
Hilbert Space Fragmentation and Subspace Scar Time-Crystallinity in Driven
Homogeneous Central-Spin Models

Abhishek Kumar,1, 2 Rafail Frantzeskakis,1, 2, 3 and Edwin Barnes1, 2
1Department of Physics, Virginia Tech, Blacksburg, VA 24061, USA

2Virginia Tech Center for Quantum Information Science and Engineering, Blacksburg, VA 24061, USA
3Department of Physics, University of Crete, Heraklion, 71003, Greece

(Dated: February 29, 2024)

We study the stroboscopic non-equilibrium quantum dynamics of periodically kicked Hamiltonians
involving homogeneous central-spin interactions. The system exhibits a strong fragmentation of
Hilbert space into four-dimensional Floquet-Krylov subspaces, which oscillate between two disjointed
two-dimensional subspaces and thus break the discrete time-translation symmetry of the system.
Our analytical and numerical analyses reveal that fully polarized states of the satellite spins exhibit
fragmentations that are stable against perturbations and have high overlap with Floquet eigenstates
of atypically low bipartite entanglement entropy (scar states). We present evidence of robust time-
crystalline behavior in the form of a period doubling of the total magnetization of fully polarized
satellite spin states that persists over long time scales. We compute non-equilibrium phase diagrams
with respect to a magnetic field, coupling terms, and pulse error for various interaction types,
including Heisenberg, Ising, XXZ, and XX. We also discuss possible experimental realizations of
scar time crystals in color center, quantum dot, and rare-earth ion platforms.

I. INTRODUCTION

Quantum discrete time crystals (DTCs) are non-
equilibrium phases of matter that can only exist in pe-
riodically driven many-body systems with short-range
interactions [1–4]. In a DTC, a non-equilibrium ini-
tial state breaks the discrete time-translation symme-
try of the Hamiltonian, which can be diagnosed by an
expectation value of a local observable evolving subhar-
monically relative to the driving period in the long-time
limit [2, 5]. Non-equilibrium quantum states, particu-
larly in the DTC phase, must break ergodicity [6] so
that the expectation value of an operator does not con-
verge to one value at long times. A generic (interacting
and non-integrable) isolated many-body quantum system
typically expresses ergodic behavior through the conver-
gence of its reduced density matrices to thermal states,
as postulated in the eigenstate thermalization hypothesis
(ETH)[7–9].

In most DTCs, the breaking of ergodicity has been at-
tributed to many-body localization (MBL) induced by
random disorder [10–13]. In the strong breaking of er-
godicity, all eigenstates are non-thermal (they do not
obey the ETH and have atypically low entanglement en-
tropy) and all product states behave like non-equilibrium
states for some local observable. However, ergodicity can
also be weakly broken through the quantum many-body
scar phenomenon [14–26], which can manifest in several
ways [27]: (i) There is a tiny fraction of non-thermal
eigenstates that have atypically low bipartite entangle-
ment entropy; (ii) There is a coherent revival of some
initial many-body states; (iii) The system possesses some
species of infinitely long-lived quasiparticles. Addition-
ally, a conceptually distinct but related phenomenon of
weak ergodicity breaking is known as Hilbert space frag-
mentation (HSF) [24, 28, 29] or Hilbert space shatter-

ing [30], where Hilbert space can be decomposed into an
exponentially large number of dynamically disconnected
sectors. HSF mostly occurs in Hamiltonian systems with
global symmetries or in random unitary circuits [29]. It is
also regarded as part of the quantum scar phenomenon,
as its ergodicity breaking [27] depends on the initial state.

Scar time-crystallinity has been observed in one- and
two-dimensional lattices on a quantum simulator based
on Rydberg atom arrays [31] and theoretically studied us-
ing the PXP model [32]. Here, a periodic drive stabilizes
coherent revivals of quantum many-body scars against
perturbations, thus leading to a time-crystalline behav-
ior for Néel-like states. Another study by Huang et al.
[33] explores scar time crystallinity in a bosonic model,
wherein quantum scars are maintained via spatiotempo-
ral symmetries. Unlike a conventional (MBL-type) time
crystal, a scar time crystal exhibits a robust subharmonic
response only for a few initial states having large overlaps
to the scar states.

Most of the studies on MBL time crystals focus on spin
models with Ising-type interactions, while work on scar
time crystals has largely centered on the PXP model.
Exploring new classes of interacting many-body systems
that exhibit time-crystalline behavior could not only pro-
vide additional insight into the breaking of ergodicity,
but could also help identify new platforms for experi-
mental realizations that are closer to the thermodynamic
limit, and which could thus potentially address outstand-
ing conceptual issues related to the existence of such
phases [34]. In this regard, central-spin models offer sig-
nificant opportunities due to their realization on various
platforms like color centers [35–37] and quantum dots
[38–41], which can contain up to a few million spins.
Time-crystalline behavior in Ising-type central-spin sys-
tems has been analyzed and experimentally studied in
the NMR setting [42]. Time-crystallinity in systems with
Heisenberg interactions, such as in quantum dot arrays,
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has been studied theoretically as well [43, 44]. More
recently, two of the present authors showed that time-
crystalline behavior can emerge in Heisenberg and XXZ
central-spin models with random coupling disorder when
there is a large Zeeman energy mismatch between central
and satellite spins or when additional pulses are applied
to the central spin every Floquet period.

When considering XXZ central-spin models with ho-
mogeneous couplings, certain global symmetries that are
absent in the case of random coupling disorder emerge.
The presence of global symmetries in a quantum system
can sometimes lead to HSF [28, 29], which motivates us
to investigate HSF in central-spin systems. Furthermore,
the application of a periodic drive may result in stable
time-crystallinity for specific initial states, suggesting the
possibility of obtaining scar time crystals in homogeneous
central-spin models.

In this paper, we show that Hilbert space fragmenta-
tion and scar time-crystallinity can occur in a driven,
homogeneous central-spin model. We consider a sys-
tem with homogeneous interactions (of Heisenberg, Ising,
XXZ, or XX type) subject to periodic π-pulse driv-
ing. Within a given symmetry sector of the satellite
spin Hilbert space, we find that the stroboscopic dynam-
ics are constrained to a four-dimensional Floquet-Krylov
subspace, leading to a fragmentation of Hilbert space.
The Floquet-Krylov subspace oscillates between two dis-
jointed regions, breaking the discrete time-translation
symmetry of the system. The fully polarized satellite
states exhibit a more robust fragmentation compared to
other initial states, and they have a high overlap with
Floquet scar states—the Floquet eigenstates that have
low bipartite entanglement entropy. Furthermore, we di-
agnose the scar time-crystallinity using total satellite spin
magnetization. We note that, in this paper, scar time-
crystalline behavior is identified based on the long-lived
(but possibly finite) period doubling that requires inter-
actions and is robust to pulse errors for a finite num-
ber of satellite spins—we do not consider the thermo-
dynamic limit, where fundamental conceptual questions
about the nature of non-equilibrium phases remain un-
clear [34]. We show that the stability of the fragmen-
tation and time-crystalline behavior against pulse errors
depends on the initial state, the nature of the interac-
tion, and the magnetic field on the central spin. We find
that the stability is the most prevalent for Ising inter-
actions, followed by XXZ, Heisenberg, and XX interac-
tions, respectively. Numerical simulations reveal a robust
subharmonicity (period doubling) in the satellite magne-
tization for fully polarized satellite states. We obtain
non-equilibrium phase diagrams with respect to pulse er-
ror, interaction strength, and magnetic field for different
types of interactions.

We have organized the paper as follows. In Sec. II,
we introduce the homogeneous XXZ central-spin model
driven by periodic π pulses and study the relevant sym-
metry of the Floquet Hamiltonian. We also study the
Hilbert space fragmentation and its stability. We fur-

A

B

(a) (b)

(c) (d)

FIG. 1. (a) A central-spin model in which the central spin (or-
ange) interacts with all satellite spins (blue) with equal inter-
action strength. (b) In the case of equal interaction strengths,
the satellite spins can be replaced by one large collective satel-
lite spin. (c) The conservation of total satellite spin causes
the Floquet operator to block-diagonalize into symmetry sec-
tors (gray boxes). Hilbert-space fragmentation within each
symmetry sector leads to a more fine-grained block diagonal-
ization (blue boxes). (d) Bipartition of the satellite spins into
two equal parts A and B.

ther calculate the bipartite entanglement entropy of the
satellite part of a Floquet eigenstate and its overlap with
fully polarized satellite spin states. In Sec. III, we fo-
cus on scar time-crystallinity in the system. To diagnose
the time-crystalline behavior, we calculate the satellite
magnetization numerically. Period doubling of the satel-
lite magnetization is shown by plotting it with respect
to various parameters like the magnetic field, coupling
terms, and pulse error. In Sec. IV, we also discuss the
experimental realization of time crystals in color center,
rare-earth ion, and quantum dot platforms. We conclude
in Sec. V. Some technical details are given in the appen-
dices.

II. HILBERT SPACE FRAGMENTATION AND
QUANTUM SCAR IN A CENTRAL SPIN

SYSTEM

In this section, we introduce the driven homogeneous
central-spin model under study in this work, investigate
the constrained stroboscopic dynamics in a symmetry
sector, and discuss the quantum scar-like behavior of
fully polarized states.
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A. Model Hamiltonian

We consider a central-spin model consisting of one cen-
tral spin coupled to N satellite spins via XXZ-type inter-
actions with uniform coupling strengths (see Fig. 1(a)).
In the context of color centers, rare earth ions, or quan-
tum dots, the central spin is an electronic spin that cou-
ples to nuclear (satellite) spins via hyperfine interactions.
The form of such interactions can vary from Heisenberg
to Ising depending on the details of the system in ques-
tion. The XXZ model encompasses all of these possibili-
ties. We can write the Hamiltonian as

H0 =

N∑
p=1

[
Axy(I

x
pS

x
0 + IypS

y
0 ) +AzI

z
pS

z
0 +Bn

µI
µ
p

]
+BC

µ S
µ
0 . (1)

Here, Sµ
0 = σµ

0 /2 (Iµp = σµ
p /2) denotes a central (satellite)

spin operator with µ ∈ {x, y, z}. The parameters Axy, Az

are central-satellite spin coupling constants, while BS
µ

and BC
µ are Zeeman field components for the satellite

and central spins, respectively. We take BS
µ = 0 under

the assumption that the satellite spin g-factor is orders
of magnitude smaller than that of the central spin, which
is the case for electronic and nuclear spins in color cen-
ters, rare earth ions, and quantum dots. Without loss of
generality, we take the Zeeman field on the electron to
be in the z-direction: BC

µ = Bz.
The z-component of the total spin of the system is a

conserved quantity,
[
H,Sz

0 +
∑N

p=1 I
z
p

]
= 0, when the

Zeeman fields are in the z direction. The magnitude of
the total satellite spin is also conserved,

[
H, I2t

]
= 0,

where

I2t = (Ixt )
2 + (Iyt )

2 + (Izt )
2, (2)

with Iµt =
∑N

p=1 I
µ
p . We can then replace the individual

satellite spins with a single large spin (see Fig. 1(b)).
When the spins are periodically driven by instantaneous
pulses that implement rotations about the x axis, the
total Hamiltonian becomes H(t) = H0 +Hp(t), with

H0 = Axy(I
+
t S

−
0 + I−t S

+
0 ) +AzI

z
tS

z
0 +BzS

z
0 , (3)

Hp(t) =
∑
n∈Z

δ(t− nT )
[
(π − θe)S

x
0 + (π − θn)I

x
t

]
, (4)

where I±t = Ixt ± iIyt , S
±
0 = Sx

0 ± iSy
0 , T = 2π/ω is the

time span between pulses, and θe and θn are errors in the
pulse rotation angles that shift them away from the ideal
value of π. In color center, rare-earth ion, or quantum
dot experiments, the pulses could be implemented using
a microwave or optical drive on the electron and a sep-
arate RF drive on the nuclei [45–49]. Although the use
of separate drives allows for the possibility that θe ̸= θn,
we will set θe = θn = θ for simplicity unless otherwise
stated. The fact that the Hamiltonian is time-periodic
with period T , H(t + T ) = H(t), means that we can

study the dynamics using Floquet theory. The Floquet
operator UF (θ) = U(T, θ), which is the evolution opera-
tor that evolves the system over one drive period, can be
expressed in terms of the Floquet Hamiltonian, HF (θ):

UF (θ) = e−iHF (θ)T = e−i(π−θ)
(
Sx
0+Ixt

)
e−iH0T . (5)

We use the abbreviated notation UF = UF (θ = 0) and
HF = HF (θ = 0) to denote these quantities in the ab-
sence of pulse errors throughout this paper.

In the context of stroboscopic dynamics, where we fo-
cus only on the evolution at a discrete set of times corre-
sponding to the moments immediately after each pulse,
if an operator commutes with the Floquet Hamiltonian,
then it corresponds to a symmetry of the system. We
note that

[
Hp, S

z
0 + Izt

]
̸= 0 ⇒

[
Hp, HF

]
̸= 0, and so

therefore Sz
0 +Izt is no longer conserved when the system

is driven. On the other hand, [I2t , I
µ
t ] = 0 implies that

[I2t , H0] = 0 and [I2t , Hp] = 0, which implies that

[HF , I
2
t ] = 0 and [UF , I

2
t ] = 0, (6)

and eigenvalues of I2t remain conserved for the strobo-
scopic dynamics. The full Hilbert space can be writ-
ten as H = HC ⊗ HS , where HC and HS represent
the central and satellite subspaces, respectively. Due to
the I2t symmetry, we can decompose the satellite part
of the Hilbert space into a direct sum of disconnected
symmetry sectors, each labeled by a quantum number
j of I2t , i.e., HS = (⊕jHj) (gray boxes in Fig. 1(c)
show the block diagonalization of the Floquet opera-
tor due to this decomposition). For N spin− 1

2 satellite
spins, the largest total satellite spin subspace is (N +1)-
dimensional. Thus the full dimension of the largest sym-
metry subspace when we include a spin− 1

2 central spin is
2(N + 1). We utilize the eigenstates of Izt to form bases
for each symmetry sector j: |ψ⟩ = |jm⟩ |σ⟩ ≡ |mjσ⟩,
where mj ∈ {−j,−j + 1, ..., j − 1, j} is an eigenvalue of
Izt , and σ =↑ or ↓ labels states of the central spin.

B. Floquet-Krylov subspaces and Hilbert space
fragmentation

We now examine the emergence of HSF in the strobo-
scopic dynamics of our periodically driven central-spin
model using the concept of Floquet-Krylov subspaces.

Before we define Floquet-Krylov subspaces and com-
pute them for our driven central-spin problem, we first
review the ordinary Krylov subspaces that are used
to study the continuous-time dynamics generated by
a time-independent Hamiltonian. For example, in the
absence of driving, our central-spin Hamiltonian H0

from Eq. (3) generates the evolution operator e−iH0t =∑∞
n=0

(−iH0t)
n

n! . For a given initial state |ϕ⟩, we can define
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the associated Krylov subspace according to

K(H0, |ϕ⟩) = Span of
{
|ϕ⟩ , H0 |ϕ⟩ , H2

0 |ϕ⟩ , ...,

Hn
0 |ϕ⟩ , Hn+1

0 |ϕ⟩ , ...
}
, (7)

where n represents a positive integer. Note that we can
equivalently define the subspace by applying powers of
the evolution operator e−iH0t to |ϕ⟩. The resulting sub-
space is identical; we review the proof of this in Ap-
pendix A. To study the Krylov subspace of an initial state
|ϕ⟩ = |mjσ⟩, we split the Hamiltonian into two parts,
H0 = Hxy + Hz, such that Hxy = Axy(I

+
t S

−
0 + I−t S

+
0 )

and Hz = Az(I
z
tS

z
0 ) + BzS

z
0 . Because the state |mjσ⟩

is an eigenstate of Hz, repeatedly applying Hz to this
state only changes it up to a rescaling. On the other
hand, when Hxy acts on the state repeatedly, we obtain
a two-dimensional (2D) subspace because (S±

0 )2 |σ⟩ =
0, where |σ⟩ ∈ {|↑⟩ , |↓⟩}, and S+

0 (S−
0 ) couples with

I−t (I
+
t ). Thus, the Krylov subspace K(H0, |mj ↑⟩) is

spanned by {|mj ↑⟩ , |(mj + 1) ↓⟩} and K(H0, |mj ↓⟩) by
{|mj ↓⟩ , |(mj − 1) ↑⟩}, except |j ↑⟩ and |−j ↓⟩ as they
are eigenstates of the Hamiltonian H0. Another way
to understand the dimension of the Krylov subspace is
through the conservation of Izt + Sz

0 : since Sz
0 can take

only two values, Izt can also take only two values such
that Izt + Sz

0 is constant.
We can always decompose a Hilbert space in terms

of the Krylov sectors as H = ⊕iKi, where Ki =
K(H0, |Ψi⟩) such that each Ki is distinct from the rest,
where the initial state |Ψi⟩ is a basis state of the full
Hilbert space. When there is an exponential number of
distinct Krylov sectors corresponding to a set of simple
(product or experimentally accessible) states, then we
say that the system exhibits HSF [28, 30]. In the case of
our undriven central-spin model, we can choose the ini-
tial states |Ψmj⟩ = |mjσ⟩ for all values of the quantum
numbers j, m, and σ. Since the maximum dimension
of a Krylov sector is two, there is an exponential num-
ber (2N−1) of distinct Krylov sectors that are dynami-
cally disconnected and span the Hilbert space of N spins
(including both satellite and central spins). Thus, the
undriven, homogeneous central-spin model of XXZ-type
exhibits HSF.

In this work, however, we are more interested in the
periodically driven central-spin model, which includes
both the undriven part H0, and the driving terms Hp(t)
(Eq. (4)) of the Hamiltonian. In this case, we can ap-
ply the concept of Floquet-Krylov subspaces, which are
generated by applying the Floquet operator UF to some
initial state |ψ⟩ repeatedly:

KF (UF , |ψ⟩) = Span of
{
|ψ⟩ , UF |ψ⟩ , U2

F |ψ⟩ , ...,

Un
F |ψ⟩ , Un+1

F |ψ⟩ , ...
}
. (8)

We may naively think that, similar to the case of time-
independent Hamiltonians discussed above, the subspace

generated by applying powers of the Floquet operator UF

is the same as the Krylov subspace generated by powers
of HF , the Floquet Hamiltonian. However, this is not
true, because now we are considering the stroboscopic
dynamics in which we only keep track of the evolution
at integer multiples of the driving period, and therefore
the Krylov subspace that corresponds to UF is a sub-
space of the Krylov subspace corresponding to HF . (See
Appendix A for a detailed discussion of this point.)

We now compute the Floquet-Krylov subspaces of our
driven central-spin model, focusing on the case without
pulse errors (θ = 0). For Ising-type interactions (Axy =
0), we obtain a 2D Floquet-Krylov subspace (KZ

F ) for
the initial state |mjσ⟩:

KZ
F (UF , |mjσ⟩) = Span of

{
|mjσ⟩ , |−mj σ̄⟩

}
. (9)

Next consider non-Ising interactions (XX-, XXX-, and
XXZ-type). When the initial state is |j ↑⟩ or |−j ↓⟩,
the Floquet-Krylov subspace is again 2D and spanned
by these two states. For other initial states |mj ↑⟩ or
|mj ↓⟩ where mj ̸= j,−j, the Floquet-Krylov subspace is
4D (see Appendix A):

KF (UF , |mj ↑⟩) = Span of
{
|mj ↑⟩ , |(mj + 1) ↓⟩ ,

|−mj ↓⟩ , |−(mj + 1) ↑⟩
}
, (10)

KF (UF , |mj ↓⟩) = Span of
{
|mj − 1 ↑⟩ , |mj ↓⟩ ,

|−(mj − 1) ↓⟩ , |−mj ↑⟩
}
. (11)

This fragmentation of UF is depicted in Fig. 1(c) (blue
boxes). The evolution in each 4D Floquet-Krylov sub-
space consists of oscillations between two disjointed
2D subspaces. For example, the initial state |mj ↑⟩
first evolves in the 2D subspace spanned by |mj ↑⟩
and |(mj + 1) ↓⟩. The first π pulse then maps this
into the separate 2D subspace spanned by |−mj ↓⟩ and
|−(mj + 1) ↑⟩, after which the spin-spin interactions ro-
tate the state in this subspace. Each subsequent π pulse
flips the state from one 2D subspace to the other, such
that each subspace is visited every two driving periods.
This 2T oscillatory behavior breaks the discrete time-
translation symmetry of the time-periodic Hamiltonian.

We see that even if we increase the number of nuclei
N , the Floquet-Krylov subspace remains 4D, while the
dimension of the largest symmetry sector corresponding
to I2t increases linearly as N+1, and the full Hilbert space
dimension increases exponentially as 2N . Thus, the ratio
of the dimension of the largest stroboscopic dynamical
subspace to the dimension of the full Hilbert space (or
symmetry sector) goes to zero in the large N limit. This
type of fragmentation is the Floquet version of strong
HSF [28] and leads to a non-ergodic behavior of the sys-
tem. Note that this fragmentation holds for all values
of the spin-spin couplings and Zeeman field strengths in
the absence of pulse errors. Next, we show that the 2T
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|J ↑⟩|J ↓⟩|J − 1 ↑⟩.......| − J ↓⟩ |J ↑⟩|J ↓⟩|J − 1 ↑⟩.......| − J ↓⟩

Ordered eigenstates of Izt
1

FIG. 2. Expansion of Floquet-Krylov subspaces in a Heisen-
berg central-spin model with N = 21 satellite spins. The
overlaps (color bar) of the state Un

F (θ) |ψ⟩ with each of the
2(2J + 1) basis states in the symmetry subspace with total
satellite spin J = N/2 (see Eq. (13)) are shown for two differ-
ent initial states |ψ⟩ and for 500 different values of n given by
n = 105 − 2k, where k = 0, ..., 499. The basis states {|mjσ⟩}
are ordered from left to right along the horizontal axes in each
panel in the order of decreasing values of mj , alternating be-
tween σ =↑ and ↓ for the central spin. (a,b,c) The overlaps
for |ψ⟩ = |J ↓⟩ for three different values of the pulse error
θ. (d,e,f) The overlaps for |ψ⟩ = |(J − 4) ↓⟩. The parameter
values are Az = Axy = 1.3 MHz, Bz = 100 MHz, ω = 1 MHz.

oscillatory behavior is stable against small perturbations
θ to the pulse angle, indicating the existence of time-
crystalline behavior in the system without any random
coupling disorder.

To study the effect of small pulse errors on the Floquet-
Krylov oscillations, we first define UF (θ) = UθUF , where
Uθ = ei

θ
2P , with P = I+t + I−t + σx

0 . After n Floquet
cycles, we can expand the perturbed Floquet operator
U(nT, θ) in powers of θ:

U(nT, θ) = Un
F +

iθ

2

n−1∑
ℓ=0

U j
FPU

n−ℓ
F − θ2

8

( n−1∑
ℓ=0

U ℓ
FP

2Un−ℓ
F

+ 2

n−2∑
ℓ=0

n−ℓ−1∑
k=1

U ℓ
FPU

k
FPU

n−ℓ−k
F

)
+O(θ3). (12)

Notice that applying P on |mjσ⟩ produces a linear com-
bination of the three states |(mj ± 1)σ⟩, |mj σ̄⟩. In gen-

eral, each contribution to the perturbed evolution at the
rth order involves r copies of P distributed among the
n copies of UF , and it can thus couple the initial state
to up to ∼ 3r additional states in the symmetry sector.
Thus, for larger values of θ such that these higher-order
contributions dominate, the initial state quickly evolves
into a state that has significant overlap with all basis
states of the symmetry sector, and the HSF is no longer
evident. However, for smaller θ, the lower orders of the
above expansion dominate, and their limited connectivity
means that it can take much longer for the initial state
to spread throughout the symmetry sector, depending on
the type of spin-spin interactions and on the values of the
couplings and the Zeeman field.

To quantify the degree of spreading in Hilbert space,
we numerically calculate the extent to which the Floquet-
Krylov subspaces expand after a large number of Floquet
periods due to the presence of a small pulse error θ. In
particular, we calculate the overlap of the state after n
Floquet periods (starting from initial state |ψ⟩) with each
basis state |mjσ⟩:

Fn(|mjσ⟩ , |ψ⟩) = | ⟨mjσ|Un
F (θ)|ψ⟩ |2. (13)

Fig. 2 shows all of these overlaps for 500 (large) val-
ues of n and for two different initial states, |ψ⟩ = |J ↓⟩
and |(J − 4) ↓⟩, for a central-spin model with Heisenberg
interactions (Axy = Az) between the central spin and
N = 21 satellite spins. Here, we consider the largest
symmetry sector with total satellite spin J = N/2. We
see that in the absence of pulse errors, θ = 0, the overlaps
for both initial states have a high overlap with themselves
and a negligible overlap with the other basis states. As
we increase the pulse error (θ = 0.05π, 0.1π), the over-
laps remain highly concentrated for the initial state |J ↓⟩
(see Fig. 2(b,c)), but become more delocalized for the
initial state |(J − 4) ↓⟩ (see Fig. 2(e,f)). This shows that
the HSF is less ergodic and more robust to pulse errors
when the initial state is more polarized. In Appendix A,
we also show how the dimensions of the Floquet-Krylov
subspaces grow over time by computing them across a
large range of Floquet cycles. There, it is evident that
the growth for the state |J ↓⟩ is much more subdued com-
pared to that for the state |(J − 4) ↓⟩.

The four states {|±Jσ⟩} are product states, |J⟩ ≡
|↑1↑2 ... ↑N ⟩ and |−J⟩ ≡ |↓1↓2 ... ↓N ⟩, unlike the other
basis states {|(J − p)σ⟩} with p ∈ N and p < 2J . In what
follows, we will mostly focus on these states, both be-
cause they exhibit the greatest degree of non-ergodicity,
and because the ease in preparing the initial state ex-
perimentally is an important consideration for exploring
this non-ergodicity in the laboratory. We discuss possible
experimental implementations in more detail later on in
Sec. IV.

Although not shown here, results similar to Fig. 2 also
occur for other types of interactions. In Appendix B,
we analytically compute the unperturbed stroboscopic
evolution of a state |mσ⟩ for Ising interactions with a
central-spin Zeeman field and for XX interactions with-
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FIG. 3. Bipartite entanglement entropy (S(TrN/2ρ
N
F =

ρNF1/2)) of the satellite part of each Floquet eigenstate (ρNF )
and its overlap with the fully polarized satellite states |±J⟩
for a central-spin model with N = 10 = 2J satellite spins
and Heisenberg interactions. Each Floquet eigenstate is la-
beled by its quasienergy (ϵ/ω, horizontal axis). The vertical
axis in each panel shows the bipartite entanglement entropy
corresponding to an equipartition of the satellite part of each
Floquet eigenstate. The color bar indicates the overlap F±
of each eigenstate with the state |±J⟩ (see Eq. (14)). Panels
(a,b) show F+, while (b,c) show F−. Results without (a,c) and
with (b,d) pulse errors are shown. The circled red dots are
points of maximal F±. The parameters are Axy = Az =

√
2

MHz, Bz= 100 MHz, ω = 1 MHz.

out a Zeeman field. We also calculate the perturbed stro-
boscopic evolution up to O(θ) for even cycles (for Ising)
and for two cycles (for XX). These analytical results re-
veal how the overlaps of the initial state |mσ⟩ with the
various symmetry sector basis states depend on parame-
ters like couplings, the number of satellite spins, the total
satellite spin z-projection (m), and the Zeeman field (in
the Ising case). These results will be used later to shed
light on additional numerical findings.

C. Evidence of scar states from entanglement
entropy

Here, we demonstrate that the fully polarized satel-
lite states (|±J⟩) are related to Floquet scar states. To
do this, we need to show that the fully polarized states
have a substantial overlap with Floquet eigenstates with
atypically low bipartite entanglement entropy. We pro-
ceed by first sorting the eigenstates of HF in increasing
order of quasienergy (ϵ/ω ∈ (−0.5., 0.5]). For each Flo-
quet eigenstate |ψ⟩, we trace out the central spin to ob-
tain the reduced density matrix of all the satellite spins:
ρNF = TrC(|ψ⟩ ⟨ψ|). We then split the satellite spins into
two equal sets of size N/2 (see Fig. 1(d)) and compute

FIG. 4. Time-staggered satellite spin magnetization for four
different types of interactions and two different initial states
|J ↓⟩ , |(J − 4) ↓⟩, and for N = 21 satellite spins. (a) Results
for Ising interactions with Axy = 0, Az = 1.3 MHz, Bz = 100
MHz, θ = 0.1π. (b) Results for XX interactions with Axy =
1.3, Az = 0, Bz = 0, θ = 0.05π. (c) Results for Heisenberg
interactions with Az = Axy = 1.3 MHz, Bz = 100 MHz,
θ = 0.1π. (d) Results for XXZ interactions with Axy = 1.3
MHz, Az = 3.3 MHz, Bz = 100 MHz, θ = 0.1π. ω = 1 MHz
in all cases.

the bipartite entanglement entropy S(TrN/2ρ
N
F ) as well

as the overlap with the fully polarized states |±J⟩:

F(|±J⟩ , ρNF ) = ⟨±J |ρNF |±J⟩ ≡ F±. (14)

Results for the central-spin model with Heisenberg in-
teractions are shown in Fig. 3. In particular, the figure
shows the entanglement entropy of each Floquet eigen-
state and its overlap with both fully polarized satellite
states with (θ = 0.2π) and without (θ = 0) pulse er-
rors. We observe that the orange-colored dots (eigen-
states) possess atypically low bipartite entanglement en-
tropy and have high overlap with the satellite states |±J⟩.
Therefore, for both values of θ, the satellite states |±J⟩
are closely associated to scar states (Floquet eigenstates
with atypically low bipartite entanglement entropy) of
the system. Additionally, in Appendix C, we show the
entanglement entropy of Floquet eigenstates of the driven
XXZ central-spin system. There too, fully polarized
satellite states exhibit the characteristics of scar states.

III. SCAR TIME-CRYSTALS

Next, we show that periodically driven central-spin
models can exhibit scar time-crystalline behavior in cer-
tain parameter regimes. We define the scar time-crystal
as a non-equilibrium phase that shows a robust subhar-
monic response only for a few initial states associated
with the weak breaking of ergodicity. To diagnose the
time-crystalline behavior, we need to calculate the aver-
age satellite spin magnetization at integer multiples of
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the driving period. For an initial state |Ψ(0)⟩, we have

⟨Izt (nT )⟩ =
1

N
⟨Ψ(nT )|Izt |Ψ(nT )⟩ , (15)

where |Ψ(nT )⟩ = U(nT ) |Ψ(0)⟩, N is the number of
satellite spins, and Izt =

∑N
p=1 I

z
p as before. When

⟨Izt ((n+ 1)T )⟩ ̸= ⟨Izt (nT )⟩ for large n, then the aver-
age magnetization explicitly breaks the discrete time-
translation symmetry of the system. This is a signature
of the time-crystalline behavior of the system.

In this section, we first show that only a few initial
states that exhibit stable HSF and have high overlap
with Floquet scar states exhibit a robust period doubling
of the total satellite spin magnetization. Therefore the
system shows scar time-crystalline behavior. We then
consider the four initial states ({|±Jσ⟩}) and investigate
the time crystallinity with respect to coupling strength,
Zeeman energy of the central spin, and pulse error.

A. Scar time-crystallinity in Ising, XX, XXX, and
XXZ central-spin models

We consider Ising, XX, Heisenberg (XXX), and XXZ
types of interactions and investigate the time-crystalline
behavior that emerges for different initial states. We cal-
culate the expectation value of the time-staggered av-
erage satellite spin magnetization ((−1)n ⟨Izt (nT )⟩); the
degree to which this quantity remains constant serves as
an indicator for period doubling and thus the breaking
of discrete time-translation symmetry.

Figure 4 shows the staggered magnetization as a func-
tion of time (in terms of Floquet periods) for four dif-
ferent types of interactions and for initial states |J ↓⟩
and |(J − 4) ↓⟩, with N = 2J = 21 satellite spins.
For Ising interactions, both initial states show a robust
time-crystalline behavior that survives for at least a mil-
lion Floquet periods [Fig. 4(a)]. On the other hand,
for Heisenberg (XXX) and XXZ-type interactions, time-
crystallinity is stable for |J ↓⟩ but not for |(J − 4) ↓⟩ on
long time scales [Fig. 4(c,d)]. For XX interactions and
in the absence of a Zeeman field, time-crystalline behav-
ior persists for a much longer time for |J ↓⟩ compared to
|(J − 4) ↓⟩ [Fig. 4(b)], although it does eventually decay
after 105 periods. (We set the Zeeman field to zero in this
case because it provides more stable time-crystallinity,
as we show below.) Thus, an eigenstate of Izt with ex-
treme eigenvalues (highly polarized states) show more
robust time-crystalline behavior compared to less polar-
ized eigenstates regardless of the type of interaction. We
can understand this phenomenon based on the stability
of HSF discussed in section II B.

Recently, a conventional (MBL-type) time-crystalline
behavior was shown to occur in Heisenberg and XXZ-
type central-spin models with random coupling disor-
der for all initial product states [50]. In that work,
the ergodicity breaking was likely related to MBL since

random coupling disorder was necessary to achieve sta-
ble non-ergodicity. Additionally, the emergence of time-
crystallinity required either a large Zeeman energy differ-
ence between the central and satellite spins or the appli-
cation of additional pulses on the central spin every Flo-
quet period. In contrast, here the time-crystalline behav-
ior is due to stable HSF for fully polarized satellite states
that have high overlap with Floquet scar states. There-
fore, here time-crystallinity does not require random cou-
pling disorder but only a large Zeeman energy difference
between central and satellite spins, and it arises for only
a few initial states. Interestingly, we see in Fig. 4(b)
that in the case of the XX central-spin model, a Zeeman
energy difference is not necessary for time-crystallinity
for the initial state |J ↓⟩. We further examine the be-
havior of the XX model under random coupling disorder
(Gaussian distribution) for Bz = 0 in Appendix D, where
we find that as we increase the disorder in the coupling
terms, the stability of the time-crystallinity decreases.
Thus, the XX central-spin model does not show the con-
ventional (MBL type) time-crystalline behavior, but does
exhibit scar time-crystallinity. We further discuss the na-
ture of scar time-crystallinity in Sec. III C. In the next
subsection, we will see that for more general XXZ interac-
tions, we can also observe scar time-crystallinity without
a Zeeman energy difference.

B. Phase diagrams

In this section, we map out the time-crystalline phase
region for periodically driven Heisenberg (XXX), XXZ,
XX, and Ising central-spin models for the initial state
|J ↑⟩. We use the time-averaged staggered magnetiza-
tion,

⟨⟨Izt ⟩⟩ =
1

NC

NC∑
n=1

(−1)n ⟨Ψ(nT )|Izt |Ψ(nT )⟩ , (16)

as an order parameter, where NC is the total number
of Floquet cycles. If ⟨⟨Izt ⟩⟩ ≈ 0.5 for large NC even in
the presence of pulse errors, then this indicates robust
time-crystalline behavior. This also means that the time
average of the magnetization does not converge to one
value and therefore cannot be equal to an ensemble av-
erage. Naturally, this also illustrates the non-ergodicity
of the system when it is initialized appropriately.

In Figs. 5 and 6, we show two sets of non-equilibrium
phase diagrams. In the first set (Fig. 5), we show the
time-averaged staggered magnetization (NC = 104) as
a function of the central-spin Zeeman energy and the
coupling strength for different types of interactions. Fig-
ure 5(a) shows the case of an Ising interaction, where a
robust time-crystalline behavior persists across a large
range of coupling values, except for a certain discrete set
of coupling strengths corresponding to when Az is an
even-integer multiple of the driving frequency. A phase
diagram for XX interactions is shown in Fig. 5 (b), where
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FIG. 5. Non-equilibrium phase diagrams: Staggered satel-
lite total spin time-averaged over NC = 104 Floquet cycles
(Eq. (16)) as a function of the Zeeman field (Bz) and interac-
tion strength (Az or Axy or A = Az = Axy). Phase diagrams
are shown for (a) Ising, (b) XX, (c) Heisenberg, (d) XXZ in-
teractions. The parameters are θ = 0.03π, ω = 1 MHz. In (d)
Axy = 4.5 MHz. The initial state is |J ↑⟩ and N = 2J = 21
in all cases.

it can be seen that the time-crystalline behavior now de-
pends on the relative strength of the Zeeman energy and
the coupling term. For Bz = 0, the behavior arises for
all considered values of the interaction strength Axy. As
we increase Bz, the system thermalizes more quickly for
the lower values of Axy, leading to ⟨⟨Izt ⟩⟩ ≈ 0.

Figures 5(c) and 5(d) show phase diagrams for
isotropic Heisenberg and anisotropic XXZ interactions,
respectively. In the case of Heisenberg interactions, we
observe that at Bz = 0, the system exhibits ergodic be-
havior, with ⟨⟨Izt ⟩⟩ ≈ 0. However, for large Bz, we obtain
⟨⟨Izt ⟩⟩ ≈ 0.5 for most coupling strengths A. On the other
hand, for XXZ interactions, a robust time-crystalline be-
havior persists all the way down to Bz = 0, suggesting
that the anisotropy somehow compensates for the van-
ishing Zeeman energy in this case.

In Fig. 6, we show a different set of phase diagrams
in which we consider the dependence of the staggered
magnetization on the pulse error (θ) instead of the Zee-
man field. Overall, we see that Ising interactions are
much more robust against the pulse error [Fig. 6 (a)]
especially when Az/ω is an odd integer. This is be-
cause, for these values of Az/ω, the first-order pertur-
bative term vanishes in the evolved state and, hence, in
⟨ψ(2pT, θ)|Izt |ψ(2pT, θ)⟩ (see Appendix B 1 for details).
While Heisenberg interactions show a similar robustness
only for smaller values of the coupling strength [Fig. 6(c)].
In the case of XX interactions [Fig. 6 (b)], the system
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FIG. 6. Non-equilibrium phase diagrams: Staggered satel-
lite total spin time-averaged over NC = 104 Floquet cycles
(Eq. (16)) as a function of the pulse error (θ) and interaction
strength (Az or Axy or A = Az = Axy). Phase diagrams are
shown for (a) Ising, (b) XX, (c) Heisenberg, (d) XXZ interac-
tions. The parameters are Bz = 100 MHz, ω = 1 MHz. In (d)
Axy = 4.5 MHz. The initial state is |J ↑⟩ and N = 2J = 21
in all cases.

shows ergodic behavior for all considered values of Axy

when θ > 0.1π; the narrow phase regions that extend to
high values of θ in the case of Ising or Heisenberg inter-
actions are no longer evident here. Anisotropic XXZ in-
teractions [Fig. 6 (d)], on the other hand, produce phase
regions that resemble those of the XX model for lower
values of Az, while they become more like those of the
Ising model for larger values of Az. This is as expected
since the model interpolates between the Ising and XX
models as Az is swept from zero up to values large com-
pared to Axy.

Finally, we would like to emphasize that, in the Floquet
operator, the period (T = 2π/ω) always appears together
with coupling terms (Az, Axy) or the Zeeman field (Bz).
This means that we can tune in and out of the scar DTC
phase by adjusting T .

C. Scar versus conventional discrete time crystals

In this section, we elaborate further on the two key fea-
tures of scar time-crystallinity in homogeneous central-
spin models and on how they differ from conventional
MBL DTCs [1]: (i) In contrast to conventional DTCs,
here only a few initial (scar) states show robust time-
crystallinity. Moreover, (ii) in the case of scar time-
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Central-spin
interactions

MBL-DTC (ran-
dom couplings)

Scar-DTC (ho-
mogeneous
couplings)

Remarks

No
interaction

No No No DTC without interaction.

Ising Yes Yes DTC is robust except when Az is an even integer
multiple of ω.

XX No Yes Robust scar DTC exists for Bz = 0, but it is not
stable at large Bz.

Heisenberg
(XXX)

Yes Yes Robust scar and MBL DTCs exist for large Zee-
man energy mismatch between central and satel-
lite spins.

XXZ Yes Yes Robust scar DTC exists, but MBL DTC only ex-
ists for large Zeeman energy mismatch between
central and satellite spins.

TABLE I. Summary of when MBL and scar DTCs can occur in central-spin systems depending on the type of interaction and
other factors. MBL DTCs require disorder in the couplings, while scar DTCs do not.

crystallinity we can have subspaces, and not just indi-
vidual states, that exhibit 2T periodicity, and this sub-
harmonic response can persist in a few of the subspaces
despite the presence of pulse errors. We elaborate on
these points in the following.

We first discuss point (i). We focus on the case of
Ising interactions, where individual states rather than
subspaces are preserved. As we saw in Sec. II B, all
states of the form |mjσ⟩ break the discrete-time trans-
lation symmetry. However, only highly polarized states
like |J ↑⟩ and |−J ↓⟩ exhibit robustness against pulse er-
rors, and therefore lead to scar time-crystallinity. This
is similar to the scar DTC that arises in the driven PXP
model [32], where all product states break the discrete
time-translation symmetry, but only the Néel states dis-
play a robustness against pulse errors. This is also consis-
tent with the observation that the Schrödinger cat states
1√
2
(|J ↑⟩ ± |−J ↓⟩) are eigenstates of the unperturbed

Floquet operator UF . The fact that these long-range cor-
related states are not physically accessible implies that if
the system starts in a highly polarized sector, it cannot
easily equilibrate to an eigenstate of UF . However, un-
like in a conventional DTC, not all eigenstates of UF are
Schrödinger cat states, in which case they can be reached
quickly for some choices of the initial state, leading to the
breakdown of a coherent subharmonic response. Conven-
tional DTCs require disorder in the couplings in order to
ensure that all eigenstates are long-range correlated and
non-degenerate. In contrast, coupling disorder is not nec-
essary in the case of scar DTCs.

Regarding point (ii), we saw in Sec. II B that for inter-
actions of non-Ising type (XX, XXX, XXZ) and for most
initial states of the form |mjσ⟩, there is a 4D Floquet-
Krylov subspace that breaks the discrete-time transla-
tion symmetry. The eigenstates of UF within these sub-
spaces again have a Schrödinger cat-like form, making
them physically inaccessible. However, only subspaces
that contain eigenstates of Izt with extreme eigenvalues
(highly polarized states) show robustness against pulse

errors (see Fig. 4(b,c,d)). We can think of the conven-
tional DTC as a special case of this “subspace" scar DTC
in which the dimension of each subspace is one, and where
all initial states are scar states.

We conclude this section by summarizing the types of
DTC (conventional MBL versus scar) that can arise for
each type of central-spin interaction based on the present
work and on Refs. [42, 50]. For Ising interactions, we
can observe scar DTCs for most homogeneous longitudi-
nal interaction strengths Az and MBL DTCs for random
couplings Az [42]. In the presence of only transverse XX
interactions, the scar DTC is observed for Bz = 0, but
no MBL DTC occurs, as random couplings adversely af-
fect the time-crystalline behavior (see Appendix D for
further discussion on this point). In the case of Heisen-
berg (XXX) interactions, we can realize scar DTCs and
MBL DTCs [50] provided there is a large Zeeman en-
ergy mismatch between the central spin and the satellite
spins. Finally, for XXZ interactions, in the regime of a
large Zeeman energy mismatch, both types of DTCs can
be realized. Additionally, for zero or small Zeeman en-
ergy of the central spin, scar DTCs can still be observed.
These findings are summarized in Table I.

IV. EXPERIMENTAL IMPLEMENTATIONS

The central-spin models studied in this work naturally
arise in a number of physical platforms, including color
centers in solids such as nitrogen-vacancy centers in di-
amond, electron or hole spins confined in semiconductor
quantum dots, and rare-earth ions [51–55]. In each case,
a central electronic spin couples to several or many nu-
clear spins via hyperfine interactions. In the context of
color centers or rare-earth ions, the electronic wavefunc-
tion is spatially localized, and so the electron-nuclear in-
teractions are predominantly dipolar in nature. These
anisotropic interactions are similar to the Ising or XXZ-
type interactions considered in this work. In contrast, the
electronic wavefunction in quantum dots is delocalized,
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overlapping with 104 to 106 nuclear spins depending on
the size of the dot, thus giving rise to a contact hyperfine
interaction, which is of Heisenberg type. In the case of
nuclei with spin greater than 1/2, a significant amount
of strain in the dot can also give rise to anisotropic nu-
clear quadrupolar interactions, which can dominate the
hyperfine interaction in some cases. The p-orbital na-
ture of hole spin wavefunctions in quantum dots sup-
presses the contact interaction, leaving the anisotropic
dipolar coupling as the dominant hole-nuclear interac-
tion in this case. Thus, depending on the platform, a va-
riety of central-spin models with isotropic or anisotropic
interactions are naturally realized.

A key experimental requirement for realizing DTCs
in electron-nuclear central-spin systems is the ability to
control both the electronic as well as the nuclear spins.
Control of the electronic spin is routinely done in exper-
iments using either microwave or optical pulses. Direct
control of nuclear spins has also been demonstrated using
separate RF fields, although this approach requires addi-
tional experimental overhead [46, 56]. Alternatively, one
can instead drive nuclear spin rotations indirectly by us-
ing carefully designed pulse sequences that are applied to
the electronic spin [54, 55, 57–60]. Nuclear spin control
is necessary for both initializing the system in a highly
polarized state and for performing the π rotations that
are needed every Floquet period. Refs. [46, 54, 57, 60]
demonstrated the initialization and pulsing of a small
set of nuclear spins in the vicinity of color centers or
rare-earth ions via indirect control through the electronic
spin, in some cases with the assistance of an additional
RF field. In the case of quantum dots, where the nuclei
constitute a dense spin ensemble, individual addressing
of nuclear spins is not possible. However, initialization
of the nuclei into highly polarized states is still possible
using indirect electron-mediated control [59, 61]. More-
over, control of individual nuclear magnon modes in these
systems has also been demonstrated [40, 41, 61].

Another important issue in realizing scar time-
crystallinity in physical central-spin systems is the distri-
bution of electron-nuclear couplings in these systems. In
the case of color centers in diamond, for example, spinful
13C nuclei are randomly distributed throughout the dia-
mond lattice with a natural abundance of 1.1%. The dis-
tance and orientation of each nucleus relative to the color
center determines the magnitudes of the hyperfine cou-
plings, and so significant coupling disorder is naturally
present in the system. An effective coupling uniformity
could be achieved dynamically by adjusting the spacing
of pulses applied to the electronic spin in such a way as
to select out only a few nuclei with similar couplings to
participate in the joint electron-nuclear dynamics. This
approach essentially amounts to a dynamical decoupling
of all other nuclei from the color center. In the case of
rare-earth ion systems such as a 171Yb3+ ion in YVO4

that couples to nearby 51V5+ nuclei, the 99.75% natural
abundance of the latter ensures that the nuclear spins
naturally form sets that uniformly couple to the 171Yb3+

electronic spin [54]. The situation is somewhat more com-
plex in quantum dots, where electron-nuclear hyperfine
couplings form a dense, Gaussian-like distribution. In
this case, one could imagine using dynamical decoupling
techniques on the electronic spin to single out annular
subsets of nuclei with equal couplings, while decoupling
all other nuclear spins.

Overall, there are many promising avenues for the po-
tential experimental realization of scar time-crystalline
physics in electron- or hole-nuclear central-spin systems
in a variety of platforms, with many of the key capabili-
ties already demonstrated.

V. CONCLUSION AND OUTLOOK

We have shown that Hilbert space fragmentation and
scar time-crystallinity can arise in various types of peri-
odically driven central-spin models with homogeneous in-
teractions. The dynamical formation of two-dimensional
or four-dimensional Floquet-Krylov subspaces leads to
the spontaneous breaking of discrete time-translation
symmetry and gives rise to a subharmonic response in
the total satellite spin magnetization. We further showed
that this response persists in the presence of pulse errors
only for highly polarized initial states—a defining fea-
ture of scar time-crystallinity. We mapped out the scar
DTC phase regions of Ising, XX, Heisenberg, and XXZ
central-spin models by computing the dependence of the
time-averaged satellite spin magnetization on the applied
magnetic field, the interaction strength, and the pulse er-
ror. Unlike conventional MBL-type DTCs, this type of
scar time-crystallinity does not require coupling disorder
and can occur in the absence of a Zeeman energy mis-
match between central and satellite spins.

Our work introduces a new type of “subspace scar
time crystal" in which a time-evolving subspace, rather
than an individual quantum state, breaks the discrete
time-translation symmetry of the Hamiltonian. In a re-
cent theoretical work [62], the breaking of discrete time-
translation symmetry by Floquet-Krylov (cellular au-
tomata) subspaces has been suggested, but not explicitly
demonstrated in an example. Thus, our work demon-
strates, to the best of our knowledge, the first stable
subspace scar time-crystalline behavior without any dis-
order.

The cental-spin systems considered in this work nat-
urally arise in a variety of physical platforms, includ-
ing color centers in solids, semiconductor quantum dots,
and rare-earth ions, which are currently being explored
for multiple applications within quantum information sci-
ence and engineering such as quantum sensing, quantum
networks, and quantum computing and simulation. It is
interesting to consider whether time-crystallinity could
be used to modify the functionality or enhance the per-
formance of central-spin systems for such applications.
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Appendix A: Floquet-Krylov subspaces

In this appendix, we provide further details about the
Krylov subspaces of the time-independent Hamiltonian
H0 and the Floquet-Krylov subspaces corresponding to
the driven stroboscopic dynamics of the system (as dis-
cussed in Sec. II B).

1. Krylov subspaces corresponding to unitary
operator and Hamiltonian

Claim 1: For a given state |ψ⟩, the subspace spanned
by a time evolution operator UH0

(t) = e−iH0t is equal to
the Krylov subspace of the Hamiltonian H0, i.e.,

Span of
{
UH0

(t) |ψ⟩
}
t∈R

= K(H0, |ψ⟩), (A1)

where, K(H0, |ψ⟩) is defined in Eq. (7).
Proof: We can write the unitary operator as e−iH0t =∑∞

n=0 α
nHn

0 , where αn = (−it)n/n! is either purely real
or purely imaginary for an arbitrary time and integer n.
Applying this to an arbitrary state |ψ⟩, we have

UH0
(t) |ψ⟩ =

∞∑
n=0

αnHn
0 |ψ⟩

= α0 |ψ⟩+ α1H0 |ψ⟩+ α2H2
0 |ψ⟩+ ...

+ αnHn
0 |ψ⟩+ ... (A2)

Here, we see that
{
UH0

(t) |ψ⟩
}
t∈R

generates a set{
|ψ⟩ , H0 |ψ⟩ , H2

0 |ψ⟩ , ...,Hn
0 |ψ⟩ , ...

}
. But, since αn be-

longs to a subset of the complex numbers, it is not the
same as the full Krylov subspace defined with arbitrary
complex coefficients. However, since the evolution oper-
ator generates a continuous set of Krylov subspaces pa-
rameterized by t, if we consider arbitrary linear combi-
nations across this set with complex coefficients, we have

Span of
{
UH0(t) |ψ⟩

}
t∈R

= K(H0, |ψ⟩). (A3)

Let’s consider an example to illustrate the above point
more transparently. We take H0 = σx and choose
|Ψ⟩ = |↑⟩ so that UH0

(t) |Ψ⟩ = cos t |↑⟩ − i sin t |↓⟩. Here,
even for arbitrary time t, we cannot generate any state
|χ⟩ = c1 |↑⟩ + c2 |↓⟩, where c1, c2 are arbitrary complex
numbers (with |c1|2+ |c2|2 = 1). However, if we take lin-
ear combinations of states UH0

(t) |Ψ⟩ with different val-
ues of t, then it is possible to obtain any state |χ⟩. For ex-
ample, we could form linear combinations of UH0

(0) |Ψ⟩
and UH0

(π/2) |Ψ⟩.

Thus, we see that a dynamical subspace spanned by an
evolution operator is equal to the Krylov subspace asso-
ciated with the Hamiltonian that generates it only when
we consider arbitrary time. If the time is chosen to be
some finite set (or countably infinite) then the dynamical
subspace is a subset of the Krylov subspace in general.
This will be more transparent when we look into the Flo-
quet Hamiltonian and stroboscopic dynamics later in this
section.

Claim 2: A subspace spanned by a stroboscopic evolu-
tion operator {U(nT )}n∈N, |ψ⟩) is a subset of the Krylov
subspace for the Floquet Hamiltonian, i.e.,

KF (UF , |ψ⟩) ⊆ K(HF , |ψ⟩), (A4)

where KF (UF , |ψ⟩) = Span of
{
{U(nT ) |ψ⟩}n∈N

}
and

K(HF , |ψ⟩) is defined as in Eq. (7).
Proof:

K
(
HF , |ψ⟩

)
= Span of

{
|ψ⟩ , HF |ψ⟩ , ...,Hn

F |ψ⟩ , ..
}

= Span of
{
e−iHF t |ψ⟩

}
t∈R

, (A5)

KF (UF , |ψ⟩) =
{
e−iHFnT |ψ⟩

}
n∈Z

. (A6)

Here, time forms a countable set (integer multiples of the
period) in KF (UF , |ψ⟩, but (real) time is uncountable for
K

(
HF , |ψ⟩

)
. So, KF (UF , |ψ⟩) ⊆ K(HF , |ψ⟩).

We can also illustrate this claim using the follow-
ing example of the time-dependent Hamiltonian H(t) =∑

n∈Z δ(t−nT )π(sx1 + sx2), where, sxi = σx
i /2. We obtain

UF = e−iπ(sx1+sx2 ) = −4sx1s
x
2 , (A7)

HF =
π

T
(sx1 + sx2). (A8)

When we consider the initial state |↑↑⟩ then

K
(
HF , |↑↑⟩

)
= Span of

{
|↑↑⟩ , |↓↑⟩ , |↑↓⟩ , |↓↓⟩

}
, (A9)

KF

(
UF , |↑↑⟩

)
= Span of

{
|↑↑⟩ , |↓↓⟩

}
. (A10)

This example demonstrates that, in general,
KF (UF , |ψ⟩) ̸= K(HF , |ψ⟩), but KF (UF , |ψ⟩) ⊆
K(HF , |ψ⟩).

2. Floquet-Krylov subspaces of a driven
homogeneous central-spin Hamiltonian

In this appendix, by analyzing the the repeated action
of UF , we obtain the Floquet-Krylov subspace for initial
state |mjσ⟩. As discussed in Sec. II B of the main text,
the Krylov subspace generated by the time-independent
Hamiltonian H0 is

K
(
H0, |J ↑⟩

)
= Span of

{
|J ↑⟩

}
, (A11)

K
(
H0, |mj ↓⟩

)
= Span of

{
|(mj − 1) ↑⟩ , |mj ↓⟩

}
,

(A12)

K
(
H0, |mj ↑⟩

)
= Span of

{
|mj ↑⟩ , |(mj + 1) ↓⟩

}
.

(A13)
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Next, we calculate the action of Uπ, where UF =
UπUH0

, on the basis of K(H0, |mjσ⟩. We decompose
Uπ in terms of individual spin- 12 operators:

Uπ = e−iπ(
∑

j Sx
j +Sx

0 ) =

N∏
j=1

e−iπSx
j e−iπSx

0

= (−i)N+1
N∏
j=1

σx
j σ

x
0 . (A14)

The satellite part |mj⟩ can be written as a super-
position of local z-basis product states as |mj⟩ =∑

α cα |σ1σ2...σj ...σN ⟩α where |σj⟩ ∈ {|↑⟩ , |↓⟩}. Any
state |σ1σ2......σj ....σN ⟩ in the superposition has same
the number of up spins (N↑) and down spins (N↓) such
that mj = (N↑ −N↓)/2. So,

Uπ |σ1σ2...σj ...σN ⟩ |σ0⟩ = |σ̄1σ̄2...σ̄j ...σ̄N ⟩ |σ̄0⟩ , (A15)

where |σ̄⟩ = σx |σ⟩. Thus, Uπ |mjσ⟩ = |−mj σ̄⟩.
Now we take |σ0⟩ = |↓⟩ (without loss of generality) and

apply UF on the state |mj ↓⟩:

UH0
|mj ↓⟩ ∈ Span of {|mj ↓⟩ , |(mj − 1) ↑⟩},

UF |mj ↓⟩ ∈ Span of {|−mj ↑⟩ , |−(mj − 1) ↓⟩}. (A16)

Now if we apply UF again, we have

UH0
UF |mj ↓⟩ ∈ Span of {|−mj ↑⟩ , |−mj + 1 ↓⟩},
U2
F |mj ↓⟩ ∈ Span of {|mj ↓⟩ , |(mj − 1) ↑⟩}.

(A17)

Here, it is easy to see that even if we had started with
|(mj − 1) ↑⟩, we would find the same subspaces. More-
over, as we calculate the repeated action of UF on the
initial state |mj ↓⟩, all the odd multiples of UF produce
a 2D subspace spanned by {|−mj ↑⟩ , |−mj + 1 ↓⟩}, while
even multiples produce {|mj ↓⟩ , |(mj − 1) ↑⟩}. Thus, we
obtain a 4D Floquet-Krylov subspace as given in Eq. (11)
of the main text. Similarly, we can choose the initial state
|mj ↑⟩ and obtain the Floquet-Krylov subspace as given
in Eq. (10).

3. Growth of fragmentated space over time

Here, we discuss the growth of the Floquet-Krylov sub-
spaces (fragmented spaces) with respect to time when the
pulse error is small. We consider the driven Heisenberg
central-spin model and numerically calculate the overlaps
Fn (as defined in Eq. (13)) of the evolved state with re-
spect to each basis state. In Fig. 7, we show the overlap
with each eigenstate of Izt for up to 105 Floquet cycles (re-
sults after every 100 cycles are shown). Fig. 7(a) shows
that the return probability for the initial state |J ↓⟩ is
high (around 0.7), and that only overlaps with neigh-
boring states become significant. This suggests that,
even on a long time scale, the system is constrained to

(a) (b)Fn Fn|J ↓⟩ |(J − 4) ↓⟩

F
lo
q
u
et

cy
cl
es

(×
1
0
0
)

|J ↑⟩|J ↓⟩|J − 1 ↑⟩......| − J ↓⟩ |J ↑⟩|J ↓⟩|J − 1 ↑⟩......| − J ↓⟩

Ordered eigenstates of Izt
1

FIG. 7. The overlap of the time-evolved state, starting from
initial state (a) |J ↓⟩ or (b) |(J − 4) ↓⟩, with each eigenstate
of the total satellite spin operator Izt for a periodically driven
Heisenberg central-spin model. Results for up to 105 Floquet
cycles in steps of 100 cycles are shown. The parameters are
N = 2J = 21, A = 1.3 MHz, Bz = 100 MHz, ω = 1 MHz,
θ = 0.1π. The color bar shows the overlap Fn(|mjσ⟩ , |ψ⟩)
where |ψ⟩ = |J ↓⟩ , |(J − 4) ↓⟩.

highly polarized states and shows non-ergodic behavior.
In contrast, for the initial state |(J − 4) ↓⟩ (Fig. 7(b)),
the overlaps with a large number of eigenstates of Izt be-
come significant, including states with negative eigenval-
ues. Therefore, the system shows ergodic behavior for the
observable Izt when it is initialized in the state |(J − 4) ↓⟩.

Appendix B: Exact Stroboscopic dynamics under
Ising and XX central-spin interactions

In this appendix, we derive analytical expressions for
various dynamical quantities (without and with pulse
errors) for periodically driven central-spin models with
Ising and XX interactions. In both cases, the initial state
is |mσ⟩, and we include a Zeeman field for the Ising case
but not the XX case.

We can write the Floquet operator with pulse error θ
as

U(T, θ) = UF (θ) = UθUπUH0
,

Uθ ≈ 1 − iθ

2
P +

−θ2
4
P 2 +O(θ3), (B1)

where P = (I+t + I−t + σx
0 ). Up to O(θ), we can write the

time evolution after n periods as

U(nT, θ) = Un
F − iθ

2

n−1∑
j=0

U j
FPU

n−j
F +O(θ2), (B2)

For even cycles (2p, p ∈ N), the Floquet operator becomes

U(2pT, θ) ≈ U2p
F − iθ

2

( 2p−1∑
r=1

Ur
FPU

2p−r
F +PU2p

F

)
+O(θ2).

(B3)
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Before continuing, it helps to write out the action of I±t
on an eigenstate of Izt in the largest symmetry sector of
I2t (j = J = N/2) and denote |mJσ⟩ = |mσ⟩. We have

I±t |mσ⟩ = α±
m |m± 1σ⟩ , (B4)

where α±
m =

√
N(N + 2)/4−m(m± 1), and we denote

α0
m = α+

m. We write some relations of α±
m as

α+
−m = α+

m−1 = α0
m−1,

α−
±m = α+

∓m. (B5)

1. Ising type Hamiltonian

Now we consider H0 = Hz = AzI
z
tS

z
0 + BzS

z
0 and

UHz
= e−iHzT .

UF |mσ⟩ = e−iΦσ
m |−mσ̄⟩ ,

U2
F |mσ⟩ = e−iΦσ

me−iΦσ̄
−m |mσ⟩ = e−i(AzmTσ) |mσ⟩ ,

(B6)

where Φσ
m = (Azm + Bz)Tσ/2 and σ = 1(−1) for state

|↑⟩ (|↓⟩). In the last line of the above equation, we have
used Φσ

m + Φσ̄
−m = AzmTσ. So, after even and odd

Floquet cycles, the initial state |mσ⟩ evolves as

U2p
F |mσ⟩ = e−ip(AzmTσ) |mσ⟩ , (B7)

U2p+1
F |mσ⟩ = e−i(pAzmTσ+Φσ

m) |−mσ̄⟩ . (B8)

Here, for both odd and even cycles, the phase fac-
tors do not depend on the number of satellite spins, and
for even cycles, they also do not depend on the central-
spin Zeeman field. Now we look into the effect of small
pulse errors on the evolution of |mσ⟩ after 2p cycles using
Eq. (B3). We split the summation in Eq. (B3) into two
parts: (i) r and 2p− r are even, (ii) r and 2p− r are odd.
For convenience, we consider |σ⟩ = |↑⟩. First we have

PU2p
F |m ↑⟩ = e−ipAzmT

[
α+
m |m+ 1 ↑⟩+

α−
m |m− 1 ↑⟩+ |m ↓⟩

]
. (B9)

Now we consider the case where r and 2p− r are even in
the summation of Eq. (B3).

2p−2∑
r=2q,
q∈N

Ur
FPU

2p−r
F |m ↑⟩ =

2p−2∑
r=2q,
q∈N

Ur
F

[
e−i(2p−r)AzmT/2×

{α+
m |m+ 1 ↑⟩+ α−

m |m− 1 ↑⟩+ |m ↓⟩}
]

= e−ipAzmT

2p−2∑
r=2q,q∈N

[
α0
me

−irAzT/2 |m+ 1 ↑⟩+

α0
m−1e

irAzT/2 |m− 1 ↑⟩+ eirAzmT |m ↓⟩
]
.

(B10)

Now we consider the case where r and 2p− r are odd in
the summation of Eq. (B3).

2p−1∑
r=2q−1,

q∈N

Ur
FPU

2p−r
F |m ↑⟩ =

2p−1∑
r=2q−1,

q∈N

Ur
F

[
e−i(Φ↑

m+ 2p−r−1
2 AzmT )

× {α+
−m |−m+ 1 ↓⟩+ α−

−m |−m− 1 ↓⟩+ |−m ↑⟩}
]

= e−ipAzmT

2p−1∑
r=2q−1,q∈N

[
α0
me

−irAzT/2 |m+ 1 ↑⟩+

α0
m−1e

irAzT/2 |m− 1 ↑⟩+ ei(rAzmT−BzT ) |m ↓⟩
]
.

(B11)

Thus, using Eqs. (B9,B10,B11), we have up to O(θ):,

U(2pT, θ) |m ↑⟩ = |m ↑⟩ − i
θ

2
e−ipAzmT

[
{1+

2p−2∑
r=2q,
q∈N

eirAzmT +

2p−1∑
r=2q−1,

q∈N

ei(rAzmT−BzT )} |m ↓⟩+

α0
m{1 +

2p−1∑
r=1

e−irAzT/2} |m+ 1 ↑⟩+

α0
m−1{1 +

2p−1∑
r=1

eirAzT/2} |m− 1 ↑⟩
]
. (B12)

The system becomes more robust against θ when it re-
turns to the same satellite spin state. Thus, the coeffi-
cients of states |(m± 1)σ⟩ should be zero, i.e.,

(1 +

2p−1∑
r=1

e±irAzT/2) = (1 +

2p−1∑
r=1

e±ir(Az/ω)π) = 0

⇒ Az/ω = (2p+ 1), (B13)

where p ∈ Z. Thus from here, we see that when Az is
an odd multiple of the drive frequency, we get a more
robust time-crystalline behavior. In the main text, we
considered |ψ(0)⟩ = |J ↑⟩ in Sec. III B. We also chose
J = N/2 = 10.5 and integer values of Bz/ω. In that case
and for Az/ω an odd integer, the coefficient of |m ↓⟩ =
|J ↓⟩ (as in Eq. (B12)) is also zero. So, after 2p cycles,
we obtain

|ψ(2pT, θ)⟩ = |J ↑⟩+O(θ2), (B14)

⟨ψ(2pT, θ)|Izt |ψ(2pT, θ)⟩ = J +O(θ2). (B15)

This analytical result agrees with the numerical results
shown in Fig. 6(a).
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2. XX type Hamiltonian with zero Zeeman energy

Here, we consider an XX Hamiltonian with zero Zee-
man energy: H0 = Hxx = A(I+t S

−
0 + I−t S

+
0 ). We have

UHxx
|m ↑⟩ = (1− iTHxx +

(−iT )2
2!

H2
xx +

(−iT )3
3!

H3
xx

+ ....) |m ↑⟩
= cos(ATα0

m) |m ↑⟩ − i sin(ATα0
m) |(m+ 1) ↓⟩ ,

UHxx
|m ↓⟩ = cos(ATα0

m−1) |m ↓⟩ − i sin(ATα0
m−1)

|(m− 1) ↑⟩ ,

Here α0
m = α+

m is defined in Eq. (B4). We denote
Cm = cos(ATα0

m), Sm = sin(ATα0
m). Now we have

UF |m ↓⟩ = Cm−1 |−m ↑⟩ − iSm−1 |(−m+ 1) ↓⟩ ,
UF |m ↑⟩ = Cm |−m ↓⟩ − iSm |(−m− 1) ↑⟩ ,
U2
F |m ↑⟩ = Uπ

[
Cm[C−m−1 |−m ↓⟩ − iS−m−1 |−m− 1 ↑⟩]

− iSm[C−m−1 |(−m− 1) ↑⟩ − iS−m−1 |−m ↓⟩]
]

= (CmC−m−1 − SmS−m−1) |m ↑⟩
− i(SmC−m−1 + CmS−m−1) |(m+ 1) ↓⟩

=(C2
m − S2

m) |m ↑⟩ − i2SmCm |(m+ 1) ↓⟩ .
(B16)

Similarly, we can find

U2
F |m+ 1 ↓⟩ =(C2

m − S2
m) |m+ 1 ↓⟩ − i2SmCm |m ↑⟩ .

(B17)

We denote βm
2 = (C2

m − S2
m), γm2 = −i2CmSm. After

four Floquet cycles, we have

U4
F |m ↑⟩ = ((βm

2 )2 + (γm2 )2) |m ↑⟩+ 2βm
2 γ

m
2 |(m+ 1) ↓⟩ .

We denote βm
4 = ((βm

2 )2 + (γm2 )2), γ4 = 2βm
2 γ

m
2 . After

six Floquet cycles, we obtain

U6
F |m ↑⟩ = (βm

4 β
m
2 + γm4 γ

m
2 ) |m ↑⟩+

(βm
4 γ

m
2 + γm4 β

m
2 ) |m+ 1 ↓⟩ .

We denote βm
6 = (βm

4 β
m
2 + γm4 γ

m
2 ), γm6 = (βm

4 γ
m
2 +

γm4 β
m
2 ). In general, for even (2p, p ∈ N) Floquet cycles,

we obtain

U2p
F |m ↑⟩ = βm

2p |m ↑⟩+ γm2p |(m+ 1) ↓⟩ , (B18)

where, for p ≥ 2,

βm
2p = (βm

2p−2β
m
2 + γm2p−2γ

m
2 ), (B19)

γm2p = (βm
2p−2γ

m
2 + γm2p−2β

m
2 ). (B20)

Similarly, for odd cycles, we have

U2p+1
F |m ↑⟩ = UF (β2p |m ↑⟩+ γ2p |(m+ 1) ↓⟩)

= βm
2p+1 |−m ↓⟩+ γm2p+1 |−m− 1 ↑⟩ , (B21)

where
βm
2p+1 = (βm

2pCm − i2γm2pSm), (B22)

γm2p+1 = (γm2pCm − iβm
2pSm). (B23)

Here, the exact evolution of the state |m ↑⟩, after
even cycles, is constrained to be a linear combination
of |m ↑⟩ , |m+ 1 ↓⟩ and, after odd cycles, to lie in a sub-
space spanned by |−m ↓⟩ , |−m− 1 ↑⟩. The coefficients
depend on the number of satellite spins, the total satel-
lite spin quantum number m, and the effective coupling
terms AT . Unlike the Ising case, here these parameters
affect the magnitude of the coefficients.

Now we find the evolution after two Floquet cycles, for
small pulse error, up to O(θ):

UFPUF |m ↑⟩ = UF

[
CmP |−m ↓⟩ − iSmP |(−m− 1) ↑⟩

]
= UF

[
Cm

(
α+
−m |−m+ 1 ↓⟩+ α−

−m |−m− 1 ↓⟩+ |−m ↑⟩
)

− iSm

(
α+
−m−1 |−m ↑⟩+ α−

−m−1 |−m− 2 ↑⟩+ |−m− 1 ↓⟩
)]

=
[
Cm

(
α+
−m{C−m |m− 1 ↑⟩ − iS−m |m ↓⟩}

+ α−
−m{C−m−2 |m+ 1 ↑⟩ − iS−m−2 |m+ 2 ↓⟩}

+ {C−m |m ↓⟩ − iS−m |m− 1 ↑⟩}
)]
+[

− iSm

(
α+
−m−1{C−m |m ↓⟩ − iS−m |m− 1 ↑⟩}

+ α−
−m−1{C−m−2 |m+ 2 ↑⟩ − iS−m−2 |m+ 1 ↑⟩}

+ {C−m−2 |m+ 1 ↑⟩ − iS−m−2 |m+ 2 ↓⟩}
)]

=
[
Cm(Cm−1α

0
m−1 − iSm−1)− SmSm−1α

0
m

]
|m− 1 ↑⟩+[

Cm(−iSm−1α
0
m−1 + Cm−1)− iSmCm−1α

0
m

]
|m ↓⟩+[

CmCm−1α
0
m − Sm(Sm+1α

0
m + iCm+1)

]
|m+ 1 ↑⟩+[

− iCmSmα
0
m − Sm(Sm+1 + iCm+1α

0
m+1)

]
|m+ 2 ↓⟩ ,

(B24)

PU2
F |m ↑⟩ = (C2

m − S2
m)[α0

m |m+ 1 ↑⟩+ α0
m−1 |m− 1 ↑⟩+

|m ↓⟩]− i2SmCm[α0
m+1 |m+ 2 ↓⟩+ α0

m |m ↓⟩+ |m+ 1 ↑⟩].
(B25)

So, we have

U(2T, θ) |m ↑⟩ = G↑
m |m ↑⟩+G↓

m+1 |m+ 1 ↓⟩ − iθ

2

(
G↓

m |m ↓⟩

+G↑
m−1 |m− 1 ↑⟩+G↑

m+1 |m+ 1 ↑⟩+G↓
m+2 |m+ 2 ↓⟩

)
,

(B26)

where we have defined

G↑
m = (C2

m − S2
m),

G↓
m+1 = −i2SmCm,

G↓
m = 1− Cm(−iSm−1α

0
m−1 + Cm−1)−

iSmCm−1α
0
m + α0

m,

G↑
m+1 = CmCm−1α

0
m − Sm(Sm+1α

0
m + iCm+1) + 2C2

m,

G↑
m−1 = Cm(Cm−1α

0
m−1 − iSm−1)− SmSm−1α

0
m + α0

m−1,

G↓
m+2 = −iCmSmα

0
m − Sm(Sm+1 + iCm+1α

0
m+1)

− i2SmCmα
0
m+1. (B27)

Here, the presence of the pulse error θ causes the
evolved state to overlap some states close to the initial
state. Apart from θ, the exact coefficients of the states
also depend on the number of satellite spins, the total
spin quantum number m, and the effective couplings.
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Appendix C: Floquet scar for anisotropic
Heisenberg (XXZ) interactions
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FIG. 8. Bipartite entanglement entropy of each Floquet
eigenstate (labeled by its quasienergy ϵ/ω) in the satellite
subsystem (ρNF ) and its overlap F± with the fully polarized
satellite states for a periodically driven central-spin model
with XXZ interactions. The color bar shows the overlap F± of
the fully polarized satellite spin states |±J⟩ with the satellite
part of each Floquet eigenstate ρNF . Here, N = 10 = 2J ,
Axy=1.3 MHz, Az=0.4 MHz, Bz= 100 MHz, ω= 1 MHz, and
Bn

z = 0 MHz. The pulse error is (a,c) θ = 0 or (b,d) θ = 0.2π.
Here, F± ≡ F(|±J⟩ , ρNF ) is defined in Eq. (14).

In this appendix, we examine the scar states (Floquet
eigenstates with atypically low bipartite entanglement
entropy) of the driven XXZ central-spin system and their
overlap with fully polarized satellite states (|±J⟩), sim-
ilar to the study done for the Heisenberg interaction in
Sec. II C of the main text.

In Fig 8, we show the bipartite entanglement entropy
of the satellite spin subsystem for each Floquet eigen-
state. The x-axis shows the quasienergies in increasing
order. The color bars show the overlaps (F±) of fully po-
larized satellite states with the Floquet eigenstates. The
overlap F± is defined in Eq. (14). The circled dots show
the nonzero overlaps of the satellite part of the Floquet
eigenstates with fully polarized satellite states.

Fig 8 (a,c) shows the unperturbed case (θ = 0) where
|±J⟩ have high overlap with satellite part of the Floquet
eigenstates with atypically low entanglement entropy. On
the other hand, Fig 8 (b,d) shows the overlap when the
pulse error is 20%. We see that the states |±J⟩ have
larger overlap with Floquet eigenstates that have entan-
glement entropy in the lower range of the entanglement
spectrum. Thus, for XXZ central-spin interactions, fully
polarized satellite states have high overlaps with Floquet
eigenstates with atypically low bipartite entanglement
entropy.

Appendix D: Time-crystallinity in the XX
central-spin model with coupling disorder
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FIG. 9. Effect of random couplings in the XX central-spin sys-
tem without a Zeeman field. The couplings are sampled from
a Gaussian distribution with mean Axy and variance (disorder
strength) δAxy. (a) Staggered average satellite magnetization
as a function of Floquet cycle for Axy = 5.7 MHz and for dif-
ferent values of δAxy. (b) Time-averaged staggered satellite
magnetization (⟨⟨Izt ⟩⟩) as a function of the disorder strength
δAxy for different values of the mean coupling Axy. Here,
N = 5, the pulse error is θ = 0.03π, ω = 1 MHz, and the
initial state is |J ↓⟩.

In this appendix, we study the robustness of the scar
DTC behavior of the XX central-spin system without a
Zeeman field in the presence of random coupling disor-
der. The disorder breaks the I2t symmetry of the Floquet
operator, and therefore we cannot decompose the Hilbert
space into different symmetry sectors. Therefore, we con-
sider the full Hilbert space and the local spin-z basis for
the calculation of magnetization. We take a fully po-
larized satellite state (|J ↓⟩ = |↑1↑2↑3↑4↑5⟩ |↓0)⟩ with 5
satellite spins and one central spin as the initial state. In
this case, the average satellite spin magnetization is the
same as the magnetization at each individual site. We
sample the couplings from a Gaussian distribution with
mean value Axy and variance (disorder strength) δAxy.
In Fig. 9 (a), we show the staggered average magneti-
zation for the total satellite spin Izt over many Floquet
cycles for different disorder coupling strengths. The av-
erage magnetization is about 0.5 in the absence of dis-
order (as expected from our study in the main text) or
for a tiny amount of disorder across a large number of
Floquet cycles. However, as the disorder strength is in-
creased, the value of the average magnetization quickly
goes to zero. Thus, disorder in the couplings adversely
affects the robustness of time-crystalline behavior in the
XX central-spin model.

In Fig. 9 (b), we show the time average of the stag-
gered magnetization (⟨⟨Izt ⟩⟩) over 5 × 104 Floquet cycles
(as defined in Eq.(16)) as a function of the disorder
strength (δAxy). Different color dots for a given disor-
der strength represent the different values of the mean
coupling Axy. For the disorder-free (δAxy = 0) case, we
find that ⟨⟨Izt ⟩⟩ ≈ 0.5 for more values of Axy. But as we
increase the disorder strength, fewer values of Axy lead
to ⟨⟨Izt ⟩⟩ ≈ 0.5. Moreover for δAxy = 0.2, none of the
considered values of Axy exhibit ⟨⟨Izt ⟩⟩ ≈ 0.5. This fur-
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ther illustrates that an increase in the coupling disorder decreases the robustness of the time-crystalline behavior
in the driven XX central-spin system.
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