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THEORETICAL MODELING OF THE ACTUATION MECHANISM IN
INTEGRATED INDUCED STRAIN ACTUATOR/SUBSTRUCTURE SYSTEMS

(Abstract)

Induced strain actuators have been integrated with conventional structural materials to
serve as energy input devices or actuating elements in many engineering applications
implementing intelligent material systems and structures concepts. In order to use the
actuation mechanism produced by the integrated induced strain actuators efficiently, the
mechanics of the mechanical interaction between the actuator and the host substructure
must be understood and modeled accurately. A refined analytical model has been
developed based on the plane stress formulation of the theory of elasticity for a surface-
bonded induced strain actuator/beam substructure system. Closed-form solutions of the
induced stress field were obtained in an approximate manner using the principle of
stationary complementary energy. The model has also been extended to include the
presence of adhesive bonding layers and applied external loads. The results of the current
model were compared with those obtained by finite element analysis and the pin-force and

Euler-Bernoulli models.

It was shown that the current model is capable of describing the edge effects of the
actuator on actuation force/moment transfer and interfacial shear and peeling stress
distributions that the existing analytical models fail to describe. Good agreement was
obtained between the current model and the finite element analysis in terms of predicting
actuation force/moment transfer. The interfacial shear stress distribution obtained by the

current model satisfies stress-free boundary conditions at the ends of the actuator, which



the finite element model is not able to satisfy. The current model correctly describes the
transfer of the actuation mechanism and the resulting interfacial stress distributions; thus,

it can be used in designing integrated induced strain actuator/substructure systems.

Moreover, a new induced strain actuator configuration, which includes inactive edges on
the ends of the actuators, has been proposed to alleviate the intensity of the interfacial
stresses. The effectiveness of the actuator on the interfacial stress alleviation was verified
by the current analytical model and finite element analysis. It was shown that the
proposed actuator configuration can significantly alleviate intensive interfacial shear and
peeling stresses without sacrificing the effectiveness of the actuation mechanism. The
chances of interfacial failure of the integrated structural system, fatigue failure in

particular, can thus be reduced.
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Chapter 1

Introduction and Literature Review

1.1 Introduction to Intelligent Material Systems and Structures

Motivated by the performance requirements of the advanced structural systems of the
future, structural engineers have been pursuing a new approach to structural and material
design. The goal of this new approach is to develop material systems and structures that
can rearrange themselves to their most optimum functional capabilities to adapt to external
stimuli such as load and environmental disturbance by using inherent or integral functional
elements such as sensors, actuators, and controllers. From this effort pursued for the past
decade in the structural engineering community, the concept of developing a higher form
of material systems and structures that possess 'life' functions of sensing, actuation, control

and intelligence has led to a new field of endeavor in advanced technology.

Since the emergence of this new technology, there has been much discussion related to the
definition of intelligent material systems and structures. Wada et al. (1990) define
intelligent structures as structures that contain highly integrated sensors, actuators, and a
control system. The construction of the intelligent structures involves distribution and
integration of not only sensing and actuating elements, but also of electronic components

involved in signal conditioning, computing, and power regulation.



Takagi (1990) define intelligent materials beyond the primitive functions, i.e., sensor,
effector/actuator, and processor capabilities, as intelligent functions and social utility. The
intelligent functions indicate that the intelligence is inherent in the materials, i.e., self-
learning, self-repair, prediction/notification, etc. = The social utility represents the
intelligence level from the viewpoint of human beings such as human friendliness,

environmental harmony, reliability, etc.

Recently, Rogers (1993) proposed a design philosophy based on a science paradigm to
provide guidance on creating such a material system. Rogers states that the objective of
the concept is to create artifacts by instilling intelligence in the microstructure to reduce
the mass and energy of the system to perform adaptive functions. The vision or guidance
of the creation is to learn from nature and living systems and establish a similar or even
superior sophisticated architecture of the nerves, muscles and brain networks found in
biological systems in the man-made artifacts with inherent or integrating analogous

sensors, actuators, and control system.

Engineering applications implementing intelligent material systems and structures concepts
have demonstrated many prominent functional capabilities that the integrated sensors,
actuators, and control system can achieve. Successful examples have been reported in the
areas such as structural vibration and acoustic control, material/structure health
monitoring and damage control, nondestructive evaluation, structural shape and motion
control, etc. (Rogers, 1990). The prospective evolution of science and technology

invoked by the concept of intelligent material systems and structures is enormous. The



concept may be applied to such diverse fields of science and technology as aerospace
engineering, automobile industry, civil engineering, and biomedical engineering, etc. As
stated by Takagi (1990) "the science and technology in the coming twenty-first century,
will rely heavily on the development of new materials ... 'intelligent materials' are leading

candidates for such new materials."

1.2 Mechanism of Induced Strain Actuation

One of the primitive functions in intelligent material systems and structures is the actuation
capability. This includes the ability to actively change material/structural physical and/or
chemical characteristics such as geometry, color, mechanical properties, chemical
composition, electrical properties, etc. In practice, various desired actuation capabilities
require different actuators for the actuating mechanisms they provide. For the purpose of
actively altering the material/structural geometrical configurations, mechanical properties,
and internal stress/strain distributions, materials which are able to induce noticeable strains
by nonmechanical stimuli are natural candidates. These types of actuating materials are

usually classified as "induced strain actuators".

Induced strain actuators refer to materials that exhibit coupling of some degree between
their geometric configuration and a nonmechanical stimulus. In principle, there are a
number of materials possessing induced strain phenomena coupled with various stimuli.
Nevertheless, the most commonly used induced strain actuators in intelligent material

systems and structures are those of electromechanical, magnetomechanical, or



thermomechanical type. Piezoelectrics and electrostrictors whose induced strains are
coupled to an applied electric field, magnetostrictors which couple strains with magnetic
fields, and shape memory alloys and thermal actuators which couple strains with applied

temperature differentials are examples of commonly used induced strain actuators.

In general, the constitutive relations for induced strain actuators have the form:
e =oc/ FE + A, where A is termed free induced strain, which is activated by
nonmechanical stimuli depending on the coupling characteristics of the actuators, and
enters into the equation in a manner analogous to the thermal strains of conventional
structural materials. The characteristic induced strain can be used to achieve desired
actuation functionalities in a structure by integrating induced strain actuators, either

embedded or surface-bonded, with the structure.

Activation of the induced strain actuators by applying nonmechanical stimuli will cause a
mismatch on the strain fields in the actuators and the host substructure, resulting in an
alteration of the internal stress state and the apparent strain of the integrated structural
system. Figure 1.1 illustrates the deformations of a beam-like structure with symmetrically
surface-bonded induced strain actuators activated in pure extension and pure bending
modes. This induced strain actuation mechanism can be controlled to purposefully vary
the physical characteristics and geometric configurations of the material systems and,;

consequently, to achieve the desired actuation capability of the structural system.
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Figure 1.1. Schematic deformation patterns of a beam structure with surface-bonded
induced strain actuators: (a) undeformed geometry, (b) pure extension
actuation, (c) pure bending actuation.



A number of research work using the induced strain actuation mechanism produced by
integrated induced strain actuators has been reported in the area of active structural
vibration and acoustic control. Bailey and Hubbard (1985) used piezoelectric polymer
film (PVDF) as a distributed actuator to actively damp structural vibration. A substantial
increase in baseline damping was reported for the first vibration mode of a cantilever beam
with a layer of PVDF film covering all over the beam on one side. Fanson and Chen
(1986) demonstrated the control authority using surface-bonded piezoceramic actuators/
sensors in the vibration suppression for large flexible space structures. It was shown that
multi-mode vibration suppression can be achieved with dramatic reduction in dynamic
response. The effectiveness of using integrated piezoelectric actuators/sensors has also
been demonstrated in active torsional and bending control of laminated composite plates
(Lee, 1987), in torsional vibrational control of tube type structures (Sung et al., 1990),

and in dynamic control of slewing motion of flexible structures (Garcia and Inman, 1990).

Dimitriadis et al. (1991) used piezoceramic actuator patches for distributed noise and
vibration excitation of thin plates. It was shown that piezoactuators are effective to either
excite or suppress particular modes of the plate. Structural acoustic control using shape
memory alloy actuators has also been investigated by Liang et al. (1991) for composite
plates. It was demonstrated that with the capability to tune the natural frequency and the
mode shapes by activating the shape memory alloy actuators, the directivity pattern,
radiation efficiency, and transmission loss of the composite plates can be purposefully

modified.



The adaptive structural control techniques using integrated induced strain actuators has
been implemented in the control of flight vehicles. Scott and Weisshaar (1991) conducted
a feasibility study on the use of integrated piezoceramic actuators to control panel flutter
of atmospheric flight vehicles. Librescu et al. (1992) employed distributed piezoelectric
actuators to actively control the excessive deflections and large bending moments of
aircraft wing structures carrying heavy tip weights. It was shown that the piezoelectric
actuators are capable of alleviating, without weight penalties, the undesired deflection and

bending effects.

The mechanism of induced strain actuation has also been used for material damage
control. Rogers et al. (1991) used embedded or surface-bonded induced strain actuators
to reduce stress intensity at the highly-stressed area of a structure. It was demonstrated
that the fatigue life span of the materials can be increased using piezoelectric actuators to
reduce the amplitude of fatigue stress caused by external fatigue loads and the crack tip
stress concentration can be alleviated by activating a shape memory alloy actuator
embedded near the crack tip. The concept was also used by Sensharma et al. (1992) to
reduce static stress concentration in an isotropic plate with a hole. It was shown that the
stress concentration around the hole can be reduced substantially by applying induced

strains over a small area around the hole.

Another application using induced strain actuation mechanism is the active shape precision
control. Sato et al. (1980) used piezoelectric polymer film (PVDF) bonded on the

nonoptical surface of a laminar glass mirror to obtain the desired smooth curves on the



optical surface. Haftka and Adelman (1985) used thermal actuators, the materials which
have much higher coefficients of thermal expansion than do the structural materials, to
minimize the overall distortion of a large flexible space structure from its ideal shape. It
was shown that for a 55-m radiometer antenna reflector subjected to orbital heating,

reductions in distortion up to a factor of three can be realized.

1.3 Modeling of Induced Strain Actuation Mechanism

Ensuring the effectiveness and reliability of integrated induced strain actuators requires an
understanding of the mechanics of the mechanical interaction between the actuators and the
host substructures. One of the most fundamental issues is to determine, a priori, the
actuation effects being induced in the substructure and the resulting overall structural
response. Another important aspect related to the physical design of the system is the
determination of interfacial shear and peeling stresses that, coupled with interfacial bonds
of low strength, usually result in the failure of structural integrity. To investigate these
issues, a mechanical model capable of describing the mechanical coupling at different levels

of actuator excitation is needed.

Modeling of the actuation mechanism in the integrated actuator/substructure system is not
an easy task. The presence of the geometric and material discontinuities of the structural
system brings about a strong coupling between in-plane and transverse deformation and

stresses at the interface near the actuator edges. This, in turn, produces a highly



complicated three-dimensional stress state difficult to model with simple analytical

schemes.

Over the past decade, simplified approaches have been suggested in modeling the
mechanical interaction between induced strain actuators coupled with host substructures.
The first comprehensive analytical model appears in the work by Crawley and de Luis
(1987). Two distinct one-dimensional mechanical models were derived for elastic beam
structures with induced strain actuator patches that are either bonded to the beam surface
or embedded in a laminate composite beam. The first model, dealing with the case of
surface-bonded actuators, assumes a uniform through-the-thickness strain in the actuators
and an Euler-Bernoulli strain distribution, i.e., uniform strain in pure extension/contraction
mode and linear strain in pure bending mode, in the beam substrate. The magnitude of the
strains is then determined from the overall force and moment equilibrium of the resulting
stress field in each constituent. Figure 1.2 shows the assumed strain distributions for pure

extension and pure bending actuation.

This model was subsequently rederived from force transfer considerations and was termed
the "pin-force" model (Lazarus and Crawley, 1989). The effect of the actuators, based on
the assumed uniform strain field, was effectively replaced by a pair of "pin" forces acting
on the interfaces at the edges of the actuators. Figure 1.3 illustrates the pin-force
mechanism for pure extension and pure bending actuation. It has been shown that for
pure bending actuation this model gives a good approximation when the beam substrate is

much thicker than the actuators. However, for relatively thin substrates, the model fails to
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Figure 1.2. Assumed strain distributions in the uniform strain model: (a) pure
extension mode, () pure bending mode (Crawley and de Luis, 1987).
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Figure 1.3. Schematic representation of pin-force model: (a) pure extension mode,
(b) pure bending mode (Lazarus and Crawley, 1989).
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account for the flexural rigidity of the actuators, resulting in an overestimation for the

bending strain in the beam substrate.

The second model, dealing with both surface-bonded and embedded actuators, assumes
Euler-Bernoulli strain distributions in both the actuator and the beam substrate. Figure 1.4
shows the assumed strain distributions for the cases of surface-bonded and embedded
actuators. The strains in the actuators comply with the Euler-Bernoulli strain distribution
for the integrated structure in spite of their locations. Explicit solutions for the magnitude
of the strains, which results in overall force and moment equilibrium, were obtained in
terms of the beam-to-actuator stiffness and thickness ratios and the free induced strain of

the actuators.

To account for the influence of adhesive bonding layers, the shear lag theory was
employed by Crawley and de Luis (1987). The theory represents the bonding layer with a
thin shear lag in which the in-plane shear stress is the only stress component considered.
The resulting strains in the beam substrate and the actuators were obtained in terms of the
shear lag parameter which involves the thickness and shear stiffness of the bonding layer
as well as the substrate-to-actuator stiffness and thickness ratios. This scheme helps
explain the transfer of the actuation mechanism from the actuators to the host
substructure; yet lacks quantitative accuracy due to the simplified stress state in the

bonding layer.

12
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Figure 1.4. Assumed strain distributions in the Euler-Bernoulli model: (a) embedded
actuators in pure extension mode, (5) embedded actuators in pure bending
mode, (c¢) surface-bonded actuators in pure extension mode, (d) surface-
bonded actuators in pure bending mode (Crawley and de Luis, 1987).
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Lazarus and Crawley (1989) further extended the one-dimensional pin-force model to the
two-dimensional pin-force plate model and the Euler-Bernoulli model to the consistent
plate model for plate structures. The consistent plate model was designated because its

strain field consists with the kinematic assumption of the classical lamination theory.

The presence of the spatial discontinuity of the actuator patches (surface-bonded or
embedded) in a composite laminate, i.e., the patches only cover a portion of the structure,
was treated by Wang and Rogers (1990) using classical lamination theory. A Heaviside
step function was employed to describe the spatial distribution of the actuator patches.
The actuation mechanism of the actuators were consequently represented by point forces
and/or point moments acting on the substrate at the location of the actuator's edges. The
model was later revised to include the mechanical interaction of the actuator and the host
substructure using an assumed linear strain profile to derive the effective forces and
moments on the substrate based on the conservation of strain energy (Wang and Rogers,

1991).

The study of the mechanical interaction between the actuators and the host substructure
has also been undertaken using numerical approaches, mainly the finite element method.
Robbins and Ready (1990) used a finite element approach to investigate the static and
dynamic actuation behavior of a piezoelectrically actuated beam. The beam structure
analyzed was a unsymmetric, three-layered, laminated beam, i.e., aluminum beam,
adhesive layer, and piezoelectric actuator, where the only deformation impetus was an

actuation strain induced in the actuator. The finite element models were developed using

14



four different displacement-based one-dimensional beam theories, all of which are

derivable from the generalized laminated plate theory of Reddy (1987).

The first two finite element models coincide with classical beam theory and shear
deformation beam theory, respectively, and were termed as equivalent single-layer models.
The last two finite element models assume piece-wise linear distribution, not only for axial
displacement but also for both axial and transverse displacements, respectively, and were
termed multi-layer models. It was shown that only the second multi-layer model predicted
a static stress distribution which satisfies all the traction boundary conditions of the
problem. Nevertheless, the static stress fields predicted by all four models are similar
except near the end of the actuator (i.e., within one laminate thickness of the end of the
actuator). It was also demonstrated that for higher modes of vibration and/or beam
structures with low aspect ratios, the modal amplitudes predicted by the multi-layer

models differ significantly from those of the equivalent single-layer models.

The actuation response of a laminated composite plate with distributed piezoelectric
actuators subjected to mechanical and/or electrical loadings was also modeled by Ha et al.
(1991) using the finite element approach. The finite element model was based on a
variational principle by combining the equilibrium equations of motion and the constitutive
equation of piezoelectrics. An eight-node three-dimensional composite brick element was
adopted for the analysis, and three-dimensional incompatible modes were considered to
account for the bending response of the composites due to the deformation of the

piezoelectrics. Numerical calculations were performed to simulate the experimental

15



results reported by Lazarus and Crawley (1989). Good agreement was obtained in
comparing the results of longitudinal bending, transverse bending, and lateral twisting of

cantilevered composite plates with surface-bonded distributed piezoelectric actuators.

Tzou and Tseng (1990a) also used the finite element approach to investigate the
distributed dynamic sensing and actuation response of an elastic plate with surface-bonded
piezoelectric actuators and sensors. A thin piezoelectric finite solid element with an
internal degree of freedom was formulated using a variational method and the Hamilton's
principle. Both strain and electrical energies of the piezoelectrics were considered in the
formulation. The sensor and actuator equations of an integrated plate structure which
consists of an elastic plate with two surface-bonded piezoelectrics (one serves as a
distributed sensor and the other as a distributed actuator) were derived based on the
framework of the Kirchhoff-Love assumptions. The active vibration control of an
integrated plate structure was studied by the proposed finite element model using closed-
loop constant-gain negative velocity feedback and constant-amplitude negative velocity
feedback control algorithms. The finite element model was later extended for an
integrated shell structure by generalizing the piezoelectric finite element to the tri-

orthogonal curvilinear coordinate system of the shell (Tzou and Tseng, 1990b).

Recently, a continuum theory for piezoelectric shells was derived by Tzou and Zhong
(1991). The electromechanical equations of motion and generalized boundary conditions
of the piezoelectric shell subjected to mechanical and electrical excitations were derived

using the Hamilton's principle and linear piezoelectric theory. Applications of the theory
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were then demonstrated in the investigation of active vibration tuning for a piezoelectric

bimorph cantilevered beam and a PVDF cylindrical shell.

The finite element method was also used by Shah et al. (1993) recently to model the
mechanical interaction between piezoelectric actuators and substructure to determine
static response and stress fields due to application of electric field to the actuator patches.
Constitutive equations of the piezoelectrics were incorporated in the finite element
formulation for in-plane stress analysis. A technique for evaluating nodal stresses at the
patch boundary where material discontinuity is present was also developed to improve the

accuracy of nodal stresses obtained by averaging the Gaussian stress conventional scheme.

In summary, many simple analytical schemes have been proposed to model the actuation
mechanism to provide information for the purpose of designing integrated induced strain
actuator/substructure systems. However, all of these models were developed based on the
framework of the mechanics of material method. Since these formulations consider only
axial normal stresses, they are not able to describe the complex stress state near the
actuators’ edges. Therefore, the solutions obtained are valid only in the region away from
the edges, and provide no information about the shear and peeling stresses at the

interfaces which are usually responsible for the failure in structural integrity.

The induced strain actuation mechanism can be modeled using the finite element method

without strenuous effort, and this method offers a high degree of flexibility for different
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geometric configurations. However, this method is inconvenient for parametric studies
and the relatively time-consuming computation of the finite element analysis generally
cannot fulfill the effective real-time adaptability or control required in most applications of

intelligent structures.

Therefore, a refined model with a closed-form solution which can more accurately
describe the mechanical interaction between the actuator and the host substrate, in
particular the edge effect and the interfacial shear and peeling stress distribution, is in a
great demand for efficient and reliable designs of the integrated induced strain

actuator/substructure systems..

1.4 Research Objective

The primary objective of the present research is to develop a refined analytical model
which is capable of describing the edge effects due to the presence of the free edges of the
actuators and determining the interfacial shear and peeling stress distribution. The
effective forces/moments induced by the actuator in the host substrate and the resulting
interfacial stress intensity will be investigated. Parametric studies for different actuator-to-
substrate geometry and material property ratios on the resulting actuation effect will be
performed. Moreover, the influence of bonding layers which provide adhesion to the
constituents and applied external loads on the actuation mechanism will also be modeled.
It is expected that understanding the mechanics of the induced strain actuation mechanism

and being able to model it correctly will provide more accurate information for designing
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such an integrated structural system and will lead to the design of more effective induced

strain actuators for use in intelligent material systems and structures.

In Chapter 2, the detailed formulation of the proposed analytical model for a beam
structure with surface-bonded induced strain actuator patches is presented. The capability
of the model is then demonstrated with numerical examples and the results are compared
with finite element analyses. Chapter 3 expands the model to include the presence of
bonding layers, which provide adhesion to the constituents. The effects of these bonding
layers are subsequently studied. In Chapter 4, the influence of the applied external loads
on the actuation mechanism is modeled and investigated. In Chapter 5, a new actuator
configuration is proposed for the purpose of alleviating the intensity of interfacial shear
and peeling stresses. The significance of the present research is finally summarized in the

concluding chapter along with recommendations for further study.
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Chapter 2

Modeling of Actuation Mechanism in a Beam
Structure with Induced Strain Actuators

2.1 Introduction

Induced strain actuators have been integrated with conventional structural material to
serve as energy input devices or actuating elements in many engineering applications based
on the implementation of intelligent material systems and structures. Recent developments
in exploring this new technology have produced prominent examples, including active
structural vibration control (Bailey and Hubbard, 1985; Fanson and Chen, 1986, Crawley
and de Luis, 1987, Barker, 1989), shape control (Sato, 1980; Haftka and Adelman, 198S;
Chaudhry and Rogers, 1991), acoustic transmission control (Liang and Rogers, 1991), and
damage control (Rogers et al., 1991). Many studies using induced strain actuators, such
as piezoelectrics, electrostrictors, and shape memory alloys, have demonstrated how
electromechanical and thermomechanical coupling can be incorporated into structures to

yield new functional capabilities never before realized (Rogers, 1990, Wada et al., 1990).

One of the most fundamental issues in using integrated induced strain actuators is to
determine, a priori, the actuation effects being induced in the host substructure and the

resulting overall structural response. Another important aspect related to the physical

23



design of the integrated actuator/substructure system is the determination of interfacial
shear and peeling stresses that, coupled with interfacial bonds of low strength, usually
result in the failure of structural integrity. To investigate these issues, the whole-field

stress distribution in each constituent must be determined.

Analytical modeling of the actuation mechanism is not an easy task. Activation of the
actuators causes deformation on the actuators as well as on the substrate due to
mechanical interaction of the unmatched free induced strains in each constituent. In other
words, the actuators experience a finite induced strain as they are activated, while the
substrate has zero induced strain. This mismatch results in a redistribution of the stress
state in observance of the self-equilibrium condition. Due to the presence of the geometric
and material discontinuity of the integrated structural system, a strong coupling between
in-plane and transverse deformation and stresses is induced at the interface near the
actuator edges. This, in term, develops a highly complicated three-dimensional stress state

difficult to model with simple analytical schemes.

Researchers over the past four decades have investigated similar problems in the study of
"free edge effect" in laminated composites and thermally induced stresses in
heterogeneous structures (Hess, 1969; Bogy, 1970, Wang and Choi, 1982). Valuable
insight regarding interfacial shear/peeling stress state and stress singularity present at the
"free edge" has been discussed. The solutions obtained are, however, so complex that
additional laborious effort is needed to utilize them in the context of engineering

applications.
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.The study of this issue has also been undertaken using numerical approaches, mainly finite
element methods (Pipes and Pagano, 1970). A new formulation based on generalized
laminated plate theory recently proposed by Robbins and Reddy (1991) showed that the
model, without a large number of elements, is able to satisfy all the boundary conditions
for a piezoelectrically activated beam. Although this method can model the problem
without strenuous effort and offers a high degree of flexibility for different geometric
configurations, the relatively time-consuming computation hampers it from implementing
effective real-time adaptability or control required in most applications of intelligent

structures.

Over the past decade, simple mechanical models such as the pin-force model and the
Euler-Bernoulli model (Crawley and de Luis, 1987) were frequently used to determine the
effective forces/moments being transferred from the actuators to the host substructures.
These models were developed based on the framework of the mechanics of material
method. Since these formulations consider only axial normal stresses, they are not able to
describe the complex stress state near the actuator edges. Therefore, the solutions
obtained are valid only in the region away from the edges, and provide no information for

the shear and peeling stresses at the interfaces.

In this chapter, a refined model is proposed based on an approximated through-the-
thickness second-order axial normal stress field for a beam structure with a pair of surface-
mounted induced strain actuator patches. The induced strain actuation problem is first

converted to a boundary value problem. The resulting stress fields are then solved in an
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approximate manner by the principle of stationary complementary energy. The
formulation of the model is presented in detail along with numerical examples to show its
capability. The results are compared with those obtained by the pin-force and Euler-
Bernoulli models and correlated with finite element analysis. Parametric studies are also
performed to provide information for the design of the integrated actuators/substructure

system.

2.2 Formulation

Consider a beam-like structure of length 2L with a pair of induced strain actuators of length
2/ symmetrically mounted on the outer surfaces of the beam as shown in Fig. 2.1(a). The
thickness of the actuator is a and of the beam is 25. The structure's width is relatively
larger than it's thickness; thus, the stress field in the width direction is considered to be

uniform and a unit width is used.

The problem is analyzed using two-dimensional plane stress formulation, and "perfect
bonding" is assumed at the interfaces. The in-plane induced strains of the actuators, A, and

A,, are the only impetuses considered, where subscript ¢ and b refer to the top and bottom

actuator, respectively. The induced strains can be exerted by any type of non-mechanical
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Figure 2.1. Model geometry and (a) application of the blocking forces as the

actuators are activated; () application of the end traction.
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excitation, depending on the coupling characteristics of the actuators. For instance,
A =d,V in the case of piezo-actuators and A = AT for thermo-actuators, where d;, is
the piezoelectric constant, /' the applied electric field, o the coefficient of thermal
expansion, and A7 is the applied temperature difference. The beam structure is considered
to be insensitive to any type of activation; therefore, no induced strain is present in the

beam structure.

Activation of the actuators causes deformation on the actuators as well as the beam
substrate due to mechanical interaction of the unmatched free induced strains in each
constituent. In other words, the actuators experience an induced strain A, and A,, while
the beam substrate has zero induced strain. This mismatch results in a redistribution of the
stress state because of the presence of the bond at the interfaces. The new state of stress
must satisfy equilibrium in each constituent and overall self-equilibrium of the whole
integrated structure system. Generally, the apparent strain, at which the state of

equilibrium occurs is lower than the applied free induced strain A, and A, of the actuators.

Under the condition that both actuators are activated with the same level of induced strain

in the same direction, i.e,, A, =A,, the structure will deform in a pure extension or

contraction. On the other hand, when the two actuators are activated with opposing

direction but with equal induced strain level, i.e.,, A, = —A,, the structure will deform in a
pure bending mode. If the activated induced strains on each actuator are unequal, the

structure will experience a coupled extension (or contraction) and bending deformation.
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At any actuation condition, the effective forces and/or moments acting on the beam
structure or the resulting deformation, and the shear and peeling stresses at the interfaces
are the most desirable quantities to be determined. The former quantity provides
information on what level of actuation authority the actuators can deliver and the latter
gives the stress level that is critical to the structural integrity. In order to obtain this
information, the problem of whole-field stress distribution in each constituent must be

determined.

The problem is treated by first considering blocking forces —E A, and —E_A, applied at
the edges of the top and bottom actuator, respectively, as the actuators are activated with
induced strain A, and A, as shown in Fig. 2.1(a). The applied blocking forces prevent the
induced strains A, and A, in the actuators; therefore, the actuators remain at their original
length and induce no strains and stresses on the beam substrate. Under this condition, a

uniform state of stress is induced:

I _ . I S —

c5::(0!) - _Ea)"t’ txz(at) - Gz(ar) =0 (11)
) S _ I

Ox(s) = Tiz(sy =025y = 0 (1.2)
I _ . 7 R _

cx(ab) - _Ealb’ txz(ab) - 0-z(ab) - O’ (13)

where subscript (ar), (s), (ab) refer to the quantities of the top actuator, beam substrate, and

bottom actuator, respectively, and E, is the Young's modulus of the actuators.

Since the original induced strain actuation problem does not have blocking forces acting on

the actuator edges, this traction has to be removed. This is accomplished by applying
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boundary traction with magnitude of E A, and E,A, on the top and bottom actuator edges
as shown in Fig. 2.1(d). The stress field induced by this boundary traction is non-uniform,

and needs to be determined by solving the boundary value problem.

Combination of the loading conditions in Figs. 2.1(a) and 2.1(d) represents the original
induced strain actuation problem where the prescribed induced strains of the actuators are

the only impetus. Consequently, superposition of the stress fields in Figs. 2.1(a) and

2.1(b),

o, =cl+c” (2.1)
1, =1_+1" (2.2)
c,=c.+c’, (2.3)

gives the solution of the original problem. Since the stress field in Fig. 2.1(a) is known,

the only effort remained is to solve the boundary value problem of Fig. 2.1(5).

The problem is solved using two-dimensional plane stress formulation in an approximate
manner. The axial normal stress distribution in each constituent is approximated with a

parabolic profile in the z-direction as:
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Uf(ab)(x,z) _ (a+b+z)26iba(x)~ (b+z)(ic21+b+z) o, (), (.3)

where 6 ,(x), 6,,(x), and _(x) are the axial normal stresses at the top outer fiber, the

bottom outer fiber of the actuators and the center of the beam substrate, respectively, and

O, (%), 0,,(x), 0,,(x) and ©,,(x) are the axial normal stresses of the actuators and

beam at the top and bottom interfaces.

Continuity condition due to the "perfect bonding" assumption at the interfaces requires:

— cits(x) _ cn‘a (x)
o (x) = = S “.1)
b(x)" xbsfx) z‘bgfx), (42)

where €,(x) and €, (x) are the axial normal strain at the top and bottom interfaces, and
E, the Young's modulus of the beam. It should be noted that the contribution of transverse

normal stresses on the axial normal strain is neglected in the above expressions.

Substituting Eq. (4) into (3), the stress quantities &,,,(x) and c,,,(x) are eliminated. The

axial normal stresses in each constituent then become:
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The self-equilibrium condition of the integrated structure requires that the sum of axial
force and moment about the neutral axis of the structure in the original induced strain

actuation problem must vanish. This condition yields:

LE = Fay + Fgy + Fap

a+b

= bcx(at)dz + ‘[ Gx(s)dz + (a+b) x(ab)dz (6. l)
=0
M =M oy + M5 + M,
a+b
_[ O ean@Z +_[ 20,5z + J. 20 (anyd2 (6.2)

=0

2

Substituting Eq. (2.1) with the expressions of Eq. (1) and Eq. (5) for the axial normal

stresses of each constituent into Eq. (6), the stresses ,,,(x) and o,,(x) can be expressed

in terms of 6.(x),0,,(x) and 5, (x):
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—4bE [aE, (a+4b)+4b*E Jo,.(x)

-akE [aE, (7a +16b) +bE (5a +16b)]o,, (x) +a*E, (3aE, + SbE, ) o, (x)}

(7.1)

o, (x) = {(-3a*E _E, (aE, +2bE )

Ops (X) = L ——{-3a’E,E,(aE, + 2bE,) A
2(aE +bE)[aE,(a+4b) +4b°E ]
+3aE,E [aF,(3a +8b)+2bE (a+4b)]As
—4bE [aF, (a+4b) + 4b*E Jo.(x)

—aE,[aF, (Ta+16b) +bE, (5a +16b)]o,, (x) +a’E, (3aE, +5bE,) o, (x)}.

(1.2)

Based on the axial normal stress field of Eq. (5), the shear and transverse normal stresses

can be derived from equilibrium consideration. The equations of equilibrium are:

0oy Otz _, (8.1)
ox Oz
O  O0: (8.2)
ox oz

Substituting Eq. (5) for o, in Eq. (8.1) for each constituent, and integrating with respect to

z, the shear stresses are obtained:
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302 { Es o';ts (x) (9 1)

+(a+b-2)[2a% -2ab-b? +2(a+b)z-2%]0), (x)}

7 _
Ty (:2) =

_3b2 2
Ly (0= 222D 01 ()4 S0t (000 ()
Ty {[2ab’E, + E, (36> =3bz% —=223)] 0% (x) (9.2)

~[2ab*E, +E, (36 -3b2% +223)] 0%, (x)}

z(ab) (x,z)= {E (a zb+2)

;bs(x) (93)

s

+(a+b+z)[2a* —2ab—b? -2(a+b)z-z*]o), (x)}.

In the above expressions, the boundary traction conditions at upper and lower lateral

surface and traction continuity at the interfaces,

2 (x,a+b) =1L, (x,~a-b)=0 (10.1)
xz(at)(x b)= a(g)(x,b) (10.2)

have been used to obtain the constants of integration.

Likewise, substituting Eq. (9) for 7_ in Eq. (8.2) for each constituent, and integrating with

respect to z, the transverse normal stresses are obtained:
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(11.2)

E b
L (Lalar " o (x)+(a+h
12a E, (11.3)

+z)?[5a* - 2ab-b* —-2(a+b)z-z%]o", (x)}.

z(ab)(x z)=

The boundary traction conditions at upper and lower lateral surface and traction continuity

at the interfaces,

z(a,)(x a+b)= cz(ab)(x,—a—b):O (12.1)
z(at) (x b) Gz(s) (x,b) (122)
G 1ts) (X,—B) = 614 (x,—B) (12.3)

have also been used for the constants of integration.

The stress field of Egs. (5), (9), and (11) satisfies the equilibrium in each constituent and
the overall self-equilibrium of the integrated structure system. The boundary conditions

involving stresses prescribed at the lateral surfaces as well as the traction continuity at the
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interfaces are also satisfied. The unknown quantities in the above stress field are

c,(x),6,(x) and c_,(x). Solution of these stress components must satisfy the end

traction condition prescribed at the actuator edges:

x(ar) (£l,z)=E A, (13.1)
Gy (£1,2)=0 (13.2)
x(ab)(+l z)=E Xb (13.3)
Ty (th2) =1L (£l,2) =1L o (£1,2) =0, (13.4)

To determine the unknown stress quantities, the principle of stationary complementary
energy is used. The principle states that for all states of stress satisfying equilibrium within
the body and stress boundary conditions on the surface of the body, the actual state of

stress is such that the variation of the complementary energy of the body vanishes.

The complementary energy for the present problem is:

U(toml) = U(at) + U(s) + U(ab)

a+b
‘[ x(ar) +cz(at) +2(1+v, )sz(at) -2v Gx(at)cz(at) Jdxdz
2
I J [cx(s) +cz(s) +2(1+v, )‘txz(s) -2v ox(s)csz(s)]dxdz

2 )/ big I
Ja bJ- [Gx(ab) + O 2(ap) +2(1+Va)'cxz(ab) —2vacx(ab)cz(ab)]dxdz' (14

In order to simplify the foregoing derivation, the problem is solved for the case of pure
extension/contraction and pure bending actuation separately. These solutions can then be

linearly superimposed to yield the solution of a general actuation condition.
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2.2.1 Pure Extension

Under the condition of pure extension/contraction, i.e., A, =4,, the axial normal stresses of

Eq. (5) are symmetric about the x-axis, which yields:

s (X) = 05 (x) (15.1)
O (X) =0, (x). (15.2)

Substituting the stress components of Eqgs. (5), (9), and (11) into Eq. (14), with the help of

Eq. (7), the complementary energy of the system becomes:

Uemy = KPA; + K50,0,(x) + K§0¢ (%)

+K5,6 4 (X) + K50, (X)0,, (x) + KEag, (%)

+K370.% (x) + Ko (x)o, (x) + K50, (¥)

+Kioh, 67 (x) + Kf10,.(x)0](x) + Ko (x)0, ()

+K502 (x) + KA, 67 (x) + Ko, (X))ol (x)

+Klescoz(x)cgz(x)+K127°';'(x)°gr(x)+Kles°gt2 (x), (16)
where K (i = 1, 18) are functions of the material properties, E, E v, v, and the
thickness of the actuators and beam, a and . The prime indicates the derivative with

respect to x. The complete expressions of X, are given in the appendix.

Variation of the complementary energy dU, = 0 with the stresses satisfying the

(ext)

prescribed end traction yields the Euler's equations:
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4 2
Aed—+Ae d
i dx? dx?
K 4 2
Bed—+Be d
a7
where
A] =2K7;;
BJe :K1e7;
C; =2Kj;

4 2
A§:|cc(x)+l:Be d +Bf — d +Be} (x)=Df
dx*t
4 2
+B§:lcc(x)+|:ce d +C— d +C6} (x)=Dg,
ax?
45 =2(Kf,-K5), 45 =2K;

BE =K%, +K5 —KS,  BS =K?
cz =2k, —K;’); C: =2K¢

Df =K, Dt=-K°A,.

(17.1)

(17.2)

The boundary condition of Egs. (13.1), (13.2), and (13.3) can only be satisfied at the outer

fiber of the actuators and at the center of the beam for the present formulation. The end

traction condition thus becomes:

o, (x)=E_A,;

c.(x)=0

6, (£D)=0; oc.L(xl)=0.

The general solution of Eq. (17) has the form:

(ASDS -

BeDe 8

O'o,(x)z

(43C5 -

o, (x)= (GO -

C(AECE -

where

e (A5+A5() +45 ()

B ,pr' (exp)™
B;D;) iv pf (exp)**
(Be) ) i=1 al

}, - e e e e e b
I (B; +B; (¢ )’ +Bj(a; )

i=18.
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In the above, o} (i =1,8) are the roots of the characteristic equation for the homogeneous

equations of Eq. (17):

(Af @) + 45 (@) + 45) (Bf(0)* +B5 (@) +BS)| _ o)
(Bf (@®)* +B§ (@®)? +BS) (Cf(a®)* +C5(a®)? +CF)

b

and p’ (i = 1,8) are arbitrary constants to be determined by the end condition of Eq.

(18).

2.2.2 Pure Bending

In the case of pure bending, i.e., A, = —A,, the axial normal stresses are antisymmetric

about the x-axis, which yields:

G55 (x) = =0, (x) 21.1)
6,(x)=—0,(x) (21.2)
c.(x) = 0. (21.3)

Substituting stress components of Egs. (5), (9), and (11) into Eq. (14), with the help of Eq.

(7), the complementary energy becomes:

U(bend) = Klb}"zt +K§X,Go‘(x)+K;’co,2(x)+Kfc;,2(x)

+K5b)“tcgt (x) +K€(50t (x)o'" (x) +K$c(’;12(x)a

ot

(22)

where K,.b (i = 1, 7) are given in the appendix.
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Variation of the complementary energy 8U,,,,,, = 0, with the stresses satisfying the

prescribed end traction yields the Euler's equation:

b d4 b d2 b b
[ 4] F+A2 ;2—+A3 lo,(x)=DP, (23)
where
4} =2k?;, ab=2(Kkl-K!), 4b=2K!
D} =-KJA,.

The boundary conditions to be satisfied are:

o, (xl)=EA, (24.1)
o, (xl)=0. (24.2)

The general solution of Eq. (23) has the form:

Db 4 5 b
cot(x) :A_L+Zpi (exp)™*, (25)
3 i=1

where af (i = 1,4) are the roots of the characteristic equation for the

homogenous equation of Eq. (23),
A (a?)* + AL (a®)r + 4L =0, (26)

and pf’ (i = 1,4) are arbitrary constants to be determined by the end conditions of Eq.

(24).
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The roots of a! and af solved in the above are complex in general, but in conjugate pairs;

consequently, the stress quantities are real.

2.3 Finite element analysis

In order to assist in verifying the current analytical results, finite element analyses were
performed. A typical finite element model with d/a=3 thickness ratio and //a=10,
L/a=20 aspect ratio is depicted in Fig. 2.2. The model consists of 4 x 10 elements for

each actuator and 24 x 20 elements for the beam.

Plane strain linear isoparametric elements were used for the beam and the actuators. Since
the characteristic induced strains of the actuator resemble the thermal expansion effects of
a structural material, a fictitious thermal expansion coefficient was assigned to the
actuators. The desired induced strain level was then obtained by applying a temperature
field on the model. The analyses were performed using the ABAQUS® finite element

package for solution and IDEAS® for pre- and post-processing.

The desired effective forces transferred from the actuators to the beam were calculated by
integrating the normal stress through the thickness where the stress distribution in the z
direction was determined by linear interpolation from the stresses of the adjacent nodes.
Likewise, the effective moments on the beam were obtained by taking moments about the
centroid axis of the beam using the same stress profile. For the purpose of ensuring

convergence, the analysis was also carried out on a refined mesh which consists of 8 x 40
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Figure 2.2. Finite element model for surface-mounted actuators/beam structure.
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elements for the actuator and 48 x 80 elements for the beam with the same element size

bias as that of the Fig. 2.2.

2.4 Case Study

The actuation response of a beam structure with symmetrically surface-bonded actuator
patches is investigated using the current analytical model as well as the finite element
model (FEM) for a typical 6061 aluminum beam with G-1195 piezoceramic actuators
(Piezo Systems, 1987). Table 2.1 gives the configuration and material properties of the
constituents. Of particular interest are the actuating force/moment transferred from the
actuators to the beam and the resulting interfacial shear and peeling stresses. The former
quantity provides information on what level of actuation authority the actuators can

deliver and the latter gives the stress level that is critical to structural integrity.

Figure 2.3 shows the effective force induced in the beam as the actuators are activated in

pure extension, i.e, 4, =4,. The results obtained from the current model and the finite
element analysis, as well as from the pin-force and Euler-Bernoulli model, are included for

comparison. The quantity of the effective force is normalized with respect to the total

blocking force, F* =2aE,4,, of the actuators, and the x-axis is nondimensionalized with

respect to the thickness of the actuator.
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Table 2.1. Material properties of the constituents

G-1195 piezoceramic | E,=9.13 (msi) | v,=0.4 | a=0.1 (in) | A=d3;V=1.3x10"*

6061 aluminum E~10.6 (msi) | vg=0.3 [ 5=0.3 (in)
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Figure 2.3. Effective force distribution on the beam substrate along the axial direction

under pure extension activation.
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It is shown that the refinement of the finite element mesh does not affect the distribution
of the effective force except on the region close to the very end of the actuators, about
one actuator thickness. The force level at the ends of the actuators tend to converge to
zero with the mesh refinement as expected. The result of the current model using
boundary condition o, (+/) =0 of Eq. (6.1) slightly underestimates the force level near the
actuator edges comparing with the finite element analysis. The discrepancy is mainly due
to the influence of the adjacent material in the beam uncovered with the actuators not
taken into account in the current analytical model. To account for this effect, a traction
boundary condition of o_(+/)=0.15E,4, is used which corresponds to the stress level
obtained from the finite element analysis at the same location. This justification yields
good agreement between the current analysis and the finite element model except in the

region close to the actuator edges within one actuator thickness.

In comparison, the current model captures the trend of attenuation of the effective force
transferred to the beam substrate and agrees with finite element analysis, while the pin-
force and Euler-Bernoulli models fail to describe this phenomenon. The agreement
between the current analysis and the finite element model is good in both the attenuation
pattern and the magnitude except in the region within one actuator thickness from the
actuator edges. This discrepancy can be attributed to the approximation of axial normal

stress field in the current analytical model.

The effective moment transferred to the beam substructure under pure bending actuation,

i.e., 4, =-4,, is shown in Fig. 2.4. The results obtained from the current model and the
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Figure 2.4. Effective moment distribution on the beam substrate along the axial

direction under pure bending activation.
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finite element analysis, as well as the pin-force and Euler-Bernoulli models, are all
depicted for comparison. The magnitude of the moment is normalized with the moment
that the blocking force of the actuators produce about the neutral axis, ie.,

M" =2aE,2,(al2+b).

The refined mesh of the finite element model yields the same resultant moment except in
the region close to the very end of the actuator edges. The refinement of the mesh also
results in convergence of the moment to zero at r =10, as expected. The current model
agrees well with the finite element results. The attenuation of the effective moment due to
edge effects is well predicted by the current analysis except in the region within one
actuator thickness from the actuator edges due to the approximated parabolic profile made
on the axial normal stress field in the current analytical model. The pin-force and Euler-

Bernoulli models, on the other hand, fail to describe this phenomenon at all.

Figures 2.5 and 2.6 show the shear and peeling stress distribution at the upper interface,
i.e, z=b, along the x-axis for the case of pure extension and pure bending, respectively.
The stress quantities are normalized with respect to the blocking stress of the actuator
E,2,. It should be noted that the pin-force and Euler-Bernoulli models cannot predict
these quantities. It is shown that the distribution patterns are the same for the case of pure
extension and pure bending, but the stress level of the pure extension is higher than that of

the pure bending.
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Figure 2.5. Interfacial shear and peeling stress distributions under pure extension

activation.
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Figure 2.6. Interfacial shear and peeling stress distributions under pure bending

activation.
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The current model, as well as the finite element analysis, predict a maximum interfacial
peeling stress at the ends of the actuators, i.e., r =10. However, the current analysis yields
a maximum shear stress at the location about one thickness of the actuator away from the
actuator edges, i.e., =9, while the FEM predicts a maximum shear stress level right at
the edges. It is evident that the current model satisfies the shear stress free boundary
condition at the actuator edges, but the finite element analysis does not satisfy this

condition.

The refined mesh of the finite element model yields the same distribution pattern, but the
stress level near the actuator edges is much higher. Apparently, the maximum interfacial
shear and peeling stresses tend to increase without bound as the mesh is further refined. It
should be noted that the stress state at the interfaces near the actuator edges possesses
singular characteristics as discussed in the literature (Wang and Choi, 1982). The actual
magnitude of the maximum interfacial shear and peeling stresses cannot be determined
without including the singularity. Nevertheless, the current analysis gives a correct
distribution pattern of the interfacial shear and peeling stresses that satisfies the boundary
conditions. The stress level obtained should be able to serve as a reliable reference to help

the design of the integrated actuator/substructure system.

The distribution of each stress component in the z direction obtained by the current
analysis is shown in Figs. 2.7 and 2.8 for the cases of pure extension and pure bending,
respectively. The stress profile in each constituent is shown at five different locations

along the x-axis. The stress components are normalized with respect to the blocking
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Figure 2.7. Distribution of the stress components under pure extension along the z
direction at various x locations: (a) axial normal stress, (b) shear stress, (¢)

transverse normal stress.
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Figure 2.8. Distribution of the stress components under pure bending along the z
direction at various x location: (a) axial normal stress, (b) shear stress, (c)

transverse normal stress.
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stress of the actuator, £,4,, and the z coordinate is nondimensionalized with respect to the

actuator thickness, a.

The stress profile illustrates the approximation made on the axial normal stress, o,, in the
analysis and how the stress profile changes at each location from the actuator edge to the
central location. The resulting shear and transverse normal stress profiles illustrate the
variation of these stress components along the z and x directions and the satisfaction of the
traction boundary conditions. It is interesting to note that the maximum shear and
transverse normal stresses are present not necessarily right at the interfaces. However, the
interfaces usually have lowest strength in the structural system; thus, the interfacial shear

and peeling stresses are of the most concern.

2.5 Parametric Study

A parametric study is carried out to provide information for the purpose of designing
surface-mounted actuator/beam substrate systems. The influence of the beam-to-actuator
stiffness ratio, E,/E,, and thickness ratios, 5/a, are determined. The stiffness ratio
indicates the performance of a 'generic' actuator on various beam substrates with different
stiffnesses, and the thickness ratio gives the optimum geometric configuration for a typical
actuator that delivers maximum actuation authority on a certain beam substrate. The
effects of these parameters are illustrated by the deformation of the beam structure
induced by the activation of the actuators and the resulting maximum interfacial shear and

peeling stresses. The deformation of the beam is presented in an average sense. In the
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case of pure extension activation, axial normal strain is used which is obtained by dividing

the effective force with respect to extensional rigidity, i.e., & =F,/(2bE;). And, in the

case of pure bending, curvature is obtained by dividing the effective moment with respect

to the flexural rigidity, i.e., @, =2 M, /(3bE;).

Figure 2.9 shows the axial normal strain of the beam ¢,., normalized with respect to the
input strain A,, at the central cross-section of the structure, i.e., x=0, under pure
extension activation as a function of the beam-to-actuator stiffness ratio £,/E, for the
configuration of 4/a=3. The variation of unsaturated length, &, which indicates the
distance from the actuator edges needed for the effective force to reach its constant level
is also depicted in the figure. It is shown that the current analysis, the pin-force model,
and the Euler-Bernoulli model predict the same level of strain at the central cross-section
of the structure and that this value agrees very well with that obtained by finite element

analysis.

The deformation of the structure decreases with increasing stiffness of the beam substrate,

and this reduction is more evident as E,/E, <5. The unsaturated length also decreases

with increasing stiffness ratio, as expected. This trend indicates that a compliant beam
substrate requires a longer distance from the actuator edges for the effective force to reach

its constant level. It is shown that for the stiffness ratio of E,/E, =0.5, the length of one
beam thickness is needed. The prediction of the current analysis agrees well with that of
the finite element analysis. It should be noted that the pin-force and Euler-Bernoulli

models cannot provide this quantity.
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Figure 2.9. Axial normal strain of the beam substrate at the central cross-section as a

function of beam-to-actuator stiffness ratio.
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The curvature of the structure, »,, normalized with respect to 4, at x=0 under pure

bending activation as a function of E,/E, is illustrated in Fig. 2.10. It is shown that the

results of the current analysis and the Euler-Bernoulli model coincide and agree well with
that of the finite element analysis. The vanation of the unsaturated length ¢ shows no

noticeable change as the stiffness ratio increases. It remains almost constant as £/b=15.

The effects of the stiffness ratio, E,/E,, on the maximum interfacial shear and peeling
stresses are shown in Fig. 2.11. The results of the current analysis for both pure extension
and pure bending actuation are depicted. Apparently, the interfacial stress level induced

under the pure extension activation is higher than that under the pure bending. It is shown

that both the interfacial shear and the peeling stress increase with increasing £,/E,. In
general, a stiffer beam results in less deformation, as indicated above, yet higher interfacial

shear and peeling stresses.

Figure 2.12 shows the axial normal strain of the structure at x = 0, normalized with respect
to 4,, under pure extension activation as a function of the beam-to-actuator thickness ratio
b/a for E /E, =116, which is comparable to an aluminum beam with piezoceramic
actuators. It is shown that the current analysis, the pin-force model and the Euler-

Bernoulli model predict the same level of the strain, and that this value agrees very well

with that of the finite element analysis. The axial normal strain ¢, increases with
decreasing thickness ratio 5/a, indicating that the thicker the actuator, the greater the

actuation effect.
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Figure 2.10. Curvature of the beam substrate at the central cross-section as a

function of beam-to actuator stiffness ratio.
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The unsaturated length, &, likewise decreases with increasing thickness ratio 4/a, as
expected. This trend indicates that a thicker actuator requires more distance from the
actuator edge to achieve a constant effective force level. It should be noted that the
results of the current analysis agree well with those of the finite element analysis, while the

pin-force and Euler-Bernoulli models cannot describe this phenomenon.

The effect of the thickness ratio, 5/a, on the curvature, ., at x =0, under pure bending
activation is shown in Fig. 2.13.  The results from the current analysis and the Euler-
Bernoulli model agree well with those of the finite element analysis. The pin-force model,
on the other hand, overestimates the curvature at low thickness ratios as #/a<3. The
unsaturated length £ obtained from the current analysis has the same trend as that of the
finite element analysis; however, the magnitude does not agree well at low thickness

ratios.

It is evident that an optimum thickness ratio, which yields maximum curvature, exists at
b/a=18. Increasing the thickness of the actuator lower than this ratio results in a smaller
curvature. The mechanism of the reduction is well-illustrated in Fig. 2.14. Figure 2.14
shows the axial normal stress distribution in the z direction in the actuator and beam
substrate at the central cross-section of the structure with a relatively thick actuator, as
b/a=0.5. In the outer portion of the actuator, a stress resultant opposite to that of the
inner portion is present. This is mainly due to the fact that the outer portions of the
actuators are allowed to deform completely to their free induced strain level, 1, and 4,,
because of the lack of material constraints of the beam substructure. Therefore, this part

of the actuator has no
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Figure 2.14. Axial normal stress distribution in the z direction at x=0 at the thickness

ratio b/a=0.5.
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contribution for actuating purposes. On the contrary, it adds additional stiffness to the

system, resulting in an overall stiffer structure.

Figure 2.15 shows the maximum interfacial shear and peeling stresses under pure
extension and pure bending conditions as a function of thickness ratio 5/a. It is shown
that no significant change in interfacial shear stress as b/a increases for pure extension
actuating, while for the case of pure bending, it remains almost unchanged as »/a > 5, but
decreases with decreasing thickness ratio. The variation in the interfacial peeling stress
appears to have a peek stress level at 5/a =2.1 for the case of pure extension and b/a=2.6
for pure bending. Since the interfacial shear and peeling stresses are generally responsible
for the structural integrity, this factor needs to be taken into account in the selection of the

actuator's thickness.

2.5 Conclusion

The actuation mechanism in a beam structure with surface bonded induced strain actuators
is modeled. The induced strain actuation problem is converted to a boundary value
problem with prescribed end traction conditions and solved by the principle of stationary
complementary energy. The stress field obtained satisfies both the equations of equilibrium
in each constituent as well as the overall self-equilibrium of the integrated structural
system. The solutions of the whole field stress distribution are obtained in closed-form for

both pure extension/contraction and pure bending actuation conditions.
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The results of the model were presented, along with those of the pin-force and Euler-
Bernoulli models, and compared with finite element results. A case study was performed
for a typical aluminum beam with piezoceramic actuators and parametric studies on the
effect of the stiffness and thickness ratio were also carried out. The results showed that
the current analysis captures the attenuation of the effective force/moment near the
actuator edges, and is in good agreement with the finite element results except in the
region about one actuator thickness from the actuator edges. The pin-force and Euler-

Bernoulli models, on the other hand, fail to describe this phenomenon.

The current analytical model is also able to predict the interfacial shear and peeling stress
distribution that satisfies the boundary conditions, while the pin-force and Euler-Bernoulli
models provide no information for these quantities. The magnitude of the interfacial shear
and peeling stress obtained, although an approximation due to the singular nature of the
complex stress state near the actuator edges, nevertheless, should be able to serve as a

reliable reference for the design of integrated actuator/substructure systems.
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2.7 Appendix
K =816484a*E’E (aE, +bE,) (A1)
K = -72576abE2E (aE, +bE,) (A2)
K{ = 12096BE, (aE, +bE,)(2aE, +3bE,) (A3)
K¢ =-72576a’E*E (aE, + bE,) (A4)
K¢ =24192abE E (aE, + bE,) (A.6)
K¢ =12096aE, (aE, +bE,)(3aE, +2bE,) (A.6)
K¢ =1152b%E, {17a*bE* (1+ v,) D
+ak, E,[5a* (1+v,)+18b2 (1+v,)]+663EX(1+v,)} '
K{ = —2304abE, E {bE [8a*(1+v,) +3b*(1+V,)] A8)
+ak,[3a*(1+v,)+862(1+v,)]} '
K =1152a°E {6a’E*(1+ v, )+ bE E [18a* (1+v,) +5b* (1+V,)] (A9)
+17ab*EX (1+v,)} '
K{, = 432abE’E [12b°E v, +aE, (15a*v, +35abv, +32b%v )] (A.10)

K¢, =288b%E [a*(35a+68b)E2v, - 3aF,E (5a*v, - 24b*v, )+ 24b°E*v,] (A.11)
K{, = —288abE E [-36E (a’v, —4b*v,) +aE,(12a*v, +35abv, +32b*v,)] (A.12)
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Kf, = 4b*E_[a*bE? (315a® +1008ab+992b%)

(A13)
+aE_E (35a* +504ab* +1056b*) + 2885°E? ]
K§, = -216a*EXE [3a*E, (27av, +35bv,) +bE, (111a*v, (A14)
+175abv, +40b%v,)] '
K& = 144abE,[-105a°E>v, +aFE, E, (81a’v, A1S)
~175abv, - 64b%v, )+ 3bE2 (37a%v, —8b%v,)] '
Kf = 144a*E [-39ab*E?v, + bE,E,(39a’v, +175abv, +40b*v,) (A16)
+3a*E2 (16av, +35bv,)] ’
K{, = —4abE,[189a’bE? (5a +8b) +aE,E, (165a* +1575a*b* (A17)
+3780ab® +928b*) + 5BE? (47a* +252ab® + 96b*)]
K{, = a*[2835a*bE} + 9a* E?E,(107a +1050ab? (A.18)
+336b°) +bE, E? (2586a* +7875ab? + 5040ab’ +896b* ) +1763a’b?E> ]
K} = 6804a(a+2b)* EXE, (3aE, +SbE,) (A.19)
K2 = -2268a(a+2b)E2E [a(13a+16b)E, + b(25a+32b)E, ] (A.20)
K: = 189E [3a*E? (21a® + 64ab+ 64b%)
(A21)

+abE E_ (125a* +384ab+ 448b%) +1286*E? ]

K? =18a{1088ab*E3 (1+v,) +315a*bE2 (1+v,)
+3a’E2E [a(11a+16b)(1+ v, ) +2b% (239 + 64v, +175v,)] (A22)
+2b%E, EX[-48a®(1+ v, )+ 56b* (5a +4b)(1+Vv,)
+3a*b(367+192v, +175v )1}
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K? =—108a(a +2b)EE [3a*E ,(3a*v, +27abv, +35b*V,)

! ; 2 (A.23)
+b*E (111a’v, +210abv, +56b*v,)]

K} =18aE, {-312ab*EXv, +3aE [a(11a® +121ab+128b%)v, +35b* (5a +8b) v, ] (A.24)
+b’E,E [39a*(11a+8b)v, +14b(15a + 4b)(Sa +8b)v. ]}

K} = a[945a°b’E] +9a* (2a° + 26a*b+107a’h* + 420ab* +112b°)EZE,
+3b%(98a° +862a*h +1275a%b* + 720ab* +128b°)E E? +1763a’b*E?]

(A.25)
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Chapter 3

Bonding Layer Effects on the Actuation
Mechanism of an Induced Strain
Actuator/Substructure System

3.1 Introduction

Induced strain actuators have been integrated with conventional structural material to
serve as energy input devices or actuating elements in many engineering applications
implementing intelligent material system and structure concepts. Recent developments in
applying these new technologies have yielded applications in active structural vibration
control (Bailey and Hubbard, 1985; Fanson and Chen, 1986; Crawley and de Luis, 1987;
Barker, 1989), shape control (Sato, 1980; Haftka and Adelman, 1985; Chaudhry and
Rogers, 1991), acoustic transmission control (Liang and Rogers, 1991), and damage
control (Rogers et al., 1991). Many induced strain actuators such as piezoelectrics,
electrostrictors, and shape memory alloys have demonstrated how electromechanical and
thermomechanical coupling can be incorporated into structures to yield new functional

capabilities never before realized (Rogers, 1990; Wada et al., 1990).

In the process of fabricating integrated induced strain actuator/substructure systems, a

third-phase adhesive bonding layer is necessary to provide bond between the adherends,
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whether the actuators are embedded or surface-bonded. The bonding layer in general is
much thinner than the actuators and substructure, and possesses a lower strength and
stiffness. The presence of the bonding layer brings about two primary concerns about the
integrated structural system. One is the losses in transferring actuation strain from the
actuators to the substructure due to the compliance of the adhesive; the other is the failure
of structural integrity caused by intensive shear and peeling stresses present at the bonding
layer near the actuator ends. In order to study these issues, an analytical model including

bonding layer is needed.

Simple models based on the shear lag assumptions have been used to study these issues
(Crawley and de Luis, 1987; Kim and Jones, 1991; Lin and Rogers, 1990). These models,
formulated under the framework of the mechanics of materials, include a thin shear layer
in which the in-plane shear stress is the only stress component considered. With the
presence of the shear layer, the axial normal stress distribution can adjust to satisfy stress-
free boundary conditions at each end of the actuators. However, the shear stress-free
boundary condition cannot be satisfied, resulting in an overestimation in the maximum
interfacial shear stress. As a result, the transverse normal stress (peeling stress)
distribution is incorrectly described. These models help explain the transfer of the
actuation mechanism; yet lack quantitative accuracy and fail to predict the interfacial

shear/peeling stress distribution.

An alternative approach using finite element analysis has been employed to investigate the

bonding layer effects. Recent work by Robbins and Reddy (1991) showed that a new
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finite element formulation based on the generalized laminated plate theory can model a
piezoelectrically activated beam including a bonding layer and is able to satisfy all the
boundary conditions without a large number of elements. However, the thickness of the
bonding layer employed is of the same order of magnitude as that of the adherends. For a
thin adhesive, e.g. with an adhesive-to-actuator thickness ratio on the order of 10"2, a
large number of elements will be needed in order to yield reliable results In addition, the
relatively time-consuming computation involved with this method cannot fulfill the near

real-time adaptability or control required in most applications of intelligent structures.

Similar problems of bonding layer effects have also been investigated in studies of
mechanically-loaded lap joints (Goland and Reissner, 1944), and thermal stresses in two-
layered composite beams with an adhesive layer (Chen et al., 1982; Williams, 1985).
Valuable insight regarding the essential features of the load transfer mechanism and
shear/peeling stress state in the adhesive layer were discussed. It is clear from these
studies that truly realistic models of a laminate composite structure including adhesive
layers must satisfy the stress-free boundary condition in the adhesive at the free edges.
This conclusion has also been experimentally verified in measuring thermal stress
distribution in a glass-plastic-glass composite plate using the photoelasticity technique

(Durelli and Tsao, 1955).

In this chapter, the analytical model by Lin and Rogers (1993) for a beam structure with
symmetrically surface-bonded induced strain actuator patches is extended to include an

adhesive bonding layer. The bonding adhesive is considered capable of carrying axial
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normal, shear, and transverse normal stresses. The solutions of the resulting stress field in
each constituent are obtained in an approximate manner by the principle of stationary
complementary energy. The results are presented by numerical examples and compared
with those obtained by the shear lag theory. Parametric studies are also performed to
investigate the stiffness and thickness effects of the bonding layer on the transfer of the

actuation mechanism and the interfacial shear/peeling stress distribution.

3.2 Formulation

The analysis considers a beam structure of length 2L with a pair of induced strain
actuators of length 2/ symmetrically mounted on the outer surfaces of the beam by a layer
of adhesive, as shown in Fig. 3.1 (a). The thicknesses of the actuator, adhesive, and beam
are a, h, and 25, respectively. The in-plane induced strains of the actuators are the only
impetus considered. The input induced strains can be exerted by any type of non-
mechanical  stimulus, such as electromechanical, thermomechanical, and

magnetomechanical excitation, depending on the coupling characteristics of the actuators.

The induced strain actuation problem can be converted to a boundary value problem by

first considering the blocking forces, —E A, and —E A, applied at the edges of the top

and bottom actuator, respectively, when the actuators are activated with induced strains

A, and A,, as shown in Fig. 3.1 (a). Under this activation and boundary loading

condition, the stress field is uniform since the imposed blocking forces prevent the induced

strains A, and A, in the actuators and, consequently, induce no deformation in the bonding
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Figure 3.1. Model geometry and (a) application of the blocking forces as the
actuators are activated; (b) application of the end traction.
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layer and beam substrate. The stress components in each constituent are therefore known

quantities, as indicated in the figure.

Since there are no blocking forces acting on the actuator edges in the original induced
strain actuation problem, this traction has to be removed. This is accomplished by
applying boundary traction with magnitudes of £ A, and E A, on the top and bottom
actuator edges as the actuators are not activated, as shown in Fig. 3.1(5). The stress field
under this loading condition is non-uniform, and needs to be determined by solving the

boundary value problem.

Combination of the loading conditions in Fig. 3.1(a) and 3.1(b) represents the original
induced strain actuation problem where the prescribed induced strains of the actuators are

the only impetus. Consequently, superposition of the stress fields in Fig. 3.1(a) and

3.1(d),

o, =0o.+o” (1.1)
T, =T + T2 (1.2)
o,=o.+ol, (1.3)

gives the solution of the original problem. Since the stress field in Fig 3.1(a) is known

and has the expressions:
I _ R S S
Gx(at) - _Ea}“tv Tn(at) - Gz(ar) —-O (21)

O'i(ht) = d:z(hr) = Oz = 0 (2.2)
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I _ 7 _ o~
cSx(s) - sz(s) - cz(.s') =0 (2'3)

o{c(hb) = Tiz(hb) = oi(hb) =0 (2.4)

I — . I N § —
GJc(ab) - —Ea)"b’ rxz(ab) - 0-z(ab) - O’ (25)

the only effort remaining is to solve the boundary value problem of Fig. 3.1(5). In the

above, the subscript (af), (ht), (s), (hb), and (ab) refer to the quantities of the top actuator,

top adhesive, beam substrate, bottom adhesive, and bottom actuator, respectively, and £,

is the Young's modulus of the actuators.

The boundary value problem of Fig. 3.1(d) is solved using plane stress formulation based
on an approximated axial normal stress field with parabolic profile in the z-direction. The

axial normal stress field in each constituent of Fig. 3.1 () is expressed in terms of the axial

normal stress of the actuators at the top and bottom outer fiber, ¢, (x)and 6, (x), and

at the actuator/adhesive interfaces, 6, (x) and 6, (x), and of the beam substrate at the

ita iba

central axis, 6, (x), as:

o, (x)- (b+h—z)(iczl+b+h—z) o, (%) (3.1)

_(a+b+h-2)°
2

i
o{c(at)(x:z) =

E,(b+h-z)(b+h+2)

7 _
o{c(ht)(x’z)_ Es(b+h)2 O'C(X')
. E;zbf-b ~h +2z) o (£) 4 E,z(b+h+ i) o (¥)
a(b+h) 2E,(b+h) (3.2)
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(b+h—z)(b+h+z)
Oy (%,2 beh)? o, (x)
Ez(-b-h+2z) Ez(b+h+2)
2,6 m I g, pamy ) (3.3)
E,(b+h-z)(b+h+z)
fon (2.5) = 250 (bzzh)2 o.()
. E,2(-b-h+z) o ()4 E,z(b+h+z) o (x)
2E, (b +h)? 2E,(b+h)? (3.4)

OJ(ab)( 2)= (a+b+2h+z) o, (X)— (b+h+z)(2a+b+h+z) o, (X). (3.5)

In the above expressions, continuity conditions are used at each interface,

Gzta(x) _ cSx(l-tt)(x’b + h)

e, (x,b+h) = 4.1
a Eh
,b ,b
ex(x,b) — 0-x(ht)(x ) _ 0-Jc(s)(x ) (42)
Eh Es
,—b ,—b
e, (x,-b) = °"“’f§ ! - cx(hb);x : (4.3)
s h
~b-h) o
e (x,b—hy= T ST _ 04 (2) (4.4)

Eh E ’

a

where ¢, is the axial normal strain, and E, and E_ are the Young's modulus of the

adhesive and beam structure, respectively. Note that the contribution of transverse normal

stresses on the axial normal strain is neglected in the above relations.
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The self-equilibrium condition of the integrated actuator/adhesive/substrate system
requires that the sum of axial forces and moments about the neutral axis of the structure

vanish provided there is no external loading. This condition yields:

XF = F

(a,)+F + F +F(h,,) + F

(ht) (s) (ab)

a+b+h b+h
,[ x(s)

o Oetan® + O + j_bo d+ [ O+ j L Suan®

=0 (5.1)

IM = M,

a+b+h b+h
= f dz + _[zox(h,)dz + _[_b zZo

b+ h x(at)

+ M(h,) + M( + M(hb) + M(ab)

b b-h
x(s)dz + o zcx(hb)dz + J;_b_h zcx(ab)dz

=0

3

(5.2)

resulting in a relation of the stresses ¢,,(x) and 6, (x) in terms of 6,(x), o, (x),

ita

and 6, (x) as:

0., (X) = (3aE,*E (b+h)[2b°E, (a +4b +4h) +aE, (b+h)* (3a + 8b +8h)
+2hE, (a+4b+4h)(3b* +3bh+h?)]A,
—3a’E,*E, (b+h)[2b°E, +aE, (b +h)? +2hE, (3b* +3bh+h*)]A,
—2E,[4b°E, +aE, (b+h)(a+4b+4h)
+4hE, (3b* +3bh+h*)][h*E, (3b +2h) +bE, (2b* + 6bh +3h*)]o,(x)
—aE E (b+h)[b*E,(5a +16b +16h) +aE, (b+h)* (Ta +16b +16h)
+hE, (5a +16b +16h)(3b* + 3bh + h*)]o,, (x)
+a*E E (b+h)[Sb’E, +3aF, (b +h)? +5hE, (3b* + 3bh+ h*)]o,, (x)}
I{2E [b’E, +aF, (b+h)* +hE, (3b* +3bh+h*)J[4D’E,
+aE, (b +h)(a+4b+4h) +4hE, (3b* +3bh+h*)]}

6.1)
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o, (x) = {-3a°EE (b+h)[2b°E, +aE, (b +h)* + 2hE, (3b* +3bh+ h*)]A,
+3aE’E (b+h)[2b°E (a +4b+4h) +aE, (b+h)* (3a +8b +8h)
+2hE, (a+4b +4h)(3b* +3bh+ h*)]4A,

—2E,[4b°E, +aE, (b+h)(a+4b+4h)

+4hE, (3b* + 3bh +h*)|[W*E, (3b +2h) + bE,(2b* + 6bh +3h* )]0, (x)
+a’E_E (b+h)[Sh’E, +3aE, (b +h)* +ShE, (3b* + 3bh + h*)]o,,(x)
—aE E (b+h)[B’E (5a +16b+16h) +aE, (b +h)* (7a +16b + 16h)
+hE, (5a +16b + 16h)(3b* + 3bh+h*)]0o,, (x)}

/{2E,[b’E, +aE,(b+h)* +hE, (3b* +3bh + h* )|[4D°E,

+akE, (b+h)(a+4b+4h)+4hE, (3b* +3bh +h*)]}.

(6.2)
Based on the axial normal stress field of Eq. (3), the shear and transverse normal stresses

can be derived from equilibrium considerations:

%x e _y (7.1)
ox oz

T 0. _ (1.2)
ox oz

Substituting Eq. (3) for o, in Eq. (7.1) for each constituent, and integrating with respect

to z, the shear stresses are obtained:

_(a+b+h-2)°
3a?
2 Y _
+[3a (a+b+h 22) l(a+b+h z)o;,(x)
3a 8.1

T oy (%,2) O (X)
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fl[(m)( )= E,(b+h- z) (2b+2h+z)0,() 2a

0y (X)
3E,(b+h)*
4aE (b+h)? +E, (b+h—2)[5(b+h)? +5(b+h)z+22* ] (x)
12E, (b + h)* Oia
_E,(b+h-2)*(b+h+22) )
12E, (b +h)> b (8.2)
1 —z[3(b+h)* —z%] _a a
T (%.2) = b1 h) o.(x) 302b(x)+30”m(x)
_2aE,(b+h)* +3E,h(b+h)(2b+h)+ E,[3b* (b+h) - 3(b+h)z* +22°)] o (1)
12E, (b +h)? tba
| 2ak, ' (b+h)* +3E,h(b+h)(2b+h)+E [3b*(b+h)-3(b+h)z* -22%)] o (%)
12E, (b +h) T 83)
. —E,(2b+2h-z)(b+h=1z)* _2a
T{(hb)( 7) = 3Es(b+h) o,(x) 3 0, (x)
4ak, (b+h)* +E,(b+h+2)[5(b+h)* —5(b+h)z+2z%]
- 2 O’I(ba(x)
12E,(b+h)
L Enb+h- 2z)(b+h+z) )
12E,(b+h)* Ola (8.4)
b+h+z)?
Lo (2.2) =~ o ()
b+h 2_(@a+b+h+z)?
_(a+b+ +z)[3c;a2 (a+b+h+2) ]oj,b(x).
(8.5)

In the above expressions, the boundary traction conditions at upper and lower lateral

surfaces and the traction continuity at the interfaces,

L ona+b+hy=17L . (x,~a-b-h)=0 9.1
xz(at) xz(ab)

ey (X, b+h) = T (x,b+ h) (9.2)
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Tg(ab)(x,—b —h)= Tlxir(hb)(x’ ~b—h) (9.3)
Ty (,0) = T ) (%,0) (9.4)
Tg(s)(x,“b) = T;]é(hb)(x> -b), (9.5)

are used to obtain the constants of integration.

Likewise, the transverse normal stresses can be obtained by substituting Eq. (8) for 7, in

Eq. (7.2) for each constituent, and integrating with respect to z:

_(a+b+h-2)*
O-Zat) (x’ Z) - 1202 o-z"ta (x)
2 _ A2 b2
+[6a (a+b+h z)z](a+b h—2) o ()
12a (10.1)

O'H(h)(x z)= Eh(b+h—z)3(3b+3h+z) OJ'(x)_Eh(b+h—Z)3(b+h+z)
z(nt ’ h

12E, (b + h)? 24E_(b+h)?
. 2aF, (b+h)*[a+4(b+h—-z)]+E,(b+h-2)*[1(b+h)* +4(b+h)z+2*]
24E,(b+h)?

Oipa (¥)

ia (X)

. a(5a+8b+8h—-82)

12 op (X)

(10.2)

—E, 1 (4b+3h) + E (b-2z)(b+2)[-b* +6(b+h)* - 2*]
12E,(b+h)*
~{~aE, (b+h)?(a+4h+4z)— E,h[ h(6b* +8bh+3h*) +6(b +h)(2b +h)z]
+E [b* —6b> (b +h)z+2(b+h)z® —z* 1} o, (x)/ 24E, (b + h)*
—{-aE,(b+h)*(a+4h—4z)— E,h[h(6b* +8bh +3h*) - 6(b+h)(2b+h)z]
+E [b* +6b%(b+h)z-2(b+h)z® —z*} oot (x)/ 24E, (b +h)*
+a(5a +8h+8z2) " (x)+ a(5a+8h—-8z)
24 24

o¢(x)

G'ZS)(X,Z) ==

Op (%)

(10.3)
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E,(3b+3h-z)(b+h+z)°

z(hb)(x z)= 2E (b+h)2 o;(x)
E,,(b+h+z) 2[7(b+h)? —4(b+h)z+z*1+2aE, (b+h)* (a+4(b+h+2)) (x)
24E, (b +h)? Oiba
_Eh(b+h—z)(b+121+z) o (x)+ a(5a+8b+8h+82)0_,,0b(x)
24E,(b+h) 12
(10.4)
+b+h+z)*
crﬁab)(x,z)z (a 1202+Z) O—;l;a(x)
2 2 _ 2
+(a+b+h+z) [6a : (a+b+h+z) ]o’o',,(x).
12a (10.5)

The boundary traction conditions at the upper and lower lateral surfaces and the traction

continuity at the interfaces,

Oran(X,a+b+h)= 0% (x,~a-b—h)=0 (11.1)

(X, b+ ) = 0L, (x,b+h) (11.2)
Otaty (¥, =0 =) = Oy, (x,~b~ ) (113)
Ormy (X,B) = 0Lt (x,D) (11.4)
o'z(s)(X, b) = Gf(hb)(x b), (11.5)

are used for the constants of integration.

The stress fields of Egs. (3), (8), and (10) satisfy the equilibrium in each constituent as
well as the overall self-equilibrium of the integrated structural system. The boundary
conditions involving stresses at the lateral surfaces, along with the traction continuity at

the interfaces, are also satisfied. The unknowns to be determined in this stress field are
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c,(x), 6,,(x), and o,(x), which are independent of the z-coordinate and subject to

boundary constraint of the end traction condition, as indicated in Fig. 3.1(5).

To solve these unknown stress components, the principle of stationary complementary
energy is used. The complementary energy for the present problem is:
Udotay = Uary t Uy YUy + Uy U

2
_[ O'f(at) + O—.g(at) +2(1 + Va )Tg(at) -2 Vao-fc](at) z{at) ]dxdz

a+b+h

2E b+h

b+h ’I,J 7 T
I [ x(ht) iy z(ht) +2(1+ Vi) (m) =2V}, Oy Oz ey JaxdZ

x(s)

1 b el 2
—E jbj [l  +oll 2 +20+v) P —2v,0h ol
2
e h_[ [ x(hb) + hb) +2(1+ Vh)TJ(hb) -2, x(hb)o'Zhb)]dxdz

-b—h 72 1'1 7
b hj x(ab) + 2apy T2(1+v,) (ab) x(ab) z(ab) ldxdz,

(12)

where v, v,, and v, are the Poisson's ratio of the actuator, adhesive, and beam structure,

respectively. In order to simplify the foregoing derivation, the problem is solved for the

case of pure extension/contraction and pure bending separately.

In the case of pure extension/contraction, the imposed induced strains of the actuators are
equal and in the same direction, ie, A, = A,. This actuation condition yields a
symmetric axial normal stress field about the x-axis, ie, o,,(x) = 6,(x). The

unknowns remaining to be determined are then o, (x) and o_(x). Variation of the
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complementary energy, 6U = 0, with the stresses satisfying the prescribed end traction

yields the Euler's equations:

cdt . d e e dt .o db . e
(Al E-FAZ E-FA:; :|0'c(x)+|:Bl E-}-Bz?-}-B:; :IO'o,(X)=D1
a (13.1)
d* d? d* d?
Bf—4+B§—2+B§}ac(x)+|:C{"—4+C§—2+C§ o, (x)=Ds.
| dx dx dx (13.2)
This leads to a general solution for 6, (x) and 6, (x):
AeDe _BeDe 8 . .
()= e o + S ()
3C3 3)7) i (14.1)
eDe - e e 8 .
()= G D = Bs Do) +> 71 pf (exp)™™, (14.2)

C(A45Cs-(BDY 5

where
o A5+ Aa) v 40@)) g
(Bs +B5(af)* +Bf (af)*)’ o

i

in which 4°, B, C, (i=1,3) and Df (i =1,2) are functions of the material properties and

1275
the geometries of the actuators, adhesive, and beam. The complete expressions are given

in the Appendix. In the above, a. (i = 1,8) are the roots of the characteristic equation:

(A7 (@) + 45(a)? +45) (Bf ()" +B5(a*) +B)| _, as)
(Bf(a)* +B{(a®)* +B;) (C(a*)* +C5(a") +C5)

and p! (i =1,8) are arbitrary constants to be determined by the end traction conditions:
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6, (t)=EA\,; o, (x])=0 (16.1)
o' (£1)=0; o' (+)=0. (16.2)

In the case of pure bending, the input induced strains of the actuators are equal yet in the

opposite direction, i.e., A, = —A,. This condition yields an antisymmetric axial normal
stress field about the x-axis, ie., o,(x) = -6,,(x) and o_(x) = 0. The only

unknown stress component to be determined in this case is then 6, (x). Variation of the

complementary energy, 8U = 0, with the stresses satisfying the prescribed end traction

yields the Euler's equation:

b d4 b d2 b b
[ 4 o + 4, 7 + 4,16,,(x) = D] (17)

This leads to a general solution for ¢, (x):

b

D 4 »
o, (x) :A—;+pr(exp)“f’ . (18)
3 i=1

The expressions of the constants A,b (i =1,3) and le are given in the Appendix. In the

above, af’ (i =1,4) are the roots of the characteristic equation:

A (a®) + A2 @b + 4L =0, (19)

and p,.b (i = 1,4) are arbitrary constants to be determined by the end traction conditions:

o, ()= E, (20.1)
o' (£l)=0. (20.2)
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The roots of a.; and af’ solved in the above are complex in general, but in conjugate pairs.
Consequently, the stress quantities are real. Although the solutions were obtained for two
separate cases, pure extension/contraction and pure bending, they can be linearly
superimposed to yield the solution for a general actuation condition. It is noted that the
solutions are in closed form which is of importance for the requirement of near real-time

adaptability or control in most applications of intelligent material systems and structures.

3.3 Results

The results of the analysis are presented by numerical examples for an aluminum beam
with surface-bonded piezoelectric actuators. Table 3.1 gives the configuration and
material properties of the actuator and beam structure. Since the adhesive layer is a third-
phase material and the effects of its presence are the primary interest in this study, the
material properties and geometry of the adhesive are therefore treated as independent

parameters.

Figure 3.2 shows the effective force distribution induced in the beam substrate for

different adhesive thicknesses as the actuators are activated in pure extension, i.e.,

A, = A,. The length of the actuators is chosen to be /=2in, and the stiffness of the

adhesive is E, = 0.28msi, which is comparable to an epoxy bond. The quantity of the

effective force is normalized with respect to the total blocking force, F~ = 2aFE,A,, of

the actuator, and the x-axis is nondimensionalized with respect to the thickness of the
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Table 3.1. Material properties and geometries of the constituents

G-1195 piezoceramic | £,=9.13 (msi) | v;=0.4 | a=0.1 (in) | A=d;;»=1.3x10-4
6061 aluminum E=10.6 (msi) | vi=0.3 | b=0.3 (in)
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Figure 3.2. Effective force distribution in the beam substrate along the x-axis under
pure extension actuation for different adhesive thicknesses with

E, = 0.28msi and v, = 0.3.
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actuators. For comparison, the results obtained from the shear lag theory (Crawley and de

Luis, 1987) are included.

It is shown that for the case of perfect bonding, i.e., # = 0, the shear lag theory cannot
describe the edge effect of the effective force transferring, while the current analysis
captures this phenomenon. In the case of a thin bonding layer, # = 0. 001 in, the shear
lag theory overpredicts the effective force level near the actuator edges, although it can
adjust to satisfy axial normal stress free boundary condition. Comparable results are
obtained from both analyses for relatively thick adhesive, » = 0. 01 in. It is noted that
for compliant adhesives such as epoxy, the force level at locations away from the edges

remains unchanged, since compliant adhesives bear little structural loads.

The interfacial shear and peeling stress distribution along the x-direction under pure
extension activation for different adhesive thicknesses is shown in Fig. 3.3. The stress
quantity is normalized with respect to the blocking stress of the actuators, i.e., £_A,. The
results of the present analysis and those obtained by shear lag theory are depicted for
comparison. Note that the location of the shear stress shown is at the actuator/adhesive
interface, i.e., z = b + h, and the location of the peeling stress is at the adhesive/beam

interface, i.e., z = b, where a higher level of stress is present.

It is shown that the shear lag theory does not satisfy shear stress free boundary condition.

The decrease in adhesive thickness results in a drastic increase in shear, which tends to
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Figure 3.3. Interfacial shear and peeling stress distributions along the x-axis under
pure extension actuation for different adhesive thicknesses with

E, = 0.28msi and v, = 0.3.

91



increase without bond. On the contrary, the present analysis satisfies the shear stress free
boundary condition, and the maximum shear stress occurs at a short distance of about one
actuator thickness from the ends. It also predicts an increase in shear stress with

decreasing adhesive thickness.

The present analysis predicts a maximum peeling stress right at the edges. The sign of the
maximum peeling stress is opposite to that of the shear stress. This result agrees with
those shown in the analysis of mechanically-loaded lap joints (Goland and Reissner, 1944)
and thermal stresses in laminate structures (Chen et al, 1982), as well as with
experimental observation of thermal stresses in laminate structures (Durelli and Tsao,
1955). It is shown that the maximum peeling stress level decreases with increasing
adhesive stiffness. The shear lag theory, on the other hand, predicts a much lower peeling

stress level which does not agree with those shown in the literature.

Figure 3.4 shows the effective moment distribution induced in the beam substrate for

different adhesive stiffnesses as the actuators are activated in pure bending, i.e.,

A, = —A,. The length of the actuator is chosen to be /= 2in, and the thickness of the
adhesive is A=0.005in. The results for the case of perfect bonding and the case of
adhesive layer with £, = 0.28msi and E, =10.6msi are shown, which are comparable to
epoxy bonds and aluminum (close to perfect bonds). The magnitude of the effective

moment is normalized with the moment that the blocking force of the actuators produce

about the neutral axis of the structure, i.e, M = 2aEA, (a / 2 + b). For comparison,

the results of the present analysis and the shear lag theory are depicted.
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Figure 3.4. Effective moment distributions in the beam substrate along the x-axis
under pure bending actuation for different adhesive stiffnesses with
h = 0.005in.
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It is shown that more compliant adhesive requires a longer distance from the actuator ends
to reach the constant moment level. This trend is shown on both analyses, yet the shear
lag theory cannot describe the edge effects for the case of perfect bonding. It is noted that
the adhesive layer carries no axial normal stresses in the shear lag assumption, thus the
magnitude of the effective moment away from the edges remains unchanged. The current
analysis, on the other hand, shows the adhesive layer being capable of bearing both normal
and shear stresses. Therefore, the adhesive carries part of the structural loads, resulting in
a lower effective moment level on the beam substrate. This result is more evident in the

case of adhesives of high stiffness.

The interfacial shear and peeling stress distributions in the x-direction under pure bending
activation for different adhesive stiffnesses is shown in Fig. 3.5. The results of the present
analysis and those obtained by shear lag theory are included for comparison. The location
of the shear stress shown is at the actuator/adhesive interface, i.e., z = & + h, and the
location of the peeling stress is at the adhesive/beam interface, i.e., z = b, where a higher

level of stress is obtained.

It is shown that the interfacial shear and peeling stresses increase with increasing adhesive
stiffness. The shear lag theory does not satisfy the shear stress free boundary condition
and overestimates the maximum shear stress level. In addition, the interfacial peeling
stress is underestimated in magnitude and incorrect in sign as predicted by the shear lag

theory.
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Figure 3.5. Interfacial shear and peeling stress distribution along the x-axis under
pure bending actuation for different adhesive stiffness with 4 = 0. 005 in.
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A parametric study has been performed to investigate the influence of the adhesive
stiffness and thickness on the transfer of the actuation mechanism and the induced
interfacial shear and peeling stresses. Figure 3.6 shows the effects of the adhesive stiffness
on the effective force transferred from the actuators to the beam substructure as the
actuators are activated in pure extension. The results for three different adhesive
thicknesses are illustrated, where F) is the effective force on the beam at x = 0 and & is
the unsaturated length which indicates the distance from the actuator edges needed for the

effective force to reach its constant level. The adhesive stiffness is normalized with that of
an epoxy bond, ie, E,: =0.28msi, and the effective force is normalized with that

obtained as £, = 1. The length of the actuator is chosen to be /=8in. This ensures that

the actuator length is long enough for the effective force to reach its constant level.

It is shown that the effective force level at x = O is not significantly affected. The

reduction of the magnitude is within 10% even with E, = 25 and h=0.05in.

Nevertheless, the unsaturated length & increases with decreasing adhesive stiffness, and

this trend is more apparent as E, < 5. This indicates that a more compliant adhesive

requires a longer distance from the actuator ends to achieve its full actuation level. Note

that for Eh = 0.5 (or E, =0.14msi ), and h=0.005in, the required distance can be as

long asz = 0.15 (or £=12in).

The influence of the adhesive thickness on the effective moment transferred from the

actuators to the beam substructure as the actuators are activated in pure bending is shown

in Fig. 3.7. The results for three different adhesive stiffnesses are illustrated, where M, is
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Figure 3.6. Effective forces and unsaturated lengths in the beam substrate under pure
extension actuation as a function of the stiffness of the adhesive bond.
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Figure 3.7. Effective moments and unsaturated lengths in the beam substrate under
pure bending actuation as a function of the thickness of the adhesive bond.
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the effective moment on the beam at x = 0. The adhesive thickness is normalized with

h* =0.001in, and the effective moment is normalized with that obtained as 2 = 0, i.e.,

the case of perfect bonding.

It is shown that the effective moment level at x = O is not significantly affected. With
h = 25 and E, =10.6msi, the reduction of the magnitude is within 10%. However, the
unsaturated length & increases with increasing adhesive thickness, and this trend is more

evident for the case of a compliant adhesive.

Figure 3.8 illustrates the adhesive stiffness effects on the maximum interfacial shear and
peeling stresses for both pure extension and pure bending actuation with adhesive
thickness 4 =0.005in. The stress quantity is normalized with the blocking stress of the
actuator, £ A, and the adhesive stiffness is normalized with that of an epoxy bond,

E; =0.28msi. It is shown that both the maximum interfacial shear and peeling stresses

increase with increasing adhesive stiffness, and this trend is more apparent for E, L < 5.

The influence of the adhesive thickness on the maximum interfacial shear and peeling
stresses is shown in Fig. 3.9 for both pure extension and pure bending cases, where the
adhesive stiffness of an epoxy bond is used, i.e, £, =0.28msi. The thickness of the
adhesive is normalized with A*=0.001in. It is shown that the interfacial shear and
peeling stresses decrease with increasing adhesive thickness. A thick adhesive will relax

the interfacial shear and peeling stress. However, as indicated in Figs. 3.6 and 3.7, a
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Figure 3.8. Influence of the adhesive stiffness on the maximum interfacial shear and
peeling stresses.
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Figure 3.9. Influence of the adhesive thickness on the maximum interfacial shear and
peeling stresses.
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longer distance from the actuator edges is needed for effective force/moment to achieve its

constant level in the case of a thick adhesive.

3.4 Conclusion

An analytical model is developed to study bonding layer effects in integrated induced
strain actuator/substructure systems. The problem is modeled by plane stress formulation
on the basis of the theory of elasticity and solved by the principle of stationary
complementary energy. The solution obtained is in an approximate manner, in closed
form. The effects of the adhesive layer on the transfer of the actuation mechanism from
the actuators to the substructure, as well as on the interfacial shear and peeling stresses,

are investigated.

The results show that a relatively thick and compliant adhesive layer requires a longer
distance from the actuator edges to achieve its constant effective force/moment level. In
other words, a lower actuation mechanism can be transferred from the actuators to the
substructure. Nevertheless, thicker and more compliant adhesives will result in a lower

interfacial shear and peeling stress level, which is beneficial to the structural integrity.
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3.6 Appendix

A =2K5; AL =2K7 -KP), A5 =2K:
Bf =K, BS=Kf+Kf—K& Bf=K:
Ct =2Kfy; Ci=2AKg-K;), C:=2K:
DJe:_K;’lt; D;—‘:—Kj/l,. (A.l)

4} =2Kp; A5 =2(Kl-K!), 4} =2K}

b b
Dy =-KyA,. (A2)

where

K: = -18144aE>E, E*[4bSE? + h*EX (150 +15bh + 4h%)
—ah’E E, (6b> — 4b*h —11bh* — 4h’) + abE E, (4b* + 20b°h + 46b°h* + 36bh> + 9h*)
+bhE,E (24b* + 60b°h + 80b%h? + 45bh* + 9h*)]

K5 =3024E,E,E [12b"E} +3KW°E} (15b* +15bh + 4h*) + a*h*EZE, (20b* + 25bh + 8h*)
+ah*E,_E}(57b* + 66bh + 20h* ) + 3b>hE,E* (28b* + 60b°h + 80b>h* + 45bh* + 9h*)
+3bh*EZE (24b* + 60b°h + 95b>h* + 60bh> +13h*)
+a’bE’E (8b* + 40b°h +80b%h? + 60bh® +15h*)
+ab®E EZ(20b* + 72b°h + 144b%h* +108bh> + 27h*)
+2abhE_E,E (24b* + 78b°h + 144b%h* +108bh> + 27h*)]

K: = —36288a°E’E,E’[2aE, (b + h)* + b’E_(2b* - 2bh — h*)
4 a~h™s a s

+hE, (12b* + 216k + 20b°K* + 10bR° + 2h*)]
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Ks

=12096aF, E,EX[b°E?(2b* — 6bh—3h*) - h’E} (9> — 6bh* - 2h*)
—ah*E E, (96> + 4b*h - Abh* - 2h*) + abE,E,(2b* +10b°h + 29b%h* + 24bh> + 6h*)
+bhE E,(18b* +33b°h + 49b%h* + 30bh* + 6h*)]

K¢ =12096aE, EX[26°E? +3a°E2 (b+h)* +4bhE,E (3b% +3bh+h” )+ 2K E} (3b® +3bh + h*)’

+ab’E E (56 +4bh+2h" )+ ahE,E, (216* + 486k + 50b°h* + 25bh° + 5h*)]

K% =144E_E {10a’E_E,[h*E,(3b+2h) + bE, (2b* + 6bh + 3h*))*(1+ v,)

K;

+h[9al’E _E} (7b + 4h)* + 105ab’hE ,E, E* (2b + h)(2b + 3h)(2b? + 6bh + 3h?)
+35a*bh*EXE,E,(8b + Sh)(2b* + 6bh + 3h*) + 70a*b>E2E? (2b* + 6bh + 3h*)?
+3h°E} (63b* + 63bh+16h*) + a’*h* EZE} (336b* + 427bh + 136h%)

+3bh*E}E (210b° + 539b°h + 378bh* + 81h%)

+6abh’E EZE (175b° + 539b2h + 441bh* +108h°)

+3b°h*E}E2(280b* +1050b°h + 1386b%h* + 735bh> +135h*)1(1+ v,,)

+2b°E,E [24b°E? +12ab’E E, (6b* +14bh + Th*) + 12b°hE  E (18b* + 21bh + Th*)
+6ahE, E, (68b* +252b°h +322b*h* +175bh” + 35h*)

+3h*E2 (204b* + 504b°h + 483b%h® + 210bh> + 35h*)

+a*E2(68b* +336b°h + 588b%h* + 420bh® +105h*)](1+ v, )}

= —288aE,E’ {4a’E, [8b’E, + 3aE, (b + h)’

+8KE, (3b® + 3bh + h*)|[R°E, (3b + 2h) + bE,(2b> + 6bh + 3h*)](1 + V,)
+h[1056°RE,EZ (2b + h)(2b + 3h) + 140ab*E_E? (2b> + 6bh + 3h°)

+3h*E] (1056 + 119b°h + 49bh* + 8h%) + al’E E} (5250 + 714b%h + 343bh° + 64b°)
+35abhE,E,E_(12b* + 52b°h + 49b°h* + 186" + 3h*)

+3bn ELE, (140b" + 455b°h + 343b°R° + 1056R° + 15h°)](1 + v,)

+4b°E,E_[6b°E, + 3hE, (166> + 21bh + Th®) + aE, (16b° + 42bh + 21h°)|(1 + v,)}
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K¢ =576a*E> {2aE,[17b°E? +18ab’E E, (b +h)* +6a*EZX (b +h)*
+34b°hE, E (3b +3bh+h*) +18ahE, E, (b+ h)*(3b? +3bh +h?)
+17h2EZ (3% +3bh+h*)*1(1+ v,)
+5hE, [14b°E? +1b°hE, E, (6b* + 4bh + h*)
+h2E2 (42b* + 63b3h + 42b%h* +14bh* +2h*))(1+ v, ) + 100" E E, E (1 + v,)}

K, = 12E,E,E,{-15a°E,[2bE, + 6b°hE, + 3bh’ (E, + E,) + 2h°E, I’ v,
+h{18ak’E_E} (7b + 4h)* - 105ab’E_E>(2b + h)(ab + ah + 2bh + h*)(2b° + 6bh + 3h%)
+35a°bhE’E (2b* + 6bh + 3h*)[3ab + 2(a + 4b)h + 5h*] + 6h°E] (63b* + 63bh + 16A%)
+3bh°EZE,(238b° + 231bh + 5Th®) + a’h’EZE, [315ab’ + 84b(5a + 8b)h
+14(10a + 616)h° + 272h°] - 3b°K°E,EZ (280b" + 840b°h + 798b°h> + 315bh° + 45h*)
+3abK’E E,E [-210ab’ — 455ab’h - 7(45a - 68b)bh* — 7(10a - 77b)h* + 152h* J}v,
+b{96b°E> + 315K°E] (b + h)(2b + h)’
+35a W EZE, (2b° + 6bh + 3K )[3ab + 2(a + 4b)h + 5h*]
+48ab’E_E? (6b% + 14bh + Th>) + 48b°hE,E” (186 + 21bh + Th*)
+105a°E_E} (2b + h)[3ab® + 5b(a + 2b)h + (2a + 196)h° + 8k’ ]
+3bh’ELE, (8166° + 2856b*h + 4872b°K% + 4410b°K> + 1925bh* + 315K°)
+3abhE, E,E [4b" (35a + 136b) + 42b°(15a + 68b)h + 14b° (65a + 464b) K’
+525b(a + 14b)h”> + 35(3a + 110b)A* + 7354 ]
+a’bEE _[4b* (35a + 68b) + 56b°(15a + 34b)h + 336b*(5a + 17b)A*
+420b(3a + 20b)h’ + 105(3a + 52b)h* + 1260A°1}v, }
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Kf, = —144aE,E, E}{-3a*[b’E, - 4aE, (b + h)’
+hE, (3b* + 3bh + h*)1[h*E, (3b + 2h) + bE,(2b* + 6bh + 3h*)]v,
+h{35abE,E (2b> + 6bh + 3h°)[3ab® + 3b(a + 2b)h + (a + 4b)h* + A’]
+3h°E} (1056° + 1196°h + 49bh* + 8h%)
+3bh°E,E, (140b* + 385b°h + 308b%h% + 1056h° + 15h%)
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o

= 756 E,E, {128b°E? + 256b°hE,E (3b> + 3bh + h*)

+128K°E} (36> + 3bh + h*)? + 3a’EX (b + h)*[21a® + 64(b + h)(a + b + h)]
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Chapter 4

Induced Strain Actuation on a Beam Structure
Subjected to External Loads

4.1 Introduction

Induced strain actuators have been highly integrated, embedded or surface bonded, with
conventional structural materials to serve as energy input devices or actuating elements in
many engineering applications implementing the intelligent material systems and structure
concept. Prominent examples include active structural vibration control (Bailey and
Hubbard, 1985; Crawley and de Luis, 1987), shape control (Chaudhry and Rogers, 1991),
acoustic transmission control (Liang et. al., 1991), and damage control (Rogers, et. al.,
1991). In order to use the actuators more effectively, research in modeling the mechanical
interaction between the actuators and host substructure to predict the overall structural
response has received great attention. However, most analytical efforts have been limited
to the case of no external loads being applied to the structure. In most cases, external
loads are usually present on the load bearing structure which is to be controlled by the
induced strain actuation of the actuators. The effect of the external loads on the actuator

performance, therefore, needs to be taken into account.
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Due to the highly integrated fashion of the actuators/substructure system, the actuators
become a part of the structure. Application of the external loads, thus, is partially
transferred to the actuators resulting a prestrain on the actuators. The combined effect of
the external loads and induced strain actuation brings about the concerns of the
performance and optimum design issues such as optimum actuator-to-substructure
thickness ratio which induces maximum bending curvature on the substructure and the

intensity of interfacial stresses which usually causes the failure of structural integrity.

The first comprehensive model to investigate these issues was developed by Crawley and
de Luis (1987) using the shear lag assumption from a mechanics of materials approach.
External loads of axial forces and bending moments applied to the structure were treated
as mechanically induced strains to be prescribed as boundary conditions. However, no
case study was performed to include the effect of any external loads to illustrate their

significance.

Im and Atluri (1989) presented a refined analysis to include the effect of externally applied
transverse shear and axial normal forces. Their model was also based on the shear lag
assumption. The influence of the transverse shear and axial forces on the interfacial shear
stress, which was regarded as the only actuation strain transfer mechanism, was
investigated. It was shown that the external loads have noticeable effects on the
magnitude of the interfacial shear stresses. However, the calculated interfacial shear stress
distribution does not satisfy the shear stress free boundary condition at the free edges of

the actuators due to the assumption made in the shear lag theory. The resulting interfacial
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peeling stress consequently is incorrect in both the distribution and magnitude. This model
helps understand the effect of external loads on the interfacial shear transferring via

bonding layer, but it lacks quantitative accuracy.

Recently, Chaudhry and Rogers (1993) investigated the effect of external loads on the
optimum actuator/substructure thickness ratio which maximizes the induced bending on
the substrate. It was demonstrated that the optimum thickness ratio is not only a function
of actuator/substructure stiffness ratio but also of external loads and induced strain level of
the actuators. Because of the limitation of employed Euler-Bernoulli mechanical model,
the influence of the external loads on the interfacial shear and peeling stress was not

studied.

In this chapter, the refined analytical model presented by Lin and Rogers (1993a, 1993b) is
extended to include external loadS. The model was developed under the plane stress
formulation of the theory of elasticity and is capable of describing the edge effect and
correctly predicting interfacial stress distribution. The formulation for the external loading
is first presented. The coupling effect of the external loads and induced strain actuation on
the effective force/moment transferring is investigated and verified with finite element
analysis. The influence of the external loads on the interfacial stress distribution is also
studied. Finally, the optimum actuator geometry under the action of external loads is

presented.
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4.2 Formulation

Consider a beam structure of length 2 L with a pair of induced strain actuators of length
2] symmetrically bonded on the outer surfaces of the beam as shown in Fig. 4.1. The
thickness of the actuator is @ and of the beam is 25. The interfaces between the actuators

and beam are assumed to have a "perfect bond". The structure is subjected to an external

axial normal force F;, and a bending moment A/, applied at the end of the beam and

induced strain actuation, 4, and A,, exerted on the actuators.

Under the consideration of linear system, the external loads and the induced strain
actuation mechanisms can be treated separately. The resulting stress field of each
mechanism can then be superimposed to yield the complete solution of the orginal
combined loading problem. The induced strain actuation mechanism has been solved by
converting the actuation mechanism to a boundary value problem under the framework of
plane stress formulation of the theory of elasticity (Lin and Rogers, 1993a). Figures
4.2(a) and (b) show the two stress fields that yield the solution of this mechanism. A
detailed formulation and solution scheme have been given in the reference (Lin and

Rogers, 1993a).

The stress field caused by the external loads is a typical boundary value problem in the
course of the theory of elasticity. Figure 4.2(c) illustrates the loading condition and the

resulting stress field to be determined. The complete solution of the original problem of
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Figure 4.1. Configuration of the analytical model with applied induced strain
actuation of the actuators and external loads on the beam substrate.
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Fig. 4.1 can be subsequently obtained by superimposing the solutions of Figs. 4.2 (a), (),

and (¢):

o, =0, +0; toy (1.1)
:‘[iz+sz+TgI (12)

o,=c +o + o (1.3)

Since the stress field (I) and (II) have been solved (Lin and Rogers, 1993a), the only effort

remaining is to solve the boundary value problem of Fig. 4.2(¢).

The boundary value problem of the Fig. 4.2(c) resembles that of the Fig. 4.2(b) with
different boundary traction conditions. Thus, the stress field obtained for the problem of

Fig. 4.2(b) is also adequate for the Fig. 4.2(c). The stress field in the section where the
, x| < 1, can be represented by (Lin and Rogers, 1993a):

ot (.2) = (2 B g () CZDCEEZD) e

S

oty 5.0) = =D (1) ZED) () ZED) g @2

a+b+z 2E

)

O-ob(x)a (23)

o, (X)— (b+z)(2¢21+b+z)

17
x(ab) ( (

120



-E A, -E_ A,
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Cx(ab) > Tiz(ay s sz(ab)
®

;
¥

Figure 4.2. Decomposed loading condition: (@) blocking forces on the actuator edges
as the actuators are activated; () end traction on the actuator edges; (¢)
external loads on the ends of the beam substrate.
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oy ,2) = (o822 1
+(a+b-z)[2a* -2ab-b* +2(a+b)z-z*]0%, (x)} G.1)
2
0,2 = L) 516 21t () oy ()
+ 12th (12ab’E, + E, (36> - 3b2* - 22%)10, (¥)
~[2ab*E, + E,(3b° - 3bz* +22°)] a7, (%)} (.2)
b
”wuﬂ—z{ﬁt;”omm 3

+(a+b+2)[2a* -2ab-b* -2(a+b)z- 20, (x)},

E (a+b-2)*
k(D (@b “n

-z)*[5a* - 2ab—b* +2(a+b)z - 2*]o%, (x)}

1
z(at)(x 2)— 12a 2{ 4

—(b* —22)(5b? - 2%)
1252

{[asz (a—4z)+E (b* +6b°z -2b2° - z%)] o (x)

Oy (%,2) = 02’(x)+—a—[(50-SZ)Oé'r(x)+(5a+82)02'b(x)]

24b2E
+Hab’E,(a+4z)+ E, (b* - 6b°z +2b2° — z*)]07}, (%)} (4.2)

E (a+b+2)*
E

s

+z)?[Sa* -2ab-b* -2(a+b)z-z% 107, (X))},

zfab)(x z7)= 12a 2{ : o (x)+(a+b (4.3)

where £, and E_ are the Young's modulus of the actuator and beam substructure, and the

subscript (at), (s), and (ab) indicate the quantities of the top actuator, beam and bottom
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actuator, respectively. The quantities o, (x), 0, (x), and o, (x) are the axial normal

stress at the outer fiber of the top and bottom actuator and at the center of the beam,

0, (x) and o, (x) are the axial normal stresses of the beam at the top and bottom

interfaces, respectively, and the prime indicates the derivative with respect to x.

The stress field in the beam section where the actuators are absent, i.e., l(\ xl(L -1, is
assumed to be undisturbed by the geometric discontinuity of the bonded actuators and end
effects of the applied loads. Accordingly, the axial normal stress is the only nonvanishing
stress component and is uniform through the thickness under the axial normal force and

linear under the bending moment loads.

The overall equilibrium of the structure requires:

LF = Figy + Figy + Fig

a+b b b

_ i i i

= J.b Oy @z "'_[_ , Oz + _(ast) x(abydZ

=F (5.1)
a+b b -b

_ i i1 i

=, zovends+ [ 20k [, 20Kz

=M, (5.2)

The stress components at the interfaces o, (x) and o, (x) can then be expressed in

terms of 5, (x), 0,,(x), and &, (x):
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1
2(aE ,+bE )[aE, (a+4b) +4b*E.]
+3E,[aE, (a +4b) +4b%E]F,
—4bE [aF, (a +4b)+4b*E Jo,(x)
—akE,[aE, (Ta +16b) +bE,(5a +16b)]o,, (x) +a*E, (3aE, +5bE, )0, (x)}

(6.1)

O, (x)= {6E (ak +bE )M,

1
2(aE +bE,)[aE, (a+4b) +4b*E, ]
+3E [aE, (a+4b) +4b*E,|F,
~4bE [aE, (a +4b) +4b*E ]Jo,(x)
—aE [aE,(7a+16b) +bE (5a +16b)]c,, (x) +a’E, (3aE, +5bE,)c , (x)}.

G s (X) = {_6Es (aEa+bEs)M0

(6.2)

The stress fields of Eqgs. (2) (3) and (4) satisfy the equilibrium in each constituent as well
as the overall equilibrium of the integrated structural system. The boundary conditions
involving stresses at the lateral surfaces along with the traction continuity at the interfaces

are also satisfied. The unknowns remained to be determined in this stress field are

o,(x), 0,(x),and o, (x).

To solve these unknown stress components, the principle of stationary complementary

energy is used. The total complementary energy for the present problem is:
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U(total) = U(at) + U(s) + U(ab)

X a

1 patbel g2 2 2 n
:——ZE A J_I[Oj(ar) +0'§( y t2(1+ V) To@y —2V, x(az)oi(a:)]d"dz
a

z(s) xz(s) sYx(s)Yz

L 17 2 2 e
+2_&I—bj—l[oi(5) + +2(1+ v,) 70, =2 V,00(, 05, labedz

| A 2 2 o
+—2 £ J:Pb_'-_l[ waby T Ozary +2(1+ Va)ra['z(ab) -2v, x(ab)o'g(ab)]d’Cdz- -
a

where v, and v, are the Poisson's ratio of the actuator and beam substrate, respectively.

In order to simplify the foregoing derivation, the problem is solved for the case of axial
normal force and bending moment separately. The solutions of these two cases can be

thereafter linearly superimposed to yield the solution of a general loading condition.

Under the loading of axial normal force , i.e., M, = 0, the axial normal stress of Eq. (2)

are symmetric about the x-axis, which yields:

cibs(x)zcits(x) (81)
O, (X) = O, (). (8.2)

Substituting the stress components of Eqgs. (2), (3) and (4) into Eq. (7), with the help of
Eq. (6), the complementary energy of the system becomes:
Uiy = K{ 5 + K] Fyo,(x) + K{ 0% (x) + K] Fy0,,(x) + K{ 0,(x) 0, (x)
+K{ 03, (x) + K] 0. (x) + K{ 0,(x) 0% (x) + Kf 0, (x) + K}p Fo o (x)
+K},0,(2)02(x) + K01 (x) 0, (x) + Kfy07 () + K[ Fo 0, (x)
+K{s0, ()00 () + Kji0, ()05 () + K0 (x)ay, () + Ko  (x). (g)
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where Klf (7 = 1,18) are functions of the material properties, £, E, v,,

v,, and the

thicknesses of the actuator and beam, a and . The complete expressions of Kl.f are given

in the appendix.

Variation of the complementary energy 6U =0 with the stresses satisfying the

prescribed end traction yields the Euler's equation:

at d’ a* d?
{Alf—+A{Zx—+A3f}oc(x)+{dex +Bf — P +B{ |o,(x)=Df

A =2kl; Al =2kl -K!), af =2k]
B =K{;; B] =K}, +K|,-K{, B{=kK{
c/ =2kl; cf =2kl-k{), cf=2k!
Dl =-K[F; Df=-K[F,.

The general solution of Eq. (10) has the form:

(Afo Bfo) 8 p oz
ot( ) (Afo (Bf) ) ;pz (exp)

c{ D/ - B/ D{)
C( ) ( }/1 pz (exp)
(A{ C{ (B{)?) ,Zl
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(11.1)

(11.2)



where
;A + 4l (@] ) + 4] (a] )Y
! (B{ +B{ (&)’ +B{ (a/)*)

In the above, a,f (i = 1,8) are the roots of the characteristic equation:

(A (@) + 4] (@’ +4]) (B/ (@’)*+B](a”)* +B]) _

- 2
(B/ (@) +B] (@”)*+B]) (C/(a")*+C{ (@’ )*+C]) & (12

and p/ (i = 1,8) are arbitrary constants to be determined by the end traction conditions:

—0 _K
0,(x)=0; o, ()= 2 (13.1)
o, (x)=0; o.(xl)=0. (13.2)

Under the loading of an external bending moment, i.e., F, = 0, the axial normal stresses

of Eq. (2) are, on the other hand, antisymmetric about the x-axis, which yields:

6.5 (x) = =0, (x) (14.1)
cob(x) = —Got(x) (14-2)
c.(x)=0 (14.3)

The complementary energy of the system becomes

Ui = K'M; + K7 M0, (x)+ K70, (x)+ K7 0, (x) + KT Myou(x) (5)
+K70,(x)on(x)+ K7 on (%),
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where K" (i = 1, 8) are functions of the material properties and geometry, and are given

in the appendix.

Variation of the complementary energy U, =0 with the stresses satisfying the

prescribed end traction yields the Euler's equation:

d* d?
[A4) i Aﬁ"jdx—z+As'"]Uoz(x)=D1m, (16)
where

A7 =2K7, A7 =2KP-KP), A =2K

The general solution of Eq. (16) has the form:

m 4

D m "
O—or(x): i,,'*‘zpi (exp)‘ﬂ )
A7 T (17)

where @ (i = 1, 4) are the roots of the characteristic equation
AT (&™) + AT (@™)? + AT =0, (18)

and p”(i=1,4) are arbitrary constants to be determined by the stress free boundary

condition at the actuator edges:

(19.1)
(19.2)
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The solutions obtained above for the external loading condition are to be superimposed to
the solutions for the induced strain actuation to construct the complete solution of the
original problem of Fig. 4.1. It is noted that the solutions are obtained for pure
extension/contraction and pure bending mode. Nevertheless, a linear superposition of

these solutions can yield the solution for a general loading condition.

4.3 Finite element analysis

In order to assist in verifying the current analysis, finite element analyses were performed.
A typical finite element model with b/a =3 thickness ratio and //a=10, L/a=20
aspect ratio subjected to an external axial force and induced strain actuation by the
actuators is depicted in Fig. 4.3. The model consists of 4 x 10 elements for each actuator

and 24 x 20 elements for the beam.

Plane stress linear isoparametric elements were used for both the beam and the actuators.
Since the characteristic induced strain of the actuator resembles the thermal expansion
effects of a structural material, fictions thermal expansion coefficients were assigned to the
actuators. The desired induced strain level was then obtained by applying a uniform
temperature field on the model. The induced strain actuation and external loading were
applied simultaneously in one loading step to model the combined effect of the two
mechanisms. The analyses were performed using the ABAQUS finite element package for

solution and IDEAS for pre- and post-processing.
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Figure 4.3. Finite element model of the actuator/beam substructure with applied axial
force (modeled with edge pressure) and boundary restraints.
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4.4 Results

The effective force/moment induced on the beam structure and the resulting interfacial
stress distribution under the combined external loads and induced strain actuation of the
actuators are presented. The geometric configurations of the integrated actuator/beam
substructure selected are b/a =3, //a=10, and L/a =20, and the material properties of

E /E, =116, and v,/ v, =1 are used, which are comparable to an aluminum beam with

plezoceramic actuators.

Figure 4.4 shows the effective force distribution induced in the beam structure along the x-

axis under pure extension activation, i.e., 4, = 4,, and applied external axial force of
different magnitude. The magnitude of the applied axial force is normalized with the total
blocking force of the actuators, ie, F=F;/(2aE,A,), and the x-coordinate is
nondimensionalized with respect to the thickness of the actuator. For comparison, the

results obtained from the finite element analysis are included.

It is shown that results from the current analysis agree well with those of the FEM
validating the superposition procedure used in the current analysis. A discrepancy is
shown at the area near the ends of the actuator. At the ends of the actuator, i.e., at =10,
the effective force obtained by the analytical model exhibits a discontinuity. These are
caused by the approximation made in the axial normal stress field in the analytical model.

Nevertheless, the disagreement is confined within a length of one actuator thickness.
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Figure 4.4. Effective force distributions induced in the beam structure along the x-

axis under pure extension actuation, 4, =A4,, and applied external axial
force of different magnitudes.
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The corresponding interfacial shear stress distribution is illustrated in Fig. 4.5, where the
magnitude of the shear stress is normalized with the blocking stress of the actuator, £ A4,.
It is shown that the location and the level of the maximum shear stress are altered with the
application of the external axial force. The maximum shear stress increases with the
applied negative forces, i.e., compressive forces in the case of pure extension activation,
and decreases with applied tensile forces. This is caused by the higher strain mismatch at
the interface as a negative external force is applied. It is noted that increasing the positive

forces, i.e., tensile forces, a high shear stress level will be induced in opposite direction.

Figure 4.6 shows the interfacial peeling stress distribution under pure extension activation
and external axial force of different magnitude. The maximum peeling stress also exhibits
the trend that increases with the applied negative forces, i.e., compressive forces, and
decreases with the applied tensile forces. Further increase in tensile forces will also

induced high peeling stress level in opposite direction.

The effective moment distribution induced in the beam structure along the x-axis under
pure bending activation, i.e., 4, = —4,, and applied bending moments is shown in Fig.
4.7. The magnitude of the external bending moment is normalized with the moment that
the total blocking forces of the actuators produce about the neutral axis of the structure,
ie, M =M,/2aE,(a/2+b). It is shown that the results obtained from the current
analysis and the FEM agree very well except at the location where the actuator ends.
Again, the discrepancy is caused by the approximation in the axial normal stress field in

the analytical model.
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Figure 4.5. Interfacial shear stress distributions as the actuators are activated in pure
extension and the beam is subjected to external axial force of different
magnitudes.
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Figure 4.6. Interfacial peeling stress distributions as the actuators are activated in
pure extension and the beam is subjected to external axial force of different
magnitudes.
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Figure 4.7. Effective moment distributions induced in the beam structure along the x-
axis under pure bending actuation, 4, =—A4,, and applied bending moment
of different magnitudes.

136



The corresponding interfacial shear and peeling stress distribution is shown in Figs. 4.8
and 4.9, respectively. It is apparent that the trend of the alternation on maximum
interfacial shear and peeling stresses under the pure bending mode is the same as that of
the pure extension mode. The maximum shear and peeling stress level increases with the
applied negative moments, and decreases with positive moments. With high applied

positive moments, high shear and peeling stress level will be induced in opposite direction.

The maximum interfacial shear and peeling stress as a function of external loads is
depicted in Fig. 4.10. Under the pure extension mode, the actuators are activated with
A, = A, and F; is the only external load, and under the pure bending mode, the actuators
are activated with 4, = — A4, and M is the only external load. It is evident that the
maximum shear and peeling stresses vary linearly with the magnitude of the applied
external loads for both pure extension and pure bending modes. The induced strain
actuation of the actuators offsets the stress level in tension on shear stress and in

compression on peeling stress.

It is well known that an optimum actuator/substructure thickness ratio exists as the
structure is activated in pure bending by the actuators to deliver maximum actuation
moment to the substrate. Superposition of the external bending moment M, on the
induced strain actuation will change the stress profile in both the actuator and beam
substrate. This consequently alters the optimum thickness of the actuator. Figure 4.11
shows the optimum substructure-to-actuator thickness ratio as a function of applied

external bending moments at different induced strain actuation levels, where the external
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Figure 4.8. Interfacial shear stress distributions as the actuators are activated in pure
bending and the beam is subjected to external bending moment of different
magnitudes.
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Figure 4.9. Interfacial peeling stress distributions as the actuators are activated in
pure bending and the beam is subjected to external bending moment of
different magnitudes.
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Figure 4.10. Maximum interfacial shear and peeling stresses as a function of external
loads in pure extension and pure bending modes.
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Figure 4.11. Optimum substrate-to-actuator thickness ratio as a function of applied
bending moments at different induced strain actuation levels.
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bending moments are normalized with the actuation moment induced by the actuators at

b/la=3.

It is shown that with negative bending moments, i.e., the bending moments with sign
opposite to that of the actuation moment, a thicker actuator is desirable for the actuators
to induce a maximum moment on the substrate. This result agrees with the conclusion of
the study by Chaudhry and Rogers (1993). On the other hand, with positive bending
moments a thinner actuator will deliver a higher moment to the substrate. It is evident
that for a high positive bending moment, such as M =1 at A4, = 1, the optimum
thickness ratio approaches infinity. This suggests that no desired actuation moment on the
beam substrate can be achieved. In other words, with a high positive bending moment, no
actuation moment on the substrate can be added to the substrate using surface-bonded

induced strain actuators.

4.5 Conclusion

The effect of external loads on a beam structure activated with surface-bonded induced
strain actuators was modeled by extending the analytical scheme recently proposed by the
authors (Lin and Rogers, 1993a). It was demonstrated that the mechanism of the external
loads can be modeled using the same approach. The resulting stress field can be
superimposed with the existing solution of the induced strain actuation mechanism
obtained previously to yield a complete solution for the combined effects of the both

mechanisms. The solution was obtained by the principle of complementary energy for
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pure extension and pure bending mode separately which can be linearly superimposed to

yield the solution for a general actuation and loading condition.

It was shown that the results obtained from the current analysis agree very well with those
from the finite element analysis in the prediction of effective force/moment induced in the
substrate. It was also demonstrated that the interfacial stress distribution is altered with
external loads, and the maximum interfacial shear and peeling stresses are a linear function
of external loads. Under the pure bending mode, parametric study showed that with
bending moments with a sign opposite to that of the actuation moment, a low
substructure-to-actuator thickness ratio is optimal. This result agrees with the conclusion
of the study by Chaudhry and Rogers (1993). On the other hand, with bending moments
with the same sign as that of the actuation moment, a high substrate-to-actuator thickness
ratio is desirable. In the limit, with high positive bending moments, no actuation moment

can be added to the substrate using surface-bonded induced strain actuators.
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4.7 Appendix

K/ =81648E,E HG? (A1)
K] =-145152bE,E HG* (A.2)
K] =48384bE,H(2aE, +3bE,)G* (A3)
K/ =-145152aE,E HG* (A4
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K/ =96768abE,E HG*
K] =48384aE,H(3aE, +2bE,)G>

KJ = 46080 E,G*[5a’E,E,(1+ v,) +b(17a*E? +18abE,E, + 6bH*E?)(1+ v,)]

K] =-1152abE,E ,G{a*[3a* (3a +32b)E> +ab(39a +352b)E E,
+256b6°E21(1+ v,) +b*(8aE, + 3bE,)[a(11a + 32b)E,

+b(5a+32b)E,J(1+ v,)}

K] =72a%{2aE,[3a* (55a° + 416ab+1024b>)E} + 6a°b(69a* + 768ab
+256062)E2E . +a’b* (349a* + 6432ab+30208b% ) EXE?

a

+1024ab* (3a +26b)E E? +8704b°E} |(1+ v, ) + bE,[315a°E]
+1680a°bEE +2a*b*(1979a* +1760ab +2560b* ) EZE? + 40ab’ (89a*
+128ab+ 256 B*)E, E? + 5b* (235a* +320ab+10246*)E* 1(1+ v,)}

K/ =864bE,E . G*[15a°E, v, +b(35a*E, +32abE, +12b°E ) v,]

K =11520*E,G*{~15a*E, v, +[a* (35a + 68b)E? + 12ab*E, E, + 24b°E* v}

K/ =-1152abE, E,G*[3a*(4aE, - bE,) v, + b(35a°E, + 32abE, +12b°E,) v,]

K7, = 16b*E,G*[a*b(315a* +1008ab+992b*)E>
+a(35a* +504ab’ +1056b*)E E, +228b°E?]

K/, = -108aE, E G{3a*[3a* (31a + 144b)E? + ab(123a + 1024b)E E,
+5926°E2? v, +5b[21a> (3a +16b) E2 + ab(105a* + 940ab +128b%)E E,

+4b> (145a +326)EX v, }

K/, = 288abE,G* (3a*E,(27aE, +37bE,) v,

—[105a°E, +ab(175a + 64b)E  E, + 24b°EX v}

K/, =288aE,G*[3a(16a*E? +13abE,E, - 13b*E?) v,

+5bE,(21a*E, + 35abE, +8b°E,) v, ]
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(A.11)
(A.12)

(A.13)

(A.14)

(A.15)
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K[, = -8abE,G*[189a’b(5a +8b)E? + a(165a* +1575a%b?
+3780ab’ + 928b*)E_E, +5b(47a* +252ab® +96b*)E?]

K/, = a*[945a°b(3a* +24ab+64b*)E. +9a* (139a° +1272a*b + 4474a’b*
+11256a°b® +39648ab* + 7168b°)EE, + a*b(3162a° +40584a’h
+152259a°b? +143640a°b° + 736448a%b* +251392ab’ +204806°) E2E2
+ab® (2051a® +47944a°b + 252736a°b* + 63000a°h* + 626400a°b*
+302080ab’ +40960b°)E2E? +8b* (23514’ +24448a"b +23400a°b’
+14400ab* +25606°)E E* +56416a°b°E?]

K" = 435456 E, E H*(3aE, + 5bE,)
K} = -145152aF,E H*[a(13a +16b)E, +b(25a +32b)E, ]

K} =12096aE,H*[3a*(21a* + 64ab+ 64b*)E?
+ab(125a* +384ab+448b*)E E, +128b*E?]

K} =72a*{2aE, [3a* (67a* +224ab+1024b*)E}
+6a’b(65a* +256ab+2560b*)E E, +a*h? (209a* +1376ab
+302086% )E2E? + 512ab* (a+ 52b)E,E> +8704b°E} 1(1+ v,)
+bE,[2835a°E} +15120a°bE.E, +2a*b* (15839a* +3808ab
+3584b*)E2E? +8ab’ (3615a* +1792ab+1792b% )E E}
+b*(9575a% +6720ab+71686*)E* 1(1+ v, )}

KY = -3456aF,E H* {3a* (3a*E, + 27abE, +37b*E,) v,
+7b*(15a*E, + 30abE, +8b*E ) v,}

K] =576a*E H*{3a[a (11a® +121ab+128b*)E? +13ab*(11a +8b)E E,
~1045*E2 v, + 7bH2(5a +8b)E,(15a°E,, + 30abE, +8b*E,) v,}
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(A.18)

(A.19)
(A.20)

(A.21)

(A.22)

(A.23)

(A24)



K7 =a*[945a°b(3a* +24ab+64b*)E> +9a* (139a° +1272a*b + 4474a°h*
+11256a%b” +39648ab* +7168b°)ELE, +a*b(3162a® +40584a°b
+152259a*b* +143640a°h> + 736448a*b* +251392ab’ +20480b° )E E?
+ab? (2051a® +47944a°b +252736a*b? + 63000a°b> + 626400a%b*
+302080ab’ +40960b°)EZE? +8b* (2351a° +24448a*b + 23400a°5°
+14400ab* +25606°YE E? +56416a°b°E? ]

where
G =a*E, +4abE, + 4b*E,
H=aE, +bE|
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Chapter 5

A Mechanical Approach to Interfacial Stress
Alleviation in an Integrated Induced Strain
Actuator/Substructure System

5.1 Introduction

Recent developments in the implementation of intelligent material systems and structures
generally involve highly integrated, surface-bonded or embedded induced strain actuators
as energy input devices or actuating elements in various engineering applications (Bailey
and Hubbard, 1985; Crawley and de Luis, 1987; Chaudhry and Rogers, 1991). The means
of integrating the actuators and the host substructures is primarily by bonding. The
bonding interfaces, therefore, serve as the media for transferring the actuation mechanism.
Thus, desirable interfaces must have a high efficiency in transferring the induced actuation
strains of the actuators to the substructures, and have a sufficiently high fatigue endurance

limit to provide a strong bond to ensure structural integrity.

Two vastly different approaches can be used to achieve these objectives. The first is
within the context of material science and engineering, which focuses on methods to
increase the stiffness and strength of the interfacial bonds. This approach generally

involves the study of the chemical mechanisms the adhesion between heterogeneous
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materials. The second approach involves a mechanical approach which seeks the design
criteria for optimum configuration of the actuators to increase the efficiency of the
actuation transfer and reduce the interfacial stresses. This approach requires an
understanding of the mechanics of the mechanical interaction between the actuators and
the substructures. The present study will be confined to the mechanical approach to
designing an actuator configuration that can alleviate the high stress intensity at the

interfaces and the free edges of the actuator.

The mechanism of the mechanical interaction between the actuators and the substructures
has been modeled analytically by Crawley and de Luis (1987) and Im and Atluri (1989)
using one-dimensional analysis based on the shear lag assumption. It was shown that the
actuation forces/moments are transferred solely by the interfacial shear stresses localized
near the end zones of the actuators. It was concluded that in order to achieve effective
induced strain transfer from the actuator to the substructure, a high interfacial shear stress
state is desirable. Thus, the issue of interfacial failure due to high intensity of this stress

component has never been addressed.

A refined model based on a two-dimensional elasticity formulation was recently presented
by Lin and Rogers (1993a, 1993b). This model more accurately describes the stress field
in both the actuator and the substructure, particularly near the end zones or the free edges
of the actuator. The interfacial shear and peeling stress distributions were correctly
predicted. It was shown that the presence of the free edges of the actuator raises the

intensity of the interfacial shear and peeling stresses near the actuator end zones.
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Recently, Walkers et al. (1993) conducted a finite element analysis on various actuator
edge configurations in an attempt to reduce interfacial shear and peeling stress intensity.
It was demonstrated that using various designs of end caps and partial electrode
configurations at the ends of the actuators can noticeably reduce the interfacial shear and
peeling stresses. Nevertheless, the mechanics underlying this alleviation has not been

discussed.

The objective of the present study is to develop the theoretical basis for the mechanics of
the interfacial stress alleviation mechanism. The rationale on the design of reconfigured
actuator free edges to alleviate interfacial shear and peeling stresses is first presented. A
new actuator configuration with "inactive" edges is proposed. The issues related to the
actuator efficiency brought about by the addition of inactive edges are discussed. Finally,
the effectiveness of this new actuator configuration is characterized by analytical modeling

and finite element analysis.

5.2 Theory

Consider a beam structure of length 2 L with induced strain actuators of length 2/
symmetrically bonded on the outer surfaces of the beam as shown in Fig. 5.1. The
thickness of the actuator and beam are denoted by a and 25, respectively. The actuation

mechanism transferred from the actuator to the beam substructure can be easily illustrated
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Figure 5.1. Schematic configuration of the induced strain actuator/beam substructure
system.
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using one-dimensional analytical scheme based on the shear lag assumption.

Consider a free body diagram cut from the top actuator as the actuators are activated.
Based on the framework of the one-dimensional shear lag theory, the forces acting on this
free body are depicted in Fig. 5.2(a), where F, indicates the resulting normal force in the
actuator, and S is the shear force on the interface. Note that the normal force F) is equal
in magnitude and opposite in sign to the effective force transferred to the beam
substructure. Thus, the quantity F, can equivalently represent the resulting actuation
force in the beam substructure. In this configuration, the free edge effect is apparent,
where the ends of the actuator have a force-free boundary condition and the actuation

force F, is solely transferred by the interfacial shear force S. In order to achieve a higher

effective force level, a larger interfacial shear force is needed.

Now, if the free edge of the actuator is by some means reconfigured to reduce the free
edge effect, the interfacial shear force can be correspondingly reduced, see Fig. 5.2(4). In
other words, part of the force transfer can be accomplished through the ends of the
actuator in addition to the interface. In this configuration, the actuation force is

transferred not only by the interfacial shear force, S*, but also the normal force on the

ends of the actuator, F,. Therefore, a lower interfacial shear force level is needed, i.e,,

S* < S, to achieve the same level of effective force on the beam substructure F, as that

depicted in Fig. 5.2(a).
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Figure 5.2. Free-body diagram of the top actuator: (@) with free edge effect, () with
reduced free edge effect.
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The mechanism of alleviating the interfacial stresses by reducing the degree of the free
edge effect can be more vigorously analyzed based on equilibrium considerations using a
two-dimensional analytical scheme. Consider the integrated induced strain actuator/beam
substructure system of Fig. 5.1. The interfacial stress distributions along the x-axis which
satisfy the stress-free boundary condition at the ends of the actuator are illustrated in Fig.

5.3.

The axial normal stress in the top actuator in general can be expressed as:
Orian(X,2) = f(2)g(x), €))]

where subscript (af) denotes the quantity of the top actuator, and f(z) and g(x) are
arbitrary functions depending solely on z and x, respectively. The first equation of

equilibrium requires:
Oyt Te,=0 : (2)

Substituting Eq. (1) into (2) for o, and integrating with respect to z, the shear stress field

is obtained:
Teay (2= =8 [ F 2z 401 (), 3)

where ¢;(x) is an arbitrary function depending on x to be determined by the boundary

conditions.
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Figure 5.3. Stress distribution along the x axis at the interface.
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The shear stress free boundary condition on the outer lateral surface of the top actuator

yields:
sz(a’) (x,a +‘b) = 0. (4)
Imposing this boundary condition, the shear stress field is defined by:

Textan (6,2) = 8 CL [ (D) )omans = [ [ (D)2} = &' (D) F (2). )

The expression of the shear stress at the interface is then obtained:
Toran (X,0) = &' (X)F (D). ©

In the above, g’(x), which represents the slope of the axial normal stress in the x
direction, can be regarded as a factor that contributes to the variation of the interfacial
shear stress in the x axis and its magnitude. It is apparent that the variation of the axial
normal stress in the x axis, or more precisely the slope, controls the magnitude and
distribution of the interfacial shear stress. In the case of an actuator with free edges, the
slope of the axial normal stress increases dramatically near the end zones of the actuator
due to the free edge effect. The interfacial shear stress, therefore, yields a noticeable
intensity localized at the free end zones. Now, if the increase of the axial normal stress
near the actuator edges can be minimized by some means, the intensity of the interfacial
shear stress can then be accordingly alleviated. In the extreme, the interfacial shear stress

will vanish in the case in which the axial normal stress is uniform in x, i.e., g’'(x) =0.

The transverse normal stress field can be obtained likewise by considering the second

equilibrium equation:
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+0,, =0. (7

7. 2.z

Substituting Eq. (5) into (7) for 7z_ and integrating with respect to z, the transverse
normal stress field is obtained:

Cuary (¥,2) = =" (x) [ F(2)dz + ¢, (x). 8)
Imposing the transverse normal stress free boundary condition on the top outer lateral
surface,

O xar) (x,a+b)=0, 9)
the final expression of the transverse normal stress field becomes:

Oray (%,2) = 8" GO [ F(2)de])guy — [ F(2)de} = g"(x)H(2). (10)

The transverse normal stress at the interface, or the peeling stress, is given by:

O—z(at)(x’b):g”(x)H(b)- (11)

Similarly, the slope of the shear stress with respect to x, g”(x), controls the magnitude
and variation of the peeling stress in the x direction. As shown in Fig. 5.3, the interfacial
shear stress has the highest slope at the actuator edges, yielding a maximum interfacial
peeling stress right at the ends of the actuator. By the same argument, if the free edge
effect can be somehow diminished, resulting in a less dramatic change in the slope of the

interfacial shear stress, the intensity of the interfacial peeling stress can then be alleviated.
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Based on the above analysis, the interfacial shear and peeling stresses can be reduced as
the axial normal stress becomes more uniform with respect to x. The non-uniform field of
the axial normal stress is shown localized near the end zones of the actuator due to the
free edge effect. Thus, as the degree of the free edge effect is reduced, the desired

interfacial shear and peeling stress alleviation can be achieved.

One of the most direct approaches is to incorporate inactive edges at the ends of the
actuators, as shown in Fig. 5.4. The inactive edges have the same thickness as the
actuators and a length of e. These inactive edges provide a path for part of the actuation
mechanism to be transferred from the ends of the actuators to the beam substructure from
a force-transferring point of view. Alternatively, they also can be regarded as blocking
elements which will exert axial normal stresses on the actuator edges to reduce the free

edge effect.

Actuators with inactive edges can be easily manufactured. The inactive edges can be
composed of different material from the actuator with comparable or higher stiffness, but
insensitive to the activation stimulus. The inactive edges can also be created by blocking
the activation stimulus from the areas near the actuators' edges. For example, in the case
of piezoelectric actuators, the inactive edges can be implemented simply by removing the

electrode on the surfaces near the end zones of the actuators.

With the addition of inactive edges, the efficiency of the actuators needs to be

characterized. In particular, the issues concerning the effectiveness of the actuation
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Figure 5.4. Schematic configuration of the proposed actuator with inactive edges.
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force/moment transfer and the efficiency of the interfacial shear and peeling stress
alleviation need to be addressed. Performance characterization of the proposed actuator
configuration using both analytical and finite element models is discussed in the following

sections.

5.3 Analytical modeling

In order to characterize the effectiveness of the proposed actuator configuration, the
refined analytical model by Lin and Rogers (1993a) is used. The model was developed
based on the plane stress formulation of the theory of elasticity for a beam structure with
symmetrically surface-bonded actuator patches, as shown in Fig. 5.1. The whole-field
stress distribution in each constituent was obtained in an approximate manner in closed
form by the principle of complementary energy. The model is capable of describing the

edge effect and determining the interfacial shear and peeling stress distribution.

The stress field in the top actuator was derived and has the form:

a+b-z, E,

O (an) (x,2)=-E_ 4, +( Oy (X)

ES
_(b-z)(2a+b-2)
2 Oy (X) a2.1)
E b-z)>3
sz(at)(x’z) = 3;2 { a(a_;: Z) o_;ts(x)
+(a+b-2z)[2a% -2ab-b* +2(a+b)z-z*]0’, (x)} (12.2)
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E b-z)?
1 L (a+ z)o_,

Oz(at)(x’z)z 1202 { E ir’s(x)+(a+b
~z)?[5a* - 2ab-b* +2(a+b)z-z* 0%, (x)}, (12.3)
where
6, (x) = 1 {-3a°E_E_(aE, + 2bE,)hs

" 2(aE,+bE,)[aE,(a + 4b) + 4b°E, ]
+3aE,E, [aE,(3a + 8b) + 2bE, (a + 4b)]M
-3a°E,E, (aE, + 2bE,)\s — 4bE,[aE,(a + 4b) + 4b°E Jo_(x)

—aE [aE,(7a + 16b) + bE_(5a + 16b)]c ,(x) + a2E5(3aEa + 5bE )0, (x)}

In the above, E, and E_ are the Young's modulus of the actuator and the beam
substructure, respectively, and 4, and A, are the free induced strains in the top and
bottom actuators, respectively. The quantities o, (x), 6,,(x), and o,(x) are the axial

normal stress at the outer fiber of the top and bottom actuator and at the center of the

beam, respectively; o, (x) is the axial normal stress of the beam at the top interface; and

s

the prime indicates the derivative with respect to x.

The only unknown quantities in the stress field of Eq. (12) are 6, (x) and its derivatives

for the case of pure bending actuation, i.e., 4, = —A4,, and has the solution given by:
Db 4 5 R
0o (x) =~ + 2P/ (exp)™, (13)
3 =l

where A,.b (i=1,3) and le are constants related to the material properties and geometry

of the actuator and beam, and have been described by Lin and Rogers (1993a). In the

above, a’ (i = 1,4) are the roots of the characteristic equation:
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Ab(ab)t + Ab(ab)? + 4h =0, (14)

and P,b (i = 1, 4) are arbitrary constants to be determined by the end traction condition

at the edges of the actuator.

Since the inactive edges of the actuator were not included in the model, their presence is
simulated by prescribing different boundary traction conditions at the actuators' edges, i.e.,

x = */. Three boundary traction conditions (B.C.) are used:

(1) Gya(£la+b)=0, Ty (£1,2) =0 (15.1)
(2) Oy (£,a+8)=0.50,4)(0,a+b), Ty (£l,2)=0 (15.2)

B.C. (1) represents the actuator without inactive edges, where the free edge effect is
present. B.C. (3) simulates the actuator with inactive edges which have a stiffness capable
of transferring the maximum fraction of the actuator's induced strain to the beam
substructure over the entire length of the actuator. In other words, the free edge effect is
totally eliminated in this case. Finally, B.C. (2) models the actuator with inactive edges

which have a stiffness resulting in an average effect of the extreme cases of B.C. (1) and

3).

The effective moments transferred from the actuators to the beam substrate under pure

bending actuation for the three cases of boundary traction are shown in Fig. 5.5. The
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Figure 5.5. Effective moment distribution along the x axis under different boundary
traction conditions as obtained from the analytical model.
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actuator/beam structure geometric configuration of b/a=3,//a=10,and L/a=20is
used. The material properties are selected to be v,/ v, =0.73 and £ /E, =3.29, which
are comparable to a steel beam with piezoceramic actuators. The quantity of the effective
moment is normalized with respect to the moment that the total blocking force of the

actuators produce about the neutral axis, i.e, M* =2aF,1,(a/2+b), and the x axis is

nondimensionalized with respect to the thickness of the actuator.

It is evident that the magnitude of the effective moment is not affected with the addition of
inactive edges in a location away from the ends of the actuator. However, a higher level
of the effective moment is shown near the end zones. In the extreme case, i.e, B.C. (3),
the free edge effect is totally reduced, resulting in a uniform effective moment along the
entire length of the actuator, which represents the maximum achievable actuation transfer

mechanism.

Figure 5.6 shows the corresponding interfacial shear and peeling stress distribution along
the x axis. The magnitude of the stresses is normalized with respect to the blocking stress
of the actuators, i.e,, £ A4,. It is shown that with the inactive edges, the interfacial shear
and peeling stresses can be significantly reduced. In the case where a uniform axial normal
stress field along the x axis is obtained, the interfacial shear and peeling stresses vanish

through the entire interface.
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Figure 5.6. Interfacial shear and peeling stress distribution under different boundary
traction conditions as obtained from the analytical model.
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In summary, the analytical modeling demonstrates that inactive edges can significantly
reduce the interfacial shear and peeling stresses and slightly increase the actuation transfer
mechanism near the actuator ends. The free edge effect can be reduced by the proposed

actuator configuration in which relatively stiffer inactive edges are desirable.

5.4 Finite element modeling

The effectiveness of actuators with inactive edges is also characterized using finite element
models. Specifically, the geometric effect of the inactive edges is investigated. Figure 5.7
shows the finite element meshes used to model the actuators with and without inactive
edges of length 2a, where the geometric configuration of b/a=3, //a=10, and
L/a=15 is used. The material properties chosen arev,/ v, =0.73 and E,/E =3.29.
The same material properties as those of the actuator are assigned for the inactive edges.
The influence of three different lengths of inactive edges, ie, € = a, e = 2a, and
e = 3a, are investigated. Note that the same element size bias is used for all the models

to eliminate mesh and element size effects in the finite element model.

The plane stress linear isoparametric elements were used for all the constituents. Since the
characteristic induced strains of the actuator resemble the thermal expansion effects of a
structural material, a "fictitious" thermal expansion coefficient was assigned to the
actuators, while the beam and inactive edges are insensitive to thermal effects. The

desired induced strain level was then obtained by applying a uniform temperature field on
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Figure 5.7. Finite element models for the actuator/beam substructure: (a) without
inactive edges, (b) with inactive edges of length 2a.
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the model. The analyses were performed using the ABAQUS finite element package for

solution and IDEAS for pre- and post-processing.

The effective moments transferred from the actuators to the beam substructure under pure
bending actuation are shown in Fig. 5.8. No effect is evident for the effective moment
level in the area away from the actuator end zones, while the magnitude of the effective
moment increases near the actuator ends for the actuators with inactive edges. Further
increase of the gffective moment is not shown by increasing the length of e from 2a to

3a, indicating an optimum length of the inactive edge.

Figure 5.9 depicts the corresponding interfacial shear and peeling stress distribution. It
should be noted that the shear stress distribution obtained from the current finite element
models does not satisfy the stress-free boundary condition. Nevertheless, for the current
study the relative stress level induced by different actuator configurations is of the primary
interest. The results should therefore indicate the effectiveness of the interfacial shear
stress alleviation. It was shown that both the interfacial shear and peeling stresses are
significantly reduced for actuators with inactive edges. Increasing the length of the
inactive edges longer than 2a does not further reduce the shear stress level. Although
further decrease is shown in the peeling stress, the stress level is low enough to be

neglected.
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Figure 5.8. Effective moment distribution along the x axis for cases of different
inactive edge lengths as obtained from finite element analysis.
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Figure 5.9. Interfacial shear and peeling stress distribution for cases of different

inactive edge lengths as obtained from finite element analysis.
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It can be concluded from this analysis that inactive edges on actuators can significantly
reduce the interfacial shear and peeling stresses and slightly increase the effective moment
in the actuator end zones. An optimum length of the inactive edge is found to be about a

two actuator thickness for the present actuator/beam substructure configuration.

5.5 Conclusion

The basis of the mechanism underlying interfacial stress alleviation is discussed. It is
demonstrated that the interfacial shear and peeling stress concentration localized at the
ends of induced strain actuators can be alleviated by reducing the degree of the free edge
effect. A new actuator configuration is proposed to eliminate the free edge effect by
including inactive edges on the actuators. Both analytical and finite element modeling of
the suggested actuator configuration show that the interfacial shear and peeling stresses
can be significantly reduced without sacrificing the effectiveness of the transfer of the
actuation mechanism. An optimum length of the inactive edges is found from finite
element analysis to be about a two-actuator thickness, and inactive edges with a relatively

higher stiffness than the actuator are desirable, as shown in the analytical model.
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Chapter 6

Conclusions and Recommendations

6.1 Conclusions

In this study, a theoretical elasticity model has been developed to correctly describe the
transfer of the actuation mechanism in a surface-bonded induced strain actuator/beam
substructure system. The model is based on the plane stress formulation of the theory of
elasticity, and closed-form solutions were obtained by introducing some approximations
and using the principle of stationary complimentary energy. The model was developed
without reference to a specific induced strain and therefore can be used for different types
of induced strain actuators, such as piezoelectrics, electrostrictors, magnetostrictors,
shape memory alloys, etc. The model has also been extended to include the presence of
adhesive bonding layers and applied external loads. This model correctly predicts the
transfer of the actuation mechanism from the actuator to the host substructure and the
resulting interfacial stress distributions; thus, the model can be used for efficient design of
integrated structural systems. In addition, a new induced strain actuator configuration,
which includes inactive edges on the ends of the actuators, has been proposed to alleviate

the intensity of interfacial shear and peeling stresses.

The major conclusions from the study are summarized as follows:
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¢ The model is capable of describing the effective actuation force/moment attenuation near
the actuator edges which existing mechanical models, such as the pin-force and the
Euler-Bernoulli models, fail to describe. The results obtained from the current model in
predicting the effective force/moment transferred from the actuator to the substructure

agree very well with those of finite element analysis.

o The interfacial shear stress distribution obtained from the current model satisfies stress-
free boundary conditions at the ends of the actuator, which the finite element results
using four-node linear isoparametric elements are not able to satisfy. The existing
mechanical models provide no information on these quantities. Thus, the current model

gives the best approximation in determining the interfacial stress intensity.

e A relatively thick and/or compliant adhesive layer is less effective in the transfer of the
actuation mechanism. However, such an adhesive layer can alleviate the intensity of the
interfacial shear and peeling stresses that is beneficial to the structural integrity. It is
evident that these factors need to be taken into account in design considerations of

adhesive matenial and thickness.

o The influence of the applied external loads can be modeled separately from the actuation
mechanism and the results can be superimposed with those of the induced strain
actuation to yield the solution of the combined effects. The external loads alter the
magnitude and distribution of the interfacial stresses and affect the performance and

optimal actuator/substructure thickness ratio under induced bending actuation mode.

e The proposed actuator configuration, which includes inactive edges on the ends of the
actuators to reduce the degree of free edge effect, can significantly alleviate intensive
interfacial shear and peeling stresses localized in the actuator end zones without

sacrificing the effectiveness the actuation mechanism. An optimum length for the
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inactive edges, which have the same material properties as the actuator, was found to be

about the thickness of two actuators.

6.2 Recommendations

The present analytical model describes quantitatively the mechanical interaction between
the actuator and the substructure in an integrated induced strain actuator/substructure
system. The model can be used to efficiently design such a structural system. In order to
establish a wider scope of applicability of the model, further study and research efforts are

recommended:

e Many applications implementing intelligent material systems and structures concepts
involve the control of structural dynamic response; thus, consideration of the current
formulation to model structural dynamic response should receive foremost attention in

future studies.

e The characteristic induced strains of most actuators usually exhibit some degree of stress
and field dependence and/or nonlinearity in a highly activated field state. Moreover,
material anisotropy is a common characteristic found in many actuators. The

constitutive laws including these effects need to be incorporated into the model.

o Extension of the model for laminate composite beams, plates, and shell host
substructures, in which the anisotropic structural properties and the in-plane Poisson's

effects need to be considered, should also be considered.

e Different actuator configurations and integrating schemes, such as embedding actuator

patches, fibrous actuators, and particulate microactuators, are currently under
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investigation in the development of intelligent material systems. Modification of the
model to account for various geometries is needed for the various types of integrated

structural systems.

¢ Experimental measurements of the induced stress fields in both the actuator and the host
substructure are also recommended for the verification of the accuracy of the present

analytical model, particularly on the prediction of interfacial stress distributions.

e For the proposed actuator configuration, which includes inactive edges at the ends of the
actuators, experiments need to be carried out to determine the effect of the

configuration on the fatigue life of adhesive bonds.
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