Appendix E. Models

The variational method permits to solve for the displacement of the beam and its attached

elements. The global displacements (describedi,byw, @, or wy) is determined by

solving a matrix equation (E.1). The matrices involved in these equations can be

combined to model complex systems. The following items are presented in this appendix:

e Beam

* Springs (boundary conditions)
* Piezoelectric layer

» Constrained layer

* Point absorber

» Distributed active vibration absorber with uniform mass layer

» Distributed active vibration absorber with varying mass distribution

The global matrices (coupled system) can be subdivided into several sub-matrices which

are indexed from 1 to 6. The matrix coefficients are indexed by p and g. Vector

coefficients are indexed by p.
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wZ%/IZt M3 MSB_'_B(Zt K3 KS%%: %:3
%\/I‘” VE MGE H<4t K5t Ke%ﬁ %:6
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(E.1)

The matrices or vector with subscriare related to the axial displacemagtthose with

the subscripf are related to the transversal displacemen@nd those with subscript
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are related tog or wm. The other subscripts indicate coupling between two types of

displacement. The models use the functions described in Appendix D.

E.1 Beam
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Figure E.1: Beam model with arbitrary boundary conditions

L
M2, = ,oblohjgbmpqo_b 0) (E.2)
1
Mo = o~ —F1,,(L, 0)
b
L
+ pbbh)EbF‘l'pq(Lb ’0) (ES)
1
Khq = ci’lbnz—LbFlpq(Lb 0) (E.4)
1
Kpq = ci’lbrﬁEszq(Lb 0) (E-5)

E.2 Springs(boundary conditions, cf. figure E.1)

K;laq = %[Coiap B ,Bp)cos(aq B 'Bq)+ cos(yp —5p)cos(yq a 5q)
- cos(ap - Bp)cos(yq - aq)_ cos(yp - 5p)cos(aq - B, )J
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+ 22 [eoda, + 8, Jooda, + B,)+ cody, +6, Jeody, + )
- COS(CIp + ,Bp)cos(yq + 6q)_ cos(yp + 6p)coiaq + B, )J (E.6)

- sJooda, - g Joode, - ) cody, -0, ok, -5

-coda,, - B, Jeody, - 5, )~ cody, - 5, Joda, - 5, )

+Kslooda, + 8 Joode, + )+ cody, +5Jod, +)

—coda, + B, )cody, +8,)-cody, + 8, )coda, + B,

+ %[apaq sin(ap - ,Bp)sin(aq - ,Bq)+ VoVq sin(yp - 6p)sin(yq - 6q)

- a,y,sinla,, = B, Jsinly, = 8,)-v,a,sinly, - 5, )sinla, - 8,

+ %[apaq sin(orp + [ip)sin(orq + ,Bq)+ VoY sin(yp + 5p)sin(yq + 6q)
(

—a,y,sinla, + B, )sinly, +3,)-v,a,sinly, + 8, )sinla, + B,)| (E.7)

E.3 Piezoelectric layer
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Figure E.2: Piezoelectric layer on top of a beam

L
MG = Pbh -2 F4,,(L,.x,) (E.8)
-pzbawﬁ""—ﬁh D—Flpq )

+pb 2 Fa, (L) (E.9)
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M2, =-p,b(h, +h,)n, % F6,,(L,.X,) (E.10)
Ko =Cf1bhz%F1pq(Lz,xz) (E.11)
b
2 nLh? +h,f 02

K3, :cllbgl_féhnghzgﬁpzpq(Lz,xz) (E.12)

. 1
K §q = _Cllb(hb +h, )hz 2 F3pq(|—z ,XZ) (E.13)

b
F) =e5bAg,G2,(L,.x,) (E.14)
F; =-elb(h, +h,)ag, LiGSp(LZ X,) (E.15)

b

E.4 Constrained layer damping
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Figure E.3: Constrained layer damping on top of a beam

c?’c

L
M:, = pcthEbF4pq(L X;) (E.16)

[h? +h 01
M3 = c b _<h F1 (L
e eadsr RN Pl

c’’c

+pcbhc%F4pq(L X.) (E.17)
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—pcbhc L 5 P4, o (Lo %) (E.18)

M2, =-p.blh, + hc)hC%Fqu(Lc,xC) (E.19)

= pcbhc L & P4y o(Lex.) (E.20)

= p.bI? E'l+_B—F6 L, .x.) (E.21)

K, :cflthZ—ib (I (E.22)

K>, —c11b5—+5h—§h SL—ng X) (E.23)

. 1
KS, = cllthGTFl (L..x.)

c1%c
b

c L
+055th§bF4pq(Lc,Xc) (E.24)
c 1
K Sq = _Cllb(hb +h, )hc S F3,, (Lc ,XC) (E.25)
b
c 1
K 3q = _Cllbh::2 I Flpq (Lc 1Xc) (E.26)

b

—Cnbthl+ °B—F3 LX) (E.27)
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E.5 Point vibration absorber (TVA)
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Figure E.4: Point vibration absorber on top of a beam
The equation of motion for a beam with a point TVA is presented equation (E.28).

-w*[M]+[K]+D(w)G]={F}

2
with D(w)=—% | a:wﬂ,and QzMé)’ (E.28)

1-a2+jd '

[] X X X X
G3 =-k o%ﬁ a. - o%ﬁ a. - co%a -d o%ﬁ -5
Pq % Lb p Bp % I—b q Bq % I—b yp p % Lb yq q %
Xa Xa Xa Xa
_co%%b a,-B, %O%Lb Vq 9 %CO%Lb Yo =0, %O%Lb a, —Bq%

(E.29)

E.6 Distributed active vibration absorber (DAVA) with uniform mass layer
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Figure E.5: DAVA with uniform mass layen top of a beam
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L
M Fl)q = pmbhmEbF4pq(La 1Xa)

+ pebhe%F4pq (L,.x,) (E.30)

—pr-)h—3+ +2h, +h_ th
”‘@12 0 2 0 EZ

Flpq(La,xa)

b h,O—F1,(L,,
+pe S]-—2+Er1 2 g EZL pq( a Xa)

+gpebhe§bF4pq(La,xa) (E.31)
6 _ b I‘b
Mpq = Pnm hngFA’pq(La'Xa)
1 on b
2P he§F4pq(La,Xa) (E.32)

M ﬁq = _pmb(hb + 2he + hm)h 1 I:6pq(|-a ’Xa)

m

- p.b(h, +h )h, % F6,q(La %) (E.33)
M =—Lpbh o Fa (L E.34
pq__Epe heg pq( a’Xa) ( 3 )
1 _ e 1
KL =csbh —F1(L,,x,) (E.35)
2L,
K>, =C; b[—)—+5mgh 23 X.)
0 gl
1 L
Wb——2F4,
resb Tl Fa (L, x,)

e

+ Cf3b(hb + he )f F 5qp (La 'Xa) (E36)

b
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1L

KS, = C§3bh_6§b Fa,,(L. %) (E.37)
K2, =—csb(h, +h,)h, iz F3,,(La.%,)
b

- cfabé F6,,(La.X,) (E.38)
K = —cfgb% F6,,(L..x.) (E.39)

KS, = —C§3bh—t% F4,,(L., %)
—ceb(h, + he)8—ib F5 (LarX.) (E.40)
Fl=e5bAg.G2, (L, X,) (E.41)

F; = _eglb(hb + he)A¢eG3p (La ’Xa)
e 1 Lb

— €33 h_7A¢eG]'p (La 7Xa) (E42)
6 e 1 I-b
Fo = egsbh—74¢ec;1p(|_a,xa) (E.43)

e

E.7 Distributed active vibration absorber (DAVA) with varying mass distribution
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Figure E.6: DAVA with varying mass distributiam top of a beam
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Only the mass terms of the mass layer are changed. A third dimension as been
introduced by the mass distribution. Each mass element is in fact the result of the sum

according to this third dimension.

Zd M g

Each of the coefficientds is known and is provided by the design of the absorber (cf.
equation (3.33)

M, = p,bh, = Edy (L, ) (E.44)
M’ = Pnbh, 5—3 + Mghmg— EL. (LX) (E.45)

12 O 8L,

pqs = pmbhn Lb E4pqs(La’Xa) (E46)

MZ, == publhy + 20+, = E6(L,.x) (€47)
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