann 1953), a 150 year old beech (Fagus
sylvatica L.) forest and a mixed ash (Fraxinus excelsior L.) and linden (7ilia cordata
Mill.) forest, both located in Germany (Degenhardt 1999), a thinned plantation of Scots
pine (Pinus sylvestris L.) in Germany (Degenhardt and Pofahl 2000), a mixed Scots pine-
hardwood forest in Finland (Kokkila et al. 2002), and tropical lowland forests in Brazil

(Neeff et al. 2005).



Despite the flexibility of stochastic point processes as models of forest tree
pattern, Comas and Mateu (2007) note that applications in modeling forest dynamics
remain limited. Some reasons that may have limited the use of stochastic point processes
in forest growth models are the computational demands of these methods, the lack of
biological mechanisms incorporated into the mathematical models (Comas and Mateu
2007), and not least, the mathematical rigor needed to define stochastic point processes,
which can result in the primary literature being “not intelligible to foresters” (Stoyan and
Penttinen 2000). Despite these obstacles, the use of spatial statistics continues to grow in
forestry and in many other scientific disciplines (Schabenberger and Gotway 2005). As
the power of spatial statistical tools improves, there will be greater opportunities for
application of these methods to address forest management challenges.

The overall objective of this research was to apply stochastic Gibbs processes to
simulate patterns of mixed Appalachian hardwood forests, with three specific objectives
pertinent to this. Objective 1 was to explore the spatial structure of Appalachian forests
by means of Ripley’s L- function and the pair correlation function, using a dataset from a
long-term ecological study of Appalachian hardwoods in western North Carolina.
Specific to this objective is the assessment of the effect of tree diameter on spatial pattern
by evaluating the spatial summary functions on subsets of the data using successively
larger minimum tree diameter requirements. Objective 2 was the development of
mathematically valid models for Gibbs point processes with 2™- and 3™-order interaction
that can simultaneously account for small scale aggregation due to stump sprouting and
large scale repulsion due to intertree competition. To demonstrate that the proposed

Gibbs point processes can generate patterns comparable to observed patterns of



Appalachian hardwoods, Markov chain Monte Carlo (MCMC) methods were used to
draw samples from the models across a matrix of parameter values representing spatial
behavior from strong clustering to strong point repulsion. Objective 3 was to apply the
MCMC methods for Bayesian statistical inference of Gibbs point processes proposed by
Bognar (2004, 2005) and Mgller et al. (2006) in order to explore the behavior of the
proposed Gibbs models on simulated point patterns. Specific to this objective, the effect
on the mixing of Bognar’s and Moller et al.’s MCMC algorithms and the quality of fit of
the proposed Gibbs point processes to observed and simulated data was assessed as a
consequence of the following three factors: 1) point density of simulated test point
patterns, 2) the spatial structure of simulated test patterns, comparing strongly attractive
with purely repulsive spatial interaction, and 3) the effect of the choice of the interaction
distance parameter of the Gibbs process. In addition to testing Bognar’s and Moller et
al,’s algorithms on simulated test patterns, both of these algorithms were used to test the
fit of the proposed Gibbs point process models with 2" and 3"-order interactions to
observed Appalachian hardwood data.

Pursuant to these objectives, the organization of this thesis is as follows. First, the
mathematical background of stochastic point processes is presented in Chapter 2. In
addition to providing a primer on the fundamentals of measure theory necessary for a
study of point processes, Chapter 2 presents Gibbs point processes formally and reviews
both frequentist and Bayesian approaches to statistical inference for these models. Since
the Bayesian approaches studied in this thesis depend heavily on MCMC methodology, a
brief review of some key points of the theory of Markov chains and Metropolis-Hastings

samplers are presented. Chapter 3 details the specific methodology used in this research,



describing the proposed Gibbs point process models and their stability properties.
Chapter 3 additionally presents the Metropolis-Hastings algorithm developed by Geyer
and Moller (1994), which is used to draw sample point patterns from Gibbs processes,
along with the specific details of Bognar’s and Moller et al.’s algorithms used to perform
Bayesian inference. In Chapter 4, the results of all the statistical analyses are presented,

with discussion of these results following in Chapter 5.



2. Background

2.1 Stochastic Point Processes

2.11 Measure theory fundamentals

In a stochastic spatial model of trees, the locations of tree stems can be considered
as a pattern of points occurring in some subset of two- or three-dimensional Euclidean
space which can represent the forest itself. By considering each tree stem location as an
event determined from some random (stochastic) mechanism, the collection of all trees in
a forest or stand can be mathematically viewed as a random set of point locations, or a
stochastic point process. The development and use of point processes requires careful
mathematical treatment however, so that the concept of randomly located points in space
has meaning and is consistent with the laws of probability. To provide an illustration of
this, consider a hypothetical disk with an arrow at the center that spins freely on an axis.
The circle is marked like a clock with numbers from 1 to 12, and the arrow in the center
has an infinitely small tip so that it can land precisely on any real number (or point) in
that interval. If the arrow is spun, what is the probability of landing on any particular
number? There are uncountably infinite real numbers in any finite length interval, so if
we say that this probability is something greater than zero, then the sum probability of the
infinite numbers must be infinite, which violates the notation that the sum probability of
all random events must equal one. Yet on the other hand, if we say that any real number
has probability zero, then all outcomes of the experiment have zero probability and their

total is zero, not one. While this is a purely academic example, the notion of assigning



probabilities to points in a subset of the real line is not as simple as it may seem. By
extension, the notion of probability for a collection of points in a subset of two-
dimensional Euclidean space also requires care. To avoid pathological cases such as the
spinner example, the fundamental theorems of probability and measure must be visited so
that a stochastic point process can be meaningfully defined.

Generally speaking, a stochastic process is a sequence of random variables where
each random variable can be referenced in another set. Stochastic point process treat
points in time, space, or space-time as random variables where each is referenced against
its position in time (temporal point processes), space (spatial point processes), or space-
time (spatio-temporal point processes) respectively. As a model of tree spatial pattern, an
observed collection of trees can be viewed as a realization of a spatial point process,
where trees are treated as points that are referenced by their stem locations in two-
dimensional Euclidean space. Treating tree locations as random variables in this way
allows for statistical inference on the pattern as a whole, for instance by answering
questions as to whether the observed pattern of trees is spatially random or not.
Furthermore, the fitting of spatial point process models can allow for the simulation of
the pattern of trees that are probabilistically consistent with the spatial structure found in
observed tree stem maps.

To make a definition of stochastic point processes meaningful, the concept of a
random variable becomes critical. A random variable may be defined as “a function from
a sample space S into the real numbers” (Casella and Berger 2002, p.27). In familiar
statistical settings reference is made to random variables without explicitly specifying the

underlying experiment and its sample space that gave rise to the random variable. For
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example, tree diameter may be thought of as a random variable (a function) that gives in
its range only positive real numbers. We could have a sample of » tree diameters, and
calculate the sample mean as the average of n independently and identically distributed
random variables. The sample mean (a statistic) would in turn become another random
variable with an associated probability distribution that we could use to make inference
about the parameters of this probability distribution. For example we could perform a t-
test on whether the mean diameter of the sampled trees is greater than some hypothesized
value of interest. Notice that in this setup no specific reference has yet been made to the
sample space S or any mathematical definition of the function that gives rise to tree
diameter being a random variable. To understand stochastic point processes, it is
necessary to make explicit these underpinnings.

To proceed, some basic understanding of measure theory (Billingsley 1995) is
needed. When one speaks of a sample space of an experiment, one is referring to a
universal set that contains all the possible outcomes of that experiment. Typically this set
is denoted as Q. From this set, one could define a class of subsets that would be of
particular interest and would have useful mathematical properties. For instance, one such
class, called a field, can be defined as being the class of subsets of Q that contains Q and
is closed under the elementary set operations of finite unions and complementation. This

can be expressed mathematically as the class of sets, #:

)Qe &
ii) A € ¥ implies A® € &

i) A, A,, .., A, € implies | JA, € #

i=1
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By extending property iii) from finite unions to countable unions, a new class of sets,

called a o-field or a c-algebra, can be defined as the class of sets, ¥:

Qe
i) A e

N W@

implies A® € &

iii) A, A,, ...e # implies | A, € #

i=1

Now consider the notion of some class of sets () of Q that is of interest. From this class
of sets a o-field could be defined using elementary set operations. While this o-field may
be useful, it is not unique in the sense that there may be other c-fields that may also
contain ( along with other sets. To have the “smallest” possible c-field that still contains
(, define a new o-field that is formed from an arbitrary (possibly uncountable)
intersection of a// o-fields that contain (. This new o-field is known as the o-field
generated by ( and is usually denoted as ¢ () (Billingsley 1995, p.21). A very important
example of a generated o-field is the Borel subsets. Let Q2 be defined as d-dimensional
Euclidean space (R?), and define R to be the class of all mutually disjoint, half-open
rectangles in R? . The Borel subsets may then be defined as the o-field generated from
R, that is o (R?). As described by Billingsley (1995, p.158-160), the Borel subsets are
not restricted to half-open rectangles. In fact, the Borel subsets can also be generated

from the classes of open or closed sets of R . The implication is that the Borel subsets is

a very large class of subsets of R? and contains practically all subsets of interest.
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The concept of a measure is fundamental to measure and probability theory. A
measure is a set function u defined on a o-field & of subsets of Q that satisfies the

following properties (Billingsley 1995, p. 160):

i) u(A)e [0, o] ford € F
i) u() = 0

o0
ii) If 4, 4,, ... is a disjoint sequence of £ -sets and UA,. eF

theny(GA[]:Z::y(A[)

i=l1

A measure then is a set function on & that is non-negative and countably additive. In
addition to these properties, some measures have other properties that will be useful. If

the sample space can be written as a finite or countable sequence of sets in %, that is
n 0]

Q= U A or Q= U 4;, where all 4, € # , then the measure y is said to be o-finite if 1(4))
i=1 i=l1

< oo for all 4;,, When a measure has the property that «(Q) = 1, u is said to be a probability
measure. In such a case, the properties of the probability measure are known as the
“Axioms of Probability” and u is called a probability function (Casella and Berger 2002,
p. 7). There are numerous types of measures that can be defined depending on the
topological properties of Q2 and §. Two important examples of measures encountered
frequently in the study of stochastic point processes are counting measure and Lebesgue

measure. Counting measures are a class of measures that are a special case of atomic
measures. An atomic measure, defined on the Borel subsets of R?, is a measure that puts

all of its “mass” on a countably infinite collection of points {xl, Xy, } e Z . A simple
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counting measure is an atomic measure that gives a value of 0 or 1 to each of those points
(Stoyan et al. 1995). In contrast, Lebesgue measure puts its mass on regions of Q rather

than on points. Formally, Lebesgue measure, defined on the Borel subsets of R , gives

d d
u, (A4)= H (b, —a,), where 4 is a bounded rectangle given by 4 = H [a..b,]
i=1

i i=1
(Billingsley 1995) . To provide some intuition to Lebesgue measure, suppose d = 1. Then
the set 4 = [ay, bi] is simply a closed interval on the real line and p;(4) = b, — a; is the
length of the interval. If d = 2, then 4 = [ay, b1] * [a2, b2] is a closed rectangle given by
the vertices (ai, a2), (b1, a2), (a1, b2), and (b1, b2). Lebesgue measure of this rectangle is
its area, that is y;(4) = (b1 — a1) % (b2 — ay). In a similar fashion, when d = 3, Lebesgue
measure gives volume of cubes, and when d > 4, Lebesgue measure gives hypervolumes
of hypercubes. To apply the concepts of simple counting measure and Lebesgue measure
in a forestry context, consider a stem-mapped forest of 4 hectares that contains 2,000
trees. Consider each tree as a point within the forest, given by its stem location and define
the set A to be the collection of these trees. Simple counting measure applied to 4 will
give the value 2,000. Lebesgue measure of this same set is zero, however, since a point
contains no area, regardless of how many points in A4 there are. Now define the set B to be
the 4 hectares of land of the forest itself. Here simple counting measure of B is zero since
simple counting measure is only non-zero for points in two-dimensional space. Lebesgue
measure of B will be 4 hectares.

A sample space Q2 combined with a o-field of subsets of Q is referred to as a

measurable space, and is denoted (Q2, ). When combined with a measure , the triplet

(Q, &, w) is called a measure space. A probability space is the particular measure space

14



(Q, &, IP’) where P is a probability function. With this structure in mind, a random
variable can be defined as a measurable function that maps from a probability space to
another measurable space (0, ¢) where O is often taken to be the real numbers R . The
key requirement in the definition is that the random variable is a measurable function, a
concept that is subtle in nature. Formally, a function f:Q — © is measurable if for any

set A € G, the inverse-image of 4 through fis an element of &, thatis /™' (4) e . Hence

a measurable function takes elements from the c-field of subsets of {2 and maps them to

the o-field of subsets of ®. As shown in Billingsley (1995, p. 182-186), all continuous

functions that map from R“ to R are measurable, as are functions constructed from sums
and products of measurable functions. Consequently, most functions that one would
typically use could be used to define a random variable mapping from a probability space
to another measurable space.

Now consider the situation where a random variable f maps from a probability

space(Q, F ,]P’) to a measurable space (®, ¢). Define the set function P: & — R by

P(A4) :P( /! (A)) for any 4 € § . This function, referred to as an induced probability

function (Casella and Berger 2002, p.28), is a probability measure (Billingsley 1995, p.
185-186) and it defines the probability distribution of the random variable f. In standard
statistics texts, e.g. Casella and Berger (2002), the notation X is used instead of f, and

with @ taken to be the Borel subsets of the real line, o (R"), the probability distribution is

then P(A4)=P(X € 4) forany A e 0(521) . If the set 4 is chosen to be (-0, x], then

P(A)=P(—o0,x]=P(X < x)defines the cumulative distribution function (cdf) of the

random variable X (Billingsley 1995, p. 188).
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Another concept important to the study of random variables is the notion of a
probability density function (pdf). In typical applications of statistics, a probability

density function for a continuous random variable X is the function fy that satisfies
X

FX(x):_[ Fe ()t (1]
—0

where F, (x) is the cumulative distribution function (cdf) of the random variable X

(Casella and Berger 2002, p. 35). In the context of probability and measure theory, the
concept of a density is more general. Specifically, the density fy exists and satisfies Eq. 1

if the induced probability measure P(4) of the random variable X is o-finite and

absolutely continuous with respect to Lebesgue measure, that is for any set A€o (le ) ,

ur(A) = 0 implies that P(4) = 0. The existence of fy under these conditions is a result of
the Radon-Nikodym Theorem, and the density f is referred to as a Radon-Nikodym
derivative. More generally, the Radon-Nikodym Theorem states that given any c-finite

measures x4 and v on a measurable space (€, ), where v is absolutely continuous with

respect to 4, then there exists a non-negative density fy :Q — R" such that

v(A) = J.fX (x)u(dx) [2]

for all 4 € # (Billingsley 1995, p. 422-423), where R" is the extended real line.
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The integral notation in Eq. 2 refers to an indefinite integral that is constructed in
a different manner than the Riemann integrals familiar in calculus. To provide some
understanding, let (Q2, &, 1) be a measure space and consider the case when f'is restricted

to being a non-negative measurable simple function:

n

£(x)=) a I (x) [3]

i=1

where a;, @z, ..., a, are non-negative real numbers, £, E,, ... , E, form a finite

decomposition of € into F-measurable sets, and 1, (x)is an indicator function so that

I, (x) =1, 1fx € E, and 0 otherwise. Then the definite integral of /' with respect to u is

defined by Stroock (1994) as the following:
j f(x)uldx)= ) a; u(E;) [4]

Hence, the definite integral is a finite sum of the product of non-negative real numbers
and the value of the measure u applied to the sets E;.

To provide meaning for a probability density function as defined in Eq. 2, the
definite integral must be extended from non-negative simple functions given by Eq. 3 to
non-negative measurable functions generally. This is done by approximating any given

non-negative measurable function f{x) by a sequence of non-negative simple measurable
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functions g,(x) forn=1,2, ... where 0 < g,(x) <f(x) and lim g, (x) = f (x) for all

x € Q. The definite integral for non-negative measurable functions can then be defined

as (Stroock 1994):

[ ruta) = tim| [ (o)) 5

n—®

This definition of the definite integral is not the only one that can be constructed,
however. Billingsley (1995, p. 199-200) defines the definite integral for non-negative
measurable functions by setting the real number a; as the infimum (greatest lower bound)

of the function f'(x) evaluated over all x present in each set £;, so that:

[yt =sunt D) it 709 () g

where the supremum (sup) means the least upper bound of the sums within the braces.
Regardless of whether the definite integral is defined through Egs. 5 or 6, Billingsley

(1995, p. 203) shows that these definitions are equivalent, and both allow for a definition

of the indefinite integral as

[ 7@ = [ 1 @uta 7

A
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where 14 is the indicator function for 4 € £ .

In comparison to the Riemann integral, an intuitive difference is that the measure
theoretic integral partitions the range of ' and approximates f with simple functions to
those partitions, whereas Riemann integrals partition the domain of f'(restricted usually to

a closed interval [a, b] of the real numbers) and approximates f with Riemann sums.

When a non-negative measurable function with domain Q = [a,b] c R s integrated with

respect to Lebesgue measure, then the indefinite integral given in Eq. 7 is referred to as a
Lebesgue integral and is equivalent to the Riemann integral (Billingsley 1995, p. 221-

222):

[ remt@)-[ rwa s

[a.b]

While the foregoing excursion into integration theory may seem to distract from
an understanding of stochastic point processes, an important feature of measure theoretic
integrals is that their definition no longer relies on the function f'having its domain be on
the real line. This allows for integrals to be applied to functions defined on very general

measure spaces including those that give rise to stochastic point processes.
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2.12 Point process definition and characterizations

With all of this technical machinery in place, now consider the definition of a
stochastic point process given by (Stoyan et al. 1995, p.99) as a random variable that can
take on values in a measurable space consisting of 1) the family of all simple, locally
finite sequences of points in d-dimensional Euclidean space, and 2) the smallest c-algebra
on that family that makes measurable mappings onto the bounded Borel subsets.

Formally, a stochastic point process @ is a random variable that maps from the

probability space(Q,#,P) to a measurable space(N, N), where N is the set of all simple
and locally finite sequences of points X = {x,,x,, ..., x,} in R”and WV is the smallest o-

field on N that makes the mappings measurable.

Applying this definition to patterns of trees, the “universal” set £ may be taken as
two-dimensional Euclidean space, R, where the trees are observed in some forest
F < R*. The random sequences defined above are subject to two regularity conditions: i)

sequences X are simple — each point in a sequence has its own unique location in R?and
ii) sequences are locally finite — any bounded subset of R contains at most a finite
number of points. In plain language, these conditions say that within any fixed region of
the forest F, there are at most a finite number of trees, and no two trees occur at the same
location.

Due to historically different approaches to stochastic process theory, there are two
alternative characterizations of a spatial point process. One characterizes the spatial point

process as a random set, that is a random selection of one X from N (Stoyan et al. 1995).
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The other characterizes the spatial point process @ as a random measure N(B), counting

points x in Borel subsets B of R, that is

N(B)= D I5(x) [9]

xe®d

where I is the indicator function for Borel set B. In this characterization, let (Q,f ,IP)

be a probability space and G be the set of all boundedly finite counting measures, where

a counting measure, N(B), is said to be boundedly finite if N(B) < oo for any Borel set B.

Define G as the o-field generated from the class of sets {N € G: N(B)=n/ so that
(G, q ) 1s a measurable space. A stochastic point process can then be defined as a

measurable mapping from (€, #,P) to (G,g) (Cressie 1993, p.619). Notice in this

definition the stochastic point process is a random counting measure, and is not restricted
to simple counting measures as described previously. While Daley and Vere-Jones (1988)
provide background on the theory of general counting measures, for the purposes here,
N(B) is assumed to be a simple counting measure and the stochastic point processes of
interest are also simple (Daley and Vere-Jones 1988, pp.197-199) .

The presence of these alternate characterizations of stochastic point processes
unfortunately results in a considerable array of notation used to develop point process
theory (Stoyan et al. 1995). Regardless of how spatial point processes are characterized,

the key point is that a spatial point process is a random variable. Being a random variable,

the stochastic point process induces a probability measure P(A)=P(® e 4) for any

A € ¢ that is the probability distribution of the process. The induced probability measure
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allows for a meaningful definition of probability for a collection of tree locations in
space. For example, if B}, B, ..., By represent k bounded regions of a forest, then
P (N(B,) = n1, N(By) = ny, ..., N(By) = ny) is the joint probability that By, Ba, ..., B
contain ny, na, ..., n; trees respectively. This joint probability is called the finite-
dimensional distribution and it uniquely determines the probability distribution of a given
point process (Stoyan et al. 1995, p. 100).

Two important properties that a spatial point process may have relate to how the
probabilities of the point process change if the point pattern is subject to translations and
rotations. A point process is said to be stationary if the probability of the process does not

change if the point pattern is shifted (translated) by some finite amount. Mathematically,

represent the point process ® as the random selection of a finite sequence X = {xl,xz,
. xn} in R?. Define the point process @y, as the random selection of a finite sequence

X+h={x+h,x,+h, ..,x, +h} in R’ where the point configuration X has been

translated by the vector h RY . The point process @ is intrinsically stationary if

P(®eY)=P(®, eY)forallY e # . Similarly, if a point process is subject to a rotation

about the origin and the probabilities of the stochastic point process do not change, the
process is said to be isotropic. When a point process is both isotropic and stationary the

stochastic process is then said to be motion-invariant (Stoyan et al. 1995, p. 102).
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2.13 Moment measures and intensity functions

Since the count of the number of trees in a region N(B) is a random variable,
moments may be calculated for it, analogous to moments such as the mean and variance
of continuous random variables. For example the first moment, also known as the mean

measure or intensity measure of the process is defined (Stoyan et al. 1995, p. 102) as:
A(B)=E[N(B)]= I N(B)P(dN) [10]

where @(B) is the number of points of the process in Borel set B as defined in Eq. 9, Eis
the expectation operator, and P is the probability distribution of the process. If the
intensity measure is o-finite and is absolutely continuous with respect to d-dimensional
Lebesgue measure, then the Radon-Nikodym Theorem implies that there is a density A(x)

that satisfies
A(B):jﬂ(x)yL(dx):jﬂ(x)dx (1]
B B

This density is referred to as the intensity function or the first-order intensity of the point
process (Schabenberger and Gotway 2005, p. 83; Baddeley 2007, p. 27). In the case of a
stationary point process, the first-order intensity function is constant and is written

A(x) = .
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Analogous to the &™ moment of continuous and discrete random variables
(Casella and Berger 2002, p. 59), the &A™ moment measure for a point process can be

defined as:

Ay (BixByx .. B,)=E[N(B,)N(B,) ... N(B;)]

[12]
:IN(BI)N(BZ) . N(B,)P(dN)

An important case is when k£ = 2 so that the variance of N(B) is given by

par((8)) ~B[¥(8)¥ (8)] (B[ ¥(8)]] 13
= Ay (BxB)~(A(B))’

Similarly the covariance of N (B;) and N (B;) is given by

Cov(N(B;),N(B,))=E[N(B,)N(B,)|-E[N(B)]E[N(B,)]

[14]
= Ay (B, xBy)~A(B,)A(B,)

Just as moment measures are analogous to moments of continuous or discrete random

variables, another class of measures, factorial moment measures, are the point process

analogues to factorial moments (Casella and Berger 2002, p.83). In particular the second

factorial moment measure can be defined as (Baddeley 2007, p.33)
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A (BixBy)=E[N(B)N(B,)|-E[N(B NB,)]
=A, (B, xB,)-A(B,NB,)

[15]

Notice that when evaluated on the product set B x B the second factorial moment

measure is

Ay (BxB)=E[N(B)N(B)]-E[N(BNB)]
~E| N(B)’ |-B[N(8)] [16]
=E[N(B)(N(B)-1)]

hence the name “factorial moment measure”. While factorial moment measures can be
generalized to higher-orders and for non-negative measurable functions, they will not be
considered here. If the second factorial moment measure is o-finite and is absolutely

continuous with respect to 2d-dimensional Lebesgue measure, then the Radon-Nikodym

Theorem implies that there is a density p, (x|, x, ) that satisfies

A[z](leBz)=ijz(xl,xz)dxl dxy [17]
B B,

This density is known as the second-order product density (Stoyan et al. 1995, p. 112) or
the second-order intensity function (Schabenberger and Gotway 2005, p. 99) and may be
interpreted as giving the joint probability that there will be two points of the process at

the specified locations x; and x, (Baddeley 2007, p. 33). When a point process is
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stationary and isotropic, p, will only depend upon the distance between points x; and x»,
thatis p, (xl,xz) =p, (||x1 - x2||) . In this case, Stoyan and Stoyan (1994, p. 249) propose

a normalization of the second-order product density by dividing it by the square of the

first-order intensity

g(r):pz(;,Xz):Pz(”}—xz”)zpigr) [18]

The function g(r) is known as the pair correlation function and is proposed as a means to

describe the second-order characteristics of a point process (Stoyan and Penttinen 2000).

2.13 Conditioning and Palm distributions

It is frequently desired to condition on an event of the point process occurring at a
particular location. For example we may wish to know the probability of finding another
event of the process at a distance » from a given event x or the probability of counting a
specific number of events with a distance » from a given event. One difficulty in
formulating such conditional probabilities is that the conditioning event that x € ®
typically has probability zero. The need for meaningful conditional probabilities for
stochastic point processes leads to the notion of Palm distributions, which roughly
speaking are probability distributions of the “typical point” of the point process. One

approach to defining Palm distributions is through the concept of Campbell measure.
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To introduce Campbell measure, consider the calculation of the expected number

of events in Borel set B by the intensity measure defined in Eq. 10. In this case the
expected value was calculated for the random variable N(B). Now suppose that it is
desired to calculate the expected values for non-negative measurable functions f'(x)
defined on the points of the point process, x € @ . In other words replace the indicator

function in Eq. 9 with a non-negative measurable function f'so that

Bl Y 7()|= [ 2 £l [19]

xe®d N Xex

This expected value can be simplified through the Campbell Theorem (Stoyan et al.

1995, p. 103; Baddeley 2007, p. 28) as

B Y 1(x)|= [ £ (1) (@) [20]

where A is the intensity measure of the process. The Campbell Theorem is an important

theoretical tool in its own right, allowing for ease of calculation of expected values such

as Eq. 19. For the purpose of understanding Palm distributions however, consider a more

complex form of f as a non-negative function defined on the product space R? xN. The

Campbell measure C can then be defined as a measure on the measurable space

(]Rd XN,G(Rd)X./V) as (Stoyan et al. 1995, p. 112)
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£ s (o) :IZf(x,x)P(dx)

xe® xex [2 1]

- j £ (xx)C(d(x.%))

Alternatively the Campbell measure C (B xY ) can be defined as a measure on the

measurable space (R”’ xG,o(R*)x g) (Cressie 1993, p.630)

C(BxY)=E[N(B)Iy |

= J.N(B)IYP(dN) [22]

:IN(B)P(dN)

for all Borel sets B of R and sets Y e & so that the Campbell measure is the expected

value of the product of the number of events of the process in B and the indicator
function denoting whether set Y occurs or not.

Now if the intensity measure A of the point process exists and is o-finite, then the
Campbell measure will be o-finite. It is also absolutely continuous with respect to A, so

the Radon-Nikodym Theorem implies that there exists a density P, that satisfies

C(BxY)= I P,(Y)A(dv) [23]
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This density is the Palm distribution of the point process and provided “regular

conditional probabilities” are satisfied, Eq. 23 defines the Palm probability measure [P,

on (Q, %) so that P, (® eY)= P, (Y)that can be defined as giving the conditional

probability that event Y occurs given that the point process @ has an event at x (Stoyan et

al. 1995, pp. 117-121; Baddeley 2007, p. 44-46).
An additional distribution that is useful is the reduced Palm distribution, where
the event x is removed from the distribution itself. Formally, let X — 9, denote the point

configuration formed from X with the point x removed from it. Then the reduced

Campbell measure 4 may be defined (Stoyan et al. 1995, p. 112) through

B D £(n0=3,) |= [ 3 f (xx=5,)P(x)

xe®d xXeX [24]

_ J £(2.X)C (d(x.%))

Alternatively the reduced Campbell measure can be defined (Baddeley 2007, p. 53) as

'(BxY)= ZIB x) Iy (®-38,)

xe® [25 ]

[ D (x5 )p(a0)

xeX

Again assuming that the intensity measure of the process exists and is o-finite then by the

Radon-Nikodym Theorem there exists a density that satisfies
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C'(BxY)= J.P; (Y)A(dx) [26]

This density, Py (Y) =P, (® -3, € ¥), is known as the reduced Palm distribution of the

point process, defined for all Y € # . With the notions of Palm and reduced Palm
distributions in place, conditional probability for events Y can be defined with or without
the point x included in the respective conditional probability distributions.

One application of reduced Campbell measure is to define the notion of the
conditional intensity function, which is a conditional analogue to the intensity function
given by Eq. 11. For the conditional intensity function to be defined, the point process ©
must satisfy the condition that the reduced Campbell measure of the process is absolutely

continuous with respect to the product measure x; x P, where g is d-dimensional
Lebesgue measure and P is the probability distribution of ®. When this holds, the

conditional intensity function A mapping from the product space RY xG to the positive

real numbers R", is given by the Radon-Nikodym Theorem as (Baddeley 2007, p. 53)

B 1" (u,®) Iy (@) | du [27]

C!(BxY)=I

B

Combining this definition with Eq. 25 implies

B ) 15(x) Iy (9-5,) =J.BE[X*(u,q>)1Y(q>)}du [28]

xed
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So by extension to any integrable function f: RYxG - R* , the conditional intensity

function must satisfy (Baddeley 2001, 2007)

Bl Y /(n0-8,) =J‘RdE[X*(u,CD)f(x,(D)}du [29]

xed

This result is sometimes referred to as the “Nguyen-Zessin formula”, after the work of
Nguyen and Zessin (1979), and the conditional intensity function itself is also referred to
as the Papangelou conditional intensity function, after the pioneering work of Papangelou
(1974). A more detailed description of the relationships of Campbell and Palm measures
to the conditional intensity function and Papangelou kernels is provided by Kallenberg
(1984) . In a heuristic sense, the conditional intensity function can be thought of (Van
Lieshout 2000, p. 39; Baddeley 2007) as a function that provides the infinitesimal
conditional probability of finding a point of a point process at a location u, given that the

process has a point configuration X otherwise. That is
N (s X)du =P (N (du) =1 @ (dur) =x 2 (du)” ) [30]

where the notation (du)“ means the complement of the infinitesimally small region du.
Another application of Palm distributions and associated Campbell measures

develops the concept of the so-called “reduced second-moment measure”. Suppose it is

desired to calculate the expected number of events in a Borel set B given an existing

event of the process at x. Furthermore since the event x € Bis given, it is desired to count
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the number of additional events, that is all the events in B excluding x itself. This

expectation can be meaningfully defined in terms of the reduced Palm distribution, that
ist (B)P.(dN). For a stationary point process there exists a measure %, known as the

reduced-second moment measure that satisfies
AK (B) = J' N (B)PL(dN) [31]

where / is the first-order intensity of the process (Stoyan et al. 1995, p. 126). Now
suppose that the point process is also isotropic and stationary. Then taking the Borel set B
to be the open ball of radius 7 centered at x, denoted b(x, r) then the K-function can be

defined as

K(r)= K(b(x, r))
_ ! _[ N (b(x.r))P (dN)

[32]

The K-function was first proposed by Ripley (1976, 1977), and has been used extensively
in modeling forest tree patterns (Comas and Mateu 2007). The reduced-second moment

measure K, has an important relationship to the second-order product density p, for

stationary and isotropic processes (Stoyan et al. 1995, p. 126):
2% (B) = j 0y (o) dx [33]
B

32



When B = b(x, r), then transformation of Eq. 33 into polar coordinates implies

27 pr
;tZK(r):J. J. po(¢)t dt dO
0o Jo
2 r
=I d@j p, (1)t dt [34]
0 0

=2ﬂ_[ p, (1)t dt

0

so that the K-function can be defined for a homogeneous point process as (Diggle 2003):

K(r) :_rpz (1)1 di [35]

This result, along with Eq. 18 implies that the pair correlation function and the K-function

have the following relationship:

LAy [36]

where r = ||x1 - X

, the distance between two events of the process x; and x; .
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2.14 The homogeneous Poisson Process

To be able to quantify the spatial dependencies in a stochastic point process,
reference must be made to the concept of a point process that is completely devoid of any
spatial structure. This concept is the notion of complete spatial randomness (CSR), which
is defined in terms of the homogeneous Poisson point process. The homogeneous Poisson
process must satisfy two properties: i.) The number of events of the process in any
bounded Borel set B follows the Poisson distribution with intensity measure A(B) =
B n(B) for some constant f, and ii.) Given B, and B, disjoint sets, N(B,) = n; and M(B,) =
ny are independent of each other. Property i. implies that the probability distribution of

the homogeneous Poisson process is

n

IP’(N(B):n):eXp[_'B'uL(B)](ﬂ 4 (B)) , n=0,1,2, .. 137]

n!

The homogeneous Poisson process is a stationary and isotropic process, and it follows
that the first order intensity of the process is A(x) = f. In forestry terminology, this implies
that forest density, expressed in terms of the number of trees per unit area is constant and
does not vary spatially within the forest or stand of interest.

As a point of reference to Gibbs point processes, the homogeneous Poisson

process has a probability density function of the form

£(x)=ap"™ [38]
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for point configurations X € N, where n(X) is the random number of points in X, and a is a

normalizing constant that allows the density function to integrate to one. In the case of a

homogeneous Poisson process defined on a bounded region (i.e. a forest) F < R?, the

normalizing constant can be found explicitly as a = exp[(l -B)u, (F )] (Baddeley

2007, p. 62-63)

To provide some illustration of CSR, a hypothetical square forest area
representing an area of 6,400 square meters was created (Fig. 1). Within this square, n =
269 points were chosen from a Poisson distribution with mean intensity of approximately
420 trees per hectare. The coordinate X and Y locations of these points were each
obtained randomly from a uniform (0, 80) distribution, following the procedure of
Schabenberger and Gotway (2005, p. 418). To the human eye, the resulting pattern shows
no spatial trends in tree density in any region of the square. A few small clusters of 2-3
trees are apparent even though the data are generated by a uniform random process.
Visual inspection of point patterns by itself is not sufficient to determine if any spatial
dependency is present in an observed point pattern. Instead, spatial dependence can be
statistically detected using summary functions of the spatial pattern, which are compared

against the homogeneous Poisson process.
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Figure 1. Simulation of a homogeneous Poisson process with 4 = 420 trees ha™ on a 80 x

80m square

2.15 Edge effect correction

When modeling spatial patterns of forest trees through stochastic point processes,
the stochastic processes of interest are defined throughout d-dimensional Euclidean

space, but the raw data used to model the process is observed only in some bounded

window that is a subset of R such as a rectangular or circular research plot.
Consequently, other trees that are just beyond the plot boundary but which are not

observed may influence trees near the edge of the plot. Summary statistics such as
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Ripley’s K-function or the pair correlation function will be negatively biased because
trees near the edge may be within a distance » of a tree that is not observed and these
pairs will be omitted from the calculations of these statistics. This phenomena is known
as edge bias (Radtke and Burkhart 1998). Edge effects must be considered both in
summarizing the spatial structure of an observed point pattern and in fitting a stochastic
point process to raw data. Frequently, edge effects and remedies for them are discussed in
the context of summary statistics or indices that rely upon an observed spatial pattern
such as Ripley’s K-function (Ripley 1988; Haase 1995), the pair correlation function
(Stoyan 2000), nearest-neighbor distance statistics (Gignoux et al. 1999; Pommerening
and Stoyan 2006; Stoyan 2006), and competition indices (Monserud and Ek 1974; Martin
et al. 1977). As pointed out by Monserud and Ek (1974), the easiest solution to edge
effects is to simply ignore them. Another approach is to establish a buffer zone of some
fixed width around the research plot(s) and use those trees in the buffer zone only to
account for edge effects. Called the “border” method (Ripley 1988), this method has the
advantage that for trees within the research plots all border trees are known, but obtaining
this data can be expensive and any other information that these trees may provide is not
being utilized to describe spatial pattern or to model it. Periodic and plot reflection edge
effect corrections are techniques that create boundary trees by replicating the pattern of
trees observed on the research plot. The periodic correction has the effect of replicating
the plot about itself so that opposite edges of the plot adjoin. This method is also known
as the toroidal edge correction (Ripley 1988) because for rectangular shaped plots, the
joining of opposite plot edges creates a torus, a geometrical object that looks like a

doughnut. Plot reflection, either at the plot boundary or at some distance from the plot
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boundary replicates the plot at this boundary so that the trees outside the plot are the
mirror image of those inside (Monserud and Ek 1974; Radtke and Burkhart 1998).
Pommerening and Stoyan (2006) argued that periodic and plot reflection corrections were
unrealistic in that these methods joined parts of the observed point pattern that do not
occur. A limitation of these methods is that they work well only for rectangular plots;
Williams et al. (2001) attempted to address this issue by proposing to transform circular
plots into rectangular plots so that a periodic correction could be used. Ripley (1988), in
the context of K-functions, described two edge-correction procedures based on making
assumptions of isotropy or stationarity of the underlying point pattern. The isotropic
edge-correction proceeds by weighing each pair of events of a point process by the
reciprocal of the proportion of the circumference of the circle that falls within the plot,
where the circle is centered at each event of the pair in turn and has a radius equal to the
distance between the two events. The translational edge correction assumes stationarity of
the pattern, and according to Ripley (1988), was originally proposed by Ohser and Stoyan
(1981). Used with K-function analyses, this method weights pairs of events of the process
based upon the proportion of the area of the plot that still remains after a translation of
the plot. Some additional methods of plot correction include randomly locating trees with
characteristics of those observed on the plot to positions outside the plot (Radtke and
Burkhart 1998), and nearest-neighbor (NN) correction estimators (Pommerening and
Stoyan 2006; Stoyan 2006; Illian et al. 2008, p. 187).

Comparative studies on the performance of edge correction methods (Radtke and
Burkhart 1998; Pommerening and Stoyan 2006) have not yet identified any one method

that is superior to others. Radtke and Burkhart (1998) reported that in estimating crown

38



canopy closure in loblolly pine plantations that periodic correction, plot reflection
through a reflecting line passing through a row of planted trees, and randomly positioning
trees outside the plot performed equally well, whereas ignoring edge effects resulted in
biases over ten times larger. In contrast Pommerening and Stoyan (2006) compared the
methods of no edge correction, periodic correction, plot reflection, the border method,
and NN estimators to evaluate the bias and root mean square error (RMSE) in estimating
six nearest-neighbor distance statistics using simulated point processes and two large
(80m x 80m, 95m x 116m) plots in mixed oak-beech stands in Germany. Their results
indicated that plot reflection resulted in the largest bias and RMSE for most indices
compared across the different simulated stochastic process as well as for the “real” forest
point patterns in the mixed oak stands. Surprisingly, no edge-correction often resulted in
bias and RMSE quite favorably comparable to any of the edge-correction methods tested.
Moreover, no method resulted in superior performance, despite the improved theoretical

properties of the nearest neighbor (NN) edge-correction methods.

39



2.2 Gibbs point processes

2.21 Definition and formulation

Gibbs processes are a special class of point processes that arose in the field of
statistical mechanics from the study of the thermodynamics of large particle systems
(Ruelle 1969). Presumably, Gibbs processes should be useful in forestry applications
because they allow for the modeling of the interaction between trees so that trees inhibit
each other as they become closer in space. Since trees have physical dimension and
compete for light, water, and other resources, this type of a regular process is somewhat
suitable to simulate forest patterns.

The specific form of Gibbs point processes considered here are pairwise
interaction point processes (Baddeley and Mgller 1989; Diggle et al. 1994; Baddeley
2001) where the interactions are considered only to be between pairs of trees, and
“triplets” processes (Geyer 1999) where the interactions are defined for triples and pairs
of trees. As such, the Gibbs processes considered here are special cases of “interaction
processes” (Tomppo 1986), which allow for interactions of higher order. The spatial
interaction between trees are described by functions called “interaction potentials”, owing
to the origins of these point processes from statistical mechanics in physics, where the
events of the process are molecules and the interaction potentials reflect the potential
energy of the molecules that depend upon their position (Ruelle 1969; Cox and Isham
1980). When conditions are imposed upon the interaction potentials so that only
‘neighboring’ events of the process can interact, the point process is also a Markov point

process (Baddeley and Meller 1989). In the context of forestry, these conditions imply
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that trees would not interact with each other if they were separated from each other by
some distance, 7, which defines a ‘neighborhood’ around each tree.
To define a Gibbs process, consider point processes that are finite and simple, so

that realized sequences X of the process represent an unordered collection of events

{x,, x,, ..., x,} that exist in a completely separable metric space, such as d-dimensional

Euclidean space. For the purposes here, only finite Gibbs processes defined on a bounded
region (i.e. a forest) F — R are considered. Although Gibbs processes may be defined

directly on R“, such infinite Gibbs processes are more challenging as they require
conditioning on the behavior of the process outside of the observed data (Stoyan et al.
1995, p. 177-182). Now restrict consideration only to those point processes whose
induced probability measure P is absolutely continuous with respect to a Poisson process
with intensity measure A(B) for all Borel sets B € Q. Then by an application of the
Radon-Nikodym theorem, there exists a density function, f, of a finite point process @

such that

P(@cd)=e N1, (1,4) [39]

where 1, ( f,A4)is defined by

Iy(f.4)=1,(2)/ (D)
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whenn=0and forn=1, 2, ...

I, (f,A) :%J'...J'IA ({xl,xz,...,xn})f({xl,xz,...,xn})A(dxl)...A(dxn) [40]

for every set 4 € N (Baddeley 2001; Moller and Waagepetersen 2003, 2004; Baddeley

2007). The density f given above is referred to as a normalized density, meaning that if a

specific mathematical form is desired for a density, say g ({xl, Xyyeorr X, }) , g will only

satisty the conditions above if it is multiplied by a normalizing constant, Z, so that the
probability density f will integrate to 1. Since it is desired to formulate a specific
mathematical model for tree interactions, this implies that the resulting density will

contain a normalizing constant Z given by

2, ~A(F)
7 = Ze - ...Ig({xl,xz,...,xn}) A(dxl)...A(dxn) [41]
F

n=0 F

that depends upon an n-dimensional integral that is analytically intractable (Meoller and
Waagepetersen 2004, p. 82-83). Despite this difficulty, a Gibbs point process may be
defined as a simple point process whose density f'given above satisfies the so-called

positivity condition that for any configuration y X, f(X) > 0 implies that f{y) >0

(Baddeley 2001).
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To see the connection between Gibbs processes and interaction processes, Gregori
and Mateu (2002) and Baddeley (2001) note that the density for a Gibbs process as

defined above may be written as the following:

n(x)

7 (x)=expq—vy —Zvl(xi)—sz (xl-,xj)— Z V3 (xi,xj,xk)—... [42]

i=1 i<j i<j<k

where vy is a constant and the vy, k&= 1, 2, 3, ... are symmetric functions mapping from
G, to RU{—w}, where G, = {N eG:N(B)= k} These functions are called interaction
potential functions and so Gibbs processes are sometimes referred to as “interaction

processes” (Tomppo 1986). Now for simplicity consider only interaction between pairs of

events, that is let v, = 0 for £ > 3. Then Eq. 42 may be simplified to

f(X) = eXp{_Vo n(X)Vl (xi) - ZVZ (xi’x./)

i<j

%/_/

= exp{-v,} | exp{—vl(xl.)}Hexp{—vz(xl.,xj)} [43]

where the constant o = Z is the normalizing constant, n(X) is the random number of
events in X, the function b(x;), sometimes referred to as the “chemical activity” (Sarkka
1993) or the “basic intensity function” (Stoyan and Stoyan 1998), controls the spatial

intensity of the process, and the function A(x;i, x;) = exp(-va(xi, x;)), known as the
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interaction function, controls the spatial interaction between events of the process. For
pairwise interaction processes, the interaction function may be expressed in terms of a

pair potential function ¢ (), where

h(x;, x;) = exp{—¢( X; —xjH)} [44]

The pair potential function ¢ () defines the spatial interaction between events of

the process for all pairs of events (xj, x;j) separated by distance r = Hxi - xjH . The pair

potential is a real-valued function with the interpretation that positive values of ¢ (*)

indicate repulsion of events, whereas negative values indicate attraction. An example of a
pair potential function, proposed by Fiksel (1984), is shown in Figure 2. This pair

potential function is defined to equal infinity (c0) when < ry. Consequently when r < ry,
exp (-¢) = exp(-©) =0, f(X) must also equal zero, implying that a given pair of trees can

never exist closer than r units apart. This is known as a “hard-core” distance, and many
pair potential functions have been constructed to incorporate absolute repulsion of events.
Some examples of hard-core pair potentials are the hard-core Strauss potential (Strauss
1975) and the multi-scale pair potential (Penttinen 1984). Pair potentials that do not
impose a hard-core distance include the “Diggle” potential (Diggle et al. 1994), the “very
soft-core” potential (Ogata and Tanemura 1984), and the Lennard-Jones potential (Ruelle
1969). The pair potential function given by Fiksel (Fig. 2) is also defined to equal zero

when > R. The constant R is a finite range distance; it may be interpreted as distance
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¢(I’) oo for r<r,

#(r)=<0,exp(-0,r) for r, < r<R

0 for r>R

To Distance (1) R

-1

Figure 2. The pair potential function of Fiksel (1984) with 8, = 6 and 6, = 1.

beyond which trees no longer interact with each other. When a pairwise interaction
process has a finite range of interaction, the process is said to be a Markov point process
(Baddeley 2001).

While pair potentials are constructed to incorporate attraction and repulsion, they
are subject to constraints that ensure that the resulting pairwise interaction process is well
defined and in fact integrates to one. These constraints are referred to as stability
conditions, and Meller and Waagepetersen (2003) define two types: local stability and
Ruelle stability. Local stability is said to be satisfied when the conditional intensity
function is uniformly bounded and the density of the process satisfies the positivity

condition. Ruelle stability (Ruelle 1969) is satisfied if the density of the process is
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dominated by a homogeneous Poisson process. As noted by Gregori and Mateu (2002),
whenever the interaction function is purely repulsive, that is A(x;, xj) > 0, these stability
requirements are met. When unstable potentials are used, it is possible that the point
process density is not well-defined and patterns simulated from such a model may be
more clustered than intended (Gates and Westcott 1986).

An important construct in the study of Gibbs processes is the conditional intensity
function. As discussed in §2.13, the conditional intensity function can be interpreted as
giving the infinitesimal conditional probability that a point process has a point at u given
that the point process coincides with the realized pattern (X) everywhere else. When the
distribution of a Gibbs process is constructed to be absolutely continuous with respect to
a Poisson process with unit intensity, that is a Poisson process with A(B) =1 u.(B), then
Baddeley (2007, p. 65) showed that the conditional intensity function may be expressed

in terms of the probability density of the Gibbs process, f'so that

[45]

where u ¢ X and X is any finite point configuration of the process. Applying this to

pairwise interaction processes gives
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[46]

where the intractable normalizing constant o cancels out of the ratio in Eq.46 (Baddeley
2001). Consequently, parameter estimation and statistical inference for the pairwise
interaction point process may be more amenable through maximizing a “pseudo-
likelihood” function defined through the conditional intensity function rather than
directly maximizing the true likelihood (the joint density), which requires direct

evaluation of a which does not exist in closed form.
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2.3 Statistical Inference for Gibbs point processes

2.31 Classical approaches

The estimation of parameters for Gibbs processes and statistical inference for
them is complicated by the fact that the probability density for the process contains the

normalizing constant (written as the function of the parameters of the process)

—A(

z(e):ie n!F) I...Ige (5152 }) A (). ()

n=0

In the case of a finite Gibbs process, where the number of points n(X) = n is fixed, the

normalizing constant can be simplified to

Z(0)= . j...jgg({xl,xz,...,xn}) A(dx;)...A(dx,) [47]

The choice of whether to use a stationary or a finite Gibbs process is not obvious (Illian
et al. 2008, p. 160). Some methods of classical inference for Gibbs processes, such as the
approximate and Monte Carlo maximum likelihood methods require fixed #. In contrast,
the methods of Takacs-Fiksel estimation and maximum pseudo-likelihood estimation are
applicable to both stationary and finite Gibbs processes where n(X) is a random quantity

that needs to be estimated in addition to the parameters of the interaction potential
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functions. For the purposes of this discussion, finite Gibbs processes defined on the

bounded region F < R? are assumed.

A further simplifying assumption that is used to deal with the normalizing
constant is to construct the Gibbs process density with respect to a Poisson process with
mean of 1 point per unit area of F. This implies that the intensity measure A given in

Eq. 47 satisfies

A(dx) =2 py (dx)= py (dx) [48]

so that the normalizing constant may be evaluated as a Riemann integral.

Despite these simplifying assumptions, the normalizing constant of a Gibbs
process remains an analytically intractable function of the parameters of the process due
to the multiplicity of the integral given in Eq. 47. Hence parameter estimation through
exact maximum likelihood techniques or methods of moments is impossible. To
overcome this, four general approaches have been proposed in the literature using
classical statistical techniques. The first approach encompasses a variety of techniques to
approximate the normalizing constant in order to allow maximum likelihood estimation
of the Gibbs process parameters. These include Poisson approximations (Saunders and
Funk 1977; Penttinen 1984; Ripley 1988, p. 56-59), and virial or Mayer cluster
expansions (Ogata and Tanemura 1981, 1984; Ripley 1988, p.59-62; Diggle et al. 1994).
These approximate maximum likelihood methods rely upon so called “sparse-data”
assumptions (Saunders and Funk 1977), which assume that the area of the observation

window Fis proportional to the square of the number of points of the Gibbs process, e.g.
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n =10 trees in 100m” fixed area plot . Saunders and Funk (1977) described a Poisson
approximation for the Strauss process (Strauss 1975) given by the pair potential

0 for r<R
[49]

¢(r):{0 for >R

where the interaction distance R is assumed to be small relative to the size of F and > 0
is a scalar parameter. Saunders and Funk proved that under the sparse data assumptions,

the sufficient statistic of the Strauss process given by

%)= o (7) [50]

i<j

approximately follows a Poisson distribution with mean (0.5)n(n-1)x 7%, when F is scaled
to the unit square. This allows for an approximation of the normalizing constant of the

Strauss process since

Z(0)~B| exp| 0 ) Ito 5y (1) [51]

i<j

becomes the moment generating function of Y,(7). Penttinen (1984) extended this
approach to any pairwise interaction point processes with a finite interaction distance so

that
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ﬂL(F)

Z(0) =exp O.Sn(n—l)[ LS ] (%)j‘irexp(—qﬁ(r))dr—l [52]

Penttinen (1984) noted that one implication of the sparse data assumption is that short
interpoint distances are independent, a feature true in the limit for purely repulsive pair
potentials.

An alternate sparse data approximation for the normalizing constant of pairwise
interaction processes is the Mayer cluster expansion proposed by Ogata and Tanemura

(1981, 1984), which gives that:

n(n—l)/ 2
n 0
Z(6)~ p, (F) (1— al )J [53]
where

a(0)= (1 - exp(—¢(r)))b(r) dr

and b(r) = 2nr for pairwise interaction point processes defined on F < R?. Ilian et al.
(2008, p. 163) remark that both the Mayer cluster expansion and Poisson approximations
of the normalizing constant when used with maximum likelihood estimation can give

very poor parameter estimates if the data are not sparse or the interaction distance is large
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relative to region F. Gates and Westcott (1986) demonstrate that the Mayer cluster
expansion can be a very poor approximation to the normalizing constant whenever tight
clusters of 3 or more points can frequently occur in the given point configuration.

The second approach is to employ Monte Carlo methods to approximate the
normalizing constant within maximum likelihood estimation. A number of variants have
been developed including 1) the use of Monte Carlo samples to estimate polynomial
functions that approximate virial expansion approximations of the normalizing constant
(Ogata and Tanemura 1984), 2) the use of Monte Carlo samples from the Gibbs density
using a fixed parameter vector y to calculate the gradient and the Hessian of the log-
likelihood function combined with the Newton-Raphson algorithm to iteratively update y
and resample from the Gibbs density until the obtained maximum likelihood estimates of
6 converge to a common value (Penttinen 1984), 3) the use of stochastic approximation
methods (Moyeed and Baddeley 1991; Gu and Zhu 2001), and 4) the Monte Carlo
Likelihood (MCL) of Geyer and Thompson (1992). Of these, the MCL method of Geyer
and Thompson (1992) has received the most discussion in the literature (Geyer 1996,
1999; Van Lieshout 2000; Mgller and Waagepetersen 2003, 2004; Illian et al. 2008). The
MCL approach is an importance sampling procedure that attempts to maximize the log
likelihood ratio of a spatial point process using a fixed parameter vector. Let y be this

fixed parameter vector so that the log-likelihood ratio of is given by

[54]

52



o AF)
Now define /,(X) =

n!

(Eq. 72) may be written as

B e (F)/n!gg X) o M
=log e (F)/n!gW(X)J lg(z(‘/’
1o go(X) o Z(9)
T gw(X)J lg(z W)J

[55]

24 (x) so that the normalizing constant of the Gibbs density

As noted by Geyer (1999), the ratio of normalizing constants in Eq. 55 can be expressed

as
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=K
f(ﬂ‘/’){gl// (X):l [56]

where P is the probability distribution of the Gibbs point process. The expectation in

Eq. 56 can be approximated by importance sampling with importance weights

w(x)=— g0(x)/g, (x) [57]

de(xi)/gw (Xi)

i=1

where X;, X,, ..., Xy form a sample of size N from the Gibbs density with parameters v,
so that
QI
8o
E ~— E 20 (X:)/g, (X [58]
W[gvl(x):l N,':1 ( Z)/ W( Z)
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and the log-likelihood ratio becomes

l(0|x,w)zlog£g‘9(x)J—log %Zgg(x,.)/gw(x,.) [59]

gy (%) P

To find the maximum likelihood estimator of the Gibbs density, Eq. 59 is maximized
with respect to 6 by using numerical methods such as the Newton-Raphson algorithm.
While similar to the method of Penttinen (1984), Geyer and Thompson’s method requires
only one sample from the target density under the parameter vector y. Penttinen’s method
initially draws samples using v, but then updates y to y' by the Newton-Raphson
algorithm. Samples from the target density are then re-drawn using y' and the gradient
and Hessian of the log-likelihood is re-evaluated. This process is iteratively repeated until
the obtained maximum likelihood estimates converge to a common value. Geyer and
Thompson argue that it is difficult to prove what Penttinen’s method converge to; Moller
and Waagepetersen (2004) comment that the estimates obtained by Penttinen’s method
will not converge but will oscillate around the maximizing value due to Monte Carlo
error.

A third classical approach to statistical inference for Gibbs processes is known as
the Takacs-Fiksel method, after the works of R. Takacs (1983, 1986) and T. Fiksel (1984,
1988). Under the assumption of a stationary and isotropic Gibbs process, the Takacs —
Fiksel method relies upon the Nguyen-Zessin formula (Nguyen and Zessin 1979) given in

Eq. 29 and the relationship
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2B, [f(®-8,)]=B[ 2" (1.0)f(®)] [60]

which holds for any non-negative measurable function /', where it is recalled from §2.1.3
that the A" is the conditional intensity of the point process @, 4 is the (unconditional)
intensity of the process @, the notation ®@ — J, refers to the point process @ excluding the
point located at u. Since the expectation on the left-hand side of Eq. 60 is with respect to
the reduced Palm distribution of the process (Eq. 26) and the expectation on the right-
hand side is with respect to the induced probability distribution of the point process,

Eq. 60 can be equivalently expressed (Cressie 1993, p. 686) as
ﬂIf > (dD) If )P(d®) [61]

The Takacs-Fiksel procedure seeks to estimate the parameters of the process by choosing
a system of m test functions f; for i = 1,2, ..., m with m less than or equal to the dimension
of the parameter vector ¢ and constructing estimators of the left- and right-hand sides of
Eq. 61. Fiksel (1988) proposed for a pairwise interaction process to set the point u to be

the origin (0) and the test function f; to be

£(@)=N(b(0.1))exp| ~log( 5 Z (1) [62]
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where N(b(0, r;)) is the number points in the ball centered at the origin with radius »; and
r; <ry<...<ry The estimated parameters of the Gibbs process are those that minimize
the sum of squared differences between the estimators of the left- and right-hand sides of
Eq. 61 (Fiksel 1984). Alternate test functions and their merits are discussed in (Illian et
al. 2008, pp. 402-407); applications of the Takacs-Fiksel method to unmarked Gibbs
processes for forestry data include the dissertations by Tomppo (1986) and Li (2004).

A fourth classical approach to statistical inference for Gibbs processes is known
as maximum pseudolikelihood. The concept of maximum pseudolikelihood was first
proposed by Besag (1975, 1977) who considered a finite collection of spatially
referenced random variables, X;, for i = 1, 2, ...n. Besag (1975) defined the
pseudolikelihood function as the product of conditional probabilities of observing each
random variable X; = x;, given the observation of the other random variables X; = x; for all
i #j. Besag (1977) applied this concept to the auto-Poisson distribution of counts of
objects within cells of a spatial lattice. When the lattice cell area is taken successively
smaller to the limit zero, Besag argued that resulting sequence of stochastic processes
would converge almost surely to the Strauss process (Strauss 1975). This result was
proven by Besag et al. (1982), who also demonstrated convergence for pairwise
interaction processes through a different specification of the mean of the auto-Poisson
distribution. Ripley (1988) presented the pseudolikelihood for a stochastic point process
in terms of the Papangelou conditional intensity A"(u; X) so that the pseudolikelihood of
any stochastic point process, PL(0, X), observed in a bounded region F of d-dimensional

Euclidean space is given as
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n(x)
PL(0.x)=| [ ] 4 (i) |exp)| - _[ 20 (1) d [63]
F

i=1

where 6 is a vector of parameters defining the probability density of the point process.
The parameter vector 8 may then be solved for by maximizing PL(8, X) with respect to 6,
as the conditional intensity function depends upon @'. One clever approach to solving the
maximum pseudolikelihood equations is developed in the R-language package Spatstat
(Baddeley and Turner 2005). In Spatstat, Baddeley and Turner (2000) adapted an
approximation to the pseudolikelihood proposed by Berman and Turner (1992) that
approximates the integral defined over the region F in Eq. 63 by numerical quadrature. In
the case of a pairwise interaction process, a list of m integration points, u;, j=1,2, ..., m

located within F'is created so that

m

jﬂ;(u;x)duzZﬂ;(uj;x) w; [64]

F J=1

where w; are quadrature weights that sum up to the area of /. Then the pseudolikelihood

can be approximated as

n(x) m
PL(0.x)=| | [ 20 (xix) exp| =D 2 () w, [65]
i=1 J=1

" The subscript @ is added to the conditional intensity, chemical activity, and interaction functions to
emphasize the dependency of these functions on 6.
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Taking the natural logarithm of both sides of Eq. 65 and defining the list of integration

points u; to include the data points x;, i = 1, 2, ..., n gives

n(x)

log PL(6, X) ~ Zlog(l;(xi;x)) —iﬂ; (uj;x) w;
i=1 j=1 [66]
= [yjlog(ﬂ;(”/))‘ﬂ;(“jﬂWj
j=1

as shown by Baddeley and Turner (2000, p. 288), where y; = z;/ w;, with w; being the
quadrature weights and z; is an indicator variable that is one when the integration point is

a data point and zero when it is a “dummy” point, e.g.
1,ifu JEX

z;= , [67]
0,1fu jEX

As pointed out by Baddeley and Turner (2000), this formulation is equivalent to a
weighted Poisson regression, treating the y; as independent Poisson random variables
with means y; = l*g(uj) and weights w;. Consequently standard software for fitting
generalized linear models can be used to maximize the pseudolikelihood and estimate &
for any Gibbs point process provided that the conditional intensity function is log-linear

with respect to 6, that is

log 1 (usx)) = 0" (u,x) [68]
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where S (u, X) is a vector of spatial covariates which depends upon the formulation of the
model of the point process in question. In Spatstat, Eq. 66 is maximized through a call to
the function glm () specifying a log-link function. The weights w; are obtained through
the Dirichlet tessellation® of F using the list of integration points that includes the data
and a number of “dummy” points. While in principle, any d-dimensional numerical
quadrature scheme may be used to approximate the pseudolikelihood, Berman and Turner
(1992) remark that maximization of the pseudolikelihood is less computationally
intensive using a Dirichlet tessellation than using quadrature schemes based on product
rules which divide F into a grid of small rectangles with vertices at the data and dummy
points.

Few comparison studies for Gibbs processes using classical parameter estimation
methods are available (Diggle et al. 1994; Mateu and Montes 2001). Diggle et al.
compared 1) Ogata and Tanemura’s (1984) approximate maximum likelihood estimation
using virial expansions, 2) maximum pseudolikelihood estimation, and 3) the Takacs-
Fiksel method. In turn, Mateu and Montes (2001) compared 1) Ogata and Tanemura’s
(1981) approximate maximum likelihood using Mayer cluster expansions, 2) a sparse
data approximation to the normalizing constant as in Eq. 52, 3) Ogata and Tanemura’s
(1984) approximate maximum likelihood estimation using virial expansions, 4) Geyer
and Thompson’s (1992) Monte Carlo maximum likelihood method (MCL), 5)
Penttinen’s (1984) Monte Carlo Newton—Raphson (MCNR) maximum likelihood method
and 6) maximum likelihood using stochastic approximation (Moyeed and Baddeley

1991). Both Diggle et al. and Mateu and Montes considered the parameter estimation

? The Dirichlet tessellation is also known as a Voronoi diagram, where the region F is divided into mutually
disjoint convex polygons centered on the integration points (Okabe et al. 1992)
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procedures with the following edge-correction procedures: 1) the periodic (toroidal)
edge-effect corrections, 2) Ripley’s (1977) isotropic edge-effect correction, and 3) the
free boundary condition, i.e. no edge-effect correction. While Mateu and Montes’ (2001)
study was applied to the Strauss process (Strauss 1975), Diggle et al. looked at two other
pair potential models, one named the “Diggle” potential from Diggle (1986) which has

the form

—1n(1—(1—r2/92)2) for <0
0 for >0

#(r)= [69]

and the other called the “very soft-core potential” from (Ogata and Tanemura 1984),

which has the form

¢(r)=—ln(1—exp(—r2/02)) [70]

The results of the simulation studies by Diggle et al. (1994) and Mateu and
Montes (2001) provide some insight into the various estimation methods for Gibbs point
processes. Approximate maximum likelihood methods that rely upon sparse data
assumptions, such as cluster expansions and virial expansions, showed substantial bias in
both studies when strong inhibitory spatial interaction as present. Mateu and Montes
(2001) found that when the number of points was conditioned upon, MCNR and
maximum likelihood provided unbiased parameter estimates, provided that the interaction

distance was no more than 10% of the length of the side of the square bounding window.
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When the number of points was not conditioned upon, MCL and MCNR provided better
parameter estimates in terms of bias and variance than estimates obtained from maximum
likelihood using stochastic approximations. Maximum pseudolikelihood and the Takacs-
Fiksel were not tried by Mateu and Montes (2001), however Diggle et al. (1994) found
that the performance of these methods depended upon the strength of the inhibitory point
to point interaction. When this interaction was weak, maximum pseudolikelihood
performed well in terms of bias and variance; when strong, maximum pseudolikelihood
estimates showed “significant bias” (p.116). The Takacs-Fiksel method did not perform
as well as maximum pseudolikelihood or approximate maximum likelihood using virial
expansions when the interaction was weak, though it did give unbiased parameter
estimates under the periodic edge-effect correction. Both the simulation studies of Diggle
et al. (1994) and Mateu and Montes (2001) emphasized that the quality of the parameter
estimates depends significantly upon the edge-effect correction used when the inhibitory
interaction is strong. The periodic edge-effect correction provided the least bias, whereas
Ripley’s isotropic edge effect correction showed negative bias. When the spatial
interaction is weak, Diggle et al. (1994) found little differences in biases between edge-
effect corrections for a particular estimation method. Overall, any edge-effect correction
provided better results (less bias) than using the free boundary condition, regardless of
the method used.

In addition to providing point estimates of the parameters of a spatial point
process, it is also desirable to have knowledge of the variability of that point estimate
through interval estimation. For point processes, interval estimation for classical

parameter estimates is very limited due to the lack of available asymptotic theory. In
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particular such asymptotic theory would need to describe the behavior of the parameter
estimators as the observed sampling window increases to infinite size (Mgller and
Waagepetersen 2004, p. 150). For exponential family pairwise interacting Gibbs point
processes, Jensen (1993) demonstrated asymptotic normality for exact maximum
likelihood estimators. Restrictions are placed on the pair potential models so that they are
of finite range and are Ruelle — stable (Ruelle 1969), which is attained by purely
repulsive potentials and potentials with a hard-core parameter. While of theoretical
interest, it is not clear how Jensen’s results can be put to practical use. Both the vector of
first derivatives and the Hessian matrix of second derivatives of the log-likelihood of the
Gibbs distribution need to be evaluated to invoke asymptotic normality of the maximum
likelihood estimators, but this implies differentiating the normalizing constant which
itself is intractable. Furthermore, Geyer and Meller (1994) and Mgller and
Waagepetersen (2007) remark that the conditions needed to obtain asymptotic normality
of MLE by Jensen demand weak spatial interaction that is nearly Poisson. Under similar
restrictions of Ruelle — stability and finite range pair potentials, maximum
pseudolikelihood estimates of the parameters of exponential family pairwise interaction
processes are shown to be asymptotically normally distributed (Jensen and Kiinsch 1994).
Outside of these restrictive circumstances, asymptotic theory for classical
estimators of Gibbs point process parameters does not yet exist. The primary alternative
to relying on asymptotics for classical inference on Gibbs point processes is to use the
parametric bootstrap (Meller and Waagepetersen 2007; Illian et al. 2008). The parametric
bootstrap works by simulating the Gibbs point process repeatedly using estimated values

of the parameters of the process, which are obtained from maximum likelihood,
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maximum pseudolikelihood, or other means. These simulated point patterns are then
treated as observed data, from which new estimates of the parameter values are obtained.
The variance of the estimated parameters can then be taken to estimate the variance of the
estimator itself (Illian et al. 2008, p. 455). As pointed out by Geyer and Mgller (1994),
there is no theory to support the parametric bootstrap in absence of a central limit
theorem for the MLE of a Gibbs point process; Bognar (2005) questions in general the
soundness of using the parametric bootstrap for interval estimation for Gibbs point

Pprocesses.

2.31 Bayesian approaches

In the classical approaches to statistical inference, the data are assumed to be a
random sample from a probability distribution that is specified by unknown, fixed
parameter values. In the Bayesian setting, the sampling distribution of the data is viewed
as a conditional distribution given parameter values that are also considered to be random
values. The parameters are believed to follow a probability distribution known as the
prior distribution, which is specified by the researcher in advance. Inference about the
parameters is obtained from the posterior distribution, which can be viewed as the prior
distribution updated by the knowledge of the observed data (Casella and Berger 2002, p.

324). The posterior distribution is obtained through the application of Bayes’ Theorem
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where f (X | 9) is the likelihood and f (6‘) is the prior distribution of the parameter vector

0. In addition to providing point estimates of d through the posterior mean and mode,
Bayesian inference can provide an interval estimate for  with a direct probability
interpretation; that is, real numbers a and b such that there is an 0% probability that the
true value of @ lies between a and b. Formally, this Bayesian credible interval can be

expressed as

P(a<0<b)= [ f(0]x)do [72]
[0

Despite the advantage of being able to simply construct interval estimates for the
parameters of Gibbs point processes, few authors have attempted to do so (Berthelsen and
Moller 2006). The first attempt at Bayesian inference by Heikkinen and Penttinen (1999)
considered “the full posterior analysis to be too demanding with the currently available
machinery”. Instead analysis was restricted to obtaining the posterior mode for a pairwise
interaction process specified by the multiscale potential (Penttinen 1984). To obtain the
posterior mode, Heikkinen and Penttinen did not attempt to sample from the posterior
distribution but rather used a Monte Carlo Marquardt algorithm, constructed analogously
to the Monte Carlo Newton Raphson algorithm of Penttinen (1984), to iteratively find the
posterior mode given an initial estimate of the MLE of the parameters of the Gibbs

process. More recent efforts at Bayesian inference of Gibbs point processes include the
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works of Bognar (2004, 2005, 2008) and Berthelsen and Meller (2003, 2006, 2008)
which have utilized Markov Chain Monte Carlo (MCMC) methodology to draw samples
from the posterior distribution given a specified Gibbs likelihood. To draw the samples
from the posterior in the context of Metropolis-Hastings MCMC methods, it becomes
necessary to evaluate ratios of the likelihood (e.g. Eq. 54) which requires that a ratio of
normalizing constants (e.g. Eq. 55) must be evaluated. Perhaps the most important
difference in the methodology of Bognar and Berthelsen and Meller is how the authors
choose to evaluate the normalizing constant ratio. Bognar used importance sampling
methodology whereas Berthelsen and Meller used path sampling combined with perfect
simulation (2003) and also an auxiliary variable technique (2006, 2008) to address this
technical challenge. Since an understanding of MCMC methodology is necessary to
appreciate the ideas of Bognar and Berthelsen and Meller, discussion of these papers is
deferred to Sec. 3.7, where detailed discussion of Bognar’s importance sampling method
and Berthelsen and Moller’s auxiliary variable method are found in Sec. 3.72 and 3.73,

respectively.

66



2.4 Markov Chain Monte Carlo

2.41 General principles
Given a random variable X defined on a probability space (Q, Z, ,u) with

probability distribution z(4)= y(X - (A)) for any A € , it is frequently desired to

evaluate the expected value of a real function of X, say g(X), defined as (Billingsley 1995,

p.274):

B(s(x)) = [ a(x) ) 73

If the random variable X is continuous with probability density function f(X), then the
more familiar Riemann integration notation may be used (Casella and Berger 2002, p.

55):

B(s(x))= [ () (x)ds [74)

Because it is quite possible that the integral given by Eq. 74 does not exist in closed form,

a natural question arises as to how this integral can be evaluated. Monte Carlo integration
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is a technique that approximates the expectation of g(X) by drawing m samples X; from

f(X) so that (Gilks et al. 1996, p.4)

E(g(X))zizg(Xt) [75]

Ideally, the m samples would be independently and identically distributed (i.i.d.) from
f(X) so that the large of law numbers would apply to make the error in this
approximation as small as desired. Because f (X) may be complex, independent samples
from f'(X) are often not feasible. Instead dependent samples may be used provided that
the samples occur throughout the support of /' (X) (Gilks et al. 1996, p. 4).

Markov Chain Monte Carlo (MCMC) describes a collection of techniques to
obtain dependent samples from f'(X) by setting up a Markov chain whose probability
distribution will converge to f'(X) as the chain is allowed to run infinitely long. Formally,
a Markov chain is a discrete-time stochastic process Xy, X1, X, ... that has the property
that the state of the chain at time 7, X;, only depends upon the previous state of the chain,

X.-1. Mathematically, this is expressed as

P(X,eA| X, X, ...,XH)=IP’(XteA]XH) [76]

for any set 4 € &, where P(x,4)=P(X, € A| X, , = x) is a conditional probability

distribution that is referred to as the transition kernel of the chain (Roberts 1996; Robert
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and Casella 2004). For illustration, suppose that the state space of the Markov chain is

finite e.g. Q= {xl,xz, ,xk} , then the transition kernel P is a k by k matrix (referred to

as the transition matrix) such that £, = IP’(X (=X

| X, = x[) with the properties that P >
k

0 and ZPH =1forall x,,x, € Q (Haggstrom 2002). In a finite state-space Markov chain,
Jj=1

the i"™ row of the transition matrix gives the probabilities of transitioning from the i state

to all &£ possible states of the chain. In the context of simulating stochastic point processes

and performing Bayesian inference for them, the state spaces will consist of sets of real-

valued point configurations in R” and sets of real-valued parameter vectors, which
require an infinite state space theory for Markov chains. While only a few key principles
of continuous state space Markov chains are provided here, detailed and extensive theory
is available in the literature (Meyn and Tweedie 1993).

To obtain samples from a target distribution f'(X) through a Markov chain, it is
essential that there exists an invariant c-finite measure ©t, defined for a Markov chain

with transition kernel P that satisfies

7 (B)=[P(x,B)x(dx) [77]

for all Borel sets B of Q (Robert and Casella 2004, p. 223). If this measure is also a
probability measure, then = is referred to as the stationary distribution of the chain. Eq. 77
implies that if X; ~ w, then consequently X, ~ 7, and all subsequent states of the chain
X2 Xi3, ... will also be distributed by the stationary distribution. The key idea of

MCMC is that a Markov chain is constructed with a stationary distribution that is the
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target distribution ¢ from which samples are desired. Furthermore, as ¢ — «, the
distribution of the random variables X; from the Markov chain will converge in total
variation to the stationary distribution, regardless of what the initial state X is specified
to be. In order for this to happen, the Markov chain must be Harris recurrent, y-
irreducible, and aperiodic, conditions which loosely speaking, allow the chain to freely
communicate from one state to another.

To understand recurrence, irreducibility, and aperiodicity, the notion of the

transition kernel needs to be expanded. Consider the distribution of the Markov chain

after the n"™-transition P" (x, A) defined as (Robert and Casella 2004, p. 210)
P"(x, A) = [ P" (3, 4) P(x,dy) [78]
Q

In a finite state space setting, the n™-transition kernel can be obtained by simple matrix

multiplication, that is given Q = {x1 3 Xyy en s xk} and the k by k transition matrix P, then

P"=P-P- ... -P.The n™-transition matrix has the interpretation that if P; represents
the probability of being in state j after one transition given starting in state 7, then
P’ represents the probability of being in state j after n transitions given starting in state .

Similarly then P" (x, A) can be interpreted as giving the probability of X, € 4 given

Xo=xforanyAe ¥ .
The property of irreducibility is fundamental to Markov chains in that it implies
that all states can communicate with each other. Intuitively, this notion might be

expressed through the probability that given the chain currently is in state x, that there is a
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non-zero probability of reaching some set 4 in a finite number of transitions.

Mathematically this can be stated as saying that there exists an integer #» such that

P"(x,A4)>0 forall xeQ and Borel sets 4. Unfortunately it is possible
that P" (x, A) =0 for some x and 4, so an auxiliary measure y is introduced with the

restriction placed on the definition above so that P" ( x, A) >0 for all x € Q and Borel

sets A where y(A) > 0. To emphasize the dependence upon the measure v, the property of
irreducibility is referred to as y-irreducibility (Robert and Casella 2004, p. 213).
Recurrence is the notion that the Markov chain can revisit a set 4 an infinite

number of times. More specifically, let 74 be the number of times the Markov chain

passes through the set 4, that is 77, = ZIA (X,) (Robert and Casella 2004, p. 212). A

t=1
y-irreducibile Markov chain is defined to be recurrent (Robert and Casella 2004, p. 220)

if for every Borel set A where w(A4) >0, E (77 A) = oo for every x € 4 ; otherwise the chain

is said to be transient. A stronger property of recurrence is Harris recurrence, where a set

A 1s Harris recurrent if P (77A =wo| X, = x) =1 for every x € A. When a Markov chain is

said to be Harris recurrent, the chain is y-irreducible and for every set A that y(4) > 0, 4
must be a Harris recurrent set (Robert and Casella 2004, p. 222). To put it another way,
recurrence means that the average number of visits of the chain to A4 is infinite, whereas
Harris recurrence states that, given the chain starts at some arbitrary value x, the chain
will visit 4 an infinite number of times with probability one.

A somewhat different notion of recurrence that is frequently specified for Markov
chains is positive recurrence. Whereas Harris recurrence is a property that is primarily

used to banish measure theoretic pathologies incurred by null sets (Geyer 1999), positive
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recurrence is a property that implies the existence of the stationary distribution .
Specifically, a y-irreducible Markov chain is positive recurrent when there exists a o-
finite invariant probability measure 7 for the chain (the stationary distribution) that
satisfies Eq. 77 (Robert and Casella 2004). A sufficient, though not necessary condition
to establish the existence of the stationary distribution is through the concept of time-
reversibility, or detailed balance. Informally, detailed balance is a condition on the
Markov chain which implies that the probability of moving forward in time from X;; = x
to X; =y is the same as the probability of moving backward from y to x. Formally, a
Markov chain with transition kernel P satisfies detailed balance if there exists a function f

such that

P(y.x) f(y)=P(x.y) /() [79]

Furthermore, when fis the probability distribution 7, detailed balance implies (Robert and

Casella 2004, p. 230)
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= [[P(y,x)7(y)dydx  (detailed balance)
B

= IP (v,x)7(y)dxdy  (Fubini's Theorem)
Q

=|z(y)dy (since IP(y,x)dle)

Q

for any measurable B, so that « is the stationary distribution of the chain as required in
Eq. 77.

In order to establish that that the distribution of the Markov chain will in fact
converge to the stationary distribution, the chain must have the property of aperiodicity.
Intuitively, aperiodicity of a chain means that the chain could start at X; = x and return to
it in only one transition. In contrast, a periodic chain is one that needs d transitions to
return to x, for integer d greater than one. In the case of irreducible Markov chains on

finite state spaces with transition matrix P, the period of the chain is the greatest common
divider of {n >1: P (1)> 0} . The chain is then defined to be aperiodic when the period
of the chain is one for all states x € Q (Héaggstrom 2002, p. 25). The notion of
aperiodicity can of course be extended to infinite state spaces, but it is less intuitive and

requires the concepts of minorizing measures and small sets (Robert and Casella 2004, p.

214-217). When aperiodicity is combined with the properties of Harris recurrence (which
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implies y-irreducibility) and positive recurrence, the chain is said to be ergodic (Tierney
1994; Mpller and Waagepetersen 2004).

With the various properties of irreducibility, recurrence, and aperiodicity in hand,
the theoretical basis for the convergence of the limiting distribution of the Markov chain
(that is the sequence X; as ¢ — o0) to the stationary distribution 7 can be established. To
provide meaning to the concept of convergence of a sequence of probability distributions,

the total variation norm is defined as
1=l = sup |su(4)=v (4) [80]

for any two probability measures ¢ and v defined on Q (Meller and Waagepetersen 2004,
p. 121). In the case of a countable state space, it can be shown (Robert and Casella 2004,
p.234) that for a positive recurrent, irreducible, and aperiodic Markov chain that for every

initial state X, = x that

lim|[P" (x,-) x| =0 [81]

n—»o0

In the case of an uncountably infinite state space, Tierney (1994) shows that a positive
recurrent, n-irreducible, and aperiodic Markov chain with stationary distribution m will
satisty Eq. 81 for almost every initial state X)) = x; when the chain is Harris positive
recurrent then Eq. 81 will hold for every initial state X, = x. Robert and Casella (2004, p.
234) present the theorem that, given a Markov chain that is Harris recurrent and aperiodic

with stationary distribution ,
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=0 [82]

v

lim

n—0

E[P" (x,-)] -7

where [E [P” (x,- j-P" dx for every initial distribution ¢ An important

consequence of this theorem is that the expected value of any bounded function g(X,) will
converge to the expected value of g(X) under m, given any initial distribution of the chain

1, 1.e. (Robert and Casella 2004, p. 235)

lim|B, [g(X,)]-E"[g(X)]=0 [83]

n—>x0

This theorem does not necessarily justify the approximation given by the Monte Carlo
integration in Eq. 75 when the samples X; = x, are generated by an ergodic Markov chain
however. The marginal distribution of X, represents the probabilistic behavior of the
chain at some given point in time n, whereas the m samples x, represent the realization of
a particular path of the Markov chain. To insure that the approximation in Eq. 75 is valid,

the “Ergodic Theorem” is needed which gives the convergence of partial sums of the

form S Z glX to their expectation under the invariant measure 7.

Specifically, let g and / be integrable functions. If a Markov chain has an invariant

measure 1t and is Harris recurrent, then

E” [g(x)% [84]
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provided that E” [h (x)] # 0 (Robert and Casella 2004, p. 241-242). In effect, Eq. 84 says

that provided » is large enough, the ergodic average S, ( g) will approximate its

expectation under the stationary distribution. In practice, the transition kernel of a
Markov chain is constructed so that a desired stationary distribution exists. The chain is
initially allowed to proceed a certain number of iterations that are discarded, called the
burn-in. After burn-in, the transition kernel of the chain is considered to be “close
enough” to m(X) so that realized states of the Markov chain obtained after burn-in are
used to form a dependent sample for use in Eq.75 (Gilks et al. 1996). There is however,
no automatic way to determine what the length of the burn-in period should be. While
different diagnostics have been proposed to address this issue (Cowles and Carlin 1996),
they are better characterized as demonstrating clear lack of convergence of a Markov
chain, rather than demonstrating that the chain has in fact converged to the stationary
distribution. Some authors (Casella et al. 2001) have argued that the major flaw of
MCMC is that its convergence is only valid asymptotically, and a poor choice of burn-in

would lead to serious biases in the inference drawn from the output of Markov chains.

2.42 The Metropolis-Hastings algorithm

The Metropolis-Hastings algorithm, first proposed by Metropolis et al. (1953),
and later generalized by Hastings (1970), is one of the most well-known algorithmic

implementations of MCMC due to its flexibility and wide applicability for sampling from
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probability distributions. In its most basic form, the Metropolis-Hastings algorithm is the

the following (Robert and Casella 2004, p. 270):

1.

Given a probability distribution x with a density f(X) function having connected
support £, e.g. & =R, choose the initial state x € & such that f (x(o)) > 0and

sett=0.

Generate a sample x* from a desired proposal distribution ¢ whose support
includes & so that X*~ q(x* | x(’)) :

Assign the next state of the Markov chain according to the decision rule
X", with probability a(x(t), x*)

X(t+1) —
X', with probability 1 -« (x(’),x*)

where the acceptance probability a(x(t),x*) is defined as

CORICES ‘s
( [85]

Increment ¢ and repeat until # = 7, the chosen number of total iterations for the

Markov chain.

The Metropolis-Hastings algorithm is quite flexible in that theoretically any proposal

distribution could be used for the target density f subject to the relatively minor

conditions regarding the support of the proposal. In practice, the choice of the proposal is
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very important and needs to be selected with care so that the Markov chain draws
samples throughout the support of /' quickly, i.e. the chain mixes well.

By design the Metropolis-Hastings algorithm is constructed so that f'is the
stationary distribution of the chain, and the proof follows from the fact that the algorithm
satisfies detailed balance. Specifically, assume without loss of generality that the

Hastings ratio

The transition kernel of the Metropolis-Hastings algorithm is (Robert and Casella 2004,

p. 272)

P(x,y) = a(x,y)q(y|x)+(1—J.a(x,y)q(y |x)dy)5x (y) [86]

where o is the point mass in x.

Letting x =x” and y =x",
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Likewise,

P )76 (s ox a1 1 s oa ) (x01s J (5) ()
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which implies that P(x(t),x*) f (x(t) ) = P(x ,x(t)) f (x) and detailed balance holds.

In addition, it is well known that the Metropolis-Hastings algorithm is f~irreducible,
Harris recurrent, and aperiodic (Robert and Casella 2004, p. 272-273). Consequently the
Ergodic Theorem applies and satisfies the convergence of ergodic averages such as

Eq. 75 to their true expectation under the stationary distribution f.

There are many ways to implement a Metropolis-Hastings algorithm in practice.
Single-component Metropolis-Hastings (Gilks et al. 1996), where not all the components
of X are updated in one block, the Gibbs sampler (Geman and Geman 1984; Gelfand and
Smith 1990) which relies upon the specification of the full conditional distributions of f;
and the independence sampler (Tierney 1994), which uses proposal distributions that do
not depend upon the current value of X are just a few of the better known variants of the

Metropolis-Hastings algorithm.
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3. Methods

3.1 Data

For the analysis of tree — tree interactions through stochastic Gibbs processes,
data were obtained from five 80 x 80m (0.64 ha) stem-mapped plots that form the
terrestrial gradient tree growth survey (Clark et al. 1998), at the Coweeta Hydrologic
Laboratory’s Long Term Ecological Research (LTER) site located in western North
Carolina (35.04°N, 83.45°W). Plots were established along elevation and moisture
gradients in two watersheds forested by multi-aged, mixed hardwood stands, typical of
forest ecosystems in the southern Appalachian Mountains.

All trees greater than 1m tall were stem-mapped on the gradient plots (Clark et al.
1998). Data recorded for each tree record include the tree tag number, species code,
Cartetsian x- and y- coordinates, and diameter at breast height (dbh). Tree dbh data were
collected on the gradient plots in 1993, 1995, 1996, 1998, and 2002; however, not all
trees were measured at each survey due to changes in plot design. The 1998 re-
measurement data were used for fitting and simulation of Gibbs point processes.

In addition to using observed data from Coweeta, many analyses were performed
using simulated data from a specific Gibbs point process model with pre-specified
parameter values. A key advantage in using simulated rather than observed data is that a
check can be provided on the statistical inference for the model. For instance suppose a

configuration X* is generated from a point process with parameters 6", so that

X ~f (X | 9*) . If Bayesian inference is performed on the point process model using non-
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informative (uniform) priors, then the posterior distribution f (9 | X) should be

concentrated on ". If @ is at the extremes of the sampled values of @ for the posterior or
6" is not sampled at all, then clearly the inferential procedure is producing poor results.
For the research here, simulated plots were generated from a variety of models to test the
Bayesian inference using Metropolis-Hastings algorithms. “Plot” sizes ranged from 10 x
10m to 30 x 30m, with parameter values chosen throughout the support of the Gibbs

posterior densities.
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3.2 Exploratory Data Analysis

Prior to fitting and simulation of Gibbs point process models, several
preprocessing steps were carried out to ensure quality and to provide summaries of
spatial structure. Data preprocessing included the following initial six steps: 1) reading in
the raw data, 2) eliminating any trees from the database whose stem locations fall outside
the plot boundaries, 3) eliminating any trees that were not alive in the 1998
remeasurement, 4) eliminating any trees with 1998 DBH < 10 cm, 5) creating unique tree
ID numbers from the tag numbers used on the trees, and 6) comparing the 1998 DBH
data against other remeasurements to ensure the DBH data are free from data entry errors
and are consistent across the remeasurements.

Data for the terrestrial gradient tree growth survey is publicly available from the

Coweeta LTER website, http://coweeta.ecology.uga.edu. After downloading the data, tree

locations were edited to eliminate multiple tree records at the same location. The
existence of multiple tree records with the same coordinate location is a consequence of
how stem locations were measured in the field, since it is possible that a tree (viewed as
an organism) can have multiple stems coming from a common root system. If the stems
separate below 1.3m (4.5 feet), standard diameter measurement protocols (Avery and
Burkhart 2002) would treat this tree as having two measurable stems with tree records
thus reflecting separate (distinguishable) stems rather than individual organisms. When
stem-mapping in the field, it is possible that a tree with multiple stems will have the piths
of the two or more stems so close to each other at ground level that their locations are

practically indistinguishable, and both stems are given the same coordinate location.
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While commonly encountered in forest inventory, the presence of multiple stems with the
same location is undesirable for stochastic point process modeling. To keep the analysis
on simple point processes, multiple tree records with the same coordinate location were
modified as follows: 1) the tree with the largest DBH was kept at the recorded location of
the group, 2) the second largest DBH tree had its Y-coordinate (using Cartesian
coordinates) increased by its diameter, while unchanging its X-coordinate and 3) the next
largest DBH tree had its X-coordinate increased by its DBH (Fig. 3). In practice this idea
could be extended to larger groups of trees, but in the raw data from Coweeta there were
no more than three trees at any given location. All modified coordinates were then
checked to ensure that all trees had unique locations and were not outside the plot
boundaries.

After data preprocessing, the spatial structure of the data was explored through

two summary functions:

1) The K-function (Ripley 1976, 1977)

For a stationary and isotropic process the K-function is defined from the reduced

second moment measure as shown (Eq. 35):

where r is the pairwise distance between points and / is the intensity of the point process.

An intuitive interpretation for the K-function is that the expected number of extra events
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Figure 3. Stem location modification procedure for three hypothetical trees with the same

coordinate location. Circle area represents tree basal area.

within 7 distance of any arbitrary event is equal to the product 4 K (r) (Ripley 1977).
Under the assumptions of stationarity and isotropy, Ripley (1988) and Haase (1995) give

an unbiased estimator for K (r) as

|F | Zzw‘ll 87]

li]

where |F | is the area of the observation window, 7 is the number of trees located in F,

I,(u;) 1s an indicator function which equals one when the distance between a pair of trees
u;; 1s less than or equal to the value r and equals zero otherwise, and wj; is an edge
correction factor. For this analysis the isotropic edge correction factor (Ripley 1988) is
used which weights the indicator function /7, by the proportion of the circumference of a

circle of radius u;; centered at tree i that falls within the boundaries of the plot. To aid in
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the interpretation of the K-function, the L-function, proposed by J. Besag in the

discussion of Ripley’s (1977) paper is used, where z(r) =JK (r) / 7, so that a plot of

z(r) —runder complete spatial randomness will equal zero for all r.

2) The pair correlation function (Stoyan and Stoyan 1994, 1996)
The pair correlation function, g(»), given in Eq. 18, was proposed as a

normalization of the second-order product density of a homogeneous point process:

Py (x.xy)  Pa(fxi—xf) pa(r
o(r) = 2(112 2) _Pa /112 o) _ 2/1(2)

Penttinnen et al. (1992) and Stoyan and Penttinen (2000) provide a heuristic to interpret
the pair correlation function. If dx; and dx; represent the areas of infinitesimally small
circles centered at x; and x, separated at the distance 7, then the probability that both
circles each contain exactly one event of a homogeneous point process, denoted p2(x;, x>),

can be defined in terms of the pair correlation function as

P> (xl>x2) =P2 (xlaxz)dxldxz = ﬂzg(r)dxldxz [88]

The pair correlation function of Eq. 88 is estimated by (Stoyan and Stoyan 1994)

~ k (r —u; )
s ZZ—WU [89]

i#]
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where k() is a kernel density estimator, 1 = n/|F| is the observed intensity of the point

process, u; is the distance between trees i and j, and wj; is the isotropic edge correction

factor. Following the recommendations of Stoyan and Stoyan (1994), the Epane¢nikov

kernel was used

2
S | for —h<x<h
k(x): 4h h?

0, otherwise

[90]

with bandwidth / = 0.15// .
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3.3 Gibbs point process models

3.31 Pairwise interaction models

Competitive interactions between trees for light suggest that over time positions
of surviving trees would be farther apart than a purely random pattern (Metsaranta and
Lieffers 2008). The competitive influence of trees would decrease with distance from the
stem location, suggesting a natural application of repulsive pair potential models where
the potential decreases in some smooth fashion over distance, such as the model of Fiksel
(1984). On the other hand, the ability of many Appalachian hardwood species to
reproduce by stump sprouts suggests that at very small distances, clustering is also
possible.

To capture these effects in the context of Gibbs pairwise interaction point
processes, pair potential models were proposed that attempt to simulate repulsive
competitive effects alone, or attempt to simulate short range clustering due to stump
sprouting combined with repulsive competitive effects at larger distances. These models

all incorporate finite interaction and hard-core distances, which are denoted R and 7y,

respectively, and are expressed as functions of the distance between points 7, = Hxl, - X JH .

The pair potential models for the Gibbs pairwise interaction processes are as

follows (Acronyms in parentheses):
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1) Fiksel potential (F), as published by Fiksel (1984)

o, forr, <1,
¢2(rlj)= Hlexp(—ﬁzrﬁ), forry <r, <R:,06,>0 [91]
0, for .> R

)

2) Hard-core modified exponential pair potential (HCME)

oo, forr, <1,

2
y+

0, for r, >R

& (r)= g 1+92exp(—03;;.j), forr, <r, <R}, 05>0 [92]

3) Hard-core serpentine pair potential (HCSP)

oo, for 5 ST

.+ 0.
o, (”fj): 6, [23—+12j, forry <r, <R [93]
i

0, for . > R

)

where 6, 6,, and 65 are parameters.

The pair potential model published by Fiksel (1984) was designed to be purely
repulsive, with the degree of the spatial interaction decreasing exponentially with
distance. For the purposes here, the potential is also allowed to be attractive by letting the

parameter 0, take on negative values. This gives a pair potential that is either purely
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repulsive or purely attractive but which cannot be attractive and repulsive at different
distances (Fig. 4). The HCME potential modifies Fiksel’s model by adding the product of
1/(#* + 1) and the parameter 6, to Fiksel’s potential. This term influences the behavior of
the potential at small distances such that the potential can be attractive (i.e. negative).
Whenever the parameter 6, is negative and large in absolute value relative to 6,, the pair
potential will be attractive throughout its interaction range. Unlike the Fiksel potential,
the HCME potential can be both attractive at small distances and repulsive at larger
distances, which occur when 6, is positive and 6, is negative, (Fig. 5).

The hard-core serpentine pair potential (HCSP) was inspired by Newton’s
serpentine function, given by f(x) = abx/(x* + a*) (Weisstein 2007). The HCSP model has
much the same flexibility of the HCME model but does so with fewer parameters. It can
be purely repulsive when both 8, and 6, are positive, and when 6, is positive and 6, is
negative and small in absolute value relative to 6, the potential is attractive at small
distances and repulsive at larger distances. When 6, is negative and 6, is positive, the

potential can be purely attractive throughout its interaction range (Fig. 6 — 9).
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3.32 Triplets models

An alternative method to allow attractive interactions in Gibbs and Markov point
processes incorporates a third-order potential interaction. As discussed by Geyer (1999),
a “triplets” model allows for attractive pairwise interactions by also requiring repulsive
third-order interactions that create a limit on the number points that may be arbitrarily
close to a given point. Mathematically, a triplets process with constant intensity function

may be expressed as

n(x)

f(X)=«a Hb(xl.) th (xi,xj)H h3(xl.,xj,xk)

i=l i<j i<j<k

s 1% = Xkl[»

_a ij)ﬂ [Texp[4: (s~ ) ]TT exo[ 4 (| -,

i<j i<j<k

YT ka

= aﬂn(x)H exp[-¢2 (i;.j )] H exp[-¢3 (rl.j, Tl )]

i<j i<j<k

i<j i<j<k

= o™ exp{Z‘% (G/)}XI{ 2 (1 )} .

where a is a normalizing constant, 4 is the intensity parameter, and ¢, and ¢, are the 2"

and 3"-order interaction potentials, respectively. Triplets processes have received little
attention (Mateu and Montes 2001) since their introduction to the literature by Fiksel
(1988) and Geyer (1999). One possible explanation for this is that triplets models are

viewed as difficult to interpret (Moller and Waagepetersen 2007).
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Despite this concern, triplets models are explored here as a viable means of

incorporating attraction of points in a Gibbs point process. The 2™- and 3™-order

potential models for the triplets processes studied here are as follows (Acronyms in

parentheses):

1) Exponential triplets (EXPTP)

2" order potential:

o, forr, <1,
¢2(”“)= elexp(—i’,»j), forr, <r, <R

y
0, for r, >R

3" order potential:

BT T
0, exp[—wl for r

3 o Tis T S R

¢3(7;'j’r;’k’rjk): ,6,>0

0 for anyr, 7, ry >R

2) Geyer triplets (GTP), modified from Geyer (1999)

2"order potential:

oo, forr, <1,
¢2(i;j)= 6, forry<r, <R
0, for r, >R

[95]

[96]

[97]
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3" order potential:

6, for 0<r,r,r, <R
ARAER S e >0 [98]
o 0 for anyr, 7, ry >R
3) Serpentine triplets (SPTP)
2" order potential:
o for r, <7
v+ 0.
¢2(’”zj): @(;}Jrf] for < r, <R [99]
i
0 for r, >R
3"order potential:
rotr,
6, exp —M for 7,7, 7, <R
B, (1ot ) = 3 ,0;>0 [100]

0 for anyr, 7,7, >R

where 6, 6,, and 65 are parameters. Aside from Geyer’s (1999) model, the triplets
processes proposed here all model the repulsive 3" order interaction as the exponential
decay of the average of the three pairwise distances. All models require that 3"-order
interactions are non-zero only for triplets composed of mutual neighbors, where each

pairwise distance is less than the value of the parameter R.
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The Geyer triplets process is modified slightly from the “triplets” model
published by Geyer (1999) in that a non-zero hard-core parameter (79) has been added.
Also, the potentials shown for the GTP process reparameterizes the potentials given by

Geyer (1999). Geyer expressed the triplets density as

£(x)= Z(le)exp[n )0, +5(x)0, +1(x)6,] [101]

where n(X) is the number of points in the configuration X, s(X) is the number of pairs of

points within the interaction distance R, and #(X) is the number of triples of points that are
composed only of mutual neighbors. Given that no pair of points can be closer in distance
than the hard-core parameter, it is straightforward to see that for the GTP model specified

above that

Z‘@( Z -Odp,, R] ‘9121[r R\ “915()()

i<j i<j i<j

and

Z -5 (riJ"rika’”jk) N Z “Or11o.r) (FIJ’)I[O,R] () [o.r] (rf")

i<j<k i<j<k

=0 D Moy () o () o) 1)

i<j<k

=-6(X)
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so that the parameters in Geyer’s publication can be related to the parameters for the GTP
model by 6, = In (), 8, = -6, and 63 = —6,. Provided that the hard-core and interaction
distances are fixed, Eq. 101 demonstrates that the GTP density is a member of an
exponential family (Casella and Berger 2002, p.217). The EXPTP model is also an
exponential family density with canonical parameters (In (f), -, —6-), provided that the
hard-core and interaction distances are fixed. The SPTP model on the other hand, does
not belong to an exponential family unless the parameter 6, is fixed to some constant in
addition to having fixed hard-core and interaction distances. In the language of Baddeley

and Turner (2000), the parameter 6, for this model is an “irregular” parameter.
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3.4 Edge effect correction

The Gibbs point models proposed account for interaction with trees that are
outside the plot boundaries by means of an isotropic edge correction factor. The idea of
adding an edge-correction weight to the potential function of a Gibbs or Markov point
process was first introduced by Diggle et al. (1994) who proposed modifying the product

of the interaction function of a pairwise interaction process

[T (5x,) = TTes[ (s - )] :exp{_y(uxi _xju)} [102]

i<j i<j i<j

with an edge-corrected version given by

exp ‘%ZWN(H’% ‘%M [103]

i#]

where the weight wy; is the proportion of the circumference of the circle centered at x;

with radius that falls within the plot. Now since the interaction between points is

symmetric, that is ¢<th - xjH) = ¢(ij - X,

), by expanding the sum in Eq.102 and

combining like terms it is straightforward to see that

exp —%ZW;1¢(HX" _ x,”)} = exp{—Z(wJ¢(Hxl— —XJ'H)} [104]

i#j i<j
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so that the edge correction factor is an average of the reciprocal of the weights centered at

point x; and point x;. Therefore let

w; +w;,.
e, :T [105]

denote this isotropic edge correction weight so that the pdf for Gibbs processes with 2™-

order interaction is given

i<j

f(x) = aﬁ"(X) exp|:—Zelj¢2 (r):| [106]
and the pdf for Gibbs processes with 3"-order interaction is given by

f(X) = aﬁ”(x) exp{—z%@ (1‘)} exp{— Z (Wj b, (rl,rz,r3):| [107]

i<j i<j<k

where in the case of the 3™-order interactions, the edge correction factor is the arithmetic
average of the correction factors for the three pairwise interactions formed from any
given triple of points. The computations used here for the edge correction weights w;; for

rectangular plots follow Haase (1995):
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Calculate from the point x; the distance to the nearest edge e;, the distance to the

second nearest edge e, and the distance to point x;, » = Hxl. - X jH

If » < e, then no edge correction is needed and w;; = 1.

Otherwise if ¥ > e; and r < e, (Case A of Haase), set

w, =1-cos™ (¢, /r)/

Otherwise calculate the distance to the nearest corner, c. If r > ¢, r > e;, and r > e,

(Case B of Haase), set.

w, =1 —[cosf1 (e,/r)+cos™ (e,/r)+ 7[/2}/27[

Otherwise r < ¢, r > e, and r > e, (Case C of Haase). Set

w, =1 —[ZCOS*1 (e/r)+2cos™ (ez/r)]/27z
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3.5 Stability of Gibbs point process models

As described in §2.21, the interaction potentials of a Gibbs point process must
follow certain requirements so that the normalizing constant of the process is finite and
the density of the process is well defined. These requirements are known as stability

conditions and can be expressed in terms of the Gibbs point process density. Specifically,
denote the Gibbs point process @ that maps from the probability space(Q, #,P) to the
measurable space(N, W) as described in §2.21. Let f(X)=ag(X) denote the

probability density function of the process, with normalizing constant « and finite point

configuration X = {x;,x,,...,x, } . Stability conditions for fare as follows (Kendall and

Moller 2000; Mgller and Waagepetersen 2003):

1) Ruelle stability

f (X) < k"™ for positive constant K and all point configurations X € N
2) Local stability
S (xuiu}) - . .
f (x) >~——————~ for positive constant K , all point configurations X € N, and any

K

point {u} e F c Q with {u} # {xl.}

Ruelle stability implies that g(X) < K"™, which occurs when the potentials of the Gibbs

process are purely repulsive. To illustrate, consider a pairwise interaction process where
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When the process is purely repulsive, ¢, (Hxl. - X JH) > 0 for all pairs (x;, x;), and

> -4, (Hxl. - xjH) <0 so thatg(x) < " exp(0) = "™, and hence the process is Ruelle

i<j
stable with K = . In addition to the purely repulsive case, Ruelle (1969, p. 37) proved
that any Gibbs process with a pair potential incorporating a non-zero hard-core parameter
will be stable.

Local stability is considered a “stronger” requirement on the density in that local
stability implies Ruelle stability but not vice versa (Kendall and Meller 2000). Local
stability can be expressed in terms of the conditional intensity function of the Gibbs

process through

implying that local stability is satisfied when the conditional intensity function is
uniformly bounded.

These stability conditions have quite different implications for Gibbs point
processes. Ruelle stability is a necessary condition for the Gibbs density to exist, meaning

that g(X) is integrable with respect to a Poisson process with intensity measure A. Ruelle
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(1969) describes potentials that violate this requirement as “catastrophic”. Some
examples of catastrophic potentials given by Ruelle include purely attractive pair
potentials and pair potentials that are finitely repulsive at short distances and attractive at
larger distances. Perhaps the best known example of a catastrophic potential was the

model proposed by Strauss (1975), which specified a random number of points and the

pair potential ¢, (Hxi - x].H) =-01 (Hxl. - X, ), where R is an interaction distance. Strauss

then allowed the possibility that 8; > 0 so that the potential could be purely attractive. It
was unfortunate that Strauss entitled his paper “A model for clustering” since the purely
attractive pair potential is catastrophic and was proven by Kelly and Ripley (1976) and
Gates and Westcott (1986) to yield an un-normalizable density that is not at all a valid
model for clustering.

Local stability is often required of point process models for it proves the positivity
condition of Gibbs point processes (Baddeley 2001) and it allows for straightforward
proof of geometric ergodicity of Markov Chain Monte Carlo (MCMC) algorithms that
simulate the process (Geyer 1999). As described in §2.4, ergodicity is necessary for a
Markov chain to converge to the desired stationary distribution. Geometric ergodicity
implies that convergence of the Markov chain will be at a geometrically fast rate. The
ability to prove geometric ergodicity of MCMC samplers is of obvious theoretical benefit
when simulating a Gibbs point process density. The condition of local stability has
particularly been exploited to create coupling constructions for “perfect simulation” of
Gibbs point processes (Haggstrom et al. 1999; Kendall and Meller 2000; Berthelsen and

Mpller 2002; Mgller and Waagepetersen 2004; Van Lieshout and Stoica 2006).
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Since it is a objective of this research to model local clustering in tree stems that
result from stump sprouting, it is essential that the proposed Gibbs point processes can be
attractive but still satisfy stability conditions. All of the proposed pairwise interaction
models (F, HCME, and HCSP) incorporate a non-zero hard-core parameter to ensure that
the Gibbs densities using these pair potentials are Ruelle stable (Ruelle 1969, p. 37). The
incorporation of a hard-core parameter allows these models to be locally stable as well.
As an example consider the Fiksel model that is attractive when #; < 0 and repulsive

when 6, > 0. From Eq. 46 and incorporating the edge correction factor e,

] [ew(-eut(lu-])

i=1
X;#u

Now if any x; are within 7y distance of u (a violation of the hard-core distance), the
potential ¢ is infinite and the conditional intensity will have an upper bound at 0. Assume

that this is not the case, so

n(x)
A (”2X):/3H CXP[—%@CXP (=0, u- xi”)l[rO,R] (= xz”)}

i=1
X; #U

Since taking the natural logarithm of the conditional intensity is a monotonic

transformation, the upper bound can be found through
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n(X)
ln[l* (u;x)}=ln(ﬂ) +1n H exp[—em-@lexp (—92 ||u - xi”)I[FO,R] (”u - xl”ﬂ

i [108]

=In(B)+ E —eyi01exp (=05 [u =2, I, gy (| = i)
i=1
X;#u

Notice that if any point’s distance from u exceeded the interaction distance R, then its

n(x)
contribution to the sum Z—emﬁlexp (—92 ||u - xl-”)l[ro,R] (||u - xl.”) must be zero, so
i=l1

X;#u

Eq. 108 can be simplified further to

ln[i* (u;X)} = ln(IB) + Z _euigleXp(_HZ ”“ - xi”)

where the sum is being taken only over the nz(X) points in X that interact with u. In the
purely repulsive case (6; > 0), the sum over the ng(X) points is negative, so the log-

conditional intensity has an upper bound at In(f). In the purely attractive case of 8; <0, it

is observed that since exp(—6,1) 2 exp(—6, |u — x;|) for all x;
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Study region

Dutside study region

Figure 10. Geometry of maximal edge correction weight w '. Note: r = ||u - xi”

ng(x)

ln[l* (u;x)} <In(B)+ Z —e,,0exp(—6,17)

ng X)

= ln(ﬂ) — QleXp(—ezf’o) Z €ui

i=1
<In(B) - Gexp(—651y)4ng (X)

where the last inequality follows from the fact that the minimum proportion of the
circumference of a circle centered at u that lies within the study region is %, which occurs
when u is located directly on a corner (Fig. 10). In other words, the bounds on the edge

correction weights 1/4<w,_ <1 imply 1<w '<4 and 1<e, <4, so that
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Thus the bound on the log-conditional intensity increases linearly with the number of
points in X that interact with the point u If the hard-core distance was zero, then a random
number of points n(X) would cause ng(X) and the log-conditional intensity to increase
without limit to infinity. With a non-zero hard-core distance, there is an upper bound on
ng(X), as all of these points must be mutually r( distance apart from each other and u, but
collectively are within R distance of u. For every pair of points x;, x; separated by ry
distance, the closest that a third point x; can be to the pair and be r( distance from both x;

and x; will occur when all three points form an equilateral triangle (Fig. 11). This implies
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Figure 12. Geometry of the maximum number of points mutually 7, distance apart from

each other and the point u at increasing distances from u.

that for any given point u, there can be no more than six points that are all mutually 7y
distance apart, as these points will form a regular hexagon that is inscribed within the
circle centered at u with radius ry. With increasing distance from u, successively larger
hexagons will prescribe the upper bound on the number of points that are mutually 7
distance apart from each other and u, but collectively are within R distance of u (Fig. 12).

So for any given ry and R,
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and the upper bound on the log-conditional intensity is achieved as

In| 2" (1:X) | < In(8) - Gexp (-3 ) 24 {ﬁj [109]

o

Notice that for the foregoing argument to hold, the attractive pair potential must have
both a non-zero hard core distance and a finite range of interaction, which rules out the

attractive Strauss process (hard-core distance = 0) and infinite range potentials like the

soft core and very soft core models(Ogata and Tanemura 1984) defined throughout R”.
The proof of local stability for the HCME and HCSP models follows closely the

logic of the foregoing example for the Fiksel model. In the HCME and HCSP cases, the
distance that will maximize —¢(||u - X; ||) will depend upon the values of the parameters
of the potential. When these models are purely attractive, as is the case of the Fiksel
model when 8, <0, this maximum will occur at ||u - x,-|| = 1y and the foregoing arguments

will be nearly identical. This will also be true when the models are attractive at short
distances and repulsive at larger distances, such as the HCME model (Fig. 5) and the
HCSP model (Fig. 6). When this maximum occurs at some distance in between the hard-
core and the interaction distance, as is shown for the HCSP model (Fig. 8), then the

bound on the log-conditional intensity will occur when a maximum number of points that

can interact with u are all given this maximal value of —¢(||u - xi||) . Since

¢(||u - xi||) < —oo for both the HCME and HCSP potential models with finite parameter
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values, this sum will have an upper limit and the log-conditional intensity will
consequently have an upper bound.

For the triplets models proposed here, it is sufficient to demonstrate their local
stability only, since local stability implies Ruelle stability (Geyer 1999). To prove local

stability, an upper bound is needed for the conditional intensity:

n(x

)
2" (u;x) =b(u)Hh(u,xl~) H h(u,xl-,xj)

i=1 i<j
X;#u X; X j#U

n(x)
:ﬂH exp(—em-@ (||u - xl”)) H exp (—em-j¢3 (”u - x|,

i=l1 i<j

X;#u Xp X j#EU

o||Xi _XJH))

e, te,te;
where the edge correction term for the 3"-order interaction is e,; = (%] As

before, using the natural logarithm of the conditional intensity will not change the upper

bound, so this bound can be found through

n(x)
h{y(u;x)}zln(b(u))+z_em¢z(||u_x,.||)+ Z e (=i s =5, e = )
i=1 i<j

127

To illustrate the local stability of the proposed triplets models, consider the exponential

triplets process with b(u) = f, 2"-order potential
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0, for;;jsr0
¢2(’7:f)= elexp(—i’,j), forr,<r, <R},
0, for 5 >R

and 3"-order potential

v, +r,+r,
02 exp(_(]f])] fOI‘ ’/;j’ f?k,rjk SR 92>0

¢, (nj”;k’rjk):

0 for anyr, 7, ry, >R

i

In the EXPTP and all triplets models, the 3™-order potential is constructed to be purely

repulsive, that is ¢, (1;]., rik,zﬁ].k) >0 for all triples of points. If the 2"-order potential is also

repulsive, which occurs when 8, > 0, then

n(x)

D et lu=sl)+ Y, et (sl o=, s ) <0
i=1 i<j

X; #U XX #U

andIn [/1* (u; X)] <In ( p ) . Hence it is only the case when the 2"-order potential is

partially or totally attractive will the log-conditional intensity be greater than In(f), which

1S now assumed.
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As in the case of Gibbs processes with only pairwise interactions, the violation of
the hard-core distance between u and any point x; would cause the second-order potential

to be infinite for that pairwise distance. Consequently the sum

n(x)

D et (Ju=x)

i=1
X;#u

must be negative infinity so that ln[/l* (u; X)J = —oo and the conditional intensity has an

upper bound at zero. Let’s assume that this is not the case, so for the EXPTP model

In] ,1*(u;x)}zln(ﬂ)+Z—emﬁlexp(—”u—xi||)l[r0,R](||u—xl~||)

X; #u
N Z _euijgz exp| - (”u - xi” + HM —3xjH + X — XJ-H) ]* (u’Xi’xj)
i<j
Xp X j#U
where
1 (w0 ) = o g (=25l oy (b =) oy v =)

As in the case of Gibbs processes with only pairwise interactions, any pairwise
distance that exceeds the interaction distance R will cause the pair potential to be zero. In

a triplets process, if any of the three pairwise distances that forms a triple exceeds the
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interaction distance R, then the third-order potential for that triple is zero. Therefore the

log-conditional intensity function for the EXPTP process can be simplified to

np (%)
i 47 () [=in(8)+ D ~euttexp(~lu—x)
e
+ Z —e,;;0, exp| - (”u —l Hu _:jH i xJ'H)
i<j
Xp, X #U

where the sum of the pair potentials is being taken only over the nz(X) points in X that
interact with u, and the double sum of the triple potentials is being taken over only those

pairs of points in X that are within the interaction distance of each other and the point u.

In the purely attractive case of 8; <0, it is observed that exp(—ro) > exp(—”u — xi”) for all

x; implies —Gexp(—ry) = —Grexp(—|u — x| ) and since

3 B 3

exp(wmjmp[<nu—xl-n+uu—xfu+uxf—xju)]

for all x; and x; implies

3

) exp(—wj > —0, exp[— (”u Bl Hu _3xjH T XJH)J
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for 6, > 0, then the log-conditional intensity satisfies

ng (X)
ln[;t* (u;X)} <In(B)+ Z —e,0exp(—rp) + Z —e,;i05 exp(-R)
i=1 i<j
X; #U X; X #U
ng(X)
=In(B)-Gexp(-ny) e, — 0, exp(—R) Z €y
i=1 i<j'

X; U Xp, X j#U

<1n(/8)— exp(—ro) dme (x) — 0 eXp(—R)4£nR(X)(n2R (X)_I)J

~In() - Brexp(~1y) g (X) - Gy exp(~R)2 g (x)° = g ()

=20, exp(—R)ng (x) +[ 26, exp(-R) —46hexp (1 ) |ng (x) + In(B)

Now let a =26, exp(—R), b=[ 26, exp(~R)—46exp(-r,) ], and ¢ =In() so that
* 2
In| 2" (usx) | < ang (x)7 +bng (x) + ¢ [110]

Since 6, > 0 and a < 0, the upper bound of the log-conditional intensity function is a

negative definite quadratic form. It is then a simple exercise in calculus to show that this

. . b’ . «_—b
quadratic form has a maximum at 1 + cat the critical value ng(X) = 3.
a a

The idea behind the proof that the EXPTP process is locally stable is not novel. In

presenting the “triplets process” (here the GTP model), Geyer (1999) laid out a proof of
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local stability that is essentially the same. Gibbs processes with repulsive 3™-order
interactions will be locally stable since the number of triples involving the point u will
eventually overwhelm the number of pairs involving «, no matter how attractive the pair
potential is, so long as the pair potential has a finite lower bound and both the pair and
3" order potentials have a finite range of interaction. Additionally, the proofs that the
triplets and pairwise Gibbs models presented here are locally stable do not depend upon
the use here of isotropic edge correction factors, which only act to increase the upper

bound of the log-conditional intensity by a multiplicative factor.
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3.6 Gibbs Point Process Simulation

To simulate Gibbs point processes with given parameter values, a Metropolis-
Hastings algorithm (Geyer and Meller 1994; Geyer 1999) was used that updates
configurations from a point process in one of three ways: 1) by proposing to displace a
point location, 2) by adding one new point to the configuration, or 3) by removing a point
from the configuration. Although these updates are called shift, birth, and death proposals
respectively, the Metropolis-Hastings algorithm of Geyer and Meller (1994) should not
be confused with spatial birth and death processes (Preston 1977) which can simulate
Gibbs point processes using continuous time Markov chains. The shift-birth-death
Metropolis-Hastings algorithm utilizes discrete time Markov chains defined on the state

space of the set of finite point configurations for which the Gibbs point process density f
is positive, i.e. {X eN: f (X) > 0} as in Sec 2.12. Given some initial configuration of n

points, Xo = X, the shift-birth-death Metropolis-Hastings algorithm updates the

configuration to a new state of the Markov chain, X; through the following procedure:

1) Define the following probabilities (0 <p < 1):
Probability of a shift of a point : p;
Probability of a birth (addition of a point to the configuration) : p;
Probability of a death (deletion of a point to the configuration) : p;=1 - ps

2) Define the following Hastings ratios:

( ‘ (t))_f(ﬁ)qs(x(t))

(<)

[111]
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rb (xz,x(’))z ; ;) [112]

[113]

where

f() is the Gibbs point process density,

gs(*) 1s a proposal density of point-shifts,
gi(+) 1s a proposal density of point-births, and
qa(*) 1s a proposal density of point-deaths

3) Initialize ¢ = 0 and X, = x*
4) Generate a random number, U, distributed as Uniform (0,1)

5) If U; < p, then do the following:
5a) Generate a random number, /, distributed as Uniform (1, #)
5b) Generate a random number, R’, distributed as Uniform (0,1)

5¢) Given / =i, draw a point £ € F and propose
%
Xg = (%15 X9y s X1y &0 X 4 s wen 5 Xy)

S5d)fR* < r, (x:,x(t)), set X, | = X:, otherwise set X+ = X; = x

6) Otherwise, if U > p, then do the following:
6a) Generate a random number, U, distributed as Uniform (0,1)
6b) Generate a random number, R, distributed as Uniform (0,1)

6¢) If Uy < pp then do the following:

i) Draw a point & € F and propose X, = x U &
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i) IfR" < 7, (xz,x(t)) set X, = XZ , otherwise set X4 = X, = x?

6d) Otherwise if Uy, > py, then do the following:
i) If x = @ then set X+, = X, = x"”

ii) If X # @, then select & uniformly from x* and propose
X, = x\ & IfR! < 7, (x;,x(t)), set X,y =X2 ,

otherwise set X;1; = X, = x”

7) Update ¢, X and repeat steps 4 — 6 until ¢ = 7, the chosen number of total

iterations for the Markov chain.

To summarize, the algorithm first determines if a shift in the location of a point
should occur. If yes, then the shift proceeds if a randomly generated number is less than
the Hastings ratio for a shift, otherwise the configuration remains the same. If a point
shift did not occur, then the algorithm determines if a birth (an addition of a point to the
configuration) should occur. If yes, then the birth proceeds if a randomly generated
number is less than the Hastings ratio for a birth; otherwise the configuration remains the
same. If neither a point shift nor a birth occurs, then a death (a removal of a point from
the configuration) will occur if a randomly generated number is less than the Hastings
ratio for a death; otherwise the configuration remains the same. The key quantities to
specify in the algorithm are the probabilities for point shifts, births, and deaths, along
with the proposal densities for point shifts, births and deaths. Here the choice for the
probabilities for point-shifts, births, and deaths were chosen so that a shift, birth, or death

was equally likely, i.e. p; = 1/3 and conditional upon no point shift, p, = p; = 1/2 (Meller
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and Waagepetersen 2004). Following the suggestion of Geyer and Mgller (1994) and

Geyer (1999), the proposal densities used here are as follows:

11
g, (X) = ——— [114]
=T
1
q(X) IF [115]
|
g (X) = o [116]

where n(X) is the random number of points in the configuration X. Certainly other
proposal densities can be incorporated with the shift-birth-death Metropolis-Hastings
algorithm. Allen and Tildesley (1987, p. 118-122), for example, describe a procedure
where a point is shifted only within a local neighborhood of its pre-existing location. As
pointed out by Van Lieshout (2000, p. 85), such a neighborhood would have to be
constructed so that the Markov chain would be irreducible and aperiodic; choosing to
shift a point anywhere in F assures these properties.

Given the proposal for point shifts and using the fact that throughout the
algorithm the parameter vector for the Gibbs density is fixed, the Hastings ratios for a

point shift may be simplified to the following:
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The Hastings ratio only depends upon the ratio of un-normalized Gibbs densities, since
the normalizing constants cancel and a displacement of a point does not change the total
number of points in the configuration. Similarly the Hastings ratios for births and deaths

can also be simplified to the following:

r (xz,x(’))z

[117]

[118]

_ ge(X;)Pb ”(X(z)) _ 2o (X\ &) p, n(x)
gg(x(t))pd |F| go(x)  pa |F|

where x = x. Notice the presence of the important conditional intensity function (see
Egs. 30, 45) in the Hastings ratio for births. As pointed out in Sec. 3.5, the local stability
of point process models implies that this conditional intensity function is bounded. When
local stability holds, the shift-birth-death Metropolis-Hastings algorithm can be proven to

be v-uniformly ergodic (Meller and Waagepetersen 2004, p. 132); additionally Geyer
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(1999) proved that the algorithm without the shift proposal is geometrically ergodic for
locally stable point processes.

There are two features to this algorithm that are important to note. One is that it is
an example of a reversible jump Metropolis-Hastings algorithm that can propose moves
across subspaces € with different dimension (Green 1995). Green’s requirement for

detailed balance to hold when proposing moves across subspaces of different dimension

(e.g. Q= U Q, ) is the existence of a symmetric measure &, on 2 x€Q so that
keX

7 (dx)Q,, (x,dy)has a density f,, (x,dy) with respect to &m, where 7 (dx) is the target
probability distribution and Q,, (x,dy) is the proposal distribution for transitions of type

m for all x, y € QQ The standard metropolis-Hastings acceptance probability (Eq. 85) is

replaced with the acceptance probability.

o, (x,y)= min{l,%} [119]

Geyer (1999) demonstrated that for a spatial point process with density f/ (and un-

normalized density g) with respect to the finite Poisson process with intensity measure

A(dx), the symmetric measure &, may be taken to be A”*' and the Metropolis-Hastings-

Green ratio is the following:
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Since the Gibbs processes used here are constructed with respect to a Poisson process

with unit intensity, e.g. A(F)=24 g, (F)=1|F|=|F|, then the Metropolis-Hastings ratio

for a birth proposal (Eq. 117) is the Metropolis-Hastings-Green ratio above with
y=XU¢,x =X, m=n(X), and p, = p; = Y. Similarly, the Metropolis-Hastings ratio for a
death proposal (Eq. 118) can be seen to be the reciprocal of the Metropolis-Hastings-
Green ratio above.

A second important feature is that the algorithm is constructed by mixing
transition kernels together. The construction of a transition kernel P that is a linear
combination of two kernels Py and P; which both satisfy detailed balance with respect to
stationary distribution 7 implies that P will also satisfy detailed balance (Geyer and
Moller 1994). Specifically the transition kernel of the shift-birth-death Metropolis-

Hastings algorithm can be expressed as

P(A,X) = p,By (4,%)+ (1= py) P (A.X) [120]
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for all x e N, and 4 € NV, where p; is the probability of a point shift, Py is the Metropolis-
Hastings transition kernel associated with point shifts and P; is the transition kernel that
gives point births and deaths. The forms of the transition kernels Py and P; are somewhat
mathematically involved (Geyer and Meller 1994, p. 361-362) and so are passed over
here. Geyer and Moller note that the kernel Py is the same transition kernel as originally
proposed by Metropolis et al. (1953), for which detailed balance has already been well
established. The kernel P;, which represents the transitions associated with point births
and deaths, satisfies detailed balance through the existence of the symmetric measure &,
(Geyer 1999). Prior to the publication of reversible jump Metropolis-Hastings theory by
Green (1995), Geyer and Moller (1994) showed that detailed balance is satisfied for P;

by the condition:

[1-py(x0&) gy (xUE)ay (X, xUE) f(xUE)

[121]
= pp(X) gy (X) o (XU &, X) £ (X)

where a,( , ) and a4( , ) are the acceptance probabilities for the birth and death updates,
that is a;, (XU &, X) = min{l,rb (xu f:,x)} oy (X, xUé)= min{l,rd (X, xu 5)} , and

where the probability of birth is bounded between 0 and 1.
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3.7 Bayesian Inference for Gibbs Point Processes

3.71 Inference with Metropolis-Hastings Algorithms

To perform Bayesian inference for Gibbs point processes, the Metropolis-Hastings

algorithm is used to generate samples from the Gibbs posterior distribution as follows:

1.

Given a fixed point configuration X € N, let the posterior distribution x on the

space (G)k F, ,u) have density function

/(0)/(x19)
f(0)1(x10)u(d0)

f(01x)= f [122]

with support @ € ® < R*, so that 0 is a vector of real numbers of length £.
Choose the initial state 6'” € ® such that f (0(0) | X) >0and set = 0.
Generate a sample 6* from a desired proposal distribution g whose support
includes ®" so that X* ~ ¢ ((9* \ 9(0) :

Assign the next state of the Markov chain according to the decision rule

X', with probability &(6",6")
X(t+1) —
X', with probability 1- (¢, 6")
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where the acceptance probability a(é?(t), 6?*) is defined as

oo | (e 1x) a6 10%)
a(6 ,9)—mln{l,f(0(t)X)q(e*em) [123]

4. Increment ¢ and repeat until = T

Using the definition of the posterior density, the Metropolis-Hastings ratio in Eq. 123

becomes

oy S (01x) a(0”10%)
r(9 0 )_ f(g(’) |X) q<9*|9(’))

/(9)/(x1€)
_17(0)7(x10)u(d0) 4(0"0%)
i g(’))f(xw; ) (9*|9(f))
[ 7(6) 1 (x10) u(a6)

£(07) £(x10°) a(6"16%)
f<9(r))f<x|g(t)) q<9*|9(t))

where the ratio of normalizing constants of the posterior density cancels in the
Metropolis-Hastings ratio. Expressing the likelihood of the Gibbs point process f'in terms

of its unnormalized density g and normalizing constant Z gives
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oo L(07) g(x107) 2(0")q(6" 0
(o)L S 20l )

The Metropolis-Hastings ratio contains the ratio of intractable normalizing constants

Z (9(’) ) / Z (6*) which must be estimated at every iteration of the Metropolis Hastings

algorithm. The accurate and efficient estimation of this ratio is a critical issue for
Bayesian inference of Gibbs point processes and two different methods will be used to
address it. The first will use importance sampling to estimate the ratio by drawing
samples from the Gibbs density using a value 6’ that is “close” to both 6* and 6 as
discussed by Bognar (2004). The second approach, discussed in Sec. 3.73, uses an
auxiliary variable whose proposal distribution is the target Gibbs density so that the
normalizing constants in Eq. 124 can be cancelled (Mgller et al. 2006).

Aside from the computation of the normalizing constant ratio, the application of
the Metropolis-Hastings algorithm is straightforward. Following Meller et al. (2006), the

proposal distribution ¢ is the product of k independent normal distributions, that is

a(0+10") =T Ta (0 16°)
i—1
k

[1(6 14=0"07)

1

1

and
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a(6"16%)=]Ta(0"16])

( | 4, = 6’,-*503)

Il
I

where y; is the mean and o°; is the variance of the i normal distribution. By construction,
the means of g, (6’; | Q(’) ) and g, (Q(’) A ) mirror each other and the variance o7 is a tuning
parameter that will need to be adjusted so that the chain mixes well. The advantage of

this proposal mechanism is that it is simple and easy to compute; in particular, the ratio of

these proposal distributions will equal one, since forany i=1, 2, ..., k,

ot

exp B ; (67 -0" )2}

exp| — 2;2 ((el(t) )2 _29i(t)0i* n (Hl* )2):|

exp| - (1)-2 ((H,*)z —2‘91‘“)9: +(6i(t))2):|
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The use of independent normal proposals implies that the Markov chain associated with
the algorithm is a random walk (Robert and Casella 2004, p. 287-291). Despite its
simplicity, random walk Metropolis-Hastings algorithms are not uniformly ergodic
(Robert and Casella 2004, p. 288) and consequently may be slow to converge to the
posterior distribution of interest. Given the likely complexity of the surface of the
posterior distribution however, it is not clear apriori what a better strategy would be to
propose the parameter vector 6.

The prior distributions used here are non-informative proper priors, specifically

independent uniform priors so that

The parameters /;, u; were chosen so that the parameter space ® of the Gibbs posterior
density would be large (Table 1). Put another way, by choosing /; to be extremely small
and u; to be extremely large relative to “typical” values of 6,, the uniform priors will have
practically no influence on the realized path of the Markov chain of the Metropolis-
Hastings algorithm. Since the uniform priors only depend upon the value of the

parameters and not on the value of 6,, the ratio of priors in Eq. 124 can be simplified to
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Table 1. Values of parameters of uniform priors (/, u) for the triplets models.

Exponential Triplets Process (EXPTP)

Parameter of

point process p O 0,
Uniform — | 0.030 -100 0
Uniform —u 1,000 100 1,000

Geyer Triplets Process (GTP)

Parameter of

point process p O 0,
Uniform — | 0.030 -100 0
Uniform — u 1,000 100 1,000

Serpentine Triplets Process (SPTP)

Parameter of

point process p O 0: O3
Uniform — [ 0.030 -15 -15 0
Uniform — u 1,000 15 15 1,000

This implies that if the proposed parameter vector is feasible (e.g. 8 € ®"), then the ratio
of priors is one. Otherwise the proposed parameter vector is automatically rejected and
the Markov chain remains at the current state " . When combined with the independent

normal parameter proposal distributions, the Metropolis-Hastings ratio takes on the

simple form:
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[125]

To simplify the analysis, both the hard-core and interaction distance parameters
were fixed throughout the Metropolis-Hastings simulations of Gibbs posterior densities.
The modification of stem-coordinate data for multiple trees with the same location (see
Sec 3.2), implied that after data processing no trees were closer than 0.1m apart, as tree
locations were mapped to the nearest 0.1m. The hard-core parameter for all Gibbs point

process models was set to 0.09, ensuring that the Gibbs point process models would treat

the observed data as feasible configurations, i.e. /(X |8)> 0, for all observed data x. For

the interaction distance parameter R, no consensus was found in the literature to guide
this choice. Without any definitive interaction distance to use for the Coweeta data,
different interaction distances within the range of 4 to 10m were tested with the Gibbs

point processes.

3.72 Estimation of ratios of normalizing constants

In the Metropolis-Hastings scheme to sample from a posterior distribution given
the Gibbs point process likelihood, Egs. 124, 125 indicate the need to estimate the ratio of

normalizing constants given by
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(

where 6" is the current state of Markov chain (i.e. the current value of the parameter

vector of the posterior density) and @' is the proposed parameter vector at iteration ¢ + 1.
Chen and Shao (1997) reviewed methods to estimate the ratio of analytically intractable
normalizing constants including importance sampling (Geweke 1989), bridge sampling
(Meng and Wong 1996), and path sampling (Gelman and Meng 1994, 1998). Chen and
Shao (1997) proposed the method of ratio importance sampling which they argued would
be optimal in terms of minimizing relative asymptotic mean square error when compared
with other existing estimators. Ratio importance sampling applies the methodology of

importance sampling in the following way. Define

0 _ & x|6?(t) (X
f(x|¢9()): i(g(f)))gz(l)

o &X107) g (x
)=

f(xlw)= =

for all {X eN: f (X) > O} , 1.e. the set of finite point configurations for which the Gibbs
point process density is positive. As in Sec. 2.21, only finite Gibbs processes defined on a

bounded region F < R? are considered, and f (X | H(t)) and f (X | 49*) are Gibbs point

process densities with respect to the Poisson process with intensity measure A. The

normalizing constants of these densities are defined through Eq. 47. For now suppose

132



there exists a point process on N with o-finite probability distribution P that is

absolutely continuous with respect to Lebesgue measure so that the density f (X )

exists. It is straightforward to verify the ratio importance sampling identity

] |:g1 /f XW]P (dx)
E rap) [22(x)/f (x1w)] [gz )/ S (X|w)]P(dx)

F}’l

[gl )/ f (X1w) ] (X1w) ay (dx)

[gz )/ £ (X1w) ] f (X|w) gy (dx)

~A(F)

e L
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Consequently, the ratio of normalizing constants can be approximated by

lzgl (x)/f (X 1)

v [126]
— g2(xi)/f(xi |l//)

where X;, Xa, ..., Xy form a sample of size N from the density f with parameters . As

with all importance sampling estimators, the accuracy of the approximation in Eq. 126

depends critically upon the choice of the density f (X | 1,//) . Chen and Shao (1997)

proposed to choose the optimal importance sampling density f£,,; by

fon (1) = BV Z =2 (/2

_ I |21 (X')/2, - g, (X)/Z,| P(dX')

Fl’l

[127]

Unfortunately, the optimal density in Eq. 127 depends upon the unknown normalizing
constants Z; and Z, and is not useful in practice. To circumvent this, Chen and Shao

proposed the following two-stage sampling scheme:

1. Draw Xi, X, ..., Xy as a sample of size N from the density /(X |1//).

| &
Nzgl (Xi)/f(xi |V/)

— i=1
2. Define 7, = —

Nzgz (Xi)/f(xi |V/)

i=1
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3. Conditional upon 7, and for all y € N define the density

‘g1 (Y)-7ne> (Y)‘
‘gl (Y')-7ne> (y’)‘P(dy')

Yy (ylry)=
J

Fl’l

4. Drawyi, Y, ..., Yu as a sample of size M from the density ¥ (Y |z ).

5. Estimate the ratio of normalizing constants as

A;Zgl (y;: )/\PN (Vilzy)

=

~

Z, M
A;Zgz (yi )/\PN (yi |TN)

As pointed out by Bognar (2002), in working with Gibbs point processes this two-stage
sampling scheme will be very computationally expensive to carry out. To draw the
sample of point configurations X;, X, ..., Xyfrom f (X [y), typically an MCMC
algorithm will be necessary, which must be run for a sufficiently large number of
iterations to sample past the burn-in period. Given these samples, a new density

Wy (Y|zy) is created and a sample y1, Ya, ..., Ya must be drawn, which will also
require an MCMC algorithm running for a sufficiently large number of iterations.
Consequently, the “optimal” ratio sampling estimator will require two MCMC algorithms
to be generated at every iteration of the Metropolis Hastings algorithm that is drawing

samples from the Gibbs posterior distribution in order to estimate the normalizing

constant ratio.
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As an alternative to the optimal density in Eq. 127, Bognar (2002, 2005) proposed

using a Gibbs point process density where the parameter y is “close” to the values of

6" and 0" . This implies that the ratio importance sampling identity becomes

[ [ (0)/ (x1v)]P(x)

B ) &2 )/ S (XI)] [T, () 1 (x1w)]P ()

| 00/ (a0

J |00/ 2 oo

_ E" [128]

Consequently the ratio of normalizing constants can be approximated through

*Zgl 1)/ g(X; 1)
*Zgz /g (X 1w)

[129]
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where the configurations X;, X, ..., Xyare a sample from the Gibbs density f (X | l//) .

Bognar proposed two different ways of implementing this ratio sampling approach. The

first approach “blankets” the parameter space ®" with a grid of possible values of y;, j =

(

1,2, ..., J. For any given values of & " and 6", the closest y; is chosen so that the

importance samples are generated from f (X 17 j) (Bognar 2004). The advantage of this

grid-based approach is that all of the importance samples needed to estimate ratios of
normalizing constants can be generated in advance of the execution of the Metropolis-

Hastings sampler for the Gibbs posterior distribution. This greatly improves the

computational speed of the algorithm since once & is proposed, the computer code that
implements the algorithm need only determine the value of y; and retrieve the
corresponding importance samples from disk storage to compute the ratio of normalizing
constants. As noted by Bognar (2004), a primary disadvantage of the method is that it is
only feasible when the dimension of the parameter space (k) is small. With increasing %,

the number of values of i needed to generate a sufficiently fine grid will become
exceedingly large. Additionally, for each y, generated on the grid, the N importance

samples must be saved in RAM or on disk, which requires substantial computing
resources. In the context of the triplets models proposed here, for each of the JN
importance samples, either the sampled configurations or the matrices listing all of the
pairs and triples of interacting points derived from the sampled configurations would
need to be stored to evaluate the un-normalized densities in Eq. 128. Because these

storage considerations proved to be too demanding given the computing resources
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available, a modification of the implementation of ratio importance sampling described

by Bognar (2005) is used:

)

1. Given the current state of the Markov chain 8", propose the parameter vector & .

2. Set y as the average of 0" and 6" , that is for each of the k parameters in the

*

0

+ 6"

vectors 0" and 8", set y = >

3. Given y , draw the sample of point configurations X;, Xy, ..., Xy from the Gibbs

density 1" (X |y) using Geyer and Meller’s (1994) birth-death-shift Metropolis-

Hastings algorithm as described in Sec. 3.6.

4. Estimate the ratio of normalizing constants through Eq. 129, and use this estimate

to find the value of the Metropolis-Hastings ratio r(ﬁ*, 9(’)) (Eq. 125) to decide

whether or not to accept 6.

In Bognar’s (2005) implementation, a systematic scan Metropolis-Hastings algorithm
combined with ratio importance sampling for the normalizing constant ratio is used to
sample the Gibbs posterior density. The systematic scan Metropolis Hastings algorithm
updates one of the k parameters of 8 at each iteration and systematically updates all of the
parameters through £ iterations. In the implementation here, all k parameters of 6 are
updated at once in one iteration. The reason that the systematic scan Metropolis-Hastings
algorithm is not used here is that evaluation of the Gibbs likelihood for triplets models is
computationally expensive. Notice that for the triplets models in Sec. 3.4, the Gibbs

density contains the product:
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5 l_xk:

[ Tewla

i<j<k

i~ ka

For a configuration with n points, the potential function ¢, (-, -, ) must be evaluated for

each of the (Z] triples that can be formed from the configuration. For the full 80 x 80m

Plot 318 from Coweeta for example, this would imply that there are a total of

3
(3 j =7,023,974 triples to evaluate. In practice only the number of interacting triples,

that is triples where all three points are within the interaction distance R of one another,
needs to be determined. All triples not having mutual neighbors within a distance R must
have zero potential. Nevertheless, determining which of the 7,023,974 triples are
interacting and have non-zero potential is still a computational burden, and so the
Metropolis-Hastings algorithm used here is constructed to keep the number of
Metropolis-Hastings updates (and evaluations of the Gibbs likelihood for them) to a
minimum.

Bognar (2005, p.11) pointed out that “Because the respective [normalizing
constant] ratios ... are approximated in the acceptance probability, their product will not
equal one as it should. Hence, the likelihood function is not constant, which implies that
the established theory for MCMC samplers does not apply.” From a theoretical point of
view, the error in the approximation given in Eq. 129 implies that detailed balance does
not hold, though it may be approximately true. The degree of error in this approximation
can have serious consequences for the behavior of the Metropolis-Hastings sampler of the

Gibbs posterior density. This belies the need to check on the quality of the approximation
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of the ratio of normalizing constants. One way to check on the quality of importance
sampling estimates is by examining the variability of the obtained importance sampling
weights. In the context of standard importance sampling (Robert and Casella 2004, p. 90-

107), it is desired to approximate

B [1()]= J' h(X) / (x) dx [130]

Q

that is, the expectation of a function / with respect to the density f(X). When it is difficult
to sample directly from f, importance sampling allows for the approximation of the

expectation by drawing samples from an instrumental density g (X) so that

[131]

Ideally, g(X) is chosen so that the ratio of densities f (x)/g(X) is bounded and
var(y) [h (X)] < oo. If g(X) is chosen so that the ratio of densities is nof bounded, then

the importance sampling weights f'(X;)/g(X;) can vary widely across the different the

different samples Xi, leading to instability in the importance sampling estimator (Geweke

1989).
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Comparing the ratio importance sampling identity in Eq. 128 and the resulting

approximation for the ratio of normalizing constants in Eq. 129 with Eq. 131, it can be

seen that/(x) =1 and the importance sampling weights are g, (X;)/g (X, |v)

and g, (x;)/g(X; |w), corresponding to the estimation of the normalizing constants Z;

and Z,, respectively. In implementing the Metropolis-Hastings algorithm to sample from
the Gibbs posterior distribution, at each iteration of the Gibbs posterior sampler, the
mean, variance and coefficient of variation (CV) of the importance sampling weights for
both Z; and Z, were computed. A check on the quality of the importance sample estimates
of the normalizing constant ratio was then obtained by plotting the histogram of the CVs
of the importance sampling weights generated from all iterations.

During implementation of the importance sampling based estimates of the ratio of
normalizing constants, one technical challenge that became apparent was that the
numerical values of the unnormalized Gibbs density, g(x), were extremely small (< ¢™'%)
and led to numerical underflows. To solve this all un-normalized densities were
transformed to their natural logarithm so that the Metropolis-Hastings ratios were also

log-transformed, for example Eq. 144 becomes

g(x10) 2(6")
g(X|t9(t)) Z(H*)

In(r(6",6"))=1n| 1,, (¢)

[132]

=In(1, (¢"))+In(g(x16"))~In(g(x|6"))+In Z(Z:))
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To preserve the Metropolis-Hastings decision rule (Eq. 123), a random uniform number u

is drawn on [0,1] and is log-transformed so that 8" is accepted whenever
In(u) <In(r(6",0")) [133]

While this resolved the problem of underflows in computing ratios of unnormalized
densities, to find the log-ratio of normalizing constants, the averages in Eq. 129 need to
be computed in terms of In(g(X)), not g(X). The computation of CV of the importance
sampling weights needs to be computed in similar terms. These issues were resolved by

the following scaling procedure:

1. Define the importance sampling weights w;; =

fori=1,2,...,N.

2. Find the maximum importance sampling weights w, = max {w, } and

w, = max {w, }.

1

. . . Wy ; Wh
3. Define the scaled importance sampling weights wj; = —L and wj, = —2&
" Wi
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4. Calculate the scaled weights from the importance samples

Wi, = exp(ln(vv:j B - exp(ln(wll-)— In (w} )) and
Wi, = exp[ln (%N - exp(ln(wzl.)— 1n(w§))

5. Calculate the average importance sample weights

N *
__i _ﬂ le _ W1 _
w = W = = le W1 W1
N N
i=1 i=1
« N _
_ Wz sz " s _ % s
Wz—— E Wi = N Woi =WoW;
1 .
i=1

6. Calculate the standard deviation of the importance sampling weights

1 —\2 1 * % o 2
S ) = o)

—_— * - 2
ﬁZ(sz w2)2=\/;_12(w2w§,-—w2w§)
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7. Finally, calculate the CV of the importance sampling weights

In essence the CV of the unscaled weights was found through the CV of the scaled
weights, since the maximal importance sampling weight cancels out of the CV ratios.
Moreover, step 4 implies that all of the computations use the logarithm of unnormalized

densities, e.g.

1n(w1,.):1n(&xi))] —n(g, (%)) ~In(g (% Iw))

g(xi|l//

Provided that In(w;)—1In (wf ) and In(w,;)—In (w; ) are not too small across the

importance samples, the computation of the CV of the importance sampling weights will
not cause numerical underflows. Finally, for the computation of the normalizing constant

ratio, it is observed that since
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the normalizing constant ratio can be computed directly from the scaled importance
sampling weights and the logarithm of the maximal importance sampling weights, which

again use the logarithm of unnormalized densities as needed.

3.73 Auxiliary variable method

An alternative to stochastic approximation of the normalizing constant ratio in
Eq. 124 was recently proposed in Moller et al. (2006) and Berthelsen and Meller (2006).
Their idea was to introduce an auxiliary variable whose proposal distribution took the
same form as the likelihood function, allowing cancellation of the normalizing constants.

Recalling from Sec. 3.71, the Gibbs posterior density is
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f(x10)f(9)
[£(6) 1 (x16)u(d6)

S(€1%)=

o f(x]0)f£(9)

Now introduce an auxiliary variable y, defined on the same state space as X, so that the

joint density of @ and y is
F(y,01x)x f(x.y,0)=f(y16.x) £ (x]6) f(0)
Moller et al. propose the following Metropolis-Hastings algorithm:

1. Choose the initial configuration y(o) eNand 6 € ® such that
f(y<°> | 9<°>,x) > 0and f(H(O) |x) >0and set ¢ = 0.

2. Generate a new parameter vector  from a desired proposal distribution
q (0* | 9<’>) :

3. Conditional upon ", propose a new configuration y" from the proposal
distribution ¢ (y* Iy, 9“’)

4. Accept the new parameter vector and configuration with probability
aly?,0%,y".0)=

F(y'10°.x) £(0'1x) a(y?1y'.6.6") q(60" 6)
f(y(t) |(9(f)’x) f(g(’) |X) q<y* |y(f)’g*9(9(f)) q<9* |g(f))

min-< 1,

5. Increment ¢ and repeat until 1 =T

[134]

[135]
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Since the proposal distribution for the auxiliary variable y is arbitrary, Meoller et al.

(2006) make the clever choice of using the likelihood itself, that is

Dot g ol 5o gy1e”
q(y()|y ,9,6’())=f(y()|49())= (Z(H(t)) )
and
a(y'1y".0 0<”)=f(y*|9*)=g(zy(0'f))

so that the Metropolis Hastings ratio becomes

r<y*,y(f)9*’9(f))

Cr(y1ex) r(61x) a(y?1y'.e.6") q(6"16°)
B f(y(f) |9(t),X) f(@(f) |X) q(y* |y(t)’9*’9(f)) q(e* |9(f))

Cr(Y1ex) s(xie) £(67) a(y"1ye7.6") q(6"167)
B f(y(f) |9(t),X) f(xlg(f)) f(g(f)) q(y* |y(f),(9*’9(f)) q(g* |¢9(t))

147



_S10x) g(xI0) 1(9) g(y"16")a(0"10) [136]

F(y"16".x) g(x167) 1 (6") 2(y'167) q(6"(6")

so that the normalizing constants in the likelihood cancel the normalizing constants of the

proposal density for y. Moller et al. (2006) recommend that proposals y* be perfect

samples from the proposal distribution f (y | 9) so that the posterior Gibbs distribution

will be obtained without error from the marginalization of the joint density f (y, e X) .

For point processes, drawing perfect samples has been made possible by the
adaptation of Propp and Wilson’s (1996) coupling from the past (CFTP) ideas to so-
called dominated CFTP by Kendall (1998), and Kendall and Mgller (2000); an alternative
adaptation of CFTP for point processes is the clan of ancestors algorithm proposed by
Ferrari et al (2002) and extended to marked point processes by Van Lieshout and Stoica
(2006). Both dominated CFTP and the clan of ancestors algorithms are applicable for

perfect simulation of locally stable point processes, whose conditional intensity function

A" (u;x) is bounded by a positive constant X.

To illustrate the key principle behind CFTP, suppose for some finite state space Q
that a sequence of Markov chains is constructed where each Markov chain is represented

as a random mapping, also known as a stochastic recursive sequence, such that

X,., = f(X,,u,) where fis a deterministic function and the u, are i.i.d. random variables.

Because the sequence of Markov chains are based on the same random mappings, any
two chains that have the same state at time ¢ will have identically the same sequence after

time ¢ regardless of what states the two chains were started at. Now suppose that the
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sequence of Markov chains are initialized at all possible states of Q2 at some point in the
past, —7. As the chains proceed forward in time, paths realized by these chains will
coalesce when they choose the same state. If all paths have coalesced by time 0, then the
distribution of this Markov chain at time 0 is the same as if the sequence of Markov
chains had been started at time —oo, implying that this distribution is the stationary
distribution of the chain and the state of the chain at time 0 is an exact sample from the
stationary distribution (Robert and Casella 2004). Now if all paths have not coalesced by
time 0, then the algorithm picks a time more distant in the past, say —27, and proceeds
forward in time while reusing the same random numbers u, generated in evaluating the
sequence of chains from time —7 to time 0. This process is repeated by successively
choosing times more distant in the past until coalescence of all chains has been achieved.
Because point processes are defined on continuous (infinite) state spaces, Propp
and Wilson’s CFTP idea must be modified since there are an infinite number of states
and Markov chains needed to create the sequence just described. As noted by Propp and

Wilson (1996), if there exists a partial ordering, <, on the state space Q such that
X, <Y, implies f(X,,u,)< f(Y,,u,)forall tand X,,Y, € Q where stochastically

maximal and minimal states of the state space are known, then the CFTP algorithm can
be applied to continuous state spaces. The coalescence of a Markov chain initialized at
the maximal state with a Markov chain initialized at the minimal state by time 0 implies
the coalescence of all possible states of the state space, a property referred to as
sandwiching. A great benefit of this sandwiching property is that only the chains
initialized by the maximal and minimal states need to be monitored (Kendall and

Thonnes 1999). In the context of point processes, there is no maximal state, so Kendall
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(1998) and Kendall and Mgller (2000) introduced the idea of dominated CFTP, a
modification of the CFTP algorithm where set inclusion is used as the partial order
structure, the empty configuration @ is a stochastically minimal state, but no
stochastically maximal state is assumed. Instead a dominating process is used to provide
the desired sandwiching property. The dominating process is a spatial birth and death

process (Preston 1977) with its stationary distribution given by a Poisson process with

intensity measure A(B)=K u, (B), where B is a Borel subset of the space Q= F c R?

as in Sec. 2.12, and K is the upper bound of the point process’ conditional intensity
function. The dominated CFTP algorithm proceeds by extending the dominating process
backwards in time through a series of point births and deaths, where a randomly chosen
point in F'is born in a configuration with n(X) points with probability K/(K + n(X)), or
otherwise a randomly selected point is deleted (a “death). At each time a point birth
occurs, the point location is recorded; at each time a point death occurs, the point location
is recorded and a random uniform number on [0,1] is generated. In this way the
dominating process undergoes births and deaths backwards in time until the empty
configuration is achieved. Next the “target” spatial birth and death process is initialized
with the empty configuration. At each time the dominating process experienced a point
birth going backwards in time, the target process experiences a death going forward in
time using the recorded point coordinates for the backwards point death. When the
dominating process experienced a point death while going backwards in time, the
recorded point is added to the target process with configuration X only if the recorded

random uniform number associated with the point exceeds the birth rate
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b(u;x) = A (u;x)/ K . Through this recording of point locations and the random uniform

numbers, the target process is “coupled” with the dominating process.

While various means have been proposed to speed efficiency of the algorithm,
including the use of upper and lower sandwiching processes (Kendall and Meller 2000;
Berthelsen and Moller 2002), for the purpose here a critical point in the implementation

of dominated CFTP is that the dominating process must be initialized from a Poisson
process with intensity measure A (B)=K g, (B). In this thesis, the pairwise interaction
and triplets models proposed are all locally stable, as shown in Sec. 3.5. Because the

value of K can be large for these processes, perfect sampling using dominated CFTP as

well as imperfect sampling via Geyer and Moller’s (1994) shift-birth-death Metropolis-

Hastings algorithm were attempted as a means of proposing a sample y* from f (y, 0| X) .

The choice of the conditional density for y is guided by the need to provide good

mixing of the joint density f (y, A X) . One simple choice is to use the likelihood density

evaluated at a fixed parameter vector 0 rather than either 8" or 8" so that

£(y'16.x) g(x107) £(67) g(y"16")q(6"16")
F(y16".x) g(x167) 1 (6") 2(y'10°) q(6"16")

r(y . y"e,0")=

g(y'16)
2(0) _s(x19) 7(¢) g(y"10")a
¢(y19) g(x16") 7(6") &(v'16) 46167
z(9)
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R q )
— g [137]
)

Moller et al. (2006) argued that so long as the Gibbs posterior distribution is concentrated

around @, the algorithm should be expected to mix well. Determination of 6, however is
not necessarily an easy task. Moller et al. used a maximum pseudolikelihood estimate,
but it is worth noting that Baddeley and Turner (2000) found that although the pseudo-
likelihood estimator is expected to work well when the data are Poisson-like, the MPLE
is inefficient when the data show strong spatial interaction. The pairwise and triplets
models used here are designed to model localized spatial attraction, which makes the
prospect of the MPLE not as appealing. Instead, when drawing inference from a field plot

from the Coweeta dataset, the posterior mode obtained from the implementation of

Bognar’s algorithm (Sec. 3.71) with that dataset was used ford . Combining these choices
for the conditional density of y along with the uniform priors specified in Table 1 and the
independent normal proposals for the parameters 6, gives the implementation of the

Moller et al.’s algorithm here:

1. Choose the initial configuration y(o) € Nand H(O), 0 € ©" such that
f(y<°> | é) > 0and f(e“” |x) > 0and set = 0.

2. Propose a new parameter vector @ from the multivariate normal distribution

q(0'16")=TTN.(6 14 =8".57).

k
i=1
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. Conditional upon @, propose a new configuration y~ from the Gibbs distribution
f(y'1e)

. Accept the new parameter vector and configuration with probability
aly?.6",y'.6)=

2(y'18) g(x10') g(y"16") [138]
2(v"16)g(x16") g(y'10)

miny1l, 7 (9*)

. Increment ¢ and repeat until 1 =T
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4. Results

4.1 Spatial structure of observed data

During data preprocessing, all plots were found to have cases of multiple tree
records with identical coordinate locations. The number of trees records with identical
coordinates varied from just two records for one tree with two stems on Plot 218 to a total
of 48 tree records resulting from 18 trees with two stems each and four trees with three
stems each on Plot 527 (Table 2). Multiple stemmed trees were typically either red maple
(Acer rubrum L.) or sourwood (Oxydendrum arboreum L.) on Plots 118, 218, 318, and
427, whereas on Plot 527 multiple stemmed trees were typically yellow birch (Betula
alleghaniensis Britton), black birch (Betula lenta L.), or basswood (Tilia americana L.).
As a consequence of multiple stemmed trees, the coordinate locations of 12, 1, 7, 14, and
26 tree records for Plots 118, 218, 318, 427, and 527 respectively were modified as

described in Sec. 3.2.

Table 2. Distribution of total tree number by tree records per coordinate location.

No. of Trees per

Coord. Location® Plot 118 Plot 218 Plot 318 Plot 427 Plot 527

1 330 262 335 359 220

2 20 2 14 16 36

3 3 0 0 9 12
Total Trees on Plot 353 264 349 384 268

*A value of 1 indicates trees with unique locations. A value of 2 or 3 indicates 2 or 3 tree
records with one location recorded in the field; e.g., 12 trees listed for three trees per
coordinate location implies four trees of three stems each.
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Table 3. Coweeta gradient plot summary statistics and basal area by species, for all trees

with 1998 DBH > 10 cm.

Plot 118 Plot 218 Plot 318 Plot 427 Plot 527

Elevation (m)* 786 802 866 1085 1387
Quad. Mean DBH (cm) 23.2 30.0 29.0 26.0 31.0
Trees / ha 551.56  412.50 545.31 600.00 418.75
Basal Area (m” ha™) 23.23 29.14 36.00 31.79 31.66
Acer pensylvanicum L. 0.00 0.02 0.08 0.31 0.81
Acer rubrum L. 2.35 4.65 4.66 6.51 0.20
Acer saccharum Marsh. 0.00 0.30 0.00 0.00 0.71
Acer spicatum Lam. 0.00 0.00 0.00 0.00 0.47
Amelanchier arborea (Michx. f.) Fern 0.24 0.00 0.01 0.00 0.12
Betula alleghaniensis Britton 0.00 0.04 0.06 0.00 7.86
Betula lenta L. 0.00 1.97 0.34 0.10 5.85
Carya glabra (Mill.) Sweet 1.42 3.39 4.22 1.24 0.09
Carya ovata (Mill.) K. Koch 0.00 0.00 0.08 0.00 0.00
Castanea dentata (Marsh.) Borkh. 0.00 0.00 0.00 0.04 0.00
Castanea pumila Mill. 0.02 0.00 0.00 0.00 0.00
Cornus florida L. 0.13 0.50 0.35 0.36 0.00
Fagus grandifolia Ehrh. 0.05 0.00 0.00 0.00 0.30
Fraxinus americana L. 0.00 0.00 0.06 0.00 1.90
llex spp. 0.00 0.00 0.00 0.00 0.19
Liriodendron tulipifera L. 0.09 6.77 0.93 0.00 0.00
Magnolia acuminata L. 0.00 0.00 0.00 0.01 0.12
Magnolia fraseri Walt. 0.14 0.23 0.00 0.28 0.00
Nyssa sylvatica Marsh. 0.51 0.58 3.56 2.10 0.00
Oxydendrum arboreum (L.) DC. 2.10 0.83 3.21 3.59 0.00
Pinus rigida Mill. 4.25 0.00 0.00 0.00 0.00
Quercus alba L. 0.46 0.00 0.00 0.00 0.22
Quercus coccinea Muenchh. 2.33 1.80 0.10 1.52 0.00
Quercus marilandica Muenchh. 0.27 0.00 0.00 0.00 0.00
Quercus prinus L. 4.68 3.95 12.56 10.14 0.00
Quercus rubra L. 2.24 1.16 2.97 4.26 6.72
Quercus velutina Lam. 1.10 1.33 1.58 0.23 0.00
Quercus spp. 0.00 0.00 0.00 0.27 0.00
Robinia pseudoacacia L. 0.75 1.12 0.40 0.36 0.00
Sassafras albidum (Nutt.) Nees 0.11 0.00 0.05 0.00 0.00
Tilia americana L. 0.00 0.33 0.00 0.00 5.85
Tsuga canadensis (L.) Carr. 0.00 0.15 0.03 0.38 0.19
Unknown 0.00 0.01 0.75 0.07 0.04

*Source: Clark et al. (1998)
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Figure 13. Stem map of Plot 118 (all trees with DBH > 10cm).

In addition to restricting all trees to having a DBH at the 1998 remeasurement of
at least 10 cm, the Coweeta dataset was also restricted to eliminate a few species (Aralia
spinosa L. and Hamamelis virginiana L.) that are more commonly thought of as shrubs
than trees, regardless of the observed stem diameter. Species composition of the final tree
list for each plot (Table 3) varied from cove hardwoods (dominated by Liriodendron
tulipifera L.) to oak-hickory (dominated by Quercus spp., Carya spp.). Plot tree density
ranged from to 412.5 trees ha™ on Plot 218 to 600 trees ha™ on Plot 427 and plot basal
areas ranged from 23.23 m” ha on Plot 118 to 36.00 m* ha on Plot 318 (Table 3).

After data preprocessing, including modifying coordinates of certain stems as
illustrated in Figure 3, the spatial structure of each of the five Coweeta plots was

assessed. Visual inspection of the stem maps for these plots (Figs. 13 —17)
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Figure 14. Stem map of Plot 218 (all trees with DBH > 10cm).
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Figure 15. Stem map of Plot 318 (all trees with DBH > 10cm).
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Figure 16. Stem map of Plot 427 (all trees with DBH > 10cm).
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Figure 17. Stem map of Plot 527 (all trees with DBH > 10cm).
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indicated that clumps of trees were distributed throughout the plots, with clusters of up to
four stems being present. This clustering is least apparent in Plot 218 and most apparent
in Plot 527, which is dominated by yellow birch (Betula alleghaniensis Britton), northern
red oak (Quercus rubra L.), black birch (Betula lenta L.), and basswood (7ilia americana
L.).. Also apparent in Plot 527 is the presence of spatial inhomogeneity, where tree
density is much lower in the lower right-hand corner of the plot than elsewhere.

Spatial structure of the Coweeta data was assessed by Ripley’s K- and L-

functions, where positive values of L (r) —r indicate clustering, negative values indicate

regularity in the pattern, and a plot of complete spatial randomness will equal zero for all
distances r. The L-function was calculated by the R-language package Spatstat (Baddeley
and Turner 2005) and plotted for distances up to 20 meters for each of the five Coweeta
plots. For each plot, 1000 simulations of the homogeneous Poisson process were
generated to form a 95% confidence envelope, which represents the 2.5th and 97.5th
percentiles of the simulated L-functions (Fig. 18 —22). The five Coweeta plots showed
considerable differences in spatial structure as assessed by Ripley’s L-function. While
Plot 218 showed a spatially random structure, the other plots all had strong clustering
within 3m of distance, with Plot 118, 427, and 527 showing the strongest clustering. In
addition to this short range clustering, Plots 427 and 527 showed clustering at distances
greater than 10 and 5 m respectively. In contrast to other plots, Plot 318 (Fig. 20)
simultaneously shows clustering (from 0 — 2m) and over-dispersion of points (from 3 —
7m), providing an example of a point pattern that is neither purely repulsive nor purely
attractive.

Analysis of the spatial structure of the Coweeta data using the pair correlation
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Figure 20. Observed L(r) - r (solid line) and 95% Monte Carlo simulation envelope for
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Figure 21. Observed L(r) - r (solid line) and 95% Monte Carlo simulation envelope for
CSR (dashed lines) for Plot 427.
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Figure 22. Observed L(r) - r (solid line) and 95% Monte Carlo simulation envelope for
CSR (dashed lines) for Plot 527.

function provided results (not all shown) very similar to those obtained from the L-
function. Since values of the pair correlation function less than one indicate regularity
and values greater than one at short distances indicate clustering (Stoyan and Penttinen
2000), the estimated pair correlation functions from the Coweeta data were compared
against Monte Carlo envelopes of complete spatial randomness (CSR). As an example,
the Monte Carlo test of the pair correlation function for Plot 318 indicates the presence of
strong clustering at distances less than one meter and the presence of spatial regularity
from one to four meters (Fig. 23).

Up to this point, the spatial analysis of the Coweeta data assessed the pattern
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Figure 23. Observed pair correlation (solid line) and 90% Monte Carlo simulation
envelope for CSR (dashed lines) for Plot 318.

among all trees with DBH > 10 cm. Trees however are three dimensional objects which
spatially stratify themselves by height as well as their location on the ground surface. The
pattern of dominant and co-dominant trees may be more regular due to the size and
position of their crown in the upper canopy layers. Intermediate and suppressed trees can
exist much closer to dominant trees by locating their crowns below the crowns of the
dominants and co-dominants. It was hypothesized that clustering at small distances

(< 2m) is the result of stump sprouting in species that predominantly exist only in the
understory or in otherwise suppressed stems of forest canopy trees. To examine this
possibility, the Coweeta data were screened at increasing diameter limits of 10cm, 14cm,

18cm, 22¢m, 26¢cm, and 30cm. In the absence of direct crown information such as crown
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class, screening by tree diameter restricts the pattern to only the larger trees, where tree
diameter is assumed to be positively correlated with tree height and crown size. For each
diameter limit and Coweeta plot, Ripley’s L-function was computed and plotted, again
using the isotropic edge-effect correction (Figs. A1 — A30). For Plots 118 and 427, the L-
function plots reveal a decrease in the magnitude of this short range clustering
phenomenon. In Plot 118, for example, the significant clustering at distances less than 2m
is weakened to the point that by the 30cm DBH limit, the pattern shows random
interaction for all distances less than 15m. The L-function graphs for plots 318 and 427
also indicate a weakening of the short-range clustering phenomenon, whereas in Plot 527
significant clustering at distances less than 2m persists across the diameter limits. In the
case of Plot 318, the clustering is present, but not significant for the 18, 22, and 26cm
DBH limits. At the 30cm DBH limit, clustering becomes significant once more (Fig.
A18). On the whole, short distance clustering is more evident when considering smaller
diameter trees, but it still persists in some of the Coweeta datasets when screened to
include only large diameter trees. Significant overdispersion in the spatial pattern of trees
at Coweeta is evident at DBH limits > 22cm for Plots 218, 427 and 527. In Plot 218,
evidence of overdispersion becomes apparent at distances less than 5Sm once the DBH
limit is at least 14cm. Plots 427 and 527 show increased repulsiveness at distances greater
than 5m when the DBH limit exceeded 14cm. Significant overdispersion for plots 427
and 527 occurred at distances from 3 — 10m and 4 — 6m, respectively, when the DBH
limit > 22cm. In contrast, Plot 118 showed significant overdispersion only at the 18cm
DBH limit and in Plot 318, overdispersion is present from 3 — 7m, but its significance

weakens as the DBH limits increase.
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4.2 Gibbs Point Process Simulation

4.21 Pairwise interaction models

For the simulation of Gibbs point processes, Geyer and Moller’s (1994)
Metropolis-Hastings algorithm was used with equal probability assigned to point births,
deaths, and shifts. Unless otherwise noted, the simulation runs used 240,000 total
iterations, with a burn-in of 40,000 iterations. Samples for Monte Carlo tests were drawn
from the remaining 200,000 iterations by sub-sampling at a spacing of 200, giving 1,000
samples for each run. In most cases, the burn-in of Geyer and Meller’s algorithm took
only a few thousand iterations (as assessed by visual inspection of trace plots), but
following Geyer and Moller (1994), 40,000 iterations were used as a conservative
estimate. No attempt was made to assess an “optimal spacing” for sub-sampling, as
described in Geyer (1999).

From the L-function analysis of the Coweeta gradient plots, Plot 318 provided the
best example of short-distance clustering (< 2m) and longer range repulsion from 3 to 7m
(Fig. 20). Since modeling this phenomenon is of key importance to the objectives
pursued here, the proposed Gibbs point process models are simulated on 80x80 square
“plots” to provide a comparison with the observed spatial structure in Plot 318. For each
simulation, Geyer and Mgller’s algorithm is initialized by a sample from a homogeneous
Poisson process with n = 349 points, the number of points observed on Plot 318. For the
simulation of all Gibbs point process models, the intensity parameter was set to

p= |£ = 349 ~ 0.0545 . As discussed in Sec. 3.71, the hard-core distance for all

F| 80-80
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models was set to 0.09m and the interaction distance for all models was set at 5Sm, unless
otherwise noted.

Since simulation of Gibbs point processes using purely repulsive potentials is well
established (Illian et al. 2008), parameters were chosen for simulation runs of the
proposed models to represent either partial or complete spatial attraction. In the Fiksel
model, the pair potential is attractive when 8; < 0. Two example simulation runs are
shown to illustrate how the model’s behavior and the performance of the simulator can be
affected strongly by the choice of values for 6,. Both examples show an attractive
potential with 8, = -1, where Ex. 1 is chosen with 8, = 2.5 and Ex. 2 is chosen with 6, =1
(Fig. 24). The execution of Geyer and Mgller’s algorithm for Ex. 1 produced trace plots
that suggest convergence to the stationary distribution in less than 5,000 iterations
corresponding to a point process with sampled configurations having about 375 points
(Fig. B1 — B2). Sampled configurations show the presence of stump-sprout-like clusters
of two or three trees, but also the presence of “chains” of 5 — 10 trees, such as one found
at (22m, 75m) in Fig. 25. The 95% Monte Carlo simulation envelope of the L-function
from this model confirms the attractiveness of the spatial pattern, which weakens to a
Poisson-like structure after 10m (Fig. 26).

While the example above resulted in reasonable performance of the point pattern
simulator and general agreement between the L-function plot and underlying theoretical
model, the Fiksel model using a more attractive potential with 6, = 1 was unable to
converge to a stationary distribution. After 20,000 iterations, the number of points in the

configurations generated from the Markov chain had exceeded 1,000 (Fig. B3) and the
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Figure 25. Sample configuration of Ex. 1 of the Fiksel model with parameter values

(8=0.0545, 6, =—1, 6,=2.5, R=5).
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Figure 26. Monte Carlo envelope of L-function of Ex. 1 of the Fiksel model with
parameter values ( B =0.0545, 6, =-1, 6,=2.5, R= 5) against the observed L-function

of Coweeta Plot 318.

corresponding canonical statistic for 6, steadily decreased (Fig.B4). A sample obtained at
the 20,000™ iteration showed extreme clustering (Fig. 27), which is confirmed also by the
L-function for this sample (Fig. 28). Beyond 20,000 iterations the Metropolis-Hastings
algorithm was terminated as the number of interacting pairs of points generated from
configurations in excess of 1,000 points was so large that the MATLAB code running the
algorithm exhausted system memory on a PC equipped with 2GB of RAM.

Results such as Fig. 27 are unreasonable for use in modeling forest tree patterns

and positions because the point process which generates it allows the number
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Figure 27. Sample configuration (n = 1,043 points) after 20,000 iterations of Ex. 2 of the
Fiksel model with parameter values ( B =0.0545, 6,=-1, 6,=1, R= 5) .
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Figure 28. L-function of a sample configuration after 20,000 iterations of Ex. 2 of the
Fiksel model with parameter values (3 =0.0545, 6, =—1, 6, =1, R =5) against the

observed L-function of Coweeta Plot 318.
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of points of the process to be excessively large. Tree density for forests like those in
Coweeta may be known or reasonably approximated through practical sampling and
estimation procedures (Packard and Radtke 2007). If sample estimates of tree density
were available, then the Gibbs process could be specified by conditioning on a specific
number of points for the desired plot size. Simulating a Gibbs point process conditional
on the number of points is straightforward in the context of Geyer and Meller’s
Metropolis-Hastings algorithm. By choosing the probability of a point shift to be one, Eq.
120 implies that the transition kernel of Geyer and Meller’s algorithm is equivalent to the
transition kernel of the Markov chain originally published by Metropolis et al. (1953).
With this in mind, the attractive Fiksel model with 6, = 1 was re-simulated with » fixed at
349 points, corresponding to the point density of Plot 318. Again, samples from the chain
showed extreme clustering; after 150,000 iterations, where nearly all of the 349 points
were located in one tight cluster located approximately at the coordinates (45m, 70m)
(Fig. 29). The trace plot of the pseudo-canonical statistic (Fig. B5) showed a steady
decrease across the 150,000 iteration run of the Metropolis algorithm. The behavior of
simulations from the Fiksel model with (f =0.0545, 6, =—1, 6, =1, R =5) provides an
example of what Geyer (1999) termed the “one-clump process”. By studying the
behavior of the conditional Strauss process at the extremes of the pair potential’s
parameter values, Geyer (1999, p. 98) found that the conditional Strauss process, when
specified to be strongly attractive, resulted in a process where all realizations resulted in
sample configurations where all points were located in a ball with radius equal to the

model’s interaction distance.
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Figure 29. Sample configuration after 150,000 iterations of Ex. 2 of the Fiksel model
with parameter values (£ =0.0545, 6, =—1, 6, =1, R=5) and fixed n = 349.

Because the pair potential of the Fiksel model is essentially an exponential curve,
the pair potential can either be repulsive, or attractive, but not both at the same time (c.f.
Fig. 4). Since it was desired to model both localized attraction from stump sprouts and
repulsion from intertree competition, the hard-core modified exponential (HCME) and
hard-core serpentine (HCSP) models were proposed with pair potentials that can be
attractive and repulsive simultaneously using smooth parametric functions. Both of these
models were simulated using Geyer and Meller’s Metropolis-Hastings algorithm using

parameter values that gave partially attractive as well as totally attractive pair potential
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Figure 30. Pair potential plots of simulated Hard-Core Modified Exponential model. Ex.
1 corresponds to (4 =0.0545, 6, =1, 8, =-2.5, 6,=2.5, R=5); Ex. 2 corresponds to

(8=0.0545, 6,=1, 6,=-25, 6,=1, R=5)

plots. For the HCME model, two examples are chosen corresponding to the parameter

values (ﬂ = 00545, 191 = 1, 02 = _2.5, 03 = 2.5, R= 5) and (ﬂ = 00545, 91 = 1, (92 = _2.5,

6; =1, R =15). The first example, with s = 2.5, corresponds to a potential that is

attractive to a distance of 0.5m, becoming increasingly repulsive to 1m, with decreasing

repulsion up to the interaction distance of Sm. The second example, with 6; =1,

corresponds to a potential that is attractive to about 3.5m, being repulsive from 3m to Sm.

(Fig. 30). Just as in the case of the Fiksel model, the two examples show widely varying
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Figure 31. Sample configuration of Ex. 1 of the HCME model with parameter values
(£=0.0545, 6, =1, ,=-2.5, 6,=2.5, R=5).

behavior. Trace plots from the first example with 6 = 2.5 suggest that the Markov chain
has reached a stationary distribution with about 260 points (Figs. B6-B8). Samples from
the HCME model with these parameter values do not show excessive attractiveness or
any tendency to degenerate into the “one-clump” process (Fig. 31). Upon visual
inspection, simulated point patterns appear to be repulsive, with a few clusters of two or
three points dispersed throughout the plot (Fig. 31). A 95% Monte Carlo envelope of the
L-function confirms this, and shows attractiveness at distances less than two meters and
repulsion from approximately two to ten meters that closely mimics the L-function from
Coweeta Plot 318 (Fig. 32). When the HCME model is simulated with 65 = 1, the model

degenerates quickly into excessively attractive patterns (Fig. 33). The number of points
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Figure 32. Monte Carlo envelope of L-function of Ex. 1 of the HCME model with
parameter values (ﬂ =0.0545, 6, =1, 6,=-25, 6,=25, R= 5) against observed L-

function of Coweeta Plot 318.
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Figure 33. Sample configuration of Ex. 2 of the HCME model with parameter values
(£=0.0545, 6, =1, 6, =-2.5, 6, =1, R=5) after 40,000 iterations.
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Figure 34. Pair potential plots of simulated HCSP model. Ex. 1 corresponds to the
parameter values (8 = 0.0545, 6, = 2.5, 6, =—0.25, R = 5); parameter values for Ex. 2 is
($=0.0545, 0, =2.5, 6, =—1, R=15); parameter values for Ex. 3 is (f = 0.0545, 6, =
—2.5,60,=—1,R=)5).

exceeded 1,200 after 40,000 iterations, beyond which the algorithm failed for lack of
sufficient computer memory (Fig. B9).

The apparent lack of stability of the Fiksel and HCME models is replicated as
well in the hard-core serpentine (HCSP) model. As an illustration, three examples are
chosen that present mixtures of attraction and repulsion. The first with parameter values
($=0.0545,6,=2.5, 6, =—0.25, R =5), gives a potential with attraction at distances less
than 0.25m, and repulsion otherwise through the potential’s range of interaction. The
second example, with 6, decreased to -1.0, shows spatial attraction to distances up to 1m,

with repulsion from 1m to 5Sm (Fig. 34). As an example of the flexibility of the HCSP
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Figure 35. Sample configuration of Ex. 1 of the HCSP model with parameter values
(£=0.0545, 6,=2.5, ,=-0.25, R=5).

potential, the third example demonstrates short range repulsion (up to 1m) combined with
spatial attraction from 1m to Sm. While this spatial structure is not consistent with
Coweeta Plot 318, it is included here since some studies (Degenhardt and Pofahl 2000)
have attempted to model forest pattern using Gibbs processes with potentials that show
short range repulsion combined with longer range attraction.

For the first example with 8, = 2.5, and 6, = —0.25, the Markov chain simulating
the HCSP model appears to have reached the stationary distribution rapidly (Figs. B12 —
B13). The trace plot of the number of points (Fig. B12) shows no indication of any
instability in the model, with samples having around 200 points. Upon visual inspection,

sample configurations (Fig. 35) appear to show overdispersion with a few stray clusters
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Figure 36. Monte Carlo envelope of L-function of Ex. 1 of the HCSP model with
parameter values (4 =0.0545, 6, =2.5, 6, =-0.25, R = 5) against observed L-function

of Coweeta Plot 318.

of two points.The Monte Carlo envelope of the L-function confirms a slight amount of
clustering at distances less than one meter. Otherwise the HCSP model shows a repulsive
spatial structure that overall shows less clustering than Coweeta Plot 318 (Fig. 36).

The second example, with 8; = 2.5 and 6, = —1, did not converge to a stationary
distribution. Although the simulation run proceeded through the 240,000 iterations
specified, trace plots indicate that neither the number of points nor the pseudo-canonical
statistic are from samples of the stationary distribution of the chain (Fig. B14 — B15).

Instead of degenerating into a “one-clump” process, a sample at the 240,000 iteration
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Figure 37. Sample configuration of Ex. 2 of the HCSP model with parameter values
(£ =0.0545, 6,=2.5, 6, =—1, R =5) after 240,000 iterations; n = 782 points.

suggests that the HCSP model is degenerating into a “multiple clump” process, where all
points will be drawn into one of multiple clumps that appear randomly distributed across
the plot (Fig. 37).

Attempts to stabilize the HCSP model by conditioning on the number of points
also proved unsuccessful. With n = 349 fixed, the trace plot of the pseudo-canonical

statistic (Fig. B16) showed a steady increase across the 240,000 iteration run. A sample
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Figure 38. Sample configuration of Ex. 2 of the HCSP model with parameter values
(,B =0.0545, 6, =25, 6,=-1, R= 5) after 240,000 iterations with fixed n = 349.

taken at the end of the run (Fig. 38) showed that even with n fixed, the HCSP samples
continue to degenerate into samples from a “multiple clump” process, with the clumps
located randomly throughout the plot.

Simulation of the third example of the HCSP process with 8, = -2.5, 6, = —1,
corresponding to repulsion at distances up to 1m and attraction from 1 to Sm proved to be

unstable as well. In less than 20,000 iterations, Geyer and Mgller’s algorithm had failed
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Figure 39. Sample configuration of Ex. 3 of the HCSP model with parameter values
(8 =0.0545, 6, =-2.5, 8, =—1, R =5) after 16,000 iterations; n = 2,906 points.

for lack of sufficient computer memory. By 16,000 iterations the Markov chain was
generating point patterns with almost 3,000 points (Fig. B17). Unlike the previous
example, where sample configurations returned multiple tight clusters of points, the
potential caused massive attraction that was quite diffuse, with ill-defined “clusters”
spread out over 200 square meters of plot area or more (Fig. 39). Again, conditioning on
the number of points, as was required in the partially attractive potentials of Degenhardt

and Pofahl (2000), failed to prevent the instability of the HCSP model. After 50,000
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Figure 40. Sample configuration of Ex. 3 of the HCSP model with parameter values
(8 =0.0545, 6, =-2.5, 8, =—1, R =5) after 50,000 iterations with fixed n = 349.

iterations, sampled configurations (Fig. 40) showed the behavior of a “one-clump”
process, similar in appearance to that described by Geyer (1999). While the large cluster
of points in Fig. 40 is more spread out than the tight single cluster of Fig. 29, the
repulsiveness of the HCSP potential at distances less than 1m, failed to prevent the model
from degenerating into a one clump process just as the purely attractive Fiksel model did.
A summary of the simulation results of all pairwise models tested highlights two

key features of pairwise models with partial or purely attractive pair potentials. First
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Table 4. Summary of simulation results for pairwise interaction processes.

Parameters Point

Potential at

Potential at

Model (0, 05 0;) number distances < Im distances > Im Outcome

Fiksel -1,2.5 Random Weak attraction Random Pairs, triples in
repulsive pattern

Fiksel -1,1 Random Weak attraction Weak attraction Failed, massive
multiple clusters

Fiksel |-1,1 Fixed Weak attraction Weak attraction One clump

HCME | 1,-2.5,2.5 Random Weak attraction Weak repulsion Pairs in repulsive
pattern

HCME |1,-25,1 Random Weak attraction Weak attraction Failed, massive

and random multiple clusters

HCSP |2.5,-0.25 Random Weak repulsion Weak repulsion Pairs in repulsive
pattern

HCSP | 25,-1 Random Strong attraction Weak repulsion Failed, multiple
clumps

HCSP |25,-1 Fixed Strong attraction Weak repulsion Multiple clumps

HCSP | —-2.5,-1 Random Strong repulsion Weak attraction Failed, massive
diffuse clusters

HCSP | -25,-1 Fixed Strong repulsion Weak attraction One clump

potentials that when plotted may appear to be weakly attractive at some distances, can in

fact be extremely attractive (Table 4). This was true for both purely attractive potentials

such as the Fiksel model and partially attractive and partially repulsive models like the

HCME and HCSP, regardless whether the attraction reflected short range (< 1m) or long

range behavior. Secondly, if a pair potential was sufficiently attractive, it would
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degenerate into a one clump process, despite conditioning on the number of points of the

process.

4.22 Triplets models

As a suggestion to address the inadequacy of existing Gibbs point process models
to simulate attractive patterns, Geyer (1999) proposed two models that, in different ways,
attempted to address this problem. One, called the “saturation process” attempted to limit
the number of interacting points by introducing a parameter that puts an upper bound on
the maximum contribution to a configuration that any particular point may have. The
other introduced repulsive third order interactions to counteract attractive pairwise
interactions in a “triplets process”. Geyer’s triplets process, along with two new
formulations of triplets processes introduced here, are constructed to allow for either
partially or completely attractive 2"*-order interactions as means of simulating clustering
of trees at very short distances, while using a 3™-order repulsive potential to prevent
patterns from degenerating to one or more clumps of points.

Geyer’s model is perhaps the simplest construction of a triplets process possible.
Both the attractive 2"-order and repulsive 3™-order potentials are given by parameter
values that keep the potentials constant across the range of interaction (see Sec. 3.32, Egs.
97, 98). To provide an illustration of the behavior of Geyer’s model, two levels of
attraction, corresponding to €, = -1 and 6, = -2.5 were selected along with two levels of

repulsion, corresponding to &, = 1 and 6, = 2.5 (Figs 40, 41). From this four examples of
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Figure 42. Third order potential plots of simulated Geyer triplets model. Ex. 1 and 3
correspond to 8, = 2.5; Ex. 2 and 4 correspond to 6, = 1.0.
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Geyer’s model are created to illustrate the effects of different degrees of 2"-order
attraction with different degrees of 3"-order repulsion. As with the pairwise models, the
parameter f was set to 0.0545, the hard-core distance was set to 0.09m, and the
interaction distance was set to Sm.

The first example of Geyer’s triplets model where 6, =-1.0 and 6, = 2.5,
represents a combination of weak 2"_order attraction and strong 3" order repulsion.
Given the result from the previous example, one might expect that these parameter values
will give point patterns that show strong point repulsion, which does in fact occur. Trace
plots from the simulation (Figs. C1 — C3) show much faster convergence (10 — 20,000
iterations) and convergence to a point process with a density comparable to that of Plot
318. Despite the presence of a few close pairs of trees, the overall pattern of samples
from this example show strong regularity in pattern (Fig. 43). Monte Carlo envelopes of
the L-function indicate that Geyer’s triplets process with parameter values 6, =-1.0 and
6, = 2.5 give configurations with strong repulsion throughout the range of interaction
(Fig. 44).

The second example of Geyer’s triplets process, where 8; = -1.0 and
6, = 1.0, represents a combination of weak 2™ order attraction and weak 3" order
repulsion. The Metropolis-Hastings sampler converges quickly to a point process with
just under 500 points (Fig. C4 — C6). Sampled configurations show repulsive interactions
and Monte Carlo envelopes of the L-function show repulsion throughout the range of
interaction, though not quite as large as in the first example with 8, =-1.0 and 6, = 2.5
(Figs. 44, 45).

The results for the third example of Geyer’s triplets process, where 6, = -2.5 and
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Figure 43. Sample configuration of Ex. 1 of the Geyer triplets model with parameter

values (B =0.0545, 6, =-1, 6,=2.5, R=5).
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Figure 44. Monte Carlo envelope of L-function of Ex. 1 of the Geyer triplets model with
parameter values ( B =0.0545, 6, =-1, 6,=2.5, R= 5) against observed L-function of

Coweeta Plot 318.
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Figure 45. Sample configuration of Ex. 2 of the Geyer triplets model with parameter
values (B =0.0545, 6,=-1, 6,=1, R=5)
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Figure 46. Monte Carlo envelope of L-function of Ex. 2 of the Geyer triplets model with
parameter values ( £ =0.0545, 6, =-1, 6,=1, R= 5) against observed L-function of
Coweeta Plot 318.
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Figure 47. Sample configuration of Ex. 3 of the Geyer triplets model with parameter
values (4 =0.0545, 6, =-2.5, 6,=2.5, R=35)

0, = 2.5 illustrate a combination of strong 2™ order attraction and strong 3" order
repulsion, are similar to the results from the previous two examples. Simulation with
Geyer and Moller’s algorithm resulted in apparent convergence after 30 — 40,000
iterations to a point process with about 580 points (Figs. C7 — C9). Sampled
configurations (Fig. 47) reflect the higher point density (the number of points on Plot 318
is 349) in a fairly repulsive pattern. The Monte Carlo test of the L-function indicates that
while Geyer’s triplets model contains highly attractive second-order interactions, the

patterns generated from the model using the parameter values 6, = -2.5 and 6, = 2.5 show
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Figure 48. Monte Carlo envelope of L-function of Ex. 3 of the Geyer triplets model with
parameter values (4 =0.0545, 6, =-2.5, 6,=2.5, R = 5) against observed L-function of

Coweeta Plot 318.

in fact strong point repulsion throughout the Sm range of interaction of the model (Fig.
48).

As the first three examples illustrate, Geyer’s triplets model illustrates purely
repulsive point behavior despite the specification of an attractive pair potential. In these
three examples, the absolute value 6, was greater than or equal to the absolute value of 6,
= -1.0. Now consider an example when this is not true, that is when 8, = -2.5 and

6, = 1.0. Simulation of the model takes up to 100,000 iterations to burn-in (Fig. C10 —
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Figure 49. Sample configuration of Ex. 4 of the Geyer triplets model with parameter
values (£ =0.0545, 6, =-2.5, 6,=1, R=5).

C12) and reaches a stationary distribution corresponding to a point process with nearly
1,100 points. Sampled configurations show linear clusters or chains of points that are
regularly spaced throughout the “plot” window (Fig. 49). The strong attraction of points
has lead to a buildup of clusters along the edge of the plot, indicating that despite the use
of isotropic edge correction factors in the 2™ and 3"-order potentials, edge effects
remain. Because of the longer burn-in needed for this set of parameters, the desired

Monte Carlo envelope using 1,000 samples at a spacing of 200 samples necessitated a
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Figure 50. Monte Carlo envelope of L-function of Ex. 4 of the Geyer triplets model with
parameter values (4 =0.0545, 6, =-2.5, 6,=1, R = 5) against observed L-function of

Coweeta Plot 318.

300,000 iteration run of Geyer and Mgller’s , with a 100,000 iteration burn-in used. The
resulting 95% envelope of the L-function did show attraction up to 2m, followed by
gradually increasing repulsion at the interaction distance of Sm. The pattern of attraction
and repulsion is then replicated at multiples of the interaction distance, in oscillations of
decreasing amplitude (Fig. 50).

The simulation of the exponential triplets (EXPTP) model (see Sec. 3.32, Egs. 95,
96) is illustrated using four examples with the same parameter values (6, =-1.0 and -2.5;
6, =1.0 and 2.5) as those used to demonstrate the Geyer triplets model. Unlike Geyer’s

model, the EXPTP model uses the exponential function to model weakening 2" order
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Figure 51. Pair potential plots of simulated Exponential triplets model. Ex. 1 and 4
correspond to 8; = -2.5; Ex. 2 and 3 correspond to &, =-1.0.
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Figure 52. Third order potential plots of simulated Exponential triplets model. Ex. 1 and
2 correspond to 6, = 2.5; Ex. 3 and 4 correspond to 6, = 1.0.
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Figure 53. Sample configuration of Ex. 1 of the EXPTP model with parameter values
(8 =0.0545, 6, =-2.5, 6,=2.5, R=5).

spatial attraction and 3"-order repulsion with distance (Figs. 50, 51). The 2"-order
potential of the EXPTP model is essentially the Fiksel potential with the “irregular”
parameter of the Fiksel model () fixed to one; the 3"-order potential describes
decreasing repulsion as a function of the average pairwise distance of the three pairs
formed from any interacting triple of points.

For the simulation of the first example of the EXPTP process with (6, =-2.5; 6, =
2.5) Geyer and Mpller’s algorithm burned in after 20,000 iterations to a process with
approximately 375 points (Fig. C13 — C15). Sample configurations showed a mixture of
clusters of two or three points interspersed in a somewhat regular pattern (Fig. 53). The

Mone Carlo envelope of the L-function showed features similar to the observed
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Figure 54. Monte Carlo envelope of L-function of Ex. 1 of the EXPTP model with
parameter values (4 =0.0545, 6, =-2.5, 6,=2.5, R = 5) against observed L-function of

Coweeta Plot 318.

L-function of Plot 318 (Fig. 54). Both the EXPTP model and the Coweeta data showed
similar levels of clustering at distances less than 2m, although the maximum level of
point repulsion given by the EXPTP model occurs at somewhat larger distances (5m)
than does the Plot 318. In contrast to the Plot 318 data, the EXPTP model shows
repulsion at distances greater than 10m, whereas the observed data was devoid of any
non-random spatial structure at these distances.

Weakening the strength of the attractive pair potential in the second example of

the EXPTP process with (6, = -1; 6, = 2.5), resulted in fast convergence to a point
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Figure 55. Sample configuration of Ex. 2 of the EXPTP model with parameter values

(B=0.0545, 6,=—1, 6,=2.5, R=5).
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Figure 56. Monte Carlo envelope of L-function of Ex. 2 of the EXPTP model with
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Figure 57. Sample configuration of Ex. 3 of the EXPTP model with parameter values
(£=0.0545, 6,=—1, 6, =1, R=5).

process with under 300 points (Fig. C16 — 18). Sampled configurations appear very
similar to the previous example, with scattered clusters of two or three trees interspersed
in otherwise overdispersed point configurations (Fig. 55). By reducing the strength of the
pair potential with 8; = -1, the Monte Carlo envelope of the EXPTP process no longer
overlaps with the L-function of the Plot 318 data at distances less than 1m (Fig. 56),
implying that the observed data is more strongly clustered than what the EXPTP model
would indicate with (6, = -1; 6, = 2.5),

In the third example of the EXPTP process, with (6, = -1; 6, = 1), both the

strength of the attractiveness of the 2"-order potential and the strength of the repulsion of
g p g p
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Figure 58. Monte Carlo envelope of L-function of Ex. 3 of the EXPTP model with
parameter values (4 =0.0545, 6, =-1, 6,=1, R= 5) against observed L-function of

Coweeta Plot 318.

the 3"-order potential has been reduced. As might be expected, this leads to sampled
configurations that are closer to CSR, though it does not eliminate clustering at distances
less than 2m or repulsion around 5m (Fig. 57, 58). As evidenced by the L-function Monte
Carlo envelope, the observed data on Plot 318 show stronger clustering at distances less
than 1m and stronger repulsion from 3-5m than what the EXPTP process provides with
parameters (6, =-1; 6, = 1).

As in the case with Geyer’s triplets process, when a strongly attractive pair

potential is joined with a weakly attractive 3™ order potential, Geyer and Maller’s
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Figure 59. Sample configuration of Ex. 4 of the EXPTP model with parameter values
(8=0.0545, 6, =-2.5, 6,=1, R=5).

algorithm converges more slowly and converges to a process with a much higher point
density than would be expected for a given value of  and interaction distance. The
EXPTP process converged to a stationary distribution with sampled configurations
having nearly 600 points (Fig. C22 — C24). These samples also show larger numbers of
clusters and more points in clusters (Fig. 59). The Monte Carlo envelope of the L-
function confirms the higher degree of clustering, with clustering stronger than what is
observed on Plot 318 at distances less than 3m. Additionally the overdispersion in sample

point patterns has been reduced in the 3 — 7m range (Fig. 60).
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Figure 60. Monte Carlo envelope of L-function of Ex. 4 of the EXPTP model with
parameter values (4 =0.0545, 6, =-2.5, 6,=1, R = 5) against observed L-function of

Coweeta Plot 318.

The serpentine triplets process (SPTP) was created by joining the pair potential
from the hard-core serpentine process with the same repulsive 3" order potential used in
the EXPTP process (see Sec. 3.32, Egs. 99, 100). Unlike either Geyer’s triplets process or
the EXPTP process, the pair potential of the SPTP process can be simultaneously
attractive and repulsive, modeling either short range attraction combined with longer
range repulsion (when 8; > 0 and -2.5 < 6, <-0.25) or modeling short range repulsion
combined with longer range attraction (when #; <0 and -2.5 < 6, <-0.25). When 6, falls
outside the interval [-2.5, -0.25], the pair potential will be either purely attractive when

the parameters 6, and 6, are of different sign, or will be purely repulsive when they are

199



both positive or both negative. To illustrate the behavior of the SPTP process, five
examples are selected with the first four examples comparing different levels of short
range attraction and longer range repulsion in the pair potential with different levels of
repulsion in the 3" order potential (Figs. 60, 61). The fifth example provides for a pair
potential with repulsion up to Im, attraction from 1 to 5m, and a 3" order potential with
strong repulsion.

In the first example, with 8, =2.5, 6, = -1, and 65 = 1, strong attraction of points
up to Im is joined with repulsion beyond Im in the pair potential and a weakly
repulsive 3™-order potential. The trace plots from Geyer and Meller’s algorithm suggest
quick convergence to a process with under 250 points (Figs. C25 — C27), but mixing of
the chain is poor as evidenced by the irregular jumps in the trace plots of the pseudo-
canonical statistics in Figs. C26 and C27. Upon visual inspection, sample configurations
show tight clusters of two and three points embedded in an overdispersed pattern (Fig.
63). The Monte Carlo envelope of the L-function indicates that Ex. 1 of the SPTP process
(601 =2.5, 6, =-1, 6 = 1) shows strong clustering up to 2m, exceeding the degree of
clustering in Plot 318. Overdispersion is present at distances larger than 2m, and appears
to be close in magnitude to that of Plot 318 (Fig. 64).

Increasing the strength of repulsion in the 3™ order potential, while maintaining
the same features of the partially attractive serpentine pair potential provides the basis for
the second example, where 6, = 2.5, 6, = -1, and 65 = 2.5. The trace plots from Geyer and
Moller’s algorithm show quick convergence to a process with slightly less points (about
225) and better mixing (Figs. C28 — C30). As might be expected, the SPTP process now

shows more repulsive configurations, with fewer clusters of 2-3 points (Fig. 65). The
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Figure 61. Pair potential plots of simulated serpentine triplets model. Ex. 1 and Ex. 2
correspond to 8, = 2.5 and 6, =-1; Ex. 3 corresponds #; = 1 and 6, =-2.5; Ex. 4
corresponds to #; = 1 and 6, = -1; Ex. 5 corresponds to #; =-2.5 and 6, = -1.
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Figure 62. Third order potential plots of simulated serpentine triplets model. Ex. 1
corresponds to s = 1; Ex. 2, 3, 4, 5 correspond 65 = 2.5
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Figure 63. Sample configuration of Ex. 1 of the SPTP model with parameter values

(8=0.0545, 6,=25, ,=-1, 6,=1, R=5).
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Figure 64. Monte Carlo envelope of L-function of Ex. 1 of the SPTP model with
parameter values (4 =0.0545, 6, =2.5, 6, =—1, 6, =1, R =5)against observed L-

function of Coweeta Plot 318.
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Figure 65. Sample configuration of Ex. 2 of the SPTP model with parameter values
(£=0.0545, 6,=2.5, 6,=—1, 6,=2.5, R=5).

Increase in the repulsive strength of the 3" order potential has resulted in a decrease in
the clustering at distances up to 2m, where now the Plot 318 data is consistent with the
Monte Carlo envelope for the SPTP process at these distances (Fig. 66). The
overdispersion at larger distances has also been increased to the point where the Plot 318
data is only marginally consistent with the process at distances greater than Sm (Fig. 66).
The third example, with 6, = 1, 8, = -2.5, and 05 = 2.5, serves to illustrate the

effect of a combining a pair potential showing relatively strong attraction with a strongly
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Figure 66. Monte Carlo envelope of L-function of Ex. 2 of the SPTP model with
parameter values (8 =0.0545, 6, =2.5, 6, =—1, 6, =2.5, R =5) against observed L-

function of Coweeta Plot 318.

repulsive 3"-order potential. Geyer and Moller’s algorithm burned in quickly to a process
that was stable at 300 points and appeared to mix reasonably well (Figs. C31 — C33).
Sample configurations showed many clusters of two and three points, but no tendency for
single points to be necessarily drawn into clusters or for clusters to contain more than
three points (Fig. 67). Monte Carlo simulation of the L-function for the SPTP process
with these parameter values indicates that the SPTP process has more clustering than the

Plot 318 data, but the repulsion in the 3-7m range is quite comparable (Fig. 68). At
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Figure 67. Sample configuration of Ex. 3 of the SPTP model with parameter values

(B=0.0545, 6,=1, 6,=-2.5, 6,=2.5, R=5).
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Figure 68. Monte Carlo envelope of L-function of Ex. 3 of the SPTP model with
parameter values (8 =0.0545, 6, =1, 6, =-2.5, 6, =2.5, R =5) against observed L-

function of Coweeta Plot 318.
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distances from 10 — 17m, the Plot 318 data shows random spatial structure, but the SPTP
process still models repulsion, despite the fact that both the 2"~ and 3"-order potentials
have an interaction distance of Sm.

The fourth example of the SPTP process illustrates a combination of weak spatial
attraction up to 1m combined with strong repulsion in the 3"-order potential, where 6, =
1, 6,=-1,and 6; = 2.5. Convergence was quite rapid to a process with just less than 250
points and mixing is adequate. (Figs. C34 — C36). Sampled configurations show
overdispersion in a pattern of points and a few close pairs of points (Fig. 69). The
combination of weak 2™-order attraction and strong 3"-order repulsion does not
eliminate all clustering from the process, however. The Monte Carlo simulation envelope
of the L-function shows that the SPTP process still has clustering up to 2m that is not
much less than the clustering found in the Plot 318 data (Fig. 70).

The fifth example of the SPTP process illustrates the unusual combination of
repulsion at short distances and attraction at larger distances. The parameters chosen for
this example (6, =-2.5, 6, = -1, and 6; = 2.5) give the same pair potential that was used
for the HCSP model which, when simulated, degenerated into large diffuse clumps of
points (with » random) or one large clump (with » fixed) as seen in Figs. 38 and 39. This
pair potential is then joined with a strongly repulsive 3"-order potential to form the SPTP
process. Simulation of the SPTP process is markedly different than what was observed
for the HCSP process with the same pair potential. Trace plots show quick convergence
to a stable process with about 350 points (Figs C37 — C39). Sample configurations appear

to show no clustering at all (Fig. 71), a feature confirmed by the L-function envelope of
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Figure 69. Sample configuration of Ex. 4 of the SPTP model with parameter values

(B=0.0545, 6,=1, 6,=-1, 6,=2.5, R=5).
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Figure 70. Monte Carlo envelope of L-function of Ex. 4 of the SPTP model with
parameter values (4 =0.0545, 6, =1, 6, =—1, 6, =2.5, R =5) against observed L-

function of Coweeta Plot 318.
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Figure 71. Sample configuration of Ex. 5 of the SPTP model with parameter values
(8=0.0545, 6, =-2.5, 6,=-1, 6,=2.5, R=5).

the SPTP process showing only overdispersion of points; the long range attraction in the
pair potential appears to be completely overwhelmed by the repulsion of the 3" order
potential (Fig 71).

Although the previous examples of the GTP, EXPTP, and SPTP processes have
all combined strong pairwise attraction relative to weak 3" order repulsion, none have
contained so strong attraction that these triplets processes degenerated into a “one-clump”
process as some of the attractive pairwise processes did. To explore the behavior of the
triplets models under more extreme pairwise attractiveness, the three triplets processes

were simulated on a smaller 30 x 30m square, with £ = 0.0545 and R = 5m as in previous
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Figure 72. Monte Carlo envelope of L-function of Ex. 5 of the SPTP model with
parameter values (8 =0.0545, 6, =-2.5, 6, =—1, 6, =2.5, R =5) against observed L-
function of Coweeta Plot 318.

test cases. To provide a test of “extreme” attractiveness, the parameters for the pair
potential of each triplets model was chosen so that at the distance Om, each model’s pair
potential would be 5 times as large, in absolute value, as the 3"-order potential at that
distance. For Geyer’s triplets model, this is achieved by choosing 8, = -5 and 6, = 1.
Similarly the EXPTP process was simulated with 8, = -5 and 6, = 1, and the SPTP
process was simulated with 8, = 1, 6, = -5, and 6; = 1, giving a purely repulsive potential
that approaches 0 by 3m.

Trace plots from Geyer and Mgller’s algorithm (not presented here) indicated

slow convergence for each of the triplets processes. The GTP process required nearly
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150,000 iterations to converge to a process with almost 400 points on the 30 x 30m
square. The EXPTP process required 200,000 iterations to converge to a process with 325
points, and the SPTP process also needed 200,000 iterations to converge to a process with
about 380 points. As a basis for comparison, the center 30 x 30m piece of Plot 318
contained 60 trees, so it is clear that triplets processes with very strong attraction in the
pair potential and weak 3™-order repulsion lead to simulated point patterns with
exceedingly high point densities. Sample configurations from the triplets processes show
a noticeable difference with the GTP process. Configurations show linear “chains” of
points not more than 5m in length and contain up to 8 points (Fig. 73). The EXPTP and
SPTP processes, which limit the strong attraction to short distances, show clusters of 10 —

12 points arranged in a regular fashion (Fig. 74 - 75).
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Figure 73. Sample configuration of simulated GTP model with parameter values
(£=0.0545, 6,=-5, 6,=1, R=5).
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Figure 74. Sample configuration of simulated EXPTP model with parameter values
(8=0.0545, 6,=-5, 6,=1, R=5).
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Figure 75. Sample configuration of simulated SPTP model with parameter values

(B=0.0545, 6,=1, 6,=-5, 6,=1, R=5).
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4.3 Gibbs Point Process Inference Using Importance Sampling

As demonstrated in Section 4.2, the number of iterations needed to burn in a
simulation of a triplets process using Geyer and Meller’s algorithm can vary widely
depending upon the strength of the attraction proposed in the pair potential. For example
the serpentine triplets process with very strong 2"%-order attraction and weak 3™-order
repulsion (Fig. 75) needed nearly 200,000 iterations to converge. When the SPTP process
has strong repulsion, trace plots indicating a rapid burn-in of less than a few thousand
iterations (Figs. C29 — C36). In the context of Bayesian inference for point processes,
Geyer and Moller’s algorithm is used to generate importance samples to estimate the
ratio of normalizing constants at each iteration of Bognar’s algorithm. Since importance
samples cannot be drawn until Geyer and Moller’s algorithm has burned in, the length of
this burn-in becomes important for determining the total time needed for Bognar’s
algorithm to complete one iteration. In practice the burn-in must be small enough so that
the iteration time of Bognar’s algorithm is manageable. For example even a 1 minute
iteration time for a 20,000 iteration run of Bognar’s algorithm would require nearly two
weeks (333.3 hours) of continuous run time. On the other hand, if the burn-in is chosen to
be too small, it is possible that for many iterations importance samples will be drawn
under proposed parameter vectors where Geyer and Meller’s algorithm has not
sufficiently burned in. As a point of reference, Bognar (2004, 2005, 2008) used burn-ins
of 1,000, 5,000 and 20,000 iterations for unmarked homogeneous, unmarked
inhomogeneous, and marked Gibbs pairwise interaction processes with purely repulsive

interactions respectively.
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To explore the question of the length of burn-in of Geyer and Mgller’s algorithm,
a simulation study was constructed. Since Geyer and Mgller’s Metropolis-Hastings
algorithm is nested within Bognar’s Metropolis-Hastings sampler of the Gibbs posterior
distributions, this burn-in is referred to as the “sub-chain” burn-in. The serpentine triplets
process was used to test burn-in requirements, assigning parameters (6, = 2.5, 6, = —1,
65 = 2.5) to represent attractive 2"_order interactions over distances up to 1m, with
repulsive 2"-order interactions up to a 2m interaction distance. To reduce the
computational burden of Bognar’s algorithm the SPTP process is simulated on a 10 x
10m “plot” with approximately 50 points, which was achieved by choosing the value of
2.5 for the parameter . Using Geyer and Meller’s algorithm, the SPTP process with
parameter values (f =2.5, 6, =2.5, 6, =—1, 6 =2.5, R =2) converged to a process with
roughly 50 points as was expected, and the 100,000th iteration was selected as the test
data, referred to hereafter as the SimTest50 dataset (Fig. 76). The SimTest50 data
contained 51 points in a pattern containing multiple pairs and close triplets of points, but
relatively few singletons. The burn-in for the SPTP process with these parameter values
appears to be less than 5,000 iterations based on the trace plot for the number of points
(Fig. 77), but trace plots of the pseudo-canonical statistics suggest that the burn-in may be
up to 25,000 iterations. To test the effect of the sub-chain burn-in, Bognar’s algorithm
was run seven times with sub-chain burn-ins of 1,000, 2,500, 5,000, 10,000, 20,000,
50,000, and 75,000 iterations. After each burn-in, 100 importance samples were drawn
from the next 10,000 iterations of Geyer and Moller’s algorithm at a spacing of 100

iterations for each test run. To avoid a burn-in of Bognar’s algorithm, each test run was
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Figure 76. Configuration of the SimTest50 data with parameter values
(=25, 6=25 6,=-1, 6,=25, R=2).
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Figure 77. Trace plot of the number of points for the simulation of the SPTP model with
(=25, 6=25 6,=-1, 6,=25, R=2).
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started on the actual parameter values that generated the SimTest50 dataset. For all runs
the tuning parameters of the independent normal parameter distributions for proposing

the SPTP parameters were set as follows: 0,=0.01, Oy = 0.05, Oy = 0.05 ,and
o, =0.05. Each run of Bognar’s algorithm was completed for 20,000 iterations, with the

exception of the 5,000 burn-in test (18,532 iterations) and the 10,000 burn-in test (19,385
iterations) which were terminated early due to the loss of communication with the server
running the algorithms. Trace plots for the SPTP process parameters were obtained for
each of the seven runs (Figs. 77 — 80) after completion of the C++ code that implemented
Bognar’s algorithm. Strong trends in the trace plots with respect to the sub-chain burn-in
period are not readily apparent. Trace plots for the parameter 4, for example, showed
substantial overlap, where all runs overestimate the target value (2.5) of this parameter.
Very small sub-chain burn-in periods (1,000, 2,500, or 5,000 iterations) lead to a greater
underestimation of 8, (target value is -1.0) and a greater overestimation of 85 (target value
is 2.5) than larger burn-in periods, but none of the runs estimated these parameters
correctly. Moreover, all of the trace plots indicate slow mixing of the Markov chains
through the support of the Gibbs posterior distributions. In particular the trace plots for
the parameter  do not appear to freely mix around any particular value for any of the
runs (Fig. 78). As further evidence of slow mixing, the acceptance rates from the seven
runs of Bognar’s algorithm lie in the range of 68% to 75% (Table 5). As a basis for
comparison, Robert and Casella (2004, pp 316-318) discuss the notion of desirable
acceptance rates for Metropolis-Hastings algorithms being in the range of 25 to 50%.

After completion of the seven runs of Bognar’s algorithm, the multivariate normal
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Figure 78. Trace plot of the parameter £ of the SPTP model for simulated data on
10 x 10 plot. Sub-chain burn-in ranges from 1,000 iterations (red) to 75,000 iterations
(black).
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Figure 79. Trace plot of the parameter 6, of the SPTP model for simulated data on a 10 x
10 plot. Sub-chain burn-in ranges from 1,000 iterations (red) to 75,000 iterations (black).
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Figure 80. Trace plot of the parameter 6, of the SPTP model for simulated data on a 10 x
10 plot. Sub-chain burn-in ranges from 1,000 iterations (red) to 75,000 iterations (black).
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Figure 81. Trace plot of the parameter 65 of the SPTP model for simulated data on a 10 x
10 plot. Sub-chain burn-in ranges from 1,000 iterations (red) to 75,000 iterations (black).
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Table 5. Posterior modes and acceptance rates from Bognar’s algorithm with SPTP
model for simulated data on 10 x 10 plot. Sub-chain burn-in ranges from 1,000 iterations

to 75,000 iterations.

Sub-chain burn-in SPTP parameter Acceptance
(iterations) b 0, 6> 0 Rate (%)
1,000 1.26 3.00 -1.55 6.63 74.6

2,500 2.48 3.11 -1.34 5.98 72.9

5,000 1.71 2.78 -1.36 5.04 71.7
10,000 2.78 3.01 -1.40 6.92 69.9
20,000 2.85 3.14 -1.09 4.60 70.4
50,000 2.80 2.97 -1.08 3.99 67.9
75,000 0.96 2.68 -1.53 5.66 68.8

kernel density estimator (Scott 1992, p. 152) was used to smooth the histograms of the

parameter values from each run, with the bandwidth given by the normal reference rule

4 1/(d+4)
hi _ (d 2) o, n—l/(d+4)
+

where in this application d =4 is the dimension of the multivariate smoother, o;1s the
standard deviation of the i variable being smoothed, and  is the number of samples.
Since Bognar’s algorithm was started on the true parameter values, the burn-in for
Bognar’s algorithm was assumed to be zero iterations, implying that » = 20,000 samples
would be available for the multivariate normal smoother for each run. After smoothing,

the mode of the joint posterior distribution was obtained for each run (Table 5), in
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addition to the marginal modes and marginal densities for each parameter. For all runs,
the joint posterior modes reflect overestimation of ; (target value = 2.5), underestimation
of 6, (target value = -1.0), and overestimation of £ (target value = 2.5). The
overestimation of 6 is particularly large in magnitude, with the 10,000 and 1,000
iteration sub-chain burn-in runs showing the largest overestimation at 6.92 and 6.63,
respectively.

Despite the large numerical differences between the estimated posterior modes
and the true parameter values that generated the SimTest50 data, simulation of the SPTP
process with the posterior modes for all sub-chain burn-in runs using Geyer and Moller’s
algorithm resulted in Monte Carlo envelopes of L-functions that were consistent with the
L-function calculated from the SimTest50 data. Using the posterior mode from the 5,000
sub-chain burn-in run as an example, the Monte Carlo envelope of the L-function from
the SPTP process shows strong attraction at 0.5m combined with strong repulsion at 2m
that closely mimics the SimTest50 data (Fig. 82). The Monte Carlo envelope from the
50,000 burn-in run is only slightly more repulsive across all distances up to 3m (Fig. 83),
owing to the greater degree of attractiveness in the pair potential of the 5,000 sub-chain
burn-in run (6, = 2.78, 65 = -1.36). as compared to the 50,000 sub-chain burn-in run (6, =
2.97, 65 = -1.08). Nevertheless, the Monte Carlo envelope encloses the L-function from
the SimTest50 data at all distances up to 3m. Of all the burn-in runs, only the 2,500
iteration run generated a Monte Carlo envelope that did not enclose the SimTest50
L-function at all distances up to 3m. In this case, the Monte Carlo envelope was too
attractive at distances from 0.3 to 0.5m, but otherwise enclosed the L-function of the

SimTest50 data.
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Figure 82. Monte Carlo envelope of L-function of SPTP model using the posterior mode
for the 5,000 iteration burn-in against the simulated 10 x 10 “plot”.
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Figure 83. Monte Carlo envelope of L-function of SPTP model using the posterior mode
for the 50,000 iteration burn-in against the simulated 10 x 10 “plot”.
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To further explore the effect of sub-chain burn-in on the performance of Bognar’s
algorithm, MATLAB code was developed to perform two sample #-tests on the
differences of the estimated normalizing constant ratio and corresponding Metropolis-
Hastings acceptance probabilities generated from moving from the true parameter vector
of (=25, 60,=2.5,6,=—1, 63 =2.5) to other proposed parameter vectors. For each
proposed parameter vector, Geyer and Moller’s algorithm was executed 100 times to
generate samples of the estimated normalizing constant ratios and acceptance
probabilities of moving from the true parameter vector to the proposed parameter vector
using a 5,000 iteration and 50,000 iteration burn-in. For both burn-in choices, 100
importance samples spaced 100 iterations apart were drawn from the next 10,000
iterations following burn-in. For comparison, the resulting mean estimates and two
sample z-statistics (assuming equal variances) are grouped by the qualitative change in
the 2™-order potential (more or less attractive) and in the 3 order potential (more or less
repulsive) by using the proposed parameter vector as compared to the target parameter
vector (Table 6). When the proposed parameter vector has a more attractive 2"-order
potential (Groups 1 and 2), the mean normalizing constant ratio is significantly larger
using a 5,000 iteration burn-in of Geyer and Moller’s algorithm than with a 50,000
iteration burn-in, regardless of whether the 3™-order potential was proposed to be more or
less repulsive. Mean acceptance probabilities were also significantly larger using a 5,000
iteration burn-in when the parameter ¢, was proposed as -1.1 (implying more
attractiveness), regardless of the change in the 3™-order potential through parameter 6s.

When the parameter 6, was decreased to -1.5, the mean acceptance probabilities were
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Table 6. Mean log normalizing constant ratio, acceptance probabilities, and two sample t-tests for differences of means generated from

100 trials of Bognar’s algorithm with sub-chain burn-in (SCBI) of 5,000 and 50,000 iterations. “Proposed” parameters compared

against the “current state” (8 =2.5, 6,=2.5, 6, =—1, 6, =2.5).

Group | Proposed Mean log normalizing constant ratio Mean acceptance probability
parameter vector SCBI = SCBI = t-statistic ~ SCBI = SCBI = t-statistic
(8, 6, 6,, 0, 5,000 50,000 (p-value) 5,000 50,000 (p-value)
1 (2.5,2.5,-1.1,2.6) -12.39 -12.87 3.73 1.1053 0.8065 2.56
(0.0003) (0.0113)
1 (2.5,2.5,-1.5,3.0)  -90.92 -98.24 8.77 1.77x10°  3.87x 107" 1.12
(<.0001) (0.2639)
2 (2.5,2.5,-1.1,2.4) -16.55 -17.12 3.59 0.2039 0.1396 2.17
(0.0004) (0.0316)
2 (2.5,2.5,-1.5,2.0) -168.52 -196.00 16.14 9.49x 10°* 3.92x 10 1.00
(<.0001) (0.3197)
3 (2.5,2.5,-0.9,2.6) 11.77 11.93 -1.38 0.0955 0.1133 -1.14
(0.1697) (0.2553)
3 (2.5,2.5,-0.5,3.0)  33.37 33.07 1.06 1.02x 10"  1.13x10"  -0.14
(0.2912) (0.8862)
4 (2.5,2.5,-0.9,2.4)  9.96 10.19 -2.29 0.1318 0.1898 2.73
(0.0233) (0.0071)
4 (2.5,2.5,-0.5,2.0) 32.94 32.95 -0.03 79x10"  1.73x 10" -0.96
(0.9787) (0.3368)

Groups: 1, 2" order potential more attractive, 3 order potential more repulsive;
2, 2" order potential more attractive, 3 order potential less repulsive;
3, 2" order potential less attractive, 3™ order potential more repulsive;
4, 2" order potential less attractive, 3" order potential less repulsive.
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larger using a 5,000 iteration burn-in, but since the acceptance probabilities were so close
to zero that the differences were not statistically significant. In contrast, when the 2"
order potential was proposed to be less attractive (Groups 3, 4), differences in the mean
normalizing constant ratio and mean acceptance probabilities were not statistically
significant, with the sole exception being the case with the proposed parameter vector
(2.5,2.5,-0.9, 2.4), implying less attractive 2"%-order potentials and less repulsive 3"-
order potentials. In this case, using a 5,000 iteration burn-in resulted in a significantly
smaller mean normalizing constant ratio and mean acceptance probability. While this
effect is not easily seen in the trace plots from the trials with the Simtest50 dataset, the
results here indicate that using a small (5,000 iteration) burn-in with Geyer and Meller’s
algorithm to draw importance samples will be more likely to accept proposed parameter
vectors with increased attraction in the 2"%-order potential than when a larger

(50,000 iteration) burn-in is used.

Given the slow mixing of SPTP process with the SimTest50 data, the question
was raised whether point density of the data was influential in the mixing of the
Metropolis-Hasting sampler of the Gibbs posterior distribution. Preliminary trials (with
6,000 or fewer total iterations) with the SPTP process and the Coweeta Plot 318 data
indicated very slow mixing as well, despite trying different values for the tuning
parameters and the use of a multivariate normal proposal distribution with covariance as
well as variance tuning parameters. It was questioned whether the low point density on
Plot 318 (0.0545 trees per square meter) had an effect on the posterior sampler mixing.
To investigate the possibility, a simulation study was conducted using the SPTP process

using 6, = 2.5, 6, =-1.0, and 65 = 2.5 and an interaction distance of 2m. As evidenced
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from Ex. 2 of the simulation of the SPTP process (Figs. 60, 61), these parameter values
result in a process with moderate 2"-order attraction and moderate 3™-order repulsion
(Figs. 64, 65). Different point densities were obtained by choosing values of 0.75, 4.5, 15,
and 100 for S to simulate the SPTP process involving 50 points on 12 x 12,9x 9, 8 x 8,
and 7 x 7m plots. A post-burn-in sample configuration was obtained for each plot size
using Geyer and Meller’s algorithm. The four sample configurations were used together
with the SimTest50 dataset, where the plot size was 10 x 10m, to test the behavior of
Bognar’s algorithm for inference with the SPTP process. For each of the five plot sizes,
Bognar’s algorithm was initialized with parameter values that had been used to generate
each respective dataset. As before, 100 importance samples are drawn at a spacing of 100
iterations using a 50,000 iteration burn-in. The resulting trace plots (Figs. 83 — 86)
showed slow mixing for all SPTP parameters across all point densities. Trace plots for
the parameter  showed that at the lowest point densities tested, the trace plots did not
appear to mix around any particular values, with the trace plot for the 9 x 9 dataset (target
S =4.5) crossing the trace plot for the 10 x 10 (target f = 2.5). While trace plots for
parameter 4, had no clear trend present, the trace plots for 8, indicated that the lowest
plot densities had the worst mixing, with the run using the 12 x 12 dataset generating
sample values of 6, as small as -2.5, in comparison to the known target value of 6,=-1.0
(Fig. 86). Trace plots for 85 also indicated that the lower plot densities mixed more
slowly and sampled more extreme values than those at the higher plot densities tested
(Fig. 87).

After Bognar’s algorithm was completed for each plot size, all 20,000 iterations
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Figure 84. Trace plot of the parameter £ of the SPTP model for simulated data with
varying point density. Plot sizes displayed are 8 x 8,9x 9, 10 x 10, and 12 x 12m.
Horizontal black lines indicate known target values of /.
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varying point density. Plot sizes displayed are 7 x 7 and 12 x 12m.

226



5000 10000 15000 20000
Iteration
0.5 -
\
Ll
iy ;
4 *I M‘ i W 7
i J!)
8,-15 -
-2 4
25 -
| —12x12 —7x7
-3

Figure 86. Trace plot of the parameter 6, of the SPTP model for simulated data with
varying point density. Plot sizes displayed are 7 x 7 and 12 x 12m.
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Figure 87. Trace plot of the parameter 65 of the SPTP model for simulated data with
varying point density. Plot size ranges from 7 x 7 to 12 x 12m.
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Table 7. Posterior modes and acceptance rates from Bognar’s algorithm with SPTP

model with varying point density. Plot sizes range from 7 x 7 to 12 x 12m.

Point density  Plot size SPTP parameter Acceptance
(Points/m’) (mx m) S 0, 6, 0s Rate (%)
0.3264 12x 12 0.34 2.87 -1.10 2.59 68.0
0.5100 10x 10 2.80 2.97 -1.08 3.99 67.9
0.5926 9x9 2.18 2.69 -1.24 3.87 68.0
0.7500 8x8 14.49 3.95 -0.78 2.87 64.1

1.0000 7x7 99.98 4.52 -0.68 243 63.8

from each run were used to estimate joint and marginal posterior densities for each
parameter using the multivariate and univariate normal kernel smoothers. The joint
posterior modes indicate that the lower point densities (12 x 12, 10 x 10, and 9 x 9 plots)
led to greater under-estimation of 8, and greater overestimation of 65 (Table 7).
Surprisingly, the greatest overestimation of 8; (4.52) occurred with the highest point
density dataset. Plotting the estimated joint posterior density in the 8, — dimension
against the marginal posterior for 6, revealed that while the marginal density is mound
shaped with a mode at approximately 3, the joint posterior is bi-modal, with most of the
sampled values for 6, occurring at a smaller mode around 3 rather than the greater mode
at 4.5 (Fig. 88).

As in the simulation study of the effect of sub-chain burn-in on the SPTP process,

the numerical differences between the joint posterior modes and the true parameter values
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Figure 88. Joint and marginal posterior density estimation for the parameter 6, of the
SPTP model. Simulation from the 7 x 7 plot.

did not lead to substantially different spatial structures between simulations of the SPTP
process fitted with the posterior modes and the data that was used to test Bognar’s
algorithm. For all point densities except for the 7 x 7m dataset, the Monte Carlo envelope
completely enclosed the L-function from the data used to test Bognar’s algorithm, yet
their was also a tendency for these Monte Carlo envelopes to become wider as point
density was lower (Figs. 88 — 89). In the case of the 7 x 7m plot configuration, the Monte
Carlo envelope simulated for the joint posterior mode was more attractive than the test
configuration’s L-function at distances less than 0.5m. It was also more repulsive at

distances between 1.5 and 2.25m (Fig. 90) than the test configuration’s L-function. The
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Figure 89. Monte Carlo envelope of L-function of SPTP model using the posterior mode
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Figure 90. Monte Carlo envelope of L-function of SPTP model using the posterior mode
against the simulated 7 x 7 plot.
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joint posterior mode for the 7 x 7m plot (f =99.98, 6, =4.52, 6, = —0.68, 6; =2.43)
yielded a pair potential for the SPTP process that when plotted, showed greater repulsion
and less attraction than did the SPTP pair potential plot with any other plots’ posterior
mode solution.

Following completion of the test of point density with the SPTP process, the
performance of Bognar’s algorithm was tested for spatial structures other than the
relatively strongly clustered patterns given by the SPTP process with 8, = 2.5,

6, =-1.0, and 05 = 2.5. To this end the EXPTP process was chosen for testing Bognar’s
algorithm using two different parameter vectors; one representing weak localized point
attraction (f = 0.0850, 8, = —3.5, 6, = 2) and the other representing purely repulsive point
interactions (5 = 10.0, 8, = 1, 6, = 1). As in the tests with the SPTP process, simulated
data were used to generate datasets with approximately 50 points on a 10 x 10m plot with
the interaction distance set to 2m. When simulated with Geyer and Meller’s algorithm,
the EXPTP process with weak localized attraction converged in less than 10,000
iterations to a process with about 60 — 65 points (Figs. D1 — D3). Although this point
density was somewhat higher than the target density of 50 points, a sample with n = 64
points drawn at the 100,000™ iteration (Fig. 91) was used as a test configuration, referred
to here as the SimTest64 dataset. Given the rapid burn-in of the EXPTP process with
these parameter values, Bognar’s algorithm was set to use a 15,000 iteration sub-chain
burn-in, with 100 importance samples being drawn at a spacing of 50 iterations from the
next 5,000 iterations. Bognar’s algorithm was initialized with the target parameter of (f =

0.0850, 6, = 3.5, 6, = 2) and tuning parameters set as o, =0.01, o, =0.05, and
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Figure 91. Configuration of the SimTest64 dataset, generated from the EXPTP process
with parameter values (S =0.0850, 6, =-3.5, 6,=2, R=2).

o, =0.05. After completing the 20,000 iteration run, the algorithm had attained a 72.9%

acceptance rate. In spite of this high acceptance rate, mixing for all parameters was
noticeably improved from previous trials with the SPTP process. The trace plots for 6,
6>, and 6 all oscillated around their respective true parameter values (Figs. 91 — 93).
While the trace plot for f showed reasonable mixing, it consistently overestimated this

parameter (Fig. 92). Using all 20,000 iterations for analysis, the smoothed posterior mode

was found as (ﬁ =0.1075, 51 =-3.30, é; = 1.89). A comparison of the joint posterior
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Figure 92. Trace plot of the parameter £ of the EXPTP model for simulated data on a 10
x 10 plot. Known value of f is 0.0850.
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Figure 93. Trace plot of the parameter 6, of the EXPTP model for simulated data on a 10
x 10 plot. Known value of 6, is -3.5.
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Figure 94. Trace plot of the parameter 6, of the EXPTP model for simulated data on a 10
x 10 plot. Known value of 6, is 2.0.

with the marginal posterior densities for the EXPTP process parameters shows
consistency in joint and marginal mode estimates for all parameters (Figs. D4 — D6).
Simulation of the EXPTP process with the joint posterior mode indicated consistent
spatial structure with the SimTest64 dataset, as evidenced in the L-function, for distances
up to the 2m interaction distance (Fig. 95). From approximately 2.25 to 2.75m, the L-
function of the SimTest64 data shows greater repulsion in points than the Monte Carlo

envelope for the EXPTP process based on estimates from the posterior mode (Fig. 95).
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Figure 95. Monte Carlo envelope of L-function of EXPTP model using the posterior
mode against the configuration SimTest64 with weak locally attractive spatial structure.

To consider the performance of Bognar’s algorithm for Bayesian inference with a
point configuration showing purely repulsive point interactions, a simulation trial was
undertaken using the EXPTP process with the parameters g = 10.0, 8, = 1.0, and 6, = 1.0.
The interaction distance was fixed at 2m with the EXPTP process parameters chosen to
give a point density of approximately 50 points on a 10 x 10m plot. Simulation of the
EXPTP process with these parameters indicated rapid convergence (< 5,000 iterations) to
a process with approximately 50 points (Figs. D7 — D9). After a 10,000 iteration burn-in,

a sample was drawn with a repulsive pattern containing n = 51 points (Fig. 96), denoted
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Figure 96. Configuration of the SimTest51 dataset, generated from the EXPTP process
with parameter values (,B =10, 6, =1, 6,=1,R= 2).

the SimTest51 dataset. To draw samples from the posterior distribution of the Gibbs
process, Bognar’s algorithm was initialized at the known parameter values (f = 10.0, 6, =
1, 8, = 1) and run for 20,000 iterations. For the trial, a 10,000 iteration sub-chain burn-in
is used, with 100 importance samples being drawn at a spacing of 50 iterations from the
next 5,000 iterations. As with the previous trial with the EXPTP process, tuning

parameters were set as o, =0.01, o, =0.05, ando, =0.05.

Trace plots from the 20,000 iteration run indicated slow mixing (Figs. 96 — 98),
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Figure 97. Trace plot of the parameter f of the EXPTP model for simulated data on a 10
x 10 plot with purely repulsive spatial structure. Known value of £ is 10.
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Figure 98. Trace plot of the parameter 8, of the EXPTP model for simulated data on a 10
x 10 plot with purely repulsive spatial structure. Known value of 6, is 1.
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Figure 99. Trace plot of the parameter 6, of the EXPTP model for simulated data on a 10
x 10 plot with purely repulsive spatial structure. Known value of 6 is 1.

particularly with the intensity parameter, £. The run had an exceedingly high acceptance
rate (90.53%), further indicating slow mixing, Nevertheless, the trace plots for 8; and 6,
appeared to oscillate around the known values used to generate the test configuration

Simtest51. Using the multivariate normal smoother, the estimated posterior mode is

(ﬁ =9.7025, 51 =1.10, 52 = 0.89). Estimated marginal modes are all consistent with the

joint posterior mode (Figs. D10 — D12) and are numerically close to the true parameter
values. Moreover, when the EXPTP process was simulated using the joint posterior
mode, the Monte Carlo envelope of the L-function enclosed the L-function of the dataset
under inference at practically all distances (Fig. 100).

The next simulation test undertaken was designed to look at the effect of the
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Figure 100. Monte Carlo envelope of L-function of EXPTP model using the posterior
mode against the configuration SimTest51 with purely repulsive spatial structure.

choice of interaction distance on the performance of Bognar’s algorithm. In the only
published simulation study of triplets models, Mateu and Montes (2001) reported that
Monte Carlo maximum likelihood, Monte Carlo Newton Raphson and stochastic
approximation estimates of Geyer’s triplets process had less bias and lower standard
errors when interaction distances were small (0.05 and 0.10 units on a 1 unit square plot)
than when large (0.15 units). In the simulation test here, a plot size of 30 x 30m is
selected with interaction distances of 4, 6, 8, and 10m. Since the center 30 x 30m piece of
Coweeta Plot 318 contains 60 points, the EXPTP process was selected with parameters

£ =0.0625, 0, =-2.5, and 6, = 3.5 that would give sample configurations with

approximately 60 points across the range of interaction distances studied combined with
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an attractive spatial structure similar to that of Plot 318. The interaction distances were
chosen based on a search of the competition literature in other hardwood forests in the
eastern USA; one implication of this choice is that these interaction distances are
comparatively much larger than what Mateu and Montes used in their simulation study.

For each chosen interaction distance, Geyer and Mgller’s algorithm was used to
draw a sample from the EXPTP process. The resulting samples are referred to as the
ST55 IR4, ST55 IR6, ST55 IRS8, and STS55 IR10 datasets and when plotted contain
pairs and triples of points scattered within an otherwise over-dispersed point pattern
(Figs. D13, D15, D17, D19). In each case, Geyer and Mgller’s algorithm appeared to
converge rapidly, with trace plots suggesting a burn-in of less than 5,000 iterations (Figs.
D14, D16, D18, D20). However the EXPTP process with smaller interaction distances
gives samples with larger number of points, where the 4m interaction distance gives
samples with 60 — 65 points and the 10m interaction distance gives samples with about
40 points. To limit the effect of different point density on the simulation test, the samples
for the ST55 1R datasets were chosen to have approximately 55 points, subject to the
condition that they were representative samples, i.e. each test configurations’ L-function
fell entirely within the 95% Monte Carlo envelope of the configurations generated for
each process.

To implement Bognar’s algorithm, each run was initialized using the true
parameter vectors that generated the ST55 IR data being analyzed. As before 100
importance samples were drawn at a spacing of 50 iterations following a 15,000 iteration

burn. Tuning parameters for the EXPTP process were setat o, =0.01, o, =0.05,

ando, =0.05. As before, Bognar’s algorithm was run for 20,000 iterations. During the
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Figure 101. Trace plot of the parameter f of the EXPTP model for simulated data on a 30

x 30m plot. Interaction distance ranges from 4m (red) to 10m (black).

course of the trials, very large differences were found in the iteration times of Bognar’s
algorithm, increasing from 27.00 seconds with the 4m interaction distance to over 179.12
seconds with the 10m interaction distance. Because the full 20,000 iteration run of the
10m interaction distance trial would require a total of almost 1,000 hours of continuous
running time (41.5 days), this trial was intentionally terminated after 12,122 iterations.
Trace plots of the EXPTP parameters obtained from each interaction distance trial
indicated slow mixing for all trials (Figs. 100 — 102) . Larger interaction distance trials
showed slower mixing, and for the parameter 6,, only the 4m trial showed a trace plot

that repeatedly explored the area around the true value of 3.5 (Fig. 103).
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Figure 102. Trace plot of the parameter 0, of the EXPTP model for simulated data on a
30 x 30 plot. Interaction distance ranges from 4m (red) to 10m (black).
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Figure 103. Trace plot of the parameter 6, of the EXPTP model for simulated data on a
30 x 30 plot. Interaction distance ranges from 4m (red) to 10m (black).

242



Table 8. Posterior modes and acceptance rates from Bognar’s algorithm with EXPTP

model for simulated data on 30 x 30 plot. Interaction distance ranges from 4m to 10m.

Interaction SPTP parameter Acceptance
distance (m) b 0, 0, Rate (%)

4 0.0464  -2.72 2.80 62.9

6 0.1098  -2.43 3.77 84.5

8 0.1051 -1.79 3.16 88.8

10 0.1212  -2.77 4.33 89.9

After completion of Bognar’s algorithm for each interaction distance trial, the
coefficient of variation (CV) of the importance samples were obtained and compiled into
histograms which indicate that larger CVs were obtained with the smaller interaction
distance trials (Figs. D21 — D24). For the 4m interaction distance trial, 3,894 iterations
had CVs greater than 100% (19.47%), whereas the 6, 8, and 10m interaction distance
trials had 215, 49, and 30 iterations with CVs greater than 100%, corresponding to 1.075,
0.245, and 0.2475% of the iterations, respectively, for these trials. In contrast to the
increase in CVs with decreasing interaction distance, the acceptance rates of Bognar’s
algorithm increased with increasing interaction distance, with a nearly 90% acceptance
rate for the 10m interaction distance trial (Table 8). As higher CVs imply higher variance
of the importance sampling weights and consequently poorer estimation of the
normalizing constant ratio, there appears to be an inverse relationship between the quality
of estimation of the normalizing constant ratio, and the quality of the mixing of Bognar’s

algorithm, where high acceptance rates imply very slow (undesirable) mixing.
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Using all available (20,000 or 12,122) iterations, a multivariate normal kernel
density estimator was used to obtain joint and marginal posterior modes for each
interaction distance trial. Of all the trials, the 6m interaction distance trial had an
estimated posterior mode that was numerically closest to the known target parameter
values of = 0.0625, 8, =—2.5, and 6, = 3.5 (Table 8). The estimated mode for the 8m
trial contained the smallest underestimate of 0;, whereas the estimated mode for the 10m
trial had the largest overestimate of both 6, and 6,. In both the 8m and 10m trials, the
smoothed posterior distributions (not shown) were highly bi- or multimodal, reflecting
the poorer mixing of the trace plots. In comparison, the joint posterior densities for the
4m and 6m interaction distances were much more strongly unimodal in character in all
parameter dimensions.

As in the case of previous trials, numerical differences in the estimated posterior
modes and the known parameter values did not prevent the Monte Carlo envelopes of the
simulated EXPTP process from enclosing the L-function of the ST55 IR datasets (Figs.
103 — 106). Only a few isolated values of the L-functions of the ST55 IR datasets fell
slightly outside of the Monte Carlo envelope, such as the 4m trial at a distance of
approximately 8m and the 10m trial at distance of approximately 10m. Although L-
functions are not recommended to be plotted at distance greater than 25% of the side of a
square plot (Baddeley and Turner 2008), the result for the Monte Carlo envelope for the
10m trial (Fig. 107) was computed out to 12m, and was found to enclose the ST55 IR10
L-function up to 12m as well.

As the last study of the performance of Bognar’s algorithm for Bayesian inference

with triplets processes, inference was undertaken for the observed data on Coweeta Plot
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Figure 104. Monte Carlo envelope of L-function of EXPTP model using the posterior
mode and a 4m interaction distance against the STS5 IR4 dataset.
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Figure 105. Monte Carlo envelope of L-function of EXPTP model using the posterior
mode and a 6m interaction distance against the ST55 IR6 dataset.
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Figure 106. Monte Carlo envelope of L-function of EXPTP model using the posterior
mode and a 8m interaction distance against the ST55 IRS8 dataset.
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Figure 107. Monte Carlo envelope of L-function of EXPTP model using the posterior
mode and a 10m interaction distance against the ST55 IR10 dataset.

246



30 T T T T T
o
o} o} ©
o % 5
25 o . OO -
o}
&) [ 9] a o e} o e}
Ie} L8
20F o 5 i
fo) o o
o o L8] &)
215 @ o o] 4
=
o
o}
W o O g o @ 9
o}
L) o
5r o] .
o}
< o o
o}
O | 0 | 1 1 1
0 5 10 18 20 25 30
Meters

Figure 108. Stem map of the center 30 x 30m of Coweeta Plot 318.

318 using the EXPTP, GTP, and SPTP processes. As observed with the simulation trial
of the EXPTP process using the ST55 IR10 dataset, iteration times of over 200 seconds
can occur with Bognar’s algorithm with triplets processes and large interaction distances,
even when a small subset of the data (» = 50 points) was used. Since Coweeta Plot 318
has a much larger number of points (349), the iteration time of Bognar’s algorithm was
excessively long regardless of the choice of interaction distances when the whole 80 x
80m plot was used. Therefore, the center 30 x 30m piece from the center of Plot 318,
with n =60 points, was used instead (Fig. 108). The choice of an interaction distance
within the range of 4 to 10m is not obvious. One way to estimate the interaction distance

statistically is the so called “cusp point” method, which takes the interaction distances as
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the point of discontinuity in the K-function (Illian et al. 2008). While a computation of
the K- and L- functions indicated that for the center 30 x 30m of plot 318 the cusp point
of the L function occurs at 4.26m, a slightly larger 5m interaction distance was used.

In previous trials with the EXPTP and SPTP processes, Bognar’s algorithm was
executed using simulated data and a starting state of the parameter vector corresponding
to the true parameter values that generated the simulated data. For inference on Plot 318,
the starting parameter values of each model were set as follows: 1) the intensity
parameter (f) being set to 0.05, 2) the fixed hard core and interaction distances set to 0.09
and 5.0m, respectively, and 3) all other parameters set to zero. For the trial of each
triplets model, Bognar’s algorithm was run for 20,000 total iterations. For the EXPTP and
GTP models, the sub-chain burn-in was set to 15,000 iterations, with 100 importance
samples drawn from the next 5,000 iterations of Geyer and Meller’s algorithm. Out of
concern that the SPTP process may be slower to burn in, the sub-chain burn-in for this
model was set to 50,000 iterations, with 100 importance samples drawn from the next
5,000 iterations at a spacing of 50 iterations. After a few preliminary trials, the tuning
parameters for the triplets models were selected as follows: 1) For the EXPTP process,

o,=0.01, Oy = 0.05, and O, = 0.05; 2) for the GTP process o,=0.01, O, = 0.10,
and O, = 0.10, and 3) for the SPTP process oy = 0.01, 04 = 0.05, O, = 0.05 ,and
O, = 0.05.

Owing to the much larger sub-chain burn-in, the trial using the SPTP process with
the Plot 318 data had much slower average iteration times (117.59 seconds) than did the
trials with the EXPTP (38.29 seconds) and GTP processes (44.98 seconds). As a

consequence, the trial with the SPTP process required 27 days and 5.27 hours to complete
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the 20,000 iteration run of Bognar’s algorithm, in comparison to the total time of 8 days,
20.75 hours for the EXPTP and 10 days, 9.88 hours for the GTP runs. Trace plots from
the EXPTP, GTP , and SPTP runs (Figs. E1 — E10) indicate slow mixing across all
models, with perhaps the best mixing present in the trace plot for 8, of the GTP model
(Fig. E6). The trace plots for the SPTP process indicates very poor mixing with the
Markov chain appearing to be slowly exploring several different modes, where the signs
of the parameters 0, and 6, switched several times within the first 10,000 iterations (Figs.
E8, E9). Despite apparent better mixing in the trace plots of the GTP process and an
acceptance rate of 32.5%, the GTP process had surprisingly large CVs of the importance
sampling weights. The histograms of the CVs for both the GTP and SPTP process (Figs
E12, E13) indicate poor estimation of the normalizing constant ratio, with 50.25% and
35.69%, respectively, of the 20,000 iterations of Bognar’s algorithm having CVs greater
than 100%. Only the run for the EXPTP model obtained low CVs of the importance
sampling weights, with only 1.13% of the 20,000 iterations having CVs greater than
100%.

An examination of the summary statistics of the MCMC output using the R-
language contributed package BOA (Smith 2005) indicated the presence of high
autocorrelation in the time series of the parameter values for all model runs of Bognar’s
algorithm (Table 9). The SPTP process for example, had a serial correlation of 72.57%
for the intensity parameter /5, implying that the values for this parameter are still 72.57%
correlated with each after 100 iterations of Bognar’s algorithm have been computed. Not

only is this a high degree of correlation by itself, but for the SPTP process the parameters
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Table 9. Lag — 100 autocorrelation and acceptance rates from Bognar’s algorithm with

the EXPTP, GTP, and SPTP models for the center 30 x 30m of Coweeta Plot 318.

Gibbs point Parameter Acceptance
process model  f 0, 0, 05 Rate (%)
EXPTP 0.2066  0.4466  0.6198 - 84.5

GTP 0.7053  0.4079  0.1193 - 32.5

SPTP 0.7257  0.8336  0.9710  0.7954  49.0

controlling the spatial interaction all had even higher autocorrelations. A summary of the
correlation between different parameters across the 20,000 iteration runs indicated for
both the EXPTP and GTP models the presence of strong negative correlation between the
parameters ¢, and 6,, which control the strength of the attractive 2" order and repulsive
3" order spatial interaction (Table 10). The SPTP process showed a rather complex
correlation structure with the 2" order potential parameters 0, and 6, being negatively
correlated with each other, but where 0, was negatively correlated and 6, was positively
correlated with the 3™ order potential parameter 65. The presence of such high
autocorrelations reflect the presence of slowly mixing Markov chains, whereas the
presence of cross-correlation may reflect the need to reparameterize the model (Cowles
and Carlin 1996).

Given the presence of these correlations and the slow mixing evident in the trace
plots, the choice of a burn-in for assessing summary statistics of the posterior

distributions is problematic. For such slow mixing chains such as the SPTP process run, it
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Table 10. Cross-correlations of EXPTP, GTP, and SPTP model paramters from Bognar’s
algorithm with the center 30 x 30m of Coweeta Plot 318.

EXPTP Process Parameters

p 0 0,
S 1
6, 0.3117 1
0, 0.2896 -0.6403 1
GTP Process Parameters
B 0, )
S 1
6, 0.7489 1
6> -0.3095 -0.7730 1
SPTP Process Parameters
S 0, 0, 03
S 1
6, 0.7146 1
0> -0.3026 -0.4250 1
05 -0.0191 -0.3983 0.2394 1

is possible that even after all 20,000 iterations have completed the chain has not
converged to the stationary distribution. It was determined from visual inspection that a
burn-in of 2,0000 iterations was a suitable choice for testing Bognar’s algorithm, given
that no clearer evidence of a suitable burn-in interval could be discerned from the trace
plots (Figs. E1 — E10). The remaining 18,000 iterations for each run were used to
estimate the joint posterior density via the multivariate normal kernel density estimator,

along with the smoothed marginal densities for each model’s parameters. For the EXPTP
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and GTP processes, marginal densities for parameters were mound-shaped with peaks
that were similar to the joint densities for the respective models’ parameters (Figs E14 —
E19). For the SPTP process on the other hand, there are large differences in the shapes of
the marginal densities and the joint densities (Figs E20 — E23) showing a more complex
posterior surface. For the parameter 6, for example, the marginal density has an irregular
bimodal shape with the largest mode at approximately -1. The joint posterior when
viewed in the 8, dimension, is left-skewed with a mode at 8.89. (Fig. E22, Table 11)
Since an important advantage of Bayesian inference for point processes is the
ability to generate interval estimates without recourse to asymptotic theory on the
behavior of point process parameter estimators, 95% highest posterior density intervals
for the marginal distribution for each parameter of the EXPTP, GTP, and SPTP models
were generated through the program BOA, which uses the method of Chen and Shao
(1999). These are presented along with the modes of the joint posterior distribution for
each triplets process (Table 11). It is important to note that these interval estimates have a
much more direct interpretation than comparable (frequentist) confidence intervals.
Specifically these intervals state that there is a 95% probability that the parameter in
question lies in the interval itself, unlike confidence intervals which give probability
statements about the upper and lower bounds of an interval. Furthermore, the highest
probability density intervals have the smallest interval width of all possible 95%
Bayesian credible intervals that could be formed from the MCMC output (Chen and Shao
1999), and consequently do not need to correspond to the 2.5% and 97.5% percentiles of
the parameter’s respective marginal sample density. Another important point to bear in

mind is that the highest probability density intervals are constructed from the unsmoothed

252



Table 11. Joint posterior modes and highest 95% probability density intervals (in
parentheses) for the (unsmoothed) marginal distribution of each parameter of the EXPTP,

GTP, and SPTP models for the center 30 x 30m of Coweeta Plot 318 from Bognar’s

algorithm.

Gibbs point Parameter

process model 0, 6, s

EXPTP 0.0918 -2.55 4.81 -
(0.0551,0.1791)  (-3.92,-0.33) (2.06, 7.69)

GTP 0.1232 -0.04 0.17 -
(0.0308, 0.2824)  (-0.41, 0.26) (0.00, 0.41)

SPTP 0.0999 -0.09 8.89 2.85

(0.0494, 0.2746)  (-1.09, 2.43) (-2.53,11.82)  (0.59, 6.61)

(marginal) sample path of each parameter, whereas the joint posterior modes are found as
the maximum value of the smoothed joint posterior density. The joint posterior mode
point estimates of each parameter do not lie at the center of the highest probability
density intervals and are constructed independently from them.

One immediate feature of the interval estimates is that for the parameter 8, of both
the GTP and SPTP models, and the parameter 6, for the SPTP model, the intervals
include both positive and negative values. For the GTP process, this is problematic since
when 0 is positive the process is entirely repulsive, which is not consistent with the Plot
318 data. For the SPTP process, the uncertainty in the signs of 8, and 6, does not
necessarily imply that the model would be purely repulsive, since negative values of 6,

combined with positive values of 6, can give partially attractive 2™-order interactions just
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as well as positive values of 8, combined with negative values of ;. Given the negative
cross correlation between these parameters (-0.4250), it is likely that the Markov chain
for the SPTP posterior is exploring modes where different combinations of 6, and 0, are
giving similar shapes of the SPTP process pair potential.

After estimation of the joint posterior modes, the EXPTP, GTP, and SPTP
processes were simulated via Geyer and Meller’s algorithm using the estimated joint
posterior mode. For each model, the 95% Monte Carlo envelopes of the L-function were
computed and compared against the L-function from the center 30 x 30m piece of
Coweeta Plot 318 (Figs 108 — 110). While none of the Monte Carlo envelopes enclosed
the observed L-function for all distances, all processes enclosed the observed L-function
for all distances greater than 0.5m. Of the three models, the EXPTP process gives the best
fit, with the observed L-function being slightly more attractive at distances less than 0.5
meters. The envelope for the GTP process provides the poorest fit, where the observed L-
function has a sharp decrease from clustering to repulsion within the interval of 0 — 2m,
whereas the Monte Carlo envelope shows instead a gradual decrease from random to
repulsive interaction in the same interval. Aside from this deficiency in modeling
attraction at very short distances, the GTP process envelope is otherwise quite consistent
with the observed L-function and the envelopes of the EXPTP and SPTP processes,
despite having a very different functional form of the pair potential than either of these

models.
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Figure 109. Monte Carlo envelope of L-function of the EXPTP model using the posterior
mode from Bognar’s algorithm against the center 30 x 30m of Plot 318.
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Figure 110. Monte Carlo envelope of L-function of the GTP model using the posterior
mode from Bognar’s algorithm against the center 30 x 30m of Plot 318.
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Figure 111. Monte Carlo envelope of L-function of SPTP model using the posterior mode

from Bognar’s algorithm against the center 30 x 30m of Plot 318.

256



4.4 Gibbs Point Process Inference Using Auxiliary Variables

As an alternative to approximating ratios of normalizing constants in Metropolis-
Hastings algorithms that sample from the posterior distribution of a Gibbs or Markov
point process, Moller et al. (2006) and Berthelsen and Meller (2006) present a novel
approach to cancel out the normalizing constants by introducing an auxiliary variable that
is proposed with same distribution as the Gibbs or Markov point process likelihood. As
pointed out by Meller et al. (p. 457), perfect samples of the auxiliary are needed to “avoid
introducing additional undesirable stochasticity.”

From the discussion of stability in Sec. 3.73, the use of dominated CFTP requires

the dominating process to be a Poisson process with intensity measure A (B)=K u, (B),

for Borel sets B, where K is the upper bound of the locally stable point process’
conditional intensity function. To initialize the algorithm, a sample is needed from this
Poisson process which depends upon K. The upper bound K depends upon the model and
its parameters, so consider the EXPTP process with the parameters = 0.0918, 6, =
—2.55,60,=4.81,ry=0.09, R =5 (Table 11), corresponding to the solution from Bognar’s
algorithm on the center 30 x 30m of Coweeta Plot 318. In Sec. 3.5, the upper bound of

the log-conditional intensity function for the EXPTP model was found as:

In| " (%) | <= =20, exp(=R) ng (x)” +[ 20, exp(—R) = 46exp(~1 ) Jng (x) +In (8)

Substituting in the parameter values gives a quadratic function with a maximum of
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Figure 112. Plot of the upper bound of the log of the conditional intensity function,
In [/”t* (u;x)} , against the number of interacting points using the EXPTP process and the

parameter values (4 =0.098, 6, =-2.55, 6, =4.81, 1, =0.09, R =5).

approximately 337.4479 corresponding to 72 interacting points (Fig. 112). Since this is
the maximum of the log of the conditional intensity the maximum of the conditional
intensity itself is K = exp(337.4479) = 3.6 x 10'*°. Consequently, for a 30 x 30m plot the

dominating process of the dominated CFTP algorithm must be initialized as a sample

from a Poisson process with a mean of K (F)=(3.6 X 10146)(302) ~3.2 x 10" points.

Since the dominated CFTP algorithm proceeds by adding to and deleting points from this
initial configuration, one at a time, until the empty configuration is reached, it is clear that
dominated CFTP would take too much time to be practical in the context of Meller et
al.’s (2006) auxiliary variable algorithm when applied to the EXPTP process. Further

experimentation with other triplets models and parameter values indicated that all of the
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triplets processes had very high upper bounds on their conditional intensity functions, and
that these upper bounds increased dramatically with increases in the interaction distance
of the model. Moreover, both the dominated CFTP algorithm using upper and lower
processes and the clan of ancestors algorithm (Berthelsen and Meller 2002; Van Lieshout

and Stoica 2006) depend upon initializing a dominating Poisson process constructed with

intensity measure A(B)=K u, (B). Consequently neither algorithm could be used, and

perfect simulation of triplets processes is viewed as impractical.

Instead of using perfect simulation, Moller et al.’s algorithm was implemented
where imperfect samples of the auxiliary variable are drawn via Geyer and Moller’s shift-
birth-death Metropolis Hastings algorithm, where one sample configuration is drawn
after burn-in. To provide a comparison with Bognar’s algorithm, Moller et al.’s algorithm
was tested for the EXPTP, GTP, and SPTP processes on the center 30 x 30m of Coweeta
Plot 318. To draw the imperfect samples of the auxiliary, the burn-in for Geyer and

Mpller’s algorithm is set to 15,000 iterations for the EXPTP and GTP trials, and 50,000

iterations with the SPTP trial. For each trial, the auxiliary variable parameter vector 0
was set to the posterior mode solutions from Bognar’s algorithm from Plot 318 (Table
11). The auxiliary variable was initialized with a sample from a binomial point process
where n = 60 points are selected with point locations independently and uniformly
distributed in a 30 x 30 square. The initial state of the parameter vector of the posterior
for each triplets process was kept the same from the trials with Bognar’s algorithm,
where the intensity parameter f is set to 0.05, and all other parameters of the 2"- and 3™-
order potentials are zero. As before, the hard-core distance is kept at 0.09m and the

interaction distance at Sm. The tuning parameters for the independent normal parameter
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proposal distributions for each triplets model are the same as used with Bognar’s

algorithm: 1) For the EXPTP process, o,=0.01, O, = 0.05, and Oy = 0.05; 2) for the
GTP process o, =0.01, 0, =0.10, and o, =0.10, and 3) for the SPTP process
o,=0.01, Oy = 0.05, Oy = 0.05 ,and Oy = 0.05.

During the implementation of Meller et al.’s algorithm with the GTP process,
occasionally parameter vectors would be proposed with near zero repulsion in the 3"-
order potential, which can occur when 6, is very small. When 6, < 0 is proposed, this
resulted in Geyer and Meller’s algorithm attempting to draw configurations using
parameters that were so attractive that the number of points in the sampled configurations
exceeded 1,000. In less than 200 iterations, the C++ code running Meller et al.’s
algorithm crashed because the interacting pairs and triples from configurations with over
1,000 points became too large to hold in memory. To avoid this problem, the prior of the
GTP process was modified so that 8, > 0.05, and any proposed parameter vectors with
too weak repulsion were automatically rejected.

After completion of each trial, the average iteration times for the EXPTP (31.31
seconds), GTP (32.23 seconds), and SPTP processes (107.29 seconds) were 6.98, 12.75,
and 10.30 seconds faster, respectively, than those from Bognar’s algorithm. The long
iteration time for the SPTP process coincides with the 50,000 iteration sub-chain burn-in
used with this model, and this resulted in the total time to complete the 20,000 iteration
run to be 24 days and 20 hours.

Trace plots from the trials (Figs. F1 — F13) indicated the presence of long runs of

rejection; for example the EXPTP process had a run of 3,372 iterations where the Markov
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Table 12. Cross-correlations of EXPTP, GTP, and SPTP model parameters from Mgller
et al.’s algorithm with the center 30 x 30m of Coweeta Plot 318.

EXPTP Process Parameters

p 0 0,
S 1
6, 0.2358 1
0> 0.4224 -0.6673 1
GTP Process Parameters
B 0, )
S 1
6, 0.7519 1
6> -0.2689 -0.7284 1
SPTP Process Parameters
S 0, 0, 03
S 1
6, 0.4770 1
0> -0.0183 0.2568 1
05 0.2416 -0.3140 -0.5992 1

chain was “stuck” at the parameter values = 0.2270, 8, =-1.25, and 6, = 4.90. All
models show slowly mixing trace plots, with the SPTP process showing the poorest
mixing, where the trace plots for £, and 6, are sampling erratically positive values of 6,
and negative values of ;. The presence of cross correlation between parameters and
autocorrelation for a given process’ parameter is evident for all three triplets processes.
Strong negative cross correlation occurred between the parameters 6; and 6, of the 2™

and 3" order potentials for the EXPTP and GTP processes (Table 12). The SPTP process
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Table 13. Lag — 100 autocorrelation and acceptance rates from Meller et al.’s algorithm

with the EXPTP, GTP, and SPTP models for the center 30 x 30m of Coweeta Plot 318.

Gibbs point Parameter Acceptance
process model  f 0, 0, 05 Rate (%)
EXPTP 0.8759  0.8562  0.9022 - 21.6

GTP 0.8079  0.5539  0.1611 - 13.8

SPTP 0.7812  0.8308  0.9261 0.8486 19.3

showed a complex correlation structure where the parameters €, and 6, were positively
correlated with each other and both negatively correlated with 6. In contrast, the
parameters ¢, and 6, were negatively correlated with each other and were negatively and
positively correlated with 6, respectively, when using Bognar’s algorithm (Table 10) for
the SPTP process and the same data.

As a consequence of the long runs of rejection in Meller et al.’s algorithm, the
acceptance rates for all models were quite low, with the EXPTP process having the
largest rate at 21.6%. Another consequence of the long runs of rejection was high
autocorrelation, particularly for the EXPTP and SPTP processes. For example,
autocorrelation for the EXPTP process the smallest lag-100 autocorrelation for the
EXPTP process was 85.62% for the parameter 6;, and the smallest lag-100
autocorrelation for the SPTP process was 78.12% for the parameter § (Table 13).

The presence of autocorrelations reinforce the visual notion that Meller et al.’s
Metropolis-Hastings sampler is slowly mixing around the support for each triplets

process’ posterior distribution. An undesirable consequence of this slow mixing is that it
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becomes quite difficult to determine what an appropriate burn-in is for the determination
of point and interval estimates of each posterior distribution. As in the analysis of the Plot
318 data with Bognar’s algorithm, visual inspection of the trace plots was used to choose
3,500, 2,000 and 2,500 iterations for the EXPTP, GTP, and SPTP processes, respectively,
in the absence of any other evidence from the trace plots. The post-burn-in iterations
from each trial were then smoothed to estimate the joint and marginal densities for each
triplets process’ parameters (Figs F14 — F26). For the GTP process, the joint density and
the marginal densities appeared as mound shapes with similar values for the marginal and
joint posterior mode for each parameter. For the EXPTP process, the 3,372 run of
rejection at f = 0.2270, 6, =-1.25, and 6, = 4.90 caused the smoothed joint posterior
density to be discontinuous and unusually large at this point (Figs F14 — F16). All
marginal densities have modes that correspond to this point, resulting in a bimodal
marginal density for the parameter 8, where the largest mode occurs at 0.2270 and a
second occurs at 0.1183. For the SPTP process, the presence of multiple long runs of
rejection resulted in the smoothed SPTP posterior density being rather irregular in
appearance. Moreover, the joint posterior mode for the SPTP process corresponds to ff =
0.1635, 6, =0.26, 6, =-2.11, and 05 = 4.38, a point where Moller et al.’s algorithm was
stuck in a run of non-acceptance for 466 iterations.

Because Moller et al.’s algorithm was run for only 20,000 iterations, the 3,372 run
where no proposal is accepted in the trial of the EXPTP process represents 15.8% of the
entire run of the algorithm. Consequently the joint posterior mode for the EXPTP process

corresponds to the parameters values where the Markov chain is stuck, even though this
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Table 14. Joint posterior modes and highest 95% probability density intervals (in
parentheses) for the (unsmoothed) marginal distribution of each parameter of the EXPTP,

GTP, and SPTP models for the center 30 x 30m of Coweeta Plot 318 from Magller et al.’s

algorithm.

Gibbs point Parameter

process model 0, 6, s

EXPTP 0.1183 -2.15 5.35 -
(0.0615,0.2278)  (-3.50,-0.97) (2.68, 7.29)

GTP 0.1692 0.03 0.16 -
(0.0401, 0.2501)  (-0.35,0.23) (0.05, 0.37)

SPTP 0.1635 0.26 -2.11 4.38

(0.0849, 0.2574)  (-0.09, 2.59) (-4.47,0.00)  (0.81, 4.80)

point is extreme with respect to the parameter f. Instead of using this point as the
posterior mode solution for the EXPTP process, the point that corresponds to the mode of
the majority of the mass of the joint density was used instead, with = 0.1183, 8, = -2.15,
and 6, = 5.35 (Table 14) and a joint posterior density of 2.41. For the GTP and SPTP
processes, which did not have such long runs of non-acceptance, the posterior modes as
obtained from the output of the kernel density estimator were used as point estimates
(Table 14).

The results of the highest 95% probability density intervals show large variability
in the parameter estimates for all models. As an example, there’s a 95% chance that the
parameter d; of the GTP model lies in the interval (-0.35, 0.23), but this interval covers

both positive and negative values. Similarly both the interval estimates for parameter 6,
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and 6, of the SPTP model include positive and negative values, implying considerable
uncertainty in the form of the SPTP pair potential, which depends critically upon the sign
of these parameters.

Using the respective mode of the smoothed posterior distribution, Geyer and
Moller’s algorithm was used to simulate each triplets model. Following a 50,000 iteration
burn-in, 1,000 samples were drawn at a spacing of 200 iterations for each 250,000
iteration run. Ripley’s K- and L-functions were calculated for the 1,000 samples from
each model to form 95% Monte Carlo envelopes and were compared against the observed
L-function from the center 30x30m of Coweeta Plot 318 (Figs. 112 — 114). Of the three
models, the EXPTP process provided the best fit, where the observed L-function was
enclosed by the EXPTP envelope except at distances less than 0.5 m, where the short
distance clustering is underestimated. This underestimation is more pronounced for both
the GTP and SPTP processes. In particular, the SPTP process appears to underestimate
point attraction throughout distances less than 1m, which is the consequence of the joint
posterior mode giving weak 2"%-order attraction (6; = 0.26, and 6, = -2.11) and strong 3™-
order repulsion (65 = 4.38). Since the posterior mode for the SPTP process corresponds to
a 466 iteration run of non-acceptance, it seems that the posterior mode is not providing a
good basis for point inference in favor of other measures of the center of the SPTP

posterior distribution, such as the posterior mean or median.
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Figure 113. Monte Carlo envelope of L-function of the EXPTP model using the posterior
mode from Moller et al.’s algorithm against the center 30 x 30m of Plot 318.
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Figure 114. Monte Carlo envelope of L-function of the GTP model using the posterior

mode from Moller et al.’s algorithm against the center 30 x 30m of Plot 318.
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Figure 115. Monte Carlo envelope of L-function of SPTP model using the posterior mode
from Moller et al.’s algorithm against the center 30 x 30m of Plot 318.
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5. Discussion

The formulation and evaluation of Gibbs point processes as a means of simulating
the patterns of tree stem locations in mixed-species Appalachian forests was a primary
objective of this research. Prior research with Gibbs point processes on forest tree pattern
(Penttinen et al. 1992; Mateu et al. 1998; Stoyan and Stoyan 1998; Degenhardt 1999;
Kokkila et al. 2002; Neeff et al. 2005) has focused almost exclusively on purely repulsive
patterns, owing in no small part to the fact that Gibbs processes were designed for
modeling repulsive particle interactions in statistical thermodynamics. In the context of
mixed Appalachian hardwood forests, stump sprouting is a common means of
reproduction (Wendel and Trimble 1968; Wendel 1975; Beck 1977; Beck and Hooper
1986) that results in tree stem locations being very close to each other, owing to their
origin from a common root system. It follows that Appalachian hardwood tree patterns
may have many small clusters of trees interspersed in otherwise random or repulsive
patterns. While there exist many Gibbs and Markov point process models for clustering
such as the area interaction process (Baddeley and Van Lieshout 1995) and nearest-
neighbor Markov processes (Baddeley and Meller 1989; Baddeley et al. 1996; Van
Lieshout 2000; Grabarnik and Sarkké 2001), the triplets models developed here allow for
modeling localized clustering and longer range repulsion simultaneously.

In recent reviews of point processes by Meller and Waagepeterson (2007) and
Comas and Mateu (2007), existing Gibbs point processes are not considered adequate
models for attractive interaction between points. Perhaps the most commonly cited work

to support this view is that of Gates and Westcott (1986), who demonstrated that the pair
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potential models of Strauss (1975), Ogata and Tanemura (1981, 1984), and Ripley (1977)
violate Ruelle stability when the pair potentials of these models are allowed to give
attractive interactions. In addition to providing evidence that the Mayer cluster expansion
approximation of Ogata and Tanemura (1981) is poor when an attractive pair potential is
used, Gates and Westcott argued that unstable potentials produce simulations from these
models much more tightly clustered than reported by Ogata and Tanemura (1981) and
Ripley (1977). This phenomenon is also reported by Geyer and Thompson (1995) and
Geyer (1999), who looked at the Strauss process with attractive pair potential conditional
upon a fixed number of points. Geyer and Thompson found that when the parameter of

the Strauss process models increasing attractiveness, the number of neighboring pairs of

points sharply increases towards a maximum of (J , which occurs when all points

interact with each other in one clump. Geyer (1999) confirmed that when the conditional
Strauss process has very weak attraction, the process is Poisson-like. When the Strauss
process models instead strong attractiveness, it becomes the “one-clump” process, where
all points lie within a circle with a radius corresponding to the interaction distance of the
model.

The results here support the work of Gates and Westcott (1986) that Gibbs point
processes with only purely attractive 2™%-order interactions produce simulations that are
highly clustered. The three models with only 2™-order interactions (the Fiksel, HCME,
and HCSP) models all simulated configurations that appeared to be realizations from the
“one-clump” process, despite the fact that all three models were designed with a non-zero
hard-core parameter and finite range of interaction to ensure that these models are both

Ruelle and locally stable. An interesting result of this research is that neither local nor
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Ruelle stability was sufficient to prevent sample configurations from Gibbs processes
with attractive 2"-order interactions from degenerating into realizations from the one-
clump process. Furthermore models such as the HCME and HCSP processes with only
partially attractive pair potentials showed a tendency to rapidly degenerate into “a
multiple clump” process, particularly when attraction was modeled at short distances.
The inherent instability of these models demonstrated that neither the presence of a non-
zero hard-core distance nor conditioning on the number of points is necessarily sufficient
to prevent Metropolis-Hastings simulations of attractive or partially pairwise Gibbs
models from giving excessively clustered sample configurations. While the stepwise
potential of Penttinen’s (1984) multiscale pairwise interaction process was not
specifically tested here, the results here suggest that allowing such a pair potential to be
partially attractive as in Sirkka and Tomppo (1998) and Tomppo (1986) can also result in
instable models that will be excessively clustered when simulated.

Despite the poor performance of the Fiksel, HCME and HCSP models, the triplets
models studied provided a viable means of modeling the point attraction and repulsion
found on Coweeta Plot 318. While the EXPTP, GTP and SPTP models are also locally
stable, their better performance can be seen in how the triplets models satisfy the local
stability bound in comparison to the Fiksel, HCME ,and HCSP models with only
pairwise interactions. In the pairwise models, the conditional intensity is bounded due to
the combination of the hard-core and interaction distances. Within a finite range of
interaction, the hard-core parameter assures that all points interacting with any given
point # must all be separated by the non-zero hard-core distance from each other and u,

creating at its limit a honeycomb-like grid of points (Fig. 12). When simulated with
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Geyer and Meller’s (1994) algorithm, points will be drawn into this highly clustered
arrangement provided that no pair of points violates the hard-core condition. With a
sufficiently small hard-core distance, such as the 0.09m distance used here, it is not
difficult to draw a very large number of points into such a cluster. For example, with a
0.09m hard-core distance and a Sm interaction distance, the number of points within a

circle of 5m radius of any point # must satisfy

which implies, that for a configuration with fixed » = 349 in a 80 x 80m plot, all but 16
points can be located in one single clump of 5m in radius. A triplets process, on the other
hand, arrives at the upper bound of its conditional intensity function through the interplay

of the attractive 2"-order potential and the repulsive 3"-order potential. For n > 5 points

within a given point’s interaction distance, the number of interacting triples (3j will

exceed the number of interacting pairs (ZJ by a factor of (n — 2)/3. Consequently as the

number of points grows in a cluster around any given point u, the sum contribution of the
attractive 2""-order potential evaluated on the pairs of point in the cluster will eventually
be overwhelmed by the sum contribution of the repulsive 3-order potential evaluated on
the much larger number of triples of points in the cluster. In effect the magnitude of the
3"order potential relative to the 2"-order potential at very small distances, along with

this combinatorial feature of the 3™-order interaction, provides a much stronger break on
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the formation of large clusters in triplets processes than what occurs in locally stable
pairwise models with attractive interactions.

The results of this research indicate that triplets processes can simulate
configurations of points that retain the short range attractive features found in the
Coweeta data, whether caused by stump sprouting or other reasons. While the triplets
processes here show much promise, they do not completely avoid “the pitfall that
ensnared the Strauss process.” (Geyer 1999, p. 110). The triplets process studied here,
including the slight modification of the triplets process proposed by Geyer, can produce
simulations that are excessively clustered. When the repulsion in the 3™-order potential is
relatively weak and the attraction in the 2"-order potential is relatively strong, the
EXPTP and SPTP process gave sample configurations with multiple large clusters
arranged in fairly regular patterns (Figs. 73, 74). The GTP process in these circumstances
gave sampled configurations where points formed linear clusters spaced at distances
mirroring the interaction distance of the model (Fig. 73). Provided there is sufficient
balance between the attractive 2"%-order and repulsive 3™-order potentials, the resulting
process can model localized attraction of points that do not explode into unrealistic
“superclusters”. While the results here do not provide a theoretical formulation for
quantifying this balance point, heuristically it appears that if the 3"-order potential has
absolute value at the average pairwise distance of 0 greater in magnitude than the
absolute value of the attractive 2™-order potential at 0 distance, then simulations of the
resulting process will not be realizations of the single-clump or multiple clump processes.

One question of interest was the how the form of the potential function(s)

influenced the samples from the resulting Gibbs distribution, given the broad flexibility
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in choosing the potentials subject only to satisfying Ruelle stability and parameter
identifiability requirements (Baddeley 2001). The simulation results indicate that if a
potential is allowed to model attraction, the magnitude of this attraction and the means by
which the upper bound of the conditional intensity function is achieved is much more
important than the form of the potential used. For example, both the HCSP process and
the SPTP processes were simulated with £ = 0.0545, pair potential parameter values of
0, =-2.5 and 6, = -1, and a 5Sm interaction distance. When plotted (Fig. 34), the pair
potential indicates repulsive interactions up to 1m and seemingly weak attractive
interactions beyond this up to the interaction distance. Simulations of the HCSP process
with these parameter values gave configurations with massive attraction and
unrealistically large numbers of points (Fig. 39). If the number of points is conditioned
upon, then sample configurations appear as realizations of the one-clump process (Fig.
40). In comparison, the SPTP process was simulated with the same pair potential
parameter values, but with relative strong third order repulsion with ;3 = 2.5. Now
sample configurations appear completely repulsive (Fig. 71), which is in fact confirmed
by the L-function plot for this model (Fig. 72). Without the repulsive third order
interaction, the longer range attractiveness overwhelms the short range repulsion of the
pair potential, but when the repulsive third order interaction is in place the longer range
attractiveness of the pair potential is not even detectable. How attractiveness is controlled
in Gibbs point processes is essential to what sample configurations the process will give,
in spite of the form of the potentials used. These results suggest that efforts to develop
very complex pair potentials that incorporate attractiveness (Degenhardt and Pofahl

2000) may not be justified. Since the Gibbs likelihood is proportional to the exponential
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of the sum contribution of all interacting points’ potentials, complex features of potential
functions appear to get lost in this sum when evaluating the likelihood ratio of two
particular configurations in a Metropolis-Hastings sampler.

Aside from specifying the attractive and repulsive interactions of Gibbs point
processes, a few other points about Gibbs point process models are worthy to note.

First, the use of the edge correction to the Gibbs likelihood (Diggle et al. 1994) did not
appear to sufficient to prevent edge-effect bias when strong spatial attraction was
modeled in the GTP (Figs. 46, 48, 72), EXPTP (Fig. 74), and SPTP (Fig. 75, 76)
processes. The bias can be seen for these simulations by the presence of a higher point
density at the plot edge as opposed to the plot interior. Apparently the powerful attraction
in the pair potential leads to a greater contribution to the Gibbs process likelihood by
forming more clusters than is lost by the edge correction weights. In cases of strong
attraction, it seems advisable to either collect point pattern data outside the study plot to
act as a guard region or alternatively to use other edge corrections with the Gibbs process
models, such as the periodic correction. A price to be paid by using a periodic correction
with the Bayesian inference used here is that necessarily more triples and pairs will have
to be kept track of by the Gibbs posterior sampler as points interact from opposite plot
edges, slowing down iteration times.

A second feature of the Gibbs models was that the determination of the
interaction distance was problematic. There was no compelling biological reason to
choose one particular value of this parameter, such as the choice of the Sm interaction
distance for the inference of the center 30 x 30m of Coweeta Plot 318. For the observed

data at Coweeta, no measurements were recorded on tree height, crown class, or crown
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size that could provide a basis for establishing a particular interaction distance. Studies of
the effect of inter-tree competition on other North American hardwood forests provided a
range of possible values to use for the interaction distance. In studies of Mississippi
Valley bottomland harwoods, Dimov et al. (2008) found that competitor trees that were
equal in height or greater than desired red oak (Quercus pagoda Raf., Quercus nigra L.,
Quercus nuttallii Palmer) crop trees and were within 11 meters of the subject tree had the
strongest negative correlation with the 5-year radial growth of crop trees. In contrast trees
located from 14m to 17m away from the crop trees showed positive correlation with the
5-year radial growth of crop trees. In the stands observed by Dimov et al. (2008), which
had on average 31.68 m” ha of basal area and were 94 — 139% stocked, the 11m
interaction distance observed corresponded to approximately 2.4 times the mean
overstory crown radius. In comparison, Lorimer (1983) argued that for the purposes of
identifying competitor trees for distance-dependent competition indices, a variable search
radius corresponding to 3.5 times the mean overstory crown radius should be used. Other
studies of competition in northern hardwood forests that employed fixed search radii used
7.62m (Holmes and Reed 1991), 1.2 — 10.6m (Shi and Zhang 2003), and 10m (Kittredge
Jr. 1988) distances to identify competitor trees. In an ecological study of mixed white oak
(Quercus alba L.) and tulip poplar (Liriodendron tulipiferai L.) stands in eastern
Tennessee, Doyle (1983) used a search radius of 8m. In contrast to these studies, Zhao et
al. (2006) proposed using a fixed 25m search radius to identify competitors for a
distance-dependent individual tree diameter growth and survival model developed from a
mixed (29 species including Magnolia grandiflora L., Nyssa sylvatica Marsh., and Pinus

glabra Walt.) temperate forest in the Southeastern USA.
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Even when a fixed interaction distance can be determined, the interaction distance

in an unmarked Gibbs point process applies equally for all trees, regardless of the size

and distribution of their crowns and root systems. A more realistic model would be a

marked Gibbs process with some measure of tree size as a mark variable, such as a

discrete crown class rating (e.g. dominant, co-dominant, etc.), where the interaction

distances would depend upon the marks (crown classes) of the interacting points. One

way that these interaction distances could be chosen is through a scheme based upon

horizontal point sampling:

1)

2)

3)

Determine an estimate of the average tree DBH by crown class, perhaps
through prior knowledge/inventories of stands with similar structure to that
being analyzed.

Use a desired angle gauge, such as an optical prism to determine the radius of

influence 7, of a tree in each crown class ¢ through

__ DBH,
¢ 2sin(a/2)

where DBH  is the average DBH of trees in crown class ¢ and a is the angle

projected by the angle gauge.
The interaction distance between trees of crown classes ¢ and ¢’ is then the

sum of the respective radii of influence, i.e. R, . =7 +7,
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As a numerical illustration, suppose that the average co-dominant tree had a DBH of 40
cm and the average intermediate tree had a DBH of 20cm. For a 4.60 m” ha™' basal area
factor (BAF) prism (equivalent to 20 ft* ac”' in English units) the projected angle is o =
2.46 degrees. The radius of influence for the co-dominant class is 9.33m; similarly the
radius of influence for the intermediate class is 4.66m. Therefore for interaction between
co-dominant and intermediate trees, an interaction distance of approximately 14m could
be used. Conversely, for the co-dominant — intermediate interaction distance to be Sm
(the choice of interaction distance for all trees in the analysis of the center 30x30m of
Coweeta Plot 318), a projected angle of 6.88 degrees is needed, equivalent to a 36 m* ha™
BAF prism (156.82 ft* ac” in English units), if in fact a prism with such large BAF exists.
The idea of a tree’s radius of influence being determined by a horizontally projected
angle is not new; Lemmon and Schumacher (1962), Opie (1968), and Daniels (1976) all
have discussed this idea in the context of tree competition indices. Furthermore the
literature on competition indices offers many ideas on how different measures of tree size
can be used to determine a tree’s zone of influence (Biging and Dobbertin 1992). One
possibility for example would be to project a vertical angle (perpendicular to the ground)
to the top height of a class of trees to determine a region of influence as proposed by
Biging and Wensel (1990).

While a system for choosing interaction distances like the one above offers the
advantage of specifying a series of interaction distances that are proportional to tree size,
the problem of choosing an interaction distance is simply replaced with a new problem of
choosing an appropriate angle to determine the radius of influence. Furthermore, the

choice of interaction distance from a system such as this may not be consistent with a
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statistical analysis of the data such as the cusp point method (Stoyan and Grabarnik
1991). The interaction distance can be determined from the statistical inference
methodology along with all other parameters of the Gibbs likelihood, for example Bognar
(2005, 2008) imposed a prior on the interaction distance and estimated a marginal
posterior distribution for this parameter. In the work here however, the interaction
distance was kept fixed for analytical and computational simplicity. One drawback to
estimating the interaction distance in the context of Bognar’s algorithm is that for each
interaction distance proposed, the list of interacting pairs and triples (from the data) must
be determined for multiple interaction distances. In the implementation of Bognar’s
algorithm here, this implies that at each iteration of the posterior sampler, pairs and
triples will be needed for the current value of the interaction distance, the proposed
interaction distance, and also the average of the two interaction distances, which is used
for drawing the importance samples from Geyer and Meller’s (1994) algorithm.
Moreover, to evaluate the normalizing constant ratio, the list of interacting pairs and
triples must be generated for each of the these three interaction distances for each
importance sample, substantially increasing the computational burden of the algorithm.
Nor is this difficulty limited to Bognar’s algorithm, since the list of pairs and triples using
each of these three interaction distances would be needed to evaluate the auxiliary point
configuration at each iteration of the Gibbs posterior sampler in the context of Moller et
al.’s algorithm. Given the very slow iteration times of both of these algorithms when
applied to triplets processes, having fixed interaction distances prior to any statistical

analysis still seems the most practical choice.
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One key result from Bayesian inference with triplets processes, whether utilizing
Bognar’s algorithm or Meller et al.’s algorithm, is that while it is possible to do, it is very
computationally demanding. In order to approximate ratios of normalizing constants
appearing in the likelihood ratios of a Metropolis-Hastings posterior sampler, another
Metropolis-Hastings algorithm (e.g. that of Geyer and Meller 1994) was implemented. In
effect both algorithms use a nested-MCMC structure, which is viewed by some as
intractable (Illian et al. 2008, p. 476). As a consequence of this structure, the Gibbs
posterior sampler, using either Bognar’s or Mgller et al.’s algorithm had very long
iteration times. Even for a plot with few points, such as the center 30 x 30m of Coweeta
Plot 318 with 60 trees, iteration times ranged from approximately 30 seconds to two
minutes, leaving runs of only 20,000 iterations needing from 10 days to nearly a month to
complete. Compounding this problem is a number of specific issues with the triplets
models analyzed here which promote even longer iteration times. First, the choice of
burn-in of Geyer and Moller’s algorithm depends upon the degree of attractiveness
present in the data being analyzed. Gibbs parameter values that reflect strong localized
clustering need longer burn-ins for Geyer and Moller’s algorithm to generate a sample
with these features. For all of the triplets models tested here, when strong 2™%-order
attraction is joined with weak 3™-order repulsion, Geyer and Moller’s algorithm can
easily require a burn-in of 50,000 iterations or more (Figs. C1 — C3, C7 — C12). One
important consequence in practice of trying to use too small a burn-in in order to save
computation time was that normalizing constant ratios and acceptance probabilities were
significantly larger when moving to parameter vectors with stronger 2"%-order attraction.

While the true normalizing constant ratios are unknown, the t-test results from the SPTP
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process with the SimTest50 data indicated that the Gibbs posterior sampler is moving in a
biased way towards parameter vectors with more extreme attraction when Geyer and
Moller’s algorithm is not properly burned in (Table 6). Given the negative cross
correlation found between the strength of attraction in the 2"-order potential with the
strength of repulsion in the 3™-order potential in all models (Tables 10, 12), the bias
towards parameters with strong 2"-order attraction will promote large values of the
parameter of the repulsive 3™-order potential as well.

Another issue which promotes longer iteration times for Bognar’s algorithm is the
apparent inverse relationship between the quality of CVs of the importance samples and
the quality of mixing in the parameter trace plots. As pointed out by Geyer (1999) and
Bognar (2004, 2005), in order for importance sampling to provide a good estimate of a
ratio of normalizing constants, the two parameter vectors which define the ratio must not
be too far apart numerically. Proposing parameter vectors that are incrementally close to
the current state would give good estimates of the normalizing constant ratio, but
incremental proposals necessarily means that the Markov chain must explore the support
of the posterior incrementally. If instead rapid mixing is desired, proposed parameter
vectors could be quite far from the current state of the chain and the normalizing constant
ratio would be compromised (Bognar 2004). Results from Bognar’s algorithm here
indicate that better mixing (better trace plots, lower autocorrelation) lead to higher CVs
of importance sampling weights and vice versa. Deliberately using slowly mixing chains
in order to achieve good normalizing constant ratios combined with a very large number
of iterations the algorithm is run is one solution in principle, though not a practical one

given the iteration times found here. Instead moderately mixing chains using larger
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numbers of importance samples might be able to reduce excessively large CVs of
importance sampling weights. Of course, the price for this is significantly longer iteration
times for the Bognar’s algorithm, since Geyer and Meller’s (1994) algorithm would need
to be run for a much greater number of iterations.

Within the context of Bognar’s algorithm, a number of influential factors were
explored, in particular the effect of point density, interaction distance, and choice of
triplets models on the mixing of the chains for each parameter and on the fit of the model
to the simulated or real data that was used as the basis for inference. Of all of these
factors, the choice of the triplets model had the most noticeable effect on the trace plots.
Given the limited tuning of the chains for the various simulation trials, the SPTP process
repeatedly showed poor mixing, with chains that often did not oscillate around the known
target parameter values and, when used for inference on the observed data at Coweeta,
did not oscillate around any common value at all. The likely cause for this poor mixing is
the great flexibility of the serpentine pair potential used in the SPTP process. Different
combinations of values for the parameters of this pair potential can given similar shapes,
even though some combinations may have positive values for 8, and negative values for
6, and other combinations will have negative values for 6, and positive values for 6,. One
obvious way to improve this would be to restrict the parameter space of the potential so
that, for example, 8, could only take on positive values. However, even when parameters
of the serpentine potential do not change sign, poor mixing of the SPTP process still
occurs, as evidenced by the trace plots of the density test from the SimTest50 dataset

(Figs. 83 — 86). When all three models were used to draw inference from the Coweeta
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data, better mixing was obtained from the EXPTP and GTP processes (Figs. E1 — E6)
than from the SPTP process (Figs. E7 — E9).

Despite the differences in mixing, both the EXPTP and SPTP models showed the
ability to reproduce the spatial structure of the simulated or real data for which inference
was desired (Figs. 81, 82, 88, 89, 94, 99, 103 — 106, 108, 110). The poor mixing of the
SPTP process often left large numerical differences between the estimated posterior
modes and the known target parameters of simulated plots (Tables 5, 7). Despite this, the
Monte Carlo envelopes for the various tests seemed to be insensitive to these numerical
differences, particularly for excessively large values of the parameter of the repulsive 3"-
order potential (Figs. 81, 82). With regard to the GTP process, one feature of this model
that became apparent through both simulation of and inference with this process was the
inability of this model to provide the same type of localized clustering as found in Plot
318 from Coweeta (Fig. 48, 50, 110). The pair potential of this model allows for the same
level of point attraction throughout its interaction range, and simulations from this model
with strong attractiveness show the tendency to develop long “chains” of clustered points
(Figs. 46, 48). Since it is of interest to model clustering from stump sprouting, it seems
more realistic that the point attraction should be able to decrease rapidly after distance
greater than 1m. Given the limitations of an inflexible pair potential in the GTP process
and a too flexible potential in the SPTP process, the EXPTP process is considered the
best model for the types of spatial point patterns observed in the Coweeta data. Certainly
other model forms of triplets processes can be considered, but relatively simple 2"'- and

3"_order potentials with few parameters seem preferable over more complex potentials.
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In contrast to the large qualitative differences between the different triplets
models used to do inference, effects of point density and the value of the (fixed)
interaction distance were much more difficult to ascertain. No clear trends were evident
from the study of point density using the SPTP process with strong attraction and
repulsion and plot sizes of 7 x 7m through 12 x 12m (Figs. 83 — 86, 88, 89). While lower
plot densities showed slower mixing with more extreme parameter values being sampled
(Figs. 83 — 86), the highest plot density tested (using the 7 x 7m plot) had the worst fit of
the Monte Carlo envelope of the L-function (Fig. 90). The test of the interaction distance
with the EXPTP process with weak attraction showed slower mixing with larger
interaction distances (Figs. 100 — 102) but inference with smaller interaction distances
showed noticeably larger CVs of importance sample weights, given the same set of
tuning parameter values (Figs. D21 — D24). All of the interaction distance trials gave
reasonable parameter estimates (Table 8) corresponding to Monte Carlo envelopes that
enclosed the L-functions generated from the simulated datasets (Figs. 103 — 106).

One particular challenge to testing variables such as point density and interaction
distance was being able to design a test that could isolate one variable from the effects of
others. Point density can me modified in one of two ways, either by changing the number
of points or by changing the size of the plot within which the points lie. Keeping the plot
size and interaction distance fixed and changing the point density requires a sufficiently
large plot size so that at the low end of point density there is still a sufficient number of
points for inference. Yet at the same time, at high point densities, large plot sizes imply a
very large number of points, which will lead to very large numbers of interacting pairs

and triples and very slow iteration times. If the iteration time is desired to be kept under
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control, then variable point density can be studied by selecting a target number of points
and changing the plot size. For a fixed interaction distance however, decreasing plot size
can lead to increased edge-effect bias, as more and more points’ interaction distances
extend beyond the plot boundary. Testing the interaction distance for a desired number of
points has unintended consequences. First, for partially attractive processes, smaller
interaction distances result in greater point density for the same set of potential
parameters as do larger interaction distances. This occurs because the limiting action of
the repulsive 3" order potential on cluster formation is restricted to smaller areas,
allowing more points and clusters to form in a given fixed area. So for a given value of
the intensity parameter (), it becomes progressively difficult to keep the number of
points constant with increasing range of interaction distances being tested. Additionally,
larger interaction distances necessitate the calculation of more interacting pairs and
triples for any given point. In spite of the tendency for large interaction distances to result
in sample configurations with smaller numbers of points than configurations generated
from smaller interaction distances, the total number of interacting pairs and triples
generated from large interaction distances is much larger, leading to very slow iteration
times. The 10m interaction distance trial, for example, had an average iteration time of
179.12 seconds, implying that almost 6 weeks (41.5 days) of continuous running time
would have been needed to complete the 20,000 iterations of Bognar’s algorithm for a
plot that contained only 50 points. In contrast, the 4m interaction distance trial had an
average iteration time of 27.0 seconds, needing a total of 6.25 days to complete 20,000

iterations using a configuration that contained 58 points.

284



Regarding the choice between Bognar’s algorithm using importance sampling and
Moller et al.’s auxiliary variable algorithm some observations can be made. When perfect
simulation of Gibbs point processes is feasible, Moller et al.’s algorithm is theoretically
sounder. The approximation of the normalizing constant ratio by importance sampling
prevents the algorithm from achieving detailed balance, and there is no theory to assure
the analyst that the posterior samples being drawn are from the correct distribution. That
said, in this study of triplets processes, perfect simulation was not feasible because of the
high upper bound of the conditional intensity function of the triplets processes. In
particular, the ability of the triplets processes to have partially or completely attractive
2"order interactions results in a high upper bound on the conditional intensity function
(Fig. 112). Had purely repulsive 2"-order interactions been used, the conditional
intensity of the triplets process would be bounded by the processes’ intensity parameter,
and perfect simulation would be feasible, as demonstrated by Meller et al. (2006) and
Berthelsen and Moller (2006) for the purely repulsive Strauss process.

In the absence of perfect simulation, the primary theoretical benefit of Meller et
al.’s algorithm is muted. The imperfect scheme of using Geyer and Meller’s (2004)
algorithm to draw samples of the auxiliary variable allowed the possibility of Meller et
al.’s algorithm to be implemented for the triplets processes considered here, and it was
faster to use than Bognar’s algorithm. However, Moller et al.’s algorithm repeatedly
generated runs of non-acceptance lasting hundreds and occasionally even thousands of
iterations, a phenomenon that was also noted by Mgller et al. (2006) (Figs. F1 — F13). In
the context of the relatively short 20,000 iteration runs of the algorithm used for inference

on Coweeta Plot 318, such runs of non-acceptance forced the joint posterior mode
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solution to match the longest run obtained and distorted the appearance of the smoothed
posterior density (Figs. F14 — F16, F24 — F26). One possibility for addressing this issue
would be to run Meller et al.’s algorithm for such a long time that any particular run
would not overly influence the joint posterior. Mgller et al. (2006) chose to use tuning
parameters that generated incremental proposals to keep the number and length of runs of
non-acceptance to a minimum, although this implies that mixing will be necessarily slow.

For the analysis of mixed attractive and repulsive spatial structure like that found
in the Coweeta data, Bognar’s algorithm appears to be preferable to Meller et al.’s
algorithm. Given the lack of feasible perfect simulation for triplets processes, Bognar’s
algorithm offers an alternative that avoids the problems associated with long runs of non-
acceptance. Additionally, there is no software available for estimating parameters of
triplets processes, so the fixed parameter estimate needed for the conditional distribution
of the auxiliary variable is not easy to come by. Meller et al. (2006) and Berthelsen and
Moller (2006) do propose alternate choices for the conditional distribution of the
auxiliary variable, including partially ordered Markov models (POMMs) proposed by
Cressie and Davidson (1998). However given the already heavy computational burden
inherent with Bayesian inference for triplets processes, no attempt was made to utilize
POMMs for this study.

At the outset of this research, one primary objective was to formulate and evaluate
Gibbs point processes that could be flexible enough to handle the types of patterns
encountered in mixed-species Appalachian forests, particularly the presence of localized
clustering due to stump sprouting. If such processes were formulated, could the Gibbs

processes simulate patterns of mixed-species Appalachian hardwood forests distribution
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and how tractable would such processes be as a forest stand structure generator? The
results of this research indicate that Gibbs point processes with suitably repulsive 3™-
order interactions can realistically simulate patterns of such forests (Figs. 64, 65, 108,
110). While the spatially random pattern of Coweeta Plot 218 (Fig. 14) does not appear to
be difficult to simulate by a triplets processes, the patterns of Coweeta Plots 118, 427,
and 527 (Figs. 13, 16, 17) show clustered but no repulsive interaction. This clustering is
due both to stump sprouting and to inhomogeneity of pattern, as evidenced for example
in the stem map of Plot 527 (Fig.17), where the tree density is noticeably lower in the
lower right-hand corner of the plot. It is unlikely that these patterns could be realistically
simulated with a triplets model with a spatially constant first order interaction, as those
proposed here. To model these patterns inhomogeneous Gibbs processes would be
needed. Spatial inhomogeneity can be incorporated in Gibbs point processes with
repulsive 2"_order interactions (Stoyan and Stoyan 1998; Bognar 2005) through the use
of a non-constant intensity function, an approach which can be extended to the triplets
models studied here. For Markov point processes generally, inhomogeneity can be
introduced by thinning of homogeneous Markov point processes (Baddeley et al. 2000),
transformation of homogeneous Markov point processes (Jensen and Nielsen 2000;
Nielsen and Jensen 2004), or construction of a locally scaled Markov point process (Hahn
et al. 2003). The primary reason that inhomogeneous Gibbs processes were not
considered is that fluctuations in tree density across one research plot are specific to that
plot and do not necessarily fit spatial inhomogeneity found in other research plots. In
absence of a direct biological mechanism for the inhomogeneity, building a point process

model to conform to observed spatial inhomogeneity on a particular plot would then
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undesirably restrict the application of the model to that particular plot. Indeed, from the
point of view of building a stand structure generator for Appalachian hardwoods that
could be applied generally in the Southern Appalachian mountains, it seems necessary to
either assume spatial homogeneity, or alternatively, to have the user of the stand structure
generator input sufficient information to quantify the location and intensity of any
inhomogeneity that is desired in the forest simulation. In contrast, the features of tree
clustering from stump sprouts and tree repulsion from competition may reasonably be
considered as features found in the spatial pattern of Appalachian hardwood forests in
general.

The question of the tractability of Gibbs point processes for use with a stand
structure generator depends upon how such a generator might be constructed. Analogous
to such a spatial stand structure generator, tree diameter distribution models give many
examples of how continuous probability density functions (pdfs) can be used to serve as a
stand table generator (Packard 2000), where the distribution of the number of trees into
diameter classes can be obtained once the parameters of the pdfs have been estimated
through other forest stand information. In general the methods of parameter prediction,
parameter recovery, and percentile prediction are the most popular means for parameter
estimation. In the first approach, k& parameters are predicted through linear or nonlinear
regression models using various forest stand covariates. In parameter recovery, moments
of the tree diameter distribution, such as the mean and quadratic mean, are predicted for a
stand and the pdf parameters are “recovered” by using the method of moments to solve a

system of equations containing & unknown pdf parameters and & predicted moments. In
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percentile prediction, k order statistics of the tree diameter data are predicted and used to
solve a system of equations for the £ unknown parameters in a similar way.

The principles of diameter distribution methodology could work to build a stand
structure generator. However, Gibbs point process densities are more difficult to work
with, particularly because they are defined on classes of subsets (o-fields) of finite point
configurations in R and not on the Borel sets of R (such as intervals), as are continuous
univariate pdfs used with diameter distribution models. Percentile prediction
methodologies are not applicable, because without any natural ordering of point
configurations there is no meaningful way to define order statistics for a Gibbs point
process. While the parameter prediction approach can be applied to any parameterized
density, several objections limit the usefulness of this approach. First, there are no
meaningful biological relationships between pdf parameters and forest stand variables.
Secondly, there is an inherent statistical inconsistency in using linear regression models
to predict parameters. If one adopts the classical statistical inference point of view,
parameters are fixed constants that do not have probability distributions. Yet the
parameter prediction approach stipulates that the parameters do have a probability
density; for linear regression models, for example, the response variable (in this case a
pdf parameter) follows a normal distribution (Rencher 2000). Suppose instead that a
Bayesian inference point of view is adopted, as was the case here. The Gibbs point
process parameters do follow a probability distribution, the joint posterior distribution.
But this posterior density is not the result of linear or non-linear combination of fixed
covariates and a normally distributed error term, so standard methodology for linear

regression models does not apply.
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The best methodology for building a forest stand structure generator with a spatial
point process pdf seems to be the method of moments. As noted by Fiksel (1984), the
Takacs-Fiksel method (see Sec. 2.31) is an application of the method of moments, where
the sample moments are estimates from the second-moment measures of the Gibbs point
process, under the assumption of a stationary and isotropic Gibbs process. Tomppo
(1986) proposed a straightforward way to estimate these moments from data collected
from the forest itself. In particular, a series of randomly located trees and a separate
sample of randomly located circular fixed radius plots are installed within the forest of
interest. For each randomly located tree, the distance to its nearest neighbor is recorded.
For each sample plot the number of trees are counted in m circles of increasing radius that
match the n steps of a multiscale pairwise interaction process (Penttinen 1984). These
counts and nearest neighbor measurements would then be combined to solve a system of
m equations for the n + 1 unknown Gibbs point process parameters. As noted by
Tomppo, the Takacs-Fiksel method does not require a multiscale pairwise interaction
process model. However, Tomppo’s use of field plots would need to be modified slightly.
In particular, a smooth potential function would require that for each of the m sample
plots, all trees would need to be stem-mapped so that the potential could be evaluated.
Furthermore, Tomppo recommended that a sample of at least 60-100 plots and 60-100
trees be used so that the variance of the moment estimates is not too large. All of the plots
and trees would need to be sufficiently located away from the edge of the stand, and the
plots would need to be larger in diameter than the interaction radius of the Gibbs point

process model.
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Clearly, such an approach is expensive to carry out, and in small stands the
sampling effort might rival the time needed to stem map the stand, eliminating the need
for a stand structure generator altogether. A further limitation is that the method is only
applicable to homogeneous Gibbs point processes; there is currently no published work
on how an inhomogeneous Gibbs process’ parameters might be estimated through the
method of moments. In fact, even methods for spatial summary functions that use 2"-
order moment measures of inhomogeneous point processes have themselves only recently

developed (Baddeley et al. 2000).
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6. Conclusions

Although Gibbs point processes are particularly well suited to model repulsive
point patterns (Illian et al. 2008), Gibbs point processes with 3"-order interactions can be
developed that simulate features of clustering and overdispersion as found in
Appalachian hardwood forests. In this thesis, the spatial structure of five stem-mapped
plots of mixed Appalachian hardwoods was explored with L-functions and pair
correlation functions, where each plot was evaluated over a range of minimum tree
diameter limits. Spatially non-random clustering at distances less than 2m was found in
four of the five plots that was consistent with the presence of clumps of stump sprouts. In
all five plots, non-random point overdispersion was detected. In three plots, non-random
overdispersion increased with increasing tree diameter limits, occurring at distances from
2 to 10m for Plots 218 and 427 and at distances from 4 to 6m for Plot 527. While this is
consistent with the notion of overdispersed patterns resulting from intertree competition
over time (Christensen 1977; Ward et al. 1996; Kenkel et al. 1997), no such causal
mechanism need be assumed. The analysis of the spatial structure of the Coweeta data
indicated that models for the spatial pattern of Appalachian hardwoods should, however,
account for both short range attractive and intermediate-range repulsive interactions.

Models for the 2™- and 3™-order potential functions of locally stable Gibbs point
processes were proposed as a means of simulating the patterns founding in the Coweeta
data. When partly or completely attractive 2" order potentials were specified in a
pairwise interaction process, simulations from Geyer and Meller’s (1994) Metropolis-

Hastings algorithm typically gave excessively clustered patterns. Introducing purely
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repulsive 3"-order interactions allowed for the simulation of short range clustering and
intermediate range overdispersion simultaneously. However, when the 3™-order potential
has weak repulsion relative to the attraction in the 2"-order potential, simulations from
the proposed triplets models can result in samples from a “multi-clump” process that is
not realistic of Appalachian hardwood forests. This result emphasizes the need for a
balance between attractive and repulsive potentials so that the clustering introduced in the
Gibbs process is not excessive.

One feature observed in the Coweeta dataset, particularly in Plot 527, was the
presence of longer range (10 — 20m) point attraction due to spatial inhomogeneity. While
it was not the objective here to model or simulate such inhomogeneity, the presence of it
in a small dataset such as the five Coweeta plots indicates that models for the spatial
pattern of mixed Appalachian hardwoods will need to take this into account. Certainly the
Gibbs point processes proposed here can be adapted to model inhomogeneity by allowing
the constant first-order interaction (given by the parameter ) to be a function of location,
as demonstrated by the inhomogeneous pairwise interaction processes proposed by
Bognar (2005). Doing so may result in the 1*-order interaction be tailored specifically to
the observed data (Stoyan and Stoyan, 1998) however, and may limit the application of
the model to other datasets.

While Bayesian inference was pursued as a method for estimating Gibbs point
process parameters, it was found to be very computationally expensive. One to four
weeks of continuous running time was required for relatively short (20,000 iterations)
runs of the tested algorithms, despite the programming of the algorithms in C++ and

repeated attempts to exploit computational shortcuts. Both the importance sampling
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based approach of Bognar (2004, 2005) and the auxiliary variable approach of Mgller et
al. (2006) necessitated the use of nested MCMC methods, which remains as the primary
obstacle to improving computational speed. While Mgller et al.’s auxiliary variable
approach offers significant theoretical advantages when perfect simulation of Gibbs point
processes is practical, the partially attractive models here have such large upper bounds
on their respective conditional intensity functions that perfect simulation via dominated
coupling from the past (CFTP) was not practical. Regardless of the algorithm used, the
trace plots for the proposed triplets models indicated slow mixing. When Bognar’s
algorithm was used, slow mixing became a consequence of the need for incremental
parameter proposals to accurately estimate the normalizing constant ratio, whereas in
Moller et al.’s algorithm, incremental proposals were used to minimize the effects of long
runs of non-acceptance. Tests of Bognar’s algorithm with configurations representing
different point density, spatial structures, and model interaction distances failed to
generate clear trends with poor mixing found in all conditions. The poor mixing
combined with short (20,000 iterations or less) runs requiring long computation times
was a major obstacle to drawing clear inferences. When Bognar’s and Moller et al.’s
algorithms were applied to a subset of one of the five Coweeta plots (Plot 318), the
obtained posterior modes from each of the three tested triplets models provided L-
function Monte Carlo confidence envelopes that nearly entirely contained the observed L-
function. While this offers some promise that Bayesian inference could be used to
estimate parameters of partially attractive Gibbs point processes, the heavy computational

burden of the algorithms tested leads to the conclusion that such methods are not practical
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for the construction and application of Gibbs point process models in forest management
settings.

The theory and applications of Gibbs point processes and spatial point processes
more generally continues to rapidly evolve. Areas of particular interest of current
research include the development of residual analyses for point processes (Baddeley et al.
2005; Baddeley et al. 2008), models and inference for inhomogeneous Markov processes
(Berthelsen and Mgller 2008; Moller and Helisova 2008), and spatio-temporal marked
point processes (Sarkkd and Renshaw 2006; Comas and Mateu 2007). With continuing
advancement of point process theory, it is expected that new point process models and
methods for their inference will allow for greater realism in modeling the complex spatial

and temporal dynamics of mixed-species forests.
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Appendix A

The following figures present L-function plots of Coweeta data where the data is
screened by tree diameter. As the data are screened to larger DBH limits (from 10cm to
30cm by 4cm increments), the number of trees on the Coweeta plots (z) which meet these
limits decreases (Table Al). Consequently, the 95% Monte Carlo bands of CSR will
increase, as decreasing n will allow samples from CSR to show more variable spatial

structure.

Table A1. Number of trees by DBH limit on Coweeta gradient plots.

DBH Limit (cm)  Plot 118 Plot 218 Plot 318 Plot 427 Plot 527

10 353 264 349 384 268
14 239 207 282 294 207
18 171 169 227 204 162
22 116 137 173 146 137
26 80 114 128 111 110
30 59 90 101 88 89
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Figure A1. Observed L(r) - r (solid line) and 95% Monte Carlo simulation envelope for
CSR (dashed lines) for Plot 118, DBH limit = 10cm. Note: This figure reproduces
Fig. 18.
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Figure A2. Observed L(r) - r (solid line) and 95% Monte Carlo simulation envelope for
CSR (dashed lines) for Plot 118, DBH limit = 14cm.
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Figure A3. Observed L(r) - r (solid line) and 95% Monte Carlo simulation envelope for

CSR (dashed lines) for Plot 118, DBH limit = 18cm.
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Figure A4. Observed L(r) - r (solid line) and 95% Monte Carlo simulation envelope for

CSR (dashed lines) for Plot 118, DBH limit = 22cm.
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Figure AS. Observed L(r) - r (solid line) and 95% Monte Carlo simulation envelope for
CSR (dashed lines) for Plot 118, DBH limit = 26cm.
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Figure A6. Observed L(r) - r (solid line) and 95% Monte Carlo simulation envelope for
CSR (dashed lines) for Plot 118, DBH limit = 30cm.
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Figure A7. Observed L(r) - r (solid line) and 95% Monte Carlo simulation envelope for
CSR (dashed lines) for Plot 218, DBH limit = 10cm. Note: This figure reproduces

Fig. 19.
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Figure A8. Observed L(r) - r (solid line) and 95% Monte Carlo simulation envelope for

CSR (dashed lines) for Plot 218, DBH limit = 14cm.
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Figure A9. Observed L(r) - r (solid line) and 95% Monte Carlo simulation envelope for
CSR (dashed lines) for Plot 218, DBH limit = 18cm.
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Figure A10. Observed L(r) - r (solid line) and 95% Monte Carlo simulation envelope for
CSR (dashed lines) for Plot 218, DBH limit = 22cm.
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Figure A11. Observed L(r) - r (solid line) and 95% Monte Carlo simulation envelope for
CSR (dashed lines) for Plot 218, DBH limit = 26cm.
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Figure A12. Observed L(r) - r (solid line) and 95% Monte Carlo simulation envelope for
CSR (dashed lines) for Plot 218, DBH limit = 30cm.
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Figure A13. Observed L(r) - r (solid line) and 95% Monte Carlo simulation envelope for
CSR (dashed lines) for Plot 318, DBH limit = 10cm. Note: This figure reproduces
Fig. 20.
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Figure A14. Observed L(r) - r (solid line) and 95% Monte Carlo simulation envelope for
CSR (dashed lines) for Plot 318, DBH limit = 14cm.
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Figure A15. Observed L(r) - r (solid line) and 95% Monte Carlo simulation envelope for
CSR (dashed lines) for Plot 318, DBH limit = 18cm.
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Figure A16. Observed L(r) - r (solid line) and 95% Monte Carlo simulation envelope for
CSR (dashed lines) for Plot 318, DBH limit = 22cm.
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Figure A17. Observed L(r) - r (solid line) and 95% Monte Carlo simulation envelope for

CSR (dashed lines) for Plot 318, DBH limit = 26cm.
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Figure A18. Observed L(r) - r (solid line) and 95% Monte Carlo simulation envelope for

CSR (dashed lines) for Plot 318, DBH limit = 30cm.
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Figure A19. Observed L(r) - r (solid line) and 95% Monte Carlo simulation envelope for
CSR (dashed lines) for Plot 427, DBH limit = 10cm. Note: This figure reproduces

Fig. 21.
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Figure A20. Observed L(r) - r (solid line) and 95% Monte Carlo simulation envelope for
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Figure A21. Observed L(r) - r (solid line) and 95% Monte Carlo simulation envelope for
CSR (dashed lines) for Plot 427, DBH limit = 18cm.
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Figure A22. Observed L(r) - r (solid line) and 95% Monte Carlo simulation envelope for
CSR (dashed lines) for Plot 427, DBH limit = 22cm.
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Figure A23. Observed L(r) - r (solid line) and 95% Monte Carlo simulation envelope for
CSR (dashed lines) for Plot 427, DBH limit = 26cm.
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Figure A24. Observed L(r) - r (solid line) and 95% Monte Carlo simulation envelope for
CSR (dashed lines) for Plot 427, DBH limit = 30cm.
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Figure A25. Observed L(r) - r (solid line) and 95% Monte Carlo simulation envelope for
CSR (dashed lines) for Plot 527, DBH limit = 10cm. Note: This figure reproduces
Fig. 22.
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Figure A26. Observed L(r) - r (solid line) and 95% Monte Carlo simulation envelope for
CSR (dashed lines) for Plot 527, DBH limit = 14cm.
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Figure A27. Observed L(r) - r (solid line) and 95% Monte Carlo simulation envelope for

CSR (dashed lines) for Plot 527, DBH limit = 18cm.
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Figure A28. Observed L(r) - r (solid line) and 95% Monte Carlo simulation envelope for

CSR (dashed lines) for Plot 527, DBH limit = 22cm.
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Figure A29. Observed L(r) - r (solid line) and 95% Monte Carlo simulation envelope for
CSR (dashed lines) for Plot 527, DBH limit = 26cm.

1.0

0.0

-0.5

-1.0

-1.5

| | | 1 1
0 5 10 15 20

Distance (m)

Figure A30. Observed L(r) - r (solid line) and 95% Monte Carlo simulation envelope for
CSR (dashed lines) for Plot 527, DBH limit = 30cm.
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Appendix B

The following figures present trace plots of the “pseudo-canonical” statistics from

the simulation of the Gibbs pairwise interaction models (F, HCME, and HCSP). For

reference, the pseudo-canonical statistics for each model is provided (Table B1).

Table B1. Canonical parameters and “pseudo-canonical” statistics for the proposed Gibbs

point process models with 2™-order interaction.

Canonical
Model Pseudo-canonical statistic
Parameters
Fiksel log (IB) n (X)
4 PCS, (x) = 2. ~¢exp (=0 =) 2y (= )
i<j
Hard-Core log () n(x)
Modified
Exponential 0 -1
PCS, (X) = Zeif —_— I(rn’R] (Hxi —xjH)
i</ Hxi —x/.” +1
6, :
PCs, (x) = Z_ev‘eXp(_€3 =5, 7y (s =)
i<j
Hard-Core log () n(x)
Serpentine

.H+92

0 o
res - 5o B sl
i J
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Figure B1. Trace plot of the number of points for Ex. 1 of the Fiksel model with
(£=0.0545, 6, =-1, 6,=2.5, R=5).
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Figure B2. Trace plot of the pseudo-canonical statistic PCS; (X) for Ex. 1 of the Fiksel
model with (£ =0.0545, 6, =1, 6, =2.5, R=5).
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Figure B3. Trace plot of the number of points for Ex. 2 of the Fiksel model with
(8=0.0545, 6, =—1, 6, =1, R =5) after 20,000 iterations.
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Figure B4. Trace plot of the pseudo-canonical statistic PCS; (X) for Ex. 2 of the Fiksel
model (S =0.0545, 6,=—-1, 6,=1, R=5).
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Figure BS5. Trace plot of the pseudo-canonical statistic PCS; (X) for Ex. 2 of the Fiksel
model with (4 =0.0545, 6, =—1, 6, =1, R=5) and fixed n = 349.
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Figure B6. Trace plot of the number of points for Ex. 1 of the HCME model with
(8=0.0545, 6, =1, 6, =-2.5, 6,=2.5, R=5) after 20,000 iterations.
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Figure B7. Trace plot of the pseudo-canonical statistic PCS; (X) for Ex. 1 of the HCME
model with (4 =0.0545, 6, =1, 6, =-2.5, 6,=2.5, R=5).
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Figure B8. Trace plot of the pseudo-canonical statistic PCS, (X) for Ex. 1 of the HCME
model with (B =0.0545, 6, =1, 6, =-2.5, ,=2.5, R=5).
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Figure B9. Trace plot of the number of points for Ex. 2 of the HCME model
with(4=0.0545, 6, =1, 6, =-2.5, 6, =1, R=5) after 40,000 iterations.
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Figure B10. Trace plot of the pseudo-canonical statistic PCS; (X) for Ex. 2 of the HCME
model with (4 =0.0545, 6, =1, 6,=-2.5, 6,=1.0, R=5).
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Figure B11. Trace plot of the pseudo-canonical statistic PCS; (X) for Ex. 2 of the HCME
model with (4 =0.0545, 6, =1, 6, =-2.5, 6,=1, R=5).
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Figure B12. Trace plot of the number of points for Ex. 1 of the HCSP model
with(8 =0.0545, 6, =2.5, 6, =—0.25, R=5).

ok i

20 i

PCS, (x)
I=
=

-B0F .

70k i

_80 I I I I
a 05 1 1.5 z 25

[teration

Figure B13. Trace plot of the pseudo-canonical statistic PCS; (X) for Ex. 1 of the HCSP
model with (4 =0.0545, 6, =2.5, 6, =—0.25, R=5).
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Figure B14. Trace plot of the number of points for Ex. 2 of the HCSP model
with(4 =0.0545, 6,=2.5, 6, =—1, R=5).

2500 T T T T
2000

1500

T
ey 1000
o)
o

500

i 5
[teration %10

Figure B15. Trace plot of the pseudo-canonical statistic PCS; (X) for Ex. 2 of the HCSP
model with (4 =0.0545, 6, =2.5, 6, =—1, R=5).
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Figure B16. Trace plot of the pseudo-canonical statistic PCS; (X) for Ex. 2 of the HCSP
model with (B =0.0545, 6, =2.5, 6, =—1, R =5)and fixed n = 349.
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Figure B17. Trace plot of the number of points for Ex. 3 of the HCSP model
with(8 =0.0545, 6, =-2.5, 6, =—1, R =5) after 16,000 iterations.
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Figure B18. Trace plot of the pseudo-canonical statistic PCS; (X) for Ex. 3 of the HCSP
model with (4 =0.0545, 6, =-2.5, 8, =—1, R = 5)after 16,000 iterations.
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Figure B19. Trace plot of the pseudo-canonical statistic PCS; (X) for Ex. 3 of the HCSP
model with (B =0.0545, 6, =-2.5, 6, =—1, R =5) with fixed n = 349 after
50,000 iterations.
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Appendix C

The following figures present trace plots of the “pseudo-canonical” statistics from
the simulation of the Gibbs triplets models (EXPTP, GTP, and SPTP). For reference, the

pseudo-canonical statistics for each model is provided (Table C1).

341



Table C1. Canonical parameters and “pseudo-canonical” statistics for the proposed Gibbs

point process models with 2™- and 3™-order interaction.

Canonical
Model Parameters Pseudo-canonical statistic
Exponential | log () n(x)
Triplets
‘ Pes, (x) = g—%exp(—”% =5 ) ([ =)
0, PCS, (x) =
3 g T ) ) )
i<j<k
Geyer log() n(x)
Triplets
-1
) PCS, ()= 2 e, | o L,y ([~ 5]
i< Hxl.—xju +1
0, PCS, (x) = i;k - (Wj L (’”fj ) Lo (1) m (rjk )
Serpentine | log () n(x)
Triplets
—x ||+ 6
o rese=ee| P s
i< fo_fo 1
6, PCS, (x) =
‘Zk_(eij + egc +e, jexp(_[’?j +r T, DI(V(”R] (I’U ) (1.R] ( ik) (0] ( jk)
i<j<
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Figure C1. Trace plot of the number of points for Ex. 1 of the Geyer triplets model with
(8=0.0545, 6, =-1, 6,=2.5, R=5).
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Figure C2. Trace plot of the pseudo-canonical statistic PCS; (X) for Ex. 1 of the Geyer
triplets model with (S =0.0545, 6, =-1, 6,=2.5, R=5).
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Figure C3. Trace plot of the pseudo-canonical statistic PCS, (X) for Ex. 1 of the Geyer
triplets model with (S =0.0545, 6, =-1, 6,=2.5, R=5).
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Figure C4. Trace plot of the number of points for Ex. 2 of the Geyer triplets model with
(£=0.0545, 6,=—1, 6,=1, R=5).
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Figure C5. Trace plot of the pseudo-canonical statistic PCS; (X) for Ex. 2 of the Geyer
triplets model with (,6’ =0.0545, 6, =-1, 6,=1, R= 5) .
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Figure C6. Trace plot of the pseudo-canonical statistic PCS, (X) for Ex. 2 of the Geyer
triplets model with (8 =0.0545, 6, =-1, 6, =1, R=5).
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Figure C7. Trace plot of the number of points for Ex. 3 of the Geyer triplets model with
(8=0.0545, 6, =-2.5, ,=2.5, R=5).
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Figure C8. Trace plot of the pseudo-canonical statistic PCS; (X) for Ex. 3 of the Geyer
triplets model with (S =0.0545, 6, =-2.5, 6,=2.5, R=5).
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Figure C9. Trace plot of the pseudo-canonical statistic PCS, (X) for Ex. 3 of the Geyer
triplets model with (S =0.0545, 6§, =-2.5, 6,=2.5, R=5).
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Figure C10. Trace plot of the number of points for Ex. 4 of the Geyer triplets model with
(8=0.0545, 6,=-25, 6,=1, R=5).
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Figure C11. Trace plot of the pseudo-canonical statistic PCS; (X) for Ex. 4 of the Geyer
triplets model with (8 =0.0545, 6, =-2.5, 6,=1, R=5)..
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Figure C12. Trace plot of the pseudo-canonical statistic PCS; (X) for Ex. 4 of the Geyer
triplets model with (3 =0.0545, 6, =-2.5, 6,=1, R=5).
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Figure C13. Trace plot of the number of points for Ex. 1 of the EXPTP model with
(£=0.0545, 6,=-2.5, ,=2.5, R=5).
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Figure C14. Trace plot of the pseudo-canonical statistic PCS; (X) for Ex. 1 of the EXPTP
model with (4 =0.0545, 6, =-2.5, 6, =2.5, R=5).
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Figure C15. Trace plot of the pseudo-canonical statistic PCS; (X) for Ex. 1 of the EXPTP
model with (4 =0.0545, 6, =-2.5, 6, =2.5, R=5).
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Figure C16. Trace plot of the number of points for Ex. 2 of the EXPTP model with
(£=0.0545, 6, =-1, 6,=2.5, R=5).
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Figure C17. Trace plot of the pseudo-canonical statistic PCS; (X) for Ex. 2 of the EXPTP
model with (4 =0.0545, 6, =-1, 6, =2.5, R=5).
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Figure C18. Trace plot of the pseudo-canonical statistic PCS; (X) for Ex. 2 of the EXPTP
model with (4 =0.0545, 6, =—-1, 6, =2.5, R=5).
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Figure C19. Trace plot of the number of points for Ex. 3 of the EXPTP model with
(8=0.0545, 6,=-1, 6, =1, R=5).
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Figure C20. Trace plot of the pseudo-canonical statistic PCS; (X) for Ex. 3 of the EXPTP
model with (4 =0.0545, 6, =-1, 6, =1, R=5).
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Figure C21. Trace plot of the pseudo-canonical statistic PCS; (X) for Ex. 3 of the EXPTP
model with (4 =0.0545, 6, =-1, 6, =1, R=5).
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Figure C22. Trace plot of the number of points for Ex. 4 of the EXPTP model with
(8 =0.0545, 6, =-2.5, 6,=1, R=5).
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Figure C23. Trace plot of the pseudo-canonical statistic PCS; (X) for Ex. 4 of the EXPTP
model with (4 =0.0545, 6, =-2.5, 6, =1, R=5).
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Figure C24. Trace plot of the pseudo-canonical statistic PCS; (X) for Ex. 4 of the EXPTP
model with (8 =0.0545, 6, =-2.5, 6, =1, R=5).
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Figure C25. Trace plot of the number of points for Ex. 1 of the SPTP model with
(8=0.0545, 6,=25, ,=-1, 6,=1, R=5).
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Figure C26. Trace plot of the pseudo-canonical statistic PCS; (X) for Ex. 1 of the SPTP
model with (4 =0.0545, 6, =25, 6,=—1, 6,=1, R=5).
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Figure C27. Trace plot of the pseudo-canonical statistic PCS; (X) for Ex. 1 of the SPTP
model with (4 =0.0545, 6,=2.5, 6, =-1, 6,=1, R=5).
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Figure C28. Trace plot of the number of points for Ex. 2 of the SPTP model with
(8=0.0545, 6,=25, 6,=—1, 6,=2.5, R=5).
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Figure C29. Trace plot of the pseudo-canonical statistic PCS; (X) for Ex. 2 of the SPTP
model with (4 =0.0545, 6,=2.5, 6, =-1, §,=2.5, R=5).
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Figure C30. Trace plot of the pseudo-canonical statistic PCS, (X) for Ex. 2 of the SPTP
model with (B =0.0545, 6, =2.5, 6, =-1, 6,=2.5, R=5).
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Figure C31. Trace plot of the number of points for Ex. 3 of the SPTP model with
($=0.0545, 6, =1, 6,=-2.5, 6,=2.5, R=5).
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Figure C32. Trace plot of the pseudo-canonical statistic PCS; (X) for Ex. 3 of the SPTP
model with (8 =0.0545, 6, =1, 6, =-2.5, ,=2.5, R=5).
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Figure C33. Trace plot of the pseudo-canonical statistic PCS; (X) for Ex. 3 of the SPTP
model with (4 =0.0545, 6, =1, 6, =-2.5, 6,=2.5, R=5).
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Figure C34. Trace plot of the number of points for Ex. 4 of the SPTP model with
(£=0.0545, 6,=1, ,=-1, 6,=2.5, R=5).
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Figure C35. Trace plot of the pseudo-canonical statistic PCS; (X) for Ex. 4 of the SPTP
model with (4 =0.0545, 6, =1, 6, =-1, 6,=2.5, R=5).
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Figure C36. Trace plot of the pseudo-canonical statistic PCS, (X) for Ex. 4 of the SPTP
model with (4 =0.0545, 6, =1, 6, =—1, 6,=2.5, R=5).
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Figure C37. Trace plot of the number of points for Ex. 5 of the SPTP model with
(8=0.0545, 6,=-2.5, 6,=-1, 6,=2.5, R=5).
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Figure C38. Trace plot of the pseudo-canonical statistic PCS; (X) for Ex. 5 of the SPTP
model with (4 =0.0545, 6, =-2.5, 6, =-1, 6,=2.5, R=5).
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Figure C39. Trace plot of the pseudo-canonical statistic PCS; (X) for Ex. 5 of the SPTP
model with (4 =0.0545, 6, =-2.5, 6, =—1, 6,=2.5, R=5).
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Appendix D

In this appendix are trace plots and plots of marginal vs joint posterior densities

for various simulation trials of Bognar’s algorithm
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Figure D1. Trace plot of the number of points for the simulation of the EXPTP model

with (5 =0.0850, 6, =-3.5, 6, =2, R=2).
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Figure D2. Trace plot of the pseudo-canonical statistic PCS; (X) for the simulation of the
EXPTP model with (4 =0.0850, 6, =-3.5, 6,=2, R=2).
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Figure D3. Trace plot of the pseudo-canonical statistic PCS; (X) for the simulation of the
EXPTP model with (4 =0.0850, 6, =-3.5, 6,=2, R=2).
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Figure D4. Joint and marginal posterior density estimation for the parameter S of the
EXPTP model with true parameters (5 = 0.0850, 6, =-3.5, 6, =2, R=2).
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Figure D5. Joint and marginal posterior density estimation for the parameter ; of the

EXPTP model with true parameters (5 = 0.0850, 6, =-3.5, 6, =2, R=2).
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Figure D6. Joint and marginal posterior density estimation for the parameter 6, of the
EXPTP model with true parameters(ﬂ =0.0850, 6, =-3.5, 6,=2, R= 2) .
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Figure D7. Trace plot of the number of points for the simulation of the EXPTP model

with(8=10, 6, =1, 6,=1, R=2).
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Figure DS. Trace plot of the pseudo-canonical statistic PCS; (X) for the simulation of the
EXPTP model with(8 =10, 6, =1, 6,=1, R=2).
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Figure D9. Trace plot of the pseudo-canonical statistic PCS; (X) for the simulation of the
EXPTP model with(8 =10, 6, =1, 6,=1, R=2).
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Figure D10. Joint and marginal posterior density estimation for the parameter § of the
EXPTP model with true parameters (S8 =10, 6, =1, 6, =1, R=2).
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Figure D11. Joint and marginal posterior density estimation for the parameter 6, of the
EXPTP model with true parameters (S5 =10, 6, =1, 6, =1, R=2).
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Figure D12. Joint and marginal posterior density estimation for the parameter 6, of the
EXPTP model with true parameters (8 =10, 6, =1, 6, =1, R=2).
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Figure D13. Configuration of simulated EXPTP model in 30 x 30 plot with parameter

values (4 =0.0625, 6, =-2.5, 6,=3.5, R=4)
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Figure D14. Trace plot of the number of points for the simulation of the EXPTP model
with (£ =0.0625, 6, =-2.5, 6,=3.5, R=4).
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Figure D15. Configuration of simulated EXPTP model in 30 x 30 plot with parameter
values (4 =0.0625, 6, =-2.5, 6,=3.5, R=6)

TO T T T T

g0

o
]

P
=

(%]
L)
T

1

MNumber of Points

201 .

10+ .

0 2 4 & 8 10
[teration = 104

Figure D16. Trace plot of the number of points for the simulation of the EXPTP model
with (8 =0.0625, 6, =-2.5, 6,=3.5, R=6).
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Figure D17. Configuration of simulated EXPTP model in 30 x 30 plot with parameter

values (8 =0.0625, 6, =-2.5, 6, =3.5, R=8)
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Figure D18. Trace plot of the number of points for the simulation of the EXPTP model
with (£ =0.0625, 6, =-2.5, ,=3.5, R=8).
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Figure D19. Configuration of simulated EXPTP model in 30 x 30 plot with parameter

values (8 =0.0625, 6,=-2.5, 6, =3.5, R=10)
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Figure D20. Trace plot of the number of points for the simulation of the EXPTP model

with (8 =0.0625, 6, =-2.5, 6, =3.5, R=10).
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Figure D21. Histogram of the coefficient of variation of the importance sampling weights
from Bognar’s algorithm on the 4m interaction distance simulated data. Note: a CV of 1.0

corresponds to 100%.
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Figure D22. Histogram of the coefficient of variation of the importance sampling weights
from Bognar’s algorithm on the 6m interaction distance simulated data. Note: a CV of 1.0

corresponds to 100%.
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Figure D23. Histogram of the coefficient of variation of the importance sampling weights
from Bognar’s algorithm on the 8m interaction distance simulated data. Note: a CV of 1.0
corresponds to 100%.
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Figure D24. Histogram of the coefficient of variation of the importance sampling weights
from Bognar’s algorithm on the 10m interaction distance simulated data. Note: a CV of

1.0 corresponds to 100%.
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Appendix E

In this appendix are trace plots and plots of marginal vs. joint posterior densities
for Bayesian inference of the center 30 x 30m of Coweeta Plot 318 with Bognar’s

algorithm.
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Figure E1. Trace plot of the parameter f of the EXPTP model for the center 30 x 30m of
Coweeta Plot 318.
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Figure E2. Trace plot of the parameter 8, of the EXPTP model for the center 30 x 30m of
Coweeta Plot 318.
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Figure E3. Trace plot of the parameter 8, of the EXPTP model for the center 30 x 30m of
Coweeta Plot 318.
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Figure E4. Trace plot of the parameter £ of the GTP model for the center 30 x 30m of
Coweeta Plot 318.
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Figure ES. Trace plot of the parameter 6, of the GTP model for the center 30 x 30m of
Coweeta Plot 318.
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Figure E6. Trace plot of the parameter 6, of the GTP model for for the center 30 x 30m of
Coweeta Plot 318.
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Figure E7. Trace plot of the parameter f of the SPTP model for the center 30 x 30m of
Coweeta Plot 318.
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Figure ES8. Trace plot of the parameter 6, of the SPTP model for the center 30 x 30m of
Coweeta Plot 318.
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Figure E9. Trace plot of the parameter 6, of the SPTP model for the center 30 x 30m of
Coweeta Plot 318.
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Figure E10. Trace plot of the parameter 85 of the SPTP model for the center 30 x 30m of
Coweeta Plot 318.
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Figure E11. Histogram of the coefficient of variation of the importance sampling weights
for the EXPTP model on the center 30 x 30m of Coweeta Plot 318. Note: a CV of 1.0
corresponds to 100%.
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Figure E12. Histogram of the coefficient of variation of the importance sampling weights
for the GTP model on the center 30 x 30m of Coweeta Plot 318. Note: a CV of 1.0
corresponds to 100%.
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Figure E13. Histogram of the coefficient of variation of the importance sampling weights
for the SPTP model on the center 30 x 30m of Coweeta Plot 318. Note: a CV of 1.0

corresponds to 100%.
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Figure E14. Joint and marginal posterior density estimation for the parameter f of the

EXPTP model for the center 30 x 30m of Coweeta Plot 318.
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Figure E15. Joint and marginal posterior density estimation for the parameter 6, of the

EXPTP model for the center 30 x 30m of Coweeta Plot 318.
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Figure E16. Joint and marginal posterior density estimation for the parameter 6, of the

EXPTP model for the center 30 x 30m of Coweeta Plot 318.
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Figure E17. Joint and marginal posterior density estimation for the parameter f of the
GTP model for the center 30 x 30m of Coweeta Plot 318.
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Figure E18. Joint and marginal posterior density estimation for the parameter 6, of the
GTP model for the center 30 x 30m of Coweeta Plot 318.
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Figure E19. Joint and marginal posterior density estimation for the parameter 6, of the
GTP model for the center 30 x 30m of Coweeta Plot 318.
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Figure E20. Joint and marginal posterior density estimation for the parameter £ of the

SPTP model for the center 30 x 30m of Coweeta Plot 318.
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Figure E21. Joint and marginal posterior density estimation for the parameter 6, of the

SPTP model for the center 30 x 30m of Coweeta Plot 318.
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Figure E22. Joint and marginal posterior density estimation for the parameter 6, of the
SPTP model for the center 30 x 30m of Coweeta Plot 318.
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Figure E23. Joint and marginal posterior density estimation for the parameter 6; of the
SPTP model for the center 30 x 30m of Coweeta Plot 318.
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Appendix F

In this appendix are trace plots and plots of marginal vs. joint posterior densities
for Bayesian inference of the center 30 x 30m of Coweeta Plot 318 with Meller et al.’s

algorithm.
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Figure F1. Trace plot of the parameter S of the EXPTP model for the center 30 x 30m of
Coweeta Plot 318.
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Figure F2. Trace plot of the parameter 8, of the EXPTP model for the center 30 x 30m of
Coweeta Plot 318.
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Figure F3. Trace plot of the parameter 6, of the EXPTP model for the center 30 x 30m of
Coweeta Plot 318.
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Figure F4. Trace plot of the number of points of the auxiliary point process of the EXPTP
model for the center 30 x 30m of Coweeta Plot 318.
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Figure F5. Trace plot of the parameter § of the GTP model for the center 30 x 30m of
Coweeta Plot 318.
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Figure F6. Trace plot of the parameter 8, of the GTP model for the center 30 x 30m of
Coweeta Plot 318.
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Figure F7. Trace plot of the parameter 6, of the GTP model for the center 30 x 30m of
Coweeta Plot 318.
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Figure F8. Trace plot of the number of points of the auxiliary point process of the GTP
model for the center 30 x 30m of Coweeta Plot 318.
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Figure F9. Trace plot of the parameter S of the SPTP model for the center 30 x 30m of
Coweeta Plot 318.
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Figure F10. Trace plot of the parameter &, of the SPTP model for the center 30 x 30m of
Coweeta Plot 318.
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Figure F11. Trace plot of the parameter 6, of the SPTP model for the center 30 x 30m of
Coweeta Plot 318.
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Figure F12. Trace plot of the parameter 65 of the SPTP model for the center 30 x 30m of
Coweeta Plot 318.
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Figure F13. Trace plot of the number of points of the auxiliary point process of the SPTP
model for the center 30 x 30m of Coweeta Plot 318.
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Figure F14. Joint and marginal posterior density estimation for the parameter f of the

EXPTP model for the center 30 x 30m of Coweeta Plot 318.
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EXPTP model for the center 30 x 30m of Coweeta Plot 318.
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Figure F15. Joint and marginal posterior density estimation for the parameter 6, of the
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Figure F16. Joint and marginal posterior density estimation for the parameter 6, of the

EXPTP model for the center 30 x 30m of Coweeta Plot 318.
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Figure F17. Joint and marginal posterior density estimation for the parameter f of the

GTP model for the center 30 x 30m of Coweeta Plot 318.
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Figure F18. Marginal posterior density estimation for the parameter f of the GTP model

for the center 30 x 30m of Coweeta Plot 318.
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Figure F19. Joint and marginal posterior density estimation for the parameter 6, of the
GTP model for the center 30 x 30m of Coweeta Plot 318.
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Figure F20. Marginal posterior density estimation for the parameter 6, of the GTP model

for the center 30 x 30m of Coweeta Plot 318.
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Figure F21. Joint and marginal posterior density estimation for the parameter 6, of the
GTP model for the center 30 x 30m of Coweeta Plot 318.
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Figure F22. Marginal posterior density estimation for the parameter 6, of the GTP model

for the center 30 x 30m of Coweeta Plot 318.
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Figure F23. Joint and marginal posterior density estimation for the parameter f of the
SPTP model for the center 30 x 30m of Coweeta Plot 318.
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Figure F24. Joint and marginal posterior density estimation for the parameter 6, of the
SPTP model for the center 30 x 30m of Coweeta Plot 318.
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Figure F25. Joint and marginal posterior density estimation for the parameter 6, of the
SPTP model for the center 30 x 30m of Coweeta Plot 318.
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Figure F26. Joint and marginal posterior density estimation for the parameter 65 of the
SPTP model for the center 30 x 30m of Coweeta Plot 318.
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