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ABSTRACT

Numerous challenges arise in modeling and simulation as biochemical networks are discovered

with increasing complexities and unknown mechanisms. With the improvement in experi-

mental techniques, biologists are able to quantify genes and proteins and their dynamics in

a single cell, which calls for quantitative stochastic models for gene and protein networks at

cellular levels that match well with the data and account for cellular noise.

This dissertation studies a stochastic spatiotemporal model of the Caulobacter crescentus

cell cycle. A two-dimensional model based on a Turing mechanism is investigated to il-

lustrate the bipolar localization of the protein PopZ. However, stochastic simulations are

often impeded by expensive computational cost for large and complex biochemical networks.

The hybrid stochastic simulation algorithm is a combination of differential equations for

traditional deterministic models and Gillespie’s algorithm (SSA) for stochastic models. The

hybrid method can significantly improve the efficiency of stochastic simulations for biochem-

ical networks with multiscale features, which contain both species populations and reaction

rates with widely varying magnitude. The populations of some reactant species might be

driven negative if they are involved in both deterministic and stochastic systems. This disser-

tation investigates the negativity problem of the hybrid method, proposes several remedies,

and tests them with several models including a realistic biological system.

As a key factor that affects the quality of biological models, parameter estimation in stochas-

tic models is challenging because the amount of empirical data must be large enough to ob-

tain statistically valid parameter estimates. To optimize system parameters, a quasi-Newton

algorithm for stochastic optimization (QNSTOP) was studied and applied to a stochastic



budding yeast cell cycle model by matching multivariate probability distributions between

simulated results and empirical data. Furthermore, to reduce model complexity, this dis-

sertation simplifies the fundamental cooperative binding mechanism by a stochastic Hill

equation model with optimized system parameters. Considering that many parameter vec-

tors generate similar system dynamics and results, this dissertation proposes a general α-β-γ

rule to return an acceptable parameter region of the stochastic Hill equation based on QN-

STOP. Different objective functions are explored targeting different features of the empirical

data.
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GENERAL AUDIENCE ABSTRACT

Modeling and simulation of biochemical networks faces numerous challenges as biochemical

networks are discovered with increased complexity and unknown mechanisms. With im-

provement in experimental techniques, biologists are able to quantify genes and proteins

and their dynamics in a single cell, which calls for quantitative stochastic models, or nu-

merical models based on probability distributions, for gene and protein networks at cellular

levels that match well with the data and account for randomness.

This dissertation studies a stochastic model in space and time of a bacterium’s life cycle—

Caulobacter. A two-dimensional model based on a natural pattern mechanism is investigated

to illustrate the changes in space and time of a key protein population. However, stochastic

simulations are often complicated by the expensive computational cost for large and sophis-

ticated biochemical networks. The hybrid stochastic simulation algorithm is a combination

of traditional deterministic models, or analytical models with a single output for a given

input, and stochastic models. The hybrid method can significantly improve the efficiency

of stochastic simulations for biochemical networks that contain both species populations

and reaction rates with widely varying magnitude. The populations of some species may

become negative in the simulation under some circumstances. This dissertation investigates

negative population estimates from the hybrid method, proposes several remedies, and tests

them with several cases including a realistic biological system.

As a key factor that affects the quality of biological models, parameter estimation in stochas-

tic models is challenging because the amount of observed data must be large enough to ob-

tain valid results. To optimize system parameters, the quasi-Newton algorithm for stochastic



optimization (QNSTOP) was studied and applied to a stochastic (budding) yeast life cycle

model by matching different distributions between simulated results and observed data. Fur-

thermore, to reduce model complexity, this dissertation simplifies the fundamental molecular

binding mechanism by the stochastic Hill equation model with optimized system parameters.

Considering that many parameter vectors generate similar system dynamics and results, this

dissertation proposes a general α-β-γ rule to return an acceptable parameter region of the

stochastic Hill equation based on QNSTOP. Different optimization strategies are explored

targeting different features of the observed data.
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Chapter 1

Overview

Traditional deterministic models, often represented as ordinary differential equations (ODEs)

or differential-algebraic equations (DAEs), are widely used in biological systems to model

and simulate average dynamics in cells. Yet different from average cell behavior, genetically

identical cells show great variations in cell sizes, division times, and protein populations.

Deterministic models fail to capture these stochastic features inside cells and cannot correctly

represent cell dynamics in many situations [39, 107]. The Chemical Master Equation (CME)

describes the time evolution of the probability of a system’s states with a set of linear

differential equations, thus governing the resulting stochastic process [51, 88]. The CME has

no analytic solutions for all but the simplest systems and generally results in a linear system

of very high or infinite dimension, which in the latter case is often unsolvable. Though

there are several methods to approximate the CME solution [91, 135, 136, 137], the CME

and its approximations face difficulty in handling large and complex systems where the

dimension of system state is huge (nN for n copies of N species). The stochastic simulation

algorithm, often referred to as the Gillespie’s algorithm or stochastic simulation algorithm

(SSA) [49], is a major stochastic simulation method for “well-stirred” chemical reaction

systems. As a Monte Carlo method, SSA numerically simulates each reaction firing over time

to obtain a sample trajectory, which can be used to estimate the probability solution of the

chemical master equation [53] or other system properties. Based on the same physicochemical

assumptions as the CME, the SSA is considered accurate and numerically correct.

1
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Realistic biochemical networks of a single cell usually have large discrepancies in the pop-

ulations between mRNAs and proteins, in the rate constants between reactions and diffu-

sions. As the SSA relies heavily on computation efficiency, much effort has been focused

on improving the efficiency of the algorithm [16, 48, 87, 117]. However, the SSA is still

prohibitively expensive for systems with fast reactions and large populations. To acceler-

ate the SSA and utilize the multiscale feature, several approximation strategies have been

proposed [17, 19, 55, 105]. In particular, Haseltine and Rawlings [55] proposed a hybrid

method (hereafter referred as the HR hybrid method) that models fast reactions and large

population species detereministically or as Langevin equations and the rest by the SSA. In

the application of the HR hybrid method, differential equations are more commonly used

to simulate the fast group instead of Langevin equations. The HR hybrid method approxi-

mates the chemical master equation well for a much greater region in system parameter space

than the slow-scale SSA (ssSSA) and the stochastic quasi-steady-state assumption (SQSSA)

methods [28]. The accuracy analysis for a linear chain reaction system showed that the HR

hybrid method is accurate if the scale difference between fast and slow reactions is above a

certain threshold, regardless of population scales.

However, populations of some reactant species might be driven negative if they are involved

in both deterministic and stochastic subsystems [24]. This phenomenon is called the neg-

ativity problem, which often appears in stochastic simulation of reaction-diffusion systems

particularly when low density species are distributed in a well-meshed space. Since diffu-

sion is often modeled as continuous deterministic equations in the HR hybrid method for

efficiency reasons, the average population inside each voxel or bin would be less than one

if the total population of species is less than the number of voxels. Thus any consumption

of those low population species in the stochastic domain will lead to a temporary negative

population, and that needs special handling to avoid unrealistic simulation results.



3

Another important and difficult part of modeling is the estimation of system parameters,

such as reaction rate constants in the model. Usually in a chemical reaction model a

small portion of the parameters may have rough estimates derived from experiments, but

most parameters are estimated by fitting model results to limited and error prone observa-

tions. For stochastic models, parameter estimation is even more challenging as the amount

of empirical data must be large enough to obtain statistically valid parameter estimates.

Many approaches have been developed to estimate parameters for stochastic biochemical

systems [9, 71, 81, 89, 100, 106, 132, 134], One recent approach, the quasi-Newton stochas-

tic optimization algorithm (QNSTOP) has been successfully applied to various stochastic

optimization problems [27, 29, 102]. Belonging to the class of quasi-Newton methods for

stochastic optimization problems, QNSTOP synthesizes ideas of stochastic approximation

and response surface methodology, and the state-of-art numerical optimization methods (e.g.,

secant updates, trust regions). Originally developed by Castle [20], QNSTOP was later mod-

ified and adapted to (deterministic) global optimization problems. Amos et al. [5] combined

the two versions into a single algorithm and computer code, QNSTOP, for deterministic and

stochastic optimization problems.

With the development of new experimental techniques and more molecular data, biochem-

ical networks expand quickly in both sizes and complexity. There is an increasing need for

model reduction (using simple functions for complex dynamics) of many biochemical net-

works, in addition to the effort put in improving simulation efficiency. Take the cooperative

binding as an example, which appears in a wide range of biochemical and physiological pro-

cesses, such as multisite molecules [11, 61], transcription factors [1, 8, 70, 101], multimeric

enzymes [21, 47], and drug-receptor relationships [54]. First introduced to formulate the

curves of ligands binding to the enzyme or receptor, the Hill equation has been used to

model the complex cooperative binding process for a long time. The equation is a nonlinear
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function of the concentration of ligands and the Hill coefficient defines the degree of cooper-

ativity of ligand binding. The Hill equation is simple and requires little prior knowledge of

the binding mechanism, and thus is widely used in biological modeling. Using QNSTOP and

the parameter estimation techniques we developed, in this thesis we also aim to evaluate the

accuracy of the Hill function laws when they are applied to cooperative binding systems.

This dissertation presents four projects in the study on stochastic modeling and simulation

of multiscale biochemical network, as shown in Fig. 1.1. Given any biological problem,

the research methodology can be described in three steps: first establish the mathematical

model, then set up the stochastic simulation, and last analyze simulated results. Chapter 3

illustrates the application of stochastic modeling and simulation to theCaulobacter crescentus

cell cycle []. To improve the simulation efficiency, Chapter 4 introduces and analyzes the

HR hybrid method and the corresponding negativity problem. To validate simulation results

with empirical data, Chapter 5 investigates the parameter optimization of a budding yeast

cell cycle model. Meanwhile, to reduce model complexity, Chapter 6 studies the stochastic

Hill equation for fundamental cooperative binding process.

The Caulobacter crescentus cell cycle is representative of asymmetric division in prokary-

otes. As an interesting biological organism that exhibits spatial patterns in a single cell,

Caulobacter crescentus has become an important model organism for fundamental research

on cell cycle regulation, differentiation, and asymmetric cell division. Unlike the budding

yeast cells that have been studied extensively [4, 23], recent examination of the Caulobacter

cell cycle has revealed many unknown mechanisms and necessitates a wider investigation.

Experiments reveal that the cell cycle progression and cell differentiation is controlled by

many elaborate molecular mechanisms that regulate the production, interaction, and local-

ization of a host of proteins [73, 75]. At cell division, the landmark protein PopZ is located

at the old ends of the newborn cells, and later in the cell cycle PopZ adopts a bipolar pat-
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Figure 1.1: Stochastic modeling and simulation of multiscale biochemical network.

tern in the predivisional cell. The polar localization of PopZ plays a determining role in

the intracellular location of certain key cell cycle regulators and in tethering the replicated

chromosome to the two ends of the cell [25]. To study the mechanism of PopZ bipolarity,

Chapter 3 proposes a model of spatiotemporal organization in two spatial dimensions, based

on a Turing mechanism of pattern formation in coordination with chromosome replication

and segregation. PopZ patterns are explored for domains of different shapes and different

locations of popZ genes. Both deterministic and stochastic simulations capture the observed

variations in the location and timing of PopZ polymerization.

Chapter 4 studies the negativity problem of the HR hybrid method, analyzes and tests with

several models including a linear chain system, a nonlinear reaction system, and a realistic

biological cell cycle system. As a benchmark, the second slow reaction firing time is used to

measure the effect of negative populations on the accuracy of the HR hybrid method. The

analysis demonstrates that usually the error caused by negative populations is negligible

compared with approximation errors of the HR hybrid method itself, and sometimes nega-
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tivity phenomena may even improve the accuracy. For systems where negative population

species are involved in nonlinear reactions or some species are highly sensitive to negative

populations, the system stability will be influenced and may lead to system failure when

using the HR hybrid method. In those circumstances, three remedies are studied for the

negativity problem.

Chapter 5 investigates the quasi-Newton algorithm for parameter optimization in a stochas-

tic model of the budding yeast cell cycle. The cell cycle model from Oguz et al. [95] contains

52 stochastic parameters. The ‘best’ stochastic parameters in [95] were found by compar-

ing simulated values and observed values for the means and variances of certain cell-cycle

observables. Instead matching summary statistics, QNSTOP is used here to directly match

empirical and simulated joint probability distributions of the pair (mass at birth, duration

of of G1 phase) from the empirical and simulated cell colonies for both mother and daughter

budding yeast cells. Results and predictions for the budding yeast model match well some

summary statistics and one-dimensional distributions from empirical data, but do not match

well the empirical joint distributions. The nature of the mismatch provides insight into the

weakness in the stochastic model.

Chapter 6 simplifies the fundamental cooperative binding mechanism by a stochastic Hill

equation model with optimized system parameter. However, traditional parameter opti-

mization methods have been focusing on finding the best system parameter value, while in

most circumstances there are many parameter values and numerous combinations of multi-

dimensional parameters that generate similar system dynamics and results. Chapter 6 pro-

poses a general α-β-γ rule to return an acceptable parameter region for the stochastic Hill

equation based on a quasi-Newton stochastic optimization (QNSTOP) algorithm. Differ-

ent objective functions were investigated targeting different features of the empirical data,

among which the approximate maximum log-likelihood method is recommended for gen-
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eral use. Numerical results demonstrate that if fed with appropriate parameter values, the

stochastic Hill equation model depicts the basic cooperative binding process well except the

initial stage.



Chapter 2

Background

2.1 Chemical Master Equation

Consider a well-mixed system of N distinct species and M reaction channels with N̂ possible

states. The chemical master equation [51] that describes the probabilistic time evolution of

the system dynamics is
∂

∂t
P (X; t) = P (X; t)A, (2.1)

where X = [x1, x2, . . . , xN̂ ] is all possible state vectors xi at any time t, and P (X; t) represents

the probabilities of those state vectors at time t, and A is the state reaction matrix [91],

given by

Aij =


−
∑M

µ=1 aµ(xj), for i = j,

aµ(xi), for i such that xj = xi + vµ,

0, otherwise,

(2.2)

where vµ is the stoichiometric transition vector for reaction channel µ.

From equation (2.1), the solution is

P = P0e
At, (2.3)

where P0 is the initial probability of all the possible state, and the transition probability

matrix can be calculated by

T = eAτ , (2.4)

8
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where τ is the period of time the system has evolved from a previous time [91].

2.2 Stochastic Simulation Algorithms

Consider a well-stirred system of N chemical species {S1,S2,. . . ,SN} and M chemical reac-

tions {R1,R2,. . . ,RM} within a constant volume. The instantaneous state of the chemical

system at time t is denoted by a vector x⃗(t) = (x1(t),x2(t),. . . ,xN(t))
T , where xj(t) is the

number of Sj molecules at time t. The propensity function for reaction Rj is defined as

aj(x⃗(t)), where

aj(x⃗(t))dt = P [Rj fires within the time interval [t, t+ dt)] .

The stoichiometric matrix of this system is defined as V = [v⃗1,v⃗2,. . . ,v⃗M ], whose elements

v⃗j = (vj1,vj2,. . . ,vjN)T for j = 1,2,. . . ,M are state-change vectors. If reaction Rj fires, the

system state x⃗ is changed by v⃗j. The SSA procedure is presented as follows [49, 50]:

(1) At time t, compute propensities aj(x⃗(t)) for j = 1, 2,. . . ,M , and the summation

a0(x⃗(t)) =
M∑
j=1

aj(x⃗(t)).

(2) Generate two random numbers u1 and u2 which satisfy the uniform distribution U(0, 1).

(3) Calculate a time increment τ according to the equation

τ = − ln (u1)

a0(x⃗(t))
.
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(4) Select a reaction with index µ which satisfies

µ∑
j=1

aj(x⃗(t)) ≤ u2a0(x⃗(t)) <

µ+1∑
j=1

aj(x⃗(t)).

(5) Update the system time t = t+ τ and the system state x⃗(t) = x⃗(t− τ) + v⃗µ.

(6) Return to step (1) if stopping condition is not reached.

Although the SSA is a fundamental method for stochastic simulation, its computational

cost may become very high when the size of a biochemical system increases. Since the SSA

simulates every reaction event and the time increment τ is often very small due to the large

total propensity a0(x⃗), there is a high demand for efficient simulation methods.

2.3 Hybrid Stochastic Simulation Algorithm

2.3.1 HR hybrid method

The hybrid stochastic simulation algorithm studied in this work was first proposed by Hasel-

tine and Rawlings (HR) [55]. Given a system of N species {S1, S2,. . . ,SN} and M reactions

{R1,R2,. . . ,RM}, these M reactions are partitioned into two subsets: the fast reaction group

Gf and the slow reaction group Gs. The dynamics of species in Gf are formulated by ODEs,

and the reactions in Gs are simulated by the SSA. Let x⃗(t) = (x1,x2, . . . ,xN)
T be the system

state at time t. aj(x⃗(t)) for j = 1,2,. . . ,M are propensity functions. Define the state-change

vector v⃗j = (vj1, vj2,. . . ,vjN)T for reaction j. If reaction j fires, the system state is changed

by v⃗j. Let τ be the jump interval of the next slow (stochastic) reaction, and µ be its reaction

index. Set t = 0. The hybrid method simulates the system as follows [55, 129]:
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(1) Generate two random numbers u1 and u2 satisfying the uniform distribution U(0, 1).

(2) Numerically integrate the ODE system and solve the integral equation

∫ t+τ

t

atot(x⃗(s))ds+ ln (u1) = 0, (2.5)

where atot(x⃗(s)) is the summation of propensities of reactions in Gs at time s and t+ τ

is the time when a slow reaction will fire.

(3) Stop the numerical integration and update the system time t = t+ τ .

(4) Select a slow reaction with index µ according to the inequalities

µ∑
j=1

aj(x⃗(t)) ≤ u2atot(x⃗(t)) <

µ+1∑
j=1

aj(x⃗(t)),

where aj(x⃗(t)) is the propensity of reaction j in Gs.

(5) Update the system state x⃗(t) = x⃗(t) + v⃗µ.

(6) Return to step (1) if the stopping condition is not reached.

Our implementation is slightly different in step (2). Suppose that the ODE system is given

by
dx⃗(s)

ds
= f(x⃗(s)). (2.6)

We simply add a variable z and an equation

dz

ds
= atot(x⃗(s)), with initial value at t: z(t) = ln (u1), (2.7)

where ln (u1) is negative and atot is nonnegative. During the simulation, each step starts at

current time t and numerically integrates ODEs (2.6) and (2.7). When z(t+τ) = 0, the ODE
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integration stops. Then τ is the solution to Eq. (2.5) and the system time automatically

proceeds to t = t + τ . This integration process can be conveniently handled by standard

ODE solvers combined with root-finding algorithms. Note that since z is an integration

variable, one may easily choose to omit it from the error control mechanism. Adding this

extra variable does not significantly affect the efficiency of ODE solvers [98].

2.3.2 Stochastic quasi-steady-state approximation

Quasi-steady-state assumption (QSSA) is an approximation method to reduce model com-

plexity for differential equations in the deterministic regime. As an effective way to reduce

expensive cost of fast dynamics, Rao and Arkin [105] extended the QSSA to stochastic sim-

ulation and proposed the stochastic quasi-steady-state approximation (SQSSA). Targeting

transitory intermediate species, the SQSSA is suitable for biochemical networks containing

chain-style reactions, e.g., enzyme-substrate models. For example, Kim and Sontag [67]

and Kang et al. [65] derived the stochastic model of enzyme kinetics based on the QSSA

and showed that the conditions for the stochastic QSSA are mostly consistent with the

deterministic QSSA.

The SQSSA algorithm first separates system species into intermediate species and primary

species. Reactions are correspondingly partitioned into two groups based on the two groups

of species. Then the steady states for the intermediate species group are calculated, while

the SSA is used for the primary species group. The SQSSA procedure is similar to the SSA

except for the following steps [105]:

(0) Before step (1), at time t, first generate the steady state of the intermediate species.

(1) Based on the steady state, compute propensities atot(x⃗(t)) for reactions associated with

the primary species, instead of a0(x⃗(t)).
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Note that a0(x⃗(t)) is replaced with atot(x⃗(t)) through the whole simulation. Thus the SQSSA

avoids generating exact realizations of those highly reactive intermediate species that con-

tribute most to computational cost.

2.3.3 Slow-scale stochastic simulation algorithm

The slow-scale stochastic simulation algorithm (ssSSA) [19] was proposed to improve sim-

ulation efficiency for multiscale systems. Based on an observation that fast reactions are

expensive in computation but less important for system dynamics change, the ssSSA as-

sumes partial equilibrium for those fast reactions. The algorithm partitions the reactions

into fast and slow subsets. For chain reaction systems, the partition strategy of the ssSSA is

similar to that of the HR hybrid method, which puts fast reactions and fast species together,

denoted as Gf , and the rest into the slow scale reaction group, Gs. But the ssSSA simulates

the steady state of fast subsystem and uses the SSA to model the slow subsystem. In imple-

mentation, the ssSSA shares the same steps (2)-(6) with the SSA. The first two steps are as

follows:

(0) At time t, first compute the steady state of Gf .

(1) Compute propensities atot(x⃗(t)) for reactions in Gs, instead of a0(x⃗(t)).

Generally speaking, partitioning in the SQSSA is based on species and partitioning in the

ssSSA is based on reactions. If we assume all species involved in fast reactions are in steady-

state, then the ssSSA and the SQSSA are very similar. On the other hand, the ssSSA is

easier to implement, whereas the SQSSA may be applied to more applications.
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2.4 Quasi-Newton Stochastic Optimization Algorithm

QNSTOP is a class of quasi-Newton methods developed for stochastic optimization [20],

where the objective function f(X) is a random variable, and X is contained in a box L ≦

X ≦ U . Next, we summarize the essential steps of QNSTOP here. Further details on the

algorithm and implementation can be found in Ref. [5].

• In each iteration k, construct a quadratic model

m̂k(X −Xk) = f̂k + ĝTk (X −Xk) +
1

2
(X −Xk)

T Ĥk (X −Xk)

centered at Xk, where ĝk is the gradient vector and Ĥk is the Hessian matrix. Note

that f̂k is generally not f(Xk), which is stochastic.

• QNSTOP uses an ellipsoidal region centered at the current iterate Xk ∈ IRn with radius

τk,

Ek(τk) =
{
X ∈ IRn : (X −Xk)

T Wk (X −Xk) ≤ τ 2k

}
,

where Wk is a symmetric, positive definite scaling matrix, satisfying Wk ∈ Wγ,

Wγ =
{
W ∈ IRn×n : W = W T , det(W ) = 1, γ−1In ⪯ W ⪯ γIn

}
for some γ ≥ 1, where In is the n × n identity matrix, and A ⪯ B means B − A

is positive semidefinite. The elements of the set Wγ are valid scaling matrices that

control the shape of the ellipsoidal design regions with eccentricity constrained by γ.

• Then QNSTOP estimates the gradient based on a set of N uniformly sampled design

sites {Xk1, . . ., XkN} ⊂ Ek(τk)∩Θ (Θ = [L,U ], which is the feasible set of parameters

defined initially.) For the Hessian matrix, QNSTOP uses either a variation of the SR1
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(symmetric, rank one) quasi-Newton update (stochastic f) or the unconstrained BFGS

quasi-Newton update (global optimization of deterministic f).

• For the next iteration, by utilizing an ellipsoidal trust region concentric with the design

region for controlling step length, Xk+1 is updated as

Xk+1 =

(
Xk −

[
Ĥk + µkWk

]−1

ĝk

)
Θ

,

where µk is the Lagrange multiplier of a trust region subproblem, and (·)Θ denotes

projection onto the feasible set Θ = [L,U ].

• Finally, the experimental design region Ek(τk) is updated to approximate a confidence

set by updating the scaling matrix Wk. The updated scaling matrix is given by

Wk+1 =
(
Ĥk + µkWk

)T
V −1
k

(
Ĥk + µkWk

)
,

where Vk is the covariance matrix of ∇m̂k(Xk+1−Xk). For numerical stability, Wk+1 is

constrained (by modifying its eigenvalues) to satisfy the constraints γ−1In ⪯ Wk+1 ⪯

γIn and det(Wk+1) = 1, so Wγ ∋ Wk+1.



Chapter 3

Two-dimensional Model of Bipolar

PopZ Polymerization in Caulobacter

crescentus

3.1 Introduction

Caulobacter, an oligotrophic bacterium that lives in aquatic environments, divides asym-

metrically into two different types of daughter cells. One daughter is a ‘stalked’ cell with a

tubular stalk structure anchoring the cell to a substratum. The other is a mobile ‘swarmer’

cell with a flagellum allowing it to swim away from the place of its birth. These two different

morphological and functional forms enable Caulobacter populations to thrive in nutrient-poor

habitats, by limiting competition between stalked cells and swarmer cells and by allowing

swarmer cells to find new, nutrient rich environments [99]. After sensing nutritional cues,

the swarmer cell will differentiate into a stalked cell by ejecting its flagellum, retracting its

pili, and growing a stalk at the original flagellar pole [120].

The dimorphic cell cycle of Caulobacter is presented in Fig. 3.1. The swarmer stage is a G1

(pre-replicative) phase of the cell cycle. At the swarmer-to-stalked transition, the cell enters

S phase (DNA synthesis). The stalked cell then goes through a morphological transition:

16
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one half of the cell retains the stalk structure, while the other half develops a flagellum at

the ‘new’ pole of the cell. This bipolar morphology is called the predivisional stage of the

cell cycle.

Swarmer

G1 S G2

Stalked
Early PD

Late PD

Figure 3.1: Caulobacter cell cycle.

As an interesting biological organism that exhibits spatial pattern in a single cell, Caulobac-

ter crescentus has become an important model organism for fundamental research on cell

cycle regulation, differentiation and asymmetric cell division. How Caulobacter regulates the

asymmetric localization of proteins may provide insights on other similar biological systems.

Experiments on Caulobacter reveal the elaborate details of protein localization in space and

time [31]. These spatiotemporal changes govern cell shape [22, 68], chromosome segregation

[13, 58] and cell differentiation [73]. In Caulobacter cells, the protein PopZ was identified as

a potential landmark protein [14]. PopZ locates at the old pole of the swarmer cell and be-

gins to accumulate at the new pole when chromosome replication and segregation is initiated

in the stalked cell. Hence, predivisional cells have a peak of PopZ polymerization at each

end [38]. While the dynamic localization pattern of PopZ is clearly observed, the mechanism
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crescentus

behind this pattern is still under debate.

Experiments indicate that PopZ forms polymer structures and that overexpression of PopZ

can lead to cell division defects [14, 38]. PopZ mRNA drives the synthesis of PopZ monomers,

which then form polymers at specific locations in the cell, determined in part by the loca-

tion of pre-existing PopZ polymers. PopZ polymers can also depolymerize to monomers.

The kinetics of PopZ polymerization along with diffusion of PopZ monomers underlie the

self-organizing structures of PopZ polarization. The biochemistry of PopZ polymerization

is similar to an Activator/Substrate-Depletion (A/SD) mechanism of Turing pattern forma-

tion [124]. For example, small Caulobacter cells are observed to have only one focus of PopZ

while long cells have two or more foci [38]. This property to form peaks of PopZ polymer-

ization separated by a characteristic distance is consistent with a Turing pattern. The fact

that PopZ monomers diffuse much faster than polymers also satisfies the condition on the

ratio of diffusion constants for the activator and substrate of an A/SD Turing mechanism.

Based on these considerations, we develop a two-dimensional (2D) Turing-type model of

PopZ polymerization, coupled with the segregation of replicated chromosomes, in order to

study the hypothesis that a Turing pattern-formation mechanism may be responsible for the

observed bipolar distribution of PopZ in Caulobacter cells.

Turing patterns depend on several factors, such as initial conditions, reaction terms and

domain geometry [92]. The sensitivity of patterns to initial conditions varies in different

systems, and experiments show that initial conditions influence the phase of patterns [92].

In general, a 2D Turing system forms a pattern of spots when extended in both x and

y directions. When extension in the y direction is limited, a striped pattern will form,

just like the corresponding one dimensional (1D) model [120]. Certain conditions on the

reaction terms must also be satisfied for a system to generate Turing patterns [92]. We

will demonstrate that our model, based on Turing patterns and chromosome dynamics,
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can explain experimental observations and make predictions concerning the self-organized,

bipolar distributions of landmark proteins in bacterial cells.

This chapter is organized as follows: in Section 3.2 we give a literature review; in Section 3.3

we present the mathematical model; in Section 3.4 we present the results of our main model

and discuss different variations of the model under different settings; and in Section 3.5 we

draw some conclusions about our 2D model.

3.2 Literature Review

Protein localization plays a significant role in many cell events and at all levels of biological

organization. Besides Caulobacter, bacteria such as Escherichia coli and Bacillus subtilis

exhibit dynamic localization of specific proteins during their cell division cycles [122, 133].

Modern methods, like fluorescence microscopy, have accelerated the identification and quan-

tification of protein localization [118, 131]. The flood of new data requires more rigorous

models of cell cycle regulatory networks to explain the self-assembly mechanisms of protein

localization.

Several hypotheses have been proposed to explain the initial unipolar localization and later

bipolar localization of landmark proteins [72]. One hypothesis is that membrane curvature

at the poles of cells results in bipolar distribution of proteins [62, 104]. Another explanation

posits the existence of scaffolds at the ends of a cell. Whenever proteins are close to the

ends, they will be ensnared by the scaffold and kept in that region [110]. However, these

explanations have problems of their own. For instance, “why are proteins observed to form

peaks at poles even without curvature cues” and “what causes scaffolds to accumulate at

the poles of a cell in the first place”?
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A better explanation is Turing’s mechanism of self-assembling pattern formation, which

can explain many natural patterns in biology such as leopard spots, fish strips, spaced

rows of alligator teeth, and so forth. As first proposed by Turing [124], patterns such as

spots form as a result of the interplay of chemical reactions and diffusion which finally

attain a steady state with heterogeneous spatial patterns of chemical concentration un-

der certain conditions. There are two basic mechanisms that can exhibit Turing pattern:

Activator/Inhibitor-Production (A/IP) and Activator/Substrate-Depletion (A/SD). For two

species A/SD systems, one species must be self-activating and slowly diffusing, and the other

fast-diffusing substrate is depleted during the production of autocatalytic activator [116].

Turing’s mechanism can only form stripes in 1D systems, while in 2D situations, possible

patterns vary from stripes, spots, squares, rhombi and hexagons. Generally the form of the

interaction kinetics plays a major role in what pattern will be obtained. Cubic interactions

tend to favor stripes while quadratic interactions tend to produce spots [92]. Analysis near bi-

furcation, referred to as weakly nonlinear stability analysis, was used to study the conditions

on parameters for the steady state spatially heterogeneous solutions of these patterns [42, 93]

and the corresponding spatial characteristics such as wavelength [138]. Meanwhile, the effect

of growth is evident in the production of spatial heterogeneity. Some systems fail to generate

stable pattern sequences within a growing domain. Yet, a frequency-doubling sequence of

patterns can be robustly realized under uniform exponential growth [32], which is the growth

law used in our model. Other growth laws, like linear or logistic growth, will eventually break

down resulting from small system perturbations [86].
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3.3 Mathematical model

3.3.1 A basic reaction-diffusion model

Our model includes a species called popZ gene that is confined to one discrete location in

the cell. We start our model with the following biochemical reactions:

∅ gene−−→ mRNA −→ ∅, (3.1)

∅ mRNA−−−−→ Monomer −→ ∅, (3.2)

Monomer ⇌ Polymer −→ ∅, (3.3)

Monomer + 2Polymers −→ 3Polymers. (3.4)

There are three reacting-diffusing species in mechanism (1-4): popZ mRNA, PopZ monomer

and PopZ polymer. The symbol ∅ in the above equations represents the synthesis or degra-

dation of species. The synthesis of mRNA is driven by the popZ gene. Initially, there is

only one gene, located at the old end of a cell. At about 50 min into the cell cycle, the popZ

gene is replicated and the new copy is rapidly translocated to a position close to the new

end of the cell.1 We assume that the two genes are fixed in these places for simplification.

Consequently, popZ mRNA is produced at the location of the popZ gene(s) (reaction (1)),

and the mRNA molecules can subsequently diffuse throughout the cell. The production of

PopZ monomers is dictated by the position of popZ mRNA (reaction (2)). Monomers can

be incorporated into polymers either spontaneously (reaction (3)) or with the help of two

polymers (reaction (4)). Polymers can depolymerize, and both monomers and polymers can
1Our simulation results (not shown) illustrated that omitting the fast drifting process of the duplicated

gene does not affect the final pattern.
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be degraded. Monomeric and polymeric PopZ diffuse with much different rates. Obviously,

the popZ gene(s) will affect both the abundance and localization of PopZ protein. In order

to study the influence of popZ gene replication and segregation, we will analyze simulation

results with the genes located at different positions in the cell.

During cell growth, the width of a cell denoted by W , remains fixed, while cell length,

denoted by L(t), increases with time. The growth rate µ = dL/dt > 0. Each point in the

2D domain can be represented by a pair of coordinates (x, y), where 0 ≤ x ≤ L(t) and

0 ≤ y ≤ W . With appropriate diffusion constants for PopZ monomers and polymers, the

corresponding 1D model [120] forms peaks of PopZ polymerization at both ends of the 1D

cell, matching the observed patterns in Caulobacter cells. However, the 1D model is based

on the assumption that proteins are uniformly distributed in the y direction, which may not

be true. To make the model more realistic, we extend the model to two spatial dimensions

and study the 2D patterns of PopZ localization.

In general, a 2D reaction-diffusion system for one species can be formulated as a partial

differential equation
∂u

∂t
= f(u) +D∆u, (3.5)

where u(t, x, y) is the concentration of the species at location (x, y) at time t, f(u) is the

reaction terms for this species (may involve other species), D is the diffusion rate for this

species, and ∆ is the Laplace operator. In 2D, ∆u = ∂2u
∂x2 + ∂2u

∂y2
. This model can also be

generalized to a corresponding compartment-based stochastic model [41] with appropriate

discretization of space.

To solve equation (3.5), we need to specify initial and boundary conditions. Assuming

molecules can neither enter nor leave the cell, we implement zero-flux boundary conditions,
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defined by

(n · ∇)u = 0, : = r : = on : = ∂B;

where ∂B is the closed boundary of system domain B and n is the unit outward normal to

∂B. The initial condition u(0, r) will be given according to different scenarios.

For our PopZ model, the PDEs are thus given by

∂p

∂t
= −kdpp− kdplp+ kdnvm+ kap

2m+ dp∆p,

∂m

∂t
= ksmr − kdmm+ kdplp− kdnvm− kap

2m+ dm∆m,

∂r

∂t
= ksr − kdrr + dr∆r,

(3.6)

where p denotes the concentration of PopZ polymer, m denotes the concentration of PopZ

monomer, and r denotes the concentration of mRNA. The definitions and values of the

parameters in the model are listed in Table 3.1. We use the same parameter values that can

generate bipolarity in 1D model [120]. In the table, kdnv is the synthesis rate of polymer in

reaction (3), and ka is the synthesis rate in reaction (4).

Table 3.1: Parameters of the PopZ model.

Name Value(min−1) Description
ksr 0.5 Gene synthesis rate of mRNA
kdr 0.2 mRNA degradation rate
ksm 26 mRNA synthesis rate of PopZ
kdm 0.05 Monomer degradation rate
kdp 0.05 Polymer degradation rate
kdpl 0.1 Polymer depolymerization rate
kdnv 12 Synthesis rate of polymer
ka 12 Synthesis rate of polymer
dr 0.05µm2 mRNA diffusion rate
dm 10µm2 Monomer diffusion rate
dp 0.001µm2 Polymer diffusion rate

Note that equations (3.6) imply that mRNA can be produced anywhere in the cell. This
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assumption is fine if we do not consider gene location. However, later we will show that gene

location plays an important role in the final pattern of PopZ bipolarity. Thus we need to

consider gene location in our model. To conveniently model that, we will first discretize the

2D domain.

3.3.2 Domain discretization and gene location

Discretization of a spatial domain is an important step in transferring continuous equations

into discrete compartments. In the deterministic regime, with a finely spaced lattice the

PDEs (3.6) can be converted into a set of ODEs using central differencing (the method of

lines). In the stochastic regime, the lattice allows us to define system variables as populations

of different species in each grid element and to formulate the system as a discrete stochastic

model.

The domain discretization size directly affects the accuracy of the numerical solution of

PDEs. It is well known that, in the deterministic case, sufficiently small compartment size

can minimize numerical errors and thus deliver accurate simulations of the spatial variation

of proteins. However, this is not true in the stochastic domain. Unlike the deterministic sim-

ulation where a finer mesh will give a more accurate result, the stochastic model (simulated

by Gillespie’s stochastic simulation algorithm (SSA)) may lead to large numerical errors if

the compartment size is too small. This situation becomes more delicate when the sys-

tem contains second-order (bimolecular) reactions or higher order reactions in the stochastic

model [40]. Thus, discretization may lead to incorrect results when it is not handled with

care.

In our system, there is one trimolecular reaction term which can affect the performance of

stochastic simulations. Since the width of the cell is about half of its length, we start with
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n grid points in the y direction and 2n grid points in the x direction. We tried different

discretization sizes, from 10× 20 (10 grids in y direction, 20 grids in x direction), to 20× 40,

and gradually increased to 80 × 160. We chose 50 × 100 as an appropriate discretization

size for our model as it is delicate enough to catch species distribution within acceptable

simulation time cost. As the cell grows, the length of each compartment increases while the

width remains the same, and the total number of compartments remains the same. That is,

we assume that new cell wall material is added uniformly along the x axis. Suppose each

compartment grows exponentially with time:

dl

dt
= µl;

dw

dt
= 0.

where l is the length of each compartment (changing with time) and w is the width of each

compartment (constant in time). In this case, the diffusion part in the system is described

by 
∂2u

∂x2
=

ui−1,j + ui+1,j − 2ui,j

l2
, 1 < i < 100,

∂2u

∂y2
=

ui,j−1 + ui,j+1 − 2ui,j

w2
, 1 < j < 50,

where (i, j) refers to the location of bin (i in length and j in width), ui,j is the concentration

of species u at bin (i, j). Other diffusion expressions will be explained later with different

domains. At the domain boundary,



∂2u

∂x2
=

u2,j − u1,j

l2
, i = 1,

∂2u

∂x2
=

u99,j − u100,j

l2
, i = 100,

∂2u

∂y2
=

ui,2 − ui,1

w2
, j = 1,

∂2u

∂y2
=

ui,49 − ui,50

w2
, j = 50,



26
Chapter 3. Two-dimensional Model of Bipolar PopZ Polymerization in Caulobacter

crescentus

After discretizing the cell in this way, we assume each popZ gene is located within a specific

compartment regardless of compartment growth. We assume this compartment is located

in the center of the y axis, and the compartment of the second gene is placed symmetrically

to the compartment of the first gene along the x axis. mRNA can only be produced in

the compartment where a gene is located but can freely diffuse throughout the cell. The

propensity function for mRNA synthesis will be a constant in the compartment where a

popZ gene is located, rather than increasing linearly with compartment size.

3.3.3 Domain shape

Another factor that affects Turing pattern formation is domain shape. Hence, we may expect

that the shape of a bacterial cell will play a significant role in protein polarization. The cells

of Caulobacter crescentus are crescent shaped. In our study, we explored three different

simplifications of the crescent shape: a rectangle, and a rectangle with two different types

of triangular ends, as shown in Fig. 3.2. The two types of triangle end domains are: A)

the length l of every compartment grows exponentially with time; B) only compartments in

the middle rectangular part grow lengthwise with time, so the triangular end pieces do not

change shape as the cell grows.

The triangular end shapes in Fig. 3.2 have a common slope of 2w/l (i.e., two compartments

in the width direction for each compartment in the length direction). For type A triangles,

the slope changes as the cell grows, because l increases in the triangular regions. For type B

triangles, the slope is constant.

To match with experimental data, the total cell length at birth is set as 1.3 µm, and the

cell grows to a total length of 3 µm at the end of cell cycle. Cell width remains 0.7 µm

during the whole process. In type B cells, the diffusion rates between compartments must
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(a) Type A triangle end (b) Type B triangle end

Figure 3.2: Two different cell shapes at the end of the cell cycle, when the cell is 3 µm in
length.

be handled carefully because compartments in the middle rectangular region are increasing

in size, while compartments in the end triangular regions maintain a constant size. At the

boundary between triangular and rectangular regions, the diffusion flux is proportional to the

inverse of the distance between centers of neighboring compartments. If l is the compartment

size in the rectangular region and l0 is the compartment size in the triangular region, the

rate of one molecule jumping from rectangular region to triangular region will be given by
D
h2 , where h = l+l0

2
.

Take species u in the compartment i as an example (Fig. 3.3), the Laplacian operator can

be written as
∂2u

∂x2
=

4ui−1,j

(l + l0)2
+

ui+1,j

l2
− 4ui,j

(l + l0)2
− ui,j

l2
.

where the four terms correspond to the sequential arrows in Fig. 3.3.

l 0 l 0l

i-1 i i+1

1 2

3 4

Figure 3.3: Four jump situations for compartments of different sizes. Red bins have the
same length l, black bins’ length is l0.
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We will explore pattern features on the three domain types through both deterministic and

stochastic simulations.

3.4 Results and Discussion

In this section, we will first present model results based on our main model. Then we will

present and discuss results related to other model settings. By comparing simulations, we

will demonstrate that the settings in our main model lead to a good match with observed

phenomenon in the Caulobacter cell cycle.

3.4.1 Main model results

The deterministic model was simulated in MATLAB using the ode15s solver. The stochastic

simulation was written in C++ using Gillespie’s stochastic simulation algorithm [49]. The

spatiotemporal distribution plots were generated by Matlab.

Results presented in this section employ the domain with type B triangular ends (constant

end shape) with popZ genes located at the center in the y direction and at the two boundaries

between triangle and rectangle regions in the x direction. Specifically, the original copy of

the popZ gene is located at 90% of the cell length from the start of the cell cycle, and at 50

min into the cell cycle, a new copy of the popZ gene appears at 10% of the cell length. For

stochastic simulations we plot the average behavior of 100 simulations. The values shown in

the following plots are all scaled to species populations for easy comparison. The non-integer

population numbers are caused by taking the average of 100 stochastic simulations.

In Fig. 3.4e, f, PopZ polymers first appear at the old end of the cell, then PopZ polymerizes

at the new end at about 75 min into the cell cycle, which is consistent with the 1D result.
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(a) (b)

(c) (d)

(e) (f)

Figure 3.4: Results from the main model. Deterministic simulation (a, c, e) and stochastic
simulation (b, d, f). The distribution of PopZ monomers (a, b) and PopZ polymers (c, d) at
the end of the cell cycle. (e, f) space-time plot of PopZ polymer amount along the long axis
of the cell (i.e., the sum of all polymers at a given location along the long axis).



30
Chapter 3. Two-dimensional Model of Bipolar PopZ Polymerization in Caulobacter

crescentus

Monomers accumulate at places with lower polymer concentrations (Fig. 3.4a, b). Generally,

monomers only appear in the rectangular region and polymers dominate the triangular re-

gions. Polymer levels at the two ends are nearly symmetric at the end of cell cycle (Fig. 3.4c,

d). There are only a few monomers (under 10 molecules), much lower than the number of

polymers (2000 - 3000 molecules). The difference of PopZ monomer in each bin between

the deterministic and stochastic models can be narrowed down by increasing the number of

stochastic simulation. Note that monomers are uniformly distributed across the width of the

cell, while the polymer distribution has a small variation. The pattern of polymer inside the

triangular regions appears to be annular, with slightly less polymer at the tips of the cell.

Bipolarity is observed in both deterministic and stochastic simulations. Although individual

stochastic simulations show a great deal of variability, the average behavior of 100 stochastic

simulations is nearly identical to the deterministic simulation.

3.4.2 Discussion

Effects of domain shape

To study the effects of different domain shapes, we plot the results of deterministic sim-

ulations on the rectangular cell shape and on the cell shape with type A triangular ends.

Except for the different cell shapes, all other settings are the same as for the main model.

(Stochastic simulations generate similar results.)

In Fig. 3.5e, f, for both idealized cell shapes PopZ polymerizes at the new pole at about 75

min into the cell cycle, and achieves a bipolar distribution by the end of the cell cycle. Thus

PopZ bipolarity can be achieved in all three domain shapes. Yet, certain features of the

patterns are different. Particularly in Fig. 3.5c, d, the total population of PopZ polymers at

the old pole (to the right) is lower than that at the new pole (to the left). This asymmetry



3.4. Results and Discussion 31

is different from the symmetric distribution of PopZ polymers in the domain with type B

triangular ends (Fig. 3.4c, d).

(a) (b)

(c) (d)

(e) (f)

Figure 3.5: Deterministic simulations for a rectangular cell (a, c, e) and for a cell with type
A triangular ends (b, d, f). (a, b, c, d) PopZ monomer and polymer distributions at the end
of the cell cycle. (e, f) space-time plots for PopZ polymer distribution.
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Effect of gene presence

Can the self-organizing model reproduce PopZ bipolarity by itself, in the absence of genetic

encoding of PopZ monomer production? Here we consider the case without popZ gene(s),

in order to study the self-organizing features of the monomer-polymer interaction. In this

case, PopZ monomers are synthesized uniformly in the cell with a rate ksm = 0.09357. The

corresponding reaction is then changed to

∅ ksm−−→ Monomer −→ ∅.

We run simulations on all three domain types and find that they all produce patterns of

PopZ polymerization. The observed patterns depend on initial conditions. A rectangular

domain can generate a stripe pattern when the initial condition is uniform in the y direction

(Fig. 3.6b). However, small perturbations in the y direction will lead to a spot pattern

(Fig. 3.6a). Note that the spots can form either at the upper or lower edge.

For a domain with type A triangles, if the initial conditions at the two ends are the same,

then the final pattern will be symmetric (Fig. 3.6d). Otherwise, it is asymmetric (Fig. 3.6c).

But type B domains show less dependence on initial conditions (Fig. 3.6e, f).

Without popZ gene(s), the initial conditions of the model become a relevant factor in the

bipolar distribution of PopZ. Initial conditions are known to determine the phase of patterns

in Turing mechanisms. This conclusion only applies to the deterministic regime. It doesn’t

apply to stochastic simulations because the propensities of diffusion are much larger than

those of chemical reactions. No matter where the molecules are initially placed, they quickly

diffuse to other places in the cell before the reactions have much chance to establish a pattern.

Because resulting patterns can depend sensitively on initial conditions, we have explored
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(a) (b)

(c) (d)

(e) (f)

Figure 3.6: Deterministic simulations without genes: in the rectangle domain (a, b), the
type A domain (c, d), and the type B domain (e, f). The left and right columns differ in the
initial conditions of the simulations (see text).
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four different initial distributions of PopZ polymer for the deterministic models: polymer

initially concentrated at the old pole of the cell (which is the initial condition for our main

model), at the new pole, at the center of cell, and at both poles. For the rectangular domain

and the type A domain, the final distribution of PopZ polymers is very sensitive to initial

conditions. In particular, if polymers are initially concentrated at the center of cell, then the

peak stays in the center throughout the cell cycle (not shown). On the other hand, for the

type B domain, PopZ is always polymerized in the triangular regions by the end of the cell

cycle. Fig. 3.7 shows the dynamics in this case for the four different initial conditions under

consideration. If polymers are initially present at both poles of the cell, they will remain so

(Fig. 3.7d). If polymers are first present at one pole, then a second peak will form at the

other pole later in the cell cycle (Fig. 3.7a, b). If polymers are initially concentrated in the

center of the cell, the central peak will eventually break down and new peaks will form at

the two ends (Fig. 3.7c).

Effect of gene location

We know that the positions of the popZ genes play an important role in PopZ polarization,

as mentioned earlier. In order to study the effects of gene location, we ran simulations with

different gene locations, ranging from 10%, 90% to 20%, 80% and 30%, 70% of the final

length of a cell.

Both stochastic and deterministic simulations generate similar distributions of PopZ poly-

mer. In the type B domain, polymers always concentrate in the triangular ends, even when

the locations of the popZ genes is shifted towards the center of the cell, see Fig. 3.8 and

Fig. 3.9. Polymers appear at the new pole at 75 min in all cases (Fig. 3.8c, d and Fig. 3.9c,

d). However, even though polymers always accumulate in the triangular regions, the peak

deviates further away from the tip of the triangle (Fig. 3.8a, b and Fig. 3.9a, b). When



3.4. Results and Discussion 35

(a) (b)

(c) (d)

Figure 3.7: Deterministic simulations of PopZ polymerization on a type B domain, for the
four different initial conditions proposed in the text.

the popZ genes are located at 30% and 70% of cell length, there is a weak peak of PopZ

polymerization in the center of the cell, which is not clear in these plots. To see this effect

more clearly, we divide the cell length into three parts: 0∼0.5µm (left), 0.5∼2.5µm (middle),

2.5∼3µm (right) and measure the total amount of PopZ polymers in each part.

As is evident in Fig. 3.10, more polymers fall in the middle part of the cell as the popZ

genes move further to the center of the cell. Thus gene position does have an impact on the

bipolar pattern of PopZ polymerization in this domain. However, the effects are less severe

in this case compared with the other two domain types.

For the rectangular domain, a region of intense PopZ polymerization at the old pole moves

with the gene’s location (Fig. 3.11a, c). PopZ polymerization at the new pole is weaker and



36
Chapter 3. Two-dimensional Model of Bipolar PopZ Polymerization in Caulobacter

crescentus

(a) (b)

(c) (d)

Figure 3.8: Deterministic (a, b) and stochastic (c, d) simulations for genes located at 20%
and 80% of cell length in a type B domain.

more diffuse. For domains with type A triangular ends, the peak around the original gene

also moves towards the center of the cell with the gene, while the peak at the new pole peak

forms near the tip of the triangle (Fig. 3.11b, d). Clearly, gene position affects the bipolar

pattern of PopZ polymerization on these domains.

Trimolecular reaction

As discussed in Section 3.3.2, discretization size affects the accuracy of SSA, especially for

mechanisms involving bimolecular and trimolecular reactions. In our model, we have one

trimolecular reaction in forming polymer from monomer (reaction (4)). The propensity for

reaction (4) should be formulated as cmijpij(pij−1)

2
, where mij and pij represent the populations
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(a) (b)

(c) (d)

Figure 3.9: Deterministic (a, c) and stochastic (b, d) simulations for genes located at 30%
and 70% of cell length in a type B domain.

of monomers and polymers in the compartment (i, j). Trimolecular reactions are considered

improbable in Gillespie’s SSA. One may try to replace reaction (4) by a bimolecular reaction

Monomer + Polymer −→ 2Polymer, (3.7)

with reaction rate given by kmijp
2
ij. For deterministic simulations, these two reaction types

generate similar results. But in stochastic simulations, they may make a big difference.

Reaction (4) implies that there must be two PopZ polymers and one PopZ monomer in

the same compartment for the reaction to fire, while reaction (3.7) requires only one PopZ

polymer and one PopZ monomer. When the compartment size is small, reaction (3.7) is

more likely to fire than reaction (4).
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Figure 3.10: Stochastic simulations of polymer distribution in the left, middle and right
portions of a type B cell at the end of the cell cycle. Groups 1, 2, 3, 4 correspond to gene
locations at 10%, 90%, 20%, 80%, 30%, 70% and 40%, 60% of cell length.

Fig. 3.12 shows the results of stochastic simulations based on reaction (3.7). For the type

A domain, the PopZ polymer distribution is diffuse, covering nearly two thirds of the cell

(Fig. 3.12a, c). The rectangular domain gives similar results (not shown). The type B do-

main, on the other hand, still shows a clear bipolar distribution of PopZ polymers (Fig. 3.12b,

d). Hence, we conclude that for type B domains, which is our preferred cell shape, either

reaction (4) or reaction (7) gives satisfactory results.

Noise

So far we have plotted the average behavior of 100 stochastic simulations. For individual

stochastic runs, variations in the distributions of PopZ polymers across the width of a cell

are obvious, especially for simulations on the rectangular domain. Fig. 3.13 illustrates this

effect by plotting a single stochastic simulation on a rectangular domain and on a type B
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(a) (b)

(c) (d)

Figure 3.11: Deterministic simulations of PopZ polymer distributions at the end of cell cycle
for the rectangular domain (a, c) and for the type A domain (b, d). The popZ genes are
located at 20% and 80% (a, b) or at 30% and 70% (c, d).

domain.

On the rectangular domain, PopZ polymers are more likely to accumulate at the corners of

the rectangle (Fig. 3.13a). Whether PopZ polymerizes at an upper or lower corner is arbitrary

and probably results from stochastic fluctuations. For the domain with type B triangular

ends, PopZ reliably polymerizes within the triangular ends (Fig. 3.13b). This “corner” effect

may be related to the observation in real Caulobacter cells for PopZ to polymerize in regions

of high curvature of the cell wall.

Besides the corner preference, we also find that polymers sometimes accumulate in the center

as well as the poles in all types of domains (see, e.g., Fig. 3.14). This tendency is especially

prevalent in rectangular and type A domains, which seems to be a stochastic effect because
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(a) (b)

(c) (d)

Figure 3.12: Stochastic simulations using reaction (7) instead of reaction (4) for domains
with triangular ends of type A (a, c) and type B domain (b, d).

(a) (b)

Figure 3.13: One stochastic simulation of corner preference for the rectangular domain (a)
and the type B domain (b).
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it disappears in the mean behavior.

(a) (b)

Figure 3.14: An example of a central peak of PopZ polymerization on a rectangular domain.
(a) population distribution of PopZ polymer. (b) space-time plot of PopZ polymer.

In order to quantify this tendency to form central peaks, we calculated the percentage of

cells forming central peaks based on 100 stochastic simulations on each type of domain; see

Fig. 3.15. The frequency of central peak formation is only 2% for type B domains, followed by

(5%) for rectangular domains. Type A domains form central peaks quite frequently (11%).
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Figure 3.15: Percentage of cells exhibiting a central peak of PopZ polymerization. Groups
1, 2, 3 correspond to rectangular domains and domains with type A and type B triangular
ends, respectively.
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crescentus

3.5 Conclusions

To model bipolar patterns of PopZ polymerization in Caulobacter cells, we propose a reaction-

diffusion mechanism in two spatial dimensions, based on a Turing-instability for pattern

formation, coupled with spatial localization of the popZ gene before and after chromosome

replication. Under this mechanism, PopZ drives its own spatiotemporal distribution by a

self-assembly process, where the locations of the popZ genes are found to be necessary for

robust bipolarity of PopZ polymerization. We studied pattern features for different domain

shapes and different gene locations. We conclude that gene location is important in forming

a stable bipolar pattern. We also explored the pattern formation without participation of

the popZ gene, in which case the initial distribution of PopZ polymers becomes a determin-

ing factor in the final pattern. In stochastic simulations, the way space is discretized and

the trimolecular reaction is simulated are also important factors explored in this study. As

more precise observations of PopZ polymerization in Caulobacter cells become available, we

intend to make further revisions and improvements to the model.



Chapter 4

Analysis and Remedy of Negativity

Problem in Hybrid Stochastic

Simulation Algorithm and its

Application

4.1 Introduction

The stochastic simulation algorithm (SSA), also often called Gillespie’s algorithm [49, 50], is a

major stochastic simulation method for simulating stochastic effects in biochemical networks.

Although the SSA is quite reliable in numerous applications in computational biology, the

algorithm is computationally intensive and inefficient for systems with fast reactions or large

populations. Though many optimizations have been proposed to improve the efficiency of

the algorithm [6, 16, 48, 80, 87, 117], the essential idea of simulating each reacting event

in a dynamical system makes it unpromising for large and complex biochemical systems

compared to traditional deterministic methods.

To avoid the expensive computational cost of the SSA, researchers began studying approxi-

mation strategies. One well-known approximation is the τ -leap method [52], which approx-

43
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imates many reaction events in an interval of τ instead of simulating each reaction. As

biological networks at single cell levels usually have large scale discrepancies in populations

of species such as mRNAs and proteins, as well as rate constants among different reactions,

research is increasingly focused on hybrid methods targeting multiscale systems that contain

species populations or reaction rates with widely varying scales [18, 34, 55, 105]. One branch

of the hybrid method is the piecewise deterministic Markov process [34, 45, 64], which mixes

the deterministic evolution with random jumps. Under the SSA branch, one hybrid method

is to combine the τ -leap algorithm and the SSA for multiscale features among species pop-

ulations [18]. Species and corresponding reactions are partitioned into two sets based on

their populations, one simulated by the SSA and the other simulated by the τ -leap method.

In a multiscale system, fast reactions can reach partial equilibrium or quasi-steady-state

under certain conditions. Hybrid methods, like the slow-scale SSA method (ssSSA) [17, 19]

and the stochastic quasi-steady-state SSA method (SQSSA) [105], were proposed based on

this property. The ssSSA partitions the system into fast reaction and slow reaction sets,

assuming partial equilibrium for the fast reactions, while simulating the slow reactions with

the SSA. Similarly, the SQSSA first separates intermediate species and their corresponding

reactions from the system, then assumes that the separated subsystem is at a steady state

and simulates the rest of the system with the SSA. But both methods have limitations on

parameter space to ensure the system validity [115, 123].

For general cases where fast reactions do not always reach a steady state or partial equilib-

rium, Haseltine and Rawlings [55] proposed a hybrid method (hereafter referred to as the

HR hybrid method), which modeled part of the system by continuous dynamics (ordinary

differential equations (ODEs) or Langevin equations), while keeping the rest discrete. The

idea of the HR hybrid method was further explored, improved, and extended to several hy-

brid methods [77, 84, 85, 113]. Salis et al. [113] partitioned the system into fast and slow
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reaction groups, and modeled the fast group by Langevin equations and the slow group by

the SSA. Later, Liu et al. [84] improved the efficiency of the HR hybrid method by a differ-

ent partitioning strategy: reactions that have both low-density reactants and small reaction

rates were put into the slow reaction subsystem and all the other reactions into the fast

reaction subsystem. Wang et al. [129] optimized the implementation efficiency for the HR

hybrid method and compared the efficiencies of the hybrid method coupled with three tra-

ditional ODE solvers RADAU5, DASSL, and DLSODAR. Lecca et al. [77] further divided

the system into three sets: fast reactions, moderate reactions, and slow reactions, where the

simulation of moderate reactions can be switched between stochastic and deterministic pro-

cesses based on the reaction firing time during the system evolution. For spatial models or

domains, hybrid methods were introduced under reaction-diffusion systems, where diffusion

was approximated by differential equations to improve simulation efficiency [30, 85, 109].

Simulation tools, e.g., Hy3S [114] and MoBioS [77], and software like COPASI [60] included

the HR hybrid method and provided users with different simulation choices and implemen-

tation rules. As to the application to complex biochemical models, Wang et al. [3, 128] used

the HR hybrid method to model a budding yeast cell cycle. The method largely reduced the

simulation time and the results matched well with experimental data on cell cycle properties

and prototypes of most mutant cells. To mathematically analyze the accuracy of the HR

hybrid method, Chen et al. [28] used the next reaction time of the slow reaction event as

the accuracy benchmark and showed that the HR hybrid method is accurate in linear chain

systems under certain conditions (either large populations of reactants in the fast subsystem

or large scale differences of reaction rates between fast reactions and slow reactions). This

work also demonstrated that the HR hybrid method is valid for a much greater region in

system parameter space than those for the ssSSA and the SQSSA methods.

However, in the HR hybrid method framework, populations of some reactant species may
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become negative if they are involved in both deterministic and stochastic systems. Take

system (4.1) as an example. If reaction rate constants satisfy f1 ≫ kc and b1 ≫ kc, the

system can be divided into two groups: the fast reaction group and the slow reaction group,

containing the reversible and irreversible reactions, respectively.

S1

f1
GGGGGBFGGGGG

b1
S2

kc−−→ S3. (4.1)

Assume that this system has two S1 molecules at the beginning, and the system parameters

are f1 = 1, b1 = 9, kc = 0.01. Then, compared with the slow system, the fast system can be

considered at equilibrium, which gives x1 = 1.8 and x2 = 0.2, where xi denotes the mean

population of species Si. Thus, when a slow reaction fires, x2 is reduced to −0.8. Only after

a certain period of time, S2 may become nonnegative again through the reaction S1 → S2.

Negative populations may also appear in stochastic simulations of reaction-diffusion systems,

especially when low-density species are distributed in a well-meshed space. For example, in a

one-dimensional spatial model of the Caulobactor cell cycle [78], the spatial domain is divided

into 50 equally spaced bins. Since diffusion happens much faster than chemical reactions in

the cell, diffusion events are modeled as continuous deterministic equations whereas chemical

reactions are modeled by the SSA. In the initial stage of the cell cycle, protein DivKp has a

low population (< 50). Thus the average population of DivKp inside each bin is < 1. Note

that the mean population of a species is a real number if it is involved in the fast subsystem.

As illustrated in Fig. 4.1, if there is a degradation reaction of DivKp firing in the ith bin,

its population would become negative. Therefore, any consumption of those low population

species in the spatial stochastic domain may lead to a negative population. The phenomenon

of species’ populations becoming negative, as shown in the above two examples, is called the

negativity problem for the HR hybrid method.
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A reaction event happens in bin i and consumes one molecule 

Figure 4.1: An example of a negativity phenomenon in a reaction diffusion system. xi

denotes the population of DivKp in the ith bin.

This chapter is organized as follows. In the Methods section, we present the theoretical

derivation of the second exit time of the chemical master equation (CME), the HR hybrid

method, and three proposed remedies for the negativity problem. The Results and Discussion

section analyzes the potential negativity effects on the accuracy of linear chain systems for a

simple case (n = 2) and a complex case (n = 10). We test three remedies on three examples:

a closed linear chain system, a nonlinear system, and a realistic biological system. Summary

and conclusions are given last.

4.2 Methods

4.2.1 Second slow reaction firing time

Our prior work [28] analyzed the accuracy of the HR hybrid method by studying the next slow

reaction firing time (NSRFT, also called the first exit time). Since the negative population

problem mostly emerges after a slow reaction, the first exit time does not show the influence

of negative population. So, we further extend that work and study the second slow reaction

firing time (SSRFT, which can also be referred to as the second exit time). The SSRFT
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reflects the influence of a (possible) negative population on the firing of slow reactions. With

this analysis, we hope to gain certain insight on the impact of the negativity problem on

algorithm accuracy. In the HR hybrid method we assume reactants become negative only

after a slow reaction happens, which is after the first exit time. Negative populations may

also arise, with a much smaller probability, in the numerical integration of ODEs. That is

not our focus here.

We use the same linear chain reaction network in Refs. [28, 127] as a study example, shown

below.

S1

f1⇌
b1

S2

f2⇌
b2
· · ·

fn−1⇌
bn−1

Sn
kc−−→ Sn+1. (4.2)

A particle can exit the reversible chain system through Sn with reaction rate kc. In most

cases, kc is comparably less than reaction rates fi and bi for 1 ≤ i ≤ n − 1. In many

applications, the reversible chain reactions can be considered as a fast subsystem and the

irreversible reaction (exit to Sn+1) as a slow subsystem. With this partitioning strategy, if

xn < 1, then Sn will become negative whenever a slow reaction fires.

4.2.2 SSRFT for the CME

While the first exit time (NSRFT) denotes the time when the next slow reaction fires in the

linear chain system (4.2), the second slow reaction firing time (SSRFT) is the time period

from the system start to the second time the slow reaction fires.

Recapping the derivation of NSRFT in Ref. [28], the SSRFT can be considered as the

probability that two independent events (NSRFT) happen in a time interval [0, t]. In

system (4.2), x⃗(t) = (x1(t), x2(t), . . ., xn+1(t))
T represents the system state at time t. If
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there is only one particle in the system, we denote the probability of xi = 1 as

pi(t) = P[xi(t) = 1], for i = 1, . . . , n+ 1.

and the probability vector for species S1, S2, ..., Sn as

P(t) = [p1(t), . . . , pn(t)]
T

In the chemical master equation system, we have

dP
dt

= −AP, (4.3)

where A is stoichiometric matrix,

A =



f1 −b1 0 0 · · · 0

−f1 b1 + f2 −b2 0 · · · 0

0 −f2 b2 + f3 −b3
. . . 0

0
. . . . . . . . . . . . 0

0 · · · 0 −fn−2 bn−2 + fn−1 −bn−1

0 · · · 0 0 −fn−1 bn−1 + kc


.

As there is only one particle all the time in the system, we have
∑n+1

i=1 pi(t) = 1. And

xn+1(t) = 1 if and only if the first exit time T1 ≤ t. Thus

P[T1 ≤ t] = pn+1(t) = 1−
n∑

i=1

pi(t) = 1− e⃗TP(t),

where e⃗ = [1, . . . , 1]T . Given an initial condition e⃗j (a vector with the jth element equal to
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1 and all other elements equal to 0), the NSRFT is (see Ref. [28])

qj(T1) = P[T1 > t] = e⃗T e−Ate⃗j = 1− pn+1(t) = 1−
∫ t

0

kcpn(s)ds.

In a general case where there are m particles (x⃗0 = [m1,m2, . . . ,mn]
T , m =

∑n
i=1mi) in this

linear system, as particles are independent of each other, the NSRFT is

q(T1) =
n∏

j=1

q
mj

j (T1).

Based on similar analysis to NSRFT, the second slow reaction firing time can be written as

P[T2 ≤ t] = 1−
n∏

j=1

q
mj

j −
n∑

i=1,mi ̸=0

C1
mi
(1− qi)q

mi−1
i

n∏
j=1,j ̸=i

q
mj

j . (4.4)

For a simple case where n = 2 and the initial condition: m1 = 2 and m2 = 0, we have

P[T2 ≤ t] = (1− q1(t))
2 . (4.5)

4.2.3 SSRFT for the HR hybrid method

In the HR hybrid method, define the state vector in the fast subsystem as x⃗(t) = [x1(t), x2(t), . . . , xn(t)]
T .

The fast subsystem is modeled as a linear ODE system, denoted as

dx⃗(t)

dt
= −Ãx⃗(t). (4.6)

Ã is a n× n matrix given by

Ã = A− kce⃗ne⃗
T
n ,
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where only the last elements of matrices Ã and A are different, Ã(n, n) = bn−1, A(n, n) =

bn−1 + kc.

Denote T1 as the NSRFT, we have

∫ T1

0

kcxn(t)dt =

∫ T1

0

e⃗Tne
−Ãtx⃗0dt = r,

where r is a unit exponential random number. In order to compare it with the CME result,

we have to change the exponential random number to a unit uniform random number u by

the relation u = 1− e−r. The above equation can be written as

P[T1 ≤ t] = 1− e−
∫ T1
0 kce⃗Tn e−Ãtx⃗0dt = u.

And the density function of the NSRFT is

p(T1) = kce⃗
T
ne

−Ãtx⃗0e
−

∫ T1
0 kce⃗Tn e−Ãtx⃗0dt. (4.7)

The SSRFT for the HR hybrid method can be considered as the next slow reaction firing

time with a different initial condition x⃗T1 (the system state after the first exit time T1),

∫ T2

T1

kcxn(t)dt =

∫ T2

T1

e⃗Tne
−Ã(t−T1)x⃗T1dt = r,

where x⃗T1 = e−ÃT1 x⃗0 − e⃗n. Thus

p(T2|T1) = (kce⃗
T
ne

−Ã(T2−T1)x⃗T1 − kce⃗
T
n x⃗T1)e

−
∫ T2
T1

kce⃗Tn e−Ã(t−T1)x⃗T1
dt. (4.8)
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Therefore, the SSRFT is

p(T2) =

∫ ∞

0

p(T1)p(T2|T1)dT1. (4.9)

Below we present three strategies to handle the negativity problem and compare the corre-

sponding impact on the SSRFT.

4.2.4 SSRFT for Remedy I: Zero-Population

For the negativity problem in the HR hybrid method, one simple treatment is to immediately

change any negative value to zero. So we name this strategy the Zero-Population remedy:

after a slow reaction happens in the stochastic subsystem, detect whether any corresponding

reactants become negative, if so set them as zero and continue the simulation, otherwise

continue without modification.

To check the effect of the Zero-Population remedy, we study the second slow reaction firing

time of the system under this rule. Since the rule takes effect after the first slow reaction,

only the conditional density function p(T2|T1) is different from the HR hybrid method when

xn < 0. In this scenario, the initial condition of the second slow reaction firing time in linear

chain system (4.2) is

x⃗T1 = e−ÃT1 x⃗0 − e⃗n, x⃗T1(n) = max(0, x⃗T1(n)). (4.10)

The conditional density function of the second exit time in the Zero-Population remedy is

similar to Eq. (4.8), just replace the initial condition with x⃗T1(n) in Eq. (4.10).



4.2. Methods 53

4.2.5 SSRFT for Remedy II: Zero-Reaction

While avoiding the negative effect, the Zero-Population remedy changes the conservation

law in the system. For example, the total amount of all species in the closed system (4.2)

should always be m, but simply changing the negative population (−mδ) to zero causes the

total population to increase to m + mδ. In order to follow the law of conservation, which

is important in many practical applications, one idea is to scale down a reaction when the

slow reaction happens with a reactant population less than one. Take the reaction X → Y

as an example. Suppose the population of reactant X is less than one (0 < mX < 1), then

instead of consuming one molecule of X, scale the reaction by a ratio of mX , which produces

mX molecule of Y. However, this method breaks the natural discrete feature of slow reaction

firing and can cause significant errors for stochastic models.

Alternatively, one can simply set all related reaction propensities as zero when a negative

population appears. So we have the second remedy named the Zero-Reaction rule: set all

reaction propensities involving negative species as zero in corresponding subsystems until

the negative species become nonnegative.

After the first slow reaction, the system status is x⃗T1 = e−ÃT1 x⃗0 − e⃗n. For xn < 0, reaction

rates for all reactions that Sn participated in the fast subsystem are treated as zero, and the

corresponding coefficient matrix for the ODEs is denoted as Â. The propensity of the slow

reaction, which Sn participated in, is also set to zero. Since system (4.2) has only one slow

reaction, no reaction in the slow subsystem will fire for negative xn. The fast subsystem

keeps running until xn = 0. We denote τ as the time period of xn evolving from negative to

zero in the ODE system:

e⃗Tne
−Âτ x⃗T1 = 0, (4.11)

where the above equation has a unique solution τ . So after time T1 + τ , the system is back
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to normal, with the system state x⃗τ = e−Âτ x⃗T1 .

Thus, the conditional density function of the SSNFT under the Zero-Reaction remedy is

p(T2|T1) = (kce⃗
T
ne

−Ã(T2−T1−τ)x⃗τ − kce⃗
T
n x⃗τ )e

−
∫ T2
T1+τ kce⃗Tn e−Ã(t−T1−τ)x⃗τdt. (4.12)

4.2.6 SSRFT for Remedy III: Zero-Time

Another remedy for the negativity problem is called the Zero-Time rule: whenever a species’

population become negative, pause the system and run a separate virtual ODE system G′
f

that only contains reactions related to the negative species. When the species in the virtual

system recovers to a nonnegative state, restart the original hybrid system with the updated

system state. Because the system recovers under existing reaction systems, the conservation

law is obeyed.

In system (4.2), the system state is still x⃗T1 = e−ÃT1 x⃗0 − e⃗n after the first slow reaction. For

xn < 0, build a separate ODE system that only contains the last reversible reaction,

G′
f : Sn−1

fn−1
GGGGGGGGBFGGGGGGGG

bn−1

Sn. (4.13)

Run the G′
f system until xn = 0, which costs time ρ from the below equation.

e⃗T2 e
−Bρ

 xn−1

xn

 = 0, B =

 fn−1 −bn−1

−fn−1 bn−1

 (4.14)

Since the recovery time ρ is not counted in system evolution, we have the conditional density
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function of the second exit time under the Zero-Time remedy as

p(T2|T1) = (kce⃗
T
ne

−Ã(T2−T1)x⃗ρ − kce⃗
T
n x⃗ρ)e

−
∫ T2
T1

kce⃗Tn e−Ã(t−T1)x⃗ρdt, (4.15)

where x⃗ρ is the system state after running the G′
f system for ρ.

4.3 Results and Discussion

4.3.1 Theoretical analysis of SSRFT

A simple case (n = 2)

This subsection examines the SSRFT of the linear system (4.2) with n = 2, as shown in (4.1).

We first check conditions that may cause the negativity problem, such as parameters and

initial conditions. In system (4.1), after the first slow reaction, we have

x⃗T1 = e−ÃT1 x⃗0 − e⃗2, Ã =

 f1 −b1

−f1 b1

 ,

thus the population of S2 at time T1 is

x⃗T1(2) =
(m2b1 −m1f1)e

−(b1+f1)T1 + (m1 +m2)f1
b1 + f1

− 1.

The first slow reaction firing may happen from time 0 to ∞. To ensure that the population

of S2 is nonnegative for all possible T1, we should have x⃗T1(2) ≥ 0 for all T1. We solve this

inequality and get

m1 +m2 ≥
f1 + b1

f1
and m2 ≥ 1. (4.16)



56
Chapter 4. Analysis and Remedy of Negativity Problem in Hybrid Stochastic Simulation

Algorithm and its Application

For the parameter set f1 = b1 = 1, the population of S2 may become negative when the initial

condition satisfies m2 = 0 (Assume m1 +m2 ≥ 2, so a second slow reaction is possible). For

the parameter set f1 = 1, b1 = 10, the population of S2 may become negative when the initial

condition satisfies m2 = 0 or m1 +m2 < 11.

Fig. 4.2 presents the cumulative distribution functions (CDFs) of NSRFT and SSRFT from

both the CME and the HR hybrid method, respectively. The model parameters and initial

conditions are chosen so that the negativity problem may arise. For the NSRFT, when t is

small, the two methods are close enough. When t ∈ [1, 10], the HR hybrid method has the

first slow reaction firing earlier than the CME. In this time interval, the mismatch between

the two methods comes from the error of the hybrid method, rather than the negativity

problem. For the SSRFT, the CDFs of two methods have an intersection at around t∗ = 2,

where before this point the HR hybrid method tends to fire the second slow reaction later

than the CME. This difference shows the impact of the negativity problem. After the first

slow reaction, x2 becomes negative, and the system needs extra time to recover, which causes

a delay for the SSRFT in the HR hybrid method.
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Figure 4.2: Cumulative probability distributions of NSRFT and SSRFT in the linear sys-
tem (4.1) of the CME and the HR hybrid method. Parameters used in this example are:
f1 = b1 = kc = 1. The initial condition is m1 = 2,m2 = 0.
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For comparison, we calculate the relative error

er =
|Tc − Th|

Tc

, (4.17)

where Tc and Th are the second slow reaction firing times of the CME and the HR hybrid

method, respectively. Here we sample the mean SSRFT as Tc and Th, i.e., P (T2 < Tc) = 0.5,

P (T2 < Th) = 0.5.

When we increase b1 from 1 to 10 and set the initial condition as m1 = m,m2 = 0, then S2

has a low population and a great chance to become negative when the slow reaction fires.

In Fig 4.3, the acceptable region for er < 0.01 of the SSRFT is surprisingly larger than that

of the NSRFT. But this can be well explained. First, the NSRFT of the HR hybrid method

is faster than that of the CME from the previous work [28] and the example in Fig. 4.2a.

If there is no negativity problem, then the SSRFT of the hybrid method should be even

faster than that of the CME as error accumulates over two slow reactions. However, when

there is a negative species, e.g., S2 in this case, the system slows down to recover from its

negative state. The negativity recovery time, to some extent, reduces the numerical error of

the hybrid method in the linear chain system. This runs like a way of coordination between

two subsystems: when a species becomes negative caused by a slow reaction, i.e., the slow

subsystem runs faster than expected, then the slow subsystem has to wait longer for the

next slow reaction to fire again.

For the Zero-Reaction and Zero-Time remedies, though they have a smaller acceptable pa-

rameter space compared with the HR hybrid method, they still have a larger parameter

region than the NSRFT. Note that in the linear chain system, the Zero-Time rule is similar

to the Zero-Reaction rule as G′
f is the fast subsystem and time τ, ρ are comparably small,

but they are different for other cases, such as when G′
f is different from the fast subsystem
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or when there are more slow reactions in the slow subsystems. For the Zero-Population rem-

edy, the acceptable parameter space is only half of the other methods. All three remedies

converge to the contour line of the HR hybrid method when m ≈ 11, satisfying one of the

nonnegative requirements (4.16). On the other hand, when the total population is large (or

m ≥ f1+b1
f1

), a negative population appears in a shorter time window, whereas Ref. [28] has

demonstrated that the error of the HR hybrid method becomes smaller with larger popu-

lations. This leads us to a conjecture regarding the HR hybrid method for the linear chain

reaction system: the error caused by negative populations is negligible compared to the

original error of the hybrid method. In other words, the negativity effect is substantial only

when the method is already problematic in accuracy. Sometimes it acts as a positive sign

to reduce the numerical error of the HR hybrid method.

For general cases that include both negative and nonnegative situations, we calculate the

mean relative error based on all possible initial conditions x⃗0, which follows the steady state

distribution of the fast subsystem subject to f1 and b1. Fig. 4.4 illustrates the acceptable

system parameter region (er < 0.01) for b1 = 1 and b1 = 10. In both cases, the SSRFT keeps

the same pattern but with improved accuracy horizontally resulting from the negativity

phenomenon and decreased accuracy vertically due to the accumulative method error. Since

nonnegative situations occur much more frequently than negative situations (where the initial

condition must be either m2 = 0 or m < 11), the three proposed remedies do not make a

difference in the acceptable region of the HR hybrid method.

A larger system (n = 10)

If we increase the length of the linear chain system to n = 10, it is hard to calculate

the derived formulas (4.4,4.9) for the second exit time. Instead, we run simulations of

each method and collect samples for the NSRFT and the SSRFT. For each pair of (m, kc),
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Figure 4.3: Contour plot of relative error er in the linear system (4.1) with parameters
f1 = 1, b1 = 10. The initial condition is set to m1 = m,m2 = 0. Regions below each line
have a relative error less than 1%. For the Zero-Population rule, the bottom right region is
the acceptable parameter space.
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Figure 4.4: Contour plot of the average relative error er = 0.01 in the linear system (4.1)
with different kc and m values. The remaining parameter is f1 = 1. Acceptable parameter
pairs for the HR hybrid method can be chosen from the bottom and right regions.
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the reported NSRFT and SSRFT are the mean values from one million simulation results.

Consider that all the contour plots in this subsection are processed to make the outline

smooth.

First look at one negative case where the initial condition is m1 = m,mi = 0 (i = 2, 3, ..., 10).

In Fig. 4.5, the shape of the acceptable region (er < 0.01) is similar to the case when n = 2.

For the Zero-Reaction rule, the accuracy is similar to that of the original HR hybrid method,

except for the top right region; while the Zero-Population rule is only accurate for large m

and small kc. So the observation that negativity does not influence the accuracy still holds

for large linear chain systems, if the Zero-Reaction rule is applied. We do not consider the

Zero-Time rule which is much less efficient than the other two remedies in this larger system.

For general cases, we randomly sample initial conditions for each (m, kc) pair. And the

probability distribution of x⃗0 satisfies the steady state of the reversible reactions controlled

by fi and bi. Fig. 4.6 exhibits the same pattern as Fig. 4.4 for both cases b9 = 1 and b9 = 10.

The acceptable parameter space for the second exit time is smaller when n = 10, which is

similar to the first exit time discussed in Ref. [28]. Thus, for large linear chain systems, the

negativity problem is insignificant for the hybrid method.

4.3.2 Numerical experiments

The previous subsection studied the accuracy based on the first and the second slow reaction

times. In this section, we apply the HR hybrid method and three remedies to different

systems and compare statistics.
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Figure 4.5: Contour plot of relative error of er in the linear chain system (4.2) with param-
eters fi = bi = kc = 1, b9 = 10. The chain length is n = 10 and the initial condition is set
to m1 = m,mi = 0 (i = 2, 3, ..., 10). Regions below each line have a relative error less than
1%. Note that the HR hybrid method has an extra top right region of acceptable parameter
pairs.
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Figure 4.6: Contour plot of the average relative error er = 0.01 in the linear chain sys-
tem (4.2) with different kc and m values. The chain length is n = 10. Acceptable parameter
pairs for the HR hybrid method can be chosen from the bottom and right parts.
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A closed linear chain system

The first example shown below is a similar linear chain system with an extra reaction S3
ks−−→

S1 that forms a closed system. We divide the system into two parts, the ODE system contains

the reversible reaction, while the SSA system takes the remaining reactions involving S3.

S1

f1
GGGGGBFGGGGG

b1
S2

kc−−→ S3
ks−−→ S1. (4.18)

We choose model parameters and initial conditions so that negative populations occur fre-

quently in the system. Fig. 4.8 shows the average evolution of species S2 and S3 from different

simulation methods and rules over 10, 000 simulations. Under the Zero-Population rule, the

populations of S2 and S3 keep increasing with time while the other methods reach a steady

state. The evolution from the Zero-Reaction rule is slightly closer to the results of SSA than

the other methods. We then look at the final distributions of species S2 and S3 based on

10, 000 simulations, shown in Fig. 4.7. In system (4.18), x2 is negative for 30% of the time

if using the original HR hybrid method. With the Zero-Time rule, x2 is always nonnegative,

while the Zero-Reaction rule does not change the distribution of S2 much. For the final

distribution of S2, though the differences between methods are fairly close (< 10%), the

Zero-Reaction rule also works better than others. The results from the Zero-Population rule

are much different from the SSA results, and the final distribution will shift further to the

right if we run the system longer.

The above example demonstrates that the system can finally recover from negative popula-

tions without using any remedies. To test an extreme case, suppose there is another species

Y highly sensitive to S2, shown below

S1

f1
GGGGGBFGGGGG

b1
S2

kc−−→ S3, ∅ k1[S2]−−−→ Y k2−−→ ∅ (4.19)
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Figure 4.7: Final distributions of species S2 and S3 in the closed linear system (4.18) from
the SSA, the HR hybrid method, and three remedies (Zero-Population, Zero-Reaction, and
Zero-Time) based on 10, 000 simulations. The parameters are f1 = b1 = kc = ks = 1. The
initial condition is m1 = 1 and the remaining species populations are zero.

The first part is a simple linear chain system with n = 2. A particle can exit the reversible

chain system through S2 with reaction rate kc. The other part is a birth and death process of

species Y. S2 acts as the enzyme activating the synthesis of Y. Following the same partition

strategy used above, we isolate the irreversible reaction in a slow subsystem as both the rate

constant kc and quantity of S2 are small. All the remaining reactions are put into a fast

subsystem.

By setting f1/b1 = 0.1, S2 maintains a low population and has a high chance to become

negative when the slow reaction fires. Once x2 < 0, the slow reaction propensity is negative,

which ensures that the slow reaction will not fire until x2 goes back to a positive value in the

fast subsystem. So the negative population of S2 has no effect on S3 in this case. But for Y,

it can provoke large fluctuations especially when k1[S2] ≫ k2. Fig. 4.9 shows one simulation

result of S2 and Y. When S2 first drops to −0.7, Y is also driven negative and then becomes

positive after one time unit, while under the Zero-Reaction rule, Y is always nonnegative.

During the recovery period of Y, if there is another species Z dependent on Y and a species
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A dependent on Z, then Y may incur a cascade of negativity which significantly increases

the simulation error. For situations where negative reactants heavily affect other species, a

remedy is definitely needed to prevent a simulation failure.
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Figure 4.8: Evolution of species S2 and S3 in the closed linear system (4.18) from the SSA, the
HR hybrid method, and three remedies (Zero-Population, Zero-Reaction, and Zero-Time)
based on 10, 000 simulations. The parameters are f1 = b1 = kc = ks = 1. The initial
condition is m1 = 1 and the remaining species populations are zero.
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Figure 4.9: Population trajectories of S2 and Y in system (4.19) from one simulation of the
HR hybrid method and the Zero-Reaction remedy The parameters are f1 = 1, b1 = 10, kc =
1, k1 = 100, k2 = 1. The initial condition is m1 = 2 and the remaining species populations
are zero.

A closed nonlinear system

From the previous studies, we found that the HR hybrid method works fine for linear systems

even with a high frequency of negative populations. Here we want to examine the effect of

negative values on nonlinear systems, e.g., bimolecular reactions. Slightly modifying reac-

tions involving S2 into bimolecular reactions in system (4.18), we generate a new nonlinear
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system shown below.

S1

f1
GGGGGBFGGGGG

b1
2S2

kc−−→ S3
ks−−→ S1. (4.20)

Similarly, we partition the system into groups: the fast group containing the reversible

reactions and the slow group containing the remaining reactions. For the bimolecular reaction

S2 + S2
kc−−→ S3 in the slow subsystem, the propensity is abi = kcx2(x2 − 1). When x2 < 0,

abi is positive which can potentially cause the reaction to fire and further decrease the value

of x2. Thus, the SSA system becomes unstable when x2 < 0.

For the fast ODE system, we have

dx1

dt
= −f1x1 + b1x

2
2

dx2

dt
= 2f1x1 − 2b1x

2
2

The Jacobian matrix is

J =

 −f1 2b1x2

2f1 −4b1x2


The determinant is

|λI − J | =

∣∣∣∣∣∣∣
λ+ f1 −2b1x2

−2f1 λ+ 4b1x2

∣∣∣∣∣∣∣
= λ(λ+ f1 + 4b1x2)

The two eigenvalues of the ODE system are λ1 = 0, λ2 = −f1−4b1x2. For x2 > 0, λ2 < 0, so

the fast system is stable. But in the HR hybrid method, x2 could be negative under certain
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conditions. Let dx2

dt
= 2f1x1 − 2b1x

2
2 = 0, species S2 has the two equilibrium points:

x∗
2 = −a±

√
a2 + am, a =

f1
4b1

(4.21)

where m is the initial total population. One equilibrium point is positive, thus is a stable

point in the system. But for the other point, since x∗
2 = −a −

√
a2 + am < −2a < − f1

4b1
,

λ2 > 0, thus is an unstable point. So the HR hybrid method fails in this nonlinear system

when the population of S2 gets smaller than − f1
4b1

by chance.

The above analysis is consistent with our simulation results. In our experiments, a simulation

is considered a failure when the ODE solver is unable to meet integration tolerances with the

smallest step length, or when one of the species’ population reaches an extremely abnormal

value, for example if a species’ population becomes abnormally large (e.g., 1000) or below

the negative value of the total population (−m). With an initial condition m1 = 10 and

m2 = 0, even if x2 has a probability less than 1% to be negative (see Fig. 4.11a), the system

still suffers a significant error and breaks down after certain simulation time when using the

original HR hybrid method. Particularly, 191 simulations of the original HR hybrid method

failed among the total 10, 000 trials (each trial runs from time t = 0 to t = 10). In Fig. 4.10,

while the evolution of S3 from the three rules is pretty close to that of the SSA, there is an

approximate one molecule difference in the S2 population between the remedy rules and the

SSA, which mainly comes from the method error rather than the influence of negative value

of x2. The final distributions of species S3 from the Zero-Reaction and Zero-Time rules are

close to the bell shape of the SSA results. Although the Zero-Population remedy did not fail

in the simulation, the results are quite erroneous. Note that in Fig. 4.10, the population of

S2 and S3 from the Zero-Population rule does increase slowly with time. If we run the system

to a much larger time (e.g., t = 1000), S3 can reach 30, as shown in the final distribution of

Fig. 4.11d.
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Figure 4.10: Evolution of species S2 and S3 in the nonlinear system (4.20) from the SSA
and three remedies (Zero-Population, Zero-Reaction, and Zero-Time) based on 10, 000 sim-
ulations. The parameters are f1 = b1 = kc = ks = 1. The initial condition is m1 = 10 and
the remaining species populations are zero.

When decreasing the total population to m = 3, only the Zero-Reaction rule still works and

generates stable results similar to the SSA except the approximate one molecule difference in

S2 population, see Fig. 4.12 and Fig. 4.13. The Zero-Time rule failed because the separate G′
f

system (which is the fast subsystem in this case) is unstable. Among the 10, 000 simulations

where the system was simulated from time t = 0 to t = 10, the original HR hybrid method

failed in 2468 trials, while the Zero-Time rule failed in 1302 trials.

In general, the system stability will be affected if negative species are involved in nonlinear

reactions where either the corresponding reacting terms in the ODE system or the corre-

sponding propensities in the SSA system are still positive. Through the above comparison,

the Zero-Reaction rule shows its ability to avoid the instability of nonlinear systems caused

by negative values and at the same time keeps the accuracy of HR hybrid method. In

application, the Zero-Reaction rule is easy and efficient to implement.
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Figure 4.11: Final distributions of species S2 and S3 in the nonlinear system (4.20) from
the SSA, three remedies (Zero-Population, Zero-Reaction, and Zero-Time) based on 10, 000
simulations. The parameters are f1 = b1 = kc = ks = 1. The initial condition is m1 = 10
and the remaining species populations are zero.

Caulobactor crescentus cell cycle model

Caulobactor crescentus is a bacteria that lives in freshwater like streams and lakes. It has

an asymmetrical division that produces two morphologically different daughter cells, which

makes it an important study organism for cell cycle modeling. Li et al. [78] studied the

stochastic spatiotemporal model of a response-regulator network in the cell cycle. The

stochastic model focused on the bistable switch of PleC that functioned as both kinase
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Figure 4.12: Evolution of species S2 and S3 in the nonlinear system (4.20) from the SSA, the
HR hybrid method, and three remedies (Zero-Population, Zero-Reaction, and Zero-Time)
based on 10, 000 simulations. The parameters are f1 = b1 = kc = ks = 1. The initial
condition is m1 = 3 and the remaining species populations are zero.
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Figure 4.13: Final distributions of species S2 and S3 in nonlinear system (4.20) from the
SSA, the Zero-Reaction remedy based on 10, 000 simulations. The parameters are f1 = b1 =
kc = ks = 1. The initial condition is m1 = 3 and the remaining species populations are zero.
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and phosphatase and successfully captured the viability of mutant cells. But the stochastic

simulation took three days for a single run.

To improve the efficiency, we applied the HR hybrid method and compared different par-

titioning strategies. In the stochastic model, there are 141 reactions involving 45 species,

in which eight proteins and their corresponding mRNAs are diffusive. The rod cell shape

was modeled as 50× 1× 1 cubics. In a test run, protein diffusion took 99.826% of the total

number of reactions, putting it in the ODE system would greatly decrease the time cost. The

catalytic reactions CtrA ⇌ CtrAp took 0.148%. Compared to the diffusion of proteins, the

diffusion of mRNAs only occupied 0.024%, while the remaining 140 reactions took 0.002%.

The computational cost of the hybrid method is proportional to the number of slow reaction

firings, but is also affected by the size of the ODE subsystem. Based on the firing number

of different reactions in the SSA simulation, we investigated three partitioning strategies as

shown in Table 4.1. In Strategy I, only diffusion events of eight proteins are simulated by the

ODE subsystem, the remaining events are put into the SSA subsystem. While Strategy II

further partitions catalytic reactions of CtrA into the ODE subsystem, the size of the ODE

subsystem does not change (reactants and products of the catalytic reaction are diffusive

and already included in the ODE subsystem). But the average slow reaction firing time is

one order of magnitude less than Strategy I, which decreases the time cost by approximately

a factor of ten. Strategy III partitions the system by species type: mRNA reactions are all in

the SSA subsystem and protein reactions are in the ODE subsystem. This strategy greatly

reduces the probability of negativity problems. On the other hand, although Strategy III

has the least interruption by slow reactions (every 6e−5 min), its size for the ODE subsystem

increases to 50 (bin number)×37 (types of species). This is quite a large ODE system, which

imposes a high computational burden on the ODE solver. Overall, Strategy II is the most

efficient partitioning strategy for the HR hybrid method in this Caulobactor cell cycle model,
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the time cost for a single cell cycle simulation is significantly reduced to one hour from three

days!

Table 4.1: Comparison of different partition strategies and complexities on the PleC model
of the Caulobactor crescentus cell cycle.

Strategy I Strategy II Strategy III

ODE Reactions Protein diffusion Protein diffusion,
catalytic reaction

Diffusion, reactions
involving proteins

System Size 50×8 equations 50×8 equations 50× 37 equations

SSA Reactions mRNA diffusion,
all 141 reactions

mRNA diffusion,
rest 140 reactions

mRNA diffusion,
synthesis, degradation

Firing Interval 1e−6 2e−5 6e−5

Time 9.5h 1h 4h

However, as mentioned in the second example in the introduction, the negativity problem

appears when species density is low. Fig. 4.14 summarizes the total time of negativity

state for each species during one cell cycle (∼ 120 min). Protein DivKp has a negative

value for almost 10% of a cycle period, followed by proteins CckA, DivL(free), CtrAp, and

DivJ(free), which are negative for less than 0.1% of the total time. Fig. 4.15 shows the average

population trajectories of four negative species from the SSA and the HR hybrid method

using Strategy II. We can see that the hybrid method matches well with the SSA except

for a slight difference in DivJ(free). All species with negative values have a period of a low

population during the cell cycle. The scarce density of DivKp (nearly zero for the initial 30

min) results in a high occurrence of negative value. Yet the negativity problem in this model

has no significant impact on simulation accuracy because the diffusion of proteins happens

much faster than chemical reactions (at least one order of magnitude faster). Whenever a bin

has a negative population resulting from a slow reaction firing, proteins in neighboring bins

(with positive populations) quickly diffuse to the negative bin in the ODE system and make

it positive before any chemical reaction happens. The HR hybrid method does not even need
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a remedy rule for the negativity problem in this case. But in general, the Zero-Reaction rule

is recommended since the added computational cost is minimal but the potential impacts of

the negativity problem can be avoided.
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Figure 4.14: The percentage of the cell cycle time where species have negative populations.

4.4 Conclusions

This chapter presents an analysis on the negativity problem of the HR hybrid stochastic

simulation algorithm. Based on the second slow reaction firing time, the error caused by

negative populations is shown to be negligible compared to the approximation error of the

method itself. In the linear chain system, the negativity phenomenon actually helps to

increase the method’s accuracy. But for nonlinear systems, negative values may lead to

system failure. Three remedies for negativity are proposed and studied in the context of

SSRFT where Zero-Time and Zero-Reaction rules have acceptable accuracy. Particularly,
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Figure 4.15: The mean population trajectories of negative species in the Caulobactor cell
cycle model from over 48 simulations. Note that the shown population of each species at
each time point are the summation of the population over 50 bins in the domain.

the Zero-Reaction remedy can handle both extreme negative cases and nonlinear systems

whereas the other two methods may fail. Without any remedy for negative populations, the

HR hybrid method may still be successfully applied to a real biological network and signifi-

cantly improves the efficiency via an optimized partition strategy. Overall, we conclude that

the negativity phenomenon does not influence the biochemical network unless the negative

species are involved in nonlinear reactions that generate positive reacting terms or propensi-

ties. In general, the Zero-Reaction remedy is recommended due to easy implementation and
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minimal additional computational cost.



Chapter 5

Quasi-Newton Stochastic

Optimization Algorithm for

Parameter Estimation of a Stochastic

Model of the Budding Yeast Cell

Cycle

5.1 Introduction

A fundamental challenge of molecular systems biology is to build accurate dynamical mod-

els of the molecular mechanisms underlying various aspects of cell physiology, e.g., cellular

chemotaxis or the regulation of cell growth and division. Typically, these models are ex-

pressed in terms of differential equations, i.e., the models are ‘deterministic’, and their

validity is assessed by comparison of model simulations to the observed (average) properties

of large populations of cells responding to various experimental conditions. In recent years,

however, cell biologists are increasingly able to measure the behavior and molecular constitu-

tion of single cells as they go about their business in space and time. As might be expected,

the specific behavior of any given cell may be quite different than the average behavior of a

76
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population of cells, reflecting molecular variability between cells. Regardless of the source(s)

of such variability, which may be at the levels of DNA, mRNA, protein, and/or signaling

molecules, deterministic models of the behavior must be converted into realistic stochastic

models to deal with the variability of responses from one cell to another.

An important and difficult aspect of any modeling project is estimation of the kinetic con-

stants (‘model parameters’) that appear in any dynamical model (deterministic or stochastic)

of a molecular regulatory process. The parameters (e.g., rates of gene expression, rate con-

stants for mRNA and protein degradation, rates of association and dissociation of molecular

complexes, etc.) are estimated by comparison of model simulations to relevant experimental

measurements of molecular turnover in cells. For deterministic models the problem is diffi-

cult enough, because any reasonably complete model will have dozens of molecular species

and many dozens of undetermined parameters, but the available experimental data is of-

ten quite extensive, and there exist powerful algorithms for fitting deterministic simulations

to experimental data points. For stochastic models the problem is considerably more dif-

ficult, because a stochastic model adds many more parameters to the deterministic model

on which it is based, and the specific sorts of data required to estimate these ‘stochastic’

parameters is often difficult to obtain experimentally. Furthermore, stochastic simulations

generate statistical distributions of observables, and these distributions must be compared

to experimentally observed distributions, and the parameters estimated by optimization of

an objective function that is a random variable. Algorithms for such stochastic optimization

problems are still being developed and assessed.

This chapter presents results on optimization of the parameters in a stochastic model of cell

cycle regulation in budding yeast. Section 5.2 describes the model briefly. Section 5.3 states

the mathematical optimization problem precisely. Section 5.4 outlines a new quasi-Newton

algorithm (QNSTOP) for stochastic optimization, and Section 5.5 presents the results of
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using QNSTOP to fit the stochastic cell cycle model to observed distributions of cell cycle

observables (mass at birth, cell cycle time, duration of G1 phase). Section 5.6 discusses some

biological implications of the results, and conclusions are drawn in Section 7.

5.2 Stochastic Cell Cycle Model

The cell cycle model used in this chapter was developed originally by Teeraphan Laomettachit

and is described in full in his Ph.D. thesis [74]. The deterministic version of the model uses

a set of nonlinear differential algebraic equations (DAEs) to track the temporal evolution of

26 variables (proteins governing progression through the budding yeast cell cycle). These

equations involve 126 parameters (kinetic constants) that are estimated by fitting simulations

of the model to the observed phenotypes of 119 budding yeast strains.

The initial determination of the ‘best’ parameter values was done ‘by hand’ as follows.

Starting with an initial ‘basal’ parameter vector Xbasal, simulate the sequence of cell cycle

events in ‘wild-type’ cells growing in glucose and in galactose, making sure that the cells

are viable under both conditions. Then simulate the phenotypes of 117 mutant strains of

budding yeast growing in either glucose or galactose. Each mutant strain is characterized by

a set of genetic changes (e.g., gene A is knocked out and gene B is overexpressed two-fold).

The strain is simulated by appropriate changes to the basal parameter vector (e.g., the rate

constant for synthesis of protein A from gene A is set to zero, and the rate constant for

synthesis of protein B from gene B is set to twice the basal value). Each mutant strain

has an observed phenotype: viable or inviable; if viable then there is some observed birth

size relative to wild-type cells; if inviable then the cell is stuck at some particular stage of

the cell cycle. The simulated phenotype of each mutant strain is compared to the observed

phenotype, and the basal parameter vector is scored accordingly. Then the basal parameter
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vector is modified, the simulations are repeated and rescored, and the process is repeated

until no further improvement seems to be possible.

Surprisingly, despite the immensity of the parameter space, a good modeler can make signif-

icant improvements to the basal parameter vector by hand in a few weeks, and the process

is necessary (from the modeler’s point of view) in order to understand the vagaries of the

model with respect to the experimental data. In the process, the modeler often makes slight

‘tweaks’ to the underlying molecular model (the DAEs) in order to get better agreement

between the model and the mutant phenotypes.

Once the deterministic model (from [74]) was fitted as well as possible to the data set (the

phenotypes of 110 of 119 strains correctly simulated), it was converted to a stochastic model

in order to explore the observed variability of cell cycle progression among single cells (wild-

type and mutant strains). The conversion was made in two steps. First, the dimensionless

variables of the DAE model (call them zi(t), i = 1, . . ., 26) had to be converted into numbers

of molecules of species i per cell = ci ∗ zi(t), where ci is the ‘characteristic concentration’ of

species i. Then each of the differential equations of the system of DAEs was converted into

a stochastic differential equation of the Langevin type by adding two random noise terms to

the right hand side. The first noise term had the usual form of a birth-death process for the

protein species, and the second term was designed specifically to model the effects of mRNA

fluctuations on noisy protein expression; see Laomettachit’s thesis [74]. These two steps

introduced 52 new ‘stochastic’ parameters into the model: 22 characteristic concentrations,

and 30 parameters describing the coupling between mRNA expression and protein synthesis.

Laomettachit estimated these stochastic parameters by hand, as well. From experimental

estimates of the average numbers of protein molecules per cell for each cell cycle gene, he

could estimate the 22 characteristic concentrations. From reasonable guesses about mRNA

dynamics in budding yeast cells, he could estimate the 30 other parameters. These estimates
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gave quite acceptable agreement with the limited amount of statistical data at his disposal

for the distributions of cell cycle observables in populations of wild-type cells.

The Laomettachit model of the budding yeast cell cycle was further examined by Oguz et

al. [95], who explored the utility of differential evolution (DE) as a tool for characterizing

the parameter space of the model. These authors started from an intermediate stage of

Laomettachit’s search (a basal parameter vector that accounted correctly for the phenotypes

of only 72 of 119 strains). They found that DE could quickly improve the score (i.e., the

number of phenotypes correctly simulated) of the basal parameter vector, but could not

improve on the score that Laomettachit achieved by hand. That is to say, 92.5% (110/119)

seems to be about the best fit that Laomettachit’s deterministic model can achieve. In a

later publication, Oguz et al. [96] applied DE to the stochastic version of Laomettachit’s

model. They held the 126 deterministic parameters fixed at the values determined by the

mutant phenotypes, and they estimated the 52 stochastic parameters by DE. The objective

function in this case was constructed by comparing simulated values and observed values for

the means and variances of certain cell-cycle observables: total cycle time and duration of G1

phase of the cell cycle, for mother cells and daughter cells. The purpose of this chapter was

not so much to estimate the stochastic parameters of the model as to use the parametrized

model to study the synchronization of cell division in budding yeast populations by external

perturbations; see [96] for details.

5.3 The Mathematical Problem

As explained in the previous section, stochastic models of the cell cycle are necessary to

explain the observed variability in cell cycle progression among individual cells. Estimating

the parameters in a stochastic cell cycle model is challenging, both mathematically and em-
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pirically. Obtaining accurate and useful data from individual cells is difficult, and very little

such data exists in the literature. Regardless of what criterion is minimized to estimate the

model parameters, the mathematical problem is a stochastic optimization problem, meaning

that the objective function θ(x) itself is a random variable. To further complicate matters,

the random noise in the objective function is not additive, i.e., the objective function is not

of the form (deterministic θ(x)) + (random noise). The randomness is buried deep in the

simulation model, and has no simple representation at the output level of the simulation

model.

For a real colony of cells and a simulated colony, several properties (e.g., mass at birth

mB and duration of G1 phase TG1) can be observed. It is common practice to compute

statistics (e.g., mean, variance) of these observables and then to estimate the simulation

model parameters by minimizing the difference (measured somehow) between the empirical

colony’s statistics and the simulated colony’s statistics. For example, both Laomettachit [74]

and Oguz et al. [96] approximated the scatter plot of the two-dimensional joint distribution

of mB versus TG1 by a dogleg (continuous piecewise linear function with two line segments),

and then estimated stochastic model parameters by matching the slopes of the line segments

in the two (empirical and model predicted) doglegs. Matching these statistics is certainly

a necessary condition for the correctness of the model, but such summary statistics do not

capture all the available information. What one really wants to do, for example, is match the

empirical colony’s distribution of mB with the simulated colony’s distribution of mB. Even

better, match the distributions for all the observables simultaneously, or even match the

joint distributions. The proposal here is to do exactly that—for both mother and daughter

budding yeast cells, match the joint distributions of the pair (mass at birth, duration of of

G1 phase) from the empirical and simulated cell colonies.

Postponing until later the details of obtaining (approximations of) these distributions, let
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p(i) and q(i) denote the probability mass (after discretization of the probability density)

functions of the empirical and of the simulated colony’s observable, respectively. There are

several standard, well-justified ways to compare distributions. From an information theoretic

perspective comes the Kullback-Leibler divergence

dKL(p, q) =
∑
i

p(i) log2

(
p(i)

q(i)

)
,

which is nonnegative and zero if and only if p = q, but is not a metric. Another criterion

from statistics is the Hellinger distance

dH(p, q) =

(∑
i

(√
p(i)−

√
q(i)
)2)1/2

,

which is a metric. Depending on how discretization (one- or two-dimensional histograms) is

done, some of the simulation probabilities q(i) might be zero (a histogram interval or box

has no points in it), which makes dKL infinite. dH is better behaved in such cases. Both dKL

and dH were tried for this work, but only results for dH are reported.

Let X ∈ IRn be the vector of parameters to be estimated in the stochastic cell cycle model.

Let p(i) and q(i) be the probability mass functions of the observable (e.g., mB or the pair

(mB, TG1) in the bin with index i) from the empirical cell colony and from the simulated

cell colony, respectively. p(i) is constant, but q(i) is a random variable determined by a

stochastic simulation. The objective function is the random variable

f(X) = dH(p, q),
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and the stochastic optimization problem to be solved is

min
L<=X<

=U
f(X),

where [L,U ] is a box in IRn defining the feasible set (allowable values for the model parameters

X).

The approach taken here, aptly described as simulation-based parameter estimation, has a

long history in statistics, which is discussed, with historical references, in Castle’s Ph.D.

thesis [20]. QNSTOP is the name of a class of quasi-Newton methods originally developed

by Castle [20] for stochastic optimization problems. Subsequent work modified the original

algorithm significantly to produce a variant that was applicable to (deterministic) global op-

timization problems. Since these two variants had considerable overlap, they were combined

into a single algorithm and computer code, also called QNSTOP, with two operating modes,

global and stochastic, described in Amos et al. [5]. Computational experience since then

and considerations of computational efficiency and numerical stability resulted in further

significant changes, such as using a different quasi-Newton update rule for the first itera-

tion, changing the update rules to avoid small denominators, and numerous other changes

from [5], reflected in the detailed algorithm description and Fortran code in the supplemen-

tary files. The current version of the algorithm and computer code (cf. subroutine QNSTOPS

in supplementary files), outlined in the next section, is used here.
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5.4 Quasi-Newton Algorithm for Stochastic Optimiza-

tion

QNSTOP is a class of quasi-Newton methods developed for stochastic optimization that can

also be used for deterministic global optimization, with certain modifications. Deterministic

global optimization and stochastic optimization are the “usage modes” of the class QNSTOP

referred to in the algorithm summary below. For brevity, only the essential steps are outlined

here. In iteration k, QNSTOP computes the gradient vector ĝk and Hessian matrix Ĥk of a

quadratic model

m̂k(X −Xk) = f̂k + ĝTk (X −Xk) +
1

2
(X −Xk)

T Ĥk (X −Xk)

of the objective function f centered at Xk, where f̂k is generally not f(Xk). The next iterate

is

Xk+1 =

(
Xk −

[
Ĥk + µkWk

]−1

ĝk

)
Θ

,

where µk is the Lagrange multiplier of a trust region subproblem, Wk is a symmetric, positive

definite scaling matrix, and (·)Θ denotes projection onto the feasible set Θ = [L,U ].

To estimate the gradient, QNSTOP uses an ellipsoidal design region centered at the current

iterate Xk ∈ IRn. Let

Wγ =
{
W ∈ IRn×n : W = W T , det(W ) = 1, γ−1In ⪯ W ⪯ γIn

}
for some γ ≥ 1 where In is the n× n identity matrix. The elements of the set Wγ are valid

scaling matrices that control the shape of the ellipsoidal design regions with eccentricity
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constrained by γ. Let the ellipsoidal design regions, with radius τk, be given by

Ek(τk) =
{
X ∈ IRn : (X −Xk)

T Wk (X −Xk) ≤ τ 2k

}

where Wk ∈ Wγ.

In each iteration, QNSTOP chooses a set of N uniformly sampled design sites {Xk1, . . .,

XkN} ⊂ Ek(τk) ∩Θ. Let Yk = (yk1, . . ., ykN)T denote the N -vector of responses modeled by

the linear model yki = f̂k +XT
kiĝk + ϵki where ϵki accounts for lack of fit. ĝk is then the least

squares estimate of the linear model gradient.

Depending on the context, QNSTOP either constrains the Hessian matrix update to satisfy

−ηIn ⪯ Ĥk − Ĥk−1 ⪯ ηIn

for some η ≥ 0, using a variation of the SR1 (symmetric, rank one) quasi-Newton update,

or uses the unconstrained BFGS quasi-Newton update

Ĥk = Ĥk−1 −
Ĥk−1sks

T
k Ĥk−1

sTk Ĥk−1sk
+

νk νT
k

νT
k sk

,

where sk = Xk −Xk−1, νk = ĝk − ĝk−1.

QNSTOP utilizes an ellipsoidal trust region concentric with the design region for controlling

step length. In one usage mode, the trust region ellipsoid radius ρk is taken equal to the

design ellipsoid radius τk, and the optimization problem

min
X∈Ek(ρk)

ĝTk (X −Xk) +
1

2
(X −Xk)

T Ĥk (X −Xk)
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is solved for Xk+1 and µk related by

Xk+1 = X(µk) = Xk −
[
Ĥk + µkWk

]−1

ĝk.

In another usage mode, µk−1 is directly updated to µk, giving Xk+1 = X(µk) as above. If

necessary, Xk+1 is projected back into the feasible set Θ.

Finally, the experimental design region Ek(τk) is updated to approximate a confidence set

by updating the scaling matrix Wk. The updated scaling matrix is given by

Wk+1 =
(
Ĥk + µkWk

)T
V −1
k

(
Ĥk + µkWk

)
,

where Vk is the covariance matrix of ∇m̂k(Xk+1 − Xk). For numerical stability, Wk+1 is

constrained (by modifying its eigenvalues) to satisfy the constraints γ−1In ⪯ Wk+1 ⪯ γIn

and det(Wk+1) = 1, so Wγ ∋ Wk+1.

Algorithm summary: It is generally desirable to run QNSTOP from multiple start points,

and the algorithm described below is repeated for each start point.

Step 0 (initialization): Given a function evaluation budget B̃ per start point and operating

mode (choices of quasi-Newton update, ways of updating the ellipsoidal design region radii

τk and ellipsoidal trust region radii ρk, etc.), set values for τ0 > 0, γ ≥ 1, η ≥ 0, N , X0,

k : = 0, W0 : = Ĥ0 : = In.

Step 1 (regression experiment): Depending on the usage mode, compute the design

ellipsoid radius τk. Uniformly sample {Xk1, . . ., XkN} ⊂ Ek(τk) ∩ Θ. Observe the response

vector Yk = (yk1, . . ., ykN)T . Compute ĝk by linear regression.

Step 2 (secant update): If k > 0, compute the model Hessian matrix Ĥk using either the

BFGS or SR1 variant update, depending on the usage mode.
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Step 3 (update iterate): Compute µk depending on the usage mode, solve [Ĥk+µkWk]sk =

−ĝk for the step sk, and compute Xk+1 =
(
Xk + sk

)
Θ

.

Step 4 (update subsequent design ellipsoid): Compute a new scaling matrix Wk+1 ∈

Wγ.

Step 5: If (k+2)(N +1)+ 1 < B̃ then increment k by 1 and go to Step 1. Otherwise, the

algorithm terminates. (f is also observed at each ellipsoid center Xk.)

For efficiency, a hardware specific parallel version of the portable serial code QNSTOPS (cf.

supplementary files) was actually used. All QNSTOP parameters are optional arguments

and default to reasonable values in the computer code, and extensive tuning is not generally

necessary; the few nondefault values used are reported with the results later.

5.5 Numerical Results and Discussion

The budding yeast stochastic cell cycle model in [96], called ‘Laomettachit’s stochastic model’

here, has 52 parameters that are exclusive to the stochastic aspects of the model, of which

some are chosen to be equal to others, leaving 44 independent variables (parameters) to

be determined by some mathematical procedure (here, solving a stochastic optimization

problem). The parameter names follow a pattern: the species ⋆ is denoted by an index

1, 2, . . ., 10, referring to species Cln3, Bck2, Cln2, CKI, Clb5, Clb2, Swi5, Cdc20, Pds1,

and POLO, respectively. The parameters ktr⋆, kdm⋆, mmin⋆ for species ⋆ are, respectively,

translation rate, mRNA degradation rate, and minimum number of mRNA molecules. This

accounts for 30 parameters. The remaining 22 parameters cx, where x is the species name, are

the characteristic concentrations of the above ten species and 12 other species: Whi5, SBF,

Cdh1, APCP, Clb14, Net1, PPX, Esp1, Cdc15, Tem1, MEN, Mcm1. These characteristic

concentrations are introduced to convert the dimensionless concentrations of the species in
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the deterministic version of Laomettachit’s model into numbers of molecules per cell for

each species in the stochastic version of the model. Since some of the species in the model

bind with each other to form stoichiometric complexes, the characteristic concentrations of

such binding partners must be identical. Therefore, as in Oguz et al. [96], making the eight

assignments cSBF ≡ cWhi5, cClb2 ≡ cClb5 ≡ cCKI, cAPCP ≡ cCdc20, cNet1 ≡ cCdc14, cEsp1 ≡ cPds1,

and cMEN ≡ cTem1 ≡ cCdc15 leaves 44 independent parameters defining the vector X.

Table 5.1 lists the 52 stochastic parameters in Laomettachit’s model. The nominal vector

X0 defines the search box [L,U ], where the bounding interval for the ith component (X)i of

X is
[
(1/φi)(X0)i, φi(X0)i

]
and each factor φi is either 2 or 5. The ‘best [96] vector’ is the

best estimate of the parameter vector found by [96] using differential evolution.

Table 5.1: List of parameters in stochastic budding yeast cell cycle model.

Parameter Nominal value Best [96] value [L,U ]

ktr1 0.22 0.3870 [0.044,1.1]

kdm1 0.7 2.9459 [0.14,3.5]

mmin1 1.0 5.0 [0.2,5.0]

ktr2 0.22 0.6166 [0.044,1.1]

kdm2 0.7 0.6033 [0.14,3.5]

mmin2 4.0 17.0 [0.8,20.0]

ktr3 0.22 0.0761 [0.044,1.1]

kdm3 0.7 2.9502 [0.14,3.5]

mmin3 1.0 2.0 [0.2,5.0]

ktr4 0.22 0.2024 [0.044,1.1]

kdm4 0.7 1.4652 [0.14,3.5]

Continued on next page
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Table 5.1 – Continued from previous page

Parameter Nominal value Best [96] value [L,U ]

mmin4 4.0 1.0 [0.8,20.0]

ktr5 0.22 0.6878 [0.044,1.1]

kdm5 0.7 0.1975 [0.14,3.5]

mmin5 4.0 8.0 [0.8,20.0]

ktr6 0.22 0.6974 [0.044,1.1]

kdm6 0.7 1.6668 [0.14,3.5]

kmin6 4.0 15.0 [0.8,20.0]

ktr7 0.22 0.8867 [0.044,1.1]

kdm7 0.7 2.4182 [0.14,3.5]

mmin7 4.0 16.0 [0.8,20.0]

ktr8 0.22 0.7344 [0.044,1.1]

kdm8 0.7 3.4411 [0.14,3.5]

mmin8 4.0 6.0 [0.8,20.0]

ktr9 0.22 0.6737 [0.044,1.1]

kdm9 0.7 1.2706 [0.14,3.5]

mmin9 4.0 9.0 [0.8,20.0]

ktr10 0.22 0.4258 [0.044,1.1]

kdm10 0.7 0.1469 [0.14,3.5]

mmin10 4.0 5.0 [0.8,20.0]

cCln3 10.0 19.0957 [5.0,20.0]

cBck2 10.0 16.3317 [5.0,20.0]

cWhi5 22.0 21.8688 [11.0,44.0]

Continued on next page
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Table 5.1 – Continued from previous page

Parameter Nominal value Best [96] value [L,U ]

cSBF 22.0 21.8688 [11.0,44.0]

cCln2 45.0 84.2260 [22.5,90.0]

cCKI 80.0 101.9969 [40.0,160.0]

cClb5 80.0 101.9969 [40.0,160.0]

cClb2 80.0 101.9969 [40.0,160.0]

cSwi5 57.5 50.4561 [28.75,115.0]

cCdc20 100.0 93.1338 [50.0,200.0]

cCdh1 100.0 59.4664 [50.0,200.0]

cAPCP 100.0 93.1338 [50.0,200.0]

cCdc14 14.0 20.2049 [7.0,28.0]

cNet1 14.0 20.2049 [7.0,28.0]

cPPX 100.0 81.0649 [50.0,200.0]

cPds1 3.3 2.3993 [1.65,6.6]

cEsp1 3.3 2.3993 [1.65,6.6]

cCdc15 8.0 8.7958 [4.0,16.0]

cTem1 8.0 8.7958 [4.0,16.0]

cMEN 8.0 8.7958 [4.0,16.0]

cPOLO 100.0 155.2614 [50.0,200.0]

cMcm1 100.0 183.1687 [50.0,200.0]

The empirical data from Di Talia et al. [35] includes mass at birth, duration of G1 phase,
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and cell cycle time of both mother and daughter budding yeast cells. Using the Hellinger

distance to measure the difference between the empirical data distribution and the sim-

ulated data distribution requires approximating the continuous distributions by (one- or

two-dimensional) histograms. For example, Fig. 5.1 shows the histogram box boundaries for

the joint distribution of the (scaled) pair (mass at birth, duration of G1 phase) for mother

cells. The strategy is to define rectangles (or intervals in one dimension) that roughly evenly

divide the empirical data points and such that every rectangle (or interval) contains some

data points. The 122 data points yield 17 bins (divided by black lines in Fig. 5.1). The

particular discretization has no effect on the optimization algorithm. Fig. 5.2 shows the

one-dimensional histogram for the empirical data of daughter cell cycle times. Here the 97

data points are divided into 10 bins. Given the sparsity and accuracy of the data, and the

stated goal for how to discretize the continuous distributions, the result is a histogram shape

as in Fig. 5.2.
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Figure 5.1: Discretization for empirical correlations of mass at birth and scaled duration of
G1 phase of mother cells. The x-axis is ln (individual mass/mean mass), where the mean is
of all mother cells.
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Figure 5.2: Discretization for empirical daughter cell cycle time.

Altogether there are eight distributions being matched (and eight Hellinger distances dH,i, i =

1, . . ., 8): joint pair (mass at birth, duration of G1 phase) for mothers (17 boxes), joint pair

(mass at birth, duration of G1 phase) for daughters (18 boxes), mass at birth for mothers (12

intervals), mass at birth for daughters (10 intervals), G1 duration for mothers (9 intervals),

G1 duration for daughters (11 intervals), cell cycle time for mothers (10 intervals), and cell

cycle time for daughters (10 intervals). There are thus a total of 97 discrete probabilities

being matched (one for each bin/box/interval) using 44 degrees of freedom (the independent

stochastic cell cycle model parameters X), which is a well-posed problem. The objective

function is

f(X) =
8∑

i=1

dH,i(p, q),

where p, q were described earlier. Trying different weights on the dH,i in the sum had little

effect on the final results, and hence results for different weights are not reported here.

Nondefault values for the input arguments to the computer code QNSTOPS are described

next. MODE is ‘G’ for global optimization, ‘S’ for stochastic optimization; N is the number
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of design ellipsoid sample points (from the statistical rule of thumb that at least 1.5n data

points are needed to estimate n parameters); XI is the initial start point; [L,U ] is the

feasible box; TAU is the initial design ellipsoid radius τ ; GAIN, relevant only for MODE

‘G’, defines the decay factor such that the design ellipsoid radius at iteration k is τk =

GAIN/(GAIN + k − 1) · TAU.
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(a) Low box corner
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(b) Upper box corner
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(c) Best value in [96]

Figure 5.3: Execution trace of QNSTOP for three start points from Table 5.1. The x-
axis shows the iteration number, and the y-axis is the objective function value. For each
iteration, the ellipsoid center (circles) and best sampled (triangles) objective function values
are reported.

Using MODE = ‘G’ (global optimization), TAU = 20 (5% of the search box diameter),

GAIN = 10, N = 64, Fig. 5.3 shows the iteration histories starting from three points chosen

from the box [L,U ] in Table 1 (lower box corner, upper box corner, and the best value in
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Oguz’s model). The Hellinger distance starting from the upper corner point shows a clear

descent from ≈ 2.9 to ≈ 1.75 in 13 iterations. Starting from the best point in [96], the

Hellinger distance decreases from ≈ 2.5 to ≈ 1.75 in 15 iterations and then oscillates around

that value. The same oscillation happens starting from the lower corner point, which suggests

that ≈ 1.75 is the best objective function value, and that every point in the box near the

corner L has about the same objective function value ≈ 1.8. Dozens of other different start

points in the box [L,U ] produced similar best function values (QNSTOP can automatically

generate a Latin hypercube design of start points including a given start point XI). Note

that the best objective function values (≈ 1.75) are not particularly small in the (summed)

Hellinger distance measure, meaning that the empirical data is not being matched especially

well, although the average Hellinger distance of ≈ 1.75/8 = 0.21875, or |p(i) − q(i)| ≈ 0.04

on average, is not bad. (The maximum Hellinger distance is
√
2 ≈ 1.414.)
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Figure 5.4: Execution trace of QNSTOP starting at the upper corner of the larger box
[(1/2)L, 2U ]. The x-axis shows the iteration number, and the y-axis is the objective function
value. For each iteration, the ellipsoid center (circles) and best sampled (triangles) objective
function values are reported.
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Figure 5.5: Execution trace of QNSTOP starting at the upper corner of the larger box
[(1/4)L, 4U ]. The x-axis shows the iteration number, and the y-axis is the objective function
value. For each iteration, the ellipsoid center (circles) and best sampled (triangles) objective
function values are reported.

To demonstrate that the stochastic parameters in Laomettachit’s stochastic cell cycle model

are not entirely arbitrary, and that QNSTOP can make progress on stochastic optimization

problems, consider an enlarged search box [(1/2)L, 2U ] with the start point XI taken as the

upper bound corner of this box. This start point is far away from the best point in [96] and

has a much larger objective function value. The initial design ellipsoid radius TAU is also

changed to 5% of the diameter of the new box, and GAIN = 10. A larger value for GAIN

causes the ellipsoid radii to decrease more slowly, which is advantageous when starting far

away from the optimum point. The execution trace in Fig. 5.4 drops rapidly to near 1.9 in

less than 10 iterations, and stays around that value, apparently a local minimum. Fig. 5.5

shows the execution trace of QNSTOP from an even worse starting point (upper bound

corner) in the much larger box [(1/4)L, 4U ], with the initial TAU adjusted as for Fig. 5.4,

and GAIN = 10. The plot shows a downward trend and drops sharply around 20 iterations



96
Chapter 5. Quasi-Newton Stochastic Optimization Algorithm for Parameter Estimation of

a Stochastic Model of the Budding Yeast Cell Cycle

to approach ≈ 2.1, apparently another local minimum.

As QNSTOP iterates, the design ellipsoid (in which samples are taken to build a quadratic

model of the objective function) radius τk decreases. Fig. 5.3, showing the objective function

value at the ellipsoid center and at the best sampled point inside that ellipsoid, thus gives

a good indication of the variability of the stochastic objective function values within that

ellipsoid. Observe that this variability shows little change with respect to the iteration num-

ber, meaning that the inherent simulation variance for a fixed parameter vector is roughly

comparable to the variance within the (small) design ellipsoid.

Table 5.2: Individual Hellinger distances between empirical distributions and simulated dis-
tributions using the best point from Table 5.1 and the best point found by QNSTOP.

Table 1 QNSTOP

dH,1 0.57 0.44
dH,2 0.37 0.22
dH,3 0.16 0.09
dH,4 0.19 0.12
dH,5 0.45 0.31
dH,6 0.37 0.22
dH,7 0.19 0.10
dH,8 0.18 0.15
f(X) 2.48 1.65

Table 5.2 shows the individual Hellinger distances dH,i(p, q) comprising the objective function

f(X), and that the best point (from all runs) found by QNSTOP is considerably better than

that found by differential evolution in [96]. For completeness, Table 5.3 reports that best

point X found by QNSTOP. In summary, QNSTOP performs well on this stochastic budding

yeast cell cycle model, quickly finding the best known Hellinger distance even from a poor

starting point, and significantly improving the result from differential evolution in [96]. From
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Table 5.3: Best parameter vector for the budding yeast cell cycle found by QNSTOP.

Parameter Value Parameter Value

ktr1 0.6470 ktr2 0.4938
kdm1 0.8598 kdm2 1.4749
mmin1 0.2085 mmin2 9.0806
ktr3 0.4768 ktr4 0.6377
kdm3 2.1048 kdm4 1.4175
mmin3 3.3014 mmin4 12.2215
ktr5 0.5411 ktr6 0.4676
kdm5 1.9824 kdm6 1.5821
mmin5 8.7150 mmin6 10.7990
ktr7 0.5430 ktr8 0.59856
kdm7 1.3543 kdm8 1.6878
mmin7 9.7407 mmin8 12.3070
ktr9 0.5941 ktr10 0.5638
kdm9 2.0224 kdm10 1.8554
mmin9 12.2770 mmin10 8.7718
cCln3 11.0180 cBck2 13.0380
cWhi5 25.612 cCln2 59.8760
cCKI 94.6380 cSwi5 67.5470
cCdc20 123.9300 cCdh1 121.8000
cCdc14 20.1910 cPPX 110.2900
cPds1 3.9074 cCdc15 11.0270
cPOLO 126.2300 cMcm1 125.5000
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very distant starting points, QNSTOP converges to a (not globally optimal) local minimum

point, which is not unexpected behavior.

From different starting points, the objective function values converge to near the same value,

but is the same true of the parameter vectors X? For two parameter vectors X̂ and X̃,

consider the normalized error vector E(X̂, X̃) defined by

E(X̂, X̃)i = |X̂i − X̃i|/(Ui − Li).

For all the starting points, final points X̂, and best found point X̃, mediani E(X̂, X̃)i < 0.12;

for all starting points, there were no more than three components E(X̂, X̃)i > 0.25, and

the 80th percentile of the E(X̂, X̃)i was always less than 0.2. Let XL, XU be the final

points found starting from the lower, upper corners of the bounding box, respectively. The

objective function along the line segment between XL and XU fluctuates around its optimum

value ≈ 1.75, indicating that XL and XU are not isolated local minimum points, but are

essentially the same parameter vector with respect to model behavior. Given the complexity

of the stochastic model, and the sparsity of the empirical data, this agreement among final

points from different runs of QNSTOP is about as good as can be expected.

5.6 Implications for the Cell Cycle Model

Mathematically, Table 5.2 shows how well the distributions of the various cell cycle observ-

ables (mass at birth, etc.) are being captured by Laomettachit’s stochastic cell cycle model.

The smallest Hellinger distances are associated with the distributions of birth masses for

mother and daughter cells, dH,3 and dH,4, and with the cycle time distributions for mother

and daughter cells, dH,7 and dH,8. The histograms of daughter cell cycle times (Fig. 5.6)
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show how good the fit is between the model and the data in this particular case. The major

discrepancies are in the tails of the distribution. In contrast, the distribution of G1 durations

for mother cells is not a good match: dH,5 = 0.31 in Table 5.2, and the histograms in Fig. 5.7

show clearly that the model overestimates the time spent by mother cells in G1 phase of the

cell cycle. This discrepancy points to a ‘structural’ problem of the model: the ‘G1-stabilizing’

proteins in the model (Cdh1 and CKI) seem to be too active in mother cells, delaying the

exit of mother cells from G1 into S phase. On the other hand, the time spent by daughter

cells in G1 phase is not nearly so discrepant, dH,6 = 0.22 in Table 5.2, suggesting that the

structural problem is related to some subtle difference between mother cells and daughter

cells, which has escaped modelers’ attention so far.

Oguz Empirical QNSTOP
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Figure 5.6: Comparison of histograms of the cell cycle time for daughter cells, from the
simulation using the best point from Table 5.1 (Oguz), from the empirical data, and from
the simulation using the best point found by QNSTOP.

The other data that are poorly matched by the model are the joint distributions of (mass

at birth, duration of G1 phase) for mother and daughter cells. The Hellinger distances from

QNSTOP are dH,1 = 0.44 and dH,2 = 0.22, respectively, which are clear improvements over
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Oguz Empirical QNSTOP
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Figure 5.7: Comparison of histograms of G1 duration for mother cells, from the simulation
using the best point from Table 5.1 (Oguz), from the empirical data, and from the simulation
using the best point found by QNSTOP.

the best point from Table 5.1; nonetheless, the Hellinger distances are hard to interpret.

Fig. 5.8 and 5.9 contain histograms of these joint distributions from the empirical data,

from the simulation using the best point from Table 5.1, and from the simulation using

the best point found from QNSTOP. Each simulation produces about 1,000 data points,

compared to about 100 empirical data points. From these histograms it is evident that

the major discrepancies between the model and the empirical joint distributions are in one

specific region of the joint distribution: the region where TG1 is large (TG1 > 0.2α = 26 min)

and mB is not too much different from the mean mass of mother cells at birth (−0.3 <

ln(mB/mB) < 0.1). In this case, the model is clearly overestimating the number of cells

(both mothers and daughters) that spend a long time in G1 phase, which is complementary

to the ‘structural’ problem noted above. The model underestimates the number of cells with

short G1 durations and overestimates the number of cells with long G1 durations.
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(a) Empirical data (b) Best point from Table 5.1

(c) Best point found by QNSTOP

Figure 5.8: Two-dimensional histogram of the joint distribution of the pair (mass at birth,
duration of G1 phase) for mother cells from the empirical data, from the simulation using the
best point from Table 5.1, and from the simulation using the best point found by QNSTOP.
The polygons in this display correspond to the rectangles in Fig. 5.1, because the plotting
program partitions the horizontal plane into a Voronoi diagram based on the centers of each
of the rectangles in Fig. 5.1. The height of each polygon is the relative frequency of data
points lying in the corresponding rectangle.
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5.7 Conclusions

As observed in the Introduction, to understand fully the molecular basis of many aspects

of cell physiology requires the construction of detailed mathematical models that take into

account the intricate interactions among the genes, mRNAs, and proteins involved in regulat-

ing each process. Deterministic models, expressed as sets of nonlinear differential equations

describing the temporal and spatial interactions of these molecules, are appropriate for un-

derstanding the average behavior of large populations of cells. On the other hand, to get

at the statistical variability of how individual cells behave requires stochastic models that

accurately describe cell-to-cell variability. Stochastic differential equations (SDEs) are often

used for this purpose.

In either case—deterministic or stochastic models—the modeler is faced with a daunting

task of estimating dozens of parameters (rate constants) by fitting model simulations to

experimental observations. The parameter estimation problem is difficult enough for a de-

terministic model, because of the high dimension of the parameter space of any reasonably

complete, molecular-level model of some aspect of cell physiology, and because of the gen-

eral paucity of accurate and pertinent experimental data. For stochastic models, parameter

estimation is more difficult indeed because one must compare statistical distributions (com-

puted and observed) and vary the parameter values to optimize the fit. The computations

are more expensive (typically hundreds or thousands of replica simulations to approximate

the probability distribution function), and relevant experimental distributions of sufficient

quality are rare indeed.

This chapter tested the efficacy of a quasi-Newton method for stochastic optimization (QN-

STOP) to estimate the parameters in a system of SDEs that model the molecular interactions

governing progression through the cell division cycle in budding yeast. The model has 44
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(a) Empirical data (b) Best point from Table 5.1

(c) Best point found by QNSTOP

Figure 5.9: Two-dimensional histogram of the joint distribution of the pair (mass at birth,
duration of G1 phase) for daughter cells from the empirical data, from the simulation using
the best point from Table 5.1 and the best point found by QNSTOP. As in Fig. 5.8 the
polygons correspond to the rectangles in a partition of the daughter cell data (not shown
here), similar to that for the mothers in Fig. 5.1, and the height of each polygon is the
relative frequency of data points lying in the corresponding rectangle.
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independent parameters that determine the random fluctuations in molecular populations,

and these fluctuations determine the variability from cell to cell of certain observable proper-

ties, such as cell cycle time, time spent in G1 phase of the cell cycle, and cell size at birth. Di

Talia et al. [35] have collected data on the distributions of these observables, and on the joint

distribution of the pair (mass at birth, G1 duration). Budding yeast cells divide asymmet-

rically into a large ‘mother’ cell and a small ‘daughter’ cell, so Di Talia measured separate

distributions for mother-cell and daughter-cell populations. Hence, Di Talia provides sample

data sets from eight different distributions.

QNSTOP can efficiently find a globally (but occasionally only locally) optimal stochastic

parameter vector X by minimizing the sum of Hellinger distances f(X) =
∑8

i=1 dH,i(p, q)

between the observed and computed probability mass functions p and q, respectively, for each

of the eight different distributions. QNSTOP’s fit to these distributions is considerably better

than the ‘best’ fit found in an earlier publication [96], which used a differential evolution

algorithm on an objective function that was a sum of squares of deviations between summary

statistics (means and standard deviations) for the eight empirical distributions: f(X) = 1.65

for QNSTOP, f(X) = 2.48 for differential evolution. Presumably, QNSTOP is doing a better

job because it is a more efficient algorithm than differential evolution and because it is using

all of the information in the full distributions rather than just the summary statistics. A

major conclusion of this chapter is that matching summary statistics and even marginal

distributions does not in practice imply that the joint distributions match.

A few conclusions about the model can be drawn from the best parameter vector found by

QNSTOP (Table 5.3). First of all, fluctuations in protein levels in the stochastic model

are most sensitively dependent on the parameters mmin,i. Genes with smaller values of this

parameter display larger fluctuations in protein levels. For Oguz’s best parameter vector

(Table 5.1), the noisiest gene expression is attributable to CKI and PDS1. For QNSTOP’s



5.7. Conclusions 105

best parameter vector, CLN3 is, by far, the noisiest gene, which seems quite reasonable

because Cln3 protein abundance is quite low in budding yeast cells and Cln3-dependent

kinase activity is known to play a major role in the G1-to-S phase transition. Secondly, in

QNSTOP’s best parameter vector, all mRNAs (except for CLN3 mRNA) have degradation

rate constants in the range 1.3 – 2.1 min−1, which corresponds to half lives in the range 0.33 –

0.51 min. These values seem to be quite smaller than what one might expect (say, 5 min half

life), but rapid turn over of mRNAs seems to be necessary to limit the magnitude of protein-

level fluctuations in the stochastic model. Notice that CLN3 mRNA has a noticeably longer

half life (1.25 min) than any of the other mRNAs in the model, presumably because it is

fluctuations in CLN3 mRNA numbers that plays the most important role in determining the

noisiness of the model’s behavior. The fact that the model requires rapid turnover of mRNA

species in order to fit the observed probability distributions of cell cycle observables suggests

that the way molecular noise is incorporated into the model may be oversimplified. More

elaborate models, which incorporate mRNA bursting, mRNA processing, mRNA transport,

etc., will have to be explored in later publications.



Chapter 6

Finding Acceptable Parameter

Regions of Stochastic Hill Equations

for Cooperative Binding Mechanisms

6.1 Introduction

Cooperative binding appears in a wide range of biochemical and physiological processes, such

as multisite molecules [11, 61], transcription factors [1, 8, 70, 101], multimeric enzymes [21,

47], and drug-receptor relationships [54]. In particular, cooperative binding occurs when the

binding of the first ligand molecule influences the binding affinity of the second or more

ligand molecules. The cooperativity is considered positive if the previous ligand binding

increases the next binding affinity (more likely to bind), and considered negative if the

previous binding decreases the next binding affinity (less likely to bind).

There are various cooperative binding mechanisms, of which one basic sequential binding

scheme is

B0

f1[A]−−−⇀↽−−−
b1

B1

f2[A]−−−⇀↽−−−
b2

B2 . . .
fn−1[A]−−−−⇀↽−−−−
bn−1

Bn−1

fn[A]−−−⇀↽−−−
bn

Bn. (6.1)

B is the receptor with n binding sites available for ligand molecules. B0 represents the

free form. The fully saturated Bn is formed in sequential steps, with intermediate stages

106



6.1. Introduction 107

increasing by one ligand molecule until n ligand molecules are bound to B. Assume that

all binding sites are the same and there is no preference over the selection of binding sites.

bi (i = 1, 2,. . .,n) denotes the dissociation rate of Bi. The binding process is activated by

an enzyme A, thus the association rate of Bi is formulated as the mass action fi[A], where

[A] denotes the quantity (population or concentration) of the enzyme A. In the stochastic

regime, [A] represents the enzyme population. Assume that the population of A is constant

and there are enough ligand molecules for binding in system (6.1). The cooperative binding

scheme (6.1) can also be interpreted as a processive multisite protein phosphorylation process,

where B represents the substrate, ligand molecules refer to phosphatase, and enzyme A is the

kinase. Kinetic models of multisite phosphorylation are usually described as the elementary

reactions [12, 112, 121]. Cooperative binding, described in a mathematical way, is a binding

process where the number of occupied binding sites has a nonlinear relation to the ligand’s

concentration [119].

The Hill equation was first introduced to model the observed curves of ligand binding to the

receptor [59]. The equation is a nonlinear function of the concentration of ligand, and the Hill

coefficient defines the degree of cooperativity of ligand binding. Assuming ligand binding

happens simultaneously, the Hill equation is reliable only when the cooperativity of binding

sites is extremely positive [130]. Other complex models have been proposed to describe

different cooperativity of ligand binding [2, 69, 90, 97]. For example, the Adair equation

assumes that the ligand binding is formed in a sequential order with one ligand molecule,

two, etc., until fully saturated [2]. The Koshland-Némethy-Filmer (KNF) model further

distinguishes binding complexes into two conformations: active or inactive [69]. However,

the Hill equation requires little prior knowledge of the binding mechanism and is much

simpler than the other proposed models, thus is widely used in biochemical networks to

model fast signal response and complex binding processes.
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As the Hill equation has been extensively used and thoroughly studied in traditional deter-

ministic models (differential equations), the unexplored discrete stochastic representation is

getting more and more attention from researchers with the presence of low population levels

and molecular noise. Previous studies have discovered that the sigmoidal behavior of the

Hill equation dynamics may reduce to a linear function in the stochastic regime, especially

under the reaction-diffusion master equation framework [26]. This work restricts attention

to a homogeneous domain.

With the increasing need for model reduction of complex biochemical networks, this work

considers a stochastic Hill equation system for the basic binding reaction scheme (6.1) using

the stochastic simulation algorithm (SSA) [49]:

B0

ka
[A]σ

kσ
m + [A]σ

−−−−−−−−−⇀↽−−−−−−−−−
kd

Bn, (6.2)

where ka and kd are the forward and reverse reaction rates, respectively, km is the dissoci-

ation rate, and σ is the Hill coefficient, a real number with σ ≤ n. This work, instead of

validating the stochastic results with the deterministic results, optimizes the stochastic Hill

equation for modeling the cooperative binding process. As biologists are able to quantify

species population at molecular levels with improved experimental techniques [103], the em-

pirical data from experiments provide good resources for validating stochastic models and

optimizing stochastic parameters.

The challenges of solving the inverse problem of parameter estimation for modeling biologi-

cal systems are manifold. One major difficulty is related to the large scale of the biological

networks, which adds many unknown parameters that are hard or impossible to measure

in experiments. The nonlinear nature of the models involves a nonconvex problem with

multiple (locally) optimum points and local optimization methods may be trapped at local
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optimum points. Global optimization methods can be very expensive in high dimensions, and

global optimality is often not guaranteed [10]. Moreover, most of the efforts in solving such

problems thus far have been focused on deterministic models, particularly estimating the pa-

rameters of models formulated by nonlinear differential equations [89]. That is because prior

to the emergence of single cell study, which makes the variability between individual cells

measurable, most existing models in systems biology were deterministic. Parameter estima-

tion for deterministic models of biological systems is a challenging task. Various approaches

have been adopted to estimate parameters of such dynamical models. One common approach

is based on numerical optimization methods. Various local and global optimization methods

have been used to identify kinetic parameters of biochemical pathways, including gradient

based methods, direct search, simulated annealing, and evolutionary algorithms as well as

hybrid or sequential methods of local and global optimization. Mendes et al. compared

several of these optimization-based methods for estimating the parameters of biochemical

pathways [89].

Parameter estimation in stochastic models is even more challenging as the amount of empir-

ical data must be large enough to obtain statistically valid parameter estimates. Two well-

known approaches for stochastic optimization problems are stochastic approximation (SA)

and response surface methodology (RSM). The class of quasi-Newton methods for stochastic

optimization extends state-of-the-art numerical optimization methods (e.g., secant updates,

trust regions) [20], which also can be used for deterministic global optimization with minor

variations [5, 37], has been successfully applied to various stochastic optimization problems,

such as cell cycle models [29], bistable models [27], and biomechanics problems [102]. An al-

ternative approach is probabilistic Bayesian inference [83]. Since the exact Bayesian method

is computationally intractable for a realistically large model, a variant of Markov Chain

Monte Carlo can be used for sampling [108] and approximate Bayesian computation [83] are
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preferred. The Kalman filter and its variants have been applied to solve this problem as

well [82]. Recently, machine learning techniques have been tailored by sparsity-promoting

methods to identify not only the parameters but also the structure of both ordinary differ-

ential equations [15] and partial differential equations [111].

Yet, most parameter optimization methods only return a single best parameter vector, re-

gardless of the fact that there are many parameter vectors that could generate similar sys-

tem dynamics and characteristics. Take multisite protein phosphorylation as an example.

Bistable phenomena occur when model parameters are inside the bistability parameter re-

gion. The whole bistability region may be considered acceptable if the goal is to model

bistability, rather than to find the best fit. This work focuses on finding an acceptable

parameter region, where parameter vectors in the region are good alternatives to the best

parameter vector. In other words, the system parameters are given by a region rather than

a single point.

The goal is to find an acceptable parameter region so that the evolutionary population of

Bn in the stochastic Hill equation system (6.2) matches well with the simulated empirical

data from the cooperative binding scheme (6.1). In Section 6.2, three objective functions

measuring different features of the empirical data and different system sizes are investigated.

Section 6.3 then presents the proposed α-β-γ rule for searching the acceptable parameter

regions based on QNSTOP. Numerical results and detailed analyses are given in Section 6.4.

6.2 Objective Functions

This section presents three different objective functions emphasizing different aspects of the

empirical data. In particular, we propose a general simulation-based objective function that

can be applied to large biochemical networks.
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6.2.1 Minimum distance area

In the reaction binding scheme (6.1), suppose D = [x1, x2, . . ., xm] is a sequence of the

molecular population of Bn collected after every time τ (denoted as [t1, t2, . . ., tm]), where

m is the data size. This subsection will consider the population difference between the

empirical and simulation results over time, called the distance area. Given the empirical

data and the simulated data as two vectors, the p-norm is one traditional way to measure

the vectors’ difference. The problem is stochastic and the time series data can be quite noisy,

and outliers have more influence for p > 1, hence the 1-norm is used to measure the distance.

Define the distance area as the objective function,

fd(θ) =

∫
|p(t)− q(t)|dt ≈

m∑
i=1

|xi − yi|τ, (6.3)

where θ is the model parameters, p(t) and q(t) are the trajectory functions of empirical

and simulated populations in continuous domains. For discrete time series data, xi and

yi represent the population of Bn from empirical and simulated data, respectively. The

stochastic optimization problem to be solved is

min
θ∈Θ

fd(θ), (6.4)

where Θ is a set in IRn defining the feasible set (allowable values for the model parameter

vector θ).

6.2.2 Maximum log-Likelihood

The minimum distance area, similar to other traditional optimization methods, builds ob-

jective functions based on ‘mean’ measurements from stochastic simulations, hence cannot
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reflect the intrinsic noise in stochastic models. To capture the stochastic fluctuations, mea-

sure the transition probability that a system jumps from one state to the next state after a

certain time step. The likelihood function of time series data can then be factorized into the

product of transition probabilities. For convenience, the logarithm of the likelihood, which

changes a product to a summation, is used. The logarithm of the likelihood of the observed

data D is

logL(θ|D) = log
( m∏

i=2

Txi−1,xi

)
=

m∑
i=2

log Txi−1,xi
(6.5)

where θ ∈ IRn is model parameters and T is the transition matrix. Specifically, Txi−1,xi
is

the transition probability that the system changes from state xi−1 to state xi. Note that

we take the logarithm of the likelihood because the transition probability matrix is usually

very close to zero. A larger value of log-likelihood indicates a higher similarity between the

empirical data and simulation data with parameter vector θ.

The objective function is

fl(θ) = − logL(θ|D), (6.6)

and the stochastic optimization problem to be solved is

min
θ∈Θ

fl(θ), (6.7)

where Θ is a set in IRn defining the feasible set (allowable values for the model parameter

vector θ).

When a system has a finite number of states, then we can calculate T directly from Eq. (2.4).

When a system is small and has an infinite number of states, the finite state projection (FSP)

method [91] projects the infinite state vector X to a finite state vector, approximating

the CME solution with an error ϵ. Accordingly, A and T are approximated by Â and T̂ ,
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respectively. Fox et al. [44] proved that the FSP-derived likelihood converges monotonically

to the exact likelihood value.

6.2.3 Approximate maximum log-likelihood

In the above maximum log-likelihood method, the approximation of the transition matrix T

is only tractable for small systems. It is difficult or nearly impossible to solve the CME for

large systems. To overcome this limitation, this subsection proposes a general use objective

function that is applicable to large and/or complex biochemical models, called approximate

maximum log-likelihood.

The transition probability of system state going from xi−1 to xi is

Txi−1,xi
= Pr(xi|xi−1). (6.8)

Thus, the logarithm of the likelihood of the observed data D is

logL(θ|D) = log
( m∏

i=2

Pr(xi|xi−1)

)
=

m∑
i=2

log Pr(xi|xi−1), (6.9)

where Pr(xi|xi−1) can be approximated by simulation (an example will be shown later

in (6.13)). The objective function is

fp(θ) = − logL(θ|D). (6.10)

The stochastic optimization problem to be solved is

min
θ∈Θ

fp(θ), (6.11)



114
Chapter 6. Finding Acceptable Parameter Regions of Stochastic Hill Equations for

Cooperative Binding Mechanisms

where Θ is a set in IRn defining the feasible set.

Algorithm 1 summarizes the essential steps of the approximate maximum log-likelihood

method. In Line 6, by simulating the system several times from time ti−1 to ti with initial

system state Bn = xi−1, we get a set Si of simulation results for Bn at time ti. Pr(xi|xi−1)

can be approximated from the distribution of Si. For example, assuming xi (sampled in Si)

follows a normal distribution

xi ∼ N(µ, σ2), (6.12)

where µ and σ2 are the mean and variance of xi, we can approximate the probability as

Pr(xi|xi−1) ≈ Pr(xi − 0.5 < µ+ σzi < xi + 0.5), zi =
xi − µ

σ
∼ N(0, 1). (6.13)

Note that the empirical data could be multiple species’ evolutionary population, then xi

in Pr(xi|xi−1) becomes a vector referring to multiple species’ population. For line 4, if the

simulation results do not include Bn = xi, then choose one that is the closest to xi.

Algorithm 1 Approximate maximum log-likelihood
Input: Empirical data D = [x1, x2, . . ., xm] represents the evolutionary population of

species Bn

Output: −
∑m

i=2 log Pr(xi|xi−1)
1: Initialization i = 2, system state x1.
2: while i ≤ m do
3: if i = 2 then Go to line 6
4: else Initialize the system with the simulation result where Bn = xi−1 at time ti−1

5: end if
6: Simulate the system q times from time ti−1 to ti giving the list Si = [s1, s2, , sq] of

simulation results for Bn at time ti.
7: Construct Pr(xi|xi−1) based on the distribution of Si

8: i = i+ 1
9: end while
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6.3 Acceptable Parameter Region

As mentioned before, for most systems, especially those with multidimensional parameters,

there are many possible parameter combinations that produce similar system dynamics and

behaviours. This section introduces the α-β-γ rule to find the acceptable parameter regions

of the stochastic Hill equation. Parameter values sampled in the returned acceptable region

should give close system results to the best parameter values. In particular, we applied the

α-β-γ rule to QNSTOP, which has been used to find the best system parameter values of

various stochastic problems similar to other optimization methods.

6.3.1 α-β-γ Rule

Based on the fact that QNSTOP defines an ellipsoidal design region for each iteration, we

can utilize this ellipsoid to define the acceptable parameter region.

For an ellipsoid E, define f(E) = {f(x) | x ∈ E}. To accept a parameter region, intuitively,

most parameters sampled from the region should have relatively small objective values, and

close to the minimum objective function value min f(E) of the ellipsoidal region. After

scrutinizing all possible distributions of f(E), we define a stable ellipsoidal region E as

follows:

Definition 6.1. E is a min-stable region if

Pr
[
f(θ) ≤ (1 + α)min f(E)

]
≥ β, θ ∈ E, α ∈ (0,∞), β ∈ (0, 1].

In the above definition, α measures how close the objective function values are to the min-

imum value min f(E), β controls the percentage of parameter values that generate close

minimum objective function values. α and β can be assigned with different values depend-
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ing on the problem. For any parameter region E, if α is fixed, define the percentage of points

with objective function values no larger than (1+α)min f(E) as the region stability, which

is the value of Pr
[
f(θ) ≤ (1 + α)min f(E)

]
.

As QNSTOP designs a specific ellipsoid region for each iteration, the minimum objective

function values found may vary dramatically between iterations. We don’t want to accept

the ellipsoidal region E1 of the first iteration even if E1 is min-stable, because min f(E1) is

usually much larger than the minimum objective value fmin found over all iterations and all

starting points (if QNSTOP is run with multiple starting points). Thus, to ensure that the

parameter region is globally min-stable, we need to choose those min-stable regions whose

local minimum objective function values are close to the global minimum. The acceptable

parameter region is defined as a union of min-stable ellipsoids with local minimum objective

function values close to fmin:

Definition 6.2. An acceptable region is R =
∪

k∈B Ek where

B = {k | Ek is min-stable and min f(Ek) ≤ (1 + γ)fmin

}
, γ ∈ [0,∞).

In the above definition, k is the iteration number, γ controls how close min f(Ek) is to the

global minimum, and γ may vary according to the problem. Choosing values for α, β, γ is

referred to as an α-β-γ rule.

6.3.2 Analysis

Values for α, β, γ, derive from analyzing the objective function values in parameter regions.

Fig. 6.1 shows the distributions of the three objective function values over several iterations.

For iteration 10, f(X) is almost a uniform distribution, with values spread out over the
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domain. As the iteration continues, more objective function values are clustering around

the minimum value fmin. The distribution of f(X) gradually forms a peak around fmin.

While these features hold for all three methods, the maximum log-likelihood has the highest

percentage of the small objective values. Based on the distributions, the values of α for the

three methods are chosen as 0.5 (minimum distance area), 0.2 (maximum log-likelihood), 0.3

(approximate maximum log-likelihood), respectively. In Fig. 6.2, the corresponding regions

for parameters ka, kd shrink with iterations.
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Figure 6.1: Distribution of objective function values from three methods (minimum distance
area, maximum log-likelihood, and approximate maximum log-likelihood) based on 1000
sampled points inside the ellipsoidal regions for iterations 10, 40, 70, and 100.

Figure 6.3 shows that for all three methods, the average region stability over 100 start-
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Figure 6.2: QNSTOP ellipsoids at iterations 10, 40, 70, and 100 from the maximum log-
likelihood method.

ing points increases with iteration, eventually reaching one if the iteration number is large

enough. The maximum log-likelihood has the highest region stability compared with the

other two objective functions. For the maximum log-likelihood method, we set α = γ = 0.2

and β = 0.8 based on the region stability. In this way, at least 80% of the sampled points

from the acceptable region have objective function values within 20% relative error of the

minimum value. We call this criterion the 80%-20% rule. For the other two methods, we

set α = γ = 0.3, β = 0.7 for approximate maximum log-likelihood, and α = β = γ = 0.5 for

minimum distance area.

6.4 Results

This section first discusses the input parameters, empirical data, and experimental setup.

The results are divided into two parts, the first of which demonstrates the two parameter
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Figure 6.3: Region stability from iteration 1 to 200 based on 100 starting points from mini-
mum distance area (α = 0.5), maximum log-likelihood (α = 0.2), and approximate maximum
log-likelihood (α = 0.3).

case (the acceptable parameter region is a two-dimensional graph), and the second part

compares the three objective functions and studies the full parameter set by two-dimensional

projections of the acceptable parameter region.

6.4.1 Experimental setup

Empirical data. This work assumes the sequential binding system (6.1) as the ground

truth. In particular, consider the system size as n = 4, the population level of enzyme A

as [A] = 1000, and the reaction rates as fi = 0.0025, bi = 1 for i = 1, 2, 3, 4. We use the

stochastic simulation algorithm to simulate the system and sample one population trajectory

of Bn with a time step τ (t1 = τ , t2 = 2τ , . . ., tm = mτ) as a single set D of empirical data.

Since both systems (6.1) and (6.2) stabilize at a steady state after a certain time, if the
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empirical data D contains more steady state points than transition points, then the system

parameters will be optimized in a way that minimizes the difference of steady states but

overlooks the transition dynamics before the system stabilizes, and vice versa. In order to

not bias either the stable state or the transition dynamics, the sampled data points are split

equally in describing the two properties.

The stochastic Hill equation system (6.2) has an initial condition: [B0] = 100 and [Bn] = 0,

thus there are at most 101 system states. Table 6.1 lists the bounds for each parameter in

the system.

Table 6.1: Parameter boundary in the stochastic Hill equation system.

Parameter ka kd km σ

[L,U ] [0.001, 1000] [0.001, 1000] [0.001, 106] [0.001, 10]

log10([L,U ]) [−3, 3] [−3, 3] [−3, 6] [−3, 1]

Note that parameters ka and kd (rate constants of association and dissociation) are more

sensitive in controlling the system’s time scale than the other two parameters. Assuming km

and σ are fixed values, while region [0.001, 1] for parameters ka and kd occupies 0.0001% of

the entire search box, the system time scale varies by three orders of magnitude. In Fig. 6.4,

the final population of Bn initially grows linearly (in logarithm) with ka/kd and then levels

off (Bn is fully saturated), which indicates that when ka > 1, kd = 1. The objective function

value would not change much as the population of Bn at the stable state is always around

100. Thus, the decimal region [L, 1] (L < 1 is the lower bound), while sensitive, is minimized

or overlooked when the upper bound U is much larger than one (U ≫ 1). We refer to this

phenomenon as decimal parameter sensitivity lost, which can affect the optimization

performance, especially for systems that are sensitive to the [0, 1] domain. To avoid this

problem, simply use the logarithms of the parameters in the simulation. So the bounds for

(log10(ka), log10(kd)) are written as [−3, 3].



6.4. Results 121

ka/kd
10

-5
10

0
10

5

B
n
(T

f
in
a
l)

10
-2

10
-1

10
0

10
1

10
2

Figure 6.4: The population of Bn at stable state under the stochastic Hill equation system
with respect to different ka/kd values, where kd = 1.

6.4.2 Two parameter case

This subsection studies the two parameter case, in which only ka and kd are unknown while

σ = 2 and km = 100 in the stochastic Hill equation system. QNSTOP parameters are: total

iterations = 100, sample points N = 10, initial ellipsoid radius TAU = 0.85 (one-tenth of the

searching box diameter), ellipsoid decay factor GAIN = 35, MODE = ‘G’. There are m = 50

empirical data points collected at time step τ = 0.2 from one SSA simulated trajectory of

the Bn population. The α-β-γ acceptable region is defined by α = 0.2, β = 0.8, γ = 0.2,

which indicates that 80% of the sampled values should have objective function values within

20% relative error of the local minimum, and the local minimum is within 20% relative error

of the global minimum.

Fig. 6.5 shows the maximum log-likelihood objective function values (fl) over the entire ka,

kd domain. Any (ka, kd) pairs sampled in the dark blue region in the middle of the graph
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are acceptable parameters for the stochastic Hill equation system (6.2).

Figure 6.5: Exhaustive search over (log10(ka), log10(kd)) ∈ [−3, 3], plotting the values of the
maximum log-likelihood objective function.

Influence of starting points. Fig. 6.6 shows the execution traces of QNSTOP and the

corresponding acceptable parameter regions from different starting points: lower boundary

point L, upper boundary point U , and center point (L + U)/2. From the execution traces

of all three starting points, the best sampled objective function value fl(X) decreases fast in

the first 40 iterations and then oscillates around 200. The worst sampled objective function

values also oscillates around 200 after 80 iterations. The acceptable parameter regions, even

though there are subtle differences in the region size and number of acceptable ellipsoids,

are pretty close and are located in the range of [−1, 0.5] for both ka and kd. Since QNSTOP

allows multiple starting points, the rest of the chapter will show the acceptable parameter

regions collected from ten randomly selected starting points.

Influence of empirical data. To check the robustness of our algorithm, we vary the

empirical data and the data size. Fig. 6.7 illustrates the acceptable regions from the same
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dataset but with different numbers of data points. Fig. 6.7(a) uses the population of Bn at

time step τ = 1, 10 data points total, while Fig. 6.7(b),(c) have 50 and 200 data points,

respectively. The acceptable region increases with the data size m.

Fig. 6.8 shows the results from three different empirical datasets (three different population

trajectories of Bn). Even with different empirical data, the acceptable parameter regions

are consistent in size and shape. Thus, the parameter optimization of the stochastic Hill

equation system is more sensitive to the empirical data size than the data content variation.

6.4.3 Full parameter case

This subsection studies the full parameter vector, in which all four parameters ka, kd, σ,

and km are unknown in the stochastic Hill equation system. Simulations use the same

parameter input except the initial ellipsoid radius TAU = 1.3 and sampling points N=20.

For the empirical data, we use the same dataset from one SSA simulated trajectory of Bn

population where m = 50, τ = 0.2. The values of α-β-γ defining the acceptable regions are

set differently according to the objective functions.

Influence of objective functions. Fig. 6.9 shows the results of the three objective func-

tions: maximum log-likelihood, minimum distance area, and approximate maximum log-

likelihood. For all three methods, the acceptable regions for the (ka, kd) pair are an ellipsoid

shape centered at the middle of the domain, though the size has subtle differences. While

for the (km, σ) pair, the acceptable regions are all over the domain, shown in Fig. 6.10a,

indicating that the system is not sensitive to parameters km, σ. Note that in this Hill equa-

tion system, where the population level of enzyme A is fixed, the acceptable regions of (km,

σ) pair are very different if considering multiple population levels of enzyme A. Fig. 6.10b

shows the result for an objective function that sums over 11 population levels of enzyme A,
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Figure 6.6: Optimization results of maximum log-likelihood with different starting
points: (a, b) the lower box corner (log10(ka), log10(kd)) = (−3,−3); (c, d) box center
(log10(ka), log10(kd)) = (0, 0); (e, f) the upper box corner (log10(ka), log10(kd)) = (3, 3).
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Figure 6.7: Optimization results of maximum log-likelihood with different time steps τ from
one set of empirical data: (a, b) τ = 1; (c, d) τ = 0.2; (e, f) τ = 0.05. The acceptable region
of each method is the union of results from 20 starting points.
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Figure 6.8: Optimization results of maximum log-likelihood with different empirical data:
three sets of empirical data, which all contain 50 data points, collected every 0.2 time unit.
The acceptable region of each method is the union of results from 20 starting points.
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where [A] = 150, 300, 400, 520, 620, 800, 1050, 1400, 2100, 5000, 20000. (This summed

objective function will be explored in future work).

To compare the stochastic Hill equation system with the sequential binding scheme, sample

100 points from the returned acceptable parameter region. Fig. 6.11 shows the average

population evolution of Bn with the sampled parameter values in the stochastic Hill equation.

The average dynamics from all three methods match well with empirical data where m = 50.

Fig. 6.12 further presents the population distributions of the stochastic Hill equation system

based on the 100 parameter values sampled from the acceptable regions. Except for the

significant difference at the initial stage of the Bn transition (time t = 1), the empirical data

falls in the 25th-75th percentile range for other stages (time t = 2, t = 3, t = 6, t = 8, t = 10)

of maximum log-likelihood and approximate maximum log-likelihood. Note that the range

of minimum distance area samples is much smaller than that for the other two methods.

6.5 Conclusion

This chapter formulates a stochastic Hill equation model for the fundamental cooperative

binding process. To match with the simulation-based empirical data, we explored three

different objective functions that emphasize different problem sizes and different features of

the empirical data, among which the approximate maximum log-likelihood method works

well and can be applicable to large complex biochemical networks. In particular, we proposed

an α-β-γ rule to find acceptable parameter regions instead of single best parameter values.

Results demonstrated that the optimized stochastic Hill equation can be used to model the

switch behavior and the steady state of the fundamental cooperative binding process, while it

cannot capture the initial transition period. QNSTOP and this simple rule can be extended

and applied to other stochastic models as well.
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Figure 6.9: Average execution traces of QNSTOP based on 20 starting points and acceptable
parameter region projected to two-dimensional domains. (a, b) minimum distance area, (c,
d) maximum log-likelihood, (e, f) approximate maximum log-likelihood. The acceptable
region of each method is the union of results from 20 starting points.
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Figure 6.10: Acceptable parameter regions projected to two-dimensional domains for maxi-
mum log-likelihood method. (a) The population of enzyme A is fixed at a single value. (b)
11 population levels of enzyme A are considered in the stochastic Hill equation system.
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Figure 6.11: Average population evolution of Bn in the stochastic Hill equation system (6.2)
from minimum distance area, maximum log-likelihood, and approximate maximum log-
likelihood, compared with the empirical data.
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Figure 6.12: Population distributions of Bn in the stochastic Hill equation system (6.2) at
time t = 1, 2, 3, 6, 8, 10, corresponding to 10%, 20%, 30%, 60%, 80%, 100% of the total
simulation time, based on 100 points sampled in each acceptable parameter region from
minimum distance area, maximum log-likelihood, and approximate maximum log-likelihood.



Chapter 7

Outlook

This dissertation presented a series of theoretical studies and applications that contribute

to the field of stochastic modeling and simulation. In the study of Caulobacter cell cycle,

Chapter 3 showed that the Turing mechanism, along with the gene position, contributes to

protein PopZ’s bipolar location. As stochastic simulations are often impeded by expensive

computational cost for large and complex biochemical networks, Chapter 4 studied the HR

hybrid method which significantly improved the simulation efficiency and proposed several

strategies for the negative population phenomenon. To further validate simulation results

with empirical data, a quasi-Newton algorithm for stochastic optimization (QNSTOP) was

used to optimize system parameters of a stochastic budding yeast cell cycle model in Chap-

ter 5. Finally, to cope with increasing model complexity, Chapter 6 demonstrates the model

reduction of the fundamental cooperative binding scheme by a optimized stochastic Hill

equation.

7.1 Improvement on HR hybrid method

In Chapter 4, while applying the HR hybrid method to the PleC model of the Caulobacter

crescentus cell cycle, the simulation time for one cell cycle can be reduced to several hours

from the original three days. Based on different partitioning strategies, the time cost varies

from about nine hours to one hour. It is easy to see that the partitioning strategy plays

131
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an important role in the simulation efficiency. Sometimes put all fast reactions or large-

population species into the fast subsystem is not a good strategy as the ODE solver slows

down with a large ODE system size. In order to find the best partitioning strategy for a

specific application, researchers may need to define different partition strategies, to set up

corresponding simulations, and to test and compare the results, which involves a substantial

amount of work.

Meanwhile, as species populations vary with time in most biological systems, the related

reactions can be considered slow in certain time period and fast at other time during the

simulation. Based on time-varying system states and accuracy requirement, an automatic

partition system can help maximize the efficiency of hybrid method. In particular, the

partitioning strategy may involve an automatic switch feature where the species and reactions

can be put into the different subsystems based on the dynamical state (e.g., population scale)

in the evolution. Such an automatic switch has to take the overhead of the ODE solver into

account and will need careful study. In our future research, the automatic partitioning and

switch mechanism will be studied under the framework of hybrid methods.

7.2 Spatial Stochastic Algorithm

In recent years, stochastic modeling and simulation for spatiotemporal biological systems,

particularly reaction-diffusion systems, have captured more and more attention. Several al-

gorithms and tools [7, 56, 76, 125] to model and simulate reaction-diffusion systems have been

proposed. These methods can be categorized into two theoretical frameworks: the spatially

and temporally continuous Smoluchowski modeling framework [126] and the compartment-

based modeling framework, formulated as the spatially discretized reaction-diffusion master

equation (RDME) [46, 94]. The Smoluchowski framework [36, 66, 126] stores the exact
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position of each molecule and is mathematically fundamental, whereas the RDME is coarse-

grained and better suited for large scale simulations [43]. In RDME, the spatial domain is

discretized into small compartments. Within each compartment, molecules are considered

“well-stirred”. Under the RDME scheme, diffusion is modeled as continuous time random

walk on mesh compartments, while reactions fire only among molecules in the same com-

partment.

Yet reaction-diffusion systems presents great challenges regarding accuracy and efficiency,

especially when nonlinear reactions are involved. It has been proved that the RDME of bi-

molecular reactions in 3D domain becomes incorrect and yields nonphysical results when the

discretization size approaches microscopic scale [40, 57, 63]. Previous work on trimolecular

reaction models in the compartment-based framework also illustrated the accuracy error in

a 1D domain [79]. For highly nonlinear reactions, e.g., the Hill function, study revealed

that when the compartment size is small enough, the sigmoidal behavior of Hill function

dynamics reduces to a linear function of the input signal and discretization size [26]. In

general, to establish a well-rounded spatial stochastic modeling and simulation algorithm,

there are many problems requiring a resolution via appropriate strategies; finally, unforeseen

issues awaiting further exploration may also exist. The long term plan is to develop spatial

stochastic simulation algorithms for two-dimensional and three-dimensional biological models

that maintain great tradeoff between a high accuracy and a relatively low computational

complexity.

7.3 Cell Cycle Visualization

While much attention has been focused on various mathematical modeling and computa-

tional simulations, it is hard for people without a biological background to interpret simula-
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tion results and to understand the cell cycle dynamics. Moreover, those new spatial models

necessitate a visualization tool to illustrate the spatiotemperal simulation results. Fig. 7.1

presents an example of the PopZ dynamics during the cell cycle. Based on the D3 toolkit,

this Web-based animation of Caulobacter crescentus cell division provides an interactive vi-

sualization interface for people to view the spatiotemporal dynamics of species in cells and

to check simulation results with experimental observations. It has been extended to the

PleC model of the Caulobacter crescentus and budding yeast cell cycle [33]. The current

project only works with static data (previously generated), so future work is to integrate

the simulation process into the visualization so that people can check different molecular

behaviors by tuning system parameters. The visualization application provides a significant

modeling tool in addition to traditional graphs.

Figure 7.1: Visualization of Caulobacter crescentus cell cycle based on simulation results.
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