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NONLINEAR FINITE ELEMENT ANALYSIS OF SHEET PILE INTERLOCKS
by
Mun Fong Chan

(ABSTRACT)

A finite element program is developed to depict the be-
havior of a sheet pile interlock connection in an axial pull
test. Two types of sheet piles, PS32 and PSX32, are consid-
ered. The thumb and finger in the interlock of a sheet pile
will provide three contact points for connection with anoth-
er sheet pile. The problem is highly nonlinear in nature
which involves large deflections and rotations, elastic-
plastic material response, and a nonlinear boundary effect
due to multi-contact surfaces.

The Updated Lagrangian formulation is adoptéd in this
study. When the response is in elastic range the Updated
Lagrangian with Transformation is used while the Updated La-
grangian with Jaumann stress‘raﬁe is employed when the ele-
ment starts to yield. An elastic-plastic with isotropic
" strain hardening material model i; used. The yielding of an
element is detected by the Von Mises yield criterion. The
finite element formulation also includes a moving contact

algorithm to incorporate with both geometric and material



nonlinearities. Incremental potential of contact forces for
a discretized system is constructed such that geometric com-
patibilities are maintained between contacting bodies. A
method to calculate contact tractions from residual load of
internal element stresses is employed. The incremental
equilibrium equation is solved by a Newton-Raphson techni-
que. Convergence c¢riteria based on incremental displace-
ment, incremental internal energy of the system, and the
‘changes in contact forces can be chosen to advance or termi-

nate the iteration process.
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Chapter I

INTRODUCTION

The stability of a cellular cofferdam depends on three
types-of resistance. The first is shear resistance in a
horizont;i ﬁiane along the base of the cells to prevent
sliding. The second is frictional resistance along vertical
lines of sheet pile interlocks to prevent tilting or over-
turning. The final type is the interlock resistance to hoop
forces provided by the tensile or pull-out strength of the
sheet pile interlocks. The determinations of these resis-
tance components are essentially done by empirical formulae
based on past experience and limited experimental testing.
In order to evaluate the accuracy of the previous models and
to obtain a more cost effective design, an improved analyti-
cal procedure is needed.

In previous structural tests on the tensile behavior of
sheet pile interlocks performed by Shannon & Wilson (1983),
the load-deformation responses of the sheet piles were video
taped. The video pictures clearly show a failure mechanism
composed of material yielding, followed by deformations as-
soclated with the opening of the finger and thumb joint, and
final failure when the interlocks slip past each other. An
analytical tool is sought to model these complexities in the

tensile behavior of the sheet pile interleck connection.



1.1 PURPOSE AND SCOPE

The purpose of this study is +to develop an analytical
tool that can predict the interlock stability of a cell. To
achieve this objective, the tool shall be able to depict the
load-displacement behavior of the sheet piles as observed in
a laboratory pull test.

Previous modeling of the cell to behave as a perfect ves-
sel underestimates considerably the bulge of the structure.
Three factors which contribute +to this inaccuracy in the
analytical result are: forming of gaps in the interlock
connection, misalignment in a cell due to slack in the in-
terlock, and rotation and local yielding of the interlock.
The first two factors are caused mainly in manufacturing and
installation processes which are very difficult to represent
by mathematical models. The presence of these slacks yields
extra displacement and rotation other than those caused by
straining and sliding of the sheet piles in a pull test.
These additional displacement and rotation are responsible
for the large displacement as observed in the early going of
a tensile test. Modeling of these slacks requires a proba-
bilistic approach to include the variations of the interlock
geometry. However, this is beyond the scope of this study.
Thus only the rotation, local yielding, and sliding between

the interlocks will be considered.



A finite element computer prog;ah is developed to analyze
the interlock behavior. Both four-node and eight-node iso-
parametric elements are implemented for generalized plane
strain and plane stress conditions. Two types of straight-
web sheet piles namely, the regular low carbon PS32 and the
high strength PSX32, both manufactured by U. S. Steel, are
studied. The straight web sheet pile contains a thumb and
finger interlock which provides +three contact regions for
lcad transfer. Since significant deformation in the sheet
pile may result from rotation and local yielding, the finite
element formulation includes large rotation and displacement
effects. The Updated Lagrangian approach is adopted for
this purpose. The 1local yielding in the interlock is de-
tected by a Von Mises yield criteria with an isotropic
strain hardening rule. The Jaumann stress rate of second
Piola-Kirchhoff stress is introduced to update the elasto-
plastic stress increment because it is invariant with rota-
tion. Details of both geometric and material nonlinearity
modeling is given in Chapter II.

A moving contact algorithm which can be incorporated with
the nonlinear material and geometric effects is developed in
Chapter III. To include the effect of the contact forces,
the total potential of these forces is included in a varia-

tional formulation to enforce geometric compatibilities



along the contact surfaces. The contact forces are evaluat-
ed from the internal stresses of the contacting bodies.
These contact forces will be used later to determine the
contact condition of the bodies.

Chapter IV discusses the numerical techniques used in
solving the equilibrium equations obtained by geometric and
material nonlinear formulation. The convergence criteria
adoptgd and the calculation of the elastic-plastic stresses
are also stated in the chapter. The validity of the program
is then verified by analyzing two test problems in which the
exact solutions are known.

Chapter V explains scme of the numerical techniques used
in the moving contact algorithm. These include the determi-~
nation of overlap between two contacting bodies, the l&ca—
tion of contact, and the convergence criteria adopted in ad-
vancing the incremental equilibrium iteration process. The
last part of the chapter is devoted to verification of the
contact algorithm by analyzing two test problems.

The computer program is used to model a simple pull-test
on the sheet pile interlocks. Two sets of analyses are per-
formed. The first set assumes no sliding among the contact
regions in the interlocks while sliding as governed by Cou-
lomb's friction is allowed in the second set of analyses.

Chapter VI presents results of the sheet pile interlock ana-



lyses which contain load-deformation behavior, sliding among
contact surfaces in the interlocks, and flexural character-
istics in the web portion of the sheet pile. The chapter
also provides results of elastic-plastic behavior of the in-
terlock connection and statics check of load trénsfer
through the contact areas,

Chapter VII contains conclusions and discussions of the
analytical results. From these results a few recommendations

are suggested for further studies.

1.2 SURVEY OF LITERATURE ON SHEET PILE INTERLOCK ANALYSIS

In the design of a cellular structure, a variety of meth-
ods can be used. These methods include the classical Terza-
ghi Method; the Tennessee Valley Authority Method; Corps of
Engineers, U. S. Army Method; Bureau of Yards and Docks, De-
partment of the Navy Method; Cummings Method; and Hansen's
Method. Descriptions of these methods can be found in the
paper by Belz (1970). To calculate the interlock tension,
all these methods utilize a perfect vessel assumption for
the cellular structure.

The TVA Method develops the logic and formulae to de-‘
scribe the maximum interlock forces which takes into account
the effect of the arc connections. Rossow (1982) wuses the

basic hoop tension formula to incorporate with the deforma-



tion of the wye connection and derives the equilibrium equa-
tions for that section. The set of equations obtained is
nonlinear and is solved numerically.

Only two papers can be found which address the analysis
of the local forces in the interlocks subjected to pure ten-
sion. Bower (1973) develops the equilibrium equations for
some critical sections of the interlocks by simple statics.
Experimental results are used to determine the locations of
these critical sections. The pull-out strength of the sheet
pile is obtained when a failure mechanism of <two plastic
hinges are formed in the thumb and finger portions in either
one of the interlocks. The other paper is a technical re-
port by Kawasaki Steel Company (Nakanishi et al, 1981) which
uses the finite élement technique to determine the displace-
ment and stress patterns of the interlocks under tensile
loading. Constant strain triangular elements are chosen to
model the interlocks. For analysis, the material remains in
elastic range and the results obtained are used as input

data for a shape optimization process.



1.3 SURVEY OF LITERATURE ON NONLINEAR FINITE ELEMENT
ANALYSIS

A huge volume of literature has been written on the topic
of nonlinear finite element analysis. The following will

give a brief review of the recent developments in combined

—

geometric and material nonlinear analyses which are perti-
nent to this research.

Combining both material and geometric nonlinearities is
quite straightforward and can be most efficiently done by an
incremental approach. Basically the incremental finite ele-
ment equation of a continuum can be derived by the principle
of virtual work. since geometrical nonlinear behavior is
included, the deformed configuration of the system has to be
used to derive the equilibrium equation. However, the de-
formed state is not known beforehand so some other known
states have to be chosen as the reference configuration.
Depending on the reference state used, different schemes can
be distinguished. When all the static and kinematic wvaria-
bles are referred to an initial or undeformed configuration,
it is known as the Lagrangian or Total Lagrangian approach.
If the current state of the body is chosen as the reference,
it is called the Eulerian approach. A third approach re-
places the current state by the configuration of the body at
the end of the previous step, this is known as the Mixed La-

grangian-Eulerian or Updated Lagrangian method. The Updated

—



Lagrangian approach is adopted in this reséarch. Only those
literatures related to ﬁhis appréach(ére reviewed below. A
more comprehensive list of references on nonlinear analysis
is given in books by Zienkeiwicz (1977), Bathe (1982), Oden
(1972), and Cook (1974).

Cne of the early attempts to establish an Updated Lagran-
gian approach is given by Murray and Wilson (1965) in which
a displaced local coordinate system is utilized to transform
the nonlinear strain displacement relationship to a geome-
tric transformation. Yaghmai and Popov (1971) derive the
incremental equilibrium equation by taking the difference in
virtual work done between two cénsecutive current configura-
tions. Sharifi and Yates (1973) extend the method to in-
clude infinitesimal strain but large rotation. Hofmeister
et al (1971) and Atluri (1973) form their equations from the
principle of wvirtual work and introduce equilibrium check
within each load increment. Gunasekera and Alexander (1972)
obtain their equations from the principle of wvirtual work
for a Prandtl-Reuss material but they do not define clearly
the stress term wused in their formulation. Another ambi-
gious formulation is given by Argyris and Chan (19729 1in
which the stress and strain terms do not clearly represent a
conjugate pair. A different approach is given by Osias and

Swedlow (1974) who apply the Galerkin method on the rate



form of equilibrium equations governing the rate of loading
.upon a deformed solid. They also make use of the invariant
Jaumann stress rate to solve large deformation lproblems.
Hutchinson (1973) "uses the variationdl principle on the in-
cremental form of the virtual work done by a system and dis-
cusses the finit§¢ strain generalization ‘of plastic 'flow
theory. The Jaﬁmann sfrgsé '#ate of second Piola-Kirchhoff
stress is used in his work. McMeeking and Rice (1975) fol-
low a s;milar approach and intrqducg the formulation for aﬁy
arbitrary ‘choice bf ¢onjugaté: stéess and strain measures.
An implicit form of incremental equation can be obtained
from simplifiea rkihematic and conétitutivé relationships
(Bathe et al, 1974; Bathe et al, 1975; Stricklin et al,
1971; Stricklin et al, 1972; Stricklin and Haisler, 1974).
According to Bathe (1982), two ' kinds of formulation are
identified for the updated forﬁulation; the Updated Lagran-
gian with transformation»approagh (ULT) and the Updated La-
grangian with Jaumann stress rate approach (ULJ). The ‘lat-
ter type is more appropriate fér solving elastic-plastic
problém with large deformations. Wunderlich (1976) has a
similar scheme but he omits the initial'displacemeﬁt ﬁatrix
by dropping some of the nonlinear kinematic terms-within the
increment. Desai et al (1978) and Banerjee and Fathallah

(1979) adopt the ULJ method and apply it on solving geotech-



10

nical problems. Yamada (1972) and many others (Yamada et
al, 1973; Yamada and Sakurai, 1977; Yamada et al, 1977; Ya-
mada and Wifi, 1977) base their formulations on the virtual
work equation and derive the stiffness equation which con-
tains the initial stiffness matrix and the load correction
factor for pertinent gecometrically nonlinear behavior. To
correct the effect of rotation of stress field, wvarious de-
finitions of strain and stress rates are introduced. Yamada
et al (1973) show in their work that depending on the tyﬁe
of stress rate chosen, the system stiffness matrix may not
be symmetrical. They also conclude that the Jaumann stress
rate of the second Piola-Kirchoff stress will provide a sym-
metrical matrix and is suitable for elastic-plastic analys-
es.

A "matural" approach is developed by Argyris and Kleiber
(1977) and refined by Argyris et al.(1978) in which they in-
troduce a distinct updated formulation by choosing an in-
termediate stress free state as the reference configuration.
The nonlinear terms from the incremental strain to the in-
cremental displacement relationship are neglected in their
work. According to Gadala et al (1980; 198l), a fully non-
linear strain-displacement relationship shall in general be
used. However, certain simplifications of the expressions

may be achieved in special applications.
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1.4 SURVEY OF LITERATURE ON CONTACT PROBLEMS BY FINITE
ELEMENT

Because of the highly nonlinear .nature involved 1in the
analyses of.contact problemé oniy al few of them have
closed~form solutions With the development of improved f1—
nite element technlques, it has become one of the most popu-
lar tools for solving the contact problems. Different types
of finite element formulations can be found and will be ex-
plained in the followmng paragraphs.

The earliest attempt to use a displacement finite element
formulation for solving contact between elastic bodies is
given by Wilson and Parsons (1970) in which a differential
displacement technique is employed. Ohte (1973) extended
their approach to include fric¢tion in the contact surface.
i Chan'and Tuba (1971) develop another method in which the
contact force is calculated in each iteration by the amount
of overlapping or separation of a point on the side of the
contacting segment. ' Tsuta and Yamaji (1973) use equilibrium
and‘compatibility conditions between contact surfaces to re-
late the incrementol equilibrium equations for the contact-
ing bodies. The system stiffness is modifiod everytime when
there is a change in contact condition. A totally different
aporoach of solving contact pressures from flexibiltty ma-
trices 1is adopted by Francavilla and Zienkiewicz (1975).

Their method is carried further by Sachdeva and Ramakrishnan
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(1981) to include coulomb friction. A more general slip
criteria to describe the friciton effects has also been stu-
died (Torstenfelt, 1983). Fredriksson (1976) develops a
consistent element contact force increment vector and an ef-
ficient ifération scheme by using a superelement technigue.
Gaertner (1977) employs vyet another approach in which the
nodal unknowns include displacements and their derivatives
which are related to strains and stresses. However in his
paper, the procedure for including the strains and stresses
as unknowns are not clearly explained. Kumar et al (1980)
also solve the elastic contact problem but in their algor-
ithm the contact surface has to be known a-priori. Zimmer-
mann and Liu (1980) study elasto-dynamics problems by modif-
ving shape functions in +the contact region in corder to
involve the nodes of the contacting surface. Their approach
is unique and has many desirable characteristics in solving
contact problems. However, no follow-up of their work can
be found yét. For contact between an elastic body with a
rigid system, a very simple and direct method is proposed
(Rahman et al, 1984). Chang and Salamon (1984) also use a
displacement approach to solve elasto-plastic contact prob-
lems. A master-slave relationship is employed to include

the contact effect.
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The second +type of formulation £for contact problem in-
volves writing the contact conditions as inequality const-
raints in the total potential of the system. Oden and Kiku-
chi (1982) use exterior penalty method to solve elastic con-
tact without frictiocn. Oden and Campos (1981) include
friction 1in their work by employing perturbation of the
frictional effect to reduce the problem to a variational
equality type. Lee and Byung (1984) treat the elasto-plas-
tic contact as a minimization "problemn. A modified simplex
mehtod is used to solve the quadratic programming problem.

In contact surfaces, the contact forces are not known and
thus are required to be solved. This can be achieved di-
rectly by using the mixed finite element formulation since
stresses can be included as unknowns. Pian "~ and Kubomura
(1981) introduce the contact tractions as Lagrangian multi-
pliers in the variational formulation. With the change in
contact conditions, only those terms in the system stiffness
which correspond to the contact surface need to be adjusted.
Tseng and Clson (1981) and Olscn (1983) wuse a similar ap-
proach and derive multiplicative factors to scale the test
load so that a change in the contact condition of one and
only one node palr may occur. Ostachowicz (1984) adopts
another mixed formulation by using a combination of rigid

finite elements, finite elements, and gap elements. More
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appropriately, his method should be classified as a dis-
placement formulation with interface element which will be
given next.

The usage of an interface element is the favorite ap-
proach in analysing soll-structure interaction problems.

One of the earliest works is done by Goodman et al (1968) to

model jointed rock. Since then both equilibrium and compa-
tible interface elements have been developed. These are
summarized in detail by Desai and Phan (1983). Herrmann

(1978) derives a fictitious springs for normal and tangen-
tial direction at a contact node to study behavior of a re-
inforced concrete model. Okamoto and Nakazawa (1979) use a
psuedo-contact element at which both equilibrium and compa-
tibility conditions are satisfied at the interface. By do-
ing so the unknown contact forces and displacements at con-
tact points can be solved directly from a modified system
stiffness which includes the contributions of contact ef-
fects. Yogeswaren (1983) utilizes the contact element ap-
proach together with a double-node constraint method to
solve grouted <cylindrical connections with circumferential
shear stiffness. Katona (1983) uses a symmetric element
constraint matrix and derives a global virtual work state-
ment for the contact surfaces. Like most of the papers

above, the algorithm is limited +to node-to-node contact
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only. In the aone works the thickness of the contact -elée-
ment is assumgd to be zero. A thin—layerzinterfgce element
is developed bf Desai et'al (1955) and is found to be more
effective than a zero-tbicknesé element in analyzing contact
prdﬁlems. The choice 6f the element thickness is also sug-
gested in their work.

So far é;l_the'w?;ks mentioned above are appliéablé only
to small displaﬁemeﬂtdproblemé. Petersson (1977) develops
an ihitial-traction matrix due'to contact forces and sug-
gests using multi-constraint relations to sblve the equili-
brium equations. A total Lagrangian scheme is used. Howev-
er an -Updated Lagrangian scheme will give a simpler
expression for the initial-traction matrix. Hughes et al
(1977) investigate contact-impact problems by introducing a
contact element stiffness matrix. Their work is extended by
Simo et -al (1984) in which a penéity function procedure is
used. A tangent operator consistent with the. contact/penal-
ty algorithm is developed. A more recent work is presented
by Bathe and Chaudhary (1985) who derive the potentiai of
the contact forces which is a&ded to the usual total poten-
tial of the systems. A scheme for solving the contact forc-
es from the out—of-ﬁalance load vector is proposed. Since
their approach allows node-to-internode cgntact which is de-
sirable in modelling moving contact problem, .it is followed

quite closely in this' study.



Chapter II.
FINITE ELEMENT FORMULATION FOR GEOMETRIC AND
MATERIAL NONLINEARITIES
In a general finite element analysis, different types of
nonlinearities due to geometric, material, and boundary ef-
fects are identified. 1In this chapter, only the first two
types of nonlineérities are considered. The geometric non-
lineér formulation including both large displacement and
large strain will be discussed first. This will be followed
by material nonlinear formulation in which an elastic-plas-

tic model is developed.

2.1 GEOMETRIC NONLINEARITY

According to Bathe (1982), the Updated Lagrangian ap-
proach -is more appropriate in problems involving both large
strain and material nonlinear behavior.- Hence this approach
is adopted in this research. To start the formulation of the
Updated Lagrangian approach, it is necessary to define three
typical configurations of a continuous system deforming un-
der the application of external lcads. .Figure 2.1 illus-
trates the initial configuration of a system (load step Q)
and its deformed configurations at steps n and the subse-

quent step n+l.

1le
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It is assumed that all the kinematic and static variables
at step n are known. The aim is to establish the incremental
finite element equilibrium equations for step n+l1 with all
variables referred to the configuration at step n. Tensor
notations will be used in this chapter and matrix notations

will be introduced whenever it is deemed necessary.

2.1.1 Notations of Variables

The coordinates of a generic point P (Fig. 2.1) in a body
at the initial configuration are denoted as Oxi with 1
changing from 1 td-3 for a three dimensional space. Similar-
ly the coordinates at the deformed configurations n and n+l
are given as nxi and “+1xirESpectively. The notations for
the displacements of the body is similar to those for the
coordinates; namely, at step n the displacements are nUi.
The incremental d;splacements are denoted as Aui and can be
written as

AU, = u, - U (2.1)
or 1

AU]_ = xi - xi (2.2)
During different deformation stages of the body, its vo-

lume, area, specific mass, stresses, and strains are chang-

ing continuously. The volume, area, and apecific mass at

0 n, 0O
steps 0 and n are denoted as 'V, 'V, "4, nA, op, and "p re-

spectively. Due to the referential nature of the Updated La-
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grangian approach, the notations for the stresses and
strains are comprised of three scripts. In analogy to the
displacement and coordinate notations, a left superscript

indicates the configuration in which the quantity occurs. In
addition a left subscript indicates the configuration at
which the guantity is measured and finally a right subscript
indicates the direction or component of the quantity. For
example, the second Piola-Kirchoff stresses at step n+l mea-

sured in the configuration at step n are given as ntiij
with i and j changing from 1 to 3. However, an exception is
made by dropping the left subscript when the quantity under
consideration occurs in thé same configuration in which it
is also measured. For example, the Cauchy stresses will be

n
written as tij instead of e .

nij
In the formulation of the incremental equilibrium equa-
tions, the derivatives of displacements and coordinates are
needed. In this report a comma repreuents differentiation
with respect to the coordinate following it, a left super-
script indicates the configuration in which the quantity oc-

curs and a left subscript indicates the configuration in

which the coordinate is measured, for example

n+l _ .n+l 0
oYi ; =3 Ui/a xj (2.3)
and
n n n+l
= A
n+1xi,j d xi/a xj (2.4)
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2.1.2  Incremental Equilibrium Equations

The incremental equilibrium equations of a body at two
consecutive steps can be derived from the principle of vir-
tual work. Consider a body ip equilibrium at step n, the

virtual work done by the body is given as

e.. dV = 'R (2.5)

The left hand side is the internal work done where nTijis

n
the Cauchy stress tensor and Geij is the - variation of the

infinitesimal éfrain tensor which is defined as

n 1 n n
= §= + 3AU./3 x.
() eij 62(aAUi/a xj 1/ 1)

1 n n
== 3 x, + 3saU Ja x. (2.6)
2(a6AUi/ X, J/ i)

"R 18 the external work done and is given as
"R = fnv"fgagpi“dv + InsnfiﬁAUindS (2.7)
where nf? and nf? are components of the externally applied
body and surface force vectors respectively, and ﬂk is.the
i component of the virtual incremental displacement vector.

A similar expression can be formed for the body at step

n+l

n+l n+l n+l n+1l

R =1/ ‘
n+l,, tijd ®1ij dv (2.8)

since the wvolume and area at this confiquration are not

known, the expression is rewritten with respect to the con-
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figuration at step n. To measure the Cauchy stress tensor

per unit area in configuration n, the second Piola-Kirchoff

stress tensor n+1s is used in order to keep the stress

n ij

tensor symmetric. A detailed derivation can be found in the

books by Fung (1965), and Malvern (1969). The transforma-

. . n+l n+l
tions betweéen T.,. and S.,. are
1] nij
n+l _ ,n_ ,n+l n n n+l
nSij = CP/ )Xy ne1®y, 10 Tkl (2.9)
or
n+1 _ .,n¥l n n+1 n+1l n+1l
Tip SO RPN X e X ek (2.10)

The ratio of the specific mass is obtained by the determi-
nant of the transformation matrix which is essentially a
measure of volume change of a continuum at different steps.

Thus

(2.11)

where

bl r
J| = |37 x,/% x, | (2.12)
J L 1

At this point a Green-Lagrange strain tensor is intro-
duced into the formulation which is energetically conjugate
to the second Piecla- Kirchoff stress tensor (Hill, 1959),
i.e.,

I n+l, sty o ntle o n+l

. . i) .
n+lv ij 1j nv n oij ncij dv (2.13)

where
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n+1£ = Mg = 1( AU + AU
nij 15207 4,1 T %5 T afY%, 10%Y%, ;) (2.14)

or

= +
Eij Eij "ij (2.15)

eij is the same infinitesimal strain tensor defined earlier
n . - .
and n,. is the nonlinear strain tensor given as

ij
n

1
LPE Rl L (2.16)

k,in%%,j
It follows that the variation of the Green-Lagrange strain

is

n+l n n
8 .. = 6e,. + . .
nrlJ elJ 6 nlJ (2.17)

Using second Piola-Kirchoff stress and Green-Lagrange strain

tensors, Equation (2.8)’can be written as
n+l n+l n,, _ ntl
I“v nsija ati; dv = R (2.18)
the second‘Piola-Kirchbff stress term can be arbitrary de-

composed into two terms (Yaghmai and Popov, 1971)

+
n ls n n

n”ij - Yij A5y (2.19)

Ansﬁ i1s the incremental second Piocla-Kirchoff stress and is
related to the incremental Green-Lagrange strain by

n n n

8 Sij = cijrs “rs (2.20)
where nCijrs is the fourth order incremental constitutive
tensor and will be discussed later in the chapter. Thus,

Equation (2.18), together with Equation (2.19), becomes
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7 (nr" + Ans 6n+1 n n+l

oy ij ij nij

Il
=)

(2.21)

Recall the wvirtual work equations of the body at step n,

Equation (2.5)

substitute Equaticn (2.17) in Equation (2.21) and subtract
Equation (2.5} from it, the incremental wvirtual work done is

given as

n+
;oM. 6™, + A" 5;;8%, ) Mgy = TR oy P g%, Pdv o (2.22)
n ij ij n 1] 1]

The external wvirtual work done at step n+l has to be re-

written also. For a deformation-independent locading, the
} + . .

law of conservation of mass can be used and " 1R is given as

+
I " 1 “+1fﬁaau v + 1 . "+1fSGAU lis
v n ls

0 n+ +
=1, %" 1fBGAU v+ " lfsﬁbU ds (2.23)
v Og

noting that

ntlontleB atlyy o 00+l D4y (2.24)
i 01
and
n+l S n+l _ntl S5 0
fi ds = 0fi dS (2.25)
where WHf? and “+H€ denote the body force per unit mass

0 i
and the surface traction per unit area acting in configura-

tion n+l but measured in terms of the coordinates in co-
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nfiguration 0. If the loading is deformation-dependent such
as pressure, Bathe (1982) suggests to approximate the exter-

nal work done by

+1.S. . n+l n+1.5,  n+l, (K-1)
I ¥ leos =
—y £,60 % as fn+1S(K-1) £760.% as

(2.26)

where (K-1) indicates that the integration is performed over
the volume and area last calculated in the iteration. A
small lcad step has to be used in order to obtain a good ap-
proximation. It has torbe pointea out here that a non-symme-

trical contribution of the pressure loads to the stiffness

matrix is neglected for computation efficiency (Bathe, et
al, 1975).
Equation (2.22) cannot be solved directly since it is

nonlinear in the displacement increments. However it can be

approximated by linearizing the Green-Lagrange strain terms,

i.e.,
n _n N
eij = eij (2.27)
6% .. = 5" . (2.28)
ij ij
and
a"s. =", e (2.29)
ij ijrs “rs

Making use of the above linearizations, Equation (2.22) can

be rewritten as
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= Mlp B 5% Tav (2.30)

Equation (2.30) 1is the approximate incremental virtual work
formulated at the load step n+l and referred to the configu-
ration n. The equations will be solved for the incremental
displacements, strains, and stresses. To improve the accu-
racy of the solution, equilibrium iterations on the residual
load .vector are carried out within each load step. The resi-
dual load vector is the unbalanced virtual work done by the

external and internal loads and is given as

n+l + { :
- n+l .(R)6n+le .(k)n+1

J i . dav
n+HﬁK) ij i (2.31)

where the right superscript (K} represents results obtained
in the Kth iteration. Thus using Updated Lagrangian approach

the equations solved repetitively, for K=1,2,3,..., is

s nc" n (K)Gn n + n n (K) n
o, Cijrs e o eij dv / Tijﬁ nij dv

_ n+l n+1 (X-1) _n+1 (K-1) n+1
= -7 .
n+lV(K-l) Tij 5 eij dv (2.32)

where K=1 corresponds to Equation (2.30), and the displace-

ments are updated as follows

(X)

n+l, (K) _ “+lui(K'1) (2.33)

, + 40U,
i i

and

n+IUi(O) _ nU.i (2.34)
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A certain convergence criterium is chosen to stop the itera-
tions and this will be discussed later. The whole process is

repeated until the 'last load step is reached.

2.1.3 FEinite Element Discretization

- For the Updated Lagrangian formulation, the incrementél

equilibrium equation is given by Equation (2.30) and is co-

pied here
;nv“rljsn dv + fnv“cljrs“ s n 1J“dv
e R LT
nv ij ij
{ fn. 1
Let ln h} and l NQ! be the Llinear ran:i nonlinear
strain-displacement transformation matrices, InCl be the in-
fq 7
cremental constitutive matrlx ] TI be the Cauchy stress ma-

ro. 1
trix, and ]“ [ be a vector of Cauchy stresses. These matric-

L .
es will be derived in details later. Then Equation (2.30)

i - !

can be rewritten as

.1 1 r1 foe 1 o
n n Jntl n
(| K I+ WL = 177 Rl - 1TF} 2.3
Ly oqn NIJ l J -{ J [“ J g (2.3
where
roo 1 ro 1Tr 3r. 1
n . n n in n
1" 1 =71 1%8.1 |c||™B, |Pav 2.36
) Ty lnf) 6] nP) 2:36)
1 r 1Tr ar 1
| x | =7 |®B ™[ 178, | dv 2.37
a NL] nv[n o) |t B (2.37)
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1"Fl =7 ™8| {7 "av (2.38)
L L

In this study, the four-node and eight-node elements are
used. For simplicity only the matrices for a single four-
node element are derived. The same process can be applied
on the eight-node element. The assembly process for a system
of elements will follow the standard procedures used in gen-
eral finite element analysis (Bathg, 1982, Zienkiewiez,
1977).

For an element the coordinates and displacements are in-

terpolated by

4 .
. = 1 N.nxi (2.39)
i j=1 ]
b
By, = & N "] (2.40)
i =1 j i

for i=1 to 2 where nxi is the coordinate of nodal point j
in direction i at load step‘n, nUi is defined similarly, and
Nj is the Lagrange interpolation function given as follows.
Consider a typical four-node element (Fig. 2.2}, the inter-

pelation functions are

N. = %(l-r)(l—s)

N, = %(1-r)(1+s)

N, = %(1+r)(1+s) (2.41)
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N, = %(l;r)(l-s)

4
: r
‘To obtain "8, | and [HB } , the following derivatives
Ly (0 NL,
are reguired
4 K
u, . =
ni,j Lﬁxil(nNK,j)Ui (2.42)

Since the shape functions Nk refer to the local coordinate
system, proper transformation is needed. By chain rule the

derivatives are related by

/3r a“xz/ar 3 /3"x

.
| ", |
l |
| L
|13 /3% | (2.43)

.
I
I

n I

Ji3s  3x_ /3s]||

27 J

Inverting the coperator one gets

hl [‘n n 1r 1'
1 |8 leas -3 x2/3r|]8 /ar|
| |  det|J| | [ | !

| | N N T
| [-37x,/3s 3 x_ /ar|[?3 /as| (2.44)
2, L 1 1" 5 J

s
It

where the determinant of the Jacobian matrix is

3nx a“x a“x a“x

det(yh = 1 = %2 ) (2.45)
et ) ar ° 3s ?s = ar

The transformations of integrals are also needed when